Ph.D.-thesis Department of Mathematical Sciences University of Aarhus July 1999

The geometry of Deligne-Lusztig varieties;

Higher-Dimensional AG codes

Søren Have Hansen

Copyright © 1999 by Søren Have Hansen.

Reproduction of (parts of) this thesis is granted for personal use provided proper reference to this work is given.

The author’s address:

SØREN HAVE HANSEN DEPARTMENT OF MATHEMATICAL SCIENCES UNIVERSITY OF AARHUS DK-8000 AARHUS C, DENMARK

EMAIL: shave@imf.au.dk URL: http://www.imf.au.dk/∼shave/

Keywords: Algebraic geometry, error-correcting codes, algebraic groups, Deligne-Lusztig varieties, intersection theory, Chow ring, Picard groups.

Mathematics Subject Classification (1991):

14G15 (Primary); 11G10, 11T71, 14C17, 14C22, 14C25, 14F20, 14G05, 14G10, 14M99, 14Q15, 20G40, 94B27 (Secondary).

Contents

Introduction v Main results v Summary vi Acknowledgements viii

Chapter 1. Preliminaries 1 1.1. Notation and conventions 1 1.2. Reductive groups 1 1.2.1. Frobenius morphisms 1 1.2.2. Root systems and Dynkin diagrams 2 1.2.3. Character groups and their F-action 3 1.2.4. Bruhat decomposition and Schubert varieties 3 1.2.5. Schubert varieties in G/B × G/B 4 1.2.6. Homogeneous line bundles 4 1.3. Defining Deligne-Lusztig varieties 5 1.4. Desingularisations 6 1.5. Irreducibility 9 1.6. Various properties of Deligne-Lusztig varieties 11 1.6.1. Affinity of Deligne-Lusztig varieties 11 1.6.2. The Euler characteristic of Deligne-Lusztig varieties 12

Chapter 2. Singularities of Deligne-Lusztig varieties 13 2.1. Normality and Cohen-Macaulayness 13 2.2. Non-singularity 14

Chapter 3. Intersection theory of Deligne-Lusztig varieties 15 3.1. Chow groups of X(w) 15 3.1.1. Rephrasing the problem 15 3.1.2. A straight-forward case 16 3.1.3. The G^F-invariant Chow groups 18 3.2. Picard Groups of ‘classical’ Deligne-Lusztig varieties 18 3.3. Relating the Chow ring of X̄(w) to that of G/B 27 3.3.1. The Chow groups of G/B 27

ii CONTENTS

3.3.2. The Chow ring of Demazure desingularisations 29 3.3.3. Multiplication in A_∗(X̄(w)) 30

Chapter 4. Canonical bundles of Deligne-Lusztig varieties 33 4.1. Criteria for Frobenius splitting 33 4.2. Deligne-Lusztig varieties 37 4.3. The Canonical Bundle 39 4.4. Computation of the canonical bundle K¯_{X(w)} 41 4.5. Examples 44 4.6. Complements 47 4.7. Further remarks regarding the ampleness of K¯_{X(w)} 49

Chapter 5. Error-correcting codes from higher-dimensional varieties 53 Introduction 55 5.1. Deligne-Lusztig varieties 56 5.2. Constructing the codes 57 5.3. General results 59 5.3.1. Ample line bundles, Seshadri constants and codes 62 5.4. Applications 65 5.4.1. Deligne-Lusztig surfaces 65 5.4.2. Complete intersections of Hermitian hyper surfaces 68 5.4.3. Ruled surfaces 69

Appendix A. General results related to Chow groups 73 A.1. Some lemmas 73 A.1.1. Samuel’s conjecture 77 A.2. Intersection theory on associated bundles 79

Appendix B. Open problems 83 B.1. Chow groups and étale cohomology 83 B.1.1. Tate’s conjectures 83 B.1.2. Lefschetz theorems 85 B.1.3. Enter the automorphism groups 86 B.1.4. Classes of ‘good’ varieties 86 B.1.5. Deligne-Lusztig surfaces 88 B.2. Cohomology of homogeneous line bundles 90 B.3. The finer structure of the Picard group 91

Appendix C. Maple calculations 93 C.1. The surface case 93 C.2. Presenting the canonical bundle 100

CONTENTS iii

C.3. Tables 105 Appendix D. Résumé 109 Bibliography 111

iv CONTENTS

Introduction

This thesis gathers the results I have obtained during my graduate studies. Through the last four years I have been working with several problems of different nature. Actually so different that I felt it necessary to give the thesis the ‘double-title’ it has. The areas have, however, the methods of algebraic geometry over finite fields in common. Hence this could also have been a suitable title.

Since it is my hope that this thesis also will provide a good starting point for new-comers to the subject, I have often provided examples of the various definitions, constructions and calculations. For the same reason, I have tried to provide ample references not only to closely related work, but also to papers that may have a more general interest to readers of the present thesis.

Main results

Let me briefly state the main results of the thesis:

• It is proved (Chapter 2) that Deligne-Lusztig varieties are normal and Cohen-Macaulay. A sufficient criterion for non-singularity is given.

• For any Deligne-Lusztig variety X arising from one of the classical (possibly twisted) groups, a (finite) basis for the Picard group of X is given. Further evidence concerning a conjectural behaviour of the Chow groups of Deligne-Lusztig varieties is also given (see Chapter 3).

• The canonical bundle of Deligne-Lusztig varieties has been calculated.

Explicit expressions have been given, allowing one to prove ampleness of the canonical bundle in certain cases. These results have appeared in the article Canonical bundles of Deligne-Lusztig varieties, Manuscripta Math. 98 (1999), 363–375.

• A general framework for determining the parameters of error-correc-ting algebraic-geometric codes arising from higher-dimensional varieties has been developed. These results have appeared in a separate preprint Error-correcting codes from higher-dimensional varieties, submitted to Finite Fields and Their Applications, 1998.

vi INTRODUCTION

Summary

Deligne-Lusztig varieties was defined in the mid-seventies by Deligne and Lusztig [DL76] as a mere tool in an ingenious construction of certain representations of finite groups. Until the beginning of the nineties, the study of these varieties continued to be from the representation theoretic point of view cf. [Lus76a, Lus76b, Lus78, Haa84, Haa86].

In the meantime Goppa [Gop88] had shown how to construct error correcting codes from algebraic curves over finite fields, and codes arising from Deligne-Lusztig curves turned out to provide excellent examples, cf. [HS90, Han92, HP93]. So suddenly Deligne-Lusztig varieties gained, so to speak, a life of their own.

Early on I became interested in constructing codes from higher-dimen-sional varieties; and from Deligne-Lusztig varieties in particular cf. [HH95b]. Needless to say, things got more difficult than in the curve case. Just to get started, one needed a good description of the divisors and their intersections. The concerns of this thesis are therefore primarily the geometry of Deligne- Lusztig varieties.

In Chapter 1 we start out by gathering various results from the theory of reductive groups. If G is a reductive algebraic group it is well-known that the homogeneous space G/B — the variety of Borel subgroups of G — has a decomposition into disjoint locally closed subsets BẇB where w runs through the elements of the Weyl group W of G. In the positive characteristic situation we may furthermore associate to G a socalled Frobenius morphism F : G → G. One way of defining Deligne-Lusztig varieties is now as follows: Let O(w) denote the pairs (g_1 B, g_2B) of G/B × G/B satisfying that g^{−1}_1 g_2 is in BẇB. Then the Deligne-Lusztig variety X(w) is the intersection of O(w) and the graph Γ of F. Similar definitions for the closure X(w) of X(w) in G/B and for a Demazuretype desingularisation X̄(w) are made. In the last sections of Chapter 1 we recollect various properties of Deligne-Lusztig varieties (and their desingularisations) and we extend some results of Lusztig [Lus76a] regarding their irreducible components.

In Chapter 2 I prove that Deligne-Lusztig varieties are normal and Cohen- Macaulay (Proposition 2.2). For Deligne-Lusztig varieties arising from Coxeter elements this actually implies non-singularity (Theorem 2.3). These properties are mainly derived from the corresponding properties for the varieties O(w) [MR88] combined with transversality arguments.

One of the main results of this thesis appears in Chapter 3 (Theorem 3.14). For any Deligne-Lusztig variety X̄(w) arising from one of the classical (possibly twisted) groups, I give a (finite) basis for the Picard group of X̄(w). The proof goes as follows: For Deligne-Lusztig varieties of classical type one may

SUMMARY vii

construct a birational morphism π : X̄(w) → Z to a complete intersection in projective space. A careful study of the singularities of Z reveals that the the divisor class group of Z equals the Picard group of Z. Since the latter equals Z (by the Lefschetz theorem for Picard groups [Gro68]) we reach the conclusion that the Picard group of X̄(w) is (freely) generated by the class of the hyperplane section on Z pulled back to X̄(w), and by the classes of the finitely many exceptional fibres [Ful83].

In Chapter 3 it is furthermore conjectured that this behaviour in codimension 1 is more generally true in any codimension. That is, the Chow groups of X(w) consist (in positive codimension) at the most of torsion. For Deligne- Lusztig varieties of type A_n it is proved that this is indeed the case. The assertion is also proved for the G^F-invariant part of the Chow groups.

When confronted with a poorly studied variety defined over a finite field, a natural question (at least from a positive-characteristic geometer) is: “Is it Frobenius split?” In Chapter 4 I have included the paper Canonical bundles of Deligne-Lusztig varieties [HH99a] where another of my main results appears. Using the adjunction formula and results of Mehta and Ramanathan [MR88] regarding the canonical bundles of the varieties Ō(w), I prove a general formula for the canonical bundle of a Deligne-Lusztig variety. Employing techniques as sketched in the original paper by Deligne and Lusztig [DL76], I refined these formulas to rather explicit forms. With the aid of these formulas I were also able to prove that a certain kind of Deligne-Lusztig surfaces provides a whole class of counter-examples to the socalled Miyaoka-Yau inequality otherwise true in characteristic zero [Miy77, Theorem 4].

As a corollary of the results in the paper I could also give the above question a negative answer. That is, Deligne-Lusztig varieties are generally not Frobenius split. In the chapter I also give an alternative proof of this fact and extend some of the results of [HH99a].

Coming back to the starting point of this introduction, I will conclude by mentioning another main contribution given in the paper Error-correcting codes from higher-dimensional varieties [HH98]. An error-correcting code C with parameters [n, k, d]_q is, roughly speaking, nothing but a k-dimensional subspace of an n-dimensional vector space over the finite field with q elements. Furthermore, all (non-zero) points of C are assumed to have at least d non-zero coordinates. Algebraic geometric (AG) codes are then what is obtained when the global sections of a fixed line bundle is ‘evaluated’ in n fixed F_q -rational points.

In the above-mentioned paper I address the problems that arise when one wants to not only construct, but also estimate the parameters of codes coming from higher-dimensional varieties. Using intersection theory I prove general results concerning the dimension and minimum distance of error-correcting

viii INTRODUCTION

codes arising from varieties of dimension two or higher. In Chapter 5 I have reproduced the paper.

Occasionally I have needed various small constructions and lemmas that I was unable to find in the literature. I have collected these (and their proofs) in Appendix A.

As it often happens, answering one question leads to a wealth of new ones. In Appendix B I have gathered some of the questions I have not been able to answer; this may as well be ascribed lack of time as my mathematical limitations.

For the interested reader there are in Appendix C included some computations done with the computer algebra package Maple.

At the end, in Appendix D, a résumé for the University Annual Report is included.

Acknowledgements

First of all I thank my thesis advisor Johan P. Hansen for his support and valuable guidance throughout my graduate studies. All the way he has encouraged me to pursue my own projects thereby allowing for a great deal of independency. This can be tough, but also very rewarding.

Thanks are also due to Jens Carsten Jantzen and Niels Lauritzen for many conversations from which I gained much insight — at least I would like to think so.

During my graduate studies, the Mathematics Department have had a substantial number of graduate students. This gives ample opportunities for co-operation and for the discussion of more or less ‘crazy’ ideas. Therefore my thanks also goes to my fellow students; in particular the algebraic geometers Jørgen Anders Geertsen and Jesper Funch Thomsen.

Parts of the work presented in this thesis was carried out while I was visiting Institut Mittag-Leffler. I take here the opportunity to acknowledge the support I received and the work-friendly atmosphere created by the Institute staff.

The paper Error-correcting codes from higher-dimensional varieties was finished while I was visiting Equipe Arithmétique et Théorie de l’Information, C.N.R.S.-Institut de Mathématiques de Luminy. I thank François Rodier for his kind invitation and for many interesting conversations.

I have also benefited from the interaction with other mathematicians during conferences and meetings. I acknowledge the financial support from the Department of Mathematical Sciences and from the Danish Natural Science Research Council that made these conference participations possible.

Århus, July 1999 Søren Have Hansen

ACKNOWLEDGEMENTS ix

The present version of this thesis differs from the submitted thesis mostly in lay-out. Some typos have been corrected and a couple of linguistic improvements have been made. Furthermore Section 3.2 has been slightly changed.

Århus, September 1999 Søren Have Hansen

x INTRODUCTION

Preliminaries

1.1. Notation and conventions

Throughout this thesis, we will adhere to the following notation and conventions:

• Let q be a prime power. Let F_q be the finite field with q elements and denote by k an algebraic closure of F_q .

• For a finite set I, #I will denote the cardinality of I whereas we shall use the notation |H| for the cardinality of a finite group H.

• If H is an abelian group we shall denote H ⊗_ZQ by H_Q. Examples are Chow groups, Picard groups, groups of characters etc.

• Unless otherwise stated we assume diagrams of morphisms to be commutative.

• Varieties are not necessarily irreducible.

1.2. Reductive groups

In this section we review (some of) the necessary material about reductive groups. We refer to [Bor92, Car85, Hum75, Sri79] for further information.

1.2.1. Frobenius morphisms. Let G be a reductive (connected) linear algebraic group over k.

DEFINITION 1.1. A morphism of algebraic groups F : G → G is a standard Frobenius morphism if there exists an embedding G^i−→ GL_n(k) and a positive integer e such that the diagram

G^F � i � G i � GL_n(k)^{Fe} � GL_n(k)

commutes for F_e ( (a_{i j}) ) = (a^{pe}_{i j} ), p = char(k). F is a Frobenius morphism if some positive power F^i of F is a standard Frobenius morphism. Define Q to be the unique positive real number such that Q^i = p^e. Let

G^F = {g ∈ G : F(g) = g}

2 1. PRELIMINARIES

be the subgroup of fixed-points. (These definitions can be seen to be independent of choice of embedding.)

Associated to F is the Lang map L : G → G taking an element g ∈ G to g^{−1} F(g). (Caution: contrary to F, L is not a group homomorphism, only a morphism of varieties.) By the Lang-Steinberg Theorem [Bor92, Theorem 16.3] this morphism of varieties is surjective with finite fibres. From this result it follows that, by conjugacy of tori and Borel subgroups, there exists F-stable maximal tori and Borel subgroups. Fix an F-stable Borel subgroup B containing an F-stable maximal torus T.

REMARK 1.2. The finite groups G^F arising as the fixed-points of a Frobenius morphism acting on a reductive, connected linear algebraic group are called finite groups of Lie type. It was the search for characteristic zero representations of these groups which led Deligne and Lusztig [DL76] to the construction of Deligne-Lusztig varieties. (G^F acts on X(w) as a group of automorphisms inducing an action on the ℓ-adic cohomology vector spaces. See also [Haa84, Haa86].)

1.2.2. Root systems and Dynkin diagrams. Let (A_{i j}) be the Cartan matrix of G and let W be the Weyl group of G; W = N_G(T)/T, for the maximal torus T ⊆ G. W is a finite group generated by a subset S ⊆ W of simple reflections,

W = ⟨s_1, . . ., s_r : s^2_i = 1, (s_is_j)^{nij} = 1 for i ≠ j⟩

where

n_{i j} = 2 ⇔ A_{i j} A_{ji} = 0 n_{i j} = 3 ⇔ A_{i j} A_{ji} = 1 n_{i j} = 4 ⇔ A_{i j} A_{ji} = 2 n_{i j} = 6 ⇔ A_{i j} A_{ji} = 3.

Similarly, the nodes of the Dynkin diagram corresponding to s_i and s_j are joined by 0, 1, 2 or 3 bonds when n_{i j} equals 2, 3, 4 or 6 respectively.

Any w ∈ W then has a well-defined length l(w), hence we have a partial order ≤ on W. Denote by w_0 the longest element in W. For any w ∈ W we may assume that w consists of the first l(w) reflections of a reduced expression of w_0.

Since T is F-stable we get a homomorphism F : W → W and an action ρ on the Dynkin diagram D of G. It is then a well-known result that pairs (G, F), G a simple (connected) algebraic group, F a Frobenius morphism, are classified (up to isogeny type) by triples (D, ρ, Q) of (connected) Dynkin diagrams with automorphisms plus the real number Q. We will henceforth refer to a pair (G, F) as being of type^δX_n, X_n being the Dynkin diagram of G and δ the order of ρ. In Table C.1 (page 105) and Table C.2 (page 105) we have listed the groups where ρ acts non-trivially with one or two orbits respectively.

For w_1, w_2 ∈ W we shall say that w_1 and w_2 are F-conjugate if there exists w^′ ∈ W such that w_2 = w^′w_1 F(w^′)^{−1}. We note that w and F(w) are F-conjugate for any w ∈ W. It should also be noted that two F-conjugated Weyl group elements does not necessarily have the same length.

1.2. REDUCTIVE GROUPS 3

From now on, when we speak of a reductive group G, we shall assume it has connected Dynkin diagram.

1.2.3. Character groups and their F-action. Let

X_0 = Hom(T, G_m ) and Y_0 = Hom(G_m , T)

be the character and co-character groups with respect to T. We will now and then write X(T) for X_0. There is a non-degenerate pairing ⟨·, ·⟩ : X_0 × Y_0 → Z and actions of W and F on both X_0 and Y_0 such that

⟨χ, F(γ)⟩ = ⟨F(χ), γ⟩ χ ∈ X_0, γ ∈ Y_0 (1.1) ⟨χ, γ^w⟩ = ⟨^wχ, γ⟩ χ ∈ X_0, γ ∈ Y_0, w ∈ W (1.2) (see [Car85, p. 18+35]). Given the choice of configuration B ⊃ T we may write

B = T × ∏ α∈A U_α

for some A ⊂ X(T). We define the positive roots Φ^+ to be A. In some papers the positive roots are chosen to be {−A} (see for example [Jan87, p. 180] and [And85]). Therefore we will have to change signs (add or remove “anti”) when citing those works. Let M = #Φ^+.

To each simple reflection s_i there corresponds a simple root α_i ∈ X and a co-root α^∨_i ∈ Y such that ⟨α_j, α^∨_i ⟩ = A_{i j}. If we identify the simple reflections with their corresponding simple roots, we may relate the action of F to ρ: F transforms each simple root α into a positive multiple of ρ^{−1}(α) and then F(U_{αi} ) = U_{ρ(αi)}.

Above we introduced the real number Q defined by the relation Q^i = p^e whenever F^i is the restriction of the Frobenius morphism x → x^{pe} on GL_n(F_q ). This allows us to write F = QF_0 with F_0 of finite order on X_0 and Y_0. The actions of W, F and F_0 extend by linearity to X_0 ⊗ R and Y_0 ⊗ R and may be described in terms of matrices. If the matrix M represents F_0 on X_0 ⊗ R then by (1.1), F_0 is represented by the transpose M^t on Y_0 ⊗ R.

1.2.4. Bruhat decomposition and Schubert varieties. For any Borel subgroup B^′ the homogeneous space G/B^′ is a non-singular projective variety which may be identified with the G-conjugation orbits of B^′,

G/B^′ = {gB^′g^{−1} : g ∈ G}

(the coset gB^′ corresponds to the orbit of gB^′g^{−1}). By conjugacy of Borel subgroups, the quotient X is independent of choice of B^′, and we shall therefore think of X as the variety of Borel subgroups of G. We will usually depict X as the quotient of G by the F-stable subgroup B, but when convenient we may choose any other Borel subgroup.

G has a Bruhat decomposition into disjoint locally closed subvarieties, G = ⋃ w∈W BẇB (1.3)

4 1. PRELIMINARIES

where ẇ ∈ G is a representative of w ∈ W. This decomposition passes to X, X = ⋃ w∈W BẇB/B (1.4)

where the Bruhat cells BẇB/B may be viewed as the orbits of B’s action on G/B by left translation. BẇB/B is a locally closed subvariety of X of dimension l(w); in fact BẇB/B ≃ A^{l(w)} . The closure of BẇB/B in X is given by

X_w = BẇB/B = ⋃ w^′≤w

Bẇ^′B/B. (1.5)

The X_w are called Schubert varieties and are generators of the Chow ring of G/B cf. [Che94, Dem74].

1.2.5. Schubert varieties in G/B × G/B. Let G act diagonally on X × X and let

O(w) = G.(eB, ẇB) = {(g_1 B, g_2B) ∈ X × X : g^{−1}_1 g_2 ∈ BẇB} (1.6)

be the orbit of (eB, ẇB) under this action. From the decomposition (1.4) it follows that we also have a decomposition of X × X,

X × X = ⋃ w∈W O(w). (1.7)

Projection to the first factor O(w) → X makes O(w) an affine bundle over X with fiber BẇB/B, hence O(w) is a locally closed subvariety of X × X of dimension dim(X) + l(w). The closure of O(w) in X × X is given by

O(w) = ⋃ w^′≤w

O(w^′). (1.8)

Below (Chapter 2) we will see how Deligne-Lusztig varieties inherit (non)- singularity from X_w and O(w). As O(w) and X_w often are singular we construct desingularisations and determine when the Deligne-Lusztig varieties actually are non-singular.

1.2.6. Homogeneous line bundles. Let {λ_i} (one for each generator s_i of W) be a Z-basis of the roots Φ ⊆ X(T). We may choose the λ_i such that ⟨λ_i, α^∨_j ⟩ = δ_{i j}. For λ ∈ X(T) we shall say that λ is dominant (resp. strictly dominant) if ⟨λ, α^∨⟩ ≥ 0 (resp. > 0) for all positive roots α ∈ Φ^+. Hence, if we write λ = ∑ i m_iλ_i, then λ is strictly anti-dominant if and only if m_i < 0 for all i. Let ρ = ∑ i λ_i. We state the following well-known result [And85],[Jan87, p. 231].

THEOREM 1.3. Let λ ∈ X(T) and let L(λ) be the line bundle G ×^B k_λ on X (where the subscript λ denotes that B acts on k via λ: b.x = λ(b)^{−1}x; x ∈ k, b ∈ B). Then L(λ) is ample if and only if λ is strictly antidominant. (1.9)

In particular, L(−ρ − λ) is ample for any λ ≥ 0.

1.3. DEFINING DELIGNE-LUSZTIG VARIETIES 5

Now F^∗L(λ) = L(F(λ)), where F(λ) = λ ∘ F. Suppose ρ(s_i) = s_j and the corresponding roots α_i and α_j have the same length. Then F(λ_j) = Qλ_i (recall that Q is the real number with the property that Q^i = p^e when F^i is the standard Frobenius map raising to p^e’th powers).

REMARK 1.4. We should also mention Kempf’s vanishing theorem [Jan87, p. 227] which in its most general form [And85, Theorem 1] may be stated as: if λ is anti-dominant (this is equivalent to H^0(X, L(λ)) being non-zero), then H^i(X, L(λ)) = 0 for any i > 0 (recall our convention: X = G/B where B comes from the positive roots).

1.3. Defining Deligne-Lusztig varieties

We are now in position to define Deligne-Lusztig varieties.

DEFINITION 1.5. Let G be a reductive algebraic group with Frobenius morphism F : G → G and Weyl group W. Consider the graph Γ of the induced map F : X → X. The Deligne-Lusztig variety X(w) is then the intersection scheme O(w) ∩ Γ.

PROPOSITION 1.6. X(w) has the following properties.

a) X(w) is a locally closed non-singular (possibly reducible) subvariety of X × X of pure dimension l(w).

b) G^F acts as a group of F_q -rational automorphisms on X(w). c) The closure of X(w) in X × X is given by

X(w) = ⋃ w^′≤w

X(w^′). (1.10)

PROOF. For a) and b) see [DL76, 1.4]. c) is immediate from (1.8).

REMARK 1.7. Let G be a reductive group. From G we may pass to its adjoint form G_{ad} by factoring out with the centre ZG. Since ZG = ZB for any Borel subgroup B of G [Hum75, Corollary 22.2.B] we have a canonical isomorphism of varieties (G/ZG)/(B/ZB) ≃ G/B. As G was of arbitrary isogeny type it follows that G, G_{ad} and G_{sc} define the same varieties of Borel subgroups G/B (cf. [Che94, Proposition 7]). So X(w) only depends on the triple (D, ρ, Q) and not on the isogeny type of G. Henceforth we will therefore not specify the isogeny type of the group we are dealing with. See also [Ive78].

REMARK 1.8. We note some immediate properties of Deligne-Lusztig varieties.

1. From (1.6) it follows that we may also describe X(w) as

X(w) = {(gB, F(g)B) ∈ X × X : g^{−1} F(g) ∈ BẇB}.

This is nothing but the image of L^{−1}(BẇB) in G/B. Since the Lang map L : G → G is an isogeny with zero-dimensional fibres (L : G^F \ G → G is an isomorphism), it is both flat (of relative dimension zero) and proper

6 1. PRELIMINARIES

[Har77, Exercise III.10.9]. Being flat, L is an open map [Har77, Exercise III.9.1] so L^{−1}(BẇB) = L^{−1}(BẇB) and X(w) = L^{−1}(BẇB)/B. (Clearly L^{−1}(BẇB) ⊆ L^{−1}(BẇB) so let y ∈ L^{−1}(BẇB) and let U be an open neighborhood of y. Then L(U) is an open neighborhood of L(y) ∈ BẇB. Hence there exists u ∈ U such that L(u) ∈ BẇB. But then U ∩ L^{−1}(BẇB) is non-empty.) Since the quotient morphism G → G/B also is flat (being locally trivial) we arrive, also in this description, at the conclusion that X(w) and BẇB/B must have the same dimension.

2. The projection to the first factor p : Γ → X defines an isomorphism and we shall occasionally identify X(w) and X(w) with their images in X under this map.

3. X(e) is the set of F-stable Borel subgroups of G.

4. Let δ be the minimal integer such that the action of F on W is the identity. Then,

F(X(w)) = {F(g)B : g^{−1} F(g) ∈ BẇB} ⊆ {gB : g^{−1} F(g) ∈ F(BẇB)} = {gB : g ∈ BF(ẇ)B} = X(F(w))

giving an automorphism F^δ : X(w) → X(w). Hence X(w) is defined over F_qδ and we may find the F_qδ -rational points as the fixed-points X(w)^{Fδ} [Lus76a, (6.1)] (in Table C.3 (page 107) these numbers are given in the curve and surface cases). Similarly, F maps the Schubert variety X_w to X_{F(w)}.

Note furthermore that X(w) can be identified with a closed subvariety of the (larger) Deligne-Lusztig variety X(wF(w)) of (G, F^2): If g^{−1} F(g) ∈ BẇB then

L_F2 (g) = g^{−1} F^2(g) = g^{−1} F(g)F(g^{−1})F^2(g)

is in BẇB · BF(ẇ)B. Hence L_F2 (g) ∈ BẇF(ẇ)B. (Similarly for higher powers of F.)

5. One may define ‘generalized’ Deligne-Lusztig varieties as follows: let P_I ⊆ G be an F-stable parabolic subgroup. Let w ∈ W^I and define X(w)_I = L^{−1}(BẇB)/P_I (similarly for the closure). G^F also acts on these varieties.

1.4. Desingularisations

We shall need the Demazure desingularisation (see [DL76, 9.3], [Dem74] and Section 3.3.2): let w = s_1 · . . . · s_n be a reduced expression for w. Let O(s_1, . . . , s_n) (resp. Ō(s_1, . . . , s_n)) ⊆ X × · · · × X be the space of sequences (B_0, . . . , B_n) of Borel subgroups such that (B_{i−1}, B_i) ∈ O(s_i) (resp. O(s_i) ∪ O(e)). Then we obtain a desingularisation

φ : Ō(s_1, . . . , s_n) → O(w) (1.11)

1.4. DESINGULARISATIONS 7

by sending (B_0, . . ., B_n) to (B_0, B_n). By composing with projection to the first factor, we get affine and projective bundles π : O(s_1, . . ., s_n) → X (1.12) π̄ : Ō(s_1, . . . , s_n) → X. (1.13) Over the affine piece Bẇ^′B/B we have isomorphisms O(s_1, . . ., s_n) ≃ Bẇ^′B/B × BẇB/B ≃ A^{l(w′ )+n}.

The morphism π̄ has iterated fibre X_{si} ≃ P^1, hence is flat of relative dimension n [Ful83, 1.7, B.2.5]. Note that for s_{i1} · . . . · s_{ir} ≤ w we may identify Ō(s_{i1} , . . . , s_{ir} ) with at least one subvariety of Ō(s_1, . . ., s_n).

Since the fibre of O(w) → X over eB is X_w we obtain a desingularisation Z_w → X_w by taking the fibre over eB of the composition Ō(w)^φ−→ O(w) → X.

Now construct a desingularisation of X(w) as follows. Let X̄(s_1, . . ., s_n) be defined by the fibre product

X̄(s_1, . . . , s_n)^{i′} �

j^′ � Ō(s_1, . . ., s_n) j � X^{i=(id,F)} � X × X.

(1.14)

By [DL76, Lemma 9.11] this intersection is transverse, hence X̄(s_1, . . ., s_n) is smooth. By construction, X̄(s_1, . . . , s_n) is the subvariety of Ō(w) consisting of the sequences (B_0, . . ., B_n) of Borel subgroups of G such that B_n = F(B_0) and (B_{i−1}, B_i) ∈ O(e) ∪ O(s_i). We may identify X(w) with the open subvariety {(B_0, . . ., B_n) : B_n = F(B_0), (B_{i−1}, B_i) ∈ O(s_i)} of X̄(s_1, . . ., s_n) by mapping (B_0, . . . , B_n) to (B_0, F(B_0)) ∈ Γ.

For any w^′ obtained by ‘deleting’ some of the s_i occurring in w, X̄(w^′) defines in a natural way a closed subvariety of X̄(w). In particular there are divisors D_j = X̄(s_{i1} , . . ., ŝ_{i j} , . . ., s_{in} ) ; j = 0, . . ., n.

We shall now and then refer to these as boundary divisors (their union ∂ X̄(w) is the complement of X(w) in X̄(w)).

We have the diagram,

X̄(w)^{i′}_{reg. emb.} �

j^′ �

φ^′ � � � � Ō(w) φ � � �

j � X(w) � � O(w) � X^{i=(id,F)} � X × X

(1.15)

8 1. PRELIMINARIES

with φ^′ being an isomorphism over X(w) − ∂ X(w) = X(w) and the inverse image φ^{′−1}(∂ X(w)) = ∂ X̄(w) is a divisor with normal crossings. From [Har77, Proposition II.7.17] it follows that the morphisms φ : Ō(w) → O(w) and φ^′ : X̄(w) → X(w) may be considered as blow-ups of some coherent sheaves of ideals.

For later use we state:

LEMMA 1.9. Let w ∈ W have reduced the expression w = s_{i1} · . . . · s_{in} with all i_j different. Then the resolution φ : Ō(w) → O(w) is bijective. Hence also the resolution φ^′ : X̄(w) → X(w) is bijective.

PROOF. We prove the claim by induction on l(w). For l(w) = 0 the claim is trivially true. So assume l(w) > 0. Since φ is an isomorphism over O(w) we only need to show that φ is bijective on any O(w^′) with w^′ ≤ w and l(w^′) = l(w) − 1. Now, any such w^′ is obtained from the reduced expression of w by omitting a unique s_{i j} . That is, there exists a unique index j such that w^′ = s_{i1} · . . . · ŝ_{i j} · . . . · s_{in} and this is a reduced expression of w^′ (by the special property of w). But then w^′ satisfies the induction hypothesis and the assertion follows.

The reason why we have to assume that all the s_i are different is illustrated by the following example.

EXAMPLE 1.10. Let (G, F) be of type^2A_3 and let w = s_1s_2s_1. Then O(w) = O(e) ∪ O(s_1) ∪ O(s_2) ∪ O(s_1s_2) ∪ O(s_2s_1) ∪ O(s_1s_2s_1).

The desingularisation Ō(s_1, s_2, s_1) has a similar decomposition

Ō(s_1, s_2, s_1) = O(e, e, e) ∪ O(s_1, e, e) ∪ O(e, s_2, e) ∪ O(e, e, s_1) ∪ O(s_1, s_2, e) ∪ O(e, s_2, s_1) ∪ O(s_1, e, s_1) ∪ O(s_1, s_2, s_1).

Under the projection φ taking (g_a B, g_bB, g_cB, g_d B) to (g_aB, g_dB), the strata of Ō(s_1, s_2, s_1) is mapped as follows:

O(s_1, e, s_1)

A^1 -fibration � � � � O(e, e, e) ≃ � O(s_1, s_2, e) ≃ � O(e, s_2, s_1) ≃ � O(e) O(s_1s_2) O(s_2s_1)

O(s_1, e, e) ≃ � � � � O(e, e, s_1) ≃ � O(s_1, s_2, s_1) ≃ � O(e, s_2, e) ≃ � O(s_1) O(s_1s_2s_1) O(s_2).

Clearly, φ is not bijective in this case.

1.5. IRREDUCIBILITY 9

1.5. Irreducibility

Recall the induced action of F on S ⊆ W. Let S_F denote the set of orbits for this action and set r = #S_F. We call r the rank of (G, F).

DEFINITION 1.11. If w = s_1 · . . . · s_r is a reduced expression for w with exactly one s_i from each of the orbits in S_F, we shall call w a Coxeter element [Lus76a, (1.7)]. When G is semi-simple with connected Dynkin diagram, there is a natural choice of Coxeter element: let w = s_{i1} · . . . · s_{in} where i_1 = 1 and any pair i_j, i_{j+1} corresponds to two joined nodes. When choosing this Coxeter element, we shall refer to X̄(w) as being the standard Deligne-Lusztig variety (corresponding to (G, F)).

Deligne-Lusztig varieties are not in general irreducible contrary to the case of Schubert varieties. From [Lus76a, (4.8) Proposition] we have:

PROPOSITION 1.12. X(w) is irreducible if w contains at least one s_i from each orbit in S_F. In particular, if w is a Coxeter element, X(w) is irreducible.

REMARK 1.13. Let us analyze what happens when w is not necessarily a Coxeter element. Let w have reduced expression w = s_{i1} · . . . · s_{in} . Let P be the parabolic subgroup determined by these simple reflections (P is generated by B and all BF^m(s_{i j} )B, m = 1, . . ., δ, j = 1, . . ., n). In other words, P is the smallest F-stable parabolic subgroup of G containing the cosets B, Bṡ_{i1} B, . . ., Bṡ_{in} B.

Let P denote the (finite) set of all G^F-conjugates of P. For each P^′ ∈ P we let w(P^′) denote the image of w in the Weyl group of P^′/U_P′ (U_P′ is the unipotent radical of P^′). By [Lus76a, (1.17)] we then have the following decomposition of X(w),

X(w)^∼−→ ∐ P^′∈P

X(w(P^′)) (1.16)

where X(w(P^′)) is a Deligne-Lusztig variety consisting of Borel subgroups of G^′ = P/U_P. X(w(P^′)) may be identified with the closed subset of X(w) consisting of the Borel subgroups contained in P^′. Hence,

X(w)^∼−→ ∐ P^′∈P

L^{−1}(BẇB) ∩ P^′/B. (1.17)

PROPOSITION 1.14. The decomposition (1.16) is valid also for X(w) and X̄(w). That is,

X(w)^∼−→ ∐ P^′∈P

X(w(P^′)) (1.18)

and similarly for X̄(w).

PROOF. By the above,

X(w)^∼−→ ∐ P^′∈P

L^{−1}(BẇB) ∩ P^′/B = ⋃ P^′∈P

L^{−1}(BẇB) ∩ P^′/B.

10 1. PRELIMINARIES

Since each P^′ is a closed subvariety of G,

L^{−1}(BẇB) ∩ P^′/B = L^{−1}(BẇB) ∩ P^′/B, hence the union is disjoint (since the P^′’s are). For the desingularisation X̄(w) we have that X̄(w) = ⋃ P^′∈P X̄(w(P

′)). Since X̄(w) is non-singular the components cannot intersect.

REMARK 1.15. We note that, for any w ∈ W, G^F acts transitively on the components of X(w), X(w) and X̄(w).

The Dynkin diagram of P/U_P will be that part of the Dynkin diagram of G that is spanned by the nodes corresponding to the reflections s_{i1} , . . ., s_{in} plus their iterated images under F. Obviously, if we have (at least) one reflection from each of F’s orbits, P is equal to G and the decomposition (1.16) has only one member.

If X̄(w) is a subvariety of a larger Deligne-Lusztig variety X̄(w^′), the composition X̄(w^′)^{pr1}−−→ G/B → G/P will contract the irreducible components of X̄(w) mapping them to the points of (G/P)^F (see also Lemma 3.9). It should be noted that the number |G^F/P^F| of G^F-conjugates to P is rather easily calculated (see [Lus76a, p. 106], [Car85, p. 106, Proposition 3.3.5]).

We also see that in determining the Chow groups of Deligne-Lusztig varieties X(w) we may assume that X(w) is irreducible as

A_∗ ( X(w) ) = ⨁ P∈P_I

A_∗ ( X(w(P)) ) (1.19)

cf. [Ful83, 1.3.1]. This applies of course also to X(w) and X̄(w).

EXAMPLE 1.16 (^2A_4 case). Consider the reductive group SL_5(k) with the F-action given by the Dynkin diagram

s_1 � � s_2 � � s_3 s_4 .

Then X̄(s_1s_2) is an irreducible Deligne-Lusztig variety. Let us determine what its Deligne-Lusztig subvarieties look like.

First consider X̄(s_1). The single reflection s_1 determines the F-stable parabolic subgroup P_1 = ⟨B, Bṡ_1 B, Bṡ_4B⟩. Let P_1 be the corresponding set of G^Fconjugacy classes. By [Car85, Chapter 2] we have |P_1| = |G^F/P^F_1 | = (q^5 + 1)(q^3 + 1).

P_1/U_{P1} is a reductive group of type SL_2(k) × SL_2(k) with F-action interchanging the two factors. By [Lus76a, (1.18)] it follows that for each P^′ ∈ P_1, X̄(s_1(P^′)) is identified^1 with an irreducible Deligne-Lusztig variety in SL_2(k)/B ≃ P^1. So X̄(s_1) is a disjoint union of (q^5 + 1)(q^3 + 1) rational curves.

1(B_1, B_2) ∈ SL_2(k) × SL_2(k) is in X̄(s_1(P^′)) if and only if (B_1, F^2(B_1)) is in the SL_2(k)-orbit of (eB, ẇB)

1.6. VARIOUS PROPERTIES OF DELIGNE-LUSZTIG VARIETIES 11

As for X̄(s_2) we find that P_2 = ⟨B, Bṡ_2B, Bṡ_3 B⟩ determines

|P_2| = (q^5 + 1)(q^2 + 1)

conjugacy classes.

P_2/U_{P2} is a reductive group with Dynkin diagram s1 � � s_2 . Hence the components of X̄(s_2) are isomorphic to the Deligne-Lusztig variety corresponding to the^2A_2 case. But this is a plane Hermitian curve (see [Han92]) with equation X^{q+1}_0 + X^{q+1}_1 + X^{q+1}_2 = 0. We conclude that X̄(s_2) is a disjoint union of (q^5 + 1)(q^2 + 1) Hermitian curves.

DEFINITION 1.17. Introduce the following notation: I = { i : some connected component of the Dynkin diagram corresponding to D_i occurs as a subgraph of the Dynkin diagram corresponding to D_1 } . REMARK 1.18. The motivation for defining I is the following: Suppose the subgraph of the Dynkin diagram defined by a boundary divisor D consists of the components D_1, D_2, D_3 (since we only ‘remove’ δ nodes we can only cut D into 3 pieces, at the most). Now, if e.g. D_2 is a subgraph of the Dynkin diagram defined by D_1, this means geometrically that D is the direct product of the Deligne-Lusztig subvariety D ∩ D_1 of D_1, with the other Deligne-Lusztig varieties corresponding to the diagrams D_1 and D_3. So, in particular, if D_1 is contracted to points, then also D_i drops in dimension for all i ∈ I.

Some examples of how the index set I looks like, are listed in Table 1.1.

type of X̄(w) I (n ≥ 2)

A_n {n − 1} 2A_{2n−1} {1, 2, . . ., n − 1} 2A_{2n} {1, 2, . . ., n − 1} 2D_n {1, 2, . . ., n − 3} TABLE 1.1. The set I for some standard Deligne-Lusztig varieties.

1.6. Various properties of Deligne-Lusztig varieties

1.6.1. Affinity of Deligne-Lusztig varieties. Let U ⊂ G be the unipotent radical of B and let U^F be the fixed points under F. From [Lus76a, (2.7) Corollary] it follows that when w is a Coxeter element, U^F acts freely on X(w) with quotient isomorphic to a torus (A^1 − {0})^{l(w)}. Since this is an affine open subset of A^n it follows that also X(w) is affine. Actually all Deligne-Lusztig varieties X(w) are quasi-affine [Haa86].

12 1. PRELIMINARIES

1.6.2. The Euler characteristic of Deligne-Lusztig varieties. Let χ(X) denote the topological Euler characteristic of a variety X (the alternating sum of the Betti numbers of X; equal to the degree of the top Chern class of T_X when X is complete). From [DL76, Theorem 7.1] we then have:

PROPOSITION 1.19. Let X(w) be a Deligne-Lusztig variety. Choose (by the surjectivity of the Lang map) g ∈ G such that g^{−1} F(g) = ẇ. Then

χ(X(w)) = (−1)^{σ(G)−σ(g TF )}

|G^F| St_G(e)|^gT^F|

. (1.20)

REMARK 1.20. Some explanation of (1.20) is in place. Let P_f (x, V) denote the characteristic polynomial of a linear endomorphism f : V → V of a vector space V. Then

σ(G) = dim ( Y_0 ⊗ R

)_{F0} (1.21)

σ(^gT) = dim ( Y_0 ⊗ R

)_{F0w}−1 (1.22)

|^gT^F| = P_F−1_{0 w}(Q, Y_0) = | det_{Y0⊗R}(w^{−1} ∘ F − id)| (1.23)

cf. [Car85, p. 197+86]. St_G(·) is the character of the Steinberg representation and St_G(e) equals q^M (recall that M denotes the number of positive roots).

Note the difference between the topological Euler characteristic χ of X and the Euler characteristic of a vector bundle (or coherent sheaf) E on X, χ(X, E) = ∑ i(−1)^i dim_k H^i(X, E). It follows from the Hirzebruch-Riemann-Roch theorem [Ful83, Corollary 15.2.1] that if X is non-singular and complete,

χ(X, E) = ∫ X ch(E) ∩ td(T_X).

In particular χ(X, O_X) = ∫ X td_{dim(X)}(T_X). If X is a non-singular complete curve of genus g (that is, 2 − 2g = ∫ X c_1(T_X)) then χ(X, O_X) =^1_2 ∫ X c_1(T_X) = g − 1. For a surface we have

χ(X, O_X) = 1 − q + p_g(X) = 1 12 ( K^2_X + χ ) where q = dim H^1(X, O_X).

Since χ is given by a Lefschetz trace formula it is additive with respect to any given stratification of X; that is, if X is a finite union of disjoint locally closed subvarieties X_i then χ(X) = ∑ i χ(X_i) cf. [Lus78, (1.2.2)] (a formula of the same kind holds for χ(X, O_X) cf. [Ful83, Example 15.2.10]). Using this additivity property we may calculate the topological Euler characteristic of X̄(w) by summing over all χ(X(w^′)), w^′ ≤ w. Since the calculations are mostly linear algebra this is easily done with the aid of computer software like for example Maple. In Section C.1 we have done the calculations for the surface cases; the results are listed in Table C.3 (page 107).

CHAPTER 2

Singularities of Deligne-Lusztig varieties

As we have mentioned earlier, Deligne-Lusztig varieties may be singular. In this chapter we will investigate the fact that X(w) is the transverse intersection of Γ and O(w) inside X × X and therefore is smooth whenever O(w) is. (By transverse we mean that for every point P of a dense open subset of the intersection, the cotangent space Cot_P(X × X) is the direct sum of Cot_P(X) and Cot_P(O(w)).)

2.1. Normality and Cohen-Macaulayness

Being ‘nicely constructed’ subvarieties of the normal and Cohen-Macaulay varieties O(w) (see [MR88, Corollaries 1+2]), it is natural to ask whether also Deligne-Lusztig varieties also are normal and Cohen-Macaulay. Below we will see that in both cases the answers are affirmative.

LEMMA 2.1. Let X be an irreducible variety regularly embedded in a variety Y (of codimension d). Let V be a closed subvariety of Y. Suppose the scheme-theoretic intersection is reduced and that X · V = [Z] in A_∗(Z) (i(Z, V · X, Y) = 1, Z irreducible). Then Z is regularly embedded in V (of codimension d). PROOF. Let U ⊆ V be an open affine neighborhood of Z; U = Spec A, U ∩ Z = Spec A/P where P is a prime ideal of A (Z is irreducible and reduced). We must show that P can be generated by a regular sequence in A of length d [Ful83, B.7.1]. Since the multiplicity of Z in X · V is one, A_P is a regular local ring [Ful83, Proposition 7.2] of dimension d. So PA_P is generated by a regular sequence^{x1}_{y1} , . . .,^{xd}_{yd} in A_P. Since A is a domain we may clear the denominators to get generators x_1, . . ., x_d of P ⊆ A. Now for any i, x_i cannot be a zerodivisor on A/(x_1 . . . , x_{i−1}) since this then should be the case in all localisations (including localising in P). Hence x_1, . . . , x_d is a regular sequence in A.

PROPOSITION 2.2. Let X(w) be an irreducible Deligne-Lusztig variety. Then X(w) is normal and Cohen-Macaulay. Hence any Deligne-Lusztig variety is normal and Cohen-Macaulay (cf. Proposition 1.14).

PROOF. First we will see that X(w) is regular in codimension 1, so let x be a point such that {x} is singular. Let Y be the closure in O(w) of the orbit

14 2. SINGULARITIES OF DELIGNE-LUSZTIG VARIETIES

of x under G. Since O(w) is normal (hence regular in codimension 1) and Y is singular, we must have codim(Y) > 1. Being the closure of a G-orbit, Y intersects Γ transversely [DL76, p. 151]. So codim(Γ ∩ Y) > 1 in X(w). Since {x} ⊆ Γ ∩ Y it follows that X(w) is regular in codimension 1.^1 It follows from Lemma 2.1 that X(w) is regularly embedded in O(w).

Hence locally X(w) is given by Spec A/P where A is Cohen-Macaulay (since O(w) is Cohen-Macaulay) and P is generated by a regular sequence in A. But then also A/P is Cohen-Macaulay [Har77, Proposition II.8.21A (d)]. Then normality follows from Serre’s criterion [Har77, Theorem II.8.22A].

2.2. Non-singularity

In some cases Deligne-Lusztig varieties are actually non-singular. The following result was claimed without proof in a remark of [Sri87]. We have not seen the proof anywhere else.

THEOREM 2.3. Let X(w) be a Deligne-Lusztig variety. If w at the most contains one s_i from each of F orbits, then X(w) is a disjoint union of its nonsingular components. In particular, if w is a Coxeter element, then X(w) is irreducible and isomorphic to X̄(w) (hence non-singular).

PROOF. From Proposition 1.14 it follows that we only have to show the last claim. When w is a Coxeter elements it follows from Lemma 1.9 that the desingularisation φ^′ : X̄(w) → X(w) is a surjective bijective morphism of projective varieties. By [Iit82, Theorem 2.24] φ^′ then has to be the normalisation of X(w) (X̄(w) is non-singular). But X(w) is normal by Proposition 2.2 and φ^′ is forced to be an isomorphism (by the uniqueness of normalisation).

REMARK 2.4. For the classical groups, it has been determined exactly when a Schubert variety X_w is non-singular [Lak95]. A sufficient criterion, at least in the A_n-case, is that w at the most contains each s_i once.

There are also some other (few) cases where the X_w are non-singular (thereby implying the non-singularity of X(w)). For example, suppose BẇB is a parabolic subgroup P. Then X_w is a homogeneous space for P, hence nonsingular (see [Jan87, p. 384-385]).

1Equivalently, O(w) ∪ ∪^n_{i=1} O(s_1 · . . . · ŝ_i · . . . · s_n) is non-singular by normality of O(w) (the singular locus is closed and G-stable, hence it has to be a union of orbits O(w^′) of G). Hence so is X(w) ∪ ∪^n_{i=1} X(s_1 · . . . · ŝ_i · . . . · s_n) (by transversality) and X(w) is regular in codimension one.

CHAPTER 3

Intersection theory of Deligne-Lusztig varieties

3.1. Chow groups of X(w)

One of the original goals of this dissertation was to give a complete description of the Chow groups of Deligne-Lusztig varieties (for the general theory of Chow groups, we refer to [Ful83]). Below we shall see how the free part ought to behave.

3.1.1. Rephrasing the problem. Let X(w) be an irreducible Deligne- Lusztig variety. We will relate the rational Chow groups of X(w) to those of a quasi-projective variety X̃(ẇ) on which a finite group acts with quotient X(w). X̃(ẇ) will be the base-space of a locally trivial fibre-bundle S̃(ẇ) with fibre a unipotent group (isomorphic to some affine space). Hence we may alternatively determine the Chow groups of S̃(ẇ).

Consider the unipotent subgroup U_w = U ∩ ẇUẇ^{−1} of G. As a variety,

U_w ≃ A^{M−l(w)} .

Let S̃(ẇ) = L^{−1}(ẇU). Then S(ẇ) is an étale covering of ẇU.^1 U_w acts on S̃(ẇ) by right translation: L(su) = (su)^{−1} F(su) = u^{−1} L(s)F(u), which is in ẇU for s ∈ S̃(ẇ), u ∈ U_w. Consider the composition,

f : S̃(ẇ)^L−→ ẇU^{ẇ−1}−→ U.

Let U_w act on U from the right by the rule s.u = ẇ^{−1}uẇsF(u^{−1}) for s ∈ U, u ∈ U_w (see [DL76, 1.12]). Then, for g ∈ S̃(ẇ), u ∈ U_w, f (g.u) = ẇ^{−1} L(g.u) = ẇ^{−1}u^{−1} L(g)F(u) = ẇ^{−1}u^{−1}ẇ(ẇ^{−1}L(g))F(u) = (ẇ^{−1} L(g)).u^{−1} = f (g).u^{−1}.

Hence, if g ∈ S̃(ẇ) is fixed by u then f (g) is fixed by u^{−1}.

1Note that is is only in positive characteristic one finds non-trivial étale coverings of affine space. In characteristic zero affine space is simply connected (which by definition means that it has no non-trivial étale coverings; a covering Y → X with group H is trivial if Y = X ×_k H).

16 3. INTERSECTION THEORY OF DELIGNE-LUSZTIG VARIETIES

PROPOSITION 3.1. The quotient S̃(ẇ)/U_w := X̃(ẇ) exists and the canonical morphism Θ : S(ẇ) → X̃(ẇ) is locally trivial with fibre U_w.

PROOF. Consider the quotient q : G → G/U_w (U_w is closed in G, hence the quotient exists). Since U_w is unipotent (hence solvable) q is locally trivial with fibre U_w [Ser58, Proposition 14]. Restricting to the locally closed subvariety S̃(ẇ) we get that Θ : S(ẇ) → X̃(ẇ) is locally trivial with fibre U_w. (A shorter proof: use Corollary A.18.)

Since the fibres of Θ are of constant dimension M−l(w), Θ is flat [Har77, Ex.III.10.9]. Let X̃(ẇ) denote the quotient of S̃(ẇ) by U_w.

THEOREM 3.2. Let X(w) be an irreducible Deligne-Lusztig variety. Then

A_k(X(w))_Q = A_k (~ X(ẇ)

)_TF_w Q → A_{k+M−l(w)} (~ S(ẇU) ) (3.1)

for k ≠ l(w) and A_{l(w)} ( X(w) ) = Z.

PROOF. The last assertion is obvious. For the first we will use that for

T^F_w = {t ∈ T : F(t) = ẇ^{−1}tẇ}

we have X̃(ẇ)/T^F_w = X(w) (this follows from [DL76, 1.8+1.11]). Hence, by [Ful83, 1.7.6], A_k ( X(w) ) Q ≃ A_k (~ X(ẇ)

)_TF_w Q . Then the assertion follows from Corollary A.18.

REMARK 3.3. We have now reformulated the problem of calculating the Chow groups of X(w) into that of calculating those of S̃(ẇU). Unfortunately we lost track of the torsion elements on our way.

3.1.2. A straight-forward case. In the simplest case we may attack the problem directly.

THEOREM 3.4. Let X(w) be a standard Deligne-Lusztig variety corresponding to the A_n case. Then

A_k(X(w))_Q = 0 (3.2)

unless k = l(w) (in which case A_k(X(w)) = Z). Furthermore, for any variety Y, we have A_∗(X(w) × Y) ≃ A_∗(X(w)) ⊗ A_∗(Y) = A_∗(Y).

PROOF.^2 In this case, X(w) is identified with an open affine subset of P^{l(w)} with complement D equal to the union of all F_q -rational hyper-planes (see [DL76, 2.2]). Hence we have the short exact sequence [Ful83, Proposition 1.8],

A_k(D) → A_k(P^{l(w)}) → A_k(X(w)) → 0.

Since D is projective, Z ⊆ A_k(D) for k < l(w), hence the rank of A_k(X(w)) is necessarily 0. (See also [Ful83, Examples 1.9.3+4].)

2This proof could probably be replaced by one using higher Chow groups and the fivelemma.

3.1. CHOW GROUPS OF X(w) 17

For the last assertion we consider the commutative diagram:

A_∗(D × Y)^p � A_∗(P^{l(w)} × Y)^q � A_∗(X(w) × Y) � 0

A_∗(D) ⊗ A_∗(Y)

φ_1 �

p̄ � A_∗(Pl(w)) ⊗ A_∗(Y)

φ_2 �

q̄ � A_∗(X(w)) ⊗ A_∗(Y)

φ_3 �

� 0.

By [Ful83, Example 8.3.7], φ_2 is an isomorphism. Since D is a union of hyperplanes (each isomorphic to P^{l(w)−1}) we conclude that φ_1 also is an isomorphism. Since q, φ_2 and q̄ are surjective, commutativity of the diagram forces φ_3 to be surjective as well. Suppose φ_3(β) = 0. Choose γ ∈ A_∗(P^{l(w)}) ⊗ A_∗(Y) such that q̄(γ) = β. Then qφ_2(γ) = 0, hence φ_2(γ) = p(δ) for some δ ∈ A_∗(D × Y). But then p̄φ^{−1}_1 (δ) = φ^{−1}_2 p(δ) = γ, hence β = q̄p̄φ^{−1}_1 (δ) and β = 0.

LEMMA 3.5. Suppose w and w^′ are two different Coxeter elements in W. Let X̄(w) and X̄(w^′) be the corresponding Deligne-Lusztig varieties. Then A_i(X̄(w))_Q ≃ A_i(X̄(w^′))_Q for all i.

PROOF. Let us first consider the case where w^′ = F(w). Since the automorphism F^δ : X̄(w) → X̄(w) induces multiplication by a power of Q on A_i(X̄(w)) [Ful83, Example 1.7.4], each of the homomorphisms in the composite (we have δ = 2 since F(w) = w^′ ≠ w)

A_i(X̄(w))^{F∗}−→ A_i(X̄(w^′))^{F∗}−→ A_i(X̄(w))

must be isomorphisms modulo torsion.

By [Lus76a, (1.8) Lemma], the only other cases we need to consider are those where w is on the form w = w_1w_2 and then w^′ = w_2 F(w_1). The proof now follows the lines of the proof of [DL76, Theorem 1.6, case 1]. For any P = (B_0, B_1, . . ., B_{l(w1)}, . . . , F(B_0)) ∈ X̄(w) we have that (B_0, B_1, . . . , B_{l(w1)}) ∈ Ō(w_1) and (B_{l(w1)}, . . . , F(B_0)) ∈ Ō(w_2). But then

σ(P) := (B_{l(w1)}, . . ., F(B_0), F(B_1), . . ., F(B_{l(w1)})) ∈ X̄(w^′)

giving a morphism σ : X̄(w) → X̄(w^′). In exactly the same way, we get a morphism τ : X̄(w^′) → X̄(F(w)). It follows that F = τ ∘ σ. Arguing as in the special case, it follows that τ_∗ : A_i (¯ X(w^′) ) Q → A_i (¯ X(F(w)) ) Q must be surjective. The assertion now follows by symmetry.

REMARK 3.6. Since Lusztig have shown that Deligne-Lusztig varieties coming from F-conjugate Coxeter elements have the same number of rational points [Lus76a, (1.10) Proposition], hence the same Zeta-function and Bettinumbers, the lemma is only a natural parallel.

THEOREM 3.7. Let X̄(w) a Deligne-Lusztig variety of type A_n. Let j : D → X̄(w) be the inclusion of the boundary divisors. Then A_{l(w)}(X̄(w)) = Z and A_k(X̄(w))_Q = j_∗ A_k(D)_Q for k < l(w).

18 3. INTERSECTION THEORY OF DELIGNE-LUSZTIG VARIETIES

PROOF. By Lemma 3.5 we may assume X̄(w) is of standard type. Then it follows from Remark 3.8 and Theorem 3.4 that X̄(w) has a stratification satisfying Lemma A.2.

Based on the known examples and the above we do not hesitate to claim the following:

CONJECTURE 1. Let X(w) be a Deligne-Lusztig variety. Then A_i(X(w)) has rank zero for i < l(w).

Granted this conjecture, it would follow from Lemma A.2 that for all i, A_i(X̄(w))_Q is generated by the classes of the components of Deligne-Lusztig subvarieties X̄(w^′), where w^′ ≤ w and l(w) = i. In codimension one, this would agree with the results of Section 3.2 (below).

3.1.3. The G^F-invariant Chow groups. Let X̄(w) be of standard type. As we noted in Section 1.6.1 (page 11) there is a (finite) subgroup U^F of G^F acting on X(w), with quotient X(w)/U^F isomorphic to an open subset of a torus. Since the Chow groups of affine space vanish in positive codimension [Ful83, p. 23] the same is true for tori and therefore also for the quotient variety X(w)/U^F [Ful83, Proposition 1.8]. Since there is a finite surjective morphism X(w)/U^F → X(w)/G^F (inducing a surjection in Chow groups with rational coefficients) it follows that the G^F-invariant Chow groups of X(w) satisfies

A_i(X(w))^{GF}_Q = 0 for i < l(w) (3.3)

(see [Ful83, Example 1.7.6]). So the conjecture stated above holds at the least for the G^F-invariant part.

3.2. Picard Groups of ‘classical’ Deligne-Lusztig varieties

Say that X̄(w) is of classical type if X̄(w) corresponds to one of the classical groups: A_n,^2A_n, B_n, C_n, D_n or^2D_n.

REMARK 3.8. Suppose X̄(w) is of type A_n. Let w^′ ≤ w. Then each irreducible component of X̄(w^′) is a product of Deligne-Lusztig varieties also of type A_n. For example: In X̄(s_1s_2s_3), the divisors D_1 and D_3 are disjoint unions of components of type A_2 and D_2 is a disjoint union of components of type A_1 × A_1.

Similarly, when X̄(w) is of type^2A_n, the divisor D_i is a disjoint union of Deligne-Lusztig varieties of type A_{i−1} ×^2A_{n−2}. The same remarks apply to any other Deligne-Lusztig variety of classical type. That is, if X̄(w) is of classical type, then so are the irreducible components of the divisors D_i.

In the preceding section we were able to give generators for the free part of all A_i(X̄(w)) whenever X̄(w) is a Deligne-Lusztig variety of type A_n. In this section we shall examine the^2A_n, B_n, C_n, D_n and^2D_n cases. We follow the notation of [DL76, (2.1)] and [Lus76b].

3.2. PICARD GROUPS OF ‘CLASSICAL’ DELIGNE-LUSZTIG VARIETIES 19

Let V be an N-dimensional vector space (N ≥ 2) over k equipped with a Frobenius morphism F_V : V → V. Assume furthermore that V comes equipped with a form of one of the following kinds:

(O): Let char(k) ≠ 2 and let Q : V → k be a non-singular quadratic form defined over F_q That is, Q(F_V(x)) = Q(x)^q for any x ∈ V. Define the inner product ⟨x, y⟩_O = Q(x + y) − Q(x) − Q(y) on V. For N even, we will distinguish between the cases where Q is split and non-split (Q is split if F_V leaves stable some subspace V^′ ⊆ V satisfying that V^′ ⊆ V^{′⊥} and Q|_V′ = 0 and that V^′ is maximal with property).

To be able to do explicit calculations, we fix a standard basis for V and let Q(x) be defined as follows (with respect to the chosen basis):

Q(x) = {∑_n i=1 x_ix_{i+n} +

∑_{2n}

i=n+1 xixi−n N = 2n

x^2_N +

∑_n

i=1 x_ix_{i+n} +

∑_{2n}

i=n+1 xixi−n N = 2n + 1.

With this choice, F_V acts as follows:

F_V(x) = { (x^q_{n+1}, . . . , x^q_N, x^q_1, . . ., x^q_n) N = 2n (x^q_1, . . ., x^q_N) N = 2n + 1.

(Sp): Assume N is even, N = 2n. Let ⟨ , ⟩_{Sp} : V × V → k be a non-singular symplectic form defined over F_q , that is, ⟨F_V(x), F_V(y)⟩_{Sp} = ⟨x, y⟩^q_{Sp} for any x, y ∈ V.

In the chosen basis, F_V takes (x_1, . . . , x_N) to (x^q_1, . . . , x^q_N) and we may write the form as

⟨x, y⟩_{Sp} = n∑ i=1 x_i y^q_{i+n} − x_{i+n} y^q_i .

(U): Here our base field is F_q2 . Let ⟨ , ⟩_U : V × V → k be a non-singular sesquilinear form with respect to the automorphism λ → λ^q of k. That is, ⟨λx, y⟩_U = λ⟨x, y⟩_U and ⟨x, λy⟩_U = λ^q⟨x, y⟩_U for x, y ∈ V, λ ∈ k. Furthermore assume that ⟨F_V(x), y⟩_U = ⟨y, x⟩^q_U for x, y ∈ V.

In the chosen basis F_V takes (x_1, . . ., x_N) to (x^{q2}_1 , . . ., x^{q2}_N ) and we may write the form as

⟨x, y⟩_U = n∑ i=1 x_i y^q_{i+n} + x_{i+n} y^q_i .

In the following we shall omit the subscripts indicating whether the form is symplectic, orthogonal or unitary when we wish to speak of any of these types of forms.

20 3. INTERSECTION THEORY OF DELIGNE-LUSZTIG VARIETIES

We may now give the explicit description of the classical linear algebraic groups with their Frobenius morphism F : G → G. For later use we define in each case an integer a_0.

(SL): We have G = SL_N(k) = {g ∈ GL_N(k) : det(g) = 1}. The Frobenius morphism F acts on G by raising each entry of the matrix g to the q’th power, that is, F(g) = g ∘ F_V. The corresponding Dynkin diagram is A_{N−1} (N − 1 nodes).

(U): We have G = SL_N(k). Let F^′ : G → G be defined by ⟨F^′(g)x, gy⟩_U = ⟨x, y⟩_U for any x, y ∈ V. For any g ∈ G we have F^{′2}(g) = g ∘ F_V. This gives G an F_q -rational structure. The corresponding Dynkin diagram is

2A_{N−1} � � � � (N − 1 nodes). Set a_0 = n − 1 for N = 2n and a_0 = n for N = 2n + 1.

(O), N = 2n + 1: We have

G = SO_N(k)

= {g ∈ GL_N(k) : ⟨g(x), g(y)⟩_O = ⟨x, y⟩_O for any x, y ∈ V}. Let F act on G by the rule: F(g)F_V(x) = F_V(gx). The corresponding Dynkin diagram is B_n � (n nodes, n ≥ 2). Set a_0 = n.

(Sp), N = 2n: We have

G = Sp_n(k)

= {g ∈ GL_N(k) : ⟨g(x), g(y)⟩_{Sp} = ⟨x, y⟩_{Sp} for any x, y ∈ V}. Let F act on G by the rule: F(g)F_V(x) = F_V(gx). The corresponding Dynkin diagram is C_n � (n nodes, n ≥ 3). Set a_0 = n.

(O), N = 2n, Q split: We have

G = SO_N(k)

= {g ∈ SL_N(k) : ⟨g(x), g(y)⟩_O = ⟨x, y⟩_O for any x, y ∈ V}. Let F act on G by the rule: F(g)F_V(x) = F_V(gx). The corresponding Dynkin diagram is

D_n � � � � � (n nodes, n ≥ 4). Set a_0 = n − 1.

3.2. PICARD GROUPS OF ‘CLASSICAL’ DELIGNE-LUSZTIG VARIETIES 21

(O), N = 2n, Q non-split: We have

G = SO_N(k)

= {g ∈ GL_N(k) : ⟨g(x), g(y)⟩_O = ⟨x, y⟩_O for any x, y ∈ V}. Let F act on G by the rule: F(g)F_V(x) = F_V(gx). The corresponding Dynkin diagram is

2D_n �

� � � � � (n nodes, n ≥ 4). Set a_0 = n.

LEMMA 3.9. Let P be the parabolic subgroup generated by B and all Bs_i B except Bs_1 B. Then the quotient map π : G/B → G/P sends the divisor D_1 to the points G^F/P^F. Hence, by Remark 1.18, all divisors D_i, i ∈ I are mapped to subvarieties of codimension at least 2.

PROOF. Since X̄(w) may be described as

X̄(w) = {(g_0 B, . . ., g_n B) : g^{−1}_n F(g_0) ∈ B; g^{−1}_i g_{i+1} ∈ Bs_{i+1} B, i = 0, 1, . . ., n − 1}, (3.4) it follows that D_1 consists of those (g_0 B, . . ., g_n B) ∈ X̄(w) such that g^{−1}_0 g_1 ∈ B. But then g^{−1}_0 F(g_0) = (g^{−1}_0 g_1)(g^{−1}_1 g_2) . . . (g^{−1}_{n−1}g_n)(g^{−1}_n F(g_0)) is a product of elements from P. Hence D_1 is mapped to the (finitely many) points gP of G/P satisfying g^{−1} F(g) ∈ P.

REMARK 3.10. Let g ∈ P^F, α ∈ A_∗(X̄(w) − D_1). Then π_∗α = π_∗(gα), hence gα = α in A_∗(X̄(w)) (when α is supported on X̄(w) − D_1 we have π^∗(π_∗α) = α).

EXAMPLE 3.11 (^2A_3 case). In this case P = ⟨B, Bs_2B, Bs_3 B⟩ with F-stable subgroup P = ⟨B, Bs_2B⟩. Consider the projection π : (G/B)^3 → G/B → G/P ≃ P^3. We have π(X̄(w)) = Z( f ), f = X^{q+1} + Y^{q+1} + Z^{q+1}. D_1 is the union of (q^2 + 1)(q^3 + 1) lines and D_2 = ∐ g∈M g.V where V is the component of D_2 containing eB and M is a set of representatives of G^F/Bs_1s_3 B^F. We have #M = (q^3 + 1)(q + 1). A set of representatives could for example be:

M = eB/B ∪ (Bs_2 B)^F/B ∪ (Bs_1s_2s_3 B ∪ Bs_3s_2s_1 B)^F/B ∪ (Bs_1s_2s_3s_2 B ∪ Bs_3s_2s_1s_2 B)^F/B (there are 1 + q + q^3 + q^4 elements here). Under the projection G/B → G/P, (Bs_2 B)^F/B is mapped to eP. The second contribution is mapped to q different points and the last to q^2 other points. Hence, M is mapped to 1 + q + q^2 points. (For q = 2 this equals 7; compare Example B.7.)

22 3. INTERSECTION THEORY OF DELIGNE-LUSZTIG VARIETIES

To avoid confusion, let us recapitulate [Har70, p. 119] the following:

DEFINITION 3.12. A closed subscheme Y of P^N of codimension r is called an ideal-theoretic (or strict) complete intersection if Y is the scheme-theoretic intersection of r hyper-surfaces H_1, . . . , H_r in P^N. In algebraic terms, if we let the hyper-surfaces be defined by the homogeneous polynomials f_1, . . ., f_r, then Y = Proj(k[X_0, . . . , X_N]/I) with I = ( f_1, . . ., f_r).

A closed subset Y ⊂ P^N is said to be a set-theoretic complete intersection if it is the support of an ideal-theoretic complete intersection.

EXAMPLE 3.13. The ‘standard’ example of a set-theoretic complete intersection that is not a strict complete intersection is the image in P^3 of the 3-uple embedding of P^1 (a point (t : u) ∈ P^1 is mapped to (t^3 : t^2u : tu^2 : u^3) ∈ P^3). The curve C is given (set-theoretically) by

C = {(x, y, x, w) ∈ P^4 : y^3 + x^2w = 2xyz} ∩ {(x, y, x, w) ∈ P^4 : z^2 = yw} but the ideal of functions vanishing on C cannot be generated by less than three elements. The three linearly independent functions xw − yz, xz − y^2 and yw − z^2 obviously vanish on C, and

rad(y^3 + x^2w − 2xyz, z^2 − yw) = (xw − yz, xz − y^2, yw − z^2).

THEOREM 3.14. Let X̄(w) be a standard Deligne-Lusztig variety of type 2A_n, B_n, C_n, D_n or^2D_n. Let P be as in Lemma 3.9 and let π : (G/B)^{l(w)+1} → G/P be the projection. Then the image Z = π(X̄(w)) is a normal strict complete intersection, possibly with singularities in Z(F_qδa_0 ). For l(w) ≥ 4,

Pic(X̄(w)) = Z[{[V] : V component of some D_i, i ∈ I }] ⊕ Z[π^∗H] (3.5)

where H is the hyperplane section of Z. (Since X̄(w) is non-singular we do of course have the same equality for A_{l(w)−1}(X̄(w)).)

In all of the mentioned cases, the rank of the Picard group is unchanged if we replace X̄(w) by a (not necessarily standard) Deligne-Lusztig variety arising from a Coxeter element F-conjugated to w.

PROOF. First we will handle the non-^2D_n case. From Lemma 3.9 it follows that π contracts the divisor D_1 mapping it to the F_qδ -rational points of G/P ⊆ P(V) ≃ P^{N−1} (this inclusion is an equality in the non-orthogonal cases). Consider the hypersurfaces in P^{N−1}:

H_i = {(x_1 : x_2 : · · · : x_N) ∈ P^{N−1} : ⟨x, F^i_V(x)⟩ = 0} where i = 0, 1, · · · , a_0 − 1 (a_0 is defined as above) and H_0 = {(x_1 : x_2 : · · · : x_N) ∈ P^{N−1} : Q(x) = 0} in the orthogonal case. Note that in the C_n-case H_0 = P(V) since ⟨ , ⟩_{Sp} is alternating.

Lusztig shows [Lus76b] that Z equals the support of the scheme-theoretic complete intersection Z^′ = ∩^{a0−1}_{i=0} H_i with X(w) mapping isomorphically onto

3.2. PICARD GROUPS OF ‘CLASSICAL’ DELIGNE-LUSZTIG VARIETIES 23

the open subset ⟨x, F^{a0}_V (x)⟩ ≠ 0 of Z; see also Table 3.1. We claim that Z^′ and

2A_{2n+1}^2A_{2n} B_n C_n D_n^2D_n

dim(P(V)) = N − 1 2n + 1 2n 2n 2n − 1 2n − 1 2n − 1 dim(X̄(w)) = dim(Z) n + 1 n n n n n − 1 a_0 n n n n n − 1 n #equations defining Z n n n n − 1 n − 1 n equation for H_0 ∑ j X^{q+1}_j ∑ j X^{q+1}_j ∑ j X^2_j none ∑ j X^2_j ∑ j X^2_j

TABLE 3.1. Data relating to Deligne-Lusztig varieties of ‘classical’ type. The condition ⟨x, x⟩ = 0 is always true in the symplectic case, whence the difference in the C_n-case between a_0 and the number of defining equations. We see that in all cases Z has the ‘correct’ codimension in P(V). The equations for the hypersurfaces have in some cases been transformed to the (equivalent) diagonal form via a projective transformation (possibly with coefficients in a larger field). This allows us to use the common expression ∑ j X^{qiδ+1+1} j = 0 for all H_i, i > 0.

Z are equal as schemes; that is, if we let f_i ∈ k[X_1, . . ., X_N] denote the form defining the hypersurface H_i, then the ideal ( f_0, . . ., f_{a0−1}) is prime. Indeed, Z^′ is a complete intersection and is therefore Cohen-Macaulay.^3 So the problem amounts to showing that Z^′ is regular in codimension 1 (by Serre’s Criterion for normality [Har77, Proposition II.8.23]). So suppose P = (x_1 : x_2 : · · · : x_N) ∈ Z^′ is a singular point. Then, for each i = 0, 1, . . ., a_0 − 1, we have in the nonorthogonal cases, an equation (see Table 3.1) 1 q^{iδ+1} + 1 N∑ j=1 ∂ f_i ∂ X_j

(P)(X_j − x_j) = N∑ j=1 x^{qiδ+1}_j (X_j − x_j) = 0 (3.6)

3Additional note: By Hartshorne’s Connectedness Theorem (see for example [Eis95, Theorem 18.12]) Z^′ is then connected in codimension two. That is, removing a subset of codimension at least two cannot make Z^′ disconnected. This also follows from the more general Fulton-Hansen Connectedness Theorem [FH79]. In [Han83] where this theorem was generalized from P^n to general flag manifolds, it was also proved that an intersection of two normal sub-varieties V (dimension v), W (dimension w) of P^n is (v + w − n − 1)-connected. So in any case, if we did not already have the information that Z^′ is irreducible (because Z is), we could deduce this from proving that the singular locus is of codimension at least two (any two irreducible components would have to meet along a singular subvariety of codimension one).

From [Har77, Theorem III.7.11] it follows that Z ⊂ P^{N−1} has dualizing sheaf ω^∘_Z = O_Z( ∑ i deg(H_i) − (N + 2)). See also [Har77, Exercise II.8.4].

24 3. INTERSECTION THEORY OF DELIGNE-LUSZTIG VARIETIES

for the tangent-space to the hyper-plane H_i at P. Since each H_i is non-singular, P is only singular when some two of these tangent planes coincide. So, for some integers, r and s say, we have that x^{qrδ+1}_j = x^{qsδ+1}_j for all j. Assuming r < s, we arrive at the equalities

x^{qrδ+1}_j = ( x^{qrδ+1}_j

)_q(s−r)δ ; j = 1, . . ., N. Hence, x_i ∈ F_qδa_0 for all i.

In the orthogonal cases similar arguments apply since any one of the H_i (i > 0) intersects the quadric H_0 ≃ G/P transversely. Hence the singularities of Z^′ (if any) consist of the finitely many k^′-rational points of Z^′ for some finite extension k^′ of F_q .^4

It follows that Z^′ is regular in codimension one (the singularities being of codimension dim(Z)) and therefore Z and Z^′ are equal as schemes. This also shows that Z is normal [Har77, Proposition II.8.23].

From Corollary A.15 it now follows that, under the assumption dim(Z) = l(w) ≥ 4, Pic(Z) = A_{l(w)−1}(Z − Z(F_qδa_0 )) = A_{l(w)−1}(Z).

As l(w) ≥ 3, Pic(Z) = Z by the Lefschetz theorem for Picard groups [Gro68, Exposé XII, Corollaire 3.7] (see also page 85). Now the claim follows from Lemma A.8 and Lemma A.9.

The^2D_n case is only little different. Again we have a birational morphism π : X̄(w) ∪ X̄(F(w)) → Z contracting the divisor D_1 ∪ F(D_1) to points. Since X(w) ∪ X(F(w)) is isomorphic to an open subset of the complete intersection Z having a projective complement of codimension 1, Pic(X(w) ∪ X(F(w))) has to have rank 0. Since both X(w) and X(F(w)) are open in X(w) ∪ X(F(w)) each of these varieties will also have Picard group of rank 0. Lemma A.2 then yields the wanted result.

Finally, the last assertion follows from Lemma 3.5

EXAMPLE 3.15. Consider X(w), l(w) ≥ 4. Suppose X(w) is standard of type 2A_n. From [Lus76a, Corollary (2.10)] and [Jan96, C.29-30] it follows that we have a decomposition

A_k(X(w)/U^F_I ) = ⨁ i+ j=k

A_i(X_I(w)) ⊗ A_j(A^1 − {0}).

By choosing I to correspond to the ‘last l(w) − 1 orbits’ we get that X_I(w) is a standard Deligne-Lusztig variety of type^2A_{n−1} (of dimension l(w) − 1). Using

4Alternatively, we could have used the Jacobian Criterion for singularities: the singular locus of Z^′ is the zeros of the ideal J generated by the a_0 × a_0-minors of the Jacobian matrix

(_{∂ fi}

∂X_j ) . These polynomials are simultaneously zero at a point P = (x_1 : x_2 : · · · : x_N ) only if P is F_{qδa0} -rational.

3.2. PICARD GROUPS OF ‘CLASSICAL’ DELIGNE-LUSZTIG VARIETIES 25

this recursively we get A_{l(w)−1}(X(w))_Q = 0 also in the^2A_3,^2A_4,^2A_5 and^2A_6 cases: we have

0 = A_{l(w)}(X(w)) ⊇ A_{l(w)}(X(w)/U^F_i )_Q ≃ A_{l(w)−1}(X_I(w))_Q.

Similarly, we can describe the Picard group of the B_2 and B_3 cases as a quotient of the Picard group of some Deligne-Lusztig variety of dimension 4 or more. It follows that, in either case, A_1(X̄(w))_Q is generated by the classes of the components of the boundary divisors D_1 and D_2.

From these remarks it follows that to prove Conjecture 1 for a a given standard Deligne-Lusztig variety of classical type, it is sufficient to prove it for just one standard Deligne-Lusztig variety (of the same type, of course) of higher dimension.

REMARK 3.16. From the proof of the theorem we get that, for standard Deligne-Lusztig varieties of classical type, X(w) is the complement (in Z) of the ample divisor H_{a0} . Hence in this special case, we get a much simpler proof of the affinity of X(w) cf. [Har70, Proposition II.2.1].

EXAMPLE 3.17 (^2A_4 case). Let us examine the^2A_4-case:

s_1 � � s_2 � � s_3 s_4

with X̄(w) = X̄(s_1s_2). With the notation introduced above, Z is the complete intersection in P^4 given by the hyper-surfaces

H_0 : 4∑ i=0 X^{q+1}_i = 0 and H_1 : 4∑ i=0 X^{q3+1}_i = 0.

Earlier (Example 1.16) we found that the divisor D_1 = X̄(s_2) ⊆ X̄(w) is a disjoint union of (q^5 + 1)(q + 1) Hermitian curves and D_2 is the disjoint union of (q^5 + 1)(q^3 + 1) rational curves. From [DL76, Section 9] one may calculate that the ample line bundle L(−λ_1) on G/B satisfies

j^{′∗}L(−λ_1)^{⊗(q5+1)} ≃ O¯_{X(w)}((q^3 + 1)D_1 + (q + 1)D_2).

Since j^′ is finite, it follows that D_1 ∪ D_2 is the support of an ample divisor. Hence D_1 ∪ D_2 is connected [Har77, Corollary III.7.9].

Consider the composite morphism ρ : X̄(w) → Z → P^4. As calculated in Example 4.24, the Hermitian curves all have self-intersection −(q + 1) and the rational curves have self-intersection −q^2. It follows that

D_1 · [fibre] = −(q + 1) and D_2 · [fibre] = q^3 + 1.

So we may write [Ful83, 8.3.11]

ρ^∗O_P4(q^5 + 1) = (q^3 + 1)D_1 + (q + 1)D_2

26 3. INTERSECTION THEORY OF DELIGNE-LUSZTIG VARIETIES

(which is indeed consistent with the fact that L(−λ_1) is the pull-back of O_P4(1) under the projection G/B → G/P ≃ P^4). We also find that

deg_{j′}∗_{L(−λ1)}[fibre] = 1 q^5 + 1 ( −(q + 1)(q^3 + 1) + (q + 1)(q^3 + 1) ) = 0 deg_j′∗_{L(−λ1)}[rational curve] = 1 q^5 + 1 ( (q^3 + 1)(q^2 + 1) − q^2(q + 1) ) = 1.

How are the rational and Hermitian curves configured in X̄(w)? We know the following facts:

• As the action of G^F on X̄(w) permutes both the rational and the Hermitian curves, it follows that if a rational curve intersects one Hermitian curve, it must also intersect q^2 others (consider the automorphisms g ∈ G^F fixing the Hermitian curve).

• Since the morphism π : X̄(w) → Z collapses the Hermitian curves to points, there will pass

(# of components in D_2)(# of rational points on a comp.) (# of rational points on Z) = (q^5 + 1)(q^3 + 1)(q^2 + 1) (q^5 + 1)(q^2 + 1)

= q^3 + 1

lines through any rational point of Z.

Combined with the knowledge that the curves has to connect all components of D_1 and D_2, these properties force the curves to be configured as follows: Schematically, imagine (q^5 + 1)(q^3 + 1) circles (the rational curves) distributed disjointly around the surface of a torus. Number these from 1 to (q^5 + 1)(q^3 + 1). Each of these curves have (q^2 + 1) rational points. Through each rational point of the i’th rational curve goes a loop (Hermitian curve) around the torus connecting the point to a rational point on every i + j(q^5 + 1)’th rational curve ( j = 1, 2, . . ., q^3 + 1).^5

From Example 3.15 it follows that the Picard group of X̄(w) is generated by the components of D_1 and D_2 (modulo torsion). See also Example 4.24.

REMARK 3.18. From [Har77, Proposition II.7.17] it follows that the birational morphism π : X̄(w) → Z may be identified with the blow-up Bl_I Z → Z along some coherent sheaf of ideals I. In the surface case, I has to have zerolocus equal to the image of D_1: By the universal property of blow-up, π factors through Bl_I Z giving a bijective projective (hence finite) and surjective morphism X̄(w) → Bl_I Z which has to be the normalisation of Bl_I Z. Since Z is normal, so is Bl_I Z, hence the induced morphism is an isomorphism. In higher dimensions it is not (a priori) obvious that the induced morphism should be surjective and bijective.

5A more concise way of stating this (communicated to the author by F. Rodier), is to say that the curves make a graph dual to the Bruhat-Tits building of the^2A_4-group.

3.3. RELATING THE CHOW RING OF X̄(w) TO THAT OF G/B 27

3.3. Relating the Chow ring of X̄(w) to that of G/B

Deligne-Lusztig varieties have some resemblance to Schubert varieties X_w. Therefore it is natural to ask if their Chow rings are related. We show that this is indeed the case: the intersection product of two properly intersecting Deligne-Lusztig subvarieties of A_∗(X̄(w))_Q is determined by the intersection of the two corresponding generators of the Chow ring of the Demazure desingularisation Z_w of X_w.

Introduce the notation CH^∗(Y) for the Chow ring of a non-singular variety cf. [Ful83, 8.1]. If we only are interested in the additive structure of CH^∗(Y) we shall just write A_∗(Y) as usual.

3.3.1. The Chow groups of G/B. Chow groups of flag varieties was first described in Chevalley’s (unpublished) manuscript [Che94] and later in [Dem74, Dem76]. The following facts are sufficient for our purposes:

1. The action of G induced on A_∗(X) is trivial.

2. {[X_w] : w ∈ W} is a basis of A_∗(X) with [X_w] ∈ A_{l(w)}(X). Setting Y_w = X_{w0w} we get that {[Y_w] : w ∈ W} is a basis of CH^∗(X); [Y_w] ∈ CH^{l(w)}(X). These bases are dual, in the sense that

[X_w] · [Y_w′ ] = [X_w ∩ w_0Y_w′ ] = { [{ẇB}] w = w^′ 0 otherwise.

(3.7)

3. CH^∗(X) is generated in degree 1: any Schubert variety X_w of codimension ≥ 1 is a component in an iterated intersection of Schubert varieties of codimension 1.

4. The intersection pairing

CH^1(X) × CH^k(X) → CH^{k−1}(X)

is given in terms of the Cartan matrix (A_{i j}) of G: let λ_i ∈ X_0 be the fundamental weight corresponding to the root α_i. These are given in terms of a base-change under the Cartan matrix (and are listed in e.g. [Hum72, p. 69]). Then, for w ∈ W and s_i ∈ S,

[Y_{si} ] · [Y_w] = ∑ {β∈Φ^+:l(ws_β)=l(w)+1}

⟨λ_i, β^∨⟩[Y_{wsβ} ]. (3.8)

5. Let us also mention Demazure’s nice formula [Dem76], 0 = ∑ {w^′∈W:l(w^′)+l(w^{′−1}w)=l(w)}

(−1)^{l(w′)}[Y_w′ ] · [Y_w−1_w′ ] (3.9)

for all w ≠ e.

PROPOSITION 3.19. The cycles {[X(w)] : w ∈ W} do also form a basis for A_∗(X)_Q.

PROOF. Since the cardinality of the set in each degree is correct (being the same as that of Schubert varieties), we only need to prove that the cycles

28 3. INTERSECTION THEORY OF DELIGNE-LUSZTIG VARIETIES

are linearly independent in A_∗(X)_Q. Like in the proof of the corresponding statement for Schubert varieties, it will suffice to find a set of Q-dual elements [Dem74]. To this end, let ẇ_0 denote a representative of the longest element in W and let w^′ ∈ W be arbitrary. Set Y(w^′) = π(L^{−1}(ẇ_0 Bẇ^′B)). Set-theoretically we have

X(w) ∩ Y(w^′) = π(L^{−1}(BẇB)) ∩ π(L^{−1}(ẇ_0 Bẇ^′ B)) = π(L^{−1}(BẇB ∩ ẇ_0 Bẇ^′ B)).

Since BẇB = π^{−1}(X_w) (similarly for w^′) it follows from the properties of Schubert varieties that

X(w) ∩ Y(w^′) = { π(L^{−1}(ẇ_0)) w^′ = w_0w ∅ otherwise.

(3.10)

Since the intersection is proper when non-empty, we see that we have the wanted Q-dual basis (X is projective). As F(w_0) = w_0, it follows that L(w_0 g) = L(g) for all g ∈ G. Hence X(w) ∩ Y(w) = X(e).

COROLLARY 3.20. Let X̄(w) be a Deligne-Lusztig variety and let X̄(w_1), X̄(w_2) be two different Deligne-Lusztig subvarieties of X̄(w). Then X̄(w_1) and X̄(w_2) are linearly independent in A_∗(X̄(w)) (similarly in X(w)).

PROOF. If X̄(w_1) and X̄(w_2) are linearly dependent, then so are X(w_1) and X(w_2) [Ful83, Theorem 1.4]. Pushing this equivalence forward to A_∗(X)_Q allows us to use Proposition 3.19.

COROLLARY 3.21. Let w_0 denote the longest element in W. For k < l(w_0) we have A_k(X(w_0))_Q = 0. More generally, for all k, n such that k < n ≤ l(w_0), we have that

A_k ( ∪_{l(w)≥n} X(w) ) Q = 0. (3.11)

PROOF. From Proposition 3.19 it follows that in the short exact sequence [Ful83, Proposition 1.8] of finite-dimensional Q-vector spaces, N⨁ i=1 A_k ( X(w_0s_i) ) Q φ −→ A_k(X)_Q → A_k(X(w_0))_Q → 0

φ has to be surjective. The first assertion then follows. For the last assertion we may argue similarly, using the exact sequence ⨁ l(w)=k

A_k ( X(w) ) Q φ −→ A_k(X)_Q → A_k ( ∪_{l(w)>k}X(w) ) Q → 0 plus the fact that the union ∪_{l(w)≥n} X(w) is open in ∪_{l(w)>k}X(w).

3.3. RELATING THE CHOW RING OF X̄(w) TO THAT OF G/B 29

3.3.2. The Chow ring of Demazure desingularisations. In this section we will extract some facts from [Dem74] concerning the the Chow ring of the desingularisations Z_w → X_w (see also [Mag96]). Recall that we have reduced expressions w = s_1 · . . . · s_n and w_0 = s_1 · . . . · s_M. Let α̃_1 = α_1, α̃_2 = s_1(α_2), . . ., α̃_M = s_1s_2 · · · s_{M−1}(α_M) and let w_k =

∏_k

m=1 s_i. Furthermore, for any subset K ⊆ [1, M] let w_K = ∏ i∈K w_k Then define root systems R_0 = Φ^+, R_1 = w_1(Φ^+), . . ., R_M = w_M(Φ^+). Let B_i be the Borel subgroup of G for which R_i comprise the positive roots and let P_i be the parabolic subgroup given by R_i ∪ R_{i−1} (that is, generated by B_i and B_{i−1}). Let

X_n = P_1 ×^{B1} P_2 ×^{B2} · · · ×^{Bn−1} P_n.

The quotient X_n/B_n can be identified with the quotient of P_1 × · · · × P_n by B_1 × · · · × B_n acting from by the right by the rule

(p_1, p_2, . . . , p_n)(b_1, b_2, . . . , b_n) = (p_1b_1, b^{−1}_1 p_2b_2, . . . , b^{−1}_{n−1} p_nb_n).

We have B_0-equivariant sections σ_i and projections f_i

X_0 � X_1 � X_n � X_M � X_0/B_{0 σ1} � X_1/B_1

f_1�

σ_2 � . . . f_2�

σ_n

� X_n/B_{n σn+1} �

f_n�

. . ._{σM} �

f_{n+1}

� X_M/B_M.

f_M�

(3.12)

Then Z_w := X_n/B_n is the Demazure desingularisation of X_w. For any i let Z_i = f^{−1}_n . . . f^{−1}_{i+1}(Im(σ_i)).^6 Then, for any K ⊆ [1, n] we have a closed subvariety of Z_w,

Z_K = ∩_{i∈K} Z_i = {(p_1, p_2, . . . , p_n) : p_i represents w_i for any i ∈ K}.

We then have

PROPOSITION 3.22 (DEMAZURE). Let the notation be as above. Furthermore, let t_i denote the class of the divisor Z_{{i}} in A_∗(Z_w). Then,

1. Z_∅ = Z_n, Z_K ∩ Z_L = Z_{K∪L}, codim(Z_K) = |K|.

2. For K = [1, i] (i ≤ n), Z_K is the typical fibre (over Im(σ_i)) of the projection Z_n = X_n/B_n → X_i/B_i. For K = [i + 1, n], Z_K is the image of the immersion of X_i/B_i into X_n/B_n.

3. The symbols { t_K = ∏ i∈K t_i : K ⊆ [1, n] }

form a basis of the Z-module A_∗(Z_w).

6It is not always the case that Z_i is the desingularisation of X_w′ , w^′ = s_1 · . . . · ŝ_i · . . . · s_n. Actually this is only the case when i = n. Then Z_i = Z_{n−1} = the desingularisation of X_{s1 ·...·ŝi ·...·sn} . In general we have that Z_{[k+1,n]} is the desingularisation of X_{s1 ·...·sk} .

30 3. INTERSECTION THEORY OF DELIGNE-LUSZTIG VARIETIES

4. As Z_w is smooth we have a multiplicative structure on A_∗(Z_w). The Chow ring CH^∗(Z_w) of Z_w is Z[t_1, . . ., t_n] modulo the relations

t^2_1 = 0

t^2 + ⟨α̃_2, α̃^∨_1 ⟩t_1t_2 = 0 . . t^2_n + ⟨α̃_n, α̃^∨_1 ⟩t_1t_n + · · · + ⟨α̃_n, α̃^∨_{n−1}⟩t_{n−1}t_n = 0.

EXAMPLE 3.23 (A_2 case). Consider the A_2 case (G = SL_3) with w = s_1s_2 and w_0 = s_1s_2s_1. Then t_1 = [Z_1] = [ f^{−1}_1 (X_0/B_0)] = [ f^{−1}_1 (pt)] and t_2 = [Z_2] = [Im(σ_2)] = [Z_{s1} ]. Since s_1(α_2) = α_2 − ⟨α_2, α^∨_1 ⟩α_1 we get ⟨α_2, s_1(α_2)^∨⟩ = −1 + 2 = 1. Hence CH^∗(Z_w) = Z[t_1, t_2]/(t^2_1, t^2 + t_1t_2).

This is not surprising since in this case Z_w actually is the blow-up of the plane in a point; t_1 = L − E is the pull-back of a line in the plane minus the exceptional divisor (the proper transform of a line through the blown-up point) and t_2 is the exceptional divisor.^7

3.3.3. Multiplication in A_∗(X̄(w)).

PROPOSITION 3.24. Let w be a Coxeter element and let X̄(w) be the corresponding Deligne-Lusztig variety. The intersection product of two Deligne- Lusztig subvarieties of X̄(w) is determined by the intersection product on Ō(w).

PROOF. Consider the intersection product

[X̄(w_1)] · [X̄(w_2)] ; w_i ≤ w.

Interpreting (1.14) as an intersection product, it follows [Ful83, Section 8.1] that there is a Gysin homomorphism

γ^{′∗} : A_k (¯ O(w) ) → A_k (¯ X(w) ) (3.13)

such that for w^′ ≤ w we have γ^{′∗}[Ō(w^′)] = [X̄(w^′)] in A_k (¯ X(w) ) . Since both Ō(w) and X̄(w) are non-singular, γ^{′∗} is a ring-homomorphism [Ful83, Proposition 8.3], hence

[X̄(w_1)] · [X̄(w_2)] = γ^{′∗} ( [Ō(w_1)] · [Ō(w_2)] ) (3.14)

and the assertion follows.

COROLLARY 3.25. Let w_1, w_2 ≤ w be such that the intersection Z_{w1} ∩ Z_{w1} is proper. Suppose [Z_{w1} ] · [Z_{w2} ] = ∑ w^′∈W

n_w′ [Z_w′ ]

7 Z_w may also be realized as the ruled surface P(O_P1 ⊕ O_P1(−1)) over Z_{s1} ≃ P^1 (Hartshorne’s notation here). Then t_1 is the class of a fiber and t_2 is the class of a section.

3.3. RELATING THE CHOW RING OF X̄(w) TO THAT OF G/B 31

in A_∗ ( Z_w ) . Then

[Ō(w_1)] · [Ō(w_2)] = ∑ w^′∈W

n_w′ [Ō(w^′)]

in A_∗ (¯ O(w) ) , hence

[X̄(w_1)] · [X̄(w_2)] = ∑ w^′∈W

n_w′ [X̄(w^′)] (3.15)

in A_∗ (¯ X(w) ) . PROOF. The first assertion follows from the local nature of the construction of the associated bundles Ō(w) (see Section A.2). The last equality is obvious from Proposition 3.24.

EXAMPLE 3.26 (A_2 case). In this case X̄(w) arises as the blow-up of the projective plane P^2 in the rational points P^2(F_q ). D_1 is equal to the exceptional divisor E and D_2 equals the pull-back of O_P2(q^2 + q + 1) minus (q + 1)E (see also Example 1 in Chapter 4). From the above it follows that

[D_1] · [D_2] = (coefficient to Z_{s1s2} in Z_{s1} · Z_{s2} )[X̄(e)] = [X(e)]. Using the explicit description we have at hand, we may check this:

deg([D_1] · [D_2]) = deg(E · (π^∗O_P2(q^2 + q + 1) − (q + 1)E)) = −(q + 1) deg(E^2) = (q + 1)#P^2(F_q ) = (q + 1)(q^2 + q + 1).

Furthermore, deg(D^2_1) = deg(E^2) = −(q^2 + q + 1) and deg(D^2) = −q(q^2 + q + 1).

REMARK 3.27. Since X is a homogeneous space, the tangent bundle T_X is generated by its global sections cf. [Ful83, 12.2.1]. It would also be convenient if T¯_{X(w)} were generated by its global sections, because in that case intersections of non-negative cycles would give non-negative cycles in A_∗(X̄(w)) cf. [Ful83, Theorem 12.2]. However, as the above example shows, this cannot (in general) be the case.

REMARK 3.28. Using the explicit description of j^{′∗}L(λ) (see Chapter 4) we may give an alternative way of intersecting two boundary components D_i and D_j. Choose λ_i ∈ X(T)_Q (resp. λ_j) such that j^{′∗}L(λ_i) = O¯_{X(w)}(D_i) (similarly for j). Let D = c_1(L(λ_j)) ∩ X =

∑_N

k=1 −⟨λ_j, α^∨_k ⟩X_{w0sk} be the divisor in X defined by L(λ_j). Then

[D_i] · [D_j] = c_1( j^{′∗}L(λ_i)) ∩ [D_j] = j^{′∗}(c_1(L(λ_i)) ∩ D) (3.16)

= j^{′∗} ( − N∑ k=1 [ ∑ α∈Φ^+:l(w_0s_k s_α)=N−2

⟨λ_j, α^∨_k ⟩⟨λ_i, α^∨⟩X_{w0sk sα} ]) (3.17)

(see [Dem74, p. 78]).

32 3. INTERSECTION THEORY OF DELIGNE-LUSZTIG VARIETIES

CHAPTER 4

Canonical bundles of Deligne-Lusztig varieties

In this chapter we have reproduced the body of the article Canonical bundles of Deligne-Lusztig varieties [HH99a]. Please observe that the references made in the paper refer to the bibliography at the end of this thesis. In the last section of this chapter, we make some supplementary remarks to the results of the paper.

Let us make a few introductory remarks. The paper was originally motivated by the question whether Deligne-Lusztig varieties are Frobenius split or not. Soon, however, it was apparent that this was not in general to be expected. Instead one could actually prove ampleness of the canonical bundle in some cases.

Later on it became evident from the work with the Picard groups (see Chapter 3) that Deligne-Lusztig varieties are almost never Frobenius split. We give the proof below.

4.1. Criteria for Frobenius splitting

General reference for this section is [MR85]. See also [MR88, IM94, LT97, BTLM97, LM99, MT99].

DEFINITION 4.1. Let F̃ : X → X^′ denote the absolute Frobenius morphism on an algebraic variety X (see for example [Har77, p. 301]).

1. X is Frobenius split if the morphism O_X′ → F̃_∗O_X is a split homomorphism of O_X′ -modules.

2. Given a splitting σ : F̃_∗O_X → O_X′ we call a closed subscheme Y ⊆ X compatibly σ-split if σ(F̃_∗(I_Y)) ⊆ I_Y′ .

The following proposition [MR85, Proposition 8] is a good tool for finding splittings (if possible).

PROPOSITION 4.2. Let X be an n-dimensional non-singular projective variety over k. Suppose the inverse canonical bundle K^{−1}_X has a global section s ∈ H^0(X, K^{−1}_X ) such that the divisor of zeros (s)_0 decomposes into a sum of effective prime divisors

(s)_0 = Z_1 + · · · + Z_n + E

34 4. CANONICAL BUNDLES OF DELIGNE-LUSZTIG VARIETIES

where the Z_i are non-singular and intersect transversally. If the point P = Z_1 ∩ · · · ∩ Z_n is not contained in the support of E then s defines a splitting σ : F̃_∗O_X → O_X′ which compatibly splits the Z_i.

PROOF. (Sketch). Duality for the finite flat morphism F̃ : X → X^′ gives (using [Har77, Exercises III.6.10+III.7.2])

Hom(F̃_∗O_X, O_X′ ) ≃ H^0(X, K^{⊗1−p}_X ).

Since X is projective, any regular function is constant. So in order to get a splitting we only need to find a global section s ∈ H^0(X, K^{−1}_X ) and one point where F composed with the induced splitting is non-zero.

The decomposition of (s)_0 means that, in a neighborhood of P,

s = h · x_1 · . . . · x_n ⊗ 1 dx_1 · . . . · dx_n for a regular system of parameters (x_1, . . ., x_n) in P with h ∉ m_P, that is, h(P) ≠ 0. Then the power series expansion of s^{p−1} in ^(K^{⊗p−1}_X )_P = K^{⊗p−1}_X )_P ⊗ ^O_{X,P} has non-zero coefficient to the (x_1 · . . . · x_n)^{⊗p−1} ⊗^1_{(dx1·...·dxn)⊗p−1} part. One then verifies that this is exactly what is needed to make the composite non-zero in the point P.

REMARK 4.3. Conversely, it follows from [MR85, Proposition 6] that if H^0(X, K^{⊗1−p}_X ) = 0, X cannot be Frobenius split. This is for example the case if K_X (hence also K^{⊗p−1}_X ) is ample (from [Har77, Exercise III.7.1] we have that H^0(X, L^{−1}) = 0 whenever L is an ample line bundle on a non-singular projective variety X).

If X is a non-singular curve, a line bundle L ≃ O_X(D) is ample if and only if deg D > 0. In particular, K_X = O_X(2g − 2) is ample if and only if g > 1.

Consider the non-singular projective plane^2A_2 curve X̄(w) given by the equation X^{q+1} + Y^{q+1} + Z^{q+1} = 0. For q = 2 this is a non-singular elliptic curve (of Hasse-invariant 0 [Har77, Proposition IV.4.21]), hence K¯_{X(w)} = O¯_{X(w)}(2g − 2) = O¯_{X(w)} is neither ample or anti-ample. (A direct calculation of the homomorphism H^1(X̄(w), O¯_{X(w)}) → H^1(X̄(w), O^{⊗2}_{X̄(w)}) shows that this map is the zero map, hence X̄(w) is not Frobenius split either [MR85, Proposition 9].)

THEOREM 4.4. Let X̄(w) be a standard Deligne-Lusztig variety of type 2A_n,^2B_2, B_n, C_n,^2F_4 or^2G_2. Then X̄(w) is not Frobenius split whenever q > 2 or l(w) ≥ 3.^1

PROOF. In all of the mentioned cases, we have (cf. Chapter 3) a surjective morphism of normal projective varieties π : X̄(w) → Z with the property that π_∗O¯_{X(w)} = O_Z [Jan87, p. 400]. Hence, if we had a splitting, we could push it

1The assumption is a bit more than sufficient. What precisely is needed is that the degrees of the hypersurfaces cutting out Z sum up to more than 1 plus the dimension of the surrounding projective space.

4.1. CRITERIA FOR FROBENIUS SPLITTING 35

forward with π to obtain a splitting of Z [MR85, Proposition 4]. But since Z is a complete intersection in P^n cut out by hypersurfaces of total degree strictly larger than n + 1, it cannot be Frobenius split [Koc97, Corollary 2.7]

REMARK 4.5. Similarly, we do not in general expect the Frobenius on a Deligne-Lusztig variety to lift to the Witt vectors of length 2 as this would imply Bott vanishing for X̄(w) (cf. [BTLM97]): Let L be an ample line bundle on X̄(w). Then H^i(X̄(w), Ω^j_{X̄(w)} ⊗ L) = 0 for i > 0 and any j.

Consider for example the^2A_3 case where X̄(w) is the blow-up of a nonsingular Fermat hypersurface S ⊂ P^3 of degree q + 1. Let L = O¯_{X(w)}(1) and let π denote the blow-up morphism which is trivial (in the sense of Definition B.16). Since K¯_{X(w)} = π^∗ K_S ⊗ O¯_{X(w)}(−1), we get H^i(X̄(w), Ω^2_{X̄(w)} ⊗ L) = H^i(X̄(w), π^∗ K_S) = H^i(S, K_S). By shifting the short exact sequence

0 � O_P3(−(q + 1)) � O_P3 � OS � 0 with K_S = O_S(q − 3) we get from the induced long exact cohomology sequence that H^2(S, K_S) ≃ k ≠ 0. Hence Bott vanishing does not apply to this particular Deligne-Lusztig variety.

36 4. CANONICAL BUNDLES OF DELIGNE-LUSZTIG VARIETIES

Canonical bundles of Deligne-Lusztig varieties^†

SØREN HAVE HANSEN

ABSTRACT. In this paper we consider Deligne-Lusztig varieties. We explicitly describe the canonical bundles of their smooth compactifications in terms of homogeneous line bundles pulled back from G/B. Using this description we show that the members (one member in each dimension) of a special family of Deligne- Lusztig varieties have ample canonical bundles. A consequence is that, unlike the closely related Schubert varieties, Deligne- Lusztig varieties are not in general Frobenius split. Several examples are given. Among these we exhibit (Example 4.21) an infinite family of counter-examples to the Miyaoka- Yau inequality (one for each prime power).

4.2. Deligne-Lusztig varieties

Let (G, F) be a connected reductive algebraic group equipped with an F_q - structure coming from a Frobenius morphism F : G → G. Let L : G → G be the Lang map taking an element g ∈ G to g^{−1} F(g). By the Lang-Steinberg Theorem [Bor92, Theorem 16.3] this morphism of varieties is surjective with finite fibres. From this result it follows that, by conjugacy of tori and Borel subgroups, there exists F-stable maximal tori and Borel subgroups. Hence there are (with abuse of notation) natural endomorphisms F : W → W and F : X → X of the Weyl group of G and the variety X of Borel subgroups of G. Let W be generated by the simple reflections s_1, . . . , s_N and let l(·) be the length function with respect to these generators.

Fix an F-stable Borel subgroup B ⊆ G containing an F-stable maximal torus T. Let π : G → G/B ≃ X be the projection. Let U be the unipotent radical of B (also F-stable as B and T are) and denote by Φ^+ the set of positive roots with respect to B. Let X(T) be the k-valued characters of T. (All this notation is explained in e. g. [Car85, Chapter 1].) For any λ ∈ X(T), the homogeneous line bundle L(λ) on X will be ample (very ample, in fact) if λ is strictly antidominant (negative with respect to the basis {λ_1, . . . , λ_N} of X(T) determined by Φ^+) [Jan87, p. 231].

DEFINITION 4.6. Fix an element w in the Weyl group W and let w = s_{i1} · . . . · s_{in} be a reduced expression. Call w a Coxeter element if there is exactly one s_i from each of the orbits of F on {s_1, . . . , s_N}.

†This article appeared in Manuscripta Math. 98 (1999) pp. 363-375.

38 4. CANONICAL BUNDLES OF DELIGNE-LUSZTIG VARIETIES

1. Define the (open) Deligne-Lusztig variety X(w) to be the image of L^{−1}(BẇB) in G/B. That is,

X(w) = π(L^{−1}(BẇB)).

We shall think of the points of X(w) as Borel subgroups of G. 2. Define the closed subvariety of X^{n+1}

X̄(s_{i1} , . . . , s_{in} ) = {(g_0 B, . . . , g_n B) ∈ X^{n+1} :

g^{−1}_k g_{k+1} ∈ B ∪ Bs_{ik+1} B for 0 ≤ k < n, g_n = F(g_0)}.

For brevity, we will write X̄(w) for this variety. For any w^′ ≤ w, X̄(w^′) defines in a natural way a closed subvariety of X̄(w). In particular there are divisors

D_j = X̄(s_{i1} , . . . , ŝ_{i j} , . . . , s_{in} ) ; j = 1, . . . , n.

3. When G is semi-simple with connected Dynkin diagram, there is a natural choice of Coxeter element: let w = s_{i1} · . . . · s_{in} where i_1 = 1 and any pair i_j, i_{j+1} correspond to two joined nodes. When choosing this Coxeter element, we shall refer to X̄(w) as being the Deligne-Lusztig variety corresponding to (G, F).

Since L is flat, it is open, hence L^{−1}(BẇB) = L^{−1} ( BẇB ) . So X(w) is smooth of dimension n and the closure of X(w) in X is given by the disjoint union

X(w) = ⋃ w^′≤w

X(w^′), (4.1)

where as usual ≤ is the Bruhat order in W. This closure is singular whenever the Schubert variety X_w = BẇB/B is. But since the open subset {(g_0 B, . . . , g_nB) ∈ X^{n+1} : g^{−1}_k g_{k+1} ∈ Bs_{ik+1} B, 0 ≤ k < n, g_n = F(g_0)} of the smooth projective variety X̄(w) [DL76, 9.10] maps isomorphically onto X(w) under projection to the first factor, we have a good compactification of X(w). In fact the complement of X(w) in X̄(w), which is easily seen to be the union of the D_j’s, is a divisor with normal crossings [DL76, 9.11]. If w is a Coxeter element, then X(w) and X̄(w) are irreducible [Lus76a, Proposition (4.8)].

REMARK 4.7. Groups G^F arising as the fixed-points of a Frobenius morphism acting on a reductive, connected linear algebraic group are called finite groups of Lie type. It was the search for a unified description of the characteristic zero representations of these groups that led Deligne and Lusztig [DL76] to the construction of Deligne-Lusztig varieties. (G^F acts on X(w) as a group of automorphisms inducing an action on the ℓ-adic cohomology vector spaces. See also [Haa86].)

REMARK 4.8. There is an equivalent way of defining X(w) and X̄(s_{i1} · . . . · s_{in} ) which will be useful later on. Define the locally closed subvariety of X × X,

O(w) = {(g_0 B, g_1B) ∈ X × X : g^{−1}_0 g_1 ∈ BwB}

4.3. THE CANONICAL BUNDLE 39

(the orbit of (eB, ẇB) under the diagonal action of G). Denote its closure by O(w). Let i = (id, F) be the graph map of F. Then we have the following pullback diagram

X(w) �

� O(w) � X^i � X × X.

That is, X(w) is the transversal intersection of O(w) and the graph of F inside X × X (see [DL76, 1.4+(1.11.1)]). We have a Demazure-type desingularisation Ō(s_1, . . . , s_n) of O(w). Intersecting with the graph of F we actually get the corresponding smooth compactification

X̄(s_1, . . . , s_n) �

j^′ � Ō(s_1, . . . , s_n) j � X^i � X × X

of X(w) [DL76, 9.10+9.11]. We shall write Ō(w) for Ō(s_1, . . . , s_n).

LEMMA 4.9. Let w ∈ W have reduced expression w = s_{i1} · . . . · s_{in} with all i_j distinct. Then the resolution φ : Ō(w) → O(w) is bijective. Hence also the resolution φ^′ : X̄(w) → X(w) is bijective.

PROOF. We prove the claim by induction on l(w). For l(w) = 0 the claim is trivially true. So assume l(w) > 0. Since φ is an isomorphism over O(w) we only need to show that φ is bijective on any O(w^′) with w^′ ≤ w and l(w^′) = l(w) − 1. Now, any such w^′ is obtained from the reduced expression of w by omitting a unique s_{i j} . That is, there exists a unique index j such that

w^′ = s_{i1} · . . . · ŝ_{i j} · . . . · s_{in}

and this is a reduced expression of w^′ (by the special property of w). But then w^′ satisfies the induction hypothesis and the assertion follows.

REMARK 4.10. Suppose L is an ample line bundle on X. Since j^′ is the composition of the closed immersion j of X(w) in X and the resolution φ^′ : X̄(w) → X(w), it follows that j^{′∗} L is ample when φ^′ is finite. This is for example the case when w is a Coxeter element (Lemma 4.9).

4.3. The Canonical Bundle

Let ∂ X be the sum of the codimension one Schubert varieties of X (similarly with Ō(w) and X̄(w)). Since the positive roots correspond to B we have K_X = O_X(−2∂ X) = L(2ρ) (ρ being half the sum of the positive roots). Since ρ is strictly dominant, K^{−1}_X = L(−2ρ) and L(−ρ) are ample line bundles on X.

40 4. CANONICAL BUNDLES OF DELIGNE-LUSZTIG VARIETIES

Recall that the commutative diagram X̄(s_1, . . . , s_n) �

j^′ � Ō(s_1, . . . , s_n) j � X^i � X × X ( j maps (B_0, . . . , B_n) to (B_0, B_n)) arises as the pull-back of the commutative diagram of closed embeddings X(w) � � O(w) � X^{i=(id,F)} � X × X via the desingularisation φ : Ō(w) → O(w). Furthermore, we have at the bottom the triangle X i=(id,F) �

F � � � � X × X

pr_1 � pr_2 � � � � X. As pr_1 ∘ j ∘ i^′ = j^′ and pr_2 ∘ j ∘ i^′ = F ∘ j^′, it follows that i^{′∗} ( j^∗( pr^∗_1 L(ρ) ⊗ pr^∗_2 L(ρ)) ) = j^{′∗}(L(ρ) ⊗ F^∗L(ρ)). (4.2) By definition, ∂ X̄(w) is the restriction of ∂Ō(w) to X̄(w), hence we have i^{′∗}O¯_{O(w)}(∂Ō(w)) = O¯_{X(w)}(∂ X̄(w)).

PROPOSITION 4.11. Let X̄(w) be a Deligne-Lusztig variety. Then the canonical bundle K¯_{X(w)} is given by K¯_{X(w)} = O¯_{X(w)}(−∂ X̄(w)) ⊗ j^{′∗}L(ρ − F(ρ)). (4.3) PROOF. By the adjunction formula [Ful83, B.7.2] we have K¯_{X(w)} = i^{′∗} K¯_{O(w)} ⊗ ∧^r N¯_{X(w)}Ō(w) = i^{′∗} K¯_{O(w)} ⊗ ∧^r j^{′∗} N_{i(X)}(X × X) (the last equality since i and i^′ are regular closed embeddings of the same codimension). Now K¯_{O(w)} = O¯_{O(w)}(−∂Ō(w)) ⊗ j^∗( pr^∗_1 L(ρ) ⊗ pr^∗_2 L(ρ))

4.4. COMPUTATION OF THE CANONICAL BUNDLE K¯_{X(w)} 41

cf. [MR88, Proposition 2]^3 and by [Ful83, B.7.3] ∧^r N_{i(X)}(X × X) = ∧^r F^∗T_X = F^∗ ∧^r T_X = F^∗ K^{−1}_X = F^∗L(−2ρ).

Combining these equalities with (4.2) the proposition follows.

4.4. Computation of the canonical bundle K¯_{X(w)}

We will in this section refine the description of K¯_{X(w)}. For simplicity we will assume that we are not in any of the cases^2B_2,^2G_2 and^2F_4. (These cases have been treated separately in [Han92] and [Rod96].) Then F is a standard Frobenius morphism and F(λ_j) = qλ_i where q is a positive integral power of p. In particular, F(ρ) = qρ.

REMARK 4.12. Let A denote the matrix of the linear map sending the character λ to F(w^{−1}(λ)) − λ with respect to the basis {λ_1, . . . , λ_N} of X(T). Let λ ∈ X(T). Write λ = Aμ for some μ ∈ X(T) ⊗_Z Q (this is always possible cf. [Haa86, 2.3]). Let m be a positive integer such that mμ ∈ X(T). Set α̃_1 = α_1 and α̃_i = s_1 · . . . · s_{i−1}(α_i) ; i = 2, . . . , n and define the integers v_i = ⟨mμ, α̃^∨_i ⟩ ; i = 1, . . . , n. (4.4) Then (see [DL76, 9.5+9.6]) the restriction of the homogeneous line bundle L(λ) to X(w) ⊆ X is trivial, that is, L(λ)|_{X(w)} ≃ O_{X(w)}. Furthermore, j^{′∗}L(mλ) has a section Ψ(ẇ) with divisor of zeros ( Ψ(ẇ) ) 0 = n∑ i=1 v_i D_i.

Hence

j^{′∗}L(mλ) ≃ O¯_{X(w)}

(^n∑ i=1 v_i D_i ) . (4.5)

Now consider the equations and inequalities in the unknown x ∈ X(T) ⊗_Z Q: ⟨x, α̃^∨_i ⟩ = −1 ; i = 1, . . . , n (4.6) ⟨Ax, α^∨_i ⟩ < q − 1 ; i = 1, . . . , N. (4.7) As ⟨x, α̃^∨_i ⟩ = ⟨x, s_1 · . . . · s_{i−1}(α_i)^∨⟩ = ⟨s_{i−1} · . . . · s_1(x), α^∨_i ⟩, the first equation says that the i’th coordinate in s_{i−1} · . . . · s_1(x) is −1 for i = 1, . . . , n.

We can then give a nice description of K¯_{X(w)}.

3Note that in [MR88] it is the negative roots that are chosen to correspond to B. Therefore we use ρ instead of −ρ.

42 4. CANONICAL BUNDLES OF DELIGNE-LUSZTIG VARIETIES

PROPOSITION 4.13. Keep the above notation. Suppose μ ∈ X(T) ⊗_Z Q solves (4.6). Let m be a positive integer such that A(mμ) ∈ X(T). Then K^{⊗m}_{X̄(w)} = j^{′∗}L(m((1 − q)ρ + Aμ)). (4.8) If μ also solves (4.7), L(m((1 − q)ρ + Aμ)) is a very ample line bundle.

PROOF. By Proposition 4.11, K¯_{X(w)} = O¯_{X(w)}(−∂ X̄(w)) ⊗ j^{′∗}L((1 − q)ρ). From Remark 4.12 and the assumption (4.6) on μ we have

j^{′∗}L(A(mμ)) = O¯_{X(w)}

(^n∑ i=1 m⟨x, α̃^∨_i ⟩D_i ) = O¯_{X(w)}(−∂ X̄(w))^{⊗m}.

Hence K^{⊗m}_{X̄(w)} = j^{′∗}L(m((1 − q)ρ + Aμ)). The second assumption (4.7) on μ assures that L(m((1 − q)ρ + Aμ)) is ample.

In the A_N and^2A_N cases explicit calculations are amenable and we get an ever nicer description.

THEOREM 4.14. a) Let G be simple of type A_N (of any isogeny type) and let X̄(w) be the corresponding Deligne-Lusztig variety. Then K¯_{X(w)} = j^{′∗}L((1 − q)ρ + qλ_N + λ_1) (4.9) b) Let G be simple of type^2A_{2n−1} (of any isogeny type) and let X̄(w) be the corresponding Deligne-Lusztig variety. Then

K¯_{X(w)} = j^{′∗}L((1 − q)ρ + qλ_n − qλ_{n−1} + λ_1). (4.10) c) Let G be simple of type^2A_{2n} (of any isogeny type) and let X̄(w) be the corresponding Deligne-Lusztig variety. Then K^{⊗2}_{X̄(w)} = j^{′∗}L(σ) (4.11) where

σ = (4 − 2q)λ_1 + (2 − 2q)λ_2 + . . . + (2 − 2q)λ_{n−1} + (2 − q)λ_n + (−λ_{n+1}) + (2 − 2q)λ_{n+2} + . . . + (2 − 2q)λ_N.

For q > 2 this is the pull-back of a very ample line bundle on X. PROOF. Suppose μ =

∑_N i=1 t_iλ_i ∈ X(T) ⊗_ZQ satisfies (4.6). Then −1 = ⟨μ, α^∨_1 ⟩ = t_1 −1 = ⟨μ, s_1(α_2)^∨⟩ = t_1 + t_2 = −1 + t_2 . . −1 = ⟨μ, s_1 · . . . · s_{n−1}(α_n)^∨⟩ = t_1 + . . . + t_n = −1 + 0 + . . . + 0 + t_n.

It follows that μ must be on the form μ = −λ_1 +

∑_N

i=n+1 tiλi. On the other

hand, any μ on this form solves (4.6). (In the A_N case n = N, hence μ = −λ_1.)

4.4. COMPUTATION OF THE CANONICAL BUNDLE K¯_{X(w)} 43

As (s_1 · . . . · s_n)^{−1}(−λ_1) = λ_n − λ_{n+1} and as (s_1 · . . . · s_n)^{−1}(λ_i) = λ_i for i > n, we get w^{−1}(μ) = λ_n + (t_{n+1} − 1)λ_{n+1} + t_{n+2}λ_{n+2} + . . . + t_Nλ_N .

Hence in the A_N case where F acts by multiplication with q, we have

K¯_{X(w)} = j^{′∗}L((1 − q)ρ + F(w^{−1}(μ)) − μ)

= j^{′∗}L((1 − q)ρ + qλ_N + λ_1)

and the assertion in a) follows.

We have seen that for N ≠ n we may write

Aμ =

1 + qt_N qt_{N−1} . . qt_{N−(n−3)} q(t_{N−(n−2)} − 1) q −t_{N−(n−2)} . . −t_N and Aμ =

1 + qt_N qt_{N−1} . . qt_{N−(n−2)} q(t_{N−(n−1)} − 1) q − t_{N−(n−1)} −t_{N−(n−2)} . . −t_N for N = 2n − 1 and N = 2n, respectively. For odd N we see that the n’th coordinate of Aμ + (1 − q)ρ always will be q + (1 − q) = 1, so we cannot realize K¯_{X(w)} as the pull back of an ample homogeneous line bundle L(λ) on X. Choosing t_i = 0 for i > 0 we obtain b).

For N = 2n we are in better shape. Choosing t_{n+1} equal to 3/2 and t_i = 0 otherwise, we get that μ = −λ_1 + 3/2λ_{n+1} solves (4.6). Furthermore, with this choice

2(Aμ + (1 − q)ρ) = (4 − 2q)λ_1 + (2 − 2q)λ_2 + . . . + (2 − 2q)λ_{n−1} + (2 − q)λ_n + (−λ_{n+1}) + (2 − 2q)λ_{n+2} + . . . + (2 − 2q)λ_N

is strictly anti-dominant and c) follows.

COROLLARY 4.15. Assume q > 2. Let X̄(w) be a Deligne-Lusztig variety corresponding to the^2A_N case (N even). Then K¯_{X(w)} is ample. Hence X̄(w) is a variety of general type.

PROOF. Combining Theorem 4.14 and Remark 4.10 it follows that K^{⊗2}_{X̄(w)} is ample. But then so is K¯_{X(w)}.

COROLLARY 4.16. Let X̄(w) be a Deligne-Lusztig variety corresponding to the^2A_N case (N odd). Then K¯_{X(w)} is not ample.

PROOF. Suppose K¯_{X(w)} = j^{′∗}L((1 − q)ρ + qλ_n − qλ_{n−1} + λ_1) is ample. Let C be one of the components of X̄(s_n). Then, since j^′ is finite and surjective, the degree of K¯_{X(w)} along C is the same as the degree of L((1 − q)ρ + qλ_n +

44 4. CANONICAL BUNDLES OF DELIGNE-LUSZTIG VARIETIES

λ_1) along j^′(C). This degree should be positive [Ful83, Lemma 12.1]. By the projection formula [Ful83, Proposition 3.1.(c)] we may calculate this degree on either j^′(C) or X. Now, since j^′(C) ≃ P^1 is F-stable and A_1(X) is freely generated by the Schubert varieties X_{s1} . . . , X_{sN} [Dem74], we must have [ j^′(C)] = [X_{sn} ] in A_1(X). By [Dem74, Corollaire 1, p. 78] we then get (using the notation of [Ful83])

deg K¯_{X(w)}|_C = deg L((1 − q)ρ + qλ_n − qλ_{n−1} + λ_1)|_j′_{(C)} = ∫ X c_1(L((1 − q)ρ + qλ_n − qλ_{n−1} + λ_1)) ∩ [ j^′(C)] = ∫ X c_1(L((1 − q)ρ + qλ_n − qλ_{n−1} + λ_1)) ∩ [X_{sn} ]

= ⟨(1 − q)ρ + qλ_n − qλ_{n−1} + λ_1, −α^∨_n ⟩ = −1 contradicting the positivity of K¯_{X(w)}.

REMARK 4.17. Since K¯_{X(w)} is ample in the^2A_N case (N even), it follows that K^{−1}_{X̄(w)} has no global sections [Har77, Exercise III.7.1]. Hence X̄(w) cannot be Frobenius split in the sense of [MR85, Definition 2]. For N odd, other methods give that K^{−1}_{X̄(w)} cannot have global sections, and we arrive at the same conclusion. So despite the similarity in definitions, Deligne-Lusztig varieties and Schubert varieties are very different from each other (the latter being Frobenius-split varieties).

4.5. Examples

In the following examples we will use the above results to describe the canonical bundles and compare this to already known results.

EXAMPLE 4.18 ( A_2 case). Let X̄(w) correspond to the Dynkin diagram s_1 s_2 .

From Theorem 4.14 we get that K^{⊗ det A}_{X̄(w)} = j^{′∗}L(Aμ) with det A = q^2 + q + 1 and

μ = (det A)A^{−1} [ 2 − q 1 ] . From Remark 4.12 it then follows that K^{⊗ det A}

X̄(w) = OX̄(w)((q

2 − 2q − 2)D_1 − 3D_2).

We may compare this with the following. Let P_i = B ∪ Bs_i B, i = 1, 2. Restricting the composition π : X × X × X^{pr1}−→ X → G/P_2 ≃ P^2 to X̄(w) realizes X̄(w) as the blow-up of P^2 in the points G^F/P^F_2 ≃ P^2(F_q ) (of which there are q^2 + q + 1). The exceptional divisor E is identified with X̄(s_2) = D_1 and the divisor D_2 maps to a union of q^2 + q + 1 lines. Therefore q^2 + q + 1 times the hyper-plane class

4.5. EXAMPLES 45

h pulls back to D_2 + (q + 1)D_1 (each copy of h has q + 1 rational points on it). Hence K^{⊗q2+q+1}

X̄(w) = π

∗ K^{⊗q2+q+1}

P^2 + OX̄(w)((q

2 + q + 1)E) = O¯_{X(w)}(−3(q^2 + q + 1)π^∗h + (q^2 + q + 1)E) = O¯_{X(w)}(−3D_2 − 3(q + 1)D_1 + (q^2 + q + 1)D_1) = O¯_{X(w)}((q^2 − 2q − 2)D_1 − 3D_2) as expected.

EXAMPLE 4.19 (^2A_2 case). Let X̄(w) correspond to the Dynkin diagram s_1 � � s_2 .

In this example we will approach the problem in a little different manner. Take μ = −(q + 1)λ_1 + (2q − 1)λ_2. Then Aμ = det(A)ρ = (q^2 − q + 1)(λ_1 + λ_2) and therefore j^{′∗}L(det(A)ρ) = O¯_{X(w)}(⟨μ, s_0(α_1)^∨⟩X(e)) = O¯_{X(w)}(−(q + 1)X(e)).

Similarly we find that j^{′∗}L(A(λ_1 − 2λ_2)) = j^{′∗}L(−(q + 1)λ_1 − (q − 2)λ_2) = O¯_{X(w)}(X(e)).

So we have two different line bundles restricting to line bundles of degree −(q + 1)|X(e)| and |X(e)| respectively. Solving for λ_1 and λ_2 (using |X(e)| = q^3 + 1) we find that L(λ_1) and L(λ_2) restricts to line bundles of degrees −(q + 1) and −q(q + 1) respectively. Hence L((1 − q)ρ) restricts to a line bundle of degree (1 − q)(−(q + 1) − q(q + 1)). Therefore deg K¯_{X(w)} = (1 − q)(−(q + 1) − q(q + 1)) − |X(e)| = q^2 − q − 2.

Since we know that X̄(w) in this case is a non-singular plane curve of degree q + 1 (see [Han92]) we can check:

deg K¯_{X(w)} = 2g − 2 = ((q + 1) − 1)((q + 1) − 2) − 2 = q^2 − q − 2 Alternatively, by Theorem 4.14, we have K^2_{X̄(w)} = j^{′∗}L((4 − q)λ_1 − λ_2) and we find that K^{⊗ det A}_{X̄(w)} = O¯_{X(w)}((q − 2)|X(e)|) (and (q − 2)|X(e)| = det A · deg K¯_{X(w)}). K¯_{X(w)} is ample if and only if deg K¯_{X(w)} > 0, that is, if and only if q > 2.

EXAMPLE 4.20 (^2A_3 case). Let X̄(w) correspond to the Dynkin diagram s_1 � � s_2 s_3 .

46 4. CANONICAL BUNDLES OF DELIGNE-LUSZTIG VARIETIES

X̄(w) is the blow-up of the smooth Fermat surface S in P^3 (of degree q + 1) in its (q^3 + 1)(q^2 + 1) F_q2 -rational points [Rod96]. Let E be the exceptional divisor. We have K_S = O_S(q − 3) [Har77, Example II.8.20.3], hence [Har77, Exercise II.8.5] K¯_{X(w)} = O¯_{X(w)}(q − 3) ⊗ O¯_{X(w)}(E).

Since deg K^2_{X̄(w)} = (q + 1)(q − 3)^2 − (q^3 + 1)(q^2 + 1) < 0 [Har77, Exercise V.1.5] for any q, K¯_{X(w)} cannot be ample.

Since (x^{q+1}_0 + x^{q+1}_1 + x^{q+1}_2 + x^{q+1}_3 )^{p−1} always is of degree strictly larger than p, S cannot be Frobenius split [Koc97, Corollary 2.7]. So neither is X̄(w) (if it were, we could use [MR85, Proposition 4] to produce a splitting of S).

Following the procedure from Theorem 4.14 we find

K¯_{X(w)} = j^{′∗}L((2(1 − q) + qt)λ_1 + λ_2 + (1 − q − t)λ_3) for any integer t. Corollary 4.16 then predicts that the restriction of K¯_{X(w)} to any of the exceptional divisors has degree −1 (this was of course to be expected cf. [Har77, Section V.3]).

EXAMPLE 4.21 (^2A_4 case). Let X̄(w) correspond to the Dynkin diagram

s_1 � � s_2 � � s_3 s_4 .

We find that K^{⊗2}_{X̄(w)} = j^{′∗}L((4 − 2q)λ_1 + (2 − q)λ_2 − λ_3 + (2 − 2q)λ_4)

is ample for any q > 2. Actually this gives an infinite collection of positive characteristic counter-examples to the Miyaoka-Yau inequality [Miy77, Theorem 4]:

c_1(X̄(w))^2 ≤ 3c_2(X̄(w)) where c_i(X̄(w)) = c_i(T¯_{X(w)}). Hence the inequality reads: K^2_{X̄(w)} ≤ e(X̄(w)) where e(X̄(w)) is topological Euler characteristic of X̄(w) (the alternating sum of the Betti numbers). Proceeding as in Example 4.19 we find that

K^{⊗ det(A)}

X̄(w) = OX̄(w)(v1 D1 + v2 D2)

with det(A) = q^4 − q^3 + q^2 − q + 1, v_1 = q^4 − 2q^2 + 2q − 2 and v_2 = q^3 + q − 3. D_1 is a disjoint union (q^5 + 1)(q^2 + 1) nonsingular Hermitian curves C_1 of genus g(C_1) =^1_2 q(q − 1) and D_2 is a disjoint union (q^5 + 1)(q^3 + 1) rational curves C_2 of genus g(C_2) = 0. By the adjunction formula [Har77, Proposition V.1.5] we then find

C^2_1 = det(A)(2g(C_1) − 2) − v_2|C_1(F_q2 )| det(A) + v_1

= −(q + 1)

C^2 = det(A)(2g(C_2) − 2) − v_1|C_2(F_q2 )| det(A) + v_2

= −q^2

4.6. COMPLEMENTS 47

where |C_1(F_q2 )| = q^3 + 1 and |C_2(F_q2 )| = q^2 + 1. Hence

K^2_{X̄(w)} =

(v_1 D_1 + v_2 D_2)^2

(det(A))^2 = 1 (det A)^2 ( 2v_1v_2(q^5 + 1)(q^3 + 1)(q^2 + 1)

− v^2_1(q^5 + 1)(q^2 + 1)(q + 1) − v^2(q^5 + 1)(q^3 + 1)q^2 ) = (q + 1)(2q^8 − 3q^6 − 5q^4 + 5q^3 − q^2 − 4q + 8).

From [DL76, Theorem 7.1] one easily calculates e(X̄(w)) = q^8 + q^6 − q^4 + 2q^3 − q^2 + 2q + 4 (using that the Euler characteristic is additive with respect to the decomposition of X̄(w)). So for any q > 2 we obtain a surface S defined over F_q2 such that c_1(S)^2 > (q + 1)c_2(S). From [SB91, Corollary 15] it follows that Ω^1_{X̄(w)} is (Bogomolov)-unstable.

EXAMPLE 4.22 (^3D_4 case). Let X̄(w) correspond to the Dynkin diagram s_3

� s_1

�

� s_2 � � � �

� � � � s_4 Using the same approach as in the proof of Theorem 4.14 we find that we may realize K¯_{X(w)} as K¯_{X(w)} = j^{′∗}L(2λ_1 + λ_2 − (q + 1)λ_3 − λ_4).

Again we see that K¯_{X(w)} has negative degree along the lines corresponding to the fixed node.

4.6. Complements

Above we saw that in order to know that we are restricting an ample bundle to X̄(w), we must assume q > 2. Of course K¯_{X(w)} can be ample for other reasons, but we cannot in general expect Corollary 4.15 to be true also for q = 2 cf. Example 4.19.

In [Rod96] it is mentioned that the Deligne-Lusztig surface corresponding to the^2A_4 case (cf. Example 4.21) is of general type for any choice of q. The proof uses different methods than those of this paper (private communication with F. Rodier).

As Example 4.22 suggests, one may of course apply this papers methods to the non-^∗A_n cases. I expect that Corollary 4.16 can be proved (with the same techniques, case by case) for any Deligne-Lusztig variety coming from a

48 4. CANONICAL BUNDLES OF DELIGNE-LUSZTIG VARIETIES

Dynkin diagram where (at least) one node is fixed under the action induced by F.

Acknowledgements. The author thanks J. P. Hansen, J. C. Jantzen, N. Lauritzen, F. Rodier and J. F. Thomsen for enlightening conversations.

(bibliography omitted; end of article)

4.7. FURTHER REMARKS REGARDING THE AMPLENESS OF K¯_{X(w)} 49

4.7. Further remarks regarding the ampleness of K¯_{X(w)}

Let X̄(w) and X̄(w^′) come from F-conjugate Weyl group elements. From the proof of Lemma 3.5 and the description of the canonical bundles given above, it follows that a power of K¯_{X(w}′_) is the pull-back of K¯_{X(w)} under a finite surjective morphism. Hence K¯_{X(w)} is ample if and only if K¯_{X(w}′_) is [Har77, Exercise III.5.7]. This extends the results of [HH99a].

In [HH99a] we omitted the most trivial example of calculating K¯_{X(w)}. For instructional purposes we give it here:

EXAMPLE 4.23 ( A_1 case). For G = A_1 we have X̄(w) = X̄(s) = G/B = P^1. Let μ = −^1_2 α_1 = −λ_1. Then ⟨μ, s_0(α_1)^∨⟩ = ⟨λ_1, α^∨_1 ⟩ = −1. Hence

O¯_{X(w)}(−∂ X̄(w)) = j^{′∗}L(F(s(μ)) − μ) = j^{′∗}L((q + 1)λ_1) and K¯_{X(w)} = O¯_{X(w)}(−∂ X̄(w)) ⊗ j^{′∗}L((1 − q)ρ) = j^{′∗}L(2λ_1) = j^{′∗}O_P1(−2) = O¯_{X(w)}(−2).

This is consistent with the fact that deg K_P1 = 2g − 2 = −2. (Alternatively: for τ =^{q−1}_{q+1} λ_1 we have F(s(τ )) − τ = (1 − q)ρ, hence

j^{′∗}L((1 − q)ρ) = O¯_{X(w)}(⟨τ , s_0(α_1)^∨⟩X(e)) = O¯_{X(w)}(q − 1) and again K¯_{X(w)} = O¯_{X(w)}(−2).)

EXAMPLE 4.24 (^2A_4 case). Let us now move to our favorite example, the 2A_4-case (see also Example 3.17). Following [HH99a] we determine the matrix A representing the automorphism λ → (F(w^{1−}(λ)) − λ) of the character group X(T). We get

A :=

−1 0 0 q q q − 1 q 0 −q −q −1 0 0 q 0 −1 . Now we let Maple help us a bit in calculating the canonical bundle K¯_{X(w)}, its self-intersection and its intersection with (the components of) the divisors D_1 and D_2.

> D:=det(A);

D := −q + 1 + q^2 − q^3 + q^4 > v:=evalm(inverse(A) &* vector([4-2*q,2-q,-1,2-2*q]));

v := [ 2 2 q − 2 q^2 − 2 + q^4 −q + 1 + q^2 − q^3 + q^4 , −2 −2 q^2 − q^3 + q + 1 + q^4 −q + 1 + q^2 − q^3 + q^4 , − −5 q + q^2 + q^3 + q^4 − 1 −q + 1 + q^2 − q^3 + q^4 , −2 −4 q^3 + q^4 + 3 q^2 − q + 1 −q + 1 + q^2 − q^3 + q^4 ]

50 4. CANONICAL BUNDLES OF DELIGNE-LUSZTIG VARIETIES

Hence, det(A) times K^{⊗2}_{X̄(w)} is the pull-back of the bundle L(A(det(A)v)). Setting

> a:= simplify(det(A)*v[1]/2); a := 2 q − 2 q^2 − 2 + q^4 > b:=simplify(det(A)*v[2]/2+a); b := q^3 + q − 3 it follows [HH99a] that det(A) times the canonical divisor is linearly equivalent to the divisor aD_1 + bD_2.

D_1 consists of (q^5 + 1)(q^2 + 1) disjoint Hermitian plane curves of degree q + 1:

> g(C1):=(q^2-q)/2;

g(C1 ) := 1 2 q^2 − 1 2 q D_2 consists of (q^5 + 1)(q^3 + 1) disjoint rational curves: > g(C2):=0;

g(C2 ) := 0 We now use the adjunction formula [Har77, Proposition V.1.5] to compute the self-intersections:

> C1_square:=(det(A)*(2*g(C1)-2)-b*(q ^3+1))/(det(A)+a);

C1 _square := −q − 1 > C2_square:=(det(A)*(2*g(C2)-2)-a*(q ^2+1))/(det(A)+b);

C2 _square := −q^2 > D1_square:=simplify((q^5+1)*(q^2+1)*C1_square ); D1 _square := −(q^5 + 1) (q^2 + 1) (q + 1) > D2_square:=simplify((q^5+1)*(q^3+1)*C2_square ); D2 _square := −(q^5 + 1) (q^3 + 1) q^2 and the intersections with K¯_{X(w)}: > KC1:=2*g(C1)-2-C1_square; KC1 := q^2 − 1 > KC2:=2*g(C2)-2-C2_square; KC2 := q^2 − 2

4.7. FURTHER REMARKS REGARDING THE AMPLENESS OF K¯_{X(w)} 51

We know that D_1 and D_2 intersect transversely in (q^5 + 1)(q^3 + 1)(q^2 + 1) points, hence

K^2_X =

2ab(q^5 + 1)(q^2 + 1) + a^2 D^2_1 + b^2 D^2 det(A)^2 = (q + 1)(2q^8 − 3q^6 − 5q^4 + 5q^3 − q^2 − 4q + 8).

In Example 3.17 we found that ρ^∗O_P4(q^5 + 1) = (q^3 + 1)D_1 + (q + 1)D_2 (4.12) with ρ^∗O_P4(q^5 + 1) having degree zero along D_1. Hence

(q + 1)^2 D^2 = (q^5 + 1)^2(q^3 + 1)(q + 1) + (q^3 + 1)^2 D^2_1 + deg_ρ∗_{OP4(q}5_{+1)}(D_1) = −(q^5 + 1)(q^3 + 1)(q + 1)((q^2 + 1)(q^3 + 1) − q^5 − 1) = −(q^5 + 1)(q^3 + 1)(q + 1)^2q^2.

So also from this calculation we get D^2 = −(q^5 + 1)(q^3 + 1)q^2.

Using (4.12) we may rewrite the formula for K¯_{X(w)} as

(q^5 + 1)K¯_{X(w)} = (q + 1)(q^4 − 2q^2 + 2q − 2)D_1 + ρ^∗O_P4((q^5 + 1)(q^3 + q − 3)) − (q^3 + 1)(q^3 + q − 3)D_1 = (q^5 + 1) ( ρ^∗O_P4(q^3 + q − 3) − (q + 1)D_1 ) . Since Z is a complete intersection of multi-degree (q + 1, q^3 + 1) we have ω_Z = O_Z(q + 1 + q^3 + 1 − 4 − 1) = O_Z(q^3 + q − 3). So pulling back K_Z to X̄(w) gives K¯_{X(w)} and a multiple of the exceptional divisor D_1 — as expected cf. [Har77, Exercise II.8.5].

52 4. CANONICAL BUNDLES OF DELIGNE-LUSZTIG VARIETIES

CHAPTER 5

Error-correcting codes from higher-dimensional varieties

On the following pages we have reproduced the paper Error-correcting codes from higher-dimensional varieties [HH98]. Please observe that the references made in the paper refer to the bibliography at the end of this thesis.

54 5. ERROR-CORRECTING CODES

Error-Correcting Codes from higher-dimensional varieties^∗ SØREN HAVE HANSEN

ABSTRACT. We give ways to obtain information on the parameters of algebraic geometric error-correcting codes constructed from any variety over a finite field. The methods are then applied to a Deligne-Lusztig surface of general type yielding very long codes over F_q2 , with parameters n, k, d satisfying d + k ≥ n − O(n^{4/5}), n ∼ q^{10}.

We also consider examples coming from Hermitian hyper-sur-faces and ruled surfaces over Hermitian curves.

Introduction

Let F_q denote the finite field with q elements (q a prime power). Goppa and Manin gave in the early eighties an algebraic geometric method to construct error-correcting codes over F_q . Most work so far have concentrated on the case where the codes arise from a non-singular projective curve. In this paper we consider the higher dimensional cases. We prove several results. Let us mention:

THEOREM 5.1. Let X be a non-singular projective surface defined over F_q . Let L be a nef (numerically effective) line bundle on X and let H be an ample divisor, both defined over F_q . Let C_1, . . . , C_a be curves on X with F_q -rational points P = {P_1, . . . , P_n}. Assume that L · H < C_i · H for all i. Then the code C(L, P) has length n and minimum distance

d ≥ n − m ; m = a∑ i deg_L(C_i).

For m < n, the code has dimension k = dim_{Fq} Γ(X, L).

Since many ‘good’ codes arise from so-called Deligne-Lusztig curves, it is natural to apply a version of the above construction to Deligne-Lusztig surfaces. Taking one particular surface we obtain:

THEOREM 5.2. Let X be the Deligne-Lusztig surface of type^2A_4 defined over the field F_q2 . Then, for t = 1, 2, . . . , q, we can construct a code on X over F_q2 with parameters

n = (q^5 + 1)(q^3 + 1)(q^2 + 1) k = 1 24 (t + 1)(t + 2)(t + 3)(t + 4)

d ≥ n − tP(q)

∗This article has been submitted to Finite Fields and Their Applications, 1998; revised 1999.

56 5. ERROR-CORRECTING CODES

where P(q) is the monic polynomial P(q) = (q^3 + 1)(q^5 + 1) + (q + 1)(q^3 + 1)(q^2 − t + 1) of degree 8 in q.

For practical purposes we need the defining equations of the Deligne- Lusztig varieties. Since any ‘classical’ Deligne-Lusztig variety is a blow-up of a complete intersection of Fermat hyper-surfaces (cf. [HH99c, Lus76b]) we can give the equations for any (reasonable small) choice of q. In particular, the surface used above is given by blowing up the F_q2 -rational points of the intersection H_1 ∩ H_2 ⊂ P^4, where each hyper-surface H_i is the zero locus of f_i =

∑_4 j=0 x^{q2i−1+1} j . Using another construction (Proposition 5.19) we are also able to determine the parameters of codes constructed from this (singular) complete intersection.

The paper is organized as follows: In Section 5.1 we review the definitions of Deligne-Lusztig varieties. In Section 5.2 we describe the algebraicgeometric way of constructing codes and we give some examples coming from Deligne-Lusztig curves. These examples should motivate considering higherdimensional Deligne-Lusztig varieties. In Section 5.3 we prove the theoretical results which we use in Section 5.4 to give some examples.

5.1. Deligne-Lusztig varieties

In this section we shall define Deligne-Lusztig varieties. General references are [DL76, Sections 2 and 9] and the introduction in [Han92].

Let (G, F) be a connected reductive algebraic group equipped with an F_q - structure coming from a Frobenius morphism F : G → G. Let L : G → G be the Lang map taking an element g ∈ G to g^{−1} F(g). By the Lang-Steinberg Theorem [Bor92, Theorem 16.3] this morphism of varieties is a surjective isogeny with finite fibres. From this result it follows that, by conjugacy of tori and Borel subgroups, there exists F-stable maximal tori and Borel subgroups. Hence there are (with abuse of notation) natural endomorphisms F : W → W and F : X → X of the Weyl group of G and the variety X of Borel subgroups of G. Let W be generated by the simple reflections s_1, . . . , s_N and let l(·) be the length function with respect to these generators. F induces a permutation of the simple reflections, let δ denote the order of this permutation.

Choose an F-stable Borel subgroup B ⊆ G containing an F-stable maximal torus T. Let π : G → G/B ≃ X be the projection.

DEFINITION 5.3. Fix an element w in the Weyl group W and let w = s_{i1} · . . . · s_{in} be a reduced expression. Call w a Coxeter element if there is exactly one s_i from each of the orbits of F on {s_1, . . . , s_N}.

1. Set S(ẇ) = L^{−1}(BẇB). Then we define the Deligne-Lusztig variety X(w) to be the image of S(ẇ) in G/B. That is,

X(w) = π(S(ẇ)).

We shall think of the points of X(w) as Borel subgroups of G.

5.2. CONSTRUCTING THE CODES 57

2. Define the closed subvariety of X^{n+1}

X̄(s_{i1} , . . . , s_{in} ) = {(g_0 B, . . . , g_n B) ∈ X^{n+1} :

g^{−1}_k g_{k+1} ∈ B ∪ Bs_{ik+1} B for 0 ≤ k < n, g_n = F(g_0)}.

For brevity, we will write X̄(w) for this variety. For any w^′ ≤ w, X̄(w^′) defines in a natural way a closed subvariety of X̄(w). In particular there are divisors

D_j = X̄(s_{i1} , . . . , ŝ_{i j} , . . . , s_{in} ) ; j = 0, . . . , n.

Since L is flat, it is open, hence L^{−1}(BẇB) = L^{−1} ( BẇB ) . So X(w) is nonsingular of dimension n and the closure of X(w) in X is given by the disjoint union

X(w) = ⋃ w^′≤w

X(w^′), (5.1)

where as usual ≤ is the Bruhat order in W. This closure is singular whenever the Schubert variety X_w = BẇB/B is. But since the open subset

{(g_0 B, . . . , g_n B) ∈ X^{n+1} : g^{−1}_k g_{k+1} ∈ Bs_{ik+1} B (0 ≤ k < n), g_n = F(g_0)}

of the non-singular projective variety X̄(w) maps isomorphically onto X(w) under projection to the first factor, we have a good compactification of X(w) [DL76, 9.10]. In fact the complement of X(w) in X̄(w), which is easily seen to be the union of the D_j’s, is a divisor with normal crossings [DL76, 9.11]. If w is a Coxeter element, then X(w) and X̄(w) are irreducible [Lus76a, Proposition (4.8)] and X̄(w) maps bijectively to X(w); see [HH99a].

REMARK 5.4. The Deligne-Lusztig variety X̄(w) is defined over the finite field F_qδ and has many rational points making X̄(w) a good candidate for constructing long codes over relatively small fields.

The finite group G^F of fixed-points under the Frobenius morphism acts on both X(w) and X̄(w). Hence the codes (to be constructed below) will have the structure of an F_qδ [G^F]-module.

5.2. Constructing the codes

In the theory of linear Error-Correcting Codes one is interested in, subject to some conditions, having an easy way of constructing k-dimensional subspaces of some n-dimensional F_q -vectorspace.

DEFINITION 5.5. A (q-ary) [n, k, d]-code is a k-dimensional linear subspace S of F^n_q such that the minimum distance min (x,y)∈S×S d(x, y) = min_{(x,y)∈S×S} #{i : x_i ≠ y_i}

equals d. We call n the length of the code and k the dimension.

58 5. ERROR-CORRECTING CODES

DEFINITION 5.6. Tsfasman and Vlăduţ introduced the following construction [TV91, Chapter 3.1] (generalizing the Goppa-Manin construction [Gop88]): Let X be a normal projective variety over F_q . Let L be a line bundle defined over F_q and let P_1, . . . , P_n be distinct F_q -rational points on X. Set P = {P_1, . . . , P_n}. In each point P_i, choose isomorphisms of the fibres L_{Pi} with F_q . The linear code C(L, P) of length n associated to (X, L, P) is the image of the germ map α : Γ(X, L) −→ n⨁ i=1 L_{Pi} ≃ F^n_q . (5.2)

We shall of course from now on assume that all line-bundles considered actually have non-zero global section.

Suppose L arises as the line bundle associated to a divisor D and that the P_i are not in the support of D. Then we get the same code (up to isomorphism) as when evaluating the rational functions

L(D) = { f ∈ k(X)^∗ : div( f ) + D ≥ 0}

in the points P.

REMARK 5.7. One is interested in codes where, for a fixed minimum distance, the information rate k/n is as large as possible. Therefore one introduces the parameter δ =^d_n and considers the function

α(δ) = lim sup_{n→∞}^1_n max{k : there exists an [n, k, δn] code over F_q }. (5.3)

There are both upper and lower bounds on α(δ). Before Tsfasman, Vlăduţ and Zink (see [TV91]) in 1982 applied Goppas construction to families of modular curves and improved the lower bound, it was widely believed that the Gilbert- Varshamov lower bound from the fifties was the best possible.

EXAMPLE 5.8. For a curve C with L = O_C(G), the points P defines a divisor D and Goppa’s construction yields a code C(G, D) with parameters

k = dim C(G, D) = l(G) − l(G − D) (5.4)

hence

k = l(G) ≥ deg(G) − g + 1 if deg(G) < deg(D) = n (5.5)

with equality if deg(G) > 2g − 2 (by the Riemann-Roch theorem [Har77, Theorem IV.1.3]). The minimum distance satisfies

d ≥ n − deg(G). (5.6)

We have the following strategy for constructing good codes from algebraic curves.

1. Find a smooth algebraic curve over F_q of genus g with a lot of rational points, say P_0, . . . , P_n.

2. Set G = mP_0 and D = P_1 + . . . + P_n.

5.3. GENERAL RESULTS 59

3. Compute the image of the evaluation map α : L(G) −→ F^n_q . This amounts to computing an F_q -rational basis of L(G).

The resulting linear [n, k, d]-code will satisfy that d + k ≥ n + 1 − g, or equivalently d n + k n ≥ 1 + 1 n − g n . (5.7)

By the Hasse-Weil-Serre-Oesterlé bound there are restrictions on how many points a smooth curve of fixed genus can have [Ser85, Wei52, Wei49]. The following Deligne-Lusztig curves are maximal with respect to these bounds and have given some of the best possible codes from curves:

Hermitian Curves: Let C be the curve arising as the Deligne-Lusztig variety corresponding to the^2A_2 case (see [Han92]). C is a plane curve defined over F_q2 with equation

C : X^{q+1} + Y^{q+1} + Z^{q+1} = 0.

Hence C has genus g =^1_2 q(q − 1) and 1 + q^2 + 2gq rational points (over F_q2 ). The resulting code (over F_q2 ) satisfies

d + k ≥ 1 + q^3 −^1_2 (q^2 − q).

Suzuki Curves: Let q = 2^{2m+1} be an odd power of 2; set q_0 = 2^m. Let C be the curve arising as the Deligne-Lusztig variety corresponding to the 2B_2 case (see [Han92, HS90]). C is defined over F_q with equation

C : X^{q0} (Z^q + ZX^{q−1}) = Y^{q0} (Y^q + YZ^{q−1}), genus g = q_0(q − 1) and 1 + q^2 rational points (over F_q ). The resulting code (over F_q ) satisfies

d + k ≥ 1 + q^2 − q_0(q − 1).

Ree Curves: Let q = 3^{2m+1} be an odd power of 3; set q_0 = 3^m. Let C be the curve arising as the Deligne-Lusztig variety corresponding to the 2G_2 case (see [Han92, HP93]). C is defined over F_q with genus g = 3 2 q_0(q − 1)(q + q_0 + 1) and has q^3 + 1 rational points (over F_q ).

These examples motivate the study of codes arising from higher-dimen-sional Deligne-Lusztig varieties.

5.3. General results

In this section we will investigate the germ map (5.2) further. The fundamental question is:

For a line bundle L on X, how many zeroes does a section s ∈ Γ(X, L) then have along a fixed set P of rational points?

Using the correspondence between line bundles and (Weil) divisors on a normal variety [Ful83, 2.1.1], we may reformulate the question as:

60 5. ERROR-CORRECTING CODES

For a fixed line bundle L, given an effective divisor D such that L = O_X(D), how many points from P is in the support of D?

In the curve case, where the points P ∈ P happen to be divisors, one may apply the Riemann-Roch theorem to give a lower bound on d and a formula for k. In higher dimensions, however, we find ourselves trying to compare objects of different dimension. This may be remedied in two ways:

1. Make the objects have the same codimension. This can be done by blowing up.

2. Make the objects have complementary dimensions. That is, make the points into curves.

In the following we shall pursue these ideas and use intersection theory (as defined in e.g. [Ful83]) on the variety X to answer the questions posed above. We find lower bounds on the minimum distance, hence sufficient criteria for the injectivity of the germ map.

For a global section s of a line bundle L we shall let Z(s) denote the corresponding effective divisor. If C is a curve on X, we shall denote the intersection number of L and C by L · C. It is calculated as the degree of the divisor cut out on C by any section Z(s).

The following observation is straight-forward, but useful:

PROPOSITION 5.9. Let X be a normal projective variety defined over F_q of dimension at least two. Let C_1, . . . , C_a be (irreducible) curves on X with F_q -rational points P = {P_1, . . . , P_n}. Assume the number of F_q -rational points on each C_i is less than N. Let L be a line bundle on X, defined over F_q , such that L · C_i ≥ 0 for all i. Let

ℓ = sup_{s∈Γ(X,L)} #{i : Z(s) contains C_i}.

Then the code C(L, P) has length n and minimum distance d ≥ n − ℓN − a∑ i=1 L · C_i.

If L · C_i = η ≤ N for all i, then d ≥ n − ℓN − (a − ℓ)η.

PROOF. Let s ∈ Γ(X, L) be a section and D its corresponding divisor of zeros. The vector α(s) ∈ F^n_q has #(D ∩ ∪_iC_i)(F_q ) zero coordinates. Set-theoretically we have D∩ ∪^a_{i=1} C_i = (∪_{Ci⊆D}C_i) ∪ (D∩ ∪_{Ci⊈D} C_i).

Since the last intersection is proper it follows that α(s) has at the most ℓN + ∑ C_i⊈D L · Ci coordinates equal to zero. As L is non-negative along the curves

C_i, the sum ∑ C_i ⊈D L · Ci is bounded by the larger sum over all curves.

If each curve counts the same in the intersection product, we may correct for the possible zeros we have counted twice by subtracting ℓη from the number of possible zeros. This yields the last formula.

5.3. GENERAL RESULTS 61

From the proof we immediately get: COROLLARY 5.10. If n > ℓN +

∑_a i=1 L · C_i, then the germ map α : Γ(X, L) → F^n_q is injective.

COROLLARY 5.11. Assume furthermore that X is a non-singular surface and that H is a nef divisor on X with H · C_i > 0 for all i. Then ℓ ≤ L · H min_i{C_i · H}

. (5.8) Consequently, if L · H < C_i · H for all i, we have ℓ = 0 and

d ≥ n − m, ; m = a∑ i=1 L · C_i.

PROOF. Let D be a member of the linear system corresponding to L containing ℓ of the curves C_i. As H is nef, L · H = D · H ≥ min_i {C_i · H} · ℓ.

The assertion follows.

This concludes the proof of Theorem 5.1.

EXAMPLE 5.12. Let X = P^1 × P^1. We have Pic(X) ≃ Z × Z. Let L be a line bundle on X of type (d_1, d_2) with d_i non-negative integers (then L is nef). The divisor H = (0, 1) is nef. Let P consist of the F_q -rational points of X. These points are distributed equally on q + 1 disjoint lines C_i. We may assume that each C_i is of type (1, 0), hence C_i · H = 1. We have

e = L · C_i = d_2 ℓ =

H · L H · C_i

= d_1. (5.9) Hence for d_1 + d_2 < q + 1 we obtain codes with parameters n = (q + 1)^2 k = ( d_1 + 1 d_1 )( d_2 + 1

d_2 ) = (d_1 + 1)(d_2 + 1) d ≥ n − (d_1 + d_2)(q + 1) + d_1d_2.

We then have k + d ≥ n − (d_1 + d_2)q + 1. As expected, the expressions are symmetric in d_1 and d_2. The code constructed have the same parameters as the product code. (See also [Han98] for a description of this example in the framework of toric varieties.)

EXAMPLE 5.13. Let X = P^2 and let P consist of the q^3 + 1 F_q2 -rational points on the plane Hermitian curve C, given by the equation C : X^{q+1}_0 + X^{q+1}_1 + X^{q+1}_2 = 0.

62 5. ERROR-CORRECTING CODES

Let L = O_P2(t) and set H = O_P2(1). Then, for 1 ≤ t < q + 1 the inequality, t = L · H < C · H = q + 1 is satisfied, hence by Corollary 5.11 we get codes over F_q2 with parameters

n = q^3 + 1 k =^1_2 (t + 1)(t + 2) d ≥ n − L · C = n − t(q + 1) Taking q = 2, t = 2 yields a [9, 6, 3]_4 code.

More generally, if C is a non-singular plane curve of degree m, then the same construction can be carried out, yielding codes with parameters n = #C(F_q ), k =^1_2 (t + 1)(t + 2) and d ≥ n − tm (for t < m). Taking t = m − 1 yields the well-known bound k + d ≥ n + 1 − g(C). So the construction above also accounts for the curve codes.

5.3.1. Ample line bundles, Seshadri constants and codes. Let X be a projective variety of dimension at least two. For V ⊆ X a closed subvariety defined by a coherent sheaf of ideals I and for a line bundle L on X, one defines the (local) Seshadri constant of L at V as ε(L, V) = sup{ε ∈ Q : f^∗L − εE is nef } (here f : Bl_I X → X is the blow-up with exceptional divisor E). When V is a set of points P = {x_1, . . . , x_m} we have the equality

ε(L, P) = inf_C { L · C ∑ i mult_{xi} (C) }

the infimum being taken over all irreducible curves C in X.

The (global) Seshadri constant of L is ε(L) = inf_{x∈X} ε(L, x). We state the wellknown result [Har70, Theorem 7.1]:

THEOREM 5.14 (SESHADRI’S CRITERION FOR AMPLENESS). Let L be a line bundle on a projective variety X. Then L is ample if and only if ε(L) > 0.

REMARK 5.15. If L is very ample then ε(L) ≥ 1.

LEMMA 5.16. Let X be a projective variety, L a line bundle on X. 1. If L is generated by global sections then L is nef.

2. For any proper morphism f : Y → X we have that f^∗L is nef (on Y) if L is nef (on X).

PROOF. Let s_0, s_1, . . . , s_n ∈ Γ(X, L) generate L. These sections define a proper morphism i : X → P^n such that L = i^∗O_Pn(1) [Har77, Theorem II.7.1]. Let C ⊂ X be an irreducible curve. Then, by the projection formula [Ful83, Theorem 3.2 (c)], L · C = i^∗O_Pn(1) · C = O_Pn(1) · i_∗C.

5.3. GENERAL RESULTS 63

Now either i(C) is a curve and then the right hand side is the degree of this curve or i(C) is a point in which case the right hand side is zero. Hence L · C ≥ 0 for any irreducible curve. The second assertion follows similarly from the projection formula: f^∗L · C = L · f_∗C ≥ 0.

PROPOSITION 5.17. Let X be a non-singular projective variety defined over F_q . Let I be the ideal sheaf of the F_q -rational points P = {P_1, . . . , P_n} of X. Let L be a line bundle on X.

1. Suppose L is ample with Seshadri constant ε(X, P) ≥ ε, ε ∈ N. Then, for n > ε^{1−dim X} L^{dim X}, the germ map (5.2) gives a code of length n and minimum distance d ≥ n − ε^{1−dim X} L^{dim X}.

2. Suppose L^{⊗ξ} ⊗ I is generated by global sections (such ξ ∈ N exists if for example L is ample). Then, for n > ξ^{dim X−1}L^{dim X}, the germ map (5.2) gives a code of length n and minimum distance d ≥ n − ξ^{dim X−1}L^{dim X}.

In both cases, the code will have dimension k ≤ h^0(X, L) (with equality if the bound on d is positive).

PROOF. By definition, f^∗L − ε

∑_n i=1 E_i is nef on Bl_I X. Suppose there exists a non-zero section s ∈ Γ(X, L) mapping to zero in the germs L_{Pi} , i ∈ I (and nonzero otherwise). Then s ∈ Γ(X, L ⊗ I_I ) defines a non-zero section of the bundle f^∗L ⊗ O( ∑ i∈I −E_i) on Bl_I X. Hence f^∗L − ∑ i∈I E_i is represented by an effective divisor on Bl_I X. But then [Har70, Theorem 6.1], ( f^∗L − ε

∑_n i=1 E_i

)_{dim X−1} · ( f^∗L − ∑ i∈I E_i ) ≥ 0. Or equivalently, #I ≤ ε^{1−dim X} L^{dim X} (we have always (−E_i)^{dim X} = −1). So a section maps to zero in ε^{1−dim X} L^{dim X} points at the most. Hence n − d ≤ ε^{1−dim X} L^{dim X}.

For the second part, let π : Bl_I X → X be the blow-up of I. Then π^∗(L^{⊗ξ} ⊗ I) = π^∗L^{⊗ξ} − E is nef by Lemma 5.16. Now argue as in the first part.

EXAMPLE 5.18. Let X = P^2, L = O_P2(m), (m ≤ q) and let P denote the F_q - rational points of X.

The study of ample line bundles on the blow up of the projective plane in a given number of points is well studied (cf. [Cop95, Xu95] and the references given there).

Let us determine a lower bound for ε(L, P): For any irreducible curve, we may (using methods similar to those in [Ser91]) bound the sum ∑ P∈P mult_P(C) ≤ √ (deg(C) − 1)(deg(C) − 2)(deg(C)q + 1)

64 5. ERROR-CORRECTING CODES

if deg(C) ≤ q + 1. For deg(C) ≥ q + 1 the sum can be bounded by √ (deg(C) − 1)(deg(C) − 2)(q^2 + q + 1). So, in any case, ∑ P∈P mult_P(C) ≤ √ (deg(C) − 1)(deg(C) − 2)(q^2 + q + 1)

≤ deg(C)(q + 1).

So, for all irreducible curves C ⊂ X,

L · C ∑ P∈P mult_P(C) = m deg(C) ∑ P∈P mult_P(C) ≥ m q + 1 . Hence ε(L, P ≥^m_{q+1} and the first method of the proposition then gives the bound n − d ≤^m_{q+1} m^2 = m(q + 1). The dimension of the code is of course k =^1_2 (m + 1)(m + 2) and the length is n = q^2 + q + 1.

The second method gives almost the same result: a calculation shows that locally O_P2(ξm) ⊗ I is generated by sections of degree ξm − q. If ξm > q, these sections glue to give global sections (see for example the proof of Serre’s theorem [Har77, Theorem II.5.17]). Hence, choosing ξ = ⌈^{q+1}_m ⌉ makes O_P2(ξm) ⊗ I generated by global section. We therefore obtain the bound n − d ≤ ξm^2 ≤ m(q + 1).

A variation of the above method is:

PROPOSITION 5.19. Let X be a normal projective variety defined over F_q ; assume dim X ≥ 2. Let P be the F_q -points of X and let π : Y → X be a birational proper morphism with exceptional fibres (divisors) E_i over the points of P. Assume Y is non-singular and let H be an ample line bundle on Y. Then, for any line bundle L on X, we can construct codes with parameters

n = #P

d > n −

H^{dim X−1} · π^∗L min_i{H^{dim X−1} · E_i} k ≤ dim Γ(X, L) (with equality if the bound on d is positive).

PROOF. Only the claim about the minimum distance is non-trivial. So let s ∈ Γ(X, L) be a section of L mapping to zero in the germs L_{Pi} , i ∈ I for some index set I. As π is dominant, this gives us a non-zero global section of the line bundle π^∗ L ⊗ O_Y ( − ∑ i∈I E_i ) . [Iit82, Lemma 2.35]. So this bundle is represented by an effective divisor, whence

0 < H^{dim X−1} · ( π^∗L ⊗ O_Y ( − ∑ i∈I E_i ))

= H^{dim X−1} · π^∗L − ∑ i∈I H^{dim X−1} · E_i

5.4. APPLICATIONS 65

(by the Nakai-Moishezon criterion [Har77, Theorem A.5.1] applied to H). But then #I <

H^{dim X−1} · π^∗L min_i{H^{dim X−1} · E_i} (recall that H is ample). The formula for d follows.

REMARK 5.20. As we shall see below, this method works very well for complete intersections of Hermitian hyper-surfaces, since in these cases we may take Y to be a non-singular Deligne-Lusztig variety. Giving ample line bundles on such varieties is easy (cf. [HH99a]).

5.4. Applications

5.4.1. Deligne-Lusztig surfaces. Now let X be a 2-dimensional Deligne- Lusztig variety X̄(w). The numbers of rational points of these surfaces are relatively large and are given in [Rod96] (typically we have #X(F_qδ )/#P^2(F_qδ ) ∼ q^4). Some examples are listed in Table 5.1. We see that the number of F_qδ -rational

G^F δ number of F_qδ -points on X̄(w) 2A_3 2 (q^3 + 1)(q^2 + 1)^2 2A_4 3 (q^5 + 1)(q^3 + 1)(q^2 + 1) 3D_4 3 (1 + q^3)^2(1 + q^4 + q^8) TABLE 5.1. Numbers of rational points for some Deligne- Lusztig surfaces

points on X̄(w) is given by a polynomial of high degree in q. Furthermore, any divisor of the type G = m_1 D_1 + m_2 D_2 will be G^F-invariant.

First we shall see Proposition 5.9 and Corollary 5.11 in use:

PROPOSITION 5.21. Let X be the Deligne-Lusztig surface of type^2A_4 defined over the field F_q2 . Then for t = 1, 2, . . . , q, we can construct a code on X over F_q2 with parameters

n = (q^5 + 1)(q^3 + 1)(q^2 + 1) k = 1 24 (t + 1)(t + 2)(t + 3)(t + 4) d ≥ n − tP(q) where P(q) is the monic polynomial P(q) = (q^3 + 1)(q^5 + 1) + (q + 1)(q^3 + 1)(q^2 − t + 1) of degree 8 in q.

PROOF. Since the canonical divisor K_X is ample cf. [HH99a, Rod96], we could take H = K_X. We shall however construct our codes from another line bundle L which itself have the necessary properties for using Corollary 5.11; that is, we shall see that we may take H equal to L.

66 5. ERROR-CORRECTING CODES

For a suitable parabolic subgroup P of G (see [Rod96, p. 565]), we have a commutative diagram X^j−−−−→ G/B ρ π Z^i−−−−→ G/P ≃ P^4 (5.10)

where Z is a complete intersection of the two Fermat hyper-surfaces of degree q + 1 and q^3 + 1, i is an embedding, j is finite, π is locally trivial (in the Zariski topology) and ρ is birational and surjective; see [Rod96, p. 565] or [Rod98, Section 8]. Of course all morphisms are proper.

Let L = ρ^∗i^∗O_P4(t). L is then nef by Lemma 5.16. Since Z is a complete intersection, and is non-singular away from its F_q2 -rational points, Z is normal [Har77, Proposition II.8.23]. Furthermore, as ρ is birationally onto Z, we get [Iit82, Theorem 2.31], Γ(X, L) ≃ Γ(Z, i^∗O_P4(t)).

For t ≤ q it follows from the long exact cohomology sequences that we have an isomorphism Γ(Z, i^∗O_P4(t)) ≃ Γ(P^4, O_P4(t)). The last term has dimension

(_{4+t} t ) . Hence the expression for k follows once we have shown that the germ map is injective. But this follows from the expression for d and Corollary 5.10.

We take P to be the F_q2 -rational points on X. From [Rod96] we have n = |P| = (q^5 + 1)(q^3 + 1)(q^2 + 1). These points are distributed equally on the (q^5 + 1)(q^3 + 1) disjoint rational curves C_i constituting the irreducible components of the divisor D_2 (see Definition 5.3).

By the commutativity of (5.10), L is equal to the restriction to X of the line bundle π^∗O_P4(t) on G/B. Using the same technique as described in [DL76, 9.1] (and more detailed in [HH99a]), we may express L in terms of the boundary divisors D_1 and D_2,

L^{⊗q5+1} = O_X(t(q^3 + 1)D_1 + t(q + 1)D_2).

Furthermore, in [HH99a, Example 5] the intersection numbers of the (components of) D_1 and D_2 was calculated. Hence,

L · C_i = t ; for all i

L · D_2 = t q^5 + 1

D_2 · ( (q^3 + 1)D_1 + (q + 1)D_2 ) = t(q^3 + 1)(q^5 + 1) L · L = t^2(q^3 + 1)(q + 1).

It follows that a divisor in the linear system corresponding to L contains less than^{L·L}_{L·Ci} = t(q + 1)(q^3 + 1) rational curves C_i (each containing q^2 + 1 points

5.4. APPLICATIONS 67

from P). Since L · C_i = t is less than the number of points on each curve, we may use the last part^2 of Proposition 5.9.

Taking t = 1 in the proposition, we obtain:

COROLLARY 5.22. Let X be the Deligne-Lusztig surface of type^2A_4. Then we can construct a code on X over F_q2 with parameters

n = (q^5 + 1)(q^3 + 1)(q^2 + 1) k = 5 d ≥ n − (q^5 + 1)(q^3 + 1) − (q^3 + 1)(q + 1)q^2.

REMARK 5.23. Since all sections of the chosen line bundle L “come from Z”, it follows that the code on X is the repetition q^3 + 1 times of the code on Z with parameters: n_Z = (q^5 + 1)(q^2 + 1)

k_Z = 1 24 (t + 1)(t + 2)(t + 3)(t + 4)

d_Z ≥ n_Z − t(q^5 + 1) − t(q + 1)(q^2 − t + 1).

This is a quite good code, actually (the bound on d being close to the Griesmer bound for large q).

For t = 1, the code equals the one constructed by Rodier [Rod97] from the same complete intersection. Over F_q2 he also obtains codes with parameters n = (q^5 + 1)(q^2 + 1), k = 5 and d = q^7 − q^3 = n − (q^5 + q^3 + q^2 + 1). The estimates of Rodier are based on work by [Cha90]. See also Example 5.26 for using Proposition 5.19 to determine bounds on these codes on Z.

The reason for choosing L to be a pull-back from Z is to be able to give an explicit formula for the dimension k. Of course we can also construct codes from other line bundles on X besides those coming from G/B (or quotients thereof). Then we will need a more detailed study of the Picard group of X. This problem is addressed in the authors forthcoming thesis [HH99b].

In the proposition above we may actually let t go up to q^2 (this is clear from the expression for d) but then we do no longer have that Γ(Z, i^∗O_P4(t)) ≃ Γ(P^4, O_P4(t)). However, we may still calculate k as the dimension of the t’th graded piece of the homogeneous coordinate ring of Z.

EXAMPLE 5.24. Let X be the Deligne-Lusztig surface of type^2A_4 with q = 4, t = 1. Then we get a code over F_{16} with parameters n = 1 132 625 k = 5 d ≥ 1 061 200.

We see that going to higher dimensions makes it possible to obtain very long algebraic geometric codes over rather small fields.

2The author thanks the referee for pointing out that the last statement of Proposition 5.9 could be used here.

68 5. ERROR-CORRECTING CODES

5.4.2. Complete intersections of Hermitian hyper surfaces.

EXAMPLE 5.25. Let X ⊆ P^3 be the Fermat surface defined by X^{q+1}_0 + X^{q+1}_1 + X^{q+1}_2 + X^{q+1}_3 = 0. X is defined over F_q2 with its (q^2 + 1)(q^3 + 1) rational points distributed equally on (q^3 + 1)(q + 1) rational curves C_i cut out by the equation X^{q3+1}_0 + X^{q3+1}_1 + X^{q3+1}_2 + X^{q3+1}_3 = 0; see [Rod98, Section 6] or [Lus76b].

We will give bounds for the codes constructed from the line bundle L = O_P3(t)|_X on X. In the first approach we will use Corollary 5.11.

As O_P3(q^3 + 1)|_X ≃ O_X( ∑ i C_i) we find that m = ∑ i L · C_i = t(q^3 + 1)(q + 1).

So by symmetry, L · C_i = t.

The self-intersection L^2 may by the projection formula be calculated in the ambient space P^4, hence L^2 = t^2(q + 1). This yields ℓ ≤ t(q + 1).

Again, for t ≤ q, Γ(X, L) = Γ(P^3, O_P3(t)). Hence for any t ≤ q we obtain a code with parameters

n = (q^2 + 1)(q^3 + 1) k =^1_6 (t + 1)(t + 2)(t + 3) d ≥ n − t(q^3 + 1) − ∑ i L · C_i = n − t(q^3 + 1)(q + 2).

This bound is actually not that good. The reason is that the curves C_i are not disjoint.

However, it happens that the blow-up Y of X in all its F_q2 -rational points is nothing but the Deligne-Lusztig variety corresponding to the^2A_3 case (see [Rod96]). As in the proof of Proposition 5.21 one determines an ample divisor,

M = j^∗L(−2λ_1 − (q − 1)λ_2 − (q − 1)λ_3) ≃ O_Y(2D_1 + D_2)

(see [HH99a] for a description of the notation L(·) and how to calculate the isomorphism). Let π : Y → X denote the morphism given by the blow-up. We find that π^∗L^{⊗q3+1} = O_Y(t(q + 1)D_1 + tD_2). So from Proposition 5.19 we now get another bound on d,

d > n −

M · π^∗L M · [exc. fibre]

= n − tq^2

(q + 1)^2 q − 1 . This last bound on d is almost as sharp as the one obtained by Lachaud in [Lac96].

EXAMPLE 5.26. Let us construct codes on the complete intersection Z from Proposition 5.21 using the line bundle L = O_P4(t)|_Z. The morphism ρ : X → Z from the Deligne-Lusztig variety corresponding to the^2A_4 case to Z is an isomorphism except over the F_q2 -rational points of Z where the fibre is a Hermitian curve C. As in [HH99a, Example 4] one calculates that

ρ^∗L · K_X = t(q^3 + 1)(q^4 + q^3 + q^2 − 2q − 3)

5.4. APPLICATIONS 69

and K_X · C = q^2 − 1. Hence, for any t ≤ q, we obtain codes with parameters

n = (q^5 + 1)(q^2 + 1)

k =^1_{24} (t + 1)(t + 2)(t + 3)(t + 4)

d > n − t

(q^3 + 1)(q^3 + q − 3) q − 1 . The bound on d is not quite as good as the one obtained earlier (Remark 5.23) but it is still of the same order of magnitude, d ≥ n − tO(n^{5/7}).

5.4.3. Ruled surfaces. Let C be a non-singular curve of genus g defined over F_q . Let F be a locally free sheaf on C of rank 2. Let e = − deg

⋀_2 F. If F is normalized and decomposable, then e ≥ 0. If F is normalized and indecomposable, then −g ≤ e ≤ 2g − 2.

Let X = Proj(Symm F) be the corresponding ruled surface. The projection π : X → C is a P^1-bundle with a section and a relatively ample line bundle O_X(1). Let C_0 be the corresponding divisor (when F is normalized, C_0 is the image of a section of π). From [Har77, Chapter V.2] we gather the following results about the divisors on X:

LEMMA 5.27. 1. Pic(X) ≃ Z ⊕ π^∗ Pic(C).

2. Num(X) ≃ Z· [C_0] ⊕ Z· [ f ] with product given by f^2 = 0, f · C_0 = 1 and C^2_0 = −e (here f is the numerical equivalence class of any fibre of π).

3. Let D = b_1C_0 + b_2 f be a divisor. Define the rational number κ depending on p = char(F_q ), e and g by

κ(p, e, g) = e e ≥ 0 1 2 e e < 0, g < 2 1 2 e +^p_{g−1} e < 0, g ≥ 2

Then D is ample (resp. nef) when b_1 > 0 and b_2 > b_1κ (resp. b_1 > 0 and b_2 ≥ b_1κ).

4. When F is the direct sum of two ample line bundles on C, then the divisor C_0 is ample (see [Har70, Theorem III.1.1]).

EXAMPLE 5.28. Let C be any curve. Then, for any e ≥ 0, the normalized rank 2 bundle F = O_C ⊕ O_C(−e) gives a ruled surface with invariant e ≥ 0. For an example where e < 0, see [Har77, V.2.11.6].

PROPOSITION 5.29. Let C be a non-singular curve of genus g. Let π : X = P(F) → C be a ruled surface with invariant e ≥ −g. Let f be the fibre over the point P_0 ∈ C. Set a = #C(F_q ). Then we can construct codes with parameters n = (q + 1)a

k = h^0(C, Symm^{b1} (F) ⊗ O_C(b_2 P_0)) b_1 ≥ 0, b_2 ≥ 0 d ≥ n − (a − ℓ)b_1 − ℓ(q + 1)

where ℓ = b_1(⌈κ⌉ − e) + b_2 (= b_2 for e ≥ 0).

70 5. ERROR-CORRECTING CODES

(assuming ℓ < a and that the bound on d is strictly positive). If F is ample, we have ℓ = b_2 − e.

PROOF. Let f_1, . . . , f_a be the fibres over the F_q -rational points of C. These disjoint lines contain all F_q -rational points of X. Let L = O_X(b_1C_0 + b_2 f ). From [Har77, Lemmas V.2.1+4, Proposition II.7.11] it follows that Γ(X, L) ≃ Γ(C, π_∗L) = Γ(C, Symm^{b1} (F) ⊗ O_C(b_2 P)).

Now let H = C_0 + ⌈κ⌉ f . By Lemma 5.27, H is nef. We have H · f_i = 1, L · f_i = b_1 for all i and H · L = b_1C^2_0 + ⌈κ⌉b_1C_0 · f + b_2 f · C_0 + ⌈κ⌉b_2 f^2 = b_1(⌈κ⌉ − e) + b_2 (= b_2 for e ≥ 0).

With the notation of Proposition 5.9 and Corollary 5.11 we have ℓ ≤ b_1(⌈κ⌉ − e) + b_2. If F is ample, we may take H equal to C_0 and then H · L = b_2 − e. The proposition now follows from Proposition 5.9.

COROLLARY 5.30. Over F_q2 there exist algebraic geometric codes with parameters

n = (q^2 + 1)(q^3 + 1) k = b^2_1(q + 1) + b_2 for q − 2 < b_1 ≤ q + 1, 0 ≤ b_2 ≤ q^2 d ≥ n − (q^3 + 1 − ℓ)b_1 − ℓ(q^2 + 1) where ℓ = 2b_1 + b_2 (assuming that the bound on d is strictly positive).

PROOF. Let C be the Hermitian curve of degree q + 1 in P^2. C is defined over F_q2 of genus g =^1_2 q(q − 1) and has the maximal number of points allowed, namely q^3 + 1. Let X = P(O_C(1) ⊕ O(1)) be the ruled surface over C with invariant e = −2. Then the line bundle O_X(1) is ample on X. Let the codes be constructed from the line bundle L = O_X(b_1) ⊗ O_X(b_2 f ). Since this bundle has degree 2b_1 + b_2 with respect to O_X(1), we must have ℓ = 2b_1 + b_2.

We have h^0(L) = h^0(Symm^{b1} (O_C(1) ⊕ O(1)) ⊗ O_X(b_2{pt})). The bundle on the right hand side is a sum of b_1 copies of the line bundle O_C(b_1) ⊗ O_X(b_2{pt}) and, for b_1 > q − 2, these have so large degree that the formula follows from the Riemann-Roch theorem [Har77, Theorem IV.1.3].

EXAMPLE 5.31. Taking q = 2 in the above corollary we obtain codes over F_4 . The (bounds on the) parameters are listed in Table 5.2.

REMARK 5.32. It should be noted that the codes constructed in Corollary 5.30 are better than those obtainable from the product code construction: On the Hermitian curve C we have codes over F_q2 with parameters n_1 = q^3 + 1 k_1 ≥ α − g + 1 ; 0 ≤ α ≤ q^3 + 1 d_1 ≥ n_1 − α.

5.4. APPLICATIONS 71

b_1 1 1 1 2 2 2 3 b_2 0 1 2 1 2 0 0 k 3 4 5 13 14 12 27 d 28 24 20 12 9 15 6 TABLE 5.2. Parameters of some examples of surface codes over the Hermitian elliptic curve. In all cases, n = 45.

Similarly, on P^1 we have (MDS) codes over F_q2 with parameters

n_2 = q^2 + 1

k_2 = β + 1 ; 0 ≤ β ≤ q^2 + 1 d_2 ≥ n_2 − β.

The product code has the same length n = n_1n_2 as the codes constructed above. The dimension of the product code is bounded below by (α − g + 1)(β + 1). This bound is only non-zero for α ≥ g =^1_2 q(q − 1).

The codes constructed above all have dimension of order q^3 (if we for example take b_1 = q, then the dimension is bounded below by q^2(q + 1)).

To obtain product codes with comparable dimension (bound), we will have to select α and β rather large. The resulting bound on the minimum distance d_{prod} ≥ d_1d_2 = n − αn_2 − βn_1 + αβ will under these conditions always be worse than the bound given in Corollary 5.30.

Note that, when taking ruled surfaces with invariant e = 0, the codes constructed in Proposition 5.29 will indeed be the product codes.

REMARK 5.33. There is an obvious generalisation of Proposition 5.29: Let X be a non-singular projective curve defined over a finite field F_q . Let F be a vector-bundle on X of rank e with π : Y = P(F) → X the corresponding projective bundle over X. Then the Chow ring of Y is given by the isomorphism of graded rings,

A^∗(Y) ≃ A^∗(X)[η]/ ( η^e + c_1(π^∗ E) ∩ η^{e−1} + . . . + c_e(π^∗ E) ) [Ful83, Example 8.3.4] (η is the hyper-plane section on Y). Set-theoretically we have Y(F_q ) = ⋃ P∈X(F_q)

π^{−1}(P).

Let L be a line bundle on Y from which we want to construct codes. Suppose we have a section D ∈ |L| containing ℓ fibres f_i. Then, for any ample divisor H on Y, we have H^{dim Y−1} · L ≥ ∑ f_i⊆D

H^{dim Y−1} · f_i.

(We may assume that H is very ample. Then, on any effective divisor, H cuts out an effective divisor. Hence the assertion follows from the Nakai- Moishezon criterion [Har77, Therem A.5.1].) Hence, a section of L can at

72 5. ERROR-CORRECTING CODES

the most contain

[_{He−1·L}

H^{e−1}· f ] fibres (the fibres are algebraically equivalent as X is non-singular) each containing π_{e−1} points, where π_m = #P^m(F_q ). Now, for L = O_Y(t) ⊗ O_Y( f ) we have that when intersecting properly, each section of L cuts out a degree t hyper-surface in each fibre. For t < q, the number of rational points on this section is bounded by tq^{e−2} + π_{e−3} (cf. [Ser91]). So the code obtained from evaluating the sections of L in the F_q -rational germs will satisfy

n − d ≤ π_{e−1} [ H^{dim Y−1} · L H^{dim Y−1} · f ] + (tq^{e−2} + π_{e−3}) · #X(F_q ).

REMARK 5.34. Using the above construction and the asymptotically good towers of Garcia and Stichtenoth [GS96a] we may easily make towers of long surface codes. An interesting problem would be to determine the asymptotic properties of these codes.

Acknowledgements. The author thanks Johan P. Hansen and Tom Høholdt for constructive comments on an earlier version of this paper.

The paper was finished while the author was visiting Equipe Arithmétique et Théorie de l’Information, C.N.R.S.-Institut de Mathématiques de Luminy. The author wishes to express his gratitude towards F. Rodier for his kind invitation and for many interesting conversations.

Comments made by an anonymous referee has contributed greatly towards improving the exposition of the paper.

(bibliography omitted; end of article)

APPENDIX A

General results related to Chow groups

In this chapter we state various results relating to intersection theory and the calculation of Chow groups. Some of the results are probably well-known but for lack of reference we also give the proofs here.

A.1. Some lemmas LEMMA A.1. Let X and Y be a schemes, let U be an unipotent algebraic group acting with finitely many orbits on X and Y. Suppose f : X → Y is a finite surjective U-equivariant morphism. Then

1. A_∗(X) is a free Abelian group with basis {[V] : V is a U-stable closed subvariety of X}.

2. A_∗(Y)_Q is a free Abelian group with basis

{[ f (V)] : V is a U-stable closed subvariety of X}.

In particular, if A_k(X) = 0 for k < dim(X) then also A_k(Y)_Q = 0 for k < dim(Y) = dim(X).

PROOF. 1) is an immediate consequence of Theorem 1 in [FMSS95] and 2) is a consequence of the well-known fact that proper surjective maps induce surjective maps in Chow homology groups with rational coefficients.

LEMMA A.2. Let X be an algebraic scheme (not necessarily irreducible) with a stratification

X_0 ⊂ X_1 ⊂ · · · ⊂ X_n = X ; X_i closed subschemes of pure dimension i such that A_k(X_i − X_{i−1}) = 0 for k ≠ i. Then for all k ≤ n we have surjections A_k(X_k) → A_k(X) → 0. (A.1) PROOF. For k = n the assertion is trivial, and from [Ful83, Proposition 1.9] we have the exact sequence A_k(X_{n−1}) → A_k(X_n) → A_k(X_n − X_{n−1}) → 0 (A.2) hence surjections A_k(X_{n−1}) → A_k(X_n) → 0 for all k < n. By induction we may assume we have surjections A_k(X_k) → A_k(X_{n−1}) → 0 for all k < n − 1. Now compose these surjections.

74 A. GENERAL RESULTS RELATED TO CHOW GROUPS

REMARK A.3. Of course, the lemma also holds for Chow groups with rational coefficients.

THEOREM A.4 ([MS76, Theorem 7.1]). Let φ : Y → Y^′ be a proper surjective morphism of varieties. Then the sequence A_0(Y ×_Y′ Y)^{pr1∗ − pr2∗}

−−−−−→ A_0(Y)^{φ∗}−→ A_0(Y^′) → 0 (A.3) is exact.

COROLLARY A.5. If φ : Y → Y^′ is the quotient map for the action of a finite group G^′, then A_0(Y^′) = A_0(Y)/G^′ (A.4) (where the right-hand side is to be read as the Abelian group A_0(Y) modulo the relation induced by the natural action of G^′).

PROOF. Since in this case A_0(Y ×_Y′ Y) is generated by {(y_1, y_2) : y_i ∈ Y, ∃g ∈ G^′ : g.y_1 = y_2}, Theorem A.4 gives that the kernel of φ_∗ is generated by cycles of the form y − g.y, y ∈ Y, g ∈ G^′. Whence the corollary.

Theorem A.4 has a natural generalisation.

THEOREM A.6. Let φ : Y → Y^′ be a proper surjective morphism of irreducible algebraic varieties. Then the sequence A_k(Y ×_Y′ Y)_Q^{pr1∗ − pr2∗}

−−−−−→ A_k(Y)_Q^{φ∗}−→ A_k(Y^′)_Q → 0 (A.5) is exact for all k.

PROOF. The surjectivity of φ_∗ follows easily: If V ⊆ Y^′ is a closed subvariety, there exists a closed subvariety W ⊆ Y mapping finitely onto V with dim(W) = dim(V) ([MS76, Lemma 7.2]). But then the cycle deg(W/V)^{−1}[W] maps to [V]. Hence we have a surjection on cycles which passes to rational equivalence since φ is proper.

By definition Y ×_Y′ Y = {(y_1, y_2) ∈ Y ×_k Y : φ(y_1) = φ(y_2)} (for closed points) and since Y^′ is separated Y ×_Y′ Y is a closed subvariety of Y × Y. Indeed, we may realize Y ×_Y′ Y as the fiber product Y ×_Y′ Y

φ∘pr_i � � Y × Y φ×φ � Y^′ � Y^′ × Y^′.

(A.6)

Then, since φ is proper, Y ×_Y′ Y = (φ × φ)^{−1}(Δ(Y^′)) is closed if and only Δ(Y^′) is. But this is the case if Y^′ is separated. Hence Z_k(Y ×_Y′ Y)_Q is generated by

A.1. SOME LEMMAS 75

the components of the cycles {[Z] ∈ Z_k(Y × Y)_Q : φ ∘ pr_1(Z) = φ ∘ pr_2(Z)}. So obviously φ_∗(pr_{1∗} − pr_{2∗}) = 0 on cycles. Therefore coker(pr_{1∗} − pr_{2∗}) ⊆ ker(φ_∗).

Let C_k = coker(pr_{1∗} − pr_{2∗}) = A_k(Y)_Q/ im(pr_{1∗} − pr_{2∗}) and let φ̄_∗ : C_k → A_k(Y^′)_Q be the induced (surjective) map. We must show that this map also is injective. We will do this by defining a an inverse map ξ : Z_k(Y^′)_Q → C_k in the following way: For z ∈ Z_k(Y^′)_Q choose (by the surjectivity of φ_∗) z^′ ∈ Z_k(Y)_Q such that φ_∗(z^′) = z. Then let ξ(z) be the image of z^′ in C_k. This is well-defined: If φ_∗(z^′_1) = φ_∗(z^′_2) then z^′_1 × z^′_2 ∈ Z_k(Y ×_Y′ Y)_Q hence z^′_1 − z^′_2 = (pr_{1∗} − pr_{2∗})(z^′_1 × z^′_2) ∈ im(pr_{1∗} − pr_{2∗}).

Claim: ξ : Z_k(Y^′)_Q → C_k factors through rational equivalence giving a homomorphism η : A_k(Y^′)_Q → C_k.

Clearly, then φ̄_∗η = id_{Ak (Y}′_{)Q} and since z ∈ Z_k(Y^′)_Q is a lifting of φ_∗(z) we also have ηφ_∗ = id_{Ck} .

Proof of claim. Let f be a rational function on a closed subvariety V ⊆ Y^′. We must show that ξ(div( f )) = 0 in C_k. Again, let i : W → Y be a closed subvariety mapping finitely onto V. We want a lifting z ∈ Z_k(W^′)_Q such that z ∼ 0. But this is easy. Let g = deg(W/V)^{−1} f ∘ φ. Then g is a rational function on W and pushes forward to div( f ) under the finite map φ|_W : W → V of degree deg(W/V). Hence ξ(div( f )) is the class of i_∗(div(g)) modulo coker(pr_{1∗} − pr_{2∗}). But this is zero already in A_k(Y)_Q (i being a closed immersion).

REMARK A.7. From the proof it follows that if we want to avoid introducing rational coefficients we must have deg(W/V) = 1 for any pair of closed subvarieties W ⊆ Y, V ⊆ Y^′ such that W maps onto V. If W and V are points, then both function fields k(W) and k(V) are algebraic extensions of the base field k which is assumed algebraically closed. Hence the fields are all equal and the degree is 1. This is why we in Theorem A.4 can avoid rational coefficients.

LEMMA A.8. Let V_1, . . . , V_m be prime divisors on a non-singular projective variety X; dim X ≥ 2. Assume that the V_i are contracted to distinct points P_1, . . . , P_m under a morphism π : X → Y where dim X = dim Y, Y is projective and π^{−1}(P_i) = V_i. Then the V_i are independent in Pic(X). Hence, for any L ∈ Pic(Y), the classes π^∗L, V_1, . . ., V_m in Pic(X) are linearly independent too.

PROOF. A dependence relation 0 = ∑ i n_i[V_i], n_i ∈ Z, will imply [V_i]^2 = 0 (as a cycle in A^2(X)) for any i. We shall see that this cannot be the case.

Let V be any of the components, let P = π(V). Since Y is projective we may choose a very ample (Cartier) divisor H on Z. Choose furthermore effective divisors H_0, H_1 linearly equivalent to H such that P is in H_0 but not in H_1. On an open neighborhood^1 of P, the map π looks like Figure A.8. Since π^∗H_1 does not intersect V,

0 = [π^∗H_1] · [V] = π^∗[H_0] · [V] = ( [H̃_0] + m_P(H_0)[V] ) · [V]. 1If the self-intersection is non-zero on an open subset of X, it cannot be zero in X.

76 A. GENERAL RESULTS RELATED TO CHOW GROUPS

H̃_1

P H_1

H_0

V X

Y

H̃_0

FIGURE 1. The blow-down of the divisor V

By the choice of H_0, m_P(H_0) > 0, hence [V]^2 is a (negative) non-zero multiple of the proper (non-zero) intersection [V] · [H̃_0].

For the last assertion. Assume dπ^∗[L] = ∑ i n_i[V_i]. Then, by pushing down with π we get the relation dπ_∗π^∗[L] = ∑ i n_iπ_∗[V_i] = 0. Since π_∗π^∗[L] is a multiple of [L] we must have d = 0 and, by the above, all n_i = 0.

LEMMA A.9. Let f : X → Y be a birational morphism of algebraic schemes with exceptional locus E, codim(E) ≥ 1. Let α ∈ A_∗(X), α ⊄ E. Then, if f_∗α is zero in A_∗(Y), so is α. That is, the kernel of π_∗ : A_∗(X) → A_∗(Y) is supported on E.

A.1. SOME LEMMAS 77

PROOF. Obvious (restrict to the open subset where f is an isomorphism and use [Ful83, Proposition 1.8]).

A.1.1. Samuel’s conjecture. Since our calculation of the Picard group of Deligne-Lusztig varieties of classical type rely heavily on the now proven conjecture by Samuel, we will here give a sketch of the proof (given by Grothendieck; see [Gro68, p. 132]).

DEFINITION A.10. A local Noetherian ring A is parafactorial if, for X = Spec A and {x} equal to the (unique) closed point of X,

• depth A ≥ 2 • Pic(X − {x}) = 0 (This is not the original definition, but an equivalent one cf. [Gro68, Proposition 3.5, p. 127].)

LEMMA A.11. If X is a normal variety, then Pic(X) = A_{dim X−1}(X) if and only if X is locally factorial.

PROOF. This is well-known; see [Har77, Corollary II.6.16].

LEMMA A.12 ([Gro68, Corollaires 3.9+10, p. 130]). Let A be a local Noetherian ring of dimension at least 2. Let X = Spec A and {x} be as above and set U = X − {x}. Assume

a) For all y ∈ U, the local ring O_{y,U} is factorial b) A is parafactorial Then A is factorial.

PROOF. Using Serre’s criterion for normality [Mat89, p. 183] it follows that under these conditions, A is normal. Since {x} has codimension 2 or more, A_{dim X−1}(X) = A_{dim X−1}(U). Now A_{dim X−1}(U) = Pic(U) by a) and Lemma A.11. But then, by b), A_{dim X−1}(X) = 0, hence A is factorial [Har77, Proposition II.6.2].

Now, let us just state the following without proof:

THEOREM A.13 ([Gro68, Théorème 3.13, p. 132]). Let A be a Noetherian parafactorial local ring that is a complete intersection (A is the quotient of a regular local ring by a regular sequence). Assume dim A ≥ 4. Then A is factorial.

The following was conjectured by Samuel and proved by Grothendieck:

THEOREM A.14 (SAMUEL–GROTHENDIECK). Let A be a Noetherian local ring that is a complete intersection. Assume A is factorial in codimension 3 (that is, A_P is factorial when localising in all primes P satisfying dim A_P ≤ 3). Then A is factorial.^2

2Note that the inequality in the statement of this theorem mistakingly has been reversed in [Fos73].

78 A. GENERAL RESULTS RELATED TO CHOW GROUPS

PROOF. The proof uses induction on the dimension of A. For dim A ≤ 3, the claim is in the hypotheses. Assume dim A ≥ 4. By Theorem A.13 it follows that A is parafactorial. By induction, A_P is factorial for all primes P of height at least 1 (a localisation of a complete intersection is again a complete intersection). Then apply Lemma A.12.

COROLLARY A.15. Let X be a normal variety, such that the singular locus of X has codimension at least 4. Assume furthermore that X is a strict complete intersection. Then Pic(X) = A_{dim X−1}(X).

PROOF. We must show that under the given assumptions it follows that X is locally factorial. Then Lemma A.11 will apply.

Let S be a local ring of X. Then S is a complete intersection ring. Let P be a prime in S such that S_P is not factorial. We must then show that dim S_P > 3. But this must be the case: If not, X would have a non-regular local ring of dimension less than 3. And since X is assumed to be non-singular in codimension at least 4, all local rings in X are either regular or of dimension at least 4.

EXAMPLE A.16. It is necessary to assume that the singularities only occur in codimension at least 4: For any field k of characteristic different from 2 the projective quadric hyper-surface H : x_0x_1 = x^2 + · · · + x^2_r in P^r has the following properties [Har77, Exercise II.6.5]:

• For r ≥ 2 H is normal.

• A_{r−2}(H) = Cl(H) =

Z r = 2 Z ⊕ Z r = 3 Z r ≥ 4. By the Lefschetz theorem for Picard groups, Pic(H) = Z for r ≥ 4.

The following proposition slightly extends (and clarifies) a remark of Grothendieck [Gro58, p. 4-35].

PROPOSITION A.17. Let π : E → X be a locally trivial A^n -bundle with affine transition functions^3 (i.e. for a covering ∪_iU_i of X, π^{−1}(u_i) ≃ U_i × A^n and the transition functions φ_{i j} : π^{−1}(U_i ∩ U_j) → π^{−1}(U_i ∩ U_j) induces either linear maps or translations on A^n ). Then

π^∗ : A_p(X) −→ A_{p+n}(E) (A.7)

is an isomorphism for all p.

PROOF. We will use the notion of higher Chow groups [Ros96] (thanks to G. Ellingsrud for suggesting this approach). Choose U ⊆ X such that E is

3Maybe this condition can be omitted.

A.2. INTERSECTION THEORY ON ASSOCIATED BUNDLES 79

trivial over U and let Ũ = π^{−1}(U). Then we have long exact sequences

� A_{p+1}(U; −p)

α_1 �

∂ � A_p(X − Y)

α_2 �

� A_p(X)

α_3 �

� A_p(U)

α_4 �

� 0

� A_{p+1+n}(Ũ; −p)^∂ � A_{p+n}(E − Ũ) � A_{p+n}(E) � A_{p+n}(Ũ) � 0

where A_k(−; l) are the higher Chow groups. By homotopy invariance of higher Chow groups [Ros96, Proposition 8.6, Remark 5.1], α_1 and α_4 are isomorphisms. By Noetherian induction we may assume that also α_2 is an isomorphism. Then the assertion follows from the 5-lemma.

COROLLARY A.18. Let G be a reductive algebraic group. Let U ⊆ G be a closed unipotent subgroup acting on G by right translation. Then for every U-stable locally closed subvariety Y ⊆ G, the quotient morphism π : Y → Y/U induces an isomorphism π^∗ : A_∗(Y/U)^≃−→ A_∗(Y).

PROOF. Since the assertion is local, we may assume Y = G. The quotient π : G → G/U exists (U is closed in G) and is locally trivial with fibre U cf. [Ser58, Proposition 14] (U is unipotent, hence solvable). We must show that the transition functions are affine. Let ∪_iU_i be an open cover of G/U. Then π^{−1}(U_i ∩ U_j) = (U_i ∩ U_j) · U, hence the transition functions induces morphisms of the type g → g^′g (g^′ ∈ U) on U (π being the quotient map). But this is a translation of (A^n , +).

A.2. Intersection theory on associated bundles

In this section G will denote a connected linear algebraic group, varieties are reduced schemes of finite type over an algebraically closed field k. All actions are algebraic actions.

DEFINITION A.19. Let f : P → X be a morphism of varieties. We will say that f is a right principal G-bundle if

1. G acts on P from the right stabilising the fibres of f .

2. f : P → X is locally trivial, that is, there exists an open cover {U_i}_{i∈I} of X such that for any i ∈ I

f^{−1}(U_i)^≃ � � � � � U_i × G � � � U_i

is commutative and G-equivariant.

EXAMPLE A.20. If H ≤ G is a closed subgroup then G acts on the quotient G/H stabilising the fibres and the quotient morphism is locally trivial if H is connected and solvable [Ser58, Proposition 14].

80 A. GENERAL RESULTS RELATED TO CHOW GROUPS

Suppose from now on that f : P → X is a principal G-bundle.

DEFINITION A.21. Suppose G acts on a variety F from the left. Then G acts diagonally on P × F by

g.(y, z) = (yg, g^{−1}z) ; y ∈ P, z ∈ F.

Assume the quotient G \ P × F exists. Denote it by P ×^G F and call it the associated bundle (to f : P → X) with fiber F.

REMARK A.22. P ×^G F has the following properties:

1. The diagram P × F −−−−→ P f^′ f P ×^G F^h−−−−→ X is a pull-back diagram. The morphism h : P ×^G F → X is locally trivial with fiber F and f^′ : P × F → P ×^G F is a principal G-bundle.

2. The construction is functorial: if F^′ → F is a G-equivariant morphism of varieties, then there is a natural induced morphism P ×^G F^′ → P ×^G F of locally trivial bundles with fibres F^′ and F respectively. In particular, if i : F^′ → F is the inclusion of a G-stable subvariety, we get an inclusion of bundles over X.

EXAMPLE A.23. Let Z_w be the desingularisation of the Schubert variety X_w and let π : G → G/B be the locally trivial quotient morphism. The associated bundle Ō(w) = G ×^B Z_w

is a locally trivial bundle over G/B with fibre Z_w. If w^′ ≤ w is obtained from w by omitting l(w) − l(w^′) reflections we may identify Z_w′ with a B-stable closed subvariety of Z_w. Hence there is an inclusion of locally trivial bundles Ō(w^′) → Ō(w).

LEMMA A.24. Let π : E → X be a locally trivial bundle on the scheme X. Let π_A : A → X and π_B : B → X be locally trivial subbundles with fibres V and W respectively such that V and W are closed subvarieties of F. Then if [A] = [B] in A_∗(E) we also have [V] = [W] in A_∗(F).

PROOF. Taking the fibre over a (closed) point of X yields a closed immersion j : F → E. Since the refined Gysin map j^! : A_∗(E) → A_∗(F) preserves rational equivalence [Ful83, Section 6.2], the assertion follows.

PROPOSITION A.25. Let f : P → X be a principal G-bundle and P ×^G F → X the associated bundle with fibre F. Assume that F and P ×^G F are nonsingular varieties, such that F and P ×^G F carry intersection products. Let

A.2. INTERSECTION THEORY ON ASSOCIATED BUNDLES 81

Z_∗(F)^G denote the free Abelian group on the G-stable closed subvarieties of F. Then the homomorphism

φ : Z_∗(F)^G → Z_∗(P ×^G F)

[V] → [P ×^G V]

is a (codimension 0) homomorphism taking proper intersections to proper intersection. In fact φ also takes transversal intersections to transversal intersections.

PROOF. Since dimensions and intersection multiplicities for each component can be calculated locally on an open subset [Ful83, Theorem 6.2(c)], we may (by local triviality) assume that π : E → X is the projection pr_1 : X × F → X. Then φ takes [V] ∈ Z_∗(F) to [X × V]. As,

φ([V]) · φ([W]) = [X × V] · [X × W] = [X] × ([V] · [W]), [Ful83, 8.3.7], it follows that the intersection on the left hand side is proper (transversal) whenever the intersection V ∩ W is.

82 A. GENERAL RESULTS RELATED TO CHOW GROUPS

APPENDIX B

Open problems

B.1. Chow groups and étale cohomology

For varieties defined over finite fields there are various conjectures (some of which are partially verified) relating the Chow groups to the étale cohomology groups (see [Car85, Appendix] for a readable introduction to étale cohomology). In this section we shall review some of these conjectures and their (possible) consequences when it comes to Deligne-Lusztig varieties.

We will change our notation slightly, letting k denote an arbitrary field, k̄ an algebraically closed extension with G(k^′/k) the corresponding Galois group of automorphisms of k̄ fixing k.

Let V(k) denote the class of non-singular projective varieties defined over k (the residue field of the generic point is k). For any X ∈ V(k) let ∫ X : A_∗(X) → Z denote the degree morphism (relative to k). Let Z^s(X) be the free Abelian group on the subvarieties of X of codimension s which are defined over k. Write X̄ for X ×_k k̄.

B.1.1. Tate’s conjectures. Let X ∈ V(k) be of dimension d. On Z^s(X) one may define several (potentially) different equivalence relations giving various quotients Z^s(X)/ ∼ cf. [Ful83, Section 19.3].

Say that α ∈ Z^s(X) is homologous to zero (α ∈ Hom(X)) if α is in the kernel of the class map to étale cohomology

cl_X : Z^s(X) → H^{2s}(X_{ét}, Q_l (s)).

Let B^s(X) be the quotient of Z^s(X) by this relation. (Since X is non-singular, Hom^τ (X) is actually an ideal in A^s(X), hence we have a surjection of rings A^s(X) → B^s(X).) Then Tate conjectured [Tat65]:

(a): Hom(X) is independent of the choice of prime l ≠ char(k). (a’): Hom(X) = Num(X), that is, α ∈ Hom(X) if and only if ∫ X α ∩ β = 0 for all β ∈ A_∗(X).

(b): B^s(X) is a finitely generated Abelian group and the map

φ : B^s(X̄) ⊗_ZQ_l^{clX⊗1}−−−→ H^{2s}(X̄_{ét}, Q_l (s)) is injective (that is, the class map is an isomorphism on l-torsion).

(1): For finitely generated k (e.g. k finite) the image of Z^s(X) under φ is exactly ( H^{2s}(X̄_{ét}, Q_l (s))

)_{G(}¯_{k/k)} .

84 B. OPEN PROBLEMS

REMARK B.1. 1. In characteristic zero (a) and (b) are true. 2. In codimension one, that is, for divisors (a), (a’) and (b) are true (compare [Ful83, 19.3.1]).

3. If there are strong vanishing theorems (see for example Section B.1.2 below) for the cohomology groups H^{2i}(X_{ét}, Q_l ) we see that Hom^τ (X) may be quite large. Hence we may loose a lot of information when passing to the quotient B^s(X).

4. Recently (1994), Tate has commented on the status of the conjectures;

see [Tat94].

There are some immediate consequences just from the existence of the class map. We note the following concerning the Neron-Severi groups (cycles modulo algebraic equivalence).

PROPOSITION B.2. Let X ∈ V(k).

1. The Neron-Severi group NS^k(X) is torsion-free and finitely generated. 2. In the case where X is a surface we actually have^1

rank NS^1(X) ≤ b_2 = dim_{Ql} H^2(X̄_{ét}, Q_l ). (B.1)

PROOF. By definition, for any non-zero class α ∈ NS^k(X) there exists β ∈ NS^{dim X−k}(X) such that ∫ X α ∩ β ≠ 0; hence any multiple of α is non-zero. So we need only show that NS^k(X) ⊗_Z Q_l is finitely generated. Since the class map carries the intersection product of CH^∗(X) into the non-degenerate cup product in H^∗(X̄_{ét}, Q_l ), the kernel of

cl_X : CH^k(X) ⊗_ZQ_l → H^{2k}(X̄_{ét}, Q_l ) is contained in the kernel of Θ : CH^k(X) ⊗_ZQ_l → NS^k(X) ⊗_ZQ_l .

But then

Im(cl_X) ≃ CH^k(X) ⊗_ZQ_l /ker(cl_X)^{sur j.}−−→ CH^k(X) ⊗_ZQ_l /ker(Θ)

with the right hand side isomorphic to NS^k(X) ⊗_ZQ_l . As H^{2k}(X̄_{ét}, Q_l ) is finite dimensional the assertion follows (compare [Ful83, Example 19.1.4]). For 2), see [Mil80, Corollary 3.28].

Now we specialise to the case where k is the finite field with q elements. Associated to X we then have its Zeta-function Z(X, t) on the form

Z(X, t) =

P_1(t) · . . . · P_{2d−1}(t) P_0(t)P_2(t) · . . . · P_{2d}(t)

(B.2)

(recall that the polynomial P_i(t) is the characteristic polynomial for the endomorphism of H^i(X̄_{ét}, Q_l ) induced by the Frobenius morphism).

1See also [Shi86] for an algorithm for determining the rank of NS^1(X) when X is a Delsartesurface (Fermat-surfaces are among the Delsarte-surfaces).

B.1. CHOW GROUPS AND ÉTALE COHOMOLOGY 85

REMARK B.3. Tate showed [Tat65, p. 101] (assuming the Weil-conjectures which subsequently were proved by Deligne [Del74]) that when the Frobenius action on H^∗(X̄_{ét}, Q_l ) is semi-simple the G(k̄/k)-invariant part of H^∗(X̄_{ét}, Q_l ) has rank equal to the order of the pole of Z(X, t) at t = q^{−i}.

So assuming the conjectures (a) and (b) it would follow from Conjecture (1) that the rank of B_i(X) equals the order

of the pole of Z(X, t) at t = q^{−i}. (T) In particular, if P_i(t) is some linear form raised to the b_{2i}’th power, then the pole order of Z(X, t) at t = q^{−i} is b_{2i} = dim_{Ql} H^{2i}(X_{ét}, Q_l ) and proving (T) amounts to proving that H^{2i}(X_{ét}, Q_l ) is spanned by algebraic cycles.

Conversely, Tate has shown [Tat94] that the conjecture (T) implies the conjectures (a), (b) and (1).

Over finite fields Milne [Mil86, Section 8] has shown that Conjecture (1) is independent of l and has related the conjectures to other conjectures.

EXAMPLE B.4. Let X = V_{n,r,p} be the hypersurface in P^r_k (char(k) = p) defined by the equation

X^n_0 + X^n_1 + · · · + X^n_r = 0 (B.3)

where p ∤ n. For these Fermat varieties the action of F on H^∗(X_{ét}, Q_l (s)) is semisimple [Sou84, Remarque p. 334] hence the pole-order of Z(X, t) at t = q^{−i} equals the dimension of the G(k̄/k)-invariant part of H^∗(X_{ét}, Q_l (s)). The zetafunctions of the V_{n,r,p} were determined by Weil in [Wei49].

For r odd, Tate proved (see [Tat65, p. 102], written out in more detail in [HM78]) that in case p^ν ≡ −1 (mod n) for some integer ν, then Conjecture (1) is true (for X) since H^∗(X_{ét}, Q_l ) in that case is spanned by algebraic cycles. In [SK79, Theorem II] it was established that for r odd and n ≥ 4 the étale cohomology is spanned by algebraic cycles if and only if p^ν ≡ −1 (mod n) for some integer ν. See also [GY95].

PROBLEM 1. Verify Tate’s conjecture (T) for Deligne-Lusztig varieties.

B.1.2. Lefschetz theorems. Let X be a d-dimensional non-singular complete intersection in P^{n+1}. Then for i ≠ d we have [Ill77, Exposé VII]

H^i(X_{ét}, Q_l ) = { 0 i odd Q_l · [V_i] i even

(B.4)

where [V_i] = cl_X(L^{d−i/2} ∩ X) with L^k a k-dimensional linear subspace not containing X. Hence showing that the étale cohomology of an even-dimensional hypersurface is spanned by algebraic cycles amounts to showing that this is the case for the middle cohomology H^d(X_{ét}, Q_l ).

See [GL98] for generalisations of such Lefschetz theorems to singular varieties.

86 B. OPEN PROBLEMS

The Lefschetz principle for Picard groups says: for any (possibly singular) complete intersection X ⊆ P^{n+1} of dimension d ≥ 3 we have Pic(X) = Z[Gro68, Exposé XII, Corollaire 3.7]. In particular, if X is a non-singular hypersurface in P^{n+1} (n ≥ 3), A_{n−1}(X) = Pic(X) = Z· [L^n ∩ X] with the above notation.^2

B.1.3. Enter the automorphism groups. The Fermat varieties considered above (Example B.4) is acted upon by the finite unitary group G =^2A_2(q^2).

Tate’s insight: composing the action of G on Z_s(X) with the class map to étale cohomology gives a representation of the finite group on the finitedimensional Q_l -vector space H^{2s}(X_{ét}, Q_l ). In this particular case G has only the trivial and one other irreducible representation on H^{2s}(X_{ét}, Q_l ) of dimension, m say. Since the class map cl_X is non-trivial, the rank of B_s(X) is greater than or equal to m (and therefore also rank A^∗(X) ⊗_ZQ_l ≥ m).

This philosophy applies particularly well to the case where X is the smooth compactification of an irreducible Deligne-Lusztig variety X(w) with the (large) finite group G^F acting as automorphisms on X̄(w). The dimensions of the irreducible G^F-representations on H^∗_c (X(w)_{ét}, Q_l ) has been determined by Lusztig [Lus76a], hence by the above procedure one should be able to get (at least) lower bounds on the ranks of the Chow groups A^i(X̄(w)) (after relating the cohomology with compact support of X(w) to the cohomology of the smooth compactification X̄(w) — this may be done using the long exact H^i(·)- cohomology sequence coming from the inclusions X(w)^{open}−−−→ X̄(w)^{closed}←−−−− ∂ X̄(w); see [Sri79, p. 52]).

PROBLEM 2. Determine the character(s) of the representation(s) of G^F on A_i(X̄(w))_Q.

REMARK B.5. It is known that the action on H^i_c(X(w)_{ét}, Q_l ) induced by Frobenius F^δ is semi-simple [Lus76a, (6.1) Theorem]. From the above-mentio-ned long exact sequence it follows by induction that this is also true for X̄(w).

B.1.4. Classes of ‘good’ varieties. Let A(k) be the minimal subset of V(k) containing all geometrically irreducible curves and being closed under the operations

• product, • disjoint union, • finite extensions of base-field and • blowing up X ∈ A(k) along Y ∈ A(k), Y ⊆ X cf. [Sou84, 3.3.1]. Note that A(k) contains the Fermat varieties [SK79] and all abelian varieties [Sou84, 3.3.3]. The following theorem extracts Soulé’s results [Sou84, Theorems 3+4] on the Chow groups of such varieties.

2Since n ≥ 3, cl_X does not map A^1(X) to the middle cohomology (2n − 2 = n implies n = 2), hence we can still have high-rank middle cohomology generated by algebraic cycles.

B.1. CHOW GROUPS AND ÉTALE COHOMOLOGY 87

THEOREM B.6 (SOULE). Let X ∈ A(k) be of dimension d. Then for i ∈ {0, 1, d − 1, d}, CH^i(X) = Z^{ri} ⊕ T where T is a finite torsion group. Furthermore, the class map is an isomorphism modulo torsion; that is,

cl_X : CH^i(X) ⊗_ZQ_l → ( H^{2i}(X̄_{ét}, Q_l (i))

)_{G(}¯_{k/k)} (B.5)

is an isomorphism. Furthermore, for some finite extension k^′ of k we have

CH^i(X ×_k k^′)/ CH^i(X ×_k k^′)_{torsion} ≃ CH^i(X̄)/ CH^i(X̄)_{torsion}.

EXAMPLE B.7. Let X = X̄(s_1s_2) be the^2A_3 Deligne-Lusztig variety with q = 2. X is then the blow-up of the non-singular Fermat cubic surface

S : X^3_0 + X^3_1 + X^3_2 + X^3 = 0 in its (q^3 + 1)(q^2 + 1) = 45 F_q2 -rational points. Being a non-singular cubic surface in P^3, S is the projective plane blown up in 6 points in general position [Har77, Section V.4], hence X is the blow-up of the projective plane in 51 points. So A_1(X) =

⨁_{51}

i=1 Z · [E_i] ⊕ Z · [H] where H is the pull-back of a line in P^2 and the E_i are the exceptional divisors cf. [Ful83, Example 8.3.10]. In [Rod96] the Betti numbers have determined; we find

b_2 = dim_{Ql} ( H^2(X_{ét}, Q_l )

)_{G(}¯_{k/k)}

= q^5 + 2q^3 + q + 2 = 52

and this is also the pole-order of Z(X, t) at t = q^{−i}. So all the cohomology is algebraic as predicted by Theorem B.6.^3

So it seems that we in some degrees may reformulate Problem 1 as:

PROBLEM 3. Determine whether Deligne-Lusztig varieties are in A(k) or not. One might start by determining if for example a complete intersection is in A(k) when the intersecting hyper-surfaces are (cf. Chapter 3).

Define a subset B(k) of A(k) by:

• B(k) contains products of geometrically irreducible curves. • If X, Y ∈ B(k), dim X = dim Y, then X ∐ Y ∈ B(k).

• Suppose X, Y ∈ V(k) are equi-dimensional of the same dimension and f : X → Y is a surjective morphism. Then, if X is in B(k) so is Y.

• If X ×_k k^′ ∈ B(k) then also X ∈ B(k) and • B(k) is minimal with these properties.

B(k) contains the Abelian varieties and is closed under products cf. [Sou84, 3.4]. We then have the following Lefschetz-type theorem [Sou84, Theorem 7]:

THEOREM B.8 (SOULE). If X ∈ B(k) and ξ ∈ CH^1(X) ⊗_Z Q is the class of an ample divisor on X, then for 2i ≤ d = dim X, the multiplication map

CH^i(X) ⊗_ZQ^{·∩ξd−2i}−−−→ CH^{d−i}(X) ⊗_ZQ is an isomorphism.

3Note: for q = 2, X̄(s_1) has 27 components which (probably) are the proper transforms of the 27 lines on S.

88 B. OPEN PROBLEMS

REMARK B.9. Let C be a non-singular projective curve defined over F_q . Assume C h as a rational point P over F_qδ . Then the degree map A_0(C) → Z has image δZ and kernel Alb(C) = A_0(C)_0. Since the kernel is the (finitely many) closed points of an Abelian variety, it is all torsion, hence A_0(C)_Q = Q with generator^1_δ [P]. For example, if C is an elliptic curve with a rational point P, then all [P^′] ∈ Pic^0(C) are torsion elements.

From the above remark (or from Theorem B.8) we have:

PROPOSITION B.10. Let X̄(w) be a one-dimensional Deligne-Lusztig variety. Then A_1(X̄(w)) = Z and A_0(X̄(w))_Q = Q.

B.1.5. Deligne-Lusztig surfaces. Let w ∈ W be a standard Coxeter element of length 2, w = s_1s_2. So we are considering pairs (D, ρ) where ρ has two orbits on D. From [Car85, p. 37] we see that restricting ourselves to non-trivial graph automorphisms ρ we have the possibilities listed in Table C.2 (page 105). These surfaces have been examined in [Rod96] where their number of rational points (over their natural field of definition) is being compared to their Betti numbers cf. [LT95, Tsf94].

Using the results of Rodier [Rod96] and the explicit descriptions given in Chapter 3 we will now examine the A_2, C_2,^2A_3 and^2A_4 standard Deligne- Lusztig varieties.

EXAMPLE B.11 ( A_2 case). Restricting the composite map

X × X × X^{pr1}−→ X → G/P_{I1} ≃ P^2

to X̄(w) realizes X̄(w) as the blow-up of P^2 in its q^2 + q + 1 F_q -rational points. A^∗(X̄(w)) is given by [Ful83, Example 8.3.10] and by Theorem B.6 Tate’s conjecture (T) is verified in this case.

REMARK B.12. Let X̄(w) be an irreducible Deligne-Lusztig variety with zeta function Z(t) over F_qδ ,

t d dt ln(Z(t)) = ∞∑ s=1 |X̄(w)^{Fδs} |t^s.

Then it follows from the Weil conjectures [Del74] that we may write Z(t) as a rational function

Z(t) =

P_1(t) · . . . · P_{2d−1}(t) P_0(t)P_2(t) · . . . · P_{2d}(t)

with deg P_i = b_i (the i’th Betti number of X̄(w)). In [Lus76a, Theorem 6.1] the series ∑_∞ s=1 |X(w)^{Fδs} |t^2 is given for a Coxeter stratum X(w). Summing over

B.1. CHOW GROUPS AND ÉTALE COHOMOLOGY 89

these we get for example in the A_2 case: t d dt ln(Z(t)) = q^3(q^2 − 1)(q^3 − 1)

q^2 + q + 1 t^3 1 (1 − t)(1 − qt)(1 − q^2t)

+ 2(q^2 + q + 1) q(q^2 − 1) q + 1 t^2 1 (1 − qt)(1 − t) + (q + 1)(q^2 + q + 1) t 1 − t (the first term is from the open stratum, the next is from the two codimension 1 strata and the last term comes from X(e)). Manipulating this expression one finds that Z(t) = 1 (1 − t)(1 − qt)^{q2+q+2}(1 − q^2t) hence b_1 = b_3 = 0, b_0 = b_4 = 1 and b_2 = q^2 + q + 2.

EXAMPLE B.13 ( C_2 case). Let V = k^4 be equipped with the form ⟨·, ·⟩ given by ⟨x, y⟩ = (y_1x_3 − x_1 y_3) + (y_2x_4 − x_2 y_4).

F_V acts on V by raising the coordinates to the q’th power. Then X(w) is given by X(w) = {x ∈ P^3 : ⟨x, F_V(x)⟩ = 0, ⟨x, F^2_V(x)⟩ ≠ 0} and by blowing up the non-singular surface S = {x ∈ P^3 : ⟨x, F_V(x)⟩ = 0} in its F_q -rational points (the points for which F_V(x) = x), we obtain X̄(w). Hence A^0(X̄(w)) = Z[X̄(w)]

A^1(X̄(w)) = A^1(S) ⊕

q^3+q^2+q+1 ⨁ i=1 Z[E_i]

A^2(X̄(w)) = A^2(S).

From [Rod96, Proposition 1] we get that S has Betti numbers b_1 = b_3 = 0, b_0 = b_4 = 1 and b_2 = q^3 − q^2 + q + 1. The pole-order of Z(t) at t = q^{−1} is^1_2 (q^3 + q + 2). From Proposition B.2 we have rank NS^k(S) ≤ q^3 − q^2 + q + 1 and from [SK79] it follows that S ∈ A(k) (see Section B.1.4) hence A^1(S) = Z^r ⊕ (torsion); r =^1_2 (q^3 + q + 2). (Hence Tate’s conjecture (T) is OK also in this case.)

EXAMPLE B.14 (^2A_3 case). Restricting the projection

X × X × X^{pr1}−→ X → G/P ≃ P^3 to X̄(w) realizes X̄(w) as the blow-up of the Fermat surface S ⊆ P^3, S : x^{q+1}_0 + x^{q+1}_1 + x^{q+1}_2 + x^{q+1}_3 = 0.

90 B. OPEN PROBLEMS

in its F_q2 -rational points (of which there are (q^3 + 1)(q^2 + 1)). From Theorem B.8 it follows that A^i(S) has rank b_{2i}. Again we have b_1 = b_3 = 0, b_0 = b_4 = 1. By counting the number of rational points over extensions of F_q one may determine b_2 (as in Remark B.12) to be equal to q^3 − q^2 + q + 1. Hence

A^0(X̄(w)) = Z[X̄(w)]

A^1(X̄(w)) = A^1(S) ⊕

(q^3+1)(q^2+1) ⨁ i=1 Z[E_i] ; A^1(S) = Z^{b2} ⊕ (torsion)

A^2(X̄(w)) = A^2(S) = Z⊕ (torsion).

EXAMPLE B.15 (^2A_4 case). As seen in Example 3.17, restricting the composite map

X × X × X^{pr1}−→ X → G/P ≃ P^3 to X̄(w) gives a birational map to the intersection of two Fermat hypersurfaces of degree q + 1 and q^3 + 1. As seen earlier (Example 1.16) the exceptional fibers are Deligne-Lusztig varieties of type^2A_2, that is, Hermitian curves. X̄(w) has Betti numbers b_1 = b_3 = q(q − 1)(q^2 − 1), b_0 = b_4 = 1 and b_2 = q^8 + q^6 + q^4 + q^2 + 2 (see [Rod96, Proposition 2]). From Proposition B.2 we have

rank NS^1(X̄(w)) ≤ q^8 + q^6 + q^4 + q^2 + 2.

On the other hand, it follows from Lemma A.8 that rank A^1(X̄(w)) ≥ (q^5 + 1)(q^2 + 1).

B.2. Cohomology of homogeneous line bundles

DEFINITION B.16. A morphism of varieties (or schemes) f : X → Y is trivial with image f (Y) if O_Y → f_∗O_X is surjective, f (Y) = Spec f_∗O_X and R^i f_∗O_X = 0 for i > 0.

A closed embedding i : X → Y is trivial with image i(X) [Ram85, Remark 4]. For a trivial morphism we have H^j(X, f^∗M) = H^j(Y, M) for all j ≥ 0 and for any locally free O_Y-module M of finite rank [Har77, Exercise III.8.3]. (And for f affine we have for any quasi-coherent sheaf N on X that H^i(X, N) = H^i(Y, f_∗N) [Har77, Exercise III.8.2].)

PROBLEM 4. For a Schubert variety X_w it is known that the cohomology groups H^i(X_w, L(λ)|_{Xw} ) vanishes for i > 0 whenever λ is strictly anti-dominant. Under the same condition, the restriction map

H^i(X, L(λ)) −→ H^i(X_w, L(λ)|_{Xw} )

is surjective. Prove (or dis-prove) similar statements for the restriction of such line bundles to Deligne-Lusztig varieties.

B.3. THE FINER STRUCTURE OF THE PICARD GROUP 91

The proof in the Schubert variety case uses that the Demazure desingularisations Z_w^{φe}−→ X_w and Ō(w)^φ−→ O(w) are surjective and trivial [Dem74, MR88] and an induction argument.

REMARK B.17. It is not true that the contraction map π : X̄(w) → Z is trivial in general (in the sense of Definition B.16). A calculation in the^2A_4 case shows that H^1(C, O_C) = H^0(P^2, O_P2(q + 2)) ≠ 0, hence the limit R^1 f_∗O¯_{X(w)} = lim←−_n H^1(D_{1,n}, O_{D1,n} )

has as its first term a number of copies of H^1(C, O_C) (C is one of the components of D_1 and D_{1,i} is the subscheme of X̄(w) defined by the i’th power of the ideal defining D_1). Hence R^1 f_∗O¯_{X(w)} ≠ 0.

B.3. The finer structure of the Picard group

Given the results of Chapter 3 it is natural to pose:

PROBLEM 5. Let D be an effective divisor (or line bundle) on a Deligne- Lusztig variety X̄(w) of classical type. We know that there exists unique rational numbers m, n_i allowing us to write D = mπ^∗[H] + ∑ i n_iV_i (the V_i are the components of D_1). Determine which m and n_i can occur and what further restrictions need to be imposed to ensure that D is ample.

One might start out by calculating the coordinates for K¯_{X(w)} (which we know is ample in some cases) and see if any pattern shows up.

PROBLEM 6. In Chapter 3 we saw that the rank of the Picard group is the same for Deligne-Lusztig varieties arising from F-conjugate Weyl group elements (Lemma 3.5). Determine how the generators change under this transformation.

Similarly, given λ ∈ X(T) and integers v_i such that the pull-back of the homogeneous line bundle L(λ) to X̄(w) equals O¯_{X(w)}( ∑ i v_i D_i), how does the v_i change?^4

4For each specific example one may follow the methods of [HH99a], but it would be nice with a general formula.

92 B. OPEN PROBLEMS

APPENDIX C

Maple calculations

In this chapter we have included some of the calculations carried out with the computer algebra program Maple. The code should be rather selfexplanatory.

C.1. The surface case

Each of the cases in Table C.2 (page 105) have been examined for determining the numbers of rational points and the Euler characteristics.

> with(linalg):

Warning, new definition for norm

Warning, new definition for trace First some constants:

> epsilon := exp(2*Pi*I/3); ε := − 1 2 + 1 2 I √ 3 > G_2A3 := Q^6*(Q^2-1)*(Q^3+1)*(Q^4-1);

G_2A3 := Q^6 (Q^2 − 1) (Q^3 + 1) (Q^4 − 1)

> G_2A4 := Q^10*(Q^2-1)*(Q^3+1)*(Q^4-1)*(Q^5+1);

G_2A4 := Q^{10} (Q^2 − 1) (Q^3 + 1) (Q^4 − 1) (Q^5 + 1)

> G_3D4 :=factor(expand(Q^12*(Q^2-1)*(Q^4-epsilon)*(Q^4-epsilon^2)*(Q^6-1)));

G_3D4 := Q^{12} (Q^4 − Q^2 + 1) (Q − 1)^2 (Q + 1)^2 (Q^2 + Q + 1)^2 (Q^2 − Q + 1)^2

(Here we made some mumbo-jumbo to get rid of the square-roots) > G_2F4 := Q^24*(Q^2-1)*(Q^6+1)*(Q^8-1)*(Q^12+1);

G_2F4 := Q^{24} (Q^2 − 1) (Q^6 + 1) (Q^8 − 1) (Q^{12} + 1)

> phi_plus_2A3:=6:phi_plus_2A4:=10:phi_plus_3D4 :=12:phi_plus_2F4:=24: Matrix representations of F and F_0 acting on Y_0 (tensored with R): > F_2A3:=matrix([[0,0,Q],[0,Q,0],[Q,0,0]]): > F0_2A3:=matrix([[0,0,1],[0,1,0],[1,0,0]]):

> F_2A4:=matrix([[0,0,0,Q],[0,0,Q,0],[0,Q,0,0], [Q,0,0,0]]): > F0_2A4:=matrix([[0,0,0,1],[0,0,1,0],[0,1,0,0] ,[1,0,0,0]]): > F_3D4:=matrix([[0,0,Q,0],[0,Q,0,0],[0,0,0,Q], [Q,0,0,0]]): > F0_3D4:=matrix([[0,0,1,0],[0,1,0,0],[0,0,0,1] ,[1,0,0,0]]):

94 C. MAPLE CALCULATIONS

> F_2F4:=matrix([[0,0,0,Q],[0,0,sqrt(2)*Q,0],[0 ,sqrt(1/2)*Q,0,0],[Q,0,0,0]]): > F0_2F4:=matrix([[0,0,0,1],[0,0,sqrt(2),0],[0, sqrt(1/2),0,0],[1,0,0,0]]):

Matrix representations of s_1, s_2 etc. acting (from the right) on Y_0 (tensored with R): > s1_2A3:=matrix([[-1,0,0],[1,1,0],[0,0,1]]):

> s1_2A4:=matrix([[-1,0,0,0],[1,1,0,0],[0,0,1,0 ],[0,0,0,1]]): > s1_3D4:=matrix([[-1,0,0,0],[1,1,0,0],[0,0,1,0 ],[0,0,0,1]]): > s1_2F4:=matrix([[-1,0,0,0],[1,1,0,0],[0,0,1,0 ],[0,0,0,1]]): > s2_2A3:=matrix([[1,1,0],[0,-1,0],[0,1,1]]):

> s2_2A4:=matrix([[1,1,0,0],[0,-1,0,0],[0,1,1,0 ],[0,0,0,1]]): > s2_3D4:=matrix([[1,1,0,0],[0,-1,0,0],[0,1,1,0 ],[0,1,0,1]]): > s2_2F4:=matrix([[1,1,0,0],[0,-1,0,0],[0,1,1,0 ],[0,0,0,1]]): > s1s2_2A3:= evalm(s1_2A3 &* s2_2A3): > s1s2_2A4:= evalm(s1_2A4 &* s2_2A4): > s1s2_3D4:= evalm(s1_3D4 &* s2_3D4): > s1s2_2F4:= evalm(s1_2F4 &* s2_2F4): > F0_s1inv_2A3:=evalm(F0_2A3 &* inverse(s1_2A3)): > F0_s1inv_2A4:=evalm(F0_2A4 &* inverse(s1_2A4)): > F0_s1inv_3D4:=evalm(F0_3D4 &* inverse(s1_3D4)): > F0_s1inv_2F4:=evalm(F0_2F4 &* inverse(s1_2F4)): > F0_s2inv_2A3:=evalm(F0_2A3 &* inverse(s2_2A3)): > F0_s2inv_2A4:=evalm(F0_2A4 &* inverse(s2_2A4)): > F0_s2inv_3D4:=evalm(F0_3D4 &* inverse(s2_3D4)): > F0_s2inv_2F4:=evalm(F0_2F4 &* inverse(s2_2F4)): > F0_s1s2inv_2A3:=evalm(F0_2A3 &* inverse((s1_2A3 &* s2_2A3))): > F0_s1s2inv_2A4:=evalm(F0_2A4 &* inverse((s1_2A4 &* s2_2A4))): > F0_s1s2inv_3D4:=evalm(F0_3D4 &* inverse((s1_3D4 &* s2_3D4))): > F0_s1s2inv_2F4:=evalm(F0_2F4 &* inverse((s1_2F4 &* s2_2F4))): > F_s1s2inv_2A3:=evalm(F_2A3 &* inverse((s1_2A3 &* s2_2A3)));

F _s1s2inv_2A3 :=

Q Q Q −Q −Q 0 0 Q 0

> F_s1s2inv_2A4:=evalm(F_2A4 &* inverse((s1_2A4 &* s2_2A4)));

F _s1s2inv_2A4 :=

0 0 0 Q Q Q Q 0 −Q −Q 0 0 0 Q 0 0

We need the number of eigenvalues equal to 1: > eigenvals(F0_2A3); −1, 1, 1 > sigma2A3:=2;

sigma2A3 := 2

C.1. THE SURFACE CASE 95

> eigenvals(F0_2A4); 1, 1, −1, −1 > sigma2A4:=2;

sigma2A4 := 2

> eigenvals(F0_3D4); − 1 2 + 1 2 I √ 3, − 1 2 − 1 2 I √ 3, 1, 1

> sigma3D4:=2;

sigma3D4 := 2

> eigenvals(F0_2F4); 1, 1, −1, −1 > sigma2F4:=2;

sigma2F4 := 2

> eigenvals(F0_s1inv_2A3); 1, I, −I > sigma_s1T_2A3:=1;

sigma_s1T _2A3 := 1

> eigenvals(F0_s1inv_2A4); 1, −1, I, −I > sigma_s1T_2A4:=1;

sigma_s1T _2A4 := 1

> eigenvals(F0_s1inv_3D4); 1, −1, 1 2 − 1 2 I √ 3, 1 2 + 1 2 I √ 3 > sigma_s1T_3D4:=1;

sigma_s1T _3D4 := 1

> eigenvals(F0_s1inv_2F4); 1, −1, I, −I > sigma_s1T_2F4:=1;

sigma_s1T _2F4 := 1

> eigenvals(F0_s2inv_2A3); 1, −1, −1 > sigma_s2T_2A3:=1;

sigma_s2T _2A3 := 1

96 C. MAPLE CALCULATIONS

> eigenvals(F0_s2inv_2A4); 1, −1, 1 2 − 1 2 I √ 3, 1 2 + 1 2 I √ 3 > sigma_s2T_2A4:=1;

sigma_s2T _2A4 := 1

> eigenvals(F0_s2inv_3D4); 1, −1, − 1 2 + 1 2 I √ 3, − 1 2 − 1 2 I √ 3 > sigma_s2T_3D4:=1;

sigma_s2T _3D4 := 1

> eigenvals(F0_s2inv_2F4); 1, −1, 1 2 √ 2 + 1 2 I √ 2, 1 2 √ 2 − 1 2 I √ 2 > sigma_s2T_2F4:=1;

sigma_s2T _2F4 := 1

> eigenvals(F0_s1s2inv_2A3); −1, 1 2 − 1 2 I √ 3, 1 2 + 1 2 I √ 3 > sigma_s1s2T_2A3:=0;

sigma_s1s2T _2A3 := 0

> eigenvals(F0_s1s2inv_2A4); 1 4 √ 5 + 1 4 − 1 4 I √ 2 √ 5 + √ 5, 1 4 √ 5 + 1 4 − 1 4 I √ 2 √ 5 − √ 5, 1 4 √ 5 + 1 4 + 1 4 I √ 2 √ 5 − √ 5, − 1 4 √ 5 + 1 4 + 1 4 I √ 2 √ 5 + √ 5 > sigma_s1s2T_2A4:=0;

sigma_s1s2T _2A4 := 0

> eigenvals(F0_s1s2inv_3D4); 1 2 √ 2 − 2 I √ 3, − 1 2 √ 2 − 2 I √ 3, 1 2 √ 2 + 2 I √ 3, − 1 2 √ 2 + 2 I √ 3 > sigma_s1s2T_3D4:=0;

sigma_s1s2T _3D4 := 0

> eigenvals(F0_s1s2inv_2F4);

RootOf(−_Z^3 √ 2 + _Z^4 + _Z^2 − √ 2 _Z + 1)

> sigma_s1s2T_2F4:=0;

sigma_s1s2T _2F4 := 0

C.1. THE SURFACE CASE 97

The numbers of fixed points on the Coxeter tori:

> fixed_points_T_2A3:=sort(charpoly(inverse(F0_ 2A3),Q));

fixed_points_T _2A3 := Q^3 − Q^2 − Q + 1

> fixed_points_T_2A4:=sort(charpoly(inverse(F0_ 2A4),Q));

fixed_points_T _2A4 := Q^4 − 2 Q^2 + 1

> fixed_points_T_3D4:=sort(charpoly(inverse(F0_ 3D4),Q));

fixed_points_T _3D4 := Q^4 − Q^3 − Q + 1

> fixed_points_T_2F4:=sort(charpoly(inverse(F0_ 2F4),Q));

fixed_points_T _2F4 := Q^4 − 2 Q^2 + 1

> fixed_points_g1T_2A3:=sort(charpoly(inverse(F 0_2A3) &* s1_2A3,Q));

fixed_points_g1T _2A3 := Q^3 − Q^2 + Q − 1

> fixed_points_g1T_2A4:=sort(charpoly(inverse(F 0_2A4) &* s1_2A4,Q));

fixed_points_g1T _2A4 := Q^4 − 1

> fixed_points_g1T_3D4:=sort(charpoly(inverse(F 0_3D4) &* s1_3D4,Q));

fixed_points_g1T _3D4 := Q^4 − Q^3 + Q − 1

> fixed_points_g1T_2F4:=sort(charpoly(inverse(F 0_2F4) &* s1_2F4,Q));

fixed_points_g1T _2F4 := Q^4 − 1

> fixed_points_g2T_2A3:=sort(charpoly(inverse(F 0_2A3) &* s2_2A3,Q));

fixed_points_g2T _2A3 := Q^3 + Q^2 − Q − 1

> fixed_points_g2T_2A4:=sort(charpoly(inverse(F 0_2A4) &* s2_2A4,Q));

fixed_points_g2T _2A4 := Q^4 − Q^3 + Q − 1

> fixed_points_g2T_3D4:=sort(charpoly(inverse(F 0_3D4) &* s2_3D4,Q));

fixed_points_g2T _3D4 := Q^4 + Q^3 − Q − 1

> fixed_points_g2T_2F4:=sort(charpoly(inverse(F 0_2F4) &* s2_2F4,Q));

fixed_points_g2T _2F4 := Q^4 − √ 2 Q^3 + √ 2 Q − 1

> fixed_points_g1g2T_2A3:=sort(charpoly(inverse (F0_2A3) &* s1s2_2A3,Q));

fixed_points_g1g2T _2A3 := Q^3 + 1

> fixed_points_g1g2T_2A4:=sort(charpoly(inverse (F0_2A4) &* s1s2_2A4,Q));

fixed_points_g1g2T _2A4 := Q^4 − Q^3 + Q^2 − Q + 1

> fixed_points_g1g2T_3D4:=sort(charpoly(inverse (F0_3D4) &* s1s2_3D4,Q));

fixed_points_g1g2T _3D4 := Q^4 − Q^2 + 1

> fixed_points_g1g2T_2F4:=sort(charpoly(inverse (F0_2F4) &* s1s2_2F4,Q));

fixed_points_g1g2T _2F4 := Q^4 − √ 2 Q^3 + Q^2 − √ 2 Q + 1

98 C. MAPLE CALCULATIONS

No we proceed to find the Euler-characteristics of the strata: > chi_2A3_X(e) := simplify((-1)^(sigma2A3-sigma2A3) * > (G_2A3) / (Q^phi_plus_2A3 * fixed_points_T_2A3));

chi_2A3_X(e) := (Q^3 + Q^2 + Q + 1) (Q^3 + 1)

> chi_2A4_X(e) := simplify((-1)^(sigma2A4-sigma2A4) * > (G_2A4) / (Q^phi_plus_2A4 * fixed_points_T_2A4));

chi_2A4_X(e) := (Q^5 + 1) (Q^3 + Q^2 + Q + 1) (Q^2 − Q + 1)

> chi_3D4_X(e) := simplify((-1)^(sigma3D4-sigma3D4) * > (G_3D4) / (Q^phi_plus_3D4 * fixed_points_T_3D4));

chi_3D4_X(e) := (Q^2 − Q + 1)^2 (Q^2 + Q + 1) (Q + 1)^2 (Q^4 − Q^2 + 1)

> chi_2F4_X(e) := simplify((-1)^(sigma2F4-sigma2F4) * > (G_2F4) / (Q^phi_plus_2F4 * fixed_points_T_2F4));

chi_2F4_X(e) := (Q^{12} + 1) (Q^6 + Q^4 + Q^2 + 1) (Q^6 + 1)

> chi_2A3_X(s1) := simplify((-1)^(sigma2A3-sigma_s1T_2A3) * > (G_2A3) / (Q^phi_plus_2A3 * fixed_points_g1T_2A3));

chi_2A3_X(s1 ) := −(Q^2 − 1) (Q^3 + 1) (Q + 1)

> chi_2A4_X(s1) := simplify((-1)^(sigma2A4-sigma_s1T_2A4) * > (G_2A4) / (Q^phi_plus_2A4 * fixed_points_g1T_2A4));

chi_2A4_X(s1 ) := −(Q^2 − 1) (Q^3 + 1) (Q^5 + 1)

> chi_3D4_X(s1) := simplify((-1)^(sigma3D4-sigma_s1T_3D4) * > (G_3D4) / (Q^phi_plus_3D4 * fixed_points_g1T_3D4));

chi_3D4_X(s1 ) := −(Q^2 − Q + 1) (Q^2 + Q + 1)^2 (Q + 1) (Q − 1) (Q^4 − Q^2 + 1)

> chi_2F4_X(s1) := simplify((-1)^(sigma2F4-sigma_s1T_2F4) * > (G_2F4) / (Q^phi_plus_2F4 * fixed_points_g1T_2F4));

chi_2F4_X(s1 ) := −(Q^{12} + 1) (Q^8 − 1) (Q^4 − Q^2 + 1)

> chi_2A3_X(s2) := simplify((-1)^(sigma2A3-sigma_s2T_2A3) * > (G_2A3) / (Q^phi_plus_2A3 * fixed_points_g2T_2A3));

chi_2A3_X(s2 ) := −(Q^4 − 1) (Q^2 − Q + 1)

> chi_2A4_X(s2) := simplify((-1)^(sigma2A4-sigma_s2T_2A4) * > (G_2A4) / (Q^phi_plus_2A4 * fixed_points_g2T_2A4));

chi_2A4_X(s2 ) := −(Q^5 + 1) (Q^4 − 1) (Q + 1)

> chi_3D4_X(s2) := simplify((-1)^(sigma3D4-sigma_s2T_3D4) * > (G_3D4) / (Q^phi_plus_3D4 * fixed_points_g2T_3D4));

chi_3D4_X(s2 ) := −(Q^2 − Q + 1)^2 (Q^2 + Q + 1) (Q + 1) (Q − 1) (Q^4 − Q^2 + 1)

> chi_2F4_X(s2) := simplify((-1)^(sigma2F4-sigma_s2T_2F4) * > (G_2F4) / (Q^phi_plus_2F4 * fixed_points_g2T_2F4));

chi_2F4_X(s2 ) := −

(Q^{12} + 1) (Q^8 − 1) (Q^6 + 1) Q^2 − √ 2 Q + 1

C.1. THE SURFACE CASE 99

> chi_2A3_X(s1s2) := simplify((-1)^(sigma2A3-sigma_s1s2T_2A3) * > (G_2A3) / (Q^phi_plus_2A3 * fixed_points_g1g2T_2A3));

chi_2A3_X(s1s2 ) := (Q^2 − 1) (Q^4 − 1)

> chi_2A4_X(s1s2) := simplify((-1)^(sigma2A4-sigma_s1s2T_2A4) * > expand(G_2A4) / (Q^phi_plus_2A4 * fixed_points_g1g2T_2A4));

chi_2A4_X(s1s2 ) := Q^{10} + Q^9 − Q^8 − 2 Q^5 − Q^2 + Q + 1

> chi_3D4_X(s1s2) := simplify((-1)^(sigma3D4-sigma_s1s2T_3D4) * > expand(G_3D4) / (Q^phi_plus_3D4 * fixed_points_g1g2T_3D4));

chi_3D4_X(s1s2 ) := Q^{12} − 2 Q^6 + 1

> chi_2F4_X(s1s2) := simplify((-1)^(sigma2F4-sigma_s1s2T_2F4) * > (G_2F4) / (Q^phi_plus_2F4 * fixed_points_g1g2T_2F4));

chi_2F4_X(s1s2 ) :=

(Q^2 − 1) (Q^6 + 1) (Q^8 − 1) (Q^{12} + 1) Q^4 − √ 2 Q^3 + Q^2 − √ 2 Q + 1

and now we sum over the strata:

> chi_2A3_X(es1):=simplify(chi_2A3_X(e)+chi_2A3 _X(s1)); > chi_2A3_X(es1 ) := 2 Q^3 + 2 Q^4 + 2 Q + 2

chi_2A3_X(es1 ) := 2 Q^3 + 2 Q^4 + 2 Q + 2

> chi_2A3_X(es2):=simplify(chi_2A3_X(e)+chi_2A3 _X(s2));

chi_2A3_X(es2 ) := 2 Q^3 + 2 Q^5 + 2 Q^2 + 2

> chi_2A3:=simplify(chi_2A3_X(e)+chi_2A3_X(s1)+ chi_2A3_X(s2)+chi_2A3_X(s1s2));

chi_2A3 := 2 Q^3 + Q^5 + Q + 4

> chi_2A4_X(es1):=simplify(chi_2A4_X(e)+chi_2A4 _X(s1));

chi_2A4_X(es1 ) := 2 Q^8 + 2 Q^5 + 2 Q^3 + 2

> chi_2A4_X(es2):=simplify(chi_2A4_X(e)+chi_2A4 _X(s2));

chi_2A4_X(es2 ) := Q^8 + Q^7 + 2 Q^5 + Q^3 + Q^2 + 2 − Q^9 + Q^6 − Q^4 + Q

> chi_2A4:=simplify(chi_2A4_X(e)+chi_2A4_X(s1)+ chi_2A4_X(s2)+chi_2A4_X(s1s2));

chi_2A4 := 4 + 2 Q − Q^2 + 2 Q^3 − Q^4 + Q^6 + Q^8

> chi_3D4_X(es1):=simplify(chi_3D4_X(e)+chi_3D4 _X(s1));

chi_3D4_X(es1 ) := 2 + 2 Q + 2 Q^4 + 2 Q^5 + 2 Q^8 + 2 Q^9

> chi_3D4_X(es2):=simplify(chi_3D4_X(e)+chi_3D4 _X(s2));

chi_3D4_X(es2 ) := 2 + 2 Q^3 + 2 Q^4 + 2 Q^8 + 2 Q^{11} + 2 Q^7

> chi_3D4:=simplify(chi_3D4_X(e)+chi_3D4_X(s1)+ chi_3D4_X(s2)+chi_3D4_X(s1s2));

chi_3D4 := 4 + Q + Q^3 + 2 Q^4 + Q^5 − 2 Q^6 + 2 Q^8 + Q^{11} + Q^7 + Q^9

> chi_2F4_X(es1):=simplify(chi_2F4_X(e)+chi_2F4 _X(s1));

chi_2F4_X(es1 ) := 2 Q^{18} + 2 Q^{22} + 2 Q^{16} + 2 Q^{12} + 2 Q^6 + 2 Q^{10} + 2 Q^4 + 2

100 C. MAPLE CALCULATIONS

> chi_2F4_X(es2):=simplify(chi_2F4_X(e)+chi_2F4 _X(s2));

chi_2F4_X(es2 ) := − (Q^{12} + 1) (Q^6 + 1) (Q^7 √ 2 − 2 Q^6 + Q^5 √ 2 − 2 Q^4 + √ 2 Q^3 − 2 Q^2 + √ 2 Q − 2) Q^2 − √ 2 Q + 1

> chi_2F4:=simplify(chi_2F4_X(e)+chi_2F4_X(s1)+ chi_2F4_X(s2)+chi_2F4_X(s1s2));

chi_2F4 := (Q^{12} + 1)(4 + 9 Q^2 + 10 Q^4 + 14 Q^6 + 15 Q^8 + 10 Q^{12} + 11 Q^{10} − 12 Q^7 √ 2 − 8 Q^5 √ 2 − 6 √ 2 Q^3 − 6 √ 2 Q + Q^{16} + 6 Q^{14} − 6 Q^{13} √ 2 − 8 Q^{11} √ 2 − 8 Q^9 √ 2 − 2 Q^{15} √ 2) / ((Q^2 − √ 2 Q + 1) (Q^4 − √ 2 Q^3 + Q^2 − √ 2 Q + 1))

C.2. Presenting the canonical bundle

In the^2A_n and A_n cases, the following Maple code determines the canonical bundle. These calculations proved very helpful in proving the results of [HH99a].

> with(linalg):

A general procedure for describing the canonical bundle of a (possibly twisted) A_n type Deligne-Lusztig variety is the pull-back of a (possibly ample) homogeneous line bundle L on G/B.

First we define constants and procedures: The Kronecker delta function:

> delta :=proc(x,i) local p; p:=0; if x=i then p:=1 fi; RETURN(p); end: A function describing the entries of the matrices corresponding to the action of the simple reflections on X(T):

> extra_delta:= proc(i,j,k) local p; p:=0; if i=j and j=k then p:=-1 fi ; > if i=j and k<>j then p:=1 fi ; if i=k+1 and i-j=1 then p:=1 fi; > if i=k-1 and j-i=1 then p:=1 fi;RETURN(p) end;

extra_delta := proc(i, j, k)

localp;

p := 0 ;

if i = j and j = k then p := −1 fi ; if i = j and k ≠ j then p := 1 fi ; if i = k + 1 and i − j = 1 then p := 1 fi ; if i = k − 1 and j − i = 1 then p := 1 fi ; RETURN(p) end The following procedure takes the data (x=order of F on the Dynkin diagram, N=number of simple reflections generating W, q=a prime power or ’q’) and returns a description of the canonical bundle of the corresponding Deligne-Lusztig variety as a pull-back of a homogeneous line bundle on G/B. Usually there are many possible choices. Then the procedure returns the free variables.

> isOK :=proc(x,N,q) > global InverseEqs;

> local n,IN,F,tmpF,i,j,k,a,b,c,d,e,deltaq,s,w,Eq,A,C, > vect,SmallEqs,SetEq,LastVect, > SmallConstraints,MoreConstraints,Constraints;

> deltaq :=proc(x,i) local p; p:=0; if x=i then p:=q fi; RETURN(p); end: > n:=ceil(N/x);printf(‘\nExamining the ‘);

C.2. PRESENTING THE CANONICAL BUNDLE 101

> print(x,N); printf(‘case.‘);IN:=matrix(N,N,delta): > F:=matrix(N,N,deltaq): tmpF:=copy(F):

> if x=2 then for i from 1 to N do for j from 1 to N do F[i,j]:=tmpF[N+1-i,j] od;od; fi; evalm(F);

> for i from 1 to n do b[i]:=vector(N,[]) : b[i][i]:=-1: od: > c:=vector(N,[]): for i from 1 to N do c[i]:=1-q od:

> for i from 1 to n do e[i]:=vector(N,0) : e[i][i]:= 1: evalm(e[i]): od: > for k from 1 to N do: s[k]:=matrix(N,N) : for i from 1 to N do > for j from 1 to N do s[k][i,j]:=extra_delta(i,j,k) od: od: od: > w[0]:=evalm(IN); for k from 1 to n do: w[k]:=matrix(N,N): w[k]:=evalm(w[k-1] &* s[k]) od;

> for k from 1 to n+1 do Eq[k]:=evalm(inverse(w[k-1])) od; > A:=evalm(F &* inverse(w[n]) - IN);

> if type(N,odd) and x<>1 then printf(‘\nThe determinant of A is‘); > print(det(A)) ; printf(‘\nThe coordinates (with respect to the boundary divisors) for the inverse canonical divisor are:‘);

> InverseEqs:=array(1..n);

> for i from 1 to n do C[i]:=matrix(N,N): C[i]:=evalm(inverse(w[i-1]) &* inverse(A)): > InverseEqs[i]:=multiply(transpose(multiply(C[ i] , vector(N,1))),e[i]) : > InverseEqs[i] := 1+simplify(InverseEqs[i] *(q-1)) : print(InverseEqs[i]) : > od: fi;

> for k from 1 to n do vect[k]:=linsolve(Eq[k],b[k]) ; > d[k]:=evalm(multiply(A,vect[k])) od;

> SmallEqs:=matrix(n,N): for k from 1 to n do for j from 1 to k-1 do > for i from 1 to N do SmallEqs[k,i]:=vect[k][i]-vect[j][i] od;od;od; > SetEq:=convert(SmallEqs,set);

> SmallConstraints:=solve(SetEq);assign(SmallCo nstraints); > LastVect:=evalm(A &* linsolve(Eq[1],b[1])); > printf(‘\nThe canonical bundle is the‘);

> printf(‘\npull-back of the line bundle on G/B corresponding‘); > printf(‘ to the character with coordinates:‘);print(evalm(LastVect + c));

> end;

102 C. MAPLE CALCULATIONS

isOK := proc(x, N, q) localn, IN , F, tmpF , i, j, k, a, b, c, d, e, deltaq, s, w, Eq, A, C, vect, SmallEqs, SetEq, LastVect, SmallConstraints , MoreConstraints, Constraints; globalInverseEqs;

deltaq := proc(x, i) localp; p := 0 ; if x = i then p := q fi ; RETURN(p) end ; n := ceil(N/x) ;

printf(‘\nExamining the ‘) ; print(x, N) ; printf(‘case.‘) ; IN := matrix(N, N, δ) ; F := matrix(N, N, deltaq) ; tmpF := copy(F) ; if x = 2 then for i to N do for j to N do F_{i, j} := tmpF_{N+1−i, j} od od fi ; evalm(F) ;

for i to n do b_i := vector(N, []) ; b_{ii} := −1 od ; c := vector(N, []) ;

for i to N do c_i := 1 − q od ;

for i to n do e_i := vector(N, 0) ; e_{ii} := 1 ; evalm(e_i) od ; for k to N do

s_k := matrix(N, N) ; for i to N do for j to N do s_{ki, j} := extra_delta(i, j, k) od od od; w_0 := evalm(IN ) ;

for k to n do w_k := matrix(N, N) ; w_k := evalm(w_{k−1} ‘& ∗ ‘ s_k) od ; for k to n + 1 do Eq_k := evalm(inverse(w_{k−1})) od ; A := evalm((F ‘& ∗ ‘ inverse(w_n)) − IN ) ; if type(N, odd) and x ≠ 1 then

printf(‘\nThe determinant of A is‘) ; print(det(A)) ;

printf(‘\nThe coordinates (with respect to the boundary divisors) for the inverse canonical divisor are : ‘);

InverseEqs := array(1..n) ; for i to n do

C_i := matrix(N, N) ;

C_i := evalm(inverse(w_{i−1}) ‘& ∗ ‘ inverse(A)) ;

InverseEqs_i := multiply(transpose(multiply(C_i , vector(N, 1))), e_i) ; InverseEqs_i := 1 + simplify(InverseEqs_i × (q − 1)) ; print(InverseEqs_i) od fi; for k to n do vect_k := linsolve(Eq_k , b_k ) ; d_k := evalm(multiply(A, vect_k )) od ; SmallEqs := matrix(n, N) ;

for k to n do for j to k − 1 do for i to N do SmallEqs_{k, i} := vect_{k i} − vect_{j i} od od od; SetEq := convert(SmallEqs, set) ; SmallConstraints := solve(SetEq) ; assign(SmallConstraints ) ;

LastVect := evalm(A ‘& ∗ ‘ linsolve(Eq_1 , b_1)) ;

printf(‘\nThe canonical bundle is the pull − back of the line bundle on G/B‘); printf(‘corresponding to the character with coordinates : ‘) ; print(evalm(LastVect + c)) end

C.2. PRESENTING THE CANONICAL BUNDLE 103

> for t from 1 to 2 do for k from 2 to 5 do isOK(t,k,q) od; od;

Examining the 1, 2 case. The canonical bundle is the pull-back of the line bundle on G/B corresponding to the character with coordinates: [2 − q, 1]

Examining the 1, 3 case. The canonical bundle is the pull-back of the line bundle on G/B corresponding to the character with coordinates: [2 − q, 1 − q, 1]

Examining the 1, 4 case. The canonical bundle is the pull-back of the line bundle on G/B corresponding to the character with coordinates: [2 − q, 1 − q, 1 − q, 1]

Examining the 1, 5 case. The canonical bundle is the pull-back of the line bundle on G/B corresponding to the character with coordinates: [2 − q, 1 − q, 1 − q, 1 − q, 1]

Examining the 2, 2 case. The canonical bundle is the pull-back of the line bundle on G/B corresponding to the character with coordinates: [ 2 − 2 q + q b_{12}, −b_{12} + 1 ]

Examining the

104 C. MAPLE CALCULATIONS

2, 3 case. The determinant of A is

−1 − q^3

The coordinates (with respect to the boundary divisors) for the inverse canonical divisor are: 1 − (1 + 2 q) (q − 1) q^2 − q + 1 1 − (q − 1) (q^2 + q + 2) 1 + q^3

The canonical bundle is the pull-back of the line bundle on G/B corresponding to the character with coordinates: [ 2 − 2 q + q b_{13}, 1, −b_{13} + 1 − q ]

Examining the

2, 4 case. The canonical bundle is the pull-back of the line bundle on G/B corresponding to the character with coordinates: [ 2 + q b_{14} − q, −2 q + q b_{13} + 1, −b_{13} + 1, −b_{14} + 1 − q ]

Examining the

2, 5 case. The determinant of A is

−1 − q^5

The coordinates (with respect to the boundary divisors) for the inverse canonical divisor are: 1 − (q^2 + 1 + 3 q^3) (q − 1) q^4 − q^3 + q^2 − q + 1 1 − (q^2 + 3 q + 2 + 2 q^3) (q − 1) q^4 − q^3 + q^2 − q + 1 1 − (q − 1) (q^4 + q^3 + 2 q^2 + 2 q + 3) 1 + q^5

The canonical bundle is the pull-back of the line bundle on G/B corresponding to the character with coordinates: [ 2 + q b_{15} − q, −2 q + q b_{14} + 1, 1, −b_{14} + 1 − q, −b_{15} + 1 − q ]

C.3. TABLES 105

C.3. Tables

In this section we have collected some results from both the literature and from the Maple calculations in the previous sections.

G^F (D, ρ) Restrictions on Q

2A_2(Q^2) s_1 � � s_2 Q any integral power of p

2B_2(Q^2) s_1 � � s_2 We must have Q^2 = p^{2n+1} and p = 2

2G_2(Q^2) s_1 � � s_2 We must have Q^2 = p^{2n+1} and p = 3

TABLE C.1. Diagrams giving irreducible Deligne-Lusztig varieties of dimension 1.

G^F (D, ρ) Restrictions on Q

2A_3(Q^2) s_1 � � s_2 s_3 Q any integral power of p

2A_4(Q^2) s_1 � � s_2 � � s_3 s_4 Q any integral power of p

3D_4(Q^3) s_3

� s_1

�

� s_2 � � � �

� � � � s_4

Q any integral power of p

2F_4(Q^2) s_1 � � s_2 � � s_3 s_4 Q^2 = p^{2n+1} and p = 2

TABLE C.2. Diagrams giving irreducible Deligne-Lusztig varieties of dimension 2.

106 C. MAPLE CALCULATIONS

On the following two pages you find various properties arising in connection with finite groups of Lie type giving irreducible Deligne-Lusztig varieties of dimension 2. The restrictions on Q are the same as those in Table C.2.

The elements g_1, g_2, g ∈ G are chosen such that they are pre-images of s_1, s_2, s_1s_2 respectively under the Lang-map (cf. Remark 1.20). Note that χ(X(e)) = |G^F|/(q^{|Φ+|}|T^F|).

C.3. TABLES 107

G^{F 2}A_3(Q^2)^2A_4(Q^2) |G^F| Q^6(Q^2 − 1)(Q^3 + 1)(Q^4 − 1) Q^{10}(Q^2 − 1)(Q^3 + 1)(Q^4 − 1)(Q^5 + 1) |Φ^+| 6 10 h_0 3 5 σ(G) 2 2 σ(^{g1} T) 1 1 σ(^{g2} T) 1 1 σ(^g T) 0 0 |T^F| Q^3 − Q^2 − Q + 1 Q^4 − 2Q^2 + 1 |^{g1} T^F| Q^3 − Q^2 + Q − 1 Q^4 − 1 |^{g2} T^F| Q^3 + Q^2 − Q − 1 Q^4 − Q^3 + Q − 1 |^g T^F| Q^3 + 1 Q^4 − Q^3 + Q^2 − Q + 1 χ(X(e)) (Q^3 + Q^2 + Q + 1)(Q^3 + 1) (Q^5 + 1)(Q^3 + Q^2 + Q + 1)(Q^2 − Q + 1) χ(X(s_1)) −(Q^2 − 1)(Q^3 + 1)(Q + 1) −(Q^2 − 1)(Q^3 + 1)(Q^5 + 1) χ(X(s_2)) −(Q^4 − 1)(Q^2 − Q + 1) −(Q^5 + 1)(Q^4 − 1)(Q + 1) χ(X(s_1s_2)) (Q^2 − 1)(Q^4 − 1) Q^{10} + Q^9 − Q^8 − 2Q^5 − Q^2 + Q + 1 |X(s_1s_2)^{Fδ} | (Q^3 + 1)(Q^2 + 1)^2 (Q^2 + 1)(Q^3 + 1)(Q^5 + 1)

TABLE C.3

108 C. MAPLE CALCULATIONS

G^{F 3}D_4(Q^3)^2F_4(Q^2)

|G^F| Q^{12}(Q^4 − Q^2 + 1)(Q − 1)^2(Q + 1)^2(Q^2 + Q + 1)^2(Q^2 − Q + 1)^2 Q^{24}(Q^2 − 1)(Q^6 + 1)(Q^8 − 1)(Q^{12} + 1) |Φ^+| 12 24 h_0 4 12 σ(G) 2 2 σ(^{g1} T) 1 1 σ(^{g2} T) 1 1 σ(^g T) 0 0 |T^F| Q^4 − Q^3 − Q + 1 Q^4 − 2Q^2 + 1 |^{g1} T^F| Q^4 − Q^3 + Q − 1 Q^4 − 1 |^{g2} T^F| Q^4 + Q^3 − Q − 1 Q^4 − √ 2Q^3 + √ 2Q − 1 |^g T^F| Q^4 − Q^2 + 1 Q^4 − √ 2Q^3 + Q^2 − √ 2Q + 1 χ(X(e)) (Q^2 − Q + 1)^2(Q^2 + Q + 1)(Q + 1)^2(Q^4 − Q^2 + 1) (Q^{12} + 1)(Q^6 + Q^4 + Q^2 + 1)(Q^6 + 1) χ(X(s_1)) −(Q^2 − Q + 1)(Q^2 + Q + 1)^2(Q + 1)(Q − 1)(Q^4 − Q^2 + 1) −(Q^{12} + 1)(Q^8 − 1)(Q^4 − Q^2 + 1)

χ(X(s_2)) −(Q^2 − Q + 1)^2(Q^2 + Q + 1)(Q + 1)(Q − 1)(Q^4 − Q^2 + 1) −

(Q^{12} + 1)(Q^8 − 1)(Q^6 + 1) Q^2 − √ 2Q + 1 χ(X(s_1s_2)) Q^{12} − 2Q^6 + 1 −

(Q^2 − 1)(Q^6 + 1)(Q^8 − 1)(Q^{12} + 1) −Q^4 + √ 2Q^3 − Q^2 + √ 2Q − 1 |X(s_1s_2)^{Fδ} | (1 + Q^3)^2(1 + Q^4 + Q^8) (1 + Q^2)(1 + Q^4)(1 + Q^6)(1 + Q^{12})

TABLE C.3. (continued)

APPENDIX D

Résumé

Deligne-Lusztig varieties was defined in the mid-seventies by P. Deligne and G. Lusztig as a mere tool in an ingenious construction of certain representations of finite groups. Until the beginning of the nineties, the study of these varieties continued to be from the representation theoretic point of view. In the meantime Goppa had shown how to construct error correcting codes from algebraic curves over finite fields, and codes arising from Deligne-Lusztig curves turned out to provide excellent examples. So suddenly Deligne-Lusztig varieties gained, so to speak, a life of their own. Early on I became interested in constructing codes from higher-dimensional varieties; and from Deligne- Lusztig varieties in particular. Needless to say, things got more difficult than in the curve case. Just to get started, one needed a good description of the divisors and their intersections. The concerns of the thesis are therefore primarily the geometry of Deligne-Lusztig varieties.

In Chapter 1 we start out by gathering various results from the theory of reductive groups and we define Deligne-Lusztig varieties.

In Chapter 2 I prove that Deligne-Lusztig varieties are normal and Cohen- Macaulay. For Deligne-Lusztig varieties arising from Coxeter elements this actually implies non-singularity. These properties are mainly derived from the corresponding properties for the Schubert varieties in G/B × G/B combined with transversality arguments.

One of the main results of the thesis appears in Chapter 3. For any Deligne- Lusztig variety X̄(w) arising from one of the classical (possibly twisted) groups I give a (finite) basis for the Picard group of X̄(w). The proof goes as follows: For Deligne-Lusztig varieties of classical type one may construct a birational morphism to a complete intersection Z in projective space. A careful study of the singularities of Z reveals that the the divisor class group of Z equals the Picard group of Z. Since the latter is generated by the hyper plane section H (by the Lefschetz theorem for Picard groups) we reach the conclusion that the Picard group of X̄(w) is (freely) generated by the class of the hyperplane section on Z pulled back to X̄(w), and by the classes of the finitely many exceptional fibres. In Chapter 3 it is furthermore conjectured that this behaviour in codimension 1 is more generally true in any codimension. That is, the Chow groups of X(w) consist (in positive codimension) at the most of torsion. For Deligne-Lusztig varieties of type A_n it is proved that this is indeed the case. The assertion is also proved for the G^F-invariant part of the Chow groups.

110 D. RÉSUMÉ

When confronted with a poorly studied variety defined over a finite field, a natural question (at least from a positive-characteristic geometer) is: “Is it Frobenius split?” In Chapter 4 my paper Canonical bundles of Deligne-Lusztig varieties is included. Using the adjunction formula and results of Mehta and Ramanathan regarding the canonical bundles of the varieties Ō(w) I proved in that paper a general formula for the canonical bundle of a Deligne-Lusztig variety. Employing techniques as sketched in the original paper by Deligne and Lusztig, I refined these formulas to rather explicit forms. With the aid of these formulas I were also able to prove that a certain kind of Deligne- Lusztig surfaces provides a whole class of counter-examples to the socalled Miyaoka-Yau inequality otherwise true in characteristic zero. As a corollary of the results in the paper I could also give the above question a negative answer. That is, Deligne-Lusztig varieties are generally not Frobenius split.

Coming back to the starting point of this introduction, I will conclude by mentioning another main contribution given in the paper Error-correcting codes from higher-dimensional varieties. An error-correcting code C with parameters [n, k, d]_q is, roughly speaking, nothing but a k-dimensional subspace of an ndimensional vector space over the finite field with q elements. Furthermore, all (non-zero) points of C are assumed to have at least d non-zero coordinates. Algebraic geometric (AG) codes are then what is obtained when the global sections of a fixed line bundle is ‘evaluated’ in n fixed F_q -rational points. In the above-mentioned paper I address the problems that arise when one wants to not only construct, but also estimate the parameters of codes coming from higher-dimensional varieties. Using intersection theory I prove general results concerning the dimension and minimum distance of error-correcting codes arising from varieties of dimension two or higher. In Chapter 5 of the thesis I have reproduced the paper.

Bibliography

[And85] H. H. Andersen, Schubert varieties and Demazure’s character formula, Invent. Math. 79 (1985), 611–618.

[BM95] Michel Broué and Jean Michel, Sur certains éléments réguliers des groupes de Weyl et les variétés de Deligne-Lusztig associées, Prépublication 53, Institut de Mathématiques de Jussieu, November 1995.

[Bom74] Enrico Bombieri, Counting points on curves over finite fields, Séminaire BOURBAKI vol. 1972/73, Lecture Notes in Math., vol. 383, Springer-Verlag, 1974, pp. 234–241.

[Bor92] Armand Borel, Linear algebraic groups, Graduate Texts in Mathematics, vol. 150, Springer-Verlag, 1992.

[BTLM97] Anders Buch, Jesper F. Thomsen, Niels Lauritzen, and Vikra Mehta, The Frobenius morphism on a toric variety, Tôhoku Math. J. (2) 49 (1997), no. 3, 355–366.

[Car85] R. W. Carter, Finite groups of Lie type, John Wiley and Sons Ltd, 1985.

[Cha90] I. M. Chakravarti, Families of codes with few distinct weights from singular and nonsingular Hermitian varieties and quadrics in projective geometries and Hadamard difference sets and designs associated with two-weight codes, Coding theory and design theory, Part I (New York), IMA Vol. Math. Appl., vol. 20, Springer, New York, 1990, pp. 35–50.

[Che94] C. Chevalley, Sur les decompositions cellulaires des espaces G/B, Algebraic Groups and Their Generalizations: Classical Methods, Proc. Sympos. Pure Math., vol. 56, Part 1, Amer. Math. Soc., 1994, pp. 1–23.

[Cop95] Marc Coppens, Embeddings of general blowing-ups at points, J. Reine Angew. Math. 469 (1995), 179–198.

[Del74] Pierre Deligne, La conjecture de Weil, Inst. Hautes Études Sci. Publ. Math. 43 (1974), 273–307.

[Dem74] M. Demazure, Désingularisation des varietes de Schubert généralisées, Ann. Sci. École Norm. Sup. (4) 7 (1974), 52–88.

[Dem76] M. Demazure, A Moebius-like formula in the Schubert calculus, Invent. Math. 35 (1976), 317–319.

[DL76] Pierre Deligne and George Lusztig, Representations of reductive groups over finite fields, Ann. of Math. (2) 103 (1976), 103–161.

[Dum94] Erid Dumas, Une entrevue avec Jean Giraud, à propos d’Alexandre Grothendieck..., Le journal de maths 1 (1994), no. 1.

112 BIBLIOGRAPHY

[Eis95] David Eisenbud, Commutative algebra with a view towards algebraic geometry, Graduate Texts in Mathematics, vol. 150, Springer-Verlag, 1995.

[FH79] William Fulton and Johan Hansen, A connectedness theorem for projective varieties, with applications to intersections and singularities of mappings, Ann. of Math. (2) 110 (1979), 159–166.

[FMSS95] W. Fulton, R. MacPherson, F. Sottile, and B. Sturmfels, Intersection theory on spherical varieties, J. Algebraic Geometry 4 (1995), 181–193.

[Fos73] Robert M. Fossum, The divisor class group of a Krull domain, Springer-Verlag, New York, 1973, Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 74.

[Ful83] William Fulton, Intersection theory, Ergeb. Math. Grenzgb., 3. Folge, vol. 2, Springer- Verlag, 1983.

[Ful84] William Fulton, Introduction to intersection theory in algebraic geometry, CBMS Regional conference series in mathematics, vol. 54, Amer. Math. Soc., 1984.

[GL98] Sudhir R. Ghorpade and Gilles Lachaud, Étale cohomology, Lefschetz theorems and number of points of singular varieties over finite fields, Préiterage no. 99-13, Institut de Mathématiques de Luminy (CNRS), Marseille, 1998.

[Gop88] V. D. Goppa, Geometry and codes, Mathematics and its Applications (Soviet Series), vol. 24, Kluwer Academic Publishers Group, 1988.

[Gro58] Alexandre Grothendieck, Sur quelques propriétés fondamentales en théorie des intersections, Anneaux de Chow et Applications, Séminaire C. Chevalley, 2e année, Secr. Math. Paris, 1958.

[Gro68] Alexander Grothendieck, Cohomologie locale des faisceaux cohérents et théorèmes de Lefschetz locaux et globaux (SGA 2). Augmenté d’un exposé par Michèle Raynaud. Séminaire de Géométrie Algébrique du Bois-Marie, 1962, Advanced Studies in Pure Mathematics, vol. 2, North-Holland Publishing Co., Amsterdam; North-Holland Publishing Co., Amsterdam; Masson & Cie, Éditeur, Paris, 1968.

[GS96a] Arnaldo Garcia and Henning Stichtenoth, Asymptotically good towers of function fields over finite fields, C. R. Acad. Sci. Paris Sér. I Math. 322 (1996), 1067–1070.

[GS96b] H. Gillet and C. Soulé, Descent, motives and K-theory, J. Reine Angew. Math. 478 (1996), 127–176.

[GY95] Fernando Q. Gouvéa and Noriko Yuo, Arithmetic of diagonal hypersurfaces over finite fields, London Math. Soc. Lecture Note Series, vol. 209, Cambridge University Press, Cambridge, 1995.

[Haa84] Burkhard Haastert, Über die Deligne-Lusztig Varietäten reduktive Gruppen, Master’s thesis, Universität Bonn, August 1984.

[Haa86] Burkhard Haastert, Die Quasiaffinität der Deligne-Lusztig Varietäten, J. Algebra 102 (1986), 186–193.

[Han83] Johan Hansen, A connectedness theorem for flagmanifolds and Grassmannians, Amer. J. Math. 105 (1983), no. 3, 633–639.

[Han92] Johan P. Hansen, Deligne-Lusztig varieties and group codes, Coding Theory and Algebraic Geometry (Luminy 1991) (H. Stichtenoth and M. A. Tsfasman, eds.), Lecture Notes in Math., vol. 1518, Springer-Verlag, 1992, pp. 63–81.

BIBLIOGRAPHY 113

[Han98] Johan P. Hansen, Codes on toric varieties, Preprint Series No. 9, University of Aarhus, August 1998.

[Har70] Robin Hartshorne, Ample subvarieties of algebraic varieties, Lecture Notes in Math., vol. 156, Springer Verlag, 1970.

[Har77] Robin Hartshorne, Algebraic geometry, Graduate Texts in Mathematics, vol. 52, Springer Verlag, 1977.

[HH95a] Søren Have Hansen, Rational points on curves over finite fields, Lecture Notes Series, vol. 62, Department of Mathematical Sciences, University of Aarhus, 1995.

[HH95b] Søren Have Hansen, A surface with many rational points over F_q2 , Manuscript, 1995.

[HH98] Søren Have Hansen, Error-correcting codes from higher-dimensional varieties, preprint, submitted to Finite Fields and Applications (1998).

[HH99a] Søren Have Hansen, Canonical bundles of Deligne-Lusztig varieties, Manuscripta Math. 98 (1999), 363–375.

[HH99b] Søren Have Hansen, The geometry of Deligne-Lusztig varieties; higher-dimensional AG codes, Ph.D. thesis, University of Aarhus, Department of Mathematical Sciences, University of Aarhus, DK-8000 Aarhus C, Denmark, July 1999.

[HH99c] Søren Have Hansen, Picard and chow groups of Deligne-Lusztig varieties, in preparation (1999).

[Hir84] André Hirschowitz, Le groupe de Chow équivariant, C. R. Acad. Sci. Paris Sér. I Math. 298 (1984), no. 5, 87–89.

[HM78] Ryoshi Hotta and Kiyoshi Matsui, On a lemma of Tate-Thompson, Hiroshima Math. J. 8 (1978), 255–268.

[HP93] Johan P. Hansen and Jens Peter Pedersen, Automorphism groups of Ree type, Deligne- Lusztig curves and function fields, J. Reine Angew. Math. 440 (1993), 99–109.

[HS90] Johan P. Hansen and Henning Stichtenoth, Group codes on certain algebraic curves with many rational points, AAECC (Applicable Algebra in Engineering, Communication and Computing) 1 (1990), 67–77.

[Hum72] James E. Humphreys, Introduction to Lie algebras and representation theory, Graduate Texts in Mathematics, vol. 9, Springer-Verlag, 1972.

[Hum75] James E. Humphreys, Linear algebraic groups, Graduate Texts in Mathematics, vol. 21, Springer-Verlag, 1975.

[Iit82] Shigeru Iitaka, Algebraic geometry. an introduction to birational geometry of algebraic varieties., Graduate Texts in Mathematics, vol. 76, Springer Verlag, 1982.

[Ill77] Luc Illusie (ed.), Cohomologie l-adique et fonctions l. Séminaire de Géometrie Algébrique du Bois-Marie 1965-1966 (SGA 5), Lecture Notes in Math., vol. 589, Springer-Verlag, 1977.

[IM94] S.P. Inamdar and V. B. Mehta, Frobenius splitting of Schubert varieties and linear syzygies, Amer. J. Math. 116 (1994), 1569–1586.

[Ive78] Birger Iversen, Geometry of algebraic groups, Adv. in Math. 20 (1978), 57–85.

[Jan87] Jens Carsten Jantzen, Representations of algebraic groups, Pure and Applied Mathematics, vol. 131, Academic Press, 1987.

114 BIBLIOGRAPHY

[Jan95] Jens Carsten Jantzen, Notes for algebraic groups I, Lecture notes, University of Aarhus, 1995.

[Jan96] Jens Carsten Jantzen, Notes for algebraic groups II, Lecture notes, University of Aarhus, 1996.

[K^+95] Steven Kleiman et al., The standard conjectures, Motives, part I (Uwe Jannsen et al., eds.), Proc. Sympos. Pure Math., vol. 55, Amer. Math. Soc., 1995, pp. 1–70.

[Kat76] Nicholas M. Katz, An overview of Deligne’s proof of the Riemann hypothesis for varieties over finite fields, Math. developments arising from Hilberts problems, Proc. Sympos. Pure Math., vol. 28, Amer. Math. Soc., 1976, pp. 275–305.

[Kem93] George R. Kempf, Algebraic varieties, London Math. Soc. Lecture Note Series, vol. 172, Cambridge University Press, 1993.

[KLM97] János Kollár, Robert Lazarsfeld, and David R. Morrison (eds.), Algebraic geometry— Santa Cruz 1995, Providence, RI, American Mathematical Society, 1997.

[KM74] Nicholas M. Katz and William Messing, Some consequences of the riemann hypothesis for varieties over finite fields, Invent. Math. 23 (1974), 73–77.

[Koc97] Joachim Kock, Frobenius splitting of complete intersections in P^n, Comm. Algebra 25 (1997), 1205–1213.

[Kun85] Ernst Kunz, Introduction to commutative algebra and algebraic geometry, Birkhäuser, 1985.

[Lac96] Gilles Lachaud, Number of points of plane sections and linear codes defined on algebraic varieties, Arithmetic, geometry and coding theory (Luminy, 1993) (Berlin), de Gruyter, Berlin, 1996, pp. 77–104.

[Lak95] V. Lakshmibai, Tangent spaces to Schubert varieties, Math. Res. Lett. 2 (1995), no. 4, 473– 477.

[LM99] Niels Lauritzen and Vikram Mehta, Differential operators and the Frobenius pull back of the tangent bundle on G/P, Manuscripta Math. 98 (1999), no. 4, 507–510.

[LT95] G. Lachaud and M. A. Tsfasman, Formules explicites pour le nombre de points des variété sur un corps fini, Preprint no. 95-25, 1995, L.M.D., C.N.R.S., Luminy.

[LT97] Niels Lauritzen and Jesper Funch Thomsen, Frobenius splitting and hyperplane sections of flag manifolds, Invent. Math. 128 (1997), 437–442.

[Lus76a] George Lusztig, Coxeter orbits and eigenspaces of Frobenius, Invent. Math. 38 (1976), 101– 159.

[Lus76b] George Lusztig, On the green polynomials of classical groups, Proc. London Math. Soc. (3) 33 (1976), 443–475.

[Lus78] George Lusztig, Representations of finite Chevalley groups, CBMS Regional conference series in mathematics, vol. 39, Amer. Math. Soc., 1978.

[Mag96] Peter M. Magyar, Bott-samelson varieties and configuration spaces, Preprint 9611019 in the alg-geom archive, 1996.

[Mat89] H. Matsumura, Commutative ring theory, Cambridge studies in advanced Mathematics, vol. 8, Cambridge University Press, 1989.

BIBLIOGRAPHY 115

[MF80] D. Mumford and J. Fogarty, Geometric Invariant Theory, second enlarged ed., Ergeb. Math. Grenzgb., vol. 34, Springer-Verlag, 1980.

[Mil80] J. S. Milne, Étale cohomology, Princeton Mathematical Series, vol. 33, Princeton University Press, 1980.

[Mil86] J. S. Milne, Values of zeta functions of varieties over finite fields, Amer. J. Math. 108 (1986), 297–360.

[Miy77] Yoichi Miyaoka, On the Chern numbers of surfaces of general type, Invent. Math. 42 (1977), 225–237.

[Mor91] Carlos Moreno, Algebraic curves over finite fields, Cambridge Tracts in Mathematics, vol. 97, Cambridge University Press, 1991.

[MR85] V. B. Mehta and A. Ramanathan, Frobenius splitting and cohomology vanishing for Schubert varieties, Ann. of Math. (2) 122 (1985), 27–40.

[MR88] V. B. Mehta and A. Ramanathan, Schubert varieties in G/B × G/B, Compositio Math. 67 (1988), 355–358.

[MS76] M. Pavaman Murthy and Richard G. Swan, Vector bundles over affine surfaces, Invent. Math. 36 (1976), 125–165.

[MT99] V. B. Mehta and V. Trivedi, The variety of circular complexes and F-splitting, Invent. Math. 137 (1999), 449–460.

[Mum66] David Mumford, Lectures on curves on an algebraic surface, Annals of Math. Studies, vol. 59, Princeton University Press, 1966.

[Mum70] David Mumford, Abelian Varieties, Oxford University Press, 1970. [Mum76] David Mumford, Curves and their Jacobians, The University of Michigan Press, 1976. [Mum88] David Mumford, The red book of varieties and schemes, Lecture Notes in Math., vol. 1358, Springer-Verlag, 1988.

[Ram85] A. Ramanathan, Schubert varieties are arithmetically Cohen-Macaulay, Invent. Math. 80 (1985), 283–294.

[Rei96] Miles Reid, Chapters on algebraic surfaces, Preprint 9602006 in the alg-geom archive, 1996.

[Rod96] François Rodier, Nombre de points des surfaces de Deligne-Lusztig, C. R. Acad. Sci. Paris Sér. I Math. 322 (1996), 563–566.

[Rod97] François Rodier, Codes sur les surfaces de Deligne-Lusztig, Talk given at AGCT-6, Luminy, 1997.

[Rod98] François Rodier, Nombre de points des surfaces de Deligne-Lusztig, Préiterage no. 98-08, Institut de Mathématiques de Luminy (CNRS), Marseille, March 1998, pp. 563–566.

[Ros96] Marcus Rost, Chow groups with coeffecients, Doc. Math. J. DMV 1 (1996), 319–393. [SB91] N. I. Shepherd-Barron, Geography for surfaces of general type in positive characteristic, Invent. Math. 106 (1991), no. 2, 263–274.

[Ser58] Jean-Pierre Serre, Espaces fibrés algebriques, Anneaux de Chow et Applications, Séminaire C. Chevalley, 2e année, Secr. Math. Paris, 1958.

116 BIBLIOGRAPHY

[Ser83] Jean-Pierre Serre, Sur le nombre des points rationnels d’une courbe algebrique sur un corps fini, C. R. Acad. Sci. Paris Sér. I Math. 296 (1983), 397–402.

[Ser85] Jean-Pierre Serre, Rational points on curves over finite fields, Notes taken by Fernando Q. Gouvéa, Harvard University, 1985.

[Ser91] Jean-Pierre Serre, Lettre á M. Tsfasman, Astérisque 198-200 (1991), 351–353.

[Shi86] Tetsuji Shioda, An explicit algoritm for computing the Picard number of certain algebraic surfaces, Amer. J. Math. 108 (1986), 415–432.

[SK79] Tetsuji Shioda and Toshiyuki Katsura, On Fermat varieties, Tôhoku Math. J. (2) 31 (1979), 97–115.

[Sou84] C. Soulé, Groupes de chow et K-théorie de variétés sur un corps fini, Math. Ann. 268 (1984), 317–345.

[Sri79] Bhama Srinivasan, Representations of finite Chevalley groups, Lecture Notes in Math., vol. 764, Springer-Verlag, 1979.

[Sri87] Bhama Srinivasan, Toward Lusztig’s classification of characters., The Arcata Conference on Representations of Finite Groups (Arcata, Calif., 1986), Proc. Sympos. Pure Math., vol. 47, Amer. Math. Soc., 1987, pp. 323–329.

[Ste69] S. A. Stepanov, On the number of points of a hyperelliptic curve over a finite field, Izv. Akad. Nauk SSSR Ser. Mat. 33 (1969), no. 5, 1103–1114.

[Ste74] R. Steinberg, Conjugacy classes in algebraic groups, Lecture Notes in Math., vol. 366, Springer-Verlag, 1974.

[Tat65] John T. Tate, Algebraic cycles and poles of zeta function, Arithmetical Algebraic Geometry (Proc. Conf. Purdue Univ., 1963) (O. F. G. Schilling, ed.), Harper & Row, New York, 1965, pp. 93–110.

[Tat94] John Tate, Conjectures on algebraic cycles in l-adic cohomology, Motives (Seattle, WA, 1991) (Providence, RI), Amer. Math. Soc., Providence, RI, 1994, pp. 71–83.

[Tsf94] Michael A. Tsfasman, Nombre de points des surfaces sur un corps fini, Préiterage no. 94- 27, 1994, L.M.D., C.N.R.S., Luminy.

[TV91] M. A. Tsfasman and S. G. Vlăduţ, Algebraic geometric codes, Mathematics and its applications (Soviet Series), vol. 58, Kluwer Academic Publishers Group, 1991.

[Vis87] Angelo Vistoli, Chow groups of quotient varieties, J. Algebra 107 (1987), no. 2, 410–424.

[Vis89] Angelo Vistoli, Alexander duality in intersection theory, Compositio Math. 70 (1989), no. 3, 199–225.

[Vis92] Angelo Vistoli, Equivariant Grothendieck groups and equivariant Chow groups, Classification of irregular varieties (Trento 1990), Lecture Notes in Math., vol. 1515, Springer- Verlag, 1992, pp. 112–133.

[vL82] Jacobus H. van Lint, Introduction to coding theory, Graduate Texts in Mathematics, vol. 86, Springer-Verlag, 1982.

[vLvdG88] Jacobus H. van Lint and Gerard van der Geer, Introduction to coding theory and algebraic geometry, DMV Seminar, vol. 12, Birkhäuser, 1988.

BIBLIOGRAPHY 117

[Wei49] André Weil, Numbers of solutions of equations in finite fields, Bull. Amer. Math. Soc. 55 (1949), no. 5, 497–508.

[Wei52] André Weil, Sur les "formules explicites" de la théorie des nombres premiers : [1952b], Coll. Papers, vol. II, Springer-Verlag, 1952, pp. 48–61.

[Xu95] Geng Xu, Ample line bundles on smooth surfaces, J. Reine Angew. Math. 469 (1995), 199– 209.