CENTRE FOR STOCHASTIC GEOMETRY
AND ADVANCED BIOIMAGING

RESEARCH REPORT

www.csgb.dk

Jérémy Auneau-Cognacq

A Rotational Crofton Formula for Flagged Intrinsic Volumes of
Sets of Positive Reach

No. 05, July 2010



A rotational Crofton formula for flagged intrinsic

volumes
of sets of positive reach

Jérémy Auneau-Cognacq

Centre for Stochastic Geometry and Advanced Bioimaging

Department of Mathematical Sciences, Aarhus University
Ny Munkegade, DK-8000 Aarhus C, Denmark

Abstract

A rotational Crofton formula is derived relating the flagged intrinsic vol-
umes of a compact set of positive reach with the flagged intrinsic volumes
measured on sections passing through a fixed point. In particular cases, the
flagged intrinsic volumes defined in the present paper are identical to the
classical intrinsic volumes. The tight connection between our main result and
other recent rotational integral formulae involving intrinsic volumes is pointed
out.
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1 Introduction

In classical stereology, the well-known Crofton formula relates the intrinsic volumes
of a compact subset X of R? with the intrinsic volumes of its affine sections

cdmka_Hk(X) = : Vk(X N FT) dFTd, (1)
"F’V‘

r=0,...,d,k=0...,r. Here, .7-"Td is the set of r-dimensional affine subspaces in R?
and dF? is the element of its motion invariant measure. The kth intrinsic volume
of X is denoted by Vi (X), k =0,...,d. Finally, ¢, is a known constant. In local
stereology, the focus of interest is instead on integral geometric relations of the type

B(X) = /Ld a(XNL,)dLY, (2)

where a and 3 are functionals, £¢ denotes the set of r-dimensional subspaces in R?
and dL? is the element of its rotation invariant measure. In the special case where



« is an intrinsic volume of a compact set X of positive reach, i.e. for relations of the
type

B(X) = /Ed Vi(X N L,)dLY, (3)

Jensen and Rataj proved in [8] that § can be expressed as a certain integral over
the unit normal bundle of X. In the same paper, the problem was raised of finding
functionals « satisfying the integral equation (2) in the particular case where [ is
an intrinsic volume of X,

Vir(X) = /L ) a(X NL.)dLe (4)

Recently, a solution to this problem was given independently in [3] and [6]. It was
shown, for all 0 < k < r < d and for any compact set Y of positive reach contained
in L,, that the functional « given by

1
aY)= ——— / Vi n (YN F_)d(F,_,0)" " dF® |, (5)
]_‘T‘

Cdr—1,r—k—1 T

where d is the distance function, is a solution to (4). In the present paper, we
shall demonstrate that solutions to (4) can be expressed as an integral over the
unit normal bundle of the section X N L,, for all 1 < k < r, or, as an integral
over X N L., when k = 0. It appears that the functionals « and 5 in (3) and
(4) share the same integral representation, Ozf{k, parametrized by three integers.
This family of functionals generalizes the classical intrinsic volumes and in fact,
o (X) = Va_i(X), for any d-dimensional set X of positive reach. As a main result
of the present paper, a rotational Crofton formula shall be derived,

o (X) = Camrjor / ) af (XN L)dLY,
E’I‘

which turns formula (3) and (4) into special cases. Here, ¢4, ;. is a known constant,
see Section 2 below.

The paper is organized as follows. In Section 2, we present the notation and some
background knowledge. Section 3 shows that the solution (5) can be expressed as
an integral with respect to a g-dimensional affine subspace in L,.. In Section 4, the
solution is given a more explicit expression as an integral over a unit normal bundle
and the rotational Crofton formula for flagged intrinsic volumes is presented. Proofs
are deferred to Section 5.

2 Preliminaries

In this section, we shall fix the conventions used in this paper. For any compact set
X C R? of positive reach, we define its kth intrinsic volume by

) = L [, (s

Ud k Jnor X \J\:d—k 1 H /1—|-/<, xn
Jc{1,...,d—1}




where r;(z,n) denotes the jth (generalized) principal curvature at (x,n) € nor X

and o4_p = QWCIEJ/F (%) is the surface area of the unit sphere in R?*. An
r-dimensional affine subspace F, € F¢ can be written uniquely as F, = L, + =z,

where L, € £¢ and x € L. The corresponding measure decomposition is
dF? = dz*"dLe. (6)

Here, dz¢~" is a shortcut notation for the Hausdorff (Lebesgue) measure He"(dx).
Moreover, since the superscript in dF¢ and dL¢ is often superfluous, we shall write
dL, and dF,, when the context allows it. The total mass of £ is chosen to be

/ AL, = ca.
L3

0d0d—1" " 0d—r+1
O-TO-T—I PR 0'1

where

Cdr =

With this convention, the constant in the classical Crofton formula is given by

LD
T () T ()

The Gauss hypergeometric series or hypergeometric function is defined for a, b,
ceRand z € [-1,1] as

> Q) ka
F(a,b;c; 2) :F(b,a;c;z):Z%H,

where (z); is the rising sequential product or Pochhammer symbol defined for a
non-negative integer k and x € R by

{% if 2 >0

)
k I'(—x2+1) .
(—1) m if S 0,

(2) =

cf. [1, Chapter 15]. Note that (z), = 0 whenever z € {0,—1,—-2,...} and k > —z.
The Gamma function is defined on Ry as T'(z) = [~ t* 'e~'dt and it has an analytic
continuation on C\ {0, —1,—2,...}. Standard formulae for the Gamma function can
be found in [1, Chapter 6]. In particular, the duplication formula,

[(22) =T(2)T (2 4 &) 722271, (7)

will be useful in the present paper.

3 A generalized solution

From the 1936 paper [9] by Petkantschin, a particular measure decomposition can be
employed to slightly generalize the solution «, derived in [3] and [6], to the integral
equation (4).



Proposition 1. Let Y C L, be a compact subset of positive reach in some fixed
linear subspace L, € L. The functional

1
iV = —— [ Vv nF)ar,0par,

Cd77‘7q7k

solves the integral equation
Var(X) = / ag (X NL)dL,,
Lf

forall0 <k <q<r<d. Here, cirqr = Ci—g—1,r—q—1Cd.q,q—k-

Proof. We shall use the following integral decomposition formula
1 —r
f(F)dFy = ———— / f(F,) d(F,,0)* " dF,dL,, (8)
Fd Cd—q-1,r—q-1 Jrd JFr

which holds for all 0 < ¢ < r < d and any integrable function f, cf. [9] and [11,
p. 285]. Let us assume that X C R? is a compact set of positive reach. The Crofton
formula for sets of positive reach, cf. [10], and an application of (8) yield, for all
0<k<g<r<d,

Cagq-kVa-r(X) = /d Vou(X N F) dF,
'Fq

1
e / / V(X N E)d(F,0)""dF,dL,
Cd—q-1,r—q-1 J£d JFy
1
:—/ / Vo (XN L,)NF,)d(F,,0)""dF,dL,.
Cd—q—1,r—q—1 Ld v

The proof is complete. O

Remark 1. The constant appearing on the right-hand side of formula (8) is not
given explicitly in [11], but only referred to as a constant depending on d, ¢ and r.
In order to compute this constant, we set f(F,) = Vo(B? N F,), where Vj = x is the
Euler-Poincaré characteristic and B¢ is the unit ball in R%. By computing both side
of (8) separately, we obtain

Fd J(Ey) dFq = /Ld /LLde SR dLg = Wa—q Caq, (9)

where wy_, = (d — q) 04—, is the volume of the unit ball in R*"¢, and

1
/£ . f(F)d(F,,0)""dF,dL, = - Or_qCdr Crg- (10)

Division of (9) by (10) yields the constant appearing in formula (8). O

Proposition 2. For all 0 < k < ¢ <r <d, the functional oy, defined in Proposi-
tion 1, does not depend on q.



The proof of Proposition 2 is deferred to the last section. In spite of Proposition 2,
the uniqueness of the solution, ag,, to the integral equation (4) remains open.

Remark 2. Two representations of oy, are particularly interesting for our purposes.
For ¢ = k, we have

1
oy (V) = / x(Y N ) d(F, O)©" dF, (11)
’ Cdrk.k JFr
and, for g =1r —1,
1
ah (V)= —— / Vik 1t (YN E._1)d(Fr_q, O)d_’" dF,_;. (12)
' Cdyr—1,r—1—k Fr_,

Combining (11) and the identity dF] = da”, we obtain, for k = 0,

T 1 T ‘s 1 -r T
V) = [ el = a3
Ci—1,r—1 JRT Cid—1r—-1 Jy
Furthermore, using (12), we have shown in [3] that for k£ = 1,
1 1 d—r r—1
n Y = —_— d_TF _ . c a2 d r—1 14
V) = g [ el (g - G s e ) da' ()

whenever Y is a C?-manifold with boundary. Here, n(z) is the vector normal to the
surface at . O

Motivated by the integral representation (14), we shall now prove that the func-
tional aj;,(Y') can be expressed as an integral over the normal bundle of Y for all
k=1,....r—1landr=2,....d.

4 Integral representation of the generalized solu-
tion

Let X C R? be a compact set of positive reach and assume for now that the section

Y = X N L,, for some fixed L, € L2 also has positive reach. For the necessary

background in multilinear algebra, current theory and sets of positive reach, the

reader is referred to [4] and [5].
Let Ny be the (r — 1)-dimensional current on R” x R" given by

Ny = (K 'LnorY) A ay, (15)
Ny(9) = / {a (@), o, n)) 2 ()

for all (r — 1)-forms ¢ on R” x R". Here, ay is a unit (r — 1)-dimensional vectorfield
orienting norY given explicitly by

r—1

= ! a;(z,mn iz, ) a;(z,n
aY(w7n)_i:/\l<\/m 2( ) )a\/m l( ’ ))a (16)



where k;(x,n) is the ith principal curvature and a;(x, n) the corresponding principal
direction at (z,n) € norY for i =1,...,r — 1, cf. [8, (27)] and [12]. We apply the
usual convention \/% =1 and ﬁ = 0 at points where some of the principal
curvatures are infinite. Assume that the principal directions are ordered in such a

way that
ai(z,n),...,a,_1(x,n),n

constitute an orthonormal basis of R". The Lipschitz-Killing curvature form ¢, on
R" x R" of order k =0,...,r — 1 is defined by

<(U(1), u%) ARERRA (u6_17u§_1)7 ¢k($’ n))

1 1
= E A AUt AR Q 17
T ot <u61 uerfl n7 7'>7 ( )
61+"'+67‘_17:T717k’

where €, is the volume r-form in R". Note that the right-hand side in (17) is strictly
positive whenever the number of non-zero principal curvatures at (x,n) is at least
r — 1 — k or, alternatively, when the number of infinite principal curvatures is at
most r — 1 — k. For any compact set Y with positive reach, the kth intrinsic volume
of Y can be expressed as

Vi(Y) = Ny (¢x),

for k=0,...,r—1, cf. [12].

Two sets Y and F' with positive reach touch, when there exists a pair (y,n) €
nor Y such that (y,—n) € nor F, cf. [13]. In the particular case where F' = L + z
is an affine subspace, Y and F' do not touch, whenever the following condition is
satisfied

(y,n) €EnorY A yeF = n¢lL" (18)

Remark 3. The subset of j-dimensional affine subspaces in R” that do touch Y has
finite (r — 1+ j(r — 1 — j))-dimensional measure, cf. [10, (1)]. Hence, in the special
case where j = r — 1, the set of (r — 1)-dimensional affine subspaces touching Y has
finite (r — 1)-dimensional measure, i.e. Y is not touched by H" almost all F' € F]_;.
Whenever Y and F' do not touch, their intersection Y N F' has local positive reach,
cf. [13] or [4, Theorem 4.10]. By the compactness of nor Y and the continuity of the
reach function, we conclude that

if Y has positive reach, then Y N F' has positive reach for almost all
FeF .

Furthermore, for a compact subset X C R? of positive reach, it is shown in [8] that
for H%a.a. choices of origo, the sets X and L do not touch for almost all L € L%
In other words, whenever X has positive reach, we may choose origo such that

X N L has positive reach for almost all L € £%. (19)

For those reasons, the assumption, which was made at the beginning of this section
on the positive reach of Y = X N L,., is mild.



Definition 1 (Flagged intrinsic volumes). Let Y € R” be a compact set of positive
reach. Define for all s=1,...,r,r>1 and j > s,

r 1 j—1 T
@(Y) i= — LMJ@

Ic{l,...,r 1}
where
L@, Ar)
=F <—] 5 & g; . ; 1;Sin2($7n))
r+1 r=s 2 2 2
and

) 1 T(r—s+1)T())

Js OsCj—1,r—1 F(T’) F(j — S+ 1) ’
Here, A; = span{a; : i ¢ I} and, for the specz'al case where we have r = s, we set

2(g, )
cos ( A{Ol """ 771}) := 1. Note that C_jfl,rfl =

forj<7" [

—1,7
Remark 4. In the special case j =r, K7 = Ui and Q) ; = 1. Consequently,

/ . Z HjeJKj(%?) HH(d(z,n)) = V,—5(Y)

| J|=s—1 H;: 1+’f]2' x,n)
JcA{1,...,r—1}
and
oY) = [ aw =vv),
’ Y
for any compact set Y C R" of positive reach. n

The functionals defined above are identical to those given in Proposition 1. This
result is formulated in the proposition below. The proof is deferred to the next
section.

Proposition 3. The flagged intrinsic volumes presented in Definition 1 are identical
to the functional oy, given in Proposition 1 for all s = 0,...,r =1, r=1,...,d.
As a consequence, when origo is chosen such that condition (19) is satisfied, the
Junctional o ; from Definition 1 satisfies the integral equation,

Vi o(X) = / o) (XN L)AL,
cd

forall0 < s <r<d.



Remark 5. Since cos?(x, Ap) = sin?(z,n), the hypergeometric identity (34) implies

. d—r 1 r—-1
Qd,l(xan)AQ)—F(_ 9 7_§’T’Sm (x,n))

and with
, 1 ['(r)I'(d) 1
Kg, = - ’
o1 a1 T(r)I(d)  2¢4-1,-1
we conclude that
., 1 - d—r 1 r—1 . .
V) =5 [ el (SO g e ) ) ),

i.e. a generalization of (14) to sets of positive reach. O

Remark 6. Applying the hypergeometric identity (35) with z = sin®(z,n) > 0, we
obtain

(j—d)d—j+k+1) (d—3j j—k d+3 .,
F 1, :
d"—l 2 +7 2 bl 2 7Sln (x7n)
d—7 77—k d+1
=<j—d—<d—1>cot2<x,n>>F( 2%]2 : ; ;sm2<:c,n>>

d—j j—k d—-1
+(d—1)cot2(x,n)F( 2‘7,‘72 =5 ;sin2(x,n)>,

or, in other terms,

(d—j+k)Qj; (@) = fi(£(z,n)) + fo(£(z,n)) cos® oy (w, m),

j?jfk

where the right-hand side is written in the notation of [2, Theorem 3.1]. Since

mKJdJ*k is equal to the constant Cy ;) defined in [2], (recall that ¢;_1 41 :=
1

Cd—1,5—1

), we conclude that

[P K Qo m) = wrgk(w,m),

where the functional wy ;; given in [2, Theorem 3.1] satisfies the integral equation

[Lics i -
V(X N L, dL—/ § Wi as dH ' = (X)),
/E? : b nor X =j—1—k I’j’ka;vaH? e )

IC{1,...,d—1}

(20)
for all 0 < k < j < d, whenever X C R? is a set of positive reach and the origin is
chosen such that condition (19) is satisfied, cf. Remark 3. O

Having made these two important remarks, the following Theorem can be proven
easily.



Theorem 1 (Rotational Crofton Formula). Let X C R? be a compact subset of
positive reach and assume origo is chosen such that condition (19) is satisfied. Then,

a?,k(X) = Cd—rj—r /d Oé;:’k(X M LT) dI/r7
L:T

forall0<k<r<j<d.

Remark 7. With Remark 4 in mind, we notice that [8, Theorem| and Proposition 1
are special cases of Theorem 1 for r = 7 and d = j, respectively. The case r = k is
not covered by Theorem 1. Nevertheless, for r = j = k, formula (20) implies

Oéf,r(‘)() - / %(X N L'r) dLr = Cd—r,r—fr/ OZZ:J(X N L7~> dLT
L cd

r

Proof of Theorem 1. On the one hand, we have, according to Remark 6 and under
the mild assumption on the choice of origo,

af (X) = /Ld Viw(X N Ly)dL;

for all 0 < k£ < 7 < d. The case k = 0 follows from the Blaschke-Petkantschin
formula, cf. [7, Proposition 4.5],

/ V;(X N L;)dL; :/ / dz’ dL; :cd_l,j_l/ |z~ dz? = afy(X).
cd cd JJxnL; X ’
On the other hand, Proposition 1 and [7, (3.17)] imply
/ Vieg(X N Lj)dL; = / / oG (X NLyNL)dL, dL;
cd cdJel 7
= cd_m-_T/ o (XN L.)dL,,

T

forall 0 <k <r<j<d O



5 Proofs

Proof of Proposition 2. If k = r —1, there is only one possible choice for ¢ satisfying
r > g > k and the proof is complete. Assume that r > ¢ > k > 0. Crofton’s formula
for sets of positive reach and the measure decomposition (6) imply

“aa-Lah-1 / Vor(Y N Fy) d(F,, O)T " dF,

= Cog-tg-hon / / Vir(Y 1 (L + 2) 2] d" 0 dL,
T LJ_

_ / / 2|t / Voo (Y —2) N Ly N Fy 1) dE, 1 de"dL,
i/ Ly Fa
_ / / e / / Vo s (Y O Ly + 2 + 1)) dy Ly da™ 9 d L.
rJLE Ll JLy NLg
An application of the measure transformation dLj , dL; = AL,y dLy_y, cf. [7,

(3.15)], and of the orthogonal decomposition L, ; = Lj ® (Lyy N L ¢), turns the
last expression into

/E / / M / Viraea ¥ 1 (L + 2 4+9)) dy' da” 7L ALy
T 10 q

/ T / Vet (Y 1 (Lycr +2) / PALE) " ALy A4 dE,
q(q—1)
It can be shown, as we shall see in Remark 11, that
. 1 d—
Lo ety = 5 (350 e
Lata-1) 2 22

whenever z € L. Thus,

[ [ Ve o) [ L Ly dst e L,
Z qul

ﬁg(q—l)

o 1 d— -
= Tup <§, Tq) / Vi1 (Y A Fy1)d(Fy_1,0)* " dF,_;.
q—1

9q+1

Since Cqq-1,4-k—1 = THeE T We conclude that
( 2 72)

/ Vo (Y NF,)d(F,,0) " dF,

. .B l’ﬂ B ﬂ’l
— Or—q (2 2 ) ( 2 2)/ V:]—k—l(YmFq—l)d<Fq—170)d_rqu—ly

Og+1

for all 0 < k < g < r. A routine calculation shows that

1 d—q q—Fk 1)
UT—QB(§72>B<27§_ 1
- I
Oq+1 Cd—q—1,r—q—1 Cd,q,q—k Cd—(g—1)—1,r—(q—1)—1 Cd,g—1,g—1-k

10



therefore,

1
i (Y) = / Voo w(YNE, 1) d(F,_1,0)""dF, ;.
Fa-

Cd—(q—1)-1,j—(q—1)-1 Cd,q—1,g—1—k

1

Hence, in the definition of ay;, the variable ¢ can be replaced by ¢ — 1. A recursive
argument implies that a7, is independent of g. O]

Proof of Proposition 3. Without loss of generality, we will use the representation
(12) of ajj, (i.e. ¢ = r —1). Let L, € L] be a fixed r-dimensional subset of R? and
let Y C L, be a compact set of positive reach. The case s = 0 holds by definition,
cf. formula (13). Assume that 0 < s < r — 1. According to (12),

Cd,rr—1,s 04273 (Y) = / ‘/r—s—l(Y N Fr—l) d(-Fr—l) O)d_r dFr—l

r—1

= / -’Z'—(erl) derla
L

r
r—1

where

I(L,_1) = /L Viee t (Y N (Lypy +2)) 2| "dat.
Lr—l

Note that cipr—1.s = Ca—r0 Cdr—1,r—s—1 = Cdr—1,r—s—1- Let L,_1 € L7 be a fixed
(r — 1)-dimensional subspace of L, and let w; be a unit vector st. span{w; } = L ;.
Let w,_; be a simple unit (r — 1)-vector orienting L,_; such that (w; Aw,_1,§,) = 1.
We define the two volume forms, £2; and €2,_1, to be the dual vectors of w; and w,_1,
respectively. Define

frnorY\{(z,n)|n LL 1} =R xS 2(L,_4)
f(x,n) - (x77r(n‘LT—1))
and
g:norY — L+,
g(:c,n) = <$aw1>w1 = p(.%"Li‘_l).

Since the differential of the spherical projection 7r: n — w(n|L) is

B p(v|L N nL)
Dl == pmmr

cf. [8, Lemma 2], we have

p(v|Ly—1 N nH)

D f(u,v) = (u, Ip(n|Ly—1)|

and the linearity of ¢g implies

D(:c,n)g(ua U) - g(u, U) = <U, e>e = p(ulLrL—l)

for all (u,v) € Tan (norY, (z,n)). Next, we show that for almost all z € L |, the
point (z,n) € norY is uniquely determined by the projection f(z,n) = (z,ng) for
H2a.a. (x,n9) € f(g7(2)).

11



Lemma 1. For almost all L,_y € L_; and H'-almost all z € L;- 4,
H' 2 ({(z,m0) € f(g(2)) : card f~{(x,n0)} > 1}) = 0.

Remark 8. Let f*) be the restriction of f to g'(z). Note that f is well defined
on the set ¢g7'(z) only when L, ; + z and Y do not touch, which is the case for
almost all pairs (L,_1,2). When Y and L,_; + z do not touch, there is no point
(y,n) € norY such that y € L, 1 +zandn € L- |, i.e f is well-defined at all points
(y,n) € norY with y € L,_1 + z. Since the normal bundle, norY’, is compact, the
function f can be extended to a locally Lipschitz (differentiable!) function on an
open set containing ¢~ '(2) \ {(y,n)|nLL,_1}. Thus, the assumptions for the area

and coarea formulae are satisfied, cf. [5].

Proof. Assume that L,_; + z and nor Y are do not touch, i.e. that (18) is satisfied.
Then, f(z,n) is well-defined for all (z,n) € norY N (L,_; + z) x R% Let N be the
subset of nor Y where f is well-defined but not injective. More precisely N is the set
of all (x,n) € norY with n ¢ L | such that there exist n’ # n with (z,n’) € norY
and n’ ¢ L+ | and f(z,n) = f(z,n’). It is enough to show that

HV NG D S [ e o

Nng=1(z)

for almost all z € L+ |, cf. [5, (3.2.3)]. Using the coarea formula, [5, (3.2.22)], we
obtain

/’L/ LmWHHTHzZ/J;ﬁ@@mNm@mWW1@@m»
Lt |, JNNg—1(z)

N

Without loss of generality, assume that Tan (Y, (x,n)) is the (r — 1)-dimensional
subspace given by (16), cf. [5, (3.2.19)]. Note that

ker D(zng = (Ly—1 x R") N Tan (Y, (,n)) = Tan (g7 '(2), (z,n)).

If dimker Dy .9 > r — 1, then Jig(x,n) must be equal to zero. Let us assume
that dimker D, g < r — 2. Since the domain of D(Ln)f(z) is equal to ker D, )9,
the (r — 2)-dimensional Jacobian of f) is zero if there exists a point (u,v) €
Tan (g7 (2), (x,n)) such that D, ) f*) (u,v) = 0. Note that (z,n,) := (z, sn(l=0)d,, 4

X sin 6
mn/) € g (z) for all t € [0,1], where § = Z(n,n’). By definition of the tangent

sin 6
cone, we have

—n/|nt)) = lim (@, m) — (@)
(0,7(n In™)) luo |(x,ns) — (x,n)]

Since, p(n/|L,_; Nnt) = p(p(n|Ly—1)| L,y Nnt) = p(n|L,_y N nt) = 0, we deduce
that D, f*(0,7(n —n/Int)) = 0 and therefore, J f*)(x,n) = 0. O

€ Tan (g7 (2), (z,n)).

Given a subspace L; € L7 and y € le such that L; +y and Y do not touch, the
restriction of the normal bundle of Y N (L; +y) to L; + y is given by

nor (Y (L + ) = {(z,7(n, L)) | € Y N (L; +y) and (z,n) € nor ¥}, (22)

i.e. the intersection of nor Y 4+nor (L;+y) with (L;+y) x S™!, see [4, Theorem 4.10].
The corresponding orienting unit vectorfield aynr,++) Will be computed later.

12



Lemma 2. Let Y C R" be a compact set with positive reach and let L,y € L] _,.
Then,

Ny, 1+2) = f5(Ny, g, 2)

for almost all z € L;- ;, whenever Y and L; + z do not touch.

Proof. Applying [5, Section 4.3.8 and 4.3.13] (with n = 1 and m = r — 1) to the
integral current (15), we get

(Ny,g,2) = (H" g (2)) A C (23)

for almost all z € Lj- ;. Here, ( is the (r — 2)-vectorfield such that

((an) = ay (z, N)L§ilq1(,x/’\n)179(1:, n)) _ ay(x,n)L<Ql, /\ng(a:,n)> (24)

(because Jyg(x,n) = y/det(Dg(z,n)Dg(x,n)") = 1). Applying the area formula for
currents [5, Section 4.1.30] to (23), we obtain

SNy, g,2) = (2 f(g7{=}) A,

with unit vector field

n(z,v) = (/\7‘—2 Df(f !z, v))) C(f Yz, v))
’ Tr a2 f (F ' (x,0)) :

for H* —3-almost all (z,v) € g~ (2) x S"2(L,_1). Whenever norY and L,_; + z do
not touch, then f(g~'(2)) is equal to the normal bundle nor "~Y(Y N (L,_; + 2)).
Hence, in order to prove the lemma, it is enough to check that the orientation of
the respective orienting vectorfields, axn(z,_,+-) and 7, have the same orientation.
By convention, the orientation of axn(r,_,+-) is chosen such that <aXm(LT_1+Z) (z,n),

90,(&;173) (n)) > 0, where k(x,n) is the number of principal curvatures at (z,n) that

(25)

are 0. Hence, we have to check that <77(:c,n),<p,(€?;2)(n)> > 0. By combining (25)

and (24), we see that 7 is proportional to A, _, Df (aYm(Lr_ﬁz)Lg#Ql) with some
strictly positive proportionality constant A. Thus,

M), e @ m) ) = A ayag, (@, n), g# QA FEE ) ) > 0

and the inequality is strict when k(x,n) is the number of zero principal curvatures
at (z,n), cf. (29) below. O

Using the normal current of Y N (L,_; + |x|), the integral Z(L,_1) can be written
as

I(L; ) — / Vo (VO (Lo + 2)) 2] da?
L

J—71
= [ et lel
Lr—l

13



By applying Lemma 2 and the coarea formula for currents, [5, Section 4.3.13], we
obtain

I(Lr_l) = /J_ ’$‘d_rNYﬂ(Lr71+x)(¢£’r—751—)1)dxl
L,,_71

= [l AN g (6 ot
L

r—1

- /LJ_ |x|d_r<NYaga >(fti¢7‘r 51)1)

_NYLg (q Ql)(fﬁqsr S— 1)
:/ Y<@Y,gﬁ(Q‘Ql)/\fﬁ¢f~r AR

where g(x) = |z|*", 2 € R". Using the shuffle formula, [5, Section 1.4.2], the inte-
grand can be written

(ay, g*(q- ) A Frol D))

r—1

= ()™ (uiv), g - )

1

i

(o) A A v) A A (s, o), o0 (26)

The second term can we expressed more explicitly (for the definition of the push-
forward, the reader is referred to [5, Section 4.1.6]),

<U1701 JA- /\(mA A (U, vp), frY 1($7n)>
= (| _Df@m)] (o) Ao A v) Ao Aot vp1), 600 0 flam))

, p(vijTan)> (r—1) >
/\ye{l ..... r—11\{i} (u], Ip(n|L,_1)| Pr—s 1( (n|Lr-1))
— i Z (sgn J) </\u]/\ /\ ( T;‘iv’";rlﬁ )) /\7r(n|Lr_1),Qr_1>

|J|:r—s—1 jed jede

X Z (sgn J)< /\ uj A /\ p(v] L1 Nn) Ap(n|L,_y), QT1>,

|J|=r—s—1 JjeJ JjeJe
T Ly r—11\{i}

(27)
for all (x,n) € norY. Here, sgnJ is the number of permutations needed to map
JuUJeinto (1,...,r — 1)\ {i}, where J and J° are sorted in increasing order. The
first term in (26) can be expressed as

<<ui7 Ui)a gﬁ<q : Ql(x7 77/))> = <Dg(x7 n)(”z, Ui)a qo g(ma n) : Ql © g(l’, n)>
= |p(x|L_ )| (p(wil Ly ), ) (28)

14



By inserting into (27) and (28) the explicit representation of ay given in (16), we
can write (26) as

(ay. g (q ) A fro D)

3 (=)™ (sen Nlp@|Li— )" Tliese
|J|=r—s—1 Os |p(n‘Lr—1>|s ;:_11 1+ /£l2

JC{1,...r—11\{i}

x (plailLi—y), ) < N ain N\ plajlLey nnt) Ap(n|L, ), Qr—1>-

jedJ jeJje

Il
-,
I M
— —

Note that (—1)""!(sgn J) is the sign of the permutation necessary to order {i}UJUJ*
increasingly. Moreover, orthogonal projections are orientation preserving (eigenval-
ues are either 0 or 1), therefore,

(—1)"*(sgn J) (p(as| Ly—y), ) < /\ a; N\ /\ pla;|L—y Nn") A p(n|L,_y), Qr—1>

jeJ jedJe

= (_1)”1(8@1 J) <p(ai‘Lr{1)a Ql> < /\ p(aj‘LTA N nL) Ap(n|L,_y), Qr1>

jeJuge
1—1 r—1
_ </\p<aj|Lr_1 AnY Ap(alLE ) A N plaslLes nnd) Ap<n|Lr_1>,Qr>
j=1 j=i+1
> 0,

where we used the decomposition
a; = p(a;| Ly N n*) + plajla(n]Le-1)) + plag| L;—y)
for the first equality. Thus,

(ay, g*(q - u) A Frol7 D))

15y Bl Tl
O = B O A R § eV )

JC{1,...r—11\{i}

x [ (plail L—y), ) | ’< /\ pla;|L,—y Nn™t) Ap(”|Lr—1),Qr_1>’

jeJue
r—1 _r
1 Z Z (@) Ly )" plas| L) P Tlheye
Os i ot lp(n|L,_1)|* Z’:—ll V14 K2

where the last equality follows from [7, Proposition 5.2]. Applying the re-indexing

15



identity

DY Wertt_ ot
1 vHr—1
=1 |J]=r-s—1 ;:1 1+“l2

_ [ic, s I
> A S

|J|=s—1 ieJe
JcA{1,....,r—1}

we conclude that

Cdr—1,r—s— IOCds(Y> :/ I<Lr l)dLr 1

'r 1

/ / aY7 q Q ) A fﬁgb: sl)l> dHT—l dLT—l
r norY

/ / aYa q Q ) A fu¢rr 81)1> dLT*l dHril
nor Y r

K ~
= — |x|‘“ > Ies 4z, Ay dHT, (29)
nor ¥ |T=s—1 H;Zl 1+ k2

where

Ip(a/ ||| Ly )|
[p(nlLy—1)J°

Z| |dL7"1

ieJe

0w, Ay) = /
r—1

_In the remainder of this section, we shall prove that the above expression for
(s can be written in terms of two hypergeometric series.

The hypergeometric series and the Gamma function have been introduced earlier.
The Beta function, B(a,b) = B(b,a), is defined for all a,b > 0 as

1
B(a,b):/ N1 =)t de
0

and is often expressed in terms of the Gamma function as

Lemma 3. Let o, 3 € [0,1] with o+ 3 = 1. Then, for allk >0, a € R, b > —1
and ¢ > —1,

1
/ (a4 BtF) " (#")P(1 — t7) at
0
:%B(b—l—%,c+1)F(a,c+1;c—l—b+%—l—1;ﬁ).

(30)

When B =1, the extra assumption b+ % > a 1S necessary.

16



Proof. According to [1, 15.3.1], the analytic continuation of the hypergeometric func-
tion is given by

1 1
F(a,b;¢;B) = m/o (1—pBs)""(1—s)"ts"1ds

whenever ¢ > b > 0. Hence, a substitution by s = 1 — r* proves the Lemma. O

Remark 9. In the special case where a = 0 and k£ = 2, Lemma 3 yields the identity

/_1(t2)b(1—t2)cdt:B (b+%,c+1).

1

Lemma 4. Let z,z € ST, m,n € N. Then,

/ |z w|™|z - w|™ dw®™?
gd—1

n+m+2 d—2 m+1 n+1 m n 1
:ngB( 5 3 >B<T’ 5 >F<—§,—§;§;COSQ($,Z)>.

(31)

Proof. This Lemma was proven in [3]| for any even natural number n. The exact
same procedure as the one in the proof of Proposition 4 below, in particular the use
of Lemma 6, shows that (31) also holds when n is odd. The details are omited here.
In order to prove the main results of the present paper, the special case where n = 2
is sufficient, though. O

Remark 10. Let Ly be a (d — 1)-dimensional subspace of RY, with 2 € Ly_; and
x ¢ Lt . Then, for all m,n € N,

/ 1z w|™|z - w|™ dw?
59=2(Lg—1)

1B (n+m+2 d—3>B<m+1 n—|—1>

2 T2 2 72
1
x cos™(x, Lg_1)F <—%, —g; E;COSQ(W(LE|Ld_1),Z)> :

Recall that the binomial coefficient (Z) is defined for all @ € R and all £ € N by

( I'(a+1)
Fa—mrger  for a >0,

ay (_a>k(_1)k _ I(a+k)(—1)k
(k:) T 7)) Teresny ore<o
L 0 for a = 0.

Lemma 5. For alla € R and all s € N,



Proof. A routine calculation yields

<2as) N r(2s+£)(1ci(z 1—)28—1— ) ( >( s > (%()s i?)l) B (g)(g)gl)fs'

For the second equality, we applied the duplication formula on each Gamma function
appearing in the second term, and for the third equality, we applied the duplication
formula to T'(2s + 1). O

»n Nle

Lemma 6. For all a € R and any function f, the following identity holds,

a

i (i) IE; (?) U f(k 41) = Z (2“8) £(2s),

k=0 s=0
where the double sum on the l.h.s. is over k and | with the same parity only.
Proof. Substition of k + [ by 2s yields
) k 0o s
4 k 4 2s — 1
2 2" (k+ 1) 22572 f(25).
2 (1) 2 ()-8 (o, 1) ()2

Applying the duplication formula to I'(2s — 2] 4 1), we get

3 25 —1 925-2 _ I'(s+1) 2252
25 1)\ 1 T(¢—2s+1+1)D(+ )0 (25 — 21+ 1)

rG+Y L'3)

D¢ —2s+1+1) DI+ 1)0(s— 1+ 1) (s—1+1)
U

Then, the well-known identity, Zf:o (Tl”) (”k__’?) = (Z) valid for any complex numbers

m and n, and the duplication formula applied to I'(2s + 1) imply
ES: ( 3 ) (25 - l> 92s—21 _ (2)( )225
— 2s —1 l (s)
Thanks to Lemma 5, the proof is complete. [

Proposition 4. Let z, y and z be unit vectors in R? with yLz and let a,b,c € Z.
Then, if x #y and x & y*, the following identity holds,

b
/ 1z w1 — (y-w)? |z w|dw'?
Sd—1

anf0 1 b+c+d—-1 c 1d-2
= a2l B(ﬁ*?f)B(i*é’T)
oo 2 (b+c+d 1) (_ 1)8 C 1 COS2( )
S t }7 - 7

18



whenever both sides of the equation converge. Moreover, for x = +y,
a Qb c d—1
[ el V= e o do
gd—1

a 1 b+c+d-1 c 1 d-2
—, (22T N[l 2 22
72 (2+2’ 2 ) (2+2’ 2 )

and, for x_Lly,

b
/ |z w1 — (y-w)? |z w|dw'?
gd—1

a+b+c+d—-11 at+c+2 d—3
=0, 2B — | B
0d-3 ( 2 72) ( 2 ) 2 )

1 1 1
x B @t ,C+ F —g,—f;—;cos2(x,z) .
2 2 27 22

Proof. The mapping

fi87t = [—1,1]
wH—w-y=t

has 1-dimensional Jacobian J;f(w) = /1 — (w-y)? for all w € S 1\ {y}. The

coarea formula implies

1
1
h(w) dw?t = / / h(w) dw? 2 dt,
/sd—l ) —1Jsa-inp-1) V1 — 12 ()

for any positive, H? !-measurable function h: S9! — R. Then, an application of
the area formula with the injective mapping (whenever ¢ € (—1,1))

qg: Sdfl N ffl(t) — Sd72<yj_>
w e m(wly®),

with (d — 2)-dimensional Jacobian Jy_sg(w) = /1 — (w - y)? 27d, yields
1
/ h(w) dw?™! = / / VI— 2 h(ty + V1 - fw) dwt 2 dt.
gd—1 —1 Jgd-2(yL)
Therefore,
/ - wl*y/T= (5 w)? |2 - ] duw™?
gd—1
! d+b+c—3
= / / V1—1t2 |z - (ty + V1 — 12w)|*|z - w|* dw® 2 dt,
—1Jgd—2(yL)

19



and by a double application of the binomial formula, the last expression becomes

OO (5> / VIt (#2(x - y)?)5*

5972 (y ")

X <(1 —t)(z-w)? + 2tV1 — t2(z - y)(x - w))k dw'2dt

00 k 1

a L C_

B <12%> > (z>2kl|~”€'y!“2’“(w'y>“ [t Ty
0 -1

k= =0

X / (z-w)(z - w) |2 - w|¢ dw?
Sd-2(yL)

Notice that both integrals are non-zero only if £ an [ have the same parity. Then,
using Remark 9 and Lemma 4, we get

/ 2w/ T— (- w)? |2 - w] !
gd—1
00 a k k
_ a 2 k—1 k+1
= 0q-s|z - Y| go (k) lE() (l>2 tan®™" (z,y)

XB(a k+1 %7d+k+l+b+c_1)B(E+k+l+Ld—3>

+

2 9 2 " 2 2)7\2 " 9 2

2
E+l 1 c¢ 1 E+1l ¢ 1
) AR O (L R
X (2 —1—2,2—1—2) ( 5 22008(1’1,2)),

where z; = 7(x|y*) and the double sum is over k and [ with the same parity only.
Finally, an application of Lemma 6 yields

/ - wlo/T— (5 )2 )z - w]° dw™!
Sdl
1 d b+c 1)

_2 . _
T2l - y\z<25> ( Stgg st =3

d—3
x tan*(z,y)B (2 +s+1 T)

1 1 1
x B <s+§,g+ 5) F (—s ;, 2;COS2(SL’1,Z)) )

Using the duplication formula for the Gamma function, the following identity can

be derived,
a B a +1 dJr +b—|—c 1
743\ 94 g STy T T T
d—3 1 ¢ 1
B P Sz
X <2+3+ 5 ) (s+2,2+2)
d

@ 1 b+etd—1 ¢ 1d—2\(=%), ("%, (-1

2 2 2



The proof of the first identity is complete. The two remaining identities are easily
proven by a slight modification of the above argument. O]

Remark 11. Alternatively, the three identities in Proposition 4 can be written as
a 2b c d—1
|z w1 — (y-w)? |z w|dw
Sd—1

a 1 b+c+d—1 c 1 d-—2
= 02 (5*5 f)BG*ﬁ’T)
o~ (=8), (=5), (55, cos™ (2, 2)

s=0 (%) (C L )5 S!

b d—1
xF(—g—i—s,—é;HT—i-s sin?(z, y))

X

Then, for b = 0, it is easy to check that Proposition 4 is Lemma 4, exactly. For a = 0
or ¢ = 0, Proposition 4 is equivalent to [3, Proposition 4], i.e

/ 2 wl"yv/1— (y-w)? dw™
Sd—1

a 1 b+d-1 a b d-—1 .
=048 <§ + 5 T) F (—57—5; T;SmQ(%y)) . (32)

Recall the identity (21) in the proof of Proposition 2. Using [7, Proposition 3.5], we
notice that

2 WD ALy = [ (T @ @) de
L S.

Jq(q*l) jiq(L‘lL—l)

d—j

2
— Mdj/ 1— (i ,w) dwij,
Si—a(LL ;) ]

where we used z € Lj_l for the second equality. An application of (32) with a = 0
yields (21). O

In the special case where ¢ = 2, it is easily seen using Remark 11, that
b
/ 1z w1 — (y-w)? |z w|? dw®!
Sd—1
_ 1 b+d+1 b d+1
_ Od—1 B <E + _ L) |:F <_g — L;Sin2(x7y)>

d—1"\2 2 2 27 27 2
ab+d+1) a b d+3 .,
F _ - 1__._. .
—T 1 s (z,2) ( 2+, 5 o S (z,9) (33)

When (z,n) € norY and a;(z,n) is the i’th principal direction at (x,n), we have,
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thanks to formula (33),

A L d—r
Q. (w,n, Ay) = / pa/ |11, Z|

s | dLr 1
plL O 2
1 —s
= §/ST_1 2 WPl = (n-w)? Z|ai-w|2dwr_1

ieJe

(r—s)o,_1 d—r 1r—s—|-1
= B
2(7"—1) 9 +2> sta

where

d— 1
Qs = F (— zr,g;r; ;sinQ(x,n))

(d—71)(r—s+1)cos?(z, Ay) d—r s r+3 .,
F- 5.1l |

Combining with (29), we obtain

T

_ [ljcs 5 _
ad,s(X) = Kg,s/ Y’Qf|d " Z A Al Qg,s(xanv AJ)dHT 17

r—1 2
i=s1 Tz (/1 +A;
JcA{1,...,r—1}

with

Kg - (r—s)ar 1B(Mle r— 5+1)

2
= Z(T - l)cd,r—l,r—s—las

(r=s)ora0ur DT (ST (5 T ()
r

- 2(r—1)0s04Ca—1,—1 F(%) (d_§+1)r(d_;+2)
_ r—s F()r(==) r@ErE)
(r=Doscaa,a T(F)I(5) T (S5 (52)
1 '(r—s+1) I'(d)

OsCd—1,r—1 r (7') r (d — S+ 1) ‘

The proof of Proposition 3 is now complete. O

Lemma 7 (Two hypergeometric identities). For alld >0, r € R and z € [—1,1]

(r+1)(r—1)F (-d_r —1-7’_1;2)

2 7 27 2
d—r 1 r+1
= Dr—-1DF | - —: :
(r+1)(r - 1) ( L5 )
d—r 1 r+3
— — F |- 1, = ——: ) 4
=) (=555 + 15 ) (34
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If z# 0,1, —1, then, for all j,k € R,
(d—j)(d—j+l€+1)F<d;j+1’j—/€‘d+3;z)

d+1 2 7 2
iz F(d jj—k; d—12>
z
<|u-a-w-n 2 r (LA ).
Proof. First, apply [1, (15.2.17)] Wltha——% = —%2 and ¢ = ! to obtain

r—1 d—r 1 r—1
2 F(_ 2 T2 2 Z)

2 2 2 2 2 2 "2 2

Then, an application of [1, (15.2.15)] to the first term of the r.h.s. with @ = —%-,
b=1and ¢ =" yields

"o _d—r,_l;ﬂ;z
2 2 T2 2
d d—r 1 r+1 d—r d—r 1 r+1
_ _ . . o 1—)F (= e
F( 2’2’2’) 7 Z)( 2+’2’2’Z)

I\

2

Furthermore, we can transform the second term of the r.h.s. of the last expression
using [1, (15.2.20)] witha = =%+ 1, b= and ¢ = =3+

2
r+1 d—r 1 r+1

1—2)F [ — 1,=; —;
-or (<1 g )

r+1 d—r 1 r+1 r d—r 1 r+3
2(2’2’2’Z> 22(2+’2’2’2)

Hence, combining the three identities above, we obtain (34). Note that in (34), the
three hypergeometric series are absolute convergent on the circle of convergence,
|z| = 1, whenever d > 0, cf. [1, (15.1.1)]. '

According to [1, (15.2.20)] with a = &2 + 1, b= 5% and ¢ = 41, we have

d—j+k+1 d—j j—Fk d+3
_ F 1 . .
> ( p g g
_d+1 d—j  j—k d+1
1— 1 i
o (e I
d+1_(d—j j—k d+1
— F ; ; 2 )
2 2 2 2
The first term on the r.h.s. can be re-written using [1, (15.2.17)] with a = %2,
k d
= &8 and ¢ = 4,
d—j (d—j  j—k d+1
2 ( y T T
d—1_(d—j j—k d—1 j—1 (d—j j—k d+1
_ )a . . _ F . . )
2(2’2’2’2)2 2 2 2 0”7
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Combining the last two identities, we obtain identity (35). Note that in (35), the

absolute convergence of F' (%, J%k; %; z) on the circle |z| = 1 requires that k > 1,
cof. [1, (15.1.1)]. O
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