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Introduction

These notes are based on a series of lectures given at Matematisk Institut, Aarhus
Universitet, in the fall af 1968.

They are intended as an introduction to the subject presupposing only some
general topology, linear algebra and basic analysis.

The main line is that of M. F. Atiyah [7], only the definition of a vector bundle
is changed half the way, suggested by D. W Anderson [4] and M. Karoubi [21]|. Our
projection bundle is a vector bundle in the sense of Anderson.

The proof of the periodicity is that of Atiyah and Bott [11] with the modification
suggested by Atiyah [6]. Only the basic complex K-theory is developed. Neither
real, symplectic nor equivariant K-theory is touched upon. Also the important
representation of relative K-theory by complexes of vector bundles is skipped.

Therefore, literature for further study is included among the references.

Arhus, December 1968 Johan Dupont

Special thanks to Toki Schnoor Kruse for retyping the original manuscript in KTEX,
and to Lars Madsen for copy-editing it.

Arhus, November 2009 Johan Dupont
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Chapter 1

Vector Bundles

1.1 Basic definitions

Unless otherwise specified, all vector spaces considered are finite dimensional com-
plex vector spaces. We leave it to the reader to carry through all constructions with
real or quaternionic vector spaces when possible.

Definition 1.1. Let X be a topological space. A family of vector spaces over X
is a topological space F, together with:

(1) a continuous map p: £ — X
(2) a finite dimensional vector space structure on each
E,=p '(z) for z€X
compatible with the topology on E, induced from FE.

The map p is called the projection map, the space F is called the total space and
X is called the base space of the family, and if x € X | E, is called the fibre over x.

Definition 1.2. Let p: £ — X and ¢: FF — X. A homomorphism ¢ from (£, p)
to (F,q) is a continuous map ¢: E — F such that:

(1) gop=p
E - F
X
(2) for each x € X ¢,: E, — F, is a linear map of vector spaces.

So we can talk about the category of vector space families over X. An isomor-
phism is a homomorphism with an an inverse homomorphism (which is continuous
by definition).
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Example 1.3. Let V be a vector space, and let £ = X xV, p: E — X be the
projection on to the first factor. E is called the product family with fibre V. A
family which is isomorphic to a product family is called a trivial family, and the
isomorphism is called a trivialization.

If Y is a subspace of X, and if (F,p) is a family of vector spaces over X,
p: p YY) = Y is clearly a family over Y. This is called the restriction of E to Y
and denoted by Ejy.

Now if X and Y are two spaces and f: Y — X is a continuous map we define

the induced family (f*(E), f*(p)) by:
ff(E)CY xE

is the subspace of points (y,e) such that f(y) = p(e). f*(p) is the restriction to
f*(E) of the projection Y x E' — Y.
We also call f*(F) the pull-back of E under f.

Exercise 1.4.
(1) f*is a covariant functor from the category of families over X to the category
of families over Y.

(2) If f:Y = X, g: Z — Y then the functors ¢g* o f* and (fg)* are naturally
equivalent.

3) Y C X, i:Y — X, the injection, then ¢* is naturally equivalent to the
restriction functor: F — Ejy.

Remark 1.5. For the concepts Category, Functor and natural equivalence we refer
to S. MacLane [22[, ch. T §7-8.

Until now our families of vector spaces are not supposed to have much structure
which relates the fibres over neighbouring points. If V' is a vector space Hom(V, V)
has a natural topology defined by the norm of the operators. P(V') C Hom(V, V) is
the subspace of projection operators in V, i.e. 7 € P(V) iff 72 = 7.

Definition 1.6. Let X be a topological space. A projection bundle over X is a
continuous map 7: X — P(V'), where V is some finite dimensional vector space.

A projection bundle defines a family of vector spaces over X in the following
way: E C X x V is the subspace of points (x,v) such that m,v =v. p: £ — X is
the restriction of the projection onto X. This family is called the embedded vector
bundle belonging to (V, ).

Example 1.7.
(1) In R™ consider

S"t={z eR"|||l=fl = 1}
7 8" — P(R"), T(x)v =v — (z,0)r.
This defines a real embedded vector bundle called the tangent bundle of S™~1.
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(2) Let V be a finite dimensional complex vector space with a hermitian structure.
P(V) ={V\{0}} /{v~dv|veV, e C\{0}}

is called the “complex projective space of V. v € V v # 0 determines a unique
point {v} € P(V).
v

(v,0)

The corresponding embedded vector bundle is called the dual Hopf bundle and
is denoted H*.

m: P(V)— P(V), m(v)w = (w,v)

(3) The analogous construction in the real case gives for V = R? a bundle over

St =~ P(R?) (the homeomorphism S!' — P(IR?) is defined by

(cosd,sinf) — {cosg,sing} , —m<60<m).

This bundle is isomorphic to the Mébius bundle: The fibre over [cos 6, sin 6] is

the line in R? spanned by (cos £ cos 6, cos ¢ sin 6, sin £).

In view of Example (3) it is natural to consider the vector bundles independently
from the defining projection bundle.

Definition 1.8. A vector vector bundle (E,p) over X is a family of vector spaces
over X isomorphic to an embedded vector bundle.

Proposition 1.9. Let f: Y — X be a continuous map and (E,p) a vector bundle
over X, then

(F(B), ()
15 a vector bundle overY .
Proof. Let m: X — P(V) define an embedded bundle E' € X x V and let
¢o:E—E, ¢'Y“E —>E.

Consider the projection mp: X x V — V.
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mof:Y — P(V) defines an embedded bundle £ C Y x V. Now define
¢ f7(E) = E" by

U(y, e) = (y,m2 0 p(e))
and ¢': E' — f*(E) by
U y,0) = (07 (F (), v)-
¢ and ¢ are clearly homomorphisms and each others inverse. O

For convenience we will denote a vector bundle (£, p) by the total space E.
A vector bundle has the important property af being locally trivial; we state
this as

Proposition 1.10. Let E be a vector bundle over X, x € X. There exists a neigh-
bourhood U of x such that Ey is trivial.

Obviously we only have to show this for an embedded vector bundle, and in that
case the statement follows from the following lemma.

Lemma 1.11. Let V be a finite dimensional vector space. my, s projections in V.
with V; = mV wherei = 1,2. If ||m —mo|| < 1 then my: Vo — Vi is an isomorphism.

Proof. Put A = m — m then I + A has an inverse B,

B=>) (-1)A'
i=0
(I — A)(mov) = (I + m — m2)(mov) = mmav, s0 I + Ay, = 71}y, and therefore

m: Vo= V)

is injective and consequently dim V5, < dim V). Interchanging m; and my we get
equality, and therefore 7 is also onto. O

Let us now return to the proof of Proposition 1.10.

Proof of Proposition 1.10 Consider a projection bundle 7: X — P(V) and a point
x9 € X. Let U be a neighourhood of xy contained in

m |l = (o) || < 1}
Let I+ A, B: U xV — U x V be defined by

I+ A(z,v) = (x,({ + mpy — m2)V)
B(x,v) = (2, (I + g — 7)) 10)
I + Ais clearly continuous and B is because the map GL(V) — GL(V), which takes

an operator to its inverse, is continuous. I + A and B induce isomorphisms between
the embedded bundle defined by 7y and the product bundle U x 7, V. U
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Actually the property of being locally trivial characterizes the vector bundles over
a compact Hausdorff space. We do not need this fact, but we show the importance
of local triviality by the following study of homomorphisms.

Proposition 1.12. Let ¢: E — F be a homomorphism of vector bundles over X
such that p,: B, — F, is an isomorphism of vector spaces. Then ¢~ is continuous,
i.e. © 1is an 1somorphism.

Proof. Clearly ¢ is an bijection, so we need only to consider ¢ locally. So assume
without loss of generality that £ = X x V and FF = X x W, where V and W are
vector spaces of the same dimension.

¢ determines a map ®: X — Hom(V, W) by

p(z,0) = (2, 2(z)(v)).

Hom(V, W) has the topology determined by the operator norm. This is the same
as the topology induced from the hermitian norm defined in the following way:

Choose bases {e;} and {f;} for V and W respectively; then ® € Hom(V, W) has
coordinates ®;; determined by

(I)Gi = Z (I)ijfj-
J

So if ¢ is continuous, then z — ®(z);; is clearly continuous and therefore x — ®(z)
is continuous.
Now Iso(V, W) is open in Hom(V, W) because

Iso(V,W) = det™*(C \ {0})

and ® — &' defines a continuous map in Iso(V,W). Therefore z — ®(x)~! is
continuous and

v~ (@, w) = (2, 2(z) " w)
defines a continuous map. U

Proposition 1.13. Let p: E — F be a homomorphism of vector bundles over X.
The set U of points x € X such that v, : E, — F, is an isomorphism, is open in X

Proof. Clearly we only need to consider a neighbourhood of a point zy € U. So
again without loss of generality we have

E=XxYV, F=XxW
o(z,v) = (z,®(z)(v)), (x,v) e X xV

where ®: X — Hom(V, W) is continuous. This gives us that U = &~ (Iso(V, W))
is open because Iso(V, W) is open in Hom(V, W). O
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In the examples of projection bundles mentioned in this section all projections
were orthogonal. In general every embedded vector bundle is defined by orthogonal
projections.

In fact if 7: X — P(V), and V has a hermitian structure, let 7 be the orthogo-
nal projection onto 7, V; x — 7 is a projection bundle defining the same embedded
vector bundle. This is a consequence of

Lemma 1.14. For 7 € P(V) let m* be the orthogonal projection onto V. The
map L sending m into ©t is continuous.

Proof. (Gram-Schmidt) Induction on dim 7V
(1) dim7V = 0 is trivial.

(2) dimmeV > 0.
Consider ey € myV with ||eg]| = 1. The set
U = {zl[lm = ml| < 1}

is open in P(V). For 7 € U is dim7V = dimmyV. Hence we only need to
consider | restricted to U. meg # 0. Define @, by

o _Teéo
Qv = mv — (v, Teg) e

Q. €P(V),Q,V CnV, meg L Q,V and clearly
™V =Q,V + {mey}.
Hence denoting the orthogonal projection onto {meg} by Pr,, we get

T = Qy + Pr

ep”

By induction, the map Q. — Q7 is continuous, and the maps m — @, and
T — Pr, are clearly continuous. U

This lemma also has another consequence:
Definition 1.15. Let V' be a finite dimensional vector space and let
G,(V)={W CV | W subspace of dimension n}.

If V is given a hermitian structure, we can identify W C V with the orthogonal
projection onto W. The norm topology in P(V') then defines the topology in G,,(V').
Lemma 1.14 shows that the topology does not depend on the choice of hermitian
structure.

G, (V) is called the “Grassmann manifold” of n-planes in V.
E,(V)={(W,v) €e G,(V) xV |ve W}

constitute clearly an embedded vector bundle, called the wniversal bundle over

G,(V). Forn=1G(V)=P(V) and E(V) = H*.
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Proposition 1.16. Every bundle over a connected space is isomorphic to a bundle
induced from a universal bundle. Specifically if m: X — P(V') is a projection bundle
n=dimm,V and f(z) =,V € G,(V); then (if we identify x € X with (z, f(z)) €
X x G,(V)) the corresponding vector bundle is

JTE(V).

Note that n is well defined because dim E, is locally constant in x by Propo-
sition 1.10 and therefore constant on the whole of X. In general if dim £, = n is
constant, we say that E is an n-dimensional bundle.

We conclude this section with a remark concerning hermitian structures on a
vector bundle. First define

EEBE:UmeEx

with the topology induced from FE x E. A hermitian structure is a continuous map
h: E®FE—= C

such that h restricted to E, x E, is a hermitian structure.

If F is an embedded vector bundle in V' x V' and we give V' a hermitian structure,
this also defines a hermitian structure on E. As a consequence every vector bundle
can be given a hermitian structure.

Exercise 1.17. If E is a vector bundle with a hermitian structure, then E is lo-
cally isomorphic to a product bundle in such a way that, if p: Ejy — U XV is a
trivialization, then ¢, is unitary for all x € X.

1.2 Operations on vector bundles

We start with some linear algebra. In the category of finite dimensional vector
spaces and linear maps there are some important functors:

VoW direct sum (1.1)
VoW tensor product (1.2)
Hom(V, W) (1.3)
Ve dual space (1.4)
N(V) i exterior power. (1.5)

(1.1) : V@ W is the vector space consisting of pairs (v, w) where v € V and w € W.

(1.2) : VoW = H (D(v,w)/R

(v,w)eV xW
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R = the subspace spanned by all elements of the form
)\(’U, U}) o (AU7 w)7 )‘(Ua U}) - (Uv )‘w)
((U + UI)? w) - (Uv w) - (vlv w>7 (Ua (w + w,>> - (Ua w) - (Ua w,)
where A € C, v,v" € V and w,w" € W. The image of (v,w) in V ® W is denoted
v Qw.
The tensor product has the following universal property: Let ¢: VxW — VW
be the bilinear map ¢(v,w) = v @ w. If Y: V x W — U, where U is some vector

space such that 1) is bilinear, then there exist a unique linear map ¢: V@ W — U
such that the following diagram commutes:

VxW—— VoW

The tensor product is a functor which is covariant in both variables. The uni-
versal property determines the tensor product uniquely up to isomorphism; but we
have given the explicit definition in order to secure the functoriality.

(1.3) and (1.4) need not any comments except that Hom(—, —) is contravariant in
the first and covariant in the last variable.

(1.4): Define

HV® RV = ]_[v@

i tlmes

The 0-th term is C. T has a product:
(M@ @U@ Qw)=®  QUuAW - ®wj.
In 7(V') we consider the ideal J generated by elements of the form v ® v.
ANV)=TMV)/T.
The image of V¥ in A*(V) is denoted \'(V).

T(V) is called the tensor algebra of V.
A*(V) s called the exterior algebra of V.
N(V) s called the i-th exterior power of V.

The image of v; ® -+ ® v; in AX(V) is denoted vy A -+ - A ;. A is clearly a functor.

Proposition 1.18.
(1) If{er,...,en} and {f1,..., fm} are bases of V. and W, then

{e: ® fitis
1s a basis of V@ W.
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(2) () VaWwW=WweV.
b)) VealUeaW)=(VelU)W.
c)VelUaeW)=zVeUasaVaW.
All isomorphisms are natural.
(3) Hom(V, W) = V* @ W naturally.
(4) (a) X°(V)=C, X' (V) =V, X(V)=0 fori>dimV.
(b) If V is n-dimensional then dim \*(V') = 1. If A: V — V is linear, then
AT(A): AM(V) = A™(V)
is multiplication by det(A). In gengml, the coefficients of the character-
istic polynomial det(tA — I) is tr(A\(A)).
(c) If{e1,...,en} is a basis of V', then

{eqn ANejy Ao AN ejbi<i<ac<ji<n
is a basis of X/(V).
(5)

NV aew) H N(V) @ M (W) naturally.
i+j=k

Proof. (1) It is easy to see that the bilinear map C x C — C given by (z,y) — zy
induces an isomorphism C®C — C. The statement is a consequence of this together
with (c).

(2) Is proved by general nonsense using universal properties etc.

(3) Define ¢: V* @ W — Hom(V, W) by ¢(f ® w)(v) = f(v)w. Let us show that
¢ is onto: {e1,...,e,} is a basis of V. Define k; € V* by ki(}_; aje;) = a;. If
Y € Hom(V, W), then v = ¢(>_, ki ® ¢(e;)), and counting dimensions gives the
result.

(4) (a) By linearity and anticommutativity we see that every class in (V) is
a linear combination of the classes given in part (c). In particular, we get that
A(V) = 0 if 7 exceeds the dimension of V.

(b) It follows from (a) that A\"(V') is generated by e; A ex A ...e,. So unless this
vectorspace is trivial, it has dimension 1. We can as well assume that V' equals C".
Then, the determinant gives a multilinear map V' x V x --- x V — C. This gives
a linear map V®" — C. Since this determinant vanishes if two of the vectors are
equal, the determinant factors over A*(V'). So this vector space is non trivial, and
the single class e; Aes A -+ A e, spans it.

(c) The classes in question span X(V'), so we have to check that they are linearly
indedent. Let {eq,...,e,} be a basis of V' and put

‘/;c = Span{ela KRS Gk}
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We have seen that \¥(V},) is 1-dimensional. We want to show that
N (V) DAY VZ) Aep = 0.
Assume
A=BAe, AeX(V,1), BEX TV, )
Write

B - E a”il...’ii_le’il /\ e /\ eii—l

The summation is over all 7y ...4; 1 satisfying 1 < iy < -+ < 7;_1 < n. For fixed
i1...1;_1 let Jy ... J,—; < n such that
e N Nej_ N---Nej, , =Feg N Nepy

Then

ANeg N Nepy € XNY(Vmq) =0.
Hence

+a;,.q; ,e1 N Ne, =0

and therefore is B = 0. We have actually shown

N(V) = X (V) @ XNVl Aey

or

N(V) 2N (Vo) @ XY (V,0).
By the triangle of Pascal is dim A'(V;,) = (7).
(5) Define a map from right to left and show that it is an epimorphism. The result
again follows by counting dimensions. O

We now turn to the main problem of this section: We want to extend these
functors to the category of vector bundles over a space X. We restrict to functors
of one variable only, and leave the obvious generalizations for functors of several
variables to the reader.

Let T be a covariant functor in the category of vector spaces end linear maps.
We say that T' is continuous if

T: Hom(V, W) — Hom(T'V,TW)

1s continuous.
If # € P(V), denote by i the inclusion 7V — V then m# = jow where 7w: V — V.
Now T'(r) is a projection in T'(V') and T'(7) is injective because

T(@) oT(i)=T(Toi)=Idsy.
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T(m)T (V) =T(:)T'(7V) so in the following we will not distinguish between 7'(7)T'(V)
and T'(7V).
Let E be a vector bundle over X i.e

E:UEJC

rzeX

and put

reX

The problem is to give T(E) a reasonable topology. If ¢: E — E' is an isomor-
phism and £’ is an embedded vector bundle defined by 7: X — P(V), then

T(p) = |J Te.: T(E) = T(E') C X x T(V)

zeX

is a bijection. T'(E") has a natural topology induced from X x T'(V) and is actually
an embedded vector bundle defined by

Tom: X —»P(T(V))
This analysis forces T'(E) to have the topology arising from requiring 7'(p) to be a
homeomorphism. We have to show that this topology is independent of the choice
of E' and 1
Lemma 1.19. Let

- X —>7D<V)
o : X —>7D<W)

be a projection bundles defining the embedded vector bundles Fy and Eo respectively.
Let

QOZEl—)EQ

be a bundle homomorphism and T a continuous functor. Then

Te =] T,
zeX

defines a bundle homomorphism from

TEl = U CFE)lm to TE2 = U CFE)Qm
zeX reX
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Proof. Let i15: Ey — X x W be the inclusion.

P X XV =X xW
defined by

?(x,v) = dap(x, m120)
is clearly continuous.

P, = Pt Ei1p — Ea.
© defines a continuous map
®: X — Hom(V, W), Tod: X —» Hom(TV, TW)
is continuous, and this corresponds to
Te: X XTV = X xTW;  Torg =Te,

which is therefore continuous. U

The topology of T(E) is now easily shown independent of E': Let ¢1: E — E'
and ¢o: E — E” be two isomorphisms, where E and E" are embedded vector
bundles.

V=207, YT =15t

are homomorphisms, for which we can apply Lemma 1.19. So

Ty = | TeuTer,  To' =] TenTes,
reX reX

are both continuous and each others inverse.

TFE

T(E) /TVHM
T TE"

Also by Lemma 1.19 it is clear that T is well defined on homomorphisms. We
have actually shown:

Theorem 1.20. If T is a continuous functor in the category of vector spaces and
linear maps, there exist a unique functor T in the category of vector bundles over a
space X such that

(1) TE = U,cx TE., and if o: E — E' is a homomorphism, then

Ty = U Tp,.
reX
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(2) T(XxV)=XxTV.
Furthermore iof f:Y — X is a continuous map, then the functors
ffoT To f*
are naturally equivalent.

Exercise 1.21. If T and T" are continuous functors in the category of vector spaces
and

n:T—T

a natural transformation, then 7 extends to a natural transformation between the
corresponding functors in the category of vector bundles over X. Especially if T" and
T' are naturally equivalent then also the extended functors are naturally equivalent.

As a consequence of Theorem 1.20 we have the following functors on vector
bundles over a space X:

EQF (1.6)
E®F (1.7)
Hom(E, F) (1.8)
E* (1.9)
N(E) (1.10)

From Exercise 1.21 and Proposition 1.18 we get the natural equivalences:

(1) E FEXF®E.
(2) E®(FRG)=(E®F)®G.
B) E(FeG)=2EQF®E®G.
(4) Hom(E, F) =2 E® F.
(5) () \(B)= X x €,
(b) N(E) =
(c) X(E) =0 for i > n, if £ has dimension n.
(6) NM(E o F) = [Tije LA(E) @ N(F).
Exercise 1.22.
(1) Let E be a vector bundle over X and F' a vector bundle over Y. Then E x F

is a vector bundle over X x Y which is isomorphic to pjE & p3F, where
pr: X XY — X and py: X XY — Y are the projections.

(2) If A: X — X x X is the diagonal, then for any bundles £ and F over X we
have

E®F 2N (ExF).
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Remark 1.23. F @ F is often called the Whitney sum of E and F'.

Definition 1.24. A section s of a vector bundle F is a continuous function s: X — F
such that pos =1Idy.

Exercise 1.25.
(1) The set of all sections of E' is a vector space denoted I'(E).

(2) There is a 1-1 correspondence between the section of Hom(F, F') and homo-
morphisms from F to F.

We conclude with some lemmas for technical purpose later on.
Proposition 1.26. Let

m: X = P(V)
Ty : X — P(W)

define embedded vector bundles Fy and Es and let ¢: Ey — Ey be an isomorphism.
Consider Ey and Ey as subspaces of X x (V®W). Then there exists an isomorphism

PV XxVoW)-Xx(VaeW)
such that ¢p, = .
Proof. As in the proof of Lemma 1.19 ¢ defines
®,: X — Hom(V, W)
and ¢! defines
®_: X — Hom(W, V)

Define 9 by the map X — Hom(V @& W,V @ W) defined by the matrix

1-— 1 (I),l
(I)l 1-— Up)
1? = 1d so is clearly an isomorphism. O

The next lemma uses the

Tietze Extension Theorem. Let X be a normal space, Y C X a closed subspace,
V' a vector space, and f: Y — V a continuous map. Then there exists a continuous
map g: X — V such that

9(y) = fly) for yeY.

Lemma 1.27. Let X be a normal space, Y C X a closed subset, and E a vector
bundle over X. Then any section s: Y — E can be extended to X .
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Proof. Without loss of generality F is embedded defined by 7: X — P(V). So
actually
s(y) = (y,5y) for yeVY, s:Y =W
We extend 5 to t: X — V and put
t(z) = (x, m,t(z))

Then ¢ is an extension of s. U

Using this lemma on the vector bundle Hom(FE, F) we get from Proposition 1.13:

Corollary 1.28. Let X be a normal space, Y C X a closed subspace and E,F two
vector bundles. If 1. Eyy — Fly is an isomorphism, then there exists an open set
U2DY and an extension ¢: Ky — Fly, which is an isomorphism.

1.3 Sub-bundles and quotient bundles

Definition 1.29. Let (E,p) be a vector bundle over X; F' C E is a sub-bundle of
E if (F,p) itself is a vector bundle such that F, is a subspace of E, for all x

Definition 1.30. ¢: F — E is a monomorphism (respectively epimorphism) if for
all x ¢, : F, — E, is monomorphic (respectively epimorphic).

Definition 1.31. ¢: F — F is said to be a strict homomorphism if dim ker ¢, (and
so dim Im ¢,) is locally constant.

In fact not every homomophism is strict:
Example 1.32.

X =8 = {z e R?||lal = 1},
F = tangent bundle of S*,
E=8"x{rcR?| 2y =0},

¢ is the projection in R? along {z | z; = 0}.

A F

a
T
NE
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Proposition 1.33. Let ¢: X XV — X x W be a strict homomorphism; then the
families

U kerp, and U Im p,

reX zeX
are embedded vector bundles.
Before proving this we draw some immediate consequences.

Corollary 1.34. Let ¢: E — X x W be a monomorphism; then
| me,

1s an embedded vector bundle. Fspecially every subbundle of a trivial bundle is
actually embedded.

Proof. Without loss of generality E is an embedded vector bundle defined by 7: X —
P(V). Apply proposition 1.33 to the homomorphism

P X XV = XxW
defined by

P(x,v) = p(z, m0). O

Corollary 1.35. Let ¢: F — E be a strict homomorphism; then

(1) Uyex ker @, is a sub-bundle of F,
(2) Upex Ime, is a sub-bundle of E.

In particular this is the case for ¢ a monomorphism or an epimorphism.

Proof. Without loss of generality F' is embedded in X x V and F is embedded in
X x W and FE is embedded in X x W, and let 7: X — P(V) be the projection
bundle defining F'. Again define : X x V — X x W by

?(x,v) = p(z, m0).

Im ¢ =Imp is a sub-bundle of X x W by Proposition 1.33 and hence a sub-bundle
of E. This proves (2).
F' = ker® is embedded in X x V by 1.33 and 7: X x V — X x V defined by

m(x,v) = (x,m,0)
defines a homomorphism
T F = F

Im7 = ker ¢, so 7 is strict. Hence by (2) we have proved (1). O
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Corollary 1.36. F C E is a sub-bundle, then
E/F = | J E./F,
reX

with the quotient topology is a vector bundle.

Proof. Without loss of generality F is embedded defined by an orthogonal projection
bundle 1 : X — P(V). By Corollary 1.34 F' is embedded defined by my: X — P(V),
o, 1 the orthogonal projection onto F,.

m — T is a projection bundle defining an embedded bundle isomorphic to E/F,
the isomorphism simply given by

e > (m — m)e,.

Actually we have given E a hermitian structure and shown that E/F & F+ =
U,cx Fi- is a vector bundle. Hence

E~F&EJF. O

Proof of Proposition 1.33 If a family £ =J, £, C X x V, and we give V' a hermi-
tian structure, then F is an embedded vector bundle iff the orthogonal projection
onto F, is continuous in x. This is a local property; hence using Lemma 1.14, we
only need to show that E locally is defined by some, not necessarily orthogonal,
projection bundle. Now consider a homomorphism

pr: XXV =X xW

and fix a point zy € X.
Let Vi be a complementary subspace of ker¢,, in V and W, a complementary
subspace of Im ¢,, in W. Consider the maps:

bi: Xx (Vo Wy) X x(VaWw) X x(WaoWw)—Y s X x W
bt XxV-—25XxVaV) 22X xWaV) 25X x (W/W,®V/V)

Here i is the injection, V the sum map, A the diagonal and j the projection.
Y1, 1s clearly an isomorphism, so by Proposition 1.13 ¢y, is an isomorphism in
a neighbourhood U of z.

1. (Vo) C p,V for ze€X

and equality sign holds for x € X provided ¢ is strict. Taking 7, to be the projection
onto ¢,V along Wy(z € U),

Ty = ?/flm%?/}l}l
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where 7 is the projection in Vy @& W, onto V4. 7, is therefore continuous in x, and

hence
U Im 7,

is an embedded vector bundle. The dual analysis of 5 gives the result concerning
U, ex ker ¢, O

Remark 1.37. We have actually proved that if ¢: F' — E is a homomorphism,
then
rank ¢, > rank ¢,

for all x in a neighbourhood of x;.

1.4 Homotopy properties of vector bundles

Definition 1.38. f,g: X — Y are homotopic, denoted f ~ g if there is a continu-
ous map
F: XxI—=Y

such that F(z,0) = f(x), F(z,1) = g(z) for all x € X.

Exercise 1.39.
(1) ~ is an equivalence relation in the set of maps X — Y. The equivalence
class containing f: X — Y is called the homotopy class of f. The set of all
homotopy classes of maps from X into Y is denoted [ X, Y].

(2) Let fi, fo: X =Y, g1,92: Y — Z be continuous maps such that f; ~ fy and
g1 ~ go; then g1 f1 ~ gafo.

We can, therefore, talk about the category of spaces, with morphisms homotopy
classes of maps. This gives rise to notions such as homotopy inverse and homo-
topy equivalence. A space which is homotopy equivalent to a point is said to be
contractible. Note that a homeomorphism is a homotopy equivalence.

Definition 1.40. Let Y C X and denote the inclusion map i.

(1) r: X = Y is called a retraction if r oi = Id and Y is called a retract of X.

(2) A retraction is called a deformation retraction and Y a deformation retract of
X if i or ~ Id, that is if there is a map F': X x I — X such that F(z,0) =«
and F(z,1)=r(z) €Y. If y € Y then F(y,1) =r(y) =y.

(3) If F(y,t) =y forally € Y and t € I, then Y is called a strong deformation
retract of X.
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Exercise 1.41.
(1) Let X consists of two circles with exactly one point in common, and Y is one
of them. Then Y is a retract of X. (Y is not a deformation retract, but this
is not easy to show).

(2) Let P # @ be two points and X = PUQ, Y = P. Then Y is a retract, but
not a deformation retract of X.

(3) (The comb space) Let X consists of the points (z,y) € R? satisfying either
0<z<1l,y=0o0rz=0,0<y<1or

r=1 0<y<1, n=1,23,. ..

Let Y consists of the point (0,1). Then Y is a deformation retract, but not a
strong deformation retract of X.

|

o (1,0)

(4) The central circle of a solid hole of a solid torus is a strong deformation retract.
(5) Make a small hole in the surface of a torus. Find two circles, which are a

strong deformation retract.

Proposition 1.42. LetY be a compact Hausdorff space and Z C'Y a closed subset.
Let fo, f1: Y — X be homotopic through maps f; such that fort e I

fi(z) = fo(2) forall z€Z

Let E be a vector bundle over X. Then there exists an isomorphism

v: fo(E) = [1(E)
such that ¢ restricted to Z is the identity.

Proof. Let I be the unit interval; f: Y x I — Y denote the homotopy, so that
f(y,t) = fi(y), and let 7: Y x I — Y denote the projection. Fix ¢, € I and
consider the bundles f*(E) and (f;, om)*(E). Over A=Y X {to} U Z x I there is
an obvious isomorphism

p: [(E) = (fi om)"(E).

(Actually ¢ is the identity because f and f;, o 7 agree on A). According to Corol-
lary 1.28 ¢ has an extension over a neigbhourhood U of A in Y x [.

By compactness of Y we can find an open interval é;, C I containing ¢, such
that Y x d;, C U. Now consider an arbitrary ¢ € d;, and let i;: Y — Y x I be the
map sending y to (y,t). foi, = f; and fi, owo i = f;,. Hence

[ (B) =i f*(B) — ij(fiy o m)"(E) 2 f;,(E).

t ¥
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By inspection it is easily seen that this isomorphism f;(E£) — f (£) is the identity
over Z.

Thus for every ¢y € I there exists a d;, such that f(E) = f (E) for t € d;,, the
isomorphism being the identity over Z. From the compactness of I the proposition
follows. O

Remark 1.43. The proposition holds more generally over paracompact spaces; for
a proof see for example D. Husemoller [20]. In the following we will assume all base
spaces to be compact Hausdorff spaces.

Proposition 1.44. Let X CY be a strong deformation retract of Y, i.e.
F:YxI—=Y

such that F(y,1) € X, F(y,0) =y, F(z,t) =, forx € X. Let m: Y x I =Y be
the projection and E a vector bundle over Y. Then there is an isomorphism

o: m(E) —» F*(F)
which s the identity over Y x 0U X x [I.
Proof. Use Proposition 1.42 on the homotopy
Gs: Y xI—=Y
defined by
Gs(y,t) = F(y, st). O

Definition 1.45. Two isomorphisms «y, a;: £ — F are called homotopic (ag ~ ay),
if there is an isomorphism

O m'E — ' F (m: X x I — X)
such that the composites

E — 7 Ejg — mFy — F
and
E — mEy = mF, — F

are o and a; respectively.
Remark 1.46. if E = X x V and F = X x W then ag and «; correspond to
Qp, 01 X — ISO(‘/, W)

ap ~ a1 as isomorphisms of bundles iff ¢y ~ &7 as continuous maps. We leave it to
the reader to verify that ~ is an equivalence relation.
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Corollary 1.47. X C Y a strong deformation retract, E a bundle over Y and
p: B — E an isomorphism such that ¢\ x = Id. Then ¢ ~1d, and the homotopy is
the identity over X x I.

Proof. Let ® be the isomorphism according to Proposition 1.44. Then ¥ = &~1F*(p)®
is a homotopy between ¢ and Id. U

Suppose now Y is closed in X, E is a vector bundle over X and a: Ey —
Y x W is a trivialization. Let 7: Y x W — W denote the projection and define an
equivalence relation on F by

either e = ¢’ or
e~e < ((1) peeY and pe' €Y
(2) ma(e) = ma(e).

The quotient space of E is denoted F/a. It has a natural structure of a family of
vector spaces over X/Y and is in fact a vector bundle.

Proposition 1.48. Let Y C X be a closed subset and a: Eyy — Y x W a trivial-
ization. Then E/a is a vector bundle over XY, and its isomorphism class depends
only on the homotopy class of a. Futhermore, if j: X — X/Y then j*E/a = E.

Proof. Without loss of generality F is embedded defined by 7’: X — P(V). Extend
a to a neighbourhood U of Y in X. According to Urysohn there is a function
f: X — [0,1] such that

f¥)y=1, f(X\U)=0

for some neighbourhood U’ of Y satisfying Y C U’ C U’ C U. Considering E C
X x V', we define

p: E—-XxVaeW) by o) = (z,(1— f(x)) v f(x)aw).

@ is clearly continuous, and if e ~ €/, then e and pe’ has the same second compo-
nent, hence there is a continuous map ¢ such that

E—2 X x(VaWw)

| |

Ela—25 XY x (Ve W)
commutes. According to Corollary 1.34 Im ¢ is embedded, hence

(1) ¢ is a homeomorphism onto its image and therefore ¢ is, and

(2) if m, is the projection onto Im ¢,, then  — 7, is continuous which shows that
Im ¢ is embedded. This proves the first part.
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If &: 7*E)y — Y x 1 xW is a homotopy connecting two trivializations ag and ay,
consider 7*E/®, a bundle over X x [ /Y x I. Let g: X/Y xI — X xI/Y x I and
consider

g (m*E/®) over (X/Y)xI.

Clearly this bundle restricted to (X/Y) x 0 and (X/Y) x 1 is E/ay and F/ay
respectively. The injections

(X/)Y) — (X)Y)x1— (X)Y)x I
and
(X/)Y) — (X/Y)x0— (X/)Y) x I

are homotopic, so the second statement follows from Proposition 1.42. The proof of
the last statement is left as an exercise. 0

Definition 1.49. Vect(X) denotes the set of isomorphism classes of vector bundles
over X, and Vect, (X) denotes the subset of n-dimensional bundles.

Vect(X) is an abelian semigroup under the Whitney sum operation @. For
example if X = a point * then Vect(x) = Z,. Vect is actually a functor taking a
map f: X — Y into

f*: Vect(Y) — Vect(X).

We state this as

Theorem 1.50.
(1) Vect is a contravariant functor from the category of compact spaces with mor-
phisms homotopy classes of maps into the abelian semigroups.

(2) Especially if f: X — Y is a homotopy equivalence, then f* is an isomorphism.

Remark 1.51. It follows that every bundle over a contractible space is trivial, so
Proposition 1.48 is applicable if Y is contractible.

Corollary 1.52. LetY C X be a closed contractible subspace. Then f: X — X/Y
mduces an isomorphism.

f*: Vect(X/Y) — Vect(X).

Proof. We construct an inverse map: Let E be a vector bundle over X. Fjy is
trivial, so we choose a trivialization a: Ejy — Y x W. E/a defines then an element
in Vect(X/Y'). We have to prove that this element is independent of the choice of
a: So let aq, as be two trivializations

OzliE‘y—)YX‘/, OéQIE‘y—>YXW
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B=aa;": Y xV =Y x W is an isomorphism. Y is contractible, so
B~ 1d xSy, Bo: V= W.
Put v = (Id xf3p) o . By Proposition 1.48 is F/ay = E/~y. Let

Y XV =V, m: Y X W — W.

Then
e~eé in E/y < mye = myye
= fomae = fomaze
= T = 7T10[1€I
<—e~eée in E/a.
So actually /oy = E/7. O

We will now describe another construction on vector bundles similar to E/a. We
consider a compact space X and closed subsets X; and X; satisfying X; U Xy = X.
Put A = X7;NX5. Assume Fy, E, are vector bundles over X; and X, respectively and
suppose there is given an isomorphism ¢: Ejj4 — Ej4. We then define the family
FE,U, E; over X as follows. The total space is the quotient of the disjoint sum £+ Es
by the equivalence relation which identifies e; € Eyj4 with ¢(e1) € Ey4. Identifying
X with the corresponding quotient of X; + X, we obtain a natural projection

p: E1 Ucp E2 — X,
and this defines a family of vector spaces.

Proposition 1.53.
(1) E1 U, Es is a vector bundle.

(2) If E is a bundle over X and E; = Ex,, then the identity defines an isomor-
phism I5: Eya — Eya, and By Up, By = B,

(3) If Bi: E; — E! are isomorphisms on X; and ¢'1 = Payp, then Ey U, Ey =2
El Uy Ej.
(4) (BEy U, E2) & (B} Uy EY) = By @ B Upgy By & E.
(£ Uy Ea) @ (B Uy E7) = By @ B} Upgy E @ B
(El Utp Eg)* = ET U(Lp*)_l E;

(5) The isomorphism class of Ey U, Ey depends only on the homotopy class of the
isomorphism ¢: Eya — Ea4.

Proof. We leave the proof of (2)—(5) as an exercise for the reader and concentrate
on (1).

Without loss of generality E7, Fy are embedded bundles defined by 7;: X; — P(V),
and according to Proposition 1.26 we can asumme ¢ to be the restriction of an iso-
morphism ®: A x V — A x V. Extend ® to a neighbourhood U of A in X and
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choose an Urysohn function f: X — [0,1] such that f(A) =1, f(X \ U') = 0 for
some neighbourhood U’ satisfying A C U’ C U’ C U. Considering F; + E5 as
embedded in (X; + Xy) x V, we define ¢: By + Fy — (X7 + Xo) x (V@& V) by

Y(xg,v) = (29,0 D V), x5 € Xy,
¢(x17w) = (1'17(1_f(lj))w@f(l‘l)q)xlw)’ T € Xj.

The rest of the proof proceeds as in the proof of Proposition 1.48. U
Remark 1.54. Fy, E, are called clutching data and ¢ is called a clutching function.

Definition 1.55. Let X be a topological space and I = [—1,1]. The suspension
SX of X is X x I with X x (—1) identified to one point and X x (+1) identified to
one point.

CcTX
SX

C™X
Theorem 1.56. There is for any compact space X a natural isomorphism
Vect,,(SX) = [X, GL(n, C)].
Proof. We define a map from the right to the left in the following way:
¢: X — GL(n,C)
corresponds to an isomorphism

p:r X xC"— X x C".

Ct*X =X x[0,1] /X x (1),
O X = X x [-1,0] /X x (—1).
CHXUC X =SX and CtXNC-X =X x (0).

Put £ = (C*X x C") U, (C~X x C"). By Proposition 1.53 E is a vector bundle
over SX whose isomorphism class only depends on the homotopy class of .

We now want to construct an inverse map, so let E be an arbitrary bundle of
dimension n over SX. CtX and C~X are contractible spaces, so according to
Theorem 1.50 the restriction of E to these spaces gives trivial bundles. Choose
trivializations

ot Boex = CFX x €
a E\C‘X - C X xC"
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and put ¢ = ay o (ay) 7" Let ¢: X — GL(n, €) be the corresponding map. By
Proposition 1.53 we have

FE = E|C+X U[X E|C*X = (C+X X (Dn) Ucp (C_X X (Dn),

so we have certainly finished if only we can show that the homotopy class of ¢ is
independent of the above choices. It is sufficient to show that the homotopy class
of for example ot is well defined. Let o and o be two trivializations. Then

a = aj (o)~ is an isomorphim

a:CTX xC" = CTX x C",
whose homotopy class corresponds to the homotopy class of
a: CtX — GL(n, C).

C*X is contractible so without loss of generality @ is assumed to be the constant.
Now GL(n,C) is pathwise connected, so @& is homotopic to the map which is con-
stantly the unit of GL(n, C), This means that « is homotopic to the identity, and

hence o ~ af . t

Appendix. GL(n,C) is pathwise connected.

Proof. Let T € GL(n,C); we will show that T' can be connected by a path to I.
Because every complex linear map has an eigenvector it is easy to show by induction
on n that 7' is equivalent to a matrix with zeros under the diagonal. Hence T" =
AY(D + N)A, where D is a diagonal matrix and N is nilpotent.

o
0

detT'=det D =dy---d, # 0, hence d; # 0 for all 7. d; can be connected to 1 by a
path dz(t) contained in C\ {0}. Put

dp

Y0
0

T = A=Y (DW + N)A. det T® = det D® #£ 0, so T is connected to A1 + N)A.
Now I + sN € GL(n,C) for all s € [0,1] because N is nilpotent. Hence T is
connnected to A7 TA = 1. O

DWW —

dy)

Remark 1.57. Taking X = S° in Definition 1.55 we get that every bundle over S*
is trivial.
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Definition 1.58. Let A be directed set, i.e. a partially ordered set such that if
a, B € A then there exists v € A satisfying v > o and v > 5. A system { X, }qea of
sets with maps fz.: X, — Xj for every pair of (a, ) € A x A satisfying § > «, is
said to be a direct system of sets, provided

1. foo =Idx,
2. fﬂ/ﬁ o fﬁa = fva-

The direct limat lim X, is defined as the disjoint union (J, .4 Xo with the identifi-
cations acA
x~y for zeX,yeXg

and there is a v > a, § such that f.,5(y) = fya(2).

Exercise 1.59.

(1) The above defined relation is an equivalence relation, so lim X, is well defined.
acA

(2) A map h: {Xa}—> {Ya} of directed systems indexed by A is a collection of
maps h,: X, — Y, making the diagram

X, sy,

fBaJ/ J/gli’a

Xﬁ#YQ

commutative for any § > . Show that lim ~is a functor from the category
of directed systems of sets indexed by A to the category of sets.

(3) If X, is an abelian group for every a € A, and fz, is a homomorphism
for any 8 > «, then hﬂ N X, is again an abelian group and analogous for
homomorphisms.

4) Let B be a directed set and Ag a directed set for every § € B then C' =
B
UBEB Ap is a natural way a directed set. Let {X,,} be a directed system,

then
I Xa}
{%ﬂ ") gen
is a directed system, and
lim X, = lim lim X,
% 5 %%ﬂ 5

(5) Let {Ga}aeA and {Fa}aeA be two directed systems of abelian groups satisfy-
ing F, C GG,, and such that the inclusions define a map of directed systems.
Then {Ga /Fuo}aca is also a directed sytem, hﬂ F, is a subgroup of hﬂ G, and

A A

limG, / F, =1lmG, /lim F,.
ralal Sl
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We now want to prove another classification theorem for vector bundles. First
note that the injection C™ — C™ ¢ C™2 = C™*™2 induces an injection of Grass-
mannians

s © Gn(C™) = G (C™F72),
and note that
o En(Cm1+mg) ~ En((ljml)_

mi+mz,my

Theorem 1.60. The natural map
liﬂ (X, G, (C™)] — Vect,(X)

induced by sending f: X — G,(C™) into f*E,(C™), is a bijection for all compact
Hausdorff spaces X.

Proof. We shall construct an inverse map. As in Proposition 1.16 every n-dimen-
sional bundle is isomorphic to f*E,(C™) for m and some f: X — G,(C™) defined
by

f(z) =m,C™, where 7w:X — P(C™)

is a projection bundle. The only problem is to show that the homotopy class of f
is uniquely determined by the isomorphism class of E. So let pg: E — X x C™
and ¢1: E— X x C™ be isomorphisms onto embedded bundles. Let I = [0, 1] and
ExI=n"F 7n: X xI— X. Define

O:Ex]—XxIx(C™aC™)
by
(I)(ev t) = (p(e),t, (1 - t)QOO(e) D t(:Ol(e))'

According to Corollary 1.34 Im @ is an embedded bundle over X x I which is Im jyog
over X X 0 and Im j; o 1 over X x 1, where

Jo: C™ > C™ @ C™ and j;: C™ — C™ o C™.
Hence there is a homotopy
m: X = P(C™ o C™)
such that 7wy and 7 define Im jy 0 ¢y and Im j; o ¢y respectively. So if
fo: X = G,(€C™) and fi: X — G,(C™)
are defined by means of Im ¢, and Im ¢, respectively, then j,fy and j; f; are homo-
topic, where

Jo: Gp(C™) = G,(C™ @ C™),
J1: Go(C™) = G, (C™ & C™).
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Now idgntifying Cmo@C™ with C™ ™ | jo = imgmy.me Whereas j; = Toimﬁml,ml,
where T is induced by

(Z15 - oy Zimgs Zmatls - - - Zmotmy) = (Zmatls - -« Zmotmys 215« - - Zmy )-

That is
T @mo—f—ml — @mo—f—ml

and if V € G,,(C™+™) then TV € G, (C™*™) is the image TV of T restricted
to V. Now T' € U(mg + mq) and this is an arc-connected space. Hence there is an
arc Ty, t € [0,1], such that T; € U(mg+mq). If we can show that the corresponding
family 7, is continuous, then T ~ Id and thus

Umo+ma,mo © Jo=jJoofo~jiofi= To limg+ma,my © Ji~ Umo+ma,my © i

Hence fy and f; become homotopic in the limit and our inverse map is well defined.
Continuity of the map

G (T x [ — G, (Tt
sending (V,t) to Ty(V) = T;(V): Put m = mg + m; and identify G,(C™) with the
space P(C™) of orthogonal projections with n-dimensional image. T is under this
identification the map

T: PHC™) = PHC™) defined by T(n)=TxT"!

The map Hom(C™, C™) x U(m) — Hom(C™, C™) taking (A, T) to TAT ! is clearly
continuous. Hence the map

PHC™) x T — PH(C™) x U(m) — P-(C™)

taking (m,t) first to (7, T};) and then to TywT} ', is clearly continuous. O
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K-theory

2.1 The Grothendieck Construction

Vect(X) is a commutative semigroup under Whitney sum for every space X.

In this section we shall associate in a universal fashion a commutative group
to any such semigroup S. The result is called the Grothendieck group of S and is
denoted G(S).

More precisely G is a functor from the category of commutative semigroups to
the category of Abelian groups, such that for any S there is a natural isomorphism

satisfying the following universal property:
If f:S — Aisahomomorphism into an Abelian group A, then there exists a
unique homomorphism

j:Gg(s)— A

such that the diagram

§—" gs

commutes.

The actual construction of G(5) is similar to the construction of the integers out
of the natural numbers:
In S x S we define the equivalence relation:

(s,8) ~ (t,1') <= there exists § and  such that

(57 5/) + (37 ‘§) = (tat/) + (fa f)
ie. s+s=t+1
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~ is clearly an equivalence relation in S x S, and the quotient G(S) is clearly an
Abelian semigroup. (8, §) where § is arbitrary, represents the zero element in G(5),
and the inverse of (s,s) is (s, s), so G(S) is actually a group.

If s € S we define jg(s) as the element represented by (s + §, §) for § arbitrary.
js(s) is also denoted [s]. Clearly (s, s’) represents [s] — [s'] in G(5).

If S has a product which is distributive over the addition, then G(S) has the
structure of a ring. This is seen either by constructing the multiplication directly,
or by using the universal property of G(5).

Definition 2.1. If X is any compact space we define
K(X) = G(Vect(X)).

K (X) is a commutative ring, where the product is inherited from the tensor product
of vector bundles.

Every element in K (X) is of the form [E] — [F], where E, F' € Vect X.

The vector bundle F' is isomorphic to an embedded vector bundle, so according
to the remark following Corollary 1.36, there exists a vector bundle F* such that
F@®F+ is trivial. Denoting the trivial bundle of dimension n by n we have F @ F+ =
n for some n and

[E)-[F]=[E0F |- [FOF | =[E®F']—[n.

Thus every element of K(X) is of the form [G] — [n] where G € Vect(X). Two
bundles E and F' are said to be stably equivalent if there are natural numbers n and
m such that

Eon=Fdm.

This implies that [F] — [F] = [m] — [n]. On the other hand assume that [E] — [F]
is an integer mutiple of [1]. Without loss of generality

[E] =[F]+ [m] = [F ®m].
Then there is a bundle G such that

EaG2Fomaed
EaGaGr2FomaGa Gt

where GG+ 2 n. Thus EGn =2 F&mdn = F®m + n. Especially two bundles
E and F of the same dimension are stable equivalent iff [E] = [F]].

The exterior power operations A give also rise to operations in K (X). This is
seen as follows:

Let K(X) [[t]] denote the ring of power series in ¢ with coefficients in K(X). If
E is a vector bundle over X, we define \;(F) € K(X)[[t]] to be the power series

f}xwﬂﬁ

=0
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According to Section 1.2 there is an isomorphism
"EeF) = [ NE) e N(F)
i+j=k

for any vector bundles F, F' over X. This can be expressed as a relation between
power series:

ME @ F) = M(E)\(F).

The power series \;(E) is invertible in K (X) [[t]], because it has constant leading
term 1. Thus we have a homomorphism

At Vect(X) — 1+ tK(X) [[t]]*

of the additive semigroup Vect(X) into the multiplicative group of power series
over K (X) with constant term 1. By the universal property of K (X) this extends
uniquely to a homomorphism

AN K(X) = 1+t (X)) [[1]T-
Taking the coefficient of ¢ we have
N K(X) = K(X).
For any z,y € K(X) we have
(x+y) Z Nz
i+j=k
and \; is explicitly defined by
Ak([E] —[F]) = At(E)O\t(F))_l

At last we remark that if f: X — Y is a continuous function, then f*: Vect(Y) —
Vect(X) extend in a unique way to f*: K(Y) — K(X). f* is a ring homomorphism
and commutes with the operations A\’. By Theorem 1.50 this homomorphism de-
pends only on the homotopy class of f.

2.2 Elementary Algebra of Modules

Let R be a commutative ring with a unit 1. An R-module is an Abelian group A,
with a product

RxA— A
satisfying
r(a+ad)=ra+rd, (r+7r)a=ra+ra,
/ /
r(r'a) = (rr')a, la = a,

where 7,7 € R and a,d’ € A.
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A map f: A — B, where A and B are R-modules is said to be an R-homomor-
phism if
flata)=fla)+ f(d') and  [f(ra) =rf(a)

for all a,a’ € A and r € R.
The kernel

ker f = £74(0)

is a module. If C' is a submodule of A, then A/C' is again a module. The image
Im f of f is a submodule of B and

Coker f = B/Im f
is called the cokernel of f. As usual we have a natural isomorphism
Imf >~ A/ker f.

Note that if f: A — B is a module homomorphism,_C C A, D C B submodules
satisfying f(C) C D, then there is a homomorphism f: A/C — B/D, such that the
diagram

A%B

L,

A/C—LB/D
commutes.
Let us consider a sequence of modules and homomorphisms (not necessarily
infinite)

oy Ay Ly 4,

Aq_l_)...

The sequence is said to be ezact at A, when Im f,; = ker f,. The sequence is said
to be exact if it is exact at every of its modules.

Example 2.2.
0—A——B is exact <= ¢ is monomorphic.
A AN B——0 is exact <= j is epimorphic.
0— A——0 is exact <— A =0.
0 A——B 0 is exact <= 1 is an isomorphism.
0 A—>B ! C is exact <= 1 defines an isomorphism of
A onto ker f.
B ! c—=D 0 is exact <= j defines an isomorphism

of Coker f onto D.
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0 A——B C 0 is exact <= 1 is an ismorphism onto
ker 7 and j induces an iso-
morphism B/iA = C

B is called an extension of A by C, and the sequence is said to be short exact.

Lemma 2.3. If a module homomorphism py: B — As has a right inverse, i.e. a
homomorphism is: Ay — B such that pyia = Id 4,, then

B — Al EB ’iQAQ,
where Ay = ker py.
19 is called a splitting of po

Proposition 2.4. The following properties of a short exact sequence

are equivalent:

1. ps has a right inverse i5: Ay — B with pyoiy = 1.
2. iy has a left inverse p1: B — Ay with py o1y = 1.

3. There is a commutative diagram:

0 Ay h B—= A 0

[

OHAlHAl@AQHAQHO
A short exact sequence with one of these properties is said to be split exact.

Lemma 2.5 (Five lemma). Consider the commutative diagram

Al A2 A3 A4 A5

RN

Bl BQ B3 B4 B5

with exact rows. If fi, fa, fa, f5 are isomorphisms, then fs is also an isomorphism.
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Lemma 2.6 (Nine lemma). Consider the commutative diagram

0 0 0

0 B By B3 0

0 B3 By Bas 0

0 0 0

with exact columns and exact middle row. The top row is exact iff the bottom row
18 exact.

If {A;}ier is a collection of R-modules, then the product [[..; A; is again an
R-module.

14

iel

is the submodule constisting of sequences in which all but a finite number of elements
are 0.

We also have the tensor product A @z B of R-modules. It is constructed as the
tensor product of vector spaces and satisfies a similar universal property:

Y: Ax B— A® B defined by (a,b) =a®b

is bilinear, and for every bilinear p: A x B — (', C' an R-module, there exists a
unique ¢: A ® B — C such that the diagram

AxB— AR B
N /
C

commutes.

Lemma 2.7.
1. If {Ai}z‘el s a collection of R-modules, then

(JTa)eB=][(A®B)

el el

2. R B=D
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3. If F' is a free R-module, i.e.
F =[] Ra,
and A — B — C' is an exact sequence, then
FRA—F®B—F®C
18 exact.

Remark 2.8. Tensoring with a module is not always exact, for example let R = 7Z
and Zy — 74 the natural inclusion. Zs ® Zy =2 75 but the image of 1 ® 1 in Zy ® Zs
is zero.

Nevertheless tensoring with an arbitrary module is right exact.

‘B 4 C 0 is exact, then for an arbitrary module M :

Lemma 2.9. If A

Ao M -5 BoM- 225 CcoM—s0

15 exact.

Proof. Let L be the cokernel of i ® 1 and [: B® M — L the natural map. (j®1)o
(t® 1) = 0, so there exist f: L — C ® M such that f ol = j ® 1. The map
g: Bx M — B®M — L contains iA x M in its kernel. Hence there exists
amap g: C x M — L such that g(jb,m) = I(b ® m), and thus this extends to
h: C® M — L. f and h are easily seen to be each others inverse. U

2.3 Cohomology Theory Properties of K

Let C denote the category of compact spaces and C* the category of compact spaces
with a distinguished point, i.e. an object of Ct consists of a compact space X
together with a point xg € X, and a map

[+ (X, 20) = (Y, 90)

is a continuous function f: X — Y taking g to yo. In CT we define homotopy of
maps in an obvious way and the set of homotopy classes of base point preserving
maps from X to Y is also denoted [X,Y]. Occasionally all the base points are
identified to a single one denoted +.

C? denotes the category of pairs of compact spaces, i.e. an object is a pair (X, A)
with X and A compact and satisfying A C X. A map

[ (X, A) = (Y, B)



36 Chapter 2. K-theory

is a continuous function f: X — Y satisfying f(A) C B. Again we can define
homotopy in this category.
We include C in C? by sending X into (X, (). there is a functor

/:C* = C*

sending (X, A) into X/A, the base point being the point A. Here X /() is understood
to be the disjoint union of X with a point +. We also denote X /0 by X*.

Remark 2.10. The functor +: C — C* can be extended over the category of locally
compact spaces and proper maps. (A map f: X — Y of locally compact spaces is
proper if f71(C) is compact for any compact C' C Y).

For any locally compact X (not necessarily non-compact) X denotes the one-
point compactification of X with the base point + = co.

Note that X/A = (X — A)* for any (X, A) € C?. Actually there is an ob-
vious map from the right to the left, which is clearly continuous and therefore a
homeomorphism.

In C™ we have the “smash product”™ If X,Y € C* we put

XANY =XXxY/XVY
where X VY = X x (+)U (+) x Y.
Exercise 2.11. For any three spaces X,Y, Z € C* we have the natural homeomor-
phisms

XANYANZD)ZXANYNZZ(XAY)NZ

Here X ANY AN Z is X XY x Z with (z,y, z) identified with the base point if either
x or y or z is the base point.
In C? we have the product

(X, A)x(Y,B)=(X XY, X xBUAXY)
and clearly this corresponds to A under the functor /:
X/ANY/B=ZX XxY/X xBUAXY.
In fact the the natural map
XxY—X/AxY/B—— X/ANY/B
induces the homeomorphisms.
If especially A = B = () this equation reads

XTAYT (X xY)*
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Exercise 2.12. If X and Y are locally compact, then X x Y is locally compact
and

XTAYT2 (X xY)T
In the Euclidean n-space R™ we consider the subspaces

B"={z=(z1,...,m,) |27 +-- -+ 22 <1}
S =Ax = (z1,...,2n) | 2]+ -+ 22 =1}

It is well known that
B"/Sn_1 =~ (]R")+ = S,

Explicitly define (B™, S ') — ((R")", o0) by sending z to

x

V1-lal®
Also define (denoting the north pole N) a map (B™, S"!) — (S™, N), by sending x
to

€ R" U {oo}.

(2x 1—|x|) 2)z]" —1) e R"" @ R.

®(

The identification (R")" = S™ is called stereographic projection.

N

N
N

Taking the north pole as the base point in S™ we have

S"AS" = (RM)TA(R™T 2 (R" x R™)tT = (R")T = g™,
Especially

St STAST AL NS,
nf;c,tors
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For X € C* the space X A S! is called the reduced suspension of X. From the
above considerations it follows that the n-th iterated suspension SSS...SX (n times)
is naturally homeomorphic to X A S™. It is briefly written S™X.

Note that SX for X € C* differs from the suspension defined by Definition 1.55.
Actually the reduced suspension is the suspension with (+) x I identified to a point.

Because [ is contractible K agrees on the two suspensions according to Corol-
lary 1.52, so the use of SX for both of them leads to no problems.

Remark 2.13. For any locally compact space X (including the compact ones)
S"MXT) = (X x R")™.
For a compact pair (X, A)
S™M(X/A) =2 X x B"/X x S" ' UA x B".
Definition 2.14. If X € C*, i: + — X the inclusion of the base point, define
K(X) =ker| K(X)—"—= K(+)].
If X is locally compact define
K(X)=K(X7).
If (X, A) € C? define K(X,A) = K(X/A).
For any X € C* the collapsing map ¢: X — + induces a splitting of i*, so clearly

KX)=KX)eK(+)=K(X)aZ.

K is clearly a functor on C*. Also the definition K (X) = K (X ™) agrees on compact
spaces with the original K (X), and K is a functor on the category of locally compact
spaces and proper maps. Finally note that for X € C K(X) = K(X,0) and K(—, —)
is a functor on C2.

Definition 2.15. For n > 0
E=(x)
K™(X,A)

K(S"X) for X € CT,
K(X/A)
K
K

1%

(X x B", X x S"'UAxB") for (X,A)cC?
X)) 2 K(X xR") for X locally compact.

K(X)
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Clearly these definitions agree on their common domains. They all give functors
on the appropriate categories. Note that K(X) for X € C" is the set of equivalence
classes of stably equivalent vector bundles over X.

Lemma 2.16. For (X, A) € C* we have the exact sequence

K(X,A) - K(X) -5 K(A),

where i: A — X and j: (X,0) — (X, A) are inclusions. Moreover, if A is con-
tractible then .
JK(X,A) — K(X)

s an isomorphism.

Proof. i*j* is induced by joi: (4,0) — (X, A) and so factors through the zero
group K (A, A). Thus i*j* = 0.
Suppose now that z € K(X) is in the kernel of i*. = = [E] — [n], where E is
a vector bundle over X. From i*z = 0 it follows that [Ej4] = [n] in K(A), so for
some integer m we have
(E®m)ja=ndm,

i.e. we have a trivalization of E'® m,,. This defines a bundle @& m/a on X/A.
Put y = [E® m/a] — [n®m] € K(X/A). Then j*y = [E @ m] — [n® m] = x. The
last statement follows immediately from Corollary 1.52. U

Corollary 2.17. If (X, A) € C?> and A € C* (and so X € C™ with the same base
point) then the sequence

K(X,A)— K(X)—— K(A)
18 exact.

Definition 2.18.
(1) For X e Ctis CX = X x B'/X x (—=1) U (+) x B? called the cone on X
(2) If f: X —» Y is amap in C* then Z; is the disjoint union (X x B') +Y with
the identifications:
(z,1) € B! is identified with f(z) € Y, and (+) x B! is identified to the base
point.

(3) If f: X — Y is the map in C* then

Cr = Zp)X x (—1).
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Corollary 2.19. If a(f) denotes the inclusion of Y in Cy, then the sequence
Ken 5 ko)L k)
18 exact.

Proof. Consider the pair (Zy, X x (—1)) and the inclusion v: Y — Z;. Using
Corollary 2.17 we get the commutative diagram with exact row:

K(Y)
y T”* a(f)*
K(X)+— K(Zf) +— K(Cy)

Now Y is easily seen to be a deformation retract of Z; (by pressing the cylinder
onto f(X)) so v* is an isomorphism. O

We now want to use this on the map a(f): Y — (. First define the map
b(f): Cy — SX by collapsing Y.

Cy Y
é [x b(f)
x 0 —_— SX

The cone Cyy) is viewed as the disjoint union C'X + CY with the identifications:
(x,1) € CX is identified with (f(x),1) € CY.

Ca(s) Y (1)

Collapsing C'Y in Cy(y) we get a map

r: Ca(f) — SX.
We obtain the diagram
Cy
l a(a(f))
b(f)
SX +—" Ca(f) (2.1)

sf l lb(a(f))

Sy ¢+—+t gy

Here [: SY — SY is the homeomorphism induced by sending (z,t) — (z, —t).
The upper triangle is clearly commutative.
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Lemma 2.20. The lower square in (2.1) is commutative up to homotopy.
Proof. Define a homotopy h,: Cypy — SY by the map CX + CY — SY sending

(x,t) e CX to (f(x),(1—s)(t+1)—1)
and
(y,t) e CY to (y,1—s(t+1)).

When (z,t) ~ (f(x),1) in Cqp) we have
(1-8)2—-1=1-2s
so hg is well defined.

ho=S(f)or and hy =1ob(a(f)) 0

Corollary 2.21. Let f: X =Y be a map in C*. Then the sequence

K(sy) 2 ksx) 5 ko) S gy - kB

18 exact.

Proof. By Corollary 2.19 this sequence is exact at K (Y'). Using Corollary 2.19 we
get from the diagram (2.1) that

= a(f)* =
S —— K(Cy) — K(Y)
C
is commutative and the lower sequence is exact. r* is also an isomorphism because

CY is contractible, so the upper sequence is exact. Using this sequence on a(f) and
the lower square of (2.1) we get

&(sv) 25 Rsx) 25 k(o)

l*l l ala(f)”

K(SY) ;K (Caip)

with exact lower sequence and vertical isomorphisms. O

Remark 2.22. Corollary 2.21 is a formal consequence of Lemma 2.16, and thus
this is true for any functor from the category of spaces with morphism homotopy
classes of maps to Abelian groups, if only it satisfies Lemma 2.16. Such a functor is
called a half ezact homotopy functor.
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Exercise 2.23.

(1)

Cy is a functor in f, i.e. for any commutative diagram in C™:

x—1.y

||

X/ f/ N Y/

there is a map C'y — Cp such that there is a commutative diagram

a b
X f v (f) Cf () X
/ / Ce /
XYy S gy 79X

For f: X — Y amap in C* there is a natural homeomorphism
nr: CSf — SCf

such that if T: S* A St — S A S! permutes the factors, then there is a
commutative diagram

a(s b(S
5y (Sf) Cs; (S1) g2y

T

SC 2
SY Sy’ 7 Ty X

ns is natural in the sense that for any commutative diagram as in (1), there
is a commutative diagram

Csr—1 SCy

|,

Mer
Csf/ #SCJN

Note that Corollary 2.21 can be used on Sf, S?f etc., and hence we can extend
the sequence infinitely to the left and in this way obtain the Puppe sequence of f
and K.

Returning to a compact pair (X, A) with A € CT, the coneon i: A — X contains
the contractible subspaces C'A. Hence if ¢: C; — X/A is the collapsing map,

¢": K(X/A) = K(C))

is an isomorphism and we define § = (¢*) "' o b(i)*: K(SA) — K(X/A).
In this way Corollary 2.21 gives the exact sequence

~ Sk ~

KX~ B (A) — K (X, A) 1 B(X) —" K (A).

Substituting (S™X,S™A) in this sequence we get
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Corollary 2.24. For (X, A) € C* with A € C* there is a natural exact sequence
(infinite to the left):

~ ¥ ~

CE(A) s KTYX,A) L RY(X) — B (A) 2 KO(X, A)

T RO(X) " KO(A)

The naturality is with respect to base points preserving maps of pairs. If (X, A) € C?
the sequence for (X T, AT) is isomorphic to the sequence

CRT2(A) s KX, A) L KY(X) S K1 (A) —2 KO(X, A)

s KO(X) — KO(A)
This is natural in (X, A).
Corollary 2.25. Let X,Y € C*, then
K™MXVY)=K"X)e K™Y) n>0.

Proof. Consider the exact sequence for the pair (X VYY) and the splittings induced
by XVY Y and X - X VY:

n

We conclude this section with reformulations of Theorem 1.56 and Theorem 1.60:

Theorem 2.26. For any map f: X — GL(n,C) let Ey denote the corresponding
vector bundle over SX. Then f +— [Es] — [n] induces a group isomorphism F:

lim [X, GL(n, C)] — K(SX) = K~'(X)

where the group structure on the left is induced from that of GL(n, C).

Proof. The inclusions GL(n, C) — GL(n+ 1, C) defined by sending a matrix A into

the matrix
A0
0 1
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make the sets [X, GL(n, C)] into a direct system. If f: X — GL(n,C) and f ® 1
denotes the composite X — GL(n + 1,C), then by Propositon 1.53 and the con-
struction in Theorem 1.56 Efq; = Ef @ 1. Thus

[Efer] — [n+1] = [Ef] — [n]

and the map I is well defined. F' is clearly onto by Theorem 1.56. Now we want to
show that F' is one to one: Let f: X — GL(n) and ¢g: X — GL(m) satisfy

[Ef] = [n] = [Ey] — [m]
[Ey@m]|=[E,®n].

Then there is a natural number s such that
Eremeos=E,&n®s or Ergumis) = Egants)-

According to Proposition 1.56 f @ (m +s) ~ g ® (n+ s) and thus f and g become
homotopic in the limit.
Finally F' is a homomorphism: Let f,g: X — GL(n). f-g: X — GL(n) is the
composite
X X% GL(n) x GL(n) -~ GL(n)

where m(A, B) = AB. On the other hand we have according to Proposition 1.53:
[Ef] = [n] + [E] — [n] = [Ejeg] — [20]

where f @ g is the composite
X X9 GL(n) x GL(n) -2+ GL(2n)

and pg is given by

(A, B) s (61 g,)

The fact that F'is a homomorphism thus follows from the homotopy connecting pg
and the map p;

(A, B) = (AOB (1)) |

Both are maps GL(n) x GL(n) — GL(2n). This homotopy is given explicitly by
A 0 cost sint 1 0 cost —sint
par/n(A % B) = (O 1) (— sint cost) <O B) <sint cost )
where 0 <t < Z. This gives the first isomorphism.

KYX)=K(S(XT) 2 K(SX VS ~K(SX)® K(S") = K(SX). O
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Remark 2.27. The isomorphisms in Theorem 2.26 are natural for maps in C. If

X € C" we get a similar theorem taking base point preserving homotopies.

Corollary 2.28. Let I: SX — SX be given by (v,t) — (x,~t). Then I’z = —x
for z € K(SX).

Proof. If x € K(SX) then = = [Ef] — [n], f: X — GL(n,C). —z = [E;-1] — [n]
according to Theorem 2.26. But clearly Fy-1 = ["E O

Corollary 2.29. Let
T,=5"X - S"X

be the map induced by a permutation o of the the n factors in
St =S8N A S

Then (T,)*z = sgn(o)z for z € K(S"X).

Proof. T: S™X — S™X corresponds under the homeomorphism S™X = (X x R™)"
to the map which computes the coordinates in R™ by means of 0. Let T, € GL(n, R)
be the corresponding permutation matrix.

If sgn o = 1 then T, can be joined by a curve in GL(n, R) to the identity and so
T,, is homotopic to the identity.

If sgn o = —1 then T, can be joined by a curve in GL(n, R) to the matrix

In this case T}, is homotopic to [: S(S"1X) — S(S"1X), and thus T} = —Id. O
Theorem 2.30. If X € C" is connected then the natural map

limg (X, G (C™)] - K(X)

induced by sending f: X — G,(C™) into
[/ En(C™)] = 1]
18 an isomorphism.

is a direct system in the following way:

Here {Gn(Cm)}(n,m)EZ+XZ+
Z x 7. has the partial order

(n,m) < (n',m'),if n<n' and m+n' <m' +n.
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If (n,m) < (n',m') then G, (C™) = G,,(C™) is the map
Gn<Cm) N GnJr(n/fn) (Cn’,n DC™ @ (Dm’f(n’,ner))

sending V € G,,(C™) into C* " @V @ 0. None of the sets [X, G,,(C™)] are groups,
but the direct limit is, the addition being induced by the map

Gy (C™) X Gy (C2) = Glyeny (C™772)

sending (V, W) into Vo W C C™ @ C™ = Cm™+m2,

2.4 External multiplication

Definition 2.31. For (X, A) € C? put

K#(X,A) = ﬁ KX, A).

In this section we will make K#(X) into a graded ring and K#(X, A) into a graded
module over K#(X).

Lemma 2.32. Let X, Y € C*. Then

K™MXXY)ZKMXAY)® KX)o K™Y).
Proof. Let
i1: X > X x(+) CX xY
is:Y - () xY C X xY

X XY Y
P X XY oY

X XY = XAY.

We have the exact sequence

P R(X X Y/X % (1)) —— B (X x V) == K"(X), n>0.

P

pj is a splitting and ¢} so ¢} is epi, i.e. 6 = 0. Thus we have actually a short split
exact sequence. In the same way we have the split exact sequence

0— K XAY)—— K "X xY/X x(+)——K™"Y)——0
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Hence we have the commutative diagram

0

N

K ™XAY)

|

0— K MXXY/X x () ——— KX xY)—— K "(X)

H / P

Rn(Y) ;

Hence KX xY) = pK(X)®p; K "(Y)®j*K (X AY). Note that K~*(X AY)
is in the kernel of

T KX xY) = K(X)® K™(Y). O
K(X xY) is aring, so we have a pairing

PI'P3

KX)o K(Y)—>5K(X xY) (2.2)
Now, if z € f((X) and y € K(Y), then
is(piepyy) = ((priz)"z)y =0
because

pl’iQZ Y%X

_'_
1S commutative.

Hence, if z € K(X) and y € K(Y), then there is a unique element z-y € K(X AY)
such that j*z -y = (piz)(psy). Thus the above pairing (2.2) induces a pairing

KX)o K(Y)— K(XAY). (2.3)
Using the map
STXAS"Y =XAS"AYAS" > XAY ASTAS™

the above pairing (2.3) induces a pairing

K™X)® K"™Y)—— K- (X AY). (2.4)
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Substituting X/A and Y/B for (X, A), (Y, B) € C?, we have
K™(X,A) @ K~™(Y,B) —— K~("™)((X, A) x (Y, B)) . (2.5)
For X and Y locally compact we have
K"X)@ K™Y)—— K-m)(X xY).

Let X € C and A and B be subspaces of X. Then the diagonal A: X — X x X
induces

A: (X, AUB) = (X,A) x (X, B).
Thus A* induces a pairing

Kﬁn<X7 A) ® Kﬁm(Xa B) - Kﬁ(n+m)<<X7 A) X (X7 B))
L KX, AUB). (2.6)
Especially for A = B = (), K#(X) is a ring and for B = (), K#(X, A) is a right
module over K#(X).

Note that for X locally compact A: X — X x X is a proper map and thus
induces a ring structure on K7.

Exercise 2.33.
(1) The multiplication in K# for X € C agrees with the original multiplication in
K°(X).

(2) The pairing (2.5) is natural with respect to pairs of maps (X, 4) — (X', A")
and (Y,B) — (Y, B').

(3) Let p1: X x X = X and pp: X xY = Y. Ifz € K#(X) and y € K#(Y)
then
-y =pi(2)p3(y) € K¥(X xY),

where the left hand side uses (2.5) and the right hand side uses (2.6).

(4) The pairing (2.6) is natural with respect to maps X — X' carrying A to A’
and B to B'.

(5) For X € C the original multiplication in K°(SX) is identically 0.
(Hint: Use (4) on the identity map of SX carrying + to C*X and + to C~X).

(6) For X locally compact and z € K~"(X) and y € K~™(X),
r-y=(-1)""y-z in K ™X).
(Hint: Use Corollary 2.29).

In the next section we will see that for example

K=Y(S8Y) @ K718 — K~2(S?)
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is different from zero, so Exercise 2.33. (5) shows that external multiplication
K'Y X))o K™' - K%(X)

is not to be mixed up with the internal multiplication in K (SX).
We now want to show that the maps in the exact sequence for a pair (X, A) are
right module maps over K#(X). Here K#(A) is a module over K#(X) by

K™MA)@ K ™X)—— K ™A@ K ™A) — K-tm(A) .

Clearly i*: K¥ — K# and j*: K#(X,A) — K#(X) are K*-module maps by
Exercise 2.33.(4). So it remains to prove it for

§: K" A) = K (X, A).
By defintion § = (¢*)~'b(i)* where

b;

A X C; SA

and ¢: C; — X/A. More generally let us consider a map f: X — Y of spaces
X,Y € C*. It is not hard to see that if

fANlz: XNZ =Y NZ
then Cyp1, = Cy A Z. As aspecial case we get Cgny = S"Cy. Putting Z =Y, there

is a natural map
Cf — Cf/\ly

such that there is a commutative diagram

b
X / v C; ) SX

f” P | [sars

b(fAL)
XAY —YAY ——Criy

L S(XAY) (2.7)

\ f lT
b(f)N1

CyNY ———— SX AY
Call the composite map A: Cy — C; AY. Then there is a pairing
R(C)) @ K™(Y)—— K~"(C; AY) -2 K= (C)) (2.8)
Also there is a pairing
KX)@ K™(Y)—— K™X)® K~(X) —— K™™(X) (2.9)
which is the same as
R(X)® K™(Y) ——— E™(X AY) ~—25 m(x)
by Exercise 2.33.(2).
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Lemma 2.34. Forz € K""X) andy € K~™(Y)
Oo(f) (- y) = (b(f)x) -y
in K="=(Cy).
Proof. This follows immediately from taking K" on the diagram (2.7). O
Corollary 2.35. If (X, A) € C* and X and A have a common base point, then
5: K#(A) —» K#(X, A)
is a K#(X)-module map.

Proof. If i: A — X is the inclusion then the module structure of K#(A) is clearly
the pairing (2.9). From the commutative diagram
C;—1— X/A
A A

gAl

CZ/\XHX/A/\X

it follows that the pairing (2.6) corresponds to the pairing (2.8) and thus the state-
ment follows directly from Lemma 2.34 because

5 = (¢")""b(3)". O

Corollary 2.36. If (X, A) € C? then
§: K#(A) = K#(X, A)

is a K7 (X)-module map.

2.5 The periodicity theorem

Until now we have not proved the existence of any non-trivial bundle, so a priori
K(X) may be identically 0 and thus the whole theory would be quite uninterest-
ing. The purpose of this section is to prove a general theorem which enables us to
calculate for example K'(S2") which is infinite cyclic.

We start with the important case S2.

Lemma 2.37. If L is a line bundle over X then L&L* is trivial. Hence [L]" = [L*]
in K(X).

Proof. The map sending (ex ® ¢x) into px(ex) € C defines a trivialization. t
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In Example 1.7.(2) of Section 1.1 we considered the line bundle H* over P(C?)
the fibre of which over a point {z1, 22} € P(C?) is the complex line in C? spanned

by (21, 22).
Put H = (H*)*. The map P(C?) — (C)* taking
{z1, 22} — = (and {1,0} to o0)
22

defines a homeomorphism.

(C)F ~ 5% = S(Sh).
Consider S as the unit circle in C and put
By={2€C||z]| <1} Be={z€(C)"|z|>1}.

Under the homeomorphism to S(S'), By corresponds to C~(S') and B, to CT(S!).
Let z denote the map z: S — GL(1,C) which takes A € S' C C into the linear
map which is multiplication with A. z71: ' C GL(1,C) is the map which takes A
to multiplication with A~!.

Lemma 2.38. Under the isomorphism from Theorem 2.26:
K(P(C?) = K(S(S") 2 lim [S", GL(n, C)]

corresponds [H) — [1] to z and [H*] — [1] to z=t. Futhermore ([H| — [1])?> = 0 in
K(P(C?)).

Proof. H Bo has the trivialization

(21,20) € H{,, .,y goesto (21/22,22) € By x C.
Analogously H B has the trivialization

(21,22) € H, .,; goes to (21/22,21) € B X C.
Over S! = By N By the map

By x Cigt = Hg — By X Cisn
sends (z1/22,21) to (21/29, 22). Thus putting A\ = 21 /29 € 54
(A, z1) goesto (A A"1z).

Hence H* has clutching function z71. According to Proposition 1.53 H = (H*)* has
clutching function z. This shows the first part of the lemma.

Now Lemma 2.37 shows that [H]™' — [1] corresponds to z~! which according to
Theorem 2.26 corresponds to —([H] — [1]). Hence —([H] — [1]) = [H]"' — [1] and
hence ([H] — [1])? = 0. O

1
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Note that the last part of this lemma also follows from Exercise 2.33.(5) in
Section 2.4.
Put
b=[H]—[1] in K((C)")=K(R?).

External (right-)multiplication by b defines a natural homomorphism
B: K(X)— K *X)
called the Bott homomorphism.

Theorem 2.39 (Periodicity Theorem). For any compact (or locally compact) X
B: K(X) — K *(X)
18 an isomorphism.

To prove the theorem we will construct a map a: K2(X) — K(X) for all
compact spaces (we will sometimes write ax). This map satisfies the following
axioms

(Al) «is a natural transformation
(A2) «ais a (left) K(X)-module homomorphism
(A3) a(b) =1,a: K2(+) = K(+).

We first show that such an « actually is an inverse of 3, and then we will explicitly
construct .

Lemma 2.40. Let o satisfy Azioms (A1), (A2), (A3). Then a can be extended to
a natural homomorphism

a: K973(X) = K 1(X)
which commutes with left multiplication by elements of K~P(X).

Proof. We first extend « to a locally compact X. From the exact sequence for
(XT,+) and Axiom (A1) we get the commutative diagram with exact rows

0— K 3(X)—— K 3(XT)—— K2(+)

0—— K(X)—— K(X")— K(+)
Thus « induces a map a: K~2(X) — K(X). Replacing X by X x RY we then get

a map
a: K72 5 K9(X)
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which is clearly a natural transformation. For any compact X and Y we have the
commutative diagram

KX)o K2(Y) "> KX xY)

ll@ay laXxY

KX)®K(Y)—2 5 KX xY)

where ¢ and 1) are external multiplications. To see this consider
P X XY =X pp: X xY =Y
From Axiom (Al)

pyay (v) = axxy (p3v) veK2(Y)
Y(u® ay(v)) = piu- piay (v) = piu - axxy (psv)
:OJXXy<p>{U'p;U):OéXXYOQO(u®U>7 UEK(X)

according to Axiom (A2) and Exercise 2.33.(3) in Section 2.4.

The commutativity of the corresponding diagram for locally compact X, Y fol-
lows now by passage to X, Y. Replacing X and Y by X x R? and X x R? and
using the diagonal map we get a commutative diagram

KP(X)® K- 12(X) — K7-42(X)

l1®ax lax

KPX)® K9(X)—— K P79(X)
which proves that o commutes with left multiplication. O

Proposition 2.41. Suppose there exist an « satisfying Azioms (Al), (A2), (A3).
Then Theorem 2.39 holds and « is the inverse of B.

Proof. 1t is enough to prove Theorem 2.39 for compact X. Then it clearly follows
for locally compact X. Now Axioms (Al), (A2), (A3) imply

aof(zr)=a(r-b) =zalb) =z for x € K(X)
and

Boa(r)=alx)- b=ba(r) = albr) = a(xb) = ra(b) =z for z € K *(X).
Here we have used Exercise 2.33.(6) of Section 2.4. O

For the definition of o we will construct a map

Ix: K(X x §%) = K(X)
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which is natural and a left K (X)-module map. Futhermore I satisfies
I([H)) =1 and I([1]) =0.

Then « is the composite
K2(X)—— K(X x §%) 25 K(X)

In the sequel we shall integrate certain function on the unit circle with values in
a complex vector space V of finite dimension. Thus if f: S* — V and ey,..., e, is
a basis for V' then

=Y se and [ geds= ([ )
i St p g1
This integral is clearly independent of the choice of basis for V. We leave the proof

of the following lemma as an exercise in analysis

Lemma 2.42. Let V' be a complex vector space of finite dimension and X a compact
space. Then for any continuous map f: X x St =V,

F(z)= [ f(z,2)dz
S1
s a continuous function of X into V.

Let X,V, f be as in Lemma 2.42. Put

=0
The usual proof of Fejér’s theorem extends to

Lemma 2.43. Let f: XxS' — V be a continuous map, X andV as in Lemma 2.42.

Then the sequence {f,} converges to f uniformly on X x S* for any chosen norm
onV.

Now let E be a vector bundle over X xS?. Let m: X xS* = X, mp: X xBy — X
and 7 : X X By, — X be the projections. X x 0 is a strong deformation retract of
X X By; thus 7 is a homotopy equivalence and according to Proposition 1.42 there
is an isomorphism

. * 170 0 __
ag: Bixxp, — moE", E° = E|xxo,
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and «g is the identity over X x 0. Analogously there is an isomorphism
Qoo Eixxpe, = T B, E” = Eixxoo,
and o is the identity over X x oo. Putting
f=axoayt: 7T*E|0X><Sl — W*Ef)?xsl
we have by Proposition 1.53 F = 75 E° Uy w% E>. We denote for short this bundle
by (E°, f, E>).
Lemma 2.44. The homotopy class of
f:m*E° = 7 E>
is uniquely determined by the isomorphism class of E.
Proof. We only need to show that the homotopy class of the isomorphism
ao: Eixxp, — WSEO

is uniquely determined by E. Let [, be another such isomorphism. Then ¢ =
Bt oayg is the identity over X x 0 and by Corollary 1.47 ¢ ~ Id. Hence 3y ~ ag. [

Remark 2.45. By Lemma 2.38 H = (1, 27", 1) (we have interchanged By and B..).
According to Proposition 1.53 H* = (1,27, 1) for —oo < k < 0.

Definition 2.46. A Laurent clutching function is an isomorphism f: 7*E® — 7* B>

of the form .

fx,z = Z (ak)a‘zk

k=—n

where a;, is a homomorphism a;: E° — E> over X.

Lemma 2.47. If f is any clutching function
f:m*EY = n*E>.

Then there exist homomorphisms ai,: E° — E* over X such that for fized v € X

)= 555 | Foer i

Proof. For fixed x € X, f) is a continuous map of S* into Hom(E?, E2°), which
is a complex vector space of finite dimension. Thus we only have to show that a,
defines a continuous homomorphism. According to Proposition 1.26 we can assume
E° and E* to be embedded in a trivial bundle X x V and f is the restriction of an
isomorphism

g X xS'xV X xS'xV.
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g defines
g: X x S* = Hom(V, V).
Hence according to Lemma 2.42

1 dz
A= — | =&
omi Jor T

defines a homomorphism X x V' — X x V. If m, and 7y, are the projections onto
E? and E2° respectively, then

1 dz
A zMle =— 5 z,2 z) 1 — M2z A x-
(Ax)2m o Sl(g( z) O T )Zk,l oz (Ag)
Hence Aj, maps E° to E* and the restrictions to EY is clearly (ay).,. O

Again defining the Laurent series
n 1 n
I
-n

of homomorphisms 7*E° — 7* E* we have

Lemma 2.48. If f is any clutching function 7 E° — 7*E> and {f,} is the se-
quence of Cesaro means of the Fourier series of f. Then for n sufficiently large f,
is an isomorphism homotopic to f. Thus (E°, f, E®) = (E°, f,, E>).

Proof. According to the proof of Lemma 2.47 we can assume E° and £ embedded
in X x V', f is the restriction of an isomorphism g and the Fourier coefficients a; of
f are restrictions of the Fourier coefficients Ay of g. Let {gi} denote the series of
Cesaro means of g. Thus g; restricted to E? is fi. The corresponding sequence

Gr: X x S' — Hom(V, V)

converges uniformly to g according to Lemma 2.43. (Here we have chosen a norm
on V). Now Iso(V,V) is open in Hom(V, V'), hence by the compactness of X there
exists an € > 0 such that |h(z,2) — g(z,2)] < € V(x,2) € X x S! imply that
h(z) € Iso(V, V). For large n we have

|gn(, 2) — g(x,2)| <& V(zr,2) € X x S".

Hence
Gnt =tg + (1 —t)gn.

defines a homotopy of isomorphisms. Restricting to £° we get a homotopy of clutch-
ing functions.

fnt = tf + (1 - t)fn
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Hence we only need to consider Laurent clutching functions. We start with a linear
clutching function: Thus let p: 7*E® — 7* E*° be an isomorphism of the form

p=az+0b a,bhomomorphism E° — E>.

Assume that E° and E> are embedded in X x V and that a and b are restrictions
of homomorphisms in X x V' (denoted by A and B) such that P = Az + B is an
isomorphism of X x V O

Define 1
= — A B) 'Adz.
@= o /Sl< 2+ By Adz

Lemma 2.49. ), is a projection in V' such that
1
Qa|po = o Sl(axz + bm)flamdz
and thus Im Q|go is a subbundle of E°.

Proof. We will show that
Qe = — [ (Apz+ B,) 'Audz
2m Jq
is a projection in V' and leave the rest as an exercise for the reader. We leave out

the sub-index x:
If 2 # w we have

-1 -1
(Az + B) +(Aw+B) _ (Aw+ B)- Aw+B(Az+B)
w—z Z—w w—
1Az + B
4+ (Aw+ B)! ;* (Az + B)!
= (Aw+ B)A(Az + B)™*

Now Az + B is an isomorphism for |z| = 1 and hence also for 1 —¢ < |z| < 1+ ¢ for
sufficiently small € > 0. Thus choosing 7; and 75 such that 1 —e <ry <rs <1+¢
we have

1
Q= ! : / (Az+ B) ' Adz = — (Aw + B) ' Adw
(27TZ) |z|=r1 X |w|=ro
and
Q* = (Aw + B) ' A(Az + B) ' Adzdw
lw|=ra J|z]=r1
~1
/ / (Az+ B)~ A+(Aw—|—B) Adsdio
(2mi)? wl=rs J|zj=r, W — 2 Z—w
/ / (Az+ B)” Adwdz
27TZ |z|=r1 J jw|=ry w—z
(Az+ B) ' Adz = Q. O
" o

|z|=m1
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Definition 2.50. For (E° p, E*) with p linear define a vector bundle over X by
M1<E0,p, Eoo) =1Im Q\E’O

Definition 2.51. For

p=2 a
k=0
a polynomial clutching function define a linear clutching function

L'(p): m(E°®---®E°) » n*"(E* 0 E°®--- @ E°)
N e’ N’

n—+1 copies n copies
by the matrix
Gy ap Qs ap—1 Ap
—z 1 0 0 0
L"(p) = 0 —2 1 0 0
0O 0 O —z 1

We thus get clutching data
((n+1)E% L"(p), E* @ nE"),

which defines a bundle
L”(Eo,p, E®).

If E° and E*> are embedded in V and p is the restriction of a corresponding poly-
nomial isomorphism, then we can define

Definition 2.52. M, (E" p, E*) = M;((n+ 1)E°, L"(p), E> & nE").

Proposition 2.53. Let p be a polynomial clutching function of degree n for E°
and E*. Then

(1) Ln+1<E0,p, EOO) (Y] Ln(EO,p, Eoo) o) (EO, 17E0)7
(2) LY E°, zp, E*®) = L"(E°, p, E*) @& (E°, 2, EV).

Proof. (1)

Ln+1(p) — Ln<p)

_— o O O
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Multiplying the z on the bottom row by ¢ gives us a homotopy between L™"*!(p) and
L™(p) & 1.

(2)

0 a g Ap—1 Qn
—z 1 0 0 0
0 o o ... —z 1

We multiply the 1 on the second row by ¢ and obtain a homotopy between
L™(zp) and L"(p) @ (—2).
Clearly
(E°, —z, E°) = (E°, 2, E). O
Corollary 2.54. Let p be as in proposition 2.53. Then
(1) Mn+1<E07p7 EOO) = Mn<E07p7 EOO)
(2) M, 1(E°, zp, E®) = M,(E° p, E>) ® E°.

Definition 2.55. Let F be a bundle over X x S2. Let E = (E° f,, E®), f. a
Laurent clutching function approximating f. Put

1(E) = [nE] = [Man(E, 2", X)) € K(X).
Proposition 2.56. I(FE) is independent of the choices made.

Proof. First note that if p,; is a homotopy through polynomial clutching functions
of degree n, then
Mn<anpn07 EOO) = Mn<E07pn17 Eoo)

Indeed, substituting X by X x I in the construction of M,, we obtain a bundle over
X x I, whose restrictions to X x 0 and X x 1 are the two bundles respectively.

Now if n is sufficiently large we have f,, ~ f,,41 by the homotopy ¢ f,+ (1—1) fn11;
thus

Zn+1fn+1 ~ 2(2" fn)
through polynomial clutching functions of degree < 2(n + 1). Hence

M2n+2<E07 szrlfnJrla EOO) = M2n+2<E07 z('znfn)v Eoo)
= M2n+1(E072(ann)7Eoo)
= MZn(E07 anna EOO) ) EO

by Corollary 2.54. Thus [(F) is independent of n for n sufficiently large.
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Finally I(E) does not change under the homotopy of f. Explicitly let f; be a
homotopy of clutching functions. Substituting X by X x I in Lemma 2.48 gives a
homotopy f,: of Laurent clutching functions, and thus we have finished by the first
part of this proof. O

Theorem 2.57. I induces a map K(X x S%) — K(X) such that if a denotes the
composite

K2(X) = K(X x 5% = K(X)

then o satisfies Azioms (Al), (A2), (A3).

Proof. Clearly (E®F) = I(E)+I(F) so I induces a homomorphism K (X x 5?) —
K(X). Also [ is natural so a obviously satisfies (A1).

Let p;: X x S2 — X be the projection. For any bundle F' over X and any
E = (E° f, E*®) over X x S? we have

(PF)QE~(FQE" 1@ f,F ® E™).

Hence from the construction of [ it is easy to see that I((piF) ® E) = [F] - I(E),
and hence « satisfies (A2).
Clearly 1 = (1,1,1) and My(1,1,1) = 0. Hence I(1) = 0. H = (1,,2z7%1).

2271 =1 and
2y (1 0 1 0
L°(1) = (—z 1) <0 1)

Hence M5(2,L*(1),2) =0 and I(H) = [1] — 0 = [1].
This ends the proof of the periodicity theorem. O

Corollary 2.58.

7 n even

(M) = {o n odd

The generator of K(S**) is b* (external multiplication,).

Corollary 2.59. For any compact X, the map
KX)[t]/(t—1)* = K(X x S?)
taking t to [H], is an isomorphism

Proof. The pair (X x S? X x (+)) gives the split exact sequence

0—— K2(X) = K(X x §%) 7 K(X) ——0
pi
Here j*(1-0) = [p5H| — [1]. Thus every element in K (X x S?) can be written in
a unique way as a linear combination of [p5H| — [1] and [1] with coefficients from
K(X). Hence also p3 [H] = 1-[H| and [1] constitute a basis as a K(X)-module in
K(X x S2). 0
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Definition 2.60. For n > 0 put

K"(X,A) =K "X,A) (X, A) ecC?
K"(X)=K"(X) for X locally compact.
Also put
KX, A= [ K“X.A.

—oo<n<oo

Theorem 2.61. K*(X) is a graded ring and K*(X,A) is a graded right-module
over K*(X). For any compact pair we have an ezxact triangle

K*(X, A)

where i*, 7* pereserve the grading and o lifts the grading by 1. Futhermore i*,j* and
d are K*(X)-module homomorphisms.

Proof. From Corollary 2.36 it follows that
6 pn: KTM(A) —» KX, A) n>1
commutes with the periodicity isomorphisms . Extend [ by stipulating
B=1d: K'(X,A) — K }(X, A)
B: K"(X,A) — K" (X, A) is
B KX, A) = K" 2(X,A) n>2

Define for n > 0, §,: K"(A) — K"(X, A) by 8, = 87'8,_9;8" where n — 2i < 0.
Actually 9,, is independent of ¢ and is the map

K"(A) K" (X, A)

J/ B 5n72i 67(2'77171) J/

Km(A) 27 g2 K2 (X, A) T (X 4)

Clearly 6 commutes with the extended periodicity isomorphism and hence we get
the exact sequence from Corollary 2.24.

Analogously we extend the external product by means of the periodicity isomor-
phims. We leave the details to the reader.






Chapter 3

Computations
and applications of K

3.1 Thom isomorphims and the splitting
principle
If E is a vector bundle over a compact Hausdorff space X, then the total space E is

locally compact. For example, consider £ = X x C". It is a direct consequence of
the Periodicity Theorem that multiplication with 0™ € K(C") yields an isomorphism

K(X)— K(X xC")
In this section we want to generalize this to general bundles.

Definition 3.1. Let (E,p) be a vector bundle over X. Include X in E by means
of the 0-section and put

P(E)=(E\X)/e~Xe XeC\{0}.

P(E) is called the projective bundle belonging to E. The map p: £ — X induces a
map p: P(F) — X such that

Define the “dual Hopf bundle” H* as the family of vector spaces contained in p*F,
the fibre of which over {e,} € P(FE,) is the line in E, through e,.

Lemma 3.2. H* is a subbundle of p*E.

Proof. Without loss of generality F is embedded in X x V. Then P(F) is a subspace
of X x P(V). Hence p* is embedded in P(E) x V. If

q: X x P(V)— P(V)

is the projection and H;, is the dual Hopf bundle over P(V'), then the restriction of
¢*Hy, to P(F) is H*. Thus this is embedded in P(V) x V and the lemma follows
from Corollary 1.35. U
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As usual we define H = (H*)*, which is called the Hopf bundle over P(E).
Definition 3.3. The Thom complex of E is E™.
Lemma 3.4. ET 2 P(E®1)/P(E).
If F is given a hermitian metric and
BE)={c€ E|le| <1} S(E)={c€F|l=1}
then E+* = B(E)/S(FE).
Proof. P(E) C P(E @ 1) by {e} included as {e @ 0}. Define
E—PE®1) by e—{edl}.

Finally sending oo € E* to P(E) gives the homeomorphism. We leave the second
part as an exercise for the reader. O

Note that especially
S (C™) = P(C™H /P(C™).

Definition 3.5. X is a cell complex of dimension 2n with even dimensional cells if
there is a sequence
PCXgCXoC - C X=X

such that Xs;/X5; 5 is homemorphic to a finite wedge of 2i-dimensional spheres.

Example 3.6. X = P(C""!) is a cell complex of dimension 2n. The filtration is
) C P(C)C P(C?) C---C P(C"1).

Lemma 3.7. Let X be a cell complex, as in Definition 3.5

(1) K% X) is a free Abelian group of rank the number of cells in X. K~1(X) = 0.

(2) ForY an arbitrary space, the product defines an isomorphism
K (Y)® K(X) - K*(Y x X).

Proof. (1) Use induction on the dimension of X. From the exact sequence for
(Xan, Xon_2) we have the exact sequences

0—— K(V,57") — K(Xon) — K(Xon2) —0

and
0—— K_1<X2n) —0
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Hence K~ !(X3,) = 0, and K (X3,) is an extension of a free Abelian group by another
free Abelian group, and thus itself a free Abelian group.

(2) It is clearly sufficient to prove it for Y compact. In fact if Y is locally compact
0— K*(Y)— K*(Y")—— K*(+) ——0
is split exact. Hence
0—K'Y) K(X)— K*YH @ K(X)—— K*(+) @ K(X)——0
00— K*(XxY)— K ({Y"xX)—— > K*(X)———0

is commutative with exact rows.
For compact Y we prove the lemma by induction on the number of cells in X.
Thus we have a filtration of cell complexes

pPCX'C--CX™ICX"=X

such that X*™! /X" is homeomorphic to a sphere of dimension 2k;, and we will prove

the lemma by induction on i. By means of (1) we have the split exact sequence
(K (X") is free)

0— K(X0+D X0) — (X)) — K(X®) ——0
and thus for any [ we have the commutative diagram with exact rows

0— K(Y) ® K(X0), X0) — K(Y) @ K(X0+D) 5 K(Y) © K(X) — 0

wl | B

co = KN(Y,0) x (XD X)) — KH(Y x X)) —— KH(Y x XO) — - -
Y1 U
¢; is an isomorphism by induction hypothesis. It follows that w; is epi. Hence by
exactness v;,, is injective. Substituting [ by [ — 1 we have v} injective.

so 1 is actually the iterated periodicity map S* which is an isomorphism. Hence
the conclusion follows from the five-lemma. O

Lemma 3.8. Let p: B — X be a map of compact spaces, and let aq,...,a, be
elements of K°(B). Let M be the free Abelian group generated by ay, . .., ay,.

Suppose that every point x € X has a neighbourhood U such that for all V C U
the natural map

K*(V)@ M — K*(p~'V)® K°(B) — K*(p~1V)
1s an isomorphism. Then for any Y C X, the map
K (X,Y)® M — K*(B,p'(Y))

s an isomorphism.
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Proof. Notice that if V; D V5, and if
K" (Vi) ® M — K*(p™(V;))
is an isomorphism for ¢ = 1,2, then from the commutative diagram

KV @M —— K (Vi,Va) @ M — K*(Vi) @ M = K*(Va) @ M — - - -

| | | |

K (pTH(V2)) = K (p7 (V) p7 (V) = K (p71 (V1) = K (p~ 1 (V2)) — 0
and the five-lemma we obtain an isomorphism
K*(Vi,Va) @ M = K*(p~' (1), p™' (1))

Suppose now U; and U; are any two subspaces of X such that V; C Uy, Vo, C Us
implies that

K*(U, Vi) @ M = K*((p™'U:),p~'(V))) i=1,2

Then if U =U,UU,, VCU,pst W=U, UV, Vi =V NU; and Vo = W UUs.
Thus V C W C U, and considering (U/V, W/V') we have

e KW V)M —— KU W) M —— K*(U, V) M — - -
| | |

e K (pT (W), pm (V) = K (pmH(U), p (W) = K (p H(U), p=H (V) = -+

Now W/V = U;/V;, and U/W = U, /V,. Hence again the five-lemma gives isomor-
phism
KU V)e M=K (p (U).p (V). [

We now proceed by induction on the number of sets in an open cover of X.

Corollary 3.9. Let L be a line-bundle over a compact space X. Then K*(P(L&1))
is a free K*(X)-module on generators [1] and [H]. [H]| satisfies the equation

([H[L] = [A)([H] = [1]) = 0.
Proof. K*(P(L & 1)) is a K*(X)-module by the pairing

K(P(L® 1) ® K*(X) —— K*(P(L® 1)) @ K*(P(L & 1))

|

K*(P(Le1))

L is locally trivial and clearly the restriction of H to P(L ® 1;y) = U x P(C?)
is the pull-back of the Hopf-bundle over P(C?). Hence the first assertion follows
from Corollary 2.59 and Lemma 3.8. The equation is a special case of the next
proposition. U
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Proposition 3.10. Let E be a n-dimensional bundle over a compact space. Then
if H denotes the Hopf bundle over P(F)

n

SN NE)] [H =0 in K(P(E)).

=0

Proof. Again \/(F) is an abbreviation for p*A\'E = \(p*E). Now H* is a subbundle
of P*FE and according to Corollary 1.36 there is a bundle F' such that p*E = FF® H*,
where p: P(E) — X is the map induced by the projection £ — X. Using the
operation \; (see Section 2.1). We have the equation of polynomials

MNP E) = A(F) - M(HY) = M(F) - (1] + [HT]1).

substituting ¢t = — [H| and using Lemma 2.37 we have A\_y(p*FE) = 0. Especially
for E =L &1, L a line bundle, we have

MLe)=L®l and N(Lol)2Le1XL,
and the above equation reads

0= [1] = ([L] + [1]) [H] + L] [H)" = (L] [H] - [1])([H] - [1]). 0

Proposition 3.11. Let H,, denote the Hopf bundle over P(C™). Then K(P(C"))
is a free Abelian group on generators 1, H,, ..., H""'. Futhermore (H, — 1)" = 0.

Proof. The relation (H, —1)" = 0 is an immediate consequence of Proposition 3.10.
We will prove the first part by induction on n.

n = 1 is trivial and n = 2 is a special case of Corollary 2.59. Now assume the
proposition shown for n.

P(H: ®1) —— p(C™)

|
P(C™)
where p is induced by the projection, s is defined by s(z) = {0 @ 1.} and ¢ is

defined in the following way: If L, C (H} & 1), C C" & C is a line, it is also a line
in C" @ C = C"". Clearly ¢ induces a homeomorphism

P(H! ®1)/s(P(C")) & P(C™).

Let G denote the Hopf bundle over P(H} & 1). Then ¢*H,; = G and s*G = 1.
By Corollary 3.9 K(P(H} @ 1)) is a free K(P(C™))-module on generators [1]
and [G].
From the split exact sequence for the pair (P(H,; @& 1), s(P(C"))) every element
of (K(P(H!®1),s(P(C)))) can be written in a unique way as

a- ([G] = [1)),
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where a € K(P(C™)) has a unique representation as a linear combination of 1, H,,
..., H"1. By Corollary 3.9

([G][H,] = (6] = [1]) = 0

or

Hence

is a basis for
(K(P(H, ©1)),s(P(C")))
[Hyr] = (1] [Hosa] ((Hu] = [1]), - [Hod] "™ ((Hud] = [1]),
is a basis for K (P(C™)). From this it clearly follows that

[1] ) [Hn-i—l] PRI [Hn-i-l]n 5

is a basis for K(P(C")). O

Theorem 3.12. Let E be an n-dimensional bundle over a compact space X, and H
the Hopf bundle over P(E). Then K*(P(FE)) is a free K*(X)-module on generators
[1],[H],...,[H]""". [H] satisfies the single relation

n

S (1) [X(B)][H =0 in K°(P(E)).

=0

Proof. For E a trivial bundle the assertion is clear from Proposition 3.11 and
Lemma 3.7. For E an arbitrary bundle the theorem is an immediate application of
Lemma 3.8 and the fact that E is locally trivial. O

Corollary 3.13 (The Splitting Principle). Let E be a bundle over a compact
space X. Then there ezists a space F(FE) and a map f: F(F) — X such that

(1) f*E is a sum of line bundles.
(2) f*: K*X — K*(F(F)) is injective and maps onto a direct summand.

Proof. By induction on the dimension of F. If E is a line bundle there is nothing to
prove. If not, consider p: P(E) — X and note that there is a bundle E’ over P(E)
such that E'® H* = p*E. By the induction hypothesis there is a space F(E’) and a
map f': F(E') — P(FE) such that (f')*E’ is a sum of line bundle, and furthermore
(f")* is injective and maps onto a direct sum in K*(F(E’)). Put F(E) = F(E’) and
f=pof O
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We now return to Thom complexes. Notice that if f: Y — X is a continuous
function of compact spaces and F is a vector bundle over X then there is an obvious
map

fr f(E) = E

which is clearly a proper map of locally compact spaces. Hence we have an induced
map

K*(E) = K*(f*(E)).

Now let F' be a bundle over X and E a bundle over Y. Then F' x E is a bundle
over X x Y and we have a pairing

K*(F)® K*(E) > K*(X x Y).

If X =Y and A: X — X xY is the diagonal A*(F' x E) =2 F'® F and we have
a pairing

K*(F)® K*(E)— K*(F x B) 25 K*(F © E) .
Especially F' = 0 gives a module structure
K (X)® K*(E) —» K*(F).

Exercise 3.14.
(1) According to Lemma 3.4 ET ~ B(F)/S(E). Under this homeomorphism the
above pairing corresponds to

K*(X)® K*(B(E),S(F)) — K*(B(F)) ® K*(B(F),S(E))

|

K*(B(E), S(E)).

(2) Under the homeomorphism Et ~ P(E @ 1)/P(F) the above pairing corre-
sponds to

K*(X)® K*(P(E® 1), P(E)) — K*(P(E® 1)) ® K*(P(E ® 1), P(E))

J

K*(P(E®1),P(E)).
Consider the exact sequence for the pair (P(E @ 1), P(E)):
o —— K*(P(E® 1), P(E)) — = K*(P(E ® 1)) = K*(P(E)) — - --

Let H denote the Hopf bundle over P(E @ 1). Then i*H is the Hopf bundle over
P(E). 1,[i*H],...,[i*H]""" constitute a basis for K*(P(E)) as K*(X)-module and
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hence #* is onto. Hence j* is injective.

n

An(B) = > (=1) [N (B)] [H]

i=0
is in the kernel of i*. Hence there is a unique element (the Thom class) denoted by
Ap € K(P(E®1),P(E))

such that j*Ap = A_y(FE). The coefficient to H" in A_g(FE) is (—1)" [\*(E)] which
is invertible because A"(F) is a line bundle. Hence

LH],. .., [H" " A u(BE),

constitute a basis for K*(P(E @ 1)) as K*(X)-module. The kernel of i* is thus a
free K*(X)-module on the single generator A_g(E). We have thus proved:

Theorem 3.15 (The Thom Isomorphism Theorem). Let A\p € K(FE) denote
the unique element such that the image in K(P(E @ 1)) is

> (-1 N (E)] (AT
i=0
Multiplication with A\g induces an isomorphism

K*(X) 25 K*(E)

Remark 3.16. If £ = X x C then \g = —b and thus the Thom isomorphism is
—B: K(X) = K2(X).

We conclude this section by proving that if £ and F' are bundles over X and Y
respectively then
)\EXF:)\E'AF GK(EX F)

Lemma 3.17. If E' is a bundle such that E' @ H* = p*(E® 1) over P(E® 1) then

Ag(E) = A_1(E).

Proof. Here A_1(E') = Y"1 ,(—=1)"A"(E’). Notice that
0=Apg(E®l)=Apg(E)A\_g(l)=X_py(E) (1 - H),

1.e.

And so
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Let ¢t denote an indeterminate and consider the equation ' — 1 = F — H*. Thus

1 1
M(E) - —— = N(E) - :
(B = ME) T
Hence
Ain(B) = |Aa(B) e | = [Au(B)—— :i(—l)i)\i(E')
! I - N e T I '
Here [p(t)],, denotes the n-th coefficient of the power series p(t). O

Lemma 3.18. Let E- denote the orthogonal complement to the universal bundle
E, over G,(C™) (i.e. EX® E, = G,(C™) x C™ ). Then

Gri1(C"H) /Gt (CT) & (Erf)Jr

Proof. Define q: P(E;-® 1) — Gy (C™) by:
(uy, A) where V € G,,(C™),uy L V and A € C is sent into the n+ 1-dimensional
subspace
V @ {uy, A} C CHL

Clearly P(FE,) goes to G,,4+1(C™) under this map, and thus ¢ induces a homeomor-
phism
P(E; ®1)/P(Eq) = G (C™) /Gyt (TT).

Notice that ¢*E,., = E,, & H* where H is the Hopf bundle over P(E: & 1). O

Remark 3.19. This lemma is also of general interest. It can be used to compute
K*(G,(C™)) by induction by means of the exact sequence and the Thom isomor-

phism. In fact
K HGn(C™) =0

and K(G,(C™)) is a free Abelian group of rank ().

Also some special cases are well-known:

n=0 gives P(C™) / P(C™) = (C™)"
and
n=m—1 gives P(C™) = (H;)",

Where H} is the dual Hopf bundle over P(C™). (Compare the proof of Proposi-
tion 3.11).

Proposition 3.20. Let E and F be bundles over X and Y respectively. Then

>\E><F = )\E : >\F-
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Proof. Notice that if f: Y — X and £ a bundle over X then App = f*Ap
where f : (f*E)T — ET is the obvious map. Now every bundle is the pull-back
of a universal bundle over a Grassman-manifold; hence we only need to prove the
formula for £ and F universal bundles over Grassmanians. The map

Vi Gonn(C™) = G (T™)

taking a space V to V*, the orthogonal complement of V in C™ satisfies v*E- =
E,._,. Hence it is enough to consider the following cases:

E = E* over G,(C™) and F = E2 over G (T™).
Using the notation of the proof of Lemma 3.18
B 2E,®H" or ¢E,,®H =1&E,.

According to Lemma 3.17 A_y(Er) = ¢*A_1(E;5 ;). The Proposition now follows
from the multiplicative property of A\; and the following diagram which commutes
up to homotopy:

Gn+1(Cm+1) % Gn/<Cm’+1> #P(Ei_ P 1) X P(EJ‘R/ D 1)

|+

P(Er x EL®1)/P(EL x EL)
lv
G 42(C™H ) [ G2 (C™H ) b P(E 0 © 1)/ P(E4)
Here pu((u,s) x (u/, ")) = ((s'u x su’'), ss') induces the map
(E)" < (Bt — (By x Ey),
and V is induced by the map
G (C™) X G (C™) = Gy (T = G g1 (CF L) O

Corollary 3.21.
Agn = (=b)" € K(C").

This means that the Thom isomorphism K (X) — K(X x C") is (—1)"8". Note
also that

where j: P(C"*') — (C")* and H is the Hopf bundle over P(C"*"). Thus j*b" =
(H —1)" where b= H — 1 € K(S?).
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Corollary 3.22. Let E and F be bundles over X then multiplication by Ap gives
an isomorphism

K(E) XS K(E @ F).
Proof. Consider the commutative diagram:
K(X)

A
-AE\J/ m

K(E)—— —K(E&F)

3.2 The Adams operations

Definition 3.23. An operation ¢: K — K is a natural transformation
ox: K(X) = K(X)

commuting with induced maps.

Example 3.24.

(1) We have already used the operation A* several times

(2) The map E — E* induces clearly an operation. If E is given a Hermitian
metric F* = E where E is the vector bundle over X the total space of which
is £, but where the scalar multiplication by A in E, is multiplication by X in
E; i.e. the identity induces an anti-linear homomorphism E — FE.

This operation is denoted by Id.
Lemma 3.25. Let ¢ and ¢ : K — K be two operations. If

i

p([E] =n) = ¢ ([E] —n)
for E a sum of line bundles, then ¢ = ¢ .

Proof. This follows immediately from Corollary 2.49 n

Especially if both ¢ and ¢ are additive we only have to check that they agree
on line bundles.
We now define some special operations.

Definition 3.26. In the ring K (X) [[¢]] define

() = —t%(log A_i(7)).

The coefficient of t* is denoted ¢*(z) for k > 1.
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Remark 3.27. This looks a little artificial; but it is to be interpreted as

k—1

d o

YAy =—to Ay or PP (1IN = (1) TERAR,
j=1

Thus ¥ is defined inductively by this Newton identity. The operations ¢/* are called
Adams operations.

Proposition 3.28. For any k > 0 we have

(1) ¢*@ +y) =dM@) +oMy) € K(X).
(2) Y*(L) = [L]" L a line bundle.
(3) ¥* is uniquely detemined by (1) and (2).

Proof. (1) Clearly 1 (z +y) = () + ¥1(y), so that
Vi@ +y) = UM (@) + 9 (y).
(2) A_¢(L) =1 — Lt, so by Remark 3.27

Yi(L) = : _1Lt (=t(=L)) = ZU’#’_

(3) Is immediate from Lemma 3.25. O

Proposition 3.29.
(1) ¢*(ay) = PP (@)et(y) for zy€ K(X) k=1
(2) V*WH(x)) =*(z) for e K(X) k,i>1.
(3) If p is a prime,

YP(x) =2 mod p.
(4) Ifu € K(S*) then
VR (u) = k™ for k> 1.

Proof. (1) and (2) follows from Proposition 3.28 and the splitting principle.
(3) If 2 = &y + - - - + x,,, where z; is a line bundle, then

P(x) = a4+

and
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where

(llpln) — /(i i)

is divisible by p unless one of the i; is p. Hence (xy + -+ + x,)P = 2] + -+ 2P
mod p.

Thus by the splitting principle for z arbitrary ¢?(z) — z? is divisible by p in a
group in which K(X) is a direct summand and hence divisible by p in K(X).

(4) Let X = 52 x --- x 5% n times, p;: X — S? is the projection onto the i-th
factor and j: X — S?" is the collapsing map.

K(S*™) =7Z(b") where j*b" = Hp;‘b.
i=1

and
YH(b) = ¢ (H - 1)
=H"—1
=((H-1)+1)F-1
—1+k(H-1)—1
=k(H—1) (because (H —1)* = 0).
Hence j*¢*(b") = k" [}, p;b = j*(k"b") and hence *(b") = k"b". O

Remark 3.30. It is possible to prove the properties of 1/* without using the split-
ting principle and thus the periodicity theorem. See for example M.F. Atiyah [9].

3.3 Almost complex structures on S

The classical application of K-theory is to prove the nonexistence of elements of
Hopf invariant one, and to show that this implies that R" is a division algebar only
n =1,2,4,8. For this we refer to D. Husemoller [20], ch. 14. Another consequence
is that S?" does not have an almost complex structure except for n = 1,3. In this
section we will give a direct proof of this fact.

Until now we have only considered complex vector bundles. If £ is a complex
vector bundle it has an underlying real vector bundle. On the other hand if F' is
a real vector bundle of even dimension does there exist a complex vector bundle
whose underlyimasng real bundle is F'?

Definition 3.31. A real vector bundle F' has a complex structure if there exists a
complex vector bundle E whose underlying real bundle is F'.

If F'=T(M?") is the tangent bundle of a 2n-dimensional manifold and F has a
complex structure, then M?" is said to have an almost complex structure.
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Example 3.32. 5% C P(C?) is a complex manifold and therefore has a complex
structure on the tangent bundle.

Alternatively we can represent the tangent bundle T of S? as the bundle for
which the fibre at a € S? is the plane in R? orthogonal to a. We can directly define
multiplication by ¢ by the map

Jo: %o — Ty, where J,(y) =axy,

the vector product of a and y. J, is linear an J? = —Id.

In the same way it is possible to define an almost linear structure on S°. In fact
there is a vector product in R” induced from the Cayley multiplication in the same
way as the vector product in R? is induced from the multiplication of quarternions.

It is still unsolved whether S® can be given the structure of a complex manifold.

Theorem 3.33. S does not have an almost complex structure for n # 1, 3.

We need some preperations. First note that that if F' is a real bundle then again
we can define the Thom complex of F' as F'T.

If we give F' a metric then we can define B(F') and S(F') as usual. Letting ¢
denote the trivial real bundle of dimension one S(F @¢) has the section z — (0, 1,).

Lemma 3.34. For any real bundle F' we have
F* ~ B(F)/S(F) 2 S(F @ &) /(X).
Proof. There is a map
©: (B(F),S(F)) = (S(F ®e¢),s(X))
defined by sending v to
(204/1 — 02, 2Jv)? = 1).

This map induces the homeomorphism. Notice that if ¢: X — B(F) is the 0-section
then ©@ ot: X — S(F @ ¢) is the map sending x to (0,—1,). O

Lemma 3.35. If ¥ is the tangent bundle of S™ and A is the diagonal in S™ x S™
then

T+~ S x S"/A.

Proof. €, C S™ x R"™! is orthogonal to z € R™"!. Thus letting ¢, = {z} C R""!
we have T @ e = S x R""!. Hence S(T @ e) = S™ x S™ and clearly the section s
corresponds to the diagonal. O

Remark 3.36. We have to distinguish between the two S™, so
S(Tde)= 957 xSy where p: ST xSy — ST

is the projection in S(T @ ¢). Notice that the section t: S™ — S(T & ¢) is the map
sending x to (z, —).
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Proof of Theorem 3.33 If T is the underlying real bundle of a complex vector bundle
E, then there is by Theorem 3.15 an element Ag € K (%) such that the map

K(S%m) 2 K (%)
is an isomorphism. Using Lemma 3.35 we thus have
Ap=0O*c cc K(Si" x S5 A)

such that the map

K(S2) L K (820 % S27) — s K (S2" x S27, A)

is an isomorphism
Now K (S?") = Z(h) where h = b". Hence

K(S™) = 7Z(1) @ Z(h).
According to Lemma 3.7 K (S?" x S2") has a basis {hy, hy, by - ho} where h; = prh.
pr: S x Sy g

The exact sequence for (52" x S3", A) reads
0—— K (520 x S2"/A) ——— K (2" x §27) 25 K(S2") —— 0

Here A*h; = (p; o A)*h = h is clearly onto, and the kernel is generated by h; - ho
and hy — hy let @ and b in K(S?" x S3"/A) be generators such that j*a = hy - hy
and j*b = hy — hy. ¢ = aa + Bb and by the Thom isomorphism b = (g + a1hy) - ¢,
where «, (8, ag,a € Z. l.e.

hy — hy = (o + cnhy)(ahihy + B(hy — he))
= Ozoﬁ(hl — hg) + ( .. )hlhg.
Hence apf =1, f =41 and ¢ = aa £ b.

Now in general for a complex bundle E over X, if ¢t: X — B(F) is the 0-section
and ji1: B(E) — B(E)/S(E), then it is clear that

n

tiide =Y _(-1)'N(E) € K(X).

1=0

Put U = t*j7 Ag. From Remark 3.36 we have the commutative diagram

T+ PR LN B(%)

J@ l@ \

S X SF /A —— S X SF e n,
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where ¢’ is the map sending « to (2, —z). Hence U = t*j*c = t'(ahy - ho & (hy — hy)).
t*hy = (pit')*h = h; but the antipodal map in S** induces multiplication by —1
(compare the proof of Corollary 2.29 ), hence t*hy = —h. Hence U = +2h €
K(S?).

On the other hand [E] € K(S*") and [E] — [n] € K(5?*). From Remark 3.27
and from Exercise 2.33.(6) in Section 2.4 it follows that

V(@) = (=D N () for z e K(S™)

Noe(x) = (=1 k() for x € K(S™).

Hence

Here we have used Proposition 3.29.(4). From this follows

Uzkzi%(—m’fw):g #(y) + (Zz( ) e
R

k=1 i=1 i=1 k=1

According to W. Feller: An introduction to probability theory, Vol 1, p.61 (12.7)

() ()

and using p. 63 (12.17)

Hence

We thus have
(n—1YE —n)=+2h (3.1)

where h is the generator of K (52", and thus 2 is divisible by (n—1)!. Hence n < 3.
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It remains to consider the case n = 2:
The above equation (3.1) gives E — 2 = £2b*. Now there exist natural trans-
formations
cev: KR— K

er: K - KR

where KR is the K-theory on real bundles. ep is induced from the map which to
each complex bundle assigns the underlying real bundle. ¢y is induced from the
map which to each real bundle F' assigns the complex bundle F @z C. It is easy to
see that

ey oep = Id +1d.

By definition ez(E) = T, which is stably trivial, and hence
[T] —[4e] =0 in KR(S%).

and

0= ey([T] — [4¢])
= ever([E] — [2])
= £(Id +1d) (0?).

Now b= [H] -1=[H]-1= [H]™' =1 =1—[H] in K(S?). Hence Id(h?)
(=b)? = b* and 0 = +2(20?) = £4b? which is a contradiction.

Ol

Remark 3.37. The above proof gives one further information concerning the case
n = 3. If T has a complex structure £ then

[E] =[3]+b* in K(S%

and thus is uniquely determined as an element of K(S°®). Because 75(U(3)) is in
the stable range this shows that an almost complex structure on S® is uniquely
determined up to isomorphism

Warning. In differential geometry an almost complex structure is a particular au-
tomorphism J of the tangent bundle satisfying J? = —Id. If ¢ is an arbitrary
automorphism then ¢Jp~! may be another almost complex structure in this sense,
though the two complex bundles clearly are isomorphic (under ). It can be shown
that the particular almost complex structure on S° defined in the beginning of this
section, cannot be lifted to a complex structure, but it is not known what happens,
when it is changed by an automorphism.
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