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Foreword

This volume contains notes and papers related to the lectures given at the Postgraduate
School and Conference on Functional Analysis held at the Inter-University Centre of
Postgraduate Studies, Dubrovnik, Croatia, 15-23 June 2005. The lectures were devoted to
various parts of functional analysis (such as operator algebras, theory of representations)

and its applications (in probability).

There were single 45-minutes lectures and series
lectures being given in parentheses):

e Drazen Adamovic: )
Realization of certain admissible
Agl) —modules

o Jeffrey D. Adams: .
Shimura correspondence for split real
groups

e Ljiljana Arambasic¢:
Representations of Hilbert
C* -modules

e loan Badulescu:
Jacquet-Langlands transfert for some
unitay representations

e Damir Bakic¢:
Semiorthogonal Parseval wavelets

e Dubravka Ban:
On Arthur’s R—group

e [vana Baranovic¢:
Principal subspace basis for modules

of type Dy affine Lie algebra .
and Capparelli-Lepowsky-Milas’
method

e Dan Barbasch : °

Unitary dual for Hecke algebras with
unequal parameters

e Corrine Blondel: °
Tadic’s philosophy and propagation
of types

of lectures (the number of 45-minute

Janko Braci¢:
Synthesis with respect to Banach
modules

Matej Bresar:
Derivations on Banach algebras

Zhen-Qing Chen:
On the Robin Problem in Fractal
Domains

Zhen-Qing Chen:
Exit System and Lévy System of
Time Changed Processes

Pavle Goldstein:

Crossed product of a quantum group
by canonical endomorphism

and Pimsner algebras

Neven Grbac:

On the residual spectrum of the
hermitian quaternionic group of split
rank 2

Marcela Hanzer:

Unitary dual of the non-split inner
form of Sp(8, F)

Guy Henniart:
Representations of GL(2), old and
new (3)

Dijana Ilisevi¢:
Bicircular projections on C*—algebras



Niels Jacob:
Potential theory for
LP—sub-Markovian semigroups (3)

Miroslav Jerkovié:

Recurrence relations for characters of

type As affine Lie algebra

Andreas Kyprianou:

Classic exit problems for spectrally
one sided Levy processes:

a modern slice of theory (3)

Franz Luef:
Hilbert C*—modules in Gabor
Analysis

Bojan Magajna:
On cogenerators among operator
modules

Thomas Mikosch:

Tales on reqular variation (3)

Dragan Milici¢:
Is "hard duality” really hard?

Harry I. Miller:
More new results on the A—statistical
convergence of double sequences

Allen Moy:
The Bernstein center and orbital
integrals (3)

Goran Mui¢:

Construction of generalized Steinberg
representations for reductive p—adic
groups

Pavle Pandzi¢:
A simple proof of Bernstein-Lunts
equivalence

Gilles Pisier:
Similarity problems, amenability and
completely bounded maps (3)

i

Alexander Potrykus:

Approzimating a Feller semigroup by
using the Yosida approximation

of the symbol of its generator

Mirko Primec:

Combinatorial bases of
Feigin-Stoyanovsky type subspaces
and intertwining operators

Rajna Raji¢:
Some generalizations of the

numerical range in Hilbert
C*—modules

David Renard:
Towards the unitary dual of
GL(n,D)

Gordan Savin:
A series of representations for
universal central extensions of

SO(p,q)

Gordan Savin:

On the structure of internal modules
with an application to minimal
representations

Tomislav Sikié:

Partition of number n, Weyl-Kac
Character Formula (case AV)
and q-Series Identities

Boris Sirola:
On certain pairs of Lie algebras

Renming Song:
Estimates on the density of Brownian
motion with singular drift

Andras Telcs:
Telcs Heat kernel estimates and the
space-time scaling

Andras Teles:

Parabolic mean value and Harnack
inequalities for weakly homogeneous
graphs



e Peter Trapa: e David Vogan:
Unipotent representations of Sp(p, q) Branching laws for representations of
and O*(2n) (2) real reductive groups (4)

e Peter Wood:

e Goran Trupcevié:
Hilbert C*-modules and wavelets (3)

Principal subspace basis for modules
of type A; affine Lie algebra

e Darko Zubrinié¢:
and Capparelli-Lepowsky-Milas’

Fractal analysis of spiral trajectories

method of some planar vector fields, I

o Aleksej Turnsek: e Vesna Zupanovié:
On maps that preserve orthogonality Fractal analysis of spiral trajectories
m normed spaces of some planar vector fields, I1

We would like to thank all participants of the School and Conference, the University of
Dubrovnik, and the employees of the Inter-University Centre in Dubrovnik for all they
have done to make the present meeting yet another splendid event. All of this, however,
would not be possible without financial support from the Croatian Ministry of Science
and Technology and the Inter-University Centre, which we gratefully acknowledge. In
addition, we would like to express our thanks to the Department of Mathematical Sciences,
University of Aarhus, for publishing the present proceedings.
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Announcement. The next conference, Functional Analysis X, will take place at the
Inter-University Centre in Dubrovnik from June 29 to July 6 June 2008. More information
on this event can be found at the conference web-page:

http://www.math.hr/~congress/Dubrovnik06
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ON REALIZATION OF CERTAIN ADMISSIBLE Agl)—MODULES

DRAZEN ADAMOVIC

ABSTRACT. We discuss our recent results on a realization of certain irreducible modules
for the affine Lie algebra A§1>. These modules are constructed by using the theory of
generalized vertex algebras associated to rational lattices. In this paper we will show that
our construction gives also a natural framework for studying simple current extensions
of the simple vertex operator algebra L(—%Ao).

1. INTRODUCTION

The explicit vertex operator construction of integrable modules for affine Kac-Moody
Lie algebras gave important examples of vertex operator algebras (cf. [DL], [FLM], [F],
[FFR]). Admissible modules are a broad class of highest weight modules which contains
integrable modules as a subclass. These representations have many applications in the
representation theory and in conformal field theory (cf. [KW], [Wak]). The admissible
representations can be also investigated by using the framework of vertex operator algebras
(cf. [A1], [A2], [AM], [DLM2], [G], [LMRS], [P]). But only in the case of symplectic
affine Lie algebra C'y(Ll) of level —%, it was known an explicit realization of admissible
representations (cf. [FF], [We]). Note that in the case n = 1 this construction gives the
realization of four admissible Agl)—modules.

In this paper we review our new realization of certain admissible Agl)—modules from [A4]
of level —% which uses the generalized vertex algebra V7. This realization was motivated
by the representation theory of the Virasoro Lie algebra. In fact, we proved in [A4] that
the vertex operator algebra L(—%Ao) contains certain vertex subalgebras associated to
(1,p) models for the Virasoro Lie algebra investigated in [A3].

The vertex operator algebra L(—%AO) is not rational. It contains a large class of weak
modules outside the category O. In [A4] we identify some weak L(—%Ao)—modules which
are obtained by applying spectral flow automorphisms. In this paper we shall also prove
a new result saying that certain simple current extensions of the vertex operator algebra
L(—3Ao) can be realized as subalgebras of V.

2. VERTEX OPERATOR ALGEBRA L(kAy)

In this section we recall some basic facts about vertex operator algebras associated to
affine Lie algebras (cf. [FZ], [K2], [Lil], [MP]).

Let g be a finite-dimensional simple Lie algebra over C and let (-, -) be a nondegenerate
symmetric bilinear form on g. The affine Lie algebra g associated with g is defined as
g®@CJt,t7] ® Ce® Cd, where c is the canonical central element [K1] and the Lie algebra
structure is given by

[z @t", y@t"] = [z,y] @ """ + n(z, y)6psm,oC,

2000 Mathematics Subject Classification. Primary 17B69, Secondary 17B67, 17B68, 81R10.
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d,z@t"] =nxt"

for z,y € g. We write z(n) for x ® " and identify g with g ® °. Let h be the Cartan
subalgebra of g and let § = § @ Cc @ Cd be the Cartan subalgebra of g.

For arbitrary A € *, let L()\) be the irreducible highest weight g-module with highest
weight A.

For every k € C, k # —h"Y, the irreducible g-module L(kAg) carries the structure of
a simple vertex operator algebra. Let w be the Virasoro vector obtained by using the
Sugawara construction (cf. [FZ], [MP]) and let L(z) =Y, _, L(n)z"""2 be the associated
Virasoro field.

Admissible modules for affine Lie algebras are irreducible highest weight modules whose
highest weights are admissible weights.

We call a weight A € §* admissible if it satisfies the following two conditions:

(1) A+ p)(aY) ¢ {0,—1,—-2,---} for all real positive coroots a,
(2) QR* = QIIY where p is the sum of all fundamental weights, IIV is the set of simple
coroots and R* = {a" : a positive real coroot | (A + p)(aV) € Z}.

Let now g = sly(C) with generators e, f, h and relations [h,e] = 2e, [h, f] = —2f,
le, f] = h. Let Ay, Ay be the fundamental weights for g.

We fix the normalized Killing form (-,-) on g such that (h,h) = 2. Let Ay, A; be the
fundamental weights for g.

A rational number k£ = % is called admissible if ¢, u are coprime integers such that
u>1land 2u+t—22>0. Let k =t/u € Q be admissible. Define:

)‘k,l,n = (k —n—+ l(k‘ + 2))A0 + (n — l(k’ + 2))A1

Pk:{)\kJJL, l,nEZzo, n§2u+t—2, lﬁu—l}

The modules L(\), A € P*, are all admissible g-modules of level k (cf. [KW]). It was
proved by that the admissible g-modules of level k provides all irreducible L(kAg)—modules
from the category O (cf. [AM]).

In order to construct and investigate modules which don’t belong to the category O, one
can consider the spectral flow automorphisms 7y of U(g), which are uniquely determined
by

ms(e(n)) = e(n — s), (2.1)
ms(f(n)) = fln+s), (2.2)
ms(h(n)) = h(n) — skd,p. (2.3)

One can also show that 73 can be extended to an automorphism of the vertex operator

algebra L(kAy) and that

Ts(L(n)) = L(n) — £h(n) + 1ks*d,0. (2.4)
For h € p we define

A(h, z) = 2"exp (Z @(—z)‘") :

n=1

Let « = —%. Assume that M is a L(kAg)-module. Let s € Z. The weak L(kA)-module
7s(M) associated to the automorphism 7, is realized as (see [A4], [Li2]):

(M) := Ce®** ®@ M as a vector space,

2



where Ce®® is a one dimensional vector space with a distinguished basis element e*®, with
action

Y(v,2)(e** @w) =e** @Y (A(sa, 2)v, z)w  for v € L(kAy), w € M.

Moreover, M is a weak L(kAg)—module if and only if 7,(M) is a weak L(kAg)—module.
It is important to notice that

7T,1<L(kA0)) = L(kAl)
In the case when k € Z~-( one has
7T2H_1(L(]{ZA0)) = L(]{ZAl), WQZ(L(]{ZA())) = L(]{?A()) (Z c Z)

On the other hand when k ¢ Zs, then the set {m(L(kA¢)) | s € Z} contains infinitely
many inequivalent irreducible modules. Therefore in this case the vertex operator algebra
L(kAo) has infinitely many irreducible weak modules outside the category O. Relation
(2.4) implies that in general these modules are not Zs¢—graded, so they can be consider
only as weak modules.

Remark 2.1. In the terminology of [DLM1] and [Li2|, modules 7s(L(kAg) belong to an
important family of (weak) L(kAo) modules called simple currents. In what follows we
shall see that €** has nice interpretation in the context of (generalized) vertez algebras.

3. LATTICE CONSTRUCTION OF THE VERTEX OPERATOR ALGEBRA L(—3A)

In this section we shall recall the realization of the vertex operator algebra L(—%AO)
and their modules from [A4].
Let us first say that in the case k = —% the set

{L(_§A0)7 L(_§A0 - §A1)7 L(_%AI)}
provides all irreducible L(—%AO)—modules from the category O.

Define the following lattice

~ 1
L=7Zy+7Z5  (y,7)=-(0,0) ==, (7,6)=0.

(e}

Let h = C ®; L. Extend the form (-,) on Ltop Leth=ph® C[t,t7'] ® Cc be the
affinization of b.

For every A € b denote by M(1,)\) the irreducible highest weight h-module generated
by the highest weight vector v, satisfying

cuy =0y, h(n)vy = 0,0\ R)uy (n >0).

—n—1

For o € h and n € Z write a(n) = a ®t". Set a(z) =Y, ., a(n)z

Then M(1) := M(1,0) is a vertex algebra which is generated by the fields a(z), o € ¥,
and M(1, ), for A € b, are irreducible modules for M(1).

Now we shall study the generalized vertex algebra V; associated to the rational lattice

L. ,
Let k = e%. Define the 2-cocycle € : L xL—Cx by

e(Avy+ B4, Cvy + Do) = (o (A+B)(C-D)

3



where A, B,C,D € Z. Let C{z} be the twisted group algebra with basis {e®*, « € Z}
and multiplication e“e” = ¢(a, 8)e*™P. On the vector space

Vi = M(1) ® C{L}

exists a natural structure of a generalized vertex algebra.
We shall describe the vertex operator map

Y: VE — (EndVE){Z}

Let v = ay(—ng)as(—ng) - - ag(—ng) @ € be an element of V5.
ny—1

Y(o,2)i= 2 (gt ()" =) -+

(it (2)" 7 ()
E_(_ﬁ7 Z)E+(_ﬁ7 Z)eﬂzﬁ 2 )

where

E* = g )
= exp( 2 T, z

The action of a(n), €, 2% on u @ e* € V; are

(a(n)u)®@e*  ifn<0
an).(u®et) = (%( Su®et ifn>0
(o, Vu@er  ifn=0

P (u®e?) i=ce(B,\)(u®e’™),
P (u@ed) =u®et2N,
Now we define the screening operators:
Q = Res,Y (e, 2) = 6567,
Q= Res.Y (27, 2) = e,
and the following Virasoro element
w=3y(=1)* — 2y(=2) — 35(-1)%
Then w generates the Virasoro vertex operator algebra LY (—6,0). Set

L(z) =Y (w,2) = > L(n)z"">.

nel

Define the following vectors in V5:

e =079,
ho = 46(—1),
f _ _%Q63(7+5)

= —(4y(=1 = y(-2))e 0,

Then e, h, f are primary vectors of conformal weight 1 for the Virasoro algebra.
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Define
L=7Z(y+0)+Z(y—9).
Clearly, V7, is a subalgebra of V; which contains vectors e, f and h.
Theorem 3.1. [A4] The vectors e, f and h span a subalgebra of the generalized vertex

algebra Vi, isomorphic to the vertex operator algebra L(—%AO). Moreover, Vi, is a weak
module for the vertex operator algebra L(—%AO). In particular, the linear map p : g —

End Vi, determined by

L —%[d

:d— —L(0)

ce(n) s 3079

: h(n) — 4(n)

() = =3(Qe)N ™ — 0 7Q)

forn € Z is a representation of g on V.

T DT T ™ D

Theorem 3.1 gives that Vj carries the structure of a U(g)-module. This module is
not completely reducible. On the other hand it contains an infinite family of irreducible
U(g)-submodules. We have the following result.

Theorem 3.2. [A4] For every s € Z we have:
(1)
U(g).e®® = n_(L(—2Ay)).

2)
U(g).e 00 = (L(~ 2 — 2A1)).

4. SIMPLE CURRENT EXTENSIONS OF L(—3A)

In this section we will use the explicit realization of L(—3Ag)-modules from [A4], and
show that on the generalized vertex algebra V;, we can realize some extensions of L(—3Ay).
For every s € Z, we define the following linear map

P = e729(—250,-) : Vi, — V.
It is clear that ®©) is a linear bijection.

Lemma 4.1. We have

for every s,n € Z, x € g.
Proof. First we notice that h(n)®®) = ®®)x (h(n)). It remains to prove that
DY (e, 2) = 2°Y (e, 2)D, (4.5)
POY(f, 2) = 27°Y(f, 2)®),

5



We have
DY (e, 2)
= e 292(—256,3y — 30) -
E~(=3y + 30, 2) BT (=3 + 36, 2)e3 7302377392 (—~2s4, -)
= (—2s6,3y—30)*:
E~ (=37 + 36, 2) BT (=3 4 35, 2)? 3067290377302 (256, -)
= E(=3y+30,2)ET (=37 + 35, 2)e¥17 3377307250 152 (256, -)
= 2°Y{(e, 2)d),

and therefore (4.5) holds. Next we notice that v(n)e 2% = e~29y(n). Then the proof of
relation (4.6) is similar to that of (4.5). O

By using Lemma 4.1 we see that

OO (L(~4A0)) = U (). =
= U@ = (L(-2A0)). (4.7)

Define now:

‘7 = @ CI)(S)L(_%AO) = @T‘-S(L(_%AO))7 (48)

SEZ SEZ
V == @ q)(Ss 4A0 @ 7T33 ——AO (49)
SEZ SEZ

Theorem 4.1. We have
(1) The vector space V' carries the structure of a generalized vertex algebra.
(2) The vector space V' carries the structure of a vertez algebra.

Proof. Let a € m.(L(—3Ao)), b € my(L(—3A0)). By using Lemma 4.1, relation (4.7)
and the vertex operator formula, one has:

anb € T s(L(—3M0)) (n € Z).

This implies that V and V are subalgebras of the generalized vertex algebra Vi, and
therefore they are also generalized vertex algebras. Next we notice that

VCVLOCVL

where Ly = Z(3y — 36) + Z(3vy + 36). Since Lo is an even lattice, we have that Vi,
is a vertex algebra (see also Remark 4.2 of [A4]). Therefore V' has the vertex algebra
structure. O

Remark 4.1. The vertez algebra V is the extension of the vertex operator algebra L(——AO)
by an infinite family of simple current L(— AO) ~modules. Our proof that V is a vertex
algebra is based on the embedding of V into the lattice vertex algebra Vi,. On the other
hand, we have the extension theory of vertex operator algebras of affine type developed by
C. Dong, H.Li and G. Mason in [DLM1], [Li3]. This theory is based on the construction
of simple currents by using semisimple primary elements.
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In our case simple currents are constructed from the elements of the lattice D = 676 C
h. By using results and constructions from Section 3 of [1i3] one can also see that the
vector space

C[D] ® L(—4Ao) = P e’ @ L(—3A0)
BeD

has the vertex algebra structure, and that this vertex algebra is isomorphic to our vertex
algebra V. So we get an explicit realization of the extended vertex algebra C[D] ®L(—§AO)
on the lattice vertex algebra Vi, .
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ZELEVINSKY INVOLUTION AND MOEGLIN-WALDSPURGER
ALGORITHM FOR GL,(D)

A. 1. BADULESCU AND D. RENARD

ABSTRACT. In this short note, we remark that the algorithm of Moeglin and Wald-
spurger for computing the dual (as defined by Zelevinsky) of an irreducible representation
of GL,, still works for the inner forms of GL,,, the proof being basically the same.

1. SEGMENTS, MULTISEGMENTS AND THE INVOLUTION #

A multiset is a finite set with finite repetitions (a,a,b,¢,d,d,d, e, a,...). A segment
A is the void set or a set of consecutive integers {b,b+1,....e}, bye € Z, b < e. We then
call e the ending of A and the integer e — b + 1 the length of A. By convention, the
length of the void segment is 0. Let A = {b,b+1,....,e} and A" = {V',b' +1,...,¢'} be two
segments. We say A precede A'if b <V, e < e and b’ < e+ 1. We also write A > A’ if
b>0 orb="0 and e > ¢. This is a total order on the set of segments.

A multisegment is a multiset of segments. We identify multisegments obtained from
each other by dropping or adding void segments. The full extended length of a mul-
tisegment is the sum of the lengths of all its elements and is 0 if the multisegment is
void. The support of a multisegment m is the multiset of integers obtained by taking
the union (with repetitions) of the segments in m. A multisegment (Aq, Ao, ..., Ag) is
said to be ordered if (A; > Ay > ... > A;). The lexicographic order induces a total
order on ordered multisegments : if m = (A, Ao, ..., Ay) and m' = (A}, A), ..., A},) are
multisegments, then m > m' if Ay > A}, or Ay = A} and Ay > AL, and so on, or t > ¢/
and A; = Al for alli € {1,2,...,t'}.

If A={bb+1,.. e} is a non void segment, we set A~ = {b,b+1,...,e — 1} with the
convention that A~ is void if b = e.

Let m be a non void multisegment. We associate to m a multisegment m* in the
following way : let d be the biggest ending of a segment in m. Then chose a segment A,
in m containing d and maximal for this property. Then we define the integers iy, is, ..., i,
inductively : A;, is a segment of m preceding A;,_, with ending d — s, maximal with
these properties, and r is such that there’s no possibility to find such a #,,1. Set m™ =
(AL AL L AL, where AL = A; if @ & {ig,i1,...,0}, and AL = A7 if ¢ & {ig, 1, ..., 0}
Then {d —r,d —r + 1,...,d} is the first segment of m#. Starting from the beginning
with m~ what we have done with m, we find the second segment of m*, and so on (so at
the end we have that m# is the multiset union of {{d — s,d — s+ 1,...,d}} and (m~)#).
This multisegment m* is independent of the choices made for the construction. The map
m +— m™ is an involution of the set of non void multisegments. It preserves the support.
See [MW].

We would like to thank the organizers of the conference “Functional Analysis IX” in Dubrovnik,
Croatia, June 15-23, 2005, particularly G. Mui¢ and M. Tadié, for their invitation to give lectures there.
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2. REPRESENTATIONS OF (G,

2.1. Generalities. Let F' be an non-Archimedean local field of any characteristic with
norm | |p. For all n € N* let G,, be the group GL,(F), A, be the set of equivalence
classes of smooth finite length representations of ,, and R, be the Grothendieck group
of smooth finite length representations of G,,. As usual, we will slightly abuse notation by
identifying representations and their equivalence classes, and sometimes, representations
with their image in the Grothendieck group R,,.

The set B,, of classes of smooth irreducible representations of GG,, is a basis of R,,. If
m € B,, and my € B,,,, then m ® 3 is a representation of G,,, x G,,,. This group may be
seen as the subgroup L of matrices diagonal by two blocks of size n; and ng of G, 4p,.
We set

. Gnqi4n
7 X T = indp" "2 (M @ o)

where “ind” is the normalized parabolic induction functor and P is the parabolic subgroup
of G, +n, containing L and the group of upper triangular matrices. We generalize this
notation in an obvious way to any finite number of elements m; € B,,., i € {1,2, ..., k}.

Let C,, be the set of cuspidal representations of (z,, and D,, the set of essentially square
integrable representations of G,, (we assume irreducibility in the definition of cuspidal and
essentially square integrable representations).

If x is a smooth character of GG,, and m € A,,, then xy7 will denote the tensor product
representation xy ® m. Let v, be the character g — |det(g)|r of G,. We will drop the
index n when no confusion may occur.

2.2. Irreducible representations. Let £k € N* and n;, i € {1,2,...,k} be positive inte-
gers. For each ¢ let 0, € D,,. The representations o; being essential square integrable,
for all i € {1,2,...,k} there exists a unique real number a; such that v%g; is unitary. If
the o; are ordered such that the sequence (a;) is increasing, then S = 07 X 09 X ... X 0},
is called a standard representation and has a unique irreducible quotient #(S). The
representation S doesn’t depend on the order of the o; as long as the condition that
the sequence (a;) is increasing is fullfiled. So S and 6(S) depend only on the multiset
(01,09, ...,0k). We call this multiset the esi-support of S or of 8(S) (“esi” : essentially
square integrable).

2.3. Standard elements. The image in R, of a standard representation is called a
standard element of R,. The set H,, of standard elements of R,, is a basis of R,,. The
map W, : S+ 6(9) is a bijection from H,, to B, (see [DKV]).

2.4. The involution. On R,,, we consider the involution I,, from [Au], which transforms
irreducible representations to irreducible representations up to a sign. The involution
commutes with induction ([Au]), i.e. if m € B,, and my € B,,, then I, 1,(m X m) =
I, (my) X I,,(m2). Forgetting signs, the involution in [Au] gives rise to a permutation |I,|
of B, (which is the involution defined in [Ze]). We will call |I,|(7) the dual of w. See
[Au] and [Ze].

The algorithm of Moeglin and Waldspurger ([MW]) computes the esi-support of the
dual of a smooth irreducible representation 7 from the esi-support of .

2.5. Essentially square integrable representations. Following [Ze], if k is a positive

integer such that k|n, if we set p = n/k and chose p € C,, then p x vp x V?px, ..., xvk"1p
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has a unique irreducible quotient Z(k, p) which is an essentially square integrable repre-
sentation of GG,,. Any element o of D,, is obtained in this way and ¢ determines k and p
such that o = Z(k, p). If p € C, for some p, given a segment A = {b,b+ 1, ..., e}, we set

<A>,=Z1pe—b+1) € Dye_pr)-

2.6. Rigid representations. If p € C, for some p we call the set {v*p}iez the p-line.
If 7 € B, we say 7 is p-rigid if the cuspidal support of 7 is included in the p-line (of
course, it is the vp-line too). An irreducible representation is called rigid if it is p-rigid
for some p. If m € B,, and m, € B,,, are such that the cuspidal supports of m; and 7, are
disjoint, then 7 X 7y is irreducible. So any m € B, is a product of rigid representations
m;. Then we know ([Ze]) that the esi-support of 7 is the reunion with multiplicities of
the esi-supports of the m;. As [,, commutes with induction, to compute the esi-support of
duals of irreducible representations, we need only to compute the esi-support of duals of
rigid representations.

2.7. Multisegments and representations. If m = (A}, Ay, ..., Ay) is an ordered mul-
tisegment of full length ¢ and p € C,, then m and p define a standard element 7,(m) of
Rpq, precisely

To(m) =< Ay >, X <Ay >, X, .., X <Ay >,€ Hy,,
and an irreducible representation
<m >,= W, (m,(m)) € By,

The map m —< m >, realizes a bijection between the set of multisegments of full
length ¢ and the set B, , of p-rigid irreducible representations of G,,.

2.8. The algorithm for G,. The result of Moeglin and Waldspurger in [MW] is : the
dual of <m >, is <m# >,.

2.9. The proof. We recall here their argument:

Let (p, p) be a couple such that p is a positive integer and p € C,. Fix a multiset s with
integer entries, and let S be the (finite) set of all the multisegments m having support s.
They all have the same full length, let’s call it k. Set n = pk. Let B, = {<m >,,m € S}
and H, = {m,(m),m € S}. Let R, be the (finite dimensional) submodule of R,, generated
by B,. Then B, and H, are basis of the space R,. On B, and H, consider the decreasing
order induced by the order on multisegments in S. Then we know that for this order
the matrix M of H, in the basis B, is upper triangular and unipotent ([Ze] or [DKV]).
The space R, is stable under I,. It is important to notice here that the involution
(=1)"7*1, of R, transforms every irreducible representation in an irreducible one, since
all the elements here have the same cuspidal support, of full length k (see [Au]). In other
words, the restriction of |I,| to B, is (—1)"7%1,.

Let Ty (resp. T3) be the matrix of the involution (—1)"~*I,, of R, in the basis B, (resp.
H,). Then the matriz T\ doesn’t depend on the couple (p,p). The argument, attributed
in [MW] to Oesterlé, is the following:

We have already seen that 7} is a permutation matrix ([Au]). Then as M is an upper
triangular unipotent matrix, the relation 7, = M 1T} M is a Bruhat decomposition for
Ty and this implies that T} is determined by T5.

Now, T, itself doesn’t depend on the couple (p, p) because:
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(cl) if m = (A, Ao, ..., Ay) with A; of length n;/p, then
L(m,(m)) = I, (< A1 >,) X Ly (< Ag >,) X o X L (< Ay >,),
(c2) it A={b,b+1,...,e}, then
Ler1—pp(< A >,) = (D)) <y >,

where ma = ({b}, {b+ 1}, ..., {e}),

(c3) one has < ma >,= Zm,@m(—1)d(m')+6_b+17rp(m’)7 where d(m') is the cardinality
of m’ (as a multiset of segments) ([Ze]).

So it is enough to show that the dual of < m >, is < m# >, for a particular p.
The authors conclude their proof by showing this relation holds for a clever choice of the
cuspidal representation p.

3. REPRESENTATIONS OF G/,

Let D be a central division algebra of dimension d* over F (with d € N*) and let
G!, be the group GL, (D). We use the notation for objects relative to G,,, but with a
prime, for objects relative to G, : Al, C!, D!, R, Bl,... The involution I/ ([Au]) on R/,
has the same properties as I, : it transforms irreducible representations into irreducible
representations, up to a sign, and commutes with induction.

If ¢ € G, one can define the characteristic polynomial Py € F[X] of ¢/, and P is
monic of degree nd ([Pi]). If ¢ € G}, the determinant det(g') of ¢’ is the constant term
of its characteristic polynomial. We write v/, for the character ¢’ — |det(¢’)|r of G),, and
we drop the index n when no confusion may occur.

For a given n, if g € G,q and ¢’ € G|, we write g «» ¢’ if the characteristic polynomial
of ¢ is separable (i.e. has distinct roots in an algebraic closure of F') and is equal to the
characteristic polynomial of ¢’. If 7 € R,4 or m € R/, we denote by x, the character
of m. It is well defined on the set of elements with separable characteristic polynomial
even if the characteristic of F'is not zero. The Jacquet-Langlands correspondence is the
following result :

Theorem 3.1. There ezists a unique bijection C : D,q — D!, such that for all m € Dy
one has

Xw(g) - (_1)nd_nXC(7r) (g,)
forall g < ¢'.

This well known result of [DKV] is also true in non-zero characteristic ([Bal]).

One can extend the Jacquet-Langlands correspondence to a linear map between Grothen-
dieck groups ([Ba2]) :
Proposition 3.2. a) There ezists a unique group morphism LJ : R,q — R, such that
for all m € R,q one has

Xa(9) = (=1)" " xLa(m) (9)

forall g < ¢'.

The morphism LJ is defined on the basis Hyq : if S = 01 X 03 X ... X 0y, with o; € D,,,
then

-if for alli € {1,2,...,k}, d|n;,

LJ(S) = C(O'l) X C(O'Q) X ... X C(O'k),
- if not, LI(S) = 0.
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b) For all 7 € Rpg, LI(L4(m)) = (—=1)" 1! (LI()).

The classification of irreducible representations is similar to the one for GG,,, and we can
define the esi-support of an irreducible representation, the standard elements H), and the
bijection W) : H — B . Knowing the esi-support of 7’ € B/, one would like to compute
the esi-support of |I! |(7').

The classification of essentially square integrable representations on G, differs slightly
from that on G, (it is more general, since G), = G,, when D = F). If p' € D!, then
C~Y(p') € Dpa. Following [Ta], if C™(p') = Z(k, p), we set s(p') = k, and v, = ()¢,
Given a positive integer & such that k|n and a p' € C, where p = n/k, the representation
pX vyp X z/f,, pX X Vﬁ,’l p' has a unique irreducible quotient ¢’ which is an essentially
square integrable representation of G). We set then o' = T'(k,p'). Any o’ € D), is
obtained in this way and ¢’ determines k and p’ such that o' = T'(k,p’). See [Ta] for
details.

If p' € C, for some p, given a segment A = {b,b+ 1,...,e}, we set

<A >,= T(Vz,p', e—b+1)€e D;,(e_bJrl)-

A line in this setting is a set of the form {I/Lf/ 0 ez where p' is a cuspidal representation.
The definition of p’-rigid and rigid representations and their properties are similar to the
ones for G, ([Tal]), and as for G,,, one needs only to compute the esi-support of the duals
for rigid representations.

If m = (A, Ay, ..., Ay) is an ordered multisegment and p’ € C,, then m and p’ define a
standard element of some R/, more precisely

/
Ty(m) =< A1 > X <Dy >p X0, X <Ay >y,

and an irreducible representation
<m >y= W (n,(m)).
The map 7Tllo/ realizes a bijection between the set of multisegments of full length k£ and

the set of p'-rigid representations of G,. Now, we claim that the algorithm for G, is the
same as for GG,,, namely :

Theorem 3.3. The dual of the representation < m >, is < m# >,.

For the proof, we follow the argument in [MW] :

Let (p, p') be a couple such that p is a positive integer and p € C,, let k be a positive
integer and set n = pk. Let B, = {<m >,,m € S} and H), = {m,(m),m € S} (S
has already been defined in the section 2.9). Let R/, be the finite dimensional submodule
of R}, generated by BJ,. Then Bj, and H, are bases of R),. On B/, and H}, consider
the decreasing order induced by the order on multisegments in S. Then the matrix
M' of H}, in the basis B), is upper triangular and unipotent ([DKV] and [Tal). The
involution (—1)"~*]! induces an involution of R, which carries irreducible representations
to irreducible representations. Let 77 (resp. T3) be the matrix of this involution in the
basis B, (resp. H,,).

As for G,,, the matrix 77 doesn’t depend on (p, p'), because Oesterlé’s argument works
again. First of all (see [Au]), T} is a permutation matrix so the relation Ty = M'~1T] M’
is a Bruhat decomposition for T3 and this implies that 7] is determined by Tj.

As for G,,, T} itself doesn’t depend on (p, p’) because, as we will explain shortly after-
wards, we have :
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(c'l) If m = (A1, Ag, ..., A;) with A; of length n;/p, then
L(my(m)) =L, (< A1y >p) X [ (< Dy >p) X oo X I (<A >p).
(c'2) f A={b,b+1,...,e}, then
I(,e+1—b)p(< A>y) = <_1)(e+1_b)(p_1) < ma >p,

where ma = ({b}, {0+ 1}, ..., {e}).

(¢’3) One has < mp >,= Zm,<mA(—1)d(m/)+6_b+17r;, (m’), where d(m') is the cardinal-
ity of m/ (as a multiset of segments).

The relation (c’1) is clear since the involution commutes with induction ([Au]).

(¢’2) is true too: from the formula for I} to be found in [Au], and the computation in
[DKV] of all normalized parabolic restrictions of essentially square integrable representa-
tions of G, one may see I, ,, ;) (< A >,) is an alternate sum of representations 7, (m;),
where m; runs over the set of multisegments with same support as A. It is obvious that
the maximal one is 7, (ma). It appears in the sum with coefficient (—1)(et1=0r=1) " and
so W) (), (ma)) =< ma >y, has to appear with coefficient (—1)©H=2®=1 in the final
result. As we know a priori that this result is plus or minus an irreducible representation,
(c’'2) follows.

(¢’3) is the combinatorial inversion formula ([Ze]), which is still true here since for all
m’ < mp one has m,(m') =3 .. <m">,.

So it is enough to show that the dual of < m >, is < m# >, for a particular p'. Or,
equivalently, to show that for some p’ we have Ty = Ty. Let p € C4 and set p' = C(p).
Then p' € C; and s(p’) = 1. The map LJ induces a bijection from H, to H}, commuting
with the bijections from S onto these sets. The point b) of the proposition 3.2 implies
then Ty = Ts.

Note: After submitting this paper, we learned from Alberto Minguez that he proved
the same result in his PhD thesis.

4. BIBLIOGRAPHY

[Au] A.-M. Aubert, Dualité dans le groupe de Grothendieck de la catégorie des représen-
tations lisses de longeur finie d’un groupe réductif p-adique, Trans. Amer. Math. Soc.,
347 (1995), 2179-2189 (there’s an Erratum: Trans. Amer. Math. Soc., 348 (1996),
4687-4690).

[Bal] A.I. Badulescu, Correspondance de Jacquet-Langlands en caractéristique non
nulle, Ann. Scient. Ec. Norm. Sup. 35 (2002), 695-747.

[Ba2] A.I. Badulescu, Jacquet-Langlands et unitarisabilité, to appear in Journal de
UInstitut de Mathématiques de Jussieu, may be found at http://www-math.univ-poitiers.
fr/~badulesc/articole.html.

[DKV] P. Deligne, D. Kazhdan, M.-F. Vignéras, Reprsentations des algbres centrales
simples p-adiques, Reprsentations des groupes rductifs sur un corps local, Hermann, Paris
1984.

[MW] C. Moeglin, J.-L. Waldspurger, Sur I'involution de Zelevinski, J. Reine Angew.
Math. 372 (1986), 136-177.

[Pi] R.S. Pierce, Associative algebras, Grad. Texts in Math., Vol 88, Springer-Verlag.

[Ta] M. Tadié¢, Induced representations of GL(n; A) for a p-adic division algebra A, J.
Reine angew. Math. 405 (1990), 48-77.

14



[Ze] A. Zelevinsky, Induced representations of reductive p-adic groups II, Ann. Scient.
Eec. Norm. Sup. 13 (1980), 165-210.

DEPARTEMENT DE MATHEMATIQUES, UNIVERSITE DE POITIERS, TELEPORT 2, BOULEVARD MARIE
ET PIERRE CURIE, BP 30179, 86962 FUTUROSCOPE CEDEX, FRANCE
E-mail address: badulesc@math.univ-poitiers.fr

CENTRE DE MATHEMATIQUES LAURENT SCHWARTZ, ECOLE POLYTECHNIQUE, 91128 PALAISEAU
CEDEX CEDEX, FRANCE
E-mail address: renard@math.polytechnique.fr

15



Covers and propagation in symplectic groups

Corinne Blondel

Mathematics Subject Classification (2000): 22E50

The purpose of these notes is to give a simplified overview of the theory of types and
covers, due to Bushnell and Kutzko, and explain what is the counterpart, in the study
of parabolically induced complex representations of reductive p-adic groups, of Tadi¢’s
philosophy in terms of covers. As an illustration, we describe a setting in which we can
‘propagate’ covers in symplectic groups and detail an example in Sp(12, F).

1 Tadi¢’s philosophy and covers

Let F be a local non archimedean field, with ring of integers 0z, maximal ideal pp, residue
field kp of cardinality gp, and residual characteristic p = char kp. We will occasionnally
use a uniformizing element wp of pr and a character ¢ : FF — C* trivial on pr and non
trivial on op. Analogous notations will be used for field extensions of F.

Let G = G(F') be the group of F-rational points of a connected reductive algebraic
group G defined over F'. Let R(G) be the category of smooth complex representations
of G. (Recall that a vector in a representation of G is smooth if its fixator is an open
subgroup of G; a representation is smooth if all vectors in its space are smooth.)

There are two basic tools in the study of those representations: the functor of parabolic
induction and Jacquet’s restriction functor. Let P be a parabolic subgroup of G, let N

be its unipotent radical and let M be a Levi factor of P. We need the modular character
l(aKa™*
Ap: P — R*t defined by: Ap(a) = %, a € P, where vol denotes the volume
VO
of an open compact subgroup of P with respect to some right Haar measure on P.
The (normalized) parabolic induction functor Ind$ : R(M) — R(G) is de-
fined as follows. Let (0,V) € R(M). Then Ind%(o) is the representation of G by right

translations in the space of functions

md$(V)={f: G—=V /forme MmnecN,geG: fimng) =Ap(m)"*c(m)f(g), and

[ is a smooth vector for the action of G}.

The Jacquet restriction functor ry : R(G) — R(M) is defined as follows. Let
(m,V) € R(G) and let V(N) = Spanc{m(n)v —v / v € V,n € N}. Then ry(m) is the
natural quotient action of M in the space ry(V) = Vy = V/V(N). The normalized

restriction functor 7§, defined as the twist of 7y by the character A;l/ ? | is left-adjoint to
Ind¢.
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We are using normalized induction here because it is common use; however, from the
point of view of types, unnormalized and normalized induction or restriction make no
difference: they differ by an unramified character.

The supercuspidal representations of G are those smooth representations (m, V') of
G which satisfy, for any proper parabolic subgroup P = MN of G: ry(m) = 0 (or
equivalently, for complex representations, Hom (7, Ind% (o)) = 0 for any o € R(M)).

Let o be an irreducible supercuspidal representation of M. The inertial class [M, o]q
is the equivalence class of the pair (M, o) under the equivalence relation defined by con-
jugacy in G and twisting of o by unramified characters of M — that is, one-dimensional
representations of M that are trivial on every compact subgroup. We denote by RIM71(@)
the subcategory of smooth representations 7 of G with the following property: any irre-
ducible subquotient of 7 is a subquotient of Ind% (s ® x) for some unramified character y
of M. Bernstein’s decomposition of R(G) is the decomposition of R(G) as the direct sum,
over inertial classes in G, of the subcategories RIM1(G). We will come back to this later:
it is indeed the goal of the theory of types to describe each piece in this decomposition
with a type.

The study of R(G) has for long followed two distinct paths: the study of supercuspidal
representations of (G, and the study of the parabolically induced representations Indg(a)
as above. As for the second problem, worked upon by many, Tadi¢’s approach has been
to study such induced representations using all possible functors ry : R(G) — R(M'),
where M'N’ is a parabolic subgroup of G with unipotent radical N’. The philosophy of
this approach is that having more parabolic subgroups gives more possibilities to compare
informations coming from the Jacquet modules of various parabolic subgroups ([9], Intro-
duction). The method is indeed very efficient and has produced a lot of results, by Tadi¢
and others.

We will here explain a completely different approach that belongs to a line of thought
initialized more than thirty years ago: via compact open subgroups. Let us start with
supercuspidal representations; it has been an open question, for at least that amount of
time, whether supercuspidal representations were (compactly) induced, that is:

1.1. Given an irreducible supercuspidal representation m of G, does there exist an open
subgroup K of G, compact modulo the center of G, and an irreducible smooth representa-
tion k of K, such that m ~ c—Ind?( Kk ¢

Here, if V' is the space of k, C—IHdIG( k is the representation of G by right translations
in the space

cIndS(V)={f: G—=V /for ke K,ge G : f(kg) = r(k)f(g), and
f is compactly supported mod the center of G}.

It is a basic fact that if the representation c—IndIG( k is irreducible, then it is supercuspidal
(supercuspidal representations are also characterized by the fact that their coefficients are
compactly supported mod the center). Furthermore its irreducibility is equivalent to the
fact that the intertwining of , that is, the set of g € G such that Hom gnga(k, k7) # {0},
is equal to K.
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There have been too many works on question 1.1 to even try to cite them all: thirty
years of efforts led eventually to a positive answer for G = GL(N) ([5], 1993) and many
other reductive groups have followed. We only wish here to give an idea of types, start-
ing with types for supercuspidal representations of GL(N, F'), and of covers, following
Bushnell and Kutzko’s formalism ([6]).

1.1 Types for supercuspidal representations of GLy(F)

We first define the notion of mazimal simple type (J(5,%), A(5,20)) in G = GLx(F),
following [5]. We will skip the technical definitions, to be found in loc. cit., but will give
an easy example instead.

We start with a principal op-order 2y in My (F) (e.g. My(0or)) and an element [ in
My (F) generating a field extension E = F[3] of F. We let E be the commutant algebra
of E'in My(F'). We assume that:

e E* normalises 2;
e ny = —valg(3) satisfies ng > 0;
e By =2Ay N E is a mazimal op-order in E;

e [E : F] is minimal among the degrees of field extensions possibly generated by
elements of 3 + .

Then we call [g, ng,0, 5] a mazimal simple stratum in My(F). The simplest object
attached to this stratum is a function ¥g on G defined by ¥g(g) = ¥ o tr (B(g —1)) ,
g € GG. This function restricts to a character on suitable subgroups.

With these data op-lattices in My (F') are built:

57)1(67 Q[0) C 31<572l0) C 3()(579[0)7

and compact open subgroups of GLy(F) :
Hl(ﬁa Q[0) - Jl(ﬁa QlO) C J(ﬁv Q[0)7

with H' =14+ 9!, J' =1+3', J =3

A simple type will be constructed by stages up this tower of subgroups. First, the
crucial notion of simple character: it is a difficult generalization of an easy construction
given in the example below. A simple character is a rather special character of H'(/3, %)
(one-dimensional representation), among its properties are the following:

e the restriction of a simple character to a suitable subgroup of H' coincides with t3;

e the intertwining of a simple character is J EXJ.

Let 6y be a simple character. Next, Heisenberg construction provides 7y, unique irreducible
representation of J(3,%g) containing 6y; as such, 7y has the same intertwining as 6.

The third step is the [(-extension step: extending the representation 7y to J(/3, %)
without shrinking its intertwining. It is possible, if difficult. We thus pick kg, a 3-extension
of ny to J(5,%); the intertwining of kg is the full intertwining of 6.
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Let f = N/[E : F|. The last ingredient in our simple type is 0y, a cuspidal represen-
tation of GL(f, kg). We inflate it to J(3,%y) through:

J(ﬂ7§2[0)/‘]1(ﬁ7 2210) = GL(fa kE)

Our maximal simple type is now defined by A(3,2y) = Ko ® 0p.
For a complete account of maximal simple types, we also must allow the so-called
‘level 0 case’: where 2 is a maximal order and we take 3 =0, E = F, A\(3,%y) = 0y.

Theorem 1.2 (Bushnell-Kutzko [5]). For any extension \* of \(3, o) to J* = E*J(3, ),
the induced representation C—Indg’;L NE) N is irreducible and supercuspidal.

Every supercuspidal representation of GLy(F') has this form for a suitable choice of
B and Ay.

1.2 An example in GL(4, F)

Assume the residual characteristic p is not 2. Let v € o be an element that is not a
square and let Ey be the unramified quadratic extension of F, viewed as Ey = F[({4)] in
M,(F). Let a > 1 be an integer and let u € o satisfy u® ¢ 0j(1 + pg,).

Define = ( 0 uw?) in My(Ey) C My(F). Then E = F|[] is a ramified quadratic

wwhi ® 0
F
extension of Ey, viewed inside My(F), in which § has odd valuation —ng = 1 — 2a.

0 Op Op Op Pr Pr OF

O Op Op O ) . . . 0
Now 2y = FOTECVESTE g a principal o z-order with radical 3, = Pr Pr 0p

pr Pr op Op Pr Pr Pr

Pr Pr OF oOF Pr Pr PF
normalized by E*, and [y, ng, 0, 5] is a maximal simple stratum in My (F).
This is deliberately an elementary situation, in which definitions in [5] immediately
give:

ng+1 nog+1
2

H' (B, %) = J'(8,%) = (1+pe) (1+PBy* ) J(B,%) =0 (1+F,

).

no+1
Simple characters are obtained as follows. The function 13 is a character on 1+, > . Let
no+1

6y be some character of (1+pp) agreeing with 15 on the intersection (1+pg)N(1+PB, 2 ).
Then 6y)s is a simple character of H'(3, %), still denoted by 6.
Our maximal simple type is here A(3, %) = 6*13 for some character 6* of 0, extending

6.

1.3 Types for non-supercuspidal representations

We come back to the general setting of the beginning of this paragraph and give the
definition of a type for a subcategory RIM7I(G), or equivalently for an inertial class
(M, ola:

Definition 1.3 ([6]). A pair (J,X\), J an open compact subgroup of G, A a smooth irre-
ducible representation of J, is a type for [M,c|q if, for any smooth irreducible represen-
tation m of G, the following conditions are equivalent:
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e 7|, contains \;

e 7 is a subquotient of IndJGDU ® x for some unramified character x of M.

(In the situation of Theorem 1.2, the pair (J(3,%), A(5,%o)) is a type for the inertial
class of c—IndffN(F))\* n Gryr)-)

To explain the interest of this definition, we immediately need to define the Hecke
algebra of a pair (J,\) as above; it is the intertwining algebra of the representation
C—Indg)\, which can also be described as the following convolution algebra, where W)

denotes the space of A (and a Haar measure is fixed on G):

H(G,\) ={f:G— Endc(W,) / f compactly supported
and f(ugv) = ANu)f(g)\(v) for w,ve J, g€ G}.

Note that the support of an element of H(G, \) is a finite union of J-double cosets.

Now the whole point of the definition is to replace the study of induced representations
of the form Indga ® x as above, by the study of corresponding right modules over
the algebra H(G, \), via the following functor, which is an equivalence of categories
whenever (J,\) is a type for [M, o]s (see [6]):

M
RIMA(G) =5 Mod-H(G,\)

7 +— Hom ;(\, )

The right action of f € H(G, ) on ¢ € Hom (A, ) is given by

b.f(w) = /G w7 S(flgw)dg (w € W),

1.4 Covers

Types are not known yet to exist in all cases; for supercuspidal representations, existence
is very closely related to question 1.1. Anyhow, the best way to construct types in the
non-supercuspidal case, say [M,o]g with M a proper Levi subgroup, is to try to start
with a type (Jyr, Ayr) for o in M and to build a G-cover or induced type of (Jyr, Ap) in
G the shape of type best adapted to parabolic induction.

Let as above P = M N be a parabolic subgroup of GG of Levi M and unipotent radical
N and let P~ = M N~ be the parabolic subgroup opposite to P relative to M.

Definition 1.4 ([6]). A pair (J,X\), J an open compact subgroup of G, A a smooth irre-
ducible representation of J, is a G-cover of an analogous pair (Jur, Apr) in M if

e J=(JNN")(JNM)(JNN)and JNM = Jy,
e Ais trivial on JOAONT and JNN and A\ jam = Ay

e for any smooth irreducible representation (mw,V) of G, the Jacquet functor ry is
injective on the isotypic component of m; of type A:

N

~

VA v,
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The two first conditions, dealing with the Iwahori decomposition of the group and the
representation, are relatively easy to fulfill; pairs (J, ) satisfying those two conditions are
said to be decomposed above (Jy, Ayr) with respect to P — note that the representation
A is then entirely determined by A;;. Given the first two, the third condition is a very
strong one and it has indeed very strong consequences:

Theorem 1.5 (Bushnell-Kutzko [6]). A G-cover of a type is a type. With the notation
above, if (J,\) is a G-cover of (Jar, Aar) and (Jar, Aar) is a type for [L,oly in M, then
(J, ) is a type for [L,olg in G.

Yet there is more to covers than this theorem. Indeed, if we start as before with

a decomposed pair (J, A) above (Jyr, Ayr), we can define an injective homomorphism of
vector spaces T': H(M, A\y) — H(G,\), by :

feH(M, y) and Supp f = JymJy = Supp T(f) = JmJ and T(f)(m) = f(m).

Further, there is a subalgebra H (M, Ap)* of H(M, Apr) on which T restricts to an homo-
morphism of algebras
T H(M, )T — H(G,N). (1.6)
It is the subalgebra of functions supported on (P, J)-positive elements of M, namely those
m € M satisfying m(JNN)m™* Cc JNN and m(JAN " )m™ DJNN".
We twist our morphism by the character A}J/Q, which is trivial on compact subgroups

of M, letting TH(f) = T+(A}3/2f), f € H(M, y)*t. The remarkable feature of covers is
the following:

Theorem 1.7 (Bushnell-Kutzko [6]). Let (J,\) be a decomposed pair above (Jpr, Anr)
with respect to P. Then (J,\) is a G-cover of (Jar, M) if and only if the morphism T
extends to a homomorphism of algebras

tp: H(M, M) — H(G,N).

This extension is unique, injective, and gives rise to the commutative diagram :

M
R (G) ———= Mod-H(G, \)
Ind$- (tp)« (1.8)
Moy
RN (M) ——= Mod-H(M, M)

Here (tp).(Y) = Homyarn,)(H(G, A),Y), the structure of right H (M, Aps)-module
on H(G, \) being given by tp.

In this context, a counterpart to Tadi¢’s philosophy is given by the crucial homomor-
phism of algebras tp, plus the transitivity of covers ([6] again):

1.9. Let P = M'N’ be another parabolic subgroup of G of Levi M’ and unipotent radical
N'. Assume P C P' and M C M'. Then (J,)) is a G-cover of (J N M, o) if and
only if (J,\) is a G-cover of (J N M’ Njamr) and (J O M, Njonr) is a M'-cover of
(Jﬂ M, )\\JOM)-
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Indeed, the point of types is to replace the study of parabolic induction by the study
of modules over the relevant Hecke algebras. The point of covers is to do so using the
commutative diagram 1.8. You do need information on the Hecke algebra H(G, \) and
a crucial tool is the homomorphism of algebras defined in Theorem 1.7. Now, thanks to
transitivity, each intermediate Levi subgroup will give rise to such an algebra homomor-
phism so the more intermediate parabolic subgroups we have, the more information we get
on the Hecke algebra. We describe in the next paragraph an instance of this technique;
more details on the use of these homomorphisms will be found in section 2.5.

2 Propagation of types in symplectic groups

JFrom now on we assume the residual characteristic p is different from 2. We look at the
following situation: we fix integers N > 1 and k£ > 0 and let an integer ¢t > 1 vary. We
put

Gy = Sp (2tN + 2k, F)

and consider:

e the standard Levi subgroup M; = GLy(F) X --- X GLN(F') X Spax(F) of Gy

e the standard parabolic subgroup P, of block-upper-triangular matrices with Levi
component M; and unipotent radical U;.

We pick an irreducible supercuspidal representation m of GLy(F') and an irreducible
supercuspidal representation p of Spe(F) and form, for complex numbers aq, ..., a;, the
representation of G:

[(W,t, p) = Indg: 7T|det |a1 R--® 7T|det |at ® p.

Tadi¢ has proved in [12] that the knowledge of reducibility points (that is, the values
of aj, ..., a; such that the representation is reducible) and composition series of I(, 1, p)
implies the knowledge of reducibility points and composition series of I(w,t, p) for t > 1.
This is of course in accordance with the philosophy stated in the previous paragraph:
the case of maximal parabolic subgroup is the most difficult, if ¢ is greater than 1 there
are more parabolics to work with and one can obtain results through the use of Jacquet
functors.

What could be the counterpart of this result in terms of types and covers 7 To
express it, we need first to pick (I',7v), a [GLy(F),7]- type in GLx(F), and (A,0), an
[Spak(F), pl- type in Spox(F'). Knowledge of reducibilities for I(m, 1, p) can be replaced by
the knowledge of a Gii-cover (©,wq) of (I'x A, y®4) and of its Hecke algebra H (G4, w1 ),
through the equivalence of categories:

My
RIML 70 (@) s Mod-H(Gh,wy).

In this setting, a result similar to Tadi¢’s would be the following:
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There exists a Gy-cover (Qp,wy) of (T x A, v ® §) with Hecke algebra H(Gy,w;)
admitting a presentation by generators and relations entirely determained by t and
H(G1,w).

Indeed, the reducibilities for I(m,t, p) would then be known through the equivalence
of categories:

Mo
R[Mt, 7T®t®P](Gt) SN MOd‘H(Gtawt)'

This is the question we will examine in this section, in the case where the representation
7 is self-dual, that is, equivalent to the contragredient representation 7 defined as the
dual action of GLx(F') in the space of smooth vectors in the dual of the space of .
This is the most interesting case: if no representation 7|det|* is self-dual, then it follows
from the work of Tadi¢ that reducibilities for I(m,t, p) all come from reducibilities for the
parabolically induced representation of w|det|* - - - ® w|det|* in G Ly (F), which are well
known.

2.1 The principle of propagation

We now need to get more technical and fix some more notations. We let w; be the anti-

1 .
diagonal matrix w; = < ) and define Sp (24, F') as the symplectic group of F? with

E

0 w;
the transpose of x with respect to the anti-diagonal; in particular the identification of
GLN(F) x Spox(F) with M, reads:

respect to the symplectic form of matrix ) For any matrix x we write "z for

xr 0 0
(r,9)— {0 g 0
0 0 "zt

We start with a Gj-cover (21, w;) of (I'x A,v®¢) and think of it in terms of blocks:
from the definition, the pair (21,w;) is in particular decomposed above (I' x Ay ® 0)
so is the product of its intersections with U;, M; and U;. We visualize as follows:

I' B B
Y =|Ba A By,
B3y Bz T

this schematization meaning of course that the off-diagonal blocks B;; are suitable lattices
in the relevant matrix space and that €2 is the intersection with Sp (2N + 2k, F') of the
set of matrices whose block entries belong to the corresponding subgroup or lattice.

We want to produce a Gy-cover (€2, w;) of (T x A, v**®4); with the same convention
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of visualization, this would look like

I Cia - Cl,t+1 T Cl,2t+1
Cgl r CQ,t+1 '
: . : I'y Dy Dy
O = Ct+1,1 Ct+1,2 ce A e Ct+1,2t+1 =Dy A Dy
: : D3y D3y Ty
CQt,tJrl T CQt,2t+1
Czt+1,1 T C2t+1,t+1 T T

The first shape shows what we mean by propagation: we would expect a relationship
between the blocks C;;41 or Cip1; and the blocks Bjy or Byj in €24, at best equality

I Blg) and what is

for instance, and a relationship between the off-Sp (2k, F')-part (B T
31

obtained from €2, by removing the ¢ + 1-th row and column, namely (g ! %3) in the
31 t

second shape.

It seems hopeless to try such a ‘propagation’ without any specific knowledge of the
cover (£21,wq). Besides, the best hint we have is the following consequence of the tran-
sitivity of covers: the block T'; should hold a GL,y(F)-cover of (I'**,4®*). We will thus
rely strongly on Bushnell-Kutzko types in GL;x(F).

2.2 A family of GLyy(F)-covers of (' x -+ xT'/7®- - ®7)

We now pick (T',v), our [GLy(F),n]-type in GLy(F), as a Bushnell-Kutzko maximal
simple type (I',v) = (J(8,20), A(5,%)). We use the notations of section 1.1 and will
shorten ! = H1(3,2), IJ° = J°(3,)... Recall E = F[[].

In the book [5], Bushnell and Kutzko do produce a G Loy (F)-cover of (I'*% ~®2t).
Starting with this cover, and with some additional work, one obtains a family (I'(2¢, 1), v(2t, 7))
of G Loy (F)-covers of (I'*?* v®2!) indexed by an integer r, ¢ < r < 2t; the cover given in
[5] corresponds to r = t while the cover given by r = 2t is the best suited to propagation.

In block-matrix form, we have:
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r 30 3 wile! oo
9 T
ol e
re2tr)=| 9 3°
wpJ’
r 30
wpd’ ... w3 5t .. 9! r

— 2t—r —

and the representation ~(2t,) is trivial on upper or lower triangular block matrices and
equal to y® - - - ®~y on block diagonal matrices. (Actually we have such a family of covers
(T(z,r),~v(i,7)), [EL] < r <, for any integer i > 1.)

It is convenient to think of this subgroup as a 2 x 2 block-matrix subgroup and to
introduce a notation for the lattices in M;x(F') corresponding to the upper and lower
unipotent parts; we write:

L(2t,r) = (E((i?) FF gg) , t<r <2t

T ~0
Note that I'(¢,t) is the most obvious ‘propagated type’ from I'(2,2) = H! ‘{ﬂ and

that J° and $' are both rings. Subdiagonals in I'*(¢, ) have either all entries in J° or all
entries in @,'$H' and accordingly for I'~(¢,7), with wpJ® and H'.

We are almost ready to produce propagated types. The last ingredient we need is
the specific properties that the type of a self-dual supercuspidal representation can be
assumed to satisfy, useful to obtain decomposed pairs in symplectic groups from the ones
we have in linear groups.

2.3 Type of a self-dual supercuspidal representation

Heuristically, we want to produce decomposed pairs — hopefully covers — in Sp(2tN, F)
with the subgroups I'(2¢,7) in G Ly (F). Intersecting with Sp(2tN, F') will give interest-
ing subgroups only if I'(2¢, r) is stable under the involution defining the symplectic group.
Up to some conjugacy, we can achieve this condition when 7 is self-dual, provided that
we find a type for 7w that is itself self-dual in some sense. This is the motivation of the
following theorem:
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Theorem 2.1 (Blondel [2]). Let 7 be a self-dual irreducible supercuspidal representation
of GLN(F). One can choose a mazimal simple type (U',7y) = (J(8,20), A(5,o)) for w
satisfying the following properties:

1. Ay is a T-stable principal op-order in My (F).

2. If 8 #0, E = F[B] is a quadratic extension of F[(3%. We let x — T denote the non
trivial element of Gal(F[3]/F|[5?%]).

3. There is an element o in U(y) such that o 'xzo = 7T for all x € E.
4. H'=9YB,%) and J° = J°(3,2) are stable under x — o "xo .

5. The pairs (H*,0y), (J*,n0) and (T,~) are stable under x> o™ o' (the group
is stable and the representation transformed into an equivalent representation).

Example. In our previous example in GL4(F') (1.2), the extension F is 7-stable and

conditions (i) to (iv) hold with o = <_012 ?) The fifth condition holds if and only if
2

we choose a character 6* such that 6*(zz) = 1 for all = € o5,

2.4 The propagation theorem

We fix a maximal simple type (I', 7) for our self-dual representation 7 having the properties
in Theorem 2.1 and use the corresponding notations. It follows that the conjugate of
['(2t,r) by X = diag(In,---,In,0, -+ ,0) (t blocks Iy, t blocks o), namely

L2t n)” = (U—I;rq’(gr) FTr(t(tfzs()T) rErs

is stable by the involution defining the symplectic group. We also fix a type (A, d) for the
supercuspidal representation p of Sp(2k, F') such that p = C—Indip (Qk’F)& the existence of

such a type follows from recent work of Stevens ([11]).

We first state the hypotheses needed on the Gi-cover of (I' X A,y ® §). The main
point is that we actually need two such covers, related to the twin groups I'(2,1) and
['(2,2) in GLan(F), or rather a little less: two decomposed pairs that are ‘almost’ covers.
(As a consequence of the theorem they will turn out to be covers.)

The first hypothesis thus concerns the existence of two decomposed pairs of a special
shape: there must exist op-lattices AT C My o, (F) and A~ C My, n(F') such that

r AT wy'Hlo
Q(1,1) = A~ A a™A" | (intersected with G)
o ' 30wr ATa! T
r AT 30 0
and €(1,2) = A~ A a’AT | (intersected with Gy), (o= < Ok I )
0.—157)1 TA_OC_I N k
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are subgroups of GG; holding representations w(1, 1) and w(1, 2) such that (£2(1,1),w(1, 1))
and (Q(1,2),w(1,2)) are decomposed pairs above (I' x A,y ® §).

To explain the second hypothesis, we have to come back to the definition of covers:
the third condition in definition 1.4 is equivalent to the inversibility, in the Hecke algebra,
of an element supported on a special double coset; the exact statement is rather technical,
hence omitted. Suffice to say that in practice, showing that a given decomposed pair is a
cover is very much related to finding invertible generators for the Hecke algebra, that make
it a convolution algebra on an affine (or extended affine) Weyl group (possibly twisted).

Now the elements s and ¢ defined below are the generators of the affine Weyl group
of type C, adapted to the situation in the maximal case. The assumptions below imply
that the elements e, and e, are invertible (b, and by are non zero); if they did belong
to the same Hecke algebra, both their invertibilities would imply that the corresponding
decomposed pair is a cover. Heuristically, 2.2 and 2.3 say that the two pairs are ‘halfway’
to being covers, and ‘complementarily’ so.

0 0o 0 0 —"o7wg'
We thus let s = 0 Iy 0], ¢g= 0 Iy 0 , and assume we have
—7oc71 0 0 o lwg 0 0

elements
o ¢, € H(G1,w(1,1)), supported on €2(1,1) ¢ (1, 1), such that:

€. =ageq+b, I  (ag € C b, € CX); (2.2)

e ¢, € H(G1,w(1,2)), supported on Q(1,2) s Q(1,2), such that:

e =ase, +b,T (as € C,bs € C¥). (2.3)

With those assumptions, propagation holds. We can ‘propagate’ the subgroups (1, 1)
and (1, 2) into the following family in Gy:

['(t,t) M, (AT) I'*(t,r)o
Qt,r)= | M (A7) A M (a™AT) | NGy (t>1 and t <r < 21).
o' (t,r) My ("A~a™h)  TT(t,t)

Theorem 2.4 (Blondel [3]). Fort > 1 andt < r < 2t, Q(t,r) is a subgroup of G; and
holds a (unique) representation w(t,r) such that (Ut,r),w(t,r)) is a Gi-cover of (T** x
A, ® 5).
The Hecke algebra H(Gy,w(t,r)) is a convolution algebra on an affine Weyl group of
type C’t, with parameters:

(aSoubSo) = (ambs)a

So S1 St—1 St

O<=0Q+«—...-— O<= 0O (asi,bsi):(qé—l,qf;) for1 <i<t-—1,
(as,, bs,) = (ag, by).-
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(In the next subsection we give precise information on the generators of this Hecke
algebra.)

Given the assumptions, this theorem fulfills the requirements in the beginning of sec-
tion 2: the groups Q(t,r) are entirely built from the groups Q(1,1) and €(1,2), using
propagation and the structure of G Loy (F)-covers; the Hecke algebra H(Gy,w(t,r)) is
completely determined by the ¢ = 1 case. Note that the parameters (q]’; — 1,q,’;) only
depend on the (inertial class of the) representation m: they are parameters of the Hecke
algebra H(GLin(F),7(t,t)) (see [5]).

At this point of course, we are left with two difficulties: first, producing covers with
the required properties for ¢t = 1, second, compute the corresponding parameters. So far,
the cases in which this theorem applies — that is, the assumptions are fulfilled — are: the
level zero case, due to Morris [8]; the k = 0 case [2]; the case of Sp(4, F) (2N + 2k = 4)
[1]; and a special case with k = N [3] of which we detail an example for N = 4 below.

2.5 Some elements in the proof

Past the preliminary checking (technical and boring) that (Q(¢,7),w(t, 7)), t < r < 2t, are
indeed decomposed pairs, the proof that they are covers proceeds along two main lines.
One is the use of a family of decomposed pairs and not just one. Technically, the
proof works alternatively with Q(¢,¢) and (¢,2t): we work at each step with the most
convenient of the two. A crucial intermediate result ([3], Proposition 5) states that the
Hecke algebras H(Gy,w(t,r)) are all isomorphic in a very precise way. To simplify matters

we now shorten: (Q,w) = (¢, r),w(t,r)), H=H(G,w(t,r)).

The other is the most related to Tadi¢’s philosophy: it is the one we will roughly
explain here. Indeed, transitivity of covers (1.9) and a similar property of transitivity for
decomposed pairs allows to move back and forth from one Levi subgroup to the full group
and then down to another Levi subgroup.

First, to show that (,w) is a cover, we produce specific invertible elements in H as
the images, by homomorphisms of the form 7" : H(M,wy)t — H(Gt,w) (see 1.6) for
well chosen Levi subgroups M, of invertible elements in the subalgebra H (M, wy,)™ itself.

Next, to obtain a full description of the Hecke algebra H by generators and relations,
we use the fact that our covers are covers of their intersection with any intermediate
Levi subgroup: the images of the corresponding Hecke algebras by the homomorphisms
as defined in Theorem 1.7 will span the algebra H. Precisely, we define elements s, s;
(1 <i<t—1), s of Gy, together with Levi subgroups particularly relevant to those
elements.

Ie—1N i
0 0o 0 GLN(F)
S = 0 Iy 0 , M° = Gy :
-7 0 0 GLy(F)
I—1yN
It—i—1)N
In
In O . GLin(F)
S; = Iogyai—1)N , M = Spak (F) ;

0 Iy GLyn(F)
In O

Ig—i—1)N
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o oo

1 * 0 *

0 0 ~ToTwg 0 GLu—yn(F) 0
= 1. 0 Mt = 0

St 0 Ipg—1)N+ok , * *

o lwg 0 0 0 0

* *

0
~ GLy_ F)xd;.
GL(t—1)N(F)6 ¢ 1)N( ) !

0 0 *

The generator e,; of H = H(G;,w(t,r)) attached to the Coxeter generator s;, 0 < j <
t, in Theorem 2.4, is an element of H with support 2 s; €2; indeed, easy representation-
theoretic considerations imply that the double coset €2 s; €2 supports a one-dimensional
subspace of H. We need to produce such an element e, that satisfies the quadratic relation
egj = ag,¢es; +bs,Z. Now, with a good choice of r (r =t for s;, r = 2t for 55, i <t —1), the
element s; is Q-positive in M7 (1.6) and there is an element €; in H(M?, wignys), with
support (2 N M7)s;(2 N M7), that satisfies this quadratic relation. Indeed:

o If1<j<t—1: H(M? wonms) ~ H(GLin(F),L(t, 1)) @ H(Spak(F), d); there is an
TN
element u; € H(GLin(F'),I'(¢,t)), with support I'(¢, 1) ( I?v I ) [(t,t),
IG-un
such that u? = (gh — Du; + ¢ ([5]).

o If j = 0: H(M° wigrmo) ~ H(GLN(F), 1) @ H(G1,w(1,2)); we use assumption
2.3.

o If j =t: H(M", wionmt) =~ H(GLu—1yn(F),T(t—1,t — 1)) @ H(G1,w(1,1)); we use
assumption 2.2.

Using the homomorphism 7" : H(Mj7W‘QmMj) — H of 1.6 gives the result for e,;, =
T+(€j).

Finally, to prove that the family (es;)o<j<; generates H, we use the ‘Bernstein presen-
tation’ given by Bushnell and Kutzko in [6] and [7].

3 An example in Sp(12, F)

We come back to our example in section 1.2 and notice that E/F is a biquadratic extension

— that is, its Galois group is isomorphic to Z/27 x 7Z/27Z and its norm subgroup is

Ng/p(E*) = F*?. We have a maximal simple stratum [y, ng, 0, 3] in My(F) and a simple

character 6y of H'(3,%). Skipping to the notations of §2.3, we let 0 = <_012 19) and
2

make the additional assumption that 0y(xz) =1 for all x € 1 + pg .

The involution defining the symplectic group is actually x +— o 7wo~!. Our stratum is
thus a skew stratum and our simple character 6 is a skew simple character ([10]): the
groups H'(3,2y) = J'(3,2) and J(3,2) are stable under this involution, as is the
character 6.

We let G = GL(4, F), G = Sp(4, F), and for any subgroup K of G we let K = KNG.

- - _ no+l _
According to [10], Theorem 5.2, the restriction to H* = J' = ((1 +pg) N G) ((1 + B, E )N G)
of the skew simple character 6, underlies supercuspidal representations of Sp(4, F'): for
any extension ¢ of 6y to A = J(3,2), the representation p = c—Indip @F)5 is irreducible
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supercuspidal and the pair (A, 0) satisfies the assumptions in Theorem 2.4. We have here
A =05 H' so there are two such extensions .

On the other hand the same skew simple character 6, underlies self-dual supercuspidal
representations of G — but it turns out that the character we must use here is not 6, but
its square 62, attached to the skew simple stratum [y, ng,0,20] (see [2], Lemma 4.3.1).
Anyway, 62 has two extensions to a self-dual character v of T' = J(3,2) = o5 H', i.e.
satisfying y(zz) = 1 for all € o}; note that = is either trivial or quadratic on o - Now
(T, ~) is a maximal simple type contained in a self-dual supercuspidal representation 7 of
G and satisfying the properties in Theorem 2.1.

By arguments similar to [2] §3.3, one can show that

r 3 wp'Hle
Q(1,1) = $Ht A 300 N Sp(12, F)
o 1JOWE O.flg)l T
r J° 3o
and (1,2) = 9t A % | nSp(12, F)

are subgroups holding decomposed pairs above (I'x A, y®4) with respect to P, (remember
that A = I') and that assumptions 2.2 and 2.3 hold. The propagation theorem 2.4 thus
applies, giving covers in Sp(4(2t + 1), F') attached to the inertial class [GL(4, F)*! x
Sp(4, F), 7" @ plsp(a(aet+1), py and the structure of their Hecke algebra, provided we know
the parameters of the ¢ = 1 case.

In the present situation, we can compute the parameters (as, bs) and (a,, b,), following
the recipe in [1], §1.d; in particular we use the Haar measure on Sp(12, F') giving Q(1,1)
and Q(1,2) volume 1 and normalise e, and e, by es(s) = 1, e,(q) = 1. Let L be the
quadratic character of oz and let G be the Gauss sum

G(x)= > L(z) ¢otrgp(zx), x€of.

zEe 0§0/1+pE0

The residual field of Ey has cardinality ¢ so —1 is a square in kj and G(z)* = ¢}; we
write G(z) = e(x)qr with e(x) = £1. We find:

0 if v is trivial on o B

by =dqp, a;=0(=1)(qp— 1), by=qp, a,= .
' ' ! ’ ! (_1)# €(u) q% (qu — 1) otherwise.

(3.1)

The interest of this example lies in the fact that, according to the class of v mod (020)2,

the representation 7 is either generic or non generic ([4]). When it is not, reducibilities

for I(m,t, p) are not attained by the usual methods; the construction of a cover above

plus the computation of the Hecke algebra do, however, give those reducibilities. One

can notice that, in the case studied above, reducibilities will be the same whether the
representation is generic or not.
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THE PRIME SPECTRUM OF A MODULE
JANKO BRACIC

ABSTRACT. We study prime submodules in the realm of modules over not necessarily
commutative rings.

1. INTRODUCTION

Prime submodules were introduced by J. Dauns in [2, 3]. Various authors have studied
related questions however the most of work was done in the realm of modules over com-
mutative rings, see, for instance, [4, 6, 7, 8, 9, 10, 11, 12], and the references cited therein.
In our research we are relying on the known facts about prime submodules in commuta-
tive case and about prime ideals in (not necessarily commutative) rings. In section 2 we
give a characterisation of prime submodules and show, for instance, that every maximal
submodule is prime. In Section 3 we study three topologies on the spectrum of a module
which generalize the Zariski topology.

Throughout the paper the letter R always stands for a ring with identity. All modules
are unital. The set of all prime ideals in R is denoted by Spec(R) and called the prime
spectrum of R. The Zariski topology on Spec(R) is given by the family of sets w(a) =
Spec(R) \ h(a), where h(a) = {p € Spec(R); a C p} is the hull of an ideal a C R.

2. PRIME SUBMODULES

Let R be a ring and M be a left R-module. The quotient of a submodule N C M is
defined by (N : M) = ann(M/N). A submodule N C M is a co-ideal if there exists a left
ideal a C R such that N =a-M ={>"" a;-2;; a; € a,z; € M,i=1,...,n,n € N}. For
a left ideal a C R, we shall say that a- M is its co-ideal. A module M is a multiplication
module (see [5]) if each submodule in M is a co-ideal. The following proposition lists
several useful properties of quotients. An easy proof is omitted.

Proposition 2.1. Let R be a ring and M a left R-module.
(i) For submodules N C L C M, we have (N : M) C (L : M).
(i1) If {N;}ic1 is an arbitrary family of submodules in M, then

(ﬂie]INz‘ : M) = mie]l(Ni : M)

Let R be aring and M be a left R-module. In [2] Dauns has defined prime submodules
as follows. A proper submodule P C M is prime if, for a € R and x € M, the inclusion
(aR) -z C Pimpliesa € (P: M) or x € P.

The set of all prime submodules in a left R-module M will be denoted by Spec(M) and
called the prime spectrum of M. A module M is said to be primeless ([11]) if Spec(M) is
empty. ;From now on we shall always assume that a module under consideration is not
primeless.

1991 Mathematics Subject Classification. Primary 16D99.
Key words and phrases. Prime Submodule, Spectrum of Module, Zariski Topology.
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Theorem 2.2. Let R be a ring and M be a left R-module. For a proper submodule P in
M, the following assertions are equivalent.

(a) For a two-sided ideal a C R and a submodule N C M, the inclusion a - N C P
implies a C (P : M) or N C P.

(b) P is prime.

(c) For a left (or right) ideal a C R and a submodule N C M, the inclusion a- N C P
implies a C (P : M) or N C P.

Proof. (a) = (b) Let a € R and € M be such that a - R -z C P. It follows, since P is a
submodule, that (RaR) - (R-xz) C P. Now, by (a), we get RaR C (P : M) or R-x C P.
If the former is true, then a € (P : M), and the latter inclusion gives = € P.

(b) = (c) Assume that a- N C P, for a left (right) ideal & C R and a submodule
N C M. If N Z P, then there exists y € N \ P. For every a € a, we have (aR) -y =
a-(R-y) Ca-N C P which gives, by (b), a € (P: M).

(¢) = (a) Obvious. O

Corollary 2.3. If R is a commutative ring and M s a left R-module, then a proper
submodule P C M 1is a prime submodule if and only if, for arbitrary a € R and x € M,
we have a € (P : M) or x € P whenever a-x € P.

Proof. This is clear by the equivalence
a-xr € P if and only if Ra-x CP. 0

Consider R as a left R-module over itself. It is straightforward that a = (a: R) ifa C R
is a two-sided ideal. Thus, if we replace in Theorem 2.2 and Corollary 2.3 the phrase a
proper submodule P with the phrase a proper two-sided ideal p, we get two well-known
assertions. It follows, for instance, that every prime ideal in R is a prime submodule when
R is considered as a left module over itself. If R is commutative all submodules are of
this type.

In the following theorem, which should be compared with Lemma 1.1 in [11], we use
a simple fact that M/N is a left R/(N : M)-module with multiplication (a + (N : M)) -
(x+N)=a-x+ N, wherea+ (N : M) € R/(N: M) and x + N € M/N) are arbitrary,
whenever N is a submodule in a left R-module M. Note that any R-module X is an
R/ann(X)-module as well.

Theorem 2.4. Let R be a ring and M be a left R-module. A proper submodule P C M
is prime if and only if the quotient (P : M) is a prime ideal in R and (0) is a prime
submodule in the R/(P : M)-module M/ P.

Proof. Let P be a prime submodule in M. Since P is proper, the identity of R is not
in the quotient of P, which means that (P : M) is a proper ideal in R. Let a and b
be two-sided ideals in R such that ab C (P : M). Assume that b (P : M). Choose
b € b which is not in (P : M). Then there exists * € M such that y = b - x is not in
P. Tt is clear that z is not in P. Let a € a be arbitrary. It follows from the inclusion
ab C (P : M) that aRb C (P : M) and consequently (aR) -y = (aRb) - C P, which
gives (RaR) - (R-y) C P. By the assumption, P is a prime submodule, which means that
we have RaR C (P : M) or R-y C P. However, the latter case is impossible because of
y & P. Hence a € RaR C (P : M), which gives a C (P : M).

Assume that a + (P : M) € R/(P : M) and z + P € M/P are such that (a + (P :
M))R/(P: M) - (x+ P) C(0). Then we have aR -z C P and consequently a € (P : M)
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or x € P, by Theorem 2.2. Now we conclude that a + (P : M) € ((0) : M/P) or
x + P € (0), which means, by Theorem 2.2, that (0) is a prime submodule in a left
R/(P : M)-module M/P. (Note that ((0) : M/P) is the quotient of the trivial submodule
in the left R/(P : M)-module M/P and that it is a trivial ideal in R/(P : M).)

In order to prove the opposite implication assume that a two-sided ideal a C R and a
submodule N C M are such that a- N C P. It is easily seen that a(N : M) C (P : M).
Since, by the assumption, (P : M) is a prime ideal, we conclude that a C (P : M)
or (N : M) C (P : M). If the former is true, we have done. Assume therefore that
a Z (P : M)andlet a € a\ (P : M). Then, for an arbitrary y € N, the inclusion
(a4 (P:M)R/(P:M)-(y+ P) C(0)givesa+ (P: M) e ((0): M/P)ory+ P € (0),
by the assumption. However, the former is not the case because of a ¢ (P : M). Thus,
y e P. O

Corollary 2.5. Let R be a ring and M be a left R-module. There is a well defined
mapping v : Spec(M) — Spec(R) which is given by
v(P)=(P: M).

Following [4] we call v the natural mapping. For a prime ideal p € Spec(R), let
Spec,(M) = v~'({p}). By Proposition 2.1 (i), it is clear that Spec,(M) is empty if
ann(M) € p. Also, if p- M = M, for p € Spec(R), then Spec,(M) = (). On the other
hand, if m € Spec(R) is maximal, then Spec,,(M) is non-empty if and only if m- M # M.

In the rest of this section we study maximal submodules.

Definition 2.6. A submodule N in a left R-module M is co-cyclic if M/N is a cyclic
R-module. An element u € M is co-cyclic for N if u+ N is cyclic for M/N.

It is obvious that a proper submodule does not contain co-cyclic elements. In the
following proposition we list some properties of co-cyclic and maximal submodules.

Proposition 2.7. Let R be a ring and M a left R-module.
(i) If L C M is a submodule such that it contains a co-cyclic submodule N C M, then
L is co-cyclic as well. Moreover, if u € M is co-cyclic for N, then it is co-cyclic for L.
(1) If K C X is a mazimal submodule, then M /K is simple. Thus, K is co-cyclic.
(111) If K is a maximal submodule in M and x € M is not in K, then R-x+ K = M.
(iv) Every proper co-cyclic submodule is included in a mazimal submodule.
(v) Every mazimal submodule in M is prime.

Proof. The claims (i), (ii), and (iii) are easily proven.

(iv) Let N be a proper co-cyclic submodule with a co-cyclic element u. Denote by F
the family of all the submodules in M that contain N and do not contain w. This family
is partially ordered. The union of all submodules in a given linearly ordered subfamily of
F is the upper bound of this subfamily. Thus, by Zorn’s lemma, the family F has the
maximal element, say K. If K were not a maximal submodule, there would be a maximal
submodule K’ such that N C K C K’ and v € K'. However, by (i), this is impossible
since u has to be co-cyclic for K’.

(v) Let K be a maximal submodule. Assume that ¢ € R and = € M are such that
aR-z C K. Suppose that z ¢ K. Then x + K is a non-zero element in M /K, which means
that « + K is cyclic for this module. Hence, for every y € M, there exists b € R such
that y + K = b+ (z + K). It follows that y — b- 2 € K and therefore a -y —ab-z € K.
However, by the assumption, ab - x € K and we conclude a - y € K and consequently
a€ (K :M). O
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It follows, by the statement (v) of the previous proposition and by Theorem 2.4, that
the quotient of a maximal submodule is a prime ideal. However, it is not necessarily that
the quotient of a maximal submodule is a maximal ideal.

3. TOPOLOGIES ON THE PRIME SPECTRUM

Let R be aring and M be a left R-module. For a given non-empty subset S C Spec(M),
the intersection of all submodules in S is denoted by k(S) and we set k(0)) = M.

Definition 3.1. The outer hull of a submodule N C M s
v(N) = {P € Spec(M); (N: M) C (P: M)}
and the inner hull of a submodule N C M 1is
h(N) = {P € Spec(M); N C P}.
The assertions in the following lemma are straightforward to prove.

Lemma 3.2. (i) For every submodule N C M, we have h(N) C v(N).

(ii) v((0)) = h((0)) = Spec(M) and v(M) =h(M) = 0.

(i) S C h(k(S)) C v(k(S)), for every S C Spec(M).

(v) If NC L C M, then v(N) D v(L) and h(N) 2 h(L).

(vi) For S C Spec(M), we have k(v(k(S))) C k(h(k(S))) = k(S); in general the
inclusion might be proper.

(vii) Equalities v(N) = v(k(v(N))) and h(N) = h(k(h(N))) hold for any submodule
N C M.

(viit) For an arbitrary family {N;}ic1 of submodules in M, we have

Nieth(N;) =h (>~ N;).

(ix) If N and L are submodules in M, then h(N)Uh(L) Ch(NNL).

o)
k

Let us show that the family of outer hulls is closed under arbitrary intersections and
finite unions.

Proposition 3.3. Let R be a ring and M a left R-module.
(i) For an arbitrary family {N;}ic1 of submodules in M, we have

Nierv(N;) = v(> (N; - M) - M).
i€l
(i) If N and L are submodules in M, then v(N)Uv(L) =v(NNL).

Proof. (i) If P € Merv(N;), then (N; : M) C (P : M), for all i € L. It follows (N; :
M)-M C(P:M)-M, for all i € I, and consequently

SN M)-MC(P:M)-M.
Since (P : M) - M C P, we conclude
(S"(N.: M) - M M) C (P M).

i€l
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On the other hand, if P is in the outer hull of », ;(N; : M) - M, then
(Nj: M) C((N;: M)-M:M)C () (N;:M)-M:M)C(P:M)
i€l

gives P € v(N;), for all j € L.

(ii) It is easily seen that (N : M)(L : M) C (NN L : M), for any pair of submodules
N, L C M. Thus, if P € v(N N L), then

(N:M)Y(L:M)C(NNL:M)C(P:M)

gives (N : M) C (P : M) or (N: M) C (P: M), by primeness of (P : M) (see Theorem
2.4). The opposite inclusion is easily seen. 0

Let R be a ring and M be a left R-module. For each submodule N C M, let us denote
w(N) = Spec(M) \ v(N).
Theorem 3.4 (cf. [4]). The family

7 ={w(N); N is a submodule in M}

is a topology on Spec(M).

Proof. Since w((0)) = 0 and w(M) = Spec(M) we have () € 7 and Spec(M) € 7. Using
the claim (i) of Proposition 3.3 we get

Uiew (N;) = w (D _(N; : M) - M),
icl
for an arbitrary family {N;};er of submodules in M. This shows that 7 is closed under
arbitrary unions. Similarly, by the statement (ii) of Proposition 3.3, we have w(N) N

w(L) =w(N N L), for all submodules N and L in M, which shows that 7 is closed under
finite intersections. O

Let 7" = {w(a- M); ais a left ideal in R}. If R is a commutative ring and M is a left
module over it, then 7’ is a topology on Spec(M) (see [8]). We are going to prove that
this is true in general.

Lemma 3.5 (cf. Lemma 3.1 in [11]). Let R be a ring and M be a left R-module. For a
left ideal a C R and a submodule N C M, we have

via-M)Uv(N)=v(a-N)=v(a-MNN).

Proof. We shall follow the proof of Lemma 3.1 in [11] modifying the arguments when
needed. The inclusions

via-M)Uv(N)Cv(a-MNN)Cv(a-N)

are obvious. Suppose that P € v(a-N). Then (a-N : M) C (P : M). It is easily seen that
a(N: M) C (a-N: M). Since, by Theorem 2.4, the quotient (P : M) is a prime ideal the
inclusion a(N : M) C (P : M) gives a C (P : M) or (N : M) C (P : M). If the former
is true, then we have the inclusion a - M C P and consequently (a-M : M) C (P : M),
which proves the assertion. Obviously, if (N : M) C (P : M) we have done as well. [

Corollary 3.6. For arbitrary left ideals a and b in R, we have
via-M)Uv(b-M)=v(ab-M)=v(a-MNb-M).
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Theorem 3.7. Let R be a ring and M be a left R-module. The family 7' is a topology
on Spec(M).

Proof. Use the claim (i) of Proposition 3.3 and Corollary 3.6. O

It is obvious that 7/ C 7. Note however that the topology 7 is also quite weak. For
instance, the 7-closure of a singleton {P} C Spec(M) is Specp.yp) (M), a set that might
be quite large (see [1]).

For a submodule N in a left R-module M, set w*(N) = Spec(M) \ h(N) and let
7 = {w*(N); N is a submodule in M}. It is well-known that 7* is not always a topology
on Spec(M). If it is, the module is said to be a top module (see [11]).

Theorem 3.8. FEvery multiplication module is a top module.

Proof. The proof of Lemma 3.1 in [11] works also in the case when the involved ring is not
commutative. Thus, we may use Corollary 3.2 in [11], which says h(a- M) Uh(b- M) =
h(ab - M). Since the module under consideration is a multiplication module the last
equality shows that 7* is closed under finite intersections. That 7* is closed under arbitrary
unions follows from Lemma 3.2(viii). O

At the end let us show that the natural mapping is continuous.

Theorem 3.9. Let R be a ring and M be a left R-module. The natural mapping v : Spec(M

Spec(R) is continuous if Spec(M) is endowed with the topology " and Spec(R) has the
Zariski topology. More precisely, for every left ideal a C R, we have v=*(h(a)) = v(a-M).

Proof. Tt is enough to prove the last equality. If P € Spec(M) is in v~!(h(a)), then
a C (P : M) and consequently a-M C (P : M)-M C P, which gives (a-M : M) C (P : M).
On the other hand, if P € Spec(M) isin v(a- M), then a C (a- M : M) C (P : M) and
therefore (P : M) € v~ (h(a)). O

Corollary 3.10 (cf. [4]). The natural mapping is continuous if Spec(M) is endowed with
the topology T.

Corollary 3.11. Let M be a multiplication module. Then the natural mapping is conti-
nuous if Spec(M) is endowed with the topology T*.

Proof. Since h(a - M) C v(a- M) we have h(a - M) C v~!(h(a)), by Theorem 3.9.
The opposite inclusion is proved in the first part of the proof of Theorem 3.9. Hence
v~1(h(a)) = h(a- M). O
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Let X be an m-symmetric right process on Luzin space F and (€, F) be its associated
quasi-regular Dirichlet form. Let u be a signed smooth measure of X and A* be the
continuous additive functional (CAF in abbreviation) of X with signed Revuz measure
p. It defines a symmetric Feynman-Kac semigroup

Tf(x) == B, [exp(A1) f(X)]  for t >0 amd f > 0. M)
Define a symmetric quadratic form (E#, D(E*)) by
D(E") = {ueF:uel*(E|u)},
Ef(u,v) = E(u,v) — / u(z)v(z)p(dr) for u,v € D(C).
B
We say that the form (£#,D(E")) is bounded from below if there is some ag > 0 such

that
EL(u,u) := E*(u,u) + ag(u, u) > 0 for every u € D(EY).

For a non-negative smooth measure v, we say it is in the Kato class of X if

lim sup [A}] = 0.

=0 2cp

It is known (see, e.g., [1, Proposition 2.1(i)] and [6, Theorem 3.1]) that if v is in the Kato
class of X, then for every € > 0, there is some constant A, > 0 such that

/Eu(x)zu(da:) <e&(u,u)+ AE/Eu(x)2m(dx) for every u € F.

This implies that for a signed smooth measure p with || in the Kato class of X, F* = F
and the quadratic form (£#, F) is bounded from below. Moreover, it is know (see, e.g.,

*The research of this work is supported in part by NSF Grant DMS-0600206.
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[1, Proposition 3.1(ii)]) that when |y| is in the Kato class of X, the semigroup {7;,¢ > 1}
defined by (1) is the strongly continuous semigroup in L?(FE,m) that is associated with
the quadratic form (E#, F#).

The purpose of this note is to give an alternative, direct proof of the following result
due to S. Albeverio and Z.-M. Ma [1]. For definitions and properties of Dirichlet form,
smooth measure, additive functional, £-nest, we refer the reader to [5].

Theorem 1 The semigroup {T;,t > 0} defined by (1) is strongly L*-continuous in L*(E,m)
if and only if the form (E*, D(EF)) is bounded from below. In this case, the closed quadratic
form (C,D(C)) associated with {T;,t > 0} is the smallest closed form that is form bigger
than (EM, D(EM)) in the following sense:

(i) D(E*) C D(C) and E*(f, f) = C(f, f) for every f € D(EF);

(ii) Suppose (S,D(S)) is a closed symmetric form that has the property in (i) with
(8, D(S)) in place of (C,D(C)). Then D(C) C DS) and C(f, f) < S(f, f) for every
f D).

To prove the above theorem, Albeverio and Ma [1] used py = (1pput) — p~ to ap-
proximate p, where {F), k > 1} is an E-nest so that 15 p" is in Kato class of X for every
k > 1. In this paper we will use 1p, 4 to approximate u instead, where {Fj, k > 1} is an
E-nest so that 15, |p| is in Kato class of X for every k£ > 1. The advantage of our approx-
imation is that it is more intrinsic since it does not depend on the Jordan decomposition
uwt — = of . The idea of our approach is applicable to study similar problems for more
general type for perturbations for symmetric Markov processes such as those investigated
in [3].

We first establish the following. Let {F}, k > 1} be an E-nest so that 15, |p| is in Kato
class of X for every k > 1. Such an E-nest always exists since |u| is a smooth measure of
X (see, e.g., [2, Theorem 2.4] or[4, Proposition 2.2]). Observe that the CAF associated
with g pis ¢ [y 1, (X,)dAL.

Theorem 2 The semigroup {T;,t > 0} is strongly L*-continuous in L*(E,m) if and only
if the form (5“, Uks1 ka) 1s bounded from below. In this case, the closed quadratic form
(C,D(C)) associated with {T3,t > 0} is the smallest closed form that is form bigger than
(E*,Uis1 Fr,) in the following sense:

(i) UFr, CD(C) and E*(f, f) > C(f, f) for every f € Uk21 Fr.;

(il) Suppose (S,D(S)) is a closed symmetric form that has the property in (i) with
(8,D(S)) in place of (C,D(C)). Then D(C) C DS) and C(f, f) < S(f, f) for every
feDC).

Proof. Let {Fy,k > 1} be an E-nest so that 1 |p| is in the Kato class of X for every
k > 1. In particular, 15 |u| is in the Kato class of the subprocess X+ of X killed upon

leaving F}.. Define
Tr, c=1nf {t > 0: X; ¢ F}}.
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It is well-known that the CAF of X'* having Revuz measure 1p i is {AfMFk,t > 0}.
Thus the semigroup {Tt(k), t> 0} defined by

TV f(2) = B, [exp(AL) f(X0);t < 7R

is a strongly L?-continuous semigroup on L?(Fy, m) C L?(E, m) whose associated quadratic
form is (E*, Fp, ), where

Fr, ={ueF:u=0qe on F}.

Note that Uk:zl]:Fk C D(g“)

(1) Assume that (€, Uz, Fr,) is bounded from below. Then there is some ag > 0
such that £f (u,u) > 0 for every u € (J;5, Fp,. This in particular implies that for every
k>1,

EL(u,u) >0 for every u € Fp,.
This yields
HTt(k)HZ,Q < et for every t > 0.

For every f € L?(E, m), we have by Fatou’s theorem,

ITef Nl < I Tl flll> < lim [T < e £

k—o0

Thus we have
173|202 < e for every ¢t > 0.

Note that for f € L%(E,m), by dominated convergence theorem, Tt(k) f converges in
L*(E,m) to T, f.

Let {Ga,a > ap} be the resolvent of {T3,¢ > 0} and define

D(C) = {u € L*(E,m) : sup %(u — Tyu,u) < oo} (2)

t>0

Note that as lim;_o(u — Tyu,u) = 0 for every u € D(C), we have

%iné | Tyu — ul)5 = tlirn (Tyu,u) — 2(Tyu,u) + (u,u)) =0 for u € D(C). (3)

Since for f € .7-"};, we have Tt(k)f < Tif and so f € D(C). This implies that Fr, C D(C)
and so sy Fr, € D(C). Since ,sq Fr, is dense in L*(E,m) and T; is a bounded
symmetric operator on L2(E,m), we conclude from (3) that

thil% | Tiu — ul|a =0 for every u € L*(E,m).

In other words {7}, ¢ > 0} is a strongly continuous semigroup in L*(E,m). Let (C,D(C))
be the Dirichlet form of {T},¢ > 0}, that is, D(C) is given by (2) and

C(u,u) = lim l(u — Tyu, u) = sup l(u — Tyu,w) for u € D(C).

t—oo ¢ t>0
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We claim that for f € ;> Fr,, E¥(f, f) = C(f, f). This is because for f € Fp,, by
[5, Lemma 1.3.4],

Conlf ) = sup (] = TS, f) = sup lim 5(f =TS, )

t>0 t>0 o0

1
<l sup o (f — e T f) = lim €4 (F. ) = €0, (1 ),
Now suppose (S, D(S)) is another closed form that is greater than (C, Ug>1FF, ). Take

a > ag. Let f = Guu for some u € L*(E, m). Then we know f,, := Gy € Fr converges
in L? to f. It follows then

n>1 n>1 n>1
This implies that f € D(S) with

Salfif) < lim Salfu, fu) < lim EX(fo, fo) = lim (u, GPw)

n—oo n—oo

= (u7 Gau) = Ca(GaU, Gau) = Ca(f7 f)

Since G, (L*(E,m)) is Cy-dense in D(C), it follows that D(C)) C D(S) and S(f, f) <
C(f, f) for every f € D(C). In other words, (S,D(S)) is form bigger than (C,D(C)).
Hence we conclude that (C,D(C)) is the smallest closed symmetric form that is form
bigger than (C, Ug>1FF,).

(2) Now suppose that {T},t > 0} defined by (1) is a strongly L2-continuous semigroup
on L?(E;m). We first show that there is some o > 0 such that ||T;]|22 < e®? for every
t > 0. Let ag = 0V log||T1]| and define T, = ¢~'T,. Then {T},¢ > 0} is a strongly
continuous symmetric semigroup with Hf 1|l < 1. Thus for every f € L? with || f]l. = 1,

Ty fl3 = (f. T0f) < 1.

This proves ||f1/2|| < 1. Tterating, we have ||f1/2n|| < 1 for every integer n > 1. Using
semigroup property, we have ||Tj o= || < 1 for integers k,n > 1. By the strong continuity

of {T,,t > 0}, we conclude that ||T;]| < 1 and so ||T;|| < e®* for every ¢ > 0.
Next let {F}} be an E-nest so that 1p, |u| is in Kato class of X for every k > 1. As
we observed earlier, for every k > 1, the semigroup {Tt(k),t > 0} defined by

TV f = E, [exp(A) f(X0);t < TR

is the strongly continuous semigroup associated with the closed quadratic form (€, Fp, ).
For every f € L?(Fy,m) and t > 0,

1T Flle < TP flle < Tl < )| o

Thus we have HTt(k)sz < e Tt follows then for u € Fp,,

1
EL (u,u) = lim g(u — ot My, u) >0

t—o00 -
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This proves the form &* bounded from below on | J;q FF, - O

Theorem 2 is in fact equivalent to Theorem 1, due to the following fact.

Lemma 3 Let {Fy, k > 1} be an E-nest so that 1p |p| is in Kato class of X for every
k> 1. Then U5, Fr, is dense in D(E") with respect to the El”‘—norm. Here 51‘“‘(u, u) =

Ei(u,u) + [ u(z)?|p|(dx) for u € D(EM).
Proof. As we already noted, -, Fr, C D(E"). For u € D(EX)T, let

ur(z) = u(z) — E, [erFﬁ u(XUFg)}

be the &;-orthogonal projection of w onto Fp,. Clearly, uy is &-convergent to u as k — oo.
By [5, Theorem 1.4.2(v)], |ug| converges to u in £-norm as k — oo. Taking a subsequence
if necessary, we may assume without loss of generality that |ux| converges to u q.e. on E.
Define fi, := |ug| A u. Clearly fi converges to uw in L*(E,|u|), fx € F and fi, € Fp, as
up =0 q.e. on FY. As

sup E(fx, fr) < sup E(Jugl, Juxl) + €(u,u) < oo,

k>1 k>1
there is a subsequence {ng, k > 1} so that g; := % ?;:1 fn, converges to u in &-norm
as j — oo. Note that g; € ;- Fr, and g; converges to u in L*(E, |u|). Thus we have
proved that every u € D(C)" can be approximated in £*'-norm by members of Uis1 Fr.-

It follows then (., Fr, is EMM-dense in D(EM). O
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CORRESPONDENCE BETWEEN THE RESIDUAL SPECTRA OF
RANK TWO SPLIT CLASSICAL GROUPS AND THEIR INNER
FORMS

NEVEN GRBAC

INTRODUCTION

In this paper the correspondence between the residual spectra of the classical rank two
split groups SO, and Sp, and their inner forms G and Hj is obtained. As algebraic
groups over an algebraic number field, hermitian quaternionic groups G’ and H| are
defined in Section 1. They are non—quasi split. The problem of comparing the residual
spectra of split groups and their inner forms is still open even for the general linear group
as mentioned in [3] and Section 25 of [2]. In this paper, the correspondence is obtained for
the low rank case by the explicit decomposition of the residual spectra of all the groups
involved.

For quasi—split groups the residual spectrum has been considered by several authors.
Among others Mceglin and Walspurger in [21], Moeglin in [18], [19] and [20], Kim in [11],
[12] and [15], Zampera in [29], Kon-No in [16]. All those papers use Langland-Shahidi
method described in [25] and [26] for normalization of standard intertwining operators.

For the split group Sps the residual spectrum is decomposed into irreducible con-
stituents by Kim in [11] and in this paper we use his result recalled in Theorem 3.4.
Decomposition of the residual spectrum for the split group SO, is obtained by the same
method in Theorem 3.3 of this paper.

However, groups G’ and Hj are out of scope of Langlands—Shahidi method since they
are non—quasi split. For non—quasi split groups the residual spectrum was considered in
author’s papers [6] and [7]. In those papers we developed a new technique for normal-
ization of standard intertwining operators which is applied in this paper. It is based on
Jacquet—Langlands correspondence explained in [5] and comparison of Plancherel mea-
sures as in [24].

Although, in principle, the residual spectra of G} and H; could be decomposed using
Arthur’s trace formula explained in [2], we use more direct approach of Langlands spectral
theory explained in [17] and [22]. Decompositions of the residual spectra for groups G}
and H| are obtained in Theorems 3.1 and 3.2. Already for these low rank cases, the
results show certain ambiguities of hermitian quaternionic groups such as condition on
non-triviality of local components at all non—split places in Theorem 3.2.

Finally, as a consequence of decomposition Theorems, we obtain correspondences be-
tween the residual spectra of G} and SO, in Corollary 3.5 and between the residual spectra
of H} and Sp, in Corollary 3.6.

The paper is divided into three Sections. In the first Section we introduce notation
and recall basic structural facts for the groups involved. In the second Section we collect
global normalizing factors required in calculation and obtained in [6] and [7]. Finally, in
the third Section we decompose the residual spectra and give the correspondences.
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1. GROUP STRUCTURE AND NOTATION

In this Section we define groups considered in this paper, review their structure and
introduce notation. Let k be an algebraic number field, k, its completion at place v and A
its ring of adeles. Let D be a quaternion algebra central over k and 7 the usual involution
fixing the center of D. Then D splits at all but finitely many places v of k, i.e. at
those places the completion D ®y, k, is isomorphic to the additive group M (2, k,) of 2 x 2
matrices with coefficients in k,. At finitely many places v of k where D is non—split the
completion D ®;, k, is isomorphic to the quaternion algebra D, central over k,. The finite
set of places of k where D is non-split is denoted by S. The cardinality of S, denoted by
|S], is even for every D.

The algebraic group over k of invertible elements of D is denoted GL}. At a split
place v ¢ S it is isomorphic to GL}(k,) = GLs(k,), where G Ls is a split group over k of
invertible 2 x 2 matrices. At a non-split place v € S it is isomorphic to GL}(k,) = DJ.

Let det” denote the reduced norm of the simple algebra D ®;, A and det., the correspond-
ing reduced norm at place v. If v € S is split, then det, = det, is just the determinant for
2 X 2 matrices, while if v € S is non-split, then det], is the reduced norm of the quaternion
algebra D,. The absolute value of the reduced norm det’ and det!, is denoted by v.

Let V be a hyperbolic plane over D, i.e. a two—dimensional right vector space over D
equipped with a hermitian form (-,-) defined in the basis {ej, ex} of V' by

(e121 + eaxq, e1a) + eawy) = T(x1) 2wy + €T (x9) 2]

for all x1,xe, 2,25 € D, where ¢ € {£1}. The group of isometries of the form (-,-)
regarded as a reductive algebraic group defined over k will be denoted by G} if e = —1
and by Hj if e = 1. Then, G is an inner form of the split group SO,, while H] is an
inner form of the split group Sps. Hence Gy (k,) = SO4(k,) and Hi(k,) = Sps(k,) for
every place v € S.

Both, G| and Hj, have only one standard proper parabolic subgroup defined over k.
Abusing the notation, we let Pj denote that subgroup for both groups. The Levi factor
M of Py is isomorphic to GL}. For the split groups SO4 and Spy, let By denote the
standard parabolic subgroup with Levi factor My = G L, such that PJ is an inner form of
Py. The maximal split torus isomorphic to GL; x GL; for those split groups is denoted
by T.

The Weyl groups for G’ and H| with respect to the maximal split torus are W’ = {1, w},
where w is the unique nontrivial element. For the corresponding split case Levi factor
My = GLs in SOy or Spy let W(M,) denote the subgroup of the Weyl group W consisting
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of elements fixing the Levi factor My. Then W’ = W (M,) and again by w we denote the
nontrivial element of W (M,).

Let A be the set of simple roots of split group SO, or Spy. If e; is the character of T'
defined by ei(tl, tg) =1 for (thtg) e T =2GL; x GLl, then

A {e1 — es,e1 + €3}, for the group SOy,
| {er — e9, 263}, for the group Spy.

Let w; in both cases be the simple reflection with respect to the root e; — ey and wy the
simple reflection with respect to e; + es for SO, and 2e, for Sps. Then the Weyl group
equals

Wo— {1, wy, wa, wywsy}, for the group SOy,
{1, wy, wa, wyws, wWawy, WiWaw1 , WowWe, WiwWow W}, for the group Spy.

Let aj, ¢ = X(Mj) ®z C denote the complexification of the Z-module X (M) of
k-rational characters of M{. It is one-dimensional and we identify it with C taking
for the basis the reduced norm on GL}. In the split case of My in SO, and Sp, the
complexification of the Z-module X (M) of k-rational characters of M is again aj c.
For the torus 7" in SO, and Sp4 the complexification of the Z-module X (7") of k-rational
characters of T" is denoted by a7 ¢. It is two—dimensional and we identify it with C? taking
for the basis reduced norms on every copy of GL; inside T'.

We should remark that in this paper the usual parabolic induction from standard
parabolic subgroup P of G with the Levi factor M will be denoted by Ind]\% instead of
Indg. This will not cause any confusion since all the parabolic subgroups appearing in
the paper are standard.

2. NORMALIZING FACTORS FOR INTERTWINING OPERATORS

In this Section we recall results on normalization of intertwining operators obtained
in [6] and [7]. The global normalizing factors are given for standard global intertwining
operators in all maximal parabolic subgroup cases needed in the sequel. These factors are
scalar valued meromorphic functions with the property that the normalized intertwining
operator becomes holomorphic and non—vanishing in the closure of the positive Weyl
chamber, except at the origin in some cases. We do not repeat the proof of holomorphy
and non—vanishing in the cases needed in this paper since it can be found in [6] and
[7]. The strategy of the proof is local. At split places the normalization is obtained using
Langlands—Shahidi method explained in [25] and [26]. Non—split places for non—quasi split
groups are out of scope of Langlands—Shahidi method and the normalization is obtained
using a new technique developed in [6] and [7] which is based on transfer of Plancherel
measures between split groups and their inner forms as in [24].

The normalizing factors are defined using Jacquet—Langlands correspondence explained
in Section 8 of [5]. More precisely, let 7" = ®,7 be a higher—dimensional cuspidal
automorphic representation of GL{(A). Then, at non—split places v € S, by the local
Jacquet—Langlands correspondence of Theorem (8.1) in [5], 7 corresponds to a square—
integrable representation 7w, of GLo(k,). At the split places v & S we have GL/(k,) =
GLy(k,) and we take m, = 7/. Then, by the global Jacquet—Langlands correspondence,
7" corresponds to a representation m = ®,m, of GLy(A). By Theorem (8.3) of [5], 7 is
isomorphic to a cuspidal automorphic representation of G Ly(A).
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Otherwise, a cuspidal automorphic representation 7’ of GL}(A) is one—dimensional.
Then, there exists a unitary character x of A*/k* such that 7’ = y o det’.

Now, we are ready to give global normalizing factors for standard intertwining oper-
ators in maximal proper parabolic cases needed in the sequel. Those cases have Levi
factors GL] C G, GL}| C Hj for non—quasi split groups and GL, C SOy, GLy C Spy,
GLy x GL; C GLy and GL, C Spy = SLy for split groups. Furthermore, for non—quasi
split groups the normalizing factors depend on dimension of a cuspidal automorphic repre-
sentation of GL)(A), i.e. factors are different for higher—dimensional and one-dimensional
representations. The normalizing factor in general proper parabolic case is just a product
of normalizing factors in maximal cases appearing in decomposition of standard inter-
twining operator given in Section 2.1 of [25].

For a cuspidal automorphic representation o of one of the Levi factors M(A), s € aysc
and the unique nontrivial Weyl group element wg corresponding to M, the standard
intertwining operator, denoted by A(s, o, wp), acts on the induced representation I(s, o)
where [ denotes normalized induction for the corresponding maximal proper parabolic
case. Observe that s = s € C in all cases except GL; x GL; C GLy when s = (s1,s5) € C%
The normalizing factor for the standard intertwining operator A(s, o, wg) is denoted by
r(s,0,wp). Then, the normalized intertwining operator N(s, o, wy) is given by

A(§7 g, wO) = T(§7 g, wO)N(§7 g, wO)-

It is proved in Section 1 of [6] and Section 1 of [7] that the normalized operators obtained
in this way are holomorphic and non—vanishing in the region required in this paper. Thus,
calculation of poles of standard intertwining operators is reduced to poles of normalizing
factors.

When defining global normalizing factors in [6] and [7], the first step is to define local
normalizing factors and local normalized intertwining operators at all places. In this
paper we use local normalized intertwining operators when studying images of global
ones. However, for precise definition one should consult [6] and [7].

In the case GL| C G, the normalizing factor for the intertwining operator A(s, 7', w)
acting on the induced representation

Gl (A
1( ) ,n_/VS

Indgp; ™V

where 7’ is a higher—dimensional cuspidal automorphic representation of GL)(A), is given
by
L(2s,w;) ]
L(1 + 25, wy)e(28, wy)’ (1)
where L-function and e-factor are the ones of Hecke for the central character w, of
a cuspidal automorphic representation m of GLy(A) corresponding to 7’ by the global
Jacquet—Langlands correspondence.
In the case GL} C GY, the normalizing factor for the intertwining operator A(s,y o
det, w) acting on the induced representation

Gy (4)
Indgr; )

r(s, 7, w) =

(x o det’)v®,

where x o det’ is a one-dimensional cuspidal automorphic representation of GL}(A), is
given by

L(2s,x*)
L(1+ 2s,x%)e(2s,x%)

(2)

r(s,x odet’,w) =
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where L-function and e-factor are the ones of Hecke.
In the case GL} C Hj, the normalizing factor for the intertwining operator A(s, 7', w)
acting on the induced representation

Ind™1A)

arym ™V’
where 7’ is a higher—dimensional cuspidal automorphic representation of GL/(A), is given
b
' L(s,n) L(2s,w,) 3
L1+ s.m)e(om) L0+ Z5.,)e(25 )] 9
where L—functions and e—factors are principal Jacquet L—functions and e—factors for m
and the ones of Hecke for the central character w, of w. Here 7 is a cuspidal auto-
morphic representation of GLy(A) corresponding to 7’ by the global Jacquet—Langlands
correspondence.

In the case GL| C Hj, the normalizing factor for the intertwining operator A(s,y o
det, w) acting on the induced representation

r(s, 7 w) =

Hi(A) s
Indgpr ) (x o det’)v*,
where y o det’ is a one-dimensional cuspidal automorphic representation of GL}(A), is
given by
r(s,x odet’,w) =

(4)

_ L(2s,x*) L(s —1/2, x) 11 L(s +1/2, x)

L(1 + 2s,x?)e(2s, X2)‘L(S +3/2,x)e(s +1/2,x)e(s — 1/2, x) L(1/2 = s,x;1)’

where L-functions and e—factors are the global and the local ones of Hecke.
In the case GLy C SOy, the normalizing factor for the intertwining operator A(s, m, w)
acting on the induced representation

S04(A)
Ind, L‘; “)

vES

T,

where 7 is a cuspidal automorphic representation of G Ls(A), is given by
L(2s,w,) (5)

L(1 4 2s,wy)e(28, wy)’

where L-function and e—factor are the ones of Hecke for the central character w, of .

In the case GLy C Spy, the normalizing factor for the intertwining operator A(s, m, w)
acting on the induced representation

r(s,mw) =

IndSP4(A)

S
GLy(8)TY

where 7 is a cuspidal automorphic representation of GLs(A), is given by

L L(2s,wx
r(s,mw) = (s, ) - (25, wr) ) (6)
L(1+s,m)e(s,m) L(1+2s,wr)e(2s,wy)
where L-functions and e-factors are principal Jacquet L-functions and e-factors for m
and the ones of Hecke for the central character w, of .
In the case GL; x GLy C GLsy, the normalizing factor for the standard intertwining

operator A((s1, $2), X1 ® X2, w;) acting on the induced representation

GLa(A s s
IndGLiEA%XGLl(A) al- 1" @ x| - %),
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where x; and ys are unitary characters of A*/k*, is given by

L(s1 — s2,X1X2 ) (7)
L(1+ sy — s2,x1x5 )e(s1 — s, xax3 )
where L—functions and e-factors are the ones of Hecke.

In the case GL; C SLy, the normalizing factor for the intertwining operator A(s, x, ws)
acting on the induced representation

SLa(A)

r((51,52), X1 ® X2, w1) =

| S
Y

where Y is a unitary character of A*/k* | is given by

L(s, x)
L(1+s,x)e(s,x)’
where L-functions and e-factors are the ones of Hecke.

Observe that for SO, the intertwining operator A((s1, $2), X1 ® X2, wsz), where x; and
X2 are unitary characters of A* /k* | is in fact intertwining operator for GL; x GL; C G L,
case since the Levi factor of the parabolic subgroup corresponding to the simple root
e1 + €5 is isomorphic to GL,. However,

(8)

T(Sa X w2) =

L(s1 + s2, X1X2)
L(1 + s1 + 82, x1X2)e(51 + 82, XIX(%).
Finally, we recall well-known analytic properties of local and global L—functions ap-
pearing in the normalizing factors above. The proofs for Hecke L—functions can be found
in [28] and for principal Jacquet L—functions for GLy in [10]. Observe that the global
Hecke L-function L(s,1) for the trivial character 1 of A*/k* is nothing else than the
complete (—function of algebraic number field k.

r((s1,52), X1 ® X2, w2) = 7((s1, —$2), X1 ®X2_17 wy) =

Lemma 2.1. The global principal Jacquet L—function L(s, o) of a cuspidal automorphic
representation o of GLo(A) is entire. It has no zeroes for Re(s) > 1.

The global Hecke L—function L(s, i) of a unitary character u of A* /k* has simple poles
at s =0 and s = 1 if p is trivial and it is entire otherwise. It has no zeroes for Re(s) > 1.
The local Hecke L—function L(s, i) of a unitary character p,, of k) has a simple real pole
at s = 0 if p, is trivial and it is entire otherwise. It has no zeroes.

3. CALCULATION OF THE RESIDUAL SPECTRA

In this Section we decompose the residual spectra of G7(A) and H{(A) and parts of
the residual spectra of SO4(A) and Sps(A) required for defining the correspondence. The
strategy of decomposition is Langlands spectral theory explained in [17] and [22]. Con-
stituents of the residual spectrum are spaces of automorphic forms obtained as iterated
residues inside the positive Weyl chamber of Eisenstein series attached to cuspidal au-
tomorphic representations of Levi factors of standard proper parabolic subgroups which
are square—integrable. The calculation of poles reduces to the poles of the constant term
of the Eisenstein series since it inherits all analytic properties from the Eisenstein series.
Furthermore, the constant term equals the sum of standard intertwining operators and
their poles are given by the normalizing factors of the previous Section. Square integrabil-
ity of the iterated residues is checked using Langlands square integrability criterion from
page 104 of [17].
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During calculation of poles of Eisenstein series we always assume that they are real.
There is no loss in generality because that can be achieved just by twisting a cuspidal
automorphic representation of a Levi factor by the appropriate imaginary power of the
absolute value of the reduced norm of the determinant. Hence, this assumption is just a

convenient choice of coordinates.
Let L2 ,(G}) and L?,,(H}) be the residual spectra of G}(A) and Hj(A), respectively.

res Tes
Since those groups have only one proper parabolic subgroup F; with the Levi factor
M| = GL), constituents of the residual spectrum are iterated residues of the Eisenstein
series attached to cuspidal automorphic representations of M{(A).

Let L2,,(SO4) and L2, (Sp4) be the residual spectra of SO4(A) and Sp4(A), respectively.
For every standard proper parabolic subgroup P of SO4 or Spy with the Levi factor M
let L., 1/(SO4) or L7, 1,(Sps) be the part of the residual spectrum which is obtained as
iterated residues of the Eisenstein series attached to cuspidal automorphic representations
of M(A). Accordingly, the residual spectrum decomposes into the direct sum

Lzes(SO‘l) = @MLEGS,M<SO4) and L2 (Sp4) = @ML3€S7M(SP4)'

TeS

However, only parts attached to Levi factors My = G Ly and T' = G L, x GL; are involved
in the correspondence between the residual spectra of G (A) and H{(A) and the residual
spectra of SO4(A) and Sps(A). Thus, in this paper we decompose only those parts of the
residual spectra.

Theorem 3.1. The residual spectrum L?,,(G}) of the group G (A) decomposes into the
direct sum

Lres(G) = (BnAgy (1) © (BrAc (X)) -

The former sum is over all higher—dimensional cuspidal automorphic representations '
of M{(A) =2 GLY(A) having trivial central character. The latter sum is over all quadratic
characters x of A* /k*.

The irreducible space of automorphic forms Ag, (7') is spanned by the residue at s = 1/2
of the Eisenstein series attached to @' which is by the constant term map isomorphic to
the image of the normalized intertwining operator N(1/2, 7', w).

The irreducible space of automorphic forms Aq; (x) is spanned by the residue at s = 1/2
of the Eisenstein series attached to the one—dimensional cuspidal automorphic represen-
tation x o det’ of M{(A) = GL|(A) which is by the constant term map isomorphic to the
image of the normalized intertwining operator N(1/2,x o det’, w).

Proof. The constant term of the Eisenstein series attached to both 7" and x o det’ is the
sum over W’ of standard intertwining operators. Since w is the only nontrivial element of
W', poles of the Eisenstein series inside the positive Weyl chamber s > 0 are those of the
standard intertwining operator corresponding to w. Moreover, by the previous Section,
the normalized intertwining operator is holomorphic and non—vanishing for s > 0 and
hence poles of the standard intertwining operator for s > 0 coincide with poles of the
normalizing factor.

For higher—dimensional 7’ the normalizing factor is given by (1) and by Lemma 2.1 it
has a pole if and only if w, is trivial, where 7w corresponds to 7’ by Jacquet—Langlands
correspondence. Then the simple pole is at s = 1/2 and its residue, up to a non-zero
constant, equals N(1/2,7',w). Observe that w, = w, because central characters are
invariant for Jacquet—Langlands correspondence.
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For one-dimensional y o det’ the normalizing factor is given by (2) and by Lemma 2.1
it has a pole if and only if x? is trivial. Then the simple pole is at s = 1/2 and its residue,
up to a non—zero constant, equals N(1/2,y o det’, w).

Langlands square—integrability criterion is obviously satisfied in both cases. It remains
to prove that the images of N(1/2, 7', w) and N(1/2,x o det’,w) are irreducible. That is
done locally for every place v of k. If 7/ or x, odet! is tempered, the image is irreducible
by Langlands classification since 1/2 is in the positive Weyl chamber. Observe that this
is the case for all v € S.

Let v ¢ S and 7, = 7 a non-tempered representation of GLs(k,). Then, as a local
component of a cuspidal automorphic representation of G Ly(A), it is unitary and generic.
Thus 7, is a complementary series, i.e. a fully induced representation

mo 2 IdGE2 () o,y (ol 17 ® g1l - 7).
where 0 < r < 1/2 and p, is a unitary character of k. Then, the image of N(1/2, 7], w)
is the same as the image of N((1/2+7,1/2 —71), 1, ® Mv,wle) which is irreducible by
the Langlands classification since (1/2 + r,1/2 — r) is in the positive Weyl chamber for
T C SO, and wyw,y the longest Weyl group element.
Similarly, x, o det, at v € S is the Langlands quotient of the standard module

GLa(kv) 1/2 —1/2
In dGL? (ko)X GLy (kv) (Xv| M@ x| - 17 ) :

In other words it is the image of the normalized intertwining operator N((1/2, —1/2), x, ®
Xu, w1). Hence, the image of N(1/2, x,odet,,w) is the same as the image of N((1,0), x, ®
Xv, Wiwy) which is irreducible by Langlands classification as above. 0

Before decomposing L2, (H;) we introduce some notation. Let x odet’ = ®,(x, o det.)
be a one-dimensional cuspidal automorphic representation of the Levi factor GL|(A) in
H{(A) where y is a quadratic character of A*/k*. For a non-split place v € S let 1T/
denote the image of the local normalized intertwining operator N(1/2, x,odet,, w). Since
Xo © det is supercuspidal and 1/2 is in the open positive Weyl chamber, that image is
irreducible by the Langlands classification.

For a split place v ¢ S consider the image of the normalized operator N(1/2,x, o
det! , w). It is isomorphic to the image of the normalized intertwining operator N((1,0), x,®
Yo, W1wWawiws) because w = wowyws and X, odet’ is the image of the G Ly(k,) normalized
intertwining operator N((1/2,—1/2), x», ® xv, w1). By decomposition property of Section
2.1 in [25], normalized operator

N((1,0), Xo ® Xo, wrwowiwz) = N((1,0), Xo @ Xou, wrwowi)N((1,0), Xy ® Xy, Wo).

By inducing in stages we have

Spa (kv ~ Spa (kv SLo(kv)
Id7 5 Ol -1 © x0) 2 d ) oragn) (ol - 1@ IdgGx )

Observe that N((1,0), Xy ® Xxv, w2) intertwines the SLo(k,) induced representation with

itself. Furthermore,

In dgﬁ(k”))xv =rfeT,

where 7 are irreducible tempered representations of SLs(k,) and the sign in the exponent

denotes the sign of action of SLs(k,) normalized intertwining operator N((1,0), x, ®
Xu, Wo). Moreover, 7 are both nontrivial unless Y, is trivial and then 7, is trivial. If y,

is unramified, then the unramified component of the induced representation is 7, since, by
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definition, the normalized operator acts as identity on the unramified component. Now,
wiwowy is the longest Weyl group element for the standard proper parabolic subgroup of
Spy with Levi factor isomorphic to GL; X SLs, 1 is in the positive Weyl chamber and
Xo @ 75 is tempered. Therefore, the image of the operator N((1,0), Xy, ® Xo, Wiwaw; )

acting on

Spa(ky) +
IndGTl(kv)xSLg(kv) (ol - 1®7)

is irreducible by Langlands classification and we denote it by IT'*. Then the image of the
normalized intertwining operator N(1/2,x, o det,,w) decomposes into the direct sum

oIl
v v )
where II/ is trivial if ¥, is trivial. Observe that representations IT) at v € S and II/F at

v ¢ S depend on the quadratic character x, although it is not explicit in our notation.
Moreover, since 7.} is the unramified component for unramified x,,, I/, is never unramified.

Theorem 3.2. The residual spectrum L%, ,(H/) of the group H}(A) decomposes into the
direct sum
L2 (Hy) = (B Am (7)) @ (ByAn; (X)) © A (1).

The former sum is over all higher—dimensional cuspidal automorphic representations m’
of M{(A) = GL(A) which have trivial central character and L(1/2,7) # 0 for the global
principal Jacquet L—function of a cuspidal automorphic representation m corresponding
to ' by the Jacquet—Langlands correspondence. The latter sum is over all quadratic
characters x of A* /k* such that x, is nontrivial at all non—split places v € S. Finally, 1
denotes the trivial character of A* /k*.

The irreducible space of automorphic forms Ay, (7') is spanned by the residue at s = 1/2
of the Eisenstein series attached to @' which is by the constant term map isomorphic to
the image of the normalized intertwining operator N(1/2, 7', w).

The space of automorphic forms Aw(x), for nontrivial x, is spanned by the residue at
s = 1/2 of the Fisenstein series attached to the one—dimensional cuspidal automorphic
representation x odet’ of Mj(A) = GL|(A) which is by the constant term map isomorphic
to the image of the mormalized intertwining operator N(1/2,x o det’,w). It decomposes
into the sum of irreducible constituents which are by the constant term map isomorphic
to irreducible representations of H{(A) of the form ®,I1,, where 11\ at a non-split place
v € S is defined above, while at a split place v & S it is one of representations 1= defined
above and it is TI.\ at almost all places.

The irreducible space of automorphic forms A (1) is spanned by the iterated residue
at s = 3/2 of the Fisenstein series attached to 1 odet’ which is by the constant term map
isomorphic to the image of the normalized intertwining operator N(3/2,1 o det’, w).

Proof. The proof goes along the same lines as the proof of the previous Theorem 3.1.
Poles of the Eisenstein series inside the positive Weyl chamber s > 0 coincide with poles
of the normalizing factors for the standard intertwining operator corresponding to w.

For higher—dimensional 7’ the normalizing factor is given by (3) and by Lemma 2.1 it
has a pole if and only if w, is trivial and L(1/2,7) # 0, where 7 corresponds to 7’ by
Jacquet—Langlands correspondence. Then the simple pole is at s = 1/2 and its residue,
up to a non-zero constant, equals N(1/2, 7', w). Observe that w, = w, because central
characters are invariant for Jacquet-Langlands correspondence.

For one-dimensional x o det’ the normalizing factor is given by (4) and by Lemma 2.1
its possible poles are at s = 1/2 and s = 3/2. The pole at s = 1/2 occurs if and only if
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x? is trivial but y, is nontrivial at all non-split places v € S. It is simple and the residue,
up to a non—zero constant, equals N(1/2,x o det’,w). The local condition on Y, appears
since otherwise the pole of local L-functions L(1/2 — s, x; ') in denominator of (4) would
cancel the pole of numerator. The pole at s = 3/2 occurs if and only if x is trivial. It is
simple and the residue, up to a nonzero constant, equals N(3/2,1 o det’, w).

Langlands square—integrability criterion is obviously satisfied in both cases. Irreducibil-
ity of images of N(1/2,7',w) and N(3/2, 1odet’, w) follows as in the proof of the previous
Theorem 3.1. Moreover, the same argument shows that the image of the local normalized
intertwining operator N(1/2, x, o det,,w) at a split place v € S is the same as the image
of N((1,0), xv ® Xv, wiwowiws). By the discussion preceding the statement of this Theo-
rem, that image is the sum of II/" and II’. At a non-split place v € S the image of the
local normalized operator N(1/2,x, o det,,w) is irreducible by Langlands classification
and denoted by II! above. From images of the local normalized intertwining operators
at all places we obtain decomposition of the image of the global normalized intertwin-
ing operator N(1/2,x o det’,w). At almost all places IT, is II" because II;~ is never an
unramified representation of Spy(k,) as explained above. O

Theorem 3.3. The part L2, 1, (SO4) of the residual spectrum L7, (SOy) of the group

SO4(A) decomposes into the direct sum
7‘68 ,Mop (SO4) @WALJSVOOA; (W)7

where the sum is over all cuspidal automorphic representations m of My(A) = GLy(A)
having trivial central character. The irreducible space of automorphic forms A?g () s
spanned by the iterated residue at s = 1/2 of the Eisenstein series attached to m which is
by the constant term map isomorphic to the image of the normalized intertwining operator
N(1/2, 7, w).
The part L2, (SOy4) of the residual spectrum L
poses into the direct sum

7‘65(

SOy) of the group SO4(A) decom-

res(

7‘68 T(SO4) 69)("4504( )

where the sum is over all quadratic characters x of A*/k*. The irreducible space of
automorphic forms Abp, (x) is spanned by the iterated residue at (si,s2) = (1,0) of
the Fisenstein series attached to cuspidal automorphic representation x ® x of T(A) =
GLi(A) x GL1(A) which is by the constant term map isomorphic to the image of the

normalized intertwining operator N((1,0), x ® x, wiws).

Proof. First we decompose the part L7, ,, (SOy). Since the only nontrivial element of
W (M) is w, poles inside the positive Weyl chamber s > 0 of the Eisenstein series at-
tached to a cuspidal automorphic representation 7 of My(A) coincide with poles of the
normalizing factor for the standard intertwining operator corresponding to w. It is given
by (5) and by Lemma 2.1 the pole occurs if and only if the central character w, is trivial.
Then, the pole is at s = 1/2, it is simple and its residue, up to a non—zero constant, equals
N(1/2,7,w). The Langlands square-integrability criterion is obviously satisfied and the
image of that operator is irreducible by the same argument as in the proof of Theorem
3.1.

For the part L7, 7(SOy), the constant term of the Eisenstein series attached to a cusp-
idal automorphic representation X1 ®x2 of T(A) is the sum over W = {1, wy, we, wqws} of
the standard intertwining operators. Normalizing factors corresponding to w; and ws are
given by (7) and (9) and the normalizing factor corresponding to wyws is just the product
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of those two. Hence, by Lemma 2.1, possible poles inside the positive Weyl chamber
s1 > |so| of the normalizing factors are along hyperplanes s; — s, = 1 and s; 4 s5 = 1.
The hyperplane s; — s, = 1 is singular if and only if y; = x2 and hyperplane s; 4+ s5 = 1 is
singular if and only if y; = x5 . Then the pole along both is simple. Therefore, the only
possible iterated pole is at their intersection, i.e. for (s1,s2) = (1,0) and the Weyl group
element wyw,. It occurs if and only if y = x1 = x» is a quadratic character and its residue,
up to a non-zero constant, equals N((1,0),x ® x,wiwz). That image is irreducible by
the Langlands classification because (1,0) is in the positive Weyl chamber and wjwy is
the longest Weyl group element. The Langlands square integrability criterion is satisfied
since wywy(1,0) = (—1,0). O

The residual spectrum for the remaining case of the split group Sps(A) is decomposed
by H. Kim in [11]. For convenience, we state his Theorem 3.3 and Theorem 5.4 in
our notation in the following Theorem 3.4 below. Recall that before the statement of
Theorem 3.2 we decomposed the image of the local normalized intertwining operator
N((1,0), Xp ® Xo, Wwowiws) into the sum

I} @ IT,
where II is trivial if x, is trivial.

Theorem 3.4 (Kim, [11]). The part L? (Sps) of the residual spectrum L2, (Sps) of

res,Mo res

the group Sps(A) decomposes into the direct sum
Lzes,Mo(Sp4) = @WAMD (7'('),

Spa

where the sum is over all cuspidal automorphic representations ™ of Mo(A) = GLy(A)
having trivial central character and such that L(1/2,7) # 0. The irreducible space of
automorphic forms A%& (7) is spanned by the iterated residue at s = 1/2 of the Fisenstein
series attached to m which is by the constant term map isomorphic to the image of the
normalized intertwining operator N(1/2, 7, w).

The part L?,, +(Sps) of the residual spectrum L7, (Sps) of the group Sps(A) decomposes
into the direct sum

Lges,T(Sp4) = (@XA?;IM(X)) S A£p4(1)7

where the sum is over all nontrivial quadratic characters x of A* /k* and 1 is the trivial
character of A* /k*.

The space of automorphic forms Agm(x), for nontrivial x, is spanned by the iterated
residue at (s1,52) = (1,0) of the Eisenstein series attached to cuspidal automorphic rep-
resentation x @ x of T(A) = GL,(A) x GL1(A). It decomposes into the sum of irreducible
constituents which are by the constant term map isomorphic to irreducible representations
of Sps(A) of the form ®,1I1,, where 11, is one of representations 11, it is I at almost
all places and the product of the signs over all places equals 1.

The irreducible space of automorphic forms A£p4(1) 1s spanned by the iterated residue
at (s1,82) = (2,1) of the Fisenstein series altached to the trivial cuspidal automorphic
representation 1 ® 1 of T(A) = GL1(A) x GL1(A) which is by the constant term map iso-
morphic to the image of the normalized intertwining operator N((2,1),1® 1, wywowyws).

Finally, we obtain correspondence between the residual spectra of G (A) and SO4(A)
and between the residual spectra of H{(A) and Sps(A).
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Corollary 3.5. Mapping v defined, in notation of Theorem 3.1 and Theorem 3.3, by
1 (Agy () = 'ASO4( ),
t (AGQ(X)) = -'4504( )

where w corresponds to © by the Jacquet—Langlands correspondence, is an injective map
from irreducible constituents of L?.,(G") to irreducible constituents of L2, 2, (S04) @
L}, 7(SO4). The image of the map 1 consists of

(a) all irreducible constituents Afgo (m) of L?,4 11, (SO4) such that , is square—integrable
at every place v € S, and
(b) all irreducible constituents Agp, (x) of Lo, 7(SO4).

Proof. Corollary is a direct consequence of decompositions in Theorem 3.1 and Theorem
3.3. Local square integrability condition in part (a) of the image of « comes from the global
Jacquet—Langlands correspondence. Namely, by Theorem (8.3) of [5], it is a bijection
between all higher-dimensional cuspidal automorphic representations of GL{(A) and all
cuspidal automorphic representations of GGLs(A) such that the local component at every
place v € S is square—integrable. O

Corollary 3.6. Mapping j is defined, in notation of Theorem 3.2 and Theorem 3.4, by

1 (Am (@) = Ag(m),
7(@L) = @ (®,IL),

J (AH{(I)) = A5p4( )
where  corresponds to w' by the Jacquet—-Langlands correspondence. In the second row
®,1T, is an irreducible constituent of Agy(x) and the sum is over 2151=1 irreducible con-
stituents ®,I1, of Agm(x) such that 11, 2 1T’ for v & S, 11, is one of 1= for v € S and
the product of all signs equals 1. Then j is an injective map from irreducible constituents
of L}, ,(H{) to not necessarily irreducible constituents of L2, v, (Sps) ® L2, 7(Spa). The
image of the map y consists of

(a) allirreducible constituents Afg (m) of L2, 11, (Sps) such that m, is square—integrable
at every place v € S,

(b) all constituents of the form @ (®,11,) as above of Ag, (x) in L2, p(Sps) such that
Xo 98 nontrivial at all v € S, and

(c) the irreducible constituent A, (1) of L2, 7(Sps).

Observe that the sum of all the constituents in (b) gives the whole space A§, (x).

Proof. Corollary is a direct consequence of decompositions in Theorem 3.2 and Theorem
3.4. Local square integrability condition in part (a) of the image of j comes from the
global Jacquet—Langlands correspondence as in the previous Corollary 3.5. Local non—
triviality condition in part (b) comes from Theorem 3.2. The reason lies in different form
of local normalizing factors for standard intertwining operators at split and non-—split
places resulting with local Hecke L—functions appearing in the global normalizing factor
(4).

Observe that, for nontrivial x, in decomposition of spaces Ay (x) and Ag, (x) given in
Theorem 3.2 and Theorem 3.4 into irreducible constituents, the choice of local components
at a split place is exactly the same. At a non-split place there is one choice for the
local component of an irreducible constituent of Ap(x) and two choices for the local
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component of an irreducible constituent of Agp (x). However, the parity condition for
irreducible constituents of A?;p (x) reduces the freedom of choice. Therefore, j sends

irreducible constituents of Ag;(x) to the sum of 21=! irreducible components of A%, (x)
as defined in the Corollary.
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The comparison of the local and the global method for
proving unitarizability

Marcela Hanzer

1 Introduction

In this paper we compare two methods which we use for the calculation of the unitary
dual of the non-split forms of the groups Sp(8, F') and SO(8, F'), where F is a non-
archimedean local field. These non-split forms are the hermitian quaternionic groups
which we will denote by Ga(D;1) and Go(D, —1); we will explain the notation shortly.
The complete classification of the non-cuspidal part of the unitary dual for these groups
is obtained in [5] and [4].

The global method includes the calculation of the residual spectrum; the calculation of
the complete residual spectrum of the non-split inner form of SO(8, F') was done elsewhere
([2]). The main idea of finding a representation as a local component of an automorphic
representation belonging to the residual spectrum was first used by Speh (archimedean
case) and Tadi¢ (non-archimedean case), and since then, by a number of others. Of course,
to be able to use this kind of idea to prove unitarizability it is not always necessary to
find (i.e. to decompose) the whole residual spectrum, maybe only some parts which are
more accessible. Another problem sometimes appears in this situation: the appearance of
the global representation with the required local component is sometimes conditional, i.e.
it depends on non—vanishing of a certain global L—function. This situation will appear
with the group Go(D;1), we will give some details later.

The local method is based on the idea which is developed further elsewhere ([3]): in
short, to prove unitarizability of the certain representation of the group Gy(D,¢) we form
a parabolically induced representation of a certain larger group; our representation serves
as a tensor factor of a representation of the Levi subgroup; the other tensor factors will be
unitarizable. First, we have to prove that the induced representation is irreducible, and
then we have to prove that it is unitarizable. From that, it will follow that the original
representation of the Levi subgroup is unitarizable, too. To prove these claims, we will
mainly use the results of Tadi¢ about the Jacquet functors ([14]). Although these results
are formulated in terms of the split groups Sp(n, F') and SO(2n + 1, F'), we can still use
the majority of the results cited, because of the similarity between so—called structure
formula for these split groups ([13]) and for the hermitian quaternionic groups ([5]).

We will illustrate this situation by an example of a representation which is a subquo-
tient of a principal series representation.

The calculation we present here is somewhat technical, but we believe that it can
still be applied further, even with (seemingly) less technical difficulties. We believe that
the local method presented here can be further generalized to the case of the quasi-split
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classical groups of the larger rank and that it can be used for the determination of the part
of the unitary dual of these groups. We hope that we can proceed in that direction using
the following developments: the classification of the discrete series of such groups ([7])
and the knowledge of the structure of the generalized principal series ([8]) (something we
do not yet know for the hermitian quaternionic groups of larger rank; so in this example
we had to do more direct calculations with Jacquet modules).

In this way, using this local method, we hope we can by-pass some already mentioned
problems involving residual spectrum: not only it can be rather difficult constructing
representations in the residual spectrum, but also their actual appearance depends on
non-vanishing of some global L—function; a condition which is rather difficult to check for
a representation which we construct, but without the explicit knowledge of most of its
local components and behaviour.

I would like to thank G. Mui¢ and M. Tadi¢ for their constant help.

2 Notation

Let F' be a non-archimedean local field of characteristic zero, and let D be a quaternion
algebra, central over F' and let 7 be an involution, fixing the center of D (involution of
the first kind). The division algebra D defines a reductive group G over F' as follows. Let

Vn:elD@---@enD@enHD@---@egnD

be a right vector space over D. Fix ¢ € {1, —1}. The relations (e;, e9p,—;+1) = 0;; for i =
1,2,...,n define a hermitian form on V,,:

(v,0") = er((v',v)), Yu,v' €V,
(va,v'2") = 7(x)(v,0")2!, Vax,2’ € D.
Let G, (D, ¢) be the group of isometries of the form (-, -). The group G, (D, 1) is a non-split
inner form of the group Sp(4n, F'), and G, (D, —1) is a non-split inner form of the group
SO(8, F).
We will fix a maximal F- split torus A of the group G, (D, ¢):

( Al )
A

Ao(F): )\ZEF*>

Ayt

-1
\ )‘1 /

A set of positive roots with respect to the above torus is fixed in such a way that the
minimal parabolic subgroup defined by those roots consists of upper—triangular matrices.
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Then, the Levi subgroup of standard F'—parabolic subgroup is of the following form:

( Al )
Ay,
Al' € GL n;, D ,
M(F) = g : EG((D 5)) :
(]Akf*J g T 9
\ JATT )
for some positive integers ny, ..., n; and a non-negative integer r such that > n; +r = n.

The matrices J are of the appropriate size having 1’s on the second diagonal and 0's
elsewhere and A~ denotes the involution (induced by the involution on the algebra D)
on the space of n; by n; matrices applied to the matrix A= ([5], [4]).

In this situation, let 71 ® T, ®- - -® 7, ®0o denote an admissible irreducible representation
of the group M(F). In future, we always by M, G, P consider the groups of their F—
rational points, i.e. M(F), G(F), P(F), so we drop F from the future notation (in
this situation). Then the parabolically induced representation Indg"(D’E)Tl R ® - ®
Tk ® o is denoted 71 X 75 X -+ X 7 x o ([14]). For every segment [rv', 71/2] of cuspidal
representations ([12]) (where [;, [ € R and ly—[; is a positive integer) of GL(n, D)-groups
the induced representation 72 x - - - x 7/ contains a unique irreducible subrepresentation
denoted by §([rv't, 7/2]). Tt is essentially square-integrable. The Jacquet module of the
representation 7 of the group GG with respect to the Levi subgroup M will be denoted by
r M,G(T" )

Before proceeding with an example which illustrates a local technique we use, we in-
troduce some notation, mainly following Zelevinsky and Tadi¢.
For an induced representation of a hermitian quaternionic group, for which r» = 0 (as we
previously explained our notation) we use 1 instead of o.
A segment of cuspidal representations of the group GL(n, D) (which is a set of cuspidal
representations of the form {p,vp,..., v p} ([16],[12]) we usually denote by [p,v*p| or
by A. Here v denotes the norm on the division algebra D composed with the absolute
value on F. Then the representation p x vp x --- x v¥p (with A = {p,vp,..., v p})
has a unique subrepresentation, denoted by < A >. By Zelevinsky’s theory, for a set of
segments Ay, ..., A, such that for each pair of indices i, 7 with ¢ < j, A; does not precede
A; ([16], Section 4), the representation < A; > x ---x < Ay > has a unique irreducible
submodule; we denote it by Z(Aq,...,A,). ([16], Section 6). Although the corresponding
results from ([16]) are formulated for GL(n, F') groups, by the work of Tadi¢ in ([12]), we
see that they are valid in the analogous form for GL(n, D) groups.
When we work in the Grothendieck group of the finite length admissible representations
of the hermitian quaternionic groups, then the relation 7 < 7, where 7 and 7 are finite
length admissible representations of G,.(D,¢), means that each irreducible subquotient
of m appears in 7 with the greater multiplicity (i.e. s.s.(m) < s.s.(7) in the appropriate
Grothendieck group; ’s.s.” stands for the semisimplification).

Let 01, ..., 0, denote square integrable representations of the general linear groups over
the division algebra D, let 7 be a tempered representation of G,.(D,¢) and let sq, ..., sy
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be real numbers such that s; > sy > --- > s, > 0. Then the representation ;v X

Jov®2 X -+ X O X 7 has a unique quotient (Langlands’ quotient). We denote it by

L(61v°t, 6002, ... Sp1®; 7).

Every maximal Levi subgroup of the group G, (D, ¢) is isomorphic to GL(k, D) x G,(D, ).

Having that in mind, for an admissible, finite length representation 7 of G(D, ¢) we define
k

() =Y 85TGL(D)xGy (D) (7).
r=0

The object on the right-hand side belongs to the tensor product R(G) ® R(G), where
R(G) denotes the direct sum of the Grotehndieck groups of the finite length smooth
representations of Gy(D,e) over all I's; for [ = 0 we get a trivial representation of the
trivial group. In this way, p*(7) contains information about the Jacquet modules of the
representation m with respect to all the maximal parabolic subgroups, and, as such, is
very valuable when studying the representation 7 itself (the length, square-integrability
etc.) Without explicitly mentioning it, we use the following expression (the ’structure
formula’ ([13],[5]))when calculating Jacquet modules of the induced representation

p(o xm) = M (o) x p*(m).

M* denotes a certain homomorphism acting on the Grothendieck group of the finite length
representations of the general linear group over D; all the details can be found in the above
papers.

In the following sections, we study the case n = 2 in some detail. We concentrate
to the following situation: Let 7 be an irreducible, self-dual representation of D*, of
dimension greater than one, with the trivial central character. Here D* denotes the
multiplicative group of D. We consider the following principal series representation of the
group Ga(D, €):

TV X Tv2 X 1.
Lemma 2.1. Let 7 be an irreducible, self-dual representation of D*, of dimension greater

than one, with the trivial central character. Then, for s > 0, the representation Tv° x 1
reduces only for s = %; this is the case for both G1(D,1) and G1(D, —1).

Proof. By the Jacquet—Langlands correspondence, 7 corresponds to a cuspidal represen-
tation 7' of the group GL(2, F'), and the reducibility of the representation 7/v° x 1 is
completely governed by the zeroes and the poles of the Plancherel measure p(s,7’) for
the group Sp(4, F') or the group SO(4, F) (we use completely analogous notation for the
hermitian quaternionic groups and their split inner forms). But for both of these groups,
and the same cuspidal 7/, u(s,7’) has the same zeroes (poles) ([11],[10]). By the results
of Mui¢ and Savin ([9]) about the transfer of the Plancherel measure in the Siegel case
(u(s,7) = pu(s, 7)), the claim follows. O

The length of the representation T3 % 1 equals two, and one of the subquotients is
. : 1 .
a square—integrable representation which we denote by d[7v7; 1]. Because of the previous

Lemma, the representation TV% x 712 x 1 has the same length and an analogous structure
for both Go(D, 1) and G3(D, —1). In an appropriate Grothendieck group, we have ([5])

TV XTI X1 = L((S(TV%, 7'1/%); 1)+ L(TV%; 5[TV%; 1]) + L(TV%, TV 1)+,
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where 7 is a square integrable representation.
The goal of this paper is to compare the local and the global method of proving
. . e1e . 3 1

unitarizability on the example of representation L(7v2,7vz;1).

3 The global calculation

The global method amounts to constructing an automorphic representation belonging to
the residual spectrum of the appropriate group, which has, as a local component, the
representation L(TV%, 7'7/%; 1).

In [2], Grbac calculated the residual spectrum of the group Ga(D, —1). Here D denotes
a quaternion algebra over an algebraic number field k&, such that, for certain finite set of
places S of k, and v € S, we have k, = F', and G3(D, —1), = G5(D, —1) and for v ¢ S, we
have Go(D, —1), = SO(8, k,). He proved that there is an automorphic representation in
the residual spectrum of the group Go(D, —1) which has a local component isomorphic to
L(TV%,TV%; 1), thus proving that this representation is unitarizable. In [4], we proved the
analogous fact for the group Go(D, 1), but, it is interesting to note that in this case, the
appearance of this global representation in the residual spectrum is conditional; namely
there is a (global) condition on non vanishing of certain global L—function involved; a
feature which does not occur for Gy(D, —1).

4 The local calculation

In order to prove unitarizability of L(TV%, TV%; 1) using local techniques we study first
the representation TVI X L(TV%, TI/%; 1). We divide the proof of unitarizability into three
steps:

Firstly, we study the composition series of the representation

Tv2 % L(rv?, 7v2;1) (Proposition 4.1).

Secondly, we prove that all of its irreducible subquotients are unitarizable (Proposition
4.2).

Thirdly, using the Jantzen filtration, we prove that the representation

7 x L(Tv?,7v7;1) is unitarizable (Proposition 4.3).

Then, from the irreducibility of the representation 7 x L(TV%, 7v2;1) and the fact that
L(TV%,TV%; 1) is hermitian, it follows that it must be unitarizable.

The representation 5([TV_%,TV%]) x 1 is reducible; this easily follows from the fact
that 72 x 1 reduces. We introduce tempered representations 7;, ¢ = 1,2 such that
(5([7'u_%,7'1/%]) x 1 =17 @ Ts; let T be the one which appears as a subquotient in T2 X
L(rvz;1).

Proposition 4.1. In an appropriate Grothendieck group, we have

V2 X L(TV%,TV%; 1) = L(TV%,TV%,TV%; 1)+ L(TV%;TQ).
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Proof. There are epimorphisms

3 1 ~ 1 31
2 ) X Tv2 X 1= 7v2 X L(Tr2,7r2) x 1

ol

3 1 1
TV2 X T2 X T2 X 1 = L(Tv2, 71

1 3 1
— 112 X L(tvz, 1v2; 1),

and, because the representation TV X 703 x 7v2 % 1 has a unique irreducible quotient, it

follows that L(TV%, TV, TV 1) is a quotient of the representation TVU3 X L(TV%, TUS: 1).
Modifying some ideas from Section 8 of [14], we proceed as follows: We have an

epimorphism

3 1

3 1 1 31
X T2 X Tv2 X1 — 7172 X L(Tr2, 7r2; ).

3
2

If we assume that the restriction of this epimorphism to the subrepresentation 7v2 x

L(TV%,TV_%) x 1 is still an epimorphism, it would follow that

,U,*(Tl/% X L(TV%,TV_%) x 1) > u*(TV_% X L(TV%,TV%; 1)).

3 3

Since L(rv~2,7v72) @ 1 < p*(L(rv?, 7v2; 1)), we get that

3 1

,7'1/_%) ®1< /L*(Tl/_% X L(tvz,tv2;1)) <

o=

V2 X L(tv~

,u*(TV% X L(TV%,TV_%) x1).

There is a similar situation in the case of general linear groups over F' and over divi-
sion algebra D: the representation TVU3 X L(TV_%7 TV_%) has a unique subrepresentation,
denoted by Z({rvz}, {rv—2,7v72})(using Zelevinsky’s notation). But when we examine
closer pi*(7v2 x L(7v2, 7v72) 1) (using the structure formula ([13],]5]), we see that in the
appropriate Jacquet module 7613, 0).¢4(D,e) (TV% X L(TI/%, TI/_%) x1) there is no subquotient
with 7'1/_%, 7v3 and 7072 in the cuspidal support. This is a contradiction and we conclude
that restriction of the epimorphism above to the subrepresentation T3 % L(TV%7 TV_%) %1
is not surjective. So, there is an intertwining from 702 x §([rv =2, 72]) x 1 onto a quotient
of T2 x L(rve, Tv2; 1),

We recall the definition of the tempered representations 717 and T5:

§([rv2,7v2]) x 1 = Ty & Ty; and Ty is a subquotient of 7v2 x L(rv2;1). Using the
structure formula, we obtain:

rare,p)caDe) (Tt + 1) = 25([V_%T,V%T]) ® 1 + VIT X VT ® 1.

So, T; is a tempered subquotient of §([rv~2, 72]) x 1 for which
1 1 1
TGL(Q’D)7G2(D7E)<T1) = vt X vat ® 1 + 5([1/757',1/ T]) ® 1, and 'I"GL(Q,D)GQ(D,E)(TQ) =
1 1 . . .
d([v~27,v27]) ® 1 (this agrees with our previous remark on 75).

J

If we assume that there is a non-zero intertwining form Tv2 x T} onto a quotient of
1 3 1 . 3 1 3 1

Tv~2 X L(tvz,tvz; 1), it would follow that L(rvz;T)) < 7v~2 x L(tv2,Tvz;1).
But, since VT ® T < ,u*(TV_% x T1) and TUT X TUE < w*(1y), it would follow that

X L(TV%,TV%; 1)).

=

_3 1 1
TV 2 Q@7Tr2 X Tr2 @1 < T'D*XGL(2,D),G3(D,E)(TV
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But since

3

pH(L(rvE, w3 1)) = 1@ L(rv2, 7v3;1) + 707 @ L(rv3; 1) + L(rv~ %, rv”

[SI[Y)

)® 1,

we easily get that TV ®@TVE X Tv2 ®1 cannot appear as a subquotient of the appropriate
Jacquet module of 7072 x L(TV%,TV%; 1).

We conclude that there is a non-zero intertwining from Tv3 x Ty onto a quotient of
VI X L(TV%,TV%; 1), so L(TV%;TQ) < 7UI X L(TV%,TV%; 1).

It remains to prove that the length of the representation T3 X L(TV%, TV%; 1) equals
two. We examine rqr s p),as(De) (TV% X L(TV%,TV%; 1)), which, in Grothendieck group

w

equals 7072 X L(rv 2,707 2) ® 1 4+ 702 x L(7v72,7v72) ® 1. So, the maximum length
. 1 3 1 o

of the representation 7v2 x L(tvz,7rz;1) equals three. If we assume that it is three,

there is a subquotient, call it 7, of our representation, such that rqpes p).ay.e)(7) =

L(TV%, 7'7/_%, 7'1/_%) ®1, SO I'prxD*xD*,Ga(D,e) (T) = T2 @Tr 2 ®7rE. When we compare

this with the Jacquet module TD*XG2(D7E)7G3(D’E)(TV% X L(TV%,TV%; 1)) we get that then

TD*xGa(D.e),Gs(De) () = VT ® L(TV%, TV 1), but this leads to contradiction, since

TD*XD*7G2(D7E)(L(TV%, 7'1/%; 1)) = IRl L2 i@ @ 1.
]

If we assume that the representation L(TV%,TQ) can also be a quotient, we get a
contradiction, because

HOIH(TV_%ﬁL(TV%, TV 1), L(TV%; T)) =

Hom(ﬂ/*% ® L(TI/%, TV%; 1), TD*XGQ(D’E)’G?)(D’E)L(TV%; T3)) =0,

and T2 @ L(TV%, 7'1/%; 1) does not appear in the Jacquet module
T D xGa(D,2),Gs(De) (TV2 X Th).

We claim that the representations L(TV%, TV2, TV 1) and L(TV%; T5) are unitarizable.
To prove that, we will study certain complementary series representations, and then
observe that these representations appear at the end of the complementary series, and as
such, are unitarizable.

Proposition 4.2. The representations L(TV%,TV%,TV%; 1) and L(TV%;TQ) are unitariz-

able.

Proof. First we prove unitarizability of L(TV%, TV%, TV%; 1). The first step is showing that
it is a subquotient of I/%L(TI/, 7,707 1) x 1. In the Grothendieck group,we have

TV X TUE X TUTE N = L(TV%,TI/%) X 1077 % 1 —|—V5([7'1/*%,7'1/%]) XTI )1 =
= L(rv2, 702, 7072) x 1+ Z(Ay, Ag) x 1+ vd([rv 2, 703)) x 7077 % 1.
Here A; = {TV%,TV%}, and Ay, = {TV_%} are segments of cuspidal representations,

and Z(Aq, As) denotes a unique subrepresentation of L(TV%, 71/%) X TU72, in Zelevinsky's
notation.
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We now show that the representation L(TV%, TVUI, TV 1) is not a subquotient of the
second and of the third term of the above sum. The representation L(TV%, TV, TUS; 1)
occurs with multiplicity one in TV2 X TU2 X TUT2 X 1, and, after calculating Jacquet
module

1 1 1
TD*xGa(Dse),Ga(D.e) VO[TV 2, Tv2]) X T2 X 1)

we see that there is no subquotient of this Jacquet module which is of the form Wi T,
for some representation 7, and T’D*XD*XD*7G3(D7E)(L(TI/%7 TV%7 TV%; 1)) has to have VR ®
TV ®TU7? as a subquotient.

We conclude that

On the other hand, we further calculate

T D*xGa(D,e),Ga(Die) (2 (A1, Ag) M 1) = TUs ® Vs X T w1

1

b T AT QT+ TV ® VL(TV%,TV_§) x 1.

So, we can not have TVIRTUTEQTUO? as a subquotient of
TD*x D*x D*,Ga(Dse) (£ (A1, Ag) 1), and L(TV%7 TV%, TI/%; 1) £ Z(Ay, Ag) %1, so L(TV%, TV%,
mv2;1) < veL(rv,7,7v1) % 1, as claimed.

We now consider family of representations v*L(rv,7,7v7') x 1, s > 0. By [14],
Theorem 9.1(ii), the first point of reducibility of this representation is s = 1. But the
representation L(7v,7,7v~1) is unitarizable, so the representation L(TV%, TV%, TV%; 1) is
unitarizable as a subquotient of the representation at the end of the complementary series.

Now we prove unitarizability of T2 X Ty by examining the family of representations
T X Ty for s > 0. It is not difficult to see that for s = 0 we get an irreducible represen-
tation; it immediately follows from the fact that 7 x 1 is irreducible. Similarly, from the
factorization of the long intertwining operator, it follows that 7% x T is irreducible for
s>0, s¢ % + Z. Now we prove that the representation T3 X T5 is irreducible. To do
that, we prove that the representation

07 x §([rvz, i) x 1

is of length three. The following holds:

Nl

1 1 1
2y}l =72 X Ty +7v2 X Ty =

Slrvz; 1) + 6([rv 2, rv2]) % L(Tve:1).

TVE X N

(@)
S
=)
‘:\
ol
3
<
ol
=
X

1
2

We now want to prove that the representation 8([rv~2, 7v2]) x d[r2; 1] is irreducible.

Using the structure formula, we obtain

TD*XG2(D78)7G3(D75)(5([TV_%, 7'1/%]) X 5[TV%; 1)) = Qs ® L(TV%; 5[7'1/%; 1)+

STV% ® T +7'1/% ® Th,
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1) % dlrvzi1]) = 26([rv 2, rv2]) X 77 @ 1+

l\‘)\»—‘

1
TGLG,D),Ga(D,e) (O ([TV ™2, T

N=

1 1
TVZ X TV?2 X7'V2 ® 1.

1

If we assume that 6([rv2, 7v2]) % 6[7v7; 1]) reduces, then there exist two non-isomorphic
tempered representations 7] and T3 such that

§([rv=2,1v2]) x 8rve: 1)) = T! & T,

So, let, for example, 73 be such that rGL(g D).G3(D, S)(T) > 7vs X TU2 X TU2 @ 1. Then,

smce in the cuspidal support of TVR X TUD X T2 we have just multlples of TV2 ®
TU3 ® 7'1/2, we must have 7p«xa,(D,e),Gs(D,e) (1) > 373 ® T7. But then 313 ® TUB ®
% < T'D*xD*x D*,G5(D,e) (TQI) Now we compare this with TGL(S,D),G3(D7€)(5([TV_%; TV%]) X
(S[TV%; 1]). Since TD*XD*XD*,GL(&D)(TV% X (5([71/’%,7-1/%]) =M QTVE R TV TV ®
Tv72 @ Tv2, we must have 2rv2 x 8([rv7z, Tv2]) < TGL(3,D),Gs(D,e)(T5), but then T =
§([rv2,7v%)) x 8[rrz; 1]), and we conclude that §([rv2, 7v2]) x 8[rr2; 1]) is irreducible.

Now we prove that §([rv~2,7v2]) x L(rvz;1) is of length two.

Examining Langlands’ parameters and cuspidal support of the representations TVU3 X
T;, 1=1,2, we see that these representations cannot have other non-tempered subquo-
tients but their Langlands quotients. So, besides L(TV%; T;), = 1,2 the representation
§([rv=2,7v%]) x L(7v2: 1) has only tempered subquotients.

We have

T DexGa(De).Ga(0e) ([T~ 2, 712]) % L(Tw2;1)) = 2707 @ L(Tv3, 717; 1)+
27'1/5 ®T2+TV7% ®T1 +’7'l/7% ®T2,

so the only irreducible subquotients above coming from these tempered subquotients are
1 . .
21vz @ Ty (so the rest of the subquotients in the above Jacquet module comes from
L(tvz;Ty) and L(tv2;Ty)).
But, since
1 1 1 1 1 1
r6L,0),Gs(D.0) (0([Tv 72, 7v2]) X L7 1)) = 26([rv 72, mv2]) x 72 @ 1
1 1 1 1
+o([rv 2, Tr2]) X T2 2
no irreducible subquotient from above is compatible with our requirement on the Jacquet

module 7p«xay(D,e),Gs(D,e)-
We conclude that

5([TV_% TV %]) X L(Tl/2 1)) = L(TV%;Tl)‘i‘L(TV%;TQ).

Hence, exactly one of the representations TVI X T;, 1 = 1,2 reduces. If we assume that
1
Tv2 X T, reduces, then, it would follow that

5([TV_%,T %]) X 5[7‘V2 1] < T2 x Ty,

We noted above that 702 X 702 x 702 ®1 < TGL(37D)7G3(D78)(5([7’1/_%7 rv2]) % 8[rve; 1)),
on the other hand, the following holds

wh—‘

rare.).asne(Tv? X Ty) =107 X §([rv 2, m2)) @ 1+ 1072 x ([ 2, v3]) @ 1.



The conclusion is that 7v3 x Ty is irreducible. So, the first (possible) point of reducibility
for the family of hermitian representations 7v° x Ty, s > 0is s = %, hence L(TV%; Ty) is
a unitarizable representation as a subquotient of a representation at the end of a comple-

mentary series.
0

Proposition 4.3. The representation L(TV%7 TV%; 1) is unitarizable.

Proof. Let X denote the compact picture of the representation 7v° x L(TV%, 7'1/%; 1), and
let 3 1 3 1
A(s) i mv° x L(tvz,tv2; 1) — v ° x L(tv2, 125 1)

be the usual intertwining operator (given as a meromorphic continuation of the integral
intertwining operator converging for s >> 0). Also we note that

A()A(~s) = (s — )h(s), (1)
where h(s) in holomorphic and nonzero in the neighborhood of % This follows from the
simplicity of the pole of the Plancherel measure at s = § by the result of Heiremann ([6]).

Namely, the representation TV X 7U3 X 73 x 1 has a square—integrable subquotient,
and, in that situation, this result gives the order of the pole of the Plancherel measure
with respect to the long intertwining operator. But, similarly as in [1], from that, we can
calculate the order of the pole of the Plancherel measure in question. By the definition
of the Jantzen filtration ([15]), we study hermitian forms on X, indexed by s € [0, 3] and
generated by the intertwining operators (-, -)s = (A(s)-,-), where (-,-) denotes the usual
hermitian form on X given by the integration over a maximal compact subgroup K of G
( this form exists because the inducing representation is hermitian). Then, by ([15]), a
sequence of G-invariant spaces is given

X)=X>DXl=LrvT) D X3 >...0 {0}

The space X! is given as the radical of the hermitian form (-,-)," defined on Xi™* and
given by
1
lim ————(A(s)-, ).
5—>% (S — %)171

First, we want to show that X? is zero, i.e. that the hermitian form (-,-)} defined on
2 2

L(TV%; T5) is non-degenerate. We can always focus our attention to a certain K—type mgsVs
(where § is an irreducible representation of K on the space Vs and my is the multiplicity
of that representation in X) such that msVs N L(rv%;T3) # {0}. Then, on this K-type
(which is a finite—dimensional subspace) we have the following expansion:

As) = A+ (5~ 5

The operator A(s) is holomorphic in the neighborhood of s = I (we get this from
the factorization of the intertwining operator on the appropriate larger space). For

A5+
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f € msVs N L(Tv2; Ty) we have lim,_ S_%A(s)f =A'(3)f, so
A(—%)A’(é)f = h(3)f # 0. Then, because A'(1) f ¢ KerA(—3) we can choose appropriate
v' € L(tv2; Ty)|k such that (A'(3)f,v") = (f,v')1 # 0. So, if we denote the signature on

the space X/L(TV%;TQ) = L(TV%,TV%,TV%; 1) by (po,0), then (p1,q1) = (0,4¢1) is a signa-
ture on the space L(mv2; Ty). It follows ([15]) that the representation 7v° x L(mv2, 72; 1)
has a signature equal to (py + g1, 0), i.e. is unitarizable for s € [0, 1).

[
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Some Remarks on the Potential Theory of
LP-Sub-Markovian Semigroups

Niels Jacob

This article summarises results on LP-potential theory and function spaces associated
with sub-Markovian semigroups presented during the meeting in Dubrovnik. It is based
on several joint papers written with W. Farkas, W. Hoh and R. Schilling.

I am very grateful to Goran Muic and Zoran Vondracek for their overwhelming hos-
pitality spent on me and on two of my PhD-students participating in the conference.

1 LP-Sub-Markovian Semigroups and their Genera-
tors
We start with

Definition 1.1. A family (T})i>0 of linear operator Ty : LP(R") — LP(R™), 1 < p < oo,
1s called an LP-sub-Markovian semigroup if

T,oT, =T and T, =id (semigroup property) (1.1)
%ir% |Tiw — ul/r =0 (strong continuity) (1.2)
| Tyl e < ||u||Le (contraction property) (1.3)
0<u<1ae implies0 <Tiu <1 a.e. (sub-Markovian property) (1.4)

Note that if necessary to emphasize p we will write Tt(p ) instead of T;. A strongly
continuous contraction semigroup (7)o has a generator (A, D(A)) where

T —
D(A) :={u e LP(R"); 2ltir% tut  excists as strong limit in LP(R™)} (1.5)
and
. Tu—u L
Au = llr% U € D(A), (strong limit). (1.6)

The resolvent (Ry)>o associated with (7;):>¢ is defined on LP(R™) by

R,\u:/ e MTyudt. (1.7)
0
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For an LP-sub-Markovian semigroup we know that the generator (A, D(A)) is densely
defined, closed and it is a Dirichlet operator in the sense that

/ (Au)((u— 1)) de <0 (1.8)
holds for all u € D(A). Dirichlet operators are dissipative, i.e.
|Au — Aul|pr > A||ul|zr  for u e D(A), A > 0. (1.9)
In addition they satisfy
/ (Au)(u™)P'dr <0 and / (Au)(u™ )P~ dx >0, (1.10)
and they are negative definite in the sense that
/ (Au)(signu)|ulP~t dx < 0. (1.11)
Note that (1.11) implies (1.9).

The resolvent (R))xso is a strongly continuous contraction resolvent which is sub-
Markovian, i.e. Ry : LP(R") — LP(R™) and it holds

Ry — R, = (p— A)R\R,, (resolvent equation) (1.12)

/\lim IARyu — ul|» =0 (strong continuity) (1.13)

AR ul[zr < |luljzr  (contraction property) (1.14)

0 <wu <1 ae. implies 0 < ARyu < 1 a.e.(sub-Markovian property). (1.15)

Moreover for u € LP(R™) we have
A—A)'u=Ryu= / e MTudt (1.16)
0

As bounded linear operator each T, (7})i>0 being an LP-sub-Markovian semigroup, has
an adjoint operator T} : LY (R") — LY (R"), 11—)—1-1% = 1,1 < p < oo. Using the reflexivity
of L’(R"), 1 < p < o0, we can prove that (7))o is a strongly continuous contraction
semigroup on L? (R") with generator being the conjugate to (A, D(A)), i.e.

/ T* - /
{ue L7 (R"); %if% # exists as strong L”-limit} = D(A") (1.17)
and
. TYu—u . b
11H& = A*u (strong L -limit). (1.18)

However it is important to note that (7))o is in general not sub-Markovian.
It is easy to see that every sub-Markovian operator is positivity preserving in the sense
that

u>0 a.e. implies Tiu > 0 a.e. (1.19)

Let (T3)i>0 be a strongly continuous contraction semigroup on LP(R"), 1 < p < oo, which
is positivity preserving and let (A, D(A)) be its generator.
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Theorem 1.2. The strongly continuous contraction semigroup is positivity preserving if
and only if

/ (Au)(u)?~'dz <0 (1.20)

for all w € D(A). Moreover, for 1 < p < oo, the adjoint of a positivity preserving
strongly continuous contraction semigroup on LP(R™) is a positivity preserving semigroup
on L¥ (R™).

Our aim is to learn more about the structure of operators satisfying (1.8) or (1.20),
respectively. We start with

Definition 1.3. Let (A, C5°(R")) be a linear operator with range in C(R"™). We say that
A satisfies the positive maximum principle if for u € Cg°(R")

u(zg) = sup u(z) >0 implies Au(xy) < 0. (1.21)
zeR™

The following result is due to R. Schilling [17]:

Theorem 1.4. Let A be a linear operator on C§°(R™) mapping CS°(R™) into LP(R™) N
C(R™), p> 1. If A satisfies the positive mazimum principle then the following assertions
are equivalent

/ (Au) ()P ldz <0 ,u e C(RY), (1.22)

and

/ (Au)((u — 1)) de < 0,u € C(RY). (1.23)

If these assertions hold, then (A, C§°(R™)) is closable as an operator in LP(R™) and (1.22)
as well as (1.23) holds also for the closure.

We want to understand more the structure of operators satisfying the positive maxi-
mum principle.

Definition 1.5. Let ¢ : R” — C be a function. We call 1) a negative definite function if
$(0) >0 (1.24)

and
& — e O s positive definite for all t > 0. (1.25)

We are only interested in continuous negative definite functions and they are charac-
terised by the Lévy-Khinchin formula:
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Theorem 1.6. A continuous function v : R™ — C is negative definite if and only if there
exists a constant C > 0, a vector d = (dy,...,d,) € R", a positive semidefinite matric

(akz)k,z=1 ..... ny €. ap = ay and Zzlzl awéeéy > 0 for all & = (51, . "7£n) € R", and a
measure v on R"\{0} satisfying fRn\{o}(l A ly)?)v(dy) < oo, such that

) =c+ sz &+ Z i€kl

k=1 (1.26)
iy wyé
+/ (1—6”’5— >ydy.
R\ {0} 1+ [y[? (dy)

Here are some examples of continuous negative definite functions:

E P 0<a<; (1.27)
E—1—e5s>0,n=1; (1.28)
£ (i) 0<a<1l,n=1; (1.29)

£— —1In (Kl(l) Klf/i”li:l—;ém) , K1 Bessel function; (1.30)
1

¢ In(1+&%) +iarctan,n = 1. (1.31)

We refer to [11] and [13] for more examples.
An important result due to Ph. Courrége [3] links continuous negative definite func-
tions and operators satisfying the positive maximum principle.

Theorem 1.7. Let A : C3°(R™) — C(R") satisfy the positive mazimum principle. Then
there exists a function q : R™ x R™ — C which is measurable and locally bounded such that
& q(x,€) is for every x € R™ a continuous negative definite function and it holds

Au(a) = ~q(a, Dyu(e) == ~2x) [ e=ofa, () de (1.3

where W(E) = (2m) 7% [o. e ™ Cu(z) dz denotes the Fourier transform of u.

Using the Lévy-Khinchin formula we can rewrite (1.32) as

Fu(z)
Au(x) = )+ Z d;( (%j + Zl ap(z (%kaxl

y; Ou(z
- d
+ /R”\{O} ( (r+y) —u(x) + Z T [yI7 o, )l/(.l’, )

with continuous function ¢ : R* — R, ¢(z) > 0,d; : R* = R, a; : R = R, a(z) = an(x)
and Y 1 ap(7)§eé > 0, and a kernel v(z, dy) integrating for each # € R™ the function
y— LAy~

Whereas it is possible to prove that a generator of a Feller semigroup (1})i>0, i.e.
a positivity preserving strongly continuous contraction semigroup on Cy,(R™) must have

(1.33)
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(under mild assumptions) a generator of type (1.32) or (1.33), such a result does not hold,
or is at least unknown, for generators of LP-sub-Markovian semigroups. However, there
are strong indications that many operator of type (1.32) or (1.33) extend to generators of
LP-sub-Markovian semigroups and hence we will often decide to work with such operators
also in the LP-context. One central open question in the theory is: Given a continuous
negative definite symbol, i.e. a function ¢ : R™ x R® — C which is continuous and for
every z € R" the mapping £ — ¢(z,§) is a continuous negative definite function, find
conditions such that —¢(z, D) with domain C§°(R™) (or S(R™)) extends to a generator of
an LP-sub-Markovian semigroup.

A related problem is whether we can determine D(A), the domain of the closure (if
existing) of ( — ¢(z, D), Cg°(R")) (or (—g(z, D), S(R™))) in LP(R™). In case of uniformly
elliptic second order differential operators with smooth coefficients the domain is of course
known and it is the Sobolev space W2P(R") = H??(R"). Note that W2?P(R") or H??(R")
are defined using the Laplace operator and for a general second order uniformly elliptic
operator L(x, D) the result is obtained by using estimates of type

I1L(z, D)ull e + [lull o ~ | Awlle + [[ull o (1.34)

Thus a first idea to get some progress in the study of operator such as (1.32) is to introduce
suitable constant coefficient operators and to start to study these operators. Of course,
the reasonable choice is to study operators of type

B(D)u(x) = (2m)°% / e Ep(E)a(e) de, (1.35)

n

where 1 : R® — R is a real-valued continuous negative definite function. The semigroup
generated by —(D) has on S(R™) the representation

Tiu(z) = (27)3/ e e~ (¢) de. (1.36)

Using the fact that every continuous negative definite function corresponds to a unique
convolution semigroup (u¢)¢>o of (sub-)probability measures p; on R™ by the relation

il€) = (2m) Fetv1©), (1.37)
the convolution theorem yields
Tu(e) = | uta = y)m(dy (1.38)
R

for all u € LP(R™), 1 < p < 0.

2 Function Spaces Associated with (D).
Part I

As seen in the last section we need to construct and to investigate function spaces associ-
ated with continuous negative definite functions. We will start with such an investigation
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in this section which is based on our joint work [4] and [5] with W. Farkas and R. Schilling,
compare also [12].
In case p = 2 and the operator —i(D) originally defined on S(R™) by

Au(a) = ~o(D)ule) = ~(2m)F [ e"Su(e)ate)a (2.1)
with a real-valued continuous negative definite function as symbol it is easy to determine
the domain of its L?-closure. An application of Plancherel’s theorem gives for the graph
norm of A

lull2: + || Aul|2. = / (L 9@ ae) e, (2.2)
and since
1+ ()2 ~ (1+9(€) (2.3)
we find with
fulfes = [ (1 w() o) ae 2.0
Rn
that
lull2> + ([ AullZs ~ [[u]lZo.. (2.5)

Introducing the scale

N|®

HY*(R") :={u e S'R"); (1+¢(-)*u € L*(R")} (2.6)

and the norms
el e = || (14 0()) 2002 = 1F7((1+ () 2@ 12 (2.7)

we can prove that the domain of the L?-closure of —1(D) is given by H¥2(R").
The obvious and correct generalisation to an LP-setting is to introduce the norms

[NV

lull e = IE7HA+ () 2 @) 2 (2.8)

Note that the norms
[llg,sp = [I(1+2(-)) 2T 1o (2.9)

also give rise to a scale of function spaces, the spaces B;Z’p(R"), which were investigated
n [11], Section 3.10. These spaces are analogue to the Hormander spaces By ,(R"), have
their merits for regularity investigations but are not suited for existence results or to
determine domains of closed extensions. The exception if of course the case p = 2 where
due to Plancherel’s theorem (2.9) and (2.8) coincide.
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Since continuous negative definite functions have at most quadratic growth, (2.8) is
well-defined on S(R"). Extending the expression (2.8) to certain non-smooth v € LP(R"),
1 < p < o0, is by no means trivial: ¢ : R” — R need not be differentiable, multiplying
u for uw € LP(R™) with v is hence not straightforward, and even if possible the inverse
Fourier transform of the product need not belong to LP(R™) — at least this is not obvious.
As worked out in detail in [5] we can use the Lévy-Khinchin representation

O = [ (1= cosy- ey (2.10)
Rm\{0}
in order to give a meaning to (2.9) for u ¢ S(R™). The essential idea is that for R > 0

on(©) = [ (1= cosy O xan (v)v(dy) (2.11)
R™\{0}
is a smooth function and

Vr(€) == (&) — Yr(€) (2.12)

is a bounded function. Hence we have for v € LP(R™) the possibility to define (in the
sense of tempered distributions)

Y(D)u = F~ ' (Yrtl) + / (u(- +y) — u(-))v(dy). (2.13)

B%(0)
Now we may consider
[ull gome = | (id + Yr(D))ul| 1. (2.14)
For different values of R we will obtain equivalent norms and for u € S(R™) it holds
1Gd + (D)) ullze ~ [lully,rp (2.15)
as well as by the definition of id + ¢(D)
A+ Oz ~ llully.ro- (2.16)

Omitting longer considerations, compare [5], it is possible to prove that for the LP-
extension AP of (— (D), S(R™)) we have

D(id — AP) = H¥*(R") (2.17)

where HP?(R") is defined as the space of all u € LP(R") for which (2.14) is finite.
Sometimes we will use the not quite correct expression ||F~1((1 + ¥(-))u(-))||r» for all
elements in H}**(R"). This allows us to give a short definition of the scale H*(R") by
introducing the norms

lull e = NEH(L + () 2a() | 2o (2.18)
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The spaces H;/”S(R") are Banach spaces. We may try to apply the general machinery
of the theory of function spaces to this scale. However, the non-smoothness and the
an-isotropy of ¢ cause a larger problem. Here are some results. For a given continuous
negative definite function v : R™ — R we have the continuous embeddings

H;p,ert(Rn) N H;p,s<Rn AN Lp(Rn) s S’(R") (2.19)

where s,¢ > 0. More general embedding results follow from a Fourier multiplier theorem.
By definition m € S'(R") is a Fourier multiplier of type (p,q), m € M, ,, if

sup{%;o%cpeé’(ﬂ%n)} < 00. (2.20)
el e

It is known that My = L®(R™) and F(L') C M,,, 1 < p < oo, where F(L') denotes
the image of L!'(R") under the Fourier transform. In [5] we proved

Theorem 2.1. The embedding
Hg”S(R”) — Cx(R"™) and ||ulo < CH“”H,?S (2.21)

holds if and only if (1+1)73 € M, .
A sufficient criterium for (2.21) to hold is the estimate
L+9(€) = oL+ [£[*), 70 > 0,00 > 0, (2.22)

together with the condition

np+1
> PT o

2.23
To P ( )

Note that in [6] W. Farkas and H.-G. Leopold considered function spaces of generalised
smoothness which cover some of our spaces.

So far we have summarised the “typical” results expected from the theory of function
spaces. The positive maximum principle satisfied by —(D), or equivalently the fact that
the associated semigroup is sub-Markovian allows us to introduce into our considerations
capacities. We will first discuss the general setting, Section 3, and return to the spaces
HY*(R™) in Section 4.

3 On Capacities Associated with
LP-Sub-Markovian Semigroups

Let (Tt(p )>t207 1 < p < 00, be an LP-sub-Markovian semigroup on LP(R™) with generator
(A®), D(A®)). For r > 0 we define the I'-transform of (Tt(p))tzo by

1 >
VPy = / t5_16_tTt(p)udt, u € LP(R"™). (3.1)
['(5) Jo
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Note that (Vr(p ))7«20 is a subordinate semigroup, compare [12] for details. In particular

(Vr(p ))rzo is itself an LP-sub-Markovian semigroup. With (VT(p ))rzo we can associate a
generalised Bessel potential space by

Frp = VP (LP(RM)) (3.2)
with norm

lull7., = | fllr  where u = V(p)f. (3.3)

T

The space (Fp, ||.||7.,) is a Banach space and it holds

Frp=D((id — AP)2), (3.4)
for the latter compare [4] or [5]. Moreover we have
Vr(p) = (id — AP)=3, (3.5)
and it holds
lullz,, = G = A™) 75 fllio, w = V7 f. (3.6)

One can show that (id — A®)3 : 7, , — LP(R") is a bijective continuous operator with a
continuous inverse given by V") 1t holds

Frp={u € L([R"); |[(id = A)2u 1 < 0o} (3.7)
as well as
lullz,, = 1Gd — AP)2ul|ze, u € Frp (3.8)
For an open set G C R™ we define
Crp(G) :=={u e F.p;u>1lae onG} (3.9)
and
cap,,(G) = mnf{[[ull7, ;u € Cp(G)}. (3.10)
If we define for an arbitrary set A C R
cap, ,(A) := inf{cap, ,(G); A C G,G open} (3.11)
then cap, , becomes a Choquet capacity.

Theorem 3.1. For 2 < p < oo, G C R” open, cap, (G) < oo, there exists a unique
ug € Fp such that ug > 1 a.e. on G, and

Capr,p(G) = ||UG||]:$3,p' (312)
Moreover, there exists f € LP(R™), f >0, a.e. such that

ug =VPf. (3.13)
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Definition 3.2. The unique function ug in Theorem 3.1 is called the (r,p)-equilibrium
potential of the set G (with respect to (Tt(p))tzo.

Our aim is to characterise equilibrium potentials. Here we have a kind of dual approach
as in the paper [16] of M. Rao and Z. Vondracek.
We introduce on F, , the LP-energy

1 1 r
Eyp(u) = Sllulls, = —/ (i — AP 4. (3.14)
p P Jrn

The Gateaux derivative of £, , is given by the operator

AP FL — Fry (3.15)
with
Aru = (id — AP*)2 (|(id — AP)2uP~2(id — AP)2q). (3.16)

Recall that A® could be a pseudo-differential operator with negative definite symbol.
The following results are taken from our joint paper with W. Hoh [10].

Theorem 3.3. The equilibrium potential ug is the unique solution to the variational
inequality

(pAP ug, o —ug) >0 for all ¢ € Cy,(G). (3.17)

Our aim is to bring the LP-theory as close to the theory of Dirichlet forms, compare
M. Fukushima et al. [8], as possible. For this we introduce the mutual energy of two
elements in F,, as

EP)  Fopx Frp — R (3.18)
with

EP) (u,v) = / |(id — AP)3u|"?(id — AP)3u(id — AP)5uda, (3.19)

Note that p =2 and r = 1 gives

EP (u,v) = ((id — A®)zu, (id — A?)20) , (3.20)
and for u = v € F; 5 it follows
EP (u,u) = (—A®)zu, (~APD)3u) L, + (u,u) . (3.21)
Combining (3.19) with (3.17) we find
Corollary 3.4. The equilibrium potential ug s the unique solution to
EP (ug, o —ug) >0 for all p € C,,(G). (3.22)
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Finally we want to achieve ug = 1 a.e. on (G. This however can not hold in general,
we need a further assumption on 7 .

Definition 3.5. We say that the truncation property holds in F,., if for every Lipschitz
mapping T : R — R with Lipschitz constant 1, i.e.

Tz = Ty| < [z —yl,
the following two conditions are fulfilled.
u e F,, implies T ou € F,, (3.23)
and
1T o ullg,, < lullz,- (3.24)

Note that the condition of Definition 3.5 is often described as “the normal contraction
operates on F,. 7.

From classical Sobolev space theory, i.e. the Bessel potential spaces associated with
the Brownian semigroup, we know that the truncation property does in general not hold.
For example it does not hold in H*(R") = F}, 5 for k > 2.

Theorem 3.6. Suppose that F,, satisfies the truncation property. Then the equilibrium
potential ug is the unique element in F,, satisfying ug = 1 a.e. on G and it holds

EP (ug,v) >0 forallve F,, andv >0 a.e. on G. (3.25)
Moreover we have
EP (ug,v) = cap, ,(G) (3.26)
forallv e F,, withv=1 a.e. onG.

This theorem gives a characterisation of equilibrium potentials completely analogous
to that in the theory of Dirichlet forms.

Using capacities we can refine the notion of Lebesgue exceptional sets, i.e. sets of
(Lebesgue) measure zero. We need a few definitions.

Definition 3.7. Let (Tt(p))tzo be an LP-sub-Markovian semigroup.

A. We call a set N C R™ an (r, p)-exceptional set (with respect to (Tt(p))tzo) if cap,.,(N) =
0.

B. A statement is said to hold (r,p)-quasi everywhere (q.e.) if there exists an (r,p)-
exceptional set N such that the statement holds in N°€.

C. Let u : R — C be a function. We call u (r, p)-quasi-continuous if for every e > 0
there exists an open set G C R™ such that cap, ,(G.) < ¢ and u|ge is continuous.

D. Let u € F,,. We calluw € F,, an (r,p)-quasi continuous modification of u if u is
(r,p)-quasi continuous and u = u a.e.

Theorem 3.8. If F,, N Co(R™) is dense in F,, then every v € F,, admits a quasi
continuous modification.

Note that by Theorem 3.8 it follows that the statement “cap, ,(A) = 0 implies A = ()"
has as consequence that every element in F,, has a (unique) continuous representative.
We will now apply these results to the spaces H;W(R”).
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4 Function Spaces Associated with (D).
Part II.

Let us now return to the space Hy""(R") already introduced in Section 2. Let ¢ : R" — R
be a real-valued continuous negative definite function. The operator — (D) originally
defined on S(R™) extends to a generator of an LP-sub-Markovian semigroup (777),so and
on S(R™) this semigroup is given by

TVPu(z) = (2m)% / ¢ e OG(¢) de (4.1)

n

compare (1.31). Now, as proved in [5] the Bessel potential space F,ﬁf’p associated with
(T{"" )10 s the space HY™(R™),

v _ I (on
Fr,=H} (R™), (4.2)
and for smooth functions we find of course

lull 7, = IGd + (D)) 2ullee = [ F7H((1 +w(-))2)a(:) || 2o (4.3)

Thus we can transfer the notions of the capacity cap, ,, (r,p)-exceptional sets or (r,p)-
equilibrium potentials to the spaces HJ""(R"). In particular every v € HY"(R") has an
(r, p)-quasi continuous modification u. Let us first state some interesting results in the
context of Hg’r—spaces which hold more generally, compare M. Fukushima [7].

Theorem 4.1. A. Each u € HY"(R") admits an (r, p)-quasi continuous modification U
which is unique up to (r,p)-quasi everywhere equality. Moreover, for p > 0 the following
Chebyshev-type inequality

~ 2
capr,({[il > p}) < Zllullye. (4.4)

holds.
B. Let (uy)ren be a sequence in HY"(R™) converging to u € HP"(R™). Then there exists
a subsequence (uy,)ien such that

llim up(z) = u(x) (r, p)-quasi everywhere. (4.5)

We have seen already (and more will come below) that the truncation property is
essential in order to get improved properties of equilibrium potentials. It turns out that
a general necessary and sufficient result for the truncation property to hold in H;f””(]R")
is difficult to establish. Just to indicate one of the problems consider the two continuous
negative definite functions (&) = [£|* and ¥»(€) = |€]. For simplicity take p = 2, i.e. we
may use Plancherel’s theorem. Clearly it holds HY1*(R") = H¥»2¢(R"). In the first case
we are tempted to take s < 1 in order to prove the truncation property, but in the second
case we then should choose s < 2 in order to prove the truncation property in H¥»*. (But
see also below for a surprise). This problem extends obviously to any pairing ¢ and ¥,
0 < a < 1. In his work on function spaces related to Dirichlet forms, F. Hirsch, compare
[9] obtained some results which combined with observations of D. Bakry [2] leads to
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Theorem 4.2. For any continuous negative definite function ¢ : R* — R, 0 < s < 1,
and p > 2 the Lipschitz functions operate on the space H;f’s(]R”).

The fact that the truncation property holds in H, (R")forl<p<ooand 0 < s <1is
not too difficult to see, at least in the case p = 2. An interesting result due to H. Triebel
[18], see also [19], tells us that s can be larger than 1! The precise result is proved for

Triebel-Lizorkin spaces F; , note that H; = F,, and reads as follows:
A. The truncation property holds in F; for 0 <s<1,1<p,qg<o0

B. The Lipschitz functions z +— |z| and z — £(|z| — z) (and some others) operate on
F;,and By for 0 <s <1+ Il). (Here B, , denotes of course the Besov spaces.)

Note that the proof of Theorem 3.6 uses the Lipschitz function ¢ +— (0 V ¢) A 1. At least
when working in bounded domains Triebel’s result will be of some use for our purposes.

5 Further Capacities

LP-potential theory owes much to pioneering work of V. G. Maz’ya and V. P. Havin, see

[15], as well as to the efforts of D. Adams and the late L. I. Hedberg, see [1]. In their

considerations integral representations of potentials (including equilibrium potentials) are

central and these representations may lead to different notions of capcities. The kernels

under considerations are of course kernels representing the operators V. In [14] R.

Schilling and the author discussed the existence of such presentations in more detail.
Define for an open set G C R"

kap, ,(G) == inf {||u[l?, ; u € LP(R"),u > 0 and V,Pu > y¢ ae.} (5.1)

where x¢ denotes the characteristic function of the set G. We may extend kap, , to a
Choquet capacity by setting

kap, ,(A) := inf {kap, ,(G) ; G D A, G open}. (5.2)
One can prove that
cap,,(4) = kap,,,(4). (53)
Next, let K C R™ be a compact set and put
L,,(K):={f€F,NnCy; f=1Iin a neighbourhood of K} (5.4)
and
Nop(K) = inf {[|fll7,, 5 f € Lrp(K)} (5.5)
Extend N, , to an outer capacity by defining for an open set ¢

N, »(G) :=sup{N,,(K); K C G, K compact}, (5.6)
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and finally for an arbitrary set A C R" we get a Choquet capacity by
N, ,(A) :=inf{N, ,(G); G D A,G open}. (5.7)
It is easy to see that
kap, ,(K) = cap, ,(K) < N, ,(K). (5.8)

However, in general kap,. , / cap,.,, are not equivalent to N,.,. Again the truncation property
is needed. Adapting the proof of Corollary 3.3.4 in D. Adams and L. F. Hedberg [1] in
[14] we proved

Proposition 5.1. Suppose that the Lipschitz functions operate on F,,. Then the capac-
ities cap,.,, and N, , are equivalent, i.e.

cap, ,(A) < N, ,(A) < ccap, ,(A) (5.9)

for all A C R"™. If the normal contraction operators on F,, i.e. the truncation property
holds, then we have in (5.9) equality.

In [14] these considerations are now extended to measures using a duality theory which
is in some sense complementary to that used by M. Rao and Z. Vondracek in [16].
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DYADIC PFW’S AND W,-BASES

H. SIKIC AND D. SPEEGLE

The rich structure of the set of dyadic PFW’s has been presented in [7]. As mentioned
in [7, Remark 3.7], the subclass of the so called non-Wy-frames with various levels of -
linear independence (denoted by Py + in [7]) needs extra attention. The recent observation
in [5] on Wy-Schauder bases enables us to properly restructure this subclass (P ) and
to show that it contains a wealth of examples. This is the purpose of our article. Let us,
however, begin by defining some of the notions mentioned above.

We denote by P the set of all Parseval frame wavelets (PFW’s, for short), i.e., the set
of functions ¢ € L*(R) such that the system

{ju(z)} = {272z — k) : j, k € 7}
forms a normalized (frame bounds 1) tight frame for L?(R). This is equivalent to having
the reproducing property, i.e., for every f € L*(R)

F=> (f )i (1)
j.k€eZ

unconditionally in L*(R). Interestingly enough, the property of being a PEW (on the
entire L?(R)) still allows a very varied behaviour on the main (or zeroeth) resolution level
Wy = span{vo : k € Z}. (2)
If the family {¢o, : k € Z} satisfies the property “abc” within Wy, we shall say that v
is a “Wy — abc” (for example, if it is a Riesz basis within Wy, we say that v is a Wj-
Riesz basis). A very useful tool to study such properties is the periodization function

Py : R — [0,400), defined by

pu(&) =D (€ + 2kn)

kEZ

2
|

,EER,

where the Fourier transform is chosen so that
f(é) = / f(x)e ®dx, for f € LY(R) N L*(R).
R

Recall that the Hilbert space W, C L*(R) is isometrically isomorphic to the space
L*(T; py) (the L? space on the torus T = R/(27Z) with the measure pd,(&)%; observe
that p, is 2m-periodic) via isomorphism
Iw . Lz(T,pdj) — WO s
given by,
Ty(t) = (ty)" . (3)
The research of the first named author was supported by the MZOS grant of the Republic of Croatia
and by the US-Croatian grant NSF-INT-0245238. The research of DS was supported by the NSF through

DMS #0354957.
Keywords and Phrases. Parseval frame wavelets, £2-linear independence, bases.
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If ¢» € P, then (see [6])

py <1 a.e. (4)
Let us consider also an operator
~ d
Iy : LX(T; 2—5) — L*(T;py)
T

given by Z,(t) = t. Tt follows by (4) that Z, is a bounded linear operator.

Let us now introduce the main subclasses of P which are going to be of interest for
us here (for a complete picture see [7]). In the following we shall assume that the reader
is familiar with the notions of frame, normalized tight frame, biorthogonal sequence,
Schauder basis, Riesz basis and orthonormal basis (see [3] and [8] for basic results and
some further references).

It is shown in [7] that the class P. i, defined by

P.y= {@/} € P:ker(Zy) = {0}} , (5)

is the disjoint union
P4+ =Pot UPr+ UPi (6)

where
Po+ ={ € P. 1 : 1 is not a Wy-frame}
P+ ={tb € P..\Po+ : ¢ is not a Wy-normalized tight frame}
P+ ={ € Py 4 is a Wy-normalized tight frame}

Recall (see also Corollary 2) that Py is actually the set of orthonormal wavelets, while
Py is the set of non-semiorthogonal Wy-Risez basis. However, the class Py 1 has been
touched only briefly in [7], where it was shown that Py is non-empty. Following the
most recent advances in [5], we are able to show that Py has a much richer structure
with various levels of linear independence (or basis) type conditions which naturally fit
with other subclasses of P. ;.

Remark. Parseval frames are orthogonal projections of orthonormal bases, and as
such, are not necessarily linearly independent. However, in the special case of PFW’s,
there is more structure. First of all, for every ¢ € P the family {¢q : k € Z} is linearly
independent. Suppose contrary that the family {e®* : k € Z} (here we are using (3))
is linearly dependent in L?(T;py). Since [[¢]]2 > 0, we have that the Lebesgue measure
{§ € T : py(€) > 0} > 0. Hence, without loss of generality, we would have that a
constant function 1 is a.e. on a set of positive Lebesgue measure equal to a finite linear
combination of non-constant exponentials {e**}, which is not possible. Additionally,
every frame (even Bessel sequence) can be partitioned into linearly independent sets [1].
Combining these two results, it is natural to conjecture that PFW’s must already be
linearly independent. This is also true, and will appear in future work. [

We can not expect more than linear independence of {¢g : k € Z} outside of P. . .
However, inside P.; we have a rich hierarchy of subclasses. Let us remind the reader
(see [8] for more details) that a sequence {z,, : n € N} in a Banach space is said to be
(?-linearly independent if

({an}EEQ,Zanxn:():an:(),‘v’nEN). (7)

n=1
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Theorem 1. Supose that 1 € P. Then, the following are equivalent:
(a) ¢ € P',-l— ;
(b) py >0 a.e. ;
(¢) {tbor : k € Z} is [*-linearly independent in W.

Observe that in (7), the tacit assumption is that Nlim SN | apz, exists in the Banach
— 00

space, so the particular ordering of vectors matters. This will be the case in several other
statements in this article. Here (Theorem 1.(c)), as throughout the article, we assume
that Z is ordered as

{0,1,-1,2,-2,..}. (8)

Proof. The equivalence (a) < (b) is more or less obvious (and is given already in [7]). Let
us prove (b) < ().

Suppose first that p, > 0 a.e., i.e., that ker(fw) = {0}. Let us denote by {z, : n € N}
the family {1 : k € Z} ordered by (8). Suppose that {a,} € ? and X2, x, = 0. Let
us denote by {e, : n € N} the family of exponentials {** : k € Z} ordered by (8). Since
Z, is a bounded linear operator, and Zy(e,) = @,, we get Z,(3.°7, ae,) = 0. Since the
kernel of Z,, is trivial, we get S.°°  ane, = 0 in L*(T; 27r). However, {e, : n € N} forms
an orthonormal basis in L*(T; £), which implies o, = 0,Vn € N.

Suppose now that the set {£ : py(§) = 0} has a positive Lebesgue measure. Observe
that  := Iy, —0} is a non-zero function in L*(T; § o ) but is a zero function in L?(T;py).
Hence, the Fourier coefficients of h are not tr1v1al i.e., there exists an /- sequence {an},
whose elements are not all equal to zero, such that h =~ a,e, in L2(T ) Since I
is a bounded linear operator, we get that

0=nh=12Zyh)= Zanxn

in L*(T; py). Hence, {x,} is not ¢*linearly independent. Q.E.D.

If we combine this result with the recent note [5], we get a nice description of the
structure of P., . Let us remind the reader that a measurable, 27-periodic function
w: R — (0,00) is an Ay-weight (see [4] for more details) if there exists a constant M > 0
such that for every interval I C R,

(I%I/ @dg) (ﬁq/%df) <M,

where |I| is the Lebesgue measure of I.

Corollary 2. Let ¢ € P. Then
(a) ¥ € P4 if and only if {¢or - k € Z} is 2-linearly independent;
(b wEP if and only if py > 0 a.e.
(¢) {%ox : k € Z} belongs to a bzorthogonal sequence in Wy if and only zf - € L (T; 27r)
(d
(e
(f) ¥ is a Wy-orthonormal basis (and, therefore, an orthonormal wavelet) if and only
if pp =1 a.e.

1s a Wy-Riesz basis if and only if Lw 15 bounded;

)
)
) ¥ is a Wy-Schauder basis if and only if py is an As(T)-weight;
) ¥
)
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Furthermore, any v from either (b),(c), or (d), which is also a Wy-frame, belongs to
(e). For any Wy-Schauder basis, which is not a Wy-frame, the Schauder basis {tor} in
Wy is a conditional basis.

Following [7] we can expect that some of these classes are not easy to understand;
partially for the lack of examples. It is not a priori clear that any of those subclasses is
non-empty. However, as we shall see here, the approach via the function p, is not just
suitable for the characterization of these subclasses, but is also helpful for the construction
of examples. We shall construct a continuum of examples of PFW’s whose periodization
function can be arbitrarily chosen on an interval, so as to satisfy any of the desired
conditions from Corollary 2. Hence, every subclass is far from being empty.

We shall construct sets with the properties that [—m, 7) will be divided into three dis-
joint sets, say A, B,C' (each of them is a union of intervals). The periodization function
will be chosen arbitrarily on A (and, hence, can be adjusted to satisfy any of the require-
ments given in Corollary 2), will be equal to 1 on B (and, hence, will not affect any of
the properties from Corollary 2). On C' the periodization function will be of the form
%a + %b, where a and b will be bounded from below. Observe that in this fashion, we
can construct examples that satisfy any condition from Corollary 2, parts (a) — (e). The
only condition which is not included is Corollary 2, part (f) , i.e., p, = 1. But this is the
case of orthonormal wavelets, which has been studied thoroughly and many examples are
known.

Let us denote by 7 the translation projection on R, defined by 7(§) = n, where n €
[—7, ) is such that £ — n = 27k for some k € Z. The dilation projection d is defined on
R\{0} by d(&) = n, where 1 belongs to [-27, —7) U [r, 27) and n/¢& = 2* for some k € Z.
We recall the following theorem, which plays a crucial role in our construction (see [2]
and [9]).

Theorem 3. [2|. Let E C [—7m,m) and F C |27, —m) U [m, 27) be measurable sets such
that 0 € E° and E° # (). Then, there exists measurable G C R such that T|¢ and d|g are
injective functions with 7(G) = E and d(G) = F.

Example 4. Let I be a small interval around 2 so that d(I)Nd(I+7) =0, 7(I)N7(I +
) =0, and 7(I)N7(27[+2k7) = @ for j = 1,2 and k = 1,2. Moreover, we require I to be
small enough to ensure that F, defined by E := [—m, m)\(r(I)Ur(I + m)UT(2])UT(4])),
satisfies the requirements of Theorem 3. It is easy to see that such a choice of I is possible.
We define F by F := [[—2m, —m)U[r, 2m)]\ [d() Ud(I +7)]. Using Theorem 3, we obtain
G such that 7|g and d|g are 1 — 1 and 7(G) = E, d(G) = F.
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Take any function f : I — C, such that 0 < |f(&)| < 1, for every £ € I. We claim that
Y is a PFW, when defined by

(

1 cedG
f(€) el
f(€—m) cel+n
A (/T[T EDP el
YEO= v 117 —2m/2)P g2l +om
(1/V2V1=[FE/DP ¢edl
VD1 = If((E—am)/4))2 € eal+4n
0 otherwise .

\

We first need to show that . , 1h(27€)2 = 1 ae. Clearly, it is enough to check
this for £ € [—2m,—m) U [r,27). This means that £ is either in G, in I or in (I +
7) (modulo dilations by 2). If £ € G, then ¥(2/¢) = 0, for every j € Z\{0}. Hence,

D@ =19 =1.
jez
If € €1, then ¢(2/€) = 0, for every j € Z\{0,1,2}. Hence
D IPEEOPRAOI + [9(26) + [0 (49 =

O + 51 - 1HOP) + 50 - 17O =1,

The case £ € (I + ) goes along the same line.
Secondly, we need to show that for every odd integer ¢ and for almost every £ we have

t(€) =D _Wh(2€)¢h(27(€ +2¢m)) = 0.

>0

Let us observe terms of the form

D(27€) (29 (€ + 2qm)) -

Such a product is zero except in the following cases

§ €2l J=0,¢=1
£ €2l +2r, j=0,q=-1
£ €2l J=1q=1
& e 2l 4 2n, 1=1q=-1.

In the first case (€ € 21,7 = 0,q = 1), we get
4(€) =(E)D(E + 2m) + ) (26)p(26 + 4m) =
= VIRV TFE/2F +
VT [TEDRVI - TFE/2)F = 0.

Other cases are checked in a similar way.
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Observe that we have a PF'W 1) and the function p, has the following properties on
[—m, ) (since py is 2m-periodic this is all we need)

(1 ced
£ cel
py(&) = S 1 (€ —m)]? cel+n

HA=1FGP +—-1f3)P)] ¢e2l
L= O+ = FOP)] ¢eal.

In particular, p, > 0 a.e. Hence, for each choice of f, f: I — C, 0 < |f(§)| < 1, we
get a PFW ¢ which is in P. . Observe that if we require |f| to be bounded away from
1, then py|; .., 18 bounded below and away from zero. Since we can adjust py, freely
on I (through the choice of f) it is clear that we get a continuum of examples for any
subclass described in Corollary 2. (except the subclass described in Corollary 2.(f), i.e.,
orthonormal wavelets). ¢
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AN EXERCISE ON UNITARY REPRESENTATIONS IN THE CASE OF
COMPLEX CLASSICAL GROUPS

MARKO TADIC

INTRODUCTION

Generic irreducible unitary representations of classical groups have been classified in
[LMT]. The purpose of this paper is to present that classification in a very special case,
in the case of classical complex groups. In this case the theorem and the proofs are
technically very simple, but they still contain main ideas used in the general case.

Further, the same ideas show up in the proof of the exhaustion in the external approach
to the classification of spherical unitary duals of classical groups.

Now we shall describe the result that we shall prove here (as we already mentioned, this
is a special case of [LMT]). We shall denote by (C*)" the group of all unitary characters
of C*. The character z — 2z = |z|* of C* is denoted by v. We fix a series of symplectic
or the series of odd-orthogonal groups. Denote by S, the group of rank ¢ from that series.
The minimal parabolic subgroup in S, is denoted by P, (see the second section for more
details regarding notation). Then we have the following classification theorems. Before
we state them, let us note that these results can be stated uniformly, as one theorem
(see Theorem 5.2 of the paper). Moreover, they are special case of even a more general
theorem, which addresses all the classical groups and all the local fields in the same time
(see [LMT]).

Theorem (SO(2n + 1,C)). (i) Take real numbers 0 < ay,...,am,b1,..., b0 < 1/2, and
characters 1, ..., 01, X1, -, Xr € (C*)" such that 1, ..., are all non-trivial (possibil-
itiesm =0 orl =0 orr =0 are not excluded). Denote n =m+1+r. Then

m=Indp MO0 @ @ @1 @ e - @1 R E R ® - ® Xy

is irreducible (and generic) representation of SO(2n + 1,C). This representation is uni-
tarizable.

(i1) Each irreducible principal series (resp. generic) representation of SO(2n+1,C) which
is unitarizable, is equivalent to some representation m from (i).

Theorem (Sp(2n,C)). (i) Take 0 < a3 < -+ < o < 1/2 < [y < -+ < [ < 1,
0<by,...,bp <1/2 and characters @1, ..., 01, X1,---,Xr € (C*)" such that o1, ..., ¢, are
all non-trivial (possibilities k = 0 or £ =0 orl =0 orr = 0 are not excluded). Denote
n=*k+{+1+r. Suppose that holds:

(@) a;+ B #L for1<i<k,1<j<landoy_1+a,<1ifk>2;

(b) card{i e{l,2,...k}1—a; < ﬁl} is even.

(c) card{i € {1,2,...,k}; 8; <1 —a; < Bjs1} is odd if j € {1,2,...,0—1}.

1991 Mathematics Subject Classification. Primary.
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0372794-2804.
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Then the representation m defined as
Indf;i(i”’c)(Vm@ ~ QU RV @@V @ @V 31 @ @1V @V G R X1 R - @ Xy)

is irreducible (and generic) representation of Sp(2n,C). This representation is unitariz-

able.

(ii) Each irreducible principal series (resp. generic) representation of Sp(2n,C) which is
unitarizable, is equivalent to some representation m from (i).

In the paper all equivalences among representations 7 in the theorem are explained.

Following G. Mui¢’s suggestion, we prepared this paper, which is based on an older
manuscript. We thank him for the suggestion. The referee has found a number of typos
in the previous version of the paper. He also gave a number of useful suggestions, which
helped a lot to improve the readability and the style of the paper . We are thankful to
him for that.

At the University of Minnesota in 2003, we gave a series of three talks explaining (among
others things) the material presented here. We are thankful to D. Jiang and University
of Minnesota for the hospitality.

In the first section we recall the basic simple constructions of irreducible unitary rep-
resentations. The notation that we shall use in this paper from representation theory of
general linear groups, is introduced in the second section, while the third sections does the
same for classical groups. The fourth section recalls the very old, simple and well known
representation theory of complex rank one groups (essentially SL(2,C)). The fifth section
recalls the classification theorem from [LMT] in the complex case. A lemma giving upper
bounds for complementary series is in the sixth section. The (very short) seventh section
gives the proof of the classification theorem in the case of odd-orthogonal groups, while
the eighth section brings the proof in the symplectic case.

1. SIMPLE CONSTRUCTIONS OF IRREDUCIBLE UNITARY REPRESENTATIONS

In this paper we shall deal with representations of (connected) classical complex groups.
For such a group G we shall fix a maximal compact subgroup K of G. The complexified
Lie algebra of G, viewed as a real Lie group, will be denoted by g. A (g, K)-module
will be called simply a representation of GG in this paper. Such a representation is called
unitarizable (resp. Hermitian) if on the representation space there exists a positive defi-
nite (resp. non-degenerate) K-invariant Hermitian form which is skew-symmetric for the
action of g. Contragredient (resp. Hermitian contragredient) of a representation = will
be denoted by 7 (resp. 7). Complex conjugate will be denoted by 7.

We shall denote by G the set of all equivalence classes of irreducible representations of
G, and by G the subset of unitarizable classes. Then G is in a natural bijection with the
unitary dual of G, i.e. with the set of equivalence classes of (topologically) irreducible
unitary representations of G. The set G is called nonunitary (or admissible) dual of G.

We shall list here a simple and well known constructions of irreducible unitary rep-
resentations of reductive groups. Let P = M N be a parabolic subgroup of G and o a
representation of M.

(UI) Unitary parabolic induction: If ¢ unitarizable, then parabolically induced repre-
sentation Ind% (o) is unitarizable.
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(UR) Unitary parabolic reduction: If o is a Hermitian representation, such that parabol-
ically induced representation Ind% (o) is irreducible and unitarizable, then o is
(irreducible) unitarizable representation.

(D) Deformation (or complementary series): Suppose that X is a connected set of
characters of M. Suppose that each representation Ind%(yo) is Hermitian and
irreducible for y € X. If there exists yo € X such that Ind%(xeo) is unitarizable,
then all Ind%(yo), x € X are unitarizable.

(ED) Ends of deformations: Let Y be a set of characters of M and X a dense subset of Y.
Suppose that X satisfies the conditions of (D). Then each irreducible subquotient
of each Ind%(xo), x € Y is unitarizable.

2. GL(n,C)

The standard absolute value on C is denoted by | |. We shall denote by | |¢ the square
of the standard absolute value on C, i.e. |z|c = zZ (observe that the standard absolute
value is without index C) . We denote

v:C* - R*, 2z |7c.

In each GL(n,C) we fix the maximal compact subgroup K = U(n,C) consisting of all
unitary matrices. Further, we fix the minimal parabolic subgroup of GL(n,C) consisting
of all upper triangular matrices in GL(n,C). For representations m; of GL(n;,C), i =
1,2, denote by m X m the representation of GL(n; + ng, C) parabolically induced by
m ® my from the standard parabolic subgroup having Levi factor naturally isomorphic
to GL(n1,C) x GL(ng, C). If m;’s have finite length, then 7 X 5 is also of finite length.
Then

m X Ty and my X mp have the same composition series (2-1)

(this follows from the fact concerning parabolic induction from associate parabolic sub-
groups and representations). In particular:

if m; X w9 is irreducible, then m X my = my X 7. (2-2)
A consequence of a general simple fact about induction in stages is
T X (7'('2 X 7T3) = (7T1 X 7T2) X 3. (2—3)

Using the determinant homomorphism, we identify characters of GL(n,C) and C*. Then
for a character y of C* holds

X(m1 X ma) = (xm1) X (x72)- (2-4)
Clearly,
(7T1 X 7T2)~§ Ty X To. (2—5)

3. COMPLEX CLASSICAL GROUPS

Denote
00 ... 01

00 ... 10

Jp = € GL(n,C).

10 ... 0
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Further, the identity matrix in GL(n,C) is denoted by I,,. For g € GL(2n,C) let
X _ 0 _Jn t 0 Jn
g_{% 0| 91 o]

where 'g denotes the transposed matrix of g. Then *(g1g2) =
is defined as

X

g2 *g1. Symplectic group

Sp(2n,C) = {g € GL(2n,C); *gg = Is,}.

We take Sp(0,C) to be the trivial group. We take formally that the (trivial) element of
this group is 0 x 0 matrix.

By "g we shall denote the transposed matrix of g € GL(n, C) with respect to the second
diagonal. Then we define odd (special) orthogonal group as

SO(2n+1,C)={ge SL2n+1,C); "gg = Ist1}.

We shall fix one series of classical groups, either symplectic or odd orthogonal. The
group of rank n will be denoted by .S,,. We fix the minimal the parabolic subgroup P,
in S,, consisting of all upper triangular matrices in .S,,. Fix maximal compact subgroup in
Sy, consisting of unitary matrices in S,,. Sometimes we shall write X g, or X go to indicate
with which series of groups we are working.

Let 7 be a representation of S, and let 7 be a representation of GL(m,C). We denote
by M, the Levi subgroup in S, 1, consisting of matrices

g 0 0
0O h O
0 0 Tg—l

where g € GL(m,C) and h € S,,. Denote by 7 x ¢ the representation of S, ., parabolically
induced from M,y Ppin by m ® 0. Here 7 ® o maps the above matrix into 7(g) ® o(h).

Suppose that 7,7 and 7y are admissible representations of GL(m, C), GL(my, C) and
GL(mq, C) respectively. Let o be a representation of S,,. Then

T X (T X o) = (7 X M) X o (3-1)
and
(Txo)” =2 7xé (3-2)
(this corresponds to (2-3) and (2-5) respectively). Further

m X o and T x o have the same composition series. (3-3)

In particular,

if 7 X o is irreducible, then 7 X 0 = 7 X o (3-4)

(this corresponds to (2-1) and (2-2) respectively).

4. RANK ONE GROUPS

The trivial (one dimensional) representation of a group G will be denoted by 1. In the
case of trivial group, this representation will be also denoted simply by 1. Recall that | |
denotes the standard absolute value on C, while | |¢ denotes the square of the standard
absolute value, i.e. | |c =] |%
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4.1. Characters of C*. Observe that (C*)" is just the set of unitary characters of C*,
and (C*)” is the set of all characters of C*. Let x be a character of C*. Then we can
find unique x* € (C*)" and e(x) € R such that

X(2) = 204 (2) = |28y (2).

This defines x* and e(y).
For z,y € C satistying ¢ —y € Z and z € C* set

Y, y)(z) = (2/12])" ]2

Then ~y(x,y) is a character of C* and e(v(x,y)) = 1/2 Re(z+y). Observe y(z,y)v(2',y’) =
v(z+ 2,y +y'). Further

Yz, y) =v(=z,-y), y(z,y)” =~7.2), y(z,y)" =~(-7, ).
Also vy(z,z)(2) = |2|E.

4.2. Representations of GL(2,C). The representation y(z1,y1) X v(x2,ys) reduces if
and only if

x1—12€Z and (7 —x2)(y1 — yo2) > 0.

From this follows that if v(z1,y1) X v(xa,y2) reduces, then (z1 4+ y1)/2 — (22 + y2)/2 €
(1/2)Z\{0,£1/2}. For the same reason, if x1 —y; # x2 —y2, then reducibility of v(x1,y1) X
Y(x2,y2) implies (21 +y1)/2 — (z2 + y2)/2 € (1/2)Z\{0, £1/2, +1}.

Therefore, if x1 X x2 reduces (x1, x2 € (C*)7), then e(x1) —e(x2) € (1/2)Z\{0, £1/2}.
If additionally x} # x4, then e(x1) — e(x2) € (1/2)Z\{0,£1/2,+1}.

Observe that if v* x ¥ = y(z,x) X y(y,y) reduces for some z,y € R, then z —y € Z.

If we have reducibility of v(z1,y1) X ¥(22,¥2), then the composition series of this rep-
resentation consists of

L(v(z1,91),v(22,92)) and  y(w1,y2) X (T2, 91).

Unitary dual of GL(2,C) consists of the trivial representation, the unitary principal
series are x1 X X2, X1, X2 € (C*)", and complementary series v*x xv~*x, where xy € (C*)"
and 0 < o < 1/2.

4.3. Representations of SL(2,C). Restricting v(z,y) x v(0,0) to SL(2,C) we get
v(z,y) xsp 1. Therefore y(x,y) xg, 1 reduces if and only if

r€eZ and a2y >0.

Further, if y(x,y) xg, 1 reduces, then (z +y)/2 € (1/2)Z\{0 £+ 1/2}.

In other words, if x xg, 1 reduces (x € (C*)7), then e(x) € (1/2)Z\{0,£1/2}. Further,
if v* xg, 1 =7(x,x) xg, 1 reduces for some x € R, then z € Z.

In the case of reducibility of v(x,y) xg, 1 , composition series consists of

L(’Y("L‘ay%l) and ’7(17, _y) Xsp L.

Unitary dual of SL(2,C) consists of the trivial representation, the unitary principal
series and complementary series v*1¢x Mg, 1, where 0 < o < 1.
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4.4. Representations of SO(3,C). Consider the epimorphism SL(2,C)@ >>> SO(3,C)
which comes from the adjoint action on the Lie algebra. Using this epimorphism, the rep-
resentation y(z,y) Xgo 1 pulls back to v(2z,2y) xg, 1. Therefore, v(x,y) xs0 1 reduces
if and only if

r€(1/2)Z and xy > 0.

From this follows: if y(x,y) Xso 1 reduces, then = +y € (1/2)Z\{0, £1/2}.

Thus, if y X so1 reduces (x € (C*)7), then 2e(x) € (1/2)Z\{0, £1/2}. Also, if v* X501 =
v(z,z) Xgo 1 reduces for some z € R, then z € (1/2)Z.

If we have reducibility of v(z,y) Xso 1, composition series again consists of

L(7($>y)71) and ")’(-’L',—y) Xso 1.

Unitary dual of SO(3,C) consists of the trivial representation, the unitary principal
series and complementary series v%lcx Xgo 1, where 0 < oo < 1/2.

4.5. Observe that for a € Z if v*1¢x X 1g, reduces, then it has a tempered subquotient.
For a = 0, we have irreducibility, but the whole induced representation is tempered.

5. UNITARIZABLE IRREDUCIBLE PRINCIPAL SERIES REPRESENTATIONS

All irreducible tempered representations of semisimple complex groups are fully induced
by unitary characters. We fix a series 5,, of classical groups, symplectic or odd orthogonal.

The set of equivalence classes of irreducible tempered representations of groups S,.
n € Zsg, is denoted by 7. Observe that 71" consists of all classes y; X -+ X x, % 1,
Xi € (C*), n € Zsg. If we replace some of x; by x; ', or change the order of x1, ..., Xn
in y; X --- X x, X 1, we get the same class. These are the only equivalence among
representations 1 X ... X x, X 1.

Denote (C*)™y = {x € (C*)5e(x) > 0}. A finite multiset in (C*)7; is defined to be
an unordered n-tuple of characters in (C*)™;, n € Z>o. The set of all finite multisets in
(C*)"; will be denoted by M ((C*)™y). Fort = (d,7) = ((X1,-- -, Xn),T) € M((C*),)xT
take a permutation p of order n such that e(xpa)) > e(Xp2)) = - = e(Xpm)). Denote

A(t) = Xp) X Xp@2) X -+ X Xpn) X T

Then A(t) has a unique irreducible quotient, which will be denoted by L(¢). In this way
we get parameterization of admissible duals of all groups S, by the set M ((C*)7y) x T.
This is Langlands classification (of admissible duals of these groups). The representation
A(t) is called standard module. The formula for Hermitian contragredient is simply

L(((x15 - xa): 7)) = LI((Xas -+ Xn) 7)) (5-1)

By Vogan’s result [V], representation L(t) is generic if and only if A(¢) is irreducible,
i.e. if and only if A(t) = L(?).

As we already mentioned in the introduction, we shall present here the proof of clas-
sification of irreducible unitarizable generic representations of classical groups 5,. By
Vogan’s result, it is the same as classifying unitarizable representations among irreducible
principal series representations, since by Vogan’s result, irreducible generic representa-
tions of a classical group S,, are exactly principal series representations x; X - -+ X x, X 1,
Xi € (C*)7, which are irreducible (use (2-2), (2-3), (3-1), (3-4) and the following proposi-
tion). Because of this, for us is important the following
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Proposition 5.1. Let x1,...,xk € (C*)". Then x1 X x2 X +-+ X xx X 1 is irreducible if
and only if all the representations x; X Xj, Xi X Xj, 1 <t <j<k,andx; x1, 1 <i <k,
are 1rreducible.

Proof. 1f some of the representations x; X xj, Xi X X; or x; x 1 is reducible, then (3-1),
(2-3), (2-1) (3-3) and (2-5) imply that y; X x2 X -+ X x; % 1 is reducible.

For the other implication, suppose that these representations are irreducible. To prove
irreducibility of x1 X x2 X+ X xxx1, using (3-1), (2-3), (2-2) and (3-4) we can easily reduce
the proof to the case e(x1) > -+ > e(xx) > 0. Recall that by Langlands classification,
the space of intertwining operators x; X xa X -+ X xp X 1 — X7' X x5 X --- X X;;l x 1
is one dimensional, and the image of non-zero intertwining is (irreducible) Langlands
quotient. To be consistent with Langlands classification as we have described it above,
take minimal 1 < ¢ < k such that e(x;) > 0 if such ¢ exists, and take i = 0 otherwise.
Denote 7 = x;11 X - - - X xx X 1. Then the space of intertwining operators y; x---Xx; X7 —
Xflx---xleNTisonedimensional. But xyqy X+ X x; XT = x1 X X2 X+ XXk X1 and
XD XXX T RT X x xxg XXyt )L by (2-2), (2-3), (3-1) and (3-4). Observe that
(3-1), (2-3), (2-2) and (3-4) imply that x; X x2 X -+ X xx x 12 x7' x o' X x x, ' % 1.
This implies the irreducibility of x1 X x2 X -+ X x5 % 1. 0

Now we have a special case of classification theorem of [LMT]' (one can find in the
introduction of the paper formulation of the theorem separately for symplectic and odd-
orthogonal groups):

Theorem 5.2. (i) Take v1,...,0 € (C)\{lcx}, 0 < ap,... 0, <1,0<by,....b <
1/2 and 7 € T. Suppose that holds:

If Y% %1 reduces, then all a; < 1/2.

If V2 %1 does not reduce, write the numbers a1, . .., a, as a non-decreasing sequence
a1,y .., B, B where a < 1/2 < By (possibilities k =0 or € = 0 are not excluded).
Assume

B <fy<---< B (5-2)
Further assume that hold
(@) a;+ B #Lfor1<i<k,1<j<landoy_1+a,<1ifk>2;
(b) card{i e{l,2,... k}1—qa; < ﬁl} is even.
(c) card{i € {1,2,...,k};8; <1—a; < Bjs1} is odd if j € {1,2,...,0 —1}.
Then the representation

ai

T=0" X x U x (W x V@) x - x (W x VP g) X T (5-3)

is irreducible (and generic) representation of some S,,. This representation is unitarizable.

(i1) Each irreducible principal series (resp. generic) representation of S, which is unita-
rizable, is equivalent to some representation 7 from (i).

~

Recall that 7 is equivalent to x1 X - -+ X x,, x 1 for some y; € (C*)

IThe classification theorem in [LMT] holds over all locally compact non-discrete fields. In that classi-
fication theorem shows up also reducibility at 0, which does not show up in the complex case
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6. LEMMA
Observe that for y € (C*)", x = x if and only if y = 1¢x.

Lemma 6.1. Suppose that m = py X -+ - X s x 1, u; € (C*)7, is an irreducible unitarizable
representation. Let 1 <1 <s. Then:

(1) If pf # 1cx, then |e(w;)|c < 1/2.
(2) If pu¥ = 1cx, then p; x 1 is unitarizable.

Proof. Observe that by Proposition 5.1, all p; x p;, p; X fi; and p; X 1 are irreducible.
Using relations of the second and third section, we reduce the lemma to the case when
all e(p;) > 0. Further, we need to consider only the case e(y;) > 0.

(1) Suppose pf* # i (i.e pi # 1ex). Relations of the second and third section imply that
after renumeration we can assume that ¢ = 1. Since m = g X - -+ X g x 1 is Hermitian,
by (5-1) there exists j # 1 such that p; = fi;. Now using relations of sections two and
three, we can take j = 2. This implies ji = pf. Now the relations of the second and the
third section imply

Ty X fig X pig X oo X g X 1= (g X pf) X iz X -+ X g 1

Since (p1 x pf) ® (p3 X -+ X ps 1) is Hermitian (and irreducible), unitary parabolic
reduction (UR) implies that (1 x pf) ® (ps X +++ X g x 1) is unitarizable. From this

directly follows that sy x pi = vy x py=e) ¥ is unitarizable. Now the description
of the unitary dual of GL(2,C) in 4.2 implies e(p;) < 1/2. This ends the proof of (1).

(2) Suppose now pf = lex. If e(p;) < 1/2, then from 4.3 and 4.4 we know that p; x 1 is
unitarizable, and thus (2) holds. Therefore, it remains to consider the case e(u;) > 1/2,
and we shall assume this in the sequel. Relations of the second and third section imply
that after renumeration we can assume that ¢ = 1. Further, using reduction as in the
proof of (1), we can suppose that uf = i} for all j (i.e. uj = lcx). We need only to
consider the case s > 2.

Using deformation (D) and the fact that the reducibility happens on a closed set (see
Proposition 5.1 and 4.2-4.4), twisting p;, j > 2, by v* for small enough (by real absolute
value) real numbers ¢;, we can assume that e(u,) &+ e(u,) ¢ Q for all u # v, and e(ju,) &
(1/2)Z for all u > 2

We can write p; = v(a,a), where a = e(u1). Since a > 1/2, we could deform a to
the case a > 1/2 (and not in Q) in a way that gy X -+ X ps x 1 stays irreducible and
unitarizable. Take k € Z~( such that

la — k| < 1/2.

Therefore, the representation y(a — k,a — k) X v(—(a — k), —(a — k)) is an irreducible
unitarizable (complementary series) representation of GL(2,C). Therefore

v(a—kya—k)xy(—=(a—k),—(a—Fk)) X g X - X pg x 1 (6-1)

is unitarizable. By 4.2 (and relations of the second and the third section), one subquotient
of the above representation is

v(a—k,a) x y(a,a — k) x y(—(a — k), —(a — k) X pig X +++ X pg ¥ 1 (6-2)
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Therefore, this subquotient is unitarizable. Note that by the relations of the second and
the third section, the representation (6-2) is isomorphic to

[fy(a - ]{Z,CL) X 7(_6_% —(CL - k))] X [’7(_((1 - k)7 —(CL - k)) X g X+ X fhg X ]-}
Using parabolic reduction we conclude that both representations
Ya—k,a) x y(=a, —(a—k)) and y(—(a— k), —(a— k) x pz x - x py 2 1 (6-3)

are unitarizable.

From the unitary dual of GL(2,C) we know that |e(y(a — k,a))| = |a — k/2| < 1/2.

Suppose that e(p) > 1. First, we can deform it to e(u1) = a > 1 so that 7 stays
irreducible and unitarizable. Now from the inequalities |a — k|, |a — k/2] < 1/2 we get
k/2 = |(k —a) 4+ (a — k/2)| < 1. This implies k¥ = 1. From this and |a — k/2| < 1/2 we
get a —1/2 < 1/2, which implies @ < 1. This contradiction shows that |e(u)| < 1. This
implies that (2) holds for symplectic groups, since complementary series for Sp(2,C) =
SL(2,C) end at 1 (see (4.3)).

It remains to prove (2) for odd-orthogonal groups. Recall that we have started the
proof with assumption e(u1) > 1/2 and got that y(—(a — k), —(a—k)) X pig X - -+ X g ¥ 1
is unitarizable (see (6-3)), where |a — k| < 1/2. Repeating this reductions and using
relations of the second and third section, we can suppose that that p; x .-+ X pg x 1 is
unitarizable, where e(p1) > 1/2 and 0 < e(p;) < 1/2 for j > 2.

Denote b = |a — k|. Suppose e(p2) < b. Then v® X g X pg X ... X pus ¥ 1,0 < o < e(pg)
is a continuous family of irreducible Hermitian representations (use Proposition 5.1 and
4.2 - 4.4 to see this), and for @ = e(u2) we have unitarizability. Therefore, we have
unitarizability for &« = 0. Now using unitary parabolic reduction (UR) we get that
M1 X i3 X -+« X iy X 1 is unitarizable.

Consider now the case e(fg) > b. Then pg X g X -« X g X v* X 1, e(p2) < a < 1/21is a
continuous family of irreducible Hermitian representations (again use Proposition 5.1, 4.2
and 4.4 to see this), and for @ = e(u2) we have unitarizability. So, all the representations in
the family are unitarizable. For a = 1/2, one irreducible subquotient is gy X pi3 X -« - X g X
px 1 for some unitary character p of C* (to be precise, for pp = v(1/2,—1/2)). Using (ED)
we conclude that the last representation is unitarizable. Now using using the relations of
the second and third section we get f13 X pig X -+« X g X o X 1= X g X pug X+« X g X 1.
Using parabolic reduction (R) we get that py X ps X - -+ X g x 1 is unitarizable.

Applying above reductions s — 1 times, we get (2) for odd-orthogonal groups. 0

7. PROOF OF THEOREM 5.2 FOR ODD-ORTHOGONAL GROUPS

Observe that in this case /2 x 1 reduces.

Proof. Irreducibility follows directly from Proposition 5.1 and rank one reducibility 4-2-4.4.
To prove the unitarizability of 7, consider the family

1

VX e X T X (Vo X VY @) X x (VW X VM Q) X T

where 0 < x; < a; and 0 < y; < b;. Now Proposition 5.1, 4.2 and 4.4 imply directly that
this is a continuous family of irreducible Hermitian representations, which contains 7.
Since this family contains unitarizable representation (for all z; = y; = 0), by (D) all
these representations are unitarizable. Thus, 7 is unitarizable.
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Recall that by Vogan’s result [V], irreducible generic representations of a classical group
S, are exactly principal series representations y; X - -+ X x, X 1, x; € (C*)7, which are
irreducible. Using this, exhaustion follows now directly from the last lemma. 0

8. PROOF OF THEOREM 5.2 FOR SYMPLECTIC GROUPS

Proof. Irreducibility of the representations 7 from the theorem follows from Proposition
5.1, conditions on exponents a; and b; in (i) (0 < a; < 1,0 < b; < 1/2 and (a)), and rank
one reducibility facts 4.2, 4.3.

Now we shall prove unitarizability of the representations 7 in the theorem by induction
on m+2l. If m+20 =1, then m = 1 and [ = 0. In this case we obviously have
unitarizability (see 4.3). Therefore, it remains to consider the case m + 21 > 2.

First suppose that [ > 1. Then 7 = (VP x V1¢)) x 7' = (V1o x v70¢)) x 7/,
where 7' satisfy conditions of (i) of the theorem. Since 7’ is unitarizable by the inductive
assumption, and 0 < by < 1/2, 4.2 implies that 7 is unitarizable.

Therefore, we need to consider the case when [ = 0 and m = k + ¢ > 2. Suppose
first that £ = 0. Then we get unitarizability of 7 in the same way as in the case of
odd-orthogonal groups (by deformations).

Therefore, we need to consider the case ¢ > 1 and m = k+/¢ > 2. Condition (c) implies
that forall j =1,2,...,—1, between 3; and ;4 is at least one 1 —q;. From this follows
(—1<k.

Suppose that the cardinality in (b) is strictly positive. Recall that it is even. Therefore
1 —ag_1,1 —ap < ;. Remove from 7 the factors corresponding to a; and 41, and
denote the obtained representation by #’. Recall that [ = 0. Consider the family

VEx vt g <o < .

This family contains 7. Further, this is a continuous family of irreducible Hermitian
representations. This follows from Proposition 5.1, 4.2 and 4.3. For example, by (4-2)
reducibility could happen if 2+ 3; = 1, which imply o,—1 < 1—3; < oy, and in particular
Bj <1 — aj_y. This implies #; < 1 — ay_; which is impossible (since we have obtained
above that 1 — ay_1 < ). Other conditions in Proposition 5.1 are obvious (they follow
from (a), 0 < o; <1/2,1/2 < B; <1 and 4.2, 4.3).

Now 7’ is unitarizable by inductive assumption. Therefore, py* -1 xp® =1 X7 = (y~ -1 X
v*=1) x 7’ is unitarizable. So the whole family consists of unitarizable representations.
Therefore, 7 is unitarizable.

It remains to consider the case when the set in (b) is empty, i.e. 1 < 1 — a; (this
implies also a; < 1/2 since 1/2 < (31). Similarly as above, remove from 7 the factors
corresponding to «;, and (31, and denote the obtained representation by #’. Consider the
family of representations

v x vt xn, o <ax< B
containing 7. From (1 < 1 — ay and Proposition 5.1, 4.2 and 4.3 one gets easily that this
is irreducible family. For example if z+«; = 1, then 1 —q; < (1, and so 1 — ;. < (37 which
is impossible. If x + 3; = 1 for j > 2, then a; < 1 — ;. Note that by (c) there exists
some «; satisfying 31 < 1 —a; < ;. All this implies oy, < 1 — 3; < o, which is again
impossible since oy is maximal among «;’s. Other conditions for applying Proposition 5.1
are obviously satisfied.

So we have continuous family of irreducible Hermitian representations. Now in the
same way as in the previous case unitarizability follows.
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Now we shall prove the exhaustion in (ii) of the theorem. It remains to see that each
irreducible generic unitarizable representations 7 satisfies conditions in (i) of Theorem
5.1. By Vogan’s result [V], each irreducible generic representations is irreducible standard
module (in our case this is irreducible principal series), so we can write 7 as

T2V X VUPYg X oo X VS XT.
where y; € (C*)", ¢; > 0 and 7 € T. Since 7 is Hermitian, formula (5-1) implies that
TV X x U X (VP X @) X - x (Vg X V@) 1T

for some ¢; € (C*)"\{1lcx}, a;,b; > 0 and 7 € T. Now (2) of above lemma implies that
v% x 1 is unitarizable. Now 4.3 implies a; < 1. Further, (1) of the same lemma implies
b; < 1/2. Since 0 < a; < 1, we can write exponents ay, ..., a,, as a sequence

O<ap <---<y<12<p < <G <1

Proposition 5.1 and 4.2 (together with relations of the second and third sections) imply
that (a) holds, since 7 is irreducible.

Further, using unitary parabolic reduction we get that v x - .. x v% x 1 is irreducible
and unitarizable. Denote this representation again by 7.

Consider the case ¢ > 2. Suppose that the cardinality in (c) is > 2 for some j. Take
a, < o, from that set (u # v). Instead of v* in 7 put v* with a, < = < «, and denote
this representation by 7,. Since «,, and «, belong to the same set in (c), representations 7,
are irreducible. Therefore 7., o, < z < a, is a continuous family of irreducible Hermitian
representations. Now (D) implies that m,, is unitarizable. Now m,, = (v** x v=%) x 7’
(we get 7’ from 7 by removing v** and v**). Using parabolic reduction we get that 7’ is
unitarizable.

In this way we have got a unitary representation with cardinality in (c) decreased for
two. Continuing this procedure, we can suppose that this cardinality is 0 or 1. Suppose
that it is 0. Then in the same way as above, where we have deformed «, to «, , we
can deform irreducibly B4 to 3; in 7 (it is deformation by irreducible representations
since between (; and ;1 there is no (1 — «;)’s), and get a representation 7”, which is
unitarizable by (D). Applying unitary parabolic reduction to 7", we would get that 1% x
v~9i is unitarizable. This is impossible since 3; > 1/2 (see 4.2). Therefore, cardinalities
in (c) are odd. Note that with odd cardinalities in (c), we have also obtained strict
inequalities between [3;’s.

Suppose that the cardinality in (b) is > 2. Let av,, o, (u # v) be in that set. Now we can
deform «, to o, in 7 (it is deformation by irreducible representations since «,, and «, both
belong to the set in (b)). Again using unitary parabolic reduction, we get a representation
which has the cardinality in (b) decreased for two. Continuing this procedure, we can
come to the case when this cardinality is 0 or 1. To finish the proof, we need to show that
this number is not 1.

Let the cardinality in (b) be 1. Then 1—qy, < ;. Further by our assumption 1—a; >
for all : < k —1. Let a <y < 1. Denote by m, the representation that we get if we
put v instead of v** in w. Applying Proposition 5,1 we shall check that 7, is irreducible.
Suppose y + a; = 1 for some ¢ < k — 1. Then 1 — a; < (31, which is impossible. Suppose
y+05; = 1 for some j. Then o < 1—f;, which implies 3; < 3; < 1—qy. This contradicts
to our assumption 1 —ay < B;. From this we conclude irreducibility of 7. Thus, we have
continuous family of irreducible Hermitian representations, which contains 7. So 7g, is
unitarizable. Now 75, & v/t x 1= x 7/ where 7’ is Hermitian. Using unitary parabolic
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reduction we conclude that v x v=5 is unitarizable. This is impossible since 5, > 1/2
(see 4.2).
This ends the proof of the exhaustion, and completes the proof of the theorem. [l
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SOME SMALL UNIPOTENT REPRESENTATIONS OF INDEFINITE
ORTHOGONAL GROUPS AND THE THETA CORRESPONDENCE

ANNEGRET PAUL AND PETER E. TRAPA

ABSTRACT. We locate a family of small unitary representations of the orthogonal groups
in the theta correspondence for the dual pairs (Sp(2n,R), O(p, q)), identifying them as
double stable range lifts of the trivial representation of O(n). We simultaneously study
the corresponding lifts of the determinant character, and show that the two lifts are
irreducible constituents of unipotent derived functor modules on the “edge” of the weakly
fair range.

1. INTRODUCTION

Consider a sequence of reductive dual pairs (G, Gs), (G2, G3), (G3,Gy), ..., (Gr, Gri1).
An old idea is that under suitable hypotheses one should obtain interesting small unitary
representations of G by beginning with interesting small unitary representations of G
and performing a sequence of iterated theta lifts. In particular, one could begin with
the simplest unitary representations of Gy, the one-dimensional ones. This framework of
iterated theta-lifting then provides a way to organize unitary representations of classical
groups. It is natural to ask to what extent theta lifting preserves finer invariants of
unitary representations. Questions of this sort have been studied by many authors. The
best results of this kind are due to Howe and Li ([19]) and characterize low-rank unitary
representations; see also Przebinda’s paper [26] for other successes. Our interest here
is somewhat more qualitative: suppose that 7 and 7’ are two closely related unitary
representations of Gy — for instance, suppose m and «’ differ by tensoring with a character
of G; — then how are their iterated lifts related? This is often very difficult to make
explicit. The purpose of this paper is to establish some results in this direction. The
virtue of their formulation is that they immediately suggest generalizations.

We work with the following sequence of pairs: (O(s, 0),Sp(2m,R)), (Sp(2m,R), O(2m, 1))
with s < m < r/2; these latter inequalities correspond to the stable range. Given a rep-
resentation 7 of O(s,0), we let 6*(7) denote the corresponding double lift to O(2m, 7).
(Because of the covers involved, this notation is imprecise but adequate for the introduc-
tion; more complete details are given in Section 2.2.) Let 1, and dets denote the trivial
and determinant representations of O(s,0). Our first result (Theorem 1.2) identifies the
double lift 6?(1,) as the special unipotent representation 7’ introduced by Knapp in [13]
and [14] and studied further in [29]. We remark that a study of all double lifts of compact
groups has recently been completed by Loke and Nishiyama-Zhu. We return to this below.

Before stating the theorem, we recall the definition of the representations of [14]. Let G
be the identity component SO.(2m, r) and assume m < r/2. Write g for the complexified
Lie algebra of G and 7 for the complexified Cartan involution. Let [ = [M} the rank

2 )
of g. Fix an integer s > 0 whose parity matches that of r. (This latter condition may

Both authors were partially supported by NSF grant DMS-0532088. The second author was also
partially supported by NSF grant DMS-0300106.
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be dropped if we pass to the nonlinear cover of GG, but since those groups do not arise in
the theta correspondence we impose the parity condition.) Consider a 7-stable parabolic
subalgebra q = [ @ u in g whose Levi factor corresponds to the subgroup

L =TU(m,0) x SO.(0,7) C G.

Let C,, be the one-dimensional representation of L which is the (—/ + 3)th power of the
determinant representation on the U(m,0) factor of L and trivial on the SO factor, and
consider the derived functor module

s = Aq(As)- (1.1)

Our notation follows that of [15]; in particular there is a p-shift involved in the infinitesimal
character. The definition is arranged so that m, is in the weakly fair range whenever
s > m+ 1, and it turns out (see [29]) that indeed 7, is irreducible whenever s > m. As
soon as s < m, s becomes reducible, however, and we let 7/, denote the unique irreducible
constituent of m, whose lowest K-type matches the lowest K-type of m,; see Sections 2.6
and 2.7 for more precise details. (This construction is an algebraic version of the kinds
of analytic continuations first considered by Wallach in [36] and later taken up by other
authors, e.g. [5], [8].) Knapp proves that whenever 0 < 51 < s, < m, 7, is a unitary
representation whose Gelfand-Kirillov dimension is strictly less than that of 7 . Thus for
s > m, the representation 7, is a unitary cohomologically induced representation of the
form A4(A). But for s < m, 7l is an interesting small unitary representation that is not
obviously cohomologically induced. These latter representations arise very naturally in
the theta correspondence. (A minor complication is that 7’ is defined as a representation
of the identity component of O(2m,r) while it is representations of the full orthogonal
group that arise in the correspondence.)

Theorem 1.2. Fiz integers s < m < r/2 so that the parity of r matches that of s. When
restricted to the identity component SO.(2m,r), the iterated lift of the trivial representa-
tion of O(s,0) to Sp(2m,R) to O(2m,r) contains the representation 7', as a summand.

Because of some innocuous choices involved in defining the theta correspondence, The-
orem 1.2 (and Proposition 1.3 below) are stated slightly imprecisely. See Section 2.2 and
the statement of Theorem 2.1 (and Proposition 2.2).

As we mentioned above, Loke and Nishiyama-Zhu have also recently studied double
lifts of representations of a compact group [20], [22], [23]. For instance, they give explicit
formulas for the restriction of such double lifts to a maximal compact subgroup, say
K. Since such formulas are also available for Knapp’s representations [29], Theorem 1.2
may be proved by combining [20], [23], and [29]. But our interest here is somewhat
different: we seek to identify certain double lifts as special unipotent representations and
interpret them in terms of cohomological induction. The virtue of this formulation is
that our results suggest generalization beyond double lifts from compact groups. Since
it is difficult to recognize singular derived functor modules from their K-spectrums, we
develop an alternative route to Theorem 1.2 based on the uniqueness statement given in
Proposition 4.1. That approach makes the relationship between the double lifts 6%(1,)
and 6?(det,) more transparent. In particular, it is closely connected to determining their
Langlands parameters (which we do in Section 5).

We now discuss in more detail how the double lift #%(det,) is related to #%(1,). As we
explain in Section 4, this matter is eventually reduced (in the notation of Theorem 1.2) to
the case of s =m and r = 2m (or r = 2m + 1). In this case, 7, = T, and 7,5 = Tpio;
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that is, the full cohomologically induced representations 7, and ,,, 5 are both irreducible.
In fact, m,, and 7,2 “straddle” the edge of the weakly fair range in the sense that 7
for £ > m + 1 is in the weakly fair range, but m,, is not. Moreover, 7,, and 7, o are
even more closely related in that they have the same infinitesimal character, annihilator,
and associated variety. (They are both special unipotent representations attached to the
same dual nilpotent orbit.) We have:

Proposition 1.3. Fiz an integer m > 0 and let r = 2m if m is even and r =2m+1 if m
is odd. When restricted to SO.(2m,r), the iterated lift of the determinant representation
of O(m,0) to Sp(2m,R) to O(2m,r) contains the representation m, . ,. (Thus the rep-
resentations 0*(1,,) and 6*(det,,) straddle the edge of the weakly fair range in the sense
described above.)

As mentioned above, a general (but slightly more technical) statement analogous to
Proposition 1.3 for s # m is given in Proposition 4.6. In more detail, we understand the
relationship between 6%(1,) and 6?(det,) by inducing them up to well-understood special
unipotent representations of a larger group. (The technique of understanding unipotent
representations of a smaller group in terms of those of a larger one is an old idea; for
instance, it is one of the main tools in the inductive description of the results of [3].) In
the end, loosely speaking, one may say that for all s, #%(1,) and 6*(det,) again straddle
the edge of the weakly fair range.

Acknowledgments. We thank Tony Knapp for several helpful correspondences.

2. EXPLICIT DETAILS CONCERNING 7

In this section, we introduce some auxiliary notation and recall some properties of the
representation 7, defined in the introduction.

2.1. General notation. Throughout G will denote a reductive Lie group with Lie alge-
bra g, and complexification g. We let G¢ denote the connected complex adjoint group
associated to g. Recall that G¢ acts on the nilpotent cone in g with finitely many orbits;
we let N denote the set of these orbits. We fix a Cartan subalgebra b of g and let W
denote the Weyl group of h in g. We let g¥ denote the complex dual Lie algebra; with b
fixed, gV comes equipped with a Cartan subalgebra " which is canonically isomorphic to
b*, the linear dual of h. We let NV denote orbits of G¢: (the connected complex adjoint
group defined by g¥) on the nilpotent cone in g".

Let K denote the maximal compact subgroup of G and write g = €®p for the complex-
ified Cartan decomposition. Write K¢ for the complexification of K. Then K¢ acts with
finitely many orbits on the set of nilpotent elements in p. We denote this set of orbits

by N,.

2.2. Notation for the theta correspondence. Suppose (G,G’) is a reductive dual
pair in Sp(2n,R). Let Mp(2n,R) denote the connected double cover of Sp(2n,R). Let G
and G’ denote the preimages of G and G’ in Mp(2n,R). Let Irrgen(é) denote the set of
equivalence classes of irreducible Harish-Chandra modules for G that do not factor to G
and adopt similar notation for Irrgen(é’ ). The theta correspondence is a map

0 : ITgen (G) — Irren (G') U {0};
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here if 7 € Irrge, (G) does not occur in the correspondence we write 6(7) = 0. The map 6
depends on a choice of oscillator for Mp(2n, R).

It is often desirable to work directly with Harish-Chandra modules for G rather than
genuine representations of G. This is possible only if the cover G splits. In that case,
there exist genuine characters of G. Fix one such 1. Then tensoring with n provides a
bijection between Irrgen(é) and Irr(G).

We introduce some further notation in one special case. For s < m < r/2, consider

the dual pairs (O(s,0),Sp(2m,R)) and (Sp(2m,R),O(2m,r)). The covers O(s,0) and
O(2m, r) both split, so fix genuine characters n; and 7, of them. Write

01 1 Irrgen(O(s,0)) — Irrgen (Sp(2m, R)),

and

Oy 1 Irrgen(Sp(2m, R)) — Irrgen (O(2m, 7).
(The conditions that s < m < r/2, i.e. that each pair is in the stable range, dictates that
all lifts are nonzero.) Consider the following composition

Irr(O(s,0)) — Irrgen(O(s, 0)) — IrTen (Sp(2m, R)) — Irryen (O(2m, 7)) — Irr(O(2m, 1))
defined by
X—X@m —h(X@m)— 02001(X @) — b2 [01(X @m)] @ .

We denote this composition by 2. It depends on choices of 1, 72, and of the oscillators
defining 6; and ;. We make the standard choices, i. e., those used, e. g., in [21], [1], [24],
and the references found in these papers. For n; this means that it is the unique character
of O(s,0) which occurs in the correspondence for every dual pair (O(s,0), Sp(2k,R)) (for

which O(s, 0) has the same cover 6(3, 0)). The possible choices for 7, differ by a character
of O(2m,r); this choice does not affect the restriction of a representation to the identity
component SO.(2m, r).

With these choices in mind, we now restate Theorem 1.2 and Proposition 1.3 from the
introduction.

Theorem 2.1. Retain the notation introduced above. Fix integers s < m < 1/2 so that
the parity of v matches that of s. Then 6%(1,) restricted to SO.(2m,r) contains 7., as a
summand.

Proposition 2.2. Retain the notation introduced above. Fiz an integer m > 0 and let
r=2m if mis even and r = 2m + 1 if m is odd. Then 6*(det,,) restricted to SO.(2m,r)
contains 7, o as a summand.

2.3. Primitive ideals: generalities. A two-sided ideal in the enveloping algebra U(g)
is called primitive if it is the annihilator of a simple U(g) module. Since each such simple
module has an infinitesimal character, i.e. is annihilated by a unique codimension-one ideal
in the center Z(g), it is clear that each primitive ideal also contains a unique codimension-
one ideal in Z(g). Such ideals are parametrized (via the Harish-Chandra isomorphism)
by W orbits on h*. Let Prim(g) denote the set of primitive ideals in U(g) and Prim, (g)
those with infinitesimal character x € h*/WW. Duflo proved that Prim, (g) is finite and (in
the inclusion partial order) contains a unique maximal element Jpax(X)-

The associated variety AV (I) of I € Prim(g) is defined as follows. The ideal I inherits
a grading from the obvious grading on U(g). The associated graded gr([) is a two-sided
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ideal in gr(U(g)) = S(g). Thus gr(I) cuts out a subvariety, denoted AV(I), of g* ~ g.
According to a well-known result of Borho-Brylinski, AV (7) is the closure of a unique
element of \V.

2.4. Special unipotent representations. Given an orbit @V in 'V, we may construct
a Jacobson-Morozov triple {e¥,hY, f¥} with ¢V € OV and h" € hY. We define x(0OY) =
%hv € h¥Y ~ h. Different choices in this construction lead to at most a Weyl group
translate of x(OV). Hence x(OV) is a well-defined element of h*/W and thus defines an
infinitesimal character. We write Jya(OY) for the maximal ideal Jyax(x(OY)). Recall
the Spaltenstein duality map

d : N — NV,
as treated in the appendix to [2]. According to [2, Corollary A3,

AV (Jpax (OY) = d(OV).
A Harish-Chandra module X for G is called integral special unipotent if there exists an
orbit OV such that x(OY) is integral and Ann(X) = Jn.(OY) (with notation as in
Section 2.3).

2.5. A family of nilpotent orbits. Suppose g = s0(2/,C). (In applications below we
will take 2/ = 2m+r.) Then N is parametrized by partitions of 2/ in which each even part
occurs with even multiplicity. (In the case where all even parts have even multiplicity,
there is an additional complication; it does not arise for us, however, and we ignore it.)
Fix s even so that 2s < 2m < 1. We let O(s) denote the orbit parametrized as follows:

O(s) = 3522m~2s12-4mts —if (] 5) # (2m, 0) (2.3)
O(s) = 2227214 if (I,5) = (2m, 0); (2.4)

Next suppose g = s0(20 + 1,C). (In applications below we will take 2/ + 1 = 2m +r.)
Then N is again parametrized by partitions of 2/ + 1 in which each even part occurs
with even multiplicity. Fix s odd so that 2s < 2m < [. We let O(s) denote the orbit
parametrized as follows:

O(S) — 3522m—2512l—4m+5+1' (25)

2.6. Explicit details of the representation 7.: even orthogonal groups. Fix inte-
gers s, m, and [ such that s is even, m < [/2, and 0 < s < m. Recall the definition of
given in the introduction. In the notation of Sections 2.4 and 2.5, set OY(s) = d(O(s)).
The main result [29, Theorem 1.1] shows that 7/, is special unipotent attached to OV(s).
More precisely,

Ann(7!) = Jmax(0Y(s)) and AV (7)) = O(s); (2.6)

here we are using the notation of Section 2.3.
We recall the infinitesimal character v4 of 7. In the usual coordinates we have,

l—m T
VS:X(OV(S)):(6,1,...,l—m—f, g—m , %—m—Fl . %—1’). (2.7)

(The use of v, to represent both an infinitesimal character and a particular representative
causes no confusion in practice.) Notice vy is integral since s is even.
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Finally we recall the lowest K-type of 7.. Retain the notation of the introduction

S
and, in particular, let A, denote the differential of the character det "2 @ 1 of Lg. Our
hypotheses guarantee that

Ay =X +2p(unp)=(—2m+%,...,1—2m+2;0,...,0) (2.8)

is dominant, and hence parametrizes (cf. Section 2.9) the lowest K-type in 7,. Therefore,
by definition, A, is the lowest K-type of 7

2.7. Explicit details of the representation 7.: odd orthogonal groups. Fix in-
tegers s, m, and [ such that s is odd, m < /2, and 0 < s < m. In the notation of
Section 2.5 and 2.4, set OV(s) = d(O(s)). Again [29, Theorem 1.1] shows that «’ is
special unipotent attached to O(s), and the conclusions of Equation (2.6) again hold. We
recall the infinitesimal character v, of 7. In the usual coordinates we have,

Notice vy is integral since s is odd.
Finally we recall the lowest K-type of w5 and 7. It is parametrized (cf. Section 2.9) by

1 1
As:)\s+2p(uﬂp):(l—2m+1+§(s—1),...,[—2m+1+§(s—1);0,...,0). (2.10)

2.8. Two auxiliary representations. The discussion in Sections 2.6 and 2.7 made use
of the fact that m < [/2. We now relax that condition and assume only that m < [.
The definition 7y of Equation (1.1) still makes sense. The module 7y is in the weakly
fair range if and only if s > m + 1. Now take s = m or m + 2 and assume m has
the same parity as I. So 7, and 7,2 “straddle” the weakly fair range as discussed in
the introduction. It is easy to check that they have the same infinitesimal character and
associated variety. In fact, the methods of [29] show that 7, and 7, 9 are both irreducible
and special unipotent attached to OY(m) where OY(m) = d(O(m)) and O(m) is defined
by the explicit partitions given in Section 2.5 (which still make sense even though m is
now only assumed to be weakly less than [). Notice also that the equations defining A,,
and A, 4o in (2.8) and (2.10) still give a dominant K-type.

2.9. Representations of O(p,q) and SO.(p,q), and K-types. If p and ¢ are positive
p g9

integers, let py = [5] and ¢ = [4]. We list the irreducible representations of O(p) by
parameters p = (po;€), where pg = (a1, as,...,a,,) with the a; non-increasing non-
negative integers, and € = +1, as described in §2.2 of [24]. The O(n)-type parametrized by
(10; —€) is obtained from that given by (po; €) by tensoring with the determinant character,
and the parameters (uo; €) and (uo; —e) correspond to the same representations of O(p) if
and only if p is even and a,, > 0. In this case, the restriction to SO(p) is the sum of two
representations with highest weights po and (a1, as, ..., apy—1, —ap, ), respectively. In all
other cases, the restriction to SO(p) is irreducible and has highest weight po. A K-type
for O(p, q) can be specified by a parameter of the form (a1, as, ..., ap;€) @ (b1, ..., by:n)
with the a; and b; non-decreasing non-negative integers, and €¢,7 = +1. In many cases in
this paper, the signs (¢,7) may be chosen to be (+1,+1); in that case we will often omit
them and simply write the K-type by giving its highest weight (a1, as, ..., ap; b1, ..., by,).

The irreducible admissible representations of O(p,q) may be obtained by induction
from irreducible admissible representations of the identity component SO.(p,q); since
SO.(p, q) has index four in O(p, q), the resulting induced representation can have one,

two, or four irreducible summands, resulting in four, two, or one non-equivalent irreducible
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admissible representations of O(p, q) containing a given representation of SO.(p,q) as a
summand in its restriction. (Two such representations differ by tensoring with one of
the one-dimensional representations of O(p,q); see §3.2 of [24] for more details.) For
our representations 7, we are typically in the intermediate situation: there are two non-
equivalent representations of O(2m,r) (distinguished by signs as indicated in §5), each
having two summands when restricted to the identity component, one of which is 7. The
second summand is a representation of SO.(2m, ) whose lowest K-type is obtained from
A by changing the sign of the mth entry. Only one of the two representations of O(2m, r)
occurs as a stable range theta lift.

3. THE CORRESPONDENCE AND K-TYPES

We start by recalling the correspondence of K-types in the space of joint harmonics
H for the dual pairs (Sp(2n, R), O(p, q)) [10]. We identify K-types for Sp(2n,R) (i. e.,
irreducible representations of INJ(n)) with their highest weights, and K-types for O(p,q)
as described in §2.9. Recall that each K-type i which occurs in the Fock space F of the
oscillator representation has associated to it a degree (the minimum degree of polynomials
in the p-isotypic subspace), and that if 7 and 7" are representations of G and G’ , respec-
tively, which correspond to each other, then each K-type for G which is of minimal degree
in 7 will occur in H and correspond to a K-type for G’ of minimal degree in 7’. Since
for a given choice of n, Sp(2n,R) is a member of many dual pairs, we refer to the degree
of a K-type o for §f)(2n,]R) for the dual pair (Sp(Zn,R), O(p, q)) as the (p, q)-degree of
0. As we will see below in Proposition 3.1, the degree of a K-type for Sp(2n,R) depends
on the difference p — g only, and the degree of a K-type for O(p, ¢) is independent of n.
However, it depends not only on the highest weight but also on the signs. Consequently,
two K-types with the same highest weight but different signs may have different degrees.

Proposition 3.1. Let p, q, and n be non-negative integers, py = [5], and qo = [Z].

The correspondence of K-types in the space of joint harmonics H for the dual pair
(Sp(2n,R), O(p, q)) s given as follows.
(1) Let
p=(ar,as,...,a;,0,...,0;€) ® (by,ba,...,0,,0,...,0;m) (3.2)
be a K-type for O(p,q), with a, > 0 and b, > 0. Then p occurs in H if and only
ifn>x+ %(p —2z) + 1;—’7(61 —2y) +y. In that case, i corresponds to

(B2, 24, B + (ag, ...y aq, 1,000, 1,0,...,0,=1,..., =1, =b,,...,—b1).  (3.3)
3¢ (p—2x) 5% (g—2y)
(2) If a K-type p for O(p,q) as in (3.2) occurs in the Fock space, then the degree of
1S
= Y 1—ce€ 1—mn
. b + —(p— 22) + —L (g — 2). 3.4
;a+; + 5= —22) + ——(¢-2y) (3.4)

For a K-type for §1;(2n,R) & which occurs in F, write
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§:(%,%,...,%)+(a1,a2,...,an). (3.5)
Then the (p, q)-degree of € is >, |as|.

Proof. This is well known and follows easily from the results of [16] and [10]. O

In many cases it turns out that the lowest K-type of a representation which occurs in
the correspondence turns out to have minimal degree in the above sense. This is true in
particular for a representation of the member of the dual pair which has greater rank.

Proposition 3.6. Let p, ¢, and n be non-negative integers, and suppose T and 7' are

genuine irreducible admissible representations of Sp(2n R) and O(p, q) which correspond
to each other in the correspondence for the dual pair (Sp(Zn,]R), O(p, q))
(1) If p+q < 2n+ 1 then every lowest K-type of w is of minimal (p, q)-degree in 7.
(2) Let 2n + 1 < p+ q, and let Ay be the highest weight of a lowest K-type of w'.
Then there exists a lowest K-type A of " with highest weight Ay such that A is of
minimal degree in 7.

Proof. For the case p+q even this is Corollary 37 of [24]. If p+¢ = 2n+1 this follows from
Corollary 5.2 of [1]. (In fact, here all lowest K-types of 7" are of minimal degree in 7’.) If
p+qisoddand p+q < 2n+1let k= 3(2n+1—p—gq) so that (p+k)+ (¢+k) = 2n+1.
We know by the persistence principle (due to Kudla; this also follows from the induction
principle, Theorem 8.4 of [1]) that 7 occurs in the correspondence for the dual pair
(Sp(?n, R),O(p+k,q+ k)), so that the lowest K-types of 7 are of minimal (p+k, ¢+ k)-
degree. Since the (p,q)-degree and the (p + k, ¢ + k)-degree of a K-type for Sp(2n,R)
coincide, the lowest K-types of m are of minimal degree for the original dual pair. The
case p+ q > 2n + 1 is analogous. [l

Now we compute lowest K-types for our double stable range lifts; they turn out to
be unique up to signs. (The conclusion of Proposition 3.7 may be extracted from the
techniques and results of [22] or [20]. We give an alternative approach.)

Proposition 3.7. Let p, q, m, and v be non-negative integers such that p+q <m < %
Let x be either the trivial or determinant representation of O(p, q). Recall from Section 2.2
the maps

0 1rr(O(p, q)) — Irrgen (Sp(2m, R))
and .
0" : Irrgen(Sp(2m,R)) — Irr(O(2m, 1)),
and set m = 0(x) and 7’ = 6'(r).
(1) If x = 1 then the K-types of m are precisely those of the form

(p;q,...,p;q) + (a1, az, .., 0,0, ..., 0,—by, ..., —by), (3.8)

where a; and b; are non-negative even integers for all i, and each K-type occurs
with multiplicity one.
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(2) If x =1, leta = p_Qﬂ —m. Then 7" has a lowest K-type A, unique up to signs,

given by
( (a,a,...,a,0,...,0;0,...,0) if a > 0 and even;
——
q
(a,a,...,a,1,...,1;0,...,0) if a >0 and odd;
———
A= ! 3.9
0,...,0;—a,...,—a,0,...,0) if a <0 and even; (3.9)
—_———
m—p
0,...,0;—a,...,—a,1,...,1,0,...,0) if a < 0 and odd.
—_— e ——
L m—p P

(3) If x = det then the K-types of ™ are precisely those of the form (3.8) with a; and
b; positive odd integers for all i, and each K -type occurs with multiplicity one.
(4) If x = det, let a = Z%” —m. Then @ has a lowest K-type A, unique up to signs,

given by
((1,...,1,0,...,0;1,...,1,0,...,0) ifa=0;
—— ——
P q
(a+1,...,a+1,a,...,a,0,...,0;0,...,0) if a >0 and odd,
. ~~ - W—/
p q
(a+1,...,a+1,a,...,a,1,...,1;0,...,0) if a > 0 and even;
A= ~ ~ v ——
p q
0,...,0;—a+1,...,—a+1,—a,...,—a,0,...,0) if a < 0 and odd;
b m—p—q
0,...,0;—a+1,...,—a+1,—-a,...,—a,1,...,1,0,...,0) if a < 0 and even.
~ ~~ 7 N\ ~~ 7 N——
4 q m—p—q p

(3.10)

Proof. The first part of the proposition is Proposition 2.1, together with Corollary 2.7(c),
of [17]. For (2), let

o= (54, B + (a1, a9,...,a5,0,...,0,=bg, ..., —by), (3.11)
be a K-type of m. Then

o= (2" )+ (atan,. .., atap,a,. . a,a— by, .. a = by), (3.12)
and the (2m, r)-degree of o is

p q
d=) la+al+) la—by|+(m—p-qal (3.13)
i=1 i=1
Suppose a is even. Then the degree of ¢ is minimized if a; = 0 and b; = a for all ¢ if
a > 0, and by choosing a; = —a and b; = 0 for all ¢ if a is negative. So 7 has a unique

K-type oy of minimal (2m, r)-degree. The K-type A corresponding to oy in the space of
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joint harmonics for the dual pair (Sp(?m, R), O(2m, r)) (see Proposition 3.1) must then
be a lowest K-type of 7/, unique up to signs, by Proposition 3.6.

If a is odd then 7 has more than one K-type of minimal (2m,r)-degree: for a < 0
choose b; = 0 for all 4, and a; = —a+ 1 or —a — 1 in such a way that the resulting weight
is dominant. The corresponding K-types for O(2m,r) are then those of the form

Ape=(1,...,1,0,...,0;—a,...,—a,1,...,1,0,...,0) (3.14)
k m—p t

with k 4+t = p. By Proposition 3.6, the lowest K-types of " are precisely those Ay, for
which the Vogan-norm ([33] Definition 5.4.18) of Ay,

Akl =< Arg + 2pc, Age + 200 > (3.15)

is minimal. Since the quantity < A, Ay > only depends on k +¢ = p, we can minimize
the quantity ng, = %(||Akt||— < 200, 2pc > — < Mgy, Aiy >) instead. If n = [Z] then
20.=02m—2,2m—4,...,2,0;r —2,r—4,...,r —2n). So

k m—p t
Mgt = Z(Qm —2i) + Z(—a)(r —2i) + Z(r —2m + 2p — 2i7). (3.16)
i=1 i=1 i=1
The second sum is independent of k and ¢, and it is clear that nj;; will be minimized
by k=p, t=0it2m <r—2m+42p,and by k =0, ¢t =pif 2m > r —2m + 2p. It
remains to show that we must have 4m > r 4+ 2p. We know that a = ’%ﬂ —m < 0, so
p—q+r < 2m, Moreover, we have assumed that p+q < m, so we get 2p+1r < 3m < 4m,
and we are done with this case. The case a > 0 is much easier and left to the reader.
Part (3) is Proposition 2.4 of [18], together with Proposition 2.1 of [11], and part (4)
can be easily obtained using (3) and an argument similar to the one used for the case
x = 1. We omit the details.
O

We conclude by introducing some additional notation. Fix integers s < m < r/2 so
that the parities of s and r match. Recall the double lift #? of Section 2.2 and assume
that the choices made defining #% match those in Proposition 3.7. Consider the set of
highest weights of lowest K-types of the restriction of §(1,) to SO.(2m, 7). In terms of
the parametrization of Section 2.9, this set contains a unique highest weight (possibly
occurring with multiplicity greater than one) whose coordinates are all nonnegative. Call
the corresponding lowest K-type “positive”. Then set

As = the K-type that occurs as a “positive” lowest K-type in the (3.17)
restriction of 62(1,) to SO.(2m, r)

and

N, = the K-type that occurs as a “positive” lowest K-type in the (3.18)
restriction of 62(det,) to SO.(2m,r).

Explicit formulas for them are given in Proposition 3.7. Notice that Ay has already been
defined in Sections 2.6 and 2.7. Using Proposition 3.7, it is easy to check that the two
definitions coincide.
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4. CHARACTERIZING CERTAIN UNIPOTENT REPRESENTATIONS BY THEIR LOWEST K
TYPES: PROOF OF THEOREM 1.2 AND PROPOSITION 1.3

As alluded to in the introduction, the following is the key uniqueness result we need. It
allows us to identify our special unipotent representations of interest by simply computing
their associated varieties, infinitesimal characters, and lowest K-types.

Proposition 4.1. Recall the notation of Sections 2.6 and 2.7, as well as that of Equa-
tions (3.17) and (3.18). There is a unique special unipotent representation of SO.(2m,r)
attached to OV(s) with lowest K-type As. Similarly if s # 0 there is a unique special
unipotent representation attached to OV (s) with lowest K-type AL.

Remark 4.2. The proof is rather technical, and we defer it to Section 5. Recall (from
the discussion in Section 2.4 for instance) that a representation is a special unipotent
representation if it has the right infinitesimal character and size. So the proposition
roughly says that the infinitesimal character, size, and lowest K-types characterize certain
representations uniquely. For many of the representations appearing in the proposition,
the infinitesimal character and lowest K-types are enough to guarantee unicity; but there
are some for which this is not enough and the further consideration of size must also be
invoked.

As we shall see, the proof also extends to another case which will be important for
us. Retain the relaxed setting of Section 2.8. Then m,, is the unique special unipotent
representation attached to OY(m) with lowest K-type A,,. Likewise 7, o is the unique
special unipotent representation attached to OY(m) with lowest K type A, 2. ([l

The next proposition says that the iterated lifts 62(1,) and 6?(det,) from O(s,0) to
Sp(2m, R) to O(2m,r) contain the unique representations of Proposition 4.1.

Proposition 4.3. Fiz integers s < m < r/2 so that the parity of s coincides with that of r.
The double lift 6*(1,) of the trivial representation lifted from O(s) to Sp(2m,R) and then
to O(2m, r) restricted to SO.(2m,r) contains the unique special unipotent representation
of SO.(2m, ) attached to OV (s) with lowest K-type Ny. Similarly if s # 0 the restriction
of the double lift 6*(det,) of the determinant representation contains the unique special
unipotent representation of SO.(2m,r) attached to OV(s) with lowest K -type A..

Proof. That Ay and A/ are the indicated lowest K-types follows from the definitions of
Equations (3.17) and (3.18). So all that remains to show is that the two double lifts are
special unipotent attached to OV(s). Using the correspondence of infinitesimal characters
([27]), it is easy to check that the two double lifts have the required infinitesimal character
vs given in Sections 2.6 and 2.7. Hence it remains to verify only that the dense orbit (say
O;) in the associated variety of the annihilator of the double lifts is indeed O(s). Since
there are no representations with infinitesimal character v, with smaller associated variety
(as follows from the general theory of special unipotent representations), it enough to show
that that Oy C O(s). Now the paper [26] gives an explicit upper bound on Oy in terms of
certain moment map images. That upper bound can be computed explicitly and shown
to coincide with O(s). (Computations of this sort are explained very carefully in [31].)
The proof is complete. 0

The main results of the introduction are now simple corollaries.
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Proof of Theorem 1.2. As explained in Sections 2.6 and 2.7, [29] shows that 7} is
special unipotent attached to O(s) with lowest K-type A;. So the theorem follows from
Propositions 4.1 and 4.3.

Proof of Proposition 1.3. In the setting of Proposition 1.3, [29] shows that m,, and 7,12
are special unipotent representations attached to OY(m) with respective lowest K-types
A,, and A/ . So the current proposition follows from Propositions 4.1 and 4.3. O

We now explain how to extend Proposition 1.3 to a more general setting. The idea, as
mentioned in the introduction, is to induce 6%(1,) and 6?(det,) to special unipotent rep-
resentations of a larger group G’ that we can quickly recognize in terms of cohomological
induction. The subtlety is to arrange the induction so that we indeed obtain (nonzero)
special unipotent representations of GG'. Here are the details.

Again fix integers s < m < r/2 so that the parity of s matches that of . Consider the
restrictions to SO.(2m, ), say 0%(1,) and 6%(det,), of the double lifts 6%(1,) and 6?(det,)
which contain the respective lowest K-types Ag and Al. Let G’ = SO.(4m — 2s,7) and
maintain the notation of Section 2.1 with the addition of primes as appropriate. Let
q = I ® 1 be a 7’-stable parabolic of g’ so that I' N [' corresponds to

L'=U(m —s,0) x SO.(2m,r).

Suppose that 1 corresponds to a choice of positive roots so that the roots corresponding
to the U(m — s, 0) factor appear before those in the SO factor. Consider the (I', L' N K”)
module

det” ® 62(1,),
where

k=—1+[s/2],
and [s/2] is the greatest integer less than s/2. One may verify that det” ® 2(1,) is in the

weakly fair range for q ([15, Definition 0.35]). Let S be the middle degree dim(u' N ¥),
and finally consider the derived functor module

'y = Ry (det” ® 62(1,)). (4.4)

Again we follow the normalization of [15] (and the notation of [33]) so that there is a p-
shift in the infinitesimal character of I'y. Using the explicit formula for the lowest K-type
A of 02(1,) given above, it is simple to check that the highest weight of the lowest K-type
of det® ® 02(1,) shifted by 2p(w’ Np’) is still dominant and hence parametrizes the lowest
K-type of I'y (which, in particular, is thus nonzero). It seems likely that the methods of
[35] could be applied to show that I'; is irreducible. To be on the safe side, let I} denote
the lowest K-type constituent of I';. Similarly put

Taer = Ry (det” @ 62(det,)), (4.5)

and let I, denote its lowest K-type constituent. (Again it is likely that I}, = I'qet.)

The following generalization of Proposition 1.3 states that the modules I'} and I'
induced from the double lifts of the trivial and determinant representation are special
unipotent A,(A) modules that straddle the weakly fair range.

Proposition 4.6. Fiz integers s < m < r/2 so that the parity of r matches that of s.
Set G = SO (4m — 2s,r). Consider the representations I'y and T',,, of G' defined around
Equations (4.4) and (4.5) above as cohomologically induced from the iterated lifts of the
trivial and determinant representation of O(s,0) to Sp(2m,R) to O(2m,r). Next recall
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the special unipotent representations Tym—2s and Tym 2512 of G' attached to OV (4m — 2s)
discussed in Section 2.8. (These are cohomologically induced modules that straddle the
edge of weakly fair range.) Then

/
Fl = T4m—2s;
and
/
Fdet = T4m—2s+2-

In particular, when s = m we recover Proposition 1.5.

Proof. We first show Iy = 7m4n—2s. In the discussion around the definition of I'},
we mentioned that its lowest K-type is the lowest K-type of det” @ #2(1,) shifted by
2p(w' Np'). Tt is easy to check that it matches the lowest K-type Aym_os Of Tam_os
described explicitly in Equation (2.8). As mentioned in Section 2.8, 74, 2 is special
unipotent attached to OY(4m — 2s). By the unicity discussed in Remark 4.2, it remains
only to show that I'} is special unipotent attached to OV (4m —2s). It’s easy to check that
the infinitesimal character of I’} matches that attached to OY(4m —2s). So, just as in the
proof of Proposition 1.3, it suffices to check that the dense orbit in the associated variety
of the annihilator of I}, say O, matches O(4m — 2s). Using the main results of [30], it
is not difficult in fact to compute the associated variety of [} given the computation of
the associated variety of 6#2(1,), which is known by combining Theorem 1.2 (identifying
62(1,) as a Knapp representation) and [29] (computing the associated variety of Knapp
representations). One finds that indeed the associated variety of I'} is a component of
ONyp'. Soindeed O = O(4m — 2s). Thus I'} = Tyy—as.

The proof that I'}, = T4m—2s+2 follows in nearly the identical way. (A mild complication
is that we have yet to compute the associated variety of 6?(det,). It coincides with that
of 6?(1,), but we omit the details of that calculation here.) O

5. LANGLANDS PARAMETERS AND THE PROOF OF PROPOSITION 4.1

In this section we prove Proposition 4.1. The Langlands parameters of the double lifts
62(1,) and 6?(det,) are given in Theorem 5.33.

We start by defining representations my and mge; of O(2m,r) which will turn out to be
the double theta lifts of the trivial and determinant representations of O(s, 0), respectively,
by giving their Langlands parameters.

We use the notation established in [24]; following Vogan’s version of the Langlands Clas-
sification [34], a set of Langlands parameters of an irreducible admissible representation
of O(p, q) consists of a Levi subgroup M A = O(p—2t—k, q—2t—k) x GL(2, R)! x GL(1,R)*
of O(p, ¢) and data (A, U, i, v, €, k) with (A, ¥) the Harish-Chandra parameter and system
of positive roots determining a limit of discrete series p of O(p —2t —k,q—2t — k), u € Z*
and v € C" determining a relative limit of discrete series 7 of GL(2,R)*, and the pair (e, x)
with € € {£1}* and k € C* determining a character x of GL(1,R)*. (The group M A is
of course implied by the other data.) The representation m = w(A, W, i, v, €, k) is then an
irreducible quotient of an induced representation Ind%(ﬁ’;if)(p@T ®@x®1), with P = MAN
chosen such that certain positivity conditions are satisfied. Since O(p, q) is disconnected,
there may be more than one such irreducible quotient which can be distinguished by signs
(see §3.2 of [24]). Here, we will always mean the representation with all signs positive, so
we omit them.

115



Let m, r, and s be integers as before, i. e., m > 1, r > 2m, 0 < s < m, and
s = r(mod2). We define my to be the representation of O(2m,r) with the following
Langlands parameters:

[

(1) If » = 2m and s = 0 then my is the spherical representation with MA =
GL(1,R)?>™, given by my = 7(0,0,0,0,¢ %), where ¢ = (1,...,1) and K = 1.
(Here vy is the infinitesimal character of 7(, as in (2.7).)

(2) If r > 2m + s let my = w(A\g, ¥, w, ,0,0) with MA = O(0,r — 2m) x GL(2,R)™,

31
)\d:<%—m—1,g—m—2,...,1,0> or Ad:(g—m—1,g—m—2,...,§,§)
(5.1)
depending on whether r is even or odd,
= r+s_m_1’r+3_m_1"”77’—|—3_m_1 7
2 2 2
(5.2)

] r— S r— S rT— S
= -1, — -3,..., — — 3, — — 1
v ( 5 +m o +m , - m + o, 5 m+),

and W is the positive root system (uniquely) determined by .
B)If r <2m+ s, and r > 2m or s > 0 (so that we are not in the first case) we
distinguish two cases, depending on the parity of 5> + m.
If I52 + m is even then my = m(Ag, ¥, i, v,0,0) with MA = O(m — 52, 552 —
m) x GL(2,R)T+%,

S S r+s mr+s m r+s m
N=|=—-1,=--2 - — = —-1 — 2,...,1,0
d (2 72 ) ) 4 2) 4 9 ) 4 9 ; 7a) or
e (515 g TEs _mords m o rds m_, 31
2 2 4 2 4 2 4 2 2
(5.3)
depending on whether r is even or odd,
W= T+S—m—l,m—m—l,...,r+s—m—1 ,
2 2 2
(5.4)
r—s r—s
= -1, — -3,...,3,1
14 ( 2 +m ) 2 +m ) ’7)7

and U is the positive root system (uniquely) determined by .
If 52 +m is odd then my = 7(Aq, ¥, i, ,0,0) with MA = O(m — 52+ 1,52 —

r—s m_1
2 2

m + 1) x GL(2,R)" ,
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depending on whether r is even or odd,

r+s r+s r+s
w= -m—-1,— —m-—-1,..., —-—m-—1]1,
2 2 2

7/:(T;S+m—1,g+m—3,...,4,2),

2

and W is chosen so that the corresponding limit of discrete series of O(m — 5= +
1,22 —m+ 1) is holomorphic.

Now assume s > 1. We define mge; to be the representation of O(2m,r) with the
following Langlands parameters:
(1) Ifr > 2m+ s+ 2 let mgey = (g, ¥, 1, ,0,0) with MA, Ny, and ¥ as in the
corresponding case for my,

r+s r+s r+s r+s
w= -m,..., -m,—— —m-—1,..., —m—1],
<\ 2 2 o2 2 ,)
s eIItrries m—sgltries
and
r+ 3s r+ 3s r—s (5.7)
V= —-—m— 2, -—m-—4,..., —m,
2 2 2
r—s+ 1r—s+ 5 r—s 941
5 m-1— m=3,...,— m + 2s .
(2) If r < 2m + s + 2, we once again distinguish two cases, depending on the parity
of =% +m.

If 552 +m is odd then maer = 7(Ag, ¥, 1, v,0,0) with MA = O(m—52 41,52 —

m+1) x GL(2,R) %"+ 2,

m
22 4 2 72 4 2 2 4 2 2
Ad_(if , rts m lrds m lrds m 3 §1)
272 4 2 2 4 2 27 4 2 27777272
(5.8)
depending on whether r is even or odd,
r+s r+s r+s r+ s
,u—(\2 —Mmy..., 5 —773,\2 -m—-1,..., 5 —m—lJ),
rds_m 1 entries m—s entries
u—(T+38—m—2,ﬂ—m—4,...,3,1, (5.9)
2
r—s r—s r—s
5 +m—1,?+m—3,...,T—m+23—|—1>,

and U is the positive root system (uniquely) determined by .
If 552 4+m is even then maey = m(Ag, ¥, 1, ,0,0) with MA = O(m—"52+2, 52—
m+2) x GL(2,R) "+ *2 71,
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)\d:(ss | ’T—FS_@'T—{—S_T 7“+8_@_17.”’170> or

272 T4 27 4 27 4 2
(5.10)
5 8 r+s mr+s mr+s m 31
)‘d: _7__17"'7 __;—__7—___]-7"'7_7_
2°2 4 27 4 2 4 2 2
depending on whether r is even or odd,
T+ S T+ S T+ S r+Ss
w= —my..., —m, -m-—1,..., -—m-—1],
_ 2 2 L 2 2 J
Twzﬁ — %t 1 entries m—s‘e:ltries
3 3 5.11
V:(r+ S—m— 77"+78_m_4"“74’27 ( )
2
T_S+m—1,¥+m—3,...,rgs—m+28+1),

and W is chosen so that the corresponding limit of discrete series of O(m — 52 +

2
1,52 —m+ 1) is holomorphic.

Recall the SO(2m) x SO(r)-types As; and A’ defined in (3.17) and (3.18). We use
the same notation (A and AL) for the unique O(2m) x O(r)-types with positive signs
containing Ay and A/ respectively in their restrictions to SO(2m) x SO(r).

Proposition 5.12. Letm, r, s, my and mae; be as above. Then my and waey both have infin-
itesimal character vy (see (2.7)), my has lowest K -type As, and maer has lowest K -type AL.

Proof. This amounts to a case-by-case calculation using the theory of [33] and [15] as
described in detail and explicitly in §3.2 of [24] for r even (the odd case is very similar). If
7 =m(A\a, ¥, u, v, €, k) with MA =2 O(2m—2t—k,r—2t—k) x GL(2, R)! x GL(1, R)*, write
p=[m—t—%], ¢ =["2E] Ny=(ar,...,ap;bi,....by), pp=(pa, ..., ), v =(n1,...,n4),
and kK = (Ky,...,Kg). Then the infinitesimal character of 7 is given by

M1+ Mo+ Ty i — Ny Hi — T
S Ty g Ty

Y= (al,...,ap,bl,...,bq,

(5.13)

To compute the lowest K-types of 7, one assigns to m the Vogan parameter \,, an

element of t* which is essentially the discrete part of the infinitesimal character, as follows:

the parameter )\, is the element of t* which is dominant with respect to a fixed positive
system of compact roots and conjugate by the compact Weyl group to

. ap B 0 0b, b 0, 0); (5.14)
2 2 —— 2 2 ———
mer 51—t
the lowest K-types are then of the form
Ao +punp)—plunt)+ o, (5.15)
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where q = [ @ u is the theta stable parabolic subalgebra of g determined by A,, p(uNp)
and p(u N €) are one half the sum of the positive noncompact and compact roots in u,
respectively, and dy, is the highest weight of a fine K-type for L, a subgroup of O(2m,r)
corresponding to [. The allowed choices for ¢, are determined by ¥ and € (see Proposition
10 of [24]).
We omit the detailed calculation, but illustrate using an example below.
O

Example 5.16. Let m = s = 2 and r = 6. Then 7y has Langlands parameters M A =
0(0,2) x GL(2,R)?, Ay = (0), p = (1,1), and v = (3, 1) (using either case (2) or (3)). So
Ao = (3,3 3,3,0). We have the infinitesimal character of 7y given by

1 N 31 N 11 31 1
2 2’2 2°2 22 2
which is Weyl group conjugate to v5. The lowest K-type is of the form

0) = (2,1,—-1,0,0), (5.17)

Ao +puNp) —p(unt) +d,

1111 1133
=|=,=;=,=,0 2,2,1,1,0)— (=, =52, =,0 0,0;0,0,0 5.18
<27272727 )+<7 [t ) ) (27272727 >+<7 [ ) ( )

=(2,2:0,0,0) = As.
For mqet we have MA = 0(2,4) x GL(2,R), Ay = (1;1,0), . = (2) and v = (2) (using
case (2)). So A\, = (1,1;1,1,0), and the infinitesimal character is
(1+1,1,1=1,1,0) = (2,1,0,1,0) ~ 1. (5.19)
The lowest K-type is
Ao +p(unp)—punt) + o

:(1,1;1,1,0)+(2,2;1,1,0)—(

DO W

11 11 1 1

= = 0 - =;—=,—=,0 2

272? Y )+<2727 27 27 ) (5 0)
=(3,3;0,0,0) = Al.

Here the fine K-type 05, is uniquely determined by W which is such that the resulting

limit of discrete series on O(2,4) is holomorphic.

We show below that in many cases, including most cases for 7y and the case s = m
for m4et, this representation is uniquely determined by its lowest K-type and infinitesimal
character. This then implies that the representation is indeed the double lift of the
appropriate character of O(0, s), and in the case of 7y, that it is the unique representation
(with positive signs) of O(2m,r) having the Knapp representation 7/ as a summand
in its restriction to the identity component SO.(2m,r). Moreover, 7’ is then uniquely
determined be its lowest K-type and infinitesimal character. In [13], Knapp conjectured
that this should typically be the case for the representations 7, and he gives a conjectural
method for determining the Langlands parameters, which Friedman [6] proves to yield the
correct parameters.
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Proposition 5.21. Let m, r, s, my and mae be as above.

(1) If TQi —m # 1 then my is the unique irreducible admissible representation of
O(2m,r) with infinitesimal character vs and lowest K -type As.

(2) If s = m then mae is the unique irreducible admissible representation of O(2m, )
with infinitesimal character vs and lowest K -type AL.

Proof. The spherical case 5* —m = 0 for 7y follows from the well-known fact that

any spherical representation of O(p,q) is determined by its infinitesimal character. For
w1 and the case zﬁ —m > 2 or Tqey With m = s, one computes the Vogan parameter A,
associated to A (or A}) (see §5.3 of [33]), which essentially determines the Levi factor
MA and the discrete part Ay, p of the parameters. Then one checks that there is only
one parameter v giving the given infinitesimal character, and the root system ¥ is then
determined by the given unique lowest K-type. We give some details of the argument for
7y and the case r < 2m + s with ’”2;5 +m and r = 2n even, and leave the remaining cases
to the reader.

We have

T+ S r—+Ss r—+Ss
A, = — _ = —m;0,... 22
S ( 2 m7 2 m? b 2 m)()? 70)7 (5 )

so if p. is one half the sum of the positive compact roots, then

As+2pcz<7ﬂ2j+m—2,$—|—m—4,...,r+2,r,r—2,1“—4,...,T;—S—m;
%,7‘25 % 7‘25
T_27T_47 . 7r+8_ ;T+S_m_2, ,270). (523)
X 2 "
%_’_7’23

We may choose p (so that Ag + 2p, is dominant) to be

7“+ 17"+ 5 3r—s+m
= =-+m-1,-+m-—-2,... —
p 2 72 ) ) 4 247
T
3r—2 m 3r—2 m r+2 m
——1,—+==-3,..., - —+1;
4 2 4 2 4 2 B
%_’_7‘25
3r—2 m 237“—2 m 4 r+2 m
4 2 o9 2 R | 2’
%+TZS

so that
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Mrzpemp=(3orfoz. TEEom It mo, TRy,
%“’Tf
%‘?Zs

\ <£_1£ o s morts m 1 r4s omo 1
«T\2T Tt Ty T Ty T Ty Ty T 9y
P
fzs_%_%, ,TZS_%_%,¥—%—1,%—%—2,...,1,0). (5.26)
moge

All entries of A, that occur only once will be entries of the Harish-Chandra parameter

Ag, and since 72 — 2 — 1 > (), the Levi factor M A will be of the form

MA > 0(2m — 2t,r — 2t) x GL(2,R)! (5.27)

for some 0 <t < & + =°.
Recall that the infinitesimal character (up to Weyl group action) is

S S r+s mr+s m S
Vs =\ 5 ]-7 27 ) 5 5 17"'7_ m;
2 2 4 27 4 2 2
T T r+s mr—+s m
——1,==2,... -, —— = —=—1,...,1,0 ). (b.28
2 72 Y ) 4 27 4 2 Y ’7) ( )
Since v, does not contain % -5 = % as an entry, it can not be an entry in Ay, so we
must have ¢t = & + “7* and
S S T+ s m r—+s m r+ s m
N=|=-—-1,=-—2,... - =1, — = —=2,...,1,0) . (5.29
d (2 72 ) 9 4 27 4 9 9 4 D) 9 77) ( )

A relative limit of discrete series of GL(2,R)" parametrized by a pair (u,r) with
o= (p1,. .., ) € (Z+)t and v = (n,...,n;) € C' has infinitesimal character (u +

Ny, .oy g + Mgy —p1 + N1,. .., —p1 + ng). In order to account for the remaining entries
(5—-1,5—-2,...,1,0,—1,...,2 —m) of v, we must have p = (=2 —m — 1,2 —m —

L...,22—=m—-1)and v = (22 +m—1,2%2 +m—3,...,3,1). (Note that changing
the sign on an entry of v does not change the equivalence class of the corresponding

representation of O(2m,r).) O

To illustrate how Proposition 5.21 fails in the other cases, we look at three examples;
the first example deals with the ambiguities in Langlands parameters for representations
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with lowest K-type A, when 52 —m = 1, the other two look at representations which

have the same infinitesimal character and lowest K-type as mget.-

Example 5.30. Let m = 3, s = 2, and r = 6, and consider 7y, a representation of
O(6,6) with lowest K-type Ay = (1,1,1;0,0,0) (a fine K-type) and infinitesimal character
vy = (2,2,1,1,0,0). The Langlands parameters are given by MA = O(2,2) x GL(2,R)?,
A = (0;0), v = {e; £ f1}, o = (0,0), and v = (4,2). Notice that the associ-
ated Vogan parameter A\, = (0,0,0;0,0,0), so L = O(6,6), p(unp) and p(u N €) are
zero as well, and any representation containing Ay as a lowest K-type must be a con-
stituent of a principal series representation. The full principal series will have a sec-
ond lowest K-type (0,0,0;1,1,1). The particular principal series which has 7 as a
constituent is obtained by inducing the character given by € = (1,1,1,—1,—1,—1) and
k= (0,1,2,0,1,2) on MAN = GL(1,R)%- N to O(6,6) (this is the character mapping
(r1,79,73,74,75,76) € (R*)® to |ro||rs|?sign(ry)sign(rs)|rs|sign(re)|re|?). The constituent
containing the other lowest K-type has Langlands parameters which differ from those of
7y only by the choice of positive roots W (the corresponding limit of discrete series is
antiholomorphic). We can get other representations with these lowest K-types and the
same infinitesimal character by matching the entries of x with the entries of € in different
ways. In this way (and eliminating duplications by ensuring that the nonparity condition
F-2 of [34] is satisfied) we get precisely three pairwise inequivalent irreducible admissible
representations of O(6,6) with unique lowest K-type A, and infinitesimal character vy,
namely my, 7(Ag, U,0,0,€¢, k") with MA = 0(2,2) x GL(1,R)*, ¢ = (1,1,—1,-1) and
K =1(2,2,1,1), and m(A\g, ¥, 0,0, €, k") with MA as for the previous representation, and
" =(1,1,2,2).

Once we assume that our Levi factor is MA = O(2,2) x GL(2,R)?, the remaining pa-
rameters are uniquely determined, and this is the only type of ambiguity which occurs for
the Langlands parameters of representations which have the same infinitesimal character
and lowest K-type as my.

Example 5.31. An ambiguity similar to the one dealt with in Example 5.30 occurs with
Taet When A’ is small, i. e., of the form (2,...,2,1,...,1;0,...,0). Let s = 2, m = 3,
and r = 6 as before. Then A}, = (2,2,1;0,0,0), o = (2,2,1,1,0,0), and the Langlands
parameters of mge are given by MA = O(2,2) x GL(2,R)?, Ay = (1;0), u = (1,0),
and v = (1,4). The Vogan parameter is given by A\, = (1, %,0; %,0,0), so there are
two more irreducible admissible representations with this lowest K-type and infinitesimal
character, namely with MA = 0(2,2) x GL(2,R) x GL(1,R)?, \; as above, u = (1),
v=(3),e=(1,—-1), and k = (2,0) or (0,2).

Example 5.32. If Al is not small as in Example 5.31 then the Levi factor part of the
Langlands parameters is uniquely determined by the lowest K-type and its uniqueness.
We get a different kind of ambiguity from the fact that if s # m then MA contains
GL(2,R) factors with two different discrete parameters attached, and there may be more
than one way to match continuous parameters and get the same infinitesimal character.
For instance, let s = 4, m = 6, and r = 14. Then A}, = (4,4,4,4,3,3;0,0,0,0,0,0,0),
v = (6,5,4,4,3,3,2,2,1,1,1,0,0), and mge, has Langlands parameters M A = O(2,4) x
GL(2,R)®, Ay = (2;1,0), = (3,3,3,2,2) and v = (5,3,1,10,8). Continuous parameters
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(9,5,5,8,2) or (7,5,3,10,4) give two more inequivalent representations with the same
lowest K-type and infinitesimal character.

The next result shows how to introduce additional hypotheses to circumvent the am-
biguities of the previous examples.

Theorem 5.33. Let m, r, s, my and mget be as above. Recall the mazimal primitive ideal
Jmax(Vs) with infinitesimal character vy (Section 2.3).

(1) my is the unique irreducible admissible representation of O(2m,r) with annihilator
Jmax(Vs) and lowest K -type As.

(2) Taet is the unique irreducible admissible representation of O(2m, r) with annihilator
Jmax (Vs) and lowest K -type N’,.

Sketch. We begin by recalling the 7-invariant of an irreducible U(g) module 7 with
regular integral infinitesimal character. For the purposes of this paragraph, g may be
taken to be an arbitrary complex semisimple Lie algebra. Fix a positive system of roots
AT for a Cartan h in g. Let A denote a dominant (with respect to A™) representative of
the infinitesimal character of m. Fix a simple root @ € AT and let A, = XA — (A, a¥)av.
Then ), is integral and dominant (with respect to A™); moreover, A and A, differ by a
weight of a finite dimensional representation of g. We may thus consider the translation
functor ¢, from A to A,. The 7-invariant of 7, denoted 7(7), is the set of simple « for
which ¢, (7) = 0.

Return to our setting and let 7 be an irreducible admissible representation for O(2m, ).
We now extract a consequence of the classification of primitive ideals in g = so(2m+r, C).
Assume 7 has infinitesimal character v, and make the standard choices (of Cartan, positive
roots A, etc.) so that the formulas (2.7) and (2.9) give the dominant representative of
the infinitesimal character of 7. Since we are assuming the parity of r» and s match, v, is
integral. The translation principle dictates the following: there is a regular infinitesimal
character with dominant representative v;*® so that v and v differ by the weight of a
finite-dimensional representation of g; and there is a representation 77°¢ with infinitesimal
character v.° so that if 17" denotes the translation functor from v:°® to v, then

T(r"5) = 7.

Now let S, denote the set of simple roots o € A* for which v, is not singular, i.e. those
simple roots so that (vg, @) # 0. We claim that

Jmax (Vs) annihilates 7 iff Sy = 7(7"®).

This follows from the classification of primitive ideals in U(g). In more detail, the paper
[29] gives the explicit tableau parameters of the primitive ideal Jya.(7:%), and from there
it is simple to extract the 7-invariant statement.

Now we sketch how to use the 7-invariant criterion to rule out the ambiguities high-
lighted in Examples 5.30-5.32. Our task is to take a representation 7 (different from mq
and mqet) given by one of the Langlands parameters in those examples, compute the 7-
invariant of 7% and show that it differs from S,. Here is a sketch of how to do that. The
papers [32] and [34] explain how to produce the Langlands parameters of 7" and then
to compute the 7-invariant of 7"8. (Theorem 4.12 in [32] is especially relevant.) Then
one can see directly that the 7-invariant of 7'°® is strictly smaller than S. For instance,
suppose we encounter the ambiguity of the sort treated in Examples 5.30 and 5.31. In
these cases the Levi factor contains more GL(1,R) factors than the Levi factor for .
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The real roots that arise from these additional GL(1) factors cannot satisfy the parity
condition. This corresponds to saying that the real roots are not in the 7-invariant of
7'°8 and thus the 7-invariant is smaller than possible and, in particular, smaller than S;.
The final kind of ambiguity treated in Example 5.32 is slightly more subtle. One must
verify that the alternative matchings of continuous parameters always lead to a smaller
T-invariant for 7"°8. Given [32, Theorem 4.12], this is a rather complicated combinatorial
check. We omit the details. U

As a corollary, we immediately obtain the Langlands parameters of the double lifts
0(1,) and O(dety).

Corollary 5.34. Let m, r, s, mq and mae be as above. Then
T = 0(1,) and maey = 6°(det,).

Proof. Since the double lifts #(15) and 6(dets) satisfy the hypothesis of the theorem
(with the annihilator hypothesis explained in the proof of Proposition 4.3), the corollary
follows. 0

The proof of Proposition 4.1 is also now a simple corollary: if there were more than one
representation of the kind described in the proposition, there would be more than one of
the kind described in Theorem 5.33. This contradiction completes the proof. 0
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Recent results on fractal analysis of trajectories of
some dynamical systems

Vesna Zupanovi¢ and Darko Zubrinic¢

1 Motivation

In this article we will give a survey of recent results by the authors concerning the com-
putation of box dimension and Minkowski content of some spiral trajectories in R? and
R3. We also describe results dealing with trajectories of some discrete one-dimensional
dynamical systems.

An important tool in the study of dynamical systems are fractal dimensions. Here
we deal with box dimensions only, since the Hausdorff dimension of trajectories that we
consider are always trivial. Box dimensions have a long history, going back to the very
beginning of the 20th century (Minkowski 1903, Bouligand 1928). There are many other
names for box dimension appearing in the literature, usually meaning the upper box
dimension. One can encounter other equivalent names such as box counting dimension,
Minkowski-Bouligand dimension, Kolmogorov dimension, Borel logarithmic rarefaction,
Besicovitch-Taylor index, entropy dimension, fractal dimension, and limit capacity.

The notion of Minkowski content is not so widely known as the box dimension. We
mention here the work by Lapidus and He [8] dealing with this notion, in the context of
the generalized Weyl-Berry conjecture. Also B. Mandelbrot uses the notion of lacunarity,
which is defined as the reciprocal value of the Minkowski content.

There are many important contributions by outstanding specialists dealing with the
study of Hausdorff dimension of chaotic phenomena. Since 1970s thermodynamic formal-
ism, developed by Sinai, Ruelle, and Bowen, resulted in Hausdorff dimension of the Smale
horseshoe and in a lots of results about Hausdorff dimension of Julia and Mandelbrot
sets. Since 1980 physicists started to estimate and compute fractal dimensions of strange
attractors (Lorenz, Henon, Chua, etc.), in order to measure their complexity. Fractal
dimensions are estimated also for attractors of infinite-dimensional dynamical systems.
For applications of fractal dimensions to dynamics see a survey article Zupanovié¢ and
Zubrini¢ [18] and the references therein.

We consider a different problem, namely, we compute box dimension of a trajectory
itself and study its dependence on the bifurcation parameter. There are some well known
bifurcations which can be described in the new way using fractal analysis. We have
done it for the Hopf-Takens bifurcation and also for the saddle-node and period doubling
bifurcations of some discrete one-dimensional systems.

An important motivation for our work was the monograph by Claude Tricot [12].
From this monograph we learned that due to the fact that a realistic smooth spiral has
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Figure 1: Spirals r = ¢~%/2 and r = /% have box dimensions 4/3 and 12/7 respectively.

a non-vanishing width, it looks as an object of almost a planar nature. According to the
mentioned monograph, Hausdorff and Bouligand initiated the idea introducing noninteger
dimensions at the beginning of the 20th century. Mendes France in his Foreword to
Tricot’s book cited the following opinion of a famous painter Kandinsky: “A straight line
is the total negation of the plane whereas a curved line is potentially the plane in that
it contains the essence of the plane within itself.” See W. Kandinsky: Point and Line to
Plane, Dover Books on Art History, 1926. As Mendes France nicely remarked, “With his
artist’s eye he has understood that a line can mimic a plane.” Indeed, mathematicians
can explain it in the more precise way.

As a simple example, we may consider two planar vector fields with spiral trajecto-
ries [ as in Figure 1, having different “concentrations” at the origin. This difference of
concentrations can be explained by the notion of box dimension dimpI' (to be defined
below), which according to Tricot’s formula, see [12, p. 121], is equal to 2/(1 + «) for
spirals r = my™, ¢ > p; > 0, where o € (0,1] and m > 0 are given constants. Here we
use polar coordinates. So, the corresponding dimensions of spirals on Figure 1 are 4/3
and 12/7. As we see, the second spiral on Figure 1 is almost two dimensional in the sense
of box dimension.

On Figure 2 we have two spirals with box dimensions both equal to 4/3, but still
we clearly see that their “concentrations” at the origin are different. Therefore we use a
subtler tool, the Minkowski content MY(T') of spirals I, to be introduced in Section 2.
For the spiral I' defined by r = mep~*, a € (0, 1), its value is

MAUT) = min(ma)~2e/0F) Ita =
1 -«
see [14, Corollary 2]. The respective values of Minkowski content for spirals on Figure 2
are approximately 6.97 and 59.63, that is, the right-hand spiral has more than eight times
larger Minkowski content than the left-hand spiral. As we have mentioned, Mandelbrot
introduced the notion of lacunarity, which is just the reciprocal value of the Minkowski
content. So, the left-hand spiral on Figure 2 has larger lacunarity than the spiral on the
right.

Furthermore, we would like to illustrate the connection between box dimension of
spiral trajectories of limit cycle type and the algebraic multiplicity of the corresponding
limit cycles.

As an example we consider a planar vector field described with the following system

127



Figure 2: Spirals r = ¢~/2 and r = 5p~"/2 both have box dimensions 4/3, but different
Minkowski contents, see [18, p. 395]; reprinted with permission of Elsevier.

in polar coordinates:
ro= r(rt—2r?+a), (1)
o = 1

By varying parameter ag we can obtain the following phase portraits exhibited on Figures
3 and 4. Here we consider spirals I' near the corresponding limit cycles, and we call them
spirals of the limit cycle type. We notice that the spiral of the limit cycle type on Figure
4 tends slower to its limit cycle than the corresponding spirals of the limit cycle type on
Figure 3. We point out that for ag = 1, Figure 4, we have the limit cycle of algebraic
multiplicity two, while for ay < 1, Figure 3, the corresponding limit cycle has multiplicity
one. Algebraic multiplicity of the limit cycle is defined as the multiplicity of the root
r = a of the right-hand side of (1). In the case of ag = 1 the box dimension of spirals of
limit cycle type is 3/2, while in all the other cases it is equal to 1, see Theorem 2.

Figure 3: Portraits of the solutions of (1) for parameters ag < 0, ag = 0, ag € (0, 1).

Figure 4: Portraits of the solutions of (1) for parameters ag = 1, ap > 1

In order to see more clearly the concentration of a spiral near its limit cycle, let us
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Figure 5: Two spiral trajectories of system 7 = r (7" — %)4 (7’ + %)4, ¢ =1, tending to the

limit cycle r = 3/4 (the cycle is within the narrow white strip).

consider the following system, see Figure 5:

3\* 3\*
ro = T(T—Z) (7"4—1),
p = 1

The box dimension in this case is 7/4, that is, the spirals converging to the limit cycle
r = 3/4 are almost two-dimensional.

2 Box dimension and Minkowski content

Here we introduce some basic definitions that we shall need in the sequel. Assume that
A C RY is a bounded set. By the Minkowski sausage of radius € around A we mean the
e-neighbourhood of A, and denote it by A. := {y € RY : d(y, A) < €}, where d(y, A) is
Euclidean distance from y to A. It represents a generalization of the notion of ball, in
which case the center A is just a single point.

The lower s-dimensional Minkowski content of A, s > 0, is defined by:

M (A) == liminf [A|

e—0 gN-—s’

and analogously the upper s-dimensional Minkowski content M**(A). Note that in general
these values are in [0, 0o]. The corresponding lower box dimension of A is defined by

dimpA :=inf{s > 0: M;(A) =0},
and analogously the upper box dimension,
dimpA :=inf{s > 0: M**(A) = 0}.

If both of these values coincide, the common value is denoted by dimp A, and is called
box dimension of A. For various properties of box dimensions see for example Falconer
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[6]. Clearly, dimzA < dimpA, and the inequality may be strict, see [6]. Moreover, it is
possible to construct a class of fractal sets A C RY for which dimyA = 0 and dimpA = N,
see [13].

If M$(A) = M*(A) for some s > 0, this common value is called s-dimensional
Minkowski content of A, and is denoted by M?®(A). If for some d > 0 we have that
M4(A) € (0,00), then we say that the set A is Minkowski measurable. In this case clearly
d = dimpg A.

In the case when lower or upper d-dimensional Minkowski contents of A are degen-
erate that is, equal to 0 or oo, where d = dimpg A, we deal with generalized Minkowski
contents, introduced by C. He and M. Lapidus [§8]. The aim is to find explicit positive
gauge functions h; : [0,e9) — R, i = 1,2, nondecreasing and h;(0) = 0, such that the
corresponding generalized Minkowski contents
M. (h1,A) = liminf N - hi(e),

e—0

Ae
M*(hy, A) = limsup % - ho(e),
e—0 9
are nondegenerate, that is, different from 0 and oco.
As a simple example, let A be a segment of length [. Then |A,.| = 2l + &, and hence

s 7 |A€| _ 1 s—1 s
M(A) = lli%m = lli%(%g + me®).
We have M!(A) = 2] for s = 1, M*(A) = oo for s < 1, and M*(A) = 0 for s > 1.
For rectifiable curves I' we have that in general M'(T") = 2I, where [ is the length of the
curve. For more details see [8] and [13].

3 Classification of spirals in R?

By a planar spiral of focus type we mean the graph of a function r = f(¢), ¢ > ¢4, such
that f(¢) — 0 as ¢ — oo and k — f(p + 2km) is decreasing for each ¢.
Following [14] we classify spirals in three different ways.

(a) Spirals of focus type are defined as above. Spirals of limit cycle type are defined by
r=1—f(¢), orr =14 f(p), with f as above. Note that r = 1 — f(¢) tends to the limit
cycle r = 1 from inside, and r = 1 + f(¢) from outside.

(b) We introduce power, exponential, and logarithmic spirals of focus type by r = ¢,
r=e¢ % and r = (logy)~! respectively. Anologous spirals of limit cycle type are r =
l—p @ r=1-—e% r=1-—(logp) ! Similarly for the spirals tending to the limit cycle
from outside. It is clear that the definition can be given in the more general form.

(c) We say that a spiral is nondegenerate if its Minkowski content is nondegenerate.
Analogously for degenerate spirals.

For example, r = ¢!, © > ¢, > 0, defines the degenerate power spiral of focus type.
It is nonrecifiable, and of box dimension 1. Nonrectifiability in this case is reflected in
the fact that 1-dimensional Minkowski content of the spiral is infinite. By r =1 —e™% we
obtain degenerate exponential spiral of limit cycle type.
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Figure 6: The cases of ay < 0, ag = 0, and ay > 0 for system (3).

By defining r = ¢~* we obtain nondegenerate power spirals of focus type for a € (0, 1),
and dimpI' =2/(1 + a). If r =1 — ™%, we obtain nondegenerate power spirals of limit
cycle type, for any a > 0, and dimg ' = ﬁ—g It can be shown that these spirals are not
only nondegenerate, but Minkowski measurable, see [14].

4 Fractal analysis of Hopf-Takens bifurcation

We consider planar polynomial vector fields of the form
&t = P(z,y)
y = Qz,y).

Let us introduce the notion of strong focus as a singular point (equilibrium point) where
the matrix of the linear part of the vector field has both real and imaginary parts of
eigenvalues nonzero. Weak focus is a singular point where both eigenvalues are pure
imaginary and nonzero.

A standard model where the Hopf bifurcation occurs, written in the form of vector

field, is
2 2 a
X = (—y+azr+z@+y))—+
ox
(o aoy + o(a* + 97

or equivalently,

T = —y+apr + x(2® + y?),
- 5, 2 (2)
y = z+ay+y(z*+y?).

In polar coordinates it has the form

{7‘« = r(r* + ap),

¢ = 1.

Changing the parameter ag from positive values across zero to negative ones, the phase
portrait changes from strong focus through weak focus to strong focus surrounded with
a limit cycle. See Figure 6.
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In the classical work by Takens [11] a more general situation is considered permitting
multiple parameters and multiple limit cycles. Therefore it is called the Hopf-Takens
bifurcation. Takens considers a p—parameter family of planar vector fields X such that
X (0) = 0. It is required that when all parameters are equal to zero then the field X has
eigenvalues on the imaginary axes and nonzero. He proved that if X is of codimension [
(see Guckenheimer and Holmes [7]), then all possible nearby phase portraits and related

bifurcations of X can be separated into two models X(il), where

0 0
X(l) _ v )+ 2 2\1
+ < yax—kxay) ((«® +y*)'+
0 0
al—l(xQ + y2)l71 + ...+ a()) <Ia—x —+ y@) s
(ag,...,a;_1) € RY is a normal form of X. This system is called the standard model for

Hopf Takens bifurcation. In polar coordinates it reads as:

{ T = T(Tﬂ + Zi;é aﬂ"%), (3)
p = 1
The case of [ = 1 corresponds to the classical situation of Hopf bifurcation.

Here we consider a standard model of Hopf-Takens bifurcation from the point of view
of fractal geometry. We are interested in fractal properties of trajectories near singular
points and limit cycles.

If a spiral trajectory is tending to a strong focus, it can be shown that it is of expo-
nential type. We describe our results for standard Hopf-Takens model:

(1) any spiral trajectory tending to a weak focus is of power type,

(2) any spiral trajectory tending to a limit cycle of multiplicity one is of exponential
type, while a spiral trajectory tending to a limit cycle of multiplicity m > 1 is of power
type.

In order to state our results it is necessary to introduce a few additional notions. We
say that a spiral » = f(¢) of focus type is comparable with the spiral r = ¢~ of power
type if

Co™ < flp) < Cp™
for some C,C > 0, and for all ¢ € [p;,00). Analogously for spirals with negative
orientation, that is, C|¢|~ < f(p) < Cle|= for ¢ € (—o0, ¢1].

A spiral 7 = f(i) of focus type is comparable with the exponential spiral r = e~ if
Qe—ﬂcp < f(p) < Ce B¢

for some C,C > 0 and 3 > 0, and for all ¢ € [p1,00). Analogously for spirals with
negative orientation, that is, for ¢ € (—o00, 1] and § < 0.

Remark 1. Theorems 1 and 2 below can be extended to more general vector fields,
that is, fields with normal form (3). For this it suffices to use Takens [11, Theorem 1.5
and Remark 1.6] with p = [. Indeed, in this case the whole configuration of closed integral
curves near the singularity of p-parametric family X, p = [, is differentiably equivalent
to the corresponding configuration in Xj([l), so that box dimensions of the corresponding
trajectories are preserved.
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Theorem 1 (The case of focus, [14]) Let T" be a part of a trajectory of (3) near the origin.
(a) If ag # 0, then the spiral I is of exponential type, that is, comparable with r = %%,
and hence

(b) Let k be a fived integer, 1 <k <Il,ay=1andag=...=ar_1 =0, ap #0. Then
' is comparable with the spiral r = o~ /?*  and
4k
d:=dimgl' = .
R T |

I' ©s Minkowski measurable, and d-dimensional Minkowski content is equal to an explict
constant.

Theorem 1 shows the connection between the multiplicity & of focus of (3) and the
box dimension of a spiral trajectory tending to the focus.

Remark 2. Notice that from Theorem 1 and the fact that the initial vector field
X and its normal form X(il) are locally diffeomorphic, it follows that the Hopf-Takens
bifurcation of codimension [, assuming additionally that & = [ (ie. when we have birth of
[ limit cycles), occurs with box dimension equal to 41/(2] + 1). In particular, for [ = 1
we have classical Hopf bifurcation of two dimensional flows, for which at the moment of
bifurcation the spiral trajectory has dimension equal to 4/3. Remark also that the larger
box dimension of a spiral trajectory at the moment of bifurcation, the more limit cycles
are born.

Theorem 2 (The case of limit cycle, [14]) Let the system (3) have a limit cycle r = a of
multiplicity m, 1 < m <. By 'y and I'y we denote the parts of two trajectories of (3)
near the limit cycle from outside and inside respectively.

(a) Then Ty and Ty are comparable with exponential spirals r = a+e~? when m = 1,
B # 0 (depending only on the coefficients a;, 0 <i <[ —1);

(b) 'y and I'y are comparable with power spirals r = a £ @~ /™=Y when m > 1.

In both cases we have

1
d::dimBFi:2——, Z:1,2
m
For m = 1 we have degenerate spirals and M4(h,T;) = 2/83, i = 1,2, with the gauge
function h(e) := e(log(1/e)) .
For m > 1 the spirals are Minkowski measurable.

Theorem 2 shows the connection between multiplicity of limit cycles of (3) and the
box dimension of the corresponding spiral trajectories.

Example 1. Let us consider system (3) for [ = 1, see Figure 6.

(1) For ag > 0 we have exponential spirals of focus type with box dimension 1. In this
case they are rectifiable.

(2) For ap = 0 we have power spirals of focus type with box dimension 4/3.

(3) For ay < 0 a limit cycle appears, and box dimension of all trajectories are equal
to 1.
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It is to be noted that the box dimension of any trajectory near the origin is nontrivial
(that is, larger than one) only for ag = 0, since then a periodic orbit is born.

Example 2. Let us consider system (3) for [ = 2 and a; = —2. Figures 3 and 4 show
the following:
(1) If ag < 0 all box dimensions are equal to 1, and the spirals are of exponential type.

(2) If ap = 0 then dimp I'y = 4/3, and the spirals are of power type; here I'; is a part
of any trajectory near the origin. The part near the limit cycle r = /2 has box dimension
equal to 1, and it is of exponential type.

(3) If ag € (0,1) we have two limit cycles of multiplicity one, and all box dimensions
are equal to 1. Spirals are of exponential type.

(4) If ap = 1 then we have limit cycle » = 1 of multiplicity two, and all trajectories
near the limit cycle (either inside or outside) have box dimensions equal to 3/2. These
are spirals of power type. Trajectories inside the limit cycle, but near the origin, have
box dimension equal to 1 (exponential case).

(5) If ap > 1 then box dimensions of all trajectories are equal to 1 (exponential case).

As above, here we also have box dimension of trajectory near the origin of nontrivial
value only for ay = 0, since then a periodic orbit is born. We shall encounter the same
phenomenon in a class of one-dimensional discrete systems.

5 Fractal analysis of trajectories of some vector fields
in R3

Here we consider spiral trajectories in R3, which we assume to be contained in a two-
dimensional surface. Their box dimension depends on properties of the surface as well.

We have noticed some new phenomena regarding box dimensions of spacial spiral
trajectories. For example, the fact that for some systems the box dimension essentially
depends on the coefficients of the systems, and not only on the exponents.

According to properties of the surface we distinguish the following two types of spirals.
If the surface is defined by z = 7%, then for 3 > 1 we obtain Lipschitzian surface, while
for 3 € (0,1) we obtain Holderian surface. The corresponding spiral in R3, defined in
cylindrical coordinates (r, ¢, z) by

r=¢ -, Z:Tﬂa ()02901>07

is said to be Lipschitz-focus spiral if > 1, and Hélder-focus if 5 € (0,1), see Figure 7.
For a spiral defined by
r=1-¢* z=|1-r/°

we say to be Lipschitz-cycle spiral if 5 > 1, and Hdélder-cycle spiral if 8 € (0,1), see
Figure 8. For more general spirals in R? see [16].

We deal with a class of systems such that the linear part in Cartesian coordinates
has a pure imaginary pair and a simple zero eigenvalues. Its normal form in cylindrical
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Figure 7: Lipschitz and Holder spirals of focus type

Figure 8: Surfaces containing cycle spirals of Lipschitz and Holder types

coordinates is as follows (for normal forms see Guckenheimer and Holmes [7]):

Fo= ar® 4. Fepr?™!

p =1 (4)
2 o= dy2®+ ... +d,2"

Let us formulate two results from [16] in a simplified form, that appeared in [15].

Theorem 3 (The case of focus in R3, [15]) Let T' be a part of trajectory of (4) near the
origin in R3. Assume that k and p are minimal positive integers such that ¢, # 0 and
d, # 0. Assume also cpd, > 0.

If 2k +1>p then " is a Lipschitz-focus and nondegenerate spiral with

If 2k +1 < p then I is a Holder-focus and nondegenerate spiral with

2k+p—1

dimgl’ =2 —
1mpg ka

Theorem 4 (The case of limit cycle in R3, [15]) Let the system (4) have limit cycle r = a
of multiplicity j, 1 < j < m. By 'y and 'y we denote the parts of two trajectories of (4)
near the limit cycle from outside and inside respectively.
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For j =1 we have
dimgl’; =1, i=1,2.

For j > 1 we have the following alternative:
(a) if j > p then T'; are Lipschitz-cycle nondegenerate spirals and
1

dimgl;, =2— -, i=1,2;
J

(b) if 7 < p then I'; are Hélder-cycle nondegenerate spirals and

dimgl; =2 — 1, 1=1,2.
p
In the proof we use among others the fact that the box dimension and the nondegen-
eracy of a set are not affected by bi-Lipschitz mappings.
Example 3. We found a class of systems such that the box dimension of trajectories
depends in nontrivial way on the coefficients of the system. Let us provide the following
example:

F=arz, ¢=1, 3=byz?

The value

2 ay
dimgpl'= —+, — € (0,1
b 1+ ay / bz b2 ( )
is obtained by explicit computation of the solution, using Tricot’s formula for planar
spirals of the form r = C) - (—byp + Cy)~®/%2 near the origin, obtained by projecting
the solution spiral into horizontal plane. We also use the fact that the solution spiral is
contained on the Lipschitz surface z = Cyrb2/@

Remark 3. Let us consider the spiral I' defined by r = =%, 2 = 8. Only one of
two projections of the spiral I' onto horizontal and vertical planes, has box dimension
equal to dimg I'. More precisely, in the Lipschitz case, that is when § > 1, the horizontal
projection spiral has the same box dimension as the initial spiral. In the Holder case, that
is when (3 € (0, 1), only the vertical projection has the same box dimension, see [15, 16].

o

Figure 9: (2,4)-chirp, o« = 3 =1/2

The projection of the spiral



for fixed a € (0,1), 5 € (0, 1), onto the (y, z)-plane, is easily seen to be the curve
y = 2P sin(z~YP)

which is of chirp-type, see Figure 9. Box dimension of the graph of this function is equal

to 2 — Oﬁ—l’{?, see Tricot [12, p. 122]. For applications of chirp-type curves in the study of

solutions of one-dimensional p-Laplace equations see Pasi¢ [9], and Pasi¢, Zupanovié [10].

6 Fractal analysis of trajectories of some discrete 1-
dimensional dynamical systems

Our motivation for studying discrete systems is to be able to compute box dimension
of spiral trajectories of more general continuous dynamical systems via their Poincaré
mapping. Note that in previous sections all continuous systems had explicit solutions.

We would like to develop necessary tools for computation of box dimension of spiral
trajectories even without solving a given system explicitely. For this we expect that the
Poincaré map P(z) and the displacement function V' (z) := z — P(z) will be crucial.
Therefore we started to study box dimension of trajectories of discrete systems on the
real line, and obtained results presented in [5].

We shall need the following notation. Any two sequences (an),>1 and (b,)n>1 of
positive real numbers are said to be comparable, and we write a,, >~ b, as n — oo, if

A<a,/b, < B,

for some positive constants A and B and n sufficiently large.

Analogously, for two positive functions f,g: (0,7) — R we say to be comparable and
we write f(z) ~ g(x) asz — 0,if A < f(x)/g(x) < B for z sufficiently small.

The following theorem deals with solution sequences (x,,),>1 converging monotonically
to zero for which it is possible to compute box dimension directly from the equation.

Theorem 5 ([5]) Let a > 1 and let f: (0,7) — (0,00) be a monotonically nondecreasing
function such that f(z) ~ z% as x — 0, and f(x) < x for all z € (0,7). The sequence
S(x1) = (n)n>1 is defined by

Tpi1 = Ty — f(zn), x1 € (0,7).

Then
Ty n~ Ve gsn — 0o,
Furthermore,
dimp S(z1) =1 — é,

and the set S(x1) is Minkowski nondegenerate.
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Now we consider what happens with box dimension when the saddle-node or the pe-
riod doubling bifurcations occur. The following two bifurcation results are well known,
see Devaney [3]. The novelty is additional information about the box dimension of tra-
jectories.

Theorem 6 (Saddle-node bifurcation, [5]) Suppose that a function F : J x (xg — 1,z +
r) — R, where J is an open interval in R, is such that F()g,-) is of class C® for some
Xo € R, and F(-,z) of class C' for all x. Assume that

F()\(),.’Eo) = Xy,
OF

a—J;()\OaxO) = 17

O*F

@()\0,.’170) < 0, (5)
oF

a—)\<)\0,.’ﬁ0) 7£ 0

Then X\ is the point where saddle-node bifurcation occurs. There exists ry € (0,7) such
that for any sequence S(\g, 1) = (Tn)n>1 defined by x,1 = F( Ao, ), 21 € (2o, To+71),
we have |z, — 29| ~n~t asn — oo,

1
dimB S()\o, 33'1) = 5,

and S(Xo, z1) is Minkowski nondegenerate. Analogous result holds if x1 € (xg — r1, o),
where in (5) we have the opposite sign.

It is worth noticing that in the following theorem we have the same phenomenon as
in the planar continuous case: the box dimension jumps just before the periodic orbit is
born, see [5].

Theorem 7 (Period-doubling bifurcation, [5]) Let F : J x (xg — r,zo + 1) — R be a
function of class C*, where J is an open interval in R, and F()\,-) is of class C* for
some \g € J. Assume that

F()\oal"o) = o,

oF

6—x(>\0’x0) = -1,

O*F

@(%71’0) # 0,
0% (F? O3(F?
%(Ao,l’o) # 0, a(xg (Ao, o) # 0

Then Ao is the point where period-doubling bifurcation occurs. There exists r € (0,r)
such that for any sequence S(Xo, 1) = (Tn)n>1 defined by

Tpp1 = F(Xo,2,), 1 € (wg — 11,20 +71), 1 # o,
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1/2

we have |z, — xo| ~n~Y* as n — oo,

2
dimB S()\o, .’L’l) = g,

and S(Xo, x1) is Minkowski nondegenerate.

The proofs of Theorems 6 and 7 are based on Theorem 5. These two theorems can be
applied to the study of logistic map.

Corollary 1 (Logistic map) Let F(\,z) = Ax(l —z), z € (0,1), and let S(\,x1) =
(Tn)n>1 be a sequence defined by initial value x1 and x,+1 = F(\, x,,).
(a) For \g = 1, taking xy > 0 sufficiently close to xy = 0, we have that z, ~ n~"' as

n — oo, and
1
dimp S(1,2;) = 3"
(b) (Onset of period-2 cycle) For \g = 3 the corresponding fixed point is xog = 2/3. For

any 1 sufficiently close to vy we have that |x, — xo| ~n"'?, and

2
dimp S(3,21) = 3

(c) For any A ¢ {1,3} and 1 such that the sequence S(\,x1) is convergent, we have
that dimp S(\, z1) = 0.

(d) (Onset of period-4 cycle) If \g = 1 + /6 then for any 1 sufficiently close to
period-2 trajectory A = {ay,as} we have that d(z,, A) ~n~Y? as n — oo, and
2
7

(e) (Period-3 cycle) Let \g = 1 ++/8 and let ay, ay, as be fivzed points of F*> such that
0<a <ay<ag<l, F(a;) = as, F(ay) = as, and F(a3) = ay. Then there exists § > 0
such that for any initial value

dimB S(l -+ \/6, 1'1) =

x1 € (a1 — 6,a1) U (ag — 9, a2) U (as, ag + 9)

Yasn — oo, and

we have d(z,,{ai,as,a3}) ~n
1
= _.

All trajectories appearing in this corollary are Minkowski nondegenerate.

dimB S(l -+ \/g, .1'1)

We conjecture that the values of box dimensions of trajectories corresponding to all
period-doubling bifurcation parameters \; where 2%-periodic points occur, are equal to
2/3 (see [5]).

Remark 4. Using the asymptotic behaviour of iterates of the Poincaré map and
Theorem 5 we can obtain dimensional results for Hopf-Takens bifurcation described in
Section 4 in a different way, which will be exposed in [17]. In this way we can compute
box dimension of spiral trajectories with iterates of the Poincaré map of power type. We
believe that it will be possible to apply this approach also to systems with iterates of the
Poincaré map depending not only on powers but also on logarithmic terms.
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