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Introduction

This Ph.D. thesis consists of the three papers, “The Translation Invariant
Massive Nelson Model: II. The Lower Part of the Essential Spectrum,”
“Asymptotic Completeness in Quantum Field Theory: Translation In-
variant Nelson Type Models Restricted to the Vacuum and One-Particle
Sectors” and “A Taylor-like Expansion of a Commutator with a Function
of Self-adjoint, Pairwise Commuting Operators” as well as an overview,
Chapter 1. We will refer to the papers as [MR], [GMR] and [Ras], respec-
tively. The aim of the overview is to explain, mostly without proof, the
role of some of the techniques used in these papers. We do not intend to
present optimal results, instead we try to make it simple and informative.

∗ ∗ ∗

We will now give a brief description of the overview. A natural first step
in the spectral analysis of an operator is to determine the structure of the
spectrum, i.e. where is the discrete spectrum, how is it distributed and
where is the essential spectrum? The expected picture for many physically
motivated operators including those we consider in [MR] and [GMR] is
that they satisfy a so-called HVZ1 theorem, which states that the spectrum
below a certain point Σess is discrete and can only accumulate at Σess, and
everything above Σess belongs to the essential spectrum, σess = [Σess, ∞).
A common way to prove the first part of this statement is to make a
“smooth energy cut-off” below the point Σess of the Hamiltonian operator
H, i.e. look at f (H) for an arbitrary, compactly supported smooth function
with support below Σess. If H is known to be bounded from below, we
are done if we can prove that f (H) is a compact operator. This is one of
many reasons for introducing the functional calculus of almost analytic
extensions known as the Helffer-Sjöstrand formula, which is done in
Section 1.

In all three papers, commutators between (possibly) unbounded opera-
tors play an important role. One has to pay attention to domain questions
when dealing with unbounded operators in general and in particular

1for Hunziker-van Winter-�islin
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iv Introduction

when defining the commutator. Thankfully, the concept of an operator
being of class Ck(A) for k ≥ 1 and A some self-adjoint operator, often
provide rigorous justification for calculations which would be trivial, were
it not for the domain questions. Section 2 is devoted to this subject.

Now with firm ground under our feet, we proceed to see how one
can use commutators to answer questions of the following kind: What
does the essential spectrum look like, in particular how are the embedded
eigenvalues, if they exist, distributed? Can they accumulate, and if so,
where? How about their multiplicities? Is there any singular continuous
spectrum? The keyword for answering these questions is Mourre theory,
and this is the topic of Section 3.

In order to formulate the models we investigate in [MR] and [GMR],
we need to introduce the concept of second quantisation. Second quan-
tisation is a method for constructing a quantum field theory based on
the Hamiltonian formulation of quantum mechanics; several other ap-
proaches exist, but we will not elaborate on that here. The term “second
quantisation” comes from the fact that it can be seen as the process of
quantising the classical theory of a fixed number of particles, which again
is quantised to deal with the theory of an arbitrary number of particles. In
the resulting theory, the dynamics is determined by a self-adjoint operator,
the Hamiltonian, acting on a Hilbert space with a certain structure, called
a Fock space. The basic constructions in Bosonic Fock spaces are treated
in Section 4.

The translation invariance of a model implies that its Hamiltonian
commutes with the operator of total momentum. This again implies that
the Hamiltonian and the operator of total momentum are simultaneously
diagonalisable, i.e. there exists a direct integral representation of the
Hamiltonian with respect to total momentum. In Section 5, we will briefly
discuss the connection between the Hamiltonian and the fibers in the
direct integral.

In [GMR] a series of so-called weak propagation estimates is shown.
Weak propagation estimates are statements of the form

∫ ∞

0
‖B(t)e−itH ϕ‖2 dt

t
≤ C‖ϕ‖2,

where B(t) is some time-dependent observable. The proofs of all of these
propagation estimates depend heavily on pseudo-differential calculus,
so before going into the details of the role of the different propagation
estimates, in Section 6 we will present a useful lemma from pseudo-
differential calculus and briefly discuss its relation to [Ras]. As a warm-up
for the next section, we will also briefly discuss two lemmas related to the
propagation estimates.
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For the reader who is not familiar with propagation estimates, the roles
played by the four propagation estimates might be a bit blurred by their
somewhat technical appearance and equally technical proofs. To make up
for this, in Section 7 we will go through the propagation estimates, their
mutual relations, their consequences and the connection to the Mourre
estimate.

Scattering theory is the study of an interacting system on a scale of
time (or distance) which is large compared to the scale of the interaction.
Scattering normally involves a comparison of two dynamics for the same
system, the given dynamics and a “free” dynamics. This gives rise to
the concept of the so-called wave operators. Asymptotic completeness
in quantum mechanics is the statement that the state space splits into a
direct sum of bound and scattering states. The definition of bound states
depend on the concrete model while scattering states are states that in the
far distant past and/or future appear to be “asymptotically free.” As the
interaction we consider in [GMR] is a so-called short-range interaction,
one would intuitively expect that for scattering states, the particles – at
least for large times – are far apart. This idea is exploited to prove an
intermediate result called geometric asymptotic completeness. Section 8
is devoted to the discussion of these subjects.
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Morten Grud Rasmussen
Århus, 7 May 2010





Chapter 1
Overview

The purpose of this overview is to expose some of the main tools, ideas
and concepts used in the papers [MR], [GMR] and [Ras]. However, before
performing this task we will briefly outline the contents of the three papers
and discuss how they relate to each other.

In [MR], the two authors study a large class of linearly coupled trans-
lation invariant massive models which include both the Nelson model
and the Fröhlich polaron model. Many results related to the energy-
momentum spectrum on this class models valid for all values of the
coupling constant have been obtained in previous work by Møller, see
e.g. [Møl05] and [Møl06], including an HVZ theorem and non-generacy
of ground states. In [MR], we focus our attention to the lower part of
the essential spectrum, i.e. the range between the bottom of the essential
spectrum and either the two-boson threshold, if there are no exited iso-
lated mass shells, or the one-boson threshold pertaining to the first exited
isolated mass shell, if it exists. In this region we prove a Mourre estimate
and C2 regularity with respect to a suitably chosen conjugate operator,
implying that this region contains no singular continuous spectrum. Go-
ing further up in the spectrum is a difficult task for several reasons, see
the introduction in [MR] for a detailed explanation.

A natural next step would be to prove asymptotic completeness in the
considered region. As the model in this region is expected to resemble
the model with at most one field particle in many aspects, the authors
of [GMR] set out to handle this simplified model. The class of models
studied in [GMR] is basically the class of models from [MR] restricted
to the vacuum and one-particle sectors, although strictly speaking, in
[GMR] they are not assumed to be massive. However, the positive mass
assumption for the field particles in [MR] is primarily used to avoid

1



2 Chapter 1. Overview

infrared problems, and in [GMR], due to the finite particle assumption,
we have already avoided infrared problems. Another consequence of
restricting to the vacuum and one-particle sectors is that the method
for proving the Mourre estimate in [MR] now works for the whole of
the essential energy-momentum spectrum. The asymptotic completeness
statement proved in [GMR] is therefore not restricted to a limited region.
We hope to be able to combine the methods used in [GMR] with the
Mourre estimate of [MR] to prove the aforementioned partial asymptotic
completeness for the full model.

An important part of many of the proofs in both [MR] and [GMR]
is to be able to compute commutators and to give estimates on their
norms. When computing commutators of functions of the momentum
coordinates with functions of the position coordinates, this is usually
performed using pseudo-differential calculus. However, for computing
commutators of functions of second quantisations of momentum operators
with the second quantisation functor applied to functions of the position,
one cannot use pseudo-differential calculus directly. In [Møl05], Møller
computes such a commutator in some special cases where the function
acting on the second quantised momentum operators is of one of three
certain types. This leads to a mathematically unnatural assumption on one
of the dispersion relations. To avoid this assumption, in [Ras], the author
develops “an abstract pseudo-differential calculus,” that also works for
these more complicated momentum-position related commutators. We
stress that it is not an extension of the already existing pseudo-differential
calculus, as one e.g. is not able to use this method to say anything about
commutators of functions that depend simultaneously on both position
and momentum, at least not directly. However, as the results of [Møl05]
have been extended to hold for a larger class of models using the method
developed in [Ras] – see the section on localisation errors in [MR] – and
as it plays a central role in computing a commutator in [MR], this method
has proven to be useful.

1 The Helffer-Sjöstrand Formula

The functional calculus of almost analytic extensions known as the Helf-
fer-Sjöstrand formula is a useful tool in the computation of commutators.
In both [MR], [GMR] and [Ras], it is used in several crucial steps. The
usefulness comes from the fact that it reduces the task of computing
commutators with functions of a self-adjoint operator to computing the
commutator with its resolvent, and in the case of several pairwise commut-
ing, self-adjoint operators, it also reduces the task, although to a somewhat
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more complicated one than in the case with only one self-adjoint operator.
The idea is to replace the function by an integral representation based on
the Cauchy integral formula using an “almost analytic extension,” see
below. We will now present the formula without proof. For details, see
the monographs [Dav95] and [DS99].

In the following, we write ∂̄ = (∂̄1, . . . , ∂̄ν) where ∂̄j =
1
2(∂uj + i∂vj)

and uj and vj are the real and imaginary parts of zj ∈ C, respectively, and
z = (z1, . . . , zν) ∈ Cν. Let f ∈ C∞(Rν) and assume that there exists an
s ∈ R with the property that for any multi-index α there exists a constant
Cα > 0 such that |∂α f (x)| ≤ Cα〈x〉s−|α|. Then there exists an almost analytic
extension f̃ ∈ C∞(Cν) of f satisfying:

(i) supp( f̃ ) ⊂ {u + iv | u supp( f ), |v| ≤ C〈u〉}.

(ii) For any ` ≥ 0 there is a C` > 0 such that |∂̄ f̃ (z)| ≤ C`〈z〉s−`−1|Im z|`.

Let A = (A1, . . . , Aν) be a vector of pairwise commuting, self-adjoint
operators. If s < 0, we now get the representation

f (A) = 2|S2ν−1|−1
ν

∑
j=1

∫
Cν

∂̄j f̃ (z)(Aj − z̄j)|A− z|−2νdz,

where |S2ν−1| is the area of the unit sphere in R2ν. For ν = 1, this reduces
to

f (A) =
1
π

∫
C

∂̄ f̃ (z)(A− z)−1dz.

A commutator of the form [B, f (A)] can thus be written as

[B, f (A)] =
1
π

∫
C

∂̄ f̃ (z)[B, (A− z)−1]dz,

or, using [B, (A− z)−1] = −(A− z)−1[B, A](A− z)−1,

[B, f (A)] = − 1
π

∫
C

∂̄ f̃ (z)(A− z)−1[B, A](A− z)−1dz.

2 The Ck Regularity Classes

We begin by reviewing what a commutator is. For this purpose, let T
and A be (possibly unbounded) operators with domains D(T) and D(A)
respectively, acting on a complex Hilbert space H with inner product
〈·, ·〉 conjugate linear in the first variable. A priori, one might think that
the commutator [T, iA] of T and A – where the i is to insure that for
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self-adjoint T and A, the commutator is symmetric – should be defined as
[T, iA] = i(TA− AT) on some appropriate domain. However, as always
the case when dealing with unbounded operators, one should be careful
regarding domain issues; for an arbitrary pair of operators T, A, we have
no reason to expect that T maps anything from its domain D(T) except
the zero vector into the domain of A, D(A). To solve this issue, we instead
view [T, iA] as a form on D(T∗) ∩D(A∗)×D(T) ∩D(A) given by

〈ψ, [T, iA]ϕ〉 = i(〈T∗ψ, Aϕ〉 − 〈A∗ψ, Tϕ〉).

To simplify matters, in the following we will assume that T is either
bounded or self-adjoint, and that A is self-adjoint. For a treatment of more
general operators, see [GGM04]. When T is a bounded operator, we will
denote it by B, and when it is self-adjoint, we will denote it by H. This
ensures that [T, iA] is a form on D(T) ∩D(A)(= D(A) if T = B).

Even though we now have a good definition of a commutator, one
should still be careful with formal manipulations. For an example of
how bad things can go, even with D(H) ∩ D(A) being a dense set in
D(H), we refer the reader to [GG99]. To avoid such trouble, we introduce
the concept of T being of class Ck(A) for some k ≥ 1. As mentioned in
the introduction, the condition that T is of class Ck(A) often provides
rigorous justification for calculations that would be trivial without the
domain issues. We will only consider k ∈N, for the definition of Cσ(A)
for σ ∈ R+ \N, we refer to the paper [Sah97] or the monographs [ABG96]
and [GŁ02].

Definition 2.1 (The Ck(A) property of bounded operators). Let B be a
bounded operator and k ∈ N. We say that B ∈ Ck(A) if, for all ϕ ∈ H,
the map R 3 s 7→ e−isABeisA ϕ ∈ H is k times continuously differentiable.
If B ∈ Ck(A), B is said to be of class Ck(A).

For the case k = 1, the following alternative characterisations are often
useful.

Proposition 2.2. Let B ∈ B(H). The following are equivalent.

(i) B ∈ C1(A).

(ii) It holds that lim sup
s→0+

1
s‖e
−isABeisA − B‖ < ∞.

(iii) There is a constant C such that for all ψ, ϕ ∈ D(A),

|〈Aψ, Bϕ〉 − 〈ψ, BAϕ〉| ≤ C‖ϕ‖‖ψ‖.
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(iv) B maps D(A) into itself and AB− BA : D(A)→ H extends to a bounded
operator on H.

(v) There exists a core C for A such that BC ⊂ D(A) and AB− BA extends
from C to a bounded operator on H.

These equivalences are well-known, see e.g. [ABG96], [GGM04] and
[FGS08]. For B ∈ C1(A) the commutator [B, iA], which a priori only is
defined as a form on D(A), extends uniquely to a bounded operator on
H by (iv) (or (v)). We denote this extension by [B, iA]◦. If B ∈ Ck(A), we
will also write adk

iA(B) for the iterated commutator defined recursively by
adk

iA(B) = [adk−1
iA (B), iA]◦. (Note that adj

iA(B) ∈ Ck−j(A) for j < k if and
only if B ∈ Ck(A)).

Proposition 2.3. Let A be a self-adjoint operator. Then:

(i) The linear map A : C1(A)→ B(H) defined by B 7→ [B, iA]◦ is closed for
the weak operator topology.

(ii) The space C1(A) is a sub-algebra of B(H) and A is a derivation on it.

(iii) If B ∈ C1(A) and z ∈ ρ(B), then R(z) = (B − z)−1 ∈ C1(A) and
[R(z), iA] = −R(z)[B, iA]R(z).

We now extend the property of being of class Ck(A) to self-adjoint oper-
ators. We note that it is possible to extend this property even further to
include merely closed and densely defined operators, see [GGM04] for
the case k = 1.

Definition 2.4 (The Ck(A) property of self-adjoint operators). Let H be
a self-adjoint operator on H and k ∈N. We say that H is of class Ck(A) if
(H − z0)

−1 ∈ Ck(A) for some z0 ∈ ρ(H).

Note that we do not extend the set Ck(A) but only the property of being of
class Ck(A). This ensures that Proposition 2.3 is still valid. However, while
(i) and (ii) clearly fail to extend to unbounded, self-adjoint operators, (iii)
remains true. Note also that (iii) ensures that for bounded, self-adjoint
operators, the two definitions coincide.

Let H be a self-adjoint operator of class C1(A). From Definition 2.4
and the form identity [(H − z0)

−1, A] = −(H − z0)
−1[H, A](H − z0)

−1

which holds on D(A), it follows that [H, A] extends to an operator [H, A]◦

in B(D(H),D(H)∗). By sandwiching [H, A]◦ with R(z) := (H − z)−1, we
see that R(z) ∈ C1(A) for any z ∈ ρ(H). Hence the C1(A) property is
independent of the choice of z0. In fact, this is also true for the Ck(A)
property for k > 1. We will now outline a proof of this fact.
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Proposition 2.5. Let A and H be self-adjoint operators with H of class Ck(A)
and z0 ∈ ρ(H) be such that (H − z0)

−1 ∈ Ck(A). Let z ∈ ρ(H) and write
R0 = (H − z0)

−1, R = (H − z)−1 and α = z− z0. Then R ∈ Ck(A) and for
` ≤ k,

ad`
iA(R) =

`

∑
n=1

∑
∑n

j=1 aj=`

`!
a1! · · · an!

αn−1(1 + αR)
n

∏
j=1

ad
aj
iA(R0)(1 + αR).

In particular, the Ck(A) property is independent of the choice of z ∈ ρ(H).

We note that the quotient in front of the terms of the sum is in fact a
multinomial coefficient and that the sum may actually be seen as the sum
of all decompositions of k, counted with multiplicity. The number n is
then interpreted as the number of terms in the decomposition.

Proof. Assume that R ∈ Cm−1(A) and the formula holds for ` = m− 1.
The form identity

[adm−1
iA (R), iA] =

m

∑
n=1

∑
∑n

j=1 aj=m

m!
a1! · · · an!

αn−1(1+αR)
n

∏
j=1

ad
aj
iA(R0)(1+αR)

now holds by induction, and hence [adm−1
iA (R), iA] extends to a bounded

operator adm
iA(R) satisfying the identity in the proposition. �

We finish this section by stating a few results that would be trivial without
the domain issues. For a proof of those not treated in the text, we refer
the reader to [ABG96] and [GŁ02].

Proposition 2.6. Let H, A be self-adjoint operators such that H is of class
C1(A). Then:

(i) The form [H, iA] on D(H) ∩ D(A) extends to a bounded form [H, iA]◦

on D(H).

(ii) The virial relation holds: 1{λ}(H)[H, iA]◦1{λ}(H) = 0.

(iii) For z ∈ ρ(H), [(H − z)−1, iA] = (H − z)−1[H, iA]◦(H − z)−1.

(iv) For f ∈ C∞
0 (R), [ f (H), iA] is bounded.

(v) For z ∈ ρ(H), (H − z)−1 preserves D(A).
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3 Mourre Theory

At the end of the previous section, the virial relation was stated (Proposi-
tion 2.6 (ii)). This relation is a very important part of Mourre’s positive
commutator method. Combined with a positive commutator estimate, one
can use the virial relation to obtain local finiteness of the point spectrum.
To illustrate the idea, assume that H and A are self-adjoint operators
with H of class C1(A), and that there exists a bounded operator C with
ker(C) = {0} satisfying

〈ψ, [H, iA]◦ψ〉 ≥ ‖Cψ‖2. (1.1)

As the virial theorem holds, the left-hand side is zero for eigenvectors.
This contradicts the estimate, implying that the pure point spectrum
σpp(H) of H is empty. In fact, if H and A are bounded, H has purely
absolutely continuous spectrum. This result is known as Kato-Putman’s
theorem, see e.g. [RS78, Theorem XIII.28] and references therein. However,
as almost always the case, the situation is a bit more delicate when dealing
with unbounded operators.

In models of quantum mechanics the operator H generating the dy-
namics – the Hamiltonian – is usually an unbounded operator, and for
physical interpretation purposes one would like the spectrum of the
Hamiltonian to consist of eigenvalues (bound states) and absolutely con-
tinuous spectrum (scattering states) only. For this reason, we will now go
through the basics of Mourre theory, which gives conditions under which
one can verify that an unbounded operator has no singular continuous
spectrum.

The development of the abstract Mourre commutator method was initi-
ated by the fundamental paper by Mourre [Mou81] and later extended and
refined by many authors, see among others [PSS81], [Mou83], [JMP84],
[BG92], [ABG96] and [Sah97] for developments of “regular” Mourre the-
ory, i.e. where the commutator is comparable to the Hamiltonian and
[Ski98], [MS04] and [GGM04] for developments of the “singular” Mourre
theory.

The inequality in (1.1) is an example of a global commutator estimate.
The essence of Mourre theory is the Mourre estimate, which is a local
commutator estimate. The precise definition of a Mourre estimate is given
by the following:

Definition 3.1 (Mourre estimate). Let H ∈ C1(A) for some self-adjoint
operator A and I a bounded, open interval on R. We say that the Mourre
estimate holds true for H on I if there exists a c > 0 and a compact
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operator K such that

EI(H)[H, iA]◦EI(H) ≥ cEI(H) + K (1.2)

The operator A is called a conjugate operator. We say that the Mourre
estimate is strict, if we can choose K = 0.

Note that if we assume (1.2) and that λ ∈ I is not an eigenvalue of H, then
we can choose an I′ 3 λ and a c′ such that a strict Mourre estimate holds
with I and c replaced by I′ and c′, respectively.

To illustrate what role the compact operator plays and how the locality
of the estimate comes into play, we state two simple consequences of the
Mourre estimate.

Proposition 3.2. Let H and A be self-adjoint operators with H of class C1(A)
and λ ∈ R. If there exists a neighbourhood I of λ such that a Mourre estimate
holds true for H on I, then the eigenvalues of H, counted with multiplicity, cannot
accumulate at λ. In particular, λ is not an eigenvalue of H of infinite multiplicity.
If moreover, the Mourre estimate is strict, then there are no eigenvalues of H in I.

So far, we have only made use of the Ck property for k = 1, and we have
not yet discussed the nature of the essential spectrum. As we shall see,
this is no coincidence. The connection goes via the limiting absorption
principle, which we will now give a precise definition of (we use the
somewhat standard notation 〈x〉 =

√
x2 + 1).

Definition 3.3 (Limiting absorption principle). Let H and A be self-ad-
joint operators, J a bounded interval on R and s ≥ 0 a non-negative
number. We say that the limiting absorption principle holds for H with
respect to (A, J, s) if

sup
z∈J±
‖〈A〉−s(H − z)−1〈A〉−s‖ < ∞,

where J± = {z ∈ C|Re(z) ∈ J,± Im(z) > 0}.

Note that the limiting absorption principle implies absolute continuity
of the part of essential spectrum of the operator lying in J, see [RS78].
Clearly, if the limiting absorption principle holds for an s0, then it holds
for all s > s0.

To prove absence of singular continuous spectrum, it suffices to find
conditions under which the limiting absorption principle holds. It turns
out that it is sufficient to prove a C2 property and a Mourre estimate for
the operator. More precisely we have:
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Theorem 3.4. Let H be of class C2(A), I an open interval on R and s > 1
2 .

Assume that the strict Mourre estimate holds true for H on I. Then the limiting
absorption principle with respect to (A, J, s) holds true for H, where J is any
compact subinterval of I.

For a proof, wee refer to [ABG96].

4 General Constructions in Bosonic Fock
Spaces

As mentioned in the introduction, second quantisation may be seen as the
process of converting quantum theory with a fixed number of particles
into a quantum theory with a variable number of particles. To satisfy
relativistic invariance, one is forced to take creation-annihilation processes
into account in the formulation of a quantum field theory. However, for
matter particles, the energy involved in creation-annihilation processes
are so high that one often simplifies to a fixed matter particle number.

We will now introduce some mathematical objects and notation related
to bosonic second quantisation. At the moment there seems to be no
generally accepted notation for many of the objects, but we will for the
most part follow the notation used in the paper by Dereziński and Gérard
[DG99].

Let h be a complex Hilbert space, which we call the one-particle space.
It describes the quantum states for a single particle. Denote by h�n the
n-fold tensor product

h�n = h� · · ·� h︸ ︷︷ ︸
n times

with the usual convention that h�0 = C. We define the Fock space over h
to be the direct sum

Γ(h) =
∞⊕

n=0
h�n.

The vector Ω = (1, 0, 0, . . . ) ∈ Γ(h) is called the vacuum vector.
It is not Γ(h) itself but two subspaces of Γ(h) that are used most fre-

quently in quantum field theory, the bosonic and the fermionic subspaces.
As indicated by the title of the section, we will focus on the bosonic Fock
space. For any n, take the set of basis elements in h�n invariant under
permutations of the tensors, i.e.

h�n 3 ψ1 � · · ·� ψn = ψσ(1) � · · ·� ψσ(n)
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for all permutations σ ∈ S(n), and denote by h�sn the closed linear span
of this set. It is clear that

Γs(h) =
∞⊕

n=0
h�sn ⊂ Γ(h)

constitutes a closed subspace, which we call the symmetric Fock space or
the bosonic Fock space over h. Let us mention that the fermionic Fock space
Γa(h) (a for antisymmetric) is defined in a similar manner, with basis
elements that changes sign according the the sign of the permutation.
For later use, let S denote the projection from Γ(h) to Γs(h) and Sn the
projection from h�n to h�sn. We call h�sn the n-particle sector of Γs(h).

As we exclusively work with bosonic Fock spaces, we will from now
on drop the index s from the notation. An important subspace of Γ(h)
is the set Γfin(h) of finite particle vectors, by which we mean a vector
ψ = (ψ(n))∞

n=0 ∈ Γ(h) with ψ(n) = 0 for all but finitely many n. For
any vector subspace k ⊂ h, we likewise define Γfin(k) ⊂ Γfin(h) as the
set of vectors ψ = (ψ(n))∞

n=0 with ψ(n) ∈ k�sn for all n in addition to the
requirement that ψ(n) = 0 for all but finitely many n.

Let A be an operator on h, essentially self-adjoint on some domain D.
We define the second quantisation dΓ(A) of A by the closure of the operator
given by linearity and

dΓ(A)|D�sn =
n

∑
j=1

1�(j−1) � A � 1�(n−j)

for each n. The operator dΓ(A) is essentially self-adjoint on Γfin(D). An
important example is the number operator N = dΓ(1).

We now proceed to define the creation and annihilation operators. For
h ∈ h let b+(h) be the operator that takes each n-particle sector into the
n + 1-particle sector by the action

b+(h)|h�sn ψ(n) = Sn+1h � ψ(n) ∈ h�s(n+1), ψ(n) ∈ h�sn.

Its adjoint, which we denote by b−(h), is given by

b−(h)|h�s(n+1)ψ
(n+1) = 〈h, ψ

(n)
1 〉ψ

(n)
2 � · · ·� ψ

(n)
n+1 ∈ h�s(n),

where ψ(n) ∈ h�s(n+1). It is easy to see that b+(h) and b−(h) are bounded
operators of norm ‖h‖. The annihilation operator a(h), initially defined
on Γfin(h), is then given by

a(h) =
√

N + 1b−(h),
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and its adjoint a∗(h) is called the creation operator and is given by

a∗(h) =
√

Nb+(h).

Both the creation and the annihilation operators are closable, and we
denote their closures by the same symbol. They satisfy the cannonical
commutation relations,

[a(h1), a∗(h2)] = 〈h1, h2〉1
[a∗(h1), a∗(h2)] = [a(h1), a(h2)] = 0,

and it follows from the boundedness of [a(h1), a∗(h2)] that they have the
same domain.

It is clear from their construction that they are bounded relative to the
square root of the number operator;

‖a#(h)(N + 1)−
1
2‖ ≤ ‖h‖,

‖(N + 1)−
1
2 a#(h)‖ ≤ ‖h‖,

where a#(h) denotes either a(h) or a∗(h). On their common domain, we
define the (Segal) field operator by

Φ(h) =
1√
2
(a∗(h) + a(h)),

which is self-adjoint by Nelson’s commutator theorem.
Let B be a bounded operator of norm less than or equal to 1 on h. We

will now turn the symbol Γ into a functor, the second quantisation functor,
from the category of Hilbert spaces with bounded operators of norm less
than 1 to the category of (bosonic) Fock spaces with bounded operators
of norm less than or equal to 1 by defining

Γ(B)|h�sn = B�n.

Its relation to the second quantisation of a self-adjoint operator is given
by the identity

Γ(eitA) = eitdΓ(A).

As mentioned earlier, we will at some point need to calculate commutators
of (a function of) a second quantised operator with the functor Γ of a
contraction. For that purpose, the following definition is useful. Let B be a
bounded operator on h of norm less than or equal to 1 and B a self-adjoint



12 Chapter 1. Overview

operator on h with domain of essential self-adjointness D. We define

dΓ(B, A)|D�sn =
n

∑
j=1

B�(j−1) � A � B�(n−j),

which clearly reduces to dΓ(A) for B = 1. The first commutator can then
be computed as

[dΓ(A), Γ(B)] = dΓ(B, [A, B]).

For further constructions in bosonic Fock spaces, we refer the reader to
[DG99].

We will now present some concrete examples of some of the objects
introduced above. Let h = L2(Rν). Then h�sn is the Hilbert subspace
L2

ν sym
(Rnν) of L2(Rnν) of all functions invariant under permutations of

their ν-variables, i.e.

L2(Rnν) 3 f (x1, . . . , xn) = f (xσ(1), . . . , xσ(n)), xi ∈ Rν

for any permutation σ ∈ S(n). The Fock space Γ(h) is the set of sequences
(ψ0, ψ1(x1), ψ2(x1, x2), ψ3(x1, x2, x3), . . . ) of functions ψn, where for each
n, ψn ∈ L2

ν sym
(Rnν). For k = C∞

0 (Rν), Γfin(k) is a dense subset of Γ(h).

If A is the self-adjoint operator of multiplication by the real function
ω, then

(dΓ(A)ψ)(n)(x1, . . . , xn) =
( n

∑
i=1

ω(xi)
)

ψ(n)(x1, . . . , xn).

The creation and annihilation operators are given by

(a∗(h)ψ)(n)(x1, . . . , xn) =
1√
n

n

∑
i=1

f (xi)ψ
(n−1)(x1, . . . , x̂i, . . . , xn),

(a(h)ψ)(n)(x1, . . . , xn) =
√

n + 1
∫

Rν
h̄(x)ψ(n+1)(x, x1, . . . , xn)dx,

where x̂i denotes that xi is omitted. Finally, for B the operator of multipli-
cation by j ∈ C∞(Rν; [0, 1]), we have

(Γ(B)ψ)(n)(x1, . . . , xn) =
( n

∏
i=1

j(xi)
)

ψ(n)(x1, . . . , xn).
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5 Direct Integral Representations

Direct integrals are a generalisation of the concept of direct sums. We will
now give a definition of a direct integral of Hilbert spaces. For a thorough
treatment of the subject, we refer the reader to e.g. [Nai59].

Definition 5.1 (Direct integrals of Hilbert spaces). Let X denote a Borel
space equipped with a countably additive measure µ. A measurable family
of Hilbert spaces on (X, µ) is a family {Hx}x∈X which satisfies the following:
There is a countable partition {Xi}i∈N∪{∞} of measurable subsets of X
such that

Hx = Cn for x ∈ Xn, n ∈N,
Hx = H for x ∈ X∞,

where H is some infinite dimensional, separable Hilbert space.
A measurable cross-section of {Hx}x∈X is a family {vx}x∈X such that

vx ∈ Hx for all x ∈ X which satisfies that the restriction of {vx}x∈X to each
partition element Xn is measurable. As usual, we identify measurable
cross-sections that are equal almost everywhere.

Given a measurable family of Hilbert spaces, we define the Hilbert
space direct integral ∫ �

X
Hxdµ(x)

as the set of measurable square integrable cross-sections of {Hx}x∈X. This
is a Hilbert space equipped with the inner product

〈u, v〉 =
∫

X
〈u(x), v(x)〉Hxdµ(x).

For counting measures, the definition reduces to a direct sum. We will
now give a very simple example of a Hilbert space direct integral which is
not a direct sum. Let X = [0, 1] be equipped with the Lebesgue measure.
For any x ∈ X, let Hx = C. Then {Hx}x∈X is clearly a measurable family
of Hilbert spaces. The set of measurable cross-sections equals the set of
measurable, complex valued functions on [0, 1], and∫ �

X
Hxdx = L2([0, 1]),

equipped with the usual inner product. One could now proceed to
construct L2([0, 1]2) by replacing C with L2([0, 1]) in the above example.

In the papers [MR] and [GMR], X is Rν and the measurable family
{Hx}x∈Rν is just the constant family Hx = H for all x ∈ Rν.
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An operator A acting on
∫ �

X Hxdµ(x) which can be represented as∫ �
X Axdµ(x) for some strongly measurable family of operators {Ax}x∈X

is called decomposable. By a strongly measurable family {Ax}x∈X we mean
a family of operators whose restriction to each Xn is strongly measurable.

The importance of direct integrals comes from the fact that if two self-
adjoint operators commute, then they are simultaneously diagonalisable.
Examples of such operators appear e.g. in the analysis of 3-body magnetic
Hamiltonians, see [GŁ02], and of course in translation invariant models,
where the Hamiltonian commutes with the operator of total momentum.
This means that the Hamiltonian is diagonalisable to an operator that
decomposes on the Hilbert space direct integral

∫ �
Rν Hξdξ, where ξ de-

notes the total momentum. The unitary operator that diagonalises the
Hamiltonian in our setup was first identified in [LLP53].

6 Tools for Proving Propagation Estimates

Pseudo-differential calculus is in short the calculus of operators that are
functions of the position and differential operators. The functions belong
to certain symbol classes, which we will not go deeper into here. As the
momentum operator is a differential operator, one may use pseudo-diffe-
rential calculus to compute the commutator of functions of position and
momentum, which often is needed in the proof of propagation estimates.
In particular, we have the following lemma, see [FGS02].

Lemma 6.1. Let f ∈ S(Rν) be a Schwartz function and let g ∈ Cn(Rν) satisfy
sup|α|=n‖∂αg‖∞ < ∞. Let p = −i∇. Then

[g(p), i f (x)] = i
n−1

∑
|α|=1

(−i)|α|

α!
(∂α f )(x)(∂αg)(p) + R1,n

= −i
n−1

∑
|α|=1

i|α|

α!
(∂αg)(p)(∂α f )(x) + R2,n,

where
‖Rj,n‖ ≤ Cn sup

|α|=n
‖∂αg‖∞

∫
|k|n| f̂ (k)|dk.

In particular, if n = 2 then

[g(p), i f (εx)] = ε∇g(p) · ∇ f (εx) + O(ε2)

= ε∇ f (εx) · ∇g(p) + O(ε2)

in the limit ε→ 0.
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It is the last statement one commonly needs in the computation of commu-
tators of functions of position and momentum, respectively. The method
of proof is usually based on the Fourier transform and and application
of Taylor’s formula. However, it is easy to see that one can use the result
of [Ras] for an almost immediate proof. If one identifies f (x) = B and
A = p, then it follows from the observation that

adα
A(B) = i|α|∂α f (x).

We stress that in general, pseudo-differential calculus cannot replace the
results obtainable by using the result of [Ras] or vice versa.

We will now present another lemma which is used to prove propaga-
tion estimates. It is a version of the Putnam-Kato theorem mentioned in
Section 3, see also [RS78, Example XIII.7.5], developed by Sigal and Soffer
[SS87].

Lemma 6.2. Let H be a self-adjoint operator and D the corresponding Heisen-
berg derivative

D =
d
dt

+ [H, i · ].

Suppose that Φ(t) is a uniformly bounded family of self-adjoint operators. Sup-
pose that there exist C0 > 0 and operator valued functions B(t) and Bi(t),
j = 1, . . . , n, such that

DΦ(t) ≥ C0B∗(t)B(t)−
n

∑
j=1

B∗j (t)Bj(t),

∫ ∞

1
‖Bj(t)e−itH ϕ‖2dt ≤ C‖ϕ‖2, j = 1, . . . , n.

Then there exists C1 such that

∫ ∞

1
‖B(t)e−itH ϕ‖2dt ≤ C1‖ϕ‖2. (1.3)

The operator valued function Φ(t) is called the propagation observable. The
main idea of the proof of the propagation estimate (1.3) is thus to find
a propagation observable whose Heisenberg derivative is “essentially
positive.” For completeness, we will now prove the lemma.
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Proof. Let 1 ≤ t1 ≤ t2. Compute

C0

∫ t2

t1

‖B(t)e−itH ϕ‖2dt ≤
∫ t2

t1

〈e−itH ϕ, DΦ(t)e−itH ϕ〉dt

+
n

∑
j=1

∫ t2

t1

‖Bj(t)e−itH ϕ‖2dt

≤ 〈e−it2H ϕ, DΦ(t2)e−it2H ϕ〉 − 〈e−it1H ϕ, DΦ(t1)e−it1H ϕ〉

+
n

∑
j=1

∫ t2

t1

‖Bj(t)e−itH ϕ‖2dt ≤ C2‖ϕ‖2,

from which the result follows. �

One important application of the propagation estimates is in the proof
of the existence of asymptotic observables. Cook’s method ([RS79, Theo-
rem XI.4]) is based on the observation that if f ∈ C1(R) has f ′ ∈ L1(R),
then limt→∞ f (t) exists since

| f (t2)− f (t1)| = |
∫ t2

t1

f ′(u)du| ≤
∫ t2

t1

| f ′(u)|du→ 0 (1.4)

for T ≤ t1 ≤ t2 in the limit T → ∞. The following lemma is a variation
of Cook’s method due to Kato, which provides existence of asymptotic
observables.

Lemma 6.3. Let H1 and H2 be two self-adjoint operators. Let 2D1 be the
corresponding asymmetric Heisenberg derivative:

2D1Φ(t) =
d
dt

Φ(t) + iH2Φ(t)− iΦ(t)H1.

Suppose that Φ(t) is a uniformly bounded function with values in self-adjoint
operators. Let D1 ⊂ H be a dense subspace. Assume that for ψ2 ∈ H and
ψ1 ∈ D1,

|〈ψ2, 2D1Φ(t)ψ1〉| ≤
n

∑
j=1
‖B2j(t)ψ2‖‖B1j(t)ψ1‖,∫ ∞

1
‖B2j(t)e−itH2 ϕ‖2dt ≤ ‖ϕ‖2, ϕ ∈ H, j = 1, . . . , n,∫ ∞

1
‖B1j(t)e−itH1 ϕ‖2dt ≤ C‖ϕ‖2, ϕ ∈ D1, j = 1, . . . , n.

Then the limit
s lim

t→∞
eitH2Φ(t)e−itH1 (1.5)

exists.
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Proof. Let ϕ ∈ D1 and ψ ∈ H. Compute

|〈ψ, eitH2Φ(t)e−itH1 ϕ〉 − 〈ψ, eitH2Φ(t)e−itH1 ϕ〉|

≤
∫ t2

t1

|〈ψ, eitH2(2D1Φ(t))e−tH1 ϕ〉|dt

≤
n

∑
j=1

(∫ t2

t1

‖B2je−itH2ψ‖2dt
) 1

2
(∫ t2

t1

‖B1je−itH1 ϕ‖2dt
) 1

2
.

Hence

‖eit2H2Φ(t2)e−it2H1 ϕ− eit1H2Φ(t1)e−it1H1 ϕ‖
= sup
‖ψ‖=1

|〈ψ, eitH2Φ(t)e−itH1 ϕ〉 − 〈ψ, eitH2Φ(t)e−itH1 ϕ〉|

≤
n

∑
j=1

C
(∫ t2

t1

‖B1je−itH1 ϕ‖2dt
) 1

2
.

An argument similar to (1.4) now implies (1.5). �

7 The Propagation Estimates

In [GMR], we prove four propagation estimates. For the purpose of this
section, their exact formulation is not too important, and hence we will
not explain the notation [·] used below. What is important is the following:
The matter particle position is denoted y and it has the dispersion relation
Ω, the field particle position is denoted by x and it has the dispersion
relation ω.

In each propagation estimate a function χ appears, it plays the role
of an arbitrary energy cut-off. Likewise, on the right-hand side of each
propagation estimate inequality, there is a constant factor C. This depends
on the χ but is independent of the vector u. The left endpoint of the
integral is irrelevant. For the intuitive understanding of the propagation
estimates, the χ and the C is not so important, in fact one might just as
well have written the propagation estimates in the form∫ ∞

T
‖B(t)e−itHψ‖2 dt

t
< ∞,

which may be interpreted as the statement that the time-dependent ob-
servable B(t) (or actually B∗(t)B(t)

t ) goes to zero at an integrable rate as
the arbitrary state ψ evolves according to the dynamics given by the
Hamiltonian H.
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We will now go through each of the propagation estimates from [GMR]
in the order they are proved and state in words roughly what they say.

Theorem 7.1 (Large velocity estimate). Let χ ∈ C∞
0 (R). There exists a con-

stant C1 such that for R′ > R > C1, one has∫ ∞

1

∥∥[1[R,R′]
( |x−y|

t
)]

e−itHχ(H)u
∥∥2 dt

t
≤ C‖u‖2.

The large velocity estimate states that the probability of finding a field
particle with an average velocity relative to the matter particle larger than
some critical value depending on the energy of the state goes to zero at
an integrable rate.

Theorem 7.2 (Phase-space propagation estimate). Take χ ∈ C∞
0 (R) and

let 0 < c0 < c1. Write

Θ[c0,c1]
(t) =[〈 x−y

t −∇ω(Dx)+∇Ω(Dy), 1[c0,c1]

( |x−y|
t
)( x−y

t −∇ω(Dx)+∇Ω(Dy)
)〉]

.

Then ∫ ∞

1
‖Θ[c0,c1]

(t)
1
2 e−itHχ(H)u‖2 dt

t
≤ C‖u‖2.

The phase-space propagation estimate states that for any state where the
field particle has an average velocity relative to the matter particle which
is positive (i.e. larger than c0 for an arbitrary c0 > 0), the instantaneous
velocity difference converges to the average velocity difference of the two
particles at an integrable rate.

Theorem 7.3 (Improved phase-space propagation estimate).
Let χ ∈ C∞

0 (R), 0 < c0 < c1 and J ∈ C∞
0 (c0 < |x| < c1). Then for 1 ≤ i ≤ ν,∫ ∞

1

∥∥[∣∣J( x−y
t )
( xi−yi

t −∂iω(Dx)+∂iΩ(Dy)
)
+h. c.

∣∣] 1
2 e−itHχ(H)u

∥∥2 dt
t
≤C‖u‖2.

As the name indicates, it states the same as the phase-space propagation
estimates, only the rate of the convergence is improved.

Before stating the minimal velocity estimate, we note that due to the
fibered representation of the Hamiltonian used in the formulation of
the result, x no longer denotes the field particle position, but rather the
relative position of the field particle with respect to the matter particle.
We also note that the sets θ(P0) and σpp(P0) are the threshold set and the
pure point spectrum, respectively, for the fiber Hamiltonian H(P0), which
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describes the dynamics for fixed total momentum P0. Furthermore, we
note that the union of the set of thresholds and the pure point spectrum
of the fiber Hamiltonians is a closed subset of the energy-momentum
spectrum.

Theorem 7.4 (Minimal velocity estimate). Assume that (P0, λ0) ∈ Rν+1

satisfies that λ0 ∈ R \ (θ(P0) ∪ σpp(P0)). Then there exists an ε > 0, a
neighbourhood N of (P0, λ0) and a function χ ∈ C∞

0 (Rν+1) such that χ = 1 on
N and ∫ ∞

1

∥∥∥[1[0,ε]]
( |x|

t
)∫ �

e−itH(P)χ(P, H(P))dPu
∥∥∥2 dt

t
≤ C‖u‖2.

The minimal velocity estimate states that away from thresholds and the
pure point spectrum of the fixed momentum fibers, the probability of find-
ing states with low average relative velocity goes to zero at an integrable
rate.

The most important propagation estimates are the improved phase-
space estimate and the minimal velocity estimate. We use the improved
phase-space estimate in connection with Lemma 6.3 from the previous
section to show the existence of an asymptotic observable, whose intuitive
interpretation is that it is the projection onto the states where the matter
and the field particles separate over time. The minimal velocity estimate is
then used to prove that states that do not separate over time belong to the
subspace of “bound states,” for some suitable definition of this subspace.

To prove these two propagation estimates, the two other propagation
estimates serve as ingredients; the large velocity estimate is used in the
proof of the (first) phase-space propagation estimate, and the phase-space
propagation estimate is used both in the proof of the improved phase-
space estimate and in the proof of the minimal velocity estimate. The
Mourre estimate again comes into play as another important ingredient
of the minimal velocity estimate.

8 Scattering Theory

As mentioned in Section 3, scattering states are usually the states that
“live” in the absolutely continuous part of the spectrum of a Hamiltonian.
In [GMR], this is a bit more complicated due to the translation invariance
that forces one to instead look at the energy-momentum spectrum of the
operator. In our model, “bound states” are wave packets of eigenstates for
the fixed momentum fiber Hamiltonians and hence lie in the absolutely
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continuous spectrum of the full Hamiltonian. We may thus define the
space of bound states in the following way:

Hbd = Ran
∫ �

Rν
1pp(H(P))dP,

where H(P) is the fiber Hamiltonian at momentum P and 1pp(H(P)) is
the projection onto the pure point spectrum of H(P). After proving that
there is no singular continuous spectrum, one is thus lead to define the
space of scattering states as

Hscat = Ran
∫ �

Rν
1ac(H(P))dP.

We would like to compare the dynamics given by the “interacting”
Hamiltonian H to that given by a “free” Hamiltonian Hfree on the scatter-
ing states. In quantum field theory, this is usually somewhat complicated
by the fact that the “free” dynamics is not the same as the “non-interacting”
dynamics; the dynamics of the “bound states” is still governed by the
“interacting” Hamiltonian. One expects that scattering states emits bosons
that asymptotically will evolve as free bosons until the remaining system
reaches a “bound state.” A way to handle this situation is by introducing
asymptotic fields or asymptotic creation and annihilation operators, which
are defined as the limits of the usual creation and annihilation operators
in the so-called interaction picture:

a#,+(h) = lim
t→∞

eitHa#(e−itωh)e−itH,

where a#(h) is either a∗(h) or a(h) and ω is the dispersion relation of
the field particles. The operator a∗,+(h) may thus be interpreted as the
operator that adds an asymptotically free boson, and a+(h) as the operator
that annihilates asymptotically free bosons. One can then define the space
of bound states as the space of states annihilated by a+(h), i.e. the states
with no asymptotically free bosons. However, a+(h) and a(h) do not
conserve momentum, and this complicates matters in connection with
the fiber Hamiltonians. Moreover, for the Polaron model, the asymptotic
creation and annihilation operators do not exist.

In [GMR], we avoid this problem completely. With at most one field
particle, there are none left if one is removed, and hence the “free” and
the “non-interacting” dynamics do in fact coincide, i.e. Hfree = H0. The
space H0,bd of bound states for H0 is defined analogously to that of H and
as H0 has no singular continuous spectrum, the space of scattering states
equals H⊥0,bd. One expects that each scattering state ψ+ for H0 correspond
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asymptotically to a scattering state ψ for H, i.e.

‖e−itH0ψ+ − e−itHψ‖ → 0 for t→ ∞,

or equivalently,
lim
t→∞
‖eitHe−itH0ψ+ − ψ‖ = 0.

This leads to the following definition.

Definition 8.1 (Wave operators). Let H and H0 be self-adjoint operators
such that H0 has no singular continuous spectrum, and let P⊥bd(H0) denote
the projection onto a subspace of the absolutely continuous spectrum of
H0 which we call the space of scattering states for H0. The wave operators, if
they exist, are the operators given by

W± = s lim
t→±∞

eitHe−itH0 P⊥bd(H0).

Asymptotic completeness in quantum mechanics is the statement that the
space of states splits into a direct sum of bound and scattering states, that
the wave operator exists and that all scattering states for H for large times
evolve as a scattering state for the “free” dynamics, i.e.

Ran W± = Ran P⊥bd(H),

where P⊥bd(H) denotes the projection onto the space of scattering states of
H.

For so-called short-range interactions, there is a connection between
large times and large distances. This leads to the concept of “geometric
asymptotic completeness,” which roughly speaking is the statement that
the states that are asymptotically comparable to “free” states are the states
where the particles are far apart for large times.

To prove such a statement, one may introduce an asymptotic observable
P±0 , which projects onto the states where the particles in the distant future
(or distant past, according to the sign) are far apart. Hence, geometric
asymptotic completeness may be stated as

Ran P±0 = Ran W±.

Hence, if geometric asymptotic completeness is obtained, the proof of
asymptotic completeness is reduced to the proof of

Ran P±0 = Ran P⊥bd(H).

A minimal velocity estimate is usually an important ingredient in the
proof of this statement.
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1 The Model

In this paper we study the structure of the lowest branch of continuous
energy-momentum spectrum of a class of massive translation invariant
models describing one quantum particle linearly coupled to a second
quantized radiation field. Included in the class of models we study are the
translation invariant massive Nelson model, [Nel64, Can71, Frö74, Møl05],
and Fröhlich’s polaron model, [Frö54, Spo04, Møl06b, AD10].

This paper is a natural continuation of [Møl05, Møl06b], where the
structure of the groundstate mass shell and the bottom of the continu-
ous energy-momentum spectrum was studied for the class of models
considered here.

Before describing our results in detail, we pause to introduce the class
of models we consider.

25
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1.1 A class of translation invariant massive scalar field
models

We consider a particle (from now on refered to as “the electron”) moving
in Rν linearly coupled to a scalar field of massive field particles (“pho-
tons”). Note that the terms electron and photon are somewhat arbitrary,
replaceable with e.g. the terms “particle” and “phonon”. The electron
Hilbert space is

K := L2(Rν
x)

where x is the electron position. The free electron Hamiltonian is Ω(p),
where p := −i∇. We will later impose some conditions on the electron
dispersion relation Ω, see Condition 1.1.

The photon Hilbert space is

hph := L2(Rν
k)

where k is the photon momentum, and the one-photon dispersion relation
is ω(k). See Condition 1.2 for the conditions imposed on ω.

The Hilbert space for the field is the bosonic Fock space

F = Γ(hph) :=
∞⊕

n=0
F (n), where

F (n) = Γ(n)(hph) := hph
�sn.

Here hph
�sn is the symmetric tensor product of n copies of hph. We denote

the vacuum by Ω = (1, 0, 0, . . . ). The creation and annihilation operators
a∗(k) and a(k) satisfy the following distributional form identities, known
as the canonical commutation relations.

[a∗(k), a∗(k′)] = [a(k), a(k′)] = 0,

[a(k), a∗(k′)] = δ(k− k′) and

a(k)Ω = 0.

The free photon energy is the second quantization of the one-photon
dispersion relation,

dΓ(ω) =
∫

Rν
ω(k)a∗(k)a(k) dk.

The Hilbert space of the combined system is

H := K�F ,
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on which we make the following identification.

H := L2(Rν;F ).

The free and coupled Hamiltonians for the combined system are

H0 := Ω(p)� 1F + 1K � dΓ(ω) and
H := H0 + V

where the interaction V is given by

V :=
∫

Rν

(
e−ik·x v(k) 1K � a∗(k) + eik·x v(k) 1K � a(k)

)
dk

where v ∈ hph = L2(Rν) is a real-valued coupling function. A natural
choice for v would be v(k) = χ(k)/

√
ω(k), where χ is an ultra-violet

cutoff function which insures the v ∈ L2(Rν) requirement. We hope to be
able to remove this cutoff in future work.

The total momentum of the combined system is given by

P = −i∇� 1F + 1K � dΓ(k).

The operators H0 and H commutes with P, i.e. H0 and H are translation
invariant. This implies that H0 and H are fibered operators. Using the
unitary transform ILLP first introduced in [LLP53] and given by

ILLP := (F � 1F ) ◦ Γ(e−ik·x)

we can identify the fibers of H0 respectively H. Here F is the Fourier
transform. We get

ILLP H0 I∗LLP =
∫ �

Rν
H0(ξ) dξ and

ILLP H I∗LLP =
∫ �

Rν
H(ξ) dξ,

where H0(ξ) and H(ξ) are operators on F and given by

H0(ξ) = dΓ(ω) + Ω(ξ − dΓ(k)) and
H(ξ) = H0(ξ) + Φ(v).

Here Φ(v) is the field operator given by

Φ(v) =
∫

Rν

(
v(k) a∗(k) + v(k) a(k)

)
dk.
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See also [RS75] and [DG99] for general constructions related to bosonic
Fock space.

The set {(ξ, λ)|λ ∈ σ(H(ξ))} is called the energy-momentum spec-
trum of the Hamiltonian H. In Figure 2.1 such a spectrum is depicted.
The grey region is the continuous part of the energy-momentum spectrum,
and the black solid curve is the ground state mass shell. This part of
the depicted spectrum is in fact that of the free Hamiltonian H0, with
Ω(η) = η2/2 and ω(k) =

√
k2 + 1. The black dotted curve that extends

the ground state mass shell into the continuous spectrum is an embedded
eigenvalue for the uncoupled model. It is expected to disappear when the
coupling is turned on, which has been established if ν ≥ 3 for a class of
models including the polaron model in [AMZ05], at least in the region
between the two lowest solid red curves representing the lowest 1- and
2-body thresholds (see subsection 1.3).

S0HΞL
S1HΞL

SessHΞL
S0

H2LHΞL
S0

H3LHΞL

S1
H1LHΞL

S1
H2LHΞL

Figure 2.1: The lower branches of the energy-momentum
spectrum.

It is a curious fact that in dimension 1 and 2, the coupled system
will have an isolated ground state mass shell for all k (if v is nowhere
vanishing). This is orginally due to Spohn, see [Spo04, Møl06b].

If the coupling constant is small and ν ≥ 3, one can show, again for
a class of models including the polaron model, that there are no excited
mass shells below the lowest 2-body threshold. See [AMZ05]. At large
coupling one cannot rule out the existence of excited isolated mass shells
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(or even embedded ones). Such exited mass shells will also give rise to
thresholds. An exited mass shell and associated 1- and 2-body thresholds
are depicted in Figure 2.1 as the dash-dotted curves. Based on the work
of [AMZ05] one is lead to conjecture that in general there should at most
be finitely many excited isolated mass shells.

In the present paper we study the structure of the lowest part of the
continuous energy-momentum spectrum, that is the region lying between
the bottom of the continuous spectrum and the first of the drawn red
curves. I.e. the first 2-body threshold, if there no excited isolated mass
shells, or the 1-body threshold pertaining to the first isolated excited mass
shell if it exists.

In order to explain the significance of this choice of region, we discuss
briefly in scattering terms what the structure of the associated spectral
subspace should be. Suppose we start out at total momentum ξ and en-
ergy λ, with (ξ, λ) in the region just discussed in the previous paragraph.
Let ψ be a state localized in momentum and energy at (ξ, λ). Then ψ can
be decomposed into a linear combination of possible bound states, corre-
sponding to embedded eigenvalues at total momentum ξ, and a scattering
state that should emit a field particle at momentum k, leaving behind a
bound interacting state at momentum ξ − k, with energy Σ0(ξ − k) – the
ground state energy at momentum ξ − k. Due to energy conservation we
must have λ = Σ0(ξ − k) + ω(k). conversely, any such compound state,
emitted field particle and interacting bound state, satisfying energy and
momentum conservation, should be attained by some scattering state.
This description is in fact that of asymptotic completeness.

If we had started between the red dash-dotted curve and the 2-body
threshold coming from the ground state mass shell, the second solid red
curve, the scattering process is more complicated. Here there are two
available channels. In either case the state emits 1 field-particle, but it now
has two bound states available to the remaining interacting system. Either
the ground state, or the first excited mass shell. The further one moves
up into the continuous spectrum, the more scattering channels become
available. Including the emission of multiple field particles if one starts
above the first 2-body threshold.

The significance of the thresholds is also best explained in a dynamical
picture. If we had started on a threshold, then there would be momenta
such that if field particles were emitted at these momenta, then the remain-
ing interacting state, which travels with an effective dispersion relation
equal to the mass shell it ends up at, would not separate from the emitted
field particles. I.e., the emitted particles cannot be treated as uncoupled
from the remaining bound state.

In Figure 2.1 we have chosen to depict a situation where the mass
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shells are convex. Unfortunately it is a very hard question, outside of
the weak coupling regime, to determine if a mass shell is convex or even
monotonically increasing away from ξ = 0. If a mass shell is not convex,
then this will potentially give rise to extra thresholds falling in between
the thresholds depicted in Figure 2.1. Our methods however are capable
of dealing with such additional thresholds, so we are not required to make
implicit assumptions on the structure of mass shells. In addition, our
method is not sensitive to the possible existence of embedded mass shells
in the region considered. In fact, we can prove that at fixed momentum,
embedded eigenvalues are locally finite away from thresholds, with only
possible accumulation points at thresholds.

We make use of the fact that in the region considered there is only
one available scattering channel to construct an operator Aξ conjugate to
H(ξ) in the sense of Mourre. This enables us to deduce information about
the structure of the continuous spectrum, such as absence of singular
continuous spectrum. If Ω(η) = η2/2 (or a multiple thereof), we can
combine with recent results of [FMSa, FMSb, MW] to conclude that the
embedded eigenvalues together with the threshold set, in the region
considered, form a closed subset of energy-momentum space, with the
property that at fixed total momentum this set becomes at most countable.
The precise formulation of the main results are contained in Theorem 3.6
and Corollary 3.7, see pages 60–61.

We remark that this model has an interesting technical feature. If
Ω(η) = η2/2, the fiber Hamiltonians are of class C2(Aξ), but not of class
C3(Aξ), see [ABG96] or subsection 1.6. In fact, neither the domain nor
the form domain of the Hamiltonian is invariant under the unitary group
generated by Aξ . See Remark 1.23. That is, we need the full force of the
Amrein-Boutet de Monvel-Georgescu extension of Mourre’s commutator
method [ABG96, Gér08, GJ06].

1.2 Conditions on Ω, ω and v

We will need a combination of the following conditions.

Condition 1.1 (Electron dispersion relation). Let Ω ∈ C∞(Rν) be a non-
negative function. There exists an sΩ ∈ [0, 2] such that Ω satisfies:

(i) There exists c > 0 such that Ω(η) ≥ c−1〈η〉sΩ − c.

(ii) For any multi-index α there exists a positive constant cα > 0 such
that |∂αΩ(η)| ≤ cα〈η〉sΩ−|α|.



1. The Model 31

(iii) Rotation invariance of Ω, i.e. Ω(Oξ) = Ω(ξ) for all ξ ∈ Rν and
O ∈ O(ν).

(iv) Analyticity of Ω, i.e. Ω is real analytic.

Note that the standard non-relativistic and relativistic choices Ω(η) = η2

2M
and Ω(η) =

√
η2 + M2 satisfies Condition 1.1 with sΩ = 2 and sΩ = 1,

respectively.

Condition 1.2 (Photon dispersion relation). Let ω ∈ C∞(Rν) satisfy

(i) There exists a positive constant m > 0, which we call the photon
mass, such that infk∈Rν ω(k) = m.

(ii) ω is strictly subadditive, ω(k1 + k2) < ω(k1) + ω(k2).

(iii) Rotation invariance of ω, i.e. ω(Oξ) = ω(ξ) for all ξ ∈ Rν and
O ∈ O(ν).

(iv) Analyticity of ω, i.e. ω is real analytic.

(v) For any multi-index α with |α| ≥ 1, we have supk∈Rν |∂αω(k)| < ∞.

(vi) There exists c > 0 such that |k||∇ω(k)| ≤ cω(k).

(vii) There exists c > 0 such that |k|2‖∇2ω(k)‖ ≤ cω(k).

Condition 1.2 is e.g. satisfied for ω(k) =
√

k2 + m2 and ω(k) = ω0 > 0.

Condition 1.3 (Coupling function). Let v have 2 distributional deriva-
tives and satisfy

(i) We have that v ∈ L2(Rν).

(ii) We have that 〈·〉|∇v|, ∂jv ∈ L2(Rν), for 1 ≤ j ≤ ν.

(iii) Rotation invariance of v, i.e. v(Oξ) = v(ξ) for a.e. ξ ∈ Rν and
O ∈ O(ν).

(iv) We have 〈·〉‖∇2v‖ ∈ L2(Rν).

Condition 1.4 (Dispersion relation behavior at infinity). The dispersion
relations Ω and ω satisfy one of the following conditions.

(i) The photon dispersion relation satisfies lim|k|→∞ ω(k) = ∞.

(ii) The dispersion relations satisfy sup
k

ω(k) < ∞ and lim
|η|→∞

Ω(η) = ∞.
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We note that any combination of Ω and ω as in one the examples above
satisfies Condition 1.4, i.e. we are able to cover the Fröhlich Hamiltonian,
Ω(η) = η2/(2Meff) and ω(k) = hω0 > 0, with a (sufficiently smooth)
ultraviolet cutoff in the coupling function v.

1.3 Some preliminaries

In this subsection we recall some known results and establishes some
notation used throughout the paper. Apart from a lemma about the
structure of the thresholds, the results are all from [Møl05] or [Møl06b].
We also need a corollary to a result from [Møl06b] and lemma, which is
an easy consequence of this corollary.

Proposition 1.5. Assume Conditions 1.1(i), (ii), 1.2(i) and 1.3(i). Then

(i) The operator H0(ξ) is essentially self-adjoint on C∞
0 := Γfin(C∞

0 (Rν)).

(ii) The domain D := D(H0(ξ)) is independent of ξ.

(iii) The field operator Φ(v) is H0(ξ)-bounded with relative bound 0. In par-
ticular H(ξ) is bounded from below, self-adjoint on D and essentially
self-adjoint on C∞

0 .

(iv) The bottom of the spectrum of the fiber Hamiltonians,

ξ 7→ inf σ(H(ξ)),

is Lipschitz continuous.

The proof, which uses the identity H0(ξ) − H0(0) = ξ ·
∫ 1

0 ∇Ω(tξ −
dΓ(k)) dt, the H0(ξ)

1
2 -boundedness of N

1
2 , where N = dΓ(1F ) is the num-

ber operator, a standard estimate on creation and annihilation operators
and the Kato-Rellich theorem twice, can be found in [Møl05, Chapter 3].

Proposition 1.5 also holds with the pair (H0(ξ), H(ξ)) replaced by
either of the pairs (Hext

0 (ξ), Hext(ξ)) or (H(`)
0 (ξ), H(`)(ξ)), where Hext

0 (ξ),

Hext(ξ), H(`)
0 (ξ) and H(`)(ξ)) are the operators defined i subsection 1.4

respectively subsection 1.5.
We now introduce some notation. We denote the bottom of the spec-

trum of the fiber Hamiltonians

Σ0(ξ) := inf σ(H(ξ)).
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The bottom of the spectrum of the full operator:

Σ0 := inf
ξ∈Rν

Σ0(ξ) > −∞

where the inequality follows from Proposition 1.5. Let n ∈ N be some
positive integer and k = (k1, . . . , kn) ∈ Rnν. We introduce the bottom of
the spectrum of a composite system consisting of a copy of an interacting
system at momentum ξ − ∑n

j=1 k j and n non-interacting photons with
momenta k.

Σ(n)
0 (ξ; k) := Σ0(ξ −∑n

j=1 k j) + ∑n
j=1 ω(k j).

The following functions are so-called thresholds. We need them to outline
the region in which our Mourre estimate is valid.

Σ(n)
0 (ξ) := inf

k∈Rnν
Σ(n)

0 (ξ; k).

Σ(n)
0 (ξ) is the first n-particle threshold. If ω and Σ0(·) are convex, this is in

fact the only n-particle threshold pertaining to the ground state mass shell.
It turns out that the bottom of the essential spectrum can be expressed in
terms of these threshold functions. More precisely we have

Σess(ξ) := inf
n≥1

Σ(n)
0 (ξ), (2.1)

see Theorem 1.7 below. If ω satisfies Condition 1.2(ii), then Σ(n)
0 (ξ) ≥

Σ(n′)
0 (ξ) when n > n′, see also Proposition 1.11. Hence (2.1) reduces to

Σess(ξ) := Σ(1)
0 (ξ).

Let I0 := {η ∈ Rν|Σ0(η) < Σess(η)}, i.e. I0 is the region of momenta
of the interacting system where the bottom of the spectrum of the fiber
Hamiltonians are isolated eigenvalues. For ξ ∈ Rν and n ∈N we define

I (n)0 (ξ) := {k ∈ Rnν | ξ −∑n
j=1 k j ∈ I0}. (2.2)

For 0 ≤ p < ∞, we let Σp(ξ) ≤ Σess(ξ) denote the p’th isolated
eigenvalue of H(ξ) below the essential spectrum, counted from 0 and
without multiplicity and with the convention that Σp(ξ) = Σess(ξ) if there
are less than p + 1 isolated eigenvalues at total momentum ξ. Note that if
Σp(ξ) = Σess(ξ), it is not necessarily an eigenvalue. In fact, if 4 ≥ ν ≥ 3
and ξ 6∈ I0, then Σ0(ξ) is not an eigenvalue, see [Møl06b]. Let

pmax := sup{p + 1 ∈N | ∃ξ ∈ Rν : Σp(ξ) < Σess(ξ)},
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then for p = 0 we have the bottom of the spectrum, for p ≥ 1 we have
excited states and pmax counts the number of mass shells.

Let n ∈ N, k = (k1, . . . , kn) ∈ Rnν and p < pmax. As for the ground
state, we introduce excited states of a composite system consisting of
a copy of an interacting system at momentum ξ − ∑n

j=1 k j and n non-
interacting photons with momenta k.

Σ(n)
p (ξ; k) := Σp(ξ −∑n

j=1 k j) + ∑n
j=1 ω(k j).

We also define the corresponding

Σ(n)
p (ξ) := inf

k∈Rnν
Σ(n)

p (ξ; k),

Ip := {η ∈ Rν|Σp(η) < Σess(η)}

and
I (n)p (ξ) := {k ∈ Rnν | ξ −∑n

j=1 k j ∈ Ip}

for 0 < p < pmax. The Σ(n)
p (ξ) are the first n-particle thresholds for the

mass shell Σp. If ω and Σp(·) are convex, they are the only ones.
We need the following lemma about the structure of the thresholds.

Lemma 1.6. Assume Conditions 1.1(i), (ii), 1.2(i), (ii) and 1.3(i), n ≥ 1, ξ ∈
Rν, 0 ≤ p < pmax and k ∈ Rnν. If Σ(n)

p (ξ; k) < Σ(n+1)
0 (ξ), then k ∈ I (n)p (ξ).

Proof. Assume k 6∈ I (n)p (ξ). Then Σp(ξ −∑n
i=1 ki) = Σess(ξ −∑n

i=1 ki). But

Σess(η) = infk∈Rν Σ0(η; k). Let 2ε = Σ(n+1)
0 (ξ)− Σ(n)

p (ξ; k) > 0. Choose kε

such that Σess(ξ −∑n
i=1 ki) + ε > Σ0(ξ −∑n

i=1 ki; kε). Then

Σ(n)
p (ξ; k) + ε > Σ0(ξ −

n

∑
i=1

ki − kε) +
n

∑
i=1

ω(ki) + ω(kε) ≥ Σ(n+1)
0 (ξ),

which is a contradiction. �

The following HVZ-type theorem on the structure of the spectrum of H(ξ)
is crucial for our arguments in the proof of the virial-like theorem and the
Mourre estimate.

Theorem 1.7. Assume Conditions 1.1(i), (ii), 1.2(i) and 1.3(i). Then

(i) The spectrum of H(ξ) below Σess(ξ) consists at most of eigenvalues of
finite multiplicity, with Σess(ξ) as the only possible accumulation point.

(ii) If Condition 1.4 is also satisfied, then σess(H(ξ)) = [Σess(ξ), ∞).



1. The Model 35

For a proof, we refer the reader to [Møl06b].
The following theorem, [Møl06b, Theorem 2.3], has two important

consequences, Theorem 1.9 and Proposition 1.12.

Theorem 1.8. Let ξ ∈ Rν. Assume Conditions 1.1(i), (ii), 1.2(i) and 1.3(i). If
either ξ ∈ I0 or Σ0(ξ) is an eigenvalue of H(ξ) and v 6= 0 a.e. then Σ0(ξ) is
non-degenerate.

Theorem 1.9. Assume Conditions 1.1(i), (ii), 1.2(i), 1.3(i) and 1.4(ii). We have
the limit

lim
|ξ|→∞

Σess(ξ)− Σ0(ξ) = 0.

This theorem is a slightly simplified version of [Møl06b, Theorem 2.4].
The simplification comes from the fact that

Σess(ξ) = inf
k∈Rν

(Σ0(ξ − k) + ω(k)) ≤ inf
k∈Rν

Σ0(ξ − k) + sup
k∈Rν

ω(k)

which is independent of ξ and bounded under Condition 1.4(ii), and
hence Σ0(·) is bounded.

Corollary 1.10. Assume Conditions 1.1(i), (ii), 1.2(i), (ii), 1.3(i) and 1.4. Then

lim sup
|k|→∞

Σ(2)
0 (ξ)− Σ(1)

0 (ξ; k) ≤ 0.

Proof. Condition 1.4 implies that either lim|k|→∞ ω(k) = ∞, in which
case the result is trivial, or, Condition 1.4(ii) is satisfied, in which case
Theorem 1.9 applies. We see that

Σ(2)
0 (ξ)− Σ(1)

0 (ξ; k)
≤ inf

k′∈Rν
Σ0(ξ − k′ − k) + ω(k′) + ω(k)− (Σ0(ξ − k) + ω(k))

= Σ(1)
0 (ξ − k)− Σ0(ξ − k)

= Σess(ξ − k)− Σ0(ξ − k)→ 0,

which proves the corollary. �

The following proposition ensures that our main result is not an empty
statement.
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Proposition 1.11. Assume Conditions 1.1(i), (ii), 1.2(i), (ii), 1.3(i), 1.4 with
the addition that if sup

k
ω(k) < ∞ then

2 lim inf
|k|→∞

ω(k) > sup
k

ω(k).

Then, for any ξ ∈ Rν and n ≥ 1, we have Σ(n)
0 (ξ) < Σ(n+1)

0 (ξ).

Again, the proof is found in [Møl06b].
Assume Conditions 1.1(iii), 1.2(iii) and 1.3(iii), i.e. Ω, ω and v are rota-

tion invariant. Then clearly Σ0(ξ) is rotation invariant and all information
can be obtained by the function σ : R → R defined by σ(t) := Σ0(tu),
where u is an arbitrary unit vector in Rν. We have the following result on
σ, which follows from Theorem 1.8.

Proposition 1.12. Assume Conditions 1.1, 1.2(i), (iii) 1.3(i) and (iii). Then the
map t 7→ σ(t) is real analytic on {t ∈ R |, tu ∈ I0}.

The proof goes back to [Frö73].
The following threshold set is needed in our argument to make sure

that in the proof of the Mourre estimate, Theorem 3.5, we get something
positive from the virial-like theorem, Theorem 3.1.

T (1)
0 (ξ) :=

{
λ ∈ R

∣∣ ∃k ∈ I (1)0 (ξ) : Σ(1)
0 (ξ; k) = λ and ∇kΣ(1)

0 (ξ; k) = 0
}

.

Note that Σ(1)
0 (ξ) ∈ T (1)

0 (ξ) is a lower bound. We are now ready to prove
the following lemma.

Lemma 1.13. Assume Conditions 1.1, 1.2(i), (ii), (iii), (iv), 1.3(i), (iii) and 1.4.
Then T (1)

0 (ξ) ∩
[
Σ(1)

0 (ξ), Σ(2)
0 (ξ)

)
is at most countable with Σ(2)

0 (ξ) the only
possible accumulation point.

Proof. Let ξ ∈ Rν. Assume first that ξ 6= 0. If ∇kΣ(1)
0 (ξ; k) = 0 and

∇ω(k) 6= 0 for some k, then it follows from the rotation invariance
that k = θξ for some θ ∈ R, see [Møl06a, Lemma 3.2]. By analyticity
−∇Σ(1)

0 (ξ − θξ) + ∇ω(θξ) = 0 can only be true for countably many
θ and hence countably many k, with the possible accumulation points
at the boundary of I (1)0 (ξ). If kn → k ∈ ∂I (1)0 (ξ), then it follows that

Σ(1)
0 (ξ; kn) = Σ0(ξ − kn) + ω(kn) → Σ(1)

0 (ξ − k) + ω(k) ≥ Σ(2)
0 (ξ). Hence

the set{
λ ∈ R

∣∣ ∃k ∈ I (1)0 (ξ) : ∇kΣ(1)
0 (ξ; k) = 0, ∇ω(k) 6= 0 and Σ(1)

0 (ξ; k) = λ
}
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is countable with the only possible accumulation points being greater
than or equal to Σ(2)

0 (ξ). If ∇ω(k) = 0, then by rotation invariance,
∇ω(tu) = 0, t = |k|, u ∈ Rν any unit vector. By analyticity this can only
be true for locally finitely many {tn}. Clearly, if there are infinitely many
tn’s, then tn → ∞, so Corollary 1.10 implies that the set{

λ ∈ R
∣∣ ∃k ∈ I (1)0 (ξ) : ∇ω(k) = 0 and Σ(1)

0 (ξ; k) = λ
}

is countable with all possible accumulation points greater than or equal
to Σ(2)

0 . Since T (1)
0 is contained in the union of these two sets we are done.

The case ξ = 0 can be handled by similar but easier arguments. �

1.4 The extended space and a partition of unity

We introduce introduce operators Γ̌(b) : F → F ext, where the extended
space F ext is the Hilbert space defined by

F ext := F �F

and b = (b0, b∞) with b0, b∞ ∈ B(hph) and

b∗0b0 + b∗∞b∞ = 1hph . (2.3)

We identify b with the bounded operator

b : hph → hph � hph,

bψ = (b0ψ, b∞ψ).

It is easy to see that b∗ : hph � hph → hph is given by b∗(ψ, ϕ) = b∗0ψ + b∗∞ ϕ.
Hence b∗b = b∗0b0 + b∗∞b∞ and (2.3) implies that ‖b‖ = 1.

Define U : Γ(hph � hph)→ Γ(hph)� Γ(hph) = F ext by

UΩ = Ω � Ω,
U(a∗( f , g)) = (a∗( f )� 1F + 1F � a∗(g))U

and linearity. Since vectors of the form a∗( f1) · · · a∗( fn)Ω form a total set
in F and since U preserves the canonical commutation relations, we see
that U extends uniquely to a unitary operator, which we also call U. Let b
be as before. Then it is easy to check that

UdΓ(b) = (dΓ(b0)� 1F + 1F � dΓ(b∞))U
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as an identity on Γfin(hph � hph). Define Γ̌(b) by

Γ̌ : F → F ext,

Γ̌(b) = UΓ(b).

Note that (2.3) implies that Γ̌(b) is an isometry:

Γ̌(b)∗Γ̌(b) = 1F .

We will interpret Γ̌(b) as a partition of unity. We note that our Γ̌ is a
special case of a more general construction, see e.g. [Møl05].

We will use two different choices for b. One will be the family jR, R > 1
given by

jR = (jR
0 , jR

∞) := (j0(x/R), j∞(x/R)),

where x = i∇k and j0, j∞ ∈ C∞(Rν) are real and non-negative and satisfies
that j0(k) = 1 for |k| ≤ 1, j0(k) = 0 for |k| > 2 and j20 + j2∞ = 1. By the last
condition, (2.3) is satisfied for b = jR. The other choice will be the family
Jr = (χ{|k|<r}, χ{|k|≥r}), 0 ≤ r ≤ ∞, where χA is the characteristic function
of the set A. One should think of Γ̌(jR) as a decomposition of a state in
F into two parts, one containing the photons near the electron, and one
containing photons near infinity. Intuitively, photons near infinity should
be more or less non-interacting. Under certain conditions, this is true in a
very precise sense, see Corollary 3.3.

If we let
Φr(v) =

∫
|k|<r

(
v(k)a∗(k) + v(k)a(k)

)
dk

and define Hr(ξ) = H0(ξ) + Φr(v) for 0 ≤ r ≤ ∞, then clearly Hr(ξ) is
well-defined for r = 0 and H∞(ξ) = H(ξ).

We now introduce some operators on F ext. If a is an essentially self-
adjoint operator on hph with domain D(a), then

dΓext(a) = dΓ(a)� 1F + 1F � dΓ(a)

defines an operator on F ext with domain D(a)�D(a). If a is essentially
self-adjoint, so is dΓext(a), and the self-adjoint extension will also be
denoted by dΓext(a). In particular, we have for a = 1hph

Next := dΓext(1hph) = dΓ(1hph)� 1F + 1F � dΓ(1hph).

The extended free Hamiltonian is given by

Hext
0 (ξ) := dΓext(ω) + Ω(ξ − dΓext(k))
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and is essentially self-adjoint on C∞
0 � C∞

0 . As for D, Dext := D(Hext
0 (ξ)) is

independent of ξ by Proposition 1.5.
The extended Hamiltonian, which in the spirit of the previous discus-

sion treats photons in the first part of F ext as interacting and photons in
the second part as non-interacting, is defined as

Hext(ξ) := Hext
0 (ξ) + Φ(v)� 1F .

Again by Proposition 1.5, Φ(v) � 1F is Hext
0 (ξ)-bounded with relative

bound 0, so Hext(ξ) is self-adjoint on Dext and essentially self-adjoint on
C∞

0 � C∞
0 . Likewise, we define Hext

r (ξ) = Hext
0 (ξ) + Φr(v)� 1F .

1.5 Auxiliary spaces and auxiliary operators

We introduce auxiliary Hilbert spaces for a system consisting of a copy
of the original system and a fixed number ` of non-interacting photons.
More precisely we define

H(`) := F �F (`).

As before, we can identify H(`) = L2
sym(R`ν;F ), where sym indicates that

the functions are symmetric under permutations from S(`). We extend
the notation of second quantization by setting

dΓ(`)(a) = dΓ(a)� 1F (`) + 1F � dΓ(a)|F (`)

for a self-adjoint operator a. The operator dΓ(`)(a) is essentially self-
adjoint. The auxiliary Hamiltonian is given as

H(`)
r (ξ) := H(`)

0 (ξ) + Φr(v)� 1F (`) where

H(`)
0 (ξ) := dΓ(`)(ω) + Ω(ξ − dΓ(`)(k)).

Proposition 1.5 tells us that D(`) := D(H(`)
0 (ξ)) is independent of ξ and

that Φr(v)� 1F (`) is H(`)
0 (ξ)-bounded with relative bound 0, so H(`)

r (ξ) is
essentially self-adjoint on

C∞
0

(`) := C∞
0 � Γ(`)(C∞

0 (Rν))

and self-adjoint on D(`). We abbreviate H(`)(ξ) = H(`)
∞ (ξ).

Define

H(`)
r (ξ; k) := Hr(ξ −∑`

j=1 k j) + (∑`
j=1 ω(k j))1F ,
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and again we write H(`)(ξ; k) = H(`)
∞ (ξ; k) for short. The auxiliary Hamil-

tonian can then be written as a direct integral representation as

H(`)
r (ξ) =

∫ �

R`ν
H(`)

r (ξ; k)dk. (2.4)

These fiber operators are clearly self-adjoint on D and essentially self-
adjoint on C∞

0 . Note that we have

Σ(`)
0 (ξ, k) = inf{σ(H(`)(ξ; k))} and

Σ(`)
0 (ξ) = inf{σ(H(`)(ξ))}. (2.5)

Using this notation, the extended space and the extended Hamiltonian
defined in the previous subsection can be written as

F ext =
∞⊕
`=0

F �F (`) = F �
∞⊕
`=1

F �F (`) = F �
( ∞⊕
`=1

H(`)
)

and

Hext
r (ξ) = Hr(ξ)�

( ∞⊕
`=1

H(`)
r (ξ)

)
. (2.6)

1.6 Limiting absorption principle

We briefly recall the definition of the regularity property Ck(A) of opera-
tors on a Hilbert space H for a self-adjoint operator A on H and establish
some results regarding this property. Throughout this subsection, A will
denote a self-adjoint operator on a separable Hilbert space H.

Definition 1.14. Let B ∈ B(H) be a bounded operator and k ∈ N. We
say that B ∈ Ck(A) if, for all ϕ ∈ H, the map R 3 s 7→ e−isABeisA ϕ ∈ H is
k times continuously differentiable. If B ∈ Ck(A), B is said to be of class
Ck(A). Let H be a self-adjoint operator on H. If for some (and hence all)
z ∈ ρ(H), (H − z)−1 ∈ C1(A), we say that H is of class C1(A).

The following equivalences are well-known, see e.g. [ABG96].

Proposition 1.15. Let B ∈ B(H). The following are equivalent.

(i) B ∈ C1(A).

(ii) There is a constant C such that for all ψ, ϕ ∈ D(A),

|〈Aψ, Bϕ〉 − 〈ψ, BAϕ〉| ≤ C‖ϕ‖‖ψ‖.
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(iii) B maps D(A) into itself and AB− BA : D(A)→ H extends to a bounded
operator on H.

(iv) There exists a core C for A such that BC ⊂ D(A) and AB− BA extends
from C to a bounded operator on H.

We denote the extension of AB− BA from D(A) to H by [A, B]◦.

Proposition 1.16. If H is a self-adjoint operator of class C1(A) and Wt = eitA

is the unitary group associated to the self-adjoint operator A and ψ, ϕ ∈ D(H),
then we have

〈ψ, [H, iA]◦ϕ〉 = lim
s→0

1
s
(
〈Hψ, Ws ϕ〉 − 〈ψ, WsHϕ〉

)
.

The proof is left to the reader.

Definition 1.17. Let H be a self-adjoint operator and k ∈ N. We say
that H is of class Ck(A) if (H − z)−1 ∈ Ck(A) for some (and hence all)
z ∈ ρ(H).

If H is of class Ck(A) it follows that the form [H, A] extends from D(A) ∩
D(H) to D(H). This extension is also denoted [H, A]◦.

As mentioned earlier, we will obtain a Mourre estimate and a C2

property of our Hamiltonians to prove a version of the limiting absorption
principle. We begin by recalling the definition of a Mourre estimate.

Definition 1.18 (Mourre estimate). Let H ∈ C1(A) for some self-adjoint
operator A on a Hilbert space H and I a bounded, open interval on R.
We say that the Mourre estimate holds true for H on I if there exists a
c > 0 and a compact operator K such that

EI(H)[H, iA]EI(H) ≥ cEI(H) + K (2.7)

as a form on H. We say that the Mourre estimate is strict, if we can choose
K = 0.

Remark 1.19. Assume (2.7) and that λ ∈ I is not an eigenvalue of H.
Then we can choose an I′ 3 λ and a c′ such that a strict Mourre estimate
holds with I and c replaced by I′ and c′, respectively. To see this, pick
In ⊂ I, n ∈ N such that λ ∈ In and |In| → 0 for n → ∞. As λ is not an
eigenvalue of H, s lim(EIn(H)) = 0 and hence ‖KEIn(H)‖ → 0. Choose
I′ = IN for N so large that ‖KEIN(H)‖ < c

2 and c′ = c
2 . If we now

sandwich both sides of the inequality (2.7) with EI′ , we easily arrive at the
desired inequality.
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Remark 1.20. Assume (2.7) and that H is of class C1(A). Then the so-
called Virial Theorem, Eλ(H)[H, iA]◦Eλ(H) = 0, holds by [ABG96, Propo-
sition 7.2.10]. This in turn implies by [ABG96, Corollary 7.2.11] that the
total multiplicity of eigenvalues in I is finite.

By the limiting absorption principle, we mean the following.

Definition 1.21 (Limiting absorption principle). Let H and A be self-
adjoint operators on the Hilbert space H, A self-adjoint, J a bounded
interval on R and s ≥ 0 a non-negative number. We say that the limiting
absorption principle holds for H with respect to (A, J, s) if

sup
z∈J±
‖〈A〉−s(H − z)−1〈A〉−s‖ < ∞,

where J± = {z ∈ C|Re(z) ∈ J,± Im(z) > 0}.

Note that if the limiting absorption principle holds for an s0, then it holds
for all s > s0. Note that the limiting absorption principle implies absolute
continuity of the part of essential spectrum of the operator lying in J.

To obtain a version of the limiting absorption principle, it is sufficient
to prove a Mourre estimate and a C2 property of the Hamiltonian. More
precisely the following theorem holds.

Theorem 1.22. Let H be of class C2(A), I an open interval on R and s > 1
2 .

Assume that the strict Mourre estimate holds true for H on I. Then the limiting
absorption principle with respect to (A, J, s) holds true for H, where J is any
compact subinterval of I.

For a proof, see e.g. [GJ06] or [Gér08]. We note that this is a generalization
of Mourre’s original result, see [Mou81].

Remark 1.23. Mourre assumed a list of technical conditions, among these
the condition that eitAD(H) ⊂ D(H), a condition which is not true in all
the cases covered in this work. An example where this condition fails
is ν = 1, vξ(k) = Ck + b(k) and Ω(η) = η2, where C = 0 and b = 1.
Calculate on C∞

0

eiAξ (ξ − dΓ(k))2 f = (ξ − dΓ(k− 1))2eiAξ f

= (ξ − dΓ(k) + N)2eiAξ f .
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2 Regularity Properties of the Hamiltonian
with Respect to a Conjugate Operator

In this section we will define the conjugate operator Aξ and prove that
H0(ξ) and H(ξ) are of class C2(Aξ).

2.1 A tool for proving the C2(A) property

The following proposition will be used to prove the regularity property of
the fiber Hamiltonians.

Proposition 2.1. Let H0 be a self-adjoint operator, V a symmetric operator and
C0 a form on D(H0). Write R0(z) = (H0 − z)−1 for z ∈ ρ(H0) and Hs,
−1 ≤ s ≤ 1, for the scale of spaces associated to H0. Assume that

(i) C ⊂ D(A) ∩D(H0) is a core for H0 and A,

(ii) [H0, iA] = C0 as a form identity on C,

(iii) there exists z0 ∈ ρ(H0) such that (H0 − z0)C and (H0 − z̄0)C are cores
for A,

(iv) |〈ψ, C0ϕ〉| ≤ c(‖H0ψ‖2 + ‖|H0|
1
2 ϕ‖2 + ‖ψ‖2 + ‖ϕ‖2) for some c > 0

and all ψ, ϕ ∈ C.

(v) VR0(z)
1
2 is bounded,

(vi) |〈Vψ, iAϕ〉 − 〈Aψ, iVϕ〉| ≤ c(‖H0ψ‖2 + ‖ψ‖2 + ‖ϕ‖2) for some c > 0
and all ψ, ϕ ∈ C and

(vii) VC ⊂ D(A).

Then the self-adjoint operator H = H0 + V with domain D(H0) is of class
C1(A) with H′ = [H, iA]◦ ∈ B(H1−t,H− 1

2−t) for 0 ≤ t ≤ 1
2 .

Write CV for the H0-bounded operator associated with the form [V, iA], cf.
(vi). Assume furthermore that D0 is a form on D(H0) and

(viii) AC ⊂ C and [C0, iA] = D0 as a form on C,

(ix) CVC ⊂ D(A) and |〈CVψ, iAψ〉 − 〈Aψ, iCVψ〉| ≤ c(‖Hψ‖2 + ‖ψ‖2) for
some c > 0 and all ψ ∈ C and

(x) |〈ψ, D0ψ〉| ≤ c(‖H0ψ‖2 + ‖ψ‖2) for some c > 0 and all ψ ∈ C.

Then H is of class C2(A).
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Proof. For any ψ ∈ (H0 − z̄0)C, ϕ ∈ (H0 − z0)C,

〈ψ, [(H0 − z0)
−1, iA]ϕ〉 = −〈(H0 − z̄0)

−1ψ, [H0, iA](H0 − z0)
−1ϕ〉.

Then by (i), (ii) and (iv),

|〈ψ, [(H0 − z0)
−1, iA]ϕ〉|

≤ K(‖ψ‖2 + ‖ϕ‖2 + ‖(H0 − z̄0)
−1ψ‖2 + ‖(H0 − z0)

−1ϕ‖2)

≤ c(‖ψ‖2 + ‖ϕ‖2)

for some constant c > 0. By (iii), this proves that (H0 − z0)
−1 ∈ C1(A).

Hence H0 is of class C1(A) and [H0, iA] has a unique extension from
D(H0)∩C(A) to a continuous form [H0, iA]◦ onD(H0). By noting that (iv)
extends to D(H0) and using symmetry and an approximation argument,
one sees that [H0, iA]◦ = C0 as an operator in B(H1−t,H− 1

2−t) for 0 ≤ t ≤
1
2 .

It is clear that (v) implies that H = H0 + V is self-adjoint on D(H0).
Furthermore, it follows that we can choose z1 such that ‖VR0(z1)‖ < 1.
We can now write

R(z1) := (H − z1)
−1 = R0(z1)(I + VR0(z1))

−1.

As C1(A) is a subalgebra of B(H) and as S ∈ C1(A) and z in the connected
component of infinity of ρ(S) implies (S− z)−1 ∈ C1(A) (see [GGM04,
Proposition 2.6]), it suffices to show that VR0(z1) ∈ C1(A) in order to
prove that H is of class C1(A). Calculate for ψ ∈ C, ϕ ∈ (H0 − z1)C
〈ψ, VR0(z1)iAϕ〉 − 〈Aψ, iVR0(z1)ϕ〉 (2.8)

= 〈Vψ, iAR0(z1)ϕ〉 − 〈Aϕ, iVR0(z1)ϕ〉 − 〈ψ, VR0(z1)[H0, iA]R0(z1)ϕ〉.
By using that [H0, iA]◦ ∈ B(H1,H− 1

2
), (v) and (vi), it follows that (2.8)

can be bounded by c(‖ψ‖2 + ‖ψ‖2) for some c > 0. Then by (i) and
(vii) we may apply Proposition 1.15. It is now easy to see that H′ ∈
B(H1−t,H− 1

2−t) for 0 ≤ t ≤ 1
2 .

Write CV for the unique H0-bounded operator from D(H0) to H asso-
ciated with the form [V, iA] on C, cf. (vi). Note that (v) implies that R(z)V
can be extended to a bounded operator and that one by an argument
similar to the one above can prove that R(z)V ∈ C1(A) using (viii). We
have the identity

[R(z1), iA]◦ = −R(z1)V[R0(z1), iA]◦(I + VR0(z1))
−1

− R(z1)CV R(z1)

− [R0(z1), iA]◦(I + VR0(z1))
−1.
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Note that R0(z1) = R0(z0)((z0 − z1)R0(z0)− I). Thus, to show that H is
of class C2(A), it suffices to show that R0(z0)CV R0(z0) and [R0(z0), iA]
are in C1(A).

We begin with [R0(z0), iA]◦ ∈ C1(A). Let ψ ∈ (H0 − z̄0)C and ϕ ∈
(H0 − z0)C. Then by the assumptions

〈ψ, [R0(z0), iA]◦iAϕ〉+ 〈Aψ, i[R0(z0), iA]◦ϕ〉
= 〈ψ, R0(z0)D0R0(z0)ϕ〉
− 〈ψ, R0(z0)C0R0(z0)C0R0(z0)ϕ〉

− 〈R0(z̄0)
1
2 C0R0(z̄0)ψ, R0(z0)

1
2 C0R0(z0)ϕ〉,

can be bounded by c(‖ψ‖2 + ‖ϕ‖2) for some c > 0. Hence Proposition 1.15
can be applied and [R0(z0), iA]◦ ∈ C1(A).

By the assumptions, the following form identity on (H0− z̄0)C × (H0−
z0)C is true,

[R0(z0)CV R0(z0), iA] = R0(z0)CV [R0(z0), iA]◦

+ R0(z0)[CV , iA]R0(z0)

+ [R0(z0), iA]◦CV R0(z0)

and again one finds that Proposition 1.15 can be applied. �

2.2 Definition and self-adjointness of the conjugate
operator

We choose the conjugate operator as an operator of the usual form dΓ(aξ)

with aξ = 1
2(vξ · x + x · vξ), where x := i∇k and vξ is a sufficiently nice

vector field. More precisely, we assume that vξ satisfies the following
condition.

Condition 2.2. Let vξ ∈ C∞(Rν; Rν). For any multi-index α, |α| ∈ {0, 1, 2},
there exists a constant cα such that |∂αvξ(η)| ≤ cα〈η〉1−|α|.

In order to define Aξ as dΓ(aξ), we need to make sure that 1
2(vξ · x + x · vξ)

represents a well-defined self-adjoint operator. The following proposition
takes care of this and implies the essential self-adjointness of the operator
Aξ := dΓ(aξ) on C∞

0 .

Proposition 2.3. Let vξ satisfy Condition 2.2. Let x := i∇. Then the operator
given by aξ = 1

2(vξ · x + x · vξ) is essentially self-adjoint on C∞
0 (Rn).
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Proof. Let vξ satisfy the assumptions. Then vξ is globally Lipschitz and
hence we can define the flow γs : Rn → Rn generated by vξ as the unique
solution to the ODE

d
ds

γs(k) = vξ(γs(k)), γ0(k) = k.

Then γ(s, k) := γs(k) is smooth in (s, k). By differentiating the Jacobian of
γs with respect to s we get

d
ds

Dγs(k) = Dvξ(γs(k))Dγs(k). (2.9)

Note also that Dγ0(k) = I and that Tr Dvξ = ∇ · vξ . Now differentiating
the identity det A(s) = exp Tr ln A(s), which holds for differentiable,
quadratic matrix functions A with A(0) = 1 when s is sufficiently small,
we get

d
ds

det A(s) = Tr
( d

ds A(s)A−1(s)
)

det A(s). (2.10)

Hence we see by combining (2.9) and (2.10) that for small s

d
ds

det Dγs(k) = ∇ · vξ(γs(k))det Dγs(k), det Dγ0(k) = 1.

This implies that the function J(s, k) = det Dγs(k) is given by

J(s, k) = e
∫ s

0 ∇·vξ(γt(k))dt, s small.

We will now define a one-parameter group of unitary operators. We begin
by setting

ψs(k) =
√

J(s, k)ψ(γs(k)), ψ ∈ C∞
0 (Rn),

for s sufficiently small. Clearly, ψs is again in C∞
0 (Rn). Straightforward

computations (using the definition of J) show that (ψs)t = ψs+t and that
‖ψs‖ = ‖ψ‖. By repeated use of the group property, we extend the
definition of ψs to arbitrary s, so the maps ψ 7→ ψs extend to a strongly
continuous one-parameter group of unitary operators Ut on H, essentially
self-adjoint on C∞

0 (Rn).
The calculation

i
d
ds

ψs(k)|s=0 = ψ(k)i
d
ds

√
J(s, k)|s=0 + vξ(k) · xψ(k)

= ( i
2 div(vξ) + vξ · x)ψ(k) = 1

2(vξ · x + x · vξ)ψ(k).

show that this group is in fact generated by 1
2(vξ · x + x · vξ). �



2. Regularity Properties of the Hamiltonian 47

Lemma 2.4. Let aξ be as in Proposition 2.3, and assume Conditions 1.3(i),(ii),(iv)
and 2.2. Then aξv, a2

ξv ∈ L2(Rν).

Proof. We calculate −iaξv = 1
2 div(vξ)v + vξ · ∇v, which clearly is in

L2(Rν) by the assumptions. Similarly

−a2
ξv = −iaξ(

1
2 div(vξ)v + vξ · ∇v)

= 1
4(div vξ)

2 · v + 1
2(div vξ)vξ · ∇v

+ 1
2 vξ · ((∇div(vξ))v + div(vξ)∇v)

+ 〈vξ , (∇2v)vξ〉) + 〈(∇vξ)vξ ,∇v〉,

where ∇2v is the Hessian of v and ∇vξ is the Jacobian of vξ . It follows
from the assumptions that each term is in L2(Rν). �

2.3 The C2(Aξ) property of the Hamiltonian

In this subsection we prove that H(ξ) is of class C2(Aξ). In fact, we will
prove a little more than that. In the following Ds will be used to denote
the scale of spaces associated to H0(ξ). Note that by Proposition 1.5 Ds is
independent of ξ, that replacing H0(ξ) with H(ξ) leaves Ds unchanged
for |s| ≤ 1 and that D1 = D.

Proposition 2.5. Assume Conditions 1.1(i), (ii), 1.2(i), (v), (vi), 1.3(i), (ii), (iv)
and 2.2 and that there exists a constants c1, c2 and a function b : Rν → Rν such
that ‖b(k)‖ ≤ c1ω(k) and vξ(k) = c2k + b(k). Then the fiber Hamiltonians
H(ξ) are of class C2(Aξ) and

[H(ξ), iAξ ]
◦ = dΓ(vξ · ∇ω)− dΓ(vξ) · ∇Ω(ξ − dΓ(k))−Φ(iaξv)

is contained in B(D,D 1
2
) ∩ B(D 1

2
,D).

Note that the proposition also holds true with H(ξ) and Aξ replaced
by Hext(ξ) and Aext

ξ or H(`)(ξ) and A(`)(ξ), respectively, by the same
arguments. We remark that we do not make use of the result for c2 6= 0.
However, we have another application in mind that requires c2 6= 0.

Proof. We will show this by applying Proposition 2.1 with H0 = H0(ξ),
V = Φ(v), A = Aξ and C0 = dΓ(vξ · ∇ω) − dΓ(vξ) · ∇Ω(ξ − dΓ(k)).
Clearly Φ(v) is symmetric, C0 is a form on D and H0(ξ) and Aξ are self-
adjoint by Proposition 1.5 and Proposition 2.3, respectively. We choose
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C∞
0 as our common core. Note that (H0(ξ)− z)−1C∞

0 = C∞
0 for any z ∈

ρ(H0(ξ)). On C∞
0 , the identity

[H0(ξ), iAξ ] = C0 (2.11)

holds. Indeed, by noting that H0(ξ) leaves particle sectors invariant and
restricting to the n’th particle sector F (n), (2.11) is easily seen by direct
computation.

First we show that the following holds:

∃c > 0 : |vξ(k) · ∇ω(k)| ≤ cω(k). (2.12)

Condition 1.2(v) imply that ‖∇ω‖∞ is finite and Conditions 1.2(i) and (vi)
imply that

|vξ(k) · ∇ω(k)| ≤ |ck · ∇ω(k)|+ |b(k) · ∇ω(k)|
≤ (c′ + ‖∇ω‖∞)ω(k),

for a suitable constant c′.
We now show that:

∃c > 0 : |〈ψ, dΓ(vξ) · ∇Ω(ξ − dΓ(k))ϕ〉|

≤ c(‖H0(ξ)
1
2 ψ‖2 + ‖H0(ξ)ϕ‖2 + ‖ψ‖2 + ‖ϕ‖2)

(2.13)

First observe that by Condition 1.1(i) and (ii), for any η, ξ ∈ Rν we have

|−η · ∇Ω(η) + ξ · ∇Ω(η)| ≤
ν

∑
j=1

(|ηj∂jΩ(η)|+ |ξ j∂jΩ(η)|)

≤
ν

∑
j=1

(|ηj|+ |ξ j|)c〈η〉sΩ−1

≤ c′〈η〉sΩ ≤ c′′Ω(η) + c′′′,

(2.14)

where c, c′, c′′ and c′′′ are suitable constants. Calculate

dΓ(vξ) · ∇Ω(ξ − dΓ(k)) = dΓ(Ck + b(k)) · ∇Ω(ξ − dΓ(k))
= c(dΓ(k)− ξ) · ∇Ω(ξ − dΓ(k))

+ c−1ξ · ∇Ω(ξ − dΓ(k))
+ dΓ(b(k)) · ∇Ω(ξ − dΓ(k)).

To treat the first two terms, note that (2.14) implies that

|〈ψ, c(dΓ(k)− ξ) · ∇Ω(ξ − dΓ(k)) + c−1ξ · ∇Ω(ξ − dΓ(k))ϕ〉|
≤ c′(‖Ω(ξ − dΓ(k))ϕ‖2 + ‖ψ‖2 + ‖ϕ‖2)

(2.15)
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for a suitable c′. To treat the last term, note that

dΓ(b(k)) · ∇Ω(ξ − dΓ(k))|F (n) =
ν

∑
j=1

n

∑
i=1

b(ki)j∂jΩ(ξ −∑n
l kl).

Condition 1.1(i) and (ii) together implies that there exist constants c > 0
and c′ > 0 such that |∂jΩ(η)|2 ≤ C〈η〉2sΩ−2 ≤ c〈η〉sΩ ≤ c′(|Ω(η)|+ c′).
Let ψ, ϕ ∈ F (n) ∩ C∞

0 . Then

|〈ψ, dΓ(b(k)) · ∇Ω(ξ − dΓ(k))ϕ〉|

≤
ν

∑
j=1
|〈∂jΩ(ξ −∑n

l kl)ψ, ∑n
i b(ki)j ϕ〉|

≤ c‖(Ω(ξ −∑n
l kl) + c)

1
2 ψ‖‖∑n

i ω(ki)j ϕ‖. (2.16)

As dΓ(ω) and Ω(ξ − dΓ(k)) are both bounded from below, this implies
that for any ψ, ϕ ∈ F ,

|〈ψ, dΓ(b(k)) · ∇Ω(ξ − dΓ(k))ϕ〉|

≤ c(‖H0(ξ)
1
2 ψ‖2 + ‖H0(ξ)ϕ‖2 + ‖ψ‖2 + ‖ϕ‖2),

so (2.15) and (2.16) implies (2.13).
By combining (2.12) and (2.13) and using the semiboundedness we see

that

|〈ψ, [H0(ξ), iAξ ]ϕ〉| ≤ c(‖H0(ξ)
1
2 ψ‖2 + ‖H0(ξ)ϕ‖2 + ‖ψ‖2 + ‖ϕ‖2).

That Φ(v)(H0(ξ)− z)−
1
2 is bounded follows from the positive mass as-

sumption and standard arguments.
By Lemma 2.4 iaξv ∈ L2(Rν). This implies that Φ(v)C∞

0 ⊂ D(Aξ). It
also implies that

|〈Φ(v)ψ, iAξ ϕ〉 − 〈Aξψ, iΦ(v)ϕ〉| = |〈ψ, Φ(iaξv)ϕ〉|
≤ c(‖H0(ξ)ψ‖2 + ‖ψ‖2 + ‖ϕ‖2)

for all ψ, ϕ ∈ C∞
0 , which shows that the first part of Proposition 2.1 is

satisfied.
To get the C2(Aξ) property, let CV = Φ(v) and

D0 = dΓ(〈vξ , (∇2ω)vξ〉) + dΓ(〈(∇vξ)vξ ,∇ω〉)
+ 〈dΓ(vξ),∇2Ω(ξ − dΓ(k))dΓ(vξ)〉
− dΓ((∇vξ)vξ) · ∇Ω(ξ − dΓ(k)).
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We clearly have that AξC∞
0 ⊂ C∞

0 . One may check by direct calculations on
each particle sector that [C0, iA] = D0 as a form on C∞

0 . That CVC∞
0 ⊂ D(A)

and |〈CVψ, iAξψ〉 − 〈Aψ, iCVψ〉| ≤ c(‖H(ξ)ψ‖2 + ‖ψ‖2) for all ψ ∈ C∞
0

follows from Lemma 2.4.
The rest of the proof deals with showing the inequality

|〈ψ, D0ψ〉| ≤ c(‖H0ψ‖2 + ‖ψ‖2).

By Condition 1.2(vii) and the assumption on vξ , we have

〈vξ , (∇2ω)vξ〉 ≤ cω (2.17)

for some constant C. That

〈(∇vξ)vξ ,∇ω〉 ≤ cω (2.18)

for a constant c follows by the boundedness of ∇vξ and the same argu-
ments as in the proof of (2.12). Likewise, the inequality

|〈ψ, dΓ((∇vξ)vξ) · ∇Ω(ξ − dΓ(k))ϕ〉|

≤ c(‖H0(ξ)
1
2 ψ‖2 + ‖H0(ξ)ϕ‖2 + ‖ψ‖2 + ‖ϕ‖2)

(2.19)

can be proved by the same arguments as in the proof of (2.13) and using
the boundedness of ∇vξ .

Calculate

〈dΓ(vξ),∇2Ω(ξ − dΓ(k))dΓ(vξ)〉
= c2〈dΓ(k)− ξ,∇2Ω(ξ − dΓ(k))(dΓ(k)− ξ)〉 (2.20a)

+ c2〈ξ,∇2Ω(ξ − dΓ(k))ξ〉 (2.20b)

+ 2c2 Re〈ξ,∇2Ω(ξ − dΓ(k))(dΓ(k)− ξ)〉 (2.20c)

+ 2c Re〈dΓ(b(k)),∇2Ω(ξ − dΓ(k))(dΓ(k)− ξ)〉
+ 2c Re〈ξ,∇2Ω(ξ − dΓ(k))dΓ(b(k))〉
+ 〈dΓ(b(k)),∇2Ω(ξ − dΓ(k))dΓ(b(k))〉.

The inequalities 〈η〉β|∂αΩ(η)| ≤ cΩ(η) + c′, for β = 0, 1, 2 and α a multi-
index with |α| = 2, which follows from Condition 1.1(i) and (ii), shows
that 〈η,∇2Ω(η)η〉, Re〈η,∇2Ω(η)ξ〉 and 〈ξ,∇2Ω(η)ξ〉 are dominated by
cΩ(η) + c′. This implies that |〈ψ, Tϕ〉| where T is any of the operators
(2.20a), (2.20b) or (2.20c) is bounded by c′′(‖Ω(ξ − dΓ(k))ϕ‖2 + ‖ψ‖2 +

‖ϕ‖2).
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The inequalities ‖b(k)‖ ≤ cω(k) and ‖∇2Ω(η)η‖ ≤ cΩ(η) + c′, give
that

|〈ψ, Re〈dΓ(b),∇2Ω(ξ − dΓ(k))(ξ − dΓ(k))〉ϕ〉|
≤ c(‖dΓ(ω)ψ‖2 + ‖Ω(ξ − dΓ(k))ϕ‖2 + ‖ψ‖2 + ‖ϕ‖2).

Note that 〈dΓ(vξ),∇2Ω(ξ − dΓ(k))dΓ(vξ)〉 leaves the particle sectors in-
variant. Let ψ, ϕ ∈ F (n) ∩ C∞

0 . Then as sΩ ≤ 2

|〈ψ, 〈dΓ(b(k)),∇2Ω(ξ − dΓ(k))dΓ(b(k))〉ϕ〉|
≤ c|〈ψ, 〈∑n

i b(ki), ∑n
j b(k j)〉ϕ〉|

≤ c′
( n

∑
i=1
‖ω(ki)ψ‖2 +

n

∑
j=1
‖b(k j)ϕ‖2

)
,

which proves that

|〈ψ, 〈dΓ(b(k)),∇2Ω(ξ − dΓ(k))dΓ(vξ)〉ϕ〉|
≤ c(‖dΓ(ω)ψ‖2 + ‖dΓ(ω)ϕ‖2 + ‖ψ‖2 + ‖ϕ‖2).

Finally, we se that Re〈ξ,∇2Ω(η)dΓ(b)〉 is bounded by cω. All in all, we
have proved that

|〈ψ, 〈dΓ(vξ),∇2Ω(ξ − dΓ(k))dΓ(vξ)〉ϕ〉|
≤ c(‖dΓ(ω)ψ‖2 + ‖Ω(ξ − dΓ(k))ϕ‖2 + ‖ψ‖2 + ‖ϕ‖2).

(2.21)

Combining (2.17), (2.18), (2.19) with (2.21), we get the inequality

|〈ψ, [[H0(ξ), iAξ ]
◦, iAξ ]ϕ〉| ≤ c(‖H0(ξ)ψ‖2 + ‖H0(ξ)ϕ‖2 + ‖ψ‖2 + ‖ϕ‖2),

so H(ξ) is of class C2(Aξ) by Proposition 2.1. �

3 Mourre Theory and a Limiting Absorption
Principle

In this section, we prove a Mourre estimate. The Mourre estimate holds in
the energy interval between Σ(1)

0 (ξ) and Σ(1)
1 (ξ) away from the threshold

set T (1)
0 (ξ) at the bottom of the essential energy-momentum spectrum.

We hope to extend the result to cases where ω is bounded, so we are
able to cover the polaron model. We also wish to extend this result to
cover a larger part of the essential spectrum in a future work.

We conclude the section by obtaining a limiting absorption principle,
implying absolute continuity of the essential spectrum.
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3.1 A virial-like theorem

In the following Eλ,κ denotes the characteristic function of the set [λ−
κ, λ + κ] and Eλ denotes the characteristic function of {λ}.

Theorem 3.1. Assume Conditions 1.1(i), (ii), 1.2(i), (v), (vi), 1.3(i), (ii), (iv)
and 2.2. Let O ⊂ I (1)0 (ξ) be open and λ ∈ R and κ > 0 be such that

(i) For all k ∈ O we have Σ(1)
1 (ξ; k) > λ + κ

(ii) There exists k ∈ O such that λ− κ < Σ(1)
0 (ξ; k) < λ + κ

Then
1OEλ,κ(H(1)(ξ))[H(1)(ξ), iA(1)

ξ ]◦Eλ,κ(H(1)(ξ))1O

=
∫ �

O
vξ(k) · ∇Σ(1)

0 (ξ; k)1F dk Eλ,κ(H(1)(ξ)),
(2.22)

as an identity on L2(Rν;F ) = H(1), where 1O =
∫ �
O 1Fdk.

Proof. Since σ(H(1)(ξ; k)) = σ(H(ξ − k)) + ω(k) the assumptions on O, λ
and κ imply that

Eλ,κ(H(1)(ξ; k)) = EΣ0(ξ−k)(H(ξ − k)) = E
Σ(1)

0 (ξ;k)
(H(1)(ξ; k)).

Since H(1)(ξ) is fibered, 1O and Eλ,κ(H(1)(ξ)) commute. In fact,

1OEλ,κ(H(1)(ξ)) =
∫ �

O
Eλ,κ(H(1)(ξ; k))dk = Eλ,κ(H(1)(ξ))1O

=
∫ �

O
E

Σ(1)
0 (ξ;k)

(H(1)(ξ; k))dk. (2.23)

Write W(1)
t = eitA(1)

ξ for the unitary group associated to the self-adjoint
operator A(1)

ξ . Then by Proposition 1.16, we have for ψ(1), ϕ(1) ∈ D(1) that

〈ψ(1), [H(1)(ξ), iA(1)
ξ ]◦ϕ(1)〉

= lim
s→0

1
s

(
〈H(1)(ξ)ψ(1), W(1)

s ϕ(1)〉 − 〈ψ(1), W(1)
s H(1)(ξ)ϕ(1)〉

)
. (2.24)

Let ψ(1), ϕ(1) ∈ Ran(Eλ,κ(H(1)(ξ))1O). We now calculate using (2.23) and
(2.4)

〈H(1)(ξ)ψ(1), W(1)
s ϕ(1)〉
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= 〈H(1)(ξ) Eλ,κ(H(1)(ξ))1Oψ(1), W(1)
s ϕ(1)〉

=
〈 ∫ �

Rν H(1)(ξ; k)dk
∫ �
O E

Σ(1)
0 (ξ;k)

(H(1)(ξ; k))ψ(1)(k)dk, W(1)
s ϕ(1)〉

=
〈 ∫ �
O H(1)(ξ; k)E

Σ(1)
0 (ξ;k)

(H(1)(ξ; k))ψ(1)(k)dk, W(1)
s ϕ(1)〉

=
〈 ∫ �
O Σ(1)

0 (ξ; k)E
Σ(1)

0 (ξ;k)
(H(1)(ξ; k))ψ(1)(k)dk, W(1)

s ϕ(1)〉
=
〈 ∫ �
O Σ(1)

0 (ξ; k)1Fdk Eλ,κ(H(1)(ξ))1Oψ(1), W(1)
s ϕ(1)〉

= 〈1F � Σ(1)
0 (ξ; ·)ψ(1), W(1)

s ϕ(1)〉. (2.25)

Similarly,

〈ψ(1), W(1)
s H(1)(ξ)ϕ(1)〉 = 〈ψ(1), W(1)

s 1F � Σ(1)
0 (ξ; ·)ϕ(1)〉. (2.26)

Let χ ∈ C∞
0 (I (1)0 (ξ)) be such that χ ≡ 1 on O. Since ψ(1), ϕ(1) ∈ Ran(1O),

multiplication of Σ(1)
0 (ξ; ·) with χ in (2.25) and (2.26) leaves the expressions

invariant. This means that (2.24) equals

lim
s→0

1
s
(
〈1F � χΣ(1)

0 (ξ; ·)ψ(1), W(1)
s ϕ(1)〉 − 〈ψ(1), W(1)

s 1F � χΣ(1)
0 (ξ; ·)ϕ(1)〉

)
= 〈ψ(1), [1F � χΣ(1)

0 (ξ; ·), iA(1)
ξ ]◦ϕ(1)〉 (2.27)

if 1F � χΣ(1)
0 (ξ; ·) ∈ C1(A(1)

ξ ). But a simple computation on a core shows
that

[1F � χΣ(1)
0 (ξ; ·), iA(1)

ξ ]

= 1F � χvξ · (∇kΣ(1)
0 )(ξ; ·) + 1F � Σ(1)

0 (ξ; ·)vξ · (∇χ), (2.28)

which clearly extends to a bounded operator under the assumed condi-
tions, so Proposition 1.15(v) shows that 1F � χΣ(1)

0 (ξ; ·) ∈ C1(A(1)
ξ ). Since

∇χ ≡ 0 on O, (2.27) reduces to (2.22) when inserting (2.28). �

3.2 Localization errors

Let P : F ext → F be the projection F ext = F �
(⊕∞

`=1H(`)
)
3 (u, v) 7→

u ∈ F and I : F → F ext the injection F 3 u 7→ (u, 0) ∈ F �
(⊕∞

`=1H(`)
)

.

Define Γ̌ext(jR) : F ext → F ext by Γ̌ext(jR) = Γ̌(jR)P. Note that PI is
the identity and that Γ̌ext(jR)I = Γ̌(jR), HI = IH(ξ), AI = IAξ and
Φ(v)� 1F I = IΦ(v).
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Lemma 3.2. Assume Conditions 1.1(i), (ii), 1.2(i), (v), (vi), 1.3(i), (ii), (iv) and
2.2. Let f ∈ C∞

0 (R). The following is then true.

(i) [Γ̌ext(jR), f (Hext(ξ))] = oR(1).

(ii) [ f (Hext(ξ))[Hext(ξ), Aext
ξ ] f (Hext(ξ)), Γ̌ext(jR)] = oR(1).

Proof. We will start by proving the following statements:

(a) Γ̌ext(jR) f (Hext(ξ)) : Hext→Dext
1
2

and f (Hext(ξ))Γ̌ext(jR) : Dext
1
2

∗→Hext

for any R > 1 and,

(Hext(ξ)− i)−
1
2 [Γ̌ext(jR), Hext(ξ)] f (Hext(ξ)) = oR(1) and

f (Hext(ξ))[Γ̌ext(jR), Hext(ξ)](Hext(ξ)− i)−
1
2 = oR(1).

(b) [Γ̌ext(jR), ∂`Ω(ξ − dΓext(k))] f (Hext(ξ)) = oR(1).

(c) f (Hext(ξ))[dΓext(vξ)`, Γ̌ext(jR)](Hext
0 (ξ)− i)−

1
2 = oR(1).

(d) f (Hext(ξ))[Φ(iaξv)� 1F , Γ̌ext(jR)] f (Hext(ξ)) = oR(1).

We will use the following abbrevations:

Γ = Γ̌ext(jR), H = Hext(ξ),

A = Aext
ξ and Φext(v) = Φ(v)� 1F .

Also, for notational convenience, we write M o
= N if M = N + oR(1).

(a) We only prove half of the statement as the other half follows by a
symmetric argument. Note that (H− i)−

1
2 [Γ, H−Ω(ξ − dΓext(k))] f (H) =

oR(1) by (the proof of) [Møl05, Lemma 3.2]. Hence, to prove the statement,
we need only show that (H − i)−

1
2 [Γ, Ω(ξ − dΓext(k))] f (H) = oR(1). We

write, using [Møl05, Lemma 3.6],

(H − i)−
1
2 [Γ, Ω(ξ − dΓext(k))] f (H)

= (H − i)−
1
2 [Γ(Next + 1)−3, Ω(ξ − dΓext(k))](Next + 1)3 f (H)

The commutator [Γ(Next + 1)−3, Ω(ξ− dΓext(k))] satisfies the assumptions
of Theorem A.3 with B = Γ(Next + 1)−3, A = ξ− dΓext(k), fλ = Ω, s = sΩ,
n0 = 3 and n = 2 so

[Γ(Next + 1)−3, Ω(ξ − dΓext(k))]

=
2

∑
|α|=1

1
α!

∂αΩ(ξ − dΓext(k)) adα
ξ−dΓext(k)(Γ(Next + 1)−3)

+ R2(ξ − dΓext(k), Γ(Next + 1)−3).
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Now one can readily verify that

adα
dΓext(k)(Γ)|F (n)�F = U ∑

∑ αi=α

α!
∏n

i=1 αi!

n⊗
i=1

(adαi
k (jR

0 ), adαi
k (jR

∞))P|F (n)�F ,

that ∑∑ αi=α
α!

∏i αi!
= n|α|, that adαi

k (jR
# ) = O(R−|αi|), where the sums are

over all ordered sets of multi-indices {αi}n
i=1 such that ∑n

i=1 αi = α. It
follows that adα

dΓext(k)(Γ)(Next + 1)−|α| = O(R−|α|) and hence that

2

∑
|α|=1
‖adα

ξ−dΓext(k)(Γ(Next+1)−3)‖

+ ‖R2(ξ − dΓext(k), Γ(Next+1)−3)‖ = O(R−1).

As sΩ ≤ 2, (H − i)−
1
2 ∂αΩ(ξ − dΓext(k)) is bounded. Hence (a) follows.

By an analogous argument we get (b). The proof of (c) and (d) can be
found in the proof of [Møl05, Lemma 3.2].

(i) By symmetry it suffices to show that f (H)χ(H)Γ o
= f (H)Γχ(H) for

any χ ∈ C∞
0 (R), which follows by the identity

f (H)χ(H)Γ = f (H)Γχ(H) +
∫

∂̄χ̃(z)(H − z)−1 f (H)[Γ, H](H − z)−1dz

and (a).
(ii) Choose χ ∈ C∞

0 (R) such that f = f χ. By (i) and (a) we see that

f (H)[H, A] f (H)Γ
= f (H)[H, A] f (H)Γχ(H) + f (H)[H, A] f (H)oR(1)
o
= f (H)[H, A]Γ f (H)

+
∫

f (H)[H, A]∂̄ f̃ (z)(H − z)−1[Γ, H]χ(H)(H − z)−1dz
o
= f (H)[H, A]Γ f (H),

which this splits into

f (H)dΓext(vξ · ∇ω)Γ f (H) (2.29a)

− f (H)dΓext(vξ) · ∇Ω(ξ − dΓ(k))Γ f (H) (2.29b)

− f (H)Φext(iaξv)Γ f (H) (2.29c)

Now by (c)

(2.29a) o
= f (H)ΓdΓext(vξ · ∇ω) f (H),
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by (b), (c) and (a)

(2.29b) o
= − f (H)

ν

∑
`=1

dΓext(vξ)`Γ∂`Ω(ξ − dΓ(k)) f (H)

= − f (H)ΓdΓext(vξ) · ∇Ω(ξ − dΓ(k)) f (H)

− f (H)
ν

∑
`=1

[dΓext(vξ)`, Γ](H − i)−
1
2 ∂`Ω(ξ − dΓ(k))(H − i)

1
2 f (H)

and by (d)

(2.29c) o
= − f (H)ΓΦext(iaξv) f (H).

Putting this together – and again using (a) and (i) – we see that

(2.29) o
= f (H)Γ[H, A] f (H)

= χ(H)Γ f (H)[H, A] f (H)

+
∫

∂̄ f̃ (z)(H − z)−1χ(H)[Γ, H](H − z)−1[H, A] f (H)dz
o
= Γ f (H)[H, A] f (H) + oR(1) f (H)[H, A] f (H),

as wanted. �

We get the following important corollary to (i) and (ii) of Lemma 3.2.

Corollary 3.3. Assume Conditions 1.1(i), (ii), 1.2(i), (v), (vi), 1.3(i), (ii), (iv)
and 2.2. Let f ∈ C∞

0 (R). Then

(i) Γ̌(jR) f (H(ξ)) = f (Hext(ξ))Γ̌(jR) + oR(1)

(ii) Γ̌(jR) f (H(ξ))[H(ξ), iAξ ]
◦ f (H(ξ))

= f (Hext(ξ))[Hext(ξ), iAext
ξ ]◦ f (Hext(ξ))Γ̌(jR) + oR(1)

We note that the first part of this corollary was already proved in [Møl05]
in the case sΩ ∈ {0, 1, 2}. As the assumption of sΩ being integer is only
used in the proof of this result in [Møl05], this new proof implies the
validity of the results in [Møl05] for non-integer values of sΩ.

Lemma 3.4. Assume Conditions 1.1(i), (ii), 1.2(i) and 1.3(i). Then

Γ̌(Jr) f (H(ξ)) = f (Hext
r (ξ))Γ̌(Jr) + or(1).
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Proof. Note that

H(ξ) = Γ̌(Jr)∗Hext
r (ξ)Γ̌(Jr) +

∫
|k|≥r

(
v(k)a∗(k) + v(k)a(k)

)
dk.

The operator Γ̌(Jr)Γ̌(Jr)∗ projects F ext onto Γ(L2(Λr))� Γ(L2(ΛC
r )) where

Λr = {k ∈ Rν | |k| < r} and it commutes with Hext
r (ξ), hence

Γ̌(Jr)H(ξ) = Hext
r (ξ)Γ̌(Jr) + Γ̌(Jr)

∫
|k|≥r

(
v(k)a∗(k) + v(k)a(k)

)
dk.

Subtracting zΓ̌(Jr) on both sides and multiplying with (Hext
r (ξ)− z)−1

and (H(ξ)− z)−1 from left respectively right, we get

(Hext
r (ξ)− z)−1Γ̌(Jr) = Γ̌(Jr)(H(ξ)− z)−1

+ (Hext
r (ξ)− z)−1Γ̌(Jr)

∫
|k|≥r

(
v(k)a∗(k) + v(k)a(k)

)
dk(H(ξ)− z)−1,

where the expression on the last line of the equation is |im z|−2or(1). The
result is now obtained using calculus of almost analytic extensions. �

3.3 The Mourre estimate

Theorem 3.5 (Mourre Estimate). Assume Conditions 1.1, 1.2(i), (ii), (iii),
(iv), (v), (vi), 1.3 and 1.4. Let ξ ∈ Rν, λ 6∈ T (1)

0 (ξ) and suppose that Σ(1)
0 (ξ) <

λ < Σ(1)
1 (ξ). Then there exist κ > 0 and c > 0 such that

Eλ,κ(H(ξ))[H(ξ), iAξ ]
◦Eλ,κ(H(ξ)) ≥ cEλ,κ(H(ξ)) + K. (2.30)

Proof. Let vξ(k) = χ(k)∇kΣ(1)
0 (ξ; k) with χ ∈ C∞

0 (I (1)0 (ξ)), see (2.2). Note

that the function k 7→ Σ(1)
0 (ξ; k) is differentiable in I (1)0 (ξ) by Proposi-

tion 1.12 and the assumptions. Clearly the conditions of Proposition 2.5
are satisfied for this choice of vξ , and we get that H(ξ), Hext(ξ) and

H(1)(ξ) are of classes C1(Aξ), C1(Aext
ξ ) and C1(A(1)

ξ ), respectively.

Let f ∈ C∞
0
((

Σ(1)
0 (ξ), Σ(1)

1 (ξ)
))

. Calculate using Corollary 3.3

f (H(ξ)) [H(ξ), iAξ ]
◦ f (H(ξ))

= Γ̌(jR)∗ Γ̌(jR) f (H(ξ)) [H(ξ), iAξ ]
◦ f (H(ξ))

= Γ̌(jR)∗ f (Hext(ξ)) [Hext(ξ), iAext
ξ ]◦ f (Hext(ξ)) Γ̌(jR) + oR(1) (2.31)



58 Chapter 2. The Translation Invariant Massive Nelson Model: II

In analogy with (2.6), one sees that

f (Hext(ξ)) [Hext(ξ), iAext
ξ ]◦ f (Hext(ξ))

=
∞⊕
`=0

f (H(`)(ξ)) [H(`)(ξ), iA(`)
ξ ]◦ f (H(`)(ξ)), (2.32)

where H(0)(ξ) := H(ξ) and A(0)
ξ := Aξ . If we insert (2.32) into (2.31) and

look at the ` = 0 contribution, we get

Γ(jR
0 )
∗ f (H(ξ)) [H(ξ), iAξ ]

◦ f (H(ξ)) Γ(jR
0 )

= Γ(jR
0 )
∗ f (H(ξ)) [H(ξ), iAξ ]

◦ g(H(ξ)) f (H(ξ)) Γ(jR
0 ) = BK

(2.33)

for
B = Γ(jR

0 )
∗ f (H(ξ)) [H(ξ), iAξ ]

◦ g(H(ξ)) and

K = f (H(ξ)) Γ(jR
0 )

where g ∈ C∞
0 (R) equals 1 on the support of f . Note that B is bounded,

so to see that BK is compact, it is enough to prove that K is compact. Now
by Lemma 3.4

K = Γ̌(Jr)∗ f (Hext
r (ξ))Γ̌(Jr)Γ(jR

0 ) + or(1).

Like before, we split

Γ̌(Jr)∗ f (Hext
r (ξ))Γ̌(Jr)Γ(jR

0 )

= Γ̌(Jr)∗ f (Hr(ξ))�
( ∞⊕
`=1

∫ �
f (H(`)

r (ξ; k))dk
)

Γ̌(Jr)Γ(jR
0 ). (2.34)

The operator Γ̌(Jr) maps F onto the subset Γ(L2(Λr))� Γ(L2(ΛC
r )) ⊂ F ext,

where again Λr = {k ∈ Rν | |k| < r}. We split the subset

Γ
(

L2(Λr)
)
� Γ
(

L2(ΛC
r )
)
= Γ

(
L2(Λr)

)
�
( ∞⊕
`=1

Γ
(

L2(Λr)
)
� Γ(`)

(
L2(ΛC

r )
))

,

and Γ(L2(Λr)) � Γ(`)(L2(ΛC
r )) we identify with L2

sym((ΛC
r )

`; Γ(L2(Λr))).
Now Hr(ξ) = H(ξ) and Hr(ξ; k) = H(ξ; k) on Γ(L2(Λr)) and the inte-
grand in (2.34) is killed by Γ̌(Jr) if k < r, so

(2.34) = Γ̌(Jr)∗ f (Hr(ξ))�
( ∞⊕
`=1

∫ �

(ΛC
r )`

f (H(`)(ξ; k))dk
)

Γ̌(Jr)Γ(jR
0 ), (2.35)
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Note that
Σ(1)

1 (ξ) ≤ Σ(2)
0 (ξ), (2.36)

hence we see that H(`)(ξ; k) ≥ H(`)(ξ) ≥ Σ(`)
0 (ξ)1H(`) ≥ Σ(1)

1 1H(`) for ` ≥
2, cf. (2.5). It follows that f (H(`)(ξ; k)) = 0 for ` ≥ 2 and by Corollary 1.10
r can be chosen so large that f (H(`)(ξ; k)) = 0 for ` = 1 and |k| ≥ r.
The remaining part of (2.35) equals f (Hr(ξ))Γ(χΛr)Γ(jR

0 ), which clearly is
compact, hence we see by letting r → ∞ that K is compact.

By the same argument as above, we only get one more contribution
from (2.32), namely

f (H(1)(ξ)) [H(1)(ξ), iA(1)
ξ ]◦ f (H(1)(ξ)).

Since we have Σ(1)
0 (ξ) ≤ Σ(1)

0 (ξ; k) and Σ(1)
1 (ξ) ≤ Σ(`)

n (ξ; k) for any n, ` ≥ 1

while Σ(1)
0 (ξ) < λ < Σ(1)

1 (ξ), the only possible solution for λ = Σ(`)
n (ξ; k)

is with n = 0 and ` = 1.
Note that (2.36) and Lemma 1.13 implies that locally there are only

finitely many points in T (1)
0 (ξ) between Σ(1)

0 (ξ) and Σ(1)
1 (ξ).

Let k0 ∈ Rν. Assume λ = Σ(1)
0 (ξ; k0). Then by Lemma 1.13, we can

choose a number κk0 such that dist(λ, T (1)
0 ∪ {Σ(1)

0 } ∪ {Σ
(1)
0 }) > κk0 > 0

and a neighbourhood Ok0 of k0 such that the conditions of Theorem 3.1
are satisfied. This implies that

1Ok0
Eλ,κ0(H(1)(ξ))[H(1)(ξ), iA(1)

ξ ]◦Eλ,κ0(H(1)(ξ))1Ok0

=
∫ �

Ok0

χ(k)|∇Σ(1)
0 (ξ; k)|21F dk Eλ,κ0(H(1)(ξ)).

(2.37)

Now assume that Σ(1)
0 (ξ; k0) 6= λ. Then we can choose a number κk0 such

that dist(λ, T (1)
0 ∪ {Σ(1)

0 } ∪ {Σ
(1)
0 }) > κk0 > 0 and a neighbourhood Ok0

of k0 such that 1Ok0
Eλ,κ0(H(1)(ξ)) = 0. Then the following trivially holds,

e.g. with ck0 = 1.

1Ok0
Eλ,κk0

(H(1)(ξ))[H(1)(ξ), iA(1)
ξ ]◦Eλ,κk0

(H(1)(ξ))1Ok0

≥ ck01Ok0
Eλ,κk0

(H(1)(ξ)).
(2.38)

In the Corollary 1.10 argument given above, we found an r such that if
|k| ≥ r then f (H(1)(ξ; k)) = 0. As Λr is compact, there exists a finite cover
∪k∈FOk of Λr.
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Let κ = 1
2 mink∈F{κk} and X = {k ∈ Rν |Σ(1)

0 (ξ; k) ∈ [λ− κ, λ + κ]}.
Then we have X ⊂ I (1)0 (ξ) and again Corollary 1.10 gives compactness

of X. Choose χ ∈ C∞
0 (I (1)0 (ξ)) such that χ = 1 on X. For this χ, (2.37)

implies that for all k0 ∈ F for which Σ(1)
0 (ξ; k0) = λ there exists a ck0 > 0

such that (2.38) holds.
If we now take c = 1

2 mink∈F{ck}, multiply both sides of (2.38) from
left and right with Eλ,2κ(H(1)(ξ)), then it follows that

Eλ,2κ(H(1)(ξ))[H(1)(ξ), iA(1)
ξ ]◦Eλ,2κ(H(1)(ξ))

≥ 2cEλ,2κ(H(1)(ξ)).
(2.39)

Choose now an f ∈ C∞
0 ((λ− 2κ, λ + 2κ); [0, 1]) such that Eλ,κ ≤ f ≤ Eλ,2κ.

Then we get by inserting (2.33) and (2.39) into (2.31) via (2.32) that

f (H(ξ)) [H(ξ), iAξ ]
◦ f (H(ξ))

≥ 2cΓ̌(jR) f (Hext(ξ))2Γ̌(jR) + oR(1) + K

≥ 2c f (H(ξ))2 + oR(1) + K.

(2.40)

Now choose R so large that ‖oR(1)‖ ≤ c and sandwich both ends of (2.40)
with Eλ,κ(H(ξ)), then we get

Eλ,κ(H(ξ)) [H(ξ), iAξ ]
◦ Eλ,κ(H(ξ))

= Eλ,κ(H(ξ)) f (H(ξ)) [H(ξ), iAξ ]
◦ f (H(ξ)) Eλ,κ(H(ξ))

≥ 2cEλ,κ(H(ξ))
(

f (H(ξ))2 + oR(1) + K
)
Eλ,κ(H(ξ))

≥ cEλ,κ(H(ξ)) + Eλ,κ(H(ξ))K Eλ,κ(H(ξ)),

which is of the form (2.30). �

3.4 The limiting absorption principle

Theorem 3.6. Assume Conditions 1.1, 1.2, 1.3 and 1.4. Let ξ ∈ Rν and
J ⊂

(
inf σess(H(ξ)), Σ(1)

1 (ξ)
)
\
(
T (1)

0 (ξ)∪E(ξ)
)

be closed, where E(ξ) denotes
the set of eigenvalues of H(ξ), and s > 1

2 . Then

sup
z∈J±
‖〈Aξ〉−s(H(ξ)− z)−1〈Aξ〉−s‖ < ∞,

where J± = {z ∈ C|Re(z) ∈ J,± Im(z) > 0}.

Note that E(ξ) is also locally finite in
(
inf σess(H(ξ)), Σ(1)

1 (ξ)
)
.
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Proof. By Remark 1.19, Theorem 3.5 and Proposition 2.5 with vξ chosen
as in the proof of Theorem 3.5, Theorem 1.22 is applicable. �

Combined with the results of [FMSa], [FMSb] and [MW], Theorem 3.6
implies the following.

Corollary 3.7. Assume Conditions 1.2, 1.3 and 1.4 and that Ω(η) = η2

2M . Then{
(ξ, λ) ∈ Rν+1 ∣∣Σess(ξ) ≤ λ ≤ Σ(1)

0 (ξ), λ ∈ E(ξ) ∪Θ(ξ)
}

is closed and E(ξ) ∪Θ(ξ) ∩ [Σess(ξ), Σ(1)
0 (ξ)] is at most countable.

A A Taylor-like Expansion of
[B, f (A1, . . ., Aν)]

We now recall a result from [Ras].
In the following, A = (A1, . . . , Aν) is a vector of self-adjoint, pairwise

commuting operators acting on a Hilbert space H, and B ∈ B(H) is a
bounded operator on H. We shall use the notion of B being of class
Cn0(A) introduced in [ABG96]. For notational convenience, we adobt
the following convention: If 0 ≤ j ≤ ν, then δj denotes the multi-index
(0, . . . , 0, 1, 0, . . . , 0), where the 1 is in the j’th entry.

Definition A.1. Let n0 ∈ N ∪ {∞}. Assume that the multi-commutator

form defined iteratively by ad0
A(B) = B and adα

A(B) = [ad
α−δj
A (B), Aj]

as a form on D(Aj), where α ≥ δj is a multi-index and 1 ≤ j ≤ ν, can
be represented by a bounded operator also denoted by adα

A(B), for all
multi-indices α, |α| < n0 + 1. Then B is said to be of class Cn0(A) and we
write B ∈ Cn0(A).

Remark A.2. The definition of adα
A(B) does not depend on the order of

the iteration since the Aj are pairwise commuting. We call |α| the degree
of adα

A(B).

In the following, Hs
A := D(|H|s) for s ≥ 0 will be used to denote the scale

of spaces associated to A. For negative s, we define Hs
A := Hs

A
∗.

Theorem A.3. Assume that B ∈ Cn0(A) for some n0 ≥ n + 1 ≥ 1, 0 ≤ t1 ≤
n + 1, 0 ≤ t2 ≤ 1 and that { fλ}λ∈I satisfies

∀α ∃Cα : |∂α fλ(x)| ≤ Cα〈x〉s−|α|
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uniformly in λ for some s ∈ R such that t1 + t2 + s < n + 1. Then

[B, fλ(A)] =
n

∑
|α|=1

1
α!

∂α fλ(A) adα
A(B) + Rλ,n(A, B)

as an identity on D(〈A〉s), where Rλ,n(A, B) ∈ B(H−t2
A ,Ht1

A) and there exist a
constant C independent of A, B and λ such that

‖Rλ,n(A, B)‖B(H−t2
A ,Ht1

A )
≤ C ∑
|α|=n+1
‖adα

A(B)‖.
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Abstract

Time-dependent scattering theory for a large class of transla-
tion invariant models, including the Nelson and Polaron models,
restricted to the vacuum and one-particle sectors is studied. Asymp-
totic completeness of these Hamiltonians is shown. The translation
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invariance imply that the Hamiltonian is fibered with respect to
the total momentum. On the way to asymptotic completeness we
determine the spectral structure of the fiber Hamiltonians, establish
a Mourre estimate and derive a geometric asymptotic completeness
statement as an intermediate step.

Keywords: quantum field theory, time-dependent scattering theory,
asymptotic completeness, translation invariance
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1 Introduction and motivation

In this paper, we study the spectral and scattering theory of a class of
Hamiltonians that arise when one restricts e.g. the Nelson or Polaron
model to the subspace of at most one field particle. As our results are
valid for both models, we will use the term “field particles” rather than
photons or phonons, and in the same spirit, we will use the term “matter
particle” rather than electron or positron.

In [MR], two of the authors prove a Mourre estimate and C2 regularity
for the full model, with respect to a suitably chosen conjugate operator.
The estimate holds in the part of the energy-momentum spectrum lying
between the bottom of the essential energy-momentum spectrum and
either the two-body threshold, if there are no exited isolated mass shells,
or the one-body threshold pertaining to the first exited isolated mass
shell, if it exists. This is a natural first step for scattering theory. As
the full model in that energy-momentum regime is expected to resemble
the model with at most one field particle in many aspects, the scattering
theory of the cut-off model is of obvious interest. We note that in [GJY03],
the spectral and scattering theory of the massless Nelson model is studied,
and that the stationary methods used there would to some extend also
work on the class of models considered here. However, the scattering
theory in [GJY03] is obtained via a Kato-Birman argument, a method one
cannot hope to work on the full model.

In recent years a lot of effort was put into investigating the spectral
and scattering theory of various models of quantum field theory (see
among many other papers [Amm00], [AMZ05], [DG99], [FGS04], [FGS08],
[Gér96], [Piz03], [Spo04] and references therein). Substantial progress
was made by applying methods originally developed in the study of
N-particle Schrödinger operators namely the Mourre positive commutator
method and the method of propagation observables to study the behavior
of the unitary group e−itH for large times. Up to now, the most complete
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results on the scattering theory for these models have only been available
for models where the translation invariance is broken [Amm00], [DG99],
[Gér96], [Piz03], [Spo04], or for small coupling constants [FGS04]. In
fact the only asymptotic completeness result valid for arbitrary coupling
strength, in time-dependent scattering theory of translation invariant
models known to us are variations of the N-body problem, where the

dispersion relations are of the non-relativistic form p2

M . Our results hold
for a large class of dispersion relations, including a combination of the
relativistic and non-relativistic choices.

In order to appreciate the difficulties associated with proving asymp-
totic completeness for translation invariant models of QFT, we explain
the structure of scattering channels. If a system starts in a scattering
state at total momentum ξ and energy E, it will emit field particles with
momenta k1, . . . , kn until the remaining interacting system reaches a a
total momentum ξ ′ and an eigenvalue E′(ξ ′) for the Hamiltonian at total
momentum ξ ′. In order to conserve energy and momentum we must have
ξ = ξ ′ + k1 + · · ·+ kn and E = E′(ξ ′) + ω(k1) + · · ·+ ω(kn), where ω is
the dispersion relation for the field.

That is, the scattering channels are labeled by bound states at momenta
ξ ′ and the number of emitted field particles n, under the constraint of
conservation of energy and total momentum. The resulting bound particle
will not be at rest but rather move according to a dispersion relation
which is in fact the eigenvalue band, or mass shell, to which it belongs.
This band may a priori be an isolated mass shell or an embedded one. If
one wants to capture the behaviour of scattering states through a Mourre
estimate, then one needs to build into a conjugate operator the dynamics
of all the mass shells that appear in the available channels. This is a
difficult task. The thresholds at total momentum ξ are energies E that
has a scattering channel with the property that the bound state and the
emitted field particles do not separate over time.

When introducing a number cutoff in the model, one simplifies the
situation in that the scattering channels are now labeled by bound states of
Hamiltonians with strictly fewer field particles. In particular in our case,
we can label the scattering channels by mass shells of the Hamiltonian on
the vacuum sector, which are easily understood. Indeed, there is in fact
only one mass shell and it is identical to the matter dispersion relation Ω.

Finally, we will briefly outline the contents of this paper. In Section 2
we introduce the model in details and state our main result, the asymptotic
completeness. In Section 3 we briefly go through the spectral theory
for the fiber Hamiltonians, in particular we prove an HVZ theorem, a
Mourre estimate, absence of singular continuous spectrum and a semi-
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continuity statement about the Mourre estimate. In Section 4 we prove the
following propagation estimates: A large velocity estimate, a phase-space
propagation estimate, an improved phase-space propagation estimate and
a minimal velocity estimate. These form the technical foundation for
Section 5, where we introduce the asymptotic observable, the spaces of
asymptotically bound resp. free particles, the wave operators and prove
asymptotic completeness via so-called geometric asymptotic completeness.

2 The model and the result

The Hilbert space for the Hamiltonian is

H = L2(Rν, dy)� (C � L2(Rν, dx)) = L2(Rν, dy)� L2(R2ν, dxdy),

where ν ∈ N. We write Dx = −i∇x, Dy = −i∇y for the respective
momentum operators. The Hamiltonian we wish to study the spectral
and scattering theory of is given by

H = H0 + V =

(
Ω(Dy) 0

0 Ω(Dy) + ω(Dx)

)
+

(
0 v∗

v 0

)
,

where

(vu0)(x, y) = ρ(x− y)u0(y) and (v∗u1)(x) =
∫

ρ(x− y)u1(x, y)dy

for some ρ ∈ L2(Rν). Here Ω is the dispersion relation for the matter
particle, ω the dispersion relation for the field particles and ρ a coupling
function. One may view it as the translation invariant Nelson or Polaron
model restricted to the subspace with at most one field particle, depending
on the choice of dispersion relations.

The coupling function will be assumed to satisfy a short-range con-
dition which implies a UV-cutoff (see Condition 2.3). We work with
more general dispersion relations ω and Ω than ω(k) =

√
k2 + m2 or

ω(k) = ω0 > 0 and Ω(η) = η2/2M respectively (see Conditions 2.1 and
2.2 for details). As the infrared problem is not present in this model due
to the finite number of field particles, the mass of the field particle is
not important. However, the singular behavior of the dispersion relation
ω(k) = |k| at k = 0 makes this choice fall outside of what can be handled
in this treatment, although it seems likely that one with minor adjustments
may include this case in the same framework. For a treatment of the case
where Ω(η) = 1

2 η2 and ω(k) = |k|, see [GJY03].
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The operator H commutes with the operator of total momentum,

P=
(

Dy 0
0 Dx+Dy

)
, and hence H is fibered, H = U−1

∫ �
Rν H(P)dPU, where

U(u0, u1)(x, y) = (u0(y), u1(y, x + y))

and

H(P) = H0(P) + Ṽ =

(
Ω(P) 0

0 Ω(P− Dx) + ω(Dx)

)
+

(
0 〈ρ|
|ρ〉 0

)
,

where 〈·| and |·〉 denote the Dirac brackets. The fiber Hamiltonians are
operators on the Hilbert space K = C � L2(Rν).

The precise assumptions on Ω, ω and ρ are given below.

Condition 2.1 (Matter particle dispersion relation). Let Ω ∈ C∞(Rν) be
a non-negative, real-analytic and rotation invariant1 function. There exists
sΩ ∈ [0, 2] such that Ω satisfies:

(i) There is a C > 0 such that Ω(η) ≥ C−1〈η〉sΩ − C.

(ii) For any multi-index α there is a Cα > 0 such that |∂αΩ(η)| ≤
Cα〈η〉sΩ−|α|.

Note that this assumption is satisfied by the standard non-relativistic and

relativistic choices, Ω(η) = η2

2M and Ω(η) =
√

η2 + M2.

Condition 2.2 (Field particle dispersion relation). Let ω ∈ C∞(Rν) be
non-negative, real-analytic, rotation invariant and satisfy:

(i) For any multi-index α with |α| ≥ 1, we have supk∈Rν |∂αω(k)| < ∞.

(ii) If sΩ = 0, then ω(k)→ ∞ as |k| → ∞.

This is satisfied e.g. for ω(k) =
√

k2 + m2, m 6= 0, and if sΩ 6= 0, also for
the Polaron2, ω(k) = ω0.

Condition 2.3 (Coupling function). Let ρ ∈ L2(Rν) be rotation invariant
and satisfy that

(i) ρ̂ ∈ C2(Rν).

(ii) 〈·〉|∇ρ̂|, ∂jρ̂, 〈·〉‖∇2ρ̂‖ ∈ L2(Rν).
1By rotation invariance of a function f we mean that f (η) = f (Oη) a.e. for any

O ∈ O(ν) where O(ν) denotes the ν-dimensional orthogonal group.
2In fact the Fröhlich Polaron has Ω(η) = η2

2Meff
, so sΩ = 2 6= 0.
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(iii) There exist constants C, µ > 0 such that |ρ(x)| ≤ C〈x〉−1− ν
2−µ.

Condition 2.3 (iii) is the so-called short-range condition. Note that it
implies that for J ∈ C∞(Rν) with support away from 0, we have

|ρ(x)J( x
t )| = O(t−1−µ). (3.1)

For the rest of this paper, Conditions 2.1, 2.2 and 2.3 will tacitly be
assumed to be fulfilled, and under this assumption, our main result will
be the following

Theorem 2.4 (Asymptotic completeness). The wave operator

W+ = s lim
t→∞

eitHe−itH0 P+(H0)

exists, where P+(H0) is the projection onto {0}� L2(R2ν), and the system is
asymptotically complete:

Ran W+ = H⊥bd,

where Hbd = U−1
∫ �

Rν 1pp(H(P))dPUH.

Remark 2.5. That P 7→ 1pp(H(P)) is weakly – and hence strongly – mea-
surable follows from an application of the RAGE theorem, [CFKS87,
Theorem 5.8], see the proof of [CFKS87, Theorem 9.4] for details.

3 Spectral analysis

We begin by recalling the following well-known properties of the fibered
Hamiltonian. The Hamiltonian H0(P) is essentially self-adjoint on C �
C∞

0 (Rν) and the domain D = D(H0(P)) is independent of P. As Ṽ is
bounded, the Kato-Rellich theorem implies that the same is true for H(P)
and that D(H(P)) = D.

The following threshold set will play an important role in our analysis:

θ(P) = {λ ∈ R | ∃k ∈ Rν : λ = Σ(P− k) + ω(k),∇Ω(P− k) = ∇ω(k)}.

By rotation invariance and analyticity it is easy to see that θ(P) is locally
finite and closed.

The following results, Theorems 3.1 to 3.4, correspond to completely
analogous statements for the full model, see [MR].

Theorem 3.1. Assume that the vector field vP ∈ C∞(Rν; Rν) satisfies that
for any multi-index α, |α| ∈ {0, 1, 2}, there is a constant Cα > 0 such that
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|∂αvP(η)| ≤ Cα〈η〉1−|α|. Then the operator aP = 1
2(vP(Dx) · x + x · vP(Dx))

is essentially self-adjoint on the Schwarz space S and H(P) is of class C2(AP),
where AP = ( 0 0

0 aP
) is self-adjoint on D(AP). The first commutator is given by

[H(P), iAP]
◦ =

(
0

〈
iaPρ

∣∣
|iaPρ〉 vP(Dx) · ∇(ω(Dx) + Ω(P− Dx))

)
as a form on D.

This can be seen either by direct computations or by following [MR].
We now introduce the extended space Kext = K� L2(Rν) to be able to

make a geometric partition of unity in configuration space. The partition of
unity is similar to what is done in the analysis of the N-body Schrödinger
operator (see e.g. [DG97]) and in complete analogy with what is done in
e.g. [DG99] and [Møl05]. The partition of unity used here may actually
be seen as the partition of unity introduced in [DG99] restricted to the
subspace with at most 1 field particle.

Let j0, j∞ ∈ C∞(Rν) be real, non-negative functions satisfying j0 = 1
on {x | |x| ≤ 1}, j0 = 0 on {x | |x| > 2} and j20 + j2∞ = 1. We now define

jR : K → Kext

jR(v0, v1) = (v0, j0( ·R )v1)� (j∞( ·R )v1).

Clearly, jR is isometric.
We introduce two self-adjoint operators, the extended Hamiltonian,

Hext(P), and the extended conjugate operator, Aext
P , acting in Kext,

Hext(P) = H(P)� FP(Dx) and

Aext
P = AP � aP,

where FP(Dx) = ω(Dx) + Ω(P− Dx), with the obvious domains denoted
by Dext and D(Aext

p ). The extended Hamiltonian describes an interacting
system and a system with a free field particle. It is easy to see that
Theorem 3.1 holds true with H(P) and AP replaced by Hext(P) and Aext

P ,
respectively, and the commutator equal to

[Hext(P), iAext
p ]◦ = [H(P), iAP]

◦ �
(
vP(Dx) · (∇ω(Dx)−∇Ω(P− Dx))

)
.

We have the following localisation error when applying jR.

Lemma 3.2. Let f ∈ C∞
0 (R). Then

jR f (H(P)) = f (Hext(P))jR + oR(1) and

jR f (H(P))[H(P), iAP]
◦ f (H(P))

= f (Hext(P))[Hext(P), iAext
P ]◦ f (Hext(P))jR + oR(1),
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for R→ ∞.

This can be seen either by a direct computation or by applying [MR,
Corollary 5.3]. The following two results, an HVZ theorem and a Mourre
estimate, are now almost immediate.

Theorem 3.3. The spectrum of H(P) below Σess(P) = infk∈Rν{Ω(P− k) +
ω(k)} consists at most of eigenvalues of finite multiplicity and can only accumu-
late at Σess(P). The essential spectrum is given by σess(H(P)) = [Σess(P), ∞).

Proof. Using Lemma 3.2 for an f ∈ C∞
0 (R) supported in (−∞, Σess(P))

and letting R tend to infinity shows that f (H(P)) is compact. This proves
the first part.

To prove the last part, let λ ∈ [Σess(P), ∞) and note that there exists
a k0 ∈ Rν such that λ = Ω(P− k0) + ω(k0). Now choose un = (0, u1n) ∈
C � L2(Rν) with û1n(·) = n

ν
2 f (n(· − k0)) for some f ∈ C∞

0 (Rν) with f ≥ 0
and f (0) = 1. One may now check that un is a Weyl sequence for the
energy λ. �

Theorem 3.4. Assume that λ 6∈ θ(P). Let AP be given as in Theorem 3.1 with
vP(Dx) = ∇ω(Dx)−∇Ω(P− Dx)). Then there exist constants κ, c > 0 and
a compact operator K such that

Eλ,κ(H(P))[H(P), iAP]
◦Eλ,κ(H(P)) ≥ cEλ,κ(H(P)) + K,

where Eλ,κ denotes the characteristic function of the interval [λ− κ, λ + κ].

Proof. We may find a κ such that [λ − 2κ, λ + 2κ] ∩ θ(P) = ∅. Choose
f ∈ C∞

0 (R) with support in [λ− 2κ, λ+ 2κ] and equal to 1 on [λ− κ, λ+ κ].
Note that

f (H(P))[H(P), iAP]
◦ f (H(P))

= jR∗ jR f (H(P))[H(P), iAP]
◦ f (H(P))

= jR∗ f (Hext(P))[Hext(P), iAext
P ]◦ f (Hext(P))jR + oR(1),

by Lemma 3.2. Note that

f (Hext(P))[Hext(P), iAext
P ]◦ f (Hext(P))jR

= f (H(P))[H(P), iAP]
◦ f (H(P))

(
1

j0( ·R )

)
(3.2)

� f (FP(Dx))|∇ω(Dx)−∇Ω(P− Dx)|2 f (FP(Dx))j∞( ·R ).
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Taking the support of f into account, one finds that

f (FP(Dx))|∇ω(Dx)−∇Ω(P− Dx)|2 f (FP(Dx)) ≥ 2c f 2(FP(Dx))

for some positive constant c > 0. The operator K(R) = f (H(P))( 1
j0( ·R )

)

is easily seen to be compact. Let g ∈ C∞
0 (R) equal 1 on the support of f .

Then
B = f (H(P))[H(P), iAP]

◦g(H(P))

is bounded and (3.2) equals BK(R). Hence by Lemma 3.2

f (H(P))[H(P), iAP]
◦ f (H(P))

≥ jR∗2c f 2(H(P))
(

1
j0( ·R )

)
� 2c f 2(FP(Dx))j∞( ·R )

+ jR∗(B− 2c f (H(P)))K(R)� 0 + oR(1)

= 2c f 2(H(P)) + KR + oR(1),

for some compact operator KR depending on R. One may now choose R
so large that ‖oR(1)‖ ≤ c and sandwich the inequality with Eλ,κ(H(P))
on both sides to arrive at the desired result. �

We infer the following corollary of Theorems 3.1 and 3.4 by standard
arguments of regular Mourre theory.

Corollary 3.5. The essential spectrum of the fiber Hamiltonians is non-singular:

σsing(H(P)) = ∅.

Theorem 3.6. Let (P0, λ0) ∈ Rν+1. Assume that λ0 6∈ θ(P0) ∪ σpp(P0). Then
there exists a constant C > 0, a neighbourhood O of P0 and a function f ∈
C∞

0 (R) with f = 1 in a neighbourhood of λ0 such that for all P ∈ O,

f (H(P))[H(P), iAP0 ]
◦ f (H(P)) ≥ C f 2(H(P))

where AP0 is given as in Theorem 3.4.

Proof. We begin by noting that the object [H(P), iAP0 ]
◦ is well-defined by

Theorem 3.1. By standard arguments using the fact that λ0 6∈ σpp(P0) and
Theorem 3.4, there exist a function f̃ ∈ C∞

0 (R) and a constant C̃ such that

f̃ (H(P0))[H(P0), iAP0 ]
◦ f̃ (H(P0)) ≥ C̃ f̃ 2(H(P0)),
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with f̃ = 1 on a neighbourhood of λ0. It is easy to see that the operators
(H(P)− z)−1(H0(0)− i) and (H0(0)− i)−1[H(P), iAP0 ]

◦(H0(0)− i)−1 are
norm continuous as functions of P, and hence it follows by an application
of the functional calculus of almost analytic extensions that f̃ 2(H(P)) and
f̃ (H(P))[H(P), iAP0 ]

◦ f̃ (H(P)) are norm continuous as functions of P.
Let O 3 P0 be a neighbourhood such that

‖ f̃ 2(H(P))− f̃ 2(H(P0))‖ ≤
C̃
3

and

‖ f̃ (H(P))[H(P), iAP0 ]
◦ f̃ (H(P))− f̃ (H(P0))[H(P0), iAP0 ]

◦ f̃ (H(P0))‖ ≤
C̃
3

for all P ∈ O. Then

f̃ (H(P))[H(P), iAP0 ]
◦ f̃ (H(P)) ≥ −2C̃

3
I + C̃ f̃ 2(H(P)). (3.3)

Choose now C = C̃
3 and f ∈ C∞

0 (R) such that f = 1 on a neighbourhood
of λ0 and f = f f̃ . The result is then obtained by multiplying (3.3) from
both sides with f (H(P)). �

4 Propagation estimates

We will write D = [H, i · ] and d0 = [Ω(Dx + Dy) + ω(Dx), i · ] for the
Heisenberg derivatives. The following abbreviation will be used to ease
the notation:

[B] := ( 0 0
0 B ).

Theorem 4.1 (Large velocity estimate). Let χ ∈ C∞
0 (R). There exists a con-

stant C1 such that for R′ > R > C1, one has∫ ∞

1

∥∥[1[R,R′]
( |x−y|

t
)]

e−itHχ(H)u
∥∥2 dt

t
≤ C‖u‖2

Proof. Let C1 be a constant to be specified later and R′ > R > C1. Let
F ∈ C∞(R) equal 0 near the origin and 1 near infinity such that F′(s) ≥
c1[R,R′](s) for some positive constant c > 0. Let

Φ(t) = −χ(H)[F( |x−y|
t )]χ(H),

b(t) = −d0F( |x−y|
t ).
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By using e.g. Theorem B.3 or pseudo-differential calculus one sees that

b(t) =
1
t
( |x−y|

t − (∇Ω(Dy)−∇ω(Dx))
x−y
|x−y|

)
F′( |x−y|

t ) + O(t−2).

Hence for any χ̃ ∈ C∞
0 (R) such that χ = χχ̃ one finds that

− χ(H)[b(t)]χ(H)

=
1
t

χ(H)
( |x−y|

t −(∇Ω(Dy)−∇ω(Dx))
x−y
|x−y|

)
F′( |x−y|

t )χ(H)+O(t−2)

=
1
t

χ(H)
( |x−y|

t − χ̃(H)(∇Ω(Dy)−∇ω(Dx))
x−y
|x−y|

)
1[C1,∞)(

|x−y|
t )

× F′( |x−y|
t )χ(H) + O(t−2)

≥ C0

t
χ(H)F′( |x−y|

t )χ + O(t−2)

for some C0 > 0 if one chooses C1 > ‖χ̃(H)(∇Ω(Dy)−∇ω(Dx))
x−y
|x−y|‖.

It follows from Condition 2.3 (iii) that

[V, i[F( |x−y|
t )]] = O(t−1−µ),

cf. (3.1). Putting this together, we get

DΦ(t) ≥ C0
t χ(H)[F′( |x−y|

t )]χ(H) + O(t−1−µ),

which combined with Lemma A.1 implies the result. �

Theorem 4.2 (Phase-space propagation estimate). Take χ ∈ C∞
0 (R) and

let 0 < c0 < c1. Write

Θ[c0,c1]
(t) =[〈 x−y

t −∇ω(Dx)+∇Ω(Dy), 1[c0,c1]

( |x−y|
t
)( x−y

t −∇ω(Dx)+∇Ω(Dy)
)〉]

.

Then ∫ ∞

1
‖Θ[c0,c1]

(t)
1
2 e−itHχ(H)u‖2 dt

t
≤ C‖u‖2.

Proof. The following construction is taken from [DG99] but ultimately
goes back to a construction of Graf, see e.g. [Gra90]. There exists a
function R0 ∈ C∞(Rν) such that

R0(x) = 0 for |x| ≤ c0
2 ,

R0(x) = 1
2 x2 + c for |x| ≥ 2c1,

∇2R0(x) ≥ 1[c0,c1]
(|x|).
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Without loss of generality, we may assume that c1 > C1 + 1, where C1
is the constant whose existence is ensured by Theorem 4.1. Choose a
constant c2 > c1 + 1 and a smooth function F such that F(s) = 1 for s < c1
and F(s) = 0 for s ≥ c2. Let

R(x) = F(|x|)R0(x).

Then R satisfies

∇2R(x) ≥ 1[c0,c1]
(|x|)− C1[C1+1,c2](|x|), (3.4)

|∂αR(x)| ≤ Cα.

Write X = x−y
t −∇ω(Dx) +∇Ω(Dy) and let

Φ(t) = χ(H)[b(t)]χ(H),

where
b(t) = R( x−y

t )− 1
2

(
〈∇R( x−y

t ), X〉+ h. c.
)
.

By using Condition 2.3 (iii) and pseudo-differential calculus, one sees that∥∥∥∥χ(H)

(
0 0

−ib(t)ρ(x− · ) 0

)
χ(H)

∥∥∥∥ ∈ O(t−1−µ)

and hence
χ(H)[V, i[b(t)]]χ(H) ∈ O(t−1−µ).

Compute

d
dt b(t) = −1

t 〈
x−y

t ,∇R( x−y
t )〉

+ 1
2

1
t
(
〈 x−y

t ,∇2R( x−y
t )X〉+ h. c.

)
+ 1

t 〈∇R( x−y
t ), x−y

t 〉
= 1

2
1
t
(
〈 x−y

t ,∇2R( x−y
t )X〉+ h. c.

)
,

and by pseudo-differential calculus one sees that

[ω(Dx)+Ω(Dy), ib(t)] = 1
2

1
t
(
〈∇ω(Dx)−∇Ω(Dy),∇R( x−y

t )〉+h. c.
)

− 1
2

1
t
(
〈∇ω(Dx)−∇Ω(Dy),∇2R( x−y

t )X〉+h. c.
)

− 1
2

1
t
(
〈∇R( x−y

t ),∇ω(Dx)−∇Ω(Dy)〉+h. c.
)

+O(t−2)

= −1
2

1
t
(
〈∇ω(Dx)−∇Ω(Dy),∇2R( x−y

t )X〉+h. c.
)

+O(t−2),
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hence by using (3.4), it follows that

χ(H)[d0b(t)]χ(H)

= 1
t χ(H)[〈X,∇2R( x−y

t )X〉]χ(H) + O(t−2)

≥ 1
t χ(H)

[〈
X, 1[c0,c1]

( |x−y|
t
)
X
〉]

χ(H)

− C
t χ(H)

[〈
X, 1[C1+1,c2]

( |x−y|
t
)
X
〉]

χ(H) + O(t−2)

By introducing J ∈ C∞
0 (R; [0, 1]) supported above C1 with J1[C1+1,c2] =

1[C1+1,c2] and χ̃ ∈ C∞
0 (R) with χ̃χ = χ and using pseudo-differential calcu-

lus, the functional calculus of almost analytic extensions and Condition 2.3
(iii) again, one gets that

C
t χ(H)

[
Xi1[C1+1,c2]

( |x−y|
t
)
Xi
]
χ(H)

≤ C
t χχ̃(H)

[
Xi J3( |x−y|

t
)
Xi
]
χ̃χ(H)

= C
t χ(H)

[
J
( |x−y|

t
)]

χ̃(H)
[
Xi J
( |x−y|

t
)
Xi
]
χ̃(H)

[
J
( |x−y|

t
)]

χ(H)+O(t−2)

≤ C′
t χ(H)

[
J2( |x−y|

t
)]

χ(H) + Ct−2,

where we estimated χ̃(H)
[
Xi J
( |x−y|

t
)
Xi
]
χ̃(H) by a constant. Putting it all

together yields

DΦ(t) ≥ 1
t χ(H)Θ[c0,c1]

(t)χ(H)− C
t χ(H)[J2( |x−y|

t )]χ(H) + O(t−1−µ),

where the second term is integrable along the evolution by Theorem 4.1,
so the result now follows from Lemma A.1. �

Theorem 4.3 (Improved phase-space propagation estimate).
Let 0 < c0 < c1, J ∈ C∞

0 (c0 < |x| < c1), χ ∈ C∞
0 (R). Then for 1 ≤ i ≤ ν∫ ∞

1

∥∥[∣∣J( x−y
t )
( xi−yi

t −∂iω(Dx)+∂iΩ(Dy)
)
+h. c.

∣∣] 1
2 e−itHχ(H)u

∥∥2 dt
t ≤C‖u‖2

Proof. For brevity, we write X = x−y
t − ∇ω(Dx) +∇Ω(Dy) and R0 =

(H0 − λ)−1 for some real λ ∈ ρ(H0). Let

A = X2 + t−δ,

δ > 0. Note that [J( x−y
t )A

1
2 ]R0 is uniformly bounded in t ≥ 1.

The following identities hold as forms on C∞
0 (Rν).

eit(ω(Dx)+Ω(Dy))Xe−it(ω(Dx)+Ω(Dy)) = x−y
t ,
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eit(ω(Dx)+Ω(Dy))A
1
2 e−it(ω(Dx)+Ω(Dy)) = (( x−y

t )2 + t−δ)
1
2 := A

1
2
0 (3.5)

and
eit(ω(Dx)+Ω(Dy)) J(X)e−it(ω(Dx)+Ω(Dy)) = J( x−y

t ). (3.6)

That the following commutator, viewed as a form on C∞
0 (Rν), extends

by continuity to a bounded form on L2(Rν) can be seen using pseudo-
differential calculus:

[X, A
1
2
0 ] = [∇ω(Dx), A

1
2
0 ]− [∇Ω(Dy), A

1
2
0 ] = O(t−min{1,2− δ

2}).

Together with the functional calculus of almost analytic extensions this
implies that

[J(X), A
1
2
0 ] = O(t−min{1,2− δ

2}),

and hence using (3.5) and (3.6) that

[J( x−y
t ), A

1
2 ] = O(t−ε), (3.7)

where ε = min{1, 2− δ
2}. Write h = Ω(Dy) + ω(Dx). Note that

eithd0A
1
2 e−ith = eith[h, iA

1
2 ]e−ith + eith( d

dt A
1
2 )e−ith

= d
dt
(
eith A

1
2 e−ith) = d

dt A
1
2
0

= −1
t A

1
2
0 −

(2−δ)t−δ−1

2(( x−y
t )2+t−δ)

1
2

,

so
d0A

1
2 = −1

t A
1
2 + O(t−1− δ

2 ). (3.8)

In addition
[R0, [Xi]] = R

1
2+ρ1
0 O(t−1)R1−ρ1

0 (3.9)

for any ρ1, 0 < ρ1 < 1
2 and that

[R0, [A
1
2 ]] = Rρ2

0 O(t
δ
2−1)R1−ρ2

0 (3.10)

for any ρ2, 0 < ρ2 < 1. The identity (3.10) can be seen e.g. by using (3.9)
and the representation formula

s−
1
2 =

1
π

∫ ∞

0
(s + y)−1y−

1
2 dy,
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which can be verified for t > 0 by direct computations.
Let J1, J2 ∈ C∞

0 (c0 < |x| < c1) such that J J1 = J and J1 J2 = J1 and
write for i = 1, . . . , ν:

B0,i = R0[J(
x−y

t )Xi]R0 + h. c.

and
B1 = R0[J1(

x−y
t )A

1
2 J1(

x−y
t )]R0. (3.11)

We compute using (3.7), (3.9) and (3.10):

B2
0,i = 4R0[Xi J(

x−y
t )]R2

0[J(
x−y

t )Xi]R0 + O(t−1)

= 4R2
0[Xi J2( x−y

t )Xi]R2
0 + O(t−1)

≤ CR2
0[Xi J4

1(
x−y

t )Xi]R2
0 + Ct−1

= CR2
0[J

2
1(

x−y
t )X2

i J2
1(

x−y
t )]R2

0 + O(t−1)

≤ CR2
0[J

2
1(

x−y
t )AJ2

1(
x−y

t )]R2
0 + O(t−δ)

= CR0[J2
1(

x−y
t )A

1
2 ]R2

0[A
1
2 J2

1(
x−y

t )]R0 + O(t−min{1− δ
2 ,δ})

= CR0[J1(
x−y

t )A
1
2 J1(

x−y
t )]R2

0[J1(
x−y

t )A
1
2 J1(

x−y
t )]R0 + O(t−min{1− δ

2 ,δ})

= CB2
1 + O(t−κ),

where κ = min{1− δ
2 , δ}. By the matrix monotonicity of λ 7→ λ

1
2 [BR81,

Sec. 2.2.2], we deduce that

|B0,i| ≤ CB1 + Ct−
κ
2 . (3.12)

Now let
Φ(t) = −χ(H)[J( x−y

t )A
1
2 J( x−y

t )]χ(H)

It follows from (3.7) that

Φ(t) = −χ(H)[J( x−y
t )2A

1
2 ]χ(H) + O(t−ε)

is uniformly bounded for t > 1.
We compute

−DΦ(t) =

χ(H)[V, i[J( x−y
t )A

1
2 J( x−y

t )]]χ(H) + χ(H)
[
d0
(

J( x−y
t )A

1
2 J( x−y

t )
)]

χ(H)

Using Condition 2.3 (iii) we see that

χ(H)[V, i[J( x−y
t )A

1
2 J( x−y

t )]]χ(H) = O(t−1−µ).
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Indeed,

χ(H)[V, i[J( x−y
t )A

1
2 J( x−y

t )]]χ(H)

= χ(H)
( 0 0

−iJ(
x−y

t )A
1
2 J(

x−y
t )v 0

)
χ(H) + h. c.

= χ(H)(H0 − λ)R0

( 0 0

−i
(

A
1
2 J(

x−y
t )+O(t−ε)

)
J(

x−y
t )v 0

)
χ(H) + h. c.

Now by Condition 2.3 (iii) we have that ‖J( x−y
t )v‖ = O(t−1−µ) and hence

we also have that R0

( 0 0

−i
(

A
1
2 J(

x−y
t )+O(t−ε)

)
J(

x−y
t )v 0

)
= O(t−1−µ).

Note that
d0 J( x−y

t ) = −1
t∇J( x−y

t ) · v + O(t−2) (3.13)

and using (3.8) and (3.12) (cf. (3.11)),

− χ(H)[J( x−y
t )(d0A

1
2 )J( x−y

t )]χ(H)

≥ C0
t χ(H)[|J( x−y

t )Xi + h. c.|]χ(H)− Ct−1− κ
2 .

Again we compute using (3.7):

R0[∇J( x−y
t ) · XA

1
2 J( x−y

t )]R0 + h. c.

= R0[J2(
x−y

t )X · ∇J( x−y
t )J( x−y

t )A
1
2 J2(

x−y
t )]R0 + h. c.+O(t−1)

=
ν

∑
i=1

R0[J2(
x−y

t )A
1
2 Xi A−

1
2 ∂i J(

x−y
t )J( x−y

t )A
1
2 J2(

x−y
t )]R0+h. c.+O(t−1)

≤ CR0[J2(
x−y

t )AJ2(
x−y

t )]R0 + Ct−1

≤ CR0[J2(
x−y

t )X2 J2(
x−y

t )]R0 + O(t−min{1,δ})

≤ CR0[〈X, J2
2(

x−y
t )X〉]R0 + Ct−min{1,ε}.

Hence (cf. (3.13))

− χ(H)
[
d0
(

J( x−y
t )A

1
2 J( x−y

t )
)]

χ(H)

= χ(H)[(d0 J( x−y
t ))A

1
2 J( x−y

t )]χ(H) + h. c.

+ χ(H)[J( x−y
t )(d0A

1
2 )J( x−y

t )]χ(H)

≥ C0
t χ(H)[|J( x−y

t )Xi + h. c.|]χ(H)

− C
t χ(H)[〈X, J2

2(
x−y

t )X〉]χ(H) + O(t−1−γ)
(3.14)

for some γ > 0. Since by Theorem 4.2 the second term in the r.h.s. of (3.14)
is integrable along the evolution, the theorem follows from Lemma A.1.�
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Theorem 4.4 (Minimal velocity estimate). Assume that (P0, λ0) ∈ Rν+1

satisfies that λ0 ∈ R \ (θ(P0) ∪ σpp(P0)). Then there exists an ε > 0, a
neighbourhood N of (P0, λ0) and a function χ ∈ C∞

0 (Rν+1) such that χ = 1 on
N and ∫ ∞

1

∥∥∥[1[0,ε]](
|x|
t )
∫ �

e−itH(P)χ(P, H(P))dPu
∥∥∥2 dt

t
≤ C‖u‖2

Proof. By Theorem 3.6, it follows that there exists a neighbourhood O of
P0 and a function f with f = 1 in a neighbourhood of λ0 such that

f (H(P))[H(P), iAP0 ] f (H(P)) ≥ C f 2(H(P))

for all P in O. Let χ ∈ C∞
0 (Rν+1; [0, 1]) be supported in the set O ×

{λ | f (λ) = 1} and χ = 1 in a neighbourhood N of (P0, λ0). It follows
that

χ(P, H(P))[H(P), iAP0 ]χ(P, H(P)) ≥ C
2 χ2(P, H(P)). (3.15)

Let q ∈ C∞
0 ({|x| ≤ 2ε}) satisfy 0 ≤ q ≤ 1, q = 1 in a neighbourhood of

{|x| ≤ ε} for some ε > 0 to be specified later on. Write

Q(t) =
(

1 0
0 q( x

t ).

)
Let

Φ(t) =
∫ �

χ(P, H(P))Q(t)
AP0

t
Q(t)χ(P, H(P))dP.

Taking into account the support of q and that vP0 is ω-bounded, and
using pseudo-differential calculus, it is easy to see that Φ(t) is uniformly
bounded.

We compute the Heisenberg derivative:

DΦ(t) =
∫ �

χ(P, H(P))[d0q( x
t )]

AP0

t
Q(t)χ(P, H(P))dP + h. c.

+
∫ �

χ(P, H(P))[V, iQ(t)]
AP0

t
Q(t)χ(P, H(P))dP + h. c.

+
1
t

∫ �
χ(P, H(P))Q(t)[H(P), iAP0 ]Q(t)χ(P, H(P))dP

− 1
t

∫ �
χ(P, H(P))Q(t)

AP0

t
Q(t)χ(P, H(P))dP

= R1 + R2 + R3 + R4.
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By the same arguments as before it follows that
AP0

t Q(t)χ(P, H(P)) is
uniformly bounded. Using pseudo-differential calculus gives

R1 =

1
t

∫ �
χ(P, H(P))[〈 x

t−∇ω(Dx)+∇Ω(Dy),∇q( x
t )〉]

AP0
t Q(t)χ(P, H(P))dP

+ h. c.+O(t−2).

Let

B1 =
∫ �

χ(P, H(P))[〈 x
t −∇ω(Dx) +∇Ω(Dy),∇q( x

t )〉]dP

and

B2 =
∫ �

χ(P, H(P))Q(t)
AP0

t
dP.

Then
R1 = 1

t B1B∗2 +
1
t B2B∗1 ≥ −ε−1

0
1
t B1B∗1 − ε0

1
t B2B∗2 .

Now by Theorem 4.2, we get that 1
t B1B∗1 is integrable along the evolu-

tion. Using pseudo-differential calculus and functional calculus of almost
analytic extensions one can verify that

[χ(P, H(P)), Q(t)] = (H0(P)− R)−1+ρO(t−1)(H0(P)− R)−
1
2−ρ (3.16)

for any R ∈ R \ σ(H0(P)) and any ρ, 0 ≤ ρ ≤ 1
2 . Hence it follows by

introducing cutoff functions χ̃ ∈ C∞
0 (Rν+1) and q̃ ∈ C∞

0 (Rν) with χ̃χ = χ
and q̃q = q that

− 1
t B2B∗2 = −1

t

∫ �
Q(t)χχ̃(P, H(P))[q̃( x

t )]
A2

P0

t2 [q̃( x
t )]χ̃χ(P, H(P))Q(t)dP

+ O(t−2)

≥ −C1

t

∫ �
Q(t)χ2(P, H(P))Q(t)dP + O(t−2)

= −C1

t

∫ �
χ(P, H(P))Q2(t)χ(P, H(P))dP + O(t−2) (3.17)

By Condition 2.3 (iii) it follows that
(

0 0
i(1−q( x

t ))|ρ〉 0

)
∈ O(t−1−µ) and hence

R2 ∈ O(t−1−µ) (3.18)
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Using (3.15) and (3.16) twice, we see that

R3 =
1
t

∫ �
Q(t)χ(P, H(P))[H(P), iAP0 ]χ(P, H(P))Q(t)dP + O(t−2)

≥ C2

t

∫ �
Q(t)χ2(P, H(P))Q(t)dP + O(t−2)

≥ C2

t

∫ �
χ(P, H(P))Q(t)2χ(P, H(P))dP + O(t−2). (3.19)

Again using the cutoff functions and pseudo-differential calculus and
taking into account the support of q, we see that

± χ(P, H(P))Q(t)
AP0

t
Q(t)χ(P, H(P))

= ±Q(t)χχ̃(P, H(P))[q̃( x
t )]

AP0

t
[q̃( x

t )]χ̃χ(P, H(P))Q(t)±O(t−1)

≤ εC3Q(t)χ2(P, H(P))Q(t) + O(t−1)

= εC3χ(P, H(P))Q(t)2χ(P, H(P)) + O(t−1)

so

R4 ≥ −
C3ε

t

∫ �
χ(P, H(P))Q(t)2χ(P, H(P))dP + O(t−2). (3.20)

Putting (3.17), (3.18), (3.19) and (3.20) together, we see that

DΦ(t) ≥ −ε0C1 + C2 − εC3

t

∫ �
χ(P, H(P))Q(t)2χ(P, H(P))dP

− 1
εt

B1B∗1 + O(t−1−µ).

Now choosing ε and ε0 so small that −ε0C1 + C2 − εC3 > 0 together with
Lemma A.1 yields the result. �

5 The asymptotic observable and asymptotic
completeness

Theorem 5.1 (Asymptotic observable). Let p ∈ C∞(Rν) be a smooth func-
tion satisfying that p(x) ≤ p(y) for |x| ≤ |y|, p(x) = 0 for |x| ≤ 1

2 and
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p(x) = 1 for |x| ≥ 1. Define pδ(x) = p( x
δ ). Then the limits

P+
δ (H) = s lim

t→∞
eitH[pδ(

x−y
t )]e−itH, (3.21)

P+
0 (H) = s lim

δ→0
P+

δ (H),

P+
0 (H0, H) = s lim

δ→0
s lim

t→∞
eitH[pδ(

x−y
t )]e−itH0 ,

P+
0 (H, H0) = s lim

δ→0
s lim

t→∞
eitH0 [pδ(

x−y
t )]e−itH

exist and P+
0 (H) is a projection.

Remark 5.2. Note that δ 7→ P+
δ (H) is increasing, i.e. P+

δ (H) ≤ P+
δ′ (H)

for 0 < δ′ < δ. We leave it to the reader to verify that the definition of
P+

0 (H) is independent of the choice of p, and that one in fact could have
chosen any family of functions {pδ} satisfying pδ(x) ≤ pδ(y) for |x| ≤ |y|,
pδ(x) = 0 for |x| ≤ δ

2 and pδ(x) = 1 for |x| ≥ δ.

Proof. We will prove the statements about P+
δ (H) and P+

0 (H). The state-
ments about P+

0 (H0, H) and P+
0 (H, H0) are proved completely analo-

gously.
Let

Φ(t) = −χ(H)[pδ(
x−y

t )]χ(H),

and calculate using pseudo-differential calculus

d0pδ(
x−y

t ) = −1
2

1
t

(( x−y
t −∇ω(Dx)+∇Ω(Dy)

)
· ∇pδ(

x−y
t )+h. c.

)
+O(t−2).

This in combination with Condition 2.3 (iii) gives

DΦ(t) = 1
t χ(H)[1

2 X · ∇pδ(
x−y

t ) + h. c.]χ(H) + O(t−min{1+µ,2}),

where X = x−y
t −∇ω(Dx) +∇Ω(Dy), so Theorem 4.3 in combination

with Lemma A.2 gives the existence of the limit (3.21).
The existence of the weak limit w-P+

0 (H) = w-limδ→0 P+
δ (H) is ob-

vious. Moreover, for every δ > 0, it is clear from Lemma A.3 that the

strong limit s lim
n→∞

P+
δ

2n
(H) exists, is a projection and equals w-P+

0 (H).

The inequality P+
δ (H)2 ≤ P+

δ (H) implies

lim
δ→0
‖(w-P+

0 (H)−P+
δ (H))u‖2 = lim

δ→0
〈(w-P+

0 (H)+P+
δ (H)2−2P+

δ (H))u, u〉

≤ lim
δ→0
〈(w-P+

0 (H)−P+
δ (H))u, u〉 = 0.
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This finishes the argument. �

Proposition 5.3. Let Σ = {(P, λ) ∈ Rν+1 | λ ∈ σpp(H(P))} denote the set in
energy-momentum space consisting of eigenvalues for the fibered Hamiltonian
and Θ = {(P, λ) ∈ Rν+1 | λ ∈ θ(P)} the corresponding set of thresholds.
Then Σ ∪ Θ is a closed set of Lebesgue measure 0. Moreover, (Σ ∪ Θ)(P) =
σpp(P) ∪ θ(P) is at most countable.

Proof. By the usual arguments, Theorems 3.1 and 3.4 imply that eigen-
values of H(P) can only accumulate at thresholds (see e.g. [ABG96] for
details), and by analyticity, the threshold set θ(P) is at most countable.
Hence, if Σ ∪Θ is closed, it is in particular of measure 0.

Let (P0, λ0) 6∈ Σ ∪Θ. Then by Theorem 3.6, there are neighbourhoods
O of P0 and I of λ0 such that for all P ∈ O, a strict Mourre estimate holds
for H(P) on the energy interval I with conjugate operator AP0 given as in
Theorem 3.4 and H(P) is of class C2(AP0) by Theorem 3.1, which by the
Virial Theorem implies that there are no eigenvalues for H(P) in I for any
P ∈ O. Clearly,

Θ = {(P, λ)∈Rν+1|∃k∈Rν: λ=Ω(P−k)+ω(k),∇ω(k)−∇Ω(P−k)=0}

is a closed set. Hence, possibly after chosing smaller O and I, O× I is a
neighbourhood of (P0, λ0) which does not intersect Σ ∪Θ. �

Let Hbd = EΣ∪Θ((P, H))H and similarly H0,bd = EΣ0∪Θ((P, H0))H. We
remark that if we for a fixed P take the fiber (Σ ∪Θ)(P) = {λ | (λ, P) ∈
Σ ∪Θ}, then we have E(Σ∪Θ)(P)(H(P)) = 1pp(H(P)).

Theorem 5.4. With Hbd and P+
0 (H) given as above, we have Hbd = (1−

P+
0 (H))H.

Proof. Let (λ0, P0) ∈ Rν+1 \ (Σ ∪Θ). Let the neighbourhood N and ε > 0
be those of Theorem 4.4 corresponding to the point (λ0, P0). Let ψ ∈
EN(P, H)H. Then by Theorem 4.4, there exists a sequence tn → ∞ such
that

ψ = eitn H pε(
x−y

tn
)e−itn Hψ + eitn H(1− pε(

x−y
tn

))e−itn Hψ→ P+
ε (H)ψ + 0,

which implies that ψ ∈ P+
0 (H)H. As the span of such ψ is dense in H⊥bd

and P+
0 (H)H is closed, this implies that Hbd ⊃ (1− P+

0 (H))H.
By Proposition 5.3, Σ ∪ Θ may be written as an at most countable

union of graphs Σi of Borel functions from (subsets of) Rν to R (see [Ra80,
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Théorème 21, p. 226]). Let ϕ = U
∫ �

ϕPdP ∈ H. Then ψ = EΣj(P, H)ϕ =

U
∫ � EΣj(P)(H)ϕPdP. This implies that ψ can be written as

ψ = U
∫ �

ψPdP,

where ψP is an eigenvector for H(P) with eigenvalue Σj(P). Note that
this ensures that ψP is Borel as a function of P. Now

P+
δ (H)ψ = s lim

t→∞
eitH[pδ(

x−y
t )]e−itHψ

= s lim
t→∞

U
∫ �

eitH(P)[pδ(
x
t )]e

−itH(P)ψPdP

= s lim
t→∞

eitHU
∫ �

[pδ(
x
t )]e

−itΣj(P)ψPdP,

where the last integrand goes pointwise to 0 and hence by the dominated
convergence theorem, the limit is 0. As δ was arbitrary, this shows that
P+

0 (H)ψ = 0.
Since the span of the set of ψ we have covered is dense in Hbd and

P+
0 (H) is closed, we conclude that Hbd ⊂ (1− P+

0 (H))H. �

Theorem 5.5 (Existence of wave operators). The wave operator W+ : H 7→
H given by

W+u = s lim
t→∞

eitHe−itH0 P+
0 (H0)u,

where P+
0 (H0) is the projection onto {0}� L2(R2ν) = H⊥0,bd, exists.

Proof. From Theorem 5.1 and Theorem 5.4 with H = H0 it follows that
P+

0 (H0) can be given as in Theorem 5.1, and by passing to the fibered
representation, it is easy to see that the assumptions on Ω and ω imply
that H0,bd = L2(Rν)� {0}.

By Theorem 5.1,

eitH[pδ(
x−y

t )]e−itH0 = eitHe−itH0eitH0 [pδ(
x−y

t )]e−itH0

tends strongly to P+
0 (H0, H) when t→ ∞ and δ→ 0 (in that order). On

the other hand,
eitH0 [pδ(

x−y
t )]e−itH0

tends strongly to P+
0 (H0) in the same limit. This implies that

P+
0 (H0, H) = s lim

t→∞
(eitHe−itH0)P+

0 (H0)
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exists. �

Theorem 5.6 (Geometric asymptotic completeness). With W+ as in Theo-
rem 5.5, Ran W+ = P+

0 (H)H.

Proof. Consider

W+ = s lim
t→∞

eitHe−itH0 P+
0 (H0)

2

= P+
0 (H0, H)P+

0 (H0)

= s lim
δ→0

s lim
t→∞

eitH[pδ(
x−y

t )]e−itH0 P+(H0)

= s lim
δ→0

s lim
t→∞

(
eitH[pδ(

x−y
t )]e−itH)s lim

δ→0
s lim

t→∞

(
e−itHe−itH0

)
P+

0 (H0)

= P+
0 (H)W+,

which proves that Ran W+ ⊂ P+
0 (H)H. For the other inclusion, we

similarly calculate

P+
0 (H) = s lim

δ→0
s lim

t→∞
eitH[pδ(

x−y
t )]e−itHP+

0 (H)

= s lim
δ→0

s lim
t→∞

eitHe−itH0eitH0 [pδ(
x−y

t )]e−itHP+
0 (H)

= s lim
δ→0

s lim
t→∞

eitHe−itH0 P+
0 (H, H0)P+

0 (H)

= s lim
δ→0

s lim
t→∞

eitHe−itH0 P+
0 (H0)P+

0 (H, H0)

= W+P+
0 (H, H0),

which proves Ran P+
0 (H) ⊂ Ran W+. �

Theorem 2.4 now follows from Proposition 5.3, Theorem 5.4 and Theo-
rem 5.6.
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A Appendix A

For easy reference, we list the following lemmata, which are taken from
the appendix of [DG99]. The first lemma which is used to prove the
propagation estimates, is a version of the Putnam-Kato theorem developed
by Sigal–Soffer [SS87].

Lemma A.1. Let H be a self-adjoint operator and D the corresponding Heisen-
berg derivative

D =
d
dt

+ [H, i · ].

Suppose that Φ(t) is a uniformly bounded family of self-adjoint operators. Sup-
pose that there exist C0 > 0 and operator valued functions B(t) and Bi(t),
i = 1, . . . , n, such that

DΦ(t) ≥ C0B∗(t)B(t)−
n

∑
i=1

B∗i (t)Bi(t),∫ ∞

1
‖Bi(t)e−itH ϕ‖2dt ≤ C‖ϕ‖2, i = 1, . . . , n.

Then there exists C1 such that∫ ∞

1
‖B(t)e−itH ϕ‖2dt ≤ C1‖ϕ‖2.

The next lemma shows how to use propagation estimates to prove the
existence of asymptotic observables and is a version of Cook’s method
due to Kato.

Lemma A.2. Let H1 and H2 be two self-adjoint operators. Let 2D1 be the
corresponding asymmetric Heisenberg derivative:

2D1Φ(t) =
d
dt

Φ(t) + iH2Φ(t)− iΦ(t)H1.

Suppose that Φ(t) is a uniformly bounded function with values in self-adjoint
operators. Let D1 ⊂ H be a dense subspace. Assume that

|〈ψ2,2 D1Φ(t)ψ1〉| ≤
n

∑
i=1
‖B2i(t)ψ2‖‖B1i(t)ψ1‖,∫ ∞

1
‖B2i(t)e−itH2 ϕ‖2dt ≤ ‖ϕ‖2, ϕ ∈ H, i = 1, . . . , n,∫ ∞

1
‖B1i(t)e−itH1 ϕ‖2dt ≤ C‖ϕ‖2, ϕ ∈ D1, i = 1, . . . , n.
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Then the limit

s lim
t→∞

eitH2Φ(t)e−itH1

exists.

The final lemma gives us the actual asymptotic observable.

Lemma A.3. Let Qn be a commuting sequence of self-adjoint operators such
that:

0 ≤ Qn ≤ 1, Qn ≤ Qn+1, Qn+1Qn = Qn.

Then the limit

Q = s lim
n→∞

Qn

exists and is a projection.

B Appendix B

In this section, we recall a result from [Ras].
In the following, A = (A1, . . . , Aν) is a vector of self-adjoint, pairwise

commuting operators acting on a Hilbert space H, and B ∈ B(H) is a
bounded operator on H. We shall use the notion of B being of class
Cn0(A) introduced in [ABG96]. For notational convenience, we adopt
the following convention: If 0 ≤ j ≤ ν, then δj denotes the multi-index
(0, . . . , 0, 1, 0, . . . , 0), where the 1 is in the j’th entry.

Definition B.1. Let n0 ∈ N ∪ {∞}. Assume that the multi-commutator

form defined iteratively by ad0
A(B) = B and adα

A(B) = [ad
α−δj
A (B), Aj]

as a form on D(Aj), where α ≥ δj is a multi-index and 1 ≤ j ≤ ν, can
be represented by a bounded operator also denoted by adα

A(B), for all
multi-indices α, |α| < n0 + 1. Then B is said to be of class Cn0(A) and we
write B ∈ Cn0(A).

Remark B.2. The definition of adα
A(B) does not depend on the order of

the iteration since the Aj are pairwise commuting. We call |α| the degree
of adα

A(B).

In the following, Hs
A := D(|H|s) for s ≥ 0 will be used to denote the scale

of spaces associated to A. For negative s, we define Hs
A := Hs

A
∗.
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Theorem B.3. Assume that B ∈ Cn0(A) for some n0 ≥ n + 1 ≥ 1, 0 ≤ t1, t2,
t1 + t2 ≤ n + 2 and that { fλ}λ∈I satisfies

∀α ∃Cα : |∂α fλ(x)| ≤ Cα〈x〉s−|α|

uniformly in λ for some s ∈ R such that t1 + t2 + s < n + 1. Then

[B, fλ(A)] =
n

∑
|α|=1

1
α!

∂α fλ(A) adα
A(B) + Rλ,n(A, B)

as an identity on D(〈A〉s), where Rλ,n(A, B) ∈ B(H−t2
A ,Ht1

A) and there exist a
constant C independent of A, B and λ such that

‖Rλ,n(A, B)‖B(H−t2
A ,Ht1

A )
≤ C ∑
|α|=n+1
‖adα

A(B)‖.
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Chapter 4
A Taylor-like Expansion of a

Commutator with a Function
of Self-adjoint, Pairwise
Commuting Operators

Morten Grud Rasmussen
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Abstract

Let A be a ν-vector of self-adjoint, pairwise commuting operators
and B a bounded operator of class Cn0(A). We prove a Taylor-like
expansion of the commutator [B, f (A)] for a large class of functions
f : Rν → R, generalising the one-dimensional result where A is just
a self-adjoint operator. This is done using almost analytic extensions
and the higher-dimensional Helffer-Sjöstrand formula.

Keywords: commutator expansions, functional calculus, almost ana-
lytic extensions, Helffer-Sjöstrand formula
Mathematics Subject Classification (2010): 47B47

1 Introduction

It is well-known that if A is a self-adjoint operator, B is a bounded
operator of class Cn0(A) in the sense of [ABG96] and f satisfies that

93
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for all n, | f (n)(x)| ≤ Cn〈x〉s−n, then for 0 ≤ t1 ≤ n0, 0 ≤ t2 ≤ 1 with
s + t1 + t2 < n0,

[B, f (A)] =
n0−1

∑
k=1

1
k!

f (k)(A) adk
A(B) + Rn0(A, B)

where adk
A(B) is the k’th iterated commutator, Rn0(A, B) ∈ B(H−t2

A ;Ht1
A)

and Ht
A is defined as D(〈A〉t) equipped with the graph-norm ‖v‖t =

‖〈A〉tv‖ for t ≥ 0 and H−t
A is the dual space of Ht

A. This follows relatively
easily from using the (one-dimensional) Helffer-Sjöstrand formula

f (A) =
1
π

∫
C

∂̄ f̃ (z)(A− z)−1dz, (4.1)

where ∂̄ = 1
2(∂x + i∂y) and f̃ is an almost analytic extension of f , and the

identity

[B, f (A)] =
n0−1

∑
k=1

1
k!

k!
π

∫
C

∂̄ f̃ (z)(−1)k(A− z)−k−1dz

+
(−1)n0

π

∫
C

∂̄ f̃ (z)(A− z)−n0 adn0
A (B)(A− z)−1dz

when k!
π

∫
C

∂̄ f̃ (z)(−1)k(A− z)−k−1dz is recognised as f (k)(A) using (4.1).
See e.g. [Møl00] for details. Due to the higher complexity of the general
Helffer-Sjöstrand formula, these calculations do not lead directly to the
generalised result where A is a vector of self-adjoint, pairwise commuting
operators. However, we will follow the same idea.

The theorem may be viewed as an abstract analogue of pseudo-diffe-
rential calculus. The one-dimensional version is an often used result, see
e.g. [DG97] and [Møl00]. Apart from the obvious interest in generalising
the result to higher dimensions, our improvement has proven useful in
the treatment of models in quantum field theory, see [MR]. In particular,
a lemma in [MR] whose proof depends on our result, extends the results
of [Møl05] to a larger class of models.

2 The setting and result

In the following, A = (A1, . . . , Aν) is a vector of self-adjoint, pairwise
commuting operators acting on a Hilbert space H, and B ∈ B(H) is a
bounded operator on H. We shall use the notion of B being of class
Cn0(A) introduced in [ABG96]. For notational convenience, we adobt
the following convention: If 0 ≤ j ≤ ν, then δj denotes the multi-index
(0, . . . , 0, 1, 0, . . . , 0), where the 1 is in the j’th entry.
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Definition 2.1. Let n0 ∈ N ∪ {∞}. Assume that the multi-commutator

form defined iteratively by ad0
A(B) = B and adα

A(B) = [ad
α−δj
A (B), Aj]

as a form on D(Aj), where α ≥ δj is a multi-index and 1 ≤ j ≤ ν, can
be represented by a bounded operator also denoted by adα

A(B), for all
multi-indices α, |α| < n0 + 1. Then B is said to be of class Cn0(A) and we
write B ∈ Cn0(A).

Remark 2.2. The definition of adα
A(B) does not depend on the order of

the iteration since the Aj are pairwise commuting. We call |α| the degree
of adα

A(B).

In the following, Hs
A := D(|A|s) for s ≥ 0 will be used to denote the scale

of spaces associated to A. For negative s, we define Hs
A := (H−s

A )
∗.

Theorem 2.3. Assume that B ∈ Cn0(A) for some n0 ≥ n + 1 ≥ 1, 0 ≤ t1 ≤
n + 1, 0 ≤ t2 ≤ 1 and that { fλ}λ∈I satisfies

∀α ∃Cα : |∂α fλ(x)| ≤ Cα〈x〉s−|α|

uniformly in λ for some s ∈ R such that t1 + t2 + s < n + 1. Then

[B, fλ(A)] =
n

∑
|α|=1

1
α!

∂α fλ(A) adα
A(B) + Rλ,n(A, B)

as an identity on D(〈A〉s), where Rλ,n(A, B) ∈ B(H−t2
A ,Ht1

A) and there exist a
constant C independent of A, B and λ such that

‖Rλ,n(A, B)‖B(H−t2
A ,Ht1

A )
≤ C ∑
|α|=n+1
‖adα

A(B)‖.

Remark 2.4. A similar statement holds with the adα
A(B) and ∂α fλ(A)

interchanged at the cost of a sign correction given by (−1)|α|−1, and the
corresponding remainder term R′λ,n(A, B) ∈ B(H−t1

A ,Ht2
A). This can be

seen either by proving it analogously or by taking the adjoint equation
and replacing B by −B.

Remark 2.5. If k ≤ t1 and n0 ≥ n + 1 + k, then Rλ,n(A, B) can be replaced
by Rk

λ,n(A, B) ∈ B(H−t2+k
A ,Ht1−k

A ). This can be seen by commuting adα
A(B)

and |A− z|−2 in the terms of the remainder, see page 101.
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3 The Proof

Let z ∈ Cν, Im z 6= 0, 1 ≤ ` ≤ ν and g, g` : Rν → C be given as g(t) =

|t− z|−2 and g`(t) = t` − z̄`. Write for 2β ≤ α

Tβ
α (t, z) := (−2)|α−β||α−β|!

2|β|β!(α−2β)!
(t− Re z)α−2β|t− z|−2|α−β|.

Lemma 3.1. Let g be as above and α be any multi-index. Then

∂αg(t) = ∑
2β≤α

α!Tβ
α (t, z)|t− z|−2.

Proof. For brevity, we will write αi or βi for α + δi or β + δi, respectively.
The formula is obviously true for |α| ≤ 1. Now assume that we have
proven the formula for |α| ≤ k. Let |α| = k and 0 ≤ i ≤ ν be arbitrary. It
suffices to prove the formula for αi. One easily verifies using the chain
rule that

(∂δi gn)(t) = −2n(ti − Re zi)|t− z|−2n−2. (4.2)

Now by the induction hypothesis, we see that

∂α+δi g(t) = ∂
δi
t ∑
2β≤α

(−2)|α−β|α!|α−β|!
2|β|β!(α−2β)!

(t− Re z)α−2β|t− z|−2|α−β|−2

= ∑
2β≤α

(−2)|α−β|α!|α−β|!
2|β|β!(α−2β)!

(∂δi
t (t− Re z)α−2β)|t− z|−2|α−β|−2 (4.3)

+ ∑
2β≤α

(−2)|α−β|α!|α−β|!
2|β|β!(α−2β)!

(t− Re z)α−2β(∂δi
t |t− z|−2|α−β|−2). (4.4)

For the sake of clarity, we will now consider each sum independently.

(4.3) = ∑
2β≤α

(−2)|α−β|α!|α−β|!
2|β|β!(α−2β)!

(αi−2βi)(t−Re z)α−2β−δi |t−z|−2|α−β|−2

= ∑
2β≤α

2βi<αi

2(βi+1) (−2)|α
i−βi |α!|αi−βi|!

2|βi |βi!(αi−2βi)!
(t−Re z)αi−2βi |t−z|−2|αi−βi|−2

= ∑
2β≤α+δi

2βi
(−2)|α

i−β|α!|αi−β|!
2|β|β!(αi−2β)!

(t− Re z)αi−2β|t− z|−2|αi−β|−2. (4.5)
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Using (4.2), we see that (4.4) equals

∑
2β≤α

(−2)|α−β|α!|α−β|!
2|β|β!(α−2β)!

(t−Re z)α−2β(−2)(|α−β|+1)(ti−Re zi)|t−z|−2|α−β|−4

= ∑
2β≤α

(αi+1−2βi)
(−2)|α

i−β|α!|αi−β|!
2|β|β!(αi−2β)!

(t−Re z)αi−2β|t−z|−2|αi−β|−2

= ∑
2β≤α

(−2)|α
i−β|αi!|αi−β|!

2|β|β!(αi−2β)!
(t−Re z)αi−2β|t−z|−2|αi−β|−2 (4.6)

−∑
2β≤α

2βi
(−2)|α

i−β|α!|αi−β|!
2|β|β!(αi−2β)!

(t− Re z)αi−2β|t− z|−2|αi−β|−2. (4.7)

Now (4.7) cancels (4.5) except for possible terms with 2β = α + δi:

(4.5) + (4.7) = ∑
2β=α+δi

(−2)|α
i−β|αi!|αi−β|!

2|β|β!(αi−2β)!
(t− Re z)αi−2β|t− z|−2|αi−β|−2. (4.8)

Adding (4.6) and (4.8) finishes the induction. �

Lemma 3.2. Let B ∈ Cn0(A) for some n0 ≥ 1 and let n ∈ N0 and α0 be a
multi-index satisfying |α0|+ n + 1 ≤ n0. Then

[adα0
A (B), g(A)] =

n

∑
|α|=1

1
α!

∂αg(A) adα0+α
A (B) + Rg

n(A, adα0
A (B)), (4.9)

where

Rg
n(A, adα0

A (B))

= ∑
|α|=n−1

2β≤α

ν

∑
i=1

βi+1
|α+δi−β|T

β+δi
α+2δi

(A, z) adα0+α+2δi
A (B)|A− z|−2 (4.10)

+ ∑
|α|=n
2β≤α

ν

∑
i=1

βi+1
|α+δi−β|T

β+δi
α+2δi

(A, z)(Ai − z̄i) adα0+α+δi
A (B)|A− z|−2 (4.11)

+ ∑
|α|=n
2β≤α

ν

∑
i=1

βi+1
|α+δi−β|T

β+δi
α+2δi

(A, z) adα0+α+δi
A (B)(Ai − zi)|A− z|−2. (4.12)
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Proof. The proof goes by induction. One may check by inspection of the
following identity that the statement is true for n = 0.

[adα0
A (B), |A−z|−2] =−

ν

∑
i=1
|A−z|−2(Ai−z̄i) adα0+δi

A (B)|A−z|−2

−
ν

∑
i=1
|A−z|−2 adα0+δi

A (B)(Ai−zi)|A−z|−2.
(4.13)

Now assume that we have proven the formula for k ≤ n, |α0|+ n + 2 ≤ n0.
We will now show that this implies that the formula holds for k = n + 1.
We begin by noting two useful identities.

Tβ
α (t, z)|t− z|−2 = − β j+1

|α+δj−β|T
β+δj
α+2δj

(t, z). (4.14)

(βi + 1)Tβ+δi
α+2δi

(t, z)2(ti − Re zi) = (αi + 1− 2βi)T
β
α+δi

(t, z). (4.15)

Now using (4.13) and (4.14) we see that

(4.10) = ∑
|α|=n−1

∑
2β≤α

ν

∑
i=1

βi+1
|α+δi−β|T

β+δi
α+2δi

(A, z)|A−z|−2adα0+α+2δi
A (B) (4.16)

+∑
|α|=n−1

∑
2β≤α

ν

∑
i=1

ν

∑
j=1

βi+1
|α+δi−β|

β j+δij+1
|α+δi+δj−β|T

β+δi+δj
α+2δi+2δj

(A, z)

× (Aj − z̄j) ad
α0+α+2δi+δj
A (B)|A− z|−2

(4.17)

+∑
|α|=n−1

∑
2β≤α

ν

∑
i=1

ν

∑
j=1

βi+1
|α+δi−β|

β j+δij+1
|α+δi+δj−β|T

β+δi+δj
α+2δi+2δj

(A, z)

× ad
α0+α+2δi+δj
A (B)(Aj − zj)|A− z|−2,

(4.18)

and by reordering and reindexing the sum in (4.16), (4.17) and (4.18), we
get

(4.16) =
ν

∑
i=1

∑
|α|=n+1

αi≥2

∑
2β≤α
βi≥1

βi
|α−β|T

β
α (A, z)|A− z|−2 adα0+α

A (B), (4.19)

and (4.17) equals

ν

∑
i=1

∑
|α|=n+1

αi≥2

∑
2β≤α
βi≥1

ν

∑
j=1

βi
|α−β|

β j+1
|α+δj−β|T

β+δj
α+2δj

(A, z)

× (Aj − z̄j) ad
α0+α+δj
A (B)|A− z|−2

(4.20)
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and similarly for (4.18) with the factor (Aj − z̄j) ad
α0+α+δj
A (B) replaced by

ad
α0+α+δj
A (B)(Aj − zj). Note that we may relax the extra conditions on α

and β in the above statements, as a term with βi = 0 contributes nothing.
Instead of continuing in the same fashion with (4.11) and (4.12), we

note using (4.15) that

(4.11)+(4.12) =

∑
|α|=n

∑
2β≤α

ν

∑
i=1

βi+1
|α+δi−β|T

β+δi
α+2δi

(A, z) adα0+α+2δi
A (B)|A−z|−2 (4.21)

+ ∑
|α|=n

∑
2β≤α

ν

∑
i=1

αi+1−2βi
|α+δi−β| T

β
α+δi

(A, z) adα0+α+δi
A (B)|A− z|−2, (4.22)

so we may focus our attention on (4.22):

(4.22) =
ν

∑
i=1

∑
|α|=n+1

αi≥1

∑
2β≤α

2βi<αi

αi−2βi
|α−β| Tβ

α (A, z)|A− z|−2 adα0+α
A (B) (4.23)

+
ν

∑
i=1

∑
|α|=n+1

αi≥1

∑
2β≤α

2βi<αi

ν

∑
j=1

αi−2βi
|α−β|

β j+1
|α+δj−β|T

β+δj
α+2δj

(A, z)

× (Aj − z̄j) ad
α0+α+δj
A (B)|A− z|−2.

(4.24)

+
ν

∑
i=1

∑
|α|=n+1

αi≥1

∑
2β≤α

2βi<αi

ν

∑
j=1

αi−2βi
|α−β|

β j+1
|α+δj−β|T

β+δj
α+2δj

(A, z)

× ad
α0+α+δj
A (B)(Aj − zj)|A− z|−2

(4.25)

We note again that the additional conditions on α and β are superfluous.
We may now recollect the terms. First we see using Lemma 3.1:

n

∑
|α|=1

1
α!

∂αg(A) adα0+α
A (B) + (4.19) + (4.23) =

n+1

∑
|α|=1

1
α!

∂αg(A) adα0+α
A (B), (4.26)

then

(4.20) + (4.24) =

∑
|α|=n+1

2β≤α

ν

∑
j=1

β j+1
|α+δj−β|T

β+δj
α+2δj

(A, z)(Aj − z̄j) ad
α0+α+δj
A (B)|A− z|−2, (4.27)
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and

(4.18) + (4.25) =

∑
|α|=n+1

2β≤α

ν

∑
j=1

β j+1
|α+δj−β|T

β+δj
α+2δj

(A, z) ad
α0+α+δj
A (B)(Aj − zj)|A− z|−2, (4.28)

so adding up, we have proved that (4.9) equals the sum of (4.26), (4.21),
(4.27) and (4.28) as stated. �

The following lemma plays the same role for g` as Lemma 3.2 plays
for g, but contrary to Lemma 3.2, the proof is trivial.

Lemma 3.3. Let B ∈ Cn0(A) for some n0 ≥ 1 and let n ∈ N0 and α0 be a
multi-index satisfying |α0|+ n + 1 ≤ n0. Then

[adα0
A (B), g`(A)] =

n

∑
|α|=1

1
α!

∂αg`(A) adα0+α
A (B) + Rg`

n (A, adα0
A (B)),

where Rg`
n (A, adα0

A (B)) = 0 for n ≥ 1, Rg`
0 (A, adα0

A (B)) = adα0+δ`
A (B).

The following lemma also follows by induction.

Lemma 3.4. Let B ∈ Cn0(A) for some n0 ≥ 1. Assume that hi ∈ C∞(Rν),
1 ≤ i ≤ k, satisfies

[adα0
A (B), hi(A)] =

n

∑
|α|=1

1
α!

∂αhi(A) adα0+α
A (B) + Rhi

n (A, adα0
A (B)),

where Rhi
n (A, adα0

A (B)) is bounded for all n ∈N0 and multi-indices α0 satisfying
|α0|+ n + 1 ≤ n0 and ∂αhi(A) is bounded for all 1 ≤ |α| ≤ n0 − 1. Then[

B,
k

∏
i=1

hi(A)
]
=

n

∑
|α|=1

1
α!

∂α
( k

∏
i=1

hi

)
(A) adα

A(B)

+
k

∑
j=1

n

∑
|α|=0

1
α!

∂α
(j−1

∏
i=1

hi

)
(A)R

hj
n−|α|(A, adα

A(B))
k

∏
i=j+1

hi(A).

Let n + 1 ≤ n0. If we put k = ν + 1, hi = g for i 6= ν, hν = g` and apply
Lemma 3.2, 3.3 and 3.4 we see that

[B, |A− z|−2ν(A` − z̄`)] =
n

∑
|α|=1

1
α!

∂α
(
| · − z|−2ν( · ` − z̄`)

)
(A) adα

A(B) + R`,n(A, B),
(4.29)



3. The Proof 101

where

R`,n(A, B) =
ν−1

∑
j=1

n

∑
|α|=0

1
α!

∂α(gj−1)(A)Rg
n−|α|(A, adα

A(B))|A−z|−2(ν−j)(A`−z̄`) (4.30)

+ ∑
|α|=n

1
α!

∂α(gν−1)(A) adα+δ`
A (B)|A− z|−2 (4.31)

+
n

∑
|α|=0

1
α!

∂α(gν−1g`)(A)Rg
n−|α|(A, adα

A(B)) (4.32)

In the following, we will refer to the terms of R`,n(A, B) as the remainder
terms. Let 0 ≤ t1 ≤ n + 1 and 0 ≤ t2 ≤ 1. By Hadamard’s three-line
lemma and using (4.10–4.12), (4.30–4.32), Lemma 3.1 and the identity

∂α
( j

∏
i=1

fi

)
= ∑

∑ αi=α

α!

∏
j
i=1 αi!

j

∏
i=1

∂αi fi,

we may inspect that each remainder term (with R`,n(A, B) replaced by the
remainder term) and hence R`,n(A, B) satisfies the inequality

‖〈A〉t1 R`,n(A, B)〈A〉t2‖ ≤ C〈z〉t1+t2 |Im z|−n−2ν. (4.33)

We will now use the functional calculus of almost analytic extensions.
See e.g. [DS99] for details. In the following, we write ∂̄ = (∂̄1, . . . , ∂̄ν)
where ∂̄j =

1
2(∂uj + i∂vj) and uj + vj = zj ∈ C, z = (z1, . . . , zn) ∈ Cν. The

following proposition is inspired by [Tre80, Chap. X.2] and [Møl00].

Proposition 3.5. Let s ∈ R and { fλ}λ∈I ⊂ C∞(Rν) satisfy

∀α ∃Cα : |∂α fλ(x)| ≤ Cα〈x〉s−|α|.

There exists a family of almost analytic extensions { f̃λ}λ∈I ⊂ C∞(Cν) satisfying

(i) supp( f̃λ) ⊂ {u + iv | u ∈ supp( fλ), |v| ≤ C〈u〉}.

(ii) ∀` ≥ 0 ∃C` : |∂̄ f̃λ(z)| ≤ C`〈z〉s−`−1|Im z|`.

Proof. We define a mapping C∞(Rν) 3 f 7→ f̃ ∈ C∞(Cν) in the following
way. Choose a function κ ∈ C∞

0 (R) which equals 1 in a neighbourhood of
0 and put λ0 = C0, λk = max{max|α|=k Cα, λk−1 + 1} for k ≥ 1. Writing
z = u + iv ∈ Rν � iRν, we now define

f̃ (z) = ∑
α

∂α f (u)
α!

(iu)α
ν

∏
j=1

κ
(λ|α|vj

〈u〉

)
.

One can now check that the properties hold. �
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Remark 3.6. Note that if we for a χ ∈ C∞
0 (Rν; [0, 1]) with χ(0) = 1 define

a sequence of functions by fk,λ(x) = χ( x
k ) fλ(x), then

[B, fλ(A)] = lim
k→∞

[B, fk,λ(A)]

as a form identity on D(〈A〉s) and we have the dominated pointwise
convergence

∂̄ f̃k,λ(x)→ ∂̄ f̃λ(x) for k→ ∞.

Let { fλ}λ∈I satisfy the assumption of Proposition 3.5 with s < 0. Then the
almost analytic extensions provide a functional calculus via the formula

fλ(A) = Cν

ν

∑
`=1

∫
Cν

∂̄` f̃λ(z)(A` − z̄`)|A− z|−2νdz, (4.34)

where Cν is a positive constant (again we refer to [DS99] for details). Note
that the integrals are absolutely convergent by Proposition 3.5(ii).

Multiplying 〈A〉t1 R`,n(A, B)〈A〉t2 with ∂̄ f̃λ(z), we get from (4.33) and
Proposition 3.5 (ii) that

‖〈A〉t1 ∂̄ f̃λ(z)R`,n(A, B)〈A〉t2‖ ≤ C〈z〉t1+t2+s−n−1−2ν. (4.35)

Hence, if t1 + t2 + s < n + 1, 〈A〉t1 ∂̄ f̃λ(z)R`,n(A, B)〈A〉t2 is integrable over
Cν. Using (4.29), (4.34) and (4.35), we see that

[B, fλ(A)] = Cν

ν

∑
`=1

∫
Cν

∂̄` f̃λ(z)[B, (A` − z̄`)|A− z|−2ν] dz

= Cν

ν

∑
`=1

∫
Cν

∂̄` f̃λ(z)
n

∑
|α|=1

1
α!

∂α
(
| · −z|−2ν(·`−z̄`)

)
(A) dz adα

A(B)

+ Cν

ν

∑
`=1

∫
Cν

∂̄` f̃λ(z)R`,n(A, B) dz. (4.36)

We denote (4.36) by Rλ,n(A, B). Note that

ν

∑
`=1

∫
Cν

∂̄` f̃λ(z)
1
α!

∂α
t
(
|t− z|−2ν(t` − z̄`)

)
dz

=
1
α!

∂α
t

ν

∑
`=1

∫
Cν

∂̄` f̃λ(z)|t− z|−2ν(t` − z̄`) dz =
1
α!

∂α fλ(t),
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which implies

[B, fλ(A)] =
n

∑
|α|=1

1
α!

∂α fλ(A) adα
A(B) + Rλ,n(A, B).

We have now proved Theorem 2.3 in the case s < 0. For the general
case, we use Remark 3.6 to see that [B, fλ(A)] = limk→∞[B, fk,λ(A)] and
clearly, fk,λ satisfies the assumption of Proposition 3.5 with the same s, so
the estimate corresponding to (4.35) is now uniform in k and λ. The point-
wise convergence and Lebesgue’s theorem on dominated convergence
now finishes the argument.
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