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PREFACE

This dissertation concludes my PhD studies which started in May 2019 at the School of Business
Informatics and Mathematics, University of Mannheim and continued at the Department of
Mathematics, Aarhus University from June 2020 to May 2022 under supervision of Associate
Professor Claudia Strauch (main supervisor) from Aarhus University and Professor Soren Chris-
tensen (co-supervisor) from Christian-Albrechts-Universitat zu Kiel.

The main body of this dissertation consists of an introductory section and the three following
self-contained papers:

Paper A Adaptive invariant density estimation for continuous-time mixing Markov processes
under sup-norm risk.
To appear in Annales de UInstitut Henri Poincaré Probabilités et Statistiques.

Paper B Estimating the characteristics of stochastic damping Hamiltonian systems from con-
tinuous observations.
Revision submitted to Stochastic Processes and their Applications.
Preprint available at arXiv (arXiv:2109.13190v3).

Paper C On Lasso and Slope drift estimators for Lévy-driven Ornstein—Uhlenbeck processes.
Submitted to Bernoulli.
Preprint available at arXiv (arXiv:2205.07813v1).

The papers all correspond to their submitted versions, besides changes in layout, numbering,
typesetting and the correction of some minor typing errors. Excerpts of earlier versions of Paper
A and Paper B were contained in the progress report for my qualifying examination in May 2021,
however both have seen significant changes since then. Paper C was written after my qualifying
examination and thus was not part of the progress report. I have contributed extensively to all
three papers, both in the research and writing phase.

The introductory chapter of this dissertation is meant to acquaint the reader with diffusion
processes and the generic chaining device, since both are central for the global concept, respec-
tively the main arguments of this work. Furthermore summaries of the framework, goals, main
results and methodology of each paper are given, together with a comparison to relevant current
research.

Probabilists and statisticians are cautious about using the term “surely” and usually resort to the
safer formulation “almost surely”. However, this dissertation would surely not have been possible
without the great support I received during the last three years.

Firstly, I have to thank all the colleagues I met, both in Mannheim and Aarhus. Be it the golf
tournaments, the kaffeslaberas or simple lunch breaks; moments like these just made my PhD
studies as delightful as they were.

At this time I especially want to point out Lukas Trottner. Not only for taking care of me during
my darkest days on the island of Samos, but also for introducing me to the highest levels of
pedantism regarding BIEX. Without him this dissertation would certainly not look like this (and
I probably would not have even cared). Also our daily Faxe Kondi, Cherry Coke or Pepsi Max
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Lime tastings — with all the wisdom and gossip that unfolded during them — were an integral
part of my PhD studies.

Furthermore I want to thank my co-supervisor Soren Christensen for his hospitality during my
stay at the Christian-Albrechts-Universitat zu Kiel and his support especially in the last weeks of
my PhD studies.

To my main supervisor Claudia Strauch I can only express my deepest gratitude for being a
continuous source of wisdom and inspiration during the last three years. Her patience with my
(especially during lockdown) unusual working hours, confused questions and sometimes chaotic
writing is still unbelievable to me. Not only was she a great support in all professional matters
but also always cared for my general well-being. Thank you Claudia, this dissertation would not
exist without you!

[ am also grateful to all my friends from Germany, which I have sadly not seen enough during the
last two years; not only because of moving to a different country but also due to a certain global
pandemic taking place. Our trips to the stadium of Mainz 05 were a welcome distraction from
the sometimes overwhelming world of mathematics. I specifically want to highlight Christoph
“Hdrtner” Hartmann for our Zoom calls during lockdown and our GeoGuessr sessions which kept
my head clear enough for research in these confusing times.

I also have to thank my brothers Henning and Nils, their wives Sabrina and Carina and my
nieces and nephew Anna, Paul and Lisbet for their support during the last years. Even though
they might not have even noticed it, being with them was immensely important for loosening
my thoughts and helped me a lot in writing this dissertation.

Lastly, I have to mention my parents, Bernd and Cornelia, for their incredible support and
assistance throughout my whole life. They enabled me to start studying at the University of
Mannheim, always encouraged me to pursue my academic goals and have been a constant
source of motivation. Additionally they have not only helped me to move to Denmark (during a
global pandemic!), but also within Denmark, which I am still very thankful for. Furthermore,
they endured all my bad moods during lockdown when research did not go the way I planned
and were very understanding. I can not and do not want to imagine where and what I would be
without them, which is why this dissertation is dedicated to them.
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SUMMARY

In the field of statistics for stochastic processes many works have been focussed on classical Itd
diffusions, i.e. processes driven by a stochastic differential equation with Brownian noise. In
particular a lot of results, e.g. on invariant density or drift estimation, have been discovered
in the scalar setting, which cannot easily be transferred to a multivariate context. The goal of
this dissertation is to obtain statistical results for more general and in particular multivariate
processes beyond the standard continuous diffusion framework.

In paper A nonparametric adaptive invariant density estimation for general multivariate ergodic
Markov processes through a kernel density estimator is investigated. The analysis is carried
out under minimal assumptions on the behaviour of the underlying process, in particular on its
transition densities, and it is shown that both classical diffusion processes and jump diffusions
satisfy these assumptions. A particular result of this work is that the same rate of convergence
of the estimator, measured in sup-norm loss, is achieved as for classical diffusions. Furthermore
the estimation procedure is also extended to an adaptive estimator.

Paper B focusses on nonparametric invariant density and drift estimation for so-called stochastic
damping Hamiltonian systems, also known as kinetic diffusions. The main difference of this
class of processes compared to classical diffusions is the degeneracy of the diffusion coefficient,
which has several implications on the analysis and behaviour of the process. Firstly it does not
permit usage of classical tools in statistical inference for standard diffusions and secondly the
process possesses a particular variance structure. This variance structure is then also reflected in
the rate of convergence of the invariant density estimator, which is highly non-standard and
specific to this class of processes. On the other hand, for drift estimation, which has also been
carried out adaptively, the classical nonparametric rate of convergence is achieved. In both of
these results the error is again measured in the sup-norm.

In paper C, estimation of the drift coefficient of a Lévy-driven Ornstein—Uhlenbeck process via
Lasso and Slope estimators is investigated. In contrast to the abovementioned works, this subject
falls into the field of parametric statistics. The results of this paper are threefold; firstly the
analysis is generalized from continuous Ornstein—Uhlenbeck processes to Lévy-driven ones,
secondly it is obtained that the tuning parameters can be chosen independently of the confidence
level in the main result and lastly the minimax optimal rate of covergence is achieved up to
numerical constants. The last two results so far had not been available, in particular not even
for classical Gaussian Ornstein—Uhlenbeck processes.
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RESUME

Inden for statistik for stokastiske processer har der hovedsageligt veeret fokuseret pa klassiske

Ito diffusioner i litteraturen, dvs. stokastiske differentialligninger med et Brownsk stgj led.
Mange resultater, f.eks. om invariant teethed eller drift estimering, er udviklet i et endimensional

set-up som ikke let kan overfgres til flere dimensioner. Malet med denne afhandling er at opna

statistiske resultater for mere generelle og iseer multivariate processer der udvider det standard

kontinuerte diffusions set-up.

I Artikel A undersgges en ikke-parametrisk adaptiv invariant teethed estimering for generelle

multivariate ergodiske Markov processer ved hjelp af en kerne teetheds estimator. Analysen

er udfgrt under minimale antagelser om adfarden af den underliggende proces, iser pa dens

overgangstaetheder, og det er vist, at bade klassiske diffusion processer og diffusioner med spring

opfylder disse antagelser. Dette arbejde viser specielt, at den samme konvergenshastighed for

estimatoren, malt i sup-normen, opnas som for klassiske diffusioner. Endvidere er estimer-
ingsproceduren ogsé udvidet til en adaptiv estimator.

Artikel B fokuserer pé ikke-parametrisk invariant teethed og drift estimering for sdkaldte stokastiske
deempende Hamilton-systemer, ogsa kendt som kinetiske diffusioner. Den stgrste forskel pa

denne klasse af processer sammenlignet med klassiske diffusioner er at de har degenererede

diffusionskoefficienter, som har flere implikationer pa analysen og opfgrslen af processen. For

det fgrste tillader det ikke brugen af klassiske verktgjer til statistisk inferens for diffusioner, og

for det andet har processen en serlig variansstruktur. Denne variansstruktur afspejles ogsa i

konvergenshastigheden af den invariante teethed, som er meget ikke-standard for denne klasse

af processer. Pa den anden side, for drift estimering, som ogsa er blevet udfgrt adaptivt, opnas

den klassiske ikke-parametriske konvergenshastighed. I begge disse resultater males fejlen igen

i sup-normen.

I Artikel C undersgges estimering af drift koefficienten for en Lévy-drevet Ornstein—Uhlenbeck

proces via Lasso- og Slope-estimatorer. I modsatning til de ovennevnte resultater falder dette

emne ind under parametrisk statistik. Resultaterne fra denne artikel er tredelte; for det fgrste

generaliseres analysen af kontinuerte Ornstein—Uhlenbeck processer til Lévy-drevne, for det

andet opnds det, at tuning-parametrene kan velges uafhangigt af konfidensniveauet i hov-
edresultatet, og til sidst opnas den minimax optimale konvergenshastighed op til numeriske

konstanter. De sidste to resultater har hidtil ikke veeret tilgeengelige; ikke engang for klassiske

Gaussiske Ornstein—Uhlenbeck processer.
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INTRODUCTION

The purpose of this chapter is to introduce the main results and topics of this dissertation. As
the title indicates, the common denominator of all contained works is statistical inference for
stochastic processes, which somewhat lie in the vicinity of classical Ito diffusions, but still differ
from this class up to some extent.

Consequently, in section 1.1 we introduce Ito diffusions and review some of their basic properties,
providing the reader with enough information to separate the investigated processes from
diffusions.

Continuing from that, Section 1.2 describes Michel Talagrand’s generic chaining device; a useful
mathematical tool, which will be heavily employed throughout Papers A, B and C.

The subsequent sections all follow the same structure for presenting the different works forming
the main content of this dissertation. As these sections only serve as brief introductions, some
technical details are left out for the sake of conciseness. Firstly, the goals and frameworks of the
different articles are given, followed by the main results. After this the methodology, i.e. the
different proof techniques and other related arguments, will be summarised in a nonrigorous
way. Each section then concludes with a brief comparison of the different articles to related and
current research.

1.1 DIFFUSION PROCESSES

There is not by any means a general definition of the term “diffusion” in mathematics (not even
in probability theory or statistics), and in fact some of the definitions are surprisingly different.
In this work a R9-valued stochastic process X = (X,), will always be referred to as (It6) diffusion,
respectively diffusion process, if it satisfies a stochastic differential equation (SDE) of the form

dXt = b(Xt) dt + O'(Xt) th, t > 0

(1.1)
Xpo=x€ Rd,

where b: R? — R?,0: R — R4 and (W,),s is a R?-valued Brownian motion, respectively
Wiener process. The function b is often referred to as the drift coefficient of X, o as the dispersion
coefficient and oo " as diffusion coefficient.

These processes have been studied extensively ever since Kiyoshi Ito introduced the now famous
Ito integral in [24] and by now various results regarding existence, stability or path behaviour
of diffusions exist (see e.g. [19, 25, 26, 34, 36, 37]). Furthermore stochastic integration
and SDEs have been generalised substantially from Wiener processes as integrators to general
semimartingales (see e.g. [2, 35]).

As diffusions are not only of pure mathematical and theoretical interest but are also used for
modelling purposes in various sciences, such as biology, physics, finance and medicine (see e.g.
[2, 20, 26]), the statistical analysis of diffusions has been developing rapidly throughout the last
years.
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1.1.1 Basic properties of diffusion processes

In this section we list some of the basic properties of diffusion processes. If the drift and dispersion
coefficient are Lipschitz continuous it is known that X is a Markov process and even possesses
the strong Markov property. Its infinitesimal generator s with domain D(d) is then given by

d d )
dAf = ;big—i+ Z(UGT)i,j s , feD(d),

X;0X;
i,j=1 9x;0x;

and furthermore the space of ¢2(R<) functions with compact support (‘%([Rd) is a subset of D(dd)
(see [34, Chapter 7]).

One important class of diffusion processes are reversible diffusions, for which a lot of advanced
results are available due to their properties. An example of a reversible diffusion is the unique
weak solution to the SDE

dXt = —VV(Xt) dt + dW[, t > 0, XO = X,

where X is independent of the Wiener process (W;);so, and V(x) € C2(RY) is a so-called potential
function. Assuming that X is ergodic with invariant distribution py it can be shown that the
generator of X is self-adjoint (see [32]) and thus the Markov semigroup (P;);>o is symmetric
with respect to py, respectively uy is reversible for (P;);>o, i.e.

Ve >0, f,g € L*(uy): JfPtg dpy = J gP.f duy,

hence justifying the name reversible diffusion. The symmetry of the Markov semigroup then
enables the usage of the theory of functional inequalities for the infinitesimal generator of X,
such as Poincaré or Sobolev inequalities (a comprehensive account for this is given in [4]), which,
if fulfilled, have several implications on X, e.g. bounds on the transition densities or its ergodic
behaviour. Another useful property of ergodic reversible diffusions is that the density of the
invariant distribution (also called invariant density) is known explicitly and depends solely on
the potential V. More specifically it holds

dpy = ¢y exp(-2V) da,

where ¢, > 0 is the normalizing constant (see e.g. [3, 15, 41]). Thus there is a one to one corre-
spondence between potential and invariant density and also for different regularity conditions
concerning the two.

1.1.2 Examples of statistics for diffusion processes

Statistics for diffusion processes have been investigated eagerly in the past decades and by now
many results are available, especially for reversible and scalar diffusions. A thorough overview
of statistics for scalar diffusions can be found in [28], however since many estimators in the
one-dimensional setting are based on the concept of local time, which is not available in higher
dimensions, treating multivariate diffusion processes requires different methods.

In the following we list some examples for research on statistics for diffusion processes which
are relevant for the results of this dissertation. One of the first works on nonparametric invariant
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density and drift estimation for ergodic reversible multivariate diffusions is given in [15], where
a kernel density and Nadaraya—Watson type estimator are employed for estimating said functions
based on a continouous record of observations. Surprisingly, it is shown that for d > 3 the rate
of convergence of the invariant density estimator with suitably chosen bandwidth in pointwise
L2 risk is given by
p+1
T 2+,

where 8 + 1 is the assumed Holder regularity (for details see Paper A or Paper B) of the invariant
density and T > O the observation time. This outperforms the classical nonparametric rate of
convergence for density estimation based on n € N independent and identically distributed
random variables given as

L
n 2p+d R

where B is the Holder regularity of the density of observations. It may be confusing to the reader,
why the Holder regularity is given in one case as 8 + 1 and in the other case as f but this is
justified by the fact that assuming 8 Holder regularity for the drift in fact implies g + 1 Holder
regularity for the invariant density of a reversible diffusion due to the one to one correspondence
between drift and invariant density mentioned in the preceeding section.

The main reason for the accelerated rate of convergence is an improved variance bound for
the kernel density estimator, which in itself follows from assuming a bound on the transition
densities of the form )
2

(342,

Ve >0, [lx —yll* < t: pe(x,y) S T2+

and a spectral gap inequality, i.e.

Jr > 0: p((Pf — u(f))*) = Vary(P.f) < e >u(f?), Vfel*(p),t>0,

where p1 is the invariant measure and we denote u(f) = f f du. These assumptions are reasonable
for reversible diffusions as they follow by certain assumptions on the drift coefficient through
functional inequalities for the generator. In [41] the investigation of invariant density estimation
for ergodic reversible multivariate diffusion processes through a kernel density estimator was
extended by measuring the estimation error in the global sup-norm risk. It is shown that the rate
of convergence improves similarly as in [15] compared to the classical nonparametric rate of
convergence and in particular that the kernel density estimator is minimax optimal over a class
of diffusions fulfilling a Poincaré and Nash inequality. The analysis is also carried out adaptively,
thus not requiring knowledge of the Holder regularity of the invariant density.

Two examples of recent results on parametric statistics for diffusion processes are given in [13,
21], where estimation of the drift coefficient Ay € R?*? of an Ornstein—Uhlenbeck process

dXt = —A()Xt dt + th, t > 0,

based on a continuous record of observations is investigated under the assumption that Ay is
sparse. For this Lasso and Dantzig (in [13]), respectively Lasso and adaptive Lasso estimators
(in [21]) are employed and it is shown that these satisfy bounds close to the minimax optimal

rate of estimation
[slog(d?/s)
T b



4 CHAPTER 1. INTRODUCTION

with high probability, where s denotes the sparsity of Ag. Concerning the Lasso estimator, the
analysis in both papers is comparable to the methods for the Lasso estimator in the setting of
sparse linear regression, as e.g. in [7]. On the one hand it is based on the so-called restricted
eigenvalue condition and on the other hand it requires a sufficiently tight deviation inequality
for the stochastic error, which in the investigated setting is given as an Ito integral. A peculiar
property shown for this model is that the restricted eigenvalue condition does not have to be
assumed as for sparse linear regression but indeed follows directly as soon as X is ergodic.

1.2 GENERIC CHAINING

Generic chaining, introduced by Michel Talagrand, is a method for finding uniform bounds for
a stochastic process X = (X;).cr over the index set T, both in probability and expectation. In
particular T does not have to be equal to [0, o) or another subset of R but can also be a space of
functions, matrices or other objects. A comprehensive overview about this subject can be found
in [42], and a more concise approach is contained in [44, Chapter 8].

1.2.1 Main results

One of the first results concerning uniform bounds for stochastic processes is known as Dudley’s
inequality, named after Richard Dudley (see [18]). However, before stating it, we need to
introduce the notion of a covering number of a set. Let (T, d) be a pseudometric space. Then for
each € > 0 the ¢ covering number of T with respect to the pseudometric d, denoted as N(T, d, €),
is the minimal amount of open balls of radius £ > 0 with respect to d needed to cover the set
T. Now Dudley’s inequality states that there exists a universal constant ¢ > 0, such that for a
centered Gaussian process (X;);er with associated pseudometric

dx(s,t) = VE[|Xs — X.]2], s,teT, (1.2)

it holds
E [sup X

teT

<c J VIog N(T, dy, €) de,
0

where the right-hand side is often referred to as Dudley’s entropy integral. This result can be
improved to hold for stochastic processes with subgaussian increments and mean zero (see
Theorem 8.1.3 in [44]), i.e. for which there exist a constant ¢ > 0 and a pseudometric dx, such
that

1Xe = Xslly, < cdx(t,s), Vs, teT, (1.3)

holds, where for a > 0, || - ||, is defined as follows for a random variable X
IX|ly, = inf{t > 0 : E[exp((X/t)*)] < 2}.

Despite its usefulness, it can be shown that Dudley’s inequality produces suboptimal bounds in
some cases (see e.g. Exercise 8.1.12 in [44]). This is where Talagrand’s generic chaining device
and y, functional come into play which we will introduce now. A sequence (T;,)nen, of subsets
of T is called admissible if

ITol =1, |T,| <22, VneN.
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Then for a > 0 Talagrand’s y, functional of the pseudometric space (T, d) is defined as

ya(T,d) = inf sup Z 2% (¢, Ty),
Tn ter 423

where the infimum is taken over all admissible sequences and the distance from a point to a
set is defined as usual by d(t, A) := inf,cs d(¢, a). Talagrand’s generic chaining bound (see e.g.
Theorem 8.5.3 in [44]) for centered subgaussian processes then states for a stochastic process
(X¢)¢er, satisfying (1.3)

E|sup X;

teT

< c1c2y2(T, dx),

where ¢; > 0 is a universal constant and cs is the constant from (1.3). As it can be shown,
that Talagrand’s y, functional is (up to a universal constant) always smaller than Dudley’s
entropy integral (see Exercise 8.5.7 in [44]), the generic chaining bound yields a tighter bound
than Dudley’s inequality. In fact, by Talagrand’s majorizing measures theorem (see e.g. [44,
Section 8.6]) there exist constants c1, ca > 0, such that for a centered Gaussian process (X;);er

c1y2(T,dx) < E|supX;

teT

< coy2(T, dx),

where dy is defined as in (1.2). Hence the generic chaining bound is in fact optimal for Gaussian
processes. This is not only a strong result in itself, but can also be helpful in bounding the y»
functional, since finding suitable admissible sequences can be a challenging task.

As the notation might have already indicated, the generic chaining bound can also be generalised
to processes fulfilling condition (1.3) with the ¥, norm replaced by the 1, norm for some
a > 0. In this case the expected supremum can be bounded by the corresponding y, functional.
Furthermore, it can also be extended to processes with a mixed tail behaviour, as for example
implied by Bernstein’s inequality, and to bounds for the p-th moment of the expected supremum
(seee.g. [17]).

1.3 PAPER A

1.3.1 Goal

The primary goal of Paper A, written in collaboration with Claudia Strauch and Lukas Trottner,
was to find a general framework for continuous-time Markov processes which leads to similar
improvements in the rate of convergence of nonparametric invariant density estimation via
kernel density estimators as discovered for reversible diffusions in [15] and [41].

1.3.2 Framework

Throughout the whole paper we assume that the investigated stochastic process X = (X;);>0
is a Borel right Markov process (see [39]) with absolutely continuous marginal laws and a
unique invariant distribution g admitting a density p which is also assumed to be the starting
distribution of X. As the ultimate aim of our investigation is to estimate the invariant density p



6 CHAPTER 1. INTRODUCTION

based on a continuous record of observations of X up to time T, we introduce the nonparametric
kernel density estimator

1 (T 1 (T
P =3 | K- x) M ds= 1 | Kalr-Xds, xeR
0

0
where K: RY — R is a smooth, Lipschitz continuous kernel function, such that supp(K) c
[-1/2,1/2]¢, and h = h(T) is the so-called bandwidth. The latter being a tuning parameter that
usually depends on T which by a slight abuse of notation will often be suppressed.

1.3.3 Main results

The theoretical main result of Paper A consists of uniform moment bounds over countable classes
of bounded functions for path integrals under the assumption that the underlying process X
fulfills the B-mixing property with rate function &, i.e. for allt > 0

J 1Pe(x, ) - pllryin(d) < E(),

where (P;);>o denotes the Markov semigroup of X and || - ||Tv the total variation norm. The
bounds are stated in terms of entropy integrals of the function class with respect to the sup-norm
distance and a variance distance induced by X of the form

dG,t(f> g) = Var(% J: f(Xs) — g(Xs) ds);

thus depending not only on the function class but also on the underlying process X.

Applying these uniform moment bounds together with the classical decomposition of the sup-
norm risk on a compact set D ¢ R? of the kernel density estimator pj with respect to the
invariant density p into a bias part and a stochastic error, i.e.

1/p
+sup [u(prr) — p(x)], (1.4
xX€D

1/p

E{sup s (x) - p(IP|  <E

x€D

sup |pu,r(x) — u(pnr)|?
x€D

where we denote u(f) := J fdp for f € L'(p), it then suffices to bound the entropy integrals,
since the bias part can be bounded under classical Holder regularity assumptions on p.
Introducing similar additional assumptions on the transition densities of X and the rate function
E as in the reversible diffusion framework leads to suitably tight variance bounds for the kernel
density estimator in dimension d > 2; ultimately implying the same rate of convergence for the
kernel density estimator with suitably chosen bandwidth h as in the case of reversible diffusions
in [41] under Holder-regularity assumptions on p.

For the scalar case we base our variance analysis on an assumption similar to the Castellana—
Leadbetter condition [9] and show that under this assumption the same rate of convergence as
for reversible diffusions is also obtainable by choosing the bandwidth correctly. Furthermore, we
show that this assumption holds as soon as the process is V-exponentially ergodic with locally
bounded V which also implies the desired mixing property.

As the optimal bandwidth choice for d > 3 depends on the in general unknown regularity of the
estimated invariant density, an adaptive estimation scheme is introduced and it is shown that
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this achieves the same rate of convergence up to a negligible iterated logarithm factor. For this it
is crucial that the uniform moment bounds hold for all p-th moments of the sup-norm risk.

To conclude the paper, we show that the imposed assumptions are satisfied for a large class of
diffusion process with and without jumps, thus making it a suitable framework for invariant
density estimation of diffusion type processes.

1.3.4 Methodology

For proving the uniform moment bounds we apply Talagrand’s generic chaining device in the
more refined form stated in [17]. To enable its application, the f-mixing assumption is crucial,
since it allows us to argue as in [45] and split the path of X up to time T up into 2ny parts of length
mr, and construct two independent collections of random variables ()?]}) ke{l,...nr}s (}?f) ke{l,...nr}s
such that they are identically distributed as the corresponding piece of the path of X, and equal
to the corresponding piece with high probability, depending on the rate function & and the block
length mr. Thus we can apply the classical Bernstein inequality for sums of independent and
bounded random variables for verifying that the desired concentration property for X holds
which enables the use of the generic chaining device and finally leads to bounds stated in terms
of entropy integrals together with some additional error terms due to the mixing procedure.
As written above, we are then required to find suitably tight variance bounds, which can be
achieved by arguing similarly as in [15], once we assume, that the process is exponentially
p-mixing, respectively that the Castellana-Leadbetter type condition is in place and that similar
transition density bounds as in the reversible diffusion case are satisfied. Combining this with
(1.4) leads to the final result on the rate of estimation of the kernel density estimator.

For our adaptive estimation procedure we use a Lepski-type selection criterion as e.g. in [22].
For this it is crucial that the uniform moment bounds hold for any p-th moment, since Markov’s
inequality then entails an exponential concentration inequality for kernel density estimators
with different bandwidths. As constants are hard to control or obtain in the general -mixing
framework we are investigating, we have to introduce an iterated logarithm which will always
be larger than the relevant constants for large enough values of T.

For proving that certain jump diffusions actually fall into the proposed framework, we make use
of the results in [31],[30] and [12]. To be more precise, [31] entails the exponential S-mixing
property for Lévy-driven Ornstein—Uhlenbeck processes under assumptions on the Lévy measure
of the background driving Lévy process, and since the marginal distributions of X are known
to be infinitely divisible in this case with explicit Lévy triplet, it is also possible to verify the
assumption on the transition density by using the inverse Fourier transform. In the other case
of more general diffusion and jump coefficients, [12] proves the desired heat kernel bound
and [30] entails the exponential f-mixing property through verification of a Lyapunov drift
criterion on the extended generator of X, which itself implies V-exponential ergodicity with
locally bounded V and thus also the Castellana-Leadbetter type condition.

1.3.5 Comparison to other research

Comparing the research of this paper to other works is complicated, as we take a different
approach than most other works in the field of statistics for stochastic processes. While the more
common approach is to introduce an estimator for a certain quantity of interest of a fixed class
of stochastic processes and show its rate optimality or even minimax optimality over this class,
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we try to find the most general assumptions such that the same convergence rate as for invariant
density estimation for reversible diffusions is obtained.

Because of this Paper A is of course comparable to [15] and [41], which were also mentioned
in Section 1.1.2. However as the reversibility assumption is in both works central for the main
results, but hard to verify in practice, our approach yields a far more general and easier to apply
framework.

Another relevant paper to our research is [1], where invariant density estimation for a class of
jump diffusions, similar to one of the examples given in Paper A, is investigated under anisotropic
regularity assumptions on the invariant density. However, contrary to Paper A this work solely
focusses on the less involved L? risk of the estimator and also proves a slower rate of convergence
in the scalar case than the one obtained in Paper A. Furthermore said paper also introduces
an adaptive estimation scheme which contrary to the adaptive estimation scheme in Paper A
achieves the same rate of convergence as the optimal choice of bandwidths in the first results
of this paper. However, this is slightly misleading as the scheme relies on a certain constant
being large enough without stating a specific value for it. We encountered the same problem in
our adaptive procedure but overcame it by introducing the iterated logarithm, which for large
enough values of T will always exceed said constant.

1.4 PaPER B

1.4.1 Goals and framework

In Paper B, written jointly with Claudia Strauch, we investigate nonparametric invariant density
and drift estimation, based on continuous observations, for a so-called stochastic damping
Hamiltonian system (Z;);>0 = Z = (X,Y) = ((X¢)>0, (Y¢)r>0) satisfying the following SDE

dXt:thdt

(1.5)
dYt = b(XtJ th) dt + O.(Xb th) dW[:

where 0: RY x R? — RIxd,
b: RIxRY > RY, (x,y) - —(c(x,y)y + VV(x)) = b(x,y),

with ¢: RIx R4 —» R4 v: R? — R, and (W,);s0 being a R? valued Wiener process. This can
of course be rewritten as _
dZt = b(Zt) dt + E(Zt) th,

where

Y T = Odxd  Odxd

B2 = (b6 1), 5z = ot S ),
with O4x4 denoting the d X d dimensional zero matrix and (VT/t)tzo being a R?¢ valued Wiener
process. In the latter form it gets more apparent why stochastic damping Hamiltonian systems are
examples for degenerate diffusions, since we see that ¢ is not invertible. As this also leads to the
generator of Z not being elliptic anymore as for classical diffusion processes, but hypoelliptic, these
processes are in particular examples for hypoelliptic diffusions. Stochastic damping Hamiltonian
systems are usually thought of as a model for a particle moving through space. In this case X
models the position of the particle and Y its velocity, and thus ¢ can be interpreted as friction
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and V as the physical potential. Because of this interpretation, stochastic damping Hamiltonian
systems are also often called kinetic diffusions.

Concerning the mathematical framework, we assume throughout the whole paper that Z is the
unique, non-explosive weak solution of (1.5), such that the associated semigroup is strong Feller.
Furthermore, we assume as in Paper A that Z is ergodic with invariant measure p admitting
a density p, and that the marginal laws are absolutely continuous. Additionally, we assume a
peculiar heat kernel bound, the exponential f-mixing property and stationarity of Z.

For estimating the invariant density p, we introduce a similar kernel density estimator as in Paper
A. However, due to Z’s special structure, it is natural to replace the isotropic Holder regularity
conditions by anisotropic ones. Thus, the kernel density estimator in Paper B is given as

T

1
T(hihy)? L K(Ge=X)/h, (y =¥ /ha) ds, (1.6)

Ehl,hz,T (X, y) =

where K : R24 — R is a kernel function, satisfying the same assumptions as in Paper A, and h1, hy
are different bandwidths. For estimating the drift coefficient b, we employ a Nadaraya—Watson
type estimator, for which we first introduce

T

1
T(h1h2)? Jo

bi o, (X, Y) = K((x = X;)/h1, (y = Ys) /hg) AYY,

where j € {1,...,d}, and K is a similar kernel function as above. As b j,- can be thought of as an
estimator for b’p, natural estimators for b’ are now given as

7 bjnyhy (X, Y)
b, © 0 (X, ) = =2 (1.7)
johiha, by Ry T 2 |Ph§ﬂ>,h§m,T(X, Yl +rr’
= bjhy ko, (X, 1)
juhha,
b, hah® P V) = = e (1.8)

Pe) 9 (Y)Y P

where p, is an a priori lower bound for p on the investigated domain, and r7 > 0 is chosen such
that rr € o(1). These definitions in particular ensure the well-definedness of the two estimators,
as the denominator is always strictly positive.

1.4.2 Main results

The main results of Paper B concern the rate of convergence of the sup-norm risk on a compact
domain D c R24 of the invariant density estimator (1.6) and the two drift estimators (1.7), used
in a non-adaptive setting, and (1.8), which will be used for an adaptive estimation procedure of
the drift.

For (1.6) we obtain highly nonclassical results, which stem mostly from the peculiar behaviour
of the transition densities and therefore can be seen as a direct consequence of Z’s degeneracy.
In particular, it is shown that the rate of convergence does not only depend on the assumed
Holder regularity of the invariant density and bandwidth choices but also on the domain D.
For both the non-adaptive and the adaptive drift estimators we arrive at the classical nonparamet-
ric rate of convergence, thus achieving the same result as for classical, non-degenerate diffusion
processes.
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1.4.3 Methodology

The first step in Paper B consists of showing that there are actually processes fulfilling the imposed
assumptions. For this we rely on the results of [11, 27, 46] and show that our assumptions are
satisfied as soon as V, ¢ and o fulfill certain regularity assumptions.

For bounding the rate of convergence of the invariant density estimator we apply the uniform
moment bounds from Paper A, which is possible since Z is exponentially f-mixing. Thus it then
suffices to find adequate bounds on the variance of the kernel density estimator. For this we
argue similarly to Paper A and use an approach as in [15]. However as the transition density
bounds are more complicated and due to the anisotropic setting the proof gets much more
involved, similar to [16].

For drift estimation we prove uniform moment bounds over a countable class of bounded functions
¢ for stochastic integrals of the form

1 (7 , -
%J e, YY), ge6 e l,....d).
0

By linearity we can decompose every stochastic integral of this form into a path integral with
deterministic integrator, which can be bounded again with the results of Paper A, and an integral
with respect to a Wiener process. Thus it suffices to find uniform moment bounds for the latter,
which is a continuous martingale. Therefore we can apply Bernstein’s inequality for continuous
martingales together with another result from Paper A, which allows us to find a concentration
inequality for the quadratic variation of said martingale, and ultimately enables us to employ
the refined version of Talagrand’s generic chaining device in [17] again.

For our adaptive drift estimation approach we rely on a Goldenshluger-Lepski type procedure
[23] similar to [29]. For the proofs it is again crucial that the generic chaining approach allows
us to find uniform bound for all p-th moments.

1.4.4 Comparison to other research

Nonparametric invariant density and drift estimation for stochastic damping Hamiltonian systems
were investigated by Cattiaux et al. in [10, 11]. As both papers work with discrete observations a
lot of emphasis is put on the case, where Z is only partially observed, i.e. only an observation of
the position process X is available. However, as this problem is easily solvable in the continuous
observations framework by differentiating, we do not investigate this. The main results of [10,
11] are central limit theorems for the estimators, and in particular there are no results for the
rate of convergence.

In [14] adaptive nonparametric invariant density estimation for stochastic damping Hamiltonian
systems is investigated in a similar setting as in [11], but only for the scalar case. In this paper,
bounds on the rate of convergence of the estimator’s L? risk are derived which are faster than the
classical nonparametric rate of convergence, but do not exhibit the peculiar variance structure
of Z as our results do. Again, a lot of emphasis is put on the problem of partial observations,
which is negligible in our setup.

The most comparable work on nonparametric statistics for stochastic damping Hamiltonian
systems is [16], where invariant density estimation is investigated based on a continuous record
of observations of Z, which is assumed to be bidimensional as in [14]. Bounds for the rate of
convergence of the estimator in the pointwise L? risk are derived, which are of the same form
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as our results on invariant density estimation. However in Paper B we also achieve results for
higher dimensions and for the more involved sup-norm risk. Furthermore a minimax lower
bound is shown, which up to a logarithmic factor resembles the obtained results, thus indicating
rate optimality of the kernel density estimator in this setting.

1.5 PaPER C

1.5.1 Goals and framework

Paper C, written jointly with Claudia Strauch, pursues three main goals. Firstly, we want to
generalise the results obtained for Lasso estimators for the drift parameter of classical Ornstein—
Uhlenbeck processes under sparsity constraints in [13, 21] to Lévy-driven Ornstein—-Uhlenbeck
processes. Secondly, we want to improve the upper bounds in these papers to resemble the
minimax optimal rate of convergence for sparse regression, corresponding in the given setting to

slog(d?/s)
\V — 7

with s being the sparsity of the drift parameter, and lastly our analysis should only rely on tuning
parameters chosen independently of the confidence level.
More specifically, the investigated setting is as follows. We want to estimate the true drift
parameter Ay € R4 of a R? valued Lévy-driven Ornstein-Uhlenbeck process X = (X;);>0,
satisfying the following SDE

dX; = -Apdt+dZ,, t=>0, (1.9)

where Z = (Z;);s0 is a Lévy-process with characteristic triplet (b, C = ZX7,v), with b € R4, C ¢
R%? and v being a Lévy measure on R?. For this we assume that the real parts of all eigenvalues
of Ay are positive, v admits a second moment and that a continuous record of observations of X
up to time T > 0 is available. The assumptions on Ay and v in particular imply that X is ergodic
with invariant distribution u (see [31, 38]), which we assume to be the starting distribution, i.e.
we assume that X is stationary.

For estimating Ay we employ the classical Lasso estimator and the Slope estimator introduced in
[8], as those are known to achieve the minimax optimal rate of convergence in the setting of
sparse linear regression (see [7]). As we do not assume X to be equal to the identity times some
constant as in [7, 13, 21], we have to adjust the definitions of Lasso and Slope estimators and
the sparsity assumptions to our setting. Let the negative log-likelihood function be given as

A
T

1. [dP
Lr(A) = -2 log(— , AeR™d

dpo

where P2 is the law of X satisfying (1.9) with drift parameter A up to time T. Then the Lasso
estimator with tuning parameter Ay > 0 is defined as

Ruasso € argming oce (L1 (A) + A1 1E7 Al ),
and similarly the Slope estimator with tuning parameter As > 0 is given as

—_

Aglope € argming cpaxa (LT(A) + Asllz_lAll*),



12 CHAPTER 1. INTRODUCTION

where
dZ

IAlL = " vec(A)fiog(2d?/i),

i=1

with vec(A)* denoting a nondecreasing rearrangement of the absolute values of the entries of
A € R4 Furthermore for our analysis we require %~'A to be sparse instead of Ay as in [13,
21], which also can be justified by the same argument as for our adjusted estimators.

Another crucial assumption for our analysis will concern the existence of a concentration in-
equality for

1 T
?I (u"X;)%ds - ‘[(uTx)zp(dx), T>0,ueRe: |ul <1. (1.10)
0

1.5.2 Main results

The main results of Paper C consist of achieving all three goals introduced above. More precisely,
we show that Lasso and Slope estimators with adequately chosen tuning parameters, independent
of the confidence level in the statements in probability, in fact achieve the minimax optimal rate
of convergence, both in probability and conditional expectation with respect to a certain event.
The choice of tuning parameter for the Lasso estimator then depends on the a priori unknown
sparsity of Z71Ag, whereas the Slope estimator does not require such knowledge.

To underline the rate optimality of the proposed estimators, we also show a minimax lower
bound for general loss functions in the standard Ornstein—Uhlenbeck setting over the set of
sparse drift coefficients fulfilling our assumptions on their eigenvalues. This had also not been
available before.

Furthermore, we prove that the assumed concentration inequality for (1.10) holds as soon as v
admits a fourth moment.

1.5.3 Methodology

For our results on the negative log-likelihood function, in particular its well-definedness, we
apply the results of [40] where maximum likelihood estimation for more general diffusion
processes with jumps is investigated. For this we have to ensure that the invariant distribution
p admits a second moment, which follows by results of [31, 38] as soon as v admits a second
moment.

As Lasso and Slope estimators are both defined as minimisers of a convex function, we can argue
similarly to [7] for obtaining a basic inequality for their errors by classical arguments of convex
analysis. This inequality is the starting point of the proofs of Paper C’s main results.

Asin [13, 21] we then require a restricted eigenvalue type condition to hold with high probability
and a suitably tight deviation inequality for the stochastic error term occuring in the mentioned
basic inequality. In [21] it was shown through results of [6] that the restricted eigenvalue
condition holds true with high probability as soon as a concentration inequality for (1.10) is in
place. Arguing similarly we find that this is also true in the Lévy-driven case. Additionally in [13],
which investigates classical Ornstein—-Uhlenbeck processes, it was shown that the concentration
inequality holds as soon as the drift parameter fulfills the imposed assumption on its eigenvalues.
As the proof of this result relies on Malliavin calculus and the results of [33], it is not possible
to follow the same approach for Lévy-driven Ornstein—Uhlenbeck processes. Nevertheless,
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we are able to prove that the concentration inequality for (1.10) holds as soon as v admits a
fourth moment in the Lévy-driven case, by using classical results from martingale theory and an
application of Fubini’s theorem for stochastic integrals similarly to [5].

Proving the desired deviation inequality for the stochastic error term however is a much more
challenging task, as we require an inequality similar to the one obtained in [7], where sparse
linear regression is investigated. Since the derivation of said inequality strongly relies on the
Gaussianity of the stochastic error term, and the error term in our case is given by an It0 integral,
a generalization is not straighforward.

We solve this problem by finding an event, which implies both the restricted eigenvalue condition
to hold and the stochastic error term to be subgaussian and showing that this event holds with
high probability. Then on this event we can apply Talagrand’s generic chaining device and obtain
a deviation inequality with respect to Talagrand’s y, functional of a certain set. Bounding the
y2 functional of this set would again be difficult, however by Talagrand’s majorizing measures
theorem, we can bound it by the expected supremum of a Gaussian process on this set, which is
possible through the results of [7] and concludes the proof of the error bounds in probability.
Now as our tuning parameters do not depend on the confidence level of the proven error bounds,
we can bound the conditional expectation of the error with respect to the event implying the
restricted eigenvalue condition and subgaussianity of the stochastic error term, by bounding the
tail integral as in [7].

For the proof of the minimax lower bound we rely on the general scheme for lower bounds
in [43], which requires a suitable class of hypotheses. For this we employ a mixture of the
techniques applied in [7, 21], and show that these hypotheses are sparse and also only have
eigenvalues with positive real part.

1.5.4 Comparison to other research

The most natural candidates for a comparison to Paper C are [21] and [13], which were intro-
duced in section 1.1.2. As explained there, both mentioned papers investigate Lasso estimators
for the drift of a classical Ornstein-Uhlenbeck process, corresponding to the background driving
Lévy process Z in our case having Lévy triplet (0, l4xq, 0), i.e. Z is a standard R¢ valued Wiener
process. Comparing the main results of Paper C to the corresponding bounds in [13, 21], we see
that our work improves the results of said papers not only in generality but also for the classical
Ornstein—Uhlenbeck case by achieving the minimax optimal rate of convergence. For the Lasso
estimator there exists the downside of having to know the sparsity of 2~'A, beforehand for the
specification of the optimal tuning parameter, however we also introduce the Slope estimator
which does not require this knowledge. Furthermore, we also show bounds in conditional
expectation, which was not possible with previous results since the tuning parameter depended
on the confidence level.

Nevertheless the concentration inequality we obtain for (1.10) is weaker than the one proven
in [13], which leads to the time until the derived probability estimates in Paper C hold being
larger than in said paper. As explained above the reason for this lies in our more general setting,
which makes it hardly possible to apply Malliavin calculus as in [13] or Sobolev inequalites as in
[21]. However, as our results only rely on a general concentration inequality, the results of [13]
are still applicable for the classical Ornstein—Uhlenbeck setting.

Another part of Paper C we can compare to [21] is the derived minimax lower bound. As [21]
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works with assumptions of row-sparsity, the proven lower bound also concerns this class. How-
ever, the supremum in the statement of the minimax lower bound is taken over all row-sparse
matrices, hence even the ones which imply the underlying process to not be ergodic. We improve
this aspect by showing that the constructed hypotheses all imply X to be ergodic, making the
minimax lower bound more meaningful.

Lastly we compare Paper C to the results of [7] where it was shown that Lasso and Slope
estimators for sparse linear regression achieve the minimax optimal rate of convergence both
in probability and expectation. The last result contrasts our findings, which only concern the
conditional expectation. However this can be justified by the fact, that the restricted eigenvalue
condition in [7] is assumed to hold true, whereas we show that it does in fact hold true with
high probability if T is large enough.
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ADAPTIVE INVARIANT DENSITY ESTIMATION FOR CONTINUOUS-TIME
MIXING MARKOV PROCESSES UNDER SUP-NORM RISK

Niklas Dexheimer, Claudia Strauch and Lukas Trottner

ABSTRACT

Up to now, the nonparametric analysis of multidimensional continuous-time Markov
processes has focussed strongly on specific model choices, mostly related to symmetry of
the semigroup. While this approach allows to study the performance of estimators for
the characteristics of the process in the minimax sense, it restricts the applicability of
results to a rather constrained set of stochastic processes and in particular hardly allows
incorporating jump structures. As a consequence, for many models of applied and theoretical
interest, no statement can be made about the robustness of typical statistical procedures
beyond the beautiful, but limited framework available in the literature. To contribute to
the statistical understanding in more general situations, we demonstrate how combining
B-mixing assumptions on the process and heat kernel bounds on the transition density
representing controls on the long- and short-time transitional behaviour, allow to obtain
sup-norm and L? kernel invariant density estimation rates that match the well-understood
case of reversible multidimensional diffusion processes and are faster than in a sampled
discrete data scenario. Moreover, we demonstrate how, up to log-terms, optimal sup-norm
adaptive invariant density estimation can be achieved within our framework, based on tight
uniform moment bounds and deviation inequalities for empirical processes associated to
additive functionals of Markov processes. The underlying assumptions are verifiable with
classical tools from stability theory of continuous-time Markov processes and PDE techniques,
which opens the door to evaluate statistical performance for a vast amount of popular Markov
models. We highlight this point by showing how multidimensional jump SDEs with Lévy-
driven jump part under different coefficient assumptions can be seamlessly integrated into
our framework, thus establishing novel adaptive sup-norm estimation rates for this class of
processes.

A.1 INTRODUCTION

There exist various probabilistic concepts that permit the investigation of quantitative ergodic
properties of Markov processes, providing a number of approaches to analyzing the rate of
convergence of the process to equilibrium. Such results actually present precious tools for
an adequate statistical modelling of complex systems. Markov models, especially of (jump)
diffusion-type, find numerous applications in biology, chemistry, natural resource management,
computer vision, Bayesian inference in machine learning, cloud computing and many more
[3, 17, 36, 37, 39, 43, 79, 82], and ergodicity can usually be seen as some kind of minimum
requirement for the development of a fruitful statistical theory. While the probabilistic picture of
quantitative ergodic properties is now quite clear, there are still open questions regarding the
statistical implications. With this paper, we want to contribute to closing some gaps concerning
adaptive nonparametric invariant density estimation for multivariate Markov processes with no
specific structural assumptions on their dynamics.
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In contrast to the highly-developed statistical theory for scalar diffusion processes, there are
relatively few references for nonparametric or high-dimensional general Markov models. To not
let sampling effects obscure the statistical implications, it is natural to base the statistical analysis
in this context on a continuous observation scheme (i.e., one assumes that a complete trajectory
of the process is available). A substantial point of reference for a thorough statistical analysis of
ergodic multivariate diffusion processes is provided by the article [28] where the fundamental
question of asymptotic statistical equivalence is investigated. Apart from its principal central
statement, the work also nicely demonstrates the implications of probabilistic properties of
processes on quantitative statistical results. Specifically, heat kernel bounds and the spectral
gap inequality are used to prove tight variance bounds for integral functionals which in turn
provide fast convergence rates for the specific problem of invariant density estimation. Similar
techniques can be used for the in-depth analysis of other statistical questions such as (adaptive)
estimation of the drift vector of an ergodic diffusion (cf. [78], [77]). The results in [28, 77, 78]
are developed for diffusion processes with drift of gradient-type and unit diffusion matrix. While
in this specific case the reversibility assumption is directly verified, the condition of symmetry of
the process presents a significant constraint, in particular for solutions of SDEs with jump noise.

More recently, a Bayesian approach to drift estimation of multivariate diffusion processes
is undertaken in [63] and [42]. Whilst [42] work in a reversible setting since their approach
relies on placing a Gaussian prior on the potential B of the drift b = VB instead of tackling the
drift directly, [63] approach drift estimation for non-reversible diffusions by employing PDE
techniques to a penalized likelihood estimator. This opens up an excitingly different viewpoint
on the statistical handling of multivariate diffusion processes and in case of [63] avoids the need
for reversibility. However, both approaches restrict the setting to assumed periodicity of the drift
coefficient. While this assumption (similar to reversibility) can certainly be justified for specific
applications, the approach does not yet provide an answer to the question of how to conduct a
statistical analysis of multidimensional Markov processes without strong structural constraints
on the coefficients. From a different perspective, the very recent contribution [4] yields the
remarkable observation that quantitatively similar statistical results as in the reversible diffusion
case can also be proven for jump diffusions with Lévy-driven jump part, without the need to
rely on a reversible or periodic setting, by focusing on assumptions on the characteristics of the
process which guarantee exponential ergodicity as the driving force of the statistical approach.

Another branch of the literature that does not consider specific structural assumptions on
the process is based on the so called Castellana-Leadbetter condition or variations thereof [14,
18, 50], which imposes finiteness of the integrated uniform distance between the density of
the bivariate law of (Xo, X;) of a stationary Markov process X with stationary density p and the
product density p ® p. This assumption yields dimension independent parametric estimation
rates of the invariant density and is thus not suitable for our goal to extend the dimension
dependent minimax optimal estimation rates for continuous diffusion processes to more general
classes of multidimensional Markov processes, introduced below.

Throughout, we suppose that (X, (P*), ge) is @ non-explosive Borel right Markov process
with state space (RY, B(R?)) and semigroup (P,);so defined by

Pi(x,B) = P*(X, € B), x € R% Be B(RY),

see Definition 8.1 in [74] for an exact characterization. This general class of right-continuous
Markov processes includes the more specific class of standard processes, which form the basis
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of the classical textbook [12], and even more specifically Feller processes, i.e., cadlag Markov
processes with a strongly continuous semigroup mapping Co(R9), the space of continuous
functions on R¢ vanishing at infinity, onto itself. Under regularity assumptions on the coefficients,
the exemplary class of (jump) diffusion processes that we study in detail later on belongs to the
class of Feller processes and hence falls into our probabilistic regime. Moreover, due to their
natural embedding into potential theory, Borel right Markov processes are the object of stability
analysis of continuous-time Markov processes pioneered by Meyn and Tweedie in the 1990s
[35, 59, 61, 62], in which the long-time behaviour is quantitatively associated with Lyapunov
drift criteria. This approach is central to our approach. Since we are ultimately interested in
invariant density estimation, we work in an ergodic setting for X throughout the paper. That is,
the following assumption is in place:

(10) The marginal laws of X are absolutely continuous, i.e., for any t > 0 and x € R¢, there
exists a measurable function p,: RY x R? — R, such that

P(x, B) = L P y)dy, B e BRY,

and, moreover, X admits a unique absolutely continuous invariant probability measure p,
i.e., there exists a density p: R? — R, such that du = pdA and

PH(X, € B) = de Py(x, B) p(dx) = JRd f pe(x, )P () dy dx = j p(x) dx = u(B)

for any Borel set B.

We abbreviate P¥ = P, E¥ = E and denote u(g) = Jgdp for g € L'(p1) or g > 0. Note that in
(410) existence of a density p of the invariant distribution u is not an additional requirement on
X, but is guaranteed by the Radon—Nikodym theorem thanks to the definition of invariance and
the existence of densities for the transition operators.

Turning away from Lyapunov criteria for general ergodic Markov processes, the long-time
behaviour of Markovian semigroups is also known to be linked to functional inequalities. The
most familiar setting is the L? framework with its equivalence between the corresponding
Poincaré inequalities and exponential decay of the Markovian semigroup. The relation between
both approaches in terms of quantifying ergodic properties of Markov processes is studied in
[8].

With a view towards applicability of the statistical results we turn away from the functional
inequality approach to stability and focus on mixing conditions verifiable through Lyapunov-type
criteria that are applicable for a vast amount of structurally diverse Markov processes. Making
the mixing behaviour of the process a cornerstone of the statistical analysis is completely natural
when comparing to discrete time theory. For discrete observations it is well-established in the
field of weak dependence that different sets of mixing assumptions (e.g., a-mixing or f-mixing)
and relaxations thereof can produce variance bounds and deviation inequalities that hold up to
analogous results from i.i.d. observations to yield sharp nonparametric estimation results, see
[30, 69] for an overview. We provide an answer to the statistically fundamentally interesting
question under which conditions on a multivariate continuous-time mixing Markov process
drawing inference based on full observations can yield better estimation rates than under partial
observations corresponding to a weakly dependent discrete observation sequence.
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From a statistical perspective, this extended range of application comes at the price that
mixing assumptions are in general not suited to conducting the nonparametric statistical analysis
in the ususal minimax sense. The reason for this is that the mixing constants are non-explicit in
most cases of interest, rendering the uniform analysis of upper bounds on the statistical error
over whole classes of processes impossible. Our focus is therefore on analyzing the sup-norm risk
of kernel invariant density estimators of a given single Markov process with the known minimax
rates of multivariate reversible diffusion processes serving as benchmark results.

Our particular interest in sup-norm adaptive invariant density estimation is not only rooted
in the higher degree of intepretability of such statements compared to the pointwise L? risk,
but also comes from the observation that certain problems from applied probability can only be
handled with statistical tools when sup-norm estimation bounds of a quantity of interest are
available. This point is highlighted in [22], where results from this paper are implemented for
the development of data-driven stochastic optimal control strategies for the probabilistically quite
diverse problems of optimally reflecting underlying diffusions and Lévy processes. Moreover,
the general issue of adaptive invariant density estimation is not only interesting for purely
intrinsic mathematical reasons, but is also highly relevant for related nonparametric statistical
questions in an ergodic setting such as drift estimation for stochastic differential equations
via Nadaraya—Watson type path estimators, whose analysis requires sharp invariant density
estimation rates. This has been demonstrated for continuous diffusion processes under different
risk measures and coefficient assumptions [27, 32, 77, 78], but can potentially also be extended
to additional Lévy jump structures. The application of our general kernel invariant density
estimation results to Lévy driven SDEs in this paper can therefore serve as basis for future
drift estimation investigations of such processes. We also emphasize that the uniform moment
bounds for path integrals of Markov processes with general mixing rates that we develop as
the fundamental tool for invariant density estimation under exponential mixing can also be
utilized for sup-norm risk analysis of invariant density and drift estimators in subexponentially
ergodic SDE models—which even in the continuous diffusion case is not well-understood in the
literature.

In order to obtain a clear picture and benchmark results that are not distorted by discretization
errors, we work under the assumption that a continuous observation of a trajectory X! =
(Xt)teo,r] of X is available. For the analysis of statistical methods (e.g., for estimating the
characteristics of X), variance bounds and deviation inequalities are of central importance.
Section A.2 focuses on the analysis of the variance of additive functionals of the form L; f(X;)ds
for the ergodic process X. We introduce sets of general assumptions on transition and invariant
density which allow to prove tight variance bounds (cf. Propositions A.1 and A.5). Here, we
consider an on-diagonal heat kernel bound to regulate the short-time transitional behaviour of
the process and either local uniform transition density convergence to the invariant distribution
at sufficient speed for any dimension d € N or exponential 8-mixing in dimension d > 2 to
obtain tight controls on the long-time transitions of the process. The combination of heat
kernel bound and local uniform transition density convergence can be interpreted as a localized
version of the Castellana-Leadbetter condition that separates the short- and long-time effects and
considerably weakens the inherent assumptions on the speed at which the law of X, approaches
a singular distribution as t | 0 in higher dimensions. We give a detailed analysis of this condition.
We demonstrate how total variation convergence at sufficient speed implies the local uniform
transition density assumption and argue that in case of p-a.s. exponential ergodicity of the
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process, exponential f-mixing and local uniform transition density convergence are essentially
equivalent, giving a homogeneous picture of our different sets of assumptions.

In Section A.3 we proceed by showing how the S-mixing property of X—which is satisfied
for a wide range of Markov processes appearing in applied and theoretical probability theory—is
reflected in uniform moment bounds on empirical processes associated to integral functionals of
X. More precisely, for countable classes § of bounded measurable functions g, we establish an

upper bound on
1 (T p1\1/p
;J g(Xs)ds—Jgdp‘ ]) , p>1,
0

([E [ sup
g€§
(cf. Theorem A.6) stated in terms of entropy integrals related to § and the variance of the integral
functionals. This result holds for B-mixing Borel right processes on general state spaces without
any assumptions on the existence of transition densities, i.e., Assumption (¢10) is diminished to
stationarity which further increases the applicability of our findings for future investigations.
Such moment bounds and associated uniform deviation inequalities are generally the focal point
for efficient implementation of adaptive estimation procedures, both for the sup-norm as well as
the pointwise and integrated L? risk. In our concrete estimation context, we use the uniform
moment bounds together with the variance bounds from Section A.2 to establish sharp deviation
inequalities for the sup-norm risk of a kernel invariant density estimator that is essential for the
adaptive estimation scheme considered in Section A.4 that we describe below.

In presence of additional information on the irregularity of paths provided by the heat-kernel
estimate, we establish in Section A.4 that the stationary density of exponentially f-mixing
Markov processes can be estimated in any dimension at optimal rates both wrt. sup-norm risk
and pointwise L2 risk—where optimality is understood relative to the benchmark minimax rates
known for continuous reversible diffusion processes. We go even further by showing that in
dimension d > 3—where the optimal bandwidth choice depends on the typically unknown
degree of Holder smoothness p—fitting a Lepski type adaptive bandwidth selection scheme
proposed in [41] for i.i.d. data to our needs provides optimal estimation rates up to iterated
log-factors (see also [52] for an adaptive scheme for anisotropic sup-norm estimation for i.i.d.
observations). More precisely, our main result Theorem A.11 shows that, given a kernel estimator
pn,r for the unknown invariant density p with bandwidth choice

log® T/NT, d=1,
h=h(T) ~ {1ogT/T"/4, d=2,
(logT/T)Y/(2P+d=2) g > 3,

we have, for any p > 1 and a bounded open domain D,

) O(+/1logT/T), d=1,

p

E|sup[pnr(x) - p)| € JO(logTNT),  d=2,
< O((log T/T)%2), d > 3.

Although we consider a nonparametric framework, the question of data-driven estimation only
arises in dimension d > 3. In this case, we suggest to replace the smoothness-dependent
bandwidth choice h(T) by the adaptive selector hy = h;k) introduced in (A.16). Then, if the
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order of the kernel is sufficiently large and for log;, T denoting the k-th iterated logarithm,

log ;) T log T) 2 )
T 3

[E[ilele P71 () ~ p(X)I] € O((

where k € N can, in principle, be chosen arbitrarily large—which however decreases the size of
the set of candidate bandwidths for the adaptive selection procedure given a finite observation
horizon. We emphasize that the logarithmic gap could be avoided if constants appearing in the
uniform deviation inequality from Section A.3 were explicitly calculated. This, however, requires
exact knowledge of the ergodic and short-time behaviour of the process, contradicting a truly
adaptive nature of the approach.

Such sup-norm adaptive multivariate estimation results are completely new and complement
adaptive L? estimation procedures based on model selection considered in [24] for discrete time
mixing chains and in [4] for Lévy driven jump-diffusions. We emphasize that [24] also consider
estimation of continuous-time mixing processes in terms of their sampled skeletons. However,
our faster adaptive estimation rates in presence of heat kernel bounds demonstrate that such
approach can be considerably improved by not taking a Markov chain viewpoint under partial
observations but by exploiting continuous-time probabilistic structures under full observations.

As a concrete example, we investigate multidimensional SDEs with Lévy-driven jump part,
i.e., Markov processes associated to the solution of

dx, = b(X,) dt + o(X,) AW, + y(X,~) dZ;, Xo =x € RY, (A1)

where W is d-dimensional Brownian motion and Z is a pure jump Lévy process independent of W.
In Section A.4.2, we investigate Lévy driven Ornstein—Uhlenbeck processes as the basic class of
Lévy driven jump diffusions with unbounded drift coefficient. In presence of non-trivial Gaussian
part and very mild moment assumptions on the Lévy measure, we infer optimal sup-norm and
pointwise L? invariant density estimation results in any dimension. In this case, an adaptive
estimation procedure is not necessary, since the invariant density is a smooth function. In
Section A.4.3, we allow for more flexible dispersion and jump coefficients o, y with the price to
be paid being boundedness of the drift b. By considering solutions X to (A.1) under appropriate
assumptions on the coefficients b, o, y and the jump measure associated to Z, we can apply our
general statistical results to invariant density estimation for X, thus establishing new results on
sup-norm adaptive invariant density estimation for such general jump processes.

In the sequel, we concentrate on guiding the reader through the framework and the accom-
panied mathematical results. All proofs are deferred to the appendices after Section A.4, with
more specific references on their exact location at the relevant passages of the main text.

Basic notation. A set B € B(RY) is called p-full if u(B) = 1. We say that the Borel right
Markov process X is p-a.s. V-ergodic at speed £ if, for some pu-full set A,

”Pt(x: ) - p”TV < CV(X)E(t), t>0,x €A, (A.2)

where V: RY — [0, oo] with V1, (x) < oo and, for a signed measure v, ||v|tv = sup|f<1[v(f)l
denotes its total variation norm. If (A.2) holds with £(t) = (1 +¢)~* for some «a > 0, we say that
X is p-a.s. V-polynomially ergodic of degree a. If £(t) = e ™ for some k > 0, then X is called
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p-a.s. V-exponentially ergodic. When A = RY and V(x) < o for any x € RY, we just say that X
is V-ergodic at speed & (resp., V-polynomially ergodic and V-exponentially ergodic).

For any multi-index @ € N and x € R, set |a| = 3%, @; and x* = [, x¥. For |8
denoting the largest integer strictly smaller than f, introduce the Holder class on an open
domain D ¢ R?

(@) (x) = fl@)
Hp(B, L) = {f cellDR): max sup DIl < L}, (A.3)
la|=18] x,yeD,x#y |X - yI“‘U"’U x€D
where (@ := %. Recall that a kernel function K : R — R is said to be of order £ € N
o

if, for any a € N? with |a| < €, x — x®K(x) is integrable and, moreover, .[Rd K(x)dx =1,
J-[R{d K(x)x*dx =0, fora € N |a| € {1,...,¢}.

A.2 BASIC FRAMEWORK AND VARIANCE ANALYSIS OF INTEGRAL FUNCTIONALS OF
GENERAL MARKOV PROCESSES

This first section focuses on the analysis of the variance of integral functionals of the form
Jé f(Xs) ds for the ergodic process X = (X;)o<s<: under different sets of general assumptions
on X that will carry us through the rest of the paper. Such variance bounds are indispensable
tools for statistical applications since (as we will see in Section A.3) the variance of integral
functionals naturally appears in associated deviation inequalities and related moment bounds
and thus requires tight estimates. All proofs for this section can be found in Appendix A.1.2.

A.2.1 Variance analysis under assumptions on transition and invariant density

Recall the definition of Assumption (¢/0) from the introduction. We start by working under the
following set of additional assumptions:

(A1) In case d = 1, there exists a non-negative, measurable function a: (0, 1] — R, such that,
for any t € (0, 1],

1
sup p:(x,y) < a(t) and J a(t)dt = ¢ < oo,
X,yER 0+

and, in case d > 2, there exists c; > 0 such that the following on-diagonal heat kernel
estimate holds true:

Ve e (0,1] : sup pe(x,y) < cot™¥2. (A.4)
x,yeRd

(s12) There exists a p-full set A such that, for any compact set § ¢ R, there exists a non-negative,
measurable function rg: (0, o) — R, such that

Ves1: sup |pi(ey) - p(y)] < rs(t) withf rs(de=cs <co.  (AS)
XE€SNA,YES 1
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An essential aspect of the statistical analysis of stochastic processes is the influence of the di-
mension of the underlying process. It is known that certain phenomena (as compared, e.g.,
to estimation based on i.i.d. observations) occur in the one-dimensional case. However, these
phenomena can usually only be detected by means of specific techniques that take advantage of
the unique probabilistic characteristics of scalar processes such as local time for one-dimensional
diffusion processes. A “standardized” statistical framework which covers all dimensions with
similar conditions cannot capture these phenomena. Our assumptions may therefore be under-
stood as an attempt to find general conditions that make no reference to dimension or process
specific phenomena, yet yield variance bounds which are tight enough to allow proving optimal
convergence rates for nonparametric procedures.

In this regard, they should be compared to the Castellana-Leadbetter condition [18] requiring
that

j sup [p(x)p:(x, y) — p(x)p(y)] dt < oo, (A.6)
(0,00) x,yeRd

which allows L? estimation of the invariant density via a kernel estimator at parametric (or
superoptimal [13]) rate 1/T in any dimension d > 1. Since (/1) implies that p is bounded, (s12)
can be understood as a localized, unweighted alternative to (A.6) away from 0, which captures
the mixing behaviour of the process as we discuss below. Our assumption (/1) corresponds to
the integral part of (A.6) close to 0 and guarantees that the distribution of X; is not too close to
a singular distribution. However, in dimension d > 2 this assumption is much milder than (A.6)
since heat kernel bounds on the transition density are quite common for many multidimensional
Markov processes such as strong solutions of (jump) SDEs. On the other hand, (A.6) is too strong
for such Markov processes, since, e.g., the minimax optimal L? rate for multivariate diffusions
processes is known to be worse than 1/T and hence the variance bound implied by (A.6) cannot
be achieved.

Also note that the transition density bounds formulated in (/1) are weak compared to
related literature dealing with statistical estimation of jump processes. E.g., [4] construct their
assumptions on the coefficients and the jump measure of a d-dimensional Lévy-driven jump
diffusion to guarantee a heat kernel-type estimate of the form

—d)2.-) uy—txnz t d
pt(x)y)st € +|\/E+||y—x|||d+a’ x:l/GIR,te(O:T],

for the estimation horizon T > 0, where a € (0, 2) is the self-similarity index of a strictly a-stable
Lévy process whose Lévy measure is assumed to dominate the Lévy measure governing the jumps
of the SDE. Clearly, this condition is stronger than what we require and is fitted to the concrete
probabilistic setting. The reason for this specific choice becomes apparent from Corollary A.16
in Section A.4.3, but our approach reveals that (¢11) is sufficient to obtain tight variance bounds
in a general multivariate setting. Let us now give the variance bounds implied in our framework.

PrROPOSITION A.1. Suppose that (11) and (12) are satisfied, and let f be a bounded function with
compact support § fulfilling A(S) < 1. Then, there exists a constant C > 0 independent of f, such
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that, for any T > 0,

T 1, d=1,
Var(j £(X) dt) < COVes) T FIZAS)(S)WEA(S)), with a(x) = { T +Iog(1/x), d =2,
0 x%_%, d >3,
(A.7)

where the variance is taken with respect to P.

To get an impression of the usefulness of the above result, let us discuss the relation of
the local uniform transition density convergence assumption (¢/2) to more general and often
conveniently verifiable stability conditions on X. In [83], conditions on the characteristic function
¥y, (1) = E*[exp(i(X,, A)] of X, and the Fourier transform {Fu}(1) = fRd el ™) 11(dx) were
formulated in the scalar setting d = 1 that imply finiteness of the integral part away from 0
in the Castellana-Leadbetter condition (A.6). A straightforward adaption to our multivariate
localized setting yields the following result, with the proof being omitted.

LEMMA A.2. Suppose that X is V-polynomially ergodic of degree y1 > q/(q — 1) for some locally
bounded function V and q > 1. If there exists y5 > qd such that

(VD @y (D) = {F}D)| < V) A+, t21,x1€R?
(V2) oy DIV {FuyW)] s A+AD7?, x,AeRLe>1,
then (s12) is satisfied with A = R%, rs(t) ~ sup, s V(x)(1 + )71 for compacts 8.

Note that (/2) implies that the Fourier transforms of P;(x, -) and p are integrable and hence
the Fourier inversion theorem guarantees that continuous bounded transition and invariant
densities exist. Moreover, as remarked in [83], (/1) is fulfilled whenever X is V-polynomially
ergodic with rate y; > 1.

Condition (1/2) is quite natural in a statistical estimation context since it essentially encodes
a certain amount of smoothness of the transition and stationary density. However, the following
simple observation demonstrates that the additional growth conditions on the characteristic
function are not needed in presence of sufficiently fast total variation convergence. Concerning
the specific set of assumptions (/0)—(s12), it is established with this result in Section A.4.2
that they are satisfied, e.g., for a large class of multivariate Lévy-driven Ornstein—Uhlenbeck
processess.

LEMMA A.3. Suppose that ||p1]|c < oo and that X is p-a.s. V-ergodic at speed & such that V1, is
locally bounded and fgo £(t) dt < co. Then, (412) holds with

rs(t) = 2C|[p1llo sup V(x)§(t—-1), ¢>1.
xeSNA

Recall that the stationary Markov process X is said to be f-mixing if

plt) = JW IPe(x, ) = p()llrv pr(dx) — .

Hence, if X is u-a.s. V-ergodic at speed £ for a function V such that u(V) < oo, then B(t) < &(t),
i.e., X is f-mixing at speed &. If there exist constants k, ¢, > 0 such that B(t) < c,e™ for any
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t > 0, then X is said to be exponentially B-mixing. This is always true for p-a.s. V-exponentially
ergodic Markov processes since in this case we can always find a nonnegative function V € L (1)
such that X is V-exponentially ergodic as well, which follows from a straightforward extension of
[65, Theorem 6.14.(iii)] to the continuous-time case. Conversely, it follows from combining [64,
Theorem 1] and [65, Theorem 6.14.(iii)] that if X is exponentially -mixing, then X is p-a.s.
V-exponentially ergodic for some function V satisfying u1(V) < co. See also [20, Lemma 8.9] or
[16, Theorem 3.7] for these statements. Exponential -mixing is formulated as assumption (s4/3)
in the next section and will be one of the pillars of our statistical analysis for the sup-norm risk.
It is therefore critical for us to understand the exact relationship between exponential f-mixing
and (s12). To this end, as a partial converse to Lemma A.3, we explore in Appendix A.I.1 under
which additional (quite natural) conditions, (s12) implies the exponential -mixing property of
X. Our main findings, taking account of Lemma A.3, Appendix A.I.1 and the developments in
Section A.2.2, are summarized in Figure A.1.

(s41)

X fulf. (42) w. © Var bound
rs(t) = Cge st . (A.7) holds

X is an .

ergodic X is p-a.s. ol <o
T-process, V-exp. ergodic

A=R4

X is exp. Var bound
B-mixing (A.8) holds

(1),
d>2

Figure A.1: Overview of interplay between variance bound results, assumptions and stability
concepts

A clear picture is drawn, demonstrating that local uniform transition density convergence at
exponential speed is intimately connected with exponential f-mixing of the process—both
concepts having p-a.s. exponential ergodicity as the driving force behind them in most concrete
applications. Both conditions (s12) and (1) gain substantial additional statistical power via the
smoothing assumption (11), which allows obtaining tight variance bounds that yield superior
estimation properties under continuous observations compared to incomplete information via
sampling procedures. This will be demonstrated in Section A.4. Moreover, the slightly more
specific localized Castellana-Leadbetter condition provides the advantage of optimal estimation
also in the scalar case d = 1 and wrt the L? risk under less restrictive assumptions on the speed
of convergence of the process (polynomial is sufficient) in any dimension, which justifies us
studying this concept separately from exponential 8-mixing.



A.2. Basic framework and variance analysis of integral functionals of general Markov processe29

A.2.2 Variance analysis under exponential B-mixing

In this subsection, we specify our study to multidimensional stochastic processes by restricting
the analysis to dimension d > 2. While we further assume that the on-diagonal heat kernel
bound on the transition density (A.4) from (<41) still holds, we drop the transition density rate
assumption (¢12) and instead impose exponential f-mixing of X. Note that this is implied by
(s12) under suitable technical conditions on X (see Figure A.1 and Propositions A.19 and A.20 in
Appendix A.1.1).

(dB) The process X started in the invariant measure p is exponentially f-mixing, i.e., there
exist constants c,, k > 0 such that

jnmx, ) =l p(dx) < e, £ 0,

Let us emphasize that in presence of the heat kernel bound (s11), Lemma A.4 below shows
that Assumption (¢10) is strengthened to the existence of a bounded invariant density since
the transition density of any skeleton chain is uniformly bounded for fixed t > 0. That is, the
following assumption is in place.

(s40+) Assumption (s10) holds and the invariant density has a bounded version p, i.e., ||p]|c0 < 0.

LEMMA A.4. Assume that X has an invariant distribution u and that there is some A > 0 such that
the transition density pa exists and Sup,. ,ega Pa(x,y) < c for some constant ¢ > 0. Then, p admits
a bounded density.

The next result gives a tight variance bound on the integral fOT f(X;) dt under S-mixing.
Its effectiveness for sup-norm estimation of general Markov processes will be demonstrated in
Section A.4. Note in particular that, using boundedness of p under (s10) and (s41), the same
rate can be obtained under (s12) from Proposition A.1. Recall the definition of i4: (0,e) — R,
in (A.7).

PropPOSITION A.5. Grant assumptions (11) and (sif3), and let f be a bounded function with
compact support 8 fulfilling A(8) < 1. Then, for any d > 2, there exists a constant C > 0 not
depending on f such that, for any T > 0,

T
Var(fo f(X%) dt) < CTIfIIZ NP llA? (8) 2 (A(8)). (A.8)

Notation. Throughout the sequel, we denote by X the class of non-explosive, exponentially
B-mixing Borel right Markov processes X such that assumptions (<10) and (41) hold (and hence
(s10+) is in place, i.e., the invariant density p is bounded). Moreover, in dimension d = 1 we
assume that (s12) is in place with a rate function rg which is monotone wrt the compact sets 8
in the sense that

(o]

8§1C 8 = ¢g, = J rs, (t)dt < J rs, (t) dt = cs, < co. (A.9)
1 1

Alternatively, if we do not want to restrict to exponentially f-mixing processes, consider the
class of processes ® consisting of d-dimensional non-explosive Borel right processes such that
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(s10)—(s12) hold, where again the constants cg appearing in (s42) satisfy (A.9). Note that if @ is
the restriction of ® containing the class of processes X satisfying the assumptions of Proposition
A.19 or Proposition A.20, then ® C X.

A.3 UNIFORM MOMENT BOUNDS FOR PATH INTEGRALS

We now turn to deriving uniform moment bounds for integral functionals of the ergodic process
X. These are intimately connected with Bernstein-type tail inequalities, which due to their
crucial importance for many probabilistic and statistical applications—such as the derivation of
limit theorems or upper bound statements for nonparametric estimation procedures—have been
excessively studied in the literature (see Section 1.1 of [40] for an overview). Both a Lyapunov
function method and a functional inequalities approach can be used for deriving results on the
concentration behaviour of additive functionals of X. [19] establish non-asymptotic deviation
bounds for

P(E Ltf(xo ds - J fdu| 2 r), ferl(u),

using different moment assumptions for f and regularity conditions for pu, “regularity” referring to
the condition that g may satisfy various functional inequalities (F-Sobolev, generalized Poincaré,
etc.). In a symmetric Markovian setting and assuming a spectral gap, Lezaud [53] uses Kato’s
perturbation theory for proving Bernstein-type concentration inequalities for empirical means of
the form fé f(Xs) ds, the upper bound depending on the asymptotic variance of f. Amongst other
methods, [40] exploit both a Lyapunov function method and a functional inequalities approach for
extending Lezaud’s result to inequalities for possibly unbounded f. Going beyond the symmetric
case, Lyapunov-type conditions can also be used for verifying exponential mixing properties,
paving the way to generalizing concentration results based on independent observations to
the dependent case. For corresponding results for discrete random (Markov) sequences under
different mixing or ergodicity assumptions, we refer to [1, 2, 10, 23, 31, 51, 58, 66, 71].

A.3.1 General framework

Our main focus in this subsection is on deriving corresponding uniform moment inequalities
of empirical processes, using merely the previously introduced assumptions (in particular, the
B-mixing property), and without imposing any additional conditions on the process. We empha-
size that for this section no assumption on the existence of transition or invariant densities is
needed, but that we only work within an ergodic f-mixing framework. Moreover, the results
are established for f-mixing Markov processes with arbitrary topological state space X, not
necessarily equal to R¢, and general mixing rate. That is, we suppose in this section that

B(t) = ant(x, ) = llry p(dx) < (),

for some rate function E(t) decreasing to 0 as t — oo. We aim to prove moment bounds for
suprema of the form

1 t
sup|Ge(g)] = Gells, for Gi(g) = —j ¢(X,) ds,
g€s \/E 0
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where the supremum is taken over entire (possibly infinite-dimensional) function classes § C
By (X) of u-centered measurable bounded functions on X. Similarly to [9] and [33], we apply the
generic chaining device for the derivation of our result. The basic strategy of the proof is splitting
the integral into blocks of length m,, constructing an independent Berbee coupling based on the
B-mixing property as described in Viennet [84], and then using the classical Bernstein inequality
for i.i.d. random variables for the coupled integral blocks to drive the chaining procedure from
[33]. The use of Berbee’s coupling lemma is a well-established method for studying empirical
processes of discrete f-mixing sequences, see [70, Chapter 8], and has recently been employed
in [4] for establishing L? oracle bounds for an adaptive estimator of the invariant density of a
class of exponentially -mixing Lévy-driven jump diffusions.

We now formulate a crucial tool for deriving upper bounds on the sup-norm risk of estimators
of the invariant density of processes X € Z. Our final moment bound on the supremum of the
process G, is stated in terms of entropy integrals of the indexing function class §. In many
applications, the corresponding assumption is straightforward to verify. For any given € > 0,
denote by N(e, G, d) the covering number of G, i.e., the smallest number of balls of d-radius ¢
needed to cover G. Furthermore, given f,g € G, let d (£, g) = ||f — |l and

g (f.8) = ot (f —g), where o7 (f) = Var(% Lt £(X) ds).

THEOREM A.6. Suppose that X is f-mixing with rate function Z(t). Let G be a countable class of
bounded real-valued functions with u(g) = 0 and let m; € (0, t/4]. Then, there exist T € [m;, 2m;]
and constants C1, Cy > 0 such that, forany 1 < p < oo,

1/ _ oo _ IS
([E [||Gt||§]) P <C J log N(y, G, %dm) du + Cy J VlogN(u, S, dg ) du
0 0

om, N N 1 . (A.10)
+asup (T lgllotip + gllo. VB + S llglle VEE(m) 7).
g€y \/E

for positive constants c1, ¢z defined in (A.33).

Remark A.7. Consider p = 1 and the specific choice of m; = k™! logt in case of exponential
B-mixing rate Z(t) = ¢, exp(—«t). Then, the above result implies that

« « logt
E[IGlls] < J log N(u, 9, %8*deo) du+ |  IogN(u, 5, de,) du +sup (_g”g”oo + ||g||G,T)_
0 0 ges \ Vit

If we considered the related discrete time problem of finding uniform moment bounds for additive
functionals # Yk—o&(Xk) of a Markov chain (X,)en, and assumed exponential ergodicity of
the chain, using the state of the art Bernstein inequality given in [1, Theorem 6] (see also
[51]) for the generic chaining procedure would yield an analogous result with an asymptotic
version of the variance norm. In particular, the log-scaling of the sup-norm is also present in
the discrete time case as a consequence of exponential ergodicity, whereas in the i.i.d. case this
factor would disappear. Our direct coupling approach therefore yields tight uniform moment
bounds and makes the contribution of the mixing term transparent, which paves the way for
studying nonparametric implications of sub-exponential mixing rates for sup-norm estimation
problems in continuous time.
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To get a first taste of the consequences of Theorem A.6, consider the trivial situation where
§G is a singleton set. This allows the study of rates for the LP-version of von Neumann’s ergodic
theorem' for continuous-time ergodic Markov processes which states that, for g € LP (),

1 (7 ,
| ea e, mre.
T 0 t—00
Indeed, B-mixing implies strong mixing such that the o-algebra of shift invariant sets is P-trivial
and hence the ergodic theorem is satisfied.

CoRrOLLARY A.8. Suppose that X is exponentially f-mixing. Then, there exists a constant C > 0
such that, for any T > 0, 1 < p < oo and any bounded, measurable function g,

1 (" 1
L") de- pia)], < Opllgh k.
|7 |, sxoa-nol], , = coleloz
If X is polynomially mixing of degree a > 1, i.e., E(t) < t™%, then forany p > 1 and T > 4(@*+p)/«
we have

I+ [ senrac-nia,, <l 2]
T, X de—n@|, < llglls :

A.3.2 Deviation inequalities for suprema of empirical Markov processes

Theorem A.6 provides a foundation for the derivation of deviation inequalities, as they are
needed, for example, for bounding the sup-norm risk of estimators and for the convergence
analysis of adaptive estimation procedures. We will focus on the question of invariant density
estimation for Borel right Markov processes, introduced and discussed in Section A.2. Recall the
definition of £ and © at the end of that section. Given the observation (X;)o<s<r, a natural kernel
estimator for the invariant density p on a domain D of a Markov process X € X U @ is given by

T
phr(x) = %J Kp(x —X,)ds, xeRY  where Ky(-) == h"9K(-/h), h >0, (A.11)
0
for some smooth, Lipschitz continuous kernel function K: RY — R with compact support
[-1/2,1/2]4. The knowledge of the invariant density is not only a question of its own interest,
but is also needed, among other things, for the implementation of drift estimation procedures
or data-driven methods of stochastic control. Furthermore, this specific estimation problem
can be regarded as an acid test for the quality of the statistical analysis: It is known that the
invariant density of (possibly multidimensional) diffusion processes can be estimated with a
faster convergence rate than is feasible in the classical discrete i.i.d. or weak dependency context.
However, these superior convergence rates can only be verified with sufficiently tight estimates
in the proof of the upper bound, more precisely, for the stochastic error part appearing in the
decomposition

phr(x) = p(x) =Hpr(x) + (p* Ky — p)(x), for Hpr(x) := prr(x) — E[prr(x)]. (A.12)

While the bias part is bounded using standard arguments, tight upper bounds on (the supremum
of) the stochastic error require specific probabilistic tools.

1Not referring to the LP-statement as Birkhoff’s ergodic theorem is not without reason, see [89].
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The following uniform deviation inequality is central for our statistical analysis. Its proof
requires bounding E[sup,.p |Hn7(x)|?] which is done by applying Theorem A.6 to the function
class

g = {E((xm)/h) 1x € Dﬂ@d}, where K((x—-)/h) = K((x=-)/h)—p(K((x=-)/h)), (A.13)

for some kernel function K as in (A.11) with Lipschitz constant L wrt to the sup-norm |||, and
the bandwidth h chosen in (0, 1).

Recall that any X € X, by definition, is exponentially f-mixing, i.e., f-mixing with rate
function Z(t) = c,e™™ for some constants c,, x > 0.

LEMMA A.9. Suppose that X € ® U X and additionally assume in case X € © that X is -mixing
with strictly decreasing rate function E(t). Then, for any ur > 1 such that E=*(T™%") € o(T) and
T2 < h = hy € o(1), there exists a constant c¢* > 0 such that for large enough T

—~ —~ Lfur+logT_ _, _1 _u
P([[Brr ~ EBr oy = € (%u Ty + T3 (h)ar vlog<h-1>)) e,

In particular, when X € 3, for any y > 0 and ur € [1, y log T] there exists a constant c, > 0 such
that for large enough T

P(”ﬁh,T - [Eﬁh,T”Lm(D) > ¢y Yp,r(ur) ) <e™,

where

u(logT)? 1 d —
Yir(u) = —d + T 2¢pg(h*)Vu Vv log(h™1), u=>1. (A.14)

A4 SUp-NORM ADAPTIVE ESTIMATION OF THE STATIONARY DENSITY

In this section, we demonstrate the effectiveness of our previous results and probabilistic tools in
a concrete statistical application. We already introduced the general form of the kernel invariant
density estimator in (A.11). In order to quantify the speed of convergence, we will now analyse
its convergence behaviour under standard Holder smoothness assumptions, i.e., we focus on the
problem of estimating the invariant density p on a domain D of a Markov process X € £ U ©
with p|p € Hp(B,L) (as introduced in (A.3)). For stating our statistical results, we define

log T _
1/4T, d=1, \N T d=1,

logT _
Dgp(T) =44 /IO%T, d=2, and Yuu(T) =< "> d=2, (A.15)
. logT _Zﬂfd—z
T %2, d >3, (%) , d>3.

Note that these convergence rates have already been identified in the literature as being
optimal in the minimax sense, where @, g(-) is associated with the pointwise or L2 risk, while
W4,5(-) contains an additional logarithmic factor as it inevitably arises when passing to the
examination of the sup-norm risk.

For the case d = 1, we refer to [49, Section 4.2]. The multivariate case is less classical.
For a class of multivariate reversible diffusion processes satisfying spectral gap and Nash-type
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inequalities, W g(-), d > 3, has been identified in [76] as the minimax optimal convergence
rate (cf. Theorem 3.4 and Theorem 3.6). For d = 2, a uniform upper bound of order ¥, g(-) is
stated in (1.7) in [76], which can be complemented with a lower bound obtained using similar
arguments to the proof of Theorem 5 from the current reference [5]. Adapting the strategy
from [76] to the simpler case of pointwise L? risk one can verify minimax optimality of the
rates &g g for reversible diffusions, which has also been carried out explicitly in [5] for a class of
exponentially ergodic diffusions under explicit boundedness and smoothness constraints on the
coefficients.

Given the benchmark results mentioned above, the rates introduced in (A.15) will be referred
to as “optimal” in what follows. However, we actually do not target the verification of optimality
in the minimax sense, since this would require in particular to verify upper bound statements
holding uniformly over entire classes of processes. Controlling the constants involved in mixing
inequalities is known to be extremely challenging and can only be achieved by adding further
assumptions to the processes under consideration.

All proofs of this section are given in Appendix A.III. Throughout, K denotes a ||-||-Lipschitz
kernel of order £ and with Lipschitz constant L that is supported on [-1/2,1/2]¢.

A.4.1 General framework

Depending on the concrete application, one might be interested in quantifying the accuracy of
estimators in terms of different risk measures. Our findings from Section A.2 immediately imply
an upper bound on the classical mean squared error at some fixed point x € R<.

COROLLARY A.10. Suppose that X € ZU®. For x € R such that there exists an open neighbourhood
D c R? of x such that p|p € Hp(B,L), B € (0, £ + 1], it holds for the kernel estimator

I~ _1/)’, d < 2, O, ,
[E[(ph’T(x) - p(x))2] € O((Dcztﬂ(T))’ ¥h=h) ~ {;—1/(2ﬂ+d—2) d i 3 re©n

We now turn our focus to the technically significantly more involved problem of sup-norm
adaptive invariant density estimation for processes from the class £ having Holder continuous
invariant densities. We demonstrate that optimal estimation rates in any dimension are achieved
by kernel estimators pr j, as introduced in (A.11) for a suitable choice of the bandwidth h. While
in dimension d = 1, 2 the optimal bandwidth has the remarkable property of being independent
of the (typically unknown) order 8 of Holder smoothness, this is not the case in higher dimensions
d > 3. In order to remove f3 from the bandwidth choice, we need to find a data-driven substitute
for the upper bound on the bias in the balancing process. Heuristically, this is the idea behind
the Lepski-type selection procedure suggested now:

1. Specify the discrete set of candidate bandwidths

log ;) T (log T)®
T

1
e
FHr = %T(,k) =1h = r]_l : 1€ Np, rfl > ( ) , 1> 1 arbitrary,

for arbitrarily chosen k € N, and denote by hpi, the smallest element in the grid #r. Here,
log i T denotes the k-th iterated logarithm, iteratively specified by log ) T := loglog;_1) T
and logg, T =T, which is well-defined for T large enough.
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2. Define hr = ﬁ;k) by letting

hy = max{h € ¥r : ||[5h,T - Eg’T”L“’(D) < A Phyin1llz=(0)0(g, T) Vg < h, g € %T}:

(A.16)
where, for 4(-) introduced in (A.7),

log ) T (log T)?
Thd

log k) T log(h™1)

o(h,T) = T

1og(h—1)+¢d(hd)\/ , he¥r. (A17)

Letting ||-||~(p) denote the restriction of the sup-norm to a domain D C R?, we obtain the

following result.

THEOREM A.11. Suppose that X € %. Let D c RY be open and bounded. Suppose that p|p €
Hp(B, L) with B € (1,£+1] ford=1and B € (2,€ + 1] ford > 2. Then, forany p > 1,

" log? T/T, d=1,
(E[Ihr = ol |) € O(Pap(D), ik =n(r) ~ {10gT /T4 d=2,
(logT/T)/(2B+d=2) 4 > 3,

For the adaptive bandwidth scheme, let ET = il\;k) be selected according to (A.16) for some k € N.
Then, if p|p € Hp(B, L) with B € (2, € + 1], we have in any dimension d > 3,

[E[Hﬁﬁﬂ - p||L°°(D)] < O(( T

While the scheme of the proof of (A.18) is close to the proof of the result on nonparametric
density estimation based on i.i.d. observations in [41], the established convergence rate (recall
the definition (A.15)) clearly reflects the fact that the invariant density of stochastic processes can
be estimated faster than in the classical i.i.d. context. This is well-known for ergodic continuous
diffusion processes (see [28, 76]), but, as we will show in the sequel, the result is fulfilled for a
much larger class of stochastic processes. The additional log-factor occurring in the definition of
W45 (+) represents the common price to be paid when switching from the pointwise error control
(described by @4 4(+)) to bounding the sup-norm risk.

Remark A.12. (a) The conditions on the Holder index f stated in Theorem A.11 are due to
two different reasons: On the one hand, in dimension d < 2, we chose a bandwidth not
depending on f which still achieves the optimal balance between bias and stochastic error.
By choosing a bandwidth dependent on 8 (as in Corollary A.10), restrictions on 3 could
be avoided. However, for the implementation of estimators it is advantageous to be able to
choose a bandwidth independent of the typically unknown smoothness . On the other
hand, in dimension d > 3, the assumption on f3 is an unavoidable effect. The coupling error
leaves us no other choice but to select the interval block length mr in the decomposition
of (A.11) of order log T, which forces B > 2 to balance out bias and stochastic sensitivity
of the estimator. We emphasize that this is not an artifact of our proof strategy since the
additional log-factor also appears in the optimal Bernstein inequalities for geometrically
ergodic Markov chains in [1, 51]. The restriction on 8 can therefore be considered as a
price that must be paid for the generality of our exponential f-mixing assumption.
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(b) The logarithmic gap (of arbitrary iterative order k) between the adaptive rate (see (A.18))
and the optimal rate ¥y in dimension d > 3 (see (A.15)) is not a consequence of
suboptimality of arguments used in the proof. Rather, it is a deliberate choice motivated
by our desire to introduce a truly adaptive selection procedure that does not rely on the
specification of obscure constants. To be more precise, a key step in the proof of the upper
bound for the adaptive approach requires quantifying the concentration of the estimator
pn,r around the variance proxy o(h, T) from (A.17), which is handled with the deviation
inequality from Lemma A.9 involving the term Y r(y logT) (see (B.11)). If we remove

the factor log i, T in the variance proxy o(h, T), we obtain

QBT 1og(ht) + (it 2B

~ Y} logT).
TH T hr(ylogT)

In this case, an exact quantification of the constant ¢, from Lemma A.9 is mandatory,
which would then be included as an additional factor in the specification of }AIT in (A.16).
Together with an adjustment of the candidate bandwidths #, this would allow us to close
the logarithmic gap and hence obtain optimal rates for the adaptive procedure.

However, ¢, is of the form y X C(D, L, k, ¢, c2)—where we recall that c,, k determine the
mixing coefficient and c; is a constant appearing in the heat kernel bound from Assumption
(s11)—and therefore can only be bounded with explicit knowledge/assumptions on the
process. We avoid this fundamental problem in our procedure to not shift the problem
from unknown exact smoothness to unknown exact ergodic and small time behaviour, with
the price to be paid being a logarithmic loss. In this regard, our approach differs from
the bandwidth selection procedure for the L? risk in [4], which relies on the choice of a
“sufficiently large” constant k that cannot be exactly specified or efficiently chosen in a
data-driven way.

Our previous results rely on the very general conditions (¢10) and (s11) as well as assumptions
related to the speed of convergence to the invariant distribution, (s12) and (s1/3). For statistical
purposes, however, it is essential to derive results under conditions on the coefficients of the
underlying process as easily verifiable as possible. For this reason, the next two subsections
are devoted to investigating specific classes of jump diffusion processes and explicit conditions
on their underlying characteristics such that the above assumptions are satisfied and hence
statistical conclusions can be drawn from our general theory.

A.4.2 Example: Lévy-driven Ornstein—-Uhlenbeck processes

As a first example, we discuss estimation rates of d-dimensional Lévy-driven Ornstein—Uhlenbeck
processes as representatives of Lévy-driven jump diffusions with unbounded drift coefficient by
establishing assumptions on the characteristics of the Lévy process that guarantee X € £ U @©.

Let Z be a d-dimensional Lévy process with generating triplet (a, Q,v), where a € RY,
Q € R is a symmetric positive semidefinite matrix and v is a measure on R? satisfying
v({0}) =0 and fRd(l A |lx||?) v(dx) < oo such that E°[exp(i(Z1,0))] = exp(1(0)) with

b(6) = i{a, 0) %(QQ, 0) +J (ei<x’9> —1-ix, 9>ﬂ3(0,1)(x)) v(dx), 0eRY

RI\{0}
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where B(0,1) = {x € R? : ||x|| < 1}. Then, given some matrix B € R4, a Lévy-driven
Ornstein—Uhlenbeck process X is a solution to the SDE

d.Xt = _BXt dt + dZt,

given by

t

X, = e 8x, +J e 9B qz.. t>0.

0
We suppose that the real parts of all eigenvalues of B are positive, implying that e 8 — 04,4 as
t — oo, and assume the following moment condition

J log||z|| v(dg) < co. (A.19)
llz]>2

Then, X is a Markov process on R? with invariant distribution p such that

(o]

{Fu}(u) = exp (J l,b(e_SBTu) ds), ueRY,

0

t
and @y (u) = exp (i(x, e BTy) + J ll)(e'SBTu) ds), u,x Ryt >0,
0

see [72, Theorem 3.1, Theorem 4.1]. Let us now introduce the following conditions.
(61) rank(Q) =d;

(62) f{”x||>1}||x||pv(dx) < oo for some p > 0;
©3) [ o1y d08lIxIN ¥ (dx) < oo for some a > 2.

These assumptions are borrowed from [57], [55] and [48], where (sub-)exponential ergodicity
and exponential B-mixing of OU-processes are investigated. (01) guarantees the strong Feller
property of X and the existence of a C;°-density for P(x, -), x € R4 ([57, Theorem 3.1]). Similar
arguments to the ones in [57, Theorem 3.2] also show that under (©1), p admits a Gg"-density
p. (062) and (63) are moment assumptions on Z, where (©3) in absence of (©2) corresponds to
an extremely heavy-tailed distribution and represents a minor strengthening of the necessary
and sufficient criterion (A.19) for stationarity of X.

Based on the results from [48, 55, 57] together with our investigations in Sections A.2 and
A.4.1, we can obtain the following result which is proved in Appendix A.III.

THEOREM A.13. Suppose that (01) holds. Then, in any dimension d € N, (s41) holds with

sup pi(x,y) St te(0,1]. (A.20)

x,yeRd
If, additionally,
(@) (©2) holds for some p > 0O, then, foranyd > 1, X € 2N O,

(i) (©3) holds, then, ford =1, X € @©.
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Let d > 1 in scenario (i) and d = 1 in scenario (ii). Then, for arbitrary B € (0, ¢ + 1], we obtain
for any x € R? that

E|(p; 2| eo(@? (1)), ifh=h(r)~{" d<2,
[P () = pG)*| € O(@E M), i h=h(T) ~ 4 i D
and for any bounded, open domain D ¢ R? and p > 1 that in scenario (i)
y log® T/ VT, d=1,
—_ p .
[E[llph,T - plliw(m] € O(¥4p(T)), ifh=h(T) ~ logT/T'/*, d=2,
(log T/T)Y/(2+d=2) 4 > 3,

Remark A.14. (a) Since we can choose B > 0 arbitrarily large, we make the remarkable
observation that, in the scenarios described above, for any £ > 0 we can obtain the almost
superoptimal rates T~(1*) and (log T/T)/(2(1+9) in any dimension d > 3 for the pointwise
L? and sup-norm risk, respectively. Moreover, in any dimension, an adaptive choice of the
bandwidth is not necessary.

(b) The result demonstrates that even under much less stringent assumptions (logarithmic
moments and unbounded drift) compared to the class of processes studied in the next
section, there are examples of jump diffusions with Lévy-driven jump part for which
optimal estimation results are feasible. It is therefore an interesting question for future
research to determine more general coefficient assumptions based on a linear growth
condition on the drift that yield optimal estimation properties.

A.4.3 Example: Non-reversible Lévy-driven jump diffusion processes

The goal of this section is to show that solutions of the d-dimensional SDE, d € N,

t t t
X, = Xo +J b(X,) ds+J o(X;) dW, +J J y(Xs-)z N(ds, dz) (A.21)
0 0 0 JRd

satisfy assumptions (10), (s41) and (1) which then allows using Theorem A.11 to bound
the sup-norm risk of the kernel invariant density estimator. Here, 6: R — R%4 y: R4 —
R4 p: R4 — RY W denotes an R9-valued Brownian motion, N is a Poisson random measure
on [0, o0) x R4\ {0} with intensity measure u(ds, dz) = ds ® v(dz), and N denotes the compen-
sated Poisson random measure. Moreover, v is a Lévy measure and we assume that N, W and X
are independent. Note that, if z — y(x)z is in L' (R9\By, ) for all x € R?, (A.21) is equivalent
to

t t
X, = Xo+ J b*(X,) ds + I o (X;) dW,
0

0 (A.22)

)z N(ds,d t Ve N(ds, d2),
+jo annsl})(X 2N (ds Z)+Jo le||>1y(X )z N(ds, dz)

with b*(x) = b(x) — I||z (x)zv(dz) and By := {z € R : ||z|| < 1}. We assume the following.

1Y
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(1) The functions b, y, o are globally Lipschitz continuous, b and y are bounded, and, for x4
denoting the d X d-identity matrix, there exists a constant ¢ > 1 such that

C_lﬂdxd < 00" < clgxd,
where the ordering is in the sense of Loewner for positive semi-definite matrices.

(§2) v is absolutely continuous wrt the Lebesgue measure and, for an a € (0, 2),
(x,2) = [y ()z]| v (2)

is bounded and measurable, where, by abuse of notation, we denoted the density of v also
by v. Furthermore, if @ = 1,

J p(x)zv(dz) =0, foranyO<r <R < oo, x € RY,
r<|ly(x)zll<R

(§3) There exist ¢1,cy > 0 and g > 0 such that

(6, b(x)) < —callx|l, Vx:l[lx|l >c2, and J lIz[1%e™ "y (dz) < co.
Rd

In [4], the authors also investigate L? invariant density estimation for jump diffusions and
use a similar approach for formulating requirements on the diffusion coefficients which imply
their respective heat kernel bound and mixture assumptions. The conditions however are more
restrictive and, in particular, the case of continuous diffusions cannot be handled within their
framework since it requires supp(v) = R¢ and det(y(x)) > ¢ for some constant ¢ > 0 and all
x € Re. In [6], the authors improve the L? rate for dimension d = 1 from [4] to the parametric
rate 1/T by imposing an additional smoothness restriction on the jump measure. Our main
contribution in this section is to show that under the less stringent assumptions above, optimal
convergence rates can be achieved not only wrt the L? risk but even wrt sup-norm risk in any
dimension. In particular, reversible diffusion processes satisfying the drift and dispersion matrix
assumptions fall into the above process class, such that the minimax lower bounds from the
literature (see section A.4.1) suggest sharpness of our estimation rates.

Note that (§1) and ($3) directly imply y(x)z € LY (RY\By,v), so (A.21) and (A.22) are
equivalent. The subsequent lemma shows that, under the given assumptions, there exists a
pathwise unique strong solution for (A.21) and that the conditions of Corollary 1.5 of [21] hold,
implying the heat kernel bound (A.23). All proofs can be found in Appendix A.III.

LEMMA A.15. Let (31)-(33) hold. Then, (A.21) admits a cadlag, non-explosive, pathwise unique,
strong solution possessing the strong Markov property, and the assumptions (H*) and (H*) of [21]
hold.

Let X be the unique solution of (A.21) described in Lemma A.15.

COROLLARY A.16. Let ($1)-(%$3) hold. Then, transition densities (p;)e>o exist and there are
constants C, A > 1 such that the solution X of (A.21) satisfies the following heat kernel estimate for
all x,y € RI0<t<1,

Tt exp(=Allx — ylI*/¢) + (inf, cpa eSS inf, ega Ko (x, 2))t(||x — y|| + 1) 7077)

(A.23)
< pe(x,y) < C(e 2 exp(=[lx = ylI*/(A8)) + lIrcalloot ([l = yll + /%)),
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|d+a

where k4 (x, 2) = ||y (x)2||*"*v(2). In particular, assumption (s11) is satisfied.

Now our goal is to show that the solution X of (A.21) fulfills the fundamental assumption
(10+) and exponential ergodicity along with the mixing property (<if3). First, observe that
(1) implies that b € Cp(R%;RY) and 0,y € € (RY; R??) and hence Theorem 6.7.4 in [7]
guarantees that the unique cadlag Markov process X solving (A.21) is Feller and therefore Borel
right. Further, Corollary A.16 in particular implies the existence of bounded transition densities
and thus, by Lemma A.4, it suffices to show the existence of an invariant distribution. This
will be done as a byproduct while proving exponential ergodicity and the exponential mixing
property (s13). For this, we will employ results of Masuda [55] which are again based on the
theory of stability of continuous-time Markov processes of Meyn and Tweedie [62]. These lead
us to the following proposition.

ProprosITION A.17. Grant assumptions ($1)-($3). Then, an invariant distribution exists, X is V-
exponentially ergodic with locally bounded V and the process X started in the invariant distribution
u is exponentially f-mixing.

Gathering the results of Corollary A.16 and Proposition A.17 and employing Lemma A.3
now yields that (s10)—(s42) and (¢1f3) are fulfilled for the solution X of (A.21),i.e., X € 2N O. In
particular, the results from Section A.4.1 can be applied.

THEOREM A.18. Let D ¢ R? be open and bounded and assume (§1)-(33). If plp € Hp(B, L) with
Be(l,€+1]ford=1and B € (2,€+1] ford > 2, then, the sup-norm risk of the kernel estimator
defined in (A.11) is of order

» O(+\/logT/T), d=1, log® T /T, d=1
E IIEh,T—pllfww)] € 10(log T/NT), d=2, ifh~{logT/T"4, d=2,
O((logT/T)P/(2B+d=2)) = > 3, (logT/T)~V/(2+d-2) " 4 >3

forany p > 1. If ET = E;k) is chosen adaptively according to (A.16) for some k € N, then for any
d>3,
log i T logT)ﬁ/(23+d‘2))

e[l ol | 0| (227

Moreover, for any x € RY such that p|p € Hp(B, L) for some B € (0, £ + 1] and a neighborhood D
of x, we have the pointwise L? risk estimate

O(1/1), d=1,
—~ 2 ( / ) . T_l/y; dSz;VS.B,
[E[(ph,T(x) - p(X)) ] € O(lOgT/T), d= 2: lfh ~ T—l/(2ﬂ+d—2) d>3
O(T—Zﬁ/(2ﬂ+d—2)), d>3, ? -



APPENDICES

A.l SUPPLEMENTS OF SECTION A.2

ALl Assumption (s12) and the exponential -mixing property

As in the rest of the paper, we will assume in this section that X is a Borel right Markov process
with unique invariant distribution p possessing a Lebesgue density p. Let us start by collecting
some important definitions in the realm of stability theory of Markov processes. We say that X
is y-irreducible for some o-finite measure ¥ on its state space if p(B) > O for some Borel set B
implies .
U(x,B) = I Pi(x,B)dt = E*[ng] > 0
0

for any x € RY, i.e., the expected sojourn time ng of X in B (or, equivalently, the potential of
B), where ng = Jgo 1ix,ep)y dt, when X is started in an arbitrary state is strictly positive. If for
B € B(RY), i(B) > 0 even implies P*(ng = c0) = 1 for any x € RY, we say that X is Harris
recurrent and that b is a Harris measure. Harris recurrent Markov processes having an invariant
distribution (which is unique in this case) are called positive Harris recurrent. A Borel set C is
called small if there exists T > 0 and a non-trivial measure v on the state space such that

Pr(x,-) >2v(:), xeC.

Petite sets generalize the notion of small sets. We call a Borel set C petite if there exists a sampling
distribution a on (R,, B(R,)) and a non-trivial measure v, on the state space s.t.

Kq(x,-) = LOO Pi(x,-)a(dt) = vq(-), xe€eC,

i.e., small sets are petite sets with sampling distribution a = 67 for some T > 0. All three concepts
have obvious counterparts for discrete-time chains. If moreover the y-irreducible process X
possesses a small set C such that )(C) > 0 and there is T > 0 such that P,(x,C) > 0, Vx € C,
t > T, we say that X is aperiodic.

These notions are of central importance in the theory of stability of Markovian processes on
general state spaces in both discrete as well as continuous time. In discrete time, the existence
of small sets allows the construction of a related Markov chain via the technique of Nummelin
splitting, which shares the same stability properties with the original chain but possesses an
atom. This in turn allows to transfer well-known reasoning in Markov chain theory on countable
state spaces to the general state space situation with renewal arguments. With the Meyn and
Tweedie approach to stability of continuous-time Markov processes, which heavily involves the
aforementioned concept of aperiodicity, we can then infer stability properties through sampled
chains, generalizing discrete-time results to continuous time. For a complete picture in discrete
time, we refer to the monograph [60]. Continuous-time theory was developed in the 1990s in a
series of papers [35, 59, 61, 62] and many other subsequent contributions.

We see that these concepts are quite natural when we aim to infer stability of general Markov
processes, and we need no more than irreducibility as well as the property that compact sets are
small together with exponential decay in (A.5) to infer exponential -mixing of the process.

41
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PROPOSITION A.19. Suppose that X is -irreducible and that every compact set 8 ¢ R? is small.
Moreover, let (s12) be satisfied with A = R4 and

Tg(t) = Cge_Kst, t>0, (A.24)
with constants Cs, kg > 0. Then, X is exponentially B-mixing.

Proof. Let 8 ¢ R? be compact such that A(8) > 0. Since R? can be covered by countably many
compact sets and the irreducibility measure 1 is o-finite, we can also assume that (8) > 0
and u(8) > 0. Letting (P;);>o denote the semigroup associated to X, we obtain from (A.5) and
(A.24) that, forany x € Sand t > 0,

|Pe(x,8) — u(8)] < J Pe(x,y) = p(y)| dy < Cse™A(8) = Cse ™",
S

with Cs = CsA(8). Since u(8) > 0, this implies in particular that there exists T(8) > 0 such
that P;(x,8) > O for all t > T(8) and x € 8. Since § is small by assumption, it follows that X
is aperiodic. Hence, by Theorem 5.3 in [35] and the remarks thereafter, there exists (a) an
extended real-valued measurable function V > 1 such that, for some T > 0, we have

PTV(X) < /’[V(X) +blg (A.25)

for some 0 < A < 1, b > 0 and a small set ® € B(R?) and (b) a set Sy C {V < oo}, which is full
and absorbing—that is, 1 (Sy) = 1 and Pr(x, Sy) = 1 for any x € Sy—such that X restricted to Sy
is exponentially ergodic in the sense

IPe(x, ) = plltv < CV(x)e™, x €Sy, (A.26)

for some constants C,x > 0. Noting that (A.25) implies

AV < -V +

1

1-2°°

withV=V/(1- 1) > 0 and A := Py — I, it follows from Theorem 14.0.1 in [60] that (V) < .
The claim on exponential -mixing of the process now follows from (A.26) since

1P (x, ) — pillry () < c:e-'“j V(x) p(dx) = Ge ™,
Sy

j 1P(x, ) — mllry p(dx) =
Rd

Sy

for any t > 0, where finiteness of C = Cu(V) was discussed above and for the first equality we
used that Sy is full. [ ]

Compactness of small sets can be inferred for a quite general class of Markov processes. We
say that X is a T-process if there exists a non-trivial continuous component for some sampled
chain, i.e., there exists a sampling distribution a on (R, B(R,)) and a non-trivial, lower semi-
continuous kernel T on the state space s.t.

Ka(x, ) 2 T(X, ')) X € Rd-

Many processes in applied probability can be shown to be T-processes such as price processes
driven by Lévy risk and return processes [67], certain piecewise deterministic Markov processes
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used for MCMC [11] or queuing networks [34]. Moreover, any open set irreducible weak
Cp-Feller process is a T-process (cf. [81, Theorem 7.1]). Markov processes having the strong
Feller property—that is, the semigroup satisfies P, B, (R%) c €,(R?) for all t > 0—are trivially
T-processes, since any operator P; is a continuous component for itself. Here, we denoted by
Cy(RY) the family of bounded, continuous functions on R and by B (R?) the family of bounded
Borel functions on R¢. The strength of Markov processes with the strong Feller property—and
T-processes as a generalization of such processes—comes from making possible to connect
distributional properties of the Markov process induced by the semigroup and topological
properties of the state space, thus allowing to use knowledge of the topology to infer strong
stability results of the Markov process. Classical examples of Markov processes with the strong
Feller property are Lévy processes with absolutely continuous semigroup with respect to the
Lebesgue measure [45, Theorem 2.2], diffusion processes with hypoelliptic Fisk—Stratonovich-
type generator [46, Lemma 5.1], diffusion processes on Hilbert spaces under appropriate
assumptions on the coefficients [68, Theorem 1.2], or solutions of different classes of parabolic
SPDEs [25, 26, 38, 54]. More recently, the strong Feller property was discussed for switching
(jump-)diffusions [86, 88], for jump-diffusions with non-Lipschitz coefficients [87], or Markov
semigroups generated by singular SPDEs such as the KPZ equation in Hairer and Mattingly [44].
For an account discussing conditions for which (weak) Cp-Feller processes are even strong Feller,
we refer to Schilling and Wang [73].

Let us now infer the exponential B-mixing property for T-processes given exponential decay in
(A.5) and, as a natural mixing requirement, ergodicity in the sense of total variation convergence
to the invariant distribution, i.e., ||P¢(x, ) — u||Tv 2 0, Vx € RY. Note that indeed, dominated

convergence shows that any stationary, ergodic Markov process is f-mixing.

PROPOSITION A.20. Let X be an ergodic T-process such that (s12) is satisfied for rg given as in (A.24)
and A = RY. Then, X is positive Harris recurrent, every compact set is small and X is exponentially
B-mixing.

Proof. For the exponential f-mixing property, it suffices to check that every compact set is
small by Proposition A.19, since ergodicity clearly implies p-irreducibility of X. We prove this
property together with positive Harris recurrence at once. To this end, for a given £ > 0, choose
a compact set C ¢ RY such that 11(C) > 1 — e. Then, for fixed x € RY, ergodicity guarantees
that lim,,., P*(X; € C) > 1 — ¢, and hence X is bounded in probability on average as defined
on p. 495 of [61]. Since X is an irreducible T-process, Theorem 3.2 and Theorem 4.1 of the
same reference yield Harris recurrence and petiteness of compact sets. It remains to show that
small and petite sets coincide for the given process. The reverse implication of Theorem 6.1 in
[61] guarantees that there exists an irreducible skeleton X* = (Xna)nen, for some A > 0 thanks
to ergodicity and positive Harris recurrence of X. Proposition 6.1 in [61] therefore implies
equivalence of small and petite sets, which finishes the proof. [
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A.L2  Proofs for Section A.2

Proof of Proposition A.1. Without loss of generality, let T > 1 be fixed. Then, using the Markov
property and the invariance of p, for any § € [0, 1],

T T 2
Var(L %) ds) _E (L (F(%) —[Ef(Xo))dS)

T u
ZEU f (F(Xo) — Ef(X0))(f (Xues) — E£(X0)) ds du]
0 0

rT ru
= 2| | (ELF00)f ()] - (B (50)%) ds
rT ru
- 2 [ﬂ OO F () Pucs (, y) dypa(d) — f £(x) n(dx) J FWp() dy] ds du
Jo Jo Rdxd
rT pu
- 2 f f FOO W) (Pucs (x5, 9) — p()) dy () ds du
JOo JO JA JRC

2(9(0,6) +3(8,1) +3(1,T)),

with (substituting v = u —s)

b
@h) = [ =0 | | F0f e - pw) o dyds, 0<a<b<r.

It follows from the assumption on the convergence of the transition density in (A.5) that

T
ILT) < j (T-v) sup Ipo(x,y)—p(y)|dv ﬂ () F(y) u(d) dy
1 x€SNA,y€8 RIxRd
<

T
< TIFIIZAS)(S) L rs(v)dv < csTIFIZAS)H(S).

It remains to consider the first parts of the integral. We now restrict to dimension d > 3; the
remaining cases are handled with analogous arguments. Note first that

8
10, < T [ || pwp@odya = TisZuss. @)

On the other hand, the heat kernel bound (A.4) gives for any x,y € RY,

1 1
J pu(x,y)dv < CZJ v 424y = cé6l—d/2,
J s

where c; = 2/(d - 2)ca. Letting § = (A(S))2/? and exploiting that A(8) < 1, it follows

1
6. < IR [ || ptxwn@dyay < grifRR© ().
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Proof of Lemma A.3. By the semigroup property of (P;);>o and invariance of u we have for any
t>1andy e RY and p-a.e. x € RY,

P =] < | el () - p(o)] ds

<lplle | Ipeae) - p(a)lds
= 201 lollPecs () ~ pllry < 2l leCY(E(E - 1),

where the equality follows from Scheffé’s theorem, see [80, Lemma 2.1]. Thus, for any compact
set 8 and rs(t) = 2C||p1llco SUP,esnp V(X)E(t — 1), it follows that

[se]

j sup |pt(x,y>—p(y)|dtsj rs(t)de < sup V() [ £ < oo,
1 xe8NA,yes 1 x€8NA 0

by local boundedness of V1, and the convergence assumption on &, which yields (12). [

Proof of Lemma A.4. Let B € B(RY) such that A(B) = 0. Then, it holds that

u(B) = || patr) dymian =0,

which yields the existence of a Lebesgue density p of u by the Radon-Nikodym theorem. Now,
let B € B(R?) such that A(B) > 0. Arguing as above and using boundedness of p,, we get

[, () A(dx)
———— <.c.
A(B)

Now the Lebesgue differentiation theorem yields ess sup p < ¢, and defining

pp(x) = p(X) Lo (p(x)), x € RY,
we have p = p, almost everywhere and p;, < ¢ which completes the proof. [

Proof of Proposition A.5. Let 0 < § < 1 < D. Analogously to the proof of Proposition A.1, one
can compute that

T T
var [ o ar) =2 -0 [ 050000 = ptw) ) dyw

<oz ([ [ mwvn@oavas [ [[ einn -pwnnanaa)
= 2T | flIe (Js + Ip + In),

where Js = j(f [Jg2 pv(x, y)p(dx) dy dv, Tp = | 6” [Jg2 pv(x, y)p(dx) dy dv and

T
= || ) - ) (e .
D Js
As before (see (A.27)) and under our additional assumption that p is bounded, it holds

Js < 1(8)8 < |lpllA(8)8. (A.28)
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Furthermore, exploiting the mixing property of X,

T T
Cx _y
Ir < f jnmx, ) = nO)hva(do dv < cKj ey < EePLpn (D). (A29)
D D

By assumption (1), p,(x,y) < cov™ /2

which implies

, for 0 < t < 1. Hence, we have py/2(x,y) < 2412 = Cp

pe(x,y) = J pe-1/2(x,2)p1/2(2,y) dz < cp,

forallt > 1/2. Since § < 1 < D, it follows

D 1
f po(,y) dv < czj

1
6 ) U—d/Z dv +CpD1(1,oo) (D) < CS’D(Ia 1_}_d/2 dv +D1(1,oo) (D))

for csp = ca +cp. For d > 3, this implies

D 1
J pu(x,y)dv < cs,D(J v 2 dy + Dl(l’oo)(D))
8 8

< C6,D((d/2 — 171872 4 D110 (D)) (A.30)

IA

Cé’D (61‘d/2 + Dl(l’m) (D)),

where Cé,D := 2cs,p. Letting § = A8)%4, D=(1Vv —% log(A(8))) AT, (A.30) and A(8) < 1 imply

D
L Pu(x, 1) dv < ¢ (AS)H1 + 21og(A(8) ™)) = ¢} (MO + A (8)2147)
< ey pAS)PAT,  for ey = ¢ (1 + mrra)s

where we have used the well-known inequality log x < nx'/", x,n > 0. Using Fubini’s theorem,
this directly implies

D
o= L Hsz pu(x, y)p(dx) dy dv < ¢, n(SAS) M < cf pllpllwA () ¥ (A31)
for d > 3. Noting that our choice of § and D implies by (A.28) and (A.29) that
Js < [olleA($)¥L  and Iy < ZA(8)2 < EA(S)HH,
K K

(A.8) follows for any d > 3 by combining these estimates with (A.31). The case d = 2 is treated
by similar arguments. ]

A.Il PROOFS FOR SECTION A.3

Proof of Theorem A.6. We start by splitting the process (X;)o<s<: with Borel state space X into
2n, parts of length m;, where t = 2n,m, n, € N, m; € R,. More precisely, for j € {1,...,n:},
define the processes

X = (Xs)se[2(j-1)my, (2j-1)me ] X2 = (Xs)se[(2j-1)my,2jm.] -
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Since X is a stationary Markov process, the f-mixing assumption is equivalent to

E(s) > deuPs(x, ) = pillry (&) = E[IPC150) = Pllpyz, | = E[IPCIF0 = Pligy g, |-

for any s,t > 0O, see Proposition 1 in [29]. Here, (F; = 0(X;,s < t));>o denotes the natural
filtration of X, (F; = 0(X;, s > t))>o the filtration of the future of X and, for a signed measure p
and a sub-o-algebra A on a measure space (Q, J), ||z1]|tv|4 denotes the total variation norm of
p restricted to A. As demonstrated in [85, Lemma 1.4],

E[IPCIZ) - Pliryg,, | = B0 T,
where for two sub-o-algebras A, B C G and a probability measure P on (Q, §), the classical

B-mixing coefficient S (A, B) is given by

B(A,B) = sup |Plugs(C) —Pla ® Pls(C)|.
CeAQ®B

Here, P| 4¢3 is the restriction to (Q X Q, A ® B) of the image measure of P under the canonical
injection ((w) = (w, ). Clearly, if A; C Ay, we have (A1, B) < B(Az, B). Observe that X/,

a mapping from Q to X[2U-Dme2i-Dm] s both F (2j-1)m,-measurable and "J"z(] me- measurable.
It now follows from the above d1scuss1on for j,k e {1,...,n}, j <k, that

B, xk1) = B(o(XPY), o(xF1)) < B(?(zj_nmt,?z(k—l)mt)
< E((2(k-Jj) = Dm) < E((k = j)my).

In the same way, we obtain B(X72, X*2) < 5((k — j)m,). Arguing as in the proof of Proposition
5.1 of [84], we can then construct a process (X;)o<s<: by Berbee’s coupling method, such that
fork=1,2,

o (d) —~.
1. xik @ Xk forallje{1,...,n},

2. P(XP* £ XK < BE(my) forall j € {1,...,n},
3. XUk, ... X"k are independent,

where XK is defined analogously to X% for j € {1,...,n,} and k = 1, 2. In order to ease the
notation, define for j € {1,...,n;}

, (2j-1)m,
L (X" = J
2(-1)m;

2jm;

() ds, I,(x7?) ::f ¢(X,) ds,
(Zj—l)mt

and, analogously, define Ig()?j’k) fork=1,2,j€{1,...,n:}. Fix p > 1. Then,

([E[||Gt||g])l/p < ( \[I g%, ds|| ]) ( %Lt(g(Xs)—g(??s))ds‘p])l/p
2 n 1/p

Lice el
2 n | RN

sup
g€$

sup
g€$

sup |—
g€$

g€§
(A.32)
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The classical Bernstein inequality (cf. Theorem 2.10 in [15]) implies that for u > 0

Var( [ 60 ds)u g
m Vi

IA

SR

—u
2e™",

where we used that 2n;/t = 1/m,. Consequently, denoting
T = 22/ Ooge 1112 T 2(2e)_1/2e1/(ze)\/5e1/6, (A.33)

Lemma A.2 in [33] gives, for k € {1, 2},

( ‘\/_ZI (Xlk)‘ ) ||g||oo\/_c1p+\/Var(\/1ﬁt Omtg(Xs)ds)sz/ﬁ. (A.34)

In addition, Theorem 3.5 in [33] implies that there exist positive constants C1, Cy such that

,k
el Sy

) < —j logN u, G, mtd )du+%J \/long(u, G,dG m,) du
0

] & ) 1/p

R Alﬂk

ERNT)

Here, we bounded the y,-functionals appearing in the original statement of the theorem by the
corresponding entropy integrals. Note further that the last term on the rhs of (A.32) is upper
bounded by

([E
Plugging the upper bounds (A.34), (A.35) and (A.36) into (A.32) yields

([E

For general m; € (0, %], let n, = LsztJ, where | x| denotes the largest integer smaller or equal to

t ~ _t t— th
50> We have m; < m,, and from n; > 2m 1= e

+ 2 sup|E
g<§

(A.35)

2 ne 1/P
1 - oy p 4nm . ~ 1
= 2 D (100 = @) Ly ]) < A gl (PO = $4)) 17
k=1

sup
g5 |Vt £ VE  ges
< 2sup ||gleo VEE (me) V7. (A.36)
g€§

1/p o o
sup |Gr(g)|pD <C J log N(u, G, mfd ) du + C» J Vlog N(u, G, dg m,) du
g€§ 0

(A.37)

+asup (TLllEip + gl @p + 5lalleVim) ).
g€§

x > 1. Then, for m; = and m; < 4, we get

— t tm;
my = —
2n;  t—2m;

< 2mq.
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Since n; € N, (A.37) holds with T = m; € [m,, 2m,] and m, being replaced by m,, and combining
this with the computations above yields

1/p o o
E[sup |G:(2)|? <C J log N(u, g, %dm) du + C, I \/log N(u, 9,dg ) du
ge€§ 0 t 0
T _ ~ 1 —
+4sup (= gllotip + lgllo Eayp + 5 llglls V(D) ?)
g€y \/E 2
< Elj log N(u, S, %dm) du + E:'ZJ VlogN(u, §, dg ) du
0 0
2m — ~ 1 -
+4sup (2 lgllotap +llglle S VB + 5 llglle VEE(m) 7).
g€§ \/E 2
which completes the proof. [

Proof of Corollary A.8. In case of exponential f-mixing we obtain, similarly to the proof of
Proposition A.5, for any t > 0,

1 t t Ce
el = pvar | 0 ds) < 20l |12 b (o) ds < 20l

Choosing mr = VT and plugging this into (A.10) therefore yields the assertion for the exponential
mixing case. For the a-polynomial case we obtain the assertion similarly by the minimizing
choice my = TP/(@*P) where T > 4(@tp)/a guarantees that my < T/4 and the assumption o > 1
is needed to guarantee uniform boundedness of ||g||é’ ,int. [

For the proof of bounds on the stochastic error Hy r defined in (A.12), we start with the
following preparatory lemma that provides bounds of the covering numbers of the function class
G introduced in (A.13) with respect to the norms appearing in Theorem A.6. By a slight abuse
of notation, we do not distinguish notationally between the sup-norm on R? and the function
space By (R?).

LEMMA A.21. Let D ¢ R? be a bounded set and, given some Lipschitz continuous kernel K with
Lipschitz constant L and compact support [—1/2,1/2]¢, define the function class G according to
(A.13). Then, for any € > 0,

4Ldiam(D) )d

N G o) < (5

and if moreover X € L U @, then there exists a constant A > 0 such that, for any ¢ > 0 and t > 0,

2Ldiam(D)vA[p[[wh? 1thg (h?) )d

&

N(e, S, Il < (
Proof. For x € R%, we obtain by Lipschitz continuity of K that

B, (K((x—-)/h),e) = {K((y—)/h) : y € RE, |[K((x = )/h) = K((y - )/h)|, < €}
> {K((y-)/h) 1y € RY [Ix — yllo < eh/(2L0)}.

(A.38)
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Let Q D D be a cube of side length diam(D) < co and choose for

— ({ZLdiam(D)J)d
n=|l—————=
ch
points x1, ..., x5 € Q such that {Bdm (x;,eh/(2L)) :i=1,.. .ﬁ} covers Q and therefore D. From
(A.38), it follows that {By, (K((x; —-)/h),€) : i = 1,...7} is an external covering of §. The
external covering number Nex (€, G, doo) is thus bounded by (2Ldiam(D)/(gh))¢. Hence,

i d
N(e, G, doo) < Next(£/2, 9, doo) < (M) .
eh
Similarly, for ~
G={K(x—--)/h) :x e DN Q%}, (A.39)
we obtain S
N(e, 5, dw) < (ﬂ) _
eh

The variance term is bounded by means of Propositions A.1 and A.5, respectively. In case d = 1
for X € X or any dimension for X € ®, boundedness of p, Proposition A.1 and (A.9) yield that,
for h € (0, 1) and some constant C independent of A(supp(K((x — -)/h))) = h¢,

T —_—
Var(Jo K(x hXt) dt) < C1V HTIKIZ Iplleoh® G (h),

where D is a compact set containing D +[—1/2,1/2]¢. Hence, for any dimension d and X € ZU®,
we obtain together with Proposition A.5 that there exists some global constant A independent
of h such that forany h € (0,1),t >0and g € G,

1 ‘ 2 2d.1,21,d
Var( [ 606)ds) = Al lell*g ), (A.40)
and hence
el < VAR ba(h) gl (a.41)

Consequently, with the first part of the proof we obtain

N(e, S, [Ille.e) = N(&, S, [Illg.)
< N(e(WAlpllwh®pa(h)) L, G, || lleo)
3 (2Ldiam(D)\//-\||p||oohd_lll)d(hd))d

&

Proof of Lemma A.9. Let X € ® U X. We start with bounding E[sup,..p |Hnr(x)|P]. Let mr €
(0,T/4] and T € [m7,2mr] as in Theorem A.6. Using (A.41) and SUp; .5 I f = glleo < 2|IK]|co

for § defined in (A.39), we obtain

sup |If — gller < VAllplleo sup [If - glloh®ha(h?) < 2VAlIpllwlKlcoh™pa(h?) =: V(h),
f,8€5 f,8€5
(A.42)
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such that N(u, G, I-llg,c) = 1foru > V(h). Consequently, using IOC Vl0og(M/u) du < 4C+/log(M/C)
provided log(M/C) > 2, see e.g. p. 592 of Giné and Nickl [41], and the covering number bound
from Lemma A.21, it follows for h < e"2Ldiam(D)/||K|| that

" © = v(h) Ldiam(D)V(h
[ VioeNw G s du= [ JlogNw T dsdu< [ \Ja bg(M) i
0 0 0 uh K

< 200 aog “4mD))

Moreover, since sup; ,¢gllf — gl < 4/|K||c, it follows that N(u, G, dw) = 1 for all u > 4(|K]|c
and hence we obtain by the covering number bound with respect to the sup-norm from Lemma
A.21 and elementary calculations

o 41K
J log N(u, 9, 22 d.y) du = 2L log N(u, G, deo) du < 8%d|lK|lw(1 +1og(

O % [ Ldiam(D) ))

K]l

Denseness of Q¢ in R¢, continuity of x + Hjyr(x) and Theorem A.6 thus imply for h <
e 2Ldiam(D)/||K]|e

1p 1/p
([E[ilelgmhj(x)lp]) :([E[ sup ||H]h,T(x)|P])

xeDbNQd

1 ~ mr Ldiam(D))) ~ (Ldiam(D)) (A.43)
< 88, LK o[ 1 + log(“S2E2DN ) 4 9G, V() |d log| ~S22)
ﬁhd( il ( +°g( TN A “\/ T

m —_ —_
167Kl Fop + 2V 4||K||mﬁa<mT>1/P),

for V(h) introduced in (A.42). Now, let p = ur > 1 be such that E71(T™%) € o(T). Then, for T
large enough, (A.43), h > T2 and h € o(1) imply for the choice m; = E~1(T747) that

[E[”Eh,T - [Eﬁh,T”ZZo(D)]

logT i
< CHT( OB E )+ 7 g (h) iog () + L m (1) + T g () + h-drl)
ur ].OgT + ur —1 —ur _1 d ) ur
L (T7) + T 2¢pq(hY) (Vlog(h™1) + Vur) |

where the value of the constant ¢ changes from line to line. Hence Markov’s inequality implies
that there exists some constant ¢* > 0 such that

- - Lfur+logT __, 1 _
P(”Ph,T ~ Epnrle(p) = € (%5 H(T™) + T 24pg (R ur Vlog(h‘l))) <e.
(A.44)

Suppose now that X € Z. Then, X is exponentially B-mixing, i.e., E(t) = c,e™, where without
loss of generality we may assume that ¢, > 1. Then, forany y > Oand 1 < ur < ylogT, it
follows from E~1(T™%r) < ur log T /x and (A.44) that there exists some constant ¢, > 0 such that

- N ur(log T)? 1 _
P(Ilpm =Bt ) 2 cy(TTT + T2 (R)ur Viog(h 1) || < e™.
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A.IIl PROOFS FOR SECTION A.4

Proof of Corollary A.10. Fix x such that there exists an open neighbourhood D of x such that
plp € Hp(B,L). The usual bias-variance decomposition gives

E| (B (v) - p(0))°] = (0 Ki(x) = p(x))* + Var (B (). (A.45)

For the bias term, since || 8| < ¢, there exists a universal constant M > 0 such that

< MHP, (A.46)

|@*n—mun=hﬂj45%%@w»mu»@

see Proposition 1.2 in [80] for the case d = 1 and the analogous estimator for discrete observa-
tions, which can be extended to the general multivariate case under continuous observations
without much effort. Moreover, for any dimension d and X € X U @, it follows from (A.40) that
for any h € (0, 1)
1 (7 _
w{iLmu—&MQSTWMmmmﬁmﬂ
The claim follows by plugging the specific choice of h into (A.46) and (A.40) and using (A.45). =

Proof of Theorem A.11. Fix p > 1, and recall the decomposition (A.12). By the assumption
on the order of the kernel K, the bias term p * Ky — p is bounded by B(h) := Mh? for some
universal constant M > 0 as in the pointwise case (see (A.46)), while the upper bound on the
stochastic error Hp, r relies on a suitable specification on the upper bound in (A.43). For d > 3,
set h = h(T) = (log T/T)Y/?A*4=2) and m; = plog T/« such that

2(B-1)

l,bd(hd) c O(T—ﬁ/(2ﬂ+d—2)) and mr _ (logT)m'

1
VT Thd ~\'T

\NT
Upon noting that 8 > 2 implies 2(8 — 1) > B, it follows from (A.43) that

([E[sup |[|-I]h)T(x)|P])1/p c o((1°§T)ﬁ/(2ﬂ+d_2)). (A.47)

x€D

Since h? = (log T/T)P/(2P+d=2) " (A.12), (A.46) and (A.47) finally give E[||pnr — pllpw(D)]l/P €
O(W4p(T)) ford > 3. For d = 1 and d = 2, the assertion follows by analogous arguments.

We now proceed with the proof of the convergence rate of the adaptive scheme for d > 3.
For the variance, we obtain from (A.43) that, for mr = 2log, T(log T)?/k and whenever
h < e ?Ldiam(D)/||K ||, there exists some constant € > 0 such that

< C%6%(h,T),

~ ~ 2
[E[||ph,r - IEph,T||L°°(D)] = [E[Sup |y () >
x€D
where 62(-, ) is defined according to (A.17). Define h, by the balance equation

1
h, := max {h € ¥y : B(h) < Z‘VO.SMG(h, T)}, where M = ||p||z=(p).
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1
log(k) T(lOgT)S ) d+2
>

This definition implies that B(h,) ~ V0.8 Mo (h,,T)/4 and, since #r > h, > ( =

2PH02 log(k) TlogT

p T

B
log i) TlogT ) 2P+d=2
— .

and o(hp,T) = (

To justify this, define ho := (logy, T log T/T)'/(2#*4=2)_For large enough T, we have log(log;, T logT) <
(logT)/2 and hence

log , T(log T)? B log ;, T log(h7!)
o(ho, T) = — = log(hg") + a(h})\| —————
Th

B
log ) T'logT 1 log T log T\ a2
= \/2(2B+d—2)T¢d( o) 2(2[3’+d—2)( T ) (ho),

for £ = /2(2B +d — 2)M2. Additionally, we get, since > 2,

log ;) T (log T)? ~
o(ho, T) = — = log(hg") + Ya(h)

0

log ) T log(hal) N (log(k) TlogT ) s
T B T ‘

In particular, it holds that hy < h,, which is clear if £ < }‘\/O.8M, and else follows by the fact
that, forany 0 < A < 1,

B(Ahg) = APB(ho) < APLo(ho, T) < APLo(Aho,T).
Lastly, we show h, < hg by proving h%ﬂ +d_2h(_)(2ﬁ -2 ¢ O(1). Indeed, by the definition of h,,

h2Pr 2 < hd 262 (h,, T)

2
[logy T(logT)® log i, T log T
< hg 2 (k) - hpd +lpd(hc;) ( )T

1 T)%(logT)®
<(0g(k) )“(logT) "
< 3

log ) T logT
T

>

_ d _
P A

and thus it holds that
T(logT)>
g h

2B +d-2 ~(2p+d-2) _ log 1)
P 0 ~ T

S L rd2p2(nd) € 0(1),

thanks to h, > (logy, T (log T)5/T)1/(d+2),

Case 1: We first consider the case where ET > h,. To shorten notation, denote M =

|Bhyrlli=(p). Then, exploiting the definition of hy according to (A.16) and the bias and
variance bounds,

E HEET,T = Pllz=(p) - l{ETzhp}m{JVtsl.ZM}
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< E| (157, 1 = B oo + By = BByl + BUip) )1 oo ey
1
< V1.2Mo(h,,T) + Co(hy, T) + 2 VO0.8Mao(h,, T) € O(a(h,,T)).

Similarly,

[E[Hﬁflﬂ = Pliz=() - l{ﬁTzhp}n{JVbLzM}]

< Z [E[(”ﬁh”]‘ — Eph,rlli=(p) + B(h)) - 1{ET:h}m{J\7[>1.2M}
hedtrh=h,

< logT(Co(hy, T) + B(1))A[P(M > 1.2M).

Now, for any T large enough,

P(|j\7[ -M| > 0-2||P||L°°(D)) = P(|1Phinr I (0) = PNl ()| > 0.2M)

< B (Bt = Pl oy > 0200l

< P(||Ehmin,T - [EﬁhminaT |L°"(D) > 0-2||.D”L°°(D) - B(hmin)) (A48)
< P[Pt = EBrasatlly 0y > O- Lol (o))

< P(”b\hmin:T - [Eﬁhmin,T |L"°(D) > Yhmin,T(log T))

<711

where, for the function Y}, , 7(-) defined according to (B.11), the last inequality follows from
Lemma A.9 and the last but one inequality holds since there exists some constant C such that

_ 2 6-2d _d_ 6-3d 2-d
Yy T(IOgT) < CT d+2 ((log']") d+2 (log(k) T) a+2 + (log']") a+2 (log(k) T) 2(d+2))

min»

< 0.2]lpllz= (D),

for T sufficiently large. Thus, we can conclude that E [HEET,T = Pllz=(p) - I{ET th}] € O(o(hp,T)).

Case 2: For the case hr < h,, note first that the previous bias and variance bounds together
with (A.48) imply that

E [Hﬁﬁﬂ = plli=p) - I{HT<hp}m{JV[<o.8M}]

< Z [E[(llﬁh,r — Epnrlli=(p) + B(h)) - l{ﬁrzh}n{ﬁm.sm}]
he%r:h<h,

< 10g T(Co(hmin, T) + B(h,))P(M < 0.8M) = 0(c(h,, T)).

On the other hand,

[E[llﬁgﬂ — Pllz=o) - 1{ET<hp}m{o.8Jvtsfv't}]
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< > E[(IBhr - Epirllie o) + BO) - 1 Ly osneeiy]
he%r:h<h,

= ~ 12
< Z \/[E[Ilph,r - [Eph’T”L“(D)]\/[E[l{ﬁrzh,,}m{o.msm] +B(hp)

he%r:h<h,

< > Coh T)\/P({ET > hy} N {0.8M < JVc}) +0(0(hy, T)).

he¥r:h<h,

Pick any h € %y such that h < h, and denote h* := min{g € #; : g > h} = ph. It is then shown
as in the proof of Theorem 2 in [41] that the verification of the fact that the first sum on the rhs
of the last display is of order O(o(h,, T)) boils down to proving that

1/2

o, 1) D P(IBrer - Perllo(p) > VOBMalg,T)) | € O(olhy, T)).

he%r:h<h, g€Hr:g<h

Following again the lines of [41], we obtain

- - - - 1
P(”Ph*,T - pg’T”L‘”(D) > VO.SMO'(g, T)) < P(”Ph*,T — |Eph*,T |L°°(D) > Z VOSMO’(h"’)T))

—~ —~ 1
+2IPur = EBirln oy > 3 VOBVt T

Let y > 1. Clearly, by definition of (g, T), there exists T(y) > 0 such that, for any T > T(y) and
any g < h,, g € #r, we have

-1 2 -1
TVOBNo(s,T) 2 ¢, Yyr(y log(g ™) = ¢ IEE BTV 4y (gt [VIOBLET),

Tgd

where ¢, is the constant appearing in Lemma A.9. Thus, using Lemma A.9, we obtain for
T > T(y) that

. _ 1 ) |
P(”pg’T - IE[pg’T]||L°°(D) - VO.8Mo(g, T)) < e7I8lE) = of =, (g)

and hence
Z P(llﬁth’T - ,Bg,THLm(D) > V0.8Mo(g, T)) < Z (ty(g) + 1, (h")) < 21, (h)logT.
g€Hr:g<h g€¥Hr:g<h

Thus, choosing y large enough demonstrates that

1/2
>, o Y P([pwr—Perle ) > VO8No(e,T))
he¥r:h<h, g€Hr:g<h
< > ol T)\/Zly(h) log T < \/2hf,(logT)3o(hmm,T) € O(o(h,,T)),
her:h<h,

as desired. ]
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Proof of Theorem A.13. Let us first verify that under (©1) the heat kernel bound (/1) holds.
Arguing as in the proof of Theorem 3.2 of Masuda [57], we see that ¥ and ¢} _are integrable
for any x € R and t > 0 and hence we can obtain the invariant density p and the transition
density p; of X via inverse Fourier transformation through

JRd N Gy (1) A,y e RY

py) = 20

and

Pl = o | gL myeRl>0
R

(2m)d
Again, as in the proof of Theorem 3.2 in [57], it follows that under (©1),

1 ([ .
|cp§t()t)| < exp ( - EAT(J e sBQe™sB ds)/l), x,AeRLt>o0.
0

Thus, using the characterization of the multivariate normal distribution, we obtain
t

pe(x,y) < ﬁ JRd exp ( - %AT( JO eBQe=B' ds))L) da

= W ( det ( Lt ePQe~?" ds))_l/z.

Observing that

Oty R R T R

= det(Q)™Y? < w0,

where finiteness is a consequence of invertibility of Q by (01), it follows that for any d > 1,
there exists a constant ¢ > 0 such that
sup pe(x,y) <ct™¥?, te(0,1].
x,y€Rd

Thus indeed, for any dimension d € N, (/1) holds. Next, in scenario (i), [57, Theorem 4.3]
gives the exponential f-mixing property and the proof of Theorem 2.6 in [55] along with [55,
Proposition 3.8] yields V-exponential ergodicity with V(x) ~ (1 + ||x||?). This together with
(A.20) entails that in scenario (i), we have X € X N @. Finally, X € @ in scenario (ii) follows from
the considerations above and Lemma A.3 due to the fact that the combination of (61) and the
logarithmic moment condition imply that every compact set is small and hence petite since X is
strong Feller and by [47, Theorem 3.1] ergodic (see Proposition A.20) and hence (©3) implies
V-polynomial ergodicity of degree a — 1 > 1 with V(x) = C(log|x|)* in dimension d = 1 by [48,
Corollary 1]. The statements on the estimation rates are now an immediate consequence of
Corollary A.10 and Theorem A.11 and the fact that p € €,° has arbitrary Holder smoothness. ®

Proof of Lemma A.15. We will employ Theorem 6.2.9 and Exercise 6.4.7 of [7] to show the first
assertion. So first we must verify that condition (C1) on page 365 of [7] holds. Since (1) holds,
we only have to show that there exists a constant K1 > 0 such that, for all x, y € R,

d

Z (01,j(x) = 01 ())* + JRd ly ()2 =y (W)zll* v(dz) < Kallx — ylI?,

i,j=1
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where o; j(x) denotes the components of o(x) € R for any x € R?. (1) implies that there
exists a finite constant L;; > O for any i, j € {1,...,d}, such that o;;: R? — R is Lipschitz
continuous with Lipschitz constant L; j > 0 and hence we have for x, y € R4

kaxm 0ij()* < 2d | max L7 lx -yl

.....

i,j=1

Furthermore, we have for x, y € R? by the Lipschitz continuity of y
[| v = yalPvide) < e =yl | el v(o),

where we denote the Lipschitz constant of y by L,. By (§3), de ||z||? v(dz) is finite and hence
(C1) holds. To verify the growth condition (C2) on page 366 of [7], we have to show that there
exists a constant K5 such that, for all x € R,

de lly (x0)z11* v(dz) < Ka(1 +Ix]|?).

Since y is Lipschitz continuous by (1), there exists a constant K > 0 such that the linear growth
condition ||y (x)|| < K(1 + ||x||) holds for all x € R¢, and thus we have, for x € R¢,

j wuwwvmwszﬁu+uw%j|mﬁmwy
Rd R4

Again by (§3), [ 2] v(dz2) is finite and hence (C2) holds for K5 = 2K? [, ||z]|* »(dz). Since
Assumption 6.2.8 in [7] is trivially fulfilled, the first assertion follows by Theorem 6.2.9 and
Exercise 6.4.7 of [7].

We proceed by showing the second assertion. Equation (1.21) of [21] is in the setting of (A.21)
equivalent to k4 (X, 2) = ||y (x)z]|9*%v(2) > 0 for all x € R? and almost every z € R%. Since v is
a density, this assumption is fulfilled.

For assumption (H?) of [21] to hold, we only need to show that there exists a € (0, 1) such
that the function a(x) := o(x)o " (x) is B-Holder continuous. However this follows directly from
the Lipschitz continuity and the boundedness of ¢ imposed in (1), as can be seen in the proof
of Lemma 1 of [4]. Now we note that assumption (H*) of [21] follows by (§2). [

Proof of Corollary A.16. Since (§1) and ($3) imply that b* is bounded, arguing as in the proof
of Lemma 1 of [4] and using Lemma A.15 entails that b* belongs to the Kato class K, for d > 2.
For the definition of K, see (2.28) in [21]. Existence of transition densities and the heat kernel
estimate now follow directly from Corollary 1.5 of [21] and Lemma A.15 for d > 2 and as
described in Lemma 1 of [4], the same conclusions may be drawn for dimension d = 1 by
adapting the arguments in [21]. Now note that (A.23),t < 1 and «a € (0, 2) imply

pe(x,y) < C(E™ 2 exp(=lx = ylI*/(A0)) + lIalleot ([lx =yl +£/%) 7%

where the value of C changes from line to line. This completes the proof. [
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Proof of Proposition A.17. To verify the assertion, we show that the solution of (A.21) X satisfies
the assumptions of Theorem 2.2 (ii) of [55] which are Assumption 1, 2(a)’ and 3* of [55]
and [56], respectively. Assumption 1 follows directly from ($1). Now, define b},(x) := b*(x) —
f y(x)zv(dz) = b(x) — f y(x)zv(dz), and let the diffusion process Y* = (Y*);>o be
u<|lz[ <1 llzll>u t

given by

t t

Vi=x+ J b, (x)(Y;") ds + J o(Y;) dws.
0 0

For Assumption 2(a)’ to be fulfilled, we first have to show that, for any u € (0, 1), there exists
A > 0 such that P, (Y} € B) > 0 for any x € R¢ and any nonempty open set B ¢ R?. Since Y*
is a continuous diffusion process with bounded and Lipschitz coeffcients b}, 0 and a = oo’ is
uniformly elliptic, it follows from classical results, see e.g. [75, Theorem A], that for any x € R¢
and t > 0, the transition function P} (x, -) of Y* has a transition density with full support and
hence any A-skeleton of Y is open set irreducible, showing that Assumtpion 2(a)’ is in place. It
remains to show that Assumption 3* of [55] is satisfied which is, that there exists a function

V € Q*, where

Q" = {f: RY - R, : f € €2 f(x) = o as ||x|| — oo, and there exists a locally bounded,

measurable function f, such that J flx+y(x)2z)v(dz) < f(x), Vx € [Rd},

llz]1>1

such that there are constants c1, ¢y > 0, for which the Lyapunov drift criterion
AV < —c1V + ¢ (A.49)
holds, where A denotes the extended generator of X acting on Q* by
Af(x) = (VF(x),b"(x)) + 3 (V2 f(x)o(x)0” (x))
+ JRd Fx+y(0)2) = f(0) = L1 (VF (), y()2)v(dz), x € RY, fe Q™.
Now, for n € (0, noc, 1'A'1), where ¢y = ||y ll, let V" be a positive and increasing function in

C2(R4, R) such that V" = el¥ll for all ||x|| > ¢y, where ¢y > 0. Then, it holds for i, j € {1,...,d}
and ||x[| > cv,

VN (x) = nenIIXIIi
lxll”
5 s (A.50)
XiX XiX
IV (x) = nze””x”—” l”]z - e””"”—|| 1“13 + el x| 18y,
X X

where §;; denotes the Kronecker delta. Furthermore, since V' € C2(R%;R), fori,je {1,...,d}
the functions V", 9;V", 8izjV’7 are bounded by a constant cp > 0 for ||x|| < ¢y and hence

J‘ VT(x +y(x)z) v(dz) < J (enP =l 4 ) v(dz)
llz]|>1 llz]]>1

< el J ezl (dz) + cpr(R?\ By),
lz1>1
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implying that Vg € Q*foralln < rc’—;’ This last condition is satisfied by our choice of n. To
conclude the proof, the only thing left to show is that there exists 0 < < Z—f such that (A.49)

holds for V. Note that, by the mean value theorem, the definition of b* and the Cauchy-Schwarz
inequality, we have for any f € Q*

Af(x) = (Vf(x),b(x)) + 5 tr(V2f(x)a(x)o" (x))
L fx+y(x)z) = f(x) = (Vf(x),y(x)z)v(dz)
< (VF(x),b(x)) + 3 tr(V2f(x)o(x)o" (x))

r

+ sup [[Vf(x+ty(x)z) = VF()llly(x)zllv(dz)
JRI t€[0,1]

< Acf(x) +Aaf(x),
where, for H2f(x) denoting the Hessian of f evaluated at x,
Acf(x) = (VF(x),b(x)) + 3 tr(Vf(x)o(x)0" (x)),

Mif = [ sup [IHf(x-+ oy ()1 v(da)

We start by investigating the jump part. By (A.50) and the fact that the operator norm can be
bounded by the Frobenius norm || - ||, we get for ||x|| > ¢y

d 2\ 2
XX XX B
||H2V'7(x)|| < ||H2e’7”X“||F - (Z (nzeUIIXIIW _ nenllﬂlm +r]e’7”X”||x|| 151]') )
ij=1
1

d x2x2 x2x2 2 1

— _ 2

< 2ne””"”(z (nz ”;”]4 + ”;”’6 + [|x]] 25ij)) < 23/2\/Er7e’7”’“”(n2 +2(Ixl 2) .

i,j=1

Since we can choose ¢y to be large, we can without loss of generality assume ¢y > V277! and,
additionally, V7 € G2 implies that there exists a real-valued function cy(n) > 0 on (0, o) such
that ||H2V"(x)|| < cu(n) for all ||x|| < cy. Thus, we have |[H2V7(x)|| < 4Vdn2e"™I + ¢y (n),
x € R%, and we can conclude

AV (x) < 4C}%\/ET]2 JRd s[up] ety @zl 12112y (dz) + cFen(n) JRd l|z||%v(dz)
te[0,1

snze"“x"%MJ e"°”Z”||z||2v<dz>+c§cH<n>j 20120 (dz) = cq1n?e™™ I+ cq5(n),
Rd Rd
(A.51)

where c41,c42(n) are positive and finite because of (§3) and n < noc, 1. Now we turn our
attention to the continuous part. From now on, without loss of generality, we assume that ¢y > ¢;
in (3). Then, for ||x|| > ¢y > n~!, we have by (§1), (§3) and (A.50)

X7 Il 4~ 1 ]l X7
= + e x| 70 = nel——
[lx||

d
€2
AV () < —crnenlxl 4 €2 Z‘ 2anlix]
V(x) < —c1n 2 2 n HE
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3C2d
2 )

< perlil (—c1 y3ed,
and since V7 € C2(RY; R), there exists a real-valued function c.(17) on (0, o) such that A,V (x) <
cc.(n) for all ||x|| < cy. Hence, we have

3cyd 3cyd
AV (x) < nell (—c1 + CTZU) +cc(n) +cre® = pelll (—q + CTZU) +ca(m), (A52)

where we used that n < 1, by assumption. Combining (A.51) and (A.52) yields

3cod
AV(x) < nell (—61 + U(CTZ + Cd,l)) +cq2(n) +ce1(n).

a
3cad+2¢q,1

Choosing n* =1 A noc;l A implies
AV (x) < ==hem Il gz (n) + o ('),

and thus (A.49) holds for V1" € Q*. Now, Theorem 2.2 (ii) and Proposition 3.8 of [55] show the
required assertion. [
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ESTIMATING THE CHARACTERISTICS OF STOCHASTIC DAMPING
HAMILTONIAN SYSTEMS FROM CONTINUOUS OBSERVATIONS

Niklas Dexheimer and Claudia Strauch
ABSTRACT

We consider nonparametric invariant density and drift estimation for a class of multidi-
mensional degenerate resp. hypoelliptic diffusion processes, so-called stochastic damping
Hamiltonian systems or kinetic diffusions, under anisotropic smoothness assumptions on the
unknown functions. The analysis is based on continuous observations of the process, and
the estimators’ performance is measured in terms of the sup-norm loss. Regarding invariant
density estimation, we obtain highly nonclassical results for the rate of convergence, which
reflect the inhomogeneous variance structure of the process. Concerning estimation of the
drift vector, we suggest both non-adaptive and fully data-driven procedures. All of the afore-
mentioned results strongly rely on tight uniform moment bounds for empirical processes
associated to deterministic and stochastic integrals of the investigated process, which are
also proven in this paper.

B.1 INTRODUCTION

Diffusion processes have been in the center of attention of the statistical analysis of stochastic
processes for a long time due to their various fields of application, e.g. meteorology, genetics,
financial mathematics and neuroscience. A standard assumption often imposed for the in-
depth investigation is the strict ellipticity of the diffusion operator. In particular, this regularity
condition (together with other assumptions) allows to verify helpful analytical tools such as the
existence of a spectral gap. However, the nondegeneracy assumption excludes many processes
which are of great importance for applications, for an overview see e.g. [10]. A prominent
example are so-called stochastic damping Hamiltonian systems, which are often interpreted as a
model for the coupled velocity Y and position X of some object. More specifically, one considers
a multivariate diffusion process Z = (Z;);>0 = (X;, Y;)r>0 = (X,Y), which is governed by the
stochastic differential equation (SDE)

dX[ = Y[ dt,

B.1
dY: = —(c(Xe, Y)Y + VV(X,)) dt + 0(Xe, Yr) AW, ®-1

Here, c: REx R? —» R v: RY - R, 0: R x R — R4 and (W;);s0 is a d-dimensional
Brownian motion independent of the random variables Xy, Yy. In particular, the velocity process
Y is given as a nondegenerate diffusion process, whereas the definition of the position process X
implies Z to be degenerate, respectively hypoelliptic.

In the following, we focus on the nonparametric estimation of the invariant density and
the drift of a multidimensional diffusion Z described by (B.1), assuming a continuous record
of observations is available. Invariant density estimation for stochastic damping Hamiltonian
systems has been investigated before by [3] and [5], focusing however on estimation based on
discrete (and partial) observations. The framework of continuous observations considered here
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is different in some respects. On the one hand, it has been shown in the current reference [7]
in the scalar framework that the assumption of continuous observations allows for a refined
variance analysis and, as a consequence, for the derivation of nonclassical convergence rates for
nonparametric estimation of the invariant density. On the other hand, the question of estimation
under partial observations, i.e., based only on observations of the position X, does not need
to be considered in our setting: The assumption of continuous observations trivialises this
problem, as the path of Y is easily computable by derivation of X in this case. Similar to [7]’s
approach, we employ a kernel estimator for estimating the invariant density, considering now
however a general d-dimensional framework and the sup-norm as a risk criterion. To find a
good compromise between appropriate generality and technical complexity, we work with an
anisotropic mixture of isotropic smoothness assumptions, i.e., we assume that the components X
and Y are associated with Holder-smoothness coefficient 81 and B, respectively, where 81 = B2
does not necessarily hold (see Definition B.6 for the precise description). The upper bounds on
the sup-norm rates of convergence which we derive are nonclassical in multiple ways. Firstly,
they depend largely on the set, respectively point, where the invariant density is estimated.
Secondly, the ratio of the smoothness parameters of the invariant density’s assumed anisotropic
Holder regularity also plays a vital role in the rate of convergence. The function Y introduced in
(B.11) reflects these specifities. Lastly, the proven rates of convergence are faster than in the
classical case of kernel density estimation based on a discrete set of i.i.d. observations. All of the
aforementioned nonclassicalities stem from the variance bounds for the kernel density estimator
in Section B.3.1, which are a result of the degeneracy of Z. For a more thorough explanation
of this, see Section B.3.2. The last observation of the rate of convergence being faster than in
the classical case of nonparametric density estimation has also been made for nondegenerate
diffusion processes, see, e.g., [6] or [17], or more generally for suitable Markov processes [8].

Our (auxiliary) results for estimating the invariant density are not only of theoretical interest,
but are also directly applied to the second question addressed in this paper, namely the estimation
of the drift function

b: RI{x RY — [Rd, b(x,y) — —(c(x,y)y + VV(x)).

To the best of our knowledge, nonparametric drift estimation for stochastic damping Hamiltonian
systems has so far only been considered in [2] who prove asymptotic normality of their estimator.
By way of contrast, we derive an upper bound on the convergence rate with respect to the the
sup-norm risk and, in addition, suggest a sup-norm adaptive estimation scheme. The analysis
in particular relies on an extension of the uniform moment bounds for additive functionals
of exponentially S-mixing Markov processes obtained in [8] to uniform moment bounds of
stochastic integrals with respect to Y, notably exploiting the nondegeneracy of Y. Our tools turn
out to be sufficiently tight to permit the formulation of a sup-norm adaptive drift estimation
procedure as well. Remarkably, although the analysis is essentially based on the fact that the
process Z is exponentially f-mixing, the associated mixing constants are not relevant for the
adaptive procedure. Note that this is in contrast to adaptive estimation procedures for the
invariant density of corresponding processes.

The structure of the paper is as follows. In Section B.2, the necessary assumptions on Z are
denoted, which are of a quite technical nature, followed by a collection of explicit conditions
on the coefficients of (B.1), which imply the necessary assumptions. Section B.3 consists of the
results regarding invariant density estimation, with Section B.3.1 containing the aforementioned
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variance bounds for the kernel density estimator and Section B.3.2 introducing the concrete
rates of convergence. Lastly, Section B.4 accommodates the results on drift estimation, with
Section B.4.1 presenting the extended uniform moment bounds, Section B.4.2 containing the
results on the rate of convergence and Section B.4.3 describing our results on adaptive drift
estimation. For the sake of readability, all proofs have been deferred to the appendix.

B.2 PRELIMINARIES
Throughout the paper, we assume that the SDE (B.1) admits a unique, non-explosive weak

solution whose semigroup is strongly Feller. Furthermore, we impose the following assumptions
on the associated solution Z.

(A1) The marginal laws of Z are absolutely continuous, i.e., for any t > 0 and z € R?¢, there
exists a measurable function p,: R%? x R?¢ — R, such that

Py(21, B) :f pu(z1,22) dzs, B € B(RA),
B

and, moreover, Z admits a unique absolutely continuous invariant probability measure p,
i.e., there exists a density p: R?¢ — R, such that du = p dA and, for any Borel set B,

PH(Z, € B) = fRM Pi(z1, B) p(dz1) = fRM L pe(z1, 22)p(21) dza dzy = L p(z1) dz1 = pi(B).

(s12) For any bounded set D ¢ R4, there exist constants cy, cg > 0 depending on D such that,
for all z1 = (x1,41), 22 = (x2,42) € D, t € (0, 1],

pe(21,22) < pf(z1,22) + pY (21, 22),

where

t
_ y2||2 3|lxz — x1 — (y12+y2) ”2
+ t3 ,

- —1[ llya
p¢ (x1, Y15 X2, Y2) = cgt >4 exp(—cGl( -

and pY is a non-negative, measurable function such that, for any z; € D, t € (0, 1],

1
J P?(zl, 22) dZZ <cy EXP(——)-
R2d CUt

(A3) The process Z started in the invariant measure p is exponentially f-mixing, i.e., there
exist constants c,, k > 0 such that

jnpxz, )= Ol p(dz) < ce™, 30,

where || - ||rv denotes the total variation norm.
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We will refer to this framework as ¢l. Contrary to the rather general and standard assumptions
(1) and (#43), the heat kernel bound (12) is specifically tailored for the study of kinetic
diffusions. This will be more evident from the new set of assumptions ¢ introduced below, which
contains explicit conditions on the coefficients of the SDE (B.1). As will be shown A implies o,
and thus our results also hold true under these more practical and verifiable assumptions.

(QZV) V is twice continuously differentiable and lower bounded.

(dA.) c is continuously differentiable and uniformly bounded. Furthermore, there exist c1,[ > 0
such that c¢*(x, y) > c1lgxq for all |x| > Ly € RY.

(sly) o is uniformly elliptic, symmetric and infinitely differentiable. Additionally, there exists
co > 0 such that o(x, y) < callixd-

(irg) 1x|H(VV(x), x) — o0 as |x| — co.

Here, ¢*(x, y) denotes the symmetrization of the matrix c(x, y), i.e., ¢*(x,y) = %(cij (x,y) +
¢ji(x,y))1<i,j<d> laxd is the identity matrix in R4 and the order relation on symmetric matrices
is the usual one defined by definite non-negativeness. It is easy to see that ol is a multidimensional
generalization of the assumptions HReg and HErg in [7]. Hence, our results (such as upper
bounds on the sup-norm risk for invariant density and drift estimators) also hold for the class of
processes investigated in their recent paper.

The next auxiliary result confirms that the explicit assumptions s{ indeed provide the technical
framework required for our analysis.

LEMMA B.1. o implies di.

Proof. The assertion follows by results of [22], [14] and [3]. To be more precise, the fact that s
implies that (B.1) has a unique, non-explosive weak solution with strong Feller semigroup follows
by Lemma 1.1 and Proposition 1.2 in [22], and the fact that a unique invariant probability
measure exists follows by Theorem 3.1, once we note that the conditions (3.1) and (3.2) therein
are fulfilled when s holds (see Remark 3.2 in [22]). The mixing property follows by the proof
of Theorem 3.1 in [22], which implies the existence of a Lyapunov function larger than 1. Thus,
the process is exponentially ergodic due to Theorem 2.4 in [22], which is based on results of
[11], and since Theorem 2.4 also states that any Lyapunov function is integrable with respect to
the invariant measure, the mixing property follows. The heat kernel bound in 4 was shown in
Theorem 2.1 of [14] for differentiable, globally Lipschitz continuous and uniformly bounded
coefficients and extended in Corollary 2.12 of [3] to hold under local conditions. Noting that
the results of [14] only require differentiability of the coefficients, the proof of Corollary 2.12
in [3] still holds true under d. Additionally, these results imply that the invariant distribution
admits a density with respect to the Lebesgue measure. Hence, 1 holds if s holds. [

Additional assumptions and notation In the following, we will always assume Z, ~ p, i.e.,
the process Z is stationary, and we denote P# = P, E¥ = [E. Additionally, we define u(g) = fg du
for g € L' (1), and we introduce

a: REx R - R4 q(x,y) — o(x,y)o’ (x, ).
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Given a class of functions € and a function b, we set €b := {gh : g € €}, and for x € R%, ¢ > 0,
we denote the open ball with radius € around x by B(x, €). Throughout all proofs, ¢ will denote
a positive constant, whose value may change from line to line, whereas specific constants are
denoted by a ¢ with additional subscript. Furthermore, we denote the restriction of the sup-norm
to a domain D ¢ R by ||-|| (p)- Lastly, the sup-norm risk of an estimator fof a function f on
a domain D is denoted by

iRcEf)(.?’f,D) = |E|:||J?_ f”pm(D)]E: p > 1.

B.3 INVARIANT DENSITY ESTIMATION

We start by investigating the issue of estimating the invariant density of Z on some bounded
domain D ¢ R??. As mentioned earlier, our particular interest lies in identifying the effect of a
continuous observation scheme on the convergence rate. Reflecting the two-component structure
of the process Z = (X,Y), our estimator has the form

_ 1 ("
phl,hz,T(x> y) = ? J Khl,hz (X - Xs> y- YS) dS, X,y € Rda (Bz)
0

where

Khl,h2: [Rd X [Rd — R, Khl,hz (X, y) > (hlhz)_dKl(%l)Kz(%z),
with K, K»: R? — R bounded functions with supp(K;) ¢ [-1/2,1/2]%, i = 1,2, and band-
widths hi, ho > 0. When the context is clear, we will often abbreviate this (by a slight abuse
of notation) with Ky (2), where h = (hy, h2), 2z = (x,y), x, y € R%. Usually, hi, hy are functions
depending on T, however (by another abuse of notation), we often suppress this dependence.

B.3.1 Variance bounds

The proof of tight upper bounds on the speed of convergence of estimators requires sufficiently
neat variance bounds. To achieve these, we will extend the results of Propositions 2 and 3 of
[71, where remarkable bounds are shown for fixed values of (x,y) and d = 1. It is particularly
interesting that the bounds are different for y = 0 and y # 0.

In the sequel, we will also consider the multidimensional case d > 1, and we will provide a
uniform generalization for values of (x, y) in some bounded set D ¢ R?¢. The bandwidths will
be assumed to belong to the set

H=H(Q1,Q2) = {h: [0, 00) — (0, 00) : 3Q1, Q2 > 0 such that VT > 0 : ®.3)
h(T) < Q1(1+T)% and h(T) < QT2 A 1}, '

thus confining their speed of convergence to 0 to be approximately polynomial. We start with
investigating the more general case.

PROPOSITION B.2. Assume o, ||p||le < o0, and let f: R4 xR9 x [0, 00) — R be a bounded function
such that there exist n € N, x1,V1, . -.,%n, yn € R and functions sq1,s3: [0,00) — (0,00) € H
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fulfilling

supp(f(-,- 1)) € |_J B(xi,51(T)) X Byi, 52(T)).
i=1

Then, there exists a constant ¢ > 0 such that, for large enough T,

(7 _ s2(T) log(T) d=1,
Var(T 1 JO f(X,,Ys, T) ds) < cT7Y|fI12 {5‘11+1(T)s‘21‘1(T), is2 (B.4)
and
s73(T)s4(T), d=1,
Var( ‘1J fXs, Y, T) ds) < cTTHIFIIS % {53(T)s3(T) log(T), d =2, (B.5)
sH(T)s3*2(T), d > 3.

The assumption on the support of f in Proposition B.2 is tailored to functions of the form
n
fle,y,0) = Z K1 ((xi =) /s1(£))Ka(yi — ) /s2(t)),
i=1

where K;,Ky: RY — R are bounded functions with compact support, and s;,s» € H. In
particular the function Ky, 5, corresponding to the estimator introduced in (B.2) is of such a
form as soon as the two bandwidths are elements of H. The results in [7] now suggest that
the variance bounds (B.4) and (B.5) can be improved if min;—; __, |lyi|| > 0. However, as in the
referred work, the proof of these refined results largely relies on the upper bound ||x — x’|| < s1,
being valid for all x, x” in the support of f (see (B.34) and the arguments thereafter). Now note
that if n > 1, there exist (x, y), (x’,y’) € supp(f), such that x € B(x1,s1(T)),x" € B(x2,51(T)),
which implies ||x — x’|| > ||x1 — x2|| — 2s1(T) by the reverse triangle inequality. This contradicts
the needed upper bound for small enough values of s; and thus the following variance bound
only concerns the case n = 1.

PROPOSITION B.3. Let everything be given as in Proposition B.2 with n = 1 and assume, additionally,
that |ly1|| > O. Then, there exists a constant ¢ > 0 such that, for large enough T,

Var( ‘1J F(Xe, Y, T) ds) < T 7Y flIZs T (T)s§(T), (B.6)
and, additionally, for d = 1,
Var( s ds) < IR ADRT). ®.7)

An interpretation of the highly nonclassical results stated in Propositions B.2 and B.3 will be
given after our main results on the rate of convergence in the next section (see Theorem B.7).
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B.3.2 Rate of convergence

With the introduced variance bounds, we are able to bound the convergence rate of the estimator
under specific assumptions on the invariant density p, resulting in new upper bounds. In
order to use the different results of Propositions B.2 and B.3, we also introduce the functions

lI)d (X> Y, t) = lpl,d (X, Y, t) A ll)z,d (x: Y, t): where

x~1/3 d=1,

>

-1
y 4/logt, d=1, B
l»bl,d (X, Y, t) = (1-d) /2, —(1+d)/2 and l.bZ,d (X, Y, t) =X ! Vlog t, d= 2:
X y , d=2, ~d/2,1-d/2
xy , d=3,

and g (x, y, t) = ¥7 ,(x, y, 1) A5 4 (x, y, £), with

“1/4 B
3 (0, y,t) = xTD2y= 42 and g5 (x,y,t) = X d=1,
’ ’ Pad(x,y,t), d=2.

Note that 1/)3 and (11)2)2 represent the variance bounds (up to the term T~1) for the estimator
Phy by, implied by Propositions B.2 and B.3. One remarkable fact in this context is that

3 (h1, ha) < (hiho) ™,

i.e., our obtained variance bounds are tighter compared to the classical one obtained for the
kernel density estimator py, x, . This is one of the reasons for the faster rates of convergence we
will see later, compared to the classical nonparametric rate of convergence.

PROPOSITION B.4. Let 1 < p < ylogT, for y > 0, and D ¢ R? be a bounded, open set, assume s,
and choose h1 = h1(T), hy = ho(T) € H. Then, there exists a constant ¢ > 0 independent of p such
that, for large enough T,

. plogT Yq(hy, hy, T)
R (Phyhy1> P3 D) < c|B,(hy, ha) + T(szz)d(logT +p)+ %(VlOgT + \/ﬁ) ,
(B.8)

where the bias term is given as B,(h) = B, (hy, ho) = supzedeKp * Kpy g — p)(z)|.
The refined variance bounds stated in Proposition B.3 imply the following result:

PROPOSITION B.5. Let D ¢ R?? be a bounded, open set such that inf (. y)ep llyll > 0, assume d,
and choose h1 = h1(T), hy = ho(T) € H such that

(logT)*/2

— 0, asT — oo. (B.9)
VT (h1hg) @S (hy, ha, T)

Then, there exists a constant ¢ > 0 such that, for large enough T,

~ o logT
RS) (phl,hz,T: p; D) <c Bp(hl; ho) + ll)d(hla hy, T) ? ) (B.10)
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Note that Assumption (B.9) reflects the upper bound of Proposition B.4, since it implies the
following for large enough values of T

(log T)? < logT
T(hih2)? = ¥V T

lnb(oj (h19 h2: T) .

In fact this condition is only a marginal restriction as will be made clear in Theorem B.7. Further-
more, the results of Propositions B.4 and B.5 reflect the classical bias-variance decomposition,
with the term B, denoting the bias term and ¥4(-, T)y/T~!log T representing the stochastic
error. For translating the above results into concrete upper bounds on the convergence rate, we
will work under classical Holder smoothness assumptions for the invariant density, with a small
adjustment due to our concrete problem: In order to reflect the specific form of the process
Z = (X,Y), we will use a mixture of isotropic and anisotropic Holder conditions as described in
the following definition.

DEFINITION B.6. Let 1, B2, £1, L2 > 0 and D ¢ R?? be an open set. A function g: R?? — R is
said to belong to the anisotropic Holder class Hp (1, B2, £1,L2) if, foralli=1,...,d,

||D§<g||L°°(D) <Ly, Vk=0,...,[B1],
1D g (- + tep) = D g () lpo oy < LaltPr 1P vee R,

and, foralli=d+1,...,2d,

IDfglli(p) < L2, Vk=0,...,[B2],
1D g (- 4+ te)) = D Mg ()l (py < LolePelP2l) v e R,

where fog is the k-th order partial derivative of g with respect to the i-th component, |||
denotes the largest integer strictly smaller than 8 and e, .. ., eyq is the canonical basis in R24

For estimating the invariant density p of the process Z on a domain D, assuming that
p € Hp(B1, B2, L1, L2), we choose K1, Ky to be smooth Lipschitz continuous kernel functions of
order ||B1]], | B2]. Recall that a kernel K: R? — R is said to be of order ¢ € N if, for any a € N4
with |a] < ¢, x — x¥K(x) is integrable and, moreover,

J K(x)dx =1, J K(x)x*dx=0, aeN |ale{1,...,¢},
Rd Rd

where |a| = Zle a; and x* = ]—[f:1 xlf’“ for all x € RY, @ € N¢. For notational convenience, we
denote the harmonic mean of the smoothness parameters 1 and 35 by

Bio =207 +B3H) 7N

When the context is clear, we will omit the index in this notation. For stating our results on the
convergence rate in a compact way, it is also useful to introduce the functions Y : R X Rg x N x
R — Ry, @: REXRIXREXNX R — Rf and yp: R{ xRy x RI x NXR{ — Rg, specified
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as
3
3 3B12Pad=1,6=0,
4
ﬂlﬂfgzﬂ, 3B1 > Pa,d 2 2,6 =0,
2222, 3B1 <P2,e=0,
Y (B1,B2,d, €) = pLh (B.11)
%E‘Bz, 21812B2:d:1)€>0:
‘Bé_'_[lgzﬂ 2ﬂ12:82:d22>€>01
[;1%227 2ﬂ1<ﬁ2,8>0’
B
log T \ 2(B+d)-Y(B1.82.d.6)
W(T, p1,P2,d, €) = ? ) e , (B.12)

1, (B1,P2,d, ) ¢ B

{VlogT, (B1,PB2.d, €) € B,

x3(T,B1,B2,d,¢€) :

where the set B is given as

31 <PaAd=1Ae=0
B = { (B1, B2, d, €) € R* such that one of the following holds: 31> PaAd=2Ae=0
21 >PB2Ad=2ANe>0
(B.13)
We are now ready to state the first of the bounds on convergence rates announced in the
introduction. In line with the two different variance bounds in Propositions B.2 and B.3, we will
consider both the general case and the case where inf, ) [|y|| > 0. The proof of the upper bounds

on the classical sup-norm risk ngj ) (stated in part (b) below) relies on a classical combination of
Proposition B.3 with a discretization of the domain and the exploitation of concentration results.
For the general case, we even obtain an upper bound for arbitrary p-th moments, p > 1 (see
part (a)): Since Proposition B.2 permits to bound the difference of kernels, we are able to bound
the entropy integrals in the uniform moment bounds obtained in [8], which then yields (B.15).

THEOREM B.7. Let D ¢ R?d be a bounded, open set, and assume ol and p € Hp(B1, B2, L1, L2)
for B1 > 1, B2 > 2.

(a) If the bandwidth is chosen such that
hi ~ (T, By, B2, d, 0)i, i=1,2, (B.14)
then the associated invariant density estimator fulfills
R (B o,rs 03 D) € O((¥x5)(T, B1, f2,d,0)), p > 1. (B.15)
(b) Define ep = inf(y y)ep ||yll. Then, specifying
hi ~ W(T, 1, fard, ep) i, i=1,2, (B.16)

yields
RD (s y.rs 03 D) € O((®xs) (T, B1, Ba, d, £1)).
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Remark B.8. (a) Note that, for the proposed specification of bandwidths, the rate of conver-
gence in certain cases only depends on one of the smoothness parameters. More precisely,
the convergence rate is specified as (¥xs) (T, 1, B2, d, ep) = (log T /T)*x=(T, B1, B2, d, €p)

with
B _ _
2‘31_‘_—(12/3): 3181 Z:BZ)d_lagD_()’
s 3B1=Pad=2,6p=0,
2o, 3P1<Pad=1e =0,

a = a(By, B2, d, ep) = 1 P
zﬁlJr—(ll/z), 2f1 > P2, d=1,ep > 0,

zlﬁﬁ) 2ﬂ12ﬂ2’d:2:£D>07

zﬁﬁzz_'_l: 2:81 <ﬂ2:d:1:£D > 0.

Similar results were also obtained in [7] for the pointwise risk in the scalar case.

(b) Although the function Y introduced in (B.11) may seem like a technical artifact of our
procedures, it is regular in the sense of being continuous in the smoothness parameters
p1 and B, for fixed values of d and ¢. The only thing that counteracts this regularity in
the derived convergence rate is the appearance of an additional logarithmic term in some
cases, described by the set B and the function y 3. However, this concerns only some cases
in a low-dimensional setting (d = 1 or d = 2) and was also observed in [7].

() In order to translate the above result into a statement on minimax optimality, two steps
are necessary: The upper bounds have to be verified uniformly for the class of all diffusions
satisfying Assumption ¢, and the upper bound has to be complemented by a corresponding
lower bound. It is very challenging to obtain the mixing control uniformly over a class
of diffusions. Instead of directing our efforts in this direction, we focus on constructive
aspects: In the upcoming Section B.4, we study the issue of nonparametric drift estimation,
for which we even propose an adaptive procedure. In particular, since our primary interest
is not in optimality issues, we refrain from proving lower bounds. However, it is to be
expected that such statements can be derived by (elaborate) adaptations of the procedures
of [7], who considered the case d = 1 and the pointwise risk.

(d) Let us finally compare one aspect of Theorem B.7 to the scalar, pointwise risk estimates in
Theorems 1 and 2 of [7]. In these theorems, one of the bandwidths (depending on the
ratio of the two smoothness parameters) can be chosen rather freely, as long as it fulfills
some regularity assumptions. However, in the much more delicate context considered
in Theorem B.7 (we investigate the sup-norm risk in a multidimensional situation), we
specify both bandwidths explicitly. The reason for this is the bound obtained in Proposition
B.4, respectively Assumption (B.9), which are also the reasons for assuming ; > 1 and
B2 > 2. In fact, these assumptions on 1 and 5 can be relaxed slightly in some cases, but
for the sake of brevity and since this does not offer much further insight, we decided to
omit this result.

We continue by providing interpretations of the functions ¥, Y and the set B introduced in
(B.11), (B.12) and (B.13), respectively, and explaining our reasons for this particular form of
notation.
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Remark B.9. In the classical setting of n d-dimensional, i.i.d. observations, the minimax optimal
convergence rate for the sup-norm risk, given the estimated density belongs to an isotropic
Holder class with smoothness 8, is given by (log n/n)?/(2#+4) where the logarithmic term in the
convergence rate stems from investigating the sup-norm risk. Thus, for our specific problem,
an analogous rate would be of the form (log T/T)?/(2f+2d) (recall that Z is 2d-dimensional),
where the smoothness index f is replaced by the harmonic mean of the smoothness indices
in the anisotropic framework. Note now that the function ¥ with Y = 0 corresponds to this
classical nonparametric rate of convergence. However, it has already been observed that this rate
can be improved for invariant density estimation of diffusion-type processes when continuous
observations are available, corresponding to Y being strictly positive in our notation. Specifically,
we refer, e.g., to Corollary 1 in [6] for a result on the convergence rate of the pointwise risk in the
continuous diffusion context, Theorem 3.4 in [17], which concerns the rate of convergence of the
sup-norm risk for an adaptive estimator of the invariant density of a continuous diffusion under
anisotropic Holder assumptions, or Theorem 4.3 in [8], which bounds the rate with respect to
the sup-norm risk for a more general class of exponentially f-mixing Markov processes. In all
these cases, the rate of convergence is essentially given by ¥ with Y = 2. In particular, contrary
to our result, Y does not depend on the dimension, the smoothness indices or any other entities,
especially not even in the anisotropic framework considered in [17]. For a summary of the
mentioned results in this paragraph see the following table, which contains the polynomic rates
of convergence:

(invariant) density | drift vector
— 5 5
nondegenerate diffusion 2Ged) 2 2D
kinetic diffusion - b B
2(B+d)~Y.(B1,B2,d,¢) 2(B+d)
i.i.d. case b -
2(B+d)

As can be seen in the proof of the variance bounds in Propositions B.2 and B.3, which are
the quintessential reason for our results, the particular form of Y in our case is caused by the
heat kernel bound in ¢I. More specifically, the function p® suggests that the variances of the
processes X and Y are of a different order. To illustrate this further, we refer to the following
example taken from [3].

Example B.10 (Example 2.9 in [3]). Letd = 1 and ¢ =V = 0. Then, Z; is a two-dimensional
Gaussian vector with
IE[Xt] = Xo + yOt, [E[Yf] = yO;

and
3 2

t t
Var(Xt) = 5: Var(Yt) =1t COV(XD Yt) = 5

B.4 DRIFT ESTIMATION

We now turn to the question of proposing a nonparametric estimator of the drift function
appearing in (B.1), specified as b(x, y) = —(c(x, y)y + VV(x)), x, y € R?. Throughout this entire
section, we will assume b to be locally bounded and ¢ to be uniformly bounded. Note that these
assumptions are satisfied under ol.
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Given two bounded kernel functions K1, Ko : R? — R with compact support, x, y € R? and
je{l1,...,d}, set

- 1 (7 ; _ X y
bj,hl,hz,T (X) y) = ? J Kh1,h2 (X - Xu: y-— Yu) le{; where Khl,hz = (hth) dKl (Hl)KZ (EZ) .
0

For some strictly positive rr € o(1), an estimator of the j-th component of the drift vector b is
then given by a Nadaraya—Watson-type estimator of the form

b . bj i kot
j,hT,rr = |" | +r
Ppie) p) ol 1T

, %,y €RE R = (hy,ho, h{” n{P). (B.17)

Note that our bounds on the rate of convergence of the estimator p stated in the previous section
continue to hold for |p]. Strict positivity of rr ensures that the drift estimator b introduced in
(B.17) is well-defined. However, since b is defined via some stochastic integral, a crucial point
for deriving upper bounds on the rate of convergence of this estimator will be uniform moment
bounds of stochastic integrals with respect to Y over countable classes of bounded functions.
This will be the main focus of the subsequent section. In principle, all the applied techniques
would also be suitable for the estimation of a drift function b, which is not in the specified form.
However, as the results of [22], which in particular imply the exponential f-mixing property,
only consider such drifts, we focus our analysis on this case.

B.4.1 Uniform moment bounds

In Section 3 of [8], uniform moment bounds over countable classes of bounded functions G were
derived for suprema of functionals of the form

t
supl6i(g)l, where Gi(g) = —- | g(X)ds. g € 3w,
g€§ ‘/1_? 0

under the assumption of X being exponentially f-mixing. For the reader’s convenience, we start
this section with a reminder of the relevant results. As the bounds are derived via an application
of the generic chaining device based on [9], they are stated in terms of covering numbers, so
recall that, for any given £ > 0, the covering number N(¢, G, d) of G denotes the smallest number
of balls of d-radius € needed to cover §. Furthermore, given f, g € G, we define the following
semi-metrics,

1alF,0) = I ~ gl &, (F0) = H((F-g)") P21,
1 t (B.18)
&2, (f.g) = Var(ﬁ L (f - 2)(X) ds),

with X being the Markov process in Theorem B.11.

THEOREM B.11 (Theorem 3.2 in [8]). Suppose that X is an exponentially 3-mixing Markov process.
Let G be a countable class of bounded real-valued functions with u(g) = 0, and let m; € [0, t/4).
Then, there exist T € [m, 2m.] and constants C1, Co > 0 such that, for any 1 < p < oo,

([E

1/p
~ oo 2 . (&)
sup Ge (g)|? sclj 1ogN(u,9,ﬂdm)du+czj Viog N(w G, do.) du
g€s$ 0 ‘/E 0
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Kkmg

2m _ . 1 _
+4sup —tIIgIIMC1p+IIgIIG,TCz\/ﬁ+Ellglloock\/fe b,

g€§ \/E

where ¢1, ¢ are positive constants, defined in equation (B.3) of [8], and c,,x > O are specified in
Assumption (AB) of [8].

One of the main tools in the derivation of this result was the following Bernstein-type
concentration inequality.

LEmMMA B.12 (Lemma 3.1 in [8]). Suppose that X is an exponentially -mixing Markov process, and
let g be a bounded, measurable function fulfilling p(g) = 0. Then, for any t,u > 0 and m; € (0, ﬁ],
there exists T € [m;, 2m;] such that

u2

32(Var(J: [§ 8(X;) ds) + 2ullglle )

1 t
I]J’(% L g(Xs)ds > u) <2exp|-

t
e L0yl (W)

The term m, in the previous statements arises from the use of the classical Bernstein inequality
for independent random variables in the proofs. It can thus be interpreted as a kind of loss
compared to results concerning i.i.d. random variables. However, since X is exponentially -
mixing, the decay in m, is exponentially fast, resulting in this loss being almost negligible. In
fact, m; can be viewed as a tuning parameter in our concentration results, with the typical choice
being m; = clogt, where ¢ > 0 is suitably large so that the error term decays with an adequately
fast polynomial rate.

We will extend Theorem B.11 in our specific framework to functionals of the form

. . 1 ¢ .
sup |[H{(g)|, where H/(g) = —I g(X;,Yy) dv!, g € Li(p),j € {1,...,d}. (B.19)
g€ vVt Jo

Once again, a Bernstein-type concentration inequality will play a vital role in our proofs,
namely the Bernstein inequality for continuous martingales (see, e.g., p. 153 in [16]). Given a
continuous local martingale (M;);>o, it states that

2

Vt,x,y >0, P(M;>x,{(M) <y) < exp(—;—y), (B.20)
where ({(M),);>0 denotes the quadratic variation process of (M;),>o. Combining the concentration
inequalities in Lemma B.12 and equation (B.20) will enable us to again employ the generic
chaining device for the derivation of the required uniform moment bounds, similar to [9]. They
are stated in terms of entropy integrals with respect to the semi-metrics defined in (B.18), with
the semi-metric dg induced by the variance of the integral functional now being specified as

&2 (f,g) = 02(f - g), where 62(f) = Var(\ift [[ o) ds).

The main result of this section is the following theorem.
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THEOREM B.13. Assume 9, let G be a countable class of bounded real-valued functions such that gb

is bounded for all g € G, and let m;, m; € (0, t/4]. Then, there exist T € [m, 2m.], T € [m,, 2m,]
and a constant ¢ > 0 such that, for large enough t, any1 < p <ocoand j € {1,...,d},

-]

sup |H/(g) — Veu(gb)|?
g€y

< c( J log N (u, Gb/, %dm) du + J \/log N(u, §b/,dg ;) du
0 0

+J log N(u, G, ¢ *deo +t8d 4 ,)) du
0

+J \/log N(W, G, dpz(y) + 7184 (,,) du
0

Kmg

m — 1 -
+5up (T llgllewp + lglle.C2 VP + 5 gl Ve
g€y \/E

[mellajslle -
+p\ = Il p* A /0 gl
_ K
+4/Pllajjllllglloe 2P +\/p||ajj||00||g”L2(y)) :

The form of the upper bound in Theorem B.13 reflects the result obtained in Theorem
3.5 of [9], where the generic chaining device is applied on stochastic processes with a mixed
tail behaviour. As we perform the chaining procedure twice using two different concentration
inequalities, it is not surprising that the obtained result contains four different entropy integrals,
each concerning a different distance.

B.4.2 Rate of convergence

Applying the powerful result stated in Theorem B.13 together with bounds on the involved
covering numbers already yields a bound on the rate of convergence of the sup-norm risk of the
estimator by, p, T of b/p, for adequately chosen bandwidths hy, hs.

PROPOSITION B.141. Let D ¢ R?? be an open and bounded set, assume o1, and let hy, hy € H such
that (hyhy)? > T™2 log(hI1 + hgl). Then, for any y > 0, there exists a constant c, such that, for
any 1 < p <ylogT, it holds for large enough T

R (b hy o, 103 D) < By (i, hz) + ¢y (hiha) 2172 Jlog (R + h3™).

Combining Theorem B.7 with Proposition B.14 and a specific choice of rr then yields our next
main result, an upper bound on the rate of convergence for a weighted version of the sup-norm
risk of the drift estimator b introduced in (B.17).

THEOREM B.15. Let D ¢ R24 be a bounded, open set, fix j € {1,...,d}, assume s, bip,p €
Hp(B1, B2, L1, L2), and set

rr = (¥xn) (B, B2, d, 0) exp(ViogT).
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For defining the drift estimator, choose K1, K3, hgp ), h;p ) as in Theorem B.7 (@), and specify

5
log T\ 26:(B+d)
hi ~ ( o8 ) L i=1,2. (B.21)

T

Then, if,[_3 >d, B1 > 1, B2 > 2, it holds

B
log T \ 28+d)
T .

€I Bram ) - B € O

The entire proof can again be found in the appendix. One may wonder why we arrive at
the classical nonparametric rate of convergence even though highly nonclassical results were
obtained in Corollary B.7. The technical reason for this is the occurrence of the covering number
with respect to dj2(,) in Theorem B.13. Contrary to the approach taken to find the variance
bounds in Propositions B.2 and B.3, we cannot use the exponential f-mixing property of Z to
bound this, and since the heat kernel bound in (s12) only applies to values of t in (0, 1], it cannot
be used either. The fact that a faster convergence rate for the invariant density estimate is not
equivalent to a faster convergence rate for the drift estimate is well-known. In particular, it has
been shown in some cases that the classical nonparametric convergence rate is optimal in the
minimax sense (see, e.g., [18, 19]).

B.4.3 Adaptive estimation scheme

We now address the question of finding a data-driven approach to drift estimation. Our interest
is in bounding the sup-norm risk fRfj,’ ) (Bj,h,T, b/; D), 1 < p < oo, of (the components of) the drift
estimator b, over an open and bounded set D c R4, The bandwidths specified in Theorem
B.15 (see (B.21)) clearly depend on the typically unknown smoothness of b/p.

For defining an adaptive drift estimator which relies on bandwidths specified in a data-driven
way, consider some symmetric, Lipschitz continuous kernel functions K1, Ko : RY — R of order
1, £, fulfilling

JKi di=1, |Klw <o and supp(K) c[-1/2,1/2]¢, i=1,2.

For any bandwidths (hy,h2)7, (71,72)" € (0, 1]? and any points x, y € R9, denote
(Kh1,h2 * Kﬂl,nz) (x,y) = (Khl * th)(x) ) (Khz * Kﬂz) (y)

= I K, (u = x)Kyp, (w) duJ K, (u = y)Ky, (u) du.
Rd Rd

Forx,y € RY, je {1,...,d}, define the kernel estimators

— — 1 ¢ .
bjhi bt (,Y) = bjn(x,y) = m I Kny py (x — X5,y — Ys) dYY,
0

— — 1t :
bj,hl,hz,ULT]z (X, y) = bj,h,f](xz y) = ? \[ (Khl,hz * Kl'[l,nz) (XS - X, YS - y) dYs]
0
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Specify the set H; of candidate bandwidths for some arbitrary n > 1 as
3= {h = (b1, h)" € (0,117 + hy = 7" with ki € No, ") < ¢ log(n** + )71},

choose g > 1, and let

M= sup  {[IBsn - bialle - A% (m,12)] |,
n=(n1,12) €3, *
for
~ =~ log(n;! +n;")
AL () = AL (1, m2) = ey[32dllajllollplls (1 VIOK oo + Cz\/a”KHLZ(A))\/W,

(B.22)
where the constants C1, Co are specified in the proof of Theorem B.13 in Appendix B. Finally,

define b’ = (W, HJZ) by setting

NE)Y+AP®) = inf {Zj h) + A9 h}.
[E)+ AP (R) = inf B0+ A0 (R
Our approach is based on the work of [15], which itself relies on ideas developed in [13].
Intuitively speaking, we make use of the classical decomposition of the error into a bias term
and a stochastic error by approximating it through the bias proxy A, and At(q), which mimics the
stochastic error (see Proposition B.14).

PROPOSITION B.16. Let D C R?? be an open and bounded set, assume i, and let K1, Ko: R? — R
be symmetric, Lipschitz continuous kernel functions. Then, there exists a constant c such that, for
any t > 0 sufficiently large,

R (55,05 D) < o Re(blp) + (log)?4#12712), V1< p <, (B.23)
where
. log(h7! + h31)
bip) = inf Bri (h) + (hiho) /24 ———1 2 7
Re(Vp) e e pip(h) + (h1h2) "

In the last step of our investigation, we transfer the above result to a finding on the original
question of drift estimation. Given a bounded, open set D ¢ R??, denote by p, > 0 an a priori
lower bound on the invariant density fulfilling inf (. ,)ep p(x,y) > p.. Similarly to (B.17), define

~ ~ bj hy,ho,t bjnt —
bihy ot = bie = = = ==, h = (h1,hy)" € H; = He N H(Q1, Qa).
Phihat Y Px Pht V Px
THEOREM B.17. Grant the assumptions of Proposition B.16, and assume, in addition, that

p,bip € Hp(B1, B2, L1, L) with E > d, 1 < 1, B2 < €. Defining the bandwidth h=h via

NE)+AP®) =  inf {Z{ (h) + A (h)}
h=(h1,h2) Ej‘fr

then yields -
—~ . _b
RE (b, biD) € 0(<logt/t>2<ﬂ+d> ) Vi<p<gq. (B.24)



APPENDICES

B.I PrOOFsS FOR SEcTION B.3

We will require the following auxiliary result for the proof of the variance bounds in Propositions
B.2 and B.3.

LEMMA B.18. Let D be a bounded subset of R??. Then, there exists a constant cp > 0 such that, for
all0 <v < 1,v < t, for all z € R*! and any bounded measurable function f with support D,

IP.()(2)] ScD(”f I xp(—i)).
CcpVL

Proof. We start by proving the assertion for v = t and z € D, where D = {z € R*® : d(z,D) < 1},
with d(z, D) = inf,¢p ||z — x|| denoting the distance of the point 2 to the set D. Since v < 1,
(s12) implies that there exists a constant ¢ depending on D such that

PUAE < [15GEpula2)d < o [ 171"+l exp(—i),

thus completing the proof in this case. For analysing the case z ¢ D, introduce the first hitting
time of D, defined as T =inf{t >0:Z; € D}. Continuity and the strong Markov property of Z

imply
Pv(f)(z) =[E; [f(ZU)l[O,U](Tﬁ)] =k, [Pv—'rﬁ (f) (Z’L'E)]'[O,v] (Tﬁ)]:

and v — 75 € (0,v), d(Z;5, D) = 1. Thus, it is enough to find a bound for |Ps(f)(z’)| such that
s € (0,v), 2’ € D:d(z/,D) = 1. Assumption (12) now implies for this case

PNEN < [ 1) Ip (e w) do < c(?j )] dw -+ | fll exp(—ciD)),

where

, _ s(zytwa)
P = sup s2d exp _1 |25 — wa|? N 3llwy — 2] — : Zzzwz 12 ~se (0, v),(~w1,w2) €D,
' 4s s3 " (#),2}) €D :d(z',D) =1

——

and the constant < only depends on D. To show that ? is finite, fix w = (w1,wy) € D,s € (0,1),
= (2],23) € D : d(2’,D) = 1. Then, the reverse triangle inequality and the inequality
(A-B)? > AZS%I — B2s, valid for any A, B € R, imply

s(zh4ws) s(zh4wo)
25 —wall®  Bllwr -2y = —25—=11> _ 1{llz} —wal® (w1 -z{ll - I=5—=1)?
+ > = +
4s s3 4 s s3
s(zh+wy)
o 1l= —wal?fwr =21 1P
4 s s2(s+1) s3

83
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1 llz5 = wall? + [lwy — 2| 1{|lw - 2’|
= - - Cz =\ - C2
4 2s 4 2s
1 C
>— -2
8 4

where ¢, denotes some uniform bound of ||z5, + ws|| which is finite because D is bounded. Thus,
P is indeed bounded by a finite constant (depending on D and d) and hence the assertion also
follows in this case because v < 1. For the case v < t, we have

1P (f)(2)] < pr-u(z,Z')le(f)(Z')l dz’.

Thus, the assertion follows by the bound derived above. This completes the proof. [

Proofs of Propositions B.2 and B.3. Throughout the whole proof, we will suppress the depen-
dence of functions on T for notational convenience.

Proof of (B.4) We start with the following well-known bound of the variance functional

1 (T 2 (T
Var(? L F(X,, Y5) ds) < EL |Cov(f(X;, Ys), f(Xo,Yo))| ds. (B.25)

=:C(s)

We proceed by splitting the integral, using integral bounds 0 < §o < § < D; < Dy < T. Note
that stationarity of Z, boundedness of p and the Cauchy-Schwarz inequality imply

C(s) < Var(f(Xo,Yo)) < E[f*(Xo,Yo)| < cllfIZA(S),

for some suitable constant ¢ > 0, where 8 := supp(f). Hence,
8o
J C(s)ds < c8oll FIIZA(S). (B.26)
0

Furthermore, the heat kernel bound (s12) and boundedness of p imply for §o <s < 8§ < 1
C(s) < E[f(X;,Y;) f(Xo, Yo)] + E[ £ (X0, Yo)]?

<o | UGN s )6 )

x s~ exp(—c‘1 (

+ el FIZAS) exp(~(s)7!) + cllFIZA(S)

P12 3l = x! — s@W'+y”) 12
||y 4sy ” + || 83 2 ” dxr/ dy"p(x', y/) dx/ dy’

S C“f“go J 2d IU?:l B(X{,S1) (X’) ]'U?:l B(Xiysl) (x//) ]'U?:1 B(y[,Sz) (y’) IU?:I B(yi,Sz) (y”)
R

r_ |2 3 x” _x’ — ‘M 2
% J s_zd exp(_c—l(”y y || + ” 2 ” dy, dy// dx/ dx//
R2d

4s s3

+ el FIZAS) exp(~(s)7!) + clFIZA(S)
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For bounding the inner integral, note that

12 3’ — x' — s(y'+y”) 12
f exp(_c_l(uy y'I2, 3l e s | PO
R2d 4s s

- sdJ exp(—c-l(nwn2 + (" = x")s73/2 = ﬂnz)) dw dw’
R2d 2

=5 J eXp(—fl(llwll2 + IIKIIZ)) dw dw’,
R2d 2

where we used the transformations w = (y’ — y”’)/vs, w’ = (v’ + y”’)/+/s and the invariance
of the Lebesgue measure under translation. Using polar coordinates, it is easy to see that the

integral in the last line is bounded by some finite constant independent of x’ and x”’. Hence, we
obtain that the inner integral is bounded by cs? for some positive finite constant c. Thus,

C(s) < cs_d||f||§o _[de (Z lB(xi,s1)(x,)) (Z lB(xi,51)(X”)) dx’ dx”
i=1 i=1

+ el FIEAS) exp(=(es) ™) +clIFIZA%(S)

< en?S2 £+ cll FIZACS) exp(—(cs) ) + clLARAXS), (B.27)

which implies
La C(s)ds < c|| f||§o(s§d(1og(6/50)nd:1 + 800 450) +A(8) exp(—(ca)—l) + 6A2(8)). (B.28)
0
Subsequently, for § < s < Dy < 1, (2) implies as in (B.27)
e <c| I

2 3x” — x! — M 2
% S—Zd exp(_c—l(”y 4y ” + ” . 2 | dx”’ dy//p(xl’ y/) dx’ dy/
S S

+ el FIEAS) exp(=(es)!) + el FIZA%(S)

< c(s-Zd [\ N )y dxdy + FI2ACS) exp( () + ||f||iA2<s>)
< cllFI3,(s223(8) + () exp(~(c9) ") + 23(9)),

and thus
D1 Dy
J e(s)ds < c||f||§oJ 52 (AZ(S) +A(S) exp(-(cs)—l) +A2(8)) ds
] ]

< clIfIA (8723(8) + A(S) exp(~(cD1) ) + D1A%(S))

<l fllfo(Sl‘Zd)\z(S) +A(S) exp(—(ch)_l)), (B.29)
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where we used D; < 1. We continue by investigating the integral from D; to D,. Arguing as in
the derivation of (B.27), we get

C(s) < CJ

R2dxR

Iy ps (' y) dx” dyp(x’, y') dx’ dy’ + cl FIA%(S)
—c [ IO 10y d '+ e FIEAS).

Thus, Lemma B.18 implies

Do Dy
| emasse| [ 1@ IR plr ) dx dy ds Dl FIRAA)

Dy

Dy
< cj D1 flloA(8) Lw 1FOy)lp(x,y") dx’ dy’ ds

Dy

Dy 1
ve [ rleenp(—) [ 1 lote ) ax s sl 126 D

Dq CDl

< cllflliA(S)(DzDIZdA(S) + Do exp(—c—
1

1
-~ ) +sz(5)), (B.30)

where the value of ¢ only depends on 8 and p. For the remaining part of the integral, we make
use of the mixing property (13), which implies that there exists k > 0 such that

T T
J C(s)ds < CJ If 2 e™ ds < || f]|%e Pz, (B.31)
2

Do D

The fact that exponential -mixing implies a covariance bound of the above form follows from
the proof on page 479 in [21] and is also described in equation (5) of [5]. Combining (B.25),

(B.26), (B.30), (B.31), (B.29) and (B.28) then yields that there exist ¢,k > 0 such that, for
0<80<85<D1<1<Dy<T,

1 T
Var(f J f(Xs,Ys) ds) < CT—1||f||§o(5o7t(3) +579(log(8/80) =1 + 85 M1432)
0

+A(S) exp(—(ca)—l) +22(8)8 + 81-222(8)

+A(S) exp(—(ch)_l) + D,D722(8)

+DyA(8) exp(~(cD1)™!) + DoA%(8) + ™2 ),
and choosing D1 = (—clog(n(s1s2)?))™!, Dy = =2k~ log(n(ss2)?) we get

1 T
Var(;j f(X, Ys) ds) < CT—1||f||§o(50n(S152)d + 524 (10g(8/80) =1 + 85 UM g52)
0
+n(s1s0) eXp(—(cS)‘l) + 61724n2 (5159) % (B.32)

+log(n™ (s152)™) M 0 (s150)),
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where we used that § < 1 and s1,s; € H. Choosing 8y = s1,8 = sy if 57 < s; now entails for
large enough T in the case d = 1

T
Var(%J f(Xs,Ys)ds) < T | fI25} log .
0

We will explain at the end of the proof why the assumption s; < s, is indeed without loss of
generality. For d > 2, the choice g = slsgl, 8 =Dy = (—clog(n(sisy)?))~! gives

1 (T
var 1 [ oo as) < er st
0
where we used s1,s9 € H.

Proof of (B.5) Again we split up the covariance integral from (B.25) into five parts. The only
new bound concerns the integral from §, to §. Arguing as in (B.27), we obtain for 0 <s < § < 1

C(s) <c JRM LFO (59" s (v, %, y') dx” dy” p(x, ') dx” dy’
+ el FIEAS) exp(=(c5) ) +clLAIRAS),

where

P12 3|k = x - s(y'+y”) ”2
psl (xl, y/’ X”, y/) = 5_2d exp _C—l ”y y || + 2 )
4s s3

-d/2

We proceed by finding a bound for pl(x’,vy’,x”,y"”) = s7/2q,(x"|x’,y’, y""), where

3x” = x' — s@W'+y”) |12
g (x" X,y y") = S‘(B/Z)dexp(—fl( ” 3 =)

Since g; resembles the density of a multidimensional normal distribution, we get

1 ’ ’ !’ 144
sup  sup qu(x X, s y) dx
56(0,1) x/’y/’quRd

7 r_ sWHY) 2

i [l = = S

< sup sup s WZ)dJexp —c! 3 2 dx” <e.
SE(O,]) x/,yr’yr/ ERd S

Hence, we can infer

C(s) < cs_d/zj

y LF 5y gs (X |x", y", y”) dx” dy” | f (', y') |p(x’, y') dx” dy’
R

+ el FIRAS) exp(~(es)™") +clIFIA%(S)

< c(llflloos%s“”z [, 1 lot vy ey’ + 1A1EAS) exp( (o) + ||f||§oA2<s>)
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< cllFIA (s442A(8) + A(8) exp(—(cs)_l) +22(8)).

Consequently, for §y < 6,

S S
J C(s)| ds < c||f||§oj (sgs—d/ZA(S) +A(8) exp(—(cs)—l) +A2(8)) ds
60 60
)
< clIfII LO (sgs-d/ZA(S) +A(8)s72 exp(-(cs)-l) + AZ(S)) ds
< cllflli(s%A(S)(‘/Eldzl +10g(8/80) Lazz + 8¢ *1433)

+A(S) exp(—(cs)—l) + AZ(S)é). (B.33)

Combining (B.25), (B.26), (B.29), (B.30), (B.31) and (B.33), we get by choosing
Dy = (—clog(n(sis2)?))~1, Dy = =2k~ log(n(s1s2)?) as in (B.32)

1" -
Var(; J f (X, ) ds) < TSI (Son(sse)” + nsfs3! (VB 1zt +108(8/60) La-z + 8y *1as2)
0
+n(s152)? exp(—(cS)_l) + 8172002 (s155) %
+log(n (s152) )2 (s152)).

Choosing 6o = 0,8 = sf/ ® for d = 1 then yields

1 T
Var(;j FX ) ds) )
0

For d = 2, we choose 6y = s%, = sf/?’ ifsp < si/?’ which entails

1 T
Var(;f f(Xs,Ys) ds) < T flIA 5355 log(T),
0

and, for d > 3, we set §y = s3, 8 = D1, yielding

1 T
Var(fj f(Xs,Ys)ds) < eI fllZs]ss .
0

As with the assumption s; < sy in the verification of (B.4), we will explain at the end of the
proof why the assumption sy < s}/ ® is in fact only temporary.

Proof of (B.6) For proving (B.6), we set 6o = §. Then, we only need to find a new bound for
the covariance integral from & to D;. Arguing as in the derviation of (B.27), we get for 0 <s < 1

G(S) < C”f”go JRZd lUFZIB(Xi,Sﬁ(x’)lU?:l B(xi,51) (x”)]'U?:l B(yi,SQ)(y,)IU?:lB(yi,Sz) (y”)
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r_ 2 3llx” - x! — s@W'+y”) (12
X j N s eXp(—c_1 ( ly 4Sy I + | 3 z | dy’ dy” dx’ dx”
R

+ClFIRAS) exp(~(e5) ) +clLAZAS).

We continue by bounding the exponent in the inner integral. Under the given assumptions on f,
the relation f(x’,y’) f(x”,y"”) # 0 implies

I,y e R¥: |lx" —x|l <s1, X" =xll <s1, |y =yl <s2 Ny” =yl <s2.

The reverse triangle inequality and the well-known inequality (a +b)? < 2(a? + b?) additionally
yield if s, < |ly||/2, i.e., T is large enough,

”y/_y//“Z 3||x’/_xl_ S(UQ'U )”2 ”y/_y//“Z 3(||x’/_x’|| _ ||5(y%)”)2
+ > +
4s s3 4s s3
> Uy ="l + 1y + y”l)?
B 8s
3”X” _xI” ” ’ ’ ’”
=5 U7 =l =slly"+y7lD)

712 3llx” = x’
WP 3
S S

”y”2 3||X”—X’|| ’” ’ ’ ’”
2 ot UK =Xl =sly +y7D). - (B.34)

= x|l =slly" +y"I)

Hence, we have for s > 288s;/|y||

s('+y") 12
ly' —y”|I? N 3llx” —x" = === S lIyll*  3llx” = xlllly’ +y”

4s s3 - 8 s2
2
5 llyll®  18si]lyll
8s s2
2
LIl
16s

Thus, for 288s;/|ly|| < s < 1, it holds
e(s) < cllfl3 J.Wd 1 Bxs) D 1UE, Bos) )10 Byisy (W)U, Blysy (W)
x 572 exp(—cls) dy’ dy” dx’ dx”’
+ el FIEAS) exp(=(es) ") +clIFIZA%(S)
< cllFIZ (57 (51522 exp(—(c5) ") + (su52) exp(~(e5) ) + (s152)*),

which implies for 288s;/|ly|| < § < D; < 1

LDl C(s)ds < c|IfIIZ, (s152)° LDl ((Slsz)dS_Zd eXP(—(CS)_l) + eXP(—(CS)_l) + (Slsz)d) ds
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(c§)~

< 2 d
ClIF I (s152) (L

< ClifI2 (s152)° ((5152)T(2d = 1, (D) ™) +T(3, (D) ™) + D1 (s152)°)

((slsz)dsz(d_l)e_S + sze_s) ds+ D, (slsz)d)
cDy)!

2(d-1)

< C||f||<2>o(5152)d((5152)d EXP(—%) Z (cDp)7*

k=0

2
+ exp(—%) kZ::O(ch)‘k + D1 (slsz)d)

1 —9(d— 1 _
< cllflI% (s152)[ (s152) exp|——— |D;*' " + exp| - —— | D7% + D1 (s152)? ).
CD1 CD1

(B.35)

Here, I'(+, -) denotes the upper incomplete gamma function, whose explicit values are well-known
if the first argument is an integer. Combining now (B.25), (B.26), (B.30), (B.31) and (B.35),
we get by choosing

Dy = (—clog((s152)?))7, Dy = =2k~ log((s152)?) as in (B.32)

T
Var(%J F(X,,Ys) ds) < f||§o(5(slsz)d + log((s152)_d)2d+1(5152)2d),
0

and thus choosing § = 288s1/||y|| entails for large enough T
1! ~1y £112 d
Var| 2 | £ Y ds| < U2 (s150)".
0

Proof of (B.7) To prove the assertion, it suffices to combine equations (B.25), (B.26), (B.30),
(B.31), (B.33) and (B.35) with the choices §g = 0,8 = 288s,/|lyll, D1 = (—clog((s152)9))~!, Dy =
—2k7! log( (Slsz)d) .

To conclude the proof it only remains to consider why the assumptions s; < sy in the proof of
(B.4) and sy < s} 3 ford = 2 in the proof of (B.5) are negligible. For this note that if one of these
assumptions fails to hold, the corresponding other assumption is fulfilled and hence the other
variance bound holds, which then yields a tighter bound. [

Define the function class
9 = {K((X - ')/hla (y - )/hz) : (X, y) eEDnN QZd}r h1,h2 € (O> 1))

where K(x,y) = Ki(x)K3(y) with K7, K> being Lipschitz continuous, bounded functions of
compact support with Lipschitz constants Ly, Ly wrt to the sup-norm ||| .

LEMMA B.19. Let D ¢ R?? be a bounded set, assume A, and let f be a locally bounded function.
Then, for large enough t, it holds for any € > 0

2Lk su h7! + k1) diam(D 2
N(e. S do) < K SUP,exc |f(z)|(€1 5) (D) ,
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&

. d/2(p-1, p-1y\%
N(e, Sf, dia ) < (2LKd1am(D)\/||p||oosupZ€g< £ (2)(h1h)@/2 (k7! + Ry )) |

. 2d
2Lgcp sup, ey |f(2)[(hih2) g (ha, ha, t) (hy! +hy') diam(D) )
g b

N(E, 9f) d@,t) S (

where

X = U supp(K((x —-)/h1, (y —-)/h2)), L = L1[|Kz||le + L2[|K1 | co-
(x,y) eDNQ2d

Proof. Fix e > 0. For all (x,y) € DN Q%4 K((x —-)/h1, (y — -)/ho) is Lipschitz continuous with
Lipschitz constant Lg (h;! + k') wrt to the sup-norm. Hence, for (x,y) € R*

Ba, (K((x = )/h1, (y =) /h2), €)

> {K((a—="+)/h1, (b=")/hg) : [[K((x =) /h1, (y = -) /h2) = K((a =) /h1, (b —)/h2) |l < €}
> {K((a=")/h1, (b =")/ha) : lI(x,y) = (a,b)lleo < (L (h" +h5")7}. (B.36)

)2d
there exist points (x1,y1) ..., (xz,y7) € Q such that D € Q C UL Bg. ((xi,yi), E(LK(hil +

h;1))™1). It now follows from (B.36) that {Bq_ (K((x; —-)/h1, (yi — ) /h2),€) 1 i=1,...,7} is
an external covering of §. Hence, we obtain

Let Q D D be a cube of side length diam(D) < co. Then, for

n =

_ ([LK(hgl +h3') diam(D)
£

2L (h;" + h3") diam(D) )2d
K .

N(SJ 95 dDO) S Next(g/z; 9) doo) S (

Now, let F be an m—cover of G with respect to d,, where we can assume without losing

Sup,e
generality that sup,.q | f(z)| > 0. Then, for any (x,y) € D N Q%, there exists g € J such that

deo (fg, fFK((x =) /1, (y =) /h2)) < sup |f(2)ldeo (g, K((x =) /N1, (y = ) /h2)) < e.

Now note that for (x1, y1), (x2,y2) € D N Q%

dp2(py (FK((x1 = -) /1, (Y1 — ) [h2), fFK((x2 =) /h1, (y2 — ) [h2))
< Vel SUJI; |f(2)|(h1h2)¥?deo(K (x1/h1 = -, y1/ha = -), K(x2/h1 = -, y2/h2 = -)),

and hence

-1
N(S, 9f’ dLZ(IJ)) < j\I‘(‘E‘( \'} ”p“oo Sujlz |f(2)|(h1h2)d/2) P 9; doo)
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. _ _ 2d
_ (2L diam(D) VIl sup, cxc £ ()] (o) /2 (k7 +3")

&

Similarly, we obtain from Proposition B.2 for (x1,y1), (x2,y2) € D N Q?? that there exists a
constant cp > 0, depending on D and K, such that for large enough ¢

de,:((fK((x1 =) /h1, (y1 = -)/h2), fFK((x2 = -)/h1, (y2 = ) /h2))
<c¢p Sujlg £ (2)|(h1h2) (1, ha, )deo (K ((x1 = *) /h1, (Y1 = -) /h2)K ((x2 = -)/h1, (y2 = *) /ha)).
(B.37)

Thus, we have for large enough t,

-1
N(S, 9f, dG,t) < N(E (CD sup |f(Z)|(h1h2)dl,bd (hl, hz, t)) , 9, doo)

zeX

<

(zLKcD sup, e |£(2)|(h1ha)@apa (hy, hy, ) (1 + hi5Y) diam(D))Zd
- ,

which completes the proof. |

Remark B.20. In equation (B.37), we implicitly used that there exists a uniform constant, such
that the results of Propositions B.2 and B.3 hold for all g € 6. A look at the proof of these
assertions shows that this is indeed true, since we can find a bounded set D ¢ R?¢ fulfilling

) supp(K((x = )/h1, (y = -)/h2)) € D.

(x,y) eDNQ2d

Furthermore, for the case inf (. ,)ep ||yl > € > 0 and n = 1, the constants depending on ||y ]| in
Proposition B.3 can all be replaced by analogous constants with respect to €. This observation
will also be used in the proof of Proposition B.5.

Proof of Proposition B.4. First note that the decomposition into bias and stochastic error yields

p

R (Phyps1>P3 D) < E sug |Phy ko, (2) = H(Phy o) IP |+ Bp(ha, ho).
Z€

We continue by bounding the first term. Denseness of Q in R gives

1/p
E

J

1
)
sup |ph1,h2,T(z) - ’J(phbhz,T)lp] = T_l/z(h1h2)_d[E

z€D

sup [|Gr()1IP
gcs

where 6 = {K((x = )/h1, (y = ) /ha) — p(K((x = -)/h1, (y = )/h2)) : (x,y) € D N Q*}. Now,
since Z is exponentially -mixing, Theorem 3.2 in [8] implies that for my € (0, T /4] there exist
T € [mg,2mr] and a constant ¢ > 0 such that

E[sup ||Gr(g)IP| <c log N(u, 6, 22¢d..,) du + \/log N(u, 6, dg,¢) du
7€ 0 \ 0 ’
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+4sup(2mT||g||oop+IIgIIGT\/_+2||g||oo‘/—e p ) . (B.38)

ge€

Obviously, the results of Lemma B.19 continue to hold with different constants for €. Thus, for
large enough T,

j log N(u, %, Z2d..) du = cﬂj log N(u, G, deo) du

0
hit + !
C—J C( ) du < cﬂlogT.
VT

From Proposition B.2 and the inequality

JC Vlog(M/u) du < 4C+/log(M/C) if log(M/C) =2 (B.39)
0

(see, e.g., p. 592 of [12]), we get for large enough T

o — c(h1ha)¥pq (h1,ha,T) c(h1ho)d hi, hy, T)(hTY + h3l
‘[ \/logN(u,CQ,d@,T)duSCJ \/log (h1h2)4a(hy, ha, T) (hy 2 )du
0

0 u

< c(h1h2)%pa(h1, ha, T)\/log T,

where we used (B.39) and h1, hy € K. Letting mr = (p/x) log T yields together with Proposition
B.2 and (B.38) for large enough T and 1 < p < ylogT, with y > 0,

1/p
E|sup |Gr(®I?| <c pllogT)” +(h1ha)? ¢d(h1,h2,f)V10gT+ P 2+(h1h2)"pa(h1, ho, T)VP |,
¢€T CNT \/_
which completes the proof. [

Proof of Proposition B.5. Denoting G, n,1(2) := Phy hy1(2) — E[Phy ny.r(2)], We obtain

Phy i, T(2) = P(2) = Ghy hy,7(2) + (p * Kpypy — p)(2), Vz € D. (B.40)

For bounding E[||Gny,n,,7(2) ||z (p)], we discretize D by means of a finite set Dr C D such that
any point z € D fulfills infzcp, |2—2| < 87, which can be done with card(Dr) < c6;2d. Exploiting
Lipschitz continuity of K3, Ky yields

SUP |Gy oy, 7(2)] = SUP |Gy 7 (2)| < c(hY! +h5 ") (hiha) ™8

z€D z€Dr

Now, Proposition B.3 and Lemma B.12 imply that, for hy, hy small enough and m; € (0, %], there
exists T € [m;, 2m,] such that

P(sup (Ghy oy (2)] > ( k’ng/)d(hl,hz)))

z€DT
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r*log Tih5 (h1, ho)?

32(TVar (B, hy,c (2)) + 4l Knlleor 95 (h1, ho)mr)

T e logT |,
+ m— "1L(0,811Kny 1y llo) (T\/ Tlpd(hl, hz)

r?log T (hy, ho)?

c(W5 (1, ha)? + (hihy)~dr BL S (hy, ho)my)

SZZ (Zexp -

z€DT

< CS;Zd(exp -

T _m logT .
+ m_Te ‘ T]l(O,c(h1h2)_d) (r T lﬁbd(hl’hz)))

r?logT

¢(1 + (h1ha)=dr/ 8L S (hy, ho)~tmy)

= c6;2d ( exp| —

T
" Kmr
oS L Octuhy) 2 og T2 () ) (r))>

where we assume that mr = ¢, log T for some c,, > 0. Then, the well-known inequality

[S¢]

E[Y] $a+J P(Y >r)dr, a=>0,

a

implies for Y := sup, cp, |Gy hy,1(2)], /@1[)2 (h1, ho) ™1, with a suitable constant ¢, > 0 depend-
ing on a,

E

sup IGhl,hz,T(Z)l}
z€Dr

00 2
s( 1°§T¢;(h1,h2))(a+c5;2dj (exp - rlogT
a ¢(1+ (h1ha)=dr/ 8L S (hy, ho)~tmy)

T —Km
+ m_Te T]l(O,C(hth)’dTl/Z log T~1/24% (h1,h2) ") (r)) dr)

S( logT
T

a2
Y (hy, hz)) (a + e84 (CaT_T + (hihg) ™0T3/2 7% log T=3/245 (hy, hz)_l)),
where we used Assumption (B.9). Lipschitz continuity of Ky, n, then yields

E[Gh, o (D)l (py] < E +E

sup |Gh1,h2,T(Z)|]

|Sup |Gh1,h2,T(Z)| — sup |Gh1,h2,T(z)||
z€D z€DT

z2€DT

< c(hyhy) (k7' + h5Y)8r

logT
T

Pq(h1, ha)
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a2
X (a + c6;2d (caT_T + (hihy) ~9T3/27%m 10g T_3/21,b3(h1, hz)_l))-

Then, choosing 81 = (h1h2)4+14/T~1 log T (h1, hy) immediately yields

log T
T

(hih) 4 (h7" + hy")8r € 0( ¢§(h1,hz)).

Now note that hi, hy € H implies the existence of ¢, Q > 0 such that 6;2‘1 < ¢TQ, for large
enough T. Hence, choosing a® = cQ, ¢y = k(3 + Q) yields

logT |,
E[lGhy o1 (2) [l (D) ] € 0( T l/Jd(hbhz))-
The assertion now follows by combining this with decomposition (B.40). [

Proof of Theorem B.7. It is well-known that there exists a constant ¢ > 0, such that, for hq, hy
small enough and for all z € D,

Bp(h1, ) = |(p * Knyh, — p)(2)| < c(h]* +15?) (B.41)

(see, e.g., Proposition 1 in [4]). Plugging this bound and hi, hy as specified in (B.12) and
(B.14) into (B.8) and (B.10), the assertion follows, since 8; > 1, 82 > 2 implies that (B.9) is
satisfied. ]

B.II PROOFS FOR SECTION B.4

The proof of Theorem B.13 will require the following Lemma.

LEMMA B.21. Suppose that Z is exponentially B-mixing, and let G be a countable class of bounded
real-valued functions. Then, for m; € (0,t/4), there exists T € [m;, 2m,] such that, for any p > 1,

1/p Km

p 8

]) < sug(clmtngnmp + eovipllgllos + 2ectliglloe P +eln(@)l),
ge

' Jt 2(Z.) ds

sup([E
0

g€€
where c1 = $el/264/2e1/(12)71 ¢, = 2(2e)71/2e1/(2¢) \/rrel/®.

Proof. We start by splitting the process (Z;)o<s < into 2n; parts of length m,, where t = 2n,m¢, n, €
N, i.e., for j € {1,...,n.}, we define the processes

7t = (Zs)se[2(j=1)me, (2j-1)me]» 7% = (Zs)se[(2j-1)me,2jme] -

Analogously to the proof of Lemma 3.1 and Theorem 3.2 of [8], we use arguments of the proof
of Proposition 5.2 of [21], yielding the existence of a process (Zs)o<s<; such that, for k = 1, 2,

(1) 2k QD Zik forall j e {1,...,n,),

(2) Jep, k> 0: P(ZPk £ Zj’k) < cee ™ forall je{1,...,n:},
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(3) ZVk . Znk are independent,

where Zk is defined analogously to Z»* for j € {1,...,n:}, k = 1, 2. Furthermore, define

(2j-1)m, 2jmy

g(ZS) dS, Ig(Zj’z) = J\ g(ZS) dS, J = 1) ] nt:
(2j-1)m,

I (Z71) = J

2(j-1m

and, analogously, define Ig(ff’k) fork=1,2,j€{1,...,n}. Then, for fixedp > 1, g € G, it

holds
1)<
<|E
2

t
(€[] ez as
0
<omillghe Y)Y P2 £ 210 ([E

k=1 j=1

2 ng

)Z Ig(Zj,k)‘P])l/P

k=1 j=1

2 ng

1/p
S50 o0f)

k=1 j=1

2

‘Z | Ig(if”‘)‘p])l/p

k=1 j=1

=

Km;

2 ne l/P
< 2etlgle” P + Z(E“ PNACEE mfp(g»\p]) +tlu()l
k=1 j=1

Since 21”‘, e, 7ok are independent, the classical Bernstein inequality gives for u > 0

ne m;
ol | > 1@~ mn(e))| > \/zntVar(f 8(2) ds)u +amlgllo | < e,
=1 0

and thus Lemma A.2 in [9] implies

2 n, 1/p m
—~ 1 t
Z(E[( ;ug(z],k) - mm(g»\p]) < cimillglleop + c;\/tVar( " | e ds)@,

k=1

where ¢} = 12el/2e(2e1/(120))1/pe=1 ¢/ = 2(2e)71/2e!/(29) (\/gel/(®P))1/P. The generalization
to m; € (0,t/4) is now analogous to the proof of Lemma 3.1 and Theorem 3.2 of [8]. [

Proof of Theorem B.13. We start by noting that, letting

) 1 t d _
Lele) = = [ @) Y op(Z)dwE, ge e (1.
Vit Jo k=1

we obtain for any p > 1

([E

1/p

sup |17 5(g)1”

g€5 g€§ 8€§

1/p
sup |G,(gb’ - zl(gbj))lp]) + ([E

. 1/p
sup |H/(g) —\/?u(gbj)lp]) < ([E

(B.42)
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Theorem 3.2 of [8] then implies that there is a constant ¢ > 0 such that, for any m, € (0, t/4],
there exists T € [m, 2m,] such that, for any p > 1,

([E

1/p 00
sup |G (gb’ — p(gbj))lp]) < C(J log N (u, Gb/, mfd o) du + J \/long(u, GbJ,dg ) du
0 0

g€$

m - . ; _xme
+5up (2L g llwp + lgb Il VB + g leceVEe ) |
g€§ \/E

(B.43)

. 1/p
It thus remains to bound ([E [supgeg ||]f,0(g) |p]) . Since, forany g € G, fé g(Zy) Zi:l oir(Zs) dwk
is a continuous martingale, (B.20) yields

: tu? t
um(|ug,a(g)| > u) <2e % 4 [P’(J §2(2)a;i(Z) ds > y|, wy>o0,
0

where a = o0 '. Additionally, Lemma B.12 yields for y > 0 that, for any m, 5 € (0,t/4), there
exists To € [my 2, 2m; 2] such that

[P’(Lt (gzajj(Zs)) ds >y+ tp(gzajj))

yZ

32 (Var(= [* (%aj;) (Z) ds) + 2y llg%ajlles™2)

< 2exp| -

+

t
—KM¢ 2
Cx€ 21 (0,4¢/192a;:[|0) (U)
Meo (0,4t]1g2ajjlloo)

and, letting

Yur -= \/ZVar(‘/L_J (g2 a]])(Z)dS) +V256ullg a]]”‘x’mtz’

we get

t
[P’(J g (Z )a;i(Zs) ds > V32uty,, + tu(g a]J)) < 2e'+ ?c e M2 ]l(uoo)(wmtz).

The choice m; 5 = % then yields, for large enough ¢,

t
N
[P’(J gz(Zs)ajj(ZS) ds > V32uty, + tp(gzajj)) <2et+ ZCKVEe‘T]l(u,DO)(%)
0

it
<267+ 2675 1 (e (M) < 47
Hence, we have forr > 0

2

P 4(g)] > 1) < 2exp| — 1 1 +4e,
> u —
7 llg2ajjll,, + Y8192k 1u||82ajj||oo$ +2p1(g%a;j))
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and, thus, it holds for large enough ¢

1/4
] PREICCERY) 8192]layl1%
6e™ 2 P(wi,(,(gn > i lgaillen +u{ =22 ) gl + yu2llajllon(s?)
o A lalle (Vi) 8192lalI%\ "
S P(|uz,g<g>| S e ) gl + ezl lonte?)

(xt)1/8
: 256/1a;i]2\ 1/4
> P(l”i,g(g)l > U(%) (Ll(g4)1/4 + (%) ||g||oo)

4\\ 1/4
+\/u||ajj||oo(\/2ﬂ(g2) +4(L\/i_t)) )) (B.44)

where we used Jensen’s inequality and Fubini’s theorem for showing

o 1/4 -
Jlgalles, < (T—Z[E (L (gzajj)<zs>ds)2) =(T2[E[(T—12 L (8%a5) 2 ds)zl)

(49 YA 1/4 1/2 . 4\1/4 t\1/8 1/2 . 4\1/4
< (tE L (s%a%)(20) d]) <7l < (2) gl u(eh e,
We now want to use Theorem 3.5 in [9] which requires a bound of the form 2 exp(—u). However,
inspection of the proof of this theorem and, in particular, the proof of Lemma A.4 of [9] used
therein shows that the bound in (B.44) suffices. Thus, we have that there exist constants
c1,¢2 > 0 and ty > 0 such that, for any p > 1 and t > ¢,

([E

1/4

sup |1} ,(8)IP

1/p o
<q J log N(u, G, t /4 deo + 78 () du
g€§ 0

+co L \/log N(u, G, dp2(y) + t‘l/BdL4(p)) du

. 1/p
+2sup(E[ 1], (2)17
g€s

< J log N(u, G, ™ *deo + 7 /8d () ) du
0

+co J \/108 N, G, dpzy +t71/8dpa () du
0

2 t p/2]\ /P
o] |

<q J log N(u, G, t M *de +t78d () du
0

+C2 L \/log N(u, G, dpa ) + t_l/SdL4(p)) du (B.45)

t p1y\ 1/(2p)
(L (Z)a;(Z) ds) ])

-

2
+ —C,sup|E
\/Z ngS(
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where we used the Burkholder-Davis-Gundy inequality (with C, > 0 denoting the corresponding
constant) and Holder’s inequality. Additionally, we bounded the y, functionals appearing in
Theorem 3.5 of [9] by the corresponding entropy integrals (see Section 1.2 in [20]). Thus, we
can see that c1, co can be set to

1/4 1/4
_ (a2, 32 - _
C1:4CO( \]/le 1+ % , Cc=0C ||ajj||oo(\/§+4rc 1/8),

where Co, C; represent the universal constants from Theorem 3.5 in [9], adjusted to the bound
in (B.44) and multiplied by the respective constants involved in bounding the y, functionals.
Furthermore, combining Proposition 4.2 in [1] with the Holder inequality shows that there
exists a universal constant C, > 0 such that Cp, < 52\/5 and, thus, Lemma B.21 implies that for
any m, € (0,t/4) there exists T € [m,, 2m,] such that

2 t p\1/(2P)  oF. t p1\ 1/ (2p)
ol || < =g sl [ renm ol |
<252\/5

K 1/2
<=7 sug(c(ﬁtng%ﬁnmp+@ngzaﬂn@,ﬁt||g2ajj||me P)+t|u(g2ajj)|)
ge

meajjl| o 3/4 = /.\1/4 ‘Kz_mt
< sup (e(py == Mgl + 07410 gl + Pl leligle 2 ) B46)
g€
+2Ca[pllasilloligliz )

Combining (B.42), (B.43), (B.45) and (B.46) now yields the required assertion. []

1
p P
LW(D)])

|11 (K (2 = IB9) = B[ -

Proof of Proposition B.14. We start with the usual decomposition

ng,hl,hZ,T — H(Kpy,ny (2 — ')bj)

R (Ej,hg,h4,T, b/p; D) < ([E

=Byj, (h1,h2)

Now denseness of Q, the dominated convergence theorem for stochastic integrals and Theorem

B.13 yield
p 1/p
L>(D) )

1/p
%} (K((z = )/ (hih2))) = VTu(K((z - ~>/<h1hz>)bf>\p])

([E[ng,hl,hz,T - p(Kh1,h2 (z - )bJ)

sup

= (hlhz)‘dT‘l/Z([E
g€€

< c(hth)-dT—l/z(J log N (u, Gb/, %dm) du +J \/log N(u, §b/, dg ;) du
0 0

+ J log N (u, §, T *deo + T78d 4 ) du
0
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+ J \/10g N, G, dz) + T84 ,,) du
0

mr 1 _xmp mrlla;jlle
+SUP(—|Ig||oop+|Ig||@, b+~ llgllwVTe 7 +p\ —— gl
g€s§ \/T T\/_ 2 T

KT?IT

+p 4 ET) gl + Jpllagllolglioe” 2+ \(pllasllsliglizg ) )

We continue by bounding the entropy integrals. Elementary calculations and Lemma B.19 yield

Jml N( 9bj mr 4 )d mr JZSUPxex |bj(>f)|||K||o01 N( gbj g )d
0 u, , =l ) AU = — (0] u, , Ao ) AU

25upeex @ [IKlle  (R=L + A=
og(—( 1 » 2 ))du

T -1, 31
Sc—(1+lo (h +h ))
\/T g 1 2
Analogously, we get

L logN(u, §, T *deo + T78d 4y ) du

(o]

< J log N(u, G, T‘l/gdﬁ(p)) du + J logN(u, S, T_1/4d00) du
0 0

< J log N (T8 (chyhy) 44y, §, do) du + cT_1/4(1 +log (h;1 + hgl))
0
< c(1+1og (A7 4 151 ) ) (174 + 7718 () 4.
Furthermore, Proposition B.2 yields for f, g € G and large enough T

de,(fb/, gb’) < c(hiha)dpa(hy, ho) =V,

and, hence, using (B.39) we get by Lemma B.19 for large enough T

o0 V
[ Vlog (a5, do.o) du < | * Viog Napatn, ha) . 587, ) du
0 0

_ J\/ J 1og(c(hI1 +hy1) (hsha) g (ha, hz)) du

0 u

< c(hih2) " (hy, ho)(Jlog(R! + 31).

For the remaining integral, we argue similarly and get for large enough T

J \/ log N(u, G, dpz () +T~1/8dpa(y) du
0

c(h1ha) 2K ||eo
< J \/log N(c(hihy)~4/2u, G, dw) du
0
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c(h1h2) 4T3 |K oo
+ J

\/log N(c(hihy)~4/4T1/8u, G, do) du
0

c(h1h2) Y2 |IK || h7l + oY) (hihy)4/2
SJ Jlog(c( 1 2 ) (huha) du

0 u

c(hh2) 4T V3K o c(hy! + hy1) (hyhg)d/4
+ J log du

0 T1/8u

< cqflog(hy! + k1) ((hlhz)d/z + (hlhz)d/4T‘1/8).

Combining everything above and choosing mr = my = § log T, we obtain for T large enough and
p <ylogT,withy > 0,

p 1/p

L*(D)

plog(hi* + hy') logT
\NT

+TVE(175 4 (haho)®/*) og 7" + k3! ) + (hiha)* flog Ry + hyY)

2logT _ 3logT
# E VB ula) W, ha) + 7712 4 B

log T\ '/* _
+P( ;:, ) (h1hg)?/* + \/pT 1/2+\/§(h1h2)d/2)

log T3
< c(hlhz)_dT_l/z(% + (Ryhy)* Jlog(h;! + h3Y)

+ TV (1718 4 (haho)¥/*) og (7! + 31 ) + (huha)® flog(hy + hyY)
1 T3 1 T4
+ o\g/_ +4log T (hyha)Ypa(hy, ho) + TV + \V =
T

T

1/4
+ logT(lo%T) (hyhg)d* + \/M%T + \/logT(hlhz)d/2)
< ¢y (h1ha) 421712 [log(h7" + h3Y), (B.47)

where we used that hy, hy € 3 and (h1hy)? > TV/2log(h;! + h3'), and where the constant c,
depends on y. [

([E [“Ej,hhhz,T - ’J(Khl,hz (Z - )bJ)

< c(hahy) T2 + (h1h2)“pa(ha, ha)[log(hy* + h3Y)

Proof of Theorem B.15. Introduce the set By = {||pn, n,,7(2) — p(2)|l1op) < rr}. Markov’s

inequality and Theorem B.7 then imply, for large enough T and some constant ¢ which is
independent of 1 < p < ¢p+/logT,

P(B}) < c(¥x3)"(B1, B2, d,0)r,” = cexp(—p logT).
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Note furthermore that 8 > d implies (hihy)? > T1/2 log(hI1 + hgl), for large enough T. Thus,
for large enough T, it holds on the event B},

E

sup (B (2) - b(Z))p(Z)IlB;]

<E +E

sup |bj 1.1, (2)p(2)| 15 | + E|sup |b<z>p(z>|13;]
z€D z€D

1
—~ 2 1
<E sup|bj,h,T,rT<z)p<z)|2] P(B)? + cP(BS)
z€D

_B_
< |t (loiT)Z(M) +1 exp(—(p/Z)\/logT) +exp(—p logT)

< C(\/fexp(—(p/z + 1)\/@) + exp(—p logT)),

where we used equation (B.47) and the Minkowski inequality in the second to last line. Choosing
p = 54/log T now gives

B
log T\ 28+a)
E og ) .

T

sup By (2) - b(z))p(sz;] € 0(?) c 0 (

On the other hand, on the event By it holds p/ (Eh(p) pe) ot rr) < 1. Thus, by Theorem B.7 and
1 E 2 El
Proposition B.14,

E [sup (b oy (2) = b(z))P(Z)|1BT]

z€D

<E

sup |bjpr. (2) - M))P(z)ﬂm} + E[sup (el b(z))p(z)ﬁBT]

z€D phgp)’h;p)](z)wr 2€D ph§p>,h§p),T+rT

_B_
<e (logT) 2(B+d)

T + [E[Sup |p(z) - 'b\hip),hép),'r - rT|lBT]

z€D

+rr+ ($xs)(T, P1,P2,d,0) |,

b
<e log T\ 2(8+)
T

where we used the bias bound (B.41). The assertion now follows since Y > 0 (recall (B.11),
(B.12)) implies

B
log T\ 28+a)
T .

(IPXB)(T: ﬁl: :BZ: d; O) +r: € (0] (

Proof of Proposition B.16. Fix j € {1,...,d}. In what follows, the dependencies on j and q will
be regularly suppressed in the notation. We start with stating an important auxiliary result.
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LEMMA B.22. Let Gy, = {th((x —)/h)K2((y = )/h2) : (x,y) € DNQ*}, h = (hy,hy) € K,
and recall the definition of H] (see (B.19)). Then, for any y > 0 and large enough t, it holds

Yu, € [1,y log(t)], P(SUP 19/ (g) — Veu(gb')| > Ah,t(ut)) <e™,
£2€%n

where

Be(w) = 4e\/npnm||ajj||m<h1hz>d(61\/384d log(hy" + ;") [K o + 52||K||Lzmu”2). (B.48)

Proof. To prove the assertion, we want to combine Markov’s inequality with the uniform moment
bounds derived in Theorem B.13. Choosing p = p(t) = u; < ylogt for fixed y > 0, we get as in
the derivation of equation (B.47) that there exist c1, co > O such that, for large enough ¢,

1/p

< 2(h1h2)d/2 (ch[log(hfl + hgl) + Cz\/u_t),

E|sup |9/ (g) — Veu(gb?)|?

g€9n

where the constants cq, c; need to satisfy

[ Bllapll og NCu Sn,diz) du < a (hula) > flog(hy? + 1),
0

)d/2

2Ca4(llajilleollgllzz ) < c2(hihz

for large enough t. Here, C1,Co > O correspond to the constants obtained in the proof of
Theorem B.13. Now

1/2
Iglli20n) < (hah2) 2l 1K 2

shows that ¢y = 252\/”61]']‘”“)” pllslIKll2(n) is an adequate choice. Additionally, straightforward

computations using (B.39) and Lemma B.19 show that ¢; = 51\/1536d||ajj||oo||p||oo||K||m also
satisfies the given requirement. Hence, defining Ap as in (B.48) implies the assertion through
Markov’s inequality. [

For any h = (h1,h2)",n = (m1,n2)" € (0,1]?, set
1) = Shtn) = [ Kialu= 0 = ) () wv) dud,
R
* S < o— j
sh,'](" ) = Sh1,h2,ﬂl,ﬂz(" ) = JRZd (Khl,hz * KTIL’?Z)(u -—5U- ')(bjp) (u,v) dudv.
For any kernel estimator
— — — 1 ¢ .
br(x,y) = bjn(x,y) = bjny hye(x,y) = " J Kny hy (X = Xy y — ¥y) Y7
0

of b/p, denote its stochastic error by & (-, -) := bu(-,-) — sn(-, -), and set

Co= sup {[lEnmlleo — A1, m2)], ),
(n1,m2) €H;
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where A (-, ) is defined as in (B.22). The triangle inequality implies that, for any h € 3,
1B ~ bplleo < 11B; = By lloo + 155 = Brllc + IBm = Bl
Since h € H;, we have

1B~ Byl < sup {2y~ Brglle = Acm)] | +AcR) = Be(h) + 4 ()
nNest

and, since bh,ﬁ = bﬁ,h’

bz = bplleo < Be(h) + Ac(R) + B (R) + Ac(h) + [|bh — BPples

< 2(B:(h) + Ac(h) + |Ibr — blp] .
In view of B '
154 = VPl < lnllo + Buip () < &+ By () + Ac(h),

it remains to bound A, (h) + A,(h). For doing so, note first that, for any h,n € (0, 1]2,

1bhy = spylle = sUP < ki [|&nlleos

(x,y) R
st = nlloo < K1 By ().

J ad Ky o (x —u,y = v)&n; 0, (u,v) dudv
R

Thus,

”bh,r) - br]”oo < ”bh,r) - 5;;,7”00 + ”5;,,, - Sn”oo + ||5r1 - bn”oo

<116l + Boso () + 1Eglles < Ka(Ce+ Aclh) + By ()] + L+ Ac(),

and
Be(h) = sup {|IBng ~ balles = Ac(m) | } < sup {kr (¢4 Ac() + By () + &
neH; + neX;
< (VKD (2 + Adh) + By (h),
giving
Ae(h) +Ac(h) < (1V ki) (2@ +24,(h) + B,,J-p(h)).
Consequently,

155 = plles < 2(Be(h) + Ac(h)) +1ibn ~ ol
<2(1v kl)(zgt + 24 (h) + Bbjp(h)) + 8o+ By (h) + A(h)
<(1v kl)(SCt +5A.(h) + 33bjp(h)),

and, for any h € H,,

E[5; o] " < (1 v k) (4ch) + 3By, (1)) + (1 v k)5 (ELC2) .
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It remains to bound E[{?]. We start by writing

E[S] = [E[ sup  {[11€51.0 lle0 —At(m,nz)]‘i}] < > E[[lgglleo - Acm)] 1]
(1,12) €3, nex,
Now Lemma B.22 implies for large enough t
1 2dq
P&l > Ac(m)) = P(Sup |9 () — Vep(gh))| = Ay (2dqlog(ny’ +n§l))) < (—) :

-1 -1
g€5, ny- +n,

Then, Holder’s inequality and equation (B.47) entail for large enough ¢

1/2

E[[I1E0o = Acm]]] < E[(I€lleo = Acm)*] P IIEg Nl = Ac(m)'?

dq
_ _ _ _ 1
< 0(771772) dq/2t a/2 108((’711 + nzl))q/z(n—l + 17—1)
1 2

-d
_ c(\/E . F) 92 log((n71 + n31)92 € O(((log )t 1)),
n2 n

1/2
Finally, E[¢P]VP < E[¢]]Y9 < card(%t)l/q(ngt) < (logt)2/9*1/2¢71/2, n
Proof of Theorem B.17. Fix j € {1,...,d}. For the proof of (B.24), note first that, for any h € K,

(Ej,h,t - bjp) +b (P - ﬁh,t 4 P*)

bine —b| = ~
| pht | ‘ Ph,t V Px
1V || . 1. _
< i (|bj,h,t —Vp|+|p = = (Phe + ps + |Ph — p*|)|)
Px 2
1v b/~ 1 _ _
< i (|bj,h,t —bp|+ = (|p = Phe| + |p — Pu = |Phe — p*ll))
Px 2
1v|b|{- A 1 _ _
el (|bj,h,t =bp|+ S (o = Phel + [l = ps| = [P - p*ll))
Px
1v ||, - . _
S (|bj,h,t - bJP| + |P - Ph,t|)-
Px

Thus,

—~ : 1/p
E[15jme — DI )|
_ 1V SUp(eyep D5, )

Px

E1Bin = 5ol | +E[IAne - ol |
],h,l’ p OO(D) ph,t p Loo(D) .

_B_ — . —~
Letting ®4p(t) = (logt/t)2#+), it remains to verify iRgf)(bjﬁ’t, b'p; D) v Rg)(pﬁ’t, p;D) €
O(®q,p(t)). The first term is bounded by means of Proposition B.16. The smoothness assumption
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on b/p implies that there exists some positive constant ¢, depending only on b, K and d such
that By, (h) < 1:(L1hﬂ1 + Lzhﬁz) The bandwidth h = (h1, hy)7 is then chosen by solving

hit+ hgl)

ot - i

The obtained solutlon belongs to H,, and plugging the specified bandwidths into the rhs of
(B.23), we obtain R (b e bip;D) € O(®g4p(t)). Furthermore, since H, C H(Q1,Qz), it
follows from Proposition B 4 that

B
logt )\ 286+
_g) =12

such that Ej ~ ( "

t

- ~5, ()2 logt
ngf)(Pg’t, p;D) < hlfl +th T(hg—h) +pa(h1, ha, £) =k
1h
log¢\Ta  log(t)?
2(p+d
P ( ogt) LN og(t) ,
t VT

where we used hyhy >t/ and g (hy, hy) < Va4 (h1, hs) < (hihy)~4/2. -
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ON LASSO AND SLOPE DRIFT ESTIMATORS FOR LEVY-DRIVEN
ORNSTEIN-UHLENBECK PROCESSES

Niklas Dexheimer and Claudia Strauch
ABSTRACT

We investigate the problem of estimating the drift parameter of a high-dimensional Lévy-
driven Ornstein—Uhlenbeck process under sparsity constraints. It is shown that both Lasso
and Slope estimators achieve the minimax optimal rate of convergence (up to numerical
constants), for tuning parameters chosen independently of the confidence level, which
improves the previously obtained results for standard Ornstein—Uhlenbeck processes. The
results are nonasymptotic and hold both in probability and conditional expectation with
respect to an event resembling the restricted eigenvalue condition.

C.1 INTRODUCTION

Due to increasing computational power, there has been an immense recent interest in high-
dimensional statistical models, with many research efforts being made to understand statistical
problems in a framework where the number of model parameters can be much larger than
the number of observations. For classical models such as linear regression, issues such as how
to construct procedures which are both computationally efficient and show optimal statistical
performance (as quantified in terms of convergence rates) are now well understood. In contrast,
only few deep statistical results are available as regards the high-dimensional modelling of
continuous-time processes, even though these types of models can often be very well motivated
from an application point of view. A classic example of a continuous-time model of great practical
relevance is the Ornstein—Uhlenbeck (OU) process, which is given as the solution of the stochastic
differential equation (SDE)

dXt = —AXt dt +X th, t > O, (C.l)

where A, £ € R4 and (W,);s¢ is a d-dimensional Wiener process. In the scalar case, this process
is referred to as the Vasicek model when applied to model interest rates. In its multivariate version,
it is frequently used, among many other applications, to model interbank lending (see [10],
[7]). Since the matrix A then describes the interactions between (a possibly very large number
of) different banks, the question of estimating it from observations of X = (X;);>o naturally
arises. Given that banks often have only a limited number of lending partners, it is also natural
to assume sparsity of A, which is a classical assumption in the field of high-dimensional statistics
as it allows to overcome the curse of dimensionality to some extent. Given the availability of
a continuous record of observations of (C.1) with X = l[4x4 on some time interval [0, T] and
assuming sparsity of the interaction matrix, the issue of estimating A is investigated in [11]
and [9]. The proposed estimators are of Lasso- (in the classical and its adaptive version) and
Dantzig-type, since these estimators are known to induce sparse results.

At first glance, it may come as a surprise that theoretical studies on high-dimensional versions
of the basic model (C.1) are relatively recent. In fact, however, the investigation brings with it
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specific probabilistic challenges. From the classical context of linear regression, it is well-known
that convex penalisation methods (such as Lasso or Dantzig selectors) are efficient to compute,
but show good statistical performance only under restrictive assumptions on the underlying
design. An exemplary requirement for the Lasso estimator is the restricted eigenvalue property
(see, e.g., (3.1), (4.2) and the beginning of Section 6 in [4] or Section 3 in [5]). Verifying a
corresponding analogue in the context of continuous-time high-dimensional models amounts
to the demanding task of establishing concentration of measure phenomena for unbounded
functionals of the underlying process. In the Gaussian OU model, [11] succeeded in showing by
means of the log-Sobolev inequality that the restricted eigenvalue property follows directly from
the model assumptions as soon as A is symmetric, while [9] were even able to demonstrate (using
Malliavin methods) that ergodicity of X already ensures the requested property. Remarkably,
unlike sparse linear regression, one thus does not have to impose the restricted eigenvalue
property, as it can be derived directly from the model assumptions of the standard OU model.
Based on this, high probability estimates for the Lasso estimator Klasso are proven in both [11]
and [9]. In particular, denoting by || - |2 the Frobenius norm and by s the sparsity of A, Corollary
4.3 in [9] gives the tightest available bound by stating that there exists some constant ¢ > 0 such
that )
o ~ Al < & log(d—) €2
T &0
holds true with probability larger than 1 — gy, for observation time T larger than some Ty and
adequately chosen tuning parameter, both depending on the confidence level g3 > 0. The upper
bound in (C.2) almost matches the well-known minimax optimal rate of estimation in sparse
linear regression (see the introduction of [4] and references therein), which in the given setting
corresponds to
s d?
T log(?). (C.3)
The aims of this paper are now threefold. Firstly, we want to deduce the analysis of penalised
estimators of the drift parameter for the more general class of Lévy-driven OU processes, i.e., we
replace the driving Wiener process in (C.1) by a general Lévy process (Z;);»0, resulting in

dXt = —AXt dt + dZt, t > 0. (C.Ar)

Secondly, regarding the rates of convergence, we aim at closing the gap between (C.2) and
(C.3), while also choosing the tuning parameter of the penalised estimators independently of
the confidence level €y, which corresponds to our third objective. To achieve the latter goals,
a suitable candidate is the Slope estimator, introduced in [6] as a weighted refinement of the
Lasso estimator, which was shown to be minimax optimal for sparse linear regression in [4].
Another result of this reference is that the Lasso estimator also attains the optimal convergence
rate, but with the downside that the sparsity of the unknown parameter needs to be known for
choosing suitable values for the tuning parameter, which is not the case for the Slope estimator.
Furthermore, it is demonstrated that the tuning parameters for both Lasso and Slope estimators
can be chosen independently of the confidence level €y. At the heart of the proof of these results
is a refined deviation inequality for the stochastic error term (Theorem 4.1 in [4]), which in turn
relies heavily on the (sub-) Gaussianity of the noise in the considered model. Since the stochastic
error in the setting of (C.4) studied here corresponds to an Ito integral with non-deterministic
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integrand, reaching a result similar to the one obtained in the linear regression framework is not
straightforward. For overcoming this challenge, we apply Talagrand’s generic chaining device
together with the restricted eigenvalue property, which then allows us to find a sufficiently tight
result by bounding the Gaussian width of a given set. In fact, using our methods, we succeed in
defining estimators of the drift parameter A for the Lévy-driven OU process (C.4) that have the
desired properties and, in particular, achieve the optimal convergence rate.

The structure of this paper is as follows. In Section C.1.1, we introduce the mathematical
setting and notation of this paper, and in C.1.2 we continue by introducing the two bespoke
estimators. Section C.2 contains our main results on the performance of both Lasso and Slope
estimators in the form of oracle inequalities resp. bounds in various norms. We also discuss the
optimality of the derived upper bounds on the rates of convergence. The subsequent section
consists of the required deviation inequalities for the results in Section C.2, namely a property
of restricted eigenvalue-type (Section C.3.1) and the aforementioned deviation inequality for
the stochastic error term (Section C.3.2). As explained in Section C.2, our results rely on the
concentration assumption (H), which is discussed in more detail in Section C.4.1. The paper
concludes by a brief simulation study in Section C.5, where we compare the error of the maximum
likelihood estimator to both Lasso and Slope estimators in various dimensions. The appendix
contains basic probabilistic results for the processes considered, as well as some longer proofs.

C.1.1 Preliminaries and notation

In the following, Z = (Z;);>0 will denote a d-dimensional Lévy process on a given filtered
probability space (Q, %, (%,),P), adapted to the filtration (%,);s0. For A € R4 we call a
strong solution X = (X;);>o of the SDE

d_Xt = _AXt dt + dZt, t > O, XO ~ T, (C.S)

an Ornstein—Uhlenbeck (OU) process with background driving Lévy process (BDLP) Z, initial
distribution 7 and parameter A. The initial condition Xj is assumed to be independent of Z. It
follows from Ito’s formula that an explicit solution of (C.5) is given by (see e.g. equations (1.1)
and (1.2) in [14])

t
X, = e X, +I e A4z t>0. (C.6)
0

Denote by (b, C = £X7,v) the generating triplet of Z, i.e., b = (bi)l_, € RY, C=Z8T = (Cy)¢ _,
is a d X d symmetric non-negative definite matrix and v is a Lévy measure, i.e., a o-finite measure
on R? satisfying

v({0}) =0 and J‘ min{1, ||z*}v(dz) < .
Rd

Recall that, by the Lévy-Ito decomposition (see e.g. Theorem 2.4.16 in [1]), it then holds

t t
Z; = bt +IW,; + J J zN (ds,dz) + J J zﬁ(ds, dz), t=>0,
0 Jz||>1 0 Jz|<1

where (W;s)s>0 denotes a d-dimensional Wiener process, N is a Poisson random measure on
[0, c0) x R? with intensity measure given by A ® v, and N denotes its compensated counterpart.
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Furthermore, denote by P2 the restriction of the measure P? induced by (C.5) on the path space
to F,. For A € R41*% e define

1/p
IAllo=" > 1{ay#0y, A= > lAglP| , px1,
1<i<d;,1<j<d» 1<i<d;,1<j<d»
and set ||A[|sp to be the spectral norm. To the Frobenius norm || - ||2, we associate the scalar

product
(A1,Az)s = tr(AlTAz), Ay, Ay € R4z

for tr(-) denoting the trace. Additionally, for p € [1, 00) U {0} and r > 0, set
B,(r) = {B e R™ : |BJ|, < r}.

For a symmetric matrix A € R4 we write Amax(A) and A, (A) for the largest and the smallest
eigenvalue of A, respectively. Denote by M, (R?) the set of all real d X d matrices such that the
real parts of all eigenvalues are positive, i.e., A € M, (RY) if and only if ||e™*4||, — 0 as t — oco.

Given B = (B1,...,B4) € RY, denote by (B7,..., ﬁj) a nonincreasing rearrangement of
IB1], . .., |Bdl. For a vector of tuning parameters A = (11, ..., 14) € R? not all equal to 0 such
that A1 > A5 > ... > A4 > 0, we set

d
IBll. = > A;Bf, BeR
j=1

Then it is known that || - ||, defines a norm on R? (see Proposition 1.2 in [6]). In the following,
the weights will always be given by

2
Aj= log(—.d), jeA{l,...d}.
J

For A € R1*% we set (by a slight abuse of notation) ||A|], := || vec(A)]l., i.e.,

didy
2d;d
IAlL. = Zvec(AWlog( ; 2). (C.7)
j=1

Finally, for stochastic processes (X;)ie(o,r], (Ye)te[o,r] € L?([0,T], dt), we introduce the scalar
product

1 T
(X, V)2 = 7 L XY ds.

C.1.2 The Lasso and Slope estimators

In the following, we assume that a continuous record of observations up to time T > O of
a Lévy-driven OU process X is available, and the goal is to estimate the unknown true drift
parameter Ay € R?*4. Additionally, we assume that the corresponding path of the continuous
martingale part X¢ = (X{);>o of X and the diffusion parameter X are known. Extraction of the



C.1. Introduction 113

continous martingale part from discrete observations of X by employing a truncation approach
was discussed in [13] in the context of maximum likelihood estimation.

To begin with our analysis, we introduce the following assumption, which will be in place
implicitly throughout the whole paper.

(o) Ag € M, (RY), C is strictly positive definite, and v admits a second moment. Additionally,
it holds & = p, i.e., X is stationary.

Of course for (s1p) to make sense, an invariant distribution has to exist. It is, however, well
known that this is the case if Ag € M, (R%) and E[(1 V log(]|Z1]]))] is finite (see Theorems 4.1
and 4.2 in [18] or Proposition 2.2 in [14]).

Under (s1y), we are able to employ the results of [19] where maximum likelihood estimation
for general jump diffusions is investigated. As condition C of [19] clearly follows from (), we
get the following result.

PropPOSITION C.1. Let A € R¥*4 T > 0. Then,

d[FDA T 1 T
dT)(T) = exp(—J (C'AX;_) " dX¢ - 3 J (Z7AX, ) T TAX, ds). (C.8)
T 0 0

Proof. From (C.6), we have by the Lévy-It6 decomposition that, under P4,

t t t
X, = e "X, + J e (A g5 + J e (IR qw, + f J e~ (=9A2N (ds, dz),
0 0 0 JRd

where everything is given as in Section C.1.1 and
b* :=b+ J zv(dz).
lzl>1

Thus, Corollary 4.4.24 in [1] implies that E[supy,, |1X;||?] is finite, since u and v admit a
second moment by (sly) and Corollary C.16. Hence, we get

T T
[FDA(J (Z7'AX,)TETIAX,_ds < oo) = IP’O(J (57'AX,_)TEIAX,_ds < co| =1,
0 0

where we argued analogously for P°. This concludes the proof by Theorem 2.1 in [19]. [

Given (C.8), we are able to determine the likelihood function and thus can define the Lasso
and Slope estimators. For doing so, we set

. Ae R (C.9)

1, [dPp
LT(A) = —? log W
T

Furthermore, as we do not assume X to be the identity (as in [11] and [9]) or the identity matrix
multiplied by some factor (as in [4]), we have to adjust the classical definitions of Lasso and
Slope estimators slightly in our setting. We define the Lasso estimator to be given as

Alasso € Argmin,  gasa (LT(A) + AL||Z:‘1A||1), (C.10)
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where A1, > 0 is a tuning parameter. For the Slope estimator, we set

—~

Aslope € argming cgaxd (LT(A) + )LS”z_lA”*), (C.11)

where again As > 0 is a tuning parameter and || - ||. is defined in (C.7). Our interest in
this estimator is motivated by the fact that, in the classical context of high-dimensional linear
regression on the class of s-sparse vectors in R¢, the Slope estimator with suitably chosen tuning
parameters achieves the optimal rate (s/n) log(d/s), n denoting the number of observations, for
both the prediction and the ¢5 estimation risks under suitable assumptions. As both estimators
are defined as a solution of a convex optimization problem, they can be computed efficiently.

C.2 PROBABILITY ESTIMATES FOR THE LASSO AND SLOPE ESTIMATORS

The goal of this section is to provide probability estimates for the performance of Lasso and
Slope estimators with tuning parameters not tied to a confidence level. The starting point of
both proofs is given by the following auxiliary result.

LEMMA C.2. Let h: R¥4 — R be a convex function, and recall the definition of L1 (-) in (C.9).
If A is a solution of the minimization problem miny cgaxa (L1(A) + h(A)), then A satisfies for all
= RdXd

IZ7 (A -A))X|% - 1271 (A-A0)X|1% < 2(¢er, 7' (A-A))2 +h(A) —h(A)) - |27 (A - A)X] >

L2 5
where

I .
€ = EL X, dw,', (C.12)

with (W;)sso being a PA-Wiener process.

The proof of Lemma C.2 relies on the convexity of L7 and h, combined with an application
of Girsanov’s theorem, and can be found in Appendix C.II. Additionally, the proofs for our main
results on the performance of the estimators require deviation inequalities for €7 and properties
resembling the restricted eigenvalue property, which is a classical assumption in the context of

linear regression. These results can be found in Section C.3. They are based on the following
assumption:

() There exists a function H: Rt x R* — R* such that

(i) for any T,r > 0, the functions H(T, -) and H(-,r) are non-increasing and such that
Tlim H(T,r) =0 for all r > 0, and

(ii) for any vector u € R? with |lu|| < 1, it holds
VT,r > 0, P(luT(ET — Coo)u| > r) < H(T,r),

where

~ 1 (T
Cr = ?J XX/ ds and C = Jxx-'—p(dx). (C.13)
0
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Let Kmin ‘= Amin(Co) and Kmax = Amax(Co). Note that O < knin < kmax holds because of (s1()
(see the remark at the end of Appendix C.I). For easing the notation, we also introduce the
events

Qr(r) = { sup |tr(B(ET - Co)BT)| < r}, r> 0. (C.14)
BeB;y(1)

In Proposition C.9, we will see that (JH) in fact implies a lower bound on P(Qr(r)) for any r > 0.

It was shown in [11] and [9] in the Gaussian OU case that the restricted eigenvalue property
holds with high probability for large enough values of T and thus follows implicitly from the
model as soon as assumption () is in place. In Section C.4.1, we investigate () in more
detail by providing sufficient conditions in the Lévy-driven case for () to hold and recalling
the results in the Gaussian case.

C.2.1 Main results on the Lasso estimator

A notable feature of many nonasymptotic bounds for the Lasso estimator available in the literature
(see Corollary 1 in [11] or Corollary 4.3 in [9]) is that the confidence level is tied to the tuning
parameter A. In the high-dimensional linear regression model, [4] develop new proof strategies
for the Lasso estimator, which in particular allow to derive bounds in probability at any level of
confidence with the same tuning parameter. We now adapt their findings to the high-dimensional
Lévy-driven OU model considered in this paper and show that here, too, there is no need for the
confidence level to be linked to the tuning parameter.

ProposITION C.3. Grant Assumption (7). Set s = ||Z7'Aql|o, and let A= Klasso be the Lasso
estimator (C.10) with tuning parameter

2ed?
Ar > 2c*\/KI;aX log(e—), (C.15)
s

where c, is defined in Proposition C.11. Then, for any A € R satisfying ||E~*A||o < s, the upper
bound

IZ7HA - A)X (1% + 247127 (A - A) [l < 127 (A - Ag)X ]I, +

8sAZ ) log(4e;51)
slog(2ed?/s)

min

holds with probability of at least

_ 5_0 _ d Kmin
1-3 - (21dAe) H(T, - )

forall eg € (0,1) and T > O.

Proof. By Propositions C.9 and C.11, it holds

_E_O_ d Kmin
1-2-(21dAe) H(T, 6d)

2
<P ||BX”L2 Kmin <€T’ B>2 < Kmax), (C.16)

\%

S Cx

in 5 2 , su
Berdxd\{0} ||B||3 2 “pemaxipzo IBlls T
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where || - ||s is defined in (C.26). From now on, we assume that the event on the rhs of (C.16)
occurs, and we fix A € R¥4, By Lemma C.2, we then have for h(-) = A7||Z7'-|l; and B := A—A,

IZ7 (A - Ag)XI[Z, + Ar[IZ7"Bll1 < 1271 (A - Ag)X 1%, — IZ7'BX||Z, + A, (C.17)

where
A, = Al Blly + 2(er, T B) + 247 (I1ZAlly - I27AlL ).

Now note that, due to the Cauchy-Schwarz inequality and equation (2.7) in [4], for any
S € {1,...,d2},

s d?
IZ71B|[. < [|Z71B]|24 Zlog(de/i) + Z vee(Z'B)* Vlog(2d?/i)
i=1 i=s+1

d2
< log(2ed?/s)| V5||Z7'B||2 + Z vec(Z'B)¥ | = F(Z7'B). (C.18)

i=s+1

Hence, by Lemma A.1 in [4], if |[E7!Al|p < s, the term A, is bounded from above by

1 _ i~
22 31 Bl + 12 Al - 12 7R

+ (log(zerz))_EAT(F(Z_lB) v 1/10g(4s(;1)||z—113||2)

d? -1 -1
2ed?\\ 2 2log(4e
< Ar{3VSIZ'Blla = ) vee(B) |+ (log( © )) Ar|F(E7'B) v MHZ_IBXHH ,

, S
i=s+1 min

where we also used (C.16) and 2¢, VT lkmax < (log(2ed?/s))~1/2 7. We continue by examining
the two different cases which can occur due to the maximum term. On the one hand,

2log(4e:1 2log(4et
Muz—lsxuﬂ >F(E'B) = |z7!B|y< 8l4ey ) IZ71BX|| 2.
. 2
min Slog(zed /S)Kmin
Thus, in this case,
~ 2log(4et) _
A, < 3A7Vs||E 1B||2+AT\/10g(2ed2/sO)K ) p2 1BX“LZ
min
2log(4e;t)
< 47 T1BX
T\/log(Zedz /5)Kmin | lz2
log(4e:1
< 72~ B4y ) +[|IZ7'BX]|7,.
log(2ed?/s)kmin L

In the opposite case,

A, < 4ArVs||Z7MB)),
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< 41 ||z 1BX||2

8sA -1
<—Tyz BX||

Kmin

Inserting these results into (C.17) yields

~ 812 log(4¢, ")
=R - Ag)X|I2, + 22|27 Bl < 127 1A = A0)X 12 + —L s v |
271 R~ Aa)XIE + 220127 Bl < 27 (A= Ao)XIfE + ks v o

While the lower bound (C.15) for the specification of the tuning parameter At does not
depend on ¢, as promised, the sparsity s of Z-'Ay appears there, which is of course unknown
in general. As, however, £ and Ay are invertible by assumption, it always holds s > d. Thus,
choosing

Ar > 20T Lkmax log(2ed)

implies the conditions in Proposition C.3 to be fulfilled. This specification leads to the same rate
for the Lasso estimator as derived in [11] and [9] for Gaussian OU processes. We also find this
in the following result, where we apply Proposition C.3 for getting high probability estimates in
various norms.

COROLLARY C.4. Let everything be given as in Proposition C.3, and let €1 € (0, 1). Then, for

T > To(ey) = inf{T >0 (21(d A e))dH(T, Kg;) < %} (C.19)

the following assertions hold, each with probability larger than 1 — %(80 + 1), forall eg € (0,1):

_ 8512 log(4¢;")
YA -AX|A < —L{1v o)
(a) ” ( 0) ”L2 = Kmin ( slog(26d2/5)
R 16512 log(4£,")
b 2R -2 < L1V ;
(b) (D2 o)llz < Kfnin ( slog(2ed?/s) |’
I 4sAt log(4¢;")
v 1A - A < 1v .
© 12 o)l < min ( slog(2ed?/s)

Proof. Assertions (a) and (b) follow 1mmed1ately by applying Proposition C.3 with A = A. For
(b), note that (C.16) implies Kmin[[E™ (A — Ag) |2 < 2||Z7(A - Ag)X |12,, and hence the assertion
follows by (a). ]

C.2.2 Main results on the Slope estimator

We now state our main result on the Slope estimator in an analogous form to Proposition C.3.
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PROPOSITION C.5. Set s = ||Z71Ag||o, and choose cs > c.\/Kmax, Where c, is defined in Proposition
C.11. Let A = Agiope be the Slope estimator (C.11) with tuning parameter

2
e (C.20)

\NT

Then, for any A € R4 satisfying ||Z71Al|o < s, the inequality

3108(2ed ) v log(4£51)

L 26[Z7 A A
TKmin S 10g(2ed )

-1 2
T <z (A_AO)X||L2+32C5

IZ7H (A - Ag)X |12,

holds with probability of at least 1 — g9/2 — (21(d A e))dH(T, '%“—dm), forall g € (0,1) and T > 0.

Note that (by the choice of A7 in (C.20)) the Slope estimator achieves the stated (optimal)
rate of convergence even if the sparsity s of Z~'Ag is not known.

Proof of Proposition C.5. As in the proof of Proposition C.3, we start with inequality (C.16), and
we assume that the event appearing in the upper bound holds true. By Lemma C.2, we then get
for h(-) = 2csVT-1||=7 ! - ||, and all A € R4,

IZ7H(A-A)X[12 — 127 (A- A0)X]I% < 2(¢er, T (A-A))p +h(A) —h(A)) - |Z7 (A - A)X]I?,
Thus, for B .= A — K,
2csVT-1|Z7'B|l. + | 271 (A - Ag)X|%, < Z71(A - Ag)X|%, — |IZ7!BX|%, + A%,  (C.21)

where
~ 1
A* == 2(er, Z7IB)p + 4c5\/T‘1(||Z_1A||* —|I=7A, + E”Z_lB“*)'

Now, (C.16) and Lemma A.1 in [4] imply, if |Z7'A||o < s, that

1 -~ 1
A" < 4CSVT_1(§||Z_1B||S +IIZ7 AL = [[Z7AYL + —||2‘1B||*)

2d>2
< 4csVT- —||z 113.||S+—w Zlog( )||z 1B||2—— Z vec(z7'B)? log( )
i=s+1
3 / f 2d2
< 4¢gVT- —||z 113||S+— slog( )||z 1B||2—— Z vec(Z'B)Y log( )
i=s+1

where we used equation (2.4) in [4] in the last step. Furthermore, arguing as in the derivation
of equation (C.18) in the proof of Proposition C.3 and using (C.16), we arrive at

|_|

|_|

min

1 2log(4e1
A* < 4c5\/T—1(z F(Z™B) v ﬁnz—lmnﬂ
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slog( )||z 113||2— = Z vec(£'B)? 1og(2d2))

i=s+1

Again, we continue by investigating the two different cases related to the maximum term. Firstly,

2log(4e7t 2log(4e!
L||z 'BX|l2 > F(ZT'B) = ||2‘1B||zs\/ g(z") IZ7BX |2,
and hence
/ log(4e; / 2 d2
A* < 4cgNT ( g( ||z 1BX||L2+— slog © ||B||2)
2lo
< 8cs an 1BX||2
TKmin
< 3222085 ) o) + 12 BX1,

min

In the other case, we get

d2
2ed? 1 2d2
A* < 4cg VT~ ( —F(Z~ 1B)+— slog( ¢ )||Z:_1B||2—§ Z vec(Z'B)Y log( ))
i=s+1
2ed?
SSCS\/T‘lslog( € )||z—113.||2
2s log(zed )
< 8cg |IZ71BX||,2
Tk Kmin
Slog(Zed )
< 32c;——— +[|IZ7'BX|1%,
T min
and combining these results with (C.21) completes the proof. [ ]

As for the Lasso estimator, this leads to results on various norms.

CoroLLARY C.6. Let everything be given as in Proposition C.5, and let €1 € (0,1). Then, for
T > To(e1) and Ty(-) defined as in (C.19), the following assertions hold, each with probability
larger than 1 — —(eo +¢€1), forall ey € (0,1):

slog(zed) 10g(4€51)
TKmin Slog(Zed )

(a) IZ71 (A - Ag)X||%, < 32¢2

s log(zed ) log(4e;1)

(b) IZ71(A - Ap)||2 < 64c?
TKﬁnn s log(zed )
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slog(2L) log(4e;")
\/TKmin slog(zed ) ’

© IZ7Y(A - Ag)||. < 16¢s

2ed?

slog( ) log(4£51) -

() |=71(A - Ap)|l1 < 16¢cs
\/Tkmin log(Z) s log(zes—dz)

Proof. The proof is completely analogous to the proof of Corollary C.4, except for (d), where it
suffices to note that log(2)||B||1 < ||B||. for all B € R4, [

C.2.3 Optimality of the convergence rates

Alongside the extension of the analysis of the Gaussian OU model to the Lévy-driven case,
the principal question of determining rate-optimal estimators for high-dimensional models of
continuous-time processes is in the focus of our study in this paper. To mark out the framework,
we start by recalling that Theorem 2 in [11] provides a minimax lower bound of the form

inf sup Ex [||K - A||§] > ¢'dslog(cd/s)/T,
A AcT

for certain constants c,c’ > 0, where T is the set of row-s-sparse matrices and the infimum
is taken over all possible estimators of the drift parameter A in the classical OU model (C.1)
with X = ljxq. In what follows, we will derive a similar result under the sparsity assumption
|[A]lo < s. As regards compatibility of lower and upper bounds, it is of specific advantage that
the probability estimates in the previous subsections apply to any confidence level. In particular,
this allows to prove upper bounds in expectation, conditioned on the event Qr(kmin/2).

CoroLLARY C.7. Grant the assumptions of Proposition C.3 and C.5, respectively, let €1 € (0, 1),
and recall the definition of the event Qr(-) in (C.14). Then, for T > To(2¢1) and Ty(+) defined as in
(C.19),

. K
[EAO[ rn1n||z 1(Alasso A0)||2+21T||Z 1(Alasso AO)”l’QT( mln)]

- 8512 1 2

" Kmin(1 = €1) ( ¥ 108(2&12))’
2 Kmin
o e - Aol | @r (<2 ﬂ

32cZslog(2ed?/s) 2
< 1+ .
Tkmin(1 — €1) log(zedz)

Ea,

K
[ mln”z 1(Aslope AO)X”z

The fact that the above bounds are for the conditional expectation, which is in contrast to
the results for sparse regression in [4], can be justified by us not assuming our property of
restricted eigenvalue type, but proving that it holds with high probability. For this, also note that
Proposition C.9 implies that Q7 (xmin/2) is a subset of the event where the restricted eigenvalue
type property holds true.
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Proof of Corollary C.7. We start by proving the assertion for the Lasso estimator. For now, let

A = A0, and set

Kmin l0g(2ed?/s)
812

v = (127 A - Ao)XII% + 247157 R - Ao)ll ) Lr (ki 2)

Inspection of the proof of Proposition C.3 shows that Y < log(4e; 1) holds with probability of at
least 1 — £9/2, forall 0 < &y < ¢; < 1. Hence, for any r > r* = log(4/¢;),

PAO(Y >r) <2’

and therefore

Ea, Y] SJ Pa, (Y >r)dr < r*+2J edr <r*+2.
0

r*

Choosing €} = 4(2ed?/s)™*, we thus obtain

Epo | (127 (B - A0)XI% + 247 127 (& = Ao)l) Tl /2 |
- 8sAZ 16542 - 8sAZ 16542

+ < + .
Kmin  Kmin$ log(zedz/s) Kmin  Kmin log(zed2)

Applying Proposition C.9 then yields the assertion for the Lasso estimator. We continue with
the proof for the Slope estimator. By an abuse of notation, A = Agope now denotes the Slope
estimator defined as in Proposition C.5. Furthermore, let

Qr (Kmin/2) -

1~ 2¢s||Z71(A — Ag) ||+ | Thmin
Z = |IZ"1(A - A)X||% +
(n (A - A)X|% 7 202

Analogously to the proof for the Lasso estimator, we have that Z < log(4e, 1) holds with
probability of at least 1 — &y/2, for all 0 < g9 < ¢; < 1. Hence, choosing ¢; as above,

2¢s]|Z71 (A — Ag) -

Eao | {27 (A - A0)X|I17, + N Q1 (knin/2)
32cZslog(2ed? 32c2slog(2ed?
< sslog(2ed=/s) 14 2 < csslog(2ed®/s) 14 2 .
TKmin slog(2ed?/s) TKmin log(2ed?)

Applying Proposition C.9, together with log(2)||B||; < ||B|. for all B € R%*“, completes the
proof. [ ]

For proving a lower bound for estimation of the drift parameter Ay over the set of s-sparse
matrices, belonging to M, (R?), we follow the strategy developed by [4] in the high-dimensional
regression setting. By providing a lower bound on the expected value of a general loss function,
one in particular also obtains results allowing for comparison with upper bounds in probability
as they are stated in Corollary C.4 and C.6, respectively.
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THEOREM C.8 (cf. Theorem 7.1 in [4]). Let d > 4, s > 2d, and consider a nondecreasing function
£: Ry — R, fulfilling €(0) = 0 and ¢ # 0. Assume that the Lévy triplet of the BDLP Z is given by
(0, lgxd, 0). Then, for 1 < p < oo, there exist positive constants c, ¢’, depending only on £(-), such
that

inf sup Ea, [f(ctpfpllK—AoHp)] > ¢,
A AgeM, (RY)NBy(s) ’

where the infimum extends over all estimators of Ay and

[log(ed?/s
l,bT,p = sl/p g(T / )

Proof. Let r be the largest even number such that r < (s — d)/2, and let Q, be the set of

antisymmetric matrices in {—1,0, 1}%*¢ with sparsity exactly equal to r. Then, every matrix
in Q, is uniquely determined by its upper triangular section, which corresponds to a vector in
{-1,0,1}4(d"D/2 with r/2 non-zero entries. Now since d > 4 and s > 2d imply d(d — 1)/2 > 2
and1<r/2<(s—d)/4 <d(d—-1)/4, Lemma F.1 in [4] entails the existence of a set Q. C Q,
such that, for all B # B’ € Q,,

Bllo <7 <s-d, (C.22)
log(lﬁrl) > crlog(ed(d — 1)/r) > crlog(ed?/s),
IB-B'||}>r/8>((s—d)/2-1)/8>5/64, p=>1, (C.23)

where ¢ > 0 is an absolute constant and we used d > 4 and s > 2d for (C.23). Now, for w > 0,

set
Qu = {laxg +wB : B € Q. }.

Note that iB is unitarily diagonizable for every B € Q, because of its antisymmetricity. Hence,
for any A € Q,,, there exist a unitary matrix U and a real diagonal matrix D such that, for t > 0,

le™lsp < €77 |[Ue ™PU* ||, < e 2 |le”™P||g, = 75,

Thus, ||e"®||s, — 0 as t — co holds for any A € Q,, implying that Q,, ¢ M,(R?). Furthermore,
by (C.22), ||Allo < s holds for all A € Q,,. Lemma 6 in [11] entails that, under Py,

Coo = laxd,
and (C.22) gives for A, A’ € Q,, that
A - A5 < 4w?r.

For the Kullback-Leibler divergence of the probability measures associated to A,A’ € Q,,, we
then get as in the proof of Corollary 3 in [11]

T
Iqmﬂmmzzu«N—AmMN—Af)smw%

and (C.23) implies for p > 1
lA-A|P > swP/64.
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Now, choosing wg > 0 such that wg = cT"!log(ed?/s)/25 and setting Q = Q,,, it holds for all
AA e€Q

KL(PA||Pa) < 2crlog(ed?/s)/25 < log(|Q])/8,
IA = A||2 > s(cT ! log(ed?/s))P/? /320,

which completes the proof by applying Theorem 2.7 in [21]. [

Using the indicator loss £(u) = 1{u > 1}, Theorem C.8 yields, e.g., the following statement
ford > 4 and s > 2d: For any estimator A, there exists some s-sparse matrix Ay € M, (R?) such
that, with PA2-probability of at least co,

—~ slog(ed?/s
A = Aoll2 > 01\/#,

for some constants cp,c; > 0. Note that this lower bound matches the upper bound for the
Slope estimator of the drift parameter Ay in the model (C.4) with X = Id4xg which was derived
in Corollary C.6(b). The restrictions d > 4 and s > 2d are consequences of the assumption
s € [1, p/2] in Lemma F.1 of [4] and the construction of the hypotheses. More specifically, as
we want to apply Lemma 6 in [11] for showing that C,, is identical for all hypotheses, we use a
similar construction by antisymmetric matrices as in Lemma 5 of the same reference. However,
as the constructed set then needs to contain matrices with sparsity < s — d, we are in need of a
lower bound of the form s — d > cs for some constant ¢ > 0 which holds for all d > 4. This is
reflected in (C.23) in the proof of Theorem C.8, where it can also be seen that the assumption

s > 2d solves this problem.

C.3 DEVIATION INEQUALITIES

Having presented our main results for the Lasso and Slope estimator, respectively, in the last
section, we now give the two central deviation inequalities used in the proofs. In particular,
the approach to bounding the stochastic error introduced in Section C.3.2 provides the key to
achieving the optimal rate of convergence.

C.3.1 Property of restricted eigenvalue type

In previous works on Lasso and Slope estimators, the analysis relied on the so-called restricted
eigenvalue property, which in our setting corresponds to the assumption

_IBx],

in 5
BeC ||BI3

= CREP,

for certain cones @ ¢ R4 and a constant cggp > 0. It was discovered in [11] and [9] that

this property holds with high probability in the context of Lasso estimation for Gaussian OU
processes as soon as assumptions corresponding to () are fulfilled (see Theorem 3 in [11] and
Theorem 3.3 in [9]). As these findings essentially rely on the discretization procedure presented
in Lemma F.2 of [3], it is not surprising that similar results can be obtained in the Lévy-driven
case.
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ProprosiTioN C.9. For any T > 0, it holds

\%

2
QT(Kmin) - inf ”BX”Lz > Kmin
2 BeRéx\ (0} ||BJ|2 2

and, forany r > O, we have

Proof. First note that

. ”BX“]%z Kmin . tl’(BETBT) Kmin
inf < = §Kmin —  inf >
BeRéxd\ (0} ||BJ|2 2 BeRéx\{0})  ||B||2 2

tr(BCsBT) , tr(BCBT)  Kmin
m oz mn 5 >
BeRd\ {0}  ||BJ|5 BeRd\ {0}  ||BJ|5 2

c! sup |tr(B(Cr—C.)BT)| > minl
BeBy (1) 2
where we used the identities ||BX ||§2 = tr(BC;BT) and
tr(BCoB™) =vec(B") " (Igxq ® Coo) vec(BT),

with ® denoting the Kronecker product, combined with the min-max theorem. This proves the
first assertion. Since, for B € R%x4,

d
tr(B(C, - Co)B") = ) B; (C: - Cw)BY, (C.25)
i=1

Q=

P| sup |tr(B(Cr - Ce)BT)| > r) < um( sup  |[u(Cr — Coo)u| >

where B; . denotes the i-th row of B, assumption (7() now implies together with Lemma 7 in
BeB» (1) ueRd:||lull<1
r
< (21(d A e))dH(T )

[11] foranyr > 0
> 3d

i.e., (C.24) holds. [ ]

As can be seen in Proposition C.9, we choose € = R%<4\ {0}. This may seem counterintuitive
at first, since the cones used in previous works are much smaller than the whole space. There are
two main reasons for our choice. Firstly, we employ Proposition C.9 in Section C.3.2 for obtaining
a deviation inequality for the stochastic error term involving er in Lemma C.2. As this deviation
inequality must hold for all matrices, we have to choose € in the specified way. Secondly, as our
framework concerns sparsity instead of row-sparsity, it becomes hard to exploit the property
(C.25). A good indicator for this is the difference between the threshold time index Ty in Theorem
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3.3 of [9] and Corollary 4 in [11]: In the row-sparse setting, the dominating term wrt sparsity
and dimension is of the form slog(d/s), whereas in the sparse setting the corresponding term is
given as s log(d), which is clearly larger since the sparsity always dominates the row-sparsity.
This is in fact a direct consequence of the different concentration results stated in Lemma 6.2
in [9] and Lemma 8 in [11], which can be seen as analogues to Proposition C.9. Recall that
[9] assumes the true parameter to be sparse whereas in [11] the parameter is assumed to be
row-sparse.

C.3.2 Bounding the stochastic error

We now prove a uniform deviation inequality for the stochastic error term involving €7 in the
basic inequality stated in Lemma C.2. As we want to obtain results for the Slope estimator, we
are in need of a statement similar to Theorem 4.1 in [4]. However, the proof of said theorem
strongly relies on the noise being normally distributed, as it uses as a key argument the classical
concentration result for Lipschitz functions of Gaussian random variables (see, e.g., Theorem
5.2.2 in [22]). Since the noise in our case is given by an Ito integral, we are not able to directly
employ the same techniques as used in [4]. We overcome this challenge by noting that Proposition
C.9 allows us to find a uniform bound for the quadratic variation of the noise term, which holds
with high probability. This implies that the noise is sub-Gaussian with high probability, thus
enabling us to apply Talagrand’s generic chaining device and majorizing measure theorem (see
e.g. Chapter 2 in [20] or Section 8.6 in [22]) to return to the Gaussian setting. These findings
yield the following important auxiliary result, for which we define the Gaussian width w(D)
and radius rad(D) of a set D ¢ R by setting

w(D) = [E[sup(vec(B),Z)] and rad(D) := sup||B||2,
BeD BeD

where Z ~ N(0, l;2,.42). Recall the definition of €7 in (C.12).

LEMMA C.10. There exists a universal constant co > 0 such that, for any D ¢ R4, it holds for all
u>0

12
P(sup(eT, B)2 1o; (ema) < €O ’;max (w(D) +urad(D))| = 1 - 2exp(-u?).
D

Be

Proof. Note first that, by the min-max theorem, for all B € R%4,

tr(BCoB™) = vec(B) T (lyxg ® Coo) Vec(BT) < Kmax||BlI2,

and hence

Qr (Kmax) = { sup tr(B(ET - Cw)BT) < Kmax}
BGBz(l)

© {VB1,Bs € D - tr((By ~ B) (Cr — Cae) (B ~ B2)T) < Kmax[B1 — Ball3}

c {VB1,B; € D 1 tr((By ~ B)Cr (B1 — B)T) < 2cmarl[B1 — B3}
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Let B; # By € D be given. Then, using Bernstein’s inequality for continuous martingales, we get

<€T: B, - B2>§ ]lQT(Kmax)
12T 'k max||B1 — BZ”%

o0 er,B; —By)2 1
< I [F"(exp(< T 1 2>2 QT(Kmax)) > ll) du

0 12T kmax|IB1 — B2|l5

IA

1+ J P(KGT, B1 — B2)| 10, (k) > V12T Kmax log(u) By — Bz||2) du

1
00
o0

1+

T
P(‘ J ((Bl - BZ)XS)T dWs > \/12TKmax log(u)“Bl - B2||2; QT(KmaX)) du
0

> \/12TKmax IOg(u)”Bl - B2“2;

IA

1
T
1+J P U ((By — By)X,)T dW,
1 0
T
j 1(By = By)X, |2 ds < 2Txomal|B1 — Bal2 | du
0

< 1+2J u3du=2.
1

This shows that ({€r, B)2 1, (xyay) )BeD i sub-Gaussian in the sense of Definition 2.5.6 in [22],
since

12
I{er, B1)2 — (e, Ba)zllg, < 7 max||B1 - Ball3,

holds, where ||Y||y, := inf{t > 0 : E[exp(Y?/t?) < 2]}, for any random variable Y. Hence, we
can apply Exercise 8.6.5 in [22], which yields for any D ¢ R and for all u > 0 the asserted
inequality. ]

Combining Lemma C.10 with the concentration property for Lipschitz functions of Gaussian
random variables and Proposition E.2 in [4], which allow us to bound the Gaussian width of the
relevant set, we arrive at the following proposition.

ProrosiTiON C.11. For O < g9 < 1, set

IBlls = [IBIl. v y/log(4&;")[IBll2, VB € R™. (C.26)

er,B K €
P sup < L >2 ]]‘QT (Kmax) < G = 2 1- _0’
Berdxd gzo  IBlls N T 2

where, for cq being the constant from Lemma C.10,

Then, for all T > 0,

_ 3
Cy = Co( 10g(2) + \/ﬁ)
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Proof. First note that

,B
sup er. By _ sup (e€r,B)2, where D, = {B e R : |B|s = 1}.
BeRxd B£0 ”B”S BeD,

Thus, to apply Lemma C.10, we need to bound w(D,) and rad(D.). Therefore, let Z ~
N(0, Ij2542), and note that the function

FiRY SR, v f(v) = sup (vec(B),v),
BeD,

-1/2

is Lipschitz continuous with Lipschitz constant log(4) wrt the Euclidean distance. Thus,

equation (1.4) in [12] gives

w(D.) = E[f(2)] < L P(1f(2) —Med(f(2))| = u) du + Med(f(2))

< Jw exp(—w) du + Med(f(2))
0 2

J

Combining Proposition E.2 in [4] with

f(Z) < sup (vec(B), Z)
BeRdxd:||B||, <1

d

2
z¥
= sup Vec(B)f\/log(2d2/i)—l
BeRdxd:|B||, <1 ; Vlog(2d2/1)

i

yields Med(f(Z)) < 4, implying that

Ja

Since rad(D.) < log(4/eo)~/? trivially holds, the assertion follows. [

C.4 DIScUSSION OF ASSUMPTION (H) AND OUTLOOK

C.4.1 Sufficient conditions for assumption (H)

We first recall the results of [11] and [9] on assumption (H) for the case where the BDLP is
given as a standard Wiener process. Moreover, we prove that in the Lévy-driven case () is
satisfied as soon as the Lévy measure of the BDLP admits a fourth moment.
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The Gaussian case As mentioned above, both [11] and [9] assume that Z is a standard Wiener
process, i.e., the characteristic triplet of Z is given by (0, l4x4, 0). In this case, [11] were able
to show that () holds under assumptions implied by (s1) if Ag is symmetric. This result was
achieved by exploiting that symmetricity of Ay implies u to fulfill a log-Sobolev inequality, which
then yields (7{) by Theorem 2.1 of [8]. [9] extended this finding to the general case of possibly
non-symmetric A, i.e., Ag € M,(R?) already implies () in the classical Gaussian case. The
proof of this result relies on Malliavin calculus methods, especially Theorem 4.1 in [15]. In both
papers, the function H in (H) is of the form

H(T,r) =2exp(-THo(r)), T,r >0,

where Hj is positive and increasing. For the sake of completeness, we state the findings of [9]
below.

ProprosITION C.12 (cf. Proposition 3.2 in [9]). Assume that the characteristic triplet of the BDLP
Z is given by (0, lgxq, 0). Denote by A1, ..., Aq the eigenvalues of Aoy, and let Py be the matrix such
that Ag = Py diag(Aq, ..., Ad)Pal. Then, for all r > 0,

sup [P’(IuT(ET — Coo)u| > r) < 2exp(=THy(r)),

ueRd:||ul|=1

where

Tol‘z

8Amax(coo)P0(r + Amax(coo)) ’
with o = min(Re(A;)) and po = [|PollsplIP5[|sp-

Ho(r) =

r>0,

The Lévy-driven case Since the derivation of the results in the previous paragraph strongly
relies on the Gaussianity of X, achieving similar results in the Lévy-driven setting is a challenging
task. However, an application of the stochastic Fubini theorem (similar to the proof of equation
(2.17) in [2]), combined with classical martingale results, yields that (J) is fulfilled as soon as
the Lévy measure v of the BDLP admits a fourth moment.

ProrosiTION C.13. Assume that v admits a fourth moment. Then, there exists a constant ¢ > 0
such that, for all u € R? fulfilling ||u|| < 1,

T(C - -
[P’(lu (Cr = Coo)ul 2 r) = t(r Ar?) * (tr)*

In particular, Assumption (H) is fulfilled.

The proof of Proposition C.13, which also contains the explicit value of the constant c, can
be found in Appendix C.III.
C.4.2 Outlook

Following the pioneering work of [11] and [9] which clarified the statistical foundations of a
high-dimensional modelling of the classical OU process, we have extended the investigation
to the Lévy-driven case. In particular, this requires finding tools that do not explicitly rely on
Gaussian structures.
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As usual in high-dimensional statistics, the proof of our main results (Propositions C.3 and
C.5) is based on two central elements: On the one hand, we confine ourselves to the study of a
benign event, in our context of the form

IBXI%, s er,B K
12 min sup <T, >2 <c, max

€ = mn Tonz
BeRrxd\{0} ||B||5 2 Berixdgzo |Blls T

As becomes clear in the proof of the aforementioned propositions, the investigation on this
event is driven by purely deterministic arguments, which can be developed analogously to the
high-dimensional linear regression model as it is studied in [4]. It then remains to show that the
event € is of high probability.

With respect to the first sub-event, this amounts to verifying a property of restricted eigenvalue
type. Similarly to the Gaussian case, we identified a concentration condition (assumption (7))
that can be used to show this. Proposition C.13 stated in the previous subsection gives a concrete
criterion for () to be fulfilled. This result is obviously weaker than its Gaussian counterpart
(Proposition C.12) in the sense of the temporal decay not being exponential but polynomial. The
primary influence of this is on the value of the threshold value Ty specified in (C.19) appearing
in Corollaries C.4 and C.6, which increases. Nevertheless, as the main results of this paper are
developed in such a way that they only rely on assumption () in its general form, it would
be easy to implement results implying an exponential decay in the Lévy-driven case to achieve
values of Ty similar to the Gaussian case.

The second sub-event of € involves both the process er (specified in (C.12)) and the norm
|| - [|s (as introduced in (C.26)). At this point, the main differences with the studies of [11]
and [9] do not arise because of the structure of the process, but because of the different
statistical approach. In fact, controlling the second sub-event provides the key to removing
the additional logarithmic factor in the convergence rate. The derivations in Section C.3.2 are
therefore of independent interest. As noted in Remark 4.4 of [9], the development of general
high-dimensional diffusion models requires a suitable representation of the likelihood function
(given in our case by Proposition C.1) and appropriate techniques for proving concentration
phenomena. If these ingredients are combined with our techniques for bounding the stochastic
error, estimators (of the Lasso or Slope type) that achieve minimax optimal convergence rates
might also be formulated in a general diffusion model.

C.5 SIMULATION STUDY

In this section, we investigate our theoretical results by applying them to simulated data. For
this purpose, we compare the errors of the maximum likelihood, Lasso and Slope estimators in
different dimensions. Of course, our results were derived in the setting of continuous observations,
but they can easily be transferred to the more realistic framework of discrete observations by
discretising the integrals involved. The data will always be generated by an Euler-Maruyama
scheme with step size § = 1072. We choose this value for § because Figure 6 in [11] indicates
that the quality of estimation does not improve with a smaller step size. Since it is well known
that choosing tuning parameters by theoretical results leads to too large values, we select the
tuning parameters by cross-validation, with the first 80% of the path acting as the training set
and the remainder as the validation set. More precisely, we define a candidate set A ¢ R,, and
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Figure C.5.1: Comparison of the true parameter Ay with MLE, Lasso and Slope.

for each A € A, we set

. , <l ,
Ahasso = argming craxd £[0,0.877(A) + A[|Al[1, A;ope = argming cgaa L10,0.87] (A) + A[A[l
and ~ sl
~ Lio.gr,ry(Ald©) Lo (A"
218550 = aremin, ., [ = 1 , A% = argmin, ., [ Asl(]) e ’
1A 1A%l

where L9 0.sr] and Lio.sr 1], respectively, correspond to the negative log-likelihood function
computed on the relevant intervals. This then leads to I\%:S‘; and K%ljiee as our final estimators.

The candidate set will always be a logarithmic grid with values between 1072 and 10. We
choose this particular form of our estimators because it is closer to practice compared to the
theoretical definitions in (C.10) and (C.11). For a more in-depth numerical analysis in the
Gaussian framework and, in particular, an application to real world financial data, we refer to
Section 4 of [11], and for a comparison between Lasso and Dantzig estimators to Section 5 of
[9].

In Figure C.5.1, we give a first example of the different estimators compared to the ground
truth Ag, which in this case is given as a 15 x 15 matrix with sparsity ~ 0.2. For comparability,
we depict the matrices as heat maps. In this example, we set T = 300 and let the matrix Z
be generated as a diagonal matrix with entries generated from a uniform distribution with
values in [0, 5], and the jumps are given by a composite Poisson process with intensity 10 and
Laplace-distributed jump sizes. We choose X as the diagonal matrix because our results rely on
the sparsity of Z-'Ag and this is the simplest way to preserve the sparsity of Ag.

For more general results, we compare the estimation error in L1 and Frobenius norm (here-
after referred to as L, norm) of the three estimators over 10 iterations for dimensions 10 to
30, with T = 100. For each dimension, we generate Ay € M, with sparsity ~ 0.2 and Z similar
to Figure C.5.1, with the only difference that the uniform distribution is now on [0, 10]. The
jump intensity is given as 5, and the jump sizes are also Laplace distributed. The results of this
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Figure C.5.2: L, errors of MLE, Lasso and Slope + one standard deviation.

Mean of L1-error
20 40 60 80 100
| | | | | |

I I I
10 15 20 25 30

Dimension

Figure C.5.3: L; errors of MLE, Lasso and Slope + one standard deviation.

simulation study can be seen in Figures C.5.2 and C.5.3. We see that Lasso and Slope constantly
outperform the maximum likelihood estimator for both error measures, and that Lasso and
Slope behave very similarly, which is in line with our theoretical results. Moreover, the Lj error
grows linearly, while the growth of the L, error is of quadratic nature. This also matches our
theoretical results.






APPENDICES

C.I SOME RESULTS ON LEVY PROCESSES AND LEVY-DRIVEN OU PROCESSES

We start by presenting some results on Lévy-driven OU processes and Lévy processes, respectively
infinitely divisible distributions. For this, recall that a function g: RY — R is called sub-
multiplicative if it is nonnegative and there exists a constant ¢ > 0 such that

g(x +y) < cg(x)g(y), Vx,yeR™L

LEMMA C.14 (cf. Theorem 25.3 in [17]). Let Z = (Z;)¢>0 be an R%-valued Lévy process with
Lévy triplet (b, %, v), and let g: RY — R be a measurable, locally bounded and sub-multiplicative
function. Then, E[g(Z;)] < oo holds for all t > 0 if and only iff”z”>1 g2(z)v(dz) < oo.

In particular, the function g(x) = (1V ||x||)? is sub-multiplicative for all p > O (see Proposition
25.4 in [17]) and thus E[||Z;||P] < oo holds true for all t > O as soon as I||z||>1 llz||Pv(dz) < oo is

fulfilled. We continue with the following result, which characterizes the invariant distribution of
X.

LEMMA C.15 (cf. Theorem 4.1 in [18], Proposition 2.2 in [14]). Assume (dly). Then, X has a
unique invariant distribution 1 which is infinitely divisible with characteristic triplet (b,, Gy, vy)
where

b, = A7'b + J j e_SAZ(]l”Z”Sl(e_SAZ) - ]1||Z||§1(Z)) dsv(dz),
0

o0
_ _ T
C, :j e ACe™A ds,
0

vu(B) = J v(e®*B)ds, VB e B(RY),
0
eB={yeR?:y=e’x,xeB}, VBeB(RY.
Combining these results directly leads to the following corollary.

COROLLARY C.16. Consider an R%-valued Lévy process Z = (Z;),;»o with Lévy triplet (b, Z,v), and
assume (slp). Let p > 2 be given, and suppose that I||z||>1 llz||Pv(dg) < oo. Then,

f [P (dx) < oo.

Proof. By Lemmas C.14 and C.15, it suffices to show f”z”>1 |2]|Pveo (dz) < oo. It holds

j ||z||Pv,1<dz>sj jue-sAzan(dz)dssj ||e-sA||§dsJ||z||Pv<dz><oo,
[|z]|>1 0

0

since v is a Lévy measure, p > 2 and A € M, (RY). [

Another consequence of Lemma C.15 is that ki, > O follows from (<), since then by
assumption the Gaussian part of p is nontrivial. Hence, the support of u cannot be contained in
a hyperplane of R4, which would be the case if ki, was equal to 0.
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C.II ProOOFs FOR SEcTION C.2

Proof for Lemma C.2. We adapt the proof of Lemma A.2 in [4]; also cf. the proof of Lemma 3 in
[11]. Define the functions f and g by the relations g(A) = £1(A), f = g + h. By Proposition C.1,
we have that

1 (T 1 (7 _
Lr(A) = ?L (ClAx, )T dx§+§j0 (z71AX,)TE7TAX,_ ds.

Note that, under P°, X£ = ZW;, where W is a PO-Wiener process. Additionally, by Girsanov’s
theorem,

t
W, =W, + 2‘1A0J X, ds
0
is a P4 -Wiener process. Hence, we can write

1 (7 — 1 (7 1"
Lr(A) = = f (z71AX,)T AW, + 77 J (z7'AX,) TEAX, ds - = J (Z71AX,) T ApX, ds
0 0 0

1 T _ T
=0 tr(22_1AJ X, dw, + Z_lAJ XX, ds(Z71(A - 2A0))T)
0 0

1 ~ -
= tr(z*AeTT + 5Z'lAcT(Z'lA)T -~ Z'IACT(Z'lAO)T)
T Las AT Cc ATl
=tr|Z Ae; + EACTA C " -ACrA,C |,

where er and ET are defined acgprding to (C.12) and (C.13), respectively. The gradient is thus
given as (£7') Ter + C™' (A~ Ag)Cr. Since f is convex, it follows that 0 is in the subdifferential of
f at A. The Moreau-Rockafellar theorem then gives that there exists B in the subdifferential of
h at A such that 0 = (271)Ter + C1(A — Ag)Cr + B. Additionally, B being in the subdifferential
of h at A implies (B, A — A); < h(A) — h(A). Consequently,
127 (A = A)XII7, — 1271 (A =~ A))X |7, + 1271 (A - A)X]1%,

= ((A-A)"C"(A-Ag) ~ (A-A)"C(A-Ag) + (A-A)"C(A-A),Cr)

=2((A-Ay)"C (A-A),Cr)z

=2((A-A)T,Cr(A-Ag)TC),

=2((A-A), (=) er +B),

< 2((Z7 (A - A),er)s + h(A) — h(A)).

C.III PRrROOFS FOR SEcCTION C.4.1

Proof of Proposition C.13. Let u € RY be given such that |ju|| < 1. Recall that, for s > 0, X; is
given explicitly as

S
X, = e Xy + J e MAGz.
0
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This implies that
(u'X,)? = (u"e ™ X0)* + 2(u"e™"Xo) (V) + (uY)?,

where

S
Y, = J e GMAqz
0

Now, by the Lévy— Ito decomposition, for all s > 0,

S S S
Y, = J e Ay dr +J e~ AT dw, +J J e~ MAZN(dr, dz)
0 0 0 Jiz|>1

S
+J J e AN (dr, d2),
0 Jiz|<1

which allows us to apply It0’s formula (see e.g. Theorem 4.4.7 in [1]). It gives

(u'Y;)?
S S S
=2 f WY )u e A dr + 2 J WY uTe AT dw, + J uTe G MACe= ATy gr
0 0 0
rs
+ (W (Y- + e 222 - (uTY,_)2N(dr, dz)
JO J|z]|=1
rs -
+ (W (Yoo + e A2 - (WTY,_)2N(dr, dz)
JO J|z|l<1
rs
+ W (Ve +e 6802 — (0TY,0)2 — 21T, )uTe A2 (dz) dr

JO J|z|l<1
rs

S S
=2| WY )uTe A dr+2 j WY, )u e CTAS dw, + J uTe 6 ACe= ATy gr
0 0 0

+ J J 2(uY ) uTe Ay 4 (WTem AN (dr, d2) + J J(uTe_(s_r)Az)zv(dz) dr,
0 0
(C.27)

where b* = b + f”Z”>1 zv(dg). Stationarity of X implies, for any s > 0,

(W X,)? - J(uTx)Zde) - (WX~ E[(uX,)?]

= uTe A (XoX] - E[XoX] e u
+2u" e A (XY, — E[XoY, Du+ (u'¥;)* - E[(u"¥;)?],

and (C.27) gives

S S
W'Y,)? - E[(u"Y)?] = ZJ uT (Yoo — E[Y,_])uTe” CAp* dr + ZJ WY, )uTe G AL dw,
0 0

+ J. J 2T, uTe Ay 4 (uTe RN (dr, dz).
0
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Additionally, the independence of X, and Z leads to
E[XoY,'] = E[Xo] (A7 (1 —e™**)b") 7.

Hence,
Jt(uTXs)2 - J(uTx)zp(dx) ds
0

t
= J uTe A (XoX] — E[XoX] e A u+2uTe A (XoY,” — E[Xo](A™ (1 - e™A)b*) T)u
0

S S
+ J 2Ty, )uTe AT dw, + J J 2TV, uTe Az 4 (1 Te” AL 2N (dr, dz) ds
0 0

= Al + A2 + M{ + M,

where
ot
Al = | uTe M (XoX] - E[XoX] ])e A uds,
ot
A2 = | 2uTe A (XoY,” — E[Xo] (AT (1 - e **)b*) Tuds,

=
Il

rt S
J 2(uTY,)uTe AT A, ds,
JO JO

rt S

Mé = J J 2T )uTe 6Tz 4 (uTe AN (dr, dz) ds.

JO JO

For the following bound, first note that, since A is diagonalizable, there exists some matrix V

such that
VS = R, ||eSA||§ S a2e2maxi(sRe(/1i))’

where a = ||V||2|[V7||2Vd > 0and A;, i = 1, ..., d, are the eigenvalues of A. In particular, for
s > 0 it holds [le™*||2 < a?e 2, where B = min;Re(1;) > 0 by (). The Itd isometry thus
implies

+ AT (1 - e b2

S
ElIY 2] :[EU leCAg|2dr | + E
0

< aznzn%j

0

J j le~CAZ 12N (dr, dz)
0

S
e2(s-1)p dr+0f2J e 2670 J 1211 (dz) dr + o*[| A7 131572
0

N

r

< (@®/ANIEIE+ | zlIPv(d2) + «* AT ZIB™I* = c1. (C.28)

Now, (C.28) yields

rt
E[IAM] < | o?e 2P E[[XoXy — E[XoXg 1ll2] ds

J

< a®/(2B)E[||1XoXg — E[XoXg 1ll2] = c2

and

E[lA7]] <2 tae_sﬁ([E[IlXoH]\/a+aIIA_lIIzIIb*II[E[IIXoH])ds
0
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< 2(a/B)E[IIXoll](Ver + allAH12[1b*]]) = cs.

Turning our attention to My and Mf, Fubini’s theorem for stochastic integrals (see, e.g., Theorem
65 in [16]) gives

t
M; :J 2(u'Y_)u'e rAJ e A dsz dw,
0

r

t
= J 2T )uT (1 - e” ™A IS dw,
0

and

t t
= J J J (ZuTYr_uTe_(s_r)Az + (uTe_(s_r)Az)z) dsN(dr, dz)
0 r

t
= J J(ZuTYr_uT(I] —e ML 4 J (uTe”(7AL)2 ds)ﬁ(dr, dz).
0

This, together with (C.28) and the Ito isometry, implies
t
E[IM]2] < 4c1||A_1Z||%J (2 + 2a2e-2<f—r>ﬂ) dr
0

az
< 4c1||A—12||§(2t+ ?).

Similarly, we obtain

t
E[|MIP] < 4c1||A-1||§(J ||z||2v<dz>j I - e-“-”A)n%dr)
0

t t 2
" (J l121*v (dz) L (I ||e-<s-r>A||§ds) dr)

<l B[ v (2c4 ) + et ).

which is finite by the assumption of Z; admitting a fourth moment. Markov’s inequality now
implies for any r > 0

IP(luT(ET — Coo)u| > r)
t t t t
< P(|A}| > —r) +P(|A?| > —r) +[I3’(|Mf| > —r) +|]3’(|Md| > _r)
4 4 4 4

64c1||A—12||§(2t + %2)

< 4(C2+C3)
B tr (tr)2
64c A2 (j ||z||2V(dz)(2t+ )) +4(j ||z||4v(dz)ﬂ2t)
+

(tr)?
4(ca +c3) +128c1 [AT2(IZI1Z + [ 11z112v(dz)) + (2a%/B)? [ ||z]|*v(dz)
t(r AT2)
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.\ 64c1a®|AMIZ(IZN3 + [ 1Izl%v(dz))
B(tr)? ’

which concludes the proof. |
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