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Abstract

Let (G, H) be the pair (GL(n + 1,R), GL(n,R)) where we consider H as a subgroup of G
embedded in the upper left corner. This dissertation focuses on the branching problem,
also known as the restriction problem, concerning the restriction of representations of G
to the subgroup H. Specifically, we delve into the study of symmetry breaking operators, as
elements of Homg (7¢ A|m, 7;,,) Where 7¢ ) and 7, ,, are principal series representations of
G and H respectively. We consider a meromorphic family of symmetry breaking opera-
tors and study it by the corresponding meromorphic family of integral kernels. For these
kernels we find Bernstein-Sato identities that enable us to normalize the family such that
it becomes holomorphic therefore giving us a holomorphic family of symmetry breaking
operators. For this holomorphic family we find functional equations with the Knapp—
Stein intertwining operators as well as some sets of codimension two, where the family of
symmetry breaking operators vanish.

In the case of n = 2 we obtain direct integral decompositions for all unitary irreducible
representations of G restricted to H. Some of these decompositions are found by first es-
tablishing a Plancherel formula for the unitary principal series 7¢ yof G and then by using
an analytic continuation procedure in A to move this Plancherel formula to the comple-
mentary series and then further on to points of reducibility, where the degenerate series
and the generalized principal series sits as quotients in the principal series. To do this an-
alytic continuation all the results obtained for the family of symmetry breaking operators
for (G, H) play a crucial role. Alas, the analytic continuation method can not decompose
all unitary irreducible representations of G. However, we also present an argument using
the Whittaker Plancherel formula, that establishes the direct integral decomposition for
all the unitary representations of GG except degenerate series.

To obtain the Plancherel formula for the unitary principal series we restrict to the open
H-orbit in G/P where P is a minimal parabolic subgroup of G. This restriction is a H-
equivariant isomorphism meaning instead of obtaining a Plancherel formula directly for
¢ » we rather have to find a Plancherel formula for the space of L?-section of homoge-
neous Hermitian line bundles over X = H/M A where M A is the subgroup of diagonal
matrices in H. This is obtained by looking at a family of H-intertwining operators be-
tween the L?-sections and principal series representations which is holomorphic in its
parameters. This family of operators is essentially the Fourier-Jacobi transform, and the
Plancherel formula follows from the spectral decomposition of the corresponding ordi-
nary second order differential operator.

iii






Resumé

Lad (G, H) vere parret (GL(n + 1,R), GL(n,R)), hvor vi betragter H som en under-
gruppe af G ved at indlejre den i gverste venstre hjerne af G. Denne afhandling omhan-
dler forgreningsproblemet, ogsa kendt som restriktionsproblemet, der beskeeftiger sig
med at studere restriktionen af repreesentationer af G til undergruppen H. Mere speci-
fikt kigger vi pa sdkaldte symmetribrydendeoperatorer, som vi betragter som elementer af
Homp (m¢ x|, T,0), hvor 7 ) og 7, er principalraekke-repraesentationer for respektivt G
og H. Vi betragter en meromorf familie af symmetribrydende operatorer, som vi stud-
erer via dens meromorfe familie af integralkerner. For disse kerner finder vi sékaldte
Bernstein—Sato-identiteter, der gor, at vi kan normaliserer familien, s& den bliver holo-
morf og pd den mdade giver dette os en holomorf familie af symmetribrydende operatorer.
For denne holomorfe familie finder vi funktionalligninger med Knapp-Stein-fletnings-
operatorerne samt nogle maengder af kodimension to, hvor den holomorfe familie af sym-
metribrydendeoperatorer forsvinder.

I tilfeeldet hvor n = 2, opnér vi en direkte integraldekomposition af alle uniteere irre-
ducible repraesentationer af G restringeret til 4. Nogle af disse dekompositioner bliver
fundet ved at forst at etablere en Plancherel-formel for den uniteere principale raekke ¢ »
for G ogsé bruge en analytisk fortsettelses-procedure i A til at flytte Plancherel formlen til
den komplementzere reekke og derfra videre til reducibilitetspunkter, hvor den degener-
erede reekke og den generaliserede principale raekke sidder som kvotienter af den princi-
pale reekke. For at lave denne analytiske fortseettelses-procedure er resultaterne omkring
de symmetribrydende operatorer altafgerende. Desveerre kan den analytiske udvidelse
ikke opna dekompositioner af enhver uniteer irreducibel repraesentation. Vi preesenterer
ogsd et argument, der benytter Whittaker-Plancherel-formlen, som giver en direkte in-
tegraldekomposition for alle de uniteere irreducible repreesentationer af G undtagen de
degenererede reekke-repraesentationer.

For at opnd en Plancherel formel for den unitere principale reekke restringerer vi
til den dbne teette H-bane i G/P, hvor P er en minimal-parabolsk undergruppe af G.
Dette er en isomorfi, sa i stedet for at finde en Plancherel-formel direkte for m¢ ,, kan vi
i stedet finde en Plancherel-formel for rummet af L?-sektioner af homogene Hermitiske
linje-bundter over X = H/M A, hvor M A er undergruppen af diagonale matricer i H.
Dette er opndet ved at betragte en familie af fletningsoperatorer mellem L?-sektionerne
og principalreekke-repraesentationer for H, som er holomorf i sine parametre. Denne fam-
ilie er essentielt Fourier—Jacobi transformationen og Plancherel-formlen folger fra spektral
dekomponeringen af den tilherende ordineere anden-ordens differential operator.
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Preface

This thesis concludes my eight years of study at the department of mathematics at Aarhus
university with this PhD-project being the last three of them. This dissertation consists of
three papers

Paper A An explicit Plancherel formula for line bundles over the one-sheeted hyperboloid

Paper B Analytic continuation of symmetry breaking operators of the pair (GL(n +1,R),
GL(n,R))

Paper C Unitary branching from GL(3,R) to GL(2,R)

The original project for the PhD is the subject of Paper C, but along the way I needed
results which yielded Paper A and B. Paper A has been published in the Journal of Lie
Theory, and is co-authored with Frederik Bang-Jensen. Apart from typesetting, the ver-
sion contained here is identical to the published version. The paper is joint-work and is a
result of countless hours in front of blackboard computing and discussing. Paper B is not
published or available as a preprint since I have a few ideas for some results in the same
vicinity which would make sense to include. Paper C is missing some technical details in
some proofs and is therefore not ready to be published. All the papers have been under
Jan Frahm'’s excellent guidance and supervision.

Just as I began my PhD project, a global pandemic struck, disrupting the normal course
of things and making the transition to being a PhD-student more difficult than expected.
It took time to adjust working in isolation, delaying the pace of the project. However,
despite the hurdles, I am pleased with the results presented in this dissertation.

I am deeply grateful to my supervisor Jan Frahm, whose contagious optimism and
passion for mathematics have been a constant source of inspiration. His availability and
patience in answering my questions has been incredibly supportive for my development
as a mathematician. A warm thanks to Toshiyuki Kobayashi for generously hosting me
during my visit to the University of Tokyo, a fantastic opportunity to learn and grow.

I am also thankful to my colleagues at the Department of Mathematics, Aarhus Univer-
sity, whose collegiality has has made my academic journey all the more pleasant. Among
them, I wish to express special thanks to Frederik for the countless productive discussions,
and for being a companion through the highs and lows of the PhD experience.

Finally, I am deeply grateful to my friends and family for their steady support, par-
ticularly during the challenging last few months of thesis writing. Their encouragement
and understanding have been invaluable in bringing this work to completion.

Jonathan Ditlevsen
Aarhus, 2023
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Introduction

In representation theory there are two fundamental problems, classifying the smallest ob-
jects (i.e. irreducible representations) and decomposing representations into these small-
est objects. An example of the latter is a branching problem, by which we mean the problem
of understanding how an irreducible representation of a group behaves as a representa-
tion of a subgroup.

Let G be a real reductive Lie group, H a closed subgroup of G and 7 an irreducible
unitary representation of G. The restricted representation |y is in general no longer
irreducible, however it is unitary and thus has a decomposition as a direct integral

D
wlir = [ ma(r)r dus(r),

where H is the unitary dual of H i.e. the irreducible unitary representations of H up
to equivalence, m,(7) € Ng U {oo} are the multiplicities and /., a measure on H. Given
H is known, a complete answer to the unitary branching problem consists of finding the
multiplicities m,(7) and the measure p,. We call the support of s, the spectrum, it can
in general contain both a discrete part and a continuous part. If for example we consider
the case where G is compact then

g = P ma(7)7,

TGI?

where each 7 is finite dimensional and m,(7) are all finite. In this case the spectrum is
purely discrete.
Consider the example of G = SL(2,R) and 7 = L?(R) with action of G given as

w(9) /() = lex +d " F(20), g = (j Z) .

cr+d

If H is the subgroup of upper triangular matrices with 1’s on the diagonal we have
1 b
wl(n)f(z) = f(x—b), n= (O 1) .

Letting x¢ denote the character  — ¢*” we can consider the intertwining map

Ae i S(R) = Cxe,  f f(Exe,

1



2 Introduction

where f denotes the Fourier transform of f and S(R) is the Schwartz space. We restrict to
the Schwartz space as L?-function famously are not defined point-wise. Defining a map

®
A:S(R) —>/R Cxedt, Af = (Aef)eer,

we see immediately from the Plancherel theorem for the Fourier transform that it is an
isometry since

IASIE = [ 14efPde = [ 1) Pdg = I = 11711

As the Schwartz space is dense in L?(R) we can extend A to all of L?(R) and as Cx, are
irreducible and each A is non-zero we also get that A is surjective and in total that

@
T|H 2/ Cxe dg,
R

which has purely continuous spectrum.

This example highlights multiple aspects of the unitary branching problem. The first
key step was finding intertwining operators in Homp (7|x, 7). However, these maps are
only defined in an L?-sense and not point-wise, so we have to restrict ourselves to the
smooth vectors of the representation. Thus we consider the space of symmetry breaking
operators

Hom g (7| g, 7°°),

which makes the map
® .
A7y — /A My (7) - Tdpg (1), Av=(Alv
H

point-wise defined for some A7 € Hom g (7°|g, 7°°). It turns out that it is often useful to
study families of symmetry breaking operators and so we stray away from our assumption
on 7 and 7 to be unitary and instead assume them to be a admissible representations, as
many of the members of these families will fit into this more general setup.

We call the dimension of the space of symmetry breaking operators for the multiplic-
ity. These multiplicities might be infinite and therefore a good selection of groups (G, H)
is on order for a nice branching problem. Work by Kobayashi-Oshima in [KO13] shows
that when G and H are algebraically defined over R then finite multiplicity is equivalent
to the pair (G, H) being strongly spherical i.e. (G x H)/ diag(H) is real spherical. A full
classification of strongly spherical pairs have been done in the case of symmetric pairs by
Kobayashi-Matsuki in [KM14], and and in general by Knop—Kr&tz—Pecher—Schlichtkrull
in [KKPS19]. Going back to the example, we could easily argue that the map to the direct
integral was surjective by noting that it was a non-zero map to an irreducible representa-
tion, this along with many other aspects makes multiplicity one much easier to deal with.
Fortunately Sun-Zhu found in [SZ12] that the following pairs have at most multiplicity
one

(GL(n + 1,R), GL(n,R)),  (GL(n +1,C),GL(n,C)), (U(p,q+1),U(p,q)),
(SO(n +1,C),80(n,C)), (SO(p,q+1),50(p,q)).
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Having determined the nice pairs to study, we need a model for the representations 7 and
7 to study explicit symmetry breaking operators. Consider minimal parabolic subgroups

Pg=MgAgNg € G, Py =MygAgNy C H,

with Ay C Ag. Then letting £ € M};, A€ agc andn € M H,V € aj ¢ We can consider the
principal series representations

Tex = C® — Ind, (£®e ®1), Tm,,:COO—IndgH(n@e”@l).

By the Casselman embedding theorem, every irreducible unitary representation is a sub-
representation of the principal series representations. When (G, H) is one of the multi-
plicity one pairs Frahm showed in [F21] that for generic (\,v) € af, ¢ X aj; ¢

dimHomH(TF&)\’H,Tmy) = dimHomM(f\M, 7]’]\/[) < {0, 1}, (fOI' some M Q MG N ]\JH)7

and in the case of = 1 there exists an explicit family Ag’/( of symmetry breaking operators
that depends meromorphically on the induction parameters (A, v).

Methods

For A € ia}, the principal series representation 7¢ ) is unitary on L?*(G/Pg, Ve ) where
Ve » is the homogeneous vector bundle Ve \ = G xp, (§ ® erP6 ®1) — G/Pg. As (G, H)
is a multiplicity one pair, H acts on G/ P by a single open dense orbit O C G/ FPg. Then
the restriction to this open orbit becomes an isometric isomorphism

L*(G/Pg,Ve.\) = L*(O, Ve o).

Given an explicit Plancherel formula for the space L*(0, Ve xlo) is known, we can decom-
pose

®
mealn ~ €D / me (1, V)T ditg yn (V),
neMy
with the corresponding Plancherel formula

= 3 [ IAZLAIR, duean(®).
neMp
The left-hand side of this equation can be made holomorphic for A € af; ¢ by || f[IZ ) =
(f, Tg’&?) where T¢', is a Knapp-Stein intertwining operator. The idea is then to ana-
lytically extend the right hand side to A € ag; ¢, and as the two holomorphic functions
coincide on ¢af, they coincide everywhere. We then get a direct integral decomposition of
e A| i for the (£, \) where ¢ y is unitary or contains a unitary quotient.

To make the analytic extension, the meromorphic properties of the Knapp-Stein op-
erators, the measure i ) ,(v) and the family of symmetry breaking operators must be
established. The Knapp-Stein operators are often well studied, and the measure depends
on how explicit the Plancherel formula at hand is. The symmetry breaking operators A’y
can via the Schwartz kernel theorem be identified to a distributional kernel K g: on G by

AT / K2 (h™"k) f (k) dk,
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where K¢ is the maximal compact subgroup for G and the integral should be understood
in distributional sense. The distributional kernel will have the form

KN(g) = 121(9)l2} - [Pn(9)lZ,  (l2]2 = sgn(@)*[z*,  (z €R))

where ®; are analytic functions on G and (¢, s) is an affine transformation of (£, A, 7, v).
This kernel is Lj._ for s in some domain and the goal is to normalize it, and analytically
extend it as a distribution, obtaining a holomorphic family A/} of symmetry breaking
operators. To do this we employ the so-called Clerc-Beckmann trick, found in [BC12,
Section 3.3]. This involves "conjugating” a multiplication operator M : K/ = ®; K"\ by
Knapp-Stein intertwining operators. Loosely speaking, as the multiplication operator
shifts (g, s) to (g, s + ¢;) the conjugation will shift (¢, s) to (¢, s — ¢;). If one can show that
this conjugation is in fact a differential operator D(s, t), then a Bernstein-Sato identity

D(€7 S)KS,S = b(ga S>K€,S—€i7

where b(e, s) is a polynomial in s, is established. Using this identity we can normalize
K. ¢ such that D(e, s) simply shifts the parameters (e, s) of K. ; and use this to define an
analytic extension of K.

Results
Paper A

For G = SL(2,R) and H = M A where M A is the subgroup of diagonal matrices of G
we consider L*(G/H, L. ), the L?-section of a homogeneous line bundle associated to a
unitary character x. x(h) = |t|2 of H or alternatively Ind (x..). We study holomorphic
families of intertwining operators Af\, . d% (xe.2) — Ind%(e ® e# @ 1) to the principal
series representations of G. The main result is:

Theorem. For f € Ind%(x.), A € iR and ¢ € {0,1} we have

%

1
d
2 _ Z 3 2 H Z €
Hf” _~/iR§0HA>\7MfH ’a(,U,,E)‘Q—i_ C(Mﬂg)”A/\,u

pel—e—2N

€ i i 0 1
where Ay, and AS , are some combinations of Ay , and Ay .

The proof consists of two steps. First, we prove the theorem in the case where A = 0
on each K-type. On a fixed K-type Aa ., behaves as the Fourier-Jacobi transform and
the Plancherel formula follows from a spectral decomposition. The second step we show
that as a representation of G the space Ind (. ») is independent of ), and by composing
with an explicit isomorphism Ind% (x. ) — Ind% (x.0) we deduce the claimed Plancherel
formula. One of the major obstacles in the proof is dealing with consequences of hav-
ing multiplicity two in the continuous spectrum, but only multiplicity one in the discrete
spectrum.
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Paper B

In this paper we consider the pair of groups (G, H) = (GL(n+1,R), GL(n,R)) and inter-
twining operators An’ N TEN ™ Tow between principal series representations 7¢ y and 7, ,,
of respectively G and H. There is one meromorphic family of such intertwining operators
which can be identified by a corresponding meromorphic family of integral kernels K g/\” .
This family of kernels is locally integrable in some domain of (A, v) € C***! and the main
result of the paper is to do analytic continuation to extend this domain.

Theorem. Let KZK = Kg/'\’/n(g, A, n,v), where n(&, \,n,v) is an explicit function given in
terms of Gamma-functions. K\ extends analytically as a distribution to all of (\,v) € Cc2ntl,

We prove this theorem by finding Bernstein-Sato identities of K\ using the method out-
lined in the methods subsection. Using the normalized integral kernels we can get the
corresponding intertwining operators Ag; We argue that the normalization n (&, A, 1, v)
is most likely optimal in the sense that it does not introduce any redundant zeroes, while
simultaneously keeping A"\ holomorphic.

Theorem. We have the following functional equations when composing A>\ by the Knapp-Stein
intertwining operators T¢/\ and T}

AT 0Ty = (€ A ) ALY, TV, 0 AT = d(€,m,v) AP\,

w(&A)
where c, d are explicit holomorphic functions given in terms of Gamma-functions.

This Theorem follows by a direct computation. Lastly, we find a family of zeroes for
AV
&N

Paper C

In this unfinished paper we decompose unitary representations of GL(3, R) restricted to
GL(2,R) in terms of unitary irreducible GL(2, R) representations. We use the results of
paper A and B and apply the method of analytic continuation explained in the methods
section.

Theorem. The unitary principal series, complementary series and unitarily induced generalized
principal series of GL(3, R) all decomposes as

ﬂyH_ o / v @ @ / S d,,
€(z/27)2 NEZL)27Z v—€1+n—2N iR
whereas the unitarily induced degenerate series decomposes as
o~ @ / T Az, (A € iR)
nEL/2L
where T, is the unitary principal series for GL(2,R) and 7-,‘71’51, is the almost discrete series for
GL(2,R).

In the argumentation of this theorem there are a few gaps, but the framework for the proof
is there. We also prove the first part of the theorem using a completely different method
that relies on the Whittaker Plancherel formula.
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Related work & Outlook
Paper A

For ¢ = 0 and A € iR the same Plancherel formula was obtained by Zhu in [Z18]. More-
over, for ¢ = 0 and A = 0, corresponding to decomposing L?(G/H), our Plancherel for-
mula is a special case of the one for pseudo-Riemannian real hyperbolic spaces O(p, q)/
O(p, ¢q—1) withp = 1and ¢ = 2 which was obtained by Faraut, Rossmann and Strichartz in
[F79], [R78], [S73]. The corresponding abstract Plancherel formula, i.e. the description
of the representations occurring in the direct integral decomposition, also follows from
general theory (see e.g. [B05]). The techniques in this paper are very centered around
calculations of SL(2, R) and will most likely not apply in a broader setting.

Paper B

The study of symmetry breaking operators (SBOs) have gained a lot of attention in the
past few years. They have found applications in analytic number theory, unitary branch-
ing and partial differential equations (see e.g. [FS18], [MZO15], [MO17]) but are also in-
teresting objects in their own right. Looking at Kobayashi’s ABC-program ([K15]) which
describes different steps for solving branching problems, the C-part of the program can
divided into subcategories as:

1. Construct SBOs explicitly,

2. Classify SBOs,

3. Find residue formlas for SBOs,

4. Study functional equations among the SBOs,
5. Determine the image of sub-quotients of SBOs.

These sub-steps was suggested by Kobayashi-Speh in their book [KS17] which contains
a complete answer for the pair (O(n+1,1),0(n, 1)). Later their work was generalized by
Frahm and Weiske to strongly spherical real reductive (G, H) where both G and H are of
real rank one, in [FW20].

The work of paper B fits into step 1 of this subprogram. The techniques used for ob-
taining Bernstein—Sato identities have good chances of working for other families of sym-
metry breaking operators. The computation boils down to a rank one reduction, which
seems feasible for other families of symmetry breaking operators, but we have no gen-
eral proof or intuition for why the conjugation of the multiplication operator by standard
intertwining operators should give a differential operator.

Paper C

For real reductive groups there is no general theory available for solving branching prob-
lems. In the case of nilpotent Lie groups the orbit method provides a complete answer. In
the 90s Kobayashi initiated the study of the discretely decomposable branching problem
(see [K94]) where the measure is discrete and the direct integral is in fact a direct sum, in
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this case more algebraic methods are available see e.g. [DV10], [S@D08], [EW04]. On the
other hand if the restricted representation has purely continuous spectrum more analytic
methods can be applied see e.g. [R79] and [CKOP11].

In the case of mixed continuous and discrete spectrum no systematic approach has
been developed. In [W21] Weiske obtained branching laws for unitary representations of
O(1,n + 1) for the scalar principal series, using similar techniques we have used in this
paper. The main difference between this paper and Weiske’s is that we are considering
groups of higher rank than one. Before starting the project we thought that the higher rank
would complicate the analysis of the SBOs significantly but as Paper B shows this was not
the case. However, the analytic continuation process is way more involved and technical
then for rank one. In view of Paper B and C it might be feasible to obtain branching
laws for (GL(n + 1,R), GL(n, R)), but the limiting factors would be if there exists explicit
Plancherel formulas for the open orbit and the complication of the analytic continuation
process introducing even more variables.
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Paper A

An explicit Plancherel formula for
line bundles over the one-sheeted
hyperboloid

Frederik Bang—Jensen & Jonathan Ditlevsen

Abstract

In this paper we consider G = SL(2,R) and H the subgroup of diagonal matrices.
Then X = G/H is a unimodular homogeneous space which can be identified with the
one-sheeted hyperboloid. For each unitary character x of H we decompose the induced
representations Ind%(x) into irreducible unitary representations, known as a Plancherel
formula. This is done by studying explicit intertwining operators between Ind% () and
principal series representations of G. These operators depends holomorphically on the
induction parameters.

Introduction

The Plancherel formula for a unimodular homogeneous space X = G/H of a Lie group
G describes the decomposition of the left-regular representation of G on L?*(X) into ir-
reducible unitary representations. More generally, one can ask for the decomposition of
L*(G x g Vy), the L*-sections of a homogeneous vector bundle associated with a unitary
representation (x, V) of H. In representation theoretic language, this corresponds to the
induced representation Ind(x) of G, and for the trivial representation y = 1 we recover
L*(G/H).

By abstract theory, the unitary representation Ind% () decomposes into a direct inte-
gral of irreducible unitary representations of G, i.e. there exists a measure y on the unitary
dual G of Gand a multiplicity function m : G — N U {oo} such that

o
Ind%(y) ~ /@ m(m) - mdu(m).
An abstract Plancherel formula describes the support of the Plancherel measure p as well
as the multiplicity function m. Such abstract Plancherel formulas have been established
for certain classes of homogeneous spaces such as semisimple symmetric spaces (see e.g.
[BO5]).

However, for some applications an abstract Plancherel formula is not sufficient, and
a more explicit version is needed (see e.g. [FW, W21]). By this, we mean an explicit

11
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formula for the measure 1 as well as explicit linearly independent intertwining operators
Ay Tnd%(x)® — 7, j = 1,...,m(r), for u-almost every 7 € G such that

m(m)

g0 = [ 2 Meafldu(m) (7 € G 00%)
j=1

Such an explicit Plancherel formula is for instance known for Riemannian symmetric
spaces X = G/K, where the Plancherel measure ( is explicitly given in terms of Harish-
Chandra’s c-function, and the intertwining operators A, ; can be described in terms of
spherical functions (see e.g. [H08], and also [S94 ] for the case of line bundles over Hermi-
tian symmetric spaces). This explicit Plancherel formula has recently been applied in the
context of branching problems for unitary representations, where the explicit Plancherel
measure and in particular its singularities play a crucial role (see e.g. [FW, W21]). In or-
der to apply the same strategy to other branching problems, explicit Plancherel formulas
are needed for more general homogeneous spaces.

In this paper, we determine the explicit Plancherel formula for line bundles over the
one-sheeted hyperboloid X = G/H, where G = SL(2,R) and H the subgroup of diagonal
matrices. This specific Plancherel formula has direct applications to branching problems
for the pairs (SL(2,R) x SL(2,R), diag(SL(2,R)) and (GL(3,R), GL(2,R)). The homoge-
neous Hermitian line bundles over X are parameterized by ¢ € Z/2Z and A € iR, the
corresponding unitary character of H being

t 0 _
XeA (0 t_1> = sgn(t) \t\)‘ (t € R™).

We find intertwining operators Ai . d% (xae) — Idf(e ® e @ 1), € = 0,1 between
the line bundles over X and the principal series representation (see Proposition 5.1).

Theorem (See Corollary 7.6). For f € Ind%(xx.), A € iR and ¢ € {0, 1} we have

I£11* = /Z\A fHQ( ST >l e)lAS L fIP, (0.1)

pel—e—2N
. . 0 1
where A, and A ,, are some combinations ofA/\,H and A)\’“.

The proof of (0.1) consists of two steps. First, we prove (0.1) in the case A = 0 separately
for each K-isotypic component. On a fixed K-isotypic component, the intertwining oper-
ators Ai ,, are essentially Fourier—Jacobi transforms, and the Plancherel formula follows
from the spectral decomposition of the corresponding ordinary second order differential
operator by Sturm-Liouville theory. The main difficulty is that the continuous spectrum
occurs with multiplicity two, while the discrete part occurs with multiplicity-one, and it is
non-trivial to find the right linear combination of Af), and A}, that corresponds to a direct
summand. In fact, this linear combination is very different for the casese = 0and ¢ = 1.
In the second step, we show that, as a representation of G, L?(G/H, L. ) is independent
of ), and by finding an explicit unitary isomorphism L*(G/H, L. ) — L*(G/H, L. ) we
deduce the claimed formula.
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We remark that for ¢ = 0 and general A € iR the Plancherel formula was recently
obtained by Zhu [Z18]. Moreover, for ¢ = 0 and A = 0 our Plancherel formula can
be viewed as a special case of the one for pseudo-Riemannian real hyperbolic spaces
O(p,q)/ O(p,q — 1) with p = 1 and ¢ = 2 which was obtained by Faraut [F79], Ross-
mann [R78] and Strichartz [S73]. Note also that the corresponding abstract Plancherel
formula, i.e. the description of the representations occurring in the direct integral decom-
position, also follows from the general theory (see e.g. [BO5]).

Acknowledgements: We would like to thank our supervisor Jan Frahm for his help and
input on the topics of this paper.

Notation: N = {1,2,3...}, Ny = NU {0}. For A C Rand b,c € R we denote by b + cA =
{0+ ca|a € A}. The Pochhammer symbol is (z), = z(z +1)--- (x + n — 1). We denote
Lie groups by Roman capitals and their corresponding Lie algebras by the corresponding
Fraktur lower cases. For m € Z we let [m]2 € {0, 1} be the remainder of m after division
by 2.

1 The principal series of SL(2, R)

In this section we recall some results about the representation theory of SL(2, R) following
[C20]. Let G = SL(2,R) and consider the following subgroups

M = {+I}, A:{(é t01> :teR>0}, N:{(é f) :;UER},

then P = M AN is a minimal parabolic subgroup of G. Identify M7 /27 by mapping
e € Z/2Z to the character

M — {£1}, (j;l £1>H(il)a.

Further, we identify af: = C by mapping A — A(diag(1, —1)). We can then observe that
any character of H := M A is of the form x. = e ® e* where

t 0
XeA (0 t1> = [t]2 == sgn(t)°[t], (t e RX).

As the commutator subgroup of P is IV the characters of P is of the form ¢ ® e/ ® 1 and
these characters are unitary exactly when A € iR.

Lete € Z/2Z and p € C. For any character ¢ ® e/ @ 1 of P define the principal series
representation . ,induced by it to be the left regular representation of G on

mdG(e@et @1) = {f € C™®(G) | flgman) = |t|-"* 1 f(g),me M,ac A, nc N},

where ma = ([ ,% ) € M A. We introduce the notation

0
oo — cos@ sinf
=\ _sinf cosf)’
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and ¢, (ko) = €™?. According to the theory of Fourier series we have the K-type decom-
position

—

hdf(c®@e’®1) =2 P Cln.
me2Z+¢e

We let Ind%(e ® e ® 1),, denote the set of functions contained in the K -type given by
m € Z, thatis Ind% (e ® e ® 1), = Clp.
A basis of g is given by

b9 ) )
Consider the Casimir operator
A, =dr(H)* +dn(E+ F)? —dn(E — F)?,
where 7 = 7, ;.

Proposition 1.1 (See e.g. [C20, Prop. 10.7]). For f € Ind%(e @ e* @ 1) we have

Auf= (w* = 1)f.

Proposition 1.2 (See [C20, Prop. 10.8]). The representation Ind% (s ® e* ® 1) is irreducible
except when i € 1—e—27. If u € 1—¢— 2N then Ind% (e ® e ® 1) decomposes as Vo & V1 & Va
where Vy is an irreducible representation containing exactly the K-types with |m| < —pu. The

. ds = . . . . . . . hol ahol
quotient %, is a direct sum of two infinite dimensional representations .9, and w277

Let wg = (% }), a representative of the longest Weyl group element of G. Recall the
definition of the Knapp-Stein intertwining operator

_ 1 e
T : mdf(c@e!®@1) = ndf(e@e @ 1), T.f(g) = F(T%E) /ﬁf(gwgn)dn,

for Re () > 0. The normalization is chosen such that 7}; extends holomorphically to
ue C.

Proposition 1.3. For f € Ind% (e ® e* ® 1),,, we have
Tof = b () f,

where

1te—
m+|m\_[6]2( ; M)%

bra(n) = Vil (~1)"3

p (ALl

Fore = 0and pu € 1 — 2N we have b2,(p) > 0 for all m € 2Z. Whereas for ¢ = 1, m odd and
p € —2N we have —ib}, (1) > 0 for m > 0 and ibl, (1) > 0 for m < 0.

Proof. AsT; maps K-types to K-types we have T}, f = T}, f(e) f. Now decompose

wﬁ—k‘an—il v 1 v+l v L JC%H
e Vit \-1e) 0 ) e )
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then applying f’s equivariance properties, we arrive at

. " L m—p—1 L —m—p—1 217M7T2m1—‘(/i)
f(womg dx:/x+z s (r—1i 2 dr = ’
[t de = [ @+ % @ I Ty

where in the last equality we used Lemma A.1. Now dividing by I'(“4¢) and shuffling

around Gamma-factors we arrive at the result. O

For ;1 € iR we equip the space Ind% (s ® e ® 1) with the usual L?-norm. Using Proposition
1.3 we can for ¢ = 0 and p € 1 — 2N equip Ind%(0 ® e @ 1) with the norm

71 = [ FO0TEFE) ar.
Similarly, for ¢ = 1 and ;1 € —2N we can equip Ind%(1 ® e ® 1) with the norm

1712 = | SOITEF(R) di

where
Py iTyf,  form >0,
a —iT)f, form <0

for f € Ind%(1 ® e ® 1),,. The operator Tl} is still an intertwining operator as it vanishes
on Vj per Proposition 1.3, and thus we just altered it by a scalar on each of the summands
in Proposition 1.2.

2 The homogeneous space G/H

For a unitary character x. ), = ¢ ® e with X € iR the left-regular action 7. ) of G on the
space of L2-sections associated to the line bundle G x g C. \ — G/H, given by

Imﬁﬂ5®ewzz{f1(;—>camm%mme|f@h):XkAUw_{ﬂﬁ%m/ |f@M%KgH><cm},
G/H

defines a unitary representation of G. The goal of this paper is to decompose this space.
Furthermore we consider the subspace of compactly supported smooth functions

CX-IndG (e ®e?) = {f € C®(G)NInd% (e @ e*) | supp(f) C Q, QH is compact in G/H}
We will denote the smooth vectors in Ind% (¢ ® ) by Ind% (¢ ® ). We introduce the

notation
b coshu sinhwu —_— 1 0
“ \sinhu coshu)’ o \e 1)

Using the decomposition G = KBA, where B = {b,|u € R}, we consider G/H in the
global coordinates (0,u) € [0,7) x R where xH = kgb,H and the invariant measure is
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d(zH) = cosh(2u)dudf, see e.g. [M84]. Now in terms of these coordinates we have the
K-type decomposition

CX-Indf(e@e’) = P Chn @ CX(R) (2.1)
me22Z+e

with ¢ (kg) = ™. We let Ind$ (¢ ® e),, denote the set of functions contained in the
K-type given by m € 2Z + ¢, that is Ind$ (¢ ® e*),,, = C(,, @ C°(R).

We denote by A the Casimir operator for the representation Ind% (¢ ® *) defined in
a similar fashion as for the principal series.

Proposition 2.1. Written in the coordinates (0, u) the Casimir operator A is given by

A2 tanh(2u) 1
= +2) dp + 2 tanh(2u)d, — ————03 + 02
cosh?(2u) cosh(2u) o anh(2u) cosh?(2u) o
Proof. This is a standard computation. O

Another set of coordinates can be obtained by using the Iwasawa decomposition G =
K AN with (0,y) € [0,7) x R where xtH = kgn,H. The invariant measure is given by
d(zH) = 3dydd see [K16, Chap. 5, §6].

3 Constructing an isomorphism

The goal of this section is to construct the explicit isomorphism in the following theorem,
of which the proof was in large presented to us by Jan Frahm.

Theorem 3.1. For v, A € iR the map
'f‘z :Ind% (e @ e!) — Ind% (e @ €¥)

given by

24—\
_Y_Z\ flg) = 1)\71/ FF(()\ZLV)) /R |$|%_1f(gﬁz) dx
4

/T2
defines a unitary isomorphism intertwining Ind%; (¢ @ ) and Ind$j (e ® e*).

To this extent we consider the minimal parabolic subgroup P = NAM C G and let

Indjy4(e®et) = {f : NAM — C| f(gma) = sgn(m)°a™*"" f(g), /P |f(9)?dg < OO} ,

/M A
where a* := X fora = eX and A € a} = C.

Lemma 3.2 (Induction in stages).

(4N (e © ),

Ind§; 4 (e ® e*) ~ Ind?/IAN

where the map is given by f — F where F(g)(p) = f(gp) and thus the inverse is given by
flg) = F(g)(1).
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Proof. See e.g. [G12, Chapter VI, section 9] O

Proof of Theorem 3.1. We first show the isomorphism claim of Theorem 3.1. By Lemma 3.2

it suffices to show that Ind}; 4 (e®e*) ~ Ind}; 4 (e®e”). Letresty : Ind}; 4(e®et) — L*(N)
be the restriction from P to N. We let ® be the inverse map which is given by ®F (nam) =
sgn(m)®a~* "1 F (7). Let 7.  be the left regular representation on Ind}; 4 (e ®e*) and define
Tea(g) = resty o m.\(g) o @. Then P acts on L?(N) via 7. ), and the above statement
reduces to showing that 7. y = 7., for A\, v € iR.

To construct an isomorphism H : L?(R) — L*(R) intertwining #. , and #., we note
that the action of P = NAM on f € L?(N) is given by

Fea(@ () = f(7'7) e
ﬁa,,\(ma)f(ﬁ) = Sgn(m)scf‘“f((ma)_lﬁ(ma))7 meM acAmnel.

Identifying N ~ R, M ~ {+1} and A ~ R, the above becomes

Tea(W)f(z) = fx—y), x,y€R,
Foa()f(x) = " f(P2), z €R, t € R,

Since N acts by translation any such intertwining operator H must be a translation invari-
ant operator on L?(IR), hence there exists some tempered distribution u € &’(R) such that
H is given by convolution with u, that is HF(z) = (u,7,F), where 7,F(y) = F(y — )
and F(z) = F(—z). Furthermore let d;f denote the dilation of f by t € R\ {0}, i.e.

dif(x) = f(tx), then
H o \(t)F(z) = 7z, (t) o HF ().

Evaluating at = 0 then yields (d, »u, F') = t*~**2(u, F'). Hence u is a homogeneous

distribution of degree 2=4=% and we conclude that

A—v—

Hf = fx*|z|; 2 for some ¢ € {0, 1}.

Comparing with Lemma B.2 we see that these are both necessary and sufficient conditions
for H to establish an isomorphism between Ind}; 4(¢ ® ¢*) and Ind}; 4(¢ ® €¥). Putting
0 = 0, composing with the map from Lemma 3.2 then yields the desired isomorphism. To
see that the normalization indeed makes Y unitary, it suffices to note that for A, v € iR
Lemma B.2 gives

A

)f(m T h =1

VAT T (A)

4 Eigenfunctions for the Casimir operator

By Theorem 3.1 a Plancherel formula on Ind$ (¢ @ ¢*) for some fixed A € iR can be ex-
tended to all v € iR by compositon with the unitary isomorphism '?’K from Theorem 3.1.
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Following this, we will therefore mostly consider the cases of which A = 0, which often
simplifies matters considerably.
For f € Ind% (e ® €°),, with f(kgb,) = €™ - h(u), h € C>°(R) we have

Aof =™ A, h(u),
for some differential operator A,,,.
Lemma 4.1. Let h € C°(R) and m € Z. Then we have
A cosh® (2u)h( — sinh?(2u)) = cosh’® (2u) T, h( — sinh?(2u)).

For t = — sinh?(2u) the operator O, is given b
P 8 Y

2

d d
O = m(m +2) +8(=1+ 3+ m) t) - — 16t - (1 =) 5.

Proof. Follows directly from Proposition 2.1. O

Recall that a hypergeometric differential equation has the form

(1—t)d—2+[ — ( +b+1)t]i— b=0

dt 3 a dt ao = u.

If ¢ is not a non-positive integer there are two independent solutions (around ¢ = 0)
oFi(a,b;c;t) and t'¢oF(1+a—c,14+b—c2—ct),

expressed in terms of the hypergeometric function o F(a, b; c; t).

We note that the eigenvalue problem O,, f = (u? — 1) f is a hypergeometric differen-
tial equation, thus giving us two linearly independent solutions ¢} and ;. Using the
notation from Appendix C, we can express these solutions as

_1m 1 m
P) = 62 (w), U (w) = isinh(u) - 92,7 (u),

where u € [0, 00). Note that these functions allow for natural extensions from [0, co) to R.
We now restate the results from Appendix C in terms of ¢}" and ¢}".

Proposition 4.2. For f € C°([0,00)), let (J;f)(1), j = 0,1, denote the Fourier-Jacobi trans-
forms of f given by

Tof () = [~ 56 (2) cost™ 1 (0,
Jif(p) = /0 " F(£)w™ (1) sinh(t) cosh™ 1 (¢) dt.

Then we have the following inversion formulas

1 d
£(t) = @/ZR Jof (e} (t) Mo(M)P o M; o f (g (8)Res(bo(v) o (—v)) ™
. -1 _
sh(0)/(8) = 5 [ D100 ZD (g (ORes(6 ()1 (<)~
withD; ={neR|n=4k+1+2j—|m| <0, k € No} and
r(s)

lj(p) =

P(M+1+Zj+\m\ )F(M+1+Zj—|m| ) '
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Remark 4.3. As o))" and 1)} are given in terms of hypergeometric functions we get

m __ m m __ ..m
90;1, _gof;u ﬂ]’ld 1/1# - —

as oy (a,b; c;t) = oFy (b, a; c;t). The Euler transformation oy (a, b; ;1) = (1—1)¢"* 0 o Fy (c—
a,c — by c;t) amounts to

@y (u) = cosh™ (u)p, ™ (u), and ;" (u) = cosh™ (u), ™ (u).

5 Intertwining operators

To obtain an explicit Plancherel formula for representation theoretic purposes, we require
expressions for intertwining operators between the representation spaces introduced in
earlier sections. More explicitly we consider intertwining operators

P:d¥(0@et @1) — IndG (e @ eM)™,
A:C*-IndG(e @) = ndS (0 @ e @ 1),

and their realizations in terms of the coordinates introduced in earlier sections. Such
operators only exist when € = § as M lies in the center of G.

We fix ¢ € Z/27Z and supress it in the notation for the rest of this section. When ¢
appear in formulas we will consider it as number in {0, 1} where we will use the notation
[- ]2 when confusions can occur.

For ¢ € Z/27Z and X € iR consider the kernel

Adp—1 p—=A—1

K5, (9) = lonley2 lgule 2 . g€G,

where g;; is the (i, j)'th entry in G. As g1 and g21 does not simultaneously vanish in G
this kernel enjoys many of the similar properties as a Riesz distribution (see Appendix
B). F(%)_IK § ., is locally integrable for Re (1) > —1 and admits a holomorphic contin-
uation as a distribution to y € C.

Proposition 5.1. The map given by
P f() = [ K5, (07 01 k) d.

defines an intertwining operator Ind%(e ® e ® 1) — Ind% (¢ @ ). Similarly the map given
by
Al )= [ K60 @) d),

defines an intertwining operator C2°~Tnd% (¢ @ ) — Ind% (e ® e* ® 1). Both integrals should
be understood in the distributional sense.

Proof. The equivariance properties follows by direct verification. O



20 Paper A

Proposition 5.2. For &, ¢ € 7/27 we have the following relation

TG0 A5, = d5 A5,

where

F(l A— u+2[£+s] )F(1+/\—4u+25)

s+§
A= (DA

( 1+>\+u+2[5+6]z ) ( 1— /\Zu+2£)r( 1—/;—&-6)

Proof. Fix g € G and put z = 2~ 'g. Then the set {xH € G/H | 211221 = 0} is a d(zH)-null
set. Using Lemma B.2 for 0 < Re () < 1 we get

¢ —p—A—1 A—p—1 —A—p—1 1 A—p—1
| K>, (zwon)dn = |z11 2 a9, 2 / z|l., 2 |loe——|. %2 dzx
SRS womdn = lanle il t [ lale T e -

,LH—s
)

d5 K555, (2),  ae.

= I(
The claim then follows by analytic continuation. O

We introduce the notation
ws, = (=1)% + (=1)™™.

Note that wém = @& and ase = m mod 2 we have

m
2

—1)§ 4 (—1) e=0 0 e=0
£ _ ( ’ ’ 0—-1 __ ’ ’
wS = m and w,,w,, = —

{ o 2i(—1) = 1.

(_l)g—i_l(_l) 2, e=1,
Proposition 5.3. For ;1 € C and m € 7 we have

1
()

PG (kab) = (ko) cosh¥ (20) (e () + 56 emli — 2 (20))

where

s mm
2l-Hret™s

F(/.L+3Z‘m‘ )F(/J,+3;|m| ) )

em(p) =

Proof. As P§ intertwines 7., and 7. o it also intertwines the derived representations dr,,
and dm. 9. Hence P§ intertwines Ag and A, and therefore the image of Pj is contained in
the eigenspace of A to the eigenvalue ;> — 1 by Proposition 1.1. Fix p with Re (p) > 1.
From Lemma 4.1 it follows for generic . that

Py Gn(kgbu) = cosh (2u) G (ko) (a5 (1) - @1 (2u) + b (1) - ) (2u))
for some a5, (1), b5,(1) € C. Hence, it only remains to compute a5, (1) and bS,(11). Note
that ¢7"(0) = 1 and ¢}*(0) = 0, and hence P5¢n (ko) = Cm(Kg)as, (1) so
al, (1) = PSCmle) / K5 (ko) Cm (k) dlig = 2/ \cose|§+€ | — sme|5 e™0 dp

21= “mufne’ 1 F(“T‘H)
3 3— )
F(’H_ Ilml)r(u-ir - \m\)

= 2%‘*’%/0 (sin@)‘%lei%ede =
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by Lemma A 4.
To compute b5, (1) it suffices to note that %gpf@u) lu=o= 0 and %wzf(?u) lu=0= 21,

hence
d

2 - bS (1) = CTP%m W yo /—Kf b_ukp)|,_,Cm(ko)dko
= = | RS o))k
— '“ a&! 9
2 (lu’ )7
from which the result follows by analytic continuation. O

Let f € Ind§ (e ® €°),,, and write f(kgby) = (pm(kg)h(u) for some h € L?(R, cosh(2u)du).
Now let h.(u) be the even part of h and h,(u) the odd part. We introduce the following
notation

Jof (11,0) = Gm (ki) Jo(cosh™ % (x)he(b3)) (1),
TLF(11,8) = Guk) Ty (sinh ™ () cosh ™ (2) (b)) (1)
where the x denotes the variable the Fourier-Jacobi transform is done with respect to.

Proposition 5.4. Let f € Ind% (e ® €°),, then

LY. s, 0 Wit p
r(SE) if (ko) = = com(=p)Jof (11, 0) + 1= —cm(—p = 2)J1f (. 0).

Proof. As A%, is an intertwining operator, it maps K-types to K-types, thus AS, f(kg) =
AL f(e) X Cm(ke). Now

A f(e / / K, (b ;") f (Kgby) cosh(2u)dud = % / cosh(2u)h(uw) PS¢ (by)du
R
From Proposition 5.3 and Remark 4.3 we have
Aufle) 1 _m -
FELI_T“) =3 /Rh(u) cosh™ 2 T1(2u) (wémc_m(—,u)tp_u (2u)

X +2winc_m(—,u — 2)¢:$(2u))du
:/ he(u) cosh%"’l(2u)w§lc,m(7u)gozl(2u)du
0

+ %/ ho(u) cosh 2t (2u)wsH e (—p — 2)y" (2u)du
0

= S@5C-m(=p)(Jo cosh™ = (u)he(5)) (1)
+ %wfnﬂc_m(—,u, — 2)(Jy sinh ™ (z) cosh_%(x)ho(%))(u). O

Combining Proposition 5.3 and Proposition 5.4 yields an explicit intertwining operator

% - C°~Tnd% (e ® €°),, = Ind% (e ® °)2°
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By Propositions 5.3 and 5.4, the above intertwining operator is holomorphic in 1, i.e. the
above defines a holomorphic family of intertwining operators, intertwining Ind% (¢ @),
with itself.

6 Combining intertwining operators

In this section we consider a function f € C°~Ind% (e ® ), and then write

F(kgbs) = cosh (u) [( cosh™% (u) f, (kgbs ) + sinh () (cosh™% (u) sinh ™ (u) fo(k:gbg))] ,

then apply the two inversion formulas from Proposition 4.2 to each of the two terms giving

du dp
f(k:gbz)fcosh2 { /Jof (1: 0) ' (u )8\6( / Juf (i, 004" (u )W
b Z Jof (11, 0) 5 () Res (fo () bo(—)) '+~ Zjlf 1, )97 (u )533(61(1/)&(—”))1]
HEDO ueDl

The goal is then to express this decomposition in terms of some combination of the oper-
ators PS Ag f(kgbu ) which by a quick glance at Propositions 5.3 and 5.4 appears plausible.
The following identity will be used multiple times in the following subsections

24 (V) em (=)o (V) lo(—v) = e (v — 2)cm(—v — 2)01 (V)1 (—V)
_ Pt e (1) 61)

T vsin (%)

which follows from Gamma-function identities and recalling that m =& mod 2.

6.1 The continuous part

For 1 € C we introduce the following maps
i Al

L(45%)

§
P, =

which are holomorphic in s.

Proposition 6.1. We have

1
52 P} A f (kobu) = cosh’ (2u) |2 (1) c—m(—p)Jof (1, 0) 2] (2u)
=0

Sl De (D O 2|

Combining this with (6.1) we get

1
dp
PEAS f(kgbu) ———
/Z-R;O ihid (o 2)\a(u)!2
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where

Proof. When computing Z%:o PfLAfL [f(kobx ) we apply Proposition 5.3 and 5.4. We obtain
some cross-terms, containing factors like Jo f(u, )1} (u), but since

1 1
Zwﬁpﬁjl =0and Z wh, W, = 4,
£=0 =0

no cross-terms survive and the assertion follows. O

To express the discrete part in terms of Pﬁ Ag f is a bit more delicate as we cannot simply
take a sum to make the cross terms disappear, thus we need to make a suitable choice of
normalization. The cases for ¢ = 0 and ¢ = 1 will be treated differently and the main
culprit as to why is the factor w$, which for ¢ = 0 vanishes depending on the parity of 2
and for € = 1 never vanishes.

6.2 The discrete part forc =0

In this subsection we fix ¢ = 0. Consider the following normalizations

+3-2 —p+3—2
e D) o T(ee)
M Iw(,uT-i-l)F(/H-l:-QE) I Iz F(—/ﬁ;—l)r(—;ﬁ-j-ﬁ-%) 13

which, by the duplication formula for the Gamma-function, does not introduce any poles.
Now introduce the operators

P, = 13/9 + ]3!} and A, := Ag + AL
Lemma 6.2. For a fixed m € 27 we have

PyuGm (kobu) = G (ko) cosh’® (2u) (aum (1)}, (2u) + Bin ()} (2u)),

where
) = eme) (o, D) 4 g D)
m m mr(uzl) mF(MT_H;) )
and
i T(&t3 (et
B (1) = §Cm(ﬂ_ 2) (Wizrgiu; +W%FE;€;3;> :

Furthermore if p € 1 — 2N then oy, (1) is only non-zero when p € Do and 3y, (1) is only non-zero
when p € Dy.
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Proof. The first identity is a direct consequence of Proposition 5.3. To see the second as-
sertion rewrite

xim (M) (u+3f\m\)
W 21-kre s 0 T ) ! 1 ml—?)
m F(u+34+|m|> m F(MII) m F(“Z3>

As either w¥, or w), is vanishing this makes sense term by term. When p is of the form

it = 4k + 3 — |m| for k € Z then term by term I'(“11)~! and I'(“F2)~! vanishes. When
p has the form p = 4k + 1 — |m| for £ € —N then 1“(%Hm‘)_1 vanishes. A similarly
argument applies to 5, (). O

Lemma 6.3. We have

Ay f(ko) = am (1) Jof (11, 0) + B (1) J1f (12, 6),

where

1 T o P(=57)
= Zc,m(—,u— 2) (wmr(uﬂ +wmr(u+3)> :

Furthermore, if u € 1 — 2N of the form u = 4k + 1 — |m/| we have f(u) = 0 and similarly for p
of the form p = 4k + 3 — |m| we have G, (p) = 0.

Proof. This follows from Proposition 5.4 and considerations similar to those in the proof
of Lemma 6.2. ]

Lemma 6.4. For y € Dy:
Py f (kgbu) = cosh’® (2u)am (1) (1) Jo f (1, 0) £y (20),
and for € Dq:
Py f (Kobu) = cosh’® (2u) B (1) B ()11 f (1. 0) (20).
Furthermore, if p € (1 — 2N) \ (Do U Dy) then P, A, f(kgby,) = 0.
Proof. This is a direct consequence of the two preceding lemmas. O

Consider the non-vanishing entire analytic function

TR T TR

Lemma 6.5. For p € Dy

(=2m)am ()i (o) ol ) = 1672 2V B,

=

For p € Dy
o cot (%) ()

gﬁm(u)ﬁm(u)ﬁl(u)&(—u) = 167 r
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Proof. This follows from (6.1). One trick is used which arises when a term like
jwinl®

PR
(45

is obtained. As w9, is either 0 or 2 we can set w, = 2 as I'(“4*)~! vanishes in the same
0

cases as wy,,. O
Proposition 6.6. We have

1
(2m)?

3 %P#Au F(koby) = cosh’® (2u)
pel—2N (1)

X [271 Z Jof(u,9)¢$(2u)5{25(g0(y)50(_y))—1
n€Do

£205 D0 u)Res(t () ()|
pneDy

Proof. Apply Lemma 6.4 to the right hand side. Now, note that ¢, (p)c_p,(—p) is reg-
ular for ¢ € Dy and ¢ (i — 2)c—p(—p — 2) is regular for ;1 € D, thus they can be
moved inside the residues. Then everything follows from Lemma 6.5 after recalling that
Res,—, tan(%¥) = — 2. O

™

6.3 The discrete part forc = 1

In this subsection we fix ¢ = 1. The proof will proceed using the same ideas as for ¢ = 0.
For 1 € —2N let

m+|m|—2

(-1
()

1
L(55")

A, = A(BL, and P,(n = Pjg‘m,

that is we define P, by its eigenvalues on K-types. By Proposition 5.3 we get P,, is inter-
twining by the same argument we used for 7}, in section 1.

Lemma 6.7. For u € Dy we have

Py (kob) = cun(41) cosh® (2u) (2u) Jo f (11,9),

where
[m|+1

am(p) =i(=1) 2 cpm(p)e—m(—p)
For u € Dy we have

PuAuf (kgbu) = B (1) cosh® (2u)yy' (2u).Ji f (1, 6),

where
1. Im|+1
Bm(u) = 7i(=1)" =" cm(p = 2)c-m(—p = 2).
Furthermore if ;1 € —2N then o, (p) is only non-zero if p € Dy and B, (p) is only non-zero if
w € Di.
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Proof. The proof is an application of Propositions 5.3 and 5.4. O
Lemma 6.8. For u € Dy

(2o () () () = 2i(~1) 5 2 /S) |

and for pn € Dy

(T
jm+1 sin (7 )

5 Bm (1)1 (W) (—p1) = 4i(~1) .

Proof. This is a direct consequence of (6.1). O

Proposition 6.9. We have

? S PuA, f(koby) = cosh (m)[_% S o (1, 6)6 (2u)Res(lo()lo(—) !
pne—2N neDg

+; ST Af, 0)u (2u)Res((1(v Yoy (—v)) .

neDq

Proof. This follows in the same manner as the proof for Proposition 6.6, where we here
note for yp = 4k + 1 — |m| € Dy that Res,—,, sin (%)_1 = 2(-1) ‘m‘{l, and for 4 € Dy we
|m|+1

have Res,,zusin(7"2—”)71 =2(-1)"= . O

™

7 The Plancherel formula

The intertwining operators Pﬁ and Ai are continuous maps and hence the intertwining
operators introduced in the previous section are also continuous. This allows for an ex-
tension of the results obtained for K-types, described by the first theorem of this section.
We then extend this theorem to arbitrary A € iR by virtue of Theorem 3.1

Recall that

©
e M S

Theorem 7.1 (Plancherel formula for A = 0). Fore = 0 and f € C°~Ind$ (e ® €°) we have
the following inversion formula

£ A€ dp ! —r
f(kgby) / ;)P A5 f (Kgby )| L + @ Elzm 5 )IP WA f (Kgby),

and the corresponding Plancherel formula

2 2 1 2I'(1 — p) 2
172 = [ ZHA I G @ 5 T

pnel—2N
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Fore = land f € C>°~Ind% (e ® e°) we have the following inversion formula

£ (kgby) / ZPfAff koby) " ( )’2 57 2 HPuAuf(kobu),
pe—2N
and the corresponding Plancherel formula
1 2
du 1 L(—p)p 2
112 = [ S IALAIE s b o S A
w0 e o 25, T

Proof. The inversion formulas follow directly from the introduction and results of Section
6. To get the Plancherel formula write

1712 = [ [ #(0oba) Flkab,) cosh(2u) duds,
0o JR
and use the inversion formula on f(kgb,) and apply that

PEf@t)gGH) d(at) = [ (A g(k) dk.
G/H K

for f € Ind%(s®e*) and g € Tnd$ (e®e?). Lastly for the discrete part, we apply Proposition
5.2 to get
w2k m2H
TOA = \Fl = A_, and TlA = %Al_“,
L) D(ZHT(HH)
giving the final result. 0

We now extend the previous result from A = 0 to A € iR using Theorem 3.1. We want to
0
compose A, and 1 but as we cannot ensure the regularity of the functions in the image

0
of T} we end up doing this in an L2-sense using direct integrals. Consider the following
operators

JE 1t
Ay i= — 2 \/?F(l%l"‘%) g)\ + 2 \/;?F(S%;‘ %) Ai
T T(ET (T - ) T TN T - )
¢ REN
£ _ A)\nu and A)\ 2 WF(% %) AO
b ey HT T -

which are extensions of A, Ag and A, e.g. Ay, = A,. Furthermore let
® 2 d
’Hsz/ T, @Cldue P 7,
iR pel—e—2N

where [7 H,du denotes a direct integral of Hilbert spaces, see e.g [F22] for a short expo-
sition. The inner-product on #. is given by Theorem 7.1, i.e. fore =0 and f,h € Ho

1
dp 1 L(L—p) 0
(g = [ S hE a0 i + e Y mmra e (T0g B e
i 2 RO e T 22 T B0 P
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For simplicity we shall assume that ¢ = 0 for the remainder of the section. All arguments
made can be done for ¢ = 1 as well using the corresponding results from the previous
section.

Abusing notation, Theorem 7.1 defines an isometry Ay : C2°(G/H) — Ho which ex-
tends to an isometry

Ag : Ind% (e ® 1) — Ho.

For f € Ho with f = (f°, 1, f%) we introduce the following map
Py:Ho — LQ(G/H)

d
f foflfd'_}/zgfﬂ Z ,ufd'

€l—

Lemma 7.2. For f € Ind$ (e ® ) and h € Hy we have the following relation:

(Ao fshyw = (f, Poh) 12y m)-

Proof. Let f € Ind$j(e ® ¢*) and h € C>°(Hy). We then find

1
-y € dp ) 5

; pErE N - T
:E/ﬂg/@Hf@)"ﬁhi(”d(xﬂhafﬁz+<271T>3 Z_ 2O 1) VI 1

dp
= Z/ (f-PSRS) r2(Gym) a (@) > 6 ﬁP h) 12 Gy m)

M) pnel—2N
= (f, Poh)r2(c/m)- O

Lemma 7.3 (See [P76, Theorem 1]). Suppose S : H> — H> is a continuous intertwining
operator for H°. Then for a.e 1 € iRU(1—¢e—2N) there exists unique H> intertwining operators
Sy for m, @ C*if p € zRandforw if p € 1 — e — 2N such that

(SfHlu=Sufy aepciRU(puel—e—2N), feH™.

Proposition 7.4. The map A5 : Ind$ (e ®e®) — H is surjective. In particular Ay is an isometric
isomorphism.

Proof. Since the discrete and continuous part of H consist of pairwise inequivalent repre-
sentations of G, it suffices to show that the projection of W = Image(A() onto the contin-
uous part and the discrete part respectively, is surjective. For the projection to the discrete
part, we can consider the projection of W onto each summand 7! %.- Proposition 1.2 gives
wgsu = ﬂh"l@wah‘ﬂ and since these representations are 1nequ1valent 1t again suffices to show

that the pr0]ect10n on each of them are onto. Lemma 6.3 then shows that pI‘OJﬂgol (W) #0
S

and pI‘OJﬂahol( ) # 0. But since the projection is G-equivariant the image is a subrepre-

sentation and it follows that both projections must be onto.
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Since the projection onto an integrand of the continuous part of H is in general not
point-wise defined, the proof differs to that of the discrete part. Abusing notation slightly
we shall write f,, = (fJ, f,) when . € iR and f € Ho, omitting the discrete part.

By Lemma 7.2 (A)* = Py and since the adjoint is G-equivariant we have

Py(HS®) C LA(G/H)>® and  Ao(L*(G/H)™) C HE.
Let A5° = Aolr2(q/m)~ and F§° = Polyze. Then
S = AP o P° : Hg® — He°

is a ‘Hg° intertwining map and by Lemma 7.3 there exists a family of #§° intertwining
operators (.5,,) such that ((Ag° o P5°) ), = Sufufora.e p € iRandall f € H°. By Schur’s
lemma this implies S,, = (id ®B,,) for a.e u € iR, with B, : C> — C? a linear map. Let N
denote the corresponding null-set, we then show that for © € iR \ N we have S, = id.

To this extent let ¢ € iR \ N and let f be a K-finite vector in H§° and note that this
implies f, must be a K-finite vector in m;°. Assume therefore without loss of generality
that f,, = (c1(m, c2¢n) for some m,n € 27 and pick by Proposition 5.4 a K-finite vector
in L?(G/H)*> such that Ayp(w), = f,. One can e.g pick w of the form w = (, f1 + (ufo
with fi an even function and f> an odd function of correct regularity and growth. Then
we have

(AP 0o P3°f)u = Ag° o Pg° 0 A (w) = A (w), = (Agw,ALw),

where the second equality follows from the inversion formula given by Theorem 7.1. On
the other hand we have

(A o P3P f)p = Spufu = ([d®B) Az (w) u
= ((b11)pApw + (b12) AL w, (ba1) W AW + (ba2) wAjw)
hence
(Agw, A}lw) = (aHAgw + bMAbw, cHABw + dMAiw).

Since A}, and A}, are linearly independent for x € iR it follows that B, = id and hence
S,, = id on the K-finite vectors of Hy, for a.e ;1 € iR and since the K-finite vectors form a
dense subset the result follows. O

Theorem 7.5. For \ € iR and ¢ € Z /27 we have

@ d
G A\~ I hol hol
IndH(€ ® e ) — / Tr&,p, EB WE,M |CL( )|2 @ @ 7T€,C,L)L @ 7-‘-?7/5) ?
iR H pEl—e—2N

where the map is given by
f 0 AR W fo A AN fs B ), for fe ndF(0@e?)
f o A DA WAL s Asge), for f € Indfj (1@ e?)

with 1—pt2¢ —A142¢
I(==)re=r—)

& _
Pxp =

Q%F(H‘T%)F(A—“ZH%) ’
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Proof. For \ € iR the map Ay : Ind% (¢ @ 1) — Hy gives rise to an isometric isomorphism

nd% (e ® e*) — Ho by composition with 'f‘?\ : Ind% (e ® e*) — Ind% (¢ ® €9) from Theorem
3.1. Let A € iR, f € Ind% (e ® €*) and h € C°(Hy). Then by Lemma 7.2 we have

(Aot £l = <+§ fs Poh) r2(qym)

d 1 -
= Z/@ ,\f7 0 L2(G/H) a (M)|2 @) ME;ZNg(ij)< 2fap,uhi>L2(G/H)
u( ) d,u
/1 I8 /G/H v QLE o s
PE 6 /\f> W) 12 Gy m)-

pneEl-2N

Using the coordinates xH = kg¢n, H and applying Lemma B.2 in the distributional sense,
we find
1

r'(54) G/H

K¢ M(flk) ¥ fe)d(zH)

—A—2 —u—11
cosG L (ghoT, xe 2 |z —tanf —x E —dxdzdf
T(2) ¢ &2
()

f24
- p)\ MAg f (k )7
An analogous calculation applies to the discrete part after applying that
(5 7o
A, = N u Ay

In conclusion we find
1

) € AE ey du
(Ao 'T_,\ﬁ h) gg()/m@/\,uA/\»ﬂf’h“)Ia(u)P

Hence Ag o %i = A, with 4, : IndG()\ ® e*) — Ho given by

1 (L=p) oy 5 pa
(Axf, )y = /p 1.1 T,
Z LA !()\2 2ﬂ)3uelz:2NF(2")5(u) e
Corollary 7.6. For ¢ = 0 and Ind{, (e ® ) we have the following Plancherel formula
1 Il —p)
191 = [ 3 IAS 1P ol + I
S G g, B e

Fore =1and f € IndG @ (e ® €*) we have the following Plancherel formula

d
7= [ ZH P s+ e 3 W 2) s 1P

ne—2N

with a(p) and () given by (7.1).
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Proof. Since |p§ .| = 1for A, ;i € iR the assertion follows. O

A Integral formulas

Lemma A.1 (See [C20, Proposition 16.8]). For Re (o + 3) > 0 we have

/ da 2279 B PP (a+ B — 1)
R (z—i)*(2 +1)° I'(a)l'(8)

Lemma A.2 (See [GR94, Section 3.631]). For Rev > 0 we have

T - _ (
/Osm 1(1’)cos(a:/c)algv—F(M)F

Lemma A.4. For Rev > 0 we have

T 1 ) B
/Osm” (x)ewxdac—F(V+%_Q)F(V+%+a).

Lemma A.5 (See [GR94, Section 3.251]). For Re 8 > —1 and Re (o + ) < —1 we have

/Ooxo‘(a:—1)Bdm:B(—a—ﬁ—1,ﬁ+l).

1

Lemma A.6 (See [GR94, Section 3.194]). For Re 8 > —1 and Re (o + ) < —1 we have

/Ooxa(m—i—l)ﬁdfc:B(—a—B—1,a—|—1).
0

B The Fourier Transform and Riesz distributions

Define the Fourier transform of ¢ € C.(R) as

Flel©) = [ pla)e da

which makes the inversion formula F F[y|(z) = 2mp(—=z). Extend this to distributions in
the usual way.
For a € Cwith Rea > —1 and ¢ € {0, 1} the function

is locally integrable and can thus be considered as a distribution.
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Lemma B.1. The family of distributions u, extends analytically to a holomorpic family in o € C.
Fora=1—¢—2n¢c1—¢c— 2Nwe have
(_1)n+a—1(n _ 1)!

us_ o () = 5(2n+5—2) z),
L-e-an() 27" (2n + e — 2)! )

where () is the Dirac d—function.
Lemma B.2. For a € C we have
Flug] = Voritu® ,_;.
Furthermore for o, B € C with Rea, Re f > —1 and Re (o + ) < —1 we get

—1-a—p+[e+€]2

/Ru’;(x)u%(y—x)da::(_1)L5J55J\/%11:<(_a+6);(%%guij_%ﬂ(y),

2

fory # 0.

Proof. The first assertion can be found in [GS64, p.170]. For y # 0 we have

+B+1
[ lelely = ol do = g2 [ falelt = al? da.

by change of variables. Now writing

[e'¢) 1 o0
/\x|g|1—x|§dx=(—1)€/ xa(1+az)ﬂdx+/ xa(1—x)ﬂdx+(—1)€/ 2z —1)% da,
R 0 0 1

we can use the integral formula for the Beta-function, apply Lemma A.5, A.6 and arrive
at

(-1)fBla+1l,~a—=B-1)+Bla+1,+ 1)+ (-1)*B(B+1,~a—F-1).

Now rewriting the Beta-function in terms of the Gamma-function, applying Euler’s re-
flection formula for the Gamma-function, and factoring out common factors we get

7 0@+ D)I(B+ )T (—a— B —1) [sin (o + B)) + (—1)"  sin(Br) + (—1)E*1 sin(om)]
We can now apply the identity

sin (o + B)7) + (=1)* sin(B7) + (—1)* sin(an)

((a—ge)ﬂ) Sin((ﬂ—zf)ﬂ) Sin((a‘i‘ﬁ—F?;‘ [5+§]2)7T)7

L1+E+5

=4(-1)7 = sin

which can be verified on a case by case basis depending on ¢,£ € {0,1}. Lastly rewrite
the sine-functions as Gamma-functions using Euler’s reflection formula and cancel out
Gamma-functions case by case for ¢, ¢ € {0, 1}. O
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C Fourier-Jacobi transform

This section is a condensed form of [F]77, Appendix 1]. For o, € C with a ¢ —N and
Re s > —1, define the Fourier-Jacobi transform of f € C°(R>¢) by

Tosf ) = [ SO (0 sinh2 (0 cosh? 1)

where gb/‘j‘ﬁ are the Jacobi functions given by

a+B+1+p a+B+1—p
2 ’ 2

PP (t) = o Fy ( ja+ 1, sinhQ(t)) :

Then we have the following inversion formula:

_ 1 a8 dps

f(t) - A7 /iR Ja,ﬁf(:u)¢u (t) ‘Ca,ﬁ(ﬂ)‘g
= > Japf )65 (ORes(cas(v)eas (1)
n€Dq
where
o) — LT+
’ F(a+\ﬂ|2+1+u)r(a—|6|2+1+u)
and

Dog={reR|keNy, z=2k+1+a—]|8 <0}
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Analytic continuation of symmetry

breaking operators of the pair
(GL(n + 1,R), GL(n,R))

Jonathan Ditlevsen

1 Introduction

A continuous representation 7 of a real reductive Lie group G defines a representation
of a closed subgroup H by restriction. Given an irreducible representation 7 of H, we
can consider the so-called symmetry breaking operators, that is elements of Homp (7|q, 7).
Following Kobayashi’s ABC-program [K15] the symmetry breaking operators play an es-
sential role for studying restrictions of representations of reductive groups.

The classification and construction of symmetry breaking operators between spherical
principal series representations, has been studied in the past for certain pairs of groups
(G,H), such as (O(n +1,1),0(n, 1)) by Kobayashi and Speh [KS15] which later was ex-
tended to all strongly spherical reductive pairs (G, H) where both G and H have real rank
one by Frahm and Weiske[FW20]. The real rank two case of (O(1,n) x O(1,n),0(1,n))
was considered by Clerc [C16].

In this paper we consider the pair (G, H) = (GL(n+1,R), GL(n,R)) of real rank n+1
and n. We study symmetry breaking operators between principal series representations
mex and 7, of G and H respectively. The main results of this paper concerns a family
of symmetry breaking operators A"\ € Homy (¢ x| 1, Ty,») which is holomorphic in its
paramters. These constitute "most" of the symmetry breaking operators as in [F21] it is
shown that dim Hom g (7¢ z| 7, 7y,,) > 1 and equal to one for generic parameters.

1.1 Methods and results

Forl <p <n+1land1l < ¢q < n define the following polynomial functions for g €
GL(n+ 1,R):

Dy(9) = det((wog)r<ij<p),  Vqlg) = det((wog)a<i<gt11<i<q),
where wy is a representative for the longest Weyl-group element given by

1

woy =

37
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Consider the functions

1

An + i~ Vn+l—i—735 1l —i—N\; _1
Kg’)l\/(g) = |(I)n+1 +1 H |<I> |£z Vn+1 3 I\Ifz(g)|y +1 +1 z

En+1 FNnt+1—i Mnt1—i+&it1

which are locally integrable for (), ) in some open subset of C"*! x C". Here we used
the notation
|zg = sgn(x)S|z*, ze€R*,pueC,&cZ/2L.

For (¢,7) in (Z/2Z)"*" x (Z/2Z)" we normalize K"\ by K"\ = n(¢, A, n,v) "' K[\ where

= I L r( 2 Ll g pamt sty
i i=n+2—j

(1.1)

Theorem 1.1. The family of distributions K"\ can be analytically extended such that it depends
holomorphically on (X, v) in all of C**1 x C™.

In [F21] it is shown that K"} satisfies equivariance properties such that it defines an inte-
gral kernel for a symmetry breakmg operator between principal series representations of
me » of GL(n+1,R), and 7, of GL(n,R). In this light Theorem 1.1 shows that we have an
explicit holomorphic family of symmetry breaking operators Agz € Hompy (me )1, Thw)-

Alternatively, Theorem 1.1 can be phrased in terms of L-factors or Euler—factors. For
a character x. ,(z) = |z|# of GL(1,R) the L-factor is given by

L(S, XE”UJ) — W‘%(M+6+S)I‘<M) .

2

By fixing xi = X¢,,», and ¥j = Xy, ., We can write m¢ ) as Indgc (X1 ® -+ ® Xnt+1) and 7,
as IndgH (11 ® + - - ® 1y,) and then the normalization of (1.1) is

n

H 27X1¢ L(%)Xn+1fjw;1)[’(%7x;i2 ]1}[)]) (27Xn+1wj)a

up to some power of 7.
We review how to analytically extend the Riesz distribution since the proof of Theorem
1.1 use many of the same ideas. For Re(u) > —1 and ¢ € Z/2Z consider the locally
integrable function
|z|¥ = sgn(z)®|zt, x e R*. (1.2)

Step 1: Considering |z|# as a distribution we have the Bernstein-Sato identity

d
Solwle = plrles

e— 17
that relates |z|/ to itself with shifted parameters via a differential operator. Now for
Re(u) > —1 consider the distribution

kA

H ) S ey
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For all ¢ € C2(R) the map g — (u.,, ¢) is holomorphic and by Lu., = ue_1,1 it
analytically extends to all ;1 € C.

Step 2: Notice that as upo = 1, we get %Uo,o = 0, implying that the extension of . , is
identically zero when 1 is either a negative even integer (if ¢ = 0) or negative odd integer
(if ¢ = 1). Therefore the normalization I'(x 4+ 1) ~! has more zeroes than is necessary for
the analytical extension. As a result we get the family of distributions

~

=k cezym
I(=57)

is holomorphicin p € C.

Step 3: For Re(p) > —1 we have z|z|t = |:L"|f;i11 and after normalization both sides of the

equality extends analytically, and so a similar identity is obtained for . ,. For n € Z-q

we get
1-1( u+2n2+1+s )

~ p+14ey
T Uep = W“wﬂn = (7>
2

9 nus,u+2m

where (z),, is the Pochhammer symbol. Thus when ;1 = 1 — e — 2k we get that the support
of 4., is contained in {0}. This implies that . , can be expressed as a linear combination
of derivatives of the Dirac delta function, and by comparing even/odd-ness and homo-
geneity of the distributions we get

a&u‘ = 0% (),
p=—1—e—2n

where «y, . is a constant which can be found by testing %, ,|,——1--—2, against a test-
function.

Analogously to Step 1, a collection of Bernstein-Sato identities are established. The
method for finding these is inspired by [BC12], whereby conjugating multiplication op-
erators of ®, or ¥, by Knapp-Stein intertwining operators we obtain explicit differential
operators that relate K g’)\” to itself with parameters shifted (See Theorem 6.5). Using these
Bernstein-Sato identities we find a renormalization K’y of K"\ such that it can be analyt-
ically continued as a family of distributions. We find the following functional identities:

Theorem 1.2 (See Section 5). Composing K"\ by normalized Knapp-Stein intertwining oper-
ators Ty, (normalized to be holomorphic) gives functional equations of the type

Kz:; = Bw (fa Aa 777 V)Tw o KZJE/S,A)’
where B.,(§, A\, n, v) is found explicitly as a ratio of Gamma-functions or L-factors.

Considering these functional identities we see that T, o KZJ(VS ») is holomorphic so the
zeroes of (,,(&, A\, n,v) is also zeroes for K?K This gives a collection of zeroes just like in
Step 2, so we can re-normalize K’y to K[y, giving Theorem 1.1.

Lastly, we are able to extract some information about the support of Kg; for the pa-
rameters where the normalization have zeroes by the same arguments as Step 3. Unfor-
tunately a similar argument to reduce to a sum of Dirac functions does not apply as the
support does not reduce to a single point.
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1.2 Notation

Let 1 be the vector having 1’s in all entries. e; € R is the i’th standard basis vector.
E; j is the matrix with zeroes in all entries except the (i, j)'th entry which contains a one.
|z|t = sgn(x)®|xz|*. For {,v € Z/2Z and z € C we write z + [{ + v] to mean the addition
¢ + v should be done in Z/2Z first and then either a 0 or 1 should be added to z.

2 Principal Series representations and symmetry breaking
operators

Let G be a real reductive Lie group, and g its Lie algebra with Cartan decomposition
g = £ @ p. Let K be the maximal compact subgroup given by the elements invariant to
the Cartan involution. Fix a C p a maximal abelian subspace and put A = exp(a). We
consider the restricted roots of (g, a) and introduce an ordering allowing us to define n
as the sum of the positive root spaces and N = exp(n). Furthermore we put M to be the
centralizer of A in K.

Now P = MAN C G is a minimal parabolic subgroup defined by its Langlands
decomposition. Let (£, V¢) be a finite-dimensional representation of M/ and A € af a char-
acter. Then (£ ® e ® 1, V¢) is a finite-dimensional representation of P = M AN where 1 is
the trivial representation of V. Using smooth parabolic induction we obtain the principal
series representation ¢\ = Ind%(¢ ® e ® 1) as the left-regular representation of G on

{f € C*(G,Ve) | f(gman) = &(m)~"a™*"*f(g) ¥man € MANY,

where p is the half sum of the positive roots.

Let W := Nk (A)/Zk(A) be the Weyl-group of G. The Weyl group carries an action
to M by [w€](m) = &(w'mw) where w = [W] € W and similarly to af by [w)](a) =
A~ taw). Let N be the nilradical of the parabolic opposite to P . For every w = [@] € W
the integral

nao) = [ flgom) dn

converges absolutely in some range of ai and defines an intertwining operator m¢ y —
Tw(e,n) known as the Knapp-Stein intertwining operator. These operators satisfies that
for w,w’ € W we have
T = T 5y © T (2.1)
when ¢(w'w) = (w') +£(w), where ¢ denotes the length of an element in IV see e.g. [K16].
Let (G, H) be a strongly spherical pair of real reductive groups, e.g. (G, H) = (GL(n+
1,R), GL(n,R)). Fix parabolic subgroups Pg = MgAgN¢g of G and Py = My Ay Ny of
H asin [F21] and let

e\ = Indgc (E@e*®1) and Tpw = IndgH Mee" ®1),

denote the principal series representations induced from (£, Vg) € Mg, \ € ag ¢ and
(n,W,) € My, v € aj;c. A symmetry breaking operator is an continuous H-intertwining
map between ¢ »|p and 7, .. Following [F21], identify

HomH(Trg7,\’H, Tn,u) =~ D/(G)ZK’
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where

D'(G)Z:K ={K € D'(G) ® Hom(Vg, W,)) : K(mpyagnpygmgacne)

= agy PCd P n(mr) o K(g) 0 £(ma)},

in the sense that K € D'(G)? defines a symmetry breaking operator A € Homp (m¢ x|,
£ y y g op £
Tp,v) by

Afth) = | K(h™'9)f(g)dg,

where the integral has to be understood in the distribution sense. Note that using [K16,
formula (5.25) | one can show that whenever K is given by a locally integrable function,
the operator A can also be computed in the non-compact picture:

Af(h) = | K(h™'g)f(g)dg.

3 Principal Series representations and the Knapp-Stein
Intertwiners for GL(k, R)

We now set G = GL(k,R) and make some choices to make the notions of Section 2 more
explicit for calculations. Let P C G be the group of upper triangular matrices with Lang-
lands decomposition P = M AN. Here M is the group of diagonal matrices with entires
from {£1}, A is the group of diagonal matrices with positive real entries and NV is the
group of upper triangular matrices with 1’s on the diagonal.

Identify M ~ (Z/2Z)* by taking ¢ = (&1, . .., &) € {0, 1}F to the character

M — {-1,1}
diag(ey, .. .,ex) > sgn(e1)® - - - sgn(ep ).
Furthermore make the identification a}. ~ C* by mapping A — (A(E1,1),. .., A\(Ekx)). We
can then consider the principal series representations as functions f € C*°(G) where

-kt A —5E .
f(gman):\xﬂgll 2 ...\mk\gkk > f(g), ma=diag(zi,...,z,) € MA, n € N,

since p = %(k—l,k—3,...,3—k,l—k).
As alluded to in the introduction it can simplify the notation quite a bit if we denote
by characters x;(z) = |x|g’, so that we can describe the L-function as

_%WF(S‘F&‘F)\Z‘)'

The Weyl group W of G can be identified with the symmetric group Sj;, and the action of
W on M and a% then corresponds to permuting the entries of vectors in (Z/2Z)* and C*.
Abusing notation, we do not distinguish between elements of W, S;, and the permutation
matrices corresponding to elements of Sy.
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Now for i = 1,...,k — 1 let w; denote the simple transposition swapping 7 and ¢ + 1
considered as the matrix having 1’s in the (i, i+1) and (i+1, 7) entries and zero everywhere
else. Then N Nw; ' Nw; = eRFi+1i, Let m;(z) = e*Fir1i. Using the GL(2, R) computation

FOE)-60)-E 6 26 ) e

we can decompose w;7;(z) intoNM AN, in the sense that w;n;(x) is contained in a copy
of GL(2,R) embedded into G as block matrices

I 4
( GL(ZR) )

I

where [} is the j x j identity matrix. This allows us to get a more explicit formula for the
Knapp-Stein intertwiner in the case where w is a simple transposition:

T3 fg) = /Nﬂszwz fgwimi(x)) dzx

Ai—N; 1 _
e [ el (omi(a) d,

, _ _ dz
= (15 [ @i (@) fgme) T
R |z
by change of variables * — z~1. This operator has poles and we therefore consider the
normalized version 1
T’LUZ' — T’LU27
S L0 X))
which has a holomorphic extention to all of C* see e.g. [K16]. This normalization makes
Twz holomorphic and nowhere vanishing, see e.g. [BD22, Prop 1.3]. For a general w € W
we normahze T¢"\ by writing w in terms of simple transpositions w; and then using the
normalization for each 7, g” 1 which is justified by (2.1).
Similarly, we can decompose 7;(z) = k(x)a(z)n(x) to the compact picture K AN by
the GL(2, R)-computation

10 1 1 —=z 1+22 0 1 2
) -FrsG DICNT D)6 ) e

Which allows for another form for the Knapp-Stein intertwiner

Ajp1—Ai—1

T f(g) = /(1+x2)72 Flgwik(z)) dz.

4 Symmetry breaking operators between principal series
representations
Now fix (G, H) = (GL(n + 1,R), GL(n,R)) and the corresponding principal series repre-

sentations
= Ind3,((®@e* @ 1) = IndF, (x1 @ ® Xnt1),
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and
Following [F21] consider the functions
y(g) = det ((9ij)1<ij<p) and  Wo(g) = det ((9ij)2<izqr11<i<q),
where g € G. Let
woy =
1

be a representative of the longest Weyl group element and set ®,(g) = ép(wog) and
V,(g9) = Vy(wog). Now consider the kernel

K () = 1@1(g)[5! - [Pnsa (@) |5 W1 ()2 - [Wnlg)]e,

n+1
for g € G, where s; = A\; — Vpqp1- — %, ti = Unt1—i — Ai+1 — % fori = 1,...,n and
Sn+1 = Ant1 + 5. Likewise §; = & — nt1-i, €8 = Mny1—i — &1 fori = 1,...,n and

Snt1 = &nt1. The exponents (s, t) are related to (A, v) € C*™! x C" by an invertible affine
linear coordinate transformation given by

1 -1 0 ---0 0 A
‘;1 1 -1 -0 0 Un
! 00 1 -0 0 Ao 1
: - . . _5 )
tn o 0 0 --- 1 -1 vy 1
Sntl 00 0 -0 1)\t —n
with inverse
M 1 1 1 1 S1 n
v 01 11 t n—1
X | = | o 4= :
: 00 --- 11 tn —(n—1)
Anst 0 0 1) \sni1 —n

The same coordinate transformation holds between (£, 7) and (9, €) if we disregard the
affine part. Then Ky belongs to D'(G)/’}. Hence we get a meromorphic family of inter-
twining operators A”’/\ Telm = Tw defmed by

AV f / K (h dk:—/ K2 (h™'7) f(7)dn.
The distribution kernel Kg/l\' is L] .(G) when Re(\1) > Re(r,) > Re(Ag) > -+ >

Re(v1) > Re(An41), or even better when Re(s;), Re(t;) > 0 fori = 1,...,n. This is most
likely not the largest domain where K/ is L] .(G) but it will suffice for our purposes.



44 Paper B

5 Functional identity between Knapp-Stein intertwiners and
the distribution kernel

By [F21] the space D’ (G)g; is one-dimensional for generic (A, ). Moreover we note that
for a fixed h € H, the distribution g — K g; (h~'g) can we viewed as a distribution section
of the homogeneous vector bundle over G/ Fg.

By duality we can apply the Knapp-Stein intertwiners to get maps D'(G)/y —
D’ (G)ZJ(”& ») Meaning we are aiming for functional identities of the type

Tg—)\Kg),\/ = Cw (57 A1, V)KZ,’(ZA)?

as the spaces D'(G)/"\ are generically of dimension one. The first thing we notice in our
quest is

®;(g), j<i,
®;(gwini(z)) = { ®j(gwi) + 2P;(g), j =1,
—®;(9), j >
W;(g), J<i,
Vi (gwmi(z)) = { U;(gw;) +2¥;(g), Jj=1,
~V;(9), j>i

(I)](g)a .]<n+1_7/7

®;(mi(v)wig) = { ®j(wig) +2P;(g), j=n+1—1,

~3;(g), i>n+1—i

Ui(mi(z)wig) = § Vj(wig) + 2%5(g), j=n—1,

All of these identities follow from basic properties of the determinant. Multiplying g by
n;(x) from the right corresponds to adding x times the (i + 1)’th column of g to the i'th
column of g. So if the determinant contains none of the columns or both of them nothing
happens, but in the case it only contains the i’th column and not the (i + 1)’th, multilin-
earity of the determinant can be applied. Multiplying by w; from the right correspond
to swapping the i’th and (i + 1)’th column, so if a determinant contains none of the two
columns nothing happens, if it contains both we get a sign. Similar reasoning can be ap-
plied to multiplying from the left and considering rows instead of columns.

Lemma 5.1. For g € GL(n + 1,R) we have the following two identities:
Pi(9)Wilgwi) — Pi(gwi)¥i(g) = Vi1(9)Piv1(9),

Dy 1—i(wig)Vn—i(9) — Pry1-i(9)¥n—i(wig) = Yp_i—1(9)Pni2—i(9),

where we define Uy = 1.
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Proof. We show the first identity and the second one follows by analogous arguments. We
notice that both sides of the identity have the same equivariance properties from the left
by Pp. Similarly both sides have the same equivariance properties from the right by Pg
e.g. for n € Ng we have w;nw; = n'm;(z) for some n’ € N and z = n; ;41 thus

®;(gn)W;(gnw;) — ®;(gnw;)¥;(gn) = ®i(g)[Vi(gwi) +2¥;(9)] — ¥i(g) [®i(gwi) + xP;(g)]
= ©;(9)Vi(gw;) — Pi(gw;)¥i(g).

As we are proving an equality of continuous functions it suffices to check that they coin-
cide on a dense subset. There is an open dense double Py gy Pg in G where gy given as wy
multiplied with the matrix with only 1’s on the diagonal and subdiagonal and zero every-
where else, see [F21, Lemma 6.3 & Lemma 3.6]. The two sides of the equation coincide
on gop and hence on w by the equvariance properties. O

Remark 5.2. To avoid technical considerations about restrictions of distributions to sub-
manifolds we use the convention that 7}’ K, g Y means the distributional kernel of the in-
tertwining operator 7%, o A"\

Theorem 5.3. For fixed i where Re(A\; —vp+1-i), Re(Vnt1—i — Xit1) > —% and Re(A; —Ai+1) <
0 we have

Tw Km)\ =ci(&\n,v)K (§>\)7

where

(_1)(£i+§i+1)(nn+1—i+1)+§i§i+1L(%7 XWEL*Z-)L(%’ X;+11¢n+lfi)
ﬁL(lvXin‘_Jrll)L(%7X;1¢n+1—i)L(%7Xi+1¢;i1_i)

Similarly, for Re(Any1-i — vi), Re(Vit1 — Apg1-i) > —% and Re(viy+1 — v;i) < 0 we have

ci(Ev Aa 7, V) =

Ty, K25 = di(¢, 0, ) K™,

where

(_]_)(77i+77i+1)(§n+1—i+1)+77i77i+1L(%’ Xn+1—i¢;1)L(%, X;ikilbiﬂ)

di 7)‘7 ) = . N Y
&Amv) VIL(L i1y ) L5 Xt 190 L5 Xnr1-i%31)

Proof. To ease notation we put \‘I’n+1!e’;ﬁ = 1. For g in the open dense set where ®;(g),
@, (gwi), ¥i(g), Vi(gw;) # 0 we have

Tgi)\Kg’ /K”’ gqw;n;(x))dw
= ()R 0 (ﬁl@ ROy
- 5
J#Z

< [ 1@i(gwi) + @il ¥i(gwi) +2¥ilo) [ da.
The latter integral can be evaluated by Corollary A.2 giving

(—1)%t(si, tir 65, 0) | Ri(9) |51 Wilg) 15,5 @i(g) Wilgwi) — Bi(guwi) Wi(g)|Z 5+
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Lastly, applying Lemma 5.1, we arrive at the first result. For the second assertion we recall
Remark 5.2 and by switching the integrals we get

T:;’f,An’Af / /K”’ z)w;h~'7)dzdn.

This allows us to do the same type calculation as for the first assertion but inside the
integrals, in turn the constant is given by (—1)" M+1Hent1-it (s, 01ty i Opi1—i,Eni)-
O

Remark 5.4. By replacing (£, A) by w;(§, \) we can phrase the result in a slightly different
way for Re()\i+1 — l/nJrle'), R,e(l/n+17i — )\1) > —% and Re()\i+1 — )\z) <0

K = G(EAm )Ty e Kl s
where

ci(&, N\ nv) = VrL(l, X;1X1+1)L(§7X;+11wn+1 i) L (%7X1’w7;117i)
o (=) EF €)=t DS (5, X191 ) L5 X0 Yngri)

Corollary 5.5. Let

n

1
AT = {(A, V)| Re(Aj1 — vnt1—5), Re(Vng1—5 — Ai) > —5, Re(Aj41 — A) < 0} # &

L 2
Jj=t
and
A~ 1
AT = m {()\, V)‘ Re()\l — Vn+1—j)a Re(l/n+1_j — )\]) > —5, Re()\, — )\]) < 0} 75 .
j=i
Fori=1,...,nlet wy = wjwiy1 ... wyand w_ = w;_1w;_s ... wr. For (\,v) € AT we have
nv _ 1+ W4 n,v
K§7A - b’L (57 A? ny>Tw:—t1(£7_>\)Kw£1(§7)\)7
where
b (6, A 1, v +H L(L X135 )L(%vXj_+11¢n+1—j)L(%7Xi¢;i17j)
e L(3: Xi+1%nt1- ) L(5, X ng1—y) 7
and 1 —1 1 -1
b€ A ) = ﬁ 1xmjﬂbwzwﬂﬁﬂﬁwmmkﬂ

j= ( XlwnJrl ])L(%’lewn+1—j)
and o are powers of  and (—1) that depend on & and 1.

Proof. Using (2.1) we get that the right-hand side of the (+)-equation is

. w’L . w7L 7],1/
bz(£7>\7777 )T i (&, )\) OTwn...wi(é,f)\)Kwn,,,wi(&,\)

thus by successive use of Remark 5.4, we get

n

b+(£'Aa77aV):Ei(£,>‘a777V) H Ej(wjfl'--w’i(ga)‘)an’y)' O

j=it+1



6. Bernstein—Sato identities for the distribution kernel 47

6 Bernstein—Sato identities for the distribution kernel

For w € Wg and f : G — C we consider the left/right regular action ¢(w)f = f(w™!")
and r(w)f = f(-w). Define

WiWi41 - - - Wy, fori < Js
Wij = § Wiwi—1 - - - Wy, fori > 7

Wy, fori = j.

We let \; ; = Ai - >‘jf Luvij=v —vj— 1,69 =Y g0 gk ;s €inj Zk 1 9ik0g,
and &7 = (—1)"7+1c%i. Now, consider the differential operators

o, Mgt 0 0
r(wi)® et Ay o0 0
D;(\) = (1) : : : S|, i=1,2,0.0,n,
r(wi_1,1)®; bl gh? ... Aiit1
r(wig)®y bl g2 L it
Uy Uni 0 0
lwp—1n-1)V1 €pn—in Vn-1i - 0
Ci(v) = (—1)"° : ; : , i=1,2,...,n—1,
Uwig1n-1)Y1  Eifin  Eibln—1 - Vigli
U(wjp—1)¥1 Ein Ein—1 *°° Eiitl
v, Mmst 0 0
(W )V, — EMFEY N, 0
Fi(A) = (=1t : : : . i=1,2....n
P(wip1 )T, EMTLIHL Enitl Noit1
T(wi,n)‘l/n §n+1,i gn,i . gi+1,i

where | - | denotes the determinant. As the entries of this determinant are non-commuting,
we specify that this determinant should be considered as

Al = ) sgn(0)ag(1)100(2)2 - Go(n)n-
oES,

In the case of D;(\) this implies each term of the determinant has the form
r(wy ;) @1l ted22 ... gt if we put €% = X\ ;1. With this settled, we can notice that the
differential operator D;(\) has order ¢, C;(v) has order n — i and F;(\) has order n + 1 —i.

Lemma 6.1. Fixi=1,2,...,n. For Re(\; — A\iy1) > land f € m,, ¢ _\) we have

[ ol ) gmifa)) de = - / g e 7 0, f (gma()) dae

Ai—X; 1 _
S [l o) do.
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In fact, if D, D' are differential operators on G satisfying (D f)(gni(z)) = D'[f(gni(x))] then
Xi—Ai _ ANi—Aip1—1p0
| el e de = ' [ @220 fgm(@) da,
where on the right hand sides, D’ should be considered as differentiating in g.

Proof. For the first equality, we argue there is no boundary term in partial integration.
Considering 7;(z) as an SL(2, R)-element, we can use (3.1) and find

Ait1—

)\ )\7,+1 1 — i+1— 1 2 ﬂ
222 f (g7 () = a0 N1+ 22) " f(gh(a)

1 Ai—Ait1
~lolg e (1224 (A2m) " b)),

which vanishes at 0c0. As g7;(x) is the same as g, but where in the i'th column z times the
i + 1’th column of g is added, we get that 0,[f (g7;(x))] = (€71 f)(gni(x)). Purthermore,
as differentiating with respect to the i’th column and multiplying by elements of the i+-1'th
column is not affected by multiplying by 72;(z) from the right, we get ('™ f)(gm;(z)) =
et Li[f(gn;(x))]. Thus it suffices to show the last assertion. For g in a compact subset of
G we get, using the Iwasawa decomposition, that

Ai—Aip1—1 Ai—Aip1—1 i1 il
2l o T D [f(gmi@))])| = [l e T 4 2T D f(gk(a))]|
Re(Xj41-A;—1)

< C(l+x2)f|x|Re(Ai—)\i+1—l)’

where the c is a constant depending on f,g and D’. The right hand side is integrable,
allowing us to pull the differential operator out of the integral. O

Remark 6.2. Consider r the right regular representation of e®Fi+1i on C°°(G). Then
Opr(e™Ft) = (Pt )dr (i) = dr(Bipy)r(e™H),
corresponds to

0u[f(gmis(2))] = (71 f)(gmi(x)) = e [f(gmi(x))]

as argued in the proof. Thatis e*1+

to other groups.

= dr(E;+1,) which could be useful for generalizations

For a C-valued function f let M be the multiplication operator given by M;p = fe.

Proposition 6.3. For (generic) (\,v) such that Re(A1) > --- > Re(A\y41) and Re(v,,) >
-+ > Re(v1) the differential operators can be expressed in the following way

-1
D (A) )\1 )2 wl(f A)—(e1,e1) © Mq)l (T . 1(¢, A)) ’

—1

Di(N) = M1 T ) (eren) © Dimt (@A) © (T, c))
w Wn — -1

Comt(V) = V1 Ty ey © M © (TN

Ci(v) = Vi+1,iT$;(n’l,+(ei+17ei+1)) 0 Ciy1(wiv) o (Tw:(n ,,)) ,
1
Fa) = a1 T (e (1ensidenss) © M0 © (T e)

-1
.FZ(A) = )\ivH‘lT—wl({ )\) (ﬂ—€i+17]1—€i+1) o H_l(wi)\) (T ;’1)1(5 )\)> .



6. Bernstein—Sato identities for the distribution kernel 49

Proof. We start off by showing that this indeed holds for the family D;(\) using induction
ini. Let f € m_y, (¢,») then using Lemma 6.1 we get

M) 62— (@10(9) = 2D [ 252 @1 ) (g (2) do
= M=) [ ey 222 [01(9) + ar(wn)@a(9)] (g7 (2) d

)
= 1(0)(-0% [ 8 (el ) floma
+ A or(w )(I)l( )T_wl(g)\ f(9)
]

—[@1(9)e™" — r(w1)@1(9) M2 T, (e 1) F(9)-

This shows the base case for induction as D (\) = —[®1(g)e?! — A or(w1)®1(9)].
Assume the assertion holds for i — 1 and let f € m_,, ¢ ). Forj < i —1, we have

[T(wj’l)q)l](gﬁi(l')) = [T(wj,l)q)l](g) + 5i,1yjm[r(wi)r(wj’1)<l>1](g) and for k < 7 <1, we

have (9% f)(gni(z)) = (e9* + §; j2e7T 1K) [f(gmi(x))] where J; ; is the Kronecker delta.

Thus, only the last row of the matrix is affected, and by multilinearity of the determinant

we get

(Di—1(wid) f)(g7i(x)) = Dim1(wid)[f (g7:(x))] + 2Di—1 (wiN) [ f (g70:(2))],

where D;_; (w;A) is the determinant of the same matrix as D;_; (w;A), but where r(w; ;1)
is replaced with r(w; ;), and £* is replaced by gtk for 1 < k < i—1. Now using the same
steps as for i = 1 where D;_1(w;\) + 2D;—1(w;\) plays the role of ®1(g) + xr(w1)P1(g),
we get

Ai H—lT (E0)— (ei’ei)(Di—l(wi)‘)f)(g)
= — {Di_l(wi)\)gi+l’i - ﬁi—l(wi)\)Ai,i-i-l} Tﬁil(&)\)f(g)

By multilinearity of the determinant, we can write
—Di_l(wi)\)é‘iJrl’i + {ji—l(wiA))\Li—&—l = 'Dl()\),

showing the assertion for 7.

The proof for C;(v) is identical, but where everything is acting from the left. For F;(\)
it is again similar, but with a little twist. As for £ > 4, we have [r(wy ,,)¥y](g7i—1(2)) =
[F(0k) W0 )(9) + 0 gl (w11 (i)W, ) (g) and (514 ) gy () =[5+ — aeh+lim]
f(9mi—1(x)), meaning we do not get addition with same signs in the last row. But by
changing to the ~-notation, we get ("1 f)(gm;_1(x)) = [EF+1 + 28+ 11 f(gm;_1(2))
and the proof follows in the same manner as for D;(\). O

Remark 6.4. For generic (\,v) the principal series representations m y, 7(,,.) are irre-

ducible, thus by Schur’s lemma we get 7,1/ )\) o\ is non-zero constant times the identity
allowing us to talk about the inverse of ;).



50 Paper B

Theorem 6.5. We have the following Bernstein—Sato identities

DZ-()\)KZ’;\/ = pp,(A, V) ?é:€i+17/\+ei+1)’

W (n+ei,vte;)
Ci(ELN = pe; (WKL)

Vo (n+1,v+1)
-F:L()\)Kg)\ - p}—z ()\7 V)K(g+]1_ei7)\+]1_ei)7

where

j=n+1—1 2
'n+17i 1
pe, ()= (0" T (N v = 5),
j=2
n+l—1 1
p]-‘i()\,l/) = H (>\’L - Vj - 5)

Proof. As the identities of Theorem 5.3 and Proposition 6.3 are identities of distribu-
tions that can be meromorphically extended, we can regard them as formal distribu-
tional equalities and disregard the domain of parameters (A, ) for which they hold. Let
&\ v,n) = L(0, X;lxi+1)ci(£, A, v,n) that is ¢; (€, A\, n, v) multiplied by the normaliza-
tion of Tg’i - Now by definition of D;(A) and Theorem 5.3 we get

Aracy(wi(§,A) + (ex, 1), 1 V) KEN Ly ) = AM2T 0 60— (er.en) (P1E D (e 1)

= Di(NT) e Earieny = wi(€ ), n,v)Di(N KLY,

A1,2CI1 (wl (éz)‘)+(617€1)7n71/)
Cll (wl (67)‘)777»”)

Aii+165(wi(§,A) + (€4, €i), 1, V)
(& A, m,v)

AsT'(z + 1) = z2I'(z) we can, by checking cases for ¢ € {0,1}, confirm the following

identity:

so we get pp, (\,v) =

. Arguing like this, we arrive at

pDi()\7V) = PD; 4 (wi)"y)‘

T z—14[e+1] T 1—z+[e] 9
( 0 l—iﬂail] ):(‘1)E+1_1~
M=) (=) z
Using this we get
Aiit16(wi(€, A) + (es €3), 1, v)

1
= (=D (vn+1—i — Ait1 — 5 ).
EN ) ),

Similarly setting d;(&, A\, n,v) = L(0, @Z)Z-@Di;ll)di(&, A, n,v) we get

Viy1idi(§ 4+ e1, M+ er, wi(n, v) + (€41, €i41))
d;(f, )\7 wi(ﬁ» V))

= (*1)()‘n+17i — Vi — %),

and

Ai,i-ﬁ-lcg(wi(g’ A) + (II' — €i41, 1- ei+1)7 (777 V) —+ (117 11))
ci(wi(§,A),n,v)

=N — Uny1-i— 3 ]
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Remark 6.6. The differential operators D;(\), C;(v), and F;(\) are somewhat arbitrary
as there are many of choices in the process. As we will see below the choices are made
so we get 2n differential operators which can be used to analytically extend K g; . Many
different choices of multiplication operators of ®; or ¥; and permutations w, can also give
a collection of differential operators that can extend K g j\' , but there are a few immediate
limitations.

For a choice of ®; or ¥, say ®;, there is only one choice of simple transposition where
one picks up any differential operator since 7" w0, (E ) (exe:) and Mg, commute when j # 1.

We can also mix Knapp-Stein intertwiners frorn m¢,—x and 7, , in one differential op-
erator, but as these intertwiners commute, it ends up being the composition of two differ-
ential operators. If we let n = 2 and consider every outcome of conjugating ®; or ¥; with
only intertwiners 7¢” , for m¢ _», then a collection of differential operators extending Ky
can not be obtained, which suggest that at some point the intertwiners 7,7, for 7, , must
be used.

We could hope to find a collection of differential operators where the amount of times
we need to conjugate by intertwiners from simple transpositions are minimal, thus mak-
ing the order of the differential operators smaller. But as analytic extensions are unique
the Bernstein—Sato polynomials must have the same roots no matter the collection. If we
arrange (A, v) as (A1, Vn, A2, ..., V1, Apy1) then each conjugation by an intertwiner from a
simple transposition grants a linear factor as a difference between two adjacent element
in this vector. So to obtain a factor like \; — v — %, a minimum of n simple transpositions
must be done.

7 Analytic extension of the integral kernel

Consider the normalized kernel

K7 = Ky
EX T T ntl—; ~ ‘
jgl{ jlj[ljF<)‘i_Vj+§)] . L:nli—jr(yj —xi+1)]

Rewriting the Bernstein-Sato identities of Theorem 6.5 in terms of K{’y, we have

X Y _ wenv
Dl(A)K K(5+6z+1)\+€z+1)

Ci(v) KDY = K\ THenvted)

(
5»)‘ (£+61 >)\+el)
: v (n+1,v+1)
FiNKeN = Kigiale, ey

Proposition 7.1. K”K extends analytically to a family of distributions that depends holomorphi-
cally on (\,v) € C”“ x C" and K\ € D'(G) X for all (\,v).
Proof. Rewriting the Bernstein-Sato identities in terms of (4, s, ¢, t), we get

D;(s, t)Kg’t = K& et

(6+eL+175+ez+1)
. E _ (8+€n+1 17t+en+1 7,)
CZ(S’t)K(S K(5+61 —en+1—i,Stei1—enti1—i)’

Fi (8, t)Kg:i =K% it

(0—e1t+ent1,5—e1+ent1)”
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As Kf;:i is already defined for all s,, 1 € C we can use F; (s, t) to extend Kf;:i toall s; € C.

Then using D, (s, t) we can extend Kg’z to all ¢, € C. Now using C; (s,t) we can extend to
all s, € C and so forth, switching between D; (s, t) and C;(s, t) we can extend to all (s, )
and therefore (), v). O

Using the duplication formula write

1
2N~V zr(/\i—VjJr§+[§i+77j])r(>\i—Vj+§—[§i+”j])
NG 2 2 |

For {,n € Z/2Z and z € C we write z + [{ + 7] to mean the addition £ + 1 should be
done in Z /2Z first and then either a 0 or 1 should be added to z. Comparing this with the
analytically extended Remark 5.4, we get

KZ’K = Bi(&, \,n, V)T, (5 ,\)ley(g A)

where f;(£, A\, n, v) is given as

F()\i—Vj—i-%) =

Xit1—NiH14[E4E11] X1 —Vnil—ite—[€ir1 i1 Unal—i=Ai+2—[€i4+mmr1—4]
(A= el } T ; )
Vnt1—i—Nit1+ 5 —[€ir1+Hnt1—i] Ni—Vnt1—i+2—[&+nnt1—1]
cI( 5 )T( % )

and cis a product of powers of 7, 2and —1. AsK¢'yand T . \)K/*, ) are holomorphic

in (A, v), we see that Kg; has zeroes given by the zeroes of 3;(&, A, n, v). This shows that

K7y e over-normalized and the factors I'(\; — vp41—i + %), TD(vpt1—i — Aig1 + %) can be re-
_ 1o . a4 laes .

placed by I'( A V"+1_1+22+[52+77"+1_Z] ), D(Zt /\1+1+22+[£Z+1+77"+1_J) in the normalization

of K.

Consider the re-normalized kernel

Kn7V
KZK = 1 1 1 5’1\ 1 1
’ ?:1 L(iaXﬂDj )---L(@Xn—s—l—jwj )L(§7Xn+2 ]%) (27Xn+1¢])

which, by the duplication formula, can be seen as a product between KZK,

n ntl- —vj—% i —Vj %— i+ N
[ T (2=t

n+1 21/]'*)\1*% vi — N+ % — &+ 77]'}
[z’n+2—j ﬁ F< ? ﬂ

(7.1)

and some powers of 7.

Theorem 7.2. The normalized kernel Kgi extends analytically to a family of distributions that
depends holomorphically on (\,v) € C*"*' x C" and Ky € D'(G)/5 forall (\,v) € C**1 xC".

Proof. To prove this, it suffices to show K"\ vanishes at all the poles from (7.1). Arguing
like above instead of using Remark 5.4 we can use Corollary 5.5. Considering all i =
1,2,...,n the functions bf‘(f , A\, n,v) contains all the different Gamma-factors appearing
in the new normalization. O
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Remark 7.3. With this new normalization Theorem 5.3 can be stated in the slightly more
crisp way
VA (=1)EHE) (it 1) +HEdiga

I3 mv o __
T KN =

L(1,xixih) wi(&A)?
T K \/7?(_1)(777,+771+1)(fn+1_1+ )+Nimit1 Kwi(nw)
VA —1 A .
’ L(1,%; " %it1) ’

8 On the zeroes for the symmetry breaking operators

As explained in Section 2 from the integral kernel KZ’K, we obtain a symmetry breaking
operator A"\ : ¢ \|n — Ty, by

AL () = [ KE(h™'m) f(m) dn,

Ng

where the integral has to be considered in the distributional sense and Theorem 7.2 allows
us to do this for every (A, v) € C"! x C™. The functional equations with the Knapp-Stein
intertwining operators from Remark 7.3, can then be rephrased as

ﬁ(_1)(5i+5i+1)(7]71+17i+1)+§i£i+1

nv I3
AdxoTen

= A . )
L(1, Xz'Xi_+11) wil6:)

and
V(=1 @A) Enpr it Dtninien (nv).

- A
L(1, 97 i) ¢
To investigate if the normalization found in Section 7 is optimal, a good place to start is to
see if we can evaluate the symmetry breaking operator on the K-invariant vector 1, that

is the vector that is constant on K with normalization 1,(e) = 1. Consider the analytic
function B(\, v) defined by

Wy mv __
Ty oAy =

ASly = (A, v)1,,
where we suppress the trivial M-representations in the notation. Now by Proposition A.3
) 1 Xip1—Xi—1 1
TV () = — / (1422 o= — 1 1,\(e). 8.1)
A L(0, XiXi+11) R L(1, XiXi+11)

Using this and the functional equations above we get that

_ L9 i)
L(1, i)

As (A, v) is analytic this implies that (A, ) = 0when \; — A\; € —2Ny —lorv; —y; €
—2Np — 1 and i < j, which corresponds to points of reducibility for ) and 7, see [SV80].
In [FS22] Frahm and Su calculated (), v) in the case where n = 2, that is for the pair
(GL(3,R), GL(2,R)), and found that

L(17 XiXi_+11)

Blu) = A0 & S0 uw)

B\ ). (8.2)

3

T2

Av) = — — — — .
BY) L(Lx1xz L1, x2x35 ) L1, xaxz L1, vy Mabs)
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The L-factors that appear are related to the Harish-Chandra c-function ¢(\), which is
given by the equation
T3 (e) = e(M),

where wy is the longest Weyl-group element. A formula for c¢(\) was found by Gindikin &
Karpelevi¢ in [ GK62]. We consider normalized Harish-Chandra c-functions (also known
as the e-function) defined by

TU0(¢) = cg(N), Tool,(e) = ex(v),
where wy is the longest Weyl-group element of H. In the case n = 2, we can calculate
cc(A) directly by decomposing wy = wijwow; and using (8.1) and (2.1) to get

1

co(A) = TY1, () = T¥  T% TV, = .
¢ =Tt (e) T L xaxa DL, xaxs DL, xaxs V)

wWowiA\ T Wi

In [FS21] Frahm and Su conjectures:

Conjecture 8.1 (Frahm & Su 2021).

B(Av) =ca(Neu(-v).

The identities of (8.2) supports this conjecture. In the case where this conjecture is true
then the following Theorem also holds for n > 2 with the same proof.

Theorem 8.2. For n = 2 the normalization used for AX is optimal, in the sense that the zeroes of
¥ are of codimension two in (\,v) € C"™! x C™.

Proof. The zeroes of A can only occur at places where the normalization multiplies by a
zero. At a zero either \; — v; + % € —2Ngorv; — \; + % € —2Ng must be satisfied. The
zeroes of 5(\, v) are of the form \; — A\; +1 € —2Np and v; — v; + 1 € —2Nj. Thus at least
one more equation must be satisfied in order to have a zero for A%. O

Proposition 8.3. For1 < j<n+1—i <nandm € Noif \; —v; + % + [& + 1] = —2m,
the support of K’y is contained in

{(I)i :O}Q{\I’Z’ :O}m"‘m{énJr]_fj :O}.

For2<n+2-j<i<n+1landm e Nyifv; —Ai—“%—i‘[n‘j—i‘gi] = —2m, the support of
K\ is contained in
{\pn—‘rl—j = 0} N {(I)n+2_j = ()} N {\Iji_l _ 0}'

Proof. The proof follows in the same way as for the Riesz distribution. As functions, for
Re(s),Re(t) > 0 and m € N, we have

i i—1
q)?ng”i = ( H ak7i7m(67 S, €&, t)) ( H Wk:,i,m(av $,¢, t))ngerZmei’

k=1 k=1

v 7
VK, = ( 1T ekit1m (8, 5, e, t)) ( 11 ki (6, 5., t))Ka’z“mei,
k=1 k=1
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where for: < k

bttt st il =k [0+ e+ 6
ak,i,m(é,s,s,t):H(SZ : s 9 ot = ]])
i=k "
S R R R R Rt T C R T R
Vkim(6,s,6,t) = H ( i i+ J J 5 [ei i+ J J])m
j=k

Both sides of these equations extends analytically as distributions to all (s, t). If A; — v; +
%—i— [&i+ni] =—20thens;+t;+ - +spp1—j+n+1—j—i+[0i+ei+ - +0pp1-5) = —20
Thus by keeping track of which ay ;. (9, s,¢,t) and i m(6, s, €,t) vanishes, we get the
result. O

Theorem 8.4. The operator A’ vanishes on the the sets

Nije ={Ni —ve+ 5+ [& +me) € —2No} N {ve — Aj + 3 + [me + &5] € —2No},
wherei < jand k € {1,...,n} and

Mijr={v; =X+ 1+ +8& € —2No} N {\y —vi + 1 + [& +mi] € —2No},
wherei < jand k € {1,...,n+1}.
We prove this theorem in a series of lemmas.

Lemma 8.5. Let t; + 1 = 0. IfRe(s;) > 0, and Re(t;) > O0fori=1,... ,nand j =2,...,n
then
09 ) gnrra P2 gn 22 T2 g1 a2 TS [@i(9)] T3 [5(9) 1Y

Ki(g) = WD) :

where n/ (s, t) = (n(s,t)/T(94L))|s,——1. Furthermore, A%, vanishes when sy + 1 € —2Ng and
s9+ 1€ —2Ng.

Proof. For the (s,t) considered, we have that |®;|* and |¥;|% are continuous functions.
The Riesz distribution |¥;(g)[**/ F(%) = 6(gn,1) is a distribution on continuous func-
tions with compact support. Thus, the product above is defined and as Diracs delta func-
tion satisfies f(z)d(z) = f(0)6(z), we get the form for K% as claimed. Strictly speaking,
K! is defined by its analytic continuation which comes from the Bernstein-Sato identities,
but as it is continuous we can consider setting ¢; = —1 as taking a limit from the right.
The normalization n(s,t) contains the Gamma-factors I'(211) and I'(221). Consid-
ering the case for s; + 1 € —2N, if we let s; = —2n — 1 and Re(s2) > 2n + 1 along with
the rest of the exponents having a real-part > 0, then we still have a continuous function
multiplied on a Dirac delta function, but n’(s, ) ~! = 0 so the whole thing vanishes. As K},
is entire holomorphic in s;, ¢; for i > 2 and vanishes on an open set it is identically zero.
The case with s + 1 € —2Nj follows in a similar way. O

We now use the Bernstein—-Sato identities to shift the condition on ¢; 4 1 to even negative
integers. Let D;(s,t) = D1(s + e2,t — e1)D1 (s, t) and note that

TL(S + 2e9,t1 — 261)
n(s,t)

Di(s, )KL =t1(t; — 1) K3 =t1(s2 + K5 (8.3)
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Lemma 8.6. Let t; + 1 € —2N then Al vanishes for s1 + 1 € —2Ng and for sy + 1 € —2Nj.

Proof. We do this by induction on t; + 1 = —2k in k, where the base case have been done
in Lemma 8.5. Assume that for ¢; + 1 = —2k then A’ vanishes for s; + 1 € —2Ng and for
sy +1 € —2Nj. By (8.3), we have

Di(s — 2ez,t + 2e1) K2 = (£ + 2)(sp — K.

s—2ex T

By the induction hypothesis the left hand side vanishes for ¢t; + 3 = —2k, and either
si+1€ —2Ngorsy —1€ —2Ng. If t1 +1 = =2(k + 1), s1 + 1 € —2Np, and s3 # 1 we
get that K = 0 and by continuity of K, we can remove the condition s2 # 0. For n > 0 if
t1+1=—2(k+1),s2—1=—2nand sz # 1 then K, = 0, but the two conditions on s,
corresponds to so + 1 € —2Nj. ]

We now extend the zeroes to the non-spherical case.

Lemma 8.7. Let t1 + &1 + 1 = —2k then Az’z vanishes for s;1 + 61 + 1 € —2Ny, and for
s9 + 09 + 1 € —2Np.

Proof. Consider the identity,

1 n
et n(0,5—6,0,t—¢) nt 5 N P
K = = Gs e D) (chbz. .Hl\pjz)KO’S_é.
1= Jj=

As @fi and \Iljj are just polynomials if we can argue that generically n(0,s — 6,0, —
g)/n(4, s, e,t) does not have poles at the zeroes we found for K!”5 in Lemma 8.6 then we
get the claimed result. The first kind of factors that appears inn(0, s—4,0,t—¢)/n(4, s, €, t)

1S
F(Sﬁ_%_él) B {17 5 = 0,

ES SR I CHEt

which are regular for the points considered. The next kind of factor consists of sums of s;
and t; with an odd number of terms e.g.

1, 01 +¢e1+d2 =0,

2—91—€1—0 2
F(81+t1+52+2 1—€1 2) I Frerreaonsy 01+e1+62=1,
F(81+t1+52+22+[51+61+52]) 51+t13—52+2’ 81461409 =2,
: 01 + &1+ 62 =3,

(s1+t1+s2+1)(s1+Ht1+s2—1)°

in either case we are at most restricting two variables so generically this type of factor is
regular. O

We are now ready to prove Theorem 8.4.

Proof. The zeroes we found in Lemma 8.7 in (£, A, 1, v)-coordinates are

Mon={M —va+3+[& +m] € 2N} N{vn — Ao+ 3+ [y + & € —2No}
Mn—l,n,Q = {I/n — Ay + % + [ﬁn + 52} S —2N0} N {)\2 — VUp_1+ % + [52 + T]n_1] S —2N0}.
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Consider the two functional identities

7o ¢ n.v
A © Twz(§ A) T I\()\i_>\i+1+1+[§i+§i+l])Awi(&)‘)’
2

/
wi ny _ c w;(n,v)
T © AE AT F(Vi+1—l’i+1+[77i+1+77i])Ag’/\
2

)

for some constants ¢, ¢ that depends on (§,7). Using the first one for i = 2 we can for
A2 — A3+ 1+ [€2+ &3] ¢ —2Np conclude that the zeroes of A"’ from N 2, are also zeroes
for A}" ¢ y)- This implies that N1 3, N {A3 — A2 + 1+ [& —|— {3} ¢ —2Ny} are zeroes for
AlY. If & AmY) € Nign N {As — A+ 1+ [§3 + &] € —2Np}, then A\ vanishes on
the sequence (£, A + n%rleg, n,v), and by continuity we get A"} ¢ vanishes on all of Ny 3.
Applying this procedure for both the functional identities and all permutations w; we get
all the vanishing sets from Theorem 8.4. We note that using the first identity for i = 1
would not provide any new zeroes, as the Gamma-factor vanishes on all of V; 3, which
means we are not allowed to swap the order ¢ < j. O

A Integral Formulas

Proposition A.1 (See [BD22][Prop. B.2]). For Re(«),Re(B) > —1 with 0 > Re(a + B + 1)
we have

1
[ Wizl = vlgdy = tta, 8.2 el
where

(a+1+s )T( 6—1—;—1—5 )T( —04—/3—;-*—[8-*{]2 )

t(a, B,e,6) = (~1)*Vr

r(= 042—&-5 )T( —/32+€ )T( Oé+,3+22+[§+ﬁ]2 )

Corollary A.2. Let a,c € R* and either b or d non-zero in R. For Re(a), Re(3) > —1 with
0 > Re(a+ B + 1) we have

/ |a:c + b| |CI‘ + d|ﬁd$ = (*1)675(01’ ﬂv g, €)|a|gﬁil|c|6_a_1|ad - bc|€ai§6+1'

Proposition A.3. For Re (1) > 0and Re (v + &) < 1 we have

o0 1
-1 2w—l g _ Lk, _ K
/0 o' (14 27) dx_2B(2,1 v 2).
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Paper C

Unitary branching from GL(3,R) to
GL(2,R)

Jonathan Ditlevsen

1 Introduction

This is a unfinished paper on the branching problem of restricting unitary representa-
tions of GL(3,R) to GL(2,R). By using analytic methods we show how to decompose
any unitary representation of GL(3,R) into a direct integral of unitary representations of
GL(2,R), with a few arguments missing which we highlight in one of the sections.

1.1 Results and methods

The unitary dual of GL(3, R) consists of characters, unitary principal series, complemen-
tary series, unitarily induced generalized principal series and unitarily induced degener-
ate series.

Theorem 1.1. The unitary principal series, complementary series and unitarily induced general-
ized principal series all decomposes as

= @ Jorwave @ @ [ rthn,
€(Z/27)? n€Z/2Z v—_€l+n—2N iR
whereas the unitarily induced degenerate series decomposes as

7T)\|H_ @ / T(n,m),(\2) dz, ()\EZR)

nez/2Z

where T,,, is the unitary principal series for GL(2,R) and 7' ,, is the almost discrete series for
GL(2,R).

We essentially obtain the first part of this result in two distinct ways. The first method
comes from restricting principal series representations m¢ , for A € iR3 to the open
GL(2,R)-orbit in GL(3,R)/P where P is a minimal parabolic of GL(3,R). Using a
Plancherel formula we can decompose vectors in f € 7¢ \ by

2 v 2 dvidyy nv 2d(1/1 + VQ)
1P =3 [ IASAP RS+ 3 [ AP E s

n,V1—Vr2
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where A/ is a holomorphic family of intertwinining operators. The way to obtain the

direct integral decomposition comes from analytically extending the right hand side in
terms of A from iR3 to parameters )\, where Te,\ IS unitary or contains a unitary quo-
tient. To do so we need to know the meromorphic nature of a(\,v), b(\,v) and Ag;
The Plancherel formula used is from [B]D23], and is very explicit giving us the functions
a(A,v), b(A,v) in terms of Gamma-functions. The operators A/} have been studied in
Paper B, where all the necessary zeroes, functional equations and a normalization which
makes A/ holomorphic in (), ) have been established.

The second method comes from considering generalized principal series representa-
tions and again restricting them to an open GL(2, R)-orbit of GL(3,RR)/P’, where P’ is
a maximal parabolic subgroup of GL(3,R). This restriction is in most cases the space
IndgL(Q’R) (w), where S is the az + b-group, and w is its only unitary irreducible infinite
dimensional representation. Picking a non-trivial character x of N, the group of upper
triangular matrices in GL(2,R) with 1’s on the diagonal, we can express w = Ind% ()
and by induction in stages, the restriction is a Whittaker model. The decomposition then
follows from the Whittaker Plancherel formula.

Notation: We denote by N = {1,2,3,...} and by Ny = {0,1,2,...}. For operators
we use normal letters for the unnormalized meromorphic version and bold letters for the
normalized holomorphic versions.

2 Structure of GL(3,R) and GL(2,R)

Let (G, H) = (GL(3,R), GL(2,R)), where we consider GL(2, R) as a subgroup of GL(3, R)
by embedding it into the upper left corner. We introduce the notation d(s,¢,u) for the
diagonal matrix in G with entries s, ¢, and u starting in the upper left corner. Abusing
notation, we use similar notation for diagonal matrices in H, namely d(s,t,1) = d(s, t).

In G, we fix the minimal parabolic subgroup P as the upper triangular matrices with
Langlands decomposition P = MgAgNg where

Mg = {d(m1,ma,m3) |m; € {£1}}, Ag = {d(a1,a2,a3)|a; € Rso},
and

1
Ng ={n(z,y,2) | z,y,z € R}, where n(z,y,z)= 1[0
0

S = 8
— < N

Similarly we define N, the nilradical of the opposite parabolic, as

1
Ng ={n(z,y,z) : z,y,z € R}, where n(zr,y,z)= |z
z

< = O
_ o O

Let W be the Weyl group of G which is isomorphic to the symmetric group of 3 letters.
We can consider W¢; as a subgroup of G as the subgroup of permutation matrices. Fixing
the maximal compact K = O(3) of G allows us to write any element in terms of the
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Iwasawa decomposition G = KgAgNg (or more rudimentary, in terms of the Gram—
Schimidt process). As an example we can decompose 7(z, y, z) = kan where

1 —(z+2y) TYy—=z
" 1+ (aﬁ— ) o
k= g % —?y : a:m’ ﬁ:\/1_|_y2_|_(z—:gy)2_ (2.1)
z Y422z 1
a af B

In H we fix the minimal parabolic subgroup Py as the group of upper triangular matrices
with Langlands-decomposition Py = My Ag Ny where

My = {d(mi,ma2) |m; € {£1}}, Apg = {d(a1,a2)|a; € R>o},
and

Ni = {n()|z €R}, where n(z)— (é f) .

Similarly we define Ny as

Nu={n(z)|z €R}, where ()= (3‘3 ?) .

The Weyl group Wy of H is isomorphic to the symmetric group of 2 letters. We can con-
sider it as a subgroup of H as the identity matrix and the permutation matrix correspond-
ing to the simple transposition (1,2). Lastly, we set the maximal compact Ky = O(2).
All the subgroups for H have been selected such that they are embedded into their G-
counterparts, allowing the decomposition of elements in H in terms of G-decompositions
tobe donein H. As an example, we get the £ of the Iwasawa decomposition of 72(x) simply
by setting y = z = 0in (2.1) as

1 oz 0 )
2 2 T
b \/I;rz \/%“”l‘ 0 _ (\/1+x2 _\/%+x2>
2 2 x .
ViR Vite?  Vifa?

In G, we also have two maximal parabolic subgroups containing P, namely

*

P(): * ’

S ¥ ¥
* % ¥

*
, and Pi= |0
0

* % ¥

*
*
0

which have the Langlands decompositions P; = M; A; N; where

+
My — (SL (2,R) ﬂ)’ M - (il SLi(z,R))’

Ay ={d(a,a,b) : a,b e Rso}, A ={d(a,b,b) : a,becRso},

1 « 1 6 «
N()Z{ 1 4 :a,BER}, le{ 1 :a,,BE]R}.
1 1
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3 Unitary principal series representations

3.1 Unitary dual of SL(2,R) in terms of principal series representations

Let SL*(2,R) be the group of 2 x 2 matrices with determinant +1 and consider the
parabolic subgroup Ps = MgAgNg of upper triangular matrices in SLi(2,]R) where
Mg = My, Ag = {d(t t_l)' t > 0} and Ng = Ny.

Fore € (Z/27)* ~ {0,1}? and u € C the principal series representation p. , = Indp,
(e ® e# ® 1) of SL*(2,R) is the left regular action of SL*(2,R) on f € L*(O(2 )/MS) satis-
fying the equivariance properties

SL*(2,R)

flgm) =mi'm3*f(g),  (d(m1,m2) € Mg)
flga) =t7"71f(g),  (a=d(t,t") € Ag)
flgn) = f(9), (n € Ng).

Proposition 3.1 ([B98]). Let € € {0,1}? and set ¢ = 1 + 9. The unitary irreducible repre-
sentations of SL* (2, R) can be listed in terms of principal series representations as follows:

1. The unitary principal series, p. ,, where u € iR>(.
2. The complementary series, p. ,, where e, = 0and p € (—1,0).

3. The discrete series representatzons p s which appears as a quotzent inside Pe,p where n e
1-— g4 — 2N.

4. The trivial representation and the sign character which appears as a subrepresentation of p. ,,
where 1 = —1.

The above are non-isomorphic except for the discrete series representations which are isomorphic
under ¢ + (1,1).

3.2 Unitary dual of GL(2,R) in terms of principal series representations

Forn € (Z/2Z)? and v € C? the principal series representations T, ,, = IndgH (n@e’®1)of H
is the left regular action of H on smooth functions f: H — C satisfying the equvariance
properties

f(gm) = mTm f(g), (d(mr, ma) € M)
flga) = a7 a5 f(g), (a = d(ar,a2) € Ap)

Denote by wy a representative of the longest (and only non-trivial) Weyl group element
in Wy, that is the 2 x 2 matrix with 1’s on the off-diagonal. We define the normalized the
Knapp-Stein intertwining operator T} : 7, — Ty (5,0 S

T,0 f(h) =

/fthn x)) dx,

F( v — V2+[771+772]
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where wy acting on 7 and v simply swaps their first and second entry. Here z + [ + 7]
mean adding n + 1’ in Z/2Z first and then adding either a 0 or 1 to z.

The integral only converges for v in some domain, but with the chosen normalization
it can be analytically extended to all v € C2. In order for the principal series to be unitary
we need the parameter v + v, coming from the action of the center to be pure imaginary,
and the rest 11 — 14 to essentially be a unitary representation of SL*(2,R). Thus, we can
consider the discrete series representations for v; + v, € iRand v1 —vy € 1 — [ +12] —2N

T,c]ii, = T/ ker(T)1).
These are equivalent when adding (1, 1) to 7, so we parameterize them by a single element
from Z/27Z corresponding to the sum 7; +172. When v € iR2, the space 7,,,,, comes with the
usual L?-norm from L?(Ky /Mpy) whereas when v € (0,1) or vy — vy € 1 — [ +12] — 2N,
we use the norm

912 = [, FITRE TRk

These norms makes 7, , and 77‘7’17% a pre-Hilbert space but we will not explicitly state when
we are talking about 7,, , or its completion, as this should be clear from context.

Theorem 3.2 ([B98]). Let v € C? and n € Z/27 with v4 = vy + vy and ny = 11 + . All the
unitary irreducible representations of GL(2, R) can be described as follows: In all cases v € iR

v.

.z

1. The characters h — | det(h)|,,* , which sits inside 1, ,, as a subrepresentation for v_ = —1.
2. The unitary principal series 1, ,, for v € iR2.

3. The complementary series T, ,, for n = 0and v_ € (0,1).

4. The discrete series T;]ii

. Which sits inside T, , as a quotient for v_ € 1 —ny — 2N.
3.3 Unitary dual for GL(3,R) in terms of principal series representations and
generalized principal series representations

For ¢ € (Z/27)% ~ {0,1}% and X € C3 the principal series representations m¢ y = Indg_ (£ ®
e* ® 1) of G, is the left regular action of G on smooth functions f : G — C satisfying the
equivariance properties from Fg as following

flgm) = m$'m$*m§ f(g), (d(m1,m2,m3) € M)
f(ga) = a;r ™ taz a3 f(g), (a = d(ar,a2,a3) € Ag)
f(gn) = f(g), (n € Ng).

Between the principal series representations, we have the Knapp-Stein intertwining op-
erators T¢"\ : mg,\ — Ty (¢,n) Which are defined by

uNOE f(gum) dr

Ngnw—Ngw
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where w is a representative of an element in W, and w acts on £ and A by permuting the
entries. This integral converges only for A in some domain, but can be meromorpically
extended to all A € C3. The Knapp-Stein intertwining operator satisfies that

wiwa W
Tex™ = Topen

By considering the case where w = (7,7 + 1) is a simple reflection then inspired by the
GL(2,R)-case, we can use the normalization

o T{3. (3.1)

57 )\Z,)\Z +&:i+&: 57 )
l‘( +1 [£ § +1])

to analytically extend this to all A € C* and then use (3.1) to define T{' for any w by
writing w as a product of simple reflections.

Let p be an irreducible representation of SL*(2,R), ¢ a character of {0,1} and \ € C?
the generalized principal series representation o, = Ind%, ((p ® €) ® e* ® 1) of G is the left
regular action on the smooth functions f: G — p with the equivariance properties

Flgm) = p~'(m)f(g), (m € M)
flga) = a7 a3 f(g),  (a = d(a1,a1,a2) € Ao)
f(gn) = f(9), (n € No).

By induction in stages, the generalized principal series representations often coincide with
the principal series representations, so we give names to the instances where this is not
the case.

If p is a discrete series representation pds of SL*(2,R) p = —m and A € iR? then
we call o, .  the unitarily induced generalized prmczpal series representation, and denote it by
7['%527 y- As we are mostly going to be working with unitary representation we may use
generalized series representation for short.

The discrete series representation p sits inside a principal series representation p. ,
for SL*(2,R) as quotient for 4 = —m and 51 + 02, the same parity as m. By induction
in stages, (see [K16, (7.5)]) we get that 75 <.\ Sits inside 7¢ \/ as quotient since parabolic
induction is functorial where

Al —m A +m
2 72
By [SV80, Corrolary 2.8] the composition factors are independent of the parabolic used,

so we can instead consider w;grfr; ) as a quotient inside 7¢s y», where

&.:(5175%5)7 )‘/:(

7)\2)-

Al —m A +m
A .
2 y N2 2 )

For § = 0,1, let x5(h) = sgn(det(h))? be a unitary character of SL*(2,R), and \ € z’]R2 then
we call o . » the unitarily induced degenerate series representation, and denote it by s 5 \ We
may use degenerate series representation for short. The character x; sits inside the pr1nc1pa1
series representation pg, for SL*(2,R) as a quotient for u = 1, where &} + §} = . By
induction in stages, we get that 7731 sits inside 7¢ ) as a quotient where

5/: (6176752)7 )‘”: (

AM+1 -1

— (5 S _
5_(175275)7 )‘_( 9 ) 9

7)\2)7
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and as the composition factors are independent of the parabolic used, we can instead
consider 74, as a quotient inside ¢/ y», where

A +1 A —1

6,:( 376565)7 )‘”:( 9 a)‘Q? 92 )

Theorem 3.3 ([S80]). The unitary irreducible representations of GL(3,R) are

1. The characters g — | det(g)|2, where s € iR and ¢ € {0, 1}

2. The unitary principal series me 5, where X € iR3.

3. The complementary series m¢ », where {1 = &3, A1 +A3 =0, € iRandRe(\;) € (—%, %)
4. The unitarily induced generalized principal series 7rg .\ Where X € iR2.

5. The unitarily induced degenerate series w5 %, , where \ € iR

With the embedding into the principal series as described above, we have that at each end
of the complementary series, sits F%eg; , and Tr(c)l'zg2 A

4 Symmetry breaking operators between principal series
representations

In this section we introduce a family of symmetry breaking operator and recall some prop-
erties about it which shown in Paper B. Consider the polynomials

Q1(9) =931, P2(9) = 931922 — 932921, P3(g) = — det(g)

Ui(g) = g21, Wa(9) = 921912 — 922911,

and the integral kernel
K (9) = 121(9)]5; 1W1(9) |2 192(9) 152192 (9) |2 1 @3(9)]53,
where
51:)\1—1/2—%, tlzl/g—)\g—%, 82:)\2—V1—%, tgzul—)\g—%, 53:)\3+1,

and
=& +m, a=mn+&&, =%&+n, ea=m-+E&, 03=2=E.

We will use the parameters (4, s, ¢,t) and (¢, A, 7, v) interchangeably as they are related by
an invertible affine transformation. This kernel satisfy the equivariance properties

KXY (gmaagng) = yeml %y wgyhﬂf{””( ), (d(l1,02,03) € MgAg,ng € Ng),
KX (mpapnig) = |Gl 2 gy SKIY(9), (d(t,6) € MyAp,ny € Np),

and is locally integrable when Re(s;),Re(t;) > 0 for ¢ € {1,2} and s3 € C. For those
parameters it defines an intertwining operator A"} e TealH = Ty by

AT / K2 7)) dn = / K2V (h=2k) £ (k) dk,
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where the last equality follows from Knapp [K16, (5.25)]. By [F21] the space Homp(
e Al Ty, is for generic parameters (A, v) of dimension 1. The kernel Ky in the non-
compact picture N is given by

1 1
va—Ae—3 Ao—vi—3

K2 ((2,y,2)) = 2l pre I Tlpprey 17 = Yy (4.1)
We now state some Bernstein—Sato identitites given in the non-compact picture coordi-
nates. The result in global coordinates can be found in Paper B. Consider the following
differential operators
Di(N)
Ci(v) = — (v — 11 — 1),
.7:1()\): (ya +0z) + (M — A2 —1)0,
Do(N) = 20,0y + (y0y — (A2 — A3 — 1))0.
— (M =A3=1)0y + (A1 = A2 = 1)(A1 — A3 —1).

= (8 +90.) — (M1 — A2 — 1)y,

Theorem 4.1. We have the following Bernstein—Sato identities

DI, = (2 = h = )EG 0]

DQ(A)K;’;f = (1 —A3—5)(re — A3 — )K§+:§,§+Z§’
ClW)EL = (o —v = HEGTEe

FiNK =1 —vi— 5 —v2 = DK oo sveser

Let

no(A\,v) =T\ —vo+ D)0(va — Ao+ 5T (N2 — v1 + 3)
x D(v1 — A3+ 2T\ — v+ 3T (v2 — A3 + 3),

and set K"} ex =mno(Av)” 1K V. Then using Theorem 4.1, we can analytically extend ]K5 \r
asa dlstrlbutlon to (\,v) € (C3 C?. This normalization is however not optimal, so instead
we use

n(€, M\, v) = F(>\1*V2+%2+[£1+772]2)F<>\1*V1+%2+[£1+771}2)F(A2*V1+%2+[52+n1]2)

y F(Vz—/\2+%;[£2+772]2)F(V2—>\3+%2+[§3+772}2)F(V1—>\3+%2+[53+771]2)_

Let
K\ =n(A\nv)” 1K§’;’, and A2} =n(&\n,v)” 1142:;
The family A/ is defined for (A, v) € C? x C? and is holomorphic in these parameters.

Composing A”7 ), by the Knapp-Stein intertwining operators as described in the following
diagram, we get the following result.

AVIJ/
&
_
Te M 5 Te | i T
Tea Tl
Ag)z;(ml/)
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Theorem 4.2. For w; = (i,i + 1), a simple transposition, we have

o Tw ﬁ(_l)(fi+§i+1)(773—i+1)+§ifi+1
Af AENT F<>\i—>\i+1+1+[£i+§i+1]) Awi(f)\)'
2

Similarly, we have

TVHATY = V(=1 mtm)Grtmne
YA p(2-atltimtnl) A
2

By writing the longest Weyl group element wg = (1, 3) as wiwsw; and applying this the-
orem thrice, we get

Corollary 4.3.

Ag:KTE?\ = 7'('%(_1)(§1+£3)(771+772+§2)+§1£3a(g /\)AZ;O(S )’

where « is the holomorphic function given by

1
Oé(g, )\) - F(A1—A2+:l2+[§1+£2] )F( /\2—>\3+12+[§2+€3} )F( )\1—)\3-1-12-1‘[514‘53} ) )

We denote by A the vanishing set for A} i.e.
N ={(& )| ALY =0}
Theorem 4.4. Fori,j € {1,2,3} wherei < jand k € {1,2} then
Nige ={Ni —ve+ 5+ & +m) € =2No} N {ve — Aj + 3 + [ + &5] € —2No},
and
Mi={ra—N+1+m+& € 2N} n{N — 11+ 3 +[&+m] € —2No},
are subsets of N.

This shows when restricting to certain hyperplanes, we only need some of the factors
from n(&, A\, n,v) and on those hyperplanes we can renormalize the symmetry breaking
operators and obtain potentially non-zero symmetry breaking operators. Restricting to
the hyperplane \; — vy, + 5 + [& + 7] = —2n, we can consider the operator

1 1
B — H F(VZ_Ai“!‘g'i‘[fi‘HW}) H F(Vk—/\j+§+[€j+nk})An,
&A 2 2 39
(k<€§2 1<j<3 )

)\i*Vk+%+[77k+£z‘]:*2n7
and similarly for v — A; + 3 + [ + &;] = —2n the operator

v Xj—ve+2+[E+m] Xi—vi+ 3+ [+ v
BEY = ([T r(estet) [T r(eatgtetie) Al )
1<t<k 1<i<y

)
vk=Aj+ 5 +ne+Ei]=—2n

where we consider the empty product to be equal to one. These operators are still holo-
morphic in the parameters (), ) on their respective hyperplanes. We have hidden which
hyperplane we are restricting to in the notation, as it would be too cumbersome, but we
will be very explicit about which hyperplane and thus which BQK we are considering.
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5 Restricting to an open orbit

Consider the base point

010
go=11 0 0Of,
1 0 1
for the open dense H-orbit in G/ Pg. Then
hi2 hi1 O hao ha1 0
hgo= | hoa har 0|, gg'hgo = hio hi1 Of,
1 0 1 1—hoy —ho1 1

which shows that the open dense H-orbit of gy in G/ Pg has stabilizer Dy := {d(s,1) : s €
R*}. In terms of N Mg AgNg, we can decompose hgp as

hi2 1 hu
hgo = |22 1 _ det(h) b (5.1)
go = hiQ . Piia . .
11
Pz det(h) L 1 1

For computing the Iwasawa decomposition we can use the classical trick of writing g =
kan then gTg = nTa?n. So to decompose elements hgy in the orbit in terms of the Iwasawa
decomposition the following suffices

1 hao +1 1 ha
T B ) det(h)-+h1y f 33“
9ongo = hoo+1 hoo+1 det(h)+h11
“q ho1 1 det(h) 1
hoo+1 det(h)+h11 det(h)+h11
(5.2)

Consider the H-intertwining map

O 7T§’)\‘H — Indgo(fg ®€)‘2),
f=F,

where F'(h) = f(hgo) where the equivariance property follows from
Of(gd(t, 1)) = f(gd(t,1)g0) = f(g90d(L.t)) = 1|2 Of (9).

Proposition 5.1. The image ofO is contained in L*>(H /D) when —1 < Re (M), Re(A; — \g) >
, 2 < Re(A2) Re(\3) < 5. Furthermore, it is unitary when \ € iR3.

Proof. Let D = {d(s,t) : s,t € R*} then decomposing H = NyMpyApyNy we get the
coordinates 7(z)n(y)D on H/D with the invariant measure as dydx see [K16, Chap. 5].
Now note that H/Dy ~ H/D x Dy, so we get

[, jor@Paen = [ [ j0ftda. ) deD)

_///Rx )d(1,)go)|* ded:v
_///]Rx n(yt~")d(1,t)go)|* gdyda:.
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Using (5.2) we decompose n(z)n(yt~1)d(1,t)go = kan, and the integral becomes
/ (1 + y2 + (t o l,y)Z)Re()\g—)\l—l)(l + 332 + tQ)Re(A?)_)\Q_I)‘t‘_QRe(A3)|f(k;)|2dxdydt.
R3
(5.3)

We can bound |f (k)| by some some non-negative constant cy, giving us
2y —2Re(A2)—1 2\Re(A2—A1—1) 2\Re(A3—A1—32)|.|—2Re(\3)
§Cf/R3(1+m) (14+y7) (1+27) 2/|z] dxdydz
which converges for

1 1
Re()\g) > —5, Re()\1 — )\2) > —5, Re()\g) Re()\l) > —

1
2’
In the case where A € (iR)3 then

e—2pH(ﬁ(:r:,y,z)) _ (1 + m2 + 22)—1(1 + yQ + (Z - xy)Q)—l’

so transforming (5.3) by [K16, (5.25)] we see O is unitary. O

5.1 The Mellin fibration

Consider the Mellin transform given by

M'f(s £ f(t)
=7k

This can be regarded as a unitary map between Lz(RJr, 2y and L?(R,dt), since if g(u)
= f(e") then

MR = 5 [ [T e soF s = [ [T e ds = 172 = gl = 1912

by the Plancherel formula for the Fourier transform. Let D = {d(s,t) : s,t € R*}, and
consider the map

Mis : Ind} (2 €)= Ind (&2, 6) © )

given by

Mo f(h) = —— /Ooots[f(hd(l,t)) (—1) F(hd(1, —t))] %

dt

= 57 o M
where it is easily checked that M  f has the desired equivariance properties.
Proposition 5.2. The map

M :Ind® (& ® ™) —>@ " Il ((62,6) ® eP29)ds,
§—0 iR

f = (M5,sf)5:0,1,sEiR’

is a unitary isomorphism.
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Proof. For a fixed h € H/D we consider the §-part (that is even or odd part) of f given by
FE(E) = LF(hd(1,)) + (—1)0L f(hd(1, —t)) then

1 1
2 _ T FERY N2
Mt =3 [ M Pas =30 [ [ VIR i) Pdsaa)

! S dt dt
_ hpy 2@t g 2 At _ 2
= 2;}/}{/13/0 |fo ()" ~-dh /H/D /R |f(hd(1,1))] wd(hD) £ 117/ Do

where we used the Plancherel formula for the Mellin transform, and that the even and odd
part of a function are orthogonal to one another. Being an isometry it is an injection and
being a surjection then follows from the inversion formula for the Mellin transformation.

O

5.2 A Plancherel formula for H/D

Consider the operator

B mdll(e®et) > Ind (n@e’ ©1), BIYf(g) = / / K™ (271 g) f(x) (D),
H/D

where
vo—v1—(p1—p9)—1 vo—vi+(u1—po)—1 1y,

Kgﬁ(g) = ‘911’7714»52 : ‘921’7724»52 2 ‘ det(g)M?Qi
By acting by the center of H, we see that

E1+ea=m+n2, p+pu2=rv1+r.

Theorem 5.3 ([BJD23]). Let u € iR? and put py = py & pg and e, = 1 + &2. For f €
Ind¥ (e @ e®)

1
dt
2 = pn@)wt) g2 9
1917 = [ S 1B O
1
£ Y bleno(l - e, BRI p 2,
0=0t€1l—e.+20—4N
where »
(n(o),v(t)) = (s+a(1,1), (“*T”,t“+2 ))7
and
- o N2 3 _
b6, 0, 1) = 22430 (_4)°T(1 — t)]r(lﬁ#)‘ a(6.1) = QQWP(%)F(%)
mAT (5T (HEE) P(HEE ()

Composing the maps above we get an H-intertwining map
B?é;’}é)’(AQﬁ)M(S,SO : 7T§7>\|H - 7—7771/7

and for generic parameters Homp (7¢ \| i, 7,») has dimension at most one so this compo-
sition should give us multiple of A7Y.
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Proposition 5.4. Lett € Cand o € Z/2Z and put n = (&2 + 0,6 + o) and v = (A + s +
t, A2 + s — t). We have the following relation

7 _ (=D ) 7
Proof. Using (5.1) we get that
dt
n 1

M OF () = 5= [ 1 f)n(u)a(t.om)

e G - _
S [ MR G +y  () )

As both maps are H-intertwining it suffices to show the relation at the identity element.
The left hand side of (5.4) at the identity element is

£2+n2+5 N . ts—Ag—1
1—
/ YR8 R 1+ 2yl Zs
t+Ag—s—1

x |zle 2 f(A(z+y Lt (ty) ")) dadtdy
1

Next changing variables (z +y =1, ¢, (ty)™!) — (z,y, 2), we get

(_1)62 _s+A2+t_1 Agttts 1 Agts—t 5
NG |z — 2ylo : |Z|§1+g+5 |x’§2+g+5 : f( (z,y, Z)) dxdydz.
Comparing with (4.1) shows (5.4). O

6 The Plancherel formula on the unitary axis

On ¢ ) X m¢ _», we have the bilinear pairing

)= [ Sr e

and the corresponding sesquilinear pairing on ¢  x m, _x given by (f | f)={(f, f). For
A € iR?and (f, f') € me X me,_», we have that

1
(.8 = (F1T) = (MOFIMOT) = Y [ (M50 | M5, OF )ds
6=0""

Let £(0) = o + 0 and (f, f') € Ten X Tyg(e,—n) - FOr A € iR3 and & = & we get, using
Theorem 5.3, that

1
<f,TZS(§7_A)f’>=Z / (M5.,0F | M5 OT™ . F)ds

1n(0,0),v(s,t) n(0,0),v(s,t) w — dt
N Z/z U Bl 3 e M OF | BT (0 Ma Ot ) ) la(e(8), 0)2

+Z > b(e(8), o (1 — £(8)), s + Ao, t)

0=0tel—[e(d)]+20—4N

n(o(1—e(8),0),v(s,t) n(o(1—e(8),8),v(s,t) wo -7
X (Bleaoan MO | BT G057 Mo 0T e >f)}d8’
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where v(s,t) = (Ao +s+t, Ao +s—t) and n(0,8) = (&4 0,6+ ). Applying Proposition
5.4, we get

— dtds
An(an (s,t) An (0,0),v(s, t)TwO 7
0520 lRQ oA f‘ wolt, A)f)47T|a(5(5)>75)|2
b(=(8), (1 — £(5)), 5 + Mo, )
+ Z / 47

0,0=0 tel—e(d +2cr 4N
6)),6),v(s, o(1—¢e(6)),6),v(s w
x (AL pl sV D )i (6.1)

wo
We will refer to this equation often and we will call the first line of this expression for the
continuous part and the remaining for the discrete part even though strictly speaking it is
not discrete.

The primary objective is now to consider the right hand side as a holomorphic function
in A\, and analytically extend it to A, where ¢ j is unitary or contains a unitary quotient.
We know that for A\ € iR3, this expression coincides with (f, T, (€-2) /') which is an
entire holomorphic function, so by the identity theorem for holomorphic functions they
coincide for all A. When we then restrict (£, A) to the parameters for which ¢ y is unitary
(or contains a unitary quotient), and set f’ = f we get something along the lines of

diid d(
1P = (£ T8 = Z/ AP Tt X LA APGA T )

( n,V1—12 ( )|2 ’

this is then a Plancherel formula for

ﬂgA’H_@/ T AV ® @ / T (V1 + 12),

n,V1—v2

giving a unitary branching law.

But before we start cheering in pure ecstasy let us talk about some limitations about
this approach. Looking at the expression (f, T“’OX f) we see that it can only be an inner
product if £ = &3, as wo swap & and &3. This ’implies that outside of the unitary axis
we can at best hope to decompose representations with §; = £3. However, this contains
the complementary series, the generalized series induced from an odd discrete series of
SL*(2,R), and the degenerate series induced from the trivial representation of SL*(2, R),
which is still a big portion of the unitary representations.

We introduce the following meromorphic function which will show up in both the
continuous part and the discrete part:

3
p(gv )‘77777/) = n(&a)‘vna V)”(f»*)\ﬂ?a 71/) = sz(f»)\ﬂ?, l/),

=1

where

_ L. ) WA S . o Lre ) WIS )
1) njy):r(/\z u1+22+[£z+m])r(m Az+22+[£1+m])r(xz u2+22+[§z+n2])r(u2 Az+22+[n2+gz])_
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6.1 The continuous part

Recall that we are still assuming that A € iR3, & =& and (f, f) € e X T (e,—2)- Only
considering the continuous part of (6.1). We make the change of variables in the sums
m = & + o and 72 = 6 + o and in the integrals y; = $(\2 + s) and po = 3¢ and abusing
notation we set 7 = (11, 72) and v(u) = (1 + p2, 1 — p2), so we get

s ,—1/ ) rw d/f‘ld/fu
Z / AZ)\ f, AU 1% T 0( - f/> 7 .
€(2,)27) 2 iR2 ﬂ-‘a(nl + 2, /’LQ)‘

By artificially introducing n(§, A, n, v) and using Corollary 4.3, we get

. i\ nw n,—v(p) (&, A, m,v(1)) dpnd 6.2
Y ﬁne(zz/:m)?a(g’ )/iR2<A f’A 5’ f>|a(771+772’2“2)| e (02

As the symmetry breaking operators have been normalized to be holomorphic, the poles
are given by the functions in the measure. Abusing notation, we write p(§, A, 7, ) for

p(§, A, n,v(1)). The poles of p(&, A, n, i) are

1 1
pr =X —po+ s+ [&G+ml+2n, pr=XN—p2— 5 —[&+n] - 2n,
2 2 (6.3)

1 1
Mlz)\i+ﬂ2+§+[§i+ﬁ2]+2na 1 = A +M2***[§z+772]*2"

where n € Ny. Let ¢ be the meromorphic function defined by

. F(W +M2)F(W — 1)

q(n, p2) = a(m +n2,2p2) raln + n2, —2u2) ' = ,
237r2r([77142r772} + M2)F([m;rn2] _ F‘Q)

which has poles at

14 m+ 1+ [m +
po=———p—" =N, Hg= —T +n,
2 2
and vanishes at [ ]
- -
,— ["712772] 7 _n12772+n’

where n € Ny. Lastly, we set

Q&N ) = (AL 7, AT 00 £,

which is holomorphic as a function in (A, ). Up to constants we can then express each
summand of the continuous part as

1A =o€ =N [ [ QA0 mpE A maln ) dindus. (64)

Now that we have repacked everything into a complex analysis problem, we can start to

view this as a function of A and in doing so we see that none of the functions have poles

aslong as Re(\) € (—3, 3)3.
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As a service to the reader, we will briefly explain some notational choices before the
forthcoming technical analytic continuation part begins. We denote by lower case Latin
letters p, ¢, , ¢ meromorphic functions which has poles we need to be concerned about.
By upper case Latin letters @, Q’, R, R’ we denote holomorphic functions which we need
to be less concerned about. At times, we restrict our parameters to certain hyperplanes
where factors of the meromorphic functions have first order poles at the same time as the
holomorphic function has zeroes, we then move the corresponding meromorphic factor
into the holomorphic function and update our notation which is the reason for so many
different functions introduced.

6.2 The discrete part

Recall that A € iR3 with f € m¢ yand f/ € Two(¢,—x) and consider the discrete part of (6.1)

b(e(d),0(1 —€(6)), s,
Z/@ (€(6),0(1 —&(d)), s, 1)

4
0,0=0 tel—e( +2a 4N d

o (AZ,(;\r(lfs@)),é),z/(s,t)f‘Agffg\lfe( )):8),v(s, t)Two “)f')ds (6.5)

Separating the analysis into the cases where £(0) = 0 and £(0) = 1, that is the term where
0 = & and J # &, turns out to be a bit cleaner. In both cases we will do the substitutions
1 = %(5—1—)\2) and ps = % andsetv(u) = (p1+p2, p1—p2). Asthe sum puts the parameters
in certain hyperplanes, we can renormalize A"\ on these hyperplanes as follows.

Lemma 6.1. Let vy — vo + 1+ [ + 2] = —2n. Then for f € me x and ' € Ty ) the
function

(A AL [
vi—Xi+3+[&+m]
(——% )

R(&, A\ n,v) =

Ni—vat g+t ’
[[, (et

—m; n+l-m;

where m; = m;(&,n) = (1 — [m + n2])[& + m], is holomorphic. That is, the pairing vanishes
exactly at the zeroes of the Pochhammer symbols in the denominator.

Proof. Note that for k =0,1,...,n — m, the set
{ro—vi+ 14 [m+m]=-2n}0{X —v1+ 35+ & +m] = -2k},
is contained in M, that is Agi vanishes on it. Thus, we get that

AT

oy _ wo(§,—A)
wo(f, )\) 3 1117)\4’ +[£z+771]
()

)

n+1l—m;
is regular. Furthermore, we see that im(CZ’O_(g_ /\)) C ker(T,",) as by Theorem 3.1

vi—vo+1+[ni+n2]\—1

e el S — AvH (-

=V “wo(§,—A) 3 V1*Ai+%+[§i+ﬂ2] wo(&,~A)
= (S ntiemy

) — .
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On the other hand, we have

TVH Ag; - CT(%HMW)A AZI)—\I(”LV),
which vanishes for \; — o + % +[& +me) = —2kfork=0,1,...,n —m, ie. 1m(Agi) C
ker(Ty) for \j —vo+ $+[&+m0] = —2k wherek = 0,1,...,n—m;. Atthese parameters we
conclude that one entry of the Ky-pairing is in the finite dimensional subrepresentation
of 7,,,, and the other entry is in the infinite dimensional subrepresentation of 7, _,, giving
us that the Ky-pairing is zero. O

Proposition 6.2. For § = &, the expression the discrete part in (6.1) reduces to

1 00
Ta(f, —\) S (C1)EHE 31672 (4 — 20 — 1)
o=0 n=1
D(A1—p1—0+2n)0 (1 — A1 —o+2n) T (As—p1 —o+2n)T (1 —A3—0+2n)
% R 7)\7 1) d 9
/z']R cos? (%(#1—)\2)) (‘5 n V) H1

and for § # & it reduces to

Tra(€, ~A) (=18 Y1612
n=1

></ F(/\1*u1+%+n)r(u1*A1+%+H)F(A3*M1+%+n)F(M1*/\3+%+n)R
iR

cos(m(Aa—p1)) (67 Aanvﬂ)dﬂl-
In both cases this is holomorphic for Re(A1),Re(A3) € (—1,1) and Re(A\2) € (—3, 3).

Proof. Using Lemma 6.1, we can for v; — va + 1 + [11 + 12] = —2n define

Xi—ve+3+[Ei+ “XitgFlit
PYE N, ) = pl&s, Ny ) (Mg ey (e

R S B 7

:F(AZ I/1+22+[§z+?71])r(1/1 ,\z+22+[£z+n2} Y l—my)
et diie, ol A

y F(AZ 2+22+[£1+n2] Tt _mi)r(uz /\z+22+[n2+£z])7

and set p’ = [[?_, p/. Like before we will abuse notation and write p/,(¢, A, n, i) for pi(&, A,

n,v (1))
If 0 = & then we have n(0) = ({2 + 0, &2 + o) and the discrete part becomes

1
Y Y [ Ao )0, 21 Ao, 2

o=0 M2€%+U_2N 2

() () ; w0 @) qwo 7
< (AL g AT T d.

(W)
By using Corollary 4.3 we have

To(6,=N) o=, yateato P&\ (), v(1))b(0, 0, 2111 — Ao, 2p12)
2 > (=1 2. R (3 — po)

o=0 p2€3+0—2N

X <A2(§)7V(:u') f‘7 A?U(Ook)g:i’;\()/‘) f,>d,U1 (66)
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Welet o = 1 + 0 —2nthenv(p) —v(p)2+1=—-22n—1—0)and m; = [§ + & + o] so
that

Ai— i — —Ai+1—0—[&;
(6 o) — D(tligtatolor | ndcit oo fgterial |
« F()\i*ulJrlfUQ*[iiJrfero] + n)r(ul,)\iJr[Ei;&JrU]ia N n)

w2220\ — g — o 4 2n)T (1 — N — o + 2n),

by the duplication formula for the Gamma-function. Similarly we get that

2~ 1H20-4n (4n — 20)

b2 527)\271/7” b 0707 21“1 - )\272N2 = p 5
( a ) L(2n — 5 —0)cos? (§(1 — A2))

by the reflection formula for the Gamma-function. Collecting all of the above we get the
desired form for § = &s.

If § # & thenn = (&,& + 1) where we set ’ = (§&2 + 1, &) and the discrete part
becomes

[ b0020 2 (AT AT )i

o Po=at®

and applying Corollary 4.3, we get

ral€,—A)(=1)81 £, (10))b(1,0,201 —Ag,2 (1) = ( )
bt [ M) (A0 ) LT P, (67)
p2€—

We let o = —n then v(u); — v(p)2 + 2 = —2(n — 1), and m; = 0, so that

4l RN a4l S
p;(f’)\”r}’ Iu) = 1—‘()\1 ,U,12+2+n)1_‘()\1 :U‘12+2+n)1"(:u‘1 >\12+2+n)1—\(ﬂl >\12+2+n)
=m2 2T (N — i+ % +n)l(p1 — A + % +n),
by the duplication formula for the Gamma-function. Similarly

2372'nT(1 4 2n)
F(% +n)cos(m(Ag — p1))’

b(1,0,21 = Ag, 2p2)p2 (&, A, ) =
by the reflection formula. Collecting all the above, we get the desired form for ¢ # &».

O]

We are now ready to prove our first direct integral decomposition. We established the
Plancherel formula for A € iR3, but both the continuous and discrete parts are defined for
Re(A) € (—1,1) and so the Plancherel formula also holds for the complementary series.

Theorem 6.3. The unitary principal series decomposes as

H @ / Tpw dv @ EB @ / S duy.

€(2/27)? neZ)27 v—€l4n—2N

The complementary series decomposes as

@ / T AV @ @ @ /69 Tgﬁj dvy.
; iR

€(2/27,)2 neL)2L v—l+4n—2N
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Proof. Restricting to the parameters A € iR? with A\; = A3 and £; = &; then by (6.2) and
Proposition 6.2 with f = f we get

1

w (_1)6171-5 |n(£7)‘,777 ( ))| v(p) 2

0
T = | el Joo et vy 1A 1P dn
- Z > 1677 (4n — 20 — )T'(2n — 20 — 1)

oc=0n=1
" o+2n)? +0—2n)
[ D R T g2y

cos(m(p1—A2))

i 4
+ Z 161—2n1-\(n + 1)TL IT(AM—p1+35 +2n)| H B 52 E241) v (p1,— f|2d,U1> ’
iR

n=1

we see that everything is definite so the map

[ (ALY Pne@/2zy?, veiwz U (BEN Fnez oz, 1 -+ c1-2N, 11 +meiks

mapping from ¢ 5| to the direct integral is injective as it preserves norm. On the other
hand, we see that it is surjective as each Agi and Bg; are non-vanishing and each 7, , is
irreducible. The other direct integral decomposition follows by similar observations. [

7 Decomposing the unitarily induced generalized principal
series

In this section we decompose the "first" unitarily induced generalized principal series. As
we noted in Section 3, the generalized principal series 7'(‘%22 . Sits inside 7¢ ) as a quotient
when & = &, A1 + A3 = 0, A2 € iR and Re(A\;) = —% where p = (iIm(\;), A2). However,

our initial Plancherel formula is only holomorphic for Re()) € (-3, 5)3, but the discrete
part is holomorphic for Re(A1),Re(A3) € (—1,1) and Re(\2) € (—3,3), so we need to

analytically extend the continuous part. We start by stating the theorem and then spend
the subsection proving it.

Theorem 7.1. Let vy = vy & vy. The unitarily induced generalized principal series decomposes
as
fegr;u‘ ~ @ / Ty dv @ @ @ / S dvg.
€(2/21)? nEL/2Z v_€14n—2N

In example B.3 we showcase a toy example of the analytic continuation procedure about
to be employed.

Lemma 7.2. Let n; = &;. Consider the holomorphic function

RI(€ X, p2) = D(Il — ) =L( Ay W) g AT v/ 02) g1y,

where V' (o) is v(p) for p1 € {A1 — po + 3, A3 — po + 3 }. Fori =1,2 let

D5 + p2) D — poo)
F(? — p12)

ri(0, 0, p2) = T(Z5% + o) T (%= — o), ¢/ (61, o) =

)
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where ((€1,6), (M1, 0)) is an invertible linear transformation of (¢, \) where § € (Z/27)* and
o € C2. The function

J((Sa J) = /R 7“1(0', 5a MQ)rQ(Ua 57 IUQ)q/((Slv M2)R/((§1? 6)7 ()‘17 U): m, UZ) d:u27

is originally defined for Re(o) € (0,1)? but analytically extends to Re(o; — o2) € (0,1) and
Re(o1) € (—2,2), where it is given as

/R+1_51 T1 (07 67 /J’Q)TQ(O-a 57 MQ)qI((57 MQ)R/((SD 5)7 (Alv 0)7 m, :uQ) d,u2

4

s D(Lioasgith)p(@=g48)1(1 4 Z)T(1 - 3)
2 r(a;T)

+2(1— &) R'((€1,0), (M1, 0),m, 7).

(7.1)

Proof. In the case where 0; = 1, then (7.1) is the same as the initial expression for J(d, o),
so we let 6; = 0. The poles of r; are at

_oit i _1tdi—oi

H2 = 9 n, p2= 2 n,

for n € Ny. Restricting J(6, o) to Re(a1) € (3,1) and Re(o3) € (0, 1) we see that the poles
for r; are at

So, if we shift the contour of integration we get

/iR L rireq R'dpy — 27 Res(rireq R, po = 574),

4

and by calculating the residue we get the result. O

Proposition 7.3. The integral 1(£, \,n) from (6.4) analytically extends to
U={AeC®: Re(\) € (—1,0) x (0,1)*,Re(A3 — A1) € (0,2),Re(A\3 — \g) € (0,1)}.

Restricting 1(£,\,n) to A1 — A3 + 1 = 0 it is holomorphic for Re(\1) € (—3,3) and Re(\s) €
(—3. 3) and is given as

I(§7 Av Tl) = a(£7 _)‘)ﬂ- / 9 p2(€7 )‘7 n, M)Q/(fa >‘7 7, N)Q(% /142)

iR
2

X [T T = 1+ (1) 2 + T (1 + (=1)Fp2 — A1 + §) dpdpsa,
k=1

where

Q& A, 1)

vk —A3+3+ne+E)
(———)

Q& ) =

2 vkt +E ]
k:l( 2 )

1—[&1 4] 1—[&1+n4]
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Proof. Restrict I(¢, A, n) to Re(A1) € (—1,0) and Re(X2), Re(\3) € (0, 3), then by a shift in
contour we have

a/R2 qpQdp = a/R (q/R+1 pQdp1 — 2(1 — [& + m])m Res(pQ, 1 = A1 — pi2 + 3)
? 7 7 5

= 2(1 = [& + ) Res(pQ, 1 = A1+ o + 5)) dpz. (7.2)
We now argue that the right hand side is defined on U. The first term

(X(f, _)\) /i‘R ~/iR+1 Q(na /’LQ)p(é.a )\7 n, M)Q(ga )\7 n, M)dlu’ld,u'Q7

is holomorphic for Re(A1) € (—1,0) and Re(A2), Re(A3) € (0,1). For & = n; we calculate
the residue as

Res(p, pn = A = pi2 + 3) = =2V/D (S5 4 o) D (HHEGEEL — iy P (R B2
% F()\l—A2+12+[§1+€2})F(A2—>\1-;[772+§2] + MQ)F(M—)@-;[WH—&] _

112)

% Iw()\gg)\l )Iw()\1—§\3+1)P(/\S_AI‘Z[UQ'F&S} + ,LLQ)

A1—A3+1
x T'(2 3+2+[£3+772] — p12).

v

When restricting Q to i1 = A\ — pg2 + %, we are restricting Ag; and Ago(&_ y to M —v +
% + [m1 + &1] = 0 which means we can renormalize as follows

_ Aé&;\v”?)v(Al+%y>\l+%_2ﬂz2)f
Q(é))‘aUMMQ) = < 1 ’ ’
(5177]2)77(A1+l7A1+l72u2)
Awg({,—A) 2 2 f/
1—\()\1*)‘2+%2+[£1+§2})_11-\()\1—5\34-1)_1 ’

and Q' (&, A\, n, p2) is still holomorphic. Collecting all of this, we have that the integral of
the residue becomes

F()\zf/\1+2[£1+£2] )T( /\35>\1 )

- ﬁa(fv 7)‘)

F(}\l—>\2+12+[£1+§2] )F( )\172\3+1)

A2—A Al —Aa1 As—A
% /RF( 2 1-;[7724-52} + p19)D(2 2+2+[172+£2} — uo)T(22 1-;[1724-63} + p12)
1.

PR+ ) D(HESEE — p)

x I( >\1—)\3+12+[E1+712] .

,UIQ) Q(ﬁa)\?nvMQ)dZ' (73)

F( [51;772] _ ,u2)

Notice that if we had looked at the case where &; = 72, we would get the same integral but
with (p2,72) changed to (—pu2,71), and the entries of v in AgK switched. We can rewrite
the factor in front of the integral as

m(A3—A1)

B cos(f) COS( W(/\2—)\1);7T[§2+§3] )1“( >\35>\1 )1-\( )\2—/\1-;[52-&-51] )

7.‘_%F(/\3—>\2-|—12-i-[§2-i-f1}) ’
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using the reflection formula for the Gamma-function. By setting o1 = A3 — A\j, 02 =
A2 — A1, 01 = &1 + 12, and 62 = 2 + &2, we see that the integral is in fact J(J,0) from
Lemma 7.2, which gives us analytic continuation of the residue to Re(A3 — A1) € (0,2) and
Re(A3 — A2) € (0,1). In total the right hand side of (7.2) is thus defined for U defining an
analytic extension, giving us the first part of the result.

We notice that this new region contains an open subset of the hyperplane A3 — A\; =1

(71'()\3 /\1))

and that from the factor in front of the J integral, we have cos which vanishes,

so we are left with

_)\) / / ‘J(na M2)p(§7)\777>M)Q(§7)\7777M)d,u1d/127
iR JiR+1

which is holomorphic for Re(A;) € (—1,0) and Re(A2), Re(A3) € (0, 1). When restricted to
A1 —A3+1 = 0, then Q vanishes at \; —I/k—|-%+[§1 +n,] = 0,and at uk—)\3+%+ [E1+m] =0
when & = 7, making Q' regular. Then by the duplication formula for the Gamma-
function we get

2
P& A, )ps (€A n,v) T ( (a= VH&JF% )k[&ﬁ%ﬂ%ﬁﬁrm)l—[ﬁﬁml
k=1
2
=7 H DA\ — v + %)F(Vk — A+ %),
k=1

which has poles at Ay = vy — 3 — kand Ay = vy, + § + k. Restrict Re(A\;) € (—1,0) and
Re(X2) € (0, 3), then shifting the contour of integration we get

al6, =N [ almm)pa(€ A n 0@ (€A, p)

)

2

H — i+ (=D p2 + 3T (1 + (=1)" 2 — M1 + §)dpadpa,
which is holomorphic for Re(A1) € (=3, 3) and Re(\2) € (—3, 3)- O
We are now ready to begin the proof of Theorem 7.1

Proof. In Proposition 7.3 we have essentially argued for why we can just let f' = f, A\; +
A3 =0, A2 € iR and Re(\;) = —1 and plug it into I(£, A, n). If we call @ = i Im()\;), then
the continuous part of (6.1) looks like

(1% / ALXS 2
4 . A —vi+5+E1+mk]
PV ey R T (Pt gy,
_ 1 _ 1
y |I‘(a—1/1+1)\2\F(a—z/2+l)|2|1“()\2 vitsg +[771+§2})|2| (/\2 V2+2+[7]2+§2])‘2‘F(1+[771+77;}+V1—u2)|2dy
IF()\2 at+3 +[§1+§2})| |F([771+772]+V1 V2)‘2 ’

which is beautifully definite and gives the Plancherel formula in combination with the
discrete part. O



8. Decomposing the unitarily induced degenerate series representations 83

8 Decomposing the unitarily induced degenerate series
representations

In this section, we will decompose the unitarily induced degenerate series using similar
arguments to those of Section 7

Theorem 8.1. The unitarily induced degenerate series representation decomposes as

&

deg ~

Tsealn = D /R T, (0,2) 47
nez/22.""

Proof. As the degenerate generalized principal series for {; = &3, A +X3 = 0and )\, € iRis
at the point Re(A;) = 1. It turns out, it gives a much clearer picture if we first analytically
extend the formula and then restrict it to A1 — A3 = 1.

The first thing we notice is that if \; — A3 = 1, then a(§, —\) = 0 so as the discrete
part of (6.1) is regular for Re(\1), Re(A3) € (—1,1) and Re(\2) € (—3, 3) the whole thing
vanishes. So we turn our focus towards the continuous part of (6.1).

Let Re(\1), Re(A2) € (0,1), and Re(\3) € (—3,0), then the shifting the contour of the
integral

I(§, A, n) = a/R /R+1 qudmd/tz—%(l—[£1+n1])a/RqReS(Qp,m = A3 —pa+ g )dp
(2 (2 3 (2

—2m(l— [+ mel)a [ qRes(Qpon = o+ a2+ Hdua. (81)

As [p fiRJr% Qpq dpydps is regular for Re(A1), Re(A2) € (0,1), Re(A3) € (—1,0) we move
our attention to the residues and as () is holomorphic, we look at the residue of p first.
Assume that & = 71, then

Res(p, 1 = A3 — po + %) — —Qﬁf(’\lg’\?)F(’\?"é\l“)F(’\2_’\3’;[52+5ﬂ)F(’\3_’\2+12+[52+§1])

x p(w + MQ)F(%M + MQ)F(%M — 12)
A2 —A: Az—A
v F(1+[n§+772] — )T (22 3-;[624-772])1—\( 3 2+12+[§2+772] — 12).

When we restrict Q to 1 = A3 — s + %, it corresponds to restricting to A3 — v + % =0on
which one of the symmetry breaking operators have a zero, so we renormalize

n,(As+5,A3+5 —2p2)

' _ [/ Ben o on—Catias+i-ou)
Q& A m p2) = < F(M — pip) ! ’Awt)(&—>\)2 ’ f >
2

For {3 = 1), the other residue is given in the same way, but with (12, u2) swapped to
(m, —pe), and Ag; is the restriction to A3 — v + % = 0. In total the residue is then given

by

3 A1 —A Ao—Ag+[€1+
m2 (22822 32[51 52])
A=A F1F[E1+
NESEESES GEEIN

p2)

- F(%[fﬁm] + N2)F(w _
Ao—A As—Aot1
x p(%ﬁﬁm] | o) (R3 A2t 2+[£2+172D

— p2)
r M+ F(M_
( . F( [fluf’f)lz] ,U2)2 k2 Q/(é-v Aa m, /'LQ)d,UQ

2

X
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Letting 01 = A —A3,00 = Ao — A3, 01 = & + p) and 09 = &y + m2, We see that the
integral is our good friend from Lemma 7.2, so the integral can be analytically extended
to Re(A1 — A3) € (—2,2) and Re(A1 — A2) € (0,1). In total the right hand side of (8.1) is
defined for

{AeC®: Re(\) € (0,1)? x (—1,0), Re(A\1 — A2) € (0,1),Re(Ma — A3) > 0}.

Restricting to the hyperplane A\; — A3 = 1, we have that a({,—\) = 050 a [z [ir, 1
Qpq' dpdpg vanishes and similarly the residue from Lemma 7.2 vanishes as we set o1 = 1.

The only remaining term is the integral J, which after shifting the contour back to the
imaginary axis for §; = 71, has been reduced to

1 A1—A A2—A1+1
2 /R IT( +[§§+772] +,U«2)’2P( 1 2-;[52+772} + p2)T( 2 1+2+[§2+772] — 1)
3
(517772),(%1*%,)\1*%*2#2)f (€1,m2),— (A1 — 3,01 — 5 —2p2)

A 1!
% < & £, —wo >dz
F(l—k[&;-&-m] . /1«2)_1 P(1+[§§+772] + M?)_l

9

Summing up the different 1(¢, A, n) and setting A\; + A3 = 0 with i Im(\1) = aand X € iR,
we get some terms with norms containing Ag’g\a*Q“ 29 and some containing Ag’g\a’(l*z” 2),
but as (a — 2u2,a) € iR?, we are on the unitary axis and the Knapp-Stein intertwining

operator is an isometry, so we can collect those terms and in total (6.1) becomes
1
Ao+ +[E+n)— L4gta— Lnta—zy|—
()8 3 [ n(AEE s 2 g 2 (e ) ALY |2
n=0""

which gives us the Plancherel formula for

@
deg ~
FO,E,)\’H - @ /R 7(77:7]),(/\1:2) dZ.
neL/22.""

To get the decomposition for 70, | ;7, notice that

ﬂ(lizg,,\ = Indgo(()a Qe)erR1) = Indgo((XO @(+1))®e*®1) @ sgn(det),

so by decomposing the first factor of the right hand side and then tensoring with
sgn(det)| g on each term of the decomposition, we get the full result. O

9 Gaps in the argument

In the line of argumentation above there are a few missing links that we highlight in this
section.

Firstly, when doing the shift of contour from [ip f(), 2)dz to [ip 1 f(A, 2)dz, there
needs to be some conditions on f to ensure that the top and bottom edges of the con-
tour actually vanishes in the limit. Furthermore, we argue since [ 1 f(A, z)dz does not
have any poles for ) in some region, then it defines a continuation of the original function,

but strictly speaking, we need to ensure that the integral actually converges in this region
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as well. Both of these issues boils down to finding a growth condition in the parameters
of the bilinear pairing of the symmetry breaking operators.

Secondly, when making the Plancherel formulas into direct integral decompositions,
we do not argue that the symmetry breaking operators does not vanish, which is an es-
sential step for establishing the surjectivity of the direct integral map. In most cases, this
can be done by arguing that the integral kernel is non-zero on some Bruhat cell where
its more explicit. However, in the case where the representation we are decomposing is
a quotient inside a principal series representation, it is more difficult to argue that even
if the symmetry breaking operator is non-zero, that it does in fact not vanish on the quo-
tient. This would require a more detailed analysis maybe by looking at the quotient as a
collection of K-types and evaluate the symmetry breaking operator on these.

10 Branching laws using the Whittaker Plancherel formula

10.1 Unitary branching of GL(3, R)

The proof in this section was presented to me by Jan Frahm. Recall we use o . ) for the
generalized principal series, given by

Oron = Indg0 (r®d)® e ® 1).
By induction in stages we have that
® 05 is the unitary principal series for G when 7 = p. , where i € iR
® 0,5 is the complementary series for G when ¢ = p. , where ;1 € (0,1) and 4 = 0.
® 05 is the unitarily induced generalized principal series for G when © = pgi.
® 05 is the unitarily induced degenerate series for G when 7 is a unitary character.

Recall that H = GL(2,R) is the subgroup of G embedded into the upper left corner. The
subgroup H acts by multiplication on G/P ~ RP? = {Rv : v € R3\{0}} with the orbits

O1 = H -Rey = {Rv : v3 =0},
Oz = H -Re3z = {Re3}a
O3 = {R(v1,v2,1) : (v1,v2) # 0}.

The orbit O3 is open and dense in G/ P, and we pick the base-point

which has stabilizer
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also known as the ax + b-group. We denote the elements of S by s(a,b). S has one infi-
nite dimensional unitary representation which we call w see more in Appendix A. Now
consider the orbit restriction map

R:Trsn— Indd (r@d)@eMs), f—F,
where F'(h) = f(hxo). That F' has the desired equivariances follows from
F(hs) = f(hszo) = f(hwos) = (m @) @ €*)(s) " F(h),
where s € S. Furthermore we see that

Lemma 10.1. If 7 is an infinite dimensional irreducible unitary representation of SL* (2, R) then
Ind% (r®d) @e* ®1) | ~ Ind{ ().
Proof. Note that
(@lalz Jal =26} s (lal?
(r©8) ® M)(s(a,b) = (Sg“ - ) 2 ( = |;> = n(@(s(a,b))lal ¥
a a

where ¢ is the isomorpism

1 _1
a b '_”a’_% a b\ _ sgn(a)lalz |al 21b ’
1 1 la| =3

from S to the ax +b-group embedded into SL* (2, R). Thus showing that ((7®4)®e)|s =
T|s ® X, A1, and if 7 is infinite dimensional then by Proposition A.2 we get 7|5 ~ w and
2

as w ® x, » is still a infinite dimensional irreducible unitary representation it must be
2

equivalent to w by Proposition A.1. O

Theorem 10.2. The unitary principal series, complementary series and unitarily induced gener-
alized principal series all decomposes as

7T|Hf @ / Ty dv @ @ @ / Ty AV

€(2,/27)? nEL/2Z v— E€1+4n—2N

Proof. The representation w can be realized as Ind%H (1) where v is a non-trivial charac-
ter of Ny. Using induction in stages, we get that

Ind{ (w) ~ Ind§ (Indy;,, (1)) ~ Indj, (o) = L*(H/Nu, ),

where the right hand side can be recognized as the Whittaker model. The Whittaker
Plancherel formula for reductive groups tell us how this space decomposes as [W92,
p.423]

L*(H/Nuw, )=~ B P / Trp @ TV dn,
[P]EPTEMPd

Here P are the parabolic subgroups of H up to conjugation, and in this case we have
P = {[H],[Pu]}. Every element P of P has a Langlands decomposition P = M AN. In
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the case [H], we have the decomposition M = SLi(Q, R), A=R,1I, N = I and in the case
[Pr], we have M = My, A = Ay and N = Ng. The space M, p.ds is the discrete series
representations in the unitary dual of M. In the case where P = H, we get ]\//I;,ds ={ pgfu :
p € 1+ e — 2N}, In the case where P = Py, we get ]\/47:@5 = {0,1}? given as characters
of Z/2Z. The space is ap ~ Ap is the Lie algebra of Ap and ay = R and ap, = R2. We
can then find characters of Ap as A € ajp¢ by e*. Lastly, we have

ma=Indi(recr ©1).

ds
vz (At A—p)
P=PyandT =17 € {0,1}?and A = v € C?, we get that Tyw = Ty, Here we think of

W::&N’d)a) as a multiplicity space and by [GW80] it is of dimension 1. We can now rewrite

the Whittaker Plancherel formula

LQ(H/N,%)— P /deV@ D D / v,

€(2/22)2 nEZL/27 v—€14+n—2N

In the case where P = H, we get that pds ~ pds 5 ® et o~ TS In the case where

giving us the desired result. We note that the unitary principal series, the complementary
series and the unitarily induced generalized principal series are all induced from infinite
dimensional unitary representations of SL* (2, R), and thus by Lemma 10.1 the result fol-
lows. O

A Restriction representations of SL*(2,R) to the az + b-group
Consider the ax 4 b-group which is the semi-direct product of R* and R with group law
(a,b)(a', V) = (ad',ab +b), (a,a’ € R*b,b € R).

This group can be realized as a subgroup of GL(2, R) by the isomorphism s given by

(a,0) > ( ‘;)

or alternatively as a subgroup of SL*(2, R) by the isomorphism ¢ given by

1 _1
a b r—>|a|_% a b\ _ sgn(a)lalz |a 21b ‘
1 1 |a|_2

The following Proposition is a common exercise in the Mackey machine and can be found
in [F15, Example 6.7]

Proposition A.1 (The unitary dual of the axz +b-group). The following list of non-isomorphic
representations exhausts all the irreducible unitary representations of the ax + b-group:

1. The one-dimensional representations, parameterized by v € iR and n € Z/2Z ~ {0,1}
given by the characters X, ,((a, b)) = |al; .
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2. There is one infinite-dimensional representation w, which for any o € C and € € Z/27 can
be realized on L*(R, |x|?Re(®)=1dx) by the action

w((a,))f(x) = |a|2e™ f(ax),
where a € R*,b € R.

The goal is now to describe how all the unitary representations of SL*(2, R) restrict as
representations of the az + b-group. To do so we first describe an L?-model for the com-
plementary series. Consider the restriction of o, to the non-compact picture L?(R) by
[~ fly, where N ~ R. On L?(R) we use the inner product given by (7., f|f') where

T2, f (ny) :/Rf(ﬁywﬁx)dx, where n; = (1 1>7 W — (_1 1)

and (f|f’) being the usual L? inner product on N ~ R. Now decomposing

() () ()

and changing variables = — 1, we see that
5 [L ny / ‘:L' | f Ny— x

=

We notice that this is a convolution and thus applying the Fourier transform, we see the
convolution becomes multiplication

FITE, f16) = Fllzlt (O FLAE).

By [GS64, p.170] we get

(i)

fxgjl(fz\/%ﬁ
lele )0 = Vg i

gl

As we are trying to get an L2-model for the complementary series, we restrict ourselves
to the case where ¢, = 0 or equivalently 1 = 2. In this case we denote the constant
in front of |{|7* by ¢(u) and notice that ¢(x) > 0 when p € (0,1). Thus, we have used
the Fourier transform to change L?(R) with the convoluted convolution inner product to
L%(R, |¢|~#d€) with the regular L? inner product multiplied by ¢(u:). We define the action
7, of SL¥(2,R) on L%(R, |¢|7#) by 7, F[f] = Flmo.f]. We specify the action for certain
elements of SLi( ,R):

0, (; 1) fy) = f(y—),  mou (a a1> f@y) = lal** f(fe2,), (v €R,acRy),

o ("5, ) 1) =005 (). (5 L)
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Using basic properties of the Fourier transform we get similar actions in the Fourier model

K (2 1) FUIQ) = HF U, A ( ) FI©) = lal Fif)(a2)

o (‘51 52) FIA1(€) = 5755 FI)(61626).

Using the embedding of the ax + b-group in the lower corner of SL*(2, R)

(a,0) = |a] (}) ) ,

o (Jal % (2 ) )FIAE) = e™lale, T FIf)(at),

we have the action

which is exactly the L%-model of w from Proposition A.1 with a = PT“ and € = 9. As the

copy of the ax + b-group in the lower corner of SL*(2,R) is conjugate to the one in the

upper corner by
w = !
1 Y

it follows that 7, (w’) is an intertwiner between 7, restricted to the az + b-group in the
upper corner and 7, restricted to the ax + b-group in the lower corner.

Proposition A.2. Restricting any of the infinite-dimensional representations of Proposition 3.1
to the ax + b-group is isomorphic to the representation w from Proposition A.1.

Proof. In the case of the unitary principal series and discrete series representations this
has been done in [FWZ23, Lemma 3.5] and for the complementary series we have just
argued above. O

B Complex analysis

Proposition B.1. Suppose g is an analytic function on a domain U with ¢’ (b) # 0 for some b € U.
If f is an analytic function on g(U) that has a simple pole at g(b) then

_ Res(f,9(b))
Res(fog,b) = TR
Proposition B.2.
Res(I', —n) = (_nl') :

Example B.3. Consider the multi-variable meromorphic function

/\—u+§+6)r(u—)\+§+5

p(\,v,6) =T ( 5 5

), (@efo,1}),
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which has poles at

1 1
u:/\+§—|—5+2n, or A:u—§—5—2n,
1 1
y:/\—§—5—2n, or )\:V+§+(5+2n,

where n € Ny. For Re(A) € (—1,1) let

TG, f) = /R FO v, 8)p(A, v, 8) du,

where f is a holomorphic function with sufficiently strong decay at imaginary infinity. In
the case where § = 1 we can actually extend the definition of I(), §, f) to Re(\) € (=3, 3)
but we will refrain from doing so as this example is presented to showcase a simpler
version of the analytic continuation in Section 7. Restricting the domain of I(\, 4, f) to
Re()) € (0, 3) we have that the poles are at

Re(v) € (3,1) + 6+ 2Ny, & Re(v) € (—1,0) —§ — 2N,

and so shifting the contour of integration we get

10,.0) = [ O 8)p( ) dv. (B.1)

’LR+%
When Re(v) = 1 the poles in terms of \ are at
Re(\) € —6 — 2Ny, & Re(\) € 1+ 3 + 2N,

and so the right hand side of (B.1) is defined for Re(\) € (0,1) meaning we have an
analytic continuation of I(\,d, f). On this new domain we restrict I(, 9, f) to Re()\) €
(%, 1) then the poles are at

Re(v) € (1,2)+6+2Ng, & Re(v) €(0,1) -6 — 2N,

so in the case of § = 0 we pass the through a pole when we shift the contour of integration
back

iR+
- /R FOu v, 8)p(\, v, 8) dv — 21(1 — 6) Res (f()\, v, 8)p(\, 1, 8),v = \ — %). (B.2)

Here the residue is only non-zero if § = 0 (as otherwise the function does not have a pole)
so the factor 1 — ¢ is just here to remind us of this. Calculating the residue we get

Res(f(\, v, 0)p(\,v,0),v =\ — %) =2V f(A\ X — %,0),

which is holomorphic in A. Looking at the poles of p(A

,0, ) when Re(v) = 0 we see that
the interval that overlaps with Re()) € (3,1)isRe()) € (3,

2)ifd = 0and Re()\) € (—%7 %)
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if § = 1. In either case the interval Re(\) € (3,32) works. Thus we have an analytic
continuation of (A, 6, f) to Re(\) € (1, 3) given by
[ 1O 8)p(v,8) dv — 4 (1= 8)f (1A~ },0)
iR

Here we note that in the case 0 = 1 this is not a continuation as the original domain is

Re(\) € (—3,3), but this "continuation" coincides with the original expression in this

case.
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Appendix

Jonathan Ditlevsen

1 A non-result

In this section we show different approaches to solve the problem of evaluating the sym-
metry breaking operator of (GL(n + 1,R), GL(n,R)) on the K-invariant vector. None of
these approaches worked out in the end but we still include them here as we think it is a
fun and interesting problem. Let the notation be as in Paper B.

One of the result we have worked hard on is trying to evaluate the symmetry breaking
operator AQK on the K-invariant vector 1. For n = 2 the integral to be computed is

syt +2 _ sotto+2

[ ebalz = gl 4 a2 4 27 E 0 g 4 - ) ), (L)
R

this was done by Frahm and Su in [FS21]. The computation is quite involved and contains
lots of tricks along the way. We found a more direct way to compute this integral and we
tried to generalize it such that we would either compute it via induction or directly.

Lemma 1.1. Let (x, v, 2) =1+ 224+ 2221+ y? + (z — 2y)>) and @(x,y, 2) = (1 + 22)*
(1+92)°(1 4 22)710T2 then

L @y 2)e@y Dd@y.2) = [ T VT ) gy, 2y, 2). (12)

Proof. By completing the square write

Tz

2
_1+ZL‘2) +

1+x2+z2}

Ly 4 (- a)’ = (14 2) (o (e

Doing the substitutions y — y + ;72 theny — yiw and lastly 2 — zv/1 + 22 we

arrive at the result. O
We can then use this substitution to compute (1.1).

Proposition 1.2. The integral (1.1) evaluates to

F(/\1—V2+%)F(>\1—V1+% )F(/\Q—VH-%)F(VQ—);-F% )F(V2_>2\3+%)F(V1_;3+%)

- ﬂ_;F()i_g‘z-i-l)F<>j—é\3+1)r(/\2—;\3+1)F(V2—51+1)

Proof. Use (1.2) to change (1.1) into

o vi—vy—1 Aa—vi—1 Ag—Ag—1
J e e B P A (R e
AoFtAg—v1—A1—2
[N TR AT e d(ay, ).

95
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Now only considering the y-integral we can apply Corollary 1.6 and obtain

F( >\2*l;1+% )F(lﬂ*;er% )
F(A2733+1)

1
A2—vi—3 Az—

Ag—1
(L4~ 2 dy=

F(=3),

z
/]R ‘ zV1+ 22 Y
5 VTS S O |
where F(w) = o F (2 ;3+2 2 )‘22+2 ;Liw)and t = ﬁ% Note the remaining integrands
are invariant under (z, z) — (—x, —z), so it suffices to integrate z and z over (0, c0). Ap-
plying Proposition 1.7 to the z-integral after the substitution s = t/x? we get

—X3+3 va—Aat3
vo—vy [ vi—va—1 F(l)F(VQ 2 )F( 2) 2
t 2 / sV2(t+ 5 2 F(—s)ds = 2 2 2 t7 2 G(t),

0 ( ) ( ) F(V1_12’2+1)F(V1+V2_§2_)‘3+1) ( )

VS S VA
where G(w) = o (2 /;3+2, 2 ’;2+2 putre=2a=dstl g ). Now apply (1.4) to the re-

maining z-integral after the substitution ¢ = ﬁ% to arrive at

F(’\F’;*% )P(V1+l/z—;2—k3+l)
F( >\1+V2—>£2—/\3+% )

1 Aj—vq-3 U1 1o — Ao — A —
/ (1 )R G - b = H(1),
0

where

V2*>\3+% 1/2*)\2+%. )\1+1/27)\27)\3+%. 1)
Y

H(1)22F1< 5 s D) ) P

B F( >\1+V2—>\22—>\3+% )F( M—;z—&-% )

F(M—g\z-i-l )F(M—g\g-i-l)

This follows from the 3F» we got from (1.4) collapses into an 2/ and then using (1.5).
Now collecting all the Gamma-factors we picked up along the way we arrive at the result.
O

This might seem very complicated but we just did a smart substitution and then com-
puted the integrals one at a time. This smart choice of substitution (1.2) comes from the
following Lemma found in [K16].

Lemma 1.3. Let M AN, M AN’ and MAN" be parabolic subgroups with the same M A, and
supposen” Nn Cn' Nn. If N, N, and N” denote the Cartan involution of N, N' and N" and if
Haar measures are suitably normalized, then

AﬂN” f(ﬁ) = /WQN” [/NHN/ f(ﬁﬁ) dﬁ] dﬁ’

for every nonnegative measurable function f.

The general integral we are trying to compute is

[ kY@@ dn,
Ng
by using [K16, (5.25)] we can change it to

KX (k)dk = | KX(K'k)dk,
Ka Kg
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for any k&’ € K¢ and then change it back

[ KY(K'n)1,(n)dn.
Ng

If k' = w{! the longest Weyl-group element of H then if we write 7@ in block form

where z € R" and iy € N p.The kernel then has the particularly simple form
KXY (wim) = |zt .. |z .
If & = wp the longest Weyl-group element of G then the kernel has the form
KX (won) = |1 (worg)|™ ... |V 1(worig) |2 |V, (wom) ™.

In either case one would think this simplifies the integral significantly but it turns out it
does not, as computing integrals containing 1(7) is complicated as it is.
Another trick to apply is using Lemma 1.3 we can write the integral as

/ — Ki(ﬁmﬁH)]]-)\(ﬁmﬁH)dﬁHd‘%
n NH
We can recognize the inner integral as the Knapp-Stein intertwining operator

H
T (KX1y) (mawh)).
If we decompose ﬁwwéq into k(ﬁmwéf ) s wi! )ng from K AN we can use the equivariance

properties of the Knapp-Stein intertwining operator

efl(

H o H wH H _
T (KX1)) (pwd!) = e~ (Two petea) HEwa) 70 (KY1)) (k(Twd)),

reducing the inner integral to

1, —H(mzwll)

Ki(ﬁmw(l){na e ng)\(Tg) dig.

Nu
Which at first glance might not seem like a reduction but notice how we have split 1 into
two pieces, one that only depends on 7y and the other on 72, Another thing we can note
is that if det(g) = 1 then

I s _snttn+t2
2

1)(g) = P1(wog™g)” ™ 2 ... Pp(wogTg) ,

where s; +t; + 2 = A\; — A\i+1 + 1. This follows from the age old trick where if we want to
decompose with the Iwasawa decomposition g = kan then writing gTg = nTa’n we just
have to find the NM AN decomposition of gTg. In classical linear algebra this corresponds
to finding the LDU-decomposition of g7¢ and the diagonal part has entries given by quo-
tients of consecutive principal minor determinants which is exactly what ®; describes.
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This comes in handy if we are trying to make a rank one reduction. Let 71;(y) = e¥F21
then using Lemma 1.3 we get

[ [ Kx@m)imm (v)dyan,
N JR

and considering only the inner integral we get

/R |®1(7) + y®1 (Aw) | W1(7) + y ¥ (Aw:)| "

s1+t1+2
X (1(wonm) + 2y 1 (wonmws ) + ‘I’l(w1woﬁTﬁw1))f%dyv

which we miraculously can evaluate but the answer contains a 9 '; with an argument that
contains ®; and ¥; and the next integral then becomes hard to evaluate. This is where
our story ends because no matter what fancy tricks we use to rewrite the integral after
evaluating the first integral the second one becomes impossible for us to evaluate.

1.1 Integral formulas

Proposition 1.4. For Re() > 0, Re(A) > 0and Re(u) > 0 we have

u
|2 @) R ) e = BB s o 3. A A M ),

Fore € {0,1}, Re(g) > 0 and Re(p) > 0 we have

/OO 2 (z — u)" (B + 2?) da

_ udpde —p—e—2v l-—p—e—2v,1 . B2
=u H B(_:u_g_QVa/‘bFl( M2 5 MQ ,i_V_g,—?).

Proof. The first formula comes from [GR94, 3.254]. The second integral follows from the
first one by considering

_ Atpte

| - a6 )
0

and then doing the change of variables  — 2 ~!. Here we used that

Apute A AL Ap Mptl, w2y A AFL AMptl-e, W
3P (M u L ) = o R (5, A A )

1
2 2y 2020 2 T pZ) T 2 B2

Following [FS21, Appendix A] we can analytically extend the second formula by

2Fi(a,bie7) = %(_w)_azﬂ(a, a—c+1l;a—b+1; :L'—l)
+ Mt () "2Fi(bb — e+ Lib—a+ Lz,

By the duplication formula for the Gamma-function we then obtain
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Proposition 1.5. Foru € R, e € {0,1}, Re(p) > 0and g > 0

/OO 2 (x — w) (B2 + 2?)Vdx
b 5u+2u+a
T 20(—v)

D (8T (gt ) Fy (—tges, L,

D[ =

-5)
2

— l(%_l)r(“_l"'eﬂ‘(_5_“_2”)2}71 (1—5—;—2117 2+Z—M; %; _U)} . (1'3)

28 2 B

Proposition 1.6. Let u € R, e € {0,1}, Re(u) > 0and 8 > 0. Ife + 0 =5 0 then

[ alu—al (B2t da = (1) B B, SR (e M

Ife + 0 =5 1then

/Rxa’u o l”’g_l(l + $2)Vd$ — (_1)0-&-1“5“-1—21/-&-5—1 (%—1)

X

DA )T (=52 ) —u—2utl—e 24e—p.3. 2
20 (—v) 2F1( 2 ) 3 595U )

Proof. If we consider the right hand side of (1.3) as a function F'(u) then we see that the
first term is even in v and the second term is odd. Writing the integral as

/ 25 (u— )" (B + 2 vdx + (—1)"/ 2% (x — w)H(B% + 2?)Vdx,
and changing variables + — —x in the first integral we see that it has the form
(—1)°*F(—u) + (—1)? F(u) and thus depending on ¢ and ¢ either the odd or the even part
of F' cancels out. O]

Proposition 1.7 ([GR94, 7.512]). We have for Re(y) > 0, Re(a—y+v) > 0, Re(f—y+v) >0
and |argz| > 0:

/ 277Nz 4 2) o Fy (o, B y; —x)dx

0
= Fw)ﬁfg&g;??f:{ 7)2F1(Oé+ v—r,B+v—mia+f+rv—y1—2).

Proposition 1.8 ([GR94, 7.512]). We have for Re(p) > 0, Re(v) > 0andp < g + 1:

1
_/0 (1 — t)”flqu(al, s apiby, L by ta)dt
= B(/’Lﬂy)p-i-qu-i-l(ala“ . 7a’pau;b17"' ,bq,ﬂ+V;.fE).

Setting x = 1 and using the substitution s = 1 — t we get

1
/0 (1-— s)“*lsl’*lqu(al, cosapy by, by 1 — s)ds
- B(,U,, V)p-f—qu-i-l(ala <oy Apy 5 b17 v 7bqwu’+ v; 1) (14)

Lastly, for completeness sake we include the Gauss formula for the hypergeometric func-

tion
Ly —a—p)

2 F1(a, B5v;1) = I(y—a)l(y—p)

(1.5)
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2 Extending the Plancherel formula

The attentive reader will have noticed that in Paper A we prove a Plancherel formula for
SL(2,R)/M A but in Paper C we apply a Plancherel formula for GL(2,R)/M A. In this
section we will describe how to get from the one to the other. We first recall the central
parts of Paper A.

2.1 Principal series for SL(2,R)

In this section we recall some results about the representation theory of SL(2, R) following
[C20]. Let S = SL(2,R) and consider the following subgroups

Mg = {+I}, AS_{G t01> :teR>0}, NS_{<(1) f) :xER},

then P = MgAgNg is a minimal parabolic subgroup of S. Identify J\/@w = Z/27 by
mapping € € Z/27 to the character

Mg — {£1}, (jzl iol) — (£1)°.

Further, we identify af. = C by mapping A — A(diag(1, —1)). We then observe that any
character of Dg := MgAg is of the form x. y = e ® e where

t 0
Xe\ (0 t1> = [t]2 ==sgn(t)*|t]*,  (t€RX).

As the commutator subgroup of Ps is Ng the characters of Pgs is of the form e ® e# ® 1 and
these characters are unitary exactly when A € iR.

Lete € Z/2Z and p € C. For any character ¢ ® e/ ® 1 of Pg define the principal series
representation 7. , to be the left regular representation of S on

Ind}gps(e Re'®1) = {f € C>®(S) | f(gman) = [t|Z"" f(g), m € Mg, a € Ag, n € NS},

t

0 t(_)l ) € MgAg. We introduce the notation

o — [ €08 0 sinf
7 \—sinf cost)’
and ( (ko) = €™?. According to the theory of Fourier series we have the K-type decom-
position

where ma = (

Ind%s(s el 1) = @ Cém.-
me2Z+¢
We let Ind%s (¢ ® e" ® 1), denote the set of functions contained in the K-type given by
m € Z, that is Indﬁgs (e®et @ 1)y = Cn.

Proposition 2.1. The representation Ind}s;s (e®et ®1) is irreducible except when p € 1 —e—27
Ifpel—e—2Nthen Ind%s (e ® e* ® 1) decomposes as Vo & Vi @ Va where Vy is an irreducible
representation containing exactly the K-types with |m| < —u. The quotient wgfu is a direct sum

of two infinite dimensional representations w25} and m2ho',
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Let wo = (% {), a representative of the longest Weyl group element of S. Recall the
definition of the Knapp-Stein intertwining operator

1
Tep Indlsgs(g Re'®1)— Indls;s(s Ret®l), T..fl9)= W /7f(gw0ﬁ)dﬁ,
2 )N

for Re (1) > 0. The normalization is chosen such that 7} ,, extends holomorphically to
ue C.
Proposition 2.2. For f € Ind}s;s (e ®@ e’ @ 1)y, we have

Tepf = bin()f

where

(H54) m—

p (ALl

s
o —fe],

b (1) = Vil (—1)
Fore = 0and p € 1 — 2N we have b0, (1) > 0 for all m € 2Z. Whereas for ¢ = 1, m odd and
p € —2N we have —ibk, (1) > 0 for m > 0 and ib}, (1) > 0 for m < 0.

For ;1 € iR we equip the space Ind%s (e®et®1) with the usual L2-norm. Using Proposition
2.2wecan fore =0and p € 1 — 2N equip Ind}gas(O ® e* ® 1) with the norm

1P = [ TR d
Ks/Ms
Similarly for e = 1 and € —2N we can equip Ind%s (1 ® e* ® 1) with the norm

112 = [, ST () i

where

7 fe T, f, form > 0,
17 - .
a —iTuf, form <0

for f € Indﬁs (1®e*®1)y,. The operator fl, u is still an intertwining operator as it vanishes
on Vj per Proposition 2.2 and thus we just altered it by a scalar on each of the summands
in Proposition 2.1.

2.2 The homogeneous space S/Dgand H/D

Let Dg = MgAs and D = MyAg. For a unitary character x. y = ¢ ® e with A € iR
the left-regular action 7. of S on the space of L?-sections associated to the line bundle
S xpg Ccx — S/Dg, given by

Ind}) (e ® e*) = {f 18— C,| fgh) = xen(h) "' f(9), /S [f(9)Pd(gDs) < OO} :

/Ds

defines a unitary representation of S. The goal of this paper is to decompose this space.
We introduce the notation

b coshu sinhwu —_— 1 0
“ " \sinhu coshu/’ o\ 1)
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Using the decomposition S = KgBAg, where B = {b, | u € R}, we consider S/Dg in the
global coordinates (6, u) € [0,7) x R where xDg = kyb,Dgs and the invariant measure is
d(zDg) = cosh(2u)dudf, see e.g. [M84]. Now in terms of these coordinates we have the
K-type decomposition

—

C-Indp (e®e’) = P Cln®CP(R) (2.1)
me2Z+e

with ¢ (kg) = €. We let Ind?, S(e® e denote the set of functions contained in the
K-type given by m € 2Z + ¢, that is Ind%s (e ® eM)m = CGn @ CX(R).

Another set of coordinates can be obtained by using the Iwasawa decomposition S =
KsAsNg with (0,y) € [0,7) x R where xDg = kgnyDs. The invariant measure is given
by d(zDg) = 3dydf see [K16, Chap. 5, §6].

Similarly we can define the space

Indg(&? & 6“) = {f :H — (C,‘ f(gh) = Xs,u(h)_lf(g)7 /H/D ‘f(g)’Qd(gD) < OO} )

where x., = € ® " is a unitary character on D with p € iR? and ¢ € (Z/2Z)?. We note
that S/Dg ~ H/D and for f € Ind¥(c ® e*) we have

faD)dwD)= [ f(wDs)d(Ds)

H/D S/Ds

This can be seen by noticing Ng = Ny and considering S = NgNsMgAg and H =
N g Ny MpAp and the integral formula by writing both integrals in N N-coordinates.

2.3 Principal series representations for GL(2,R) and the Extension map
2.4 Principal series for GL(2,R)

In this section we recall some results about the representation theory of GL(2,R). Let
H = GL(2,R) and consider the following subgroups of H

Mg = e 0 261,€2€{ﬂ:1} , Apg= a0 say,a2 € Rugp, Ng= Ng.
0 €1 0 a9

Then Py = My Ap Ny is a minimal parabolic subgroup for H. In a similar fashion as for
S we can identify My ~ (7Z/27)% and a% ~ C2. The characters of Py are then of the form
n® e’ ® 1 wheren € (Z/27)% v € C? and for any such character we define the principal
series representations given as the left regular representation of H on

S SR |
Indfl, (n@e” ©1) = {f € C(H)| f(gman) = by, *|cl,”"* f(g), man € My Ay Ny},
where ma = diag(b, c). Consider the map

Lss :Ind} (e®e' ®1) » Indf ((e+6,0) @™ @1), fr F,
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where F'(h) = |det(h )| 3 ®f(hdiag(1,det(h))~!). This map creates a family of natural
extensions as Lsf|s = f and it intertwines the S action. As Ky /My ~ Kg/Mg we can
use the pairing

B0y = [ SRR k),

onbothIndp, (n®e’ ®1) x Indf, (n®e”®1) and Indp, (e ®e' ® 1) x Ind, (e ® e t®1).
Furthermore we can pick a representative,

0 1
wo = 1 0/}

for the longest Weyl group element in both i and S. As Ny = Ng we can use the same
expression for the Knapp-Stein intertwiners 7;, , for ImdgH (n®e’®1) and T ; for Ind% L (E®
e! ® 1), namely

fe=Tf, where Tf(g / f(gwom) dn
Lemma 2.3. For f € IndISDS (e ® €' @ 1) we have the following
1. IfF € Ind ., (n@e” ®1) satisfies F|s = fthen F' = Ly, ., f and (¢,t) = (n1+n2,v1 —v2).
2. (Lssf, Lo—sl") = (f, f'), where f' € nd} (e e @ 1)
3. Tiets6),(t+s5,5)Los = LoyestTet

4 (f,Teif) = (Lssf: T(5.6+e),(—5,—5—t) Lste,—s—1f) for t € R.

Proof. (1): The first results follows from

F(g) = F(gdiag(1,det(g)) " diag(1, det(g)))
— | det(g)[3; " F (g diag(1, det(g)) 1) = L. /(g).

For a € R we have

lalyz i F(1) = F(diag(a,a™ ) = f(diag(a,a™")) = |al-" 71 f(D),

and as F'(1) = f(1) this completes the proof of (1).
(2): Follows from the pairing being done as a integral over a subgroup of S.
(3): By definition we have

—S

1
T(c46,6),(t4s,5) Lo,sf(g) = /N | det(gwom)|Z " f(gwon diag(1, det(gwon)) ") dn.
H

Now we move d := diag(1,det(g)) ! past @, by doing the change of variables n — d~'nd
and by conjugation of d by wg we get

— | det(g / F(g diag(det(g), 1) wom) dr.
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We recognize the integral as being the Knapp-Stein intertwiner 7. ; f evaluated at
g diag(det(g),1)™" = g diag(1, det(g)) ™" diag(det(g) ", det(g))-

Using the equivariance properties of T ; f we get that

l_3_ . —
— | det(g)|E2 " Te. f(g ding(1,det(9) 1) = LoperssiTor
(4): Follows directly from (2) and (3). O

Consider the restriction map
Ry :Ind (18 ¢" @1) > Indf, (n + @™ 0 1), - fls,
which satisfies
R(e+6,5),(s+t,s) o L&s =id, and Lng,ug © Rn,z/ =id,

as S-intertwining maps. We can now consider the Kpy-types for H, for ¢, € Indlé;s (m +
M ® €12 ® 1), let G o= Ly, 1,Gn € Indf (n@ e’ @ 1). As

Ky =KgUKgk, where nz(é _01>,

and C¢,, is fixed on the action of Ks so we need to consider what happens when acting
with . Considering the two cases of the argument being in each connected components
of K at once, welete = 0,1 and get

G (wkor) = (=1)P G (mkgr) = (—1)PUHE o (Kg) = (=1)(m(kor),

as kkok = k_g. Therefore we get that the K y-types are (Cfm D (Cf_m as x maps C¢, to
C(—, giving us the Ky-type decomposition

IndgH mMee’®1)~ @ Clm ® CC_pn.
m&2No+[n14+12]

For v € (iR)? we equip IndgH (n®e” ®1) with the norm coming from (-, -). Forn;+n, =0
and v; — 15 € 1 — 2N we equip IndgH (n® e” ® 1)/ ker(T;,,,) with the norm

IFI1* = {f, Ty f)

which is positive as by (3) in Lemma 2.3 and Proposition 2.2 we have

Tﬁ,l'gm = TyvLnswsCm = Ly D001 —v2Cm = bgn(yl - V2)L171,V1Cm = bvon(yl —12)Gms

where the last equality follows from 7; = 7, and that the second parameter in the exten-
sion map does not matter in the K g-picture. For n; + 72 = 1 and v; — v, € —2N consider
the S-intertwining operator

~

T,, = Ln27ylf17yl_V2Rn7y : IndgH MRe’®1) = IndgH (n® er21) 1),
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to see that this is a H-intertwining operator we need to check that it intertwinines the
center of H and the action of . The centre action follows directly by looking at the equiv-
ariance of the domain and the codomain. To see that it intertwines the action of x we get
by Proposition 2.2 that

Tn,zx(cogm + Cléfm) = Lm,z/gam(yl - VQ)(COCm + Clem) = am(Vl - V2)(00<:m + Cl&*m)a
where ¢y, c1 € C, m € 2Ny + 1 and

(27V1+V2 )Lfl

— 2
am(l/l — 7/2) = ﬁm

This also shows that we can equip Ind?, (n® e’ ® 1)/ ker(T,,) with the norm

117 = (T £)-

2.5 Extending the Plancherel formula from SL(2,R) to GL(2, R).

In Paper A we introduced the S-intertwining operators

AT Ind} (e ® e*) — IndP (e @ e’ @ 1), AZ!f(g) = o/ KZ!(z7'g) f(x) d(zDyg),

for o = 0,1 where
—p—t—1 p—t—1

KZ0(g) = lguleyd lg2ilo 2

We then proved the following Plancherel formula for the hyperboloid S/Dg.

Proposition 2.4. For f € C* — Ind?, < (e ® e!') we have

111> = /ZIA”fH2( e > de DAL LFIP,

tel—e—2N
where
r'(%) 1 1
a(e,t) = 2*x 2 At = g T 3
(TN () (DN T T ()
and )
INQRE t°I'(—t
d(oat) = ( ) s d(lvt) = 9 F(lt
STIT(5L)A (1) (7))
The operators are given by
it 14t
A\t _ 272 \/%F(% + %) 0,t + 272 TFF(% + %) Al,t
0, - - 0, - = 0,17
YOTERTEITET ) TERTETEE - 5)
14t
Ao‘,t Ag:flf and A\Ii _ 272 WF(% + %) A(1)7t
e T rI=ty’ T = 3 = :
YT YOTETERTEE -5
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Here we can notice for ¢ € 1 — ¢ — 2N that K7} is locally integrable as g1; and go; cannot

vanish simultaneously and Re (—25£=1), Re (—2~1) > —1. So in the case that ¢ = 0 we

have
F<%>_l|t=1—2nzr(1;n>_l’ & F(git) |t:172n:11(1—g)_1’

meaning that one of the two terms in A, , vanishes in the sum over ¢ € 1 — 2N in the
Plancherel formula. Allowing us to rewrite it in the following way

1=/ ZHA I, M,ﬁz > dO.IAGLAIR

o=0t€1+20—4N

where 1+20+1+
ot _ ( 4 ﬂ) o,t d/(o t) — QtP(l — t).
Y F(1+2047t7u) &1 47T2F(*%)

To reduce the amount of different A’s flying around we also express the Plancherel for-
mula for ¢ = 1 for the newly introduced A:

I£11* = /ZHA" fH2 (1 t)|2 > dLOIATLLI

tel—e—2N
where Lt
20 (—t
d'(1,t) = #7
where we used here that for ¢ € —2N we get I'(11)I'(24)2 = 1.

2.6 Extending the intertwining operators

Now we wish to extend the operators AZ/, in the following way

Ind® (e @ et Ind ((e1 +e2+6,6) @elF*9) 1)

JRess TL&S
Aa,t

Ind?, (61 + g9 ® el1712) AT Indf, (61 +ea @ el ®1)

where the maps Resg is the map f — f|s. Following the diagram we get
BII9) = (L0 A%y o Ress)f0) = [ K27 0) (@) d(aDs),
S

where
Ho—py—t—1 H1—pg—t—1

1
K2(9) = |911lorete, lg2ule * [det(9)lf

and (n,v) = ((e1 +e2+9,0), (t + s, 5)). The operator B}’ maps between the right spaces

but is not necessarily intertwining, to ensure that we need to change the integral from

S/Ds to H/D meaning we need to find (6, s) such that z — K% (x"'g) f(z) is a map on

H/D. For d = diag(d;, d2) we have

— t
H2—py+ +s

KIv(d™'g) = |d1|g+51+52+5\d2\g+5 K (9), f(gd) = |di] /" [dale2a™" f(9),
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implying that s = £12£2=t and § = ¢, + 0. Thus changing the coordinates we arrive at the
operator

Bl :Indj(e @ e") — Indp, (n@e” ®@1), BIYf(g) = K7(x™"g) f(z) d(xzD),
s H/D )
where
I vg—v—(pg—pg)—1 vo—vi+(p1—p2)—1 1_,,
Kg;,u (g) = |gll|771+82 ? |921|772+82 2 ‘det(g)"’% .

By acting by the centre of H we see that

ertee=m+mnz, ptp2=v1+ra.
Note here that B!, maps into different spaces for different o’s whereas this was not the
case for A7,

We are now ready to extend the Plancherel formulas to GL(2,R). For u € iR?, ¢ € iR
and f € Indg (e ® et) we have

142" Res f* = || Ly, 0, AZ"

€1+€2,u1— 12

Res f||* = || B, fII°,

€1+e2,u1—H2

by Lemma 2.3, if instead ¢t € R we have

<A0't

£1+€2,001 — 12 Res f TE1+€2,tA51+52 1 — 42 Res f)

ot ot
= < 772,V2A51+52 S — 42 Res f’ L772 V1 51+527 AE1+E2,H1 — 2 Res f>
t
= (B fy Lipn Teyten t Rpw Ly s A2 4 g iy — i RES )
< f7 n2,V1 E1+€2,tR77 Z/Bg Hf>

In the case where 1 + 9 = 0 we have that

(2.2)

TIVZ/ —_— —_—
Ln2,V1T81+82,tRn,VBs,u = T(nz,n2+€1+62),l/Ln2+81+82,V2Rn,v = inv

by Lemma 2.3 and the fact that 1, = 2. For ¢; + €2 = 1 and T}, 4., ; replaced by ﬁ’t in
(2.2) we have
L772,V1T17tR777V =Ty

Theorem 2.5. Let i € (iR)? and put juy = puy + pio. For f € Ind® (e ® et) when g1 + 3 = 0

7= /. ZHB% Ui Oth > b0 B f,

o=0tel+20—4N

whereas ife; +e2 =1

172 = [ ZHBW O Pt X LB

te—2N
where
B , [ LH2otthn
Bn, = F(l’;‘—;)’ Bg:u = FE1+2o4t n_ ;Bn:'u) (T](O’),I/(t)) = (5+U(1 1) ( ++t7 M+2 t))?
and
Qt 2+36( F(l _ t) §7TF<£)
b(d,t) = — . a(dt) = 2 (6 €Z/27)
QF(%) F(l+§+5)r(l+; 6)
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We can slightly reformulate this result which is more useful for computations. As the
normalization used for B, does not contain any zeroes for ¢ € iR the normalization can
be moved to a(e, ). The normalization used for BY; does not have zeroes or poles for ¢
being summed over in the discrete part

Theorem 2.6. Let j1 € iR? and put s = py & po and e, = €1 + e9. For f € Indg(s ® et)

1
dt
2 _ (o),v(t) £112
= E B7 _
”f” /“R = H AT f” |a(5*,t)|2

1
T > blewa(l—en) )| BITITEM O p)2,

0=0t€l—e,+20—4N

where P
(o), v() = (e +o(1,1), (F—= =),
and
22 (1) T(1L - p)|D(HEEe ) 23 (§)P('5")

where § € (Z/27.)>.

This is the result presented in Paper C.
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