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differences such as typographical corrections and small revisions to some figures.

Paper I Discretization of the Lamperti representation of a positive self-similar Markov
process.
Stochastic Processes and their Applications 137, 200-221.

Paper II Lévy processes conditioned to stay in a half-space with applications to direc-
tional extremes.
Modern Stochastics: Theory and Applications 10(1), 59-75.

Paper IIT Local behavior of diffusions at the supremum.
Submitted to Stochastic Analysis and Applications, January 2022.

Paper IV  Graphical models for Lévy processes.
Not yet submitted.
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the University of Geneva in Switzerland and I visited him for nearly four months during the
spring of 2022. For Paper IV, I contributed significantly to both the research and writing.
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and some ideas for further research.
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Ragnhild Laursen, Lota Copic and Kenneth Borup although our discussions have been less
mathematical and more about things like politics, bouldering and Formula 1.

During my PhD I was fortunate to spend a few months in Geneva. Here I would like to
thank Sebastian Engelke for letting me visit and the rest of the group for welcoming me. 1
had an excellent time with wine tasting, climbing, swimming in the lake and much more.

I thank also Lars Madsen for assisting me with IXTEX in the preparation of this dissertation.
I only wish that I had asked for his input earlier as it has been very helpful.
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Abstract

Abstract

Stochastic processes are used to model quantities that exhibit random fluctuations over time,
such as stock prices, temperatures, wind speeds, etc. Lévy processes make up a popular class
of models due to their theoretical properties and applications in e.g. finance and physics.

From a theoretical point of view these processes evolve in continuous time but in practice
only a finite number of observations are available. Understanding the implications of this
discretization is essential and in many cases it requires knowledge of the local properties of the
process. The first paper in this dissertation is concerned with a specific discretization scheme
for positive self-similar Markov processes. To describe this we rely on knowledge about
small-time fluctuations of Lévy processes. In another paper we examine the local properties
of diffusions. At a fixed time point such a process behaves locally as a scaled Brownian
motion and we prove a similar result for the small-time fluctuations at the supremum. The
theory which describes a univariate Lévy process before and after its supremum is well-known
and relies on the notion of a Lévy process conditioned to stay positive or negative. In a third
paper we extend this to the multivariate setting, constructing the law of a Lévy process
conditioned to stay in a half-space. This is related to splitting the process at its directional
supremum and we further conjecture how it can be used to describe the local behavior of the
process when it is farthest from the origin.

One of the big challenges in modern statistics is dealing with high-dimensional data.
Classical models are faced with an increased risk of overfitting, large computational cost and
low interpretability. The concept of sparsity addresses these issues by taking advantage of
lower-dimensional structures in the data. The use of graphical models is one way of promoting
sparsity and has recently been introduced in multivariate extreme value theory. The final
paper in this dissertation introduces graphical models in the context of Lévy processes. To
do this we exploit a subtle connection to extremes.
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Resumé

Stokastiske processer anvendes til at modellere vzerdier, der udviser tilfaeldige udsving over
tid, sasom aktiekurser, temperaturer, vindhastigheder osv. Lévy-processer udggr en populeer
klasse af modeller pa grund af deres teoretiske egenskaber samt anvendelser inden for f.eks.
finans og fysik.

Ud fra et teoretisk synspunkt udvikler disse processer sig i kontinuert tid, men i praksis
er kun et endeligt antal observationer tilgeengelige. Det er vigtigt at forsta konsekvenserne
af denne diskretisering, og ofte kreever dette kendskab til processens lokale egenskaber.
Den fgrste artikel i denne afthandling drejer sig om et konkret diskretiseringsproblem for
positive selvsimilsere Markov-processer. Til at behandle dette benytter vi viden om Lévy-
processers opfgrsel pa kort tidsskala. I en anden artikel undersgger vi de lokale egenskaber for
diffusionsprocesser. Pa et fast tidspunkt opferer en sadan proces sig lokalt som en skaleret
Brownian motion, og vi viser et lignende resultat for fluktuationerne omkring supremum.
Teorien, der beskriver en univariat Lévy-proces for og efter dens supremum, er velkendt
og bygger pa begrebet om en Lévy-proces betinget til at forblive positiv eller negativ. I en
tredje artikel udvider vi dette til hgjere dimensioner, hvor vi konstruerer fordelingen af en
Lévy-proces betinget til at forblive i et halvrum. Dette er relateret til at dele processen ved
dens retningsbestemte supremum, og vi praesenterer en formodning om, hvordan dette kan
bruges til at beskrive processens lokale opfgrsel, nar den befinder sig leengst vack fra origo.

En af de store udfordringer inden for moderne statistik er handteringen af hgjdimensionelt
data. Klassiske modeller star over for en gget risiko for overfitting, hgje beregningsomkost-
ninger samt lav fortolkningsevne. Konceptet om sparsitet adresserer disse problemer ved
at udnytte lavdimensionelle strukturer i data. Brugen af grafiske modeller er en méade at
fremme sparsitet, og disse er for nyligt blevet introduceret i multivariat ekstremveaerditeori.
Den sidste artikel i denne athandling introducerer grafiske modeller for Lévy-processer. Til
at gore dette udnytter vi en subtil forbindelse til ekstremvaerditeori.

vi



Introduction

This chapter has two purposes, the first of which is to introduce the reader to certain
areas which are essential for the papers in this dissertation. These are both relatively
standard topics such as Lévy processes and extreme value theory but also more specialized
concepts such as Lévy processes conditioned to stay positive and conditional independence
for multivariate Pareto distributions. Some ideas and definitions may be reiterated in the
introductory sections of each of the papers. The other purpose of this chapter is to provide
an introduction to each of the four papers, including some motivation and connection to the
literature.

Notation

The notation will not be entirely consistent across this introductory chapter and the papers.
One thing which will differ is the way we write the value of a stochastic process at some time
point. Depending on the context we will write either X; or X (¢) for the value of a process
X at time t. In connection with Paper IV we will also use bold letters to emphasize that
something is a stochastic process and not just a random vector. That is, we will write X
when we are talking about a process and X (t) when we are talking about its value at time ¢.

1.1 Lévy processes

Lévy processes should be seen as the result of wanting to extend random walks to continuous
time. The first steps in this direction were taken nearly 100 years ago and today there
is a large number of books and research papers dealing with Lévy processes and related
topics. Standard references include Bertoin (1996), Sato (1999) and Applebaum (2009). Over
time other research areas have put the theory of Lévy processes to use. For example, Lévy
driven models have become popular in financial disciplines such as option pricing and risk
management, see e.g. Cont and Tankov (2004). The role of Lévy processes in other fields
such as quantum mechanics is described by Barndorff-Nielsen et al. (2001).

A Lévy process is an R?-valued stochastic process X = (Xt)t>0, defined on a probability
space (€, F,P), which satisfies the following properties.

1. X() =0 P-a.s.
2. thXsiXt_S for any 0 < s <'t.
3. X;— X is independent of o(X, |0 <u < s) for any 0 < s < ¢.

4. The path t — X} is cadlag (right continuous with left limits) P-a.s.
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Another common definition replaces 4 by continuity in probability. That is, for any € > 0
and t >0
P(|X: — Xs|]| >€) =0 ast— s,

where || - || is a norm on RY. In this case one may construct a version with almust surely
cadlag paths, see e.g. Kallenberg (2021, Thm. 16.2).

1.1.1 Connection to infinitely divisible distributions

An important consequence of points 1-3 above is that the distribution of X is infinitely
divisible for any ¢ > 0. That is, for any n > 1 there exists i.i.d. random variables Y7,...,Y},,
such that X; £V; + --- + Y,,. Indeed, we simply take Y; = Xint — X(i=1)/n-t- While this
shows that every Lévy process induce many infinitely divisible distributions, the connection
actually is much stronger. In fact, for every infinitely divisible distribution p on R? there
exists a unique (in law) Lévy process X such that X; ~ u, see Sato (1999, Cor. 11.6).

It is well-known that the distribution of a random vector is characterized by its charac-
teristic function. A consequence of the infinite divisibility is that the characteristic function
of X; can be written as

E[ei<u,Xt>] — et’(l)(u)7 = Rd,
where ¢ (u) is given by
) 1 ; )
wl) = i) = 5 Za) + [ e 1= i) L <y M),

see Sato (1999, Thm. 8.1). Here v € R?, ¥ is a positive semidefinite d x d matrix, and A is a
measure on R?. The latter is typically referred to as the Lévy measure and it satisfies

A0} =0 and /Rd(l/\||x||2)A(dx)<oo.

This identity for the characteristic function is known as the Lévy—Khintchine formula
and is one of the most fundamental results about infinitely divisible distributions. Typically,
the process X is said to have has characteristic triplet (v, X, A) and it is unique when 1) is
written like above. However, it is worth noting that the indicator 1y, <1y may be replaced
by any c(x), where c¢(z) = 1+ o(||z||) as ||z|| = 0 and ¢(z) = O(1/||z||) as ||z|| — oo, see
Sato (1999, Rem. 8.4). This does not affect ¥ and A but the vector v must be modified
accordingly.

1.1.2 The path behavior of a Lévy process

To work with Lévy processes it is important to understand how they behave. Point 4 in
the definition does provide some immediate restrictions on what a sample path might look
like. Since the sample paths are almost surely cadlag it makes sense (except on a P-null
set) to consider the jump AX; = X; — X;_ at any time point ¢ > 0. One can easily show
that for any € > 0 and any bounded time interval [T}, T3] there can be only finitely many
time points t € [Ty, T3] with ||[AX:|| > e. This implies, in particular, that X has at most
countably many jumps. However, some Lévy processes will actually have infinitely many
infinitesimally small jumps during any time interval of positive length.

It is immediately clear from points 2 and 3 in the definition that a Lévy process is also
a Markov process. Specifically, for any deterministic time T > 0 we see that the restarted
process (X471 — X7)i>0 is independent of o(X,, | 0 < u <T) and it has the same law as X.



1.2. Lévy processes conditioned to stay positive

A standard argument, relying on ¢t — X; being almost surely right-continuous, extends the
Markov property to also hold when T is a (finite) stopping time wrt. the filtration generated
by X. This is commonly known as the strong Markov property.

Obvious examples of Lévy processes are a compound Poisson process, a Brownian motion,
and a linear drift. If these are independent then their sum is also a Lévy process. This shows
that the path of a Lévy process may contain both jumps, Brownian fluctuations and a drift.
The Lévy—Ito decomposition states that for any Lévy process X there exists a Brownian
motion B (possibly with a drift), a compound Poisson process C' and a square integrable
martingale M such that B, C' and M are independent and X; can be written as

Xy = By + Cy + My, t >0,

see Applebaum (2009, Thm. 2.4.16). The process B is often referred to as the Brownian part
of X while the sum C' + M is referred to as the jump part. Indeed, B is continuous so all
jumps of X are contained in C' + M.

The covariance matrix of B is the matrix % from the characteristic triplet of X. The
processes C' and M are not unique but one option is to let C' contain all large jumps and M
contain all small jumps. For example, C' and M might be constructed to contain jumps with
norm respectively larger and strictly smaller than 1. In this case C will have rate A = A({x |
|lz|| > 1}) and jump distribution A=YA(- N {z | ||z| > 1}), while M is a Lévy process with
no Brownian part and Lévy measure A(- N{z | ||z| < 1}).

1.2 Lévy processes conditioned to stay positive

A key concept in this dissertation is that of a Lévy process conditioned to stay positive. For
many Lévy processes the probability of being positive at all times ¢ > 0 is zero. Conditioning
to stay positive should therefore not be understood in the usual sense. This section contains
a brief overview of the properties which are central to this dissertation. The topic has been
treated in much greater detail in numerous papers and books. Some of the typical references
are Bertoin (1993), Chaumont (1996) and Chaumont and Doney (2005).

Throughout the section we let D denote the space of cadlag functions w: [0,00) — RU{},
where t is an absorbing cemetery state. This is equipped with the Skorokhod topology
and F is the resulting Borel o-field. We further denote the coordinate process by X = (X;),
ie. Xi(w) = w(t), and its natural filtration by (F;). The lifetime of X is a random variable
given by ¢ = inf{t > 0| X; = 1}.

We let P be a measure on (D, F) such that X is a Lévy process (starting at 0) under P.
For any x € R we use P, to denote the law of X 4+ x under P. As usual we will assume
w.l.o.g. that for these and any other laws on (D, F) the filtration (F;) is complete.

We make the typical assumption that X is not a compound Poisson process under P. To
deal with such processes one is usually able to use the tools and ideas from discrete time.

1.2.1 Bertoin’s construction

There are different ways of constructing a Lévy process to stay positive. In this subsection
we look at the one by Bertoin (1993). Another approach is given by Tanaka (1989). This
was originally meant for discrete time, i.e. random walks, but it was extended to continuous
time in Doney (2005).

Since the Lévy process X is also a semimartingale we may consider the semimartingale
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local time L of X at 0 which is given by the Meyer—Tanaka formula,
t
X=Xy = / Lix, sy X+ D0 (Lpx, <oy X+ Lix, s0) X7) + 5L
0 0<s<t
for t > 0. Now, let Y~ and Y be the processes given by

Y, =Xe— Y (Lpxzoy X5+ Lpesop Xi0) — 5L,
0<s<t

Y =X+ Y (lxezoy X5+ 1ix50 X00) + 3L
0<s<t

(1.1)

We further define two continuous and non-decreasing processes A~ and AT which track the
time spent in (—o0,0] and (0, 00) respectively. These are given by

t

t
At_ :/ 1{Xs§0} ds and A;_ :/ 1{X5>O} ds
0 0

for t > 0. The right-continuous inverses of A* are denoted by o = inf{s > 0] A* > t}. Tt
is now possible to define two processes X+ and XT by
Xr=Y~ and X/ =Y7. (1.2)
(e (e

If we ignore the local time in the definition of Y~ we see that XV is the juxtaposition of
the excursions of X in (—oco,0]. That is, X+ is obtained by ‘gluing’ together the parts of
the path of X in the non-positive numbers including the jumps where X, > 0 and X, < 0.
Similarly, X7 comes from gluing together the excursions in (0, 00) (if we ignore the local
time contribution).

The laws of X+ and X' under P are denoted by P* and P and we shall refer to these as
the laws of X conditioned to stay non-positive and conditioned to stay positive respectively.
The convergence in (1.7) below provides some justification of this terminology.

To understand why the processes X+ and X' are interesting we will look at the infimum
of X. Let X denote the running infimum of X. That is,

infocs<y Xg for t <,
Xt = o
1 for t > (,

where I = X, . The time of the ultimate infimum is denoted by 7 = sup{0 <t < (|
Xi AN Xy = I}. We further define the pre-infimum and post-infimum processes by

X — 1 fort <, Xy —1I fort<(—r,
L(t: (r—t) or T and )_(}t: 4+t or C T
1 fort > T, 1 fort>(—7.

Note that the pre-infimum process is reversed in time such that it ‘looks back’ from the
infimum.
For any fixed T > 0 we denote by P? the law of X killed at time 7" under P. Then
(X, X) = (X" X") under PT, (1.3)

see Bertoin (1993, Thm. 3.1). This fact can be seen as the primary motivation behind
studying the laws P+ and PT. We will see an application of this in §1.3 below.



1.2. Lévy processes conditioned to stay positive

1.2.2 Properties

The processes X+ and X' defined in (1.2) are Markov processes under PP, see Bertoin (1993,
Thm. 3.4). In the following we will focus on X' and simply remark that X+ = —(—X)" a.s.
In order to write down the semigroup of XT we first recall that the reflected process X — X
is a Markov process, see e.g. Bertoin (1996, Prop. VI.1). Let L denote a Markov process
local time at 0 for X — X and define

h(z) = E{/[o : 1ix,>—a) st}, x> 0. (1.4)

Recall that the local time L is only unique up to multiplication by a positive constant and

that scaling of the local time will result in the same scaling of h. However, in the following it

should be clear that this scaling is irrelevant as we always consider ratios such as h(y)/h(z).
Generally, we have the inequality

E. [h(X1) 1(x,0)] < hl2), (L5)

and when X does not drift to —co it is an equality, see Chaumont and Doney (2005, Lem. 1).
We define

Pl (z,dy) = %Pz(xt edy, X, >0),  x,y,t>0. (1.6)
The collection (p]) is the semigroup of X' in (0,00) under P. We denote the law of the
Markov process starting at £ > 0 and having semigroup (pI) by P1I.

Note that pz(x, -) need not be a probability measure since the inequality in (1.5) may
be strict. In that case X has finite lifetime under P]. In the literature PT is typically only
referred to as the law of X conditioned to stay positive when (1.5) is an equality for all ¢ > 0.
In this case the construction of pI in (1.6) can be viewed as a so-called Doob h-transform.
The latter is a general technique which allows one to condition a Markov process to stay in a
certain set even if that event has a probability of zero. Other examples include conditioning
the Lévy process to hit an interval continuously, see Doring and Weissmann (2020), and
conditioning it to avoid an interval, see Doring et al. (2019).

While the terminology ‘conditioned to stay positive’ can be explained via the Doob
h-transform, there is a much more intuitive way to justify this. If + > 0 and ¢4 is an
independent exponential variable with rate ¢ then

lim Po (A, T < eq | X, >0)=PL(A,T <) (1.7)
q q

for any (F)-stopping time 7" and A € Fr, see Chaumont and Doney (2005, Prop. 1). In
other words, to obtain the law P} we take X under P, condition it to stay positive (at least)
until e,, and finally let Ele,] = 1/¢ — oo.

1.2.3 The case of self-similarity

Recall that X is called strictly a-stable under P if there exists a constant « € (0, 2] such
that (X.) = ¢'/*X for all ¢ > 0 under P. This is the same as saying that X is 1/a-self-similar.
If & = 2 then X is a Brownian motion and if @ € (0,2) then X has no Brownian component.
When X is strictly a-stable the function h from (1.4) takes the simple form h(z) = 2
where p = P(X; < 0), see Caballero and Chaumont (2006, §3.2).

Assume that X is strictly a-stable and that neither X nor — X is a subordinator. Then X
is oscillating, see e.g. Kyprianou and Pardo (2022, §3.4), meaning that limsup,_,  X; = o0
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a.s. and liminf; . X; = —o0 a.s. Since X does not drift to —oo we have that (ptT) defined
in (1.6) is the semigroup of a Markov process with infinite lifetime. Furthermore, it follows
that this process is 1/a-self-similar. More precisely, for any > 0 and ¢ > 0 the process
(X.) under P! has the same law as ¢!/ X under ]P’I_l/%.

For z > 0 the process X is a positive self-similar Markov process (pssMp) under PI. Tt
was shown by Lamperti (1972) that there exists a Lévy process £ such that

Xt = zexp(&rz—ey), 7(r) =inf{s > 0| I > r}, I, = / exp(ag,) du.
0

This representation is called the Lamperti representation of X. The particular case where the
pssMp is a Lévy process conditioned to stay positive has been further studied by Caballero
and Chaumont (2006).

To end the section on an example, assume that X is a standard Brownian motion under
P. Then X is strictly a-stable with & = 2 and p = 1/2. Hence, h(z) = = and one may
deduce that X7 is, in fact, a Bessel-3 process. In this case the Lévy process ¢ in the Lamperti
representation is a Brownian motion with unit variance and drift 1/2, see e.g. Caballero and
Chaumont (2006, p. 969).

1.3 Zooming in on a Lévy process

Zooming out is a classical idea in the theory of stochastic processes. For example, Donsker’s
theorem states that zooming out from a symmetric random walk results in a Brownian motion.
In this section we briefly discuss the idea of zooming in on a Lévy process. Throughout we
consider a probability space (Q, F,P) and a Lévy process X defined on this space.

1.3.1 Zooming in at the origin

We say that X has a zooming-in limit if there exists a random variable X 1 and a positive
scaling function a: (0,00) — (0, 00) such that P(X; = 0) < 1 and

a(e)Xe -4 X1 asel0. (1.8)

The limiting random variable X 1 is necessarily infinitely divisible so we may view it as a
Lévy process X evaluated at time 1. Furthermore, the convergence in (1.8) is equivalent to
the functional convergence

(a(€)Xet) 2 X aselO,

see Jacod and Shiryaev (1987, Cor. VII.3.6). Using standard ‘convergence to types’ arguments
it follows that the limiting process X must be strictly stable, see Ivanovs (2018, Thm. 1).
If (1.8) holds we say that X is in the domain of attraction of X. If X has a non-zero
Brownian component then X is necessarily attracted to a (driftless) Brownian motion. If
not, one has to look at the Lévy measure close to the origin to determine the domain of
attraction (and if it exists). This is characterized in detail by Ivanovs (2018, Thm. 2).

1.3.2 Zooming in at the infimum and supremum

We assume that the Lévy process X is attracted to a strictly a-stable Lévy process X with
scaling function a. Asin §1.2.1 we let X and X denote the pre-infimum and post-infimum
processes for some fixed time interval [0, T]. As shown by Ivanovs (2018, Thm. 4) the identity
in law (1.3) and the zooming-in assumption can be combined to obtain the join convergence

((a(e)Xer), (a() X)) 2+ (X XT) ase Lo, (1.9)
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where X+, X are created from X as described in §1.2.1. Note that Ivanovs (2018) considers
the supremum rather than the infimum but by duality this is no different.

In Bisewski and Ivanovs (2020) the convergence in (1.9) was used to study threshold
exceedance of a Lévy process X. If one defines M = Supseqo,1) Xt and M (™ = maxo<i<n Xi/n
then p(™ = P(M > x, M < z) denotes the probability of failing to observe exceedance
above the level x > 0 given the observations X;,,, where ¢ = 0,1,...,n. It turns out that the
asymptotic behavior of p(™ (as m — o0) can be described using the scaling function a and
the limit pair (—)?¢7)/(:T).

Another application of the result concerns estimation of the supremum M given the
observations X;/,, t =0,1,...,n. The obvious estimator is the maximum M (") and Ivanovs
(2018, Thm. 5) gives the convergence rate of the difference M — M (™). Again this can be
formulated using a and (—)? LX 7). This is explored further by Ivanovs and Podolskij (2022).

1.4 Graphical models for extremes

Graphical models and extreme value theory are two rather classical topics. More recently
there has been advances in the area of graphical models within multivariate extreme value
theory. This section aims to introduce some of these ideas.

1.4.1 Multivariate extreme value theory

We consider a sequence Z(1), Z(2), ... of i.i.d. d-dimensional random vectors with distribution
function F. One approach in multivariate extremes studies the vector of component-wise
maxima M (n) where M;(n) = maxy=1,... n Z;(k). We are then interested in any multivariate
distribution function G which has non-degenerate marginals and can arise as the limit

G(z) = nli_}n;oP(Ml(Zi(;)bl (n) <z 7...,Md(z)d(_n)bd(n) < xd)
= nh_)n;@ F*(a1(n)z1 + b1(n),...,aq(n)xq + bg(n))

for z € R, where a(n) € (0,00)¢ and b(n) € R? for all n. In this case we say that F' is
in the domain of attraction of G. The collection of these limit distributions is called the
class of multivariate extreme value distributions and it turns out to coincide with the class
of maz-stable distributions, see e.g. Resnick (2008, Prop. 5.9). A distribution function G is
called max-stable if, for any ¢ > 0, there exist a(t) € (0,00)¢ and S(t) € R? such that

G'(z) = Glar(t)z1 + Bi(t), ..., ca(t)zq + Ba(t))

for x € R,

It is common practice to standardize the marginals of G through a transformation of the
random vectors as this allows one to focus on the dependence between components. For
each k € N and i € {1,...,d} we apply the transformation = — (1 — F;(z))~! to Z;(k),
where F; is the distribution function of Z;(1). We denote by F the distribution function
for the standardized vectors. Then, if F' is in the domain of attraction of a max-stable
distribution we have the convergence

F'(nz) — G(z) asn — oo (1.10)

for z € RY, see Resnick (2008, Prop. 5.10). The limit G is a max-stable distribution function
with marginals G;(z) = exp(—z~") 1(0,00)(z) for all 7. A consequence of having standardized
marginals is that

Gl(tz) = G(z) forallt >0,z € RY,
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see Resnick (2008, 5.24). This implies, in particular, that G is max-infinitely divisible, i.e.
for every n € N there exists i.i.d. random vectors U(1),...,U(n) such that the vector of
component-wise maxima has distribution function G.

The distribution function G is characterized by its so-called ezponent measure A. This is
a measure on the cone £ = [0,00)%\ {0} and is related to G by the formula

G(x) = exp(=A(E\ [0,4])),

where [0,z] = [0,21] X -+ x [0,z4] for any « € £. Furthermore, A is homogeneous in the
sense that A(tB) = t~'A(B) for any t > 0 and any Borel set B C €.

The vector of component-wise maxima is just one object of interest in multivariate
extremes. Another popular idea is the so-called peaks-over-threshold approach which considers
the distribution of a random vector Z conditioned on the event that at least one component
is large. We assume that Z has been normalized as above such that its distribution function

F satisfies (1.10). Then we have the convergence
n(l — F(nz)) = AE\[0,2]) asn— oo

for any s &, see Resnick (2008, Prop. 5.17). We can now look at n~'Z conditioned on the
event {||Z||cc > n}. For z € £ we find that
P 7 < || 2] >n) = P({n"'Z < }\ {n'Z <14})
1—F(nly)
B P{n=1Z <az}\{n"'Z <1lgAz})
B 1-P(n1Z < 14)
11— F(n(lgAz)) — (1 — F(nx))
B 1— F(nlg)
AEN [0, 1a Aa]) = A(EN [0, 2])

A€\ [0,14])
as n — oo, where 1; € R? has 1 in each component and 14 A z is the component-wise
minimum of 1; and . The limit is the distribution function of a so-called multivariate Pareto
distribution. If Y has this distribution function then the support of Y is contained in the
L-shaped space £ = {z € £ | ||z|s > 1}, and for any measurable A C £ we have that

P(Y € A) = m

1.4.2 Conditional independence and graphical models

Ford € Nlet V = {1,...,d} and consider a random vector Z taking values in R%. For any non-
empty A C V we denote by Z4 the A-component of Z. For disjoint subsets A, B,C C V we
can ask if Z 4 is conditionally independent of Zp given Z¢, typically written as Z4 1l Zp | Z¢.
If C = () this is just regular independence and we write Z4 1L Zp.

Pairing V' with an edge set E C V X V results in the graph G = (V, E). The latter
is assumed to be undirected, meaning that we do not distinguish between the edges (i, )
and (j,1) for 4,5 € V. The distribution of Z is said to satisfy the pairwise Markov property
wrt. G if Z; 1L Z; | Zy\y,5y for any (i,7) ¢ E. Furthermore, the distribution of Z satisfies
the stronger global Markov property wrt. G if Z4 1L Zp | Z¢ for any disjoint A, B,C CV
such that C separates A and B in G. Generally, the pairwise Markov property does not
imply the global Markov property. However, a sufficient condition for equivalence of the two
properties is that Z has a positive and continuous density wrt. a product measure on R?, see
Lauritzen (1996, Thm. 3.9).



1.5. Paper 1

1.4.3 Conditional independence in extremes

Studying the vector of component-wise maxima of n i.i.d. d-dimensional random vectors is,
in the limit, the same as studying an associated max-stable distribution as we saw in the
previous subsection. If Z is a d-dimensional max-stable vector and we further assume it has
a positive and continuous Lebesgue density on (0,00)? then, in fact, there is the implication

Za Al Zp | Zy\(auBy = Zall Zp,

see Papastathopoulos and Strokorb (2016, Thm. 1). A consequence of this is that the
graphical structure of such a max-stable distribution is somewhat trivial. Indeed, Z will
satisfy the global Markov property wrt. a graph which consists entirely of isolated cliques.
Conditional independence is less straightforward when we consider a multivariate Pareto
distributed vector Y with exponent measure A. Even independence of e.g. Y7 and Y5 becomes
an issue since the support of Y might not be a product set. To work around this problem one
can look at Y*, a vector with the distribution of Y conditioned on the event {Yz > 1}. Since
the only restriction on the support of Y* is that it must be contained in the set {z € [0, 00)|
xp > 1} it is, in particular, allowed to be on product form. Thus, it is more natural to look
at independence and conditional independence for Y*. If A, B,C C V are disjoint and we
have Y} 1L Y% | Y& for all k € V then Engelke and Hitz (2020) say that Y, is conditionally
independent of Yp given Y. This is written Y4 Lo Yp | Yo. The distribution of Y is then
called an extremal graphical model relative to a graph G if it satisfies the pairwise Markov
property wrt. G. The pairwise Markov property implies the global Markov property when Y
has a positive and continuous Lebesgue density on £, see Engelke and Hitz (2020, Thm. 1).

1.5 Paper I

Positive self-similar Markov processes play an important role in studying, for example, the
supremum or infimum of a strictly stable Lévy process, with a couple of examples already
mentioned in §1.3. In applied probability theory it is sometimes difficult to do calculations
and typically one must resort to simulation methods. But how can we simulate a Lévy
process conditioned to stay positive? This question was the inspiration for Paper I as the
literature did not provide any good answers.

Initially one might suggest using Bertoin’s construction from §1.2.1. That is, we simulate
the Lévy process on a fine grid and glue together the parts of the path that are positive.
With this approach, simulation of the conditioned process until some time 7" > 0 requires
simulation of the Lévy process until time a;, which is the time point when the process has
been positive for a total time of T'. However, E[a;] = oo for many Lévy processes, such
as the standard Brownian motion. Therefore, this approach is not suited for Monte Carlo
methods as it will take a significant amount of time to run many simulations.

The idea in the paper is to use the Lamperti representation. Recall that a pssMp X,
starting at > 0, can be represented as

X = xexp(f'r(ta:*“))v
where £ is a Lévy process, 1/« is the self-similarity index and

7(r) =inf{s > 0| I, > r}, I = / exp(ady,) du.
0

It is assumed that the process £ is available at times i/n, ¢ € N and in the paper we suggest
a simple approximation scheme. With £ being the discretization of &, i.e. ft(") = &jtn)/n;
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we define
Xt(n) = xexp(;(—zztx*ﬂ))v
where .
Ta(r) = inf{s > 0| I{™ >r}, ™ = / exp(a€(™) du.
0

The main quantity of interest is the discretization error X; — Xt(").

Some kind of regularity of the Lévy process £ is essential and the zooming-in property
in (1.8) turns out to be what we need. Therefore, we assume throughout that there exist a
scaling function a and a random variable 51 (which is not a.s. zero) such that a(e)&, = 51
as € | 0. One of the first main results provides a convergence rate for the scaled relative
error. That is, for t > 0 we establish bounds £(™ (), u(™ (t) such that

() (t) < a(nfl)w < u™ (t),
Xy
and it is further shown that the pair (£(™)(¢),u(™ (t)) converges in distribution to a non-trivial
limit as n — oo. A limit theorem for the scaled relative error is also proved but doing this
requires an additional assumption. Namely that (7(r),&; () is absolutely continuous for
every small r > 0.

While it does not seem immediately related to the original problem the paper also briefly
considers the zooming-in property for a pssMp X. It turns out that X has such a property
if and only if the Lévy process £ satisfies the zooming-in assumption. This result has a
rather useful consequence; if XY is a strictly a-stable Lévy process and X has the law of X©°
conditioned to stay positive then the Lévy process £ satisfies the zooming-in assumption
with & = X0 and a(e) = e/,

The paper gets somewhat technical in certain places but outlining the general ideas is not
too difficult. Firstly, one can rewrite the scaled relative error using the mean value theorem.
The result is the identity

Xy — X™
(n)tit _ a(n—l)(g‘r(” _ f[Tn(r)n]/n)(l + O]P’(l))a

Xi
where r = tx~* and op(1) is a term converging to zero in probability. Then, if we further
write [7,(r)n] = 7(r) + ([tn(r)n] — 7(r)n)/n we see that we are essentially zooming in on &
at time 7(r), and it becomes clear that the zooming-in assumption is natural.
In order to proceed we must study the quantity [, (r)n] — 7(r)n as n — co. Here we
rely on a result by Jacod et al. (2003) which provides a functional limit theorem for the
discretized integration error

(A™)iz0 = (T — I} yn)i0-

Initially, this lets us derive a convergence result for n(7,(r) — 7(r)). Writing the quantity of
interest as

[T (r)n] = 7(r)n = [{7(r)n} + (7 (r) — 7(r))] = {7 (r)n}
suggests that we should control {7(r)n}. The previously mentioned assumption about
absolute continuity of 7(r) ensures that {r(r)n} converges in distribution to a standard
uniform random variable.

An important point is that the sequence (Ag"))tzo actually converges stably. This means
that it converges in distribution jointly with any o(£)-measurable random variable, see Podol-
skij and Vetter (2010) for more details. This additional property is used frequently throughout
the paper and most convergence results are again formulated with stable convergence.

10
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The paper does not solve the original simulation problem but it reduces it to simulation of
the Lévy process €. The latter is a separate issue but it is worth noting that the characteristic
triplet of ¢ is provided in Caballero and Chaumont (2006, Cor. 2). It might be worth
investigating if the approximate simulation method treated by Asmussen and Rosiriski (2001)
could be applied here.

An interesting question is if it is possible to infer the characteristics of £ given high-
frequency observations of the pssMp X. It is possible to obtain & from X using the fact
that

™t
T(t) = / X, %ds Pg-as.,
0

see Caballero and Chaumont (2006). However, obtaining results similar to those in this
paper requires a different approach. For example, the convergence result for n(r,(r) — 7(r))
is essential and the proof relies heavily on the result by Jacod et al. (2003). However, the
latter does not apply in this case so one must deal with it differently.

The idea in this paper could possibly be applied in other areas as identities similar to the
Lamperti representation exist elsewhere. For instance, a continuous-state branching processes
can be represented as a time-changed Lévy process, see e.g. Kyprianou (2006, Thm. 10.2).
One technical difference is that the underlying Lévy process no longer has infinite lifetime.

1.6 Paper II

Conditioning a univariate Lévy process to stay positive is a useful concept because of its
relation to the post-infimum process. The goal of Paper II was to come up with a multivariate
generalization of this particular type of conditioning as this did not exist in the literature at
the time.

The seemingly natural multivariate analogue of conditioning to be positive is to condition
the process to stay in a certain half-space. For a fixed normal vector n € R% we associate
the half-space S = {x € R?| (z,n) > 0}. Conditioning a d-dimensional Lévy process X
to stay in S corresponds to conditioning the projected process Z(-) = (X(-),n) to stay
positive. Since Z is a univariate Lévy process it would be natural define a function A as in
(1.4) (with Z playing the role of X) and then study the semi-group

pi(z, dy) = WPI(Xt edy,Z, >0), t>0,z,y€es. (1.11)
However, what we really want is a construction like the one given by Bertoin (1993) since it
provides the connection to the post-infimum process.

To generalize Bertoin’s construction one must define a multivariate version of the pro-
cess YT from (1.1). Right away this looks like it involves coming up with an appropriate
multivariate generalization of the local time L. Note that the local time at 0 of the multi-
variate process X cannot be used since it is still a univariate process. To get around this we
use ideas from the proof of Bertoin (1993, Thm. 3.1) to define

+ = ~ ~
}/; o /[—t 0] 1{<XS—7"7>>0} dXS7 t>0,

where X, = X (—t)—- In a similar fashion we construct ¥~ and through time-changes (like
in the univariate case) we can define two processes X and X*+. This leads to the desired
distributional identity

(;Xa )_() = (_Xi’XT)

11
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under the measure PT. Here X is the reversed directional pre-infimum process and X is the
directional post-infimum process, i.e. the processes looking back and forward respectively
from the time of the infimum of the projected process Z.

We establish some of the fundamental properties of the processes X1 and X*¥. As in the
univariate case these are independent Markov processes and we show that the semigroup of
the former is indeed given by (1.11). The convergence in (1.7) showed that the terminology
conditioned to stay positive is sensible since this law can be obtained by conditioning the
process to stay positive until an independent exponential time where the rate vanishes. In
the multivariate case we show that a similar result holds.

We further show how the construction of XT behaves under linear transformations. This
is used to study the example where X is a driftless Brownian motion. By multiplying with
appropriate matrices we show that this reduces to the case where 7 is the first standard basis
vector and Var(X) is the identity matrix.

In §1.3 we discussed how zooming in at the infimum of a Lévy process is described using
a limiting Lévy process conditioned to stay positive. To illustrate how this looks in the
multivariate setting we assume that the Brownian part B of X is such that (Bq,7) is not a.s.
zero. We have the convergence

Va(X . X )Pt =5 (-BY, BY),
where the notation : P! means that the left-hand side should be viewed under P!, i.e. where X
is killed at time 1.

It seems interesting to go beyond studying the directional infimum, i.e. the value of X
at the time of the infimum of the projected process Z, for some time interval [0,7]. What
we want to consider instead is the value of X when it is farthest from the origin (also for a
bounded time interval). Again we can define associated pre- and post-maximum processes X
and X but analyzing these turns out to be significantly more difficult since it is not clear
how to obtain a result similar to the rather essential distributional identity in (1.3). Instead
we provide a conjecture for zooming in at the point farthest from the origin. The proposed
limiting object is of the form (—B*, BT) where the direction 7 is now a random variable. We
simulate an example in dimension d = 2 and the results look promising.

As mentioned above it is completely straightforward to obtain a multivariate analogue of
conditioning a Lévy process to stay positive since one can just define a semigroup as in (1.11)
and proceed from there. However, conditioning just for the sake of conditioning was not
our goal. Instead we succeeded in providing a multivariate version of Bertoin’s construction
along with an identity like the one in (1.3).

1.7 Paper II1

Knowledge about zooming-in properties of stochastic processes is useful. This is evident
from Paper I below and also from e.g. Ivanovs (2018), Bisewski and Ivanovs (2020) and
Ivanovs and Podolskij (2022). These papers all consider Lévy processes and the idea behind
Paper III was instead to analyze the zooming-in properties of diffusions. This particular
class was chosen because a diffusion process behaves locally as a scaled Brownian motion,
and for the latter we understand the zooming-in properties quite well. Hence, the hope was
to make use of this knowledge and intuition.
The paper considers a weak solution (X, W) to the SDE

dXt :,U(Xt) dt+U(Xt) th and XO = Zo,

12
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where g € R and W is a standard Brownian motion. Assuming certain regularity conditions
on the functions p and o the paper presents two zooming-in results. These are distributional
limit theorems and just like in Paper I we even have stable convergence. The first result
concerns zooming in at a fixed time point 7" > 0 and the result provides a distributional limit
for the process (e /(X7 — X7))ier. The limit is a two-sided Brownian motion scaled
by o(Xr) where the two sides, corresponding to ¢ < 0 and ¢ > 0, are conditionally independent
given the scaling o(Xr). The second result establishes a zooming-in limit at the supremum
over a bounded time interval. We consider the two-sided process (€™ '/2(X,nict — X))ter
where m is the time of supremum and X is the value of the supremum. The limiting object is
constructed using two independent Bessel-3 processes, one for ¢ < 0 and the other for ¢ > 0,
which are both scaled by —o(X). As an application of the second result the paper studies
the problem of estimating the supremum based on equidistant discrete observations. This is
similar to the problem considered in Ivanovs (2018, §6.1).

As mentioned we rely on zooming-in knowledge for the Brownian motion, both at fixed
times but also at the supremum. Another key ingredient in the proofs is a certain way
of representing the diffusion X. If 2y = 0 and p = 0 then X may be represented as a
time-changed Brownian motion. To be precise, X; = W[X]t, where [X] denotes the quadratic
variation of X and W is a Brownian motion. Zooming in is, in some sense, similar to
differentiating and this allows us to employ a ‘chain rule’ approach. It remains to argue that
the assumption p = 0 can be dropped. Intuitively, this is rather easy since the drift vanishes
linearly with e whereas we only scale by e /2.

The result for zooming in at a fixed time is essentially just a precise formulation of the
intuitive understanding of a diffusion process; locally it behaves as a scaled Brownian motion.
This should be rather straightforward to prove for ¢ > 0, but including ¢t < 0 makes it a
bit more difficult. An alternative approach would be to consider time-reversal but for this
we would need that the time-reversed process, say (X1_¢)¢c[o,1), is a diffusion. This is not
necessarily satisfied. For example, to prove that this holds Haussmann and Pardoux (1985)
need assume that u and o are locally Lipschitz continuous.

Zooming in at the supremum of a Lévy process has already been characterized by Ivanovs
(2018) and Paper III deals with diffusions. In addition to these there seem to be other classes
of processes which could be suitable for further study. Two examples are already mentioned
in Paper III; positive self-similar Markov processes and continuous-state branching processes.
Both can be represented as time-changed Lévy processes, suggesting that one might be able
to employ ideas like the one mentioned above. Solutions to Lévy driven SDEs is another
direction that could be explored. Zooming in at a fixed time is studied by Reker (2023),
although only ¢t > 0 is considered. One can imagine that results for zooming in at the
supremum are also obtainable in this setting using the existing results for Lévy processes.

1.8 Paper IV

Recently Engelke and Hitz (2020) defined a notion of conditional independence for the
components of a multivariate Pareto distributed vector Y using the vectors Y* introduced
in §1.4. This idea was extended by Engelke et al. (2022), resulting in a generalized notion of
conditional independence for measures on R%. The interesting case is to consider measures
that may have infinite mass, such as exponent measures or Lévy measures. For disjoint
sets A,B,C CV ={1,...,d} they define what it means for A and B to be conditionally
independent given C' with respect to a measure A, and in this case they write A L B | C'[A].

For a d-dimensional Lévy process we know that the dependence between components is

13



Introduction

determined by the covariance matrix ¥ and the Lévy measure A. The motivation behind
Paper IV was to study the above mentioned conditional independence in the context of Lévy
measures in order to understand what it means in terms of the distribution of the process.

We recall that a Lévy process X can be written as the sum X = B+J of its Brownian and
jump parts. We first show that the conditional independence X4 UL Xp | X¢ is equivalent
to having the same conditional independence for both B and J. This implies that we can
study conditional independence for these parts separately. In the case of the Brownian
part it is well-understood how the dependence between components is characterized by the
covariance Y. For example, if ¥ is invertible then B; and B; are conditionally independent
given all the other components if (£7');; = 0. Then one might ask how the conditional
independence structure of the jump part is characterized by the Lévy measure. Our main
result provides an answer to this question. We show that

For this to hold we require a certain somewhat technical assumption which ensures that
we are always working with either no jumps or with infinite jump activity. If the process
is a-stable then this assumption is automatically satisfied due to homogeneity of the Lévy
measure. For the class of stable processes we study graphical models, where the underlying
graph is given by a tree. This includes theoretical properties of the Lévy measure but also a
method for consistent estimation of the tree given discrete observations. This is illustrated
with both simulations and stock price data.

In order to prove the results we employ ideas from the typical proof of the Lévy—Ito
decomposition. More precisely, we use the fact that the Brownian and jump parts can be
constructed from the full path of the Lévy process. This is important when we want to
condition on X¢ for some C' C {1,...,d}. Indeed, for an integrable random variable Z it
lets us write

E[Z | Xc] =E[Z|Bc,Jc]

almost surely. To prove results specifically for stable processes we rely heavily on homogeneity
of the measure. In fact, we can borrow ideas from Engelke and Volgushev (2022) since many
of these can be extended to any homogeneous measure. There is, however, a difference when
we want to estimate the underlying graph from discrete observations. In extremes one uses
attraction to a multivariate Pareto distribution but for Lévy processes we must do something
different. In the end we use a result which follows from Sato (1999, Cor. 8.9). If E € B(R9)
is bounded away from the origin then
A(E) = lim ¢t 'P(X(t) € B).
t—0

Hence, as we increase the sampling frequency we get closer to ‘observing’ the Lévy measure.
This lets us learn the conditional independence structure of A and therefore also that of the
process.

It is our understanding that spatial conditional independence and graphical models for
Lévy processes are rather unexplored topics. The introduction in Paper IV already contains
an overview of related works but we will give brief recap here. For time series there is the
famous concept of Granger causality, see Granger (1969), and for continuous time processes
this idea has been generalized to various notions of local independence, see e.g. Didelez (2008).
The general idea is to study how the past of one component influences influences the next
‘step’ of another component. However, this is not particularly interesting for Lévy processes
due to the Markov property. Misra and Kuruoglu (2016) define what they call a-stable
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graphical models. This is, in fact, related to the work in Paper IV, see Engelke et al. (2022,
§7.3), but the models they obtain are very simple since the resulting Lévy measures are
forced to have a particular structure.

References

D. Applebaum. Lévy processes and stochastic calculus, volume 116 of Cambridge Studies
in Advanced Mathematics. Cambridge University Press, Cambridge, second edition, 2009.
ISBN 978-0-521-73865-1.

S. Asmussen and J. Rosiniski. Approximations of small jumps of Lévy processes with a view
towards simulation. J. Appl. Probab., 38(2):482-493, 2001. ISSN 0021-9002.

O. E. Barndorff-Nielsen, T. Mikosch, and S. I. Resnick, editors. Lévy processes. Birkhauser
Boston, Inc., Boston, MA, 2001. ISBN 0-8176-4167-X. Theory and applications.

J. Bertoin. Splitting at the infimum and excursions in half-lines for random walks and Lévy
processes. Stochastic Process. Appl., 47(1):17-35, 1993. ISSN 0304-4149.

J. Bertoin. Lévy processes, volume 121 of Cambridge Tracts in Mathematics. Cambridge
University Press, Cambridge, 1996. ISBN 0-521-56243-0.

K. Bisewski and J. Ivanovs. Zooming-in on a Lévy process: failure to observe threshold
exceedance over a dense grid. FElectron. J. Probab., 25:Paper No. 113, 33, 2020.

M. E. Caballero and L. Chaumont. Conditioned stable Lévy processes and the Lamperti
representation. J. Appl. Probab., 43(4):967-983, 2006. ISSN 0021-9002.

L. Chaumont. Conditionings and path decompositions for Lévy processes. Stochastic Process.
Appl., 64(1):39-54, 1996. ISSN 0304-4149.

L. Chaumont and R. A. Doney. On Lévy processes conditioned to stay positive. Electron. J.
Probab., 10:no. 28, 948-961, 2005. ISSN 1083-6489.

R. Cont and P. Tankov. Financial modelling with jump processes. Chapman & Hall/CRC
Financial Mathematics Series. Chapman & Hall/CRC, Boca Raton, FL, 2004. ISBN
1-5848-8413-4.

V. Didelez. Graphical models for marked point processes based on local independence.
Journal of the Royal Statistical Society. Series B (Statistical Methodology), 70(1):245-264,
2008. ISSN 13697412, 14679868.

R. A. Doney. Tanaka’s construction for random walks and Lévy processes. In Séminaire de
Probabilités XXX VIII, volume 1857 of Lecture Notes in Math., pages 1-4. Springer, Berlin,
2005.

L. Doring and P. Weissmann. Stable processes conditioned to hit an interval continuously
from the outside. Bernoulli, 26(2):980-1015, 2020. ISSN 1350-7265.

L. Déring, A. R. Watson, and P. Weissmann. Lévy processes with finite variance conditioned
to avoid an interval. Electron. J. Probab., 24:Paper No. 55, 32, 2019.

S. Engelke and A. S. Hitz. Graphical models for extremes. J. R. Stat. Soc. Ser. B. Stat.
Methodol., 82(4):871-932, 2020. ISSN 1369-7412. With discussions.

15



References

S. Engelke and S. Volgushev. Structure learning for extremal tree models. J. R. Stat. Soc.
Ser. B. Stat. Methodol., 84(5):2055-2087, 2022. ISSN 1369-7412,1467-9868.

S. Engelke, J. Ivanovs, and K. Strokorb. Graphical models for infinite measures with
applications to extremes and Lévy processes. arXiv preprint arXiw:2211.15769, 2022.

C. W. J. Granger. Investigating causal relations by econometric models and cross-spectral
methods. Econometrica, 37(3):424-438, 1969. ISSN 00129682, 14680262.

U. G. Haussmann and E. Pardoux. Time reversal of diffusion processes. In Stochastic
differential systems (Marseille-Luminy, 1984), volume 69 of Lect. Notes Control Inf. Sci.,
pages 176-182. Springer, Berlin, 1985. ISBN 3-540-15176-1.

J. Ivanovs. Zooming in on a Lévy process at its supremum. Ann. Appl. Probab., 28(2):
912-940, 2018. ISSN 1050-5164.

J. Ivanovs and M. Podolskij. Optimal estimation of the supremum and occupation times of
a self-similar Lévy process. Electron. J. Stat., 16(1):892-934, 2022.

J. Jacod and A. N. Shiryaev. Limit theorems for stochastic processes, volume 288 of
Grundlehren der mathematischen Wissenschaften [Fundamental Principles of Mathematical

Sciences/. Springer-Verlag, Berlin, 1987. ISBN 3-540-17882-1.

J. Jacod, A. Jakubowski, and J. Mémin. On asymptotic errors in discretization of processes.
Ann. Probab., 31(2):592-608, 2003. ISSN 0091-1798.

O. Kallenberg. Foundations of modern probability, volume 99 of Probability Theory and
Stochastic Modelling. Springer, Cham, third edition, 2021. ISBN 978-3-030-61871-1;
978-3-030-61870-4.

A. E. Kyprianou. Introductory lectures on fluctuations of Lévy processes with applications.
Universitext. Springer-Verlag, Berlin, 2006. ISBN 978-3-540-31342-7; 3-540-31342-7.

A. E. Kyprianou and J. C. Pardo. Stable Lévy Processes via Lamperti-Type Representations.
Institute of Mathematical Statistics Monographs. Cambridge University Press, 2022.

J. Lamperti. Semi-stable Markov processes. 1. Z. Wahrscheinlichkeitstheorie und Verw.
Gebiete, 22:205-225, 1972.

S. L. Lauritzen. Graphical models, volume 17 of Ozxford Statistical Science Series. The
Clarendon Press, Oxford University Press, New York, 1996. ISBN 0-19-852219-3. Oxford
Science Publications.

N. Misra and E. E. Kuruoglu. Stable graphical models. Journal of Machine Learning
Research, 17(168):1-36, 2016.

I. Papastathopoulos and K. Strokorb. Conditional independence among max-stable laws.
Statist. Probab. Lett., 108:9-15, 2016. ISSN 0167-7152.

M. Podolskij and M. Vetter. Understanding limit theorems for semimartingales: a short
survey. Stat. Neerl., 64(3):329-351, 2010. ISSN 0039-0402.

J. Reker. Short-time behavior of solutions to Lévy-driven stochastic differential equations.
Journal of Applied Probability, page 1-16, 2023.

16



References

S. I. Resnick. Eztreme values, regular variation and point processes. Springer Series in
Operations Research and Financial Engineering. Springer, New York, 2008. ISBN 978-0-
387-75952-4. Reprint of the 1987 original.

K.-i. Sato. Lévy processes and infinitely divisible distributions, volume 68 of Cambridge
Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 1999. ISBN
0-521-55302-4. Translated from the 1990 Japanese original, Revised by the author.

H. Tanaka. Time reversal of random walks in one-dimension. Tokyo J. Math., 12(1):159-174,
1989. ISSN 0387-3870.

17






Paper 1

Discretization of the Lamperti representation
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Abstract. This paper considers discretization of the Lévy process appearing in the Lamperti
representation of a strictly positive self-similar Markov process. Limit theorems for the resulting
approximation are established under some regularity assumptions on the given Lévy process.
Additionally, the scaling limit of a positive self-similar Markov process at small times is provided.
Finally, we present an application to simulation of self-similar Lévy processes conditioned to stay
positive.
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I.1 Introduction

Positive self-similar Markov processes (pssMp) have received a lot of attention in recent
years, see Baurdoux et al. (2016), Chaumont et al. (2012) and the survey by Pardo and
Rivero (2013). One class of examples is given by self-similar Lévy processes ‘conditioned’ to
stay positive, which arise in various limit theorems concerned with extremes, first passage
times and Skorokhod reflection (Asmussen and Ivanovs, 2018; Ivanovs, 2018; Ivanovs and
Podolskij, 2020). Recall that X = (X;);>0 is a pssMp if it is a positive strong Markov process
with the self-similarity property: (Xic)i>0 with Xo = = > 0 has the law of (cl/“Xt)tzo with
Xo = ¢ Y2z for any ¢ > 0, where 1/a > 0 is sometimes called the Hurst index. Throughout
this work we restrict our attention to strictly positive X.

The fundamental result of Lamperti (1972) states that every pssMp X (not hitting 0)
can be represented via a Lévy process £ as follows:

S
Xt = zexp(&ra-ay), 7(r) :=inf{s > 0| I > r}, I, = / exp(ag,) du (L.1)
0
where limsup,_, . & = oo a.s., and = > 0 is a given starting position. Moreover, this relation
can be inverted to obtain £ in terms of X. The Lamperti representation is key for deriving

various properties of pssMp (Pardo, 2009). Furthermore, it also provides a way to simulate
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from the law of X, which is important in application of the above mentioned limit theory
and beyond.

The purpose of this paper is to investigate the basic discretization scheme, where the
path of the Lévy process ¢ is sampled at equidistant times i/n,i € N. Throughout this
work we assume that the increment &, /,, can be sampled exactly and efficiently. This allows
to approximate the integral function I, which is then used to construct an approximation
X ™) of X at the times of interest. Our main result is the limit theorem for the scaled error
an(X; — X)) as n — oo, as well as its multidimensional version concerning a finite set of
times, see Corollary 1.6. This result crucially depends on the limit theory for the integrated
process error in Jacod et al. (2003), which is extended to include zooming-in on £ (Ivanovs,
2018) at inverse times.

A result of independent interest is presented in Theorem 1.11, which complements the
classical law of the iterated logarithm for a pssMp at small times (Lamperti, 1972, Thm. 7.1).
We show that a,(X; /n — x);>0 has a non-trivial weak limit as n — oo under the obvious
regularity condition that there is weak convergence to a non-zero limit for some fixed x,¢ > 0
and some positive function a,,. Furthermore, this assumption is equivalent to the regularity
of the underlying Lévy process, which we assume in the above discussed approximation
theory.

This work has been initially motivated by the problem of simulating a strictly stable
Lévy processes conditioned to stay positive, see Engelke and Ivanovs (2016, §4) for various
available representations. Importantly, the most obvious methods result in infinite expected
running times. One of the reasons is that for an oscillating Lévy process the first passage
time over a fixed level has infinite expectation. In this regard we note that Gonzdlez Cézares
et al. (2019) recently provided an e-strong simulation algorithm for the convex minorants of
stable meanders, which are closely related to conditioned processes. Our method amounts to
discretization of the Lévy process £ in (I.1) which is applicable to a much broader class of
pssMps. We supplement this method with a limit theorem for the relative error showing that
it decays with the rate n~/® in the case of a strictly a-stable Lévy processes conditioned to
stay positive.

Even though there is a large body of literature on high-frequency statistics and discretiza-
tion of stochastic processes, see the monograph by Jacod and Protter (2011), discretization
of the Lamperti transform has not yet been considered neither in the context of pssMps
nor for continuous-state branching processes. Our results build upon existing limit theory,
but also employ various novel ideas and methods. One of the main technical challenges was
to incorporate the convergence of the fraction part of 7(r)n into the main limit result in
Theorem L.5.

The structure of this paper is as follows. We start with the definitions, assumptions and
necessary basic theory in §1.2. The limit theory for the approximation is derived in §1.3
relying on the joint stable convergence of some fundamental objects which is proven later in
§1.4. The scaling limit of a pssMp is studied in §1.5 relying on a basic convergence result for
Lévy processes which may be of an independent interest. In §1.6 these results are applied to
self-similar Lévy processes conditioned to stay positive, where we also provide a numerical
illustration in the simplest setting of a standard Brownian motion. We conclude with §1.7
providing comments about the density assumption and the trapezoidal approximation of the
integral.
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I[.2 Definitions and prerequisites

I.2.1 Fundamentals

We work with cadlag processes on a filtered probability space (2, F, (Fi)t>0,P) and use the
Skorokhod J; topology. Let £ = (&;);>0 be a Lévy process, that is, an adapted cadlag process
starting at the origin with the property that &, — & is independent of F; and has the law
of & for any t,s > 0. Furthermore, as indicated above we assume that

limsup& = o0  a.s., (I.2)
t—o00
which is satisfied, for example, if £; is integrable and E&; > 0, excluding the trivial 0 process.
To make the results slightly cleaner we shall extend £ to the real line. We do so by letting
(=&(=#)—)t>0 be an independent copy of the Lévy process (£;):>0, where the left limit is
needed to get a cadlag path over the real line. Note that the increments are still stationary
and independent. Furthermore,

&r = sign(T)é (1.3)

for any random T € R independent of &, because Lévy processes do not jump at fixed times.

The concept of stable convergence (Aldous and Eagleson, 1978; Rényi, 1963) is fundamental

in discretization of processes (Jacod and Protter, 2011; Podolskij and Vetter, 2010). Consider

a sequence of random variables Z,, defined on (2, F,P) and taking values in some Polish

space. The sequence Z,, is said to converge stably to Z (Z,, = Z) defined on an extension

(Q, F,P) if

E[f(Zn)Y] = E[f(2)Y] (1.4)

for all bounded continuous functions f and all bounded F-measurable Y, see also (1.16)

below for further intuition. The standard example concerns Z being independent of F, and
then the term mixing convergence is sometimes used.

1.2.2 Approximation

Consider the discretized process £(™ given by fé”) = &[tn]/n, Where [z] denotes the integer
part of z. Later we also use the fractional part {z} = x — [z]. The basic approximation of
the integrated process I} in (I.1) is given by the left Riemann sum

[tn]

i 1 tn
I = / exp(ag™)ds = - Zexp(ag(k,l)/n) + {tn} exp(ain]/n)-
0 k=1

In §1.7.1 below we also comment on the use of the trapezoid rule.

Note that the integrals I; and It(”) are continuous and strictly increasing from 0 to oo
a.s., which is an easy consequence of (I1.2). Since £ has countably many jumps, we see that
I™) converges to I pointwise a.s. Define the respective inverse

o (r) == inf{s > 0| 1" >}, r >0,
and observe that a.s. both 7(r) and 7,(r) are finite and
Tn(r) = 7(r).
Finally, we use the approximation
XM = wexp(€),-ay) = 2 eXP(Efr, (ta-oyn)/m)»

21



Paper I. Discretization of the Lamperti representation of a positive self-similar Markov process

since & is sampled at i/n only.

Let us note that X(™ — X, a.s., because of the continuity of ¢ at 7(r). The latter
readily follows from quasi left-continuity of ¢ (Bertoin, 1998, Prop. 1.7) and the fact that
I; is continuous and strictly increasing. Hence the main question concerns the speed of
convergence. Finally, observe that X{™ coincides with X7 for some T(") — t a.s., that is,
sampling is exact up to time perturbation. More precisely, such 7" is given by

T™ = 2 Iir, (122 (L5)

so that 7(T™z~%) = [r,(tz~*)n]/n. The corresponding limit result is also given in the
following.

Figure I.1a below illustrates the discretization of £ in the case where n = 10, @ = 2 and £
is a Brownian motion with unit variance and drift 1/2 (corresponding to X being a standard
Brownian motion conditioned to stay positive, see §1.6). In Figure I.1b we see the integrals I
and I and their inverses at r = 1.

5
15 A
44
10 31
9
5
1q------------c ittt
0 0 L
0 02 04 06 08 1 0 02 04 06 08 1
(a) The processes exp(a&t) in blue and (b) Integrals of the processes in Figure
exp(a&{™) in red with n = 10. I.1a. The colored dashed lines mark 7(1)

and 7, (1).

Figure I.1: An illustration of the discretization and how it affects calculation of 7(1).

1.2.3 Integrated process error

Integrated discretization error for Itd semimartingales has been studied in Jacod et al.
(2003), see also Jacod and Protter (2011, Ch. 6). In our case the function of interest is
f(x) = exp(ax). Let us first describe the limiting process defined on an extension of the
original probability space:

o? 75/ /
&:Vﬁéf@mm

m:Th, <t

(L6)

Here W' is a standard Brownian motion and (km)m>1 is an i.i.d. sequence of standard
uniforms, independent of each other and of F. Furthermore, (T),)m>1 denotes a weakly
exhausting sequence (Jacod and Protter, 2011, p. 100) of the jump times of ¢, and o2 is
the variance of the Brownian component of £&. The filtered extension is taken to be ‘very
good’ (Jacod and Protter, 2011, p. 36) so that, in particular, A; is adapted to Fi.
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Theorem I.1 (Jacod and Protter (2011, Thm. 6.1.2)). There is the convergence

(A0 = nIpn)n — I} n)ez0 —5 (Moo, (1.7)
where Ay is defined in (1.6).

The result is stated for the difference of the integral and its approximation up to the last
epoch [tn]/n rather than time ¢. In fact, there is no functional convergence in Skorokhod’s
Ji-topology in the latter setting unless ¢ is continuous, see also Jacod et al. (2003). The
problem here is that the jumps enter into the limit expression, whereas the pre-limit evolves
continuously approximating these jumps by steep (almost linear) curves. Intuitively, this can
be remedied by switching to Skorokhod’s weaker M;-topology, where the completed graphs
of paths are compared. We do not pursue this question in the present paper, though.

1.2.4 Regularity of the Lévy process

Not surprisingly, our limit result requires certain regularity of the process £. Following Ivanovs
(2018) we assume that there exists a positive scaling function a,, > 0 and a random variable
&1 # 0 such that

ané1 i>é\1 asR>n — oo [[.A1]

Each a,£1 is infinitely divisible and consequently so is El. Importantly, this convergence
extends to the weak convergence for processes:

(ani/n)iz0 —= (€)i>0- (1.8)

Intuitively, this is understood as zooming in on £ at the origin. The Lévy process E is
necessarily self-similar with index 1/8 for some 8 € (0, 2], whereas a,, is regularly varying at
infinity with the same index 1/8, see Ivanovs (2018). This follows by a standard argument
relying on the ‘convergence to types’ lemma. It must be noted that [I.A1] can be formulated in
terms of the Lévy triplet of £, yielding the parameters of fA and the scaling function a,, (Ivanovs,
2018, Thm. 2). See also Bisewski and Ivanovs (2020) for further examples and simple sufficient
conditions. Finally, it will be shown in Lemma 1.7 that the convergence in (I1.8) is, in fact,
stable and the limiting EA is independent of F. Again, to make everything a little cleaner we
extend fA to the real line.

Our limit theory will also require convergence of {7(r)n}. The classic result of Kosulajeff
(1937) states that such a sequence converges to a standard uniform random variable if the
distribution of 7(r) is absolutely continuous, see also Tukey (1938) for sufficient and necessary
conditions. Again the convergence is stable and the limiting uniform is independent of 7(r),
see Jacod and Protter (2011). We impose a slightly stronger assumption:

The law of (7(r),&;(ry) is absolutely continuous for every (small) r > 0. [[.A2]

This assumption on the inverse can be replaced by an assumption on the integral I. More
precisely, in §1.7.2 we show that it is sufficient to assume that the pair

</0t exp(aés) ds, exp(aft)>

has a density g;(z,y) which is jointly continuous in ¢, 2,y > 0. The latter question concerns
the exponential functional and has been studied in a number of papers, see Salminen and
Vostrikova (2018), Carmona et al. (2001) and Pardo et al. (2013). Verification of this
condition, however, is still non-trivial and thus we avoid assuming [[.A2] in various places,
including §1.3.2 which establishes the rate of convergence of our approximation.
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I.3 Approximation results

Throughout this paper we assume (1.2). The assumptions [[.A1] and [I.A2] are needed only
for some results, and this is stated at the corresponding places.

Our main aim is to establish a limit result (as n — oo) for the scaled relative error, which
according to (I.1) is given by

X, — X

== = @nl&r) ~Eram/m) L+ op(D), - =tam, (L.9)

where we also use the mean value theorem and the fact that € is continuous at 7(r). The
notation op(1) is used to denote a term which converges to zero in probability (as n — 00).
The scaling sequence a,, > 0 will be chosen according to [[.A1] in the following. Letting

g\(n) = an(fr(r)—i—s/n - g‘r(r))se]R

be the two-sided process arising upon zooming in on & at (7(r), &), we find that

an(é‘r(r) - g[rn(r)n]/n) = _é—\f:;l)(r)n]fT(r)n (I]'O)

Hence we need to establish the joint limit of the two-sided process €<”> and the scaled
time difference 7(r)n — [7,(r)n], and to further extend it to the multivariate setting with
0<t; <--- <tq. It will be shown that the scaled time differences n(7(r;) — 7,(r;)) are not
affected by infinitesimally small time intervals, whereas the zoomed-in processes are given by
the local behavior of £ at 7(r;) and in the limit result in independent copies of 2

1.3.1 Time variable and the inverse

Our first result concerns the error in the inverse 7,,(r). The limiting random variable L(r),
defined below, will play an important role in the following.

Proposition 1.2. For any r > 0 it holds that
n(7(r) = 7a(r) == L(r) := =Dy exp(—0€r(), (111)
where the process A is defined in (1.6).

Proof. First, we show that
n st
’n,(].,.(r) — I( ))) — Ar(r)- (1.12)

T(T
Recall that £ is continuous at 7(r) a.s., and note that the same is true for the A process.
Hence by Theorem 1.1 and the continuous mapping theorem we have the stated convergence,
where 7(r) in the left-hand side of (I.12) is replaced by t,(r) := [7(r)n]/n. It is left to show
that the remaining term vanishes. Looking at this difference, we see that

n(I‘I’(’I‘) - I(n) ) - n(Itr,L(r) - 115(:)7))

7(r)

T(r)
= n/ " exp(ads) — exp(ay, () ds
tn (T

<exp(asup{&; |t € [tn(r), 7(r)]}) — exp(as, (r)),

since n(7(r) —t,(r)) < 1. Note that the right-hand side converges to 0 a.s. by the continuity
of £ at 7(r). The lower bound is treated analogously.
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Next, observe that

T (1)

(r) !

Similar bounds to above show that the left-hand side is given by

n(n(r) — 7(r)) exp(ad-(r))
times a term converging to 1 a.s. The result readily follows. O

Observe that Proposition 1.2 above easily extends to a multivariate version with 0 < ry <
- < Tg.

1.3.2 Rate of convergence

In order to proceed we need to supplement the convergence in Theorem 1.1 by zooming in
on & at the times 7(r;).

Theorem 1.3. Assume [I.LA1]. For any 0 <11 < --- <rq and r}* — r; there is the stable
convergence

st

(A0, (an(Errmystyn — Exrn))ier)i=1,...a) — ((Ad)iz0, ((é\l)teR)i:I,‘..,d)a
where @ are independent copies ofg, also independent of everything else.

The proof of this result is postponed to §1.4.1. We will use r]* dependent on n in the proof
of the multivariate version of Theorem 1.5. It is very important that the time ¢ is allowed
to be negative, which is a non-trivial extension of the case ¢ > 0. This is needed, because
the discretized epoch [7,,(7)n]/n may be smaller than 7(r). Now the arguments underlying
Proposition 1.2 readily yield the joint stable convergence:

(TL(T(’I’Z‘) - Tn(r’i))7 an(g‘r(?“i)-i-t/n - gT(Ti))te]R)i:L...,d 5_t> (L(Ti)v (g)teR)i:L...,d' (113)

Next, we turn our attention to the pssMp and reconsider (I1.9) and (I.10). Note that (I.13)
readily yields the result for the error in approximation of X where 7, (r) is used instead of
[Tn(r)n]/n, but we do not observe &, (,). Our main limit theorem presented in §1.3.3 requires
further work and assumptions, whereas here we establish the rate of convergence in our
pssMp approximation up to a bounded stochastic term.

Consider (1.9) and the respective upper bound:

—(n)
an(&rry = Eirnrnl/m) < an(&r@ry — tel[%fl §rn(r)—t/n) =2 B (1),

and analogous lower bound B™(r) when using sup. According to (1.13) we have

—(n) B . —~
B ()=~ t;{})fl]f )= ()t Anf S
because gdoes not jump at fixed times. Since (—E(_t)_)teR has the same law as (Et)teR, we
conclude that

7( ) n st
(B "(r:), B¢ )(7"1‘))1:1 " (t:}ép fL(n)+tvt61ﬁlJf1] 3 n)+t> S (L.14)

IRRRE
gy

The following result is now immediate from (1.9). It establishes the rate of convergence a,*

and provides explicit limiting bounds.
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Corollary I.4. Assuming [.A1], for any x >0 and 0 < t; < --- < tq it holds that
th‘, - Xt(qn)

t;

B (tiz=*) + 0p(1) < ay, ( ) <B"(tiz=) +op(l),  i=1,....d,

where the joint limit for the bounds is given in (1.14).

1.3.3 Discretization error in pssMp

More precise analysis requires further work and it hinges on the assumption [I.A2] implying,
in particular, that {7(r)n} converges to the standard uniform distribution. We have the
following generalization of Theorem I.3.

Theorem 1.5. Consider 0 <1y < --- <rq and assume [[LA1] and [I.A2]. Then

(A0, (7)1}, n(Er it/ — Er(re) teR)izt, ..d)
=5 ((Ad)ez0, (Ui, (€)ser)izt....a)

where U; are independent standard uniforms, also independent of the rest.

The proof of this result is given in §1.4 below. This readily yields an extension of (I.13)
including the variables {7(r;)n} and their uniform limits. Thus we arrive at our main result.

Corollary 1.6. Assume [[.A1] and [I.A2]. Then for any x >0 and 0 < t; < --+ < tqg we
have

Xt,' - X(n) st &
t; i=1,...,d

i

where L(+) is defined in (1.11). The standard uniforms U; and 57 < Eare mutually independent
and independent of the rest.

Proof. Using the identity
a—[b] = {a} — [{a} — (a = b)]

and Proposition 1.2 we observe that
n(r(r;) — [tn(ri)n]/n) = 7(ri)n — [T (ri)n] LN U; — Ui — L(r;)] =: L(r;) + U}, (1.15)

because U; — L(r;) has no mass at integers and thus continuous mapping can be applied. It
is easy to verify that U/ = {U; — L(r;)} are again standard uniforms independent of L(r;)
and the rest (excluding the respective U;). Furthermore, jointly with the above we also
have the zooming-in limits £, and so the representations (L.9) and (1.10) yield the limit
(_gi—L(ri)—Ug)i:L---ad' The result follows from the definition of @')teR. O

It is noted that the limiting vector has dependent components and its realization depends
on the realization of £ via L. Recall that @ is 1/B-self-similar, which together with (I.3) and
its independence of the rest yields an alternative representation of the limit components in
Corollary 1.6:

sign(L(tiz~%) + U;) - |L(t;z~®) + U;| /P&

Finally, we also have the limit result for the time shift defined in (I.5):

st

n(t —=T™) = 2*n(Iq-e) = Iir, (to-oyn)m) — (L(tz™*) + U)X,

by means of (I.15), where U is a standard uniform, independent of the rest. That is, our

procedure yields the samples of X; up to a time shift of order n=!.
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I.4 Proof of the joint convergence

Reconsider the definition of stable convergence in (I.4). In this paper Z,, is derived from the
Lévy process &, and the limit Z is constructed from £ and some additional random variables
independent of F. Thus it is sufficient to take o(§)-measurable Y in (I.4) to ensure the stable
convergence, see also Jacod and Protter (2011, p. 110). Furthermore, it is sufficient to show

(Zn7§t17"'7£tk)L(Z7§t1a"'7§tk) (116)

for an arbitrary finite set of times ¢1,...,tx > 0, which can be seen using the monotone class
theorem as in Kallenberg (2002, Prop. 3.2).

1.4.1 Reinforcement of convergence results

This subsection consists of sequential reinforcement of convergence results stated in (1.8) and
in Theorem 1.1, and culminates with the proof of Theorem I.3.

Lemma 1.7. Assume [[.A1] and let 1, be a sequence of finite stopping times. Then

E)i50 = an(Erpsi/m — Em)i0 —= (€120,
where 2 is independent of F.

Proof. Tt is sufficient to consider the process 2 (") on some time interval [0, T] jointly with &
at some times t; < - -+ < ty, see (I1.16). That is, we need to show that

(E™ior)s (€6 )imte) —= ((E)ieio,rys (€ )izt )

with an independent &,. Write &, = XM 4V where Y™ are independent of §§">, te[0,T]
and Xi(”) = 0, which can be achieved by considering independent increments over time
intervals separated by 7,, 7, + T'/n and t;. Specifically we can use

XM = &nrnar/ny = tinrn and Y = & nr + (Eiv(ratr/n) — ErntTn)-

Note how X{™ is an increment over (part of) the interval [7,,, 7,, +T/n] and thus is negligible
in the limit, while Yi(”) satisfies the required independence property.

Since we may ignore Xi("), the stated convergence is immediate from independence and
the weak convergence (a”))tg[oﬂ RN (Et)te[oﬂ. Note that the limit process & does not jump
at T a.s. and hence the latter is a consequence of (1.8). O

Lemma 1.8. Assume [[LA1] and let 1, be a sequence of finite stopping times. It holds as
n — oo that

(A0, (E5)i0) =55 ((Ar)iz0, (€1)120)

where E 1s independent of everything else.

Moreover, if 0 <7l <. <71d< oo are stopping times for each n and such that
n(ritt — 1) 5 00 f07’ alli =1,...,d — 1 then the multivariate version holds with the
corresponding limits {l being mdependent copies of {, also independent of everything else.

Proof. Again we may restrict the processes §<”> to some time interval [0,T]. Let 7, be the
discretization epoch right after 7,, + T'/n, and note that 7, is a stopping time independent of
E (") The idea is to replace A" with the integrated difference A™)_ where the interval [Tn, Tn]
and the respective space increment are ignored. More precisely, the new ¢ is kept constant on
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[Tn,7n] and then it has the original increments. Observe that sup,<,|A{™ — A{™| = op(1)
using the strong Markov property at 7,, see also the proof of Prop?)sition 1.2. But now the
two parts are independent and the arguments from Lemma 1.7 can be repeated, additionally
using Theorem 1.1 for the joint convergence of A and &,.

The multivariate version follows the same reasoning. Note, that the intervals [7, 7% +T'/n]
do not intersect with probability tending to 1 by assumption. Hence we may assume this
property which then yields independent fAZ O

Proof of Theorem 1.3. We use Lemma 1.8 with ¢ = 7(r® — T'/n) for a fixed T > 0. Note
that
n(1(ry") —7(ri =T/n)) = Texp(—a& () =: 5; a.s.,

see also the proof of Proposition 1.2. Thus we can add the required time shifts to the limit
result, and these limiting shifts s; are independent of the processes (E;’)m) But for any
T’ > 0 we can choose T large enough so that with arbitrarily large probability s; > T”, and
on this event (55 +t f )t>—7 has the law of (ft)t> 7+ and is independent of s;. It is left
to apply the continuous mapping theorem. O

In conclusion, the stopping time 7(r) has a particular structure allowing to extend

zooming in at 7(r) also to the negative times.

1.4.2 Fractional parts and the standard uniform

Here we prove the joint convergence in Theorem 1.5 for d = 1. For the purpose of extending
it from d = 1 to d > 1 later we need to allow for perturbations in . We state this result as a
separate lemma.

Lemma 1.9. Assuming [I.A1] and [I.A2] we have for any rp, — r > 0:

(A(n)a QA (67‘(7“,,,)+t/n - gT(T‘n))tGR7 {T(rn)n}) S—t> (Av (é\t)tG]Rv U)v
where U is a standard uniform independent of everything else.

The independent uniform will arise via the following lemma. Consider a random variable
Z and a sequence of random variables (U,, V,,,Y,,) defined on the same probability space. Let
P, be the regular conditional distribution P( - | Z = z), which is unique almost everywhere
with respect to the law Pz of Z (Kallenberg, 2002, Thm. 6.3).

Lemma 1.10. Assume that Y, =Y, and that for Pz-almost all z we have under P, :
e U, is independent of (V,,,Y,) for each n.

e The distribution of U, has no atoms and converges weakly to the standard uniform
distribution.

Then (Y, {U, + Vo, }) = (Y,U) with a standard uniform U independent of Y .

Proof. Below we work with Pz-almost all z. Let F;, . be the continuous distribution function
of Uy, | Z = z. Define
U?ll =Fnz (U n)

and note that, given Z = z, U}, is a standard uniform independent of (V,,,Y;,). Note that
P(Y, € B,{V,+U,} <u) =uP(Y, € B)
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by conditioning on Z,Y,,,V,, and the fact that {v + U}, } is standard uniform. Hence
(Yo, {Va + UL} -5 (V.1

with Y and U independent.
It is left to show that
Vo + U} —{V, +U}—+0 (1.17)

Since F, . (z)—z — 0 and the convergence is necessarily uniform in z, we see that U’ —U,, — 0.
Hence for any small 6 > 0 we have |U), — U, | < § with probability at least 1 — ¢ for large n.
Moreover, P({V,, + U},} < ) =P{V,, + U/} > 1 —§) = § and thus the left-hand side of
(I.17) does not exceed § in absolute value with probability at least 1 — 34. O

Proof of Lemma I.9. Choose 0 < ¢ < r and ¢’ > 0, and consider the process §; = &;(r—5)++ —
§r(r—s) independent of F.(,._s). Let 7 be the time such that

/ exp(a&y)dt = 4.
0

We consider the regular conditional distribution P, corresponding to conditioning on &, = z.
Note that for almost every z the variable 7 has a density under P, according to the
assumption [[.A2], and so the distribution of U,, = {7n} has no atoms and it converges
weakly to a standard uniform law. Furthermore,

(I‘r(rfts)JrTv fr(r7§)+‘r) = (7" -0+ exp(afT(r,(;))(Sl, 57’(7‘76) + Z))

and we assume that the first component is smaller than r, A (r — §/2); we may do so
since this is true for small enough ¢’ with arbitrarily high probability. Now letting R,, =
7(rn) — (7(r — §) + 7) be the remaining time, we note the decomposition of the fractional
part of interest:

{r(ra)n} ={(r(r —8) + Ru)n + {rn}} = {V, + Un},

where U, is independent of V,, under P, .

Next, we define the quantities of interest, which will be assembled into Y,,. The integrated
difference process stopped at 7(r — J) is denoted by A We consider this quantity jointly
with &, 14, <7(r—s)} for some fixed times t;,7 < k. Furthermore, consider the epoch 7,
following 7(r 4+ §) with the corresponding incremental process & = &;, 1+ — &, , which is
independent of F(,;s). The integrated difference process for the times 7,, +¢,¢ > 0 is given
by exp(a,(r14))(1 4 op(1 A which is our second object of interest. It is considered
jointly with &, 547, = fT(r+5) + ft + op(1) for some fixed #;,i < k. Thirdly, we consider
the zoomed-in process &™) = an(fT(Tn y4t/n — &reryy) for t € [=T,T]. The event where

T(r+9) > 7(rp)+T/nand 7(r—§/2) < 7(r,) —T/n occurs with arbitrarily high probability,
and we assume these inequalities in the following. The above objects form the random
quantity

Yo = (A", (&, L crros))izt, ks Erraay A, (6 imy 5 €™),

and as required in Lemma I.10 the variable U, is independent of (V,,,Y},) and the above
events under P, .

Observe that the quantities A, g}i are independent of the rest and have a joint weak
limit as given by Theorem I.1. But the rest converges according to Theorem 1.3, where
stopping at 7(r — §) requires that £ does not jump at this time, which is indeed true. Thus
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Lemma 1.10 yields (Y, {7(r)n}) % (Y,U) with an independent standard uniform U and
obvious Y for any given § > 0.

Finally, we piece together different components to get the integrated difference processes
with the time interval (7(r — §), 7(r + J)) excluded, as well as the corresponding limiting
expression, see also (I.6). Now we can take ¢ | 0 using Jacod and Protter (2011, Prop. 2.2.4)
to get

(A(n)7 (gtl 1{ti<‘r(r)})i:1,...,k7 (gT(r)-i,-fi)i:l,...,ka é\(n)7 {T(Tnn)})
d ~
— (A, (& Lty cr(r)y)i=t, b (Er(ry1d i=1, ks 6, U).

It is only required to verify the assumptions of Jacod and Protter (2011, Prop. 2.2.4). Firstly,
the limits converge a.s. as § | 0, because 7(r £ §) — 7(r) and the process £ is continuous
at 7(r) and at 7(r) + ;. Secondly, we must show that the excluded integrated difference is
uniformly negligible:

lim lim sup IP’( sup
810 n—oo t<[r(r+d6)n]/n

[tn]/n

n/ (exp(aés) — exp(ag™)) ds’ > e) =0.
[r(r=&)nl/n

But the respective quantity converges weakly according to Theorem 1.1, and the limit goes

to 0 a.s. establishing this claim. The proof is now complete. O

1.4.3 Extension to multivariate case

Let us recall a basic result, which readily follows from Skorokhod’s representation theorem.
Assume that u, is a sequence of finite measures converging weakly to a finite measure
1 and that f,, is a sequences of bounded functions that are continuously convergent, i.e.
fn(zn) — f(2) whenever z, — z for z in the support of u. Then we also have

[ fadin > [ 1an

Proof of Theorem 1.5. We prove the multivariate case inductively. Suppose the case d > 1
is proven. Consider r = (rq + r441)/2, and let 7, = [7(r)n]/n be the epoch following 7(r)
which is a stopping time. Note also that 7,, — 7(r) and (") = I, — r a.s. We condition
on &, = and r(") —r = ¢ and use the strong Markov property to split the quantities of
interest. The processes A" are split into two parts: the one stopped at 7, and the post-7,
contribution. The latter corresponds to exp(ax)A(") for the process ét =&, 4t — &7, which
is independent of F, . Moreover, note that

T(ras1) = 7o + T(exp(—az)(rg41 — r — €))
and zooming in at 7(rg41) translates into zooming in on é at the respective time, whereas
{r(ras1)n} = {F(exp(—a)(rass — r — )n}.

Finally, we may assume that none of the zoomed-in processes over [—T,T] span both [0, 7,,]
and (7,,00) since this is true with arbitrarily large probability for large enough n. This
allows to split the variables of interest into two independent groups under the conditional
law specified above.

Next, we construct the measures p,(dz,de) and the functions f,, by simply applying
bounded continuous functions to the two quantities of interest, where the latter also include
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égi needed to guarantee the stable convergence. Weak convergence of measures follows from
the inductive assumption and the facts that 7, — 7(r),7(™) — 7 and ¢ is continuous at 7(r).
Convergence of f,,(zn,€,) for (x,,€,) = (x,0) follows from Lemma 1.9 with 7, — r given by

exp(—axy,)(rat1 —r — €,) = exp(—az)(ra41 — 7).

It is left to glue back the limits, where the only dependence comes from x needed to
reconstruct the process (A¢)>o and the variables & (,.y,7,. Finally, note that convergence
still holds when £ . are replaced by & (,y,, in the pre-limit. This yields the stated stable
convergence for d + 1, and the proof is complete. O

I.5 Zooming-in on pssMp

I.5.1 The result

Self-similarity of X implies that n'/*X, /n (With X starting at x) has the law of Xy (starting
at zn'/ @). There is, however, a different scaling resulting in a limit process as n — oo, which
we now state. Importantly, it provides a zooming-in limit for the pssMp X and connects it to
the zooming-in limit for £. It is noted that this result does not require the assumption (I.2).
Furthermore, this result is somewhat related to the law of iterated logarithm for X; at small
times, see Lamperti (1972, Thm. 7.1) and Pardo and Rivero (2013, §2.3).

Theorem 1.11. Under the assumption [I.A1] there is the convergence for any x > 0
an(Xi/n — )0 LN xl_“/ﬁ(a)tzo as R3n — oo, (I.18)

where E is independent of F and 1/( is its Hurst index.
Furthermore, [I.A1] is equivalent to the weak convergence of a,(Xy,, — 1) to a non-zero
limit for x = 1.

Proof. For all t € [0,T] we have
an(Xt/n - .’IJ) = xanfT(ﬂf*“t/n)(l + Rt,n);

where sup; 7| Ry n| 5 0. Tt is left to show that

sup|7(z~%/n)n — x~ %t £, 0, (1.19)
t<T

since then by continuity of subordination (Whitt, 2002, Thm. 13.2.2) at the limiting time
change x~°t, and a,§./p =5 € we find

(an&r(z—at/n))t<T Ly (Egmar)icr = 2P (E)) <.
To this end, observe that
T(t/n)
t/m—71(t/n) = / (60‘55 —1)ds = 7(t/n)op(1),
0

which firstly shows that n7(z=*T/n) = =T and then also yields (I.19).
Next, assume that a, (X1, — 1) % Z +#0for z =1. Then

anér(1/n) = an(eS7/m — 1)(1 + O]p(l)) N4
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But 7(1/n)n — 1 and according to Proposition 1.12 below we must have
d
a'nfl/n — Z
The proof is now complete. O

Let us note that the non-zero weak limit of a, (X, Jn — 1), when it exists, is necessarily

~

&1. In fact, this assumption is equivalent to a seemingly weaker assumption, namely that
an (Xt /m — ) N = 0 for some t,x > 0. Importantly, Theorem 1.11 allows to identify E
directly without determining the corresponding process £ first. An application of this will be
given in §1.6 below.

I.5.2 On convergence of Lévy processes at random times

The following basic result is essential for the second statement in Theorem I1.11, and it may
be useful in various other settings. Somewhat surprisingly, it is not contained in the standard
monographs.

Proposition 1.12. Consider a sequence of Lévy processes ™ and assume that &7, % Z for
some random times 0 < 1T, 5 1. Then 35 5 7.

Importantly, we do not assume that ™ and T;, are independent. The main difficulty is in
proving that £ is tight, which is the content of the following two lemmas.

Lemma 1.13. Assume that 0 < T, — 1 and T, = 0 for a sequence of Lévy processes "
such that
P(sup|&)| > 1) < 1/2. (1.20)
t<1

Then £} = 0.

Proof. Suppose for contradiction that there exist €, > 0 such that
liminf P(£7_5 < —2¢) > 0.
n—oo

Let & = &7'_5,4 — &]_s be the incremental post-(1 — §) process. Using the typical notation

E;" for sup,¢po,4 &' We have
P(&F, > —e, [T — 1] < 6,€1_5 < —2¢) < P(§_5 < —2¢)P(Ea5 > o),

where on the right-hand side we used independence of ' and £'_;. By the initial assumption
we readily obtain
pni=P(Eys >€) =1 asn — oo.

Applying the strong Markov property at first passage times we now find
1/2 > P& > 1) > p},!/*]

for all n, given that 20[1/€¢] < 1. In this case the right-hand side tends to 1, which is a
contradiction. Similar reasoning works when P(£]_; > 2¢) is assumed to be bounded away
from 0. Thus we conclude that for any € > 0 and small enough § > 0 we have

P(J¢f sl >€) = 0 asn — oo.

Fix arbitrary h, e > 0 and choose § small so that P(|€]"_,5| < €) and P(|£]_s| < €) are larger
than 1 — h for all large n. Thus P(|£}] < 2¢) > 1 — 2h implying that P(|{}] < 3¢) > 1 — 3h,
which completes the proof. O
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Lemma 1.14. The conclusion of Lemma I.13 is true without the assumption (1.20).
Proof. We choose the maximal b,, such that (1.20) is satisfied for &" = b,&}":

b, = sup{b € (0,1] : P(sup|b&y’| > 1) < 1/2}.
t<1

Since b,, is upper bounded by construction, we still have §’T7: = 0. Now the previous lemma
implies that b,&7 = 0, and then according to the standard theory (Kallenberg, 2002, Thm.
15.17) we also have convergence on the process level. By the continuous mapping theorem
we find
by sup|€]'| —— 0,
t<1

whereas by maximality of b, it must be that P(sup,<,[2b,£'| > 1) > 1/2 for any b, < 1.
Hence b, = 1 for all large n and the proof is complete. O

Proof of Proposition 1.12. Take any sequence 0 < h, — 0 and note that h, &7 = 0. By
Lemma I.14 we also have h,&7 = 0. According to Kallenberg (2002, Lem. 4.9) the sequence &7
is tight. Thus every subsequence has a weakly convergent further subsequence £ (Kallenberg,
2002, Prop. 5.21). It must be (Kallenberg, 2002, Thm. 15.12) that the limit is Z{ for some
Lévy process Z', and £ 5 7', see Kallenberg (2002, Thm. 15.17). But Z’ is necessarily
continuous at time 1 a.s., and thus f;ﬂ:k < Z| showing that Z/ and Z have the same
distribution. Thus &' < Z and the proof is now complete. O

I.6 Application to self-similar Lévy processes conditioned to stay
positive

1.6.1 Definition and properties

Let (X?)¢>0 be a non-monotone 1/a-self-similar Lévy process. In particular, X is either (I)
a drift-less Brownian motion (a = 2) or (II) a strictly a-stable Lévy process with a € (0,2).
Without real loss of generality we may fix the scale, and so in case (I) we assume that X is
a standard Brownian motion. We also define the negativity parameter

p=P(X7 <0)€(0,1),

which additionally must satisfy « — 1 < ap < 1 and, in particular, p = 1/2 in case (I).
Let X be the process X conditioned to stay positive when started from 2 > 0. Formally
it is defined via Doob’s h-transform (Caballero and Chaumont, 2006):

PL(A) := b (@)E[h(z + X)) 1a 1y xosoy),  £20,A€ Fy, (1.21)

where h(z) = 22 and X = inf,<; X2, see also Bertoin (1993) for the case when X° is a
general Lévy process. We write (X, P) for the pair (z + X°,P1) and specify 2 > 0 separately
when needed. Let us also mention that the new law in (I.21) coincides with the limit of
PA|lz+X 2 > 0) as s — 00, explaining the name ‘conditioned to stay positive’. Importantly,
X is a strictly positive pssMp with Hurst parameter 1/«. Such processes naturally arise
in limit theory concerned with extremes, first passage times and Skorokhod reflection,
see Ivanovs (2018) and Ivanovs and Podolskij (2020) and references therein. Importantly, in
case (I) the process X is Bessel-3.

As before, let £ be the Lévy process in the Lamperti representation (I.1) of X. In case
(I) the process & is a Brownian motion with unit variance and drift 1/2, see Carmona et al.
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(2001). In case (II) the Lévy triplet of £ has been identified in Caballero and Chaumont
(2006)!, excluding the non-symmetric Cauchy case. It is worth mentioning that ¢ has no
Brownian component, and its Lévy density behaves as the Lévy density of the original stable
process X both at 0+ and at 0—. Furthermore, £ is a pure jump process when a € (0,1).

Importantly, Theorem 1.11 allows to identify & and to verify assumption [I.A1] without
the knowledge of £. It turns out that E has the law of the original process X° and, in
particular, 8 = «.

Proposition I.15. Let X be X° conditioned to stay positive. Then the assumption [I.A1] is
satisfied with
an =n"* and &< X°.

Proof. According to Theorem 1.11 we only need to verify that
nl/a(Xl/n - 1) *d_) X?
for x =1 as R 2 n — oco. Using (1.21) and self-similarity of X" one easily verifies that
P(n'/*(Xyyn —1) < 2) = E[(n VX + 1) Lxoc, 1y-1/axos 1,
for any 2z € R. But the right-hand side converges to P(X?Y < z), and we are done. O

Alternatively, one may prove Proposition 1.15 using the knowledge of the Lévy triplet
of ¢ by checking the conditions of Ivanovs (2018, Thm. 2). The latter approach requires
verification that the drift parameter of £ is zero in case o < 1. Furthermore, calculations are
somewhat tedious in the symmetric Cauchy case, whereas the triplet of £ in the non-symmetric
case is not yet available.

In various applications the law of interest corresponds to the weak limit of P} as z | 0,
which corresponds to the conditioned process started at 0. This can be approximated by
taking small z > 0, which then results in large r = x=%¢. Thus it would be interesting to
understand the behavior of L(r) as r — oo.

1.6.2 Simulations

Here we present a small simulation study in order to illustrate our results. For simplicity, we
take a standard Brownian motion conditioned to stay positive (Bessel-3 process) as the pssMp
X of interest. Let us stress that simple and exact simulation methods exist for Bessel-3
process, and our only purpose is to illustrate the results of §1.3. In this case a = 2, a,, = /n,
¢ is a Brownian motion with unit variance and drift 1/2, whereas EA is a standard Brownian
motion, see Proposition 1.15. We also note that assumption [[.A2] is satisfied since the
density g¢(z,y) in Lemma 1.17 is indeed jointly continuous in ¢, z,y > 0, see Borodin and
Salminen (2002, 1.8.8, p. 613).

We start X at 2 = 1 and simulate at time ¢ = 1. Hence X; = exp({;(1)). We use
two rather coarse discretization grids corresponding to n = 10 and n = 100. The true
quantities are computed using N = 10%, so that ¢¥) and X™) are used in place of ¢ and
X, respectively. The process A in (1.6) is approximated by taking £éV) in the Brownian
integral and removing the sum over jump times, which must be 0 in the case of continuous &.
Finally, 7(1) is replaced by 7x(1). Importantly, the increments of £¥) are assembled into

LCaballero and Chaumont (2006, Eq. (17)) has a typo: the second term should come with a minus sign,
which only affects the drift parameter.
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the increments of £(), so that the two processes correspond to the same sample path. These
sample paths are then reused in construction of the limit variables.

In Figure 1.2 below we compare the distributions of n(7(1) — 7,,(1)) and the limit L(1),
see Proposition 1.2. All histograms are based on simulation of 10000 independent copies
of the relevant random variable. In red we have n(7(1) — 7,(1)) and in blue we have L(1).
Since some values are quite large the histogram has been trimmed to contain at least 98%
of the realizations. More precisely the lower limit is the minimum of the 1%-quantiles for
n(7(1) — 7,(1)) and L(1), and the upper limit is the maximum of the 99%-quantiles. We
discuss these large values in detail later. Let us remark that already at n = 10 we see very
similar histograms and at n = 100 the fit is even better.

-1 0 1 2 3 -1 (I) 1 2 3
(a) n=10 (b) n =100

Figure I.2: Histograms for n(7(1) — 7,(1)) in red and L(1) in blue trimmed to contain at least
98% of the realizations.

In Figure 1.3 we depict the discretization errors for the pssMp itself. That is, we compare
the distributions of /n(X; — X{™)/X; in red and the limit §L(1)+U in blue, see Corollary I.6.
The fit is worse than in Figure 1.2, which is to be expected since now we combine the error in
time and the zooming-in approximation. Again we have trimmed the histograms to contain
at least 98% of the realizations.

—1 0 1 —1 0 1
(a) n=10 (b) n =100

Figure 1.3: Histograms for \/n(X: — X{™)/X; in red and EL(1)+U in blue trimmed to contain at
least 98% of the realizations.

In order to understand the extreme values of L(1) and n(7(1) — 7,,(1)) we depict a sample
path in Figure [.4a which results in large values of both variables. In this case n = 10.
Notice that ™) hits 1 right before exp(a&;) vanishes (—&; becomes large), whereas I hits 1
upon much later. This illustrates how n(7(1) — 7,,(1)) can become very large. Furthermore,
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exp(a;(1)) = X7 is close to zero and so L(1) = —A )X * can be large as well. It seems
that heaviness of the tails of L(1) is determined by X “; for the Bessel-3 process this quantity
has a power tail with exponent —3/2, see Borodin and Salminen (2002, 1.0.6, p. 373).

]
B —— —
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1 1
1 1
1 1
0.5 :
1 T : 1 1
1 1
1 1
1 1
1 1
0 Jﬂ 041 :
T T T 1 T T T L
0 5 10 15 0 5 10 15
(a) The processes exp(aé;) and exp(ag{™) (b) Integrals of the processes in Figure
in respectively blue and red with n = 10. I.4a. The colored dashed lines mark 7(1)
and 7, (1).

Figure I.4: A sample path and corresponding integrals producing extreme values of L(1) and

n(7(1) = 7a(1)).

In conclusion, discretization provides the standard rate of convergence n~'/%, but the
limit variables normally exhibit heavy-tails.

1.7 Extensions and comments

1.7.1 Trapezoidal approximation

An interesting modification of our approximation scheme is obtained by considering the
trapezoidal rule (instead of the left Riemann sum) in computation of the integral I;, so that
the points (i/n,exp(ag;/,)) are connected by straight lines. Importantly, all the results and
proofs of this paper continue to hold true given that Theorem 1.1 and the definition of A
in (I.6) are adjusted accordingly, which we now discuss.

Observe that the trapezoidal approximation I™ satisfies

I = 15) + (f(&/n) — 1(0))/(2n)
and hence the form of the new limiting process is intuitively clear:
~ o2 [t 1
Ay = — ! ! — _ - =
=T ) e B (e~ fn N~ )
that is, the bias (f(&) — £(0))/2 is removed from (1.6).

Theorem 1.16. The trapezoidal approzimation I\™) satisfies
n(Ijtn)/n — E(tyrll)]/n)tzo = (Et)tzo-

Proof. The proof requires only some simple adaptations of the proof in Jacod and Protter
(2011, Ch. 6). Firstly, we note that the reduction of the problem in §6.2.2 is still true,
because of the u.c.p. convergence of processes in (6.2.13). Secondly, (6.3.6) now contains
our new term, which is rewritten using It6’s formula, and the limiting expression in (6.3.7)
is modified accordingly. The expressions, in fact, become even shorter, and the rest of the
proof applies. O
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1.7. Extensions and comments

It must be noted that this result cannot be directly retrieved from Jacod and Protter
(2011, Thm. 6.1.2) and the basic relation between left Riemann sum and trapezoidal rule.
The problem is that the continuous mapping theorem does not apply for the sum of the two
processes of interest since both components may jump at the same time. This issue does not
arise in the setting of continuous Ité semimartingales considered in Altmeyer (2019).

1.7.2 Absolute continuity of the inverse

Here we establish a sufficient condition for [I.A2] in terms of the integral I; and the end-value
exp(ag;). We assume that the pair

(1.7 = ([ explag) as.explaso)

has a density g;(,y) for all £ > 0. Recall that 7(r) is defined by the relation I,y = r, and
that we need simple conditions implying that the pair (7(r), Yz () has a density for all » > 0.

Lemma 1.17. Assume that g:(x,y) is jointly continuous in x,y,t > 0. Then for any r >0
P(r(r) € dt, Y, () € dy) = yg:(r,y) dt dy, t,y > 0.
Proof. For fixed r > 0 and 0 < a < b < oo consider
F(t) =P(r(r) < t, Y € [a,b]), t > 0.

We note that it is sufficient to show that F(¢) is a (left-) continuous function with the
right-derivative

b
0LF(®) = [ v dy = f0) (122)

for all ¢ > 0. This is so, because f is continuous and so with G(t) = f(f f(u) du we have
0+(F(t) — G(t)) =0 for all t > 0, implying that F'(t) coincides with G(t) on ¢ > 0 up to a
constant. By taking t | 0 we see that this constant is 0 and hence

F(t)Z/Ot/abygu(ny)dydu

establishing the claim.
For h > 0 we note the identity

F(t+h) — F(t) = P(I; < < Iypn, Yog € la,b]). (1.23)

Moreover, Iy, = Iy + Y1, with I} corresponding to &, = &4 — &, and so the latter is
independent of F;. Next, we note for any z > 0 that

1 1 b T
—P(I; <r <L +Y;zh,Y; € [a,b]) = f/ / gt(z,y) dzdy
h h a Jr—yzh (I 24)

b
— Z/ yge(r,y) dy.

This follows from the mean value theorem and the fact that g;(x,y) is bounded for x of
interest.
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Define A}, = exp(asup, <, §,) and note that I < hAj. Moreover, for any € > 0 we may
choose ¢ > 1 large enough so that P(A)} > ¢) < eh for h small enough. This can be seen
from the inequality (Gikhman and Skorokhod, 2004, Lem. 2, p. 420)

B(suplel] > log e/a) < (1+0(1))P(Igh| > log/(20).

and the standard bounds on the right-hand side, see the argument in Sato (2013, Lem. 30.3).
Thus in the following we may always assume that A} < c. Similarly, we may also assume
that A}, = exp(ainf,<, &) > c € (0,1).

Now, we readily find that

P(I; <r < I +Yich,Y; € [a/c,b/c], A}, > 1+ ¢€) = o(h)

and the analogous statement with A} < 1 — . Hence we have the following upper bound on
(1.23)
Pl <r <L+ Y}, I, <ch,Y: € [a/(14€),b/(1—¢)])

up to some negligible terms, and a similar lower bound. It is left to condition on I}, /hk, to
apply the arguments from (I.24) and to notice that

lhi?(}E([h/h 11, /m<e) =1,

where the latter is a consequence of the mean value theorem and the dominated convergence
theorem. Hence (I1.22) is now proven. Left-continuity of F'(t) follows from P(I;_, < r <
Ii_p + (b/c)ch) — 0. O
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Paper 11

Lévy processes conditioned to stay in a
half-space with applications to directional

extremes

Jevgenijs Ivanovs
Department of Mathematics, Aarhus University

Jakob D. Thgstesen

Department of Mathematics, Aarhus University

Abstract. This paper provides a multivariate extension of Bertoin’s pathwise construction of a
Lévy process conditioned to stay positive/negative. Thus obtained processes conditioned to stay
in half-spaces are closely related to the original process on a compact time interval seen from its
directional extremal points. In the case of a correlated Brownian motion the law of the conditioned
process is obtained by a linear transformation of a standard Brownian motion and an independent
Bessel-3 process. Further motivation is provided by a limit theorem corresponding to zooming in
on a Lévy process with a Brownian part at the point of its directional infimum. Applications to
zooming in at the point farthest from the origin are envisaged.

Keywords: Conditioning to stay positive, directional extremes, exchangeability, local behavior,
Sparre-Andersen identity

2010 MSC: 60G51; 60G17; 60F17

IT1.1 Introduction

There are multiple examples of conditioning a univariate Lévy process in some limiting
sense, which alternatively can be described by Doob h-transforms, see Bertoin (1993), Doring
et al. (2019) and Déring and Weissmann (2020) and references therein. Most often the focus
is on establishing properties directly related to these conditional processes. The case of
conditioning to stay positive/negative is special in the sense that it is intimately related to the
post- and pre-infimum processes (Bertoin, 1993), leading to various important applications.
Further links to path decomposition results can be found in Duquesne (2003).

Local behavior of a univariate Lévy process at its extremal points is studied in Ivanovs
(2018), see also Bertoin (1993) for a self-similar case and Asmussen et al. (1995) for a linear
Brownian motion. It is shown that zooming in at the point of infimum results in a pair of
processes obtained from the underlying self-similar Lévy process conditioned to stay positive
and negative. Further applications of this theory in the setting of high-frequency statistics
include estimation of threshold exceedance in Bisewski and Ivanovs (2020) and optimal
estimation of extremes in Ivanovs and Podolskij (2020). Bertoin’s pathwise construction of
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Paper II. Lévy processes conditioned to stay in a half-space with applications to directional extremes

conditioned processes in Bertoin (1993) plays a fundamental role in these works. For yet
another application see Asmussen and Ivanovs (2018) studying the discretization error in the
two-sided Skorokhod reflection map.

In this work we extend Bertoin’s construction to the multivariate setting to define a
Lévy process conditioned to stay in a half-space specified by some normal vector 1 # 0,
see §I1.3. Importantly, the link to post- and pre-extremum processes is preserved, where
extrema are understood with respect to the direction 7. Furthermore, in §11.4 we establish
an associated invariance principle which, in particular, yields a limit result when zooming in
on a Lévy process at the point of directional extremum. This is achieved via a short and
direct argument relying on the path-wise construction. Applications of this result to high
frequency statistics and the study of discretization errors in problems related to directional
extrema and exceedance are anticipated.

In the multivariate case we have a continuum of possible directions, and the effect of
linear transformations is studied in §II.5. It is shown that conditioning with respect to
any direction 7 can be reduced to, say, conditioning an appropriately rotated process so
that its first component stays positive. Furthermore, we provide a simple expression for
the conditioned correlated Brownian motion in terms of a certain linear transformation
of independent standard Brownian motions and a Bessel-3 process. In §I1.6 we present
the semigroup of the conditioned process in the general case, which turns out to have an
intuitive structure. In §11.7 we utilize the arguments and insights from Chaumont and Doney
(2005) to establish some important properties of the conditioned process. This leads to a
natural definition of the respective Feller process started from an arbitrary point in the
closed half-space.

We have attempted to present the multivariate theory in a streamlined and concise form,
while emphasizing the main novelties stemming from the multivariate setting. Finally, in
§I1.8 we state a conjecture related to the local behavior at the point farthest from the origin,
which hints at even greater application potential of the multivariate theory.

I1.2 Preliminaries

Fix an integer d > 1 and let D denote the space of cadlag functions w : R — R? U {1}, where
t is an isolated absorbing state. As usual we equip the path space D with the Skorokhod
topology and let F denote the Borel o-field. Furthermore we denote the coordinate process by
X = (X;) and its natural completed filtration by (F;). Unless stated otherwise we work with
a subclass of processes satisfying X; = 0 for t < 0, and let ¢ := inf{¢t > 0| X; = 1} € [0, o]
be the lifetime.

II.2.1 Directional infimum
We shall consider a fixed vector n € R?\ {0} and the respective open and closed half-spaces
S:={reR¥|(x,n) >0} and §:={zxecR?|(zx,n) >0}
for ease of notation we omit 1 here and in the following. The projected process is defined by
Zy = (X¢,m) e RU{t},

where (f,n) =} by convention.
Assume for a moment that the lifetime is finite and strictly positive, ¢ € (0, 00). Consider
the directional infimum Z := inf{Z; | ¢ > 0} and the respective (last) time

T = Sup{t > 0 | Zt/\Zt— :Z} € [OaCL
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II.2. Preliminaries

where 2 A T = 2. Letting X := X; 17 <z +X;_ 117 -7 } be the position of X at
the time of directional infimum, we define the (directional) post-infimum and reversed
pre-infimum processes by

e

Xy - X if0<t<(-T,
T lftZC_T7

154

o X(T—t)—_l ifo<t<r,
T ift> 7,

see also Figure II.1 for a schematic illustration. According to the above convention we set
X, =X =0fort<0. Note that X; =71 for ¢t > 0 if 7 = (, and similarly X; =17 for t > 0
= — = —

if 7 = 0. The pair of processes (X, X) is a representation of the process X seen from the
time-space point (7, X). Alternatively, we could have defined a proper two-sided process.

11.2.2 Lévy processes

Throughout this paper P will be a probability measure on (D, F) such that X is a d-
dimensional Lévy process with infinite lifetime. We write X : P when there is a need to
specify the law of X explicitly. For a deterministic 7' € (0, 00) the process X : P sent to t
at T is denoted by X : PT and in particular PT(( = T') = 1. By default we work with P if
no law is mentioned explicitly. The Lévy measure of X is denoted by II(dz). Additional
notation will be introduced in the following when required.

Throughout this paper we assume (the excluded case is simple but somewhat cumbersome):

Assumption II.A. For the chosen direction n the projected process Z is not a compound
Poisson process.

Under Assumption II.A it is well known that the process Z : PT achieves its infimum once
only (at the time 7) a.s. This means that X and X are inside the open half-space S for strictly
positive times preceding (. Our next result shows that X cannot jump perpendicularly to 7
at 7, see Figure I1.1, and so X¢ and X are either at the origin or inside S U {f}. For the
definition of regular/irregular points we refer to Bertoin (1996, p. 104).

Lemma I1.1. The following trichotomy holds with respect to the projected process Z : P.
() If 0 is regular for (—o0,0) and for (0,00) then Xo =X =0 P"-a.s.
(1) If 0 is irregular for (—o0,0) then Xo € SU{t} and Xo =0 P"-a.s.

(1) If 0 is irregular for (0,00) then Xo =0 and Xo € SU{{} PT-a.s.

Proof. The latter two statements are easy and follow from the univariate case. Suppose
instead that 0 is regular for both half-lines, in which case PT(7 € {0,T}) = 0. We may
choose a sequence (T},) of stopping times, ranging over all jump epochs of X. Applying the
strong Markov property yields P7(Zy, = Z) = 0 since Z is regular for (—o0,0). Thus, if X
jumps at 7 then Z; > Z PT-a.s. The same argument applied to the time reversed process
(X7 — X(r_4)—) having the law of X : P shows that Z,_ > Z if X jumps at 7 PT-a.s.; here
we employ regularity for (0,00). We conclude that X is P7-a.s. continuous at 7 and this
proves the statement. O
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Figure II.1: Schematic illustration of the process in R? seen from its directional infimum: (1) jump
into n-minimum (left), ({) jump out of n-infimum (center) and an impossible case (right).

I1.3 The fundamental representation and the limit object

We start with a fundamental representation of the law of the pair (X, X)) : PT, which extends
a univariate construction by Bertoin (1993) based, in turn, on an implicit identity for random
walks appearing in Feller (1971, Lem. XI1.8.3). Our representation is in terms of time-changed
stochastic integrals, since the construction in Bertoin (1993) in terms of the local time at 0
does not have a simple analogue in the multivariate setting.

Consider the non-killed process X and let X, = X(—)— be its time-reversal, which
is a process with stationary and independent increments for negative times. Define two
(Fi)-adapted cadlag processes Y+ by

+ . . X Ti=— ¢ X
Y= _/[_t_o} Ligomsop 4Xsy Y= /[_t o Lo msoy X o £:20,

and Y := {. These stochastic integrals can be understood intuitively as fg 1ix, my>0y dXs
and fot 1i(x, m<o0y dXs, where the integrands are not predictable.

The cumulative times when X is and is not in S are denoted by A* and A~ respectively.
That is,

t t
A: 2:/0 1{<X3777>>0} dS, At_ 2:/0 1{(XS,TI>S0} ds fOI‘tZO.

Consider now the right-continuous inverses o := inf{s > 0| AT > t} of A*, and define

X! = Y(;}, Xf=Y_ fort>0.

t

The processes X' and X+ under PT are obtained by killing XT and X+ at the times A; and
A, under P, respectively. The times A% are non-decreasing in 7', which results in longer
lifetimes ¢ and ¢+ for larger time horizons 7.

Theorem I1.2. Under PT for T € (0,00) there is the following identity in law:
(X, X) £ (-x* XT),
where —7 = 1 by convention.

Proof. The proof is based on a random walk approximation and exchangeability of increments
as in the one-dimensional cases of Bertoin (1993); it is deferred to §II.A. O

Importantly, the above construction of the pair (X¥, XT) : PT depends on T via the
killing times A% alone. In particular, for 0 < Ty < T, the paths of X1 : P™t and X : P72
coincide up to the time A}l when the former is sent to t, whereas the latter is killed at
AE > AE. It is convenient to think of growing the paths as T' increases. As T' — oo we
obtain (X¥, XT).
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II.4. Motivating limit theorem

Corollary I1.3. It holds that
(X, X):PT L (X5 XT) as T — oo

It is noted that the above weak convergence statement can be strengthened, see Bertoin
(1993, Cor. 3.2), but we prefer using Theorem II.2 directly when needed. The pair (X+, XT)
is our main object of interest. According to Corollary I1.3, the process X : P can be called
a limiting post-infimum process. In analogy to the univariate case we instead call it X
conditioned to stay in the half-plane S, and provide a justification below.

Observe that —X7, X] € SU{t} for t > 0 a.s., whereas the initial values are classified
according to the trichotomy in Lemma II.1. In particular, Xg = 0 in cases (3), (1), and
X = 0 in cases (}),(}). Importantly, the projected conditioned processes (XT,7n) and
(X*,n) coincide with the univariate Lévy process Z conditioned to stay positive and negative,
respectively. In particular, the lifetimes ¢T and ¢ can be studied using the univariate theory,
and so

("=00 iff limsupZ; = oo, (V=00 iff liminfZ, = —o00
t—ro0 t—o0
with probability 1. Furthermore, ¢ > 0 unless Z is a non-increasing process and then ¢ =0
a.s. Yet another useful observation is given by the following result.

Lemma I1.4. The processes X' and X+ do not jump at a fized t > 0 a.s.

Proof. Assume that X : P jumps at t > 0 with positive probability. Then by an argument
as in the proof of Lemma II.1 we find that we must be in the case (1). Hence X has two
jumps separated by time ¢ with positive probability, which is impossible. According to
Theorem I1.2 we find that X+ has no jump at t a.s. when excluding the jump into . The
latter would imply P(¢* = t) > 0, which is again impossible by a similar argument. By
time-reversal the same property is true with respect to X 1. O

Importantly, (under Assumption II.A) the process X+ is a.s. the same if the non-strict
inequalities in its definition are replaced by strict inequalities, which follows from basic
properties of Lévy processes. In particular, we find that X+ = —(—X)" a.s. The respective
equality in distribution can also be seen using the representation in Theorem I1.2 and the
standard time-reversal argument. Finally, observe a close link to the classical Sparre-Andersen
identity (Bertoin, 1996, Lem. VI.15): A% has the same law as the time of the supremum of
Z on [0,T], which by time-reversal coincides with the law of the lifetime of the respective
post-infimum process.

I1.4 Motivating limit theorem

Bertoin’s representation and its above stated generalization are indispensable in the study of
Lévy processes around their extremes. In the one-dimensional setting it has been fundamental
for the results in Bisewski and Ivanovs (2020) and Ivanovs and Podolskij (2020). We further
demonstrate its usefulness by establishing an invariance principle, see Chaumont and Doney
(2010) and Ivanovs (2018) for alternative approaches in the univariate case (the latter needs
a better justification of convergence of Markov processes). The following short proof requires
certain assumptions, and for simplicity we consider only the case of an oscillating Z; = (X¢, n):

limsupZ; = oo and liminfZ; = —oco a.s. (IL.1)
t—o0 t—o0

Recall that this assumption implies that both X1 and X+ have infinite lifetimes.
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Theorem I1.5. Let X(™) be a sequence of Lévy processes weakly convergent to a Lévy process
X satisfying (I1.1) and Assumption II.A. Then for any sequence of finite deterministic times
T, — oo there is the weak convergence

(X, X0) T (-X X,
Proof. Fix an arbitrary finite 7 > 0. By the continuous mapping theorem we have under P
n n d
(X0, X)) 5 (X, X).

Indeed, for converging paths the directional infima and their (right) times must converge
assuming the limiting path has no jump at 7" and it achieves the directional infimum only
once (this is a.s. true). Furthermore, X has no jump perpendicular to 7 at 7, see Lemma I1.1
and Figure I1.1 (right). Note that making all processes stay at 0 for negative times is essential
in the case when the limit process jumps at 7.

According to Theorem I1.2 we have

(—xmb xmty . pT L, (_xt X1y pT

for every T > 0, and the latter weakly converges to (—X*, XT) as T — oco. Thus it is left to
apply a standard approximation result, see Billingsley (1999, Thm. 3.2) or Kallenberg (2002,
Thm. 4.28), to obtain

(—x M xmTy pTn Ly (_xt X1, (IL.2)

and hence also the stated result (apply Theorem II.2 to the left hand side). The crux of the
approximation result consists in showing that the Skorokhod distance (on each compact time
interval [0, ¢]) between the left hand side in (II.2) and the same object for the time horizon T'
converges to 0 in probability as T — oo uniformly for large n. In our case it is sufficient to
check that

lim limsup ]P’(A(”)i ANAWZT > 1) =1, t>0,

T—o00 n
where the event corresponds to two identical paths on the time interval [0,¢]. We may assume
that T;, > T implying A(")i > A(")% but the latter weakly converges to A%. Finally, note
that (I1.1) implies AL = oo a.s. O

The above argument can be adapted to include the case where lim; o, Z; = oo and
limg o0 Zt(”) = oo for all large enough n, as well as the case with —oco limits. That is, the
infinite-time behavior of Z and the approximating sequence Z(™) is the same. Otherwise, the
proof becomes substantially more difficult and it is then required to work with a compactified
space where T is a point at infinity.

Finally, we show that zooming in on X at the time-space location of the directional
infimum results in the pair of conditioned processes corresponding to the underlying Brownian
part. This limit law is studied in Proposition I1.9 below.

Corollary I1.6. Let B be the Brownian part of the d-dimensional X, and assume that
(B1,m) is not a.s. zero. Then

V(X s X ) i P-4 (=B BY).

Proof. Define a scaled time-changed process Xt(”) = /nXy/, and note that X 4 B
see Bertoin (1996, Prop. 2) and Kallenberg (2002, Thm. 15.17). It is left to apply Theorem IL.5
with T, = n. O

46



II1.5. Linear transformations and the Brownian example

I1.5 Linear transformations and the Brownian example

Linear transformations play an important role in the multivariate theory as demonstrated by
the following result.

Lemma I1.7. Consider a d' x d matriz M and d’'-dimensional vector ' # 0 such that
MTy' #0. Then (MX)" defined usingn = n' coincides with M (X") defined usingn = M "n'.

Proof. Note that (MX,n') = (X, M ") and use linearity of the stochastic integral in the
definition of Y. O

Consequently, it suffices to study conditioning for just one direction, say
m = (1,0,...,0)" € R%

For any unit vector n € R? we may choose an orthogonal matrix R (RR" = I) such that
Rn =mn;. Then X7 coincides with RT (RX)" where the latter is defined for the direction 7;.
Our next result allows us reduce certain multivariate cases to the univariate theory.

Lemma I1.8. Consider X = X'v+ X", where X' and X" are independent Lévy processes
with dimensions 1 and d respectively, and additionally {(v,n) >0, (X}',n) =0,t > 0. Then
xt L x4 X", where X'7 is the univariate X' conditioned to stay positive and by
convention T-v+x" = 1.

Proof. Note that the process X : P has the same law as X'v + X" : PT, where X/ is the

post-infimum process of univariate X’. This is so, because Z; = (v, )X and the process X"

is independent of 7, whereas X'y = X’v under PT. It is left to apply Corollary I1.3 and the
—_ —

continuous mapping theorem. O

We are now ready to treat the basic example of a conditioned Brownian motion. In
this regard note that a univariate standard Brownian B(") conditioned to stay positive is a
Bessel-3 process which we denote by BWT,

Proposition I1.9. Let X be a (driftless) Brownian motion with covariance matriz ¥ such
that ¥n # 0. Then
xtL _xt2 yrBOT B®, . B@O)T,

where B = (B(l), et B(d))T is a standard Brownian motion in R%, and the square matrices
M and R satisfy

MM" =3, RR" =1, R"M Ty =+/nTZmm.

Proof. The first distributional equality is a consequence of —X 4x. Next, using X 2 MRB
and Lemma I1.7 we find that X' has the law of M R(B") for the direction R" M "5, where
the latter is proportional to ;. It is left to apply Lemma IL.8 to find that BT for the direction
m has the law of (BDT, B® ... B@)T. O

Example I1.10. Take d = 2,1 = (a,b)" and a Brownian motion X with standard deviations
01,09 > 0 and correlation p € (—1,1). Then Proposition I1.9 yields

14 1 <aa% + boroap —b0102m> (B(l)T> 7

B \/azcr% + 2aboy02p + b%03 ao109p +bo3  acio24/1 — p? B®

where we used a Cholesky square-root M .

47



Paper II. Lévy processes conditioned to stay in a half-space with applications to directional extremes

Figure I1.2: Two independent paths simulated from the common law of —X* and X7 for the
direction n = (1, 2)T, where 01 = 02 = 1 and p = —0.8. The dashed line is the boundary of the
corresponding half-space.

In particular, simulation of XT over a grid is a trivial task when X is a driftless Brownian
motion. We depict two independent sample paths in Figure I1.2.

Further insight can be obtained from Figure I1.3 consisting of three plots, each containing
500 simulations of X] for different values of p.

4
2 _\\
0_ \\‘\
2 0 2
(a) p=—08. (b) p=0. (c) p=0.8.

Figure IL.3: Simulated values of X] for the direction n = (1,2)" and for different values of p. The
standard deviations are o1 = 02 = 1.

I1.6 The law of the limit pair

We need some additional notation. Consider an extension of the probability space (D, F,P)
supporting a standard exponential random variable e; independent of everything else. Define
eq = e1/¢, an exponential random variable of rate ¢ > 0, and let X : P°e be the process X : P
killed at e4. Finally, the process X : P5* corresponds to the shifted process X; + x 1i>0)
killed at e, and in the case of no killing we write P.

I1.6.1 Exponential time horizon

As in the univariate case the characterization of the law of the limit object (—X*, XT)
proceeds by first studying the respective pair of processes under IP¢e, that is, when the killing
time of the original process is an independent exponential random variable of rate ¢ > 0. We
start with a simple observation that under P (and Assumption IT.A) we have

(2)—(7)_(;) g (_Xa _X)7

e
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which readily follows by time-reversal; alternatively one may use Theorem I1.2. The following
splitting result is based on some classical arguments, and we only provide appropriate
references.

Proposition I1.11. Under P®e the processes X and X are independent Markov processes.
The semigroup of X is given by

PS (X, € dy, Z, > 0)Py (Z > 0)
2 (Z>0)

=Py (X, edy|Z>0), t>0,z,y€es.
Moreover, in case ({) the initial distribution is given by

P (X € dy) = Py*(Z > O)H(dy)/(q +/ P (Z > O)H(dz)), yes.
{{z,n)>0}
Proof. The fact that X is Markov with the stated semigroup is proven in Millar (1978).
Independence of the processes follows by discretizing the local time of Z at its infimum as in
the proof by Bertoin (1996, Lem. VI.6). The initial distribution in case (]) can be obtained
analogously to Ivanovs (2017, Prop. 3.3) using an enumeration of jumps of X. O

I1.6.2 Infinite time horizon

We are now ready to characterize the law of the limit object (—X*, XT). Consider a so-called
renewal function associated to the ladder height process H corresponding to —Z:

where the scaling of local time is arbitrary, see also Bertoin (1996, p. 157, 171). This is
exactly the h-function appearing in the Doob h-transform corresponding to the univariate
Z conditioned to stay positive, see Bertoin (1993) and Chaumont and Doney (2005) for
alternative representations. The function h is finite, continuous and increasing.

Theorem I1.12. The processes —XV and X1 are independent Markov processes, and the
former has the law of (—X)T. The semigroup of X' is given by

h
pz(a:,dy) = M]P’x(Xt edy, Z, >0), t>0,xz,y€S.

h({z;n))

Furthermore, in case (1) and if Z is non-monotone we have

Puﬁe@»=uwmmu@vlk>wﬁmmmmma, yes.  (1L3)

Proof. We apply Theorem II.2 with 7" = e, and Proposition II.11, and then let ¢ | 0. Since
eq — 0o we indeed retrieve — X+ and XT. The Markov property follows from the strong
convergence result implied by Theorem II.2 upon recalling that the distribution of ¢T has no
atoms, see Lemma II.4. Let us check that the semigroup in Proposition II.11 has the stated
weak limit. From the univariate theory (Chaumont and Doney, 2005, Eq. (2.5)) we know
that for a certain ¢4 > 0

P (Z > 0)/cg — h((z.m),  z€S

as ¢ J 0, and it is left to apply the dominated convergence theorem as in Chaumont and
Doney (2005, Prop. 1).
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With respect to the initial distribution (for the assumed case) we observe that
PoXoc ) PO e A), [ PRz > 0)/eidy) [ b)) < oo
A A

for any bounded Borel set A, also bounded away from 0 (by the dominated convergence
theorem). It is left to recall that (T > 0 and X € S a.s., and A can be chosen so
that [, h((y,n))II(dy) > 0. The latter is true since h(z) > 0 for z > 0 and necessarily
II(S) > 0. O

In the univariate case the initial distribution formula (II.3) is known in the case of no
negative jumps, where H(t) = ¢ implying h(x) = z, see Chaumont (1994) and also Chaumont
and Doney (2005, Eq. (2.12)). Let us also stress the following relation to the univariate
conditioned processes.

Remark I1.13. Choosing the direction m, = (1,0,...,0)" we observe that
1 . .
pi(z,dy) = pi" (z, dyM )P (XFD € dy* D | X[V =y, X (D > 0),

where X = (X(l)7 X(2:d)) and p%l)T corresponds to XV conditioned to stay positive.

I1.7 Starting away from the origin

Theorem I1.12 characterizes the law of XT in case (]), but otherwise it lacks convergence of
the semigroup as x — 0. In this section we address this issue and also state a number of
further useful properties. The proofs follow closely the univariate analogues in Chaumont
and Doney (2005) and thus we only state the main steps and observations.

It is easy to see that the semigroup pI(m, dy) of X1, see Theorem I1.12, is conservative
and satisfies the Feller properties on S := S U {{}. Note that the hyperplane defining this
half-space has been excluded. We write X : P for the respective Feller process indexed by
[0, 00) and started at x € S, and note that it satisfies the strong Markov property (Kallenberg,
2002, Thm. 19.17).

Observe that the law of the Markov process with the semigroup in Proposition I1.11 when
started in 2 € S can be conveniently written as

(X|Z>0)=(X|X,€8Vt>0) under P, (11.4)
Furthermore, Chaumont and Doney (2005, Prop. 1) readily generalizes to
PI(At< () = lii%IP?(AJ <(|Z>0), A€ Ft>0,z €S8, (IL.5)
q
which explains the name ‘conditioned to stay in a half-space’. Note that (X,n) : P] is the
univariate process (X, 7n) conditioned to stay positive and started from (z, 7).

Proposition I1.14. For any x € S the process Z; = (X4, n) under P} has a unique and
finite time of infimum, X and X are independent under P!, and

xX:prLxt

Furthermore,
X:PQI—‘L>XT as S>3z —0,

where by convention the sample paths satisfy w = 0,t < 0.
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Proof. Tt follows from the calculations in Chaumont and Doney (2005, p. 956) that the time
of infimum is finite. Consider the process in (I1.4) and establish a splitting result analogous
to Proposition II.11. The post-infimum process has the law of X : P°, and so we can apply
(IL.5) and Theorem II.2 to get the first statement.

In view of the first part, it is only required to show that the pre-infimum process X : Pl
becomes negligible in probability as  — 0. The arguments of Chaumont and Doney (2005,
Thm. 2) still apply, and we additionally show that the maximal fluctuation of the pre-limit
process perpendicular to 7 is negligible. This can be done by considering the stopping time
v =inf{t > 0| || X; — z|| > €} and employing similar analysis based on the strong Markov
property. In case (§) and (}) we then need to show that P,.(Z, > 0) — 0, which is indeed
true. O

The above proof, in fact, shows that
X:p! o+ X1 as S 3z — xo, (xo,n) = 0.

In cases (1), (1) the process zg + X starts at 2 and according to Lemma I1.4 it does not
jump at fixed times. Hence in these cases we may extend our Feller process X : P to the
state space S U {1}, the closed half-space with an absorbing state, by setting

X PJO =1z + X" for any z with (zg,n) = 0.

Note that this definition coincides with the result of the construction presented in Section II.3
if we take X started at xo and let Y,© = —f[_t o L(x._ my>0p dXs which yields an a.s.
identical process in the original case.

I1.8 Conjecture: zooming in at the maximal distance from the
origin
For a possible further application we turn our attention to the local behavior of a Lévy

process at the time when it reaches the maximal distance from the origin. Assuming finite
life time, ¢ € (0, 00), we let

Ti=sup{t = 0| [|X;[| V[ X;— || = SliIO)HXsH} € [0,¢]

be the (last) time when the Euclidean norm is maximal. Consider the respective position
M := X, if | X;]| > || X-—]|| and M := X,_ otherwise, and define the processes

Y'— X—,—+t—M 1f0§t<<-’7',
N ift>¢—r

yt :: {X(.,._t)_—M ifo<t<m,
T ift > 1.

Observe that the pair (X, X) coincides with (X, X) studied above for the (path-dependent)
direction n = —M, see also Figure I1.4 for a schematic illustration. Inspired by Corollary II.6
and using the intuition from the one-dimensional stable convergence in Ivanovs (2018), we
conjecture the following result; proving it seems to be exceedingly challenging at the moment.
We anticipate that the convergence is again stable (Aldous and Eagleson, 1978) but avoid
complicating the statement.
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Figure II.4: Schematic illustration of zooming in at the maximal distance.

Conjecture 11.15. Let B be the Brownian part of X with a non-singular covariance matric.
Then

VX, X ) PL -5 (=BY, BY),
where the limit pair is a mizture of (—B%, BY) for the independent direction n = —M : P!,

We illustrate this conjecture by a simulation study where X = B is a 2-dimensional
Brownian motion with correlation p = —0.8 as in Section I1.5. We simulate K (approximate)
copies of the random vector \/ﬁXz 1/n under P! for n = 1000 using discretization with step
size 107°. The K samples of the limit quantity B? are constructed by reusing the directions
n = —M : P! and then independently sampling BI according to Example I1.10.

Note that X may have a lifetime strictly smaller than 1/n, making \/ﬁy 1/n undefined.
In our simulation we exclude these cases, effectively conditioning X to have a lifetime larger
than 1/n. We simulated 5000 times, resulting in K = 4833 (conditional) samples of \/ﬁy 1n-
The respective bivariate densities are presented in Figure I1.5, and we observe that they are
indeed rather close.

21 \( 2 1 @

O- \\ O- \\

—2' BN —2' @\
-2 0 2 -2 0 2

Figure I1.5: Estimated bivariate densities for \/HY 1/n and B{T on the left and right respectively.
A darker shade of blue indicates a higher density. The dashed line is the line through the origin
with slope —1.

It is noted that the Brownian motion X with correlation p tends to achieve its maximal
distance from the origin in the NW or SE direction, which leads to the two clusters of points
in Figure IL.5.
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II.A. Proof of Theorem II.2

ITI.A  Proof of Theorem II1.2

II.A.1 Discrete time

We begin by stating a discrete-time version of Theorem I1.2. Fix ¢ € N and consider a process
X € R? over the index set {0,...,(} together with the projected process Z; := (X;,7n). Let
7 :=sup{i < (| Z; = Z,} be the index of the (last) minimum of Z, and X := X be the
value of the directional minimum. The directional post-minimum and reversed pre-minimum
chains X and X are given by

Xi:: X‘r—‘—i*X 1fz§(77',
- T ifi>¢—r,
Xri— X ifi <,
Xi =
- T ifi>T.
Next, define _ _
A:r = Z 1{Zj>0}, A; = Z 1{Zj§0} (1I1.6)

j=1 j=1

when i < ¢, and let o := inf{j € N| A;‘L = i} denote the inverses of A*. With AX; :=
X; — X;_1 we define the chains XT and X+ by

af o

xT.= Zj;l 1iz,50y AX; ifi < AZ‘
Z t if i > A},
X = St Lz<op AX; if i < AZ
z 1 if i > A
We are now ready to state the discrete analogue of Theorem II.2.

Theorem I1.16. Assume that ( € N and X has exchangeable increments. Then the pairs of
processes (X¥, X1) and (—X, X) have the same law.

Proof. The proof of Bertoin (1993, Thm. 2.1) is easily adapted to this setting. O

II.A.2 Continuous time

The proof of Theorem II.2 proceeds much like the proof of Bertoin (1993, Thm. 3.1). We
discretize, apply Theorem I1.16 and take the limit.

Recall that we are considering a Lévy process X : PT up to a finite time horizon T > 0.
For each n € N let X" be the chain given by X" := X/, and let X" and X™ be the
chains obtained from X™ by the procedure in §II.A.1. Define

Y=Y Ly msoy AXT

j=1
and note that almost surely
-1
n+ __ e <
Y[tn] - Z 1{<Xi/n777>>0}(X(i+1)/n — Xi/n)-

i=—[tn]
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By Kallenberg (2002, Cor. 17.13) we have

+ + 2

sup [Vt — ;| s 0.
0<t<T

Consider further the increasing chains A™* obtained from X™ through the construction

in (I1.6), and let ™* be the inverses. Note that %Aﬁ;r] — A for all t > 0 a.s. since the zero
n—+

set of (X -,n) is a Lebesgue null-set a.s. It follows that almost surely %a[m]
t € C(a™), where C(a™) is the set of continuity points for at. To see this, observe first that

— o for all

. . 1

inf{s > 0| %Aﬁ‘tl >t} =inf{s > 0| Aﬁ;] > [tn]+ 1} = Eaﬁ:;]ﬂ.
Almost surely the expression on the left converges to a; for all t € C(a™). This basic
convergence of right-continuous inverses is easy to prove (e.g. using the arguments in the

proof by Resnick (1987, Prop. 0.1)). Lastly one verifies that %a?t:] 1 can indeed by replaced

n—+
[tn]"

Let f:[0,00) — R? be a continuous function. Then it follows from the observations
above that

by %a

[Tn]

1 . nty P T 4
s X s [, XD s

i=0
where we make the convention that (a,t) = oo for @ # 0 and (0, 1) = 0. To prove this we use
the fact that a™ is strictly increasing and has at most countably many discontinuities, with
the former implying that Y'* jumps at o; for at most countably many t.
Similarly, if g: [0,00) — R? is a continuous function we obtain the convergence

[T'n] T
1 ) n P
-~ Z(g(z/n),Xi¢> —>/0 (g(s), X}) ds.
i=0
Using the fact that almost surely (X;);c[o,7) reaches its infimum in the direction given by
7 exactly once, it follows that almost surely

(Tn]

1 i i ' S S
w G0 60K 0

and

[ T
> ati/m). X0~ [ (ol X0 ds.

Tn]
i=0
where f and g are as above. By Theorem I1.16 we obtain the distributional identity

([ oo xtyas, [ . x0a8) = (- [tz as, [ 69,521 as)

under P?, thus proving Theorem II.2. O
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Paper 111

Local behavior of diffusions at the supremum

Jakob D. Thgstesen

Department of Mathematics, Aarhus University

Abstract. This paper studies small-time behavior at the supremum of a diffusion process. For a
solution to the SDE dX; = u(X:)dt + o(X¢) dW; (where W is a standard Brownian motion) we
consider (671/2(me+€t — X))ter as € | 0, where X is the supremum of X on the time interval [0, 1]
and m~ is the time of the supremum. It is shown that this process converges in law to a process
£, where (£);>0 and (€_;)¢>0 arise as independent Bessel-3 processes multiplied by —o(X). The
proof is based on the fact that a continuous local martingale can be represented as a time-changed
Brownian motion. This representation is also used to prove a limit theorem for zooming in on X at
a fixed time. As an application of the zooming-in result at the supremum we consider estimation of
the supremum X based on observations at equidistant times.

Keywords: Diffusion process, functional limit theorem, small-time behavior, stable convergence,
discretization error, Bessel process

2020 MSC: 60J60; 60F17

IT1.1 Introduction

Differentiation is a central concept in classical analysis and it is useful in many areas with
one example being approximation. When dealing with stochastic processes, however, we
rarely care about differentiation as the paths of many typical processes are differentiable at
few (if any) points. This means that there is a need for a similar tool to handle the local
behavior of such processes.

A differentiation-type concept for stochastic processes was introduced in Asmussen et al.
(1995) with the purpose of describing local behavior at the supremum of the Brownian motion.
This concept was revisited in Ivanovs (2018) where it was called zooming in. A stochastic
process X starting at zero is said to satisfy the zooming-in condition if

(acXet)is0 —2%5 (Xy)is0 as € L0, (ITL.1)
where a. is a scaling function and X is a non-trivial stochastic process. It is clear that this
is connected to differentiation (from the right) at time 0. Indeed, if ¢t — X is differentiable
from the right at 0 then the convergence holds with a. = ¢ ! and X being a line.

The related concept of zooming out was studied in Lamperti (1962). While this sounds like
quite a different framework it is in fact possible to transfer many of ideas to the zooming-in
setting. This includes the study of the scaling function and the limit process. For more
details see Ivanovs (2018).
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The zooming-in condition has proven to be a very useful regularity assumption in e.g.
Bisewski and Ivanovs (2020), Ivanovs and Podolskij (2020) and Ivanovs and Thastesen (2021).
In those papers the zooming-in theory plays a large role in various discretization problems.

Naturally there is a big difference between zooming in at a fixed time and at a random
time. With X being a Lévy process satisfying the zooming-in assumption it was shown in
Ivanovs (2018) that one may also zoom in at the supremum of X over the interval [0,1]. The
scaling is again a. and the law of the limit process is related to X. This theory was used in
Ivanovs and Podolskij (2020) to derive limit theorems related to estimation of the supremum
of X in a high-frequency setting, and it was used in Bisewski and Ivanovs (2020) to study
threshold exceedance for Lévy processes.

This paper presents limit results for zooming in at a fixed time and at the supremum of a
diffusion process. Estimation of the supremum is studied as an application of the limit theory.
The approach is based on the fact that a continuous local martingale can be represented as a
time-changed Brownian motion. For zooming in at the supremum this lets us build on an
existing zooming-in result for the Brownian motion.

All relevant definitions and prerequisites are contained in §I11.2. In §111.3 the main results
are presented. Generality of the results and possible extensions are covered in §I11.4, and
finally the most technical proofs are found in §III.5.

II1.2 Definitions and prerequisites

I111.2.1 The setup
Consider the SDE

dX, = p(X,)dt + o(X,)dW, and Xo = 0, (111.2)

where W is a standard Brownian motion. We assume that there exists a weak solution (X, W)
to (II1.2), defined on a filtered probability space (£, F, (F%),P) such that X is (F;)-adapted
and W is an (F;)-Brownian motion. We assume that (F;) satisfies the usual conditions.
In this paper we will encounter several (F;)-adapted processes which are almost surely
continuous, X and W being the first examples. Since (F;) is complete we may and will
assume that these processes are continuous for all w € Q.

We need some regularity assumptions on g and o which are stated in Assumption I11.A
below. Here, the range of X is the set of points 2z € R for which P(X; = z for some ¢ €
[0,00)) > 0. Note that the positivity in assumption (ii) is quite standard and guarantees the
presence of some amount of noise at any time. This is important for zooming in since the
presence of a Brownian motion affects the scaling function. For example, if X is a Brownian
motion plus a linear drift then a, ~ c1e=1/2 (for some ¢; > 0), and if X is just a linear drift
then a. ~ coe~! (for some ¢y > 0), see Ivanovs (2018, Thm. 2).

Assumption III.A.
(i) The function p: R — R is locally bounded.
(i) The function o: R — [0,00) is continuous and strictly positive on the range of X.

We let X := Sup;e[o,1] X+ denote the supremum of X over the unit interval, and we denote
the time of the ultimate supremum by m™* := sup{t € [0,1] | X; = X}. We then define the
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pre- and post-supremum processes, X and X, by

T
\

. XmX7t7Y 1f0§t<mX,
A it >mX,

XmX-‘rtiY if0§t<1me,
X, =
1 ift>1—mX.

I111.2.2 Path space and topology

The processes appearing in this paper are viewed as random variables taking values in the
measurable space (D[0, c0), D), where D[0, 00) is the space of real-valued cadlag functions
defined on [0,00) and D is the Borel o-algebra induced by the Skorokhod topology. A
standard reference treating this space is Billingsley (1999, §16).

For convergence in distribution it is often sufficient to consider the restrictions of processes
to intervals of the form [0,T] for T' > 0. Consider D|0, co)-valued random variables (i.e.
stochastic processes) X, X', X2,.... Then X" % X if and only if (X1 )efo,1) N (Xt)eelo,1)
for all T' > 0 where X is almost surely continuous at T', see e.g. Billingsley (1999, Thm. 16.7).
Here the restrictions are seen as random variables in D0, T] (the space of cadlag functions
on [0,T7).

111.2.3 The central representation

Suppose for a moment that X solves the SDE (II1.2) with 20 =0 and g = 0. Then X is a
continuous local (F;)-martingale starting at zero. We denote the quadratic variation of X
by [X] and recall that it is almost surely given by

[X]t:/OtUQ(XS)ds, t>0.

Note that [X] is continuous and strictly increasing and let 74 := inf{s > 0| [X]s > t} denote
its (right-continuous) inverse. We define a new filtration (G;) by G; := F7,. A standard result
(Kallenberg, 2021, Thm. 19.4) gives the existence of a Brownian motion W with respect to
a standard extension (G;) of (G;) (Kallenberg, 2021, p. 420) such that X = (W[X],,)tzo a.s.

Furthermore, for any s > 0 the random variable [X], is a (G;);>0-stopping time.

111.2.4 Stable convergence

A central concept in this paper is the notion of stable convergence which was originally
introduced by Rényi (1963). Later papers which are also of interest include Aldous and
Eagleson (1978) and Podolskij and Vetter (2010). In this subsection we present only the
results which are relevant for this paper.

We cousider a probability space (£, F,P) supporting a sequence of random variables
(X,,) taking values in some Polish space. We say that X, converges stably to X (written
X,, <% X) defined on an extension (€, F,P) of the space if

E[f(Xn)Z] = E[f(X)Z] (ITL.3)

for all bounded continuous functions f and all bounded F-measurable Z.
The extension of (Q, F,P) is a product space (2, F) = (2 x Q' F ® F') equipped with
a probability measure P which satisfies P(A x ') = P(A) for any A € F. A random
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variable Z defined on (€2, F,P) becomes a random variable on the extension by defining
Z(w,w') := Z(w). We often need the extension to support a random variable X which is
independent of F. In that case we let (', F', ) be a probability space on which X can be
defined. As before X can be viewed as a random variable on (2 x ', F ® F’), and taking
P=PxP gives the desired independence. In this case, and when X,, =% X, we sometimes
say that the convergence is mizing. This concept was first introduced in Rényi (1958).

Proving the main results of this paper we will require a few lemmas about stable
convergence. These can be found in §II1.5.1.

ITI.3 Main results

I11.3.1 Zooming in at a fixed time

We begin with a limit theorem that formalizes the intuitive understanding of a diffusion
process. Namely that the local behavior of X at a fixed time T" > 0 is that of a scaled
Brownian motion. To simplify we consider the time point 7' = 1.

For e > 0 and t € R we let X{9 := ¢ V/2(X, 4 — X;). Consider further two standard
Brownian motions UM and U(?) defined on an extension of (, F,P) which are independent
of each other and of F.

Theorem III.1. It holds that
(X D150, (X(D)im0) = (o(X)UD,a(X)UP)  as e 0.

Dealing with (Xt(é))tzo is fairly simple as we look forward in time. Looking backwards
in time is generally harder and proving the convergence of (X (f,?)tzo is indeed somewhat
technical. The proof of Theorem III.1 is deferred to §II1.5.2.

Looking backwards in time may be difficult but it is quite useful. The following result is
very intuitive in addition to being necessary for proving Theorem III.4 below, and proving it
is now trivial.

Corollary IIL.2. Almost surely m~ # 1.

Proof. Let A C DJ0,0) be the set of functions f in D0, c0) with f(¢) <0 for all ¢ € [0,1).
Using Billingsley (1999, Thm. 16.1) it is easy to verify that A is closed in the Skorokhod
topology. It follows from Theorem III.1 and the Portmanteau theorem that

P(m¥ =1) < limsup]P’((X(ft))tZQ € A) < I@((U(Xl)Ut(l))tzo € A) =0.
el0

O

Remark III1.3. With a few straight-forward modifications to the proof we may extend
Theorem III.1 to cover the case where X is given by the more general SDE dX; = u; dt +
o+ dW;. In this case we assume that the process p is locally bounded and that ¢ is continuous.

I111.3.2 Zooming in at the supremum

The local behavior of X at time 1 is described by the zooming-in result in Theorem III.1.
In a similar fashion we want to describe the local behavior at the supremum through a
zooming-in result. It is well-known (Bertoin, 1993) that the negated pre- and post-supremum
processes for a Brownian motion are two independent Bessel-3 processes (killed at certain
random times). With this in mind the following result is somewhat intuitive.
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II1.3. Main results

Theorem III.4. Let B and B® be two independent Bessel-3 processes defined on an
extension of (Q, F,P) such that both processes are independent of F. Then it holds that

(€2 Xa)iz0 (€ X a)iz0) = (~o(X)BY, ~o(X)B®) aselo.  (TL4)

The proof of Theorem I11.4 is deferred to §I11.5.3.

111.3.3 Estimation of the supremum

As an application of Theorem I11.4 we consider a high-frequency setting in which the process
X is observed on the set of times e(Ng + U) N [0,1] for some small ¢ > 0, where U is a
standard uniform defined on an extension of the space such that it is independent of F and
BW B The objective is to estimate the supremum X over [0,1]. To avoid constantly
having to intersect with the unit interval we consider X as being restricted to this interval.

We take the basic estimator M() := SUPyce(ny+u) Xt- The following result establishes

the convergence rate e~1/2.

Proposition II1.5. For all ¢ > 0 4t holds that
0> 6_1/2(M(E) - Y) > 6_1/2)_()6{[]—1’71)(/6}7

where {U—m™ /e} is the fractional part of U—m™ /e. Furthermore, there is stable convergence
of the lower bound:

671/2X5{U7mx/e} L) —O’(Y)Béfz)

=

Proof. Observe that

e V2 MO —X) = sup e_I/Q(XE(Z-+U) — X) = sup 6_1/2(X6(i+{U,mX/€})+mx -X)
i€Np i€Z
for all € > 0. We can get a lower bound by taking a specific ¢ instead of taking the supremum
over Z. With i = 0 we get the claimed lower bound.
By conditioning one sees that for all € > 0 the fractional part U, := {U — m*X /e} is a
standard uniform independent of F and B, B In combination with Theorem III.4 and
Whitt (2002, Prop. 13.2.1) we obtain the convergence of the lower bound. O

Remark II1.6. The lower bound in Proposition II1.5 is somewhat conservative. Indeed, in the
proof we see that the discretization error can be written as sup;c; e 1/2 (Xe(itfU—mX Je})fmX —
X). Looking to Theorem III.4 it is expected that this quantity will converge to SUp; ¢z, §i+U,
where & = —o(X)BY) for t < 0 and & = —o(X)B® for t > 0. However, this is not
straight-forward to prove. The issue is that taking the supremum over an unbounded set of
times is not continuous. This was solved by Bisewski and Ivanovs (2020, App. B) where the
authors corrected the proof by Ivanovs (2018, Thm. 5). In those papers X is a Lévy process
satisfying the zooming-in condition. The approach is not directly applicable here because it
is based on results known only for Lévy processes.

Tt is perfectly valid to ask why we choose to sample at times €(i + U) rather than ei for
i € Ny. In the latter case one would consider the estimator M(€) := SUPseen, X¢- For this
estimator it holds that

671/2(]\2'(6) — Y) = sup e /2 (Xe(l-+{,mx JeP)4mX — Y)
€L

for any € > 0. This gives the lower bound 6_1/2§6{_WX/6}. In order to obtain a limit theorem
for this quantity we need to know what happens to {—m™* /e} as € | 0. By the classical
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result of Kosulajeff (1937) it is known that {—mX /e} converges to the standard uniform
distribution if m* has a density wrt. the Lebesgue measure. As seen in Proposition II1.5 we
are able to avoid such considerations by translating the sampling times by eU.

IT11.4 Further comments

I111.4.1 Generality of the results

Theorem III.1 describes zooming in at time 1. Naturally there is nothing special about the
time 1 so the result also holds if we zoom in at some other fixed time 7" > 0. In that case
one simply replaces o(X7) by o(Xr) in the limit. The time point 1 is chosen only to simplify
notation.

In the same way there is nothing special about the time interval [0, 1] in the formulation
of Theorem III.4. This interval can be replaced by [T}, T5] where 0 < Ty < Ty < oo are fixed.
In the formulation of the result one will then have to define X := SUPe(ry,15] Xt

111.4.2 Extending to other processes

The approach used to prove Theorem III.1 and Theorem III.4 is based on representing
the local martingale part of X as a time-changed Brownian motion. The time-change is
differentiable and this lets us apply zooming-in results for the Brownian motion to obtain
corresponding results for X.

It is possible to extend the result about zooming in at the supremum to other classes of
stochastic processes. In Ivanovs (2018) this was done for any Lévy process satisfying the
zooming-in condition (III.1). With the approach used to prove Theorem II1.4 it is likely that
this result can be used to prove limit results for zooming in at the supremum of time-changed
Lévy processes. Below are two examples where this appears to be do-able.

Example A: Let X be a positive 1/a-self-similar Markov process (pssMp) starting at
some value > 0. The classical result of Lamperti (1972) tells us that there exists a Lévy
process & such that

X = xexp(gr(tm*a)% t> Oa

where 7(tz =) = inf{s > 0| [ exp(a&,) du > tz=>}. The key point is that X is obtained by
time-changing a Lévy process and applying a strictly increasing and differentiable function.
Note also that the time-change is differentiable. The last ingredient is that £ must satisfy
the zooming-in condition. This is completely characterized in Ivanovs (2018, Thm. 2) in
terms of the characteristics of £. Note also that one must pay special attention to a possible
jump at the time of supremum.

Example B: Let X be a continuous-state branching process. Then there exists (Kyprianou,
2006, Thm. 10.2) a Lévy process ¢ such that

Xt = CGynrgr 20,

where 75 = inf{s > 0] {, < 0} and 6(t) = inf{s > 0 [; ¢;'du > t}. We note that the
time-change is not as well-behaved as for the class of pssMps. For example, ¢t — 6(¢) is not
differentiable everywhere. As a consequence one will again have to be particularly aware of
any jump at the supremum.
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IT1.5 Proofs

I11.5.1 Useful lemmas

This subsection contains a few results which are useful when working with stable convergence.
Lemma IIL.7. Assume that X,, = X. Then we have the following:

(i) IfY,Y1,Ys,... are random variables (taking values in some Polish space) on (2, F,P)
and Y, 5Y, then (X,,Y,) 25 (X,Y).

(ii) If g is a Borel-measurable function taking values in a Polish space and g is almost
surely continuous at X then g(X,) <> g(X).

Proof. See e.g. Hausler and Luschgy (2015, Thm. 3.18). O

If H C F is a sub-o-algebra and (I11.3) is only known to hold for H-measurable Z we say
H—st

that X,, converges H-stably to X (written X,, —— X). The following basic lemma shows
that sometimes stable convergence can be obtained just by proving H-stable convergence for
a suitable sub-c-algebra . This trick is used in e.g. the proof of Jacod and Protter (2012,
Thm. 4.3.1).

Lemma II1.8. Let H C F be a sub-o-algebra. Assume that each X, is H-measurable, X is
independent of F and X,, =% X. Then X, -5 X.

Proof. We must verify (II1.3) for all bounded continuous functions f and all bounded
F-measurable Z. Since X,, is H-measurable and X,, % X it holds that

E[f(Xn)Z] = E[f(X,)E[Z | H]] = E[f(X)E[Z | H]].
Finally the assumed independence yields

E[f(X)E[Z | H]] = E[f(X)]E[Z] = E[f(X)Z].

It is often useful to work with equivalent definitions of stable convergence.
Lemma II1.9. For a sub-o-algebra H C F the following statements are equivalent:
(i) X, =% X.
(i) (X,,Y) Z2=5% (X,Y) for any H-measurable Y taking values in some Polish space.
(iii) (Xn,Y) S (X,Y) for any H-measurable Y taking values in some Polish space.

() (Xp,1p) S (X,15) for any F € £, where € C H is closed under finite intersections
and further satisfies Q € € and 0(€) =H.

Proof. For equivalence of (i)—(iii) see Podolskij and Vetter (2010, Prop. 1), and for equivalence
of (i) and (iv) see Héusler and Luschgy (2015, Thm. 3.17). O

Independence plays a large role for convergence of joint distributions. The following
lemma shows that joint stable convergence can also be obtained under certain independence
assumptions.
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Lemma II1.10. Let (X,,),(Y,) be independent sequences of random variables, and let X, Y
be independent random variables such that X and Y are independent of F, X, ~> X and
Y, 55 Y. Then (X,,Y,) = (X,Y).

Proof. Let A =0c({X,|neN}), B=0c({Y,|n e N}) and H = c(AUB). According to
Lemma II1.8 it is sufficient to prove H-stable convergence. For A € A and B € BB we see that

(Xn7 1A7 Y’n7 ]-B) L> (X7 1A7Y7 13)

due to the assumed independence. Hence, (X, Y, 1anB) LN (X,Y,14n5). The H-stable
convergence follows since condition (iv) in Lemma II1.9 is satisfied with £ being the collection
of sets on the form AN B where A € A and B € B. O

I11.5.2 Proof of Theorem III.1

As in the formulation of Theorem IIL.1 we let (U™, U®)) denote a pair of independent
standard Brownian motions, defined on an extension of (2, F,P) such that they are also
independent of F.
We may write X; as
Xy =g+ As + My, t>0,

where A is a continuous and (F;)-adapted process with bounded variation, M is a continuous
(Fi)-local martingale and Ay = My = 0 a.s. We see that

X9 =V X g —X1) = V2 (A1 — A) 4+ e V(Mo — M)

for all t > —1/e. We treat each term from the right-hand side separately.
Note that A; = fot 1(Xs)ds for all ¢ > 0 a.s. Since p and X are both locally bounded we
immediately find that

sup € V2 A — Ay| < 2T€'/? sup |(Xe)] — 0
te[—T,T) te[l1—eT,1+4€T]

a.s. as € | 0 for any 7" > 0.
Below in the proof of Theorem III.4 it is necessary to deal with the drift differently. The
same approach could be used here, however it is the author’s belief that the calculation above

—1/2

is more illustrative since it clearly shows that the drift vanishes due to the € scaling.

It remains to show that

(€ V2(My_et = M1))iz0, (€% (Miyer — M))ix0)

) (I11.5)
=5 (o(X1) UM, 0(X1)UP).

To do so we will represent M as a time-changed Brownian motion. Let (F) denote the
completed natural filtration generated by M, let 7 denote the inverse of [M], and define

M — ]—“f.‘f . Now, as in §II1.2.3 a standard result gives the existence of a Brownian motion
W with respect to a standard extension (GM) of (GM) such that M = (W[M]t)tzo a.s. Recall
that [M], is a (GM)-stopping time for any s > 0. Finally we note that the quadratic variation
of M is given by

t
[M]; = [X]; :/ o*(X,)ds, t>0,
0
almost surely.
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The next step in the proof of Theorem III.1 is Lemma II1.11 below which allows for
zooming in on W from the right. Instead of simply zooming in at time 1 we generalize to
zooming in at 1 — eR with R > 0 since we will need this in the proof of Lemma III.12 below.
This slight generalization requires very little extra effort.

Lemma II1.11. For any R > 0 it holds that
_ i~ 4 st
(6 1/2(W[M]1—eR+€t - W[]‘/[]I—eR))tZO U7 (IIIG)

where U is a standard Brownian motion defined on an extension of (Q, F,P) such that U is
independent of F.

Proof. We fix R > 0 and recall that [M];_.r is a (GM)-stopping time. It follows that the
left-hand side of (II1.6) is a standard Brownian motion for any € > 0 so the convergence in
distribution is trivial.

Now, let A denote the o-algebra generated by the process W’ := (W[M]1+t — W[M]l)tZO-
The first step is proving A-stable convergence. It is sufficient to show that

((efl/Q(W[M]l,ERHt - W[M]l—sR))te[O7T]7 (Wg)Plk)

a -, (I1L.7)
— ((U)eep, 17, WY, )izt,...k))

forany T'> 0, k € Nand 0 < t; < ... < tg. To this end define age) = W[M]Hti — W[M]1+€T
and b§€> = Winpy4er — Wingg,- Then WY, = ald + b§€>, bl — 0 a.s. as € | 0, and for

3 K2

€ € (0,t,/T) we see that a{®) is independent of (Wt)te[o,[M]lﬂRﬁT]. Hence,

((6_1/2(W[M]17sn+et - W[M]lst))te[O»T]’ (al(e))izl""’k)

s (Useoa, Wiz, k)

The convergence in (I11.7) follows immediately. This establishes (I11.6) with —* replaced by

A—st
=

We let H := J(g[]}@h UA) = a(FM U A) and note that the left-hand side in (I11.6) is H-
measurable. Thus, proving H-stable convergence automatically yields F-stable convergence
by Lemma I11.8. We note that F{ = o (| ;.o Fi’s) since M(w) is continuous for all w €
(recall the considerations in the beginning of §I11.2.1). According to Lemma II1.9 it is
sufficient to show that

(> (Winty et = Wiatly o p))e>05 14, 17) s (U, 14,15)

forany 6 > 0, F € .7:1]\15 and A € A. Since the first two components on the left-hand side are
independent of 1 for small enough € this is a trivial consequence of the A-stable convergence.
This concludes the proof. O

We proceed by proving the following lemma, stating that we can zoom in on W at time
[M];. The proof follows the same strategy as the proof of Ivanovs and Thestesen (2021,
Thm. 3).

Lemma II1.12. As e | 0 it holds that
((Wiet))tan (Wt(e))tEO) i> (U(1)7 U(Q))7 (III8)
where Wt(e) = 671/2(W[M]1+6t — W[M]l).
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Proof. There are two immediate things to note. Firstly, the convergence (Wt(é))tzo S U@ s
nothing more than the case R = 0 in Lemma IT1.11. Secondly, since (W(9));>o and (W )0
are independent for all € > 0 it is sufficient, according to Lemma III.10, to show that the
former converges stably to U(1). Again it is sufficient to show stable convergence of the
process restricted to the time interval [0, 7] for all T > 0.

For any R > 0 we have the almost sure convergence € 1 ([M]; —[M]1_.g) — Ro?(X;) =: s.
Given T' > 0 we can pick R such that s > T with probability arbitrarily close to 1. With
Y, = 6_1/2(W[M]1_€R+Et - W[Mh—m) we then write

e V2(Winggi—ee — Winy,) = —(K_(f%([M]l_[M]l_eR) - K(f}([M]l—[M]1_€R—et))’ (I11.9)
That is, on {s > T} the increment of e~'/2W over [[M]; — et, [M];] can be viewed as the
increment of Y(©) over [e 1 ([M]; — [M]1_cr — €t), e *([M]; — [M]1_cr)] (for small enough
e > 0).

Almost surely e ([M]; — [M]1_cg — €t) — s — t uniformly for ¢ € [0, T]. By combining
this with (II1.9), Lemma III.11, continuity of subordination (Whitt, 2002, Thm. 13.2.2) and
Lemma IT1.7 we find that

El{ssry F(W D ieo,m) 2] = El ooty F(—(Us — Us—t)ieom) Z] (I11.10)

for all bounded continuous f and all bounded F-measurable Z, where U is a standard
Brownian motion defined on an extension of (2, F,P) such that U is independent of F
and independent of U). We conclude by noting that the limit in (IT.10) is equal to
E[1{ss7y F(UD)ieo.r)) Z], where UM is a standard Brownian motion defined on an exten-
sion of (Q, F,P), independent of F and independent of U2, O

We are now ready to finish the proof of Theorem III.1 which we have reduced to proving
the convergence

(M D)z, (MD)i0) = (o(X1)UD, 0(X1)UD),

where M{€) := e V/2(My s — My).
Firstly, we have the almost sure convergence

o2 (t) = € ([(M]14er — [M]1) — to®(X3).

This convergence is uniform in ¢ over compact intervals so we get the a.s. functional conver-
gence

((02(=t))e0, (02(1))e20) = ((—to?(X1))iz0, (t6(X1))e20),

which we may add to the stable convergence in (ITL.8).
Now, for t € R we can write

M = P (Miye — Mi) = €2 (Wi, — Wian,) = WS,

1+et

where W(© is defined in Lemma II1.12. By piecing the above together we obtain the
convergence

€ € st
(M D)0, (M{D)i50) —— ((Ut(;g()g))tzo’ (Ug}(xl))tZO)
= (o(X1)UW,o(X;)U?),
where U{") := g—l(Xl)Ut(;)z(Xl). Again we use continuity of subordination (Whitt, 2002,
Thm. 13.2.2). We conclude by remarking that (UM, U(®) is again a pair of independent
standard Brownian motions, also independent of F.
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I11.5.3 Proof of Theorem III.4

We begin by establishing that we may assume that X starts at zero and has no drift. As in
Theorem II1.4 (B(l), B(Q)) denotes a pair of independent Bessel-3 processes, defined on an
extension of (2, F,P) such that they are also independent of F.

Following Kallenberg (2021, Ch. 33) we let p be the function given by

pie)=e{-2 [ (/o) wdn} and plao) =0
o

Note that this definition of p has a problem at a value z if the function 11/0? is not integrable

over the interval [zg,x] (or [z, x0] depending on which is larger). However, if x is in the

range of X then pu/o? is bounded on [z, ] (or [z, 7¢]) due to Assumption IIT1.A. As we will

only need to evaluate p at such points we need not worry.

Now, let Y; := p(X}) for ¢ > 0. The choice of p has two particularly useful implications.
Firstly, p is strictly increasing so Y = p(X) and m* = mY. Secondly, Y is a diffusion process
solving the SDE

dY; =6(Y:)dW; and Y, =0, (I11.11)
where & = (op’) op~L.

Now we are able to prove the following lemma which is an essential step in proving
Theorem I11.4.

Lemma II1.13. [t is sufficient to prove Theorem III./ under the assumption that xo =0
and = 0.

Proof. Assume that Theorem III.4 holds for any diffusion process which starts at zero, has
no drift and satisfies Assumption ITI.A.

We consider the transformation Y := p(X) introduced above. In addition to solving the
SDE (I11.11) we further note that Y satisfies Assumption ITII.A. So by our initial assumption
there is the convergence

st

((e7V2Y c)is0, (€Y o )iz0) —— (=5(Y)BW, ~5(Y)BW@),

where Y and Y are pre- and post-supremum processes defined for the interval [0, 1]. Using
the mean value theorem we find that

6_1/22(;4 =12 (p_l)/(ce (t))}_/;eh

where c.(t) is between Y,,x . and Y. One easily verifies that (p=!)'(c.( - )) converges (in
the Skorokhod topology) to the constant function (p~!)’(Y). Hence,

(207 (ec®)Yoa) g = (07 (D)3 (T)BS = —a(X) B2,

where the final identity comes from the definition of 6. Obviously we can do similar
calculations for the pre-supremum process. Hence,

(€2X )is0. (€7 X e)iz0) = (—o(X)BY, —o(X)BD).
O

For the rest of this subsection we assume that zo = 0 and g = 0. Then, as in §I11.2.3,
we can write X; = Wx), where W is a standard Brownian motion and [X] is the quadratic
variation of X. To proceed we need the following result about zooming in at the supremum of
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W, defined for the stochastic interval [0, [X];]. This result is essentially a direct consequence
of Ivanovs (2018, Cor. 2) except for one technical complication. That paper works only on
the canonical path space and since stable convergence is not only concerned with laws but
also very much with the probability space the result does not apply directly. Instead we
provide a short proof which fixes this problem.

Lemma II1.14. It holds that

(2 Wediz0, (72 Warizo) = (=B, =B, (IIL.12)

—

where E and I/j are the pre- and post-supremum processes defined for the interval [0, [X]1].

Proof. For each T' > 0 we let K/(T) and Ii/(T) denote the pre- and post-supremum processes
for W, defined for the interval [0, T]. According to Ivanovs (2018, Thm. 4) there is the stable
convergence

(€ PW )iz, (PW)20) T (-BO,-BD),

where H is the o-algebra generated by . Since the left-hand side is obviously #-measurable
the H-stable convergence extends to F-stable convergence by Lemma III.8.

At this point it remains to extend to the case T = [X];. Corollary II1.2 tells us that
the supremum of W over the interval [0, [X],] is almost surely attained strictly before time
[X]1. Using this the convergence in (II1.12) follows via the same arguments as in the proof
of Ivanovs (2018, Cor. 2). O

Finally we are ready to prove Theorem II1.4 in the case with g = 0 and ¢ = 0. As in
Lemma I11.14 we let @ and @ denote the pre- and post-supremum processes for W defined
for the interval [0, [X]l].

Since [X]; = fo ) ds it follows immediately that

o2 (t) = € ([ X per — [X]x) = to?(X)

a.s. for any ¢ € R since ¢ is continuous on the range of X. We note that this convergence is
uniform on compact sets. Hence we have the almost sure functional convergence

(@2 (=1)ez0, (@2 (t))z0) = ((—t0*(X))ez0, (t0*(X))ez0), (IL.13)

which we may add to the stable convergence in (II1.12). We further note that

6_1/2§6t = 6_1/2(me+6t - Y)
= V2 (Wix - Wix, )

mX +et m

= PWez )

for each t > 0. Similarly, it holds that e~ */2X ., = 6’1/2@_603(_” for all t > 0. By continuity
of subordination (Whitt, 2002, Thm. 13.2.2) we have the convergence

((6_1/22‘(@)@07 (6_1/2Lfet)t20) il (( B
o(X a(X)B®),

= (-

where B{") := o~ 1(X )Bt(;)2 <+ We note that (B BW B®) is again a pair of Bessel-3 processes,

independent of F and of each other. This concludes the proof of Theorem III.4.

)QY))t>O (_353.)2(?)%20)
X)W, ~
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Graphical models for Lévy processes
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Jevgenijs Ivanovs
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Abstract. Conditional independence and graphical models for Lévy processes are seemingly un-
explored topics. In this paper we consider a multivariate Lévy process and study conditional
independence of its components, in particular leading to a notion of graphical models. Any Lévy
process decomposes into the sum of a Brownian part and an independent jump part, and we show
that these two parts may be considered separately when studying conditional independence. We
further characterize conditional independence for the jump part in terms of the Lévy measure. Here
we rely on a generalized notion of conditional independence which originates in extreme value theory.
The class of stable Lévy processes is particularly interesting due to homogeneity of the Lévy measure.
This is illustrated by considering models where the graphical structure is a tree. In this setting the
jumps of the process have a particular product structure. We further present a method for consistent
estimation of the tree given high frequency observations in a compact time interval. Lastly we
discuss a common method for simulating a Lévy process, involving approximation of the small jumps
using a Brownian motion. We show that under certain assumptions the Brownian approximation
inherits the conditional independence structure of the Lévy process.

IV.1 Introduction

A Lévy process is an R%valued stochastic process X = (X (t))t>0 with independent and
stationary increments that satisfies X (0) = 0 almost surely. For any fixed ¢ > 0, the
univariate marginal distribution of X (¢) is infinitely divisible and, thus, it arises as the limit
of row sums of a triangular array. For this reason, Lévy processes are fundamental objects in
limit theory that arise naturally in numerous settings. The Lévy—It6 decomposition states
that any Lévy process can be decomposed into two independent processes,

X =W +1J,

where the continuous part W = (W (t))¢>0 is a Brownian motion with covariance ¥ and drift
v € R, and the jump process J = (J(¢))¢>0 is described by the so-called Lévy measure A.
In the last decades, the probabilistic properties of Lévy processes have been extensively
studied, ranging from detailed analysis of the sample path behavior to applications in
physics, finance and other areas. Surprisingly, there is little known about conditional
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independence in this class of stochastic processes. In probability theory and statistics,
conditional independence is a crucial notion of irrelevance that is at the heart of the many
fields such as graphical models and causality. It further allows the definition of sparsity and
is therefore the backbone for modern theory and statistical methods in larger dimensions.

One reason for the lacking connection is that the seemingly most natural definition of
conditional independence for a Lévy process does not lead to useful characterizations. Indeed,
for disjoint subsets A, B,C C {1,...,d} and a fixed time point ¢ > 0 one might be tempted
to consider the conditional independence X 4(t) 1L Xpg(t) | Xc(¢). While such a statement
is of course well-defined, we will argue that it is neither natural nor useful for theory or
practice. Intuitively, the issue is that that conditioning only on the vector X¢(t) collapses
important information on the stochastic process up to time t into a single vector.

Instead, we propose to study conditional independence on the level of sample paths. As
a first fundamental result, we show the (non-trivial) equivalence

XAJLXB|XC =4 JAJ_LJB|JC and WAJ_LWB|W0.

That is, the characterization of conditional independence of the process X can be separated
into the corresponding statements for the Brownian and jump parts. Conditional indepen-
dence for the Brownian motion part is well understood; if the corresponding covariance
matrix ¥ is invertible, then the any any conditional independence statement can be read off
from the precision matrix £ 1.

Our main result characterizes conditional independence of the jump part J. Since this
part of the Lévy process is described by the Lévy measure A, we would like to describe
stochastic properties in terms of this object. In fact, it turns out that exactly this is possible
for conditional independence statement. Under a mild condition on A we show that for the
jump process we have

JAJJ_JB|JC = AJ_B‘C[A},

where the conditional independence notion on the right-hand side is a natural generalization
of classical conditional independence to infinite measures exploding at the origin, see Engelke
et al. (2022). This provides an effective tool to study conditional independence at the
stochastic process level, to construct concrete examples and develop statistical methodology
for Lévy processes by considering the much simpler object A.

Moreover, our theory allows us to define graphical models for Lévy processes, a mostly
unexplored field with numerous open questions and potential for efficient statistical inference
methods.

Figure IV.1 below shows a realization of a 3-dimensional Lévy process X. It is clear
that neither of the three components are independent since the paths have rather similar
behavior. However, the processes X; and X3 are conditionally independent given Xs but
this is not obvious from looking at the plot. In §IV.6 we present a method that lets us learn
this dependence structure from data.

In §IV.8 we consider daily stock prices for a selection of US companies. It is common
to model the log prices using a Lévy process. In Figure IV.2 below we see the log prices
for Target (T'GT), United Parcel Service (UPS) and The Coca-Cola Company (KO) for the
period January 2nd 2013 until December 31st 2015. Note that each time series has been
shifted by its initial value such that they all start at zero. The analysis in §IV.8 suggests
that TGT and KO are conditionally independent given UPS.
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—X; —X;—X3

Figure IV.1: A realization of a 3-dimensional Lévy process X where X; 1L X3 | Xos.

—TGT —UPS— KO

Figure IV.2: Shifted log prices for the tickers TGT, UPS and KO.

IV.1.1 Dependence models for stochastic processes

In the study of multivariate stochastic processes it is natural to want to model the dependence
between different components. Numerous papers have aimed to do this and before we proceed
we will briefly mention some of the proposed approaches. As is often the case, none of these
are suited for all classes of processes and all applications. In practice one must therefore
browse the literature for the most appropriate dependence model.

A popular concept is Granger causality, originally introduced by Granger (1969). The
general idea is to study how information about one component of a time series up to time
n — 1 influences prediction of the value of another component at time n. Granger causality
is the basis of many other papers such as Eichler (2012) which introduces graphical models
in the context of multivariate time series.

The ideas from Granger causality can be extended to continuous time to obtain what is
commonly known as local independence. The idea is to study how information about one
coordinate influences the infinitesimal increment of another coordinate. Local independence
is considered for various classes of stochastic processes. For instance, Didelez (2008) uses it
to define graphical models for marked point processes. Another example is Mogensen and
Hansen (2022) who study diffusion models with correlated driving noise.

The concepts of Granger causality and local independence are both based on dependence
in time. This is entirely trivial if one considers a Lévy process since it has independent and
stationary increments. For example, the evolution of the process after a fixed time point
T > 0 is independent of the process up to time T'. In this paper we concentrate instead on
dependence in space. We look at individual jumps and study the dependence structure of
such random vectors.
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The idea of a-stable graphical models was introduced by Misra and Kuruoglu (2016).
These models describe a-stable random vectors which are recursively constructed according
to a directed acyclic graph. It is shown by Engelke et al. (2022, §7.3) that these models can
be seen as a special case of directed graphical models based on the notion of conditional
independence given in Definition IV.5 below. We note that the Lévy measures associated to
these models are quite basic (for example, they do not admit a Lebesgue density) whereas
our approach includes more complicated measures.

To model dependence of the jumps of a Lévy process Kallsen and Tankov (2006) use
Lévy copulas, which are an analogue to copulas for random vectors. A somewhat similar idea
based on so-called Pareto Lévy measures is suggested by Eder and Kliippelberg (2012). Both
works choose to model the dependence via the Lévy measure. A feature they share with the
approach presented in §IV.4 below.

IV.2 Preliminaries

In this section we will provide a brief introduction to conditional independence and Lévy
processes along with a bit of notation.

Throughout we denote the index set {1,...,d} by V. This will eventually be the set of
vertices in our graphical models. We will often consider sets of points 2 € R? which satisfy
some conditions. To keep things simple we use the notation {r € A} = {z € R? |z € A}.
For example, we will write {z7 > 1} for the set {z € R?|xq > 1}.

IV.2.1 Conditional independence

The following is a quick recap of conditional independence. A far more detailed account can
be found in Kallenberg (2021, Ch. 8).

For random variables XY, Z, defined on some probability space (2, F,P) and taking
values in spaces Sx, Sy, Sz, we say that X is conditionally independent of Y given Z if

P(X €AY €EB|Z)=P(X € A| Z)P(Y € B| Z)

almost surely for all measurable sets A and B. If this holds we write X 1l Y | Z.

It is often convenient to write conditional probabilities using a probability kernel . That

is,

P(X,2Y)eF|Z==z) =uzF)
for all measurable F' and P(Z € - )-almost all z. If such a kernel exists the conditional
independence X 1l Y | Z holds if and only if p(z, A x B) = u(z, A x Sy) - u(z, Sx x B) for
for all measurable A, B and P(Z € - )-almost all z.

A sufficient condition for existence of p is that Sx, Sy are Polish spaces. In this paper we
will typically consider either R™ for some natural number n or the space of cadlag functions
from [0, 00) into R™. These are both examples of Polish spaces (where the latter is endowed
with the Skorokhod topology, see Jacod and Shiryaev (2003, Thm. 1.14)).

IV.2.2 Lévy processes

Consider a stochastic process X = (X (t));>o taking values in R%. Generally we will use bold
letters to denote stochastic processes. We say that X is a Lévy process if it satisfies the
following:

1. P(X(0)=0)=1.
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2. ForneNand0 <ty <t <---<t, the increments X (t1) — X (to),..., X(tn) — X (tn-1)
are independent.

3. The distribution of X (¢ + s) — X (s) does not depend on s.
4. The sample path ¢ — X (t) is cadlag P-almost surely.

Typical references for Lévy processes include Bertoin (1996), Sato (1999) and Applebaum
(2009).

A basic consequence of the definition above is that the distribution of X (1) is infinitely
divisible. Therefore, see e.g. Sato (1999, Thm. 8.1), its characteristic function is given by the
Lévy—Khintchine formula

. 1
E[e! X ] = exp (i(u,7) — 5 (u, u)
+ /d e 1 —iu, z) 1qjzl<1y A(dx)), u € RY
R

where v € R%, ¥ is a positive semidefinite d x d matrix, || - || is a norm on R? and A is
a measure on R?. We say that X has characteristic triplet (y,%,A). The so-called Lévy
measure A satisfies

/Rdu Allz)1?) A(dz) < oo. (IV.1)

In particular, A(F) < oo for any F € B(R?) bounded away from 0.

Just like any Lévy process gives rise to an infinitely divisible distribution the converse is
also true. That is, for any infinitely divisible distribution v on R? there exists a Lévy process
X such that X (1) ~ v. Some typical examples of Lévy processes are:

e A deterministic drift, i.e. X(¢) =t -~ for some v € R%. The associated triplet is (v, 0,0).
e A Brownian motion with drift v and covariance matrix . Here the triplet is (v, X, 0).

e A compound Poisson process with rate A > 0 and jump distribution u. The triplet is
given by (v,0,A) where A =Xy and v = f{llx\|<1} x A(dz).

e An a-stable process. That is, a Lévy process where the distribution of X (1) is a-stable.
See §1V.5 for further details.

Furthermore, the sum of two independent Lévy processes is again a Lévy process and its
triplet is simply the sum of the two original triplets.

Compound Poisson process Brownian motion Cauchy process
-—
-— .
~— A
J/
0 —— o—°* o
[ J -
s
~— .,:' -
-‘ - -~ -~
s a sl
o g P
0 10 10 1

Figure IV.3: Examples of Lévy processes.

A Lévy process may be represented by its Lévy—Itdo decomposition. More precisely, if X
is a Lévy process with triplet (v,%, A) we can write it as X = J + W, where J is a Lévy
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process with characteristic triplet (0,0,A), and W is a Brownian motion with drift v and
covariance matrix ¥ which is independent of J. Since W is a.s. everywhere continuous it is
common to refer to J and W as respectively the jump part and the Brownian part of X.
Importantly, the terms J and W may be constructed from X. A fact which will be used to
prove multiple results in this paper.

IV.3 Conditional independence for the process

We want to discuss conditional independence for the components of a d-dimensional Lévy
process. More precisely, for disjoint subsets A, B,C' C V we consider the statement

X4 1l X5 | X

We remark that this is just one way of thinking about conditional independence for Lévy
processes. Another option is to consider X 4(tg) LL Xp(to) | Xc(to) for some ¢y > 0. The
primary difference between these two set-ups is the amount of information that we condition
on since o(X¢) is much larger than o(X¢(to)). Indeed, we note that not only does X¢ (o)
tell us nothing about the the future (i.e. (X¢(to +t) — Xc(to))e>0) but it also provides
very little information about the fluctuations and jumps up to time ty. As such the idea of
conditioning on the entire process X seems more interesting. In the following subsection
we briefly discuss how these two types of conditional independence are related.

IV.3.1 Fixed times

An important question is whether the following equivalence holds.
There exists tg > 0 such that X a(to) 1L Xp(to) | Xc(to) < Xa L Xp|Xe. (IV.2)

As the following example demonstrates we can rule out the implication from right to left in
(IV.2). The issue is that X 4(t9) and X pg(to) may have some dependence which is determined
by the full history of X¢ on [0,¢0] and not only by X¢ (o).

Example IV.1. Let X be a 3-dimensional compound Poisson process such that the jumps
of Xo take the values —1 or 1 (both with positive probability). Moreover, X1 and X3 are
independent, jumping precisely when AXq =1 and AXy = —1 respectively. The jumps of Xy
and X3 are all of size 1. Then X1 1L X3 | Xo. For any to > 0 the random variables X1 (o)
and X3(tg) are not conditionally independent given Xs(to). For example, conditionally on
the event {Xa(tg) = 0} (which has positive probability) we have X1(tg) = X3(to) and this
common value is not deterministic.

The difference between conditioning on one value and conditioning on the entire path
can also be illustrated visually. Suppose that X is 3-dimensional with X; 1L X35 | Xo.
Figure IV.4 shows part of the dependence structure. Observe that conditioning on Xs(tp)
does not guarantee independence between X (tg) and X;5(¢o) since there is still a potential
connection via the past X5(t), t < to. The solid edges illustrate possible dependence while
the dashed edges are the ones closed by the conditioning, i.e. those where at least one of
the connected vertices is deterministic. Observe that conditioning on the entire path, i.e.
Xo(t), t < tg, closes any possible connection between X (tp) and Xs5(to).

To obtain an implication similar to the one from left to right in (IV.2) we have to replace
the left-hand side with a stronger statement. The following result provides a sufficient
condition.
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Xi(t), t<to X1(to) Xi(t), t <to X1 (to)

Xg(t), t<tor---- Xg(t()) Xg(t), =il - - - - Xg(t())

Xg(t), t<to Xg(to) X3(t), t <to Xg(to)
(a) Conditioning on X2 (to). (b) Conditioning on Xs2(t), t < to.

Figure IV.4: Illustration of the difference between conditioning on X2(to) and conditioning on
Xo(t), t < to. To disconnect X1(to) and X3(to) it is not enough to condition on the present value
Xa(to).

Proposition IV.2. There is the implication:
XA(t) AL XB(t) | Xc(t) fO’I‘ all t > 0 = XA A XB | Xc.

The proof of Proposition IV.2 is in §IV.A.3 and does in fact not require that X 4(¢) 1L
Xp(t) | Xc(t) for all t > 0. Instead it is sufficient for this to hold for all ¢ € (0, ¢€) for some
e>0.

Assume for a moment that X is a stable Lévy process (we will come back to this in §IV.5).
That is, for any h > 0 there exist b > 0 and ¢ € R? such that X (h) = bX (1) + ¢. Then
the left-hand side in Proposition IV.2 is equivalent to having the conditional independence
Xa(to) I Xp(to) | Xc(to) for a single time point ¢o > 0. Whether this is also true without
stability is unclear. Importantly, distributional properties of X (¢) may be time dependent.
Sato (1999, §23) lists some examples of this such as unimodality and absolute continuity.

IV.3.2 The Lévy-Ito decomposition

As mentioned in the introduction we can write the process in its Lévy-Itd decomposition
X = J+ W, where J is the jump part and W is the Brownian part. Interestingly,
Proposition IV.3 below shows that we may study conditional independence for J and W
separately.

Proposition IV.3. There is the equivalence
XAJ_LXB|XC & JAJ_LJB|JC and Wy 1L Wp |Wc.

While this result is not the most surprising it is also not as trivial as it might appear.
Note for example that for independent random vectors Y and Z the implication

Y4 1L Yp | Yo and ZAJ_LZB|ZC = Ya+Zsa U Yp+Zp | Yo+ Zc

does not hold in general. The issue is that conditioning on Yo+ Z¢ is not guaranteed to provide
enough information about the individual terms Yo and Z¢o. The proof of Proposition IV.3 is
in §IV.A.4 and makes use of the fact that Jo and W may be constructed from X¢.

The Brownian part W is stable (with oo = 2) so Proposition IV.2 and the subsequent
discussion tells us that W4 1L Wpg | W if and only if Wa(ty) 1L Wg(to) | Wel(to) for
some to > 0. If ¥ is invertible we know that the latter is equivalent to having (371);; =0
for all i € A,j € B. In §IV.4 we study conditional independence for the jump part J.
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IV.3.3 The killed process

The concept of killing is central in the theory of Lévy processes. It does, for example, allow
us to consider a setting where X is only observed until some time point 7" > 0. Here we
briefly discuss it in the context of conditional independence.

For the Lévy process X and a fixed time T > 0 we define the killed process X' by

XT(t) =

X(t) fort<T,
1 fort > T.

Then we have the following simple result.

Proposition IV.4. There is the equivalence:
XallXp|Xe & X4 1UXE|XE forallT > 0.

Extending Proposition IV.4 to the case where T can be any positive stopping time is not
possible. The interesting implication is the one from the left, and in general it does not hold.
For example, if |A] = |B| = 1 we can look at T = inf{t > 1| |Xa(t) — Xg(t)| < €} for some
€ > 0. If we further assume that X¢ is independent of X 45 we easily see that X and X%
are not conditionally independent given Xg.

For left-hand side in Proposition IV.4 to imply conditional independence for the killed
process X7 it is sufficient to assume that T is o(X¢)-measurable. In fact, the original proof
goes through without changes.

IV.4 Conditional independence for the jumps

We consider now a Lévy process X with characteristic triplet (7,0, A), meaning that X
has no Brownian component. Studying conditional independence for the jumps of X is
straightforward if the the Lévy measure is finite. One simply considers Y4 1L Yp | Yo where
Y is a random vector with distribution A/A(R?) (the jump distribution). However, if A
has infinite mass this is obviously not possible, so it becomes necessary to find a different
approach. What we will use is a generalized notion of conditional independence which was
introduced by Engelke et al. (2022). This is inspired by the work of Engelke and Hitz
(2020) who considered conditional independence for multivariate Pareto distributions. One
of the main contributions of the present paper is Theorem IV.7 below which characterizes
conditional independence for X in terms of its Lévy measure.

IV.4.1 Conditional independence for the Lévy measure

Recall the notation V' = {1,...,d}. We write
R(A) = {R = xyev Ry | Ry € B(R),0 ¢ R,A(R) > 0}

for the class of product sets which have positive mass and are bounded away from the origin.
We require each set R € R(A) to have positive and finite mass since this means that it
induces a probability measure Pr = A(- N R)/A(R). The reason for restricting to product
sets is that it is natural in the context of independence. Indeed, two random vectors can
only be independent if the joint support is a product set. We will often consider a random
variable Y with distribution Pgr. To simplify notation we typically think of Y as the identity
such that Pr(Y € A) = Pgr(A).
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(A) (B) (©)

Figure IV.5: Examples of sets in R?. Figures (A) and (B) show two sets which are bounded away
from 0 but only the former is a product set. Meanwhile, (C) shows a product set containing 0.
Hence, only (A) shows a set which may be in R(A).

For a non-empty subset D C V we may consider two measures on £P = R \ {0p}
defined by
Ap=A({zp € -}), A =A({zp € - ;2v\p = 0y\D})-

For v € V' we shall use the simplified notation A, = Ay,y. The distributions P are now
used for defining conditional independence w.r.t. the measure A.

Definition IV.5. Let A, B,C CV be disjoint. We say that A admits conditional indepen-
dence of A and B given C if and only if

Yol Yp |Ye for Yausuc ~Prapue for all Raupuc € R(Aaubuc).

We denote this conditional independence by A L B | C[A]. For C =0 we say that A admits
independence of A and B and this is denoted by A L B[A].

To verify the conditional independence introduced in Definition IV.5 it is sufficient to
consider certain sub-classes of product sets. In particular, we may look at sets on the form
Ry = {|zy| > €} for v € V and € > 0. We shall use the simplified notation P, . = P, . For
a partition A, B,C' C V Engelke et al. (2022, Thm. 4.1) showed that the following statements
are equivalent:

e ALl BI|CIA]L
o Yy UYp|YoforY ~P,forallveV,e>D0.
o Yy UYp|YoforY ~P. forallce Cie>0,and AL B [A?Lqu]~
Contained in this result is the often useful implication:
ALB|C[A] = ALBAY g

for a partition A, B,C C V.

IV.4.2 Distributional interpretation of the conditional independence

The conditional independence in Definition IV.5 concerns the Lévy measure and hence the
jumps of the process. In this subsection we show how this translates to statements about
the process X itself.

We begin by discussing the simpler case of independence. Assume that

A({z, #0}) € {0,00} forallveV. [IV.A1]
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Then, for a partition A, B C V, Engelke et al. (2022, Prop. 5.1) show that the independence
A L BJA] holds if and only if A({x4 # 04,25 # 0}) = 0. The latter is the same as saying
that the Lévy measure is concentrated on the subfaces {x4 =04} and {xp = 05}. Without
[IV.A1] we still have that A({za # 04,25 # 0p}) = 0 implies independence w.r.t. A. This
leads to the following independence result for the Lévy process.

Lemma IV.6. Let A, B C V be a partition and assume [IV.A1]. Then there is the
equivalence:
XaUlXp < ALBIA]L

The implication from the left holds even if [IV.A1] is false.

Proof. The processes X4 and Xp are independent if and only if they have no simultaneous
jumps, corresponding to A({za # 04,z5 # 0g}) =0. 0

Having dealt with independence we turn to the generally more complicated case of
conditional independence. For this we need need a stronger assumption than before. More
precisely, [IV.A1] is replaced with the following.

AL ({zg #0}) € {0,00} forall DCV and all d € D. [IV.A2]

We will now see that Lemma IV.6 is just a special case of the more general Theorem IV.7
below. Intuitively it tells us that X4 1l Xp | X¢ if and only if the jumps of X exhibit the
same conditional independence.

Theorem IV.7. Let A,B,C CV be a partition. Under [IV.A2] there is the equivalence:
XAJ_LXB‘XC = AJ_B‘C[A}
The implication from the left holds without [TV.A2].

The proof of the result is postponed to §IV.A.6 but we can sketch the general idea,
concentrating on the implication from the right. It is possible to write X = X’ + X", where
X', X" are independent Lévy processes with Lévy measures A’, A” given by A restricted
to {zc = 0} and {z¢ # 0} respectively. The idea is to show that both terms satisfy the
conditional independence between components A and B given C. For X” we know that
all jumps have a non-zero C-component. Hence, conditioning on X7, fixes all jump times.
We combine this with the conditional independence A L B | C'[A]. For X’ we note that it
is essentially a (d — |C|)-dimensional process since the C-component is deterministic. The
associated Lévy measure is A(\)/\c and due to [IV.A2] it satisfies [IV.A1]. Hence, we may
apply Lemma IV.6 (recall that A L B | C'[A] implies A L B[AY, o))

IV.4.3 Graphical models

As previously advertised we want to define (undirected) graphical models for Lévy processes.
The main object is a graph G = (V, E), where V = {1,...,d} is the index set and F is a
subset of V' x V with a pair (4,j) € E representing an edge between the vertices ¢ and j.
Since our focus is on undirected models we do not care about the ordering, i.e. (i,j) and
(4, 1) are seen as the same edge.

For sets A, B,C C V we say that C separates A and B in G if every path from any
vertex in A to any vertex in B goes through C. We say that the Lévy process X satisfies
the global Markov property with respect to a graph G if X4 1l Xp | X¢ for any disjoint
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sets A, B,C C V such that C separates A and B in G. In this case we call the pair (X,G) a
graphical model.

These graphical models are also what we call semi-graphoids. That is, for a graphical
model (X, @) and disjoint subsets A, B,C, D C V the following four properties are satisfied:

(L1) If X4 U Xp | X¢ then Xp AL X4 | Xc.

(L2) If X4 1L Xpup | Xe then X4 1L X5 | Xe.

(L3) If X4 1L Xpup | Xc then X4 1L X5 | Xoup.

(L4) If X, U Xp | X and X4 UL Xp | Xpue then X4 1L Xpup | Xe.

Importantly, Lauritzen (1996, Prop. 3.4) uses these semi-graphoid properties to show that
the global Markov property implies the local Markov property which further implies the
pairwise Markov property.

Graphical models need not be based on the traditional notion of conditional independence.
In fact, in the work by Engelke et al. (2022) the idea is to study graphical models based on
conditional independence w.r.t. A as defined in Definition IV.5. One of many results is that
the semi-graphoid properties are satisfied under [IV.A2]. A fact which may also be seen as a
corollary of Theorem IV.7. This connection makes another argument for the need of [IV.A2]
in the above.

IV.5 Stable processes

The class of so-called stable processes have particularly nice Lévy measures which allow for
some interesting theory along with the possibility of consistently estimating certain graphical
structures. We will now give a brief introduction to stable processes. A more detailed
overview is provided by e.g. Sato (1999, §13-14).
A Lévy process X is said to be stable if for any h > 0 there exist b > 0 and ¢ € R? such
that
X(h) ZbX(1) +ec

This turns out to be equivalent to a seemingly stronger statement. Namely that there exists
a € (0,2] with the following property:

For any h > 0 there exists c: [0,00) — R? such that

) (IV.3)
(X (ht))iz0 = (B X (t) + c(t))0-

The constant « is known as the stability index of X.

If (IV.3) holds with ¢ = 0 for all values of 2 > 0 we say that X is strictly stable. In that
case the property in (IV.3) is also called self-similarity with exponent 1/c.

The stability index is essential in describing stable processes. For v = 2 the process X is
a-stable if and only if it is a Brownian motion, i.e. its characteristic triplet is (v, %,0). For
a € (0,2), on the other hand, X is a-stable if and only if its triplet is of the form (7,0, A)
(i.e. no Brownian component) and the Lévy measure is —a-homogeneous. The latter means
that A(hE) = h~*A(E) for any h > 0 and E € B(R?). For any v € V the marginal measure
A, is also —a-homogeneous. Consequently,

fau™l1"%du  for u >0,

my

i -

my ajul717*du  for u < 0,
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where m¥ = A({£x, > 1}). Note that we may have A({z, = 0}) > 0.

We remark that [IV.A2] is automatically satisfied if A is —a-homogeneous. Indeed, if
A% ({zq # 0}) > 0 for some D C V and d € V, then there is n € N with A% ({|z4| > 1/n}) > 0.
Using homogeneity we find that

AY(fra #0}) = T AY({Jza] > 1/m})
= Tim_ A({|za| > n/(nm), 2y p = Oy p})
Tim (n/m)~ A ({Jza] > 1/n})

= Q.

IV.5.1 The kernel representation

For the rest of this section we assume that X is a stable Lévy process. We will utilize
the homogeneity of A to derive the existence of certain random vectors which will become
essential in describing the structure of the jumps.

For a non-empty subset C' C V there is a Ag-unique probability kernel vo: £ x
B(RV\®) — [0,1] such that for any R € R(A) with 0c ¢ Rc we have that

A(R) :/R ve(zo, Ry\o) Ac(dzo),

see Engelke et al. (2022, Lem. 4.3). Furthermore, for any ¢ € C and € > 0 with A(R..) >0
there is the identity

ve(zo, Ry\¢) = Pec(Yy\c € Ry\¢ | Yo = 2¢) (IV.4)

for Ag-almost all z¢ with |z.| > e.
We will focus on the case where C' contains just one element c. In this case v(.} admits a
rather particular representation.

Lemma IV.8. For any c € V there exist two d-dimensional random vectors (1) ¢(e—)
such that £%) = +1 almost surely, and for A.-almost all h # 0

vy (h, ) = B(RIESE) € ) for £h > 0.

According to (IV.4) we may think of v¢(h, - ) as the conditional distribution of Yy ;¢
given Y, = h, where ¥ ~ P, . for some ¢ > 0. Hence, the intuitive interpretation of
Lemma IV.8 is that sampling Y conditionally on Y, = h # 0 is the same as sampling £(¢1)
or £(¢7) (depending on the sign of &) followed by multiplication with |h|.

Lemma IV.9. The random vectors (&%) satisfy E[||€(©F)||*] < oo and every such pair of
vectors may arise from some -a-homogeneous Lévy measure. Furthermore, for any v € V\{c},

+
/ 22 A(dz) = 27 B[t
{z.c(0,1)} 2-«

and

/ 2 A(dz) = 27 B[
{zo€(~1,0)} 2-«
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Assume that A is concentrated on [0,00)?. Since £(>7) is not of interest in this situation
we will use the slightly simpler notation &9 = £ If A(©) is a random vector with
distribution P, . it follows from Lemma IV.8 that

Al) £ p.glo (IV.5)

where P is independent of £(¢) and absolutely continuous with density proportional to
x+— x717% on [¢,00). The latter is the same as saying that P follows a Pareto distribution
with scale € and shape a.

IV.5.2 Tree models

In this subsection we assume that A satisfies the global Markov property w.r.t. a tree
T = (V,E). The idea is that this is a graph where we condition on only one vertex at a
time. Lemma IV.8 tells us that conditioning on a single vertex ¢ can be expressed using the
random vectors £(¢1) gle—),

Given a pair of vertices i,j € V we define f(ﬂ;j) = §§i’i). For c € V and € > 0 we have

Pec(Yy € [h[F | Yo =h) =P € F) for all F € B(R) (IV.6)

for A.-almost all |h| > €, where sgn(h) = + for h > 0 and sgn(h) = — for h < 0.
We further want to know the conditional distribution of Y; given Y; = h under P . in
the particular case where ¢ and j are separated by ¢ in the tree T'.

Figure IV.6: Graphical representation of {c} L {j} | {¢} [A].

Lemma IV.10. Suppose that {c} L {j} | {i}[A] as illustrated in Figure IV.6. Then for any
€>0 and P..(Y; € - )-almost all h # 0

Pec(Yj € [B|F | Y; = h) =P(EES" € F)  for all F € B(R). (IV.7)

(4,3

Proof. For €¢,6 > 0 and F' € B(R) we find that
A{lze] > €,z > 6,25 € 2, F}) :/ Pis(|Ye] > € Y; € hE | Y; = h) Ai(dh)
5

:/ Pis(|Ysl > €| Y; = WPis(Y; € hF | Y = h) Ay(dh)
)

= A({lze| > e, > S))B(E,, € F)

i,5)
using (IV.4) and the assumed conditional independence. Dividing by A({|z.| > €}) yields
P(E( 5y € F)Pc(Yi 2 0) =P (Y > 6,Y; € ViF)

(oo}
= / P..(Y; € hF | Y; = h) P,.(Y; € dh).
é

Via standard arguments we have now established (IV.7) for P, .(Y; € - )-almost all A > 0.
For h < 0 we consider A({|z.| > €,z; < —0,z; € |x;|F}) and apply similar arguments. [
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For a fixed vertex ¢ € V we define a directed tree T(©) = (v, E(C)) by letting E(¢) consist
of all edges in E which are pointing away from c in the original tree. For i € V we let
phr(c,i) denote the set of edges in the unique path from ¢ to i in T(®). If i = ¢ we have
phr(c,i) = 0.

Assume that the random variables ¢, e € E(©) are independent. For ¢ > 0 we further let
P be an independent random variable with distribution given by A, restricted to (—oo, —€] U
[e,00) and normalized. We can now define a random vector Z recursively by

Ze=P and Z;=|Z]| 5% forj#ec, (IV.8)
where ¢ € V is the unique vertex such that (4, j) € phy(c, j).
Theorem IV.11. The random vector Z defined in (IV.8) has distribution P .

This result tells us that we can ‘build’ a vector with distribution P, . by starting with
P at vertex ¢ and then expanding to the rest of the tree by multiplying with the random
variables £F.

If we assume that A is concentrated on [0, 00)? we do not have to worry about the sign
of Z; since it will always be positive. Therefore it is possible to write down Z in a slightly
simpler form. In this case we have that

Zi=P- ] ¢
eEphT(c,j)

where the empty product is defined to be 1. Here we use the simplified notation &, = £F.
This is nearly identical to the formula given by Engelke and Volgushev (2022, Prop. 1).

We conclude the section with Proposition IV.12 below which tells us how the distributions
of &(;,5) and & ;) are related. In other words, it describes what happens when we reverse the
direction of an edge. Something which is relevant when the root of the directed tree T(¢) is
changed.

Proposition IV.12. Assume that A has no mass outside [0,00)%. For distinct i,j € V we
have that

m;
PGy 2 h) = —Ellye, ,>m Gipl >0,
J
and
T > oy a
P # 0) = ImP(§yq 2 h) = EE[E(M)]’
where m; = A({xz; > 1}),m; = A({z; > 1}).
We may combine this result with Theorem IV.11 to obtain the identity
m _ My
P 11 o hteV. (IV.9)
(u,v)€phy (hst)

This will be used in the proof of Proposition IV.13 below.

IV.6 Structure learning for trees

Assume that the conditional independence structure of the Lévy process X is given by a
tree T = (V, E). We are interested in learning the tree structure from discrete observations
X(k/n) where n € Nand k =1,...,n. We further assume that X is a-stable with a € (0, 2).
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We rely on the work of Engelke and Volgushev (2022, §4) who consider structure learning
for extremal tree models. In extreme value theory it is standard to study dependence
after normalization to unit Pareto marginals, yielding the measure A with the marginals
A({z; > u}) = u~!. Normalization of the Lévy measure is uncommon as it would drastically
change the Lévy process. Hence we only assume stability and make no further restriction to
identical marginals. Recall that the marginals of the —a-homogeneous Lévy measure are
given by

Ai(u) :== A({z; > u}) = mju™®, u >0,

where m; = A({z; > 1}). We mainly focus on the case when A is concentrated on [0, c0)?
and give comments about the general case at the end.

IV.6.1 Tree recovery from bivariate summary statistics

We begin with the theoretical foundations for learning the underlying tree T'. Afterwards we
discuss how the estimation is carried out in practice, culminating with Theorem IV.17 which
provides a step-by-step procedure.

Mimicking the definition of the extremal correlation coefficient we let

M2 A @) 2 K @)
K A{z > K, ()} (IV.10)

=A({z; > m}’* x; > m/}),

which is independent of ¢ > 0. The latter equality follows by homogeneity and the fact that
A{z; > mi/ “}) = 1. This is also the extremal correlation coefficient of the multivariate
Pareto vector characterized by A. Note also that x is symmetric, i.e. x;; = Xji;- Due to
homogeneity we may switch to strict inequalities in (IV.10) if desired.

The following result is crucial for showing that x;; can be used to recover the underlying
tree T' as the minimal spanning tree. Recall that phy(h,t) denotes the set of edges on the

path from A to t in the directed tree TV,

Proposition IV.13. For any edge (i,j) € php(h,t) it holds that
Xht < Xij- (IV.11)

Note that because of symmetry (IV.11) holds for any undirected edge (4, j) on the path
between h and ¢ in the undirected tree.

Proof. From the definition of x; and the factorial representation in Theorem IV.11 we find
that

Xht = mh/ ax_a_l]ID(x H Euw) = m%/o‘) dz.

1/
h (w,v)€phyp (hit)

Apply Tonelli’s theorem and (IV.9) to obtain

Xnt = mpE {max (mfll/aa mtl/a/ H 5(“’”)) _0‘}
(u,v)€phy(h,t)

=E[min(1, ] %gm))]

(u,v)ephyp(h,t)

According to Proposition IV.12 we have that
m «
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and so it is left to apply the bound E[min(1, Z1 Z3)] < E[min(1, Z;)] for independent Z; and
O

The following theorem assumes that the inequality in (IV.11) is strict for all (i,7) €
php(h,t) when (h,t) ¢ E. A sufficient condition for this to hold is the following: For any
(i,4) € E and every € > 0 we have P(>* €(ig) > I)>0and P(1 —e< = € < 1) > 0. See
Lemma IV.24 in §IV.A.1 for further details. This condition is quite Slmllar to the one given
by Hu et al. (2022, Prop. 2.5). It is satisfied if e.g. supp(§(;, ;)) = [0,00) for all (4, j) € E.
The latter is the condition given by Engelke and Volgushev (2022, just after Prop. 5).

Theorem IV.14. Let g be a strictly decreasing function on [0, 1], and SZEJ") be a consistent
estimator of x;;. Assume also that the inequalities in (IV.11) are strict when (h,t) ¢ E.
Then the minimal spanning tree for the edge weights g(X(")) coincides with T with probability

tending to 1.

Here one may use g = — log to guarantee the positivity of the weights if desired. This
result readily follows using the arguments of Engelke and Volgushev (2022), see the proofs
of Proposition 5 and Theorem 2 there. Importantly, the assumption of strict inequalities
implies that for all (4, j) € E we have x;; > 0, and so {¢} L {j} [A] cannot happen.

Remark IV.15. It is important to note that homogeneity of A is crucial for the above theory
in at least two ways. Firstly, it underlies the factorization identity leading to the inequalities
for x. Secondly, it allows for consistent estimation of x;; on a constant interval [0, 1]. Indeed,
the number of large jumps does not grow with n and hence we must rely on some structural
assumption allowing for estimation of our summary statistic using small jumps.

IV.6.2 Estimation of the coeflficients

Initially we will assume that X is strictly a-stable. In §IV.6.4 we present an easy adaptation
which covers the general case of stable processes.
For the estimation we use the increments A(n, 1),...,A(n,n) given by

A(n, k) = X (k/n) — X ((k — 1)/n).

Additionally for each i € V' we let ﬁg") denote the empirical CDF of A;(n,1),...,A;(n,n).
This is defined as

n

F™ (2 — o z €R.
k=1
For ¢ € (0,1) we define an estimator X( )(q) by
- 1
X (q) = w0 =) > L{AM (As(n,0) >0, F§ (A (n,k)) >a} - (Iv.12)
k=1

Note that computing )?gl) does not involve estimation of any other parameters even though
the definition of x;; uses both m;, m; and «. Consistency of the estimator is provided by
the following result.

Proposition IV.16. Let (g,) be a sequence in (0,1) such that g, — 1 and n(1 — g,) — oo
as n — 0o. Then

~ P ..
X (qn) — xij  for anyi,j € V.
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We can combine all of the above into Theorem IV.17 which describes the two steps of
the estimation.

Theorem IV.17. Assume that the inequalities in (IV.11) are strict for (h,t) ¢ E. Let (¢,)
be a sequence of positive numbers satisfying ¢, — 1 and n(1 — ¢,) — oo. Then the following
procedure correctly estimates the tree T with probability going to 1 as n — oo.

1. For eachi,j €V compute )?%L)(qn) according to (IV.12).

2. Calculate the edge weights p”T-‘) =— log(ﬁ?)(qn)) and compute the corresponding mini-
mum spanning tree T',.

Above we require that ¢, — 1 as n — 0 but we further assume that 1 — ¢, does not
vanish too quickly. However, for a given n this does not tell us how to pick g, in good way.
The simulation study in §IV.7.3 will illustrate how the recovery probability can depend on
the choice of ¢,.

A crucial ingredient in the proof of Proposition IV.16 is the following asymptotic behavior
which follows from a classical convergence result (Sato, 1999, Cor. 8.9). For any E C R¢
which is measurable and bounded away from zero

P(X(h) € E) ~ hA(E) as h | 0. (IV.13)

To prove the convergence we will consider the random vectors Y (k) = X (k) — X(k — 1)
for k € N. Denote the empirical CDF of Y;(1),...,Y;(n) by G{™). By self-similarity of X we
obtain the distributional identity

-~ d - -
X4 (an) = ) D LG (i (9)> 00 GO Y ()50} -

Lemma IV.18. For each i € V let G; denote the CDF of Y;(1) and let (g,) be a sequence
as in Proposition IV.16. Then

Pu = P(GAYi(1) > 4. Gy (V;(1)) > 4.)) ~ (1~ gu)xsy s — o0
foranyi,jeVv.

Proof. First, let hyp,; = G;l(qn) and note that h,; — oo as n — oo. It follows from
self-similarity and (IV.13) that

1= gn =P(Yi(1) > hyp i) =P(X;(h, ) > 1) ~ h,$m; asn — oo, (IV.14)
The probability of interest can be rewritten as

pn =P(Xi(h,$) > 1,X;(h, ) > %)

Another application of (IV.13) yields the asymptotic equivalence

P =P(Xi(h,§) > 1, X;(h,§) > (5)Y)
~ A > Loy > (54)V))
A({wi > L > ()}
A{z; > 1})

~ (1 _qn)

= (1 - qn)Xij)
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where the two last steps use (IV.14) and homogeneity of A. Finally, for any € > 0 it follows
from (IV.14) that [(5L)Y/* — Z—J| < ¢ for large enough n. Hence,

[pn — P <P(X;(h, %) is between (%)1/0‘ and 2”])

< P(Xj(hioﬁ c [(m)l/a s (ﬂ)l/a " 6])

n,t m; m;

~ h S Az € (Y — e, ()Y +]})

m; m;

~ (1= an)my Al € [(R)Y/° — e, (34)/* + })

m;

for large enough n. This concludes the proof as A({z; € [(=2)V/® — ¢, (Z2)1/® 4 €]}) can be
made arbitrarily small by choosing € > 0 small enough. O

Proving Proposition IV.16 is now mostly an exercise in applying the Glivenko—Cantelli
theorem which states that for each i € V

sup|G{™ (z) — Gi(z)] — 0  almost surely, (IV.15)
z€R

see e.g. Kallenberg (2021, Prop. 5.24).

Proof of Proposition IV.16. For n € N and k < n we let
Znge = LG (i (k) >4, GS (V; (k) >0 } -
For any € > 0 we use Chebyshev’s inequality to obtain the estimate
PR = (1= 4n) "E[Zpa] > €) < € *Var(x{}).

It is sufficient to show that the variance on the right-hand side vanishes since combining
Lemma IV.18 and (IV.15) yields the convergence (1 — ¢,) 'E[Z,1] — xi;. The variance can
be written as . 0w
Var(R{})) = 21— ) >N Cov(Znk, Zni)-
k=1 ¢=1

There are n(n—1) off-diagonal terms (those with k # ¢) for which (1—g¢,,) "2Cov(Z, ks Zn.e) —
0 uniformly in k, /. Here we use the asymptotics from Lemma IV.18. Since we further divide
by n? the total contribution of these terms vanish in the limit. The sum of the n terms with
k = ¢ does also vanish as n — co. To see this note that Var(Z, ) is approximately p,, (1 —p,)
by (IV.15), where p,, is as in Lemma IV.18. To conclude simply apply the asymptotics of p,
along with the assumption that n(1 — ¢,) — oco. O

IV.6.3 Allowing for jumps in all directions

Suppose now that A is not restricted to the positive orthant, and let the marginal measures
be given by A({£z; > u}) = miiu*a for u > 0. We still assume that A is globally Markov
with respect to a tree T'. It is easy to see that conditional independence statements remain
to be true for A restricted to any orthant, see also Engelke et al. (2022, Lem. A.5). Hence
one may apply the above described method to a single orthant to recover the underlying
tree T, given that no independence statements arise because of this restriction.

The above approach is based on a small portion of information only (jumps in the chosen
orthant). Thus we propose to consider a combined summary statistic over the four quadrants:

Xij = X;;—i_ + Xj_j_ + Xi_j+ + Xi_j_a
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where X?_j_ = A({z; > (mH)Ve, —z; > (mj_)l/o‘}) and the other quantities are defined
similarly. Importantly, Proposition IV.13 continues to hold in this setting. This can be seen
by summing up the inequalities for all 2¢ orthants encoded by (si,...,sq) with s; € {4+, —}:

A{spzn > (MY sy > (m)Y sz, > 0 Vo # hyt})
< A({siz; > (mf")l/a7sjmj > (m;j)l/a7syxv >0Vu #£14,j}).

Next, a consistent estimator of x;; is obtained by summing up four estimators of the type
(IV.12), corresponding to each quadrant. This estimator is then used in step 2. of the
procedure in Theorem IV.17.

One way to obtain an estimator for X;-;_ is to take the estimator in (IV.12) with A;(n, k)
replaced by —A;(n, k). Note that ﬁ§") must then be the empirical distribution function of
—Aj(n,1),...,—A;(n,n). Equivalently, one can keep the original increments and simply
replace the inequality ﬁg”)(Aj (n,k)) > q with ﬁg")(Aj (n,k)) < 1—gq. The other estimators
are obtained by similar modifications of 5(\7(;”

IV.6.4 Generalizing to non-strict stability

As mentioned we also want a method for structure estimation when X is a general a-
stable process. A well-known idea used by e.g. Zolotarev (1986, §4.3) is to replace in the
increments by the ‘increments of increments’ A (n,1),..., A®(n, |[n/2]) which are given
by A® (n, k) = A(n, 2k) — A(n, 2k —1). These can be seen as increments of a strictly a-stable
process with Lévy measure A given by A(dz) = A(dz) + A(d(—2)). The two terms obviously
have identical dependence structures. Hence, A will have the same dependence structure.
Thus, estimation of the underlying tree is carried out by simply performing the estimation
procedure in Theorem IV.17 using A® (n,1),...,A® (n,|n/2]) in place of the original
increments. Notice that A will have mass outside [0,00)? so one should do quadrant-wise
estimation as explained in §IV.6.3.

IV.7 Examples and simulations

Until now we have taken a fairly theoretical approach with few examples. In this section
we give an example of a parametric class of stable Lévy processes for which the conditional
independence structure can be read off from a single matrix. We also discuss a method
for approximate simulation of Lévy processes which is useful when one can simulate from
the distributions P; .. Finally we present a simulation study, demonstrating the estimation
procedure from §IV.6.

IV.7.1 Hiisler—Reiss type jumps

Let T' be a symmetric d x d strictly conditionally negative definite matrix ' (i.e. ' T'u < 0 for
any v € R%\ {0} with 174 = 0) with diag(I") = 0 and non-negative entries A d-dimensional
random vector Y is said to be Hiisler—Reiss distributed with variogram I if it is concentrated
on {z >0, ||z|lc > 1} and

Y LPp.exp(U—U, — 3T.) (IV.16)

for each ¢ € V, where Y (©) has the distribution of Y | Y. > 1. Here P is a standard Pareto
random variable and U is an independent centered normal vector with variogram I" (i.e.
E[(UZ - Uj)Q] = Fij for any Z,j € V)
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The Hiisler—Reiss distributions belong to the larger class of multivariate Pareto distribu-
tions. This means that if Y is Hiisler—Reiss distributed we have that
A(- N o >1
Py e o) - AC O el > 1))
A({llzllo = 1})
where A is the so-called exponent measure. This measure satisfies A({0}) = 0, it is —1-
homogeneous and A({x; > 1}) is the same for all i € V. Because of the latter we may freely
assume unit marginals, i.e. A({z; > 1}) =1 for all 4.
We want to extend the notion of Hiisler—Reiss distributions. Specifically we want to

include any —a-homogeneous measure (where o € (0,2)) and we want to generalize to
different marginal masses. For (o, m1,...,mq) € (0,2) x (0,00)? we define

1~\({x1 > Uy, .., xq > uql) = A{z > mflu‘f, ce,Tg > m;lu‘j}), ULy .., Ug > 0,

where A is a Hiisler—Reiss exponent measure as described above. The result is a —a-
homogeneous measure with A({z; > 1}) = m; for each i. Consider now the random vectors

ACnfzezmted) o ACn{rzd)

v _
A({ze > mete}) A({ze > €})

As in (IV.16) we can write Y(9) = P . exp(U — U, — 3T..) where U is as before and P is now
Pareto distributed with scale m *¢® and shape 1. Moreover, we note that A() = (mY (€))1/e,

This readily leads to a similar representation for A(®). Namely,
A(C) Zp. exp{é(U + IOg(m) - (Uc + IOg(mC)) - %F~c)}7

where P = (meP)*/ . Note that P is independent of U and that P is Pareto distributed with
scale € and shape . If A is the Lévy measure of X we say that the process has Hiisler—Reiss
type jumps with stability index «, variogram I" and marginals mg, ..., mq.

Since A has the same conditional independence structure as A we conclude that it depends
only on the variogram matrix I' and not on the remaining parameters o, my, ..., mg. This
allows us to directly apply results known from extreme value theory. For each k € V we
define the matrix

5®) = LT + Tje — s bi k-

This is a positive definite matrix and we denote its inverse by ©®). These matrices are
used to determine the conditional independence structure. To be precise, for i # j and
ke V\ {i,j} we have that

(i} L [ V\{i i3] & o) =o,

see Engelke and Hitz (2020, Prop. 3). Since @g“) = @7(,;?/) for any k, k' € V'\ {i,j} one may
define the so-called Hiisler—Reiss precision matrix, see Hentschel et al. (2022, Def. 3.2), by

0ij = 62(.;?') for some k € V' \ {4,;}.
We see that {i} L {j} |V \ {4,5}[A] if and only if ©;; = 0.

Remark IV.19 (Symmetry). Assume that X has Hisler—Reiss type jumps with parameters
a,,mi,...,mq. Then for each ¢ € V the random vector £©) = £©1) from Lemma IV.8
can be represented as

¢ L exp{ L(U +log(m) — (Ue +log(m.)) — 3Tc)}, (IV.17)
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where U is any centered normal random vector with variogram I'. Recalling the notation
§6g) = fj(i) we see that

Lm0\ 2/
Gy = (22)7 G gy

J

This shows that Hisler—Reiss type jumps have built-in symmetry between the distributions of
§(i.j) and &(j.4) which is simpler than the general result in Proposition 1V.12.

IV.7.2 Approximate simulation

Consider a Lévy process X with characteristic function
i(u, X (1)) _ . 1
E[e"t* ] = exp|i{u,y) — §<u, Yu)
+/ 6i<u’aj> —-1- i<u, CE> l{Hl’HocSl} A(dlL‘)), u € Rd.
Rd

Exact simulation of X at fixed times 0 < tg < t; < ... < t, is easy if one can simulate
increments of the process. When this is not possible it is typical to simulate an approximation
of the process. A simple approach for approximating the jump part of X consists of picking
a small € > 0 and simulating a compound Poisson process N(¢) with Lévy measure given by
A(- N{]|z||oo = €}). This involves simulating from P. = A(- N {||z]|c > €})/A{]|Z]|cc = €}),
i.e. the jump distribution of N(¢). Tt might not be clear how to do this but sometimes it
is easier to simulate from the distributions P, . = A(- N {|zy| > €})/A({|zy] > €}). An
example where this is clearly the case is when X has Hiisler—Reiss type jumps. In general,
the following rejection sampling procedure lets us simulate from P, if we can simulate from
P, . for each v € V.

Proposition IV.20. The following procedure generates a random vector with distribution
P..

1. Simulate a V-valued random variable I with P(I = v) proportional to m, = A({|x,| > 1}).
2. Simulate a random vector Z such that (Z | I =v) ~ P, for anyv € V.
3. Accept Z with probability (#{v € V | |Z,| > €})~1. Otherwise, repeat from step 1.

Approximation of the jump part using only a compound Poisson process is not ideal since
it ignores the small jump activity. To address this issue one may (under certain assumptions)
use a Brownian motion to approximate the small jumps. Here we assume for simplicity that
X is a-stable for some a € (0,2). For a fixed € > 0 we then define

A& = — / x A(dz), S = zx' A(dz).
{e<llzlloo <1} {llzloo<1}
The approximating process X(© is given by
XO@t) =4Ot + 2w () + NO(@),
where W is a centered Brownian motion with covariance matrix S and N(©) is as above.
Now, when S is invertible Cohen and Rosinski (2007, Thm. 3.1) proved the convergence

X 4 Xasel0.
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IV.7.3 Simulation study

A simple simulation study has been conducted with the purpose of demonstrating how the
estimation procedure described above recovers the true tree structure with large probability.
At the same time we also investigate how this probability depends on the threshold ¢. All of
this is done using the R programming language and the code is available at https://github.
com/jakobdt/levy_graphical_models.git. The actual tree is depicted in Figure IV.7

below.
Figure IV.7: The tree T used for the simulation.
For n € N we simulate X(1/n),..., X (1) approximately using the procedure discussed in

§IV.7.2. Three different situations are considered:
(A) A is concentrated on [0, 00)?.

(B) A is again concentrated on [0, 00)% but the dependence between components is weaker
than in (A).

(C) A has mass on all orthants in R%.

The exact details of the models and the simulation are given below. From the simulated
realisations we perform the estimation procedure described above. In each scenario we use
the approach from §IV.6.3, meaning that in (A) and (B) we do not use knowledge about A
having no mass outside [0, c0).

We estimate the probability of recovering the underlying tree by running the experiment
1000 times for each n = 200, 500, 1000, 2000, 5000 and ¢ = % +k-1072 with k = 0,...,49.
The results are presented in Figure IV.8 below. In (A) we find that n > 500 observations
are sufficient for high recovery probability. Unsurprisingly the weaker dependence in (B)
means that more observations are needed. We further see that a larger n is required in the
two-sided scenario (C). This is to be expected since the fact that the jumps are divided
among far more orthants (27 versus only 1).

In all three scenarios we clearly see that the assumptions on the sequence (g,) in
Proposition IV.16 are necessary. Indeed, the probability of recovering T' drops when ¢ is far
from 1 or too close to 1.

The simulated processes have stability index o = 3/2. The simulation is performed using
the approximate simulation method discussed in §IV.7.2. We use the threshold ¢ = 1073
and the Lévy measure A is scaled such that A({||z]|cc > €}) = 10000. We approximate the
quantities v(¢) and S using numerical methods. In all simulations the processes are strictly
stable. This is means that v = — f{l\xl\m>1} x A(dz). In the three scenarios the models are
given as follows.
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IV.8. Application to stock prices

O_

0.5

1 0.5 1 0.5 1
n = 200 n:500—n=1000—n=2000—n=5000‘

Figure IV.8: Estimated probabilities of recovering the correct tree as a function of ¢ € [%, 1) for
each of the three scenarios (A), (B), and (C).

(A)

The process has Hisler—Reiss type jumps with identical marginals and variogram T,
where I';; is given by the number of edges in the shortest path from from vertex i to
vertex j in the tree 7. That is, for A(©) ~ P. . we have the representation

A= Prexp{L (U - Ue — 3T},
where U is a centered normal random vector with variogram I'. This vector is

constructed by letting {U1} U{U; — U; | (i,7) € E} be a collection of independent
standard normals.

The process has Hiisler—Reiss type jumps with different marginals and the variogram
is given by 4T", where T is the variogram from (A).

Let A(™) denote the Lévy measure of the process in (A). In this scenario the Lévy
measure A is a ‘symmetric version’ of A®). That is, for any s € {—1,1}¢ and
h € [0,00)7,

A(xiev{sim; > hi}) = 27 AN (xiev {a; > hi}).

Hence, if A ~ PA) is a jump of the compound Poisson process simulated in (A),
and o is an independent random vector which is uniform in {—1,1}¢, then the jumps
in this scenario can be represented as

A=, AP, eV,

IV.8 Application to stock prices

To further demonstrate the estimation method from §IV.6 we consider daily stock prices
for several American companies during the period April 1st 2010 until December 31st 2015.

Table

IV.1 below contains all the stocks including their respective sectors. For the analysis

we assume that the prices can be modelled by the exponential of a strictly stable Lévy
process. Hence, the estimation procedure in is carried out using the log prices. The data
and R code is available at https://github.com/jakobdt/levy_graphical_models.git.
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Company Ticker Sector

Home Depot HD Consumer Discretionary
Target TGT Consumer Discretionary
The Coca-Cola Company KO Consumer Staples
PepsiCo Inc. PEP Consumer Staples
Chevron Corp. CvX Energy

Occidental Petroleum OoXY Energy

JPMorgan Chase & Co. JPM Financials

Wells Fargo WEFC Financials

FedEx Corporation FDX Industrials

United Parcel Service UPS Industrials

Apple Inc. AAPL Information Technology
Microsoft Corp. MSFT Information Technology

Table IV.1: Stocks included in the analysis.

IV.8.1 Results

For the estimation procedure we have to choose the parameter q. Based on Figure IV.12
we will use ¢ = 0.94. This choice is further explained below. The tree in Figure IV.9 is the
result of the estimation procedure. We see that much of the structure is rather intuitive.
Indeed, companies from the same sector are generally located near each other.

Figure IV.9: Result of the estimation procedure with ¢ = 0.94.

We further choose to do the estimation above on subsamples of the data. More precisely,
we randomly sample 754 data points (half of the original data) without replacement and
estimate the tree. This is done 10000 times and the color map in Figure IV.10 shows the
proportion of times each edge was selected by the estimation procedure. To avoid putting too
much importance on the choice of ¢ we choose, for each subsample, to sample ¢ uniformly in
[0.925,0.95]. Again, the choice of this range is explained by the observations in Figure IV.12
below. We observe that certain edges between companies from the same sector are selected
almost every time.

If we denote the values displayed in Figure IV.10 by w;; then we can compute the
minimum spanning tree for the edge weights —w;;. This tree is displayed in Figure IV.11
below. We observe that the tree is not identical to the one in Figure IV.9 but much of the
general structure is the same. Indeed, eight out of eleven edges are preserved.
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WFC -

JPM A

TGT A . 0.8
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Figure IV.10: Result of running the estimation procedure on random subsamples.

Figure IV.11: Result of running the estimation procedure on random subsamples.

IV.8.2 Choosing ¢q

In order to decide on a value for the hyperparameter g we look at — log %J") (q) as a function
of q. Figure IV.12 below shows the calculated values for different values of q. Here we use
i = 1 which corresponds to the AAPL ticker. We observe that the interval [0.925,0.95] is a
somewhat stable region.

IV.8.3 Conclusion

This is a rather basic study but it shows that the method has potential applications to actual
data. Indeed, the stronger dependence observed between companies from the same sector
suggests that such an analysis is able to, at least partially, uncover the dependence structure.

Assuming that the dependence structure is given by a tree is of course quite strict. A
natural next step would be to somehow extend to a larger class of graphs. Additionally,
the process of log prices might not be jointly strictly stable. Even if one believes that each
marginal is strictly stable it is not necessarily that easy to verify joint stability. Therefore, it
would be sensible to study what can be done in the case where this is not satisfied.

It is reasonable to expect that we may have both positive and negative jumps. Looking
at Figure IV.8 (C) we note that the number of observations in this study (approximately
1500) might not actually be sufficient to have a good chance of recovering the ‘correct tree’.
For this reason one might want to increase the sampling frequency to e.g. hourly rather than
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24

—IOg)/(\%j)(Q)

0.8 0.85 0.9 0.95 1
q
— MSFT — OXY — CVX UPS FDX KO
PEP HD — TGT — JPM — WFC

Figure I'V.12: Estimation of —log x1; for the stock data, where the vertex 1 corresponds to AAPL.

daily.

IV.9 Small-jump approximation

In this section we again assume that the Lévy process X is a-stable with a € (0,2). Above we
discussed approximate simulation where one simulates a compound Poisson process containing
the large jumps. The small jumps are then approximated with a suitable Brownian motion.
Previously a jump was considered ‘large’ if its sup norm was above some threshold €. Instead
we will now fix a non-empty subset U C V and say that a jump is large if it exceeds € in
absolute value in at least one component of U. Note that U = V corresponds to the previous

notion of large jumps.

U={1} U=V

Figure IV.13: Jumps in the blue area are considered small.

We may represent X as an independent sum X = X(©) + W () 4-~4() where 4(9) is a linear
drift, W is a martingale and a Lévy process with Lévy measure given by A restricted to
the set {|z,| < eVu € U}, and X (9 is a compound Poisson process with jumps exceeding e
in absolute value in at least one component of U.

In the following we assume that

/ 7 A(dz) < oo foralli ¢ U, (IV.18)
{|lz.|<1VueU}

and note that this property readily extends to all ¢ € V from the properties of A. It is
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important to note that this assumption implies that
A({xU = OU}) = 0,

because the Lévy measure A(‘)/\U is —a-homogeneous and integrates xy\y — x? for alli ¢ U.
Now we may define the matrix

¥ = / zx' A(dz), (IV.19)
{|z|<1VueU}

where existence of the integral on the right-hand side is ensured by the assumption above.

Lemma IV.21. Assume (IV.18). Then with a. = €'~%/? it holds that
W /g, 2 W asel0, (IV.20)
where W is a drift-less Brownian motion with covariance matriz ¥ defined in (IV.19).

The next step is to establish conditions such that conditional independence for A transfers
to the classical conditional independence for the limiting Brownian motion W in Lemma IV.21.
We start with the simpler case of independence.

Lemma IV.22. Assume that A L BI[A] for a partition A,B C V, and that (IV.18) is
satisfied. Then the Brownian motions W 4 and W g are independent.

Proof. Recall that [IV.A2] is satisfied because the process is stable. According to Engelke
et al. (2022, Prop. 1) we have that A({z; # 0,z; # 0}) =0 for i € A, j € B. Hence, ¥;; =0
and the result follows. O

The case of conditional independence is much more subtle, and it requires several strong
assumptions.

Theorem IV.23. Assume that U satisfies (IV.18), and that A L B | C'[A] for a partition
A, B,C CV. Moreover, assume that

e |C|=1.

e A{zc <0})=0.

e U is a subset of either AUC or BUC.
e X defined in (IV.19) is invertible.

Then (Z)i—j1 =0 foralli € A,j € B, and hence Wa(1) 1L Wg(1) | We(1).

IV.A Proofs and other technical details

IV.A.1 A sufficient condition

We are in the setting of §IV.6. In particular, we assume that A satisfies the global Markov
property with respect to a Tree T = (V) E).
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Lemma IV.24. Assume that for all (i,j) € E every € > 0 we have
mi o m;
Then for h,t € V with (h,t) ¢ E we have the inequality

Xht < Xij
for all (i,7) € phy(h,t).

Proof. In the proof of Prop IV.13 we saw that

v =E[min(1, [ 2tei,)]- (1V.22)

(uw)€php(h,t) "

It remains to prove that E[min(1, Z; Z2)] < E[min(1, Z;1)], where

m; a - m o
Z1 = mijg(i’j) and Z2 = H Ef(u’v)
(u,v)€ephyp(h,t)
(u,0)#(i,5)

Independence of Z; and Z5 allows us to write

E[min(1, Z1 Z3)] :/ E[min(1, 21 Z2)] Pz, (dz1).
[0,00)

Generally, Jensen’s inequality tells us that E[min(1,2,Z2)] < min(1,21E[Z5]). The first

assumption of the lemma ensures the existence of € > 0 such that P(Zy € (1/21,00)) > 0 for

all z; € (1 —¢,1). For such z; we have

E[min(1, z1 Z2)] :/ 2122 Pz, (d22) +/ 1Pz, (dz2)
[0,1/21] (1/21,00)
</ 2122 PZZ(dZQ)
[0,00)
= Zl]E[ZQ]

= min(l, Z1E[Z2Dv

where the final identity uses E[Z;] < 1 which follows from Proposition IV.12. Using the
second assumption we conclude that

E[min(1, Z1Z5)] < /[0 )min(l,zﬂE[Zg])IP’Z1 (dz1) < E[min(1, Z;)],

where we again used E[Z;] < 1. O

IV.A.2 Decompositions and conditioning

The Lévy process X may be represented by its Lévy—It6 decomposition X = J + W, where J
is a Lévy process with characteristic triplet (0,0, A), and W is a Brownian motion with drift
~ and covariance matrix 3 which is independent of J. Note that J contains all the jumps
of X. For C C {1,...,d} the processes Jo, W may be obtained as almost sure limits of
processes Jg‘),ng) created from X¢, see e.g. Applebaum (2009, §2.4). Thus, Jo, W are
7(X¢)-measurable, where 5(X¢) denotes the P-completion of 0(X¢). For F' € o(Jo, W)
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we may therefore write F' = F'UN, where N is a null-set and F’ € 0(X¢). For an integrable
random variable Z one immediately finds that

E[E[Z | Xc]1p] =E[Z1F].
Since E[Z | X¢] is o(J ¢, W )-measurable it follows that
ElZ | Xc] =E[Z|Jo, W]

almost surely.

In addition to the Lévy—It6 decomposition we may represent X in other ways. Suppose
for simplicity that X is a Lévy process with triplet (7,0, A). Define AN = A(- N{zc = 0c})
and A® = A(- Nn{z¢ # 0c}). Then X may be represented as the independent sum of two
Lévy processes X1, X2) with triplets (7,0, AM) and (0,0, A®)). The processes X, X(2)
are constructed from X and with arguments similar to the above we find that

E[Z | Xc] =E[Z | XE), X

almost surely for any integrable random variable Z.

IV.A.3 Proof of Proposition IV.2
Assume that X4(t) 1L Xp(t) | Xc(t) for all ¢ > 0. We need to show that
{Xalt)yioy L {XB(t) o | X (IV.23)

forany ke Nand 0 =t <... < .
For each n > k we let S(™) = {s](”)};?:l be a collection of time points such that

e Foranyn>kandj=1,...,n—1 wehave()gsj(”) <s](’jr)1 < tg.
e Foranyn>kandi=1,...,k we have t; € S,

e The sequence of sets (S(™) is increasing.

e There is the convergence maxj:17,__,n_1(s§'f1 — s§”)) — 0.

Now, for each n >k and j =1,...,n — 1 we let 1" (j) = X(sﬁ)l) - X(s§”)) denote the
increment of X between times s§") and 55@1 Using stationarity and independence of the
increments along with the initial conditional independence assumption we deduce that

IO LI Oz & G

From the increments we may construct {X(t;)}%_, and {Xp(t;)}*_,, and we therefore have
that

{Xa(t)}oy AL {X ()Y [H{IE ()= forall n>k.

j=1

It is sufficient to prove (IV.23) with X¢ replaced by (Xc(s))o<s<t, since conditioning
on the process (Xc(tr +5) — Xc(tr))s>o is easily added using independence. By the above
conditional independence it is enough to show the identity

o(Xco(s),0<s<ty) =G,

where G = UnZkJ(IgL) (), =1,...,n —1). The inclusion D is obvious. For the other
inclusion it suffices to show that X (s) is the limit of a sequence of G-measurable random
vectors for any s € [0, x]. For each n > k we pick an index j, such that the sequence (SJ(Z))
converges to s from the right. Then Xc(s](:)) converges to X (s), and since each Xc(s](:))
is G-measurable we are done. O
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IV.A.4 Proof of Proposition IV.3

Lemma IV.25. Let (X,),(Y,) be sequences of random variable defined on a probability
space (Q, F,P), taking values in Polish spaces Sx, Sy, and assume that there exist random
variables X,Y, Z such that X,, - X a.s.,Y, =Y a.s. and X,, 1L Y, | Z for alln > 1. Then
X1U1Y|Z.

Proof. The collection of random variables ((X,,), (Y,,), X,Y) takes values in a Polish space,
thus establishing the existence of a regular conditional distribution given Z. Denoting this
probability kernel by i we note that P-almost surely

w(Z {an € A,y € BY) = u(Z,{xn € A}) - u(Z,{yn € B})

for all A € B(Sx),B € B(Sy), where e.g. {z,, € A} = {((zm), (Ym),z,y) € S¥ x S¥ x
Sx x Sy |z, € A}. Furthermore, u(Z,{x, = z,y, — y}) = 1 almost surely. Now, since
independence is preserved under almost sure convergence the result follows. O

Proof of Proposition IV.3. Assume that J4 1L Jp | Jo and W4 1L Wy | We. Recall from
§IV.A.2 that conditioning on X¢ is the same as conditioning on (Jo, W¢). We combine
this with the independence of J and W to obtain the identity

E[]-EAXFA(JA)WA) 1EB><FB(J37WB) | XC]
= E[lEAXEB (JAaJB) ‘ JC]E[]-FAXFB (WA7WB) | WC]

for any Borel sets F4, Eg, Fa, Fg. The conditional expectations on the right-hand side
factorize due to the assumed conditional independence. Applying the above identity twice
with appropriately chosen E 4, Ep, Fa, Fip yields

Elg,xrs(Ja, Wa)lg,xr, (I, Wg) | X(]
=Elg,xr,(Ja, Wa) | Xc]E[1g, xry (I, WB) | Xc].

Hence, the pairs (Ja4, W4) and (Jp, Wp) are conditionally independent given X¢. The
stated conditional independence follows immediately.

Assume instead that X4 1L Xp | X¢. The processes J4, W 4 can be constructed as
almost sure limits of functions of X 4, and similarly for the B-component. According to
Lemma IV.25 we then have

JAJ_LJB‘XC and WAJ_LWB|X0.

As previously discussed, conditioning on X¢ is the same as conditioning on the pair (Jo, W¢).
Now the claimed conditional independence follows by since J and W are independent. [

IV.A.5 Proof of Proposition IV.4

For any T' > 0 we note that conditioning on X¢ is the same as conditioning on the pair
{XL, (Xc(T+1t) — Xc(T))i>0}. Here we use the fact that X is a.s. continuous at time 7.

Assume that X4 1L Xp | X¢ and let T > 0. Then X£ 1L X;g | X¢. Since X7 is
independent of (X¢ (T +t) — Xc(T'))i>0 we also have conditional independence given just
XZL.

For the opposite implication we assume that X% 1l X% | XZ for all T > 0. For k € N
and 0 < t; < ... <t we pick T > t; and note that Xa(t;) = X% (t;) for alli = 1,...,k
(and similarly for the B-component). Hence, {X4(t:;)}F; 1L {Xp(t:)}r, | XZ. Finally we
employ independence to further condition on the process (X¢ (T +t) — Xc(T'))i>o0- O
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IV.A.6 Proof of Theorem IV.7

Part 1: Assume that X4 I Xp | X¢. Let ¢ € C and € > 0 We may write X as the
independent sum X = XZ€ 4 X<¢, where X=Z¢ is a compound Poisson process consisting
of the jumps of X in {|z.|] > €}. Then Xfe is a function of X 4, X and similarly for
X%E. It follows that st ais X%E | X¢. Since X%e,Xés are functions of X we have
Xie 1 X%E | Xge, X5 which is the same as Xie ui X%e \ Xge by independence. We may

write
N(t)

XZ(t)=Y _Y(n), t>0,

where N is a Poisson process with rate A({|z.| > €}) and (Y (n)) is a sequence of i.i.d. random
vectors independent of N with Y (1) ~ P, = A(- N{|z.| > €})/A({|zc| > €}). Since N and
(Y'(n)) can be obtained from X=¢ we find that Y4(1) 1. Yg(1) | Yo(1). According to Engelke
et al. (2022, Thm. 4.1) it remains to prove that A L B[AY z]. We consider a different
decomposition X = X=9 + X#0 where X=0, X#0 are independent Lévy processes with Lévy
measures given by A restricted to {zc = 0c¢} and {x¢c # 0c} respectively. The process X=°
can be constructed as an almost sure limit of o(X)-measurable processes (we refer to the
discussion in §IV.A.2). By applying Lemma IV.25 we find that X7° 1L X3° | XZ°, and in
fact we have X730 1L X7 since X3 is deterministic. Then the independence A L B[AY 5]
follows from Lemma IV.6 as we note that X705 has Lévy measure A 5.

Part 2: Assume that A L B | C'[A]. First we consider the case where A is a finite Lévy
measure such that A({zc = 0¢}) = 0. Then X is the sum of a linear drift and a compound
Poisson process. To be precise,

N(t)
X(t)=ty+Y_ Y(n), t=0,
n=1

where N is a Poisson process with rate A(R?) and (Y (n)) is a sequence of i.i.d. random
variables, independent of N and with Y (1) ~ A/A(R?). We note that conditioning on X¢
will also fix N since A({xc = 0¢}) = 0. For each n € N we further find that the random
variables Y4 (n) and Yp(n) are conditionally independent given X . Now we apply the ideas
from the proof of Proposition IV.3 to conclude that X4 1 Xp | Xc.

Now we no longer assume that A is finite. Instead we assume that A({z. = 0}) =0
for some ¢ € C. We may view X as an almost sure limit of a sequence (X(")) of Lévy
processes, where (X(™) has finite Lévy measure given by A = A(- N {1/n < |z.|}). Since
A L B | C[A] we also have A L B | C[A"™)] for every n € N. Then, by the previous
paragraph, we get that X 1l X{ | X since conditioning on X or X has the same
effect on X("). Using Lemma IV.25 the conditional independence X 4 1. X g | X¢ follows.

Finally we can consider a general Lévy measure A. We proceed with induction in k& = |C]|.
From Lemma IV.6 we know that the result holds for k£ = 0. Now, assume that it holds
when C has k — 1 elements, and fix some ¢ € C. We write X = X’ + X”, where X’
and X" are independent Lévy processes with Lévy measures A’ = A(- N {z. = 0}) and
AN =A(- Nn{z. #0}). We have A L B | C[A’] and since A’ is concentrated on {z. = 0}
it follows that A L B | C'\ {c}[A}, (] Importantly, Ay, (., satisfies [IV.A2], so by the
induction hypothesis we have that X'y 1 X5 | X(,\ ;- We note that this still holds if we
condition on all of X, instead because X/, is deterministic. We further have A L B | C'[A"],
and since A" ({x. = 0}) = 0 we have X’} 1L X%, | X7, by the paragraph above. To conclude
we make use of the fact that conditioning on X¢ is the same as conditioning on the pair
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(X, X?) as discussed in §IV.A.2. By combining this with the conditional independence
statements for the two terms we arrive at the conditional independence X4 UL Xp | X¢.
For the last step we again use the ideas from the proof of Proposition IV.3. O

IV.A.7 Proof of Lemma IV.8

For any Borel set Ey\ (.} C RV M¢} we introduce an auxiliary set AJECV\{C} = {(h, hay\(}) |

h > 1,2y\(c} € Ey\(c}} as illustrated in Figure IV.14 below. We can then define a probability
measure j} by

nE(Bvyiey) = MAL )/Ac([L,00)),  Evypey € BRVMD,

Now, let £(¢+) be a d-dimensional random vector such that £, ~ uF and €&+ = 1. For
Vifey ~ M ¢

any € > 0 and h > 0 we have

/ l/{c}(h7 hEV\{C}) Ac(dh) = A(GAEV\{C})
[e,00)

= e_aA(AEAUB)

=€ “A([1,00)uF (Bv\ey)
= Ac([e,00))pd (Bv\gey)-

Hence, vy (h, hEv\ (o)) = i (Ev\) for Ac-almost all h > e. Using standard arguments we
may extend this to

Viey(hy hE\ (o)) = il (Bv o) for all By gy € BRVM)
for A.-almost all h > 0. Hence,
Viey(h, By (o) = pif (R By (o)) = P(hE(“) € Ey\(y)  for all By gy € BRY M)

for A.-almost all A > 0.
The case of negative h is similar. Here we define g (Ey\(}) = A(AEV\M )/Ac((—o0, —1)),

where AEV\{C} = {(h, |h|$v\{c}) | h < —Lzy\{e) € EV\{c}}~ O
+
AEV\{c}
h
1 4
Ev\{e}

Figure IV.14: Illustration of the set AJEFV\{C}.
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IV.A.8 Proof of Lemma IV.9
For any v € V' \ {c} consider
A{xy > 1,2, > 0}) = E[/OOO 1, eebsny am}z; tda,
— B[N 1o o)
which must be finite. We find that E[|¢(eH)|* 1{§VEXC,+><O}] < oo by considering A({z, <
—1,z. > 0}). Hence €t) is in £L* as claimed. Similar calculations show that £(©7) is in

L.
Now, consider a d-dimensional random vector £(>1) with ggcﬁ) =1 a.s. We can define

A+(E) = E[/ 1{zcE(°'+)€E} .’Ec_a_l d$c], E e B(Rd)
0

One easily checks that A1 is a —a-homogeneous measure with A*({0}) = 0. If we further
assume that £(©1) is in £* we find that

/000(1/\ 2][2) A+ (dz) < oo.

Similarly, for a random vector £(4=) with £(4~) = —1 a.s. we define
0
A_(E) = E[/ 1{‘mc‘g(c,f)€E}|l‘C|_a_1 d.’l?c], E e B(RV),

and if £(47) is in £* this again defines a —a-homogeneous Lévy measure on {z. < 0}. Now
it is easy to see that A = AT + A~ is a —a-homogeneous Lévy measure giving rise to the
vectors £&F.

The final calculations are trivial. O

IV.A.9 Proof of Theorem IV.11
The conditional independence structures for Z and for Y under P, . are both given by the
same tree T. Hence, by conditioning according to the tree structure one finds that it is
sufficient to show the following:

(a) Zo~P. (Y. € ).

(b) (Zi|Zc.=h)~P.(Yi€ - |Y.=h) for P. (Y. € - )-a.a. |h| >e€

() (Zj|Zi=h)~P.(Y; € - |Yi=h)for P..(Y; € -)-a.a. h € R for any (i,7) € E(©).

Firstly, it is clear that Z satisfies (a). Secondly, (b) follows directly from (IV.6). Now,
Lemma IV.10 establishes (c) for h # 0 since {c} L {j} | {i} [A] when (i,7) € E(). Finally, it
might be that 0 is an atom for P, (Y; € -). However, in that case we simply note that
Po(Y; =0 Yi=0) =1

since A({z, > €,z; # 0,z; = 0}) = 0 according to Engelke et al. (2022, Cor. 6.3). O
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IV.A.10 Proof of Proposition IV.12

We prove the first equality in the result and note that everything else follows immediately
from there. Assume w.l.o.g. that d =2, i =1 and j = 2. For v = 1,2 we let A(*) be a random
vector with distribution A(-N{z, > 1})/A({z, > 1}). Hence, AL = P-(1,£(; 5)) and A®) =

P - (&(2,1),1), where P is independent of £(; ), {(2,1) and has density z ar~ 1@ Tios1y-
For h > 1 the set O, = {x3 > 1,71 > has} is contained in [1,00)?. We find that

P(2,1) > h) = P(A(z) € 0Op)
__ A®w)
A({zg > 1})
_ A
m2A({x1 > 1})

=pAM ¢ gy).
)

To calculate the probability on the right-hand side we first condition on P. Note that we
may rewrite O, = {z1 > h,1 < x5 < 2x1/h}. We get

P(AY € ©),) = / azy TOP(L < 21€(1 9y < @1 /h) day
h

o0
= ]E[/ O‘xl_l_a 1{$1Zh>1§$15(1,2)S$1/h} dxl}
0

= E[/O QYT TV 2) Ly heqr y1<y.E00 0 <1/R) dy}
= E[1{1/5(1,2)2h} 5(0372)]7

where the third equality comes from defining y = z1§(1 2)-
For h € (0,1) we let ¥), = {x; > 1,1/h < 29 < x1/h}. We deduce that

heP(§2,1) > h) =P(P > 1/h,&2,1) > h)
=P(A® e 7))

= TLp(AM € Wy),
mo

where the last equality follows as before using the fact that ¥;, C [1,00)2. With calculations
similar to the above we can show that

P(AYW € 0),) = hE[L(1/¢, 0 >n1 €02))-

IV.A.11 Proof of Proposition IV.20

The target distribution P, has a density f w.r.t. A given by

f@)=A{lzlo = ) Ljzjusea (@), xR

and the random vector Z has a density g w.r.t. A given by
6(1
g(w) = E#{U e V]lz,| > e}, z e R,
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where m = m1 + --- + my. To see this consider a set of coordinates W C V and a Borel
measurable subset S C {|z,| > eVv € W, |z,| < eVv € V\ W}. Then

P(Z e S) = ZIP(ZESHZU)-IP(I:U)
veW

Z A( {|xv|>e} m

veW

= A

veW

where the last equality uses homogeneity of A. Note that the final sum coincides with

Js 9(x) A(dz

We must bound the ratio f/g. For x € R? with ||z]/. > € we have

f@) (Al =)™
gx)  GH#veV ||z =€}
A({l[zlloe = 11)#{v € V[ |2y = €}

A({l[z]l = 1})
=M

)

where we once again use homogeneity of A. Finally, it is well-known that we obtain the
target distribution by accepting the proposed Z with probability f(Z)/(Mg(Z)). This is
exactly the quantity (#{v € V | |Z,| > €})~! from step 3 of the procedure. O

IV.A.12 Proof of Lemma IV.21

Letting A(9) be the Lévy measure of the pre-limit process W(©) /a, we find

/me A (dz) = a;2/ zx! A(dz)
{lzu|<eVueU}

= / zx' Aedz)e®
{lzu|<1VueU}

:2,

where the last equality follows from homogeneity of A.
Next we show that A(©) 2 0 on R4\ {0}. That is, for every h > 0 and i € V we have the
convergence A ({|z;| > h}) — 0 as € | 0. Using homogeneity again we find that

A {Jai] > h}) = A{|zu| < eVu € U, |zi| > hac})
= e A{|za| < 1Vu € U, |z;| > he=o/2}).

On the latter set we have e~ < h™222 and so we find that

Az > h}) < frz/ x2 A(dz) — 0,

|| <1VuEU, |2 >he=a/2

where we used dominated convergence with dominating function z ~ 2 1, 1<1vuery-
According to Kallenberg (2021, Thm. 7.7 & Thm. 16.14) it is left to show

/ zr' A9(dz) - ¥ and . — 0,
{ll=ll<1}
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where . is obtained from the martingale requirement, i.e. v, + f{\lx xA© (dz) = 0. Both

are implied by

/ 22 A9 (dz) = / z? A(dx) — 0,
{ll=ll>1} {lou|S1VueU, ||z ze=/2}

derived using the same calculations as above. For the second we also employ the vague

I>1}

convergence to the zero measure.

IV.A.13 Proof of Theorem IV.23
We start by proving the following auxiliary result.
Lemma IV.26. Consider a positive semi-definite block matriz of the form

) omy mg
M = (5m1 5M11 mlm; 5

T
mg  Mamy Moo

where 0 is a scalar, My1, Moo are square matrices, and my, mo are vectors of appropriate
dimensions. If M is positive-definite (i.e. invertible) then the (2,3) and (3,2) blocks of M~*
are zero.

Proof. For a positive definite block matrix X = (Z CS%

> with square blocks P, S' it is well

known that

-1 <P—1 + P 'QYRP™' —P7QY

_ _ —1 -1

Firstly, we have

TN -1
(o 31) = Cama )
my My —(Myy —mam{ )" tmy (Myy —mam{)™1)’

where the first row is not important to us. Secondly, we partition M so that S = May and
obtain the following representation of the (2,3) block of M ~1:

— _ _ mT
-0 1[—(M11 — mlmf) 1m17 (Mu — mlmf) 1] (mlﬁ’L;—) Y =

O

Proof of Theorem IV.25. Without loss of generality we may assume that C' = {1}, the
elements of A are smaller than the elements of B, and U C B U {1}. According to
Lemma IV.26 it is sufficient to establish that ¥ has the form of M.

The marginal measure is given by

Ay (dxy) = mla:ﬂl_o‘_l dxq, x1 >0,

where m; = A({z; > 1}). For 21 > 0 consider the kernel v1} (21, -). Recall that Lemma IV.8
gives the existence of a d-dimensional random vector £€!) such that f%l) =1 a.s. and

vy (1, -) =P@igN gy € +)

for Aj-almost all z; > 0.
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For i€ AU{1l} and j € BU {1} we may compute

Eij = / Tilj A(dx)
{lzu|<1VueU}

= mlaIE{/ (xlgl(l))(xlgj(l))x;afl dxl]
{$1>0,|$1€&1)|S1 VUGU}

me s

2—«

D e(1) o [e(1) ja—2
= [£96§Y minjefD|*~2].
For the second equality we used that x; = 0 has no contribution to X. If i =1 or j = 1 this
is obvious, and if i € A, j € B we recall that A L B | {1} [A] implies A7, (,({2; # 0,2, #
0}) = 0, see Engelke et al. (2022, Lem. 3.3 & Prop. 5.1).
According to Engelke et al. (2022, Thm. 4.4) the conditional independence A 1 B | {1} [A]

implies £{) 1L €0, Letting § = LS [minu€U|§f})|‘X—2] we find that

Y1 =4,
Sy, = SE[EY],

M e e(1) a2
El] 2 _ a]E[gj inel[r}‘gu | }7

mao . a—
i =5 aIE[Q”]IE[@- glelg|§£1)| ).

This shows that ¥ has the form of M in Lemma IV.26.
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