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Preface

This dissertation is the result of my Ph.D. studies at the Department of Mathematics at

Aarhus University. The dissertation contains material from the preprint
paper Fized point distribution on Hilbert scheme of points. Paper draft

This paper is a result of the detailed study of the curvilinear Hilbert scheme initiated by
my supervisor Ass. Professor Gergely Bérczi in which I joined along, and is cowritten by
the two of us. The main result is that all monomial ideals are contained in the curvilinear
component. The curvilinear Hilbert scheme admits many different interpretations and open
questions are thus possible to address from many directions. The paper uses a birational
model coming from global singularity theory for which much of my understanding goes
through another model, The non-associative Hilbert scheme [42], which was introduced to
me by Prof. Andras Szenes at my three month visit at Université de Genéve. For that and
many discussions I am very thankful.

The initial goal of this Ph.D. project was another than that adressed in the paper. Namely,
to calculate tautological integrals on the curvilinear Hilbert scheme. A description of how to
perform such integration was already given in [3], but contains an unknown ingredient: the
polynomial Q4. This polynomial can be related to the non-associative Hilbert scheme, and I
give an account of the relevant story of the non-associative Hilbert scheme in the relevant
case in this thesis, containing also new results, in particular, Proposition 9.10.

The other original results of main interest are the aforementioned statement of the
monomial ideals containment in the curvilinear Hilbert scheme, here Theorem 10.9, and
formulas for integration on the curvilinear Hilbert scheme in Section 8 , in particular, Theorem
8.5 and its improvement 8.7. The methods used for obtaining integration formulas build
on an original resolution model described in Section 7 using setup described in Section 6.
The core of the proof of Theorem 10.9 is twofold: Proving the statement for a subclass of
monomial ideals and the reduction from general monomials ideals to this subclass. This is
adressed in Chapters 10 and 11, which are rewritten parts of tha paper mentioned above.

The paper is co-written with my supervisor Ass. Professor Gergely Bérczi with whom I
have shared many great moments. I am truly grateful that you gave me the opportunity to
explore the academic world of mathematics with you as my supervisor! But the Ph.D. project
has not been all sunshine and roses. It has been a roller coaster ride of a magnitude, which
was for me unforeseen when I initiated this project. The returning state of being “almost
there” and then loosing it all on the ground revealed new and unknown psychological states.
On the other hand, the state achieved when one succeeds with ideas can be rather addictive.
To any new Ph.D. student out there: These are occassions not to take for granted.
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Many people have dealt with and supported me through these roller coaster rides. I thank
in particular my friends in oldekolle, and I thank my friends from u-klassen. To my flatmate
and best mate Simon, thank you for bearing with me during the time of this project and for
a relaxing environment — just perfect for brain recharging ! At last, a very big and warm
thank you to my two brothers, Lasse and Simon, and to my mom and dad for their never

ending support.



Abstract

The aim of this project has been to develop a method to integrate and calculate intersection
numbers on the curvilinear Hilbert scheme. Such integration on the curvilinear Hilbert
scheme is interesting in its own right, but even more relevant due to a new integration
technique described in [4, 5] reducing integration on larger subsets of the Hilbert scheme of
points to integration on the curvilinear Hilbert scheme. These subsets include for instance
the geometric subsets defined in [54], and the method provides machinery for counting
hypersurfaces with prescribed singularities.

The curvilinear Hilbert scheme is highly singular, and determining the exact elements of
it is a question in deformation theory of algebras. A full understanding of such deformation
theory is far out of reach at the moment. Even defining the meaning of intersections on
singular spaces is a diffuclt task, let alone compute such. The modern approach is often via
virtual intersection theory, proving existence of so-called virtual fundamental classes allowing
one to define integration. However, such virtual intersections theory lags the geometric nature
of intersections as it is often not possible to give the virtual fundamental class any geometric
meaning. In any case such virtual techniques are hopeless for Hilbert schemes of points on a
space of large dimension.

We construct instead an explicit resolution of a birational model for the curvilinear Hilbert
scheme, and use the newly developed non-reductive geometric invariant theory to calculate
intersection numbers. The primary method of calculation is via equivariant localization
formulas using various torus-actions, and in particular using also a localization formula
in non-reductive geometric invariant theory. With these methods we are able to calculate
specific intersection numbers, and in particular we state Conjecture 12.1 possibly linking the
Hilbert scheme of points on surfaces to the numbers of Cayley’s formula for counting trees.

The curvilinear Hilbert scheme is an irreducible component of the punctual Hilbert scheme
of points, whose points are ideals in a fixed polynomial ring. An important ingredient in the
localization techniques are the torus-fixed ideals in the polynomial ring; these are exactly
the monomial ideals. We use the explicit resolution of the birational model to show that all
monomial ideals are contained in the same irreducible component, the curvilinear Hilbert
scheme. This opens up for a new direction of further studies applying similar techniques as
those applied in this work: To any monomial singularity in the punctual Hilbert scheme of
points is associated a birational model as the one studied here, and via almost the same
methods, one will in principle be able to obtain a complete picture of the hierarchy of
monomial singularities; that is, a complete picture of the deformation theory of the algebras

formed by taking the quotient with these monomial ideals.






Resumé

Malet for dette projekt har veeret at konstruere en metode til at integrere og udregne snittal pa
det kurvelinezere Hilbert skema. En sddan integreringsprocedure pa det kurvelinesere Hilbert
skema er interesant i sig selv, men endnu mere relevant pa grund af en ny integreringsteknik
beskrevet i [4, 5], hvor integrering pa stgrre delmeengder af et Hilbert skema af punkter
reduceres til integrering pa det kurvelinesere Hilbert skema. Disse delmaengder inkluderer for
eksempel de geometriske delmeengder defineret i [54], og teknikken giver dermed en mulighed
for at teelle hyperflader med givne singulariteter.

Det kurvelinesere Hilbert skema er meget singuleert, og dét at bestemme dets elementer er
et problem i deformationsteori for algebraer. En fuldsteendig forstaelse af sadanne deforma-
tioner er langt uden for reekkevidde pa nuveerende tidspunkt. Bare det at definere skaeringer
i singuleere rum er sveert, for slet ikke at tale om at udregne sddanne. Den moderne tilgang
er ofte via virtuel snitteori, hvor en sékaldt virtual fundamentalklasse vises at eksistere,
hvormed snitteorien kan defineres. En sadan virtuel snitteori mangler dog geometrisk mening,
idet den virtuelle fundamentalklasse ofte ikke kan tilleegges nogen geometrisk fortolkning.
Under alle omstaendigheder er det hablgst at forsgge at anvende sddanne virtuelle teknikker
for Hilbert skemaer af punkter pa hgjdimensionelle rum.

Vi konstruerer i stedet en eksplicit oplgsning af en birationel model for det kurvelinesere
Hilbert skema og anvender den nyudviklede ikke-reduktive geometriske invariantteori til at
udregne snittal. Den primeert anvendte metode er skvivariant lokalisering med forskellige
torusvirkninger, og specielt ogsé en lokaliseringsformel i ikke-reduktiv geometrisk invariantte-
ori. Ved hjalp af disse metoder kan specifikke snittal udregnes, og vi formulerer formodningen
12.1 som indikerer en sammenheeng mellem Hilbert skemaer af punkter pa flader og tallene i
Cayleys formel for graf-traeer.

Det kurvelinesere Hilbert skema er en irreducibel komponent i det punktlige Hilbert skema
af punkter, der har idealer i en fast polynomiumsring som sine punkter. En vigtig ingrediens
i lokaliseringsteknikkerne er de torus-fastholdte idealer; disse er netop monomiumsidealerne.
Vi udnytter den eksplicitte oplgsning af den birationelle model til at vise at alle monomi-
umsidealer er indeholdt i det kurvelinesere Hilbert skema. Dette abner op for en ny retning
af videre studier, hvor der anvendes lignende teknikker: Til enhver monomiumssingularitet ie
det punktlige Hilbert skema af punkter kan der associeres en birationel model som den, der
er benyttet her, og ved at benytte stort set samme metoder, kan man i princippet opna et
komplet billede af hierarkiet blandt monomiumssingulariteter; det vil sige et komplet billede

af deformationsteorien for algebraer dannet ved at kvotientere med disse monomiumsidealer.

vii






Introduction

The main purpose of this thesis is to study the topology of Hilbert schemes of & points Hilb" (X)
on a smooth projective variety X of any dimension over an algebraically closed base field k.
The points of Hilb” (X) consist of 0-dimensional closed subschemes of X of length k. In
particular, we will study the punctual curvilinear Hilbert scheme CHilb’; (X) at p € X, whose
generic points consist of k distinct points coming together at p along a smooth curve in X.
It is an irreducible component of the punctual Hilbert scheme Hilb];(X ) C Hilb*(X), the
subset of subschemes with support in p € X. The main goals are twofold: To show that all
torus-fixed points of Hilb*(C™) are in the curvilinear component CHilb% (C™), and to develop
an integration procedure on the curvilinear Hilbert scheme CHilbf(C™).

The first goal on distribution of torus-fixed points is of independent importance and

addresses the

Problem ([53, Problem 1.7], [37]). What is the distribution of torus fixed points
among the components of Hilb%(C™)?

This part appears already in the preprint [11].

The second goal is part of a larger integration theory on the Hilbert scheme of points
initiated by the authors supervisor in [4], reducing tautological integration on the main
component GHilb"(X) — the closure in Hilb*(X) of the set of k-tuples of k distinct points in
X — to integration on the curvilinear component. The second goal is to describe integration
on the curvilinear component CHilb}(X) in Hilb} (X).

In general the Hilbert scheme of k points Hilb*(X) on a smooth projective variety X
can be quite badly behaved being neither smooth nor irreducible, and contain irreducible
components of large dimension (larger than the expected kdim(X)) as first observed by
Tarrobino [36]. Moreover, Jelisiejew [38] showed that a certain form of Vakil’s Murphy’s law
[60] holds for the Hilbert scheme of points on A7 for n > 16 implying, in particular, non-
reducedness of the Hilbert scheme of points on A% for n > 16. The main property knowing
to hold for all dimensions of X is the classical result of Hartshorne [33] on connectedness
of the Hilbert scheme with fixed Hilbert polynomial (the Hilbert scheme of points being a
special case).

In the 2-dimensional case with X = S a surface, the behaviour of Hilb"(S) is nice in the
sense that Hilb" (S) is both smooth and irreducible of dimension 2k; it is in fact a resolution
of singularities of the k’th symmetric product Sym* § [24]. Tt is by far the most studied case
in the literature, see e.g. [20, 21, 30, 51, 32] and the book [52].

The Hilbert scheme of points Hilb*(X) contains the punctual Hilbert scheme Hilb]; (X)
of k points on X (at p) as the subset formed by subschemes with support in the point p € X.

1X



x Introduction

The punctual Hilbert scheme of points Hilb’;(X ) is, in general, neither smooth nor irreducible
(again by larrobino [36]). For X = C? Briancon [16] showed irreducibility of the punctual
Hilbert scheme Hilb];((CQ).

We define the curvilinear locus (a quasi-projective subscheme) in Hilb]; (X)
Curvi(X) = {¢ € HilbE(X) | O¢ ~ Kk[t]/(t")}.

The closure CHilb]; (X) of Curv]; (X) in Hilb];(X) is an irreducible component of dimension
(k—1)(dim(X)—1) of the punctual Hilbert scheme Hile(X ). It was only recently shown in [57]
that there can exist components of Hilb];(X ) of smaller dimension than (k — 1)(dim(X) — 1).

Taking X = A} with an action of a maximal torus T C GL(k™), the T-fixed locus
Hilb* (A7) C Hilbf(A}) is contained in the punctual part at 0. Writing 1, ... ,z, for the
coordinates of Af, there is a 1-to-1 correspondence between points of Hilbk(Aﬂ) and ideals
I'in Opp ~k[zy,..., 7, with dim(Ox o/I) = k, and under this correspondence the set of
T-fixed points Hilb*(A7)” correspond to the monomial ideals in k[zy, ... ,z,]. Our main

result in the direction of distribution of the T-fixed points is
Theorem 10.9. Let m € Hilb§(C") be a monomial ideal. Then m € CHilbt(C").

Since every ideal deforms to its initial ideal (with respect to some chosen term ordering),

which is monomial, we obtain immediately the

Corollary. The punctual Hilbert scheme Hilbg (C™) is connected for all positive integers n
and k.

This is a trivial result in the case that n > k, since any algebra deforms to an algebra

isomorphic to Clxy, ..., zx]/(z1 - zx)2.

By [29] Hilb*(X) admits a universal family 2, = {(¢,z)| = € £} c Hilb*(X) x X, and for a
vector bundle F — X, we define the tautological bundle F*! = p, ¢* (F), where p and ¢ are

the projections in the diagram:

Hib"(X)x X >z —L — X

|

Hilb* (X)

In [54] Rennemo defines so-called geometric subsets of Hilb*(X) of which CHilb’; (X)isa
very special example. Integrals of forms in the Chern classes of FI* over such geometric
subsets are referred to as tautological integrals. Rennemo shows that for fixed polynomial P
in the Chern classes of FI¥l and geometric subset Z, there exists a universal polynomial R
depending only on P, the rank of F' and Z such that [z M = R({xar}), where {z;} denotes
the set of mixed Chern numbers of F' and the tangent bundle 7'X on X. This result is a
generalization of the surface case dim(X) = 2 proven first in [20]. In [5] it is shown that these
tautological integrals (on geometric subsets) can be reduced to integration on the curvilinear
component CHilbl;(X ).

The second goal of this work is to describe intersection theory on the curvilinear Hilbert

scheme of points CHilb’;(X ), more specifically we seek to obtain a procedure for calculating
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integrals on the curvilinear component CHilbg(C"). We describe in Section 7 an algorithm
to resolve the Berczi-Szenes model [13] constructed in Section 2 near torus-fixed points. The
algorithm is a sequence of blow ups and to such sequence we associate a tree 7 with nodes
corresponding to affine charts on the exceptional divisor, and edges decorated by the non-zero
projective coordinate. We denote the end nodes (leaves) of such tree by L. Using equivariant
localization together with a non-reductive GIT description we obtain the general result in

this direction

Theorem 8.5. Let zy denote a generic coordinate on the Lie algebra of A\(C*) C Diffy. Fix
positive integers n and k, write m = min(n, k), and denote by L, ;. the leaves of the blow
up tree 7, ;. Let F' be a vector bundle on C" of rank r, and ¢y,. .., cir the Chern classes of
FI¥. Give ¢; the weight 7, and let o € H*(CHilbi ™ (C")) a polynomial in the Chern classes
of F of weighted degree k(n — 1) we have

e (2= 2) (b — 1)1z
/ a = Res Res H1§1<J§m’m( _ ])( ) 0
CHilbngrl((C”) 20=00 Z2=00 Hj:1 Hi:l()\i — Z_])

> abF(2). . 0p(2) po

LEL, CtOP (TOL L) (Z)

where a(6F, ... 7(9,%) means substituting in the polynomial expression of « the 7’th elementary
symmetric polynomial for ¢;, and then evaluating in the Chern roots at 0, 8, of the pullback
bundle ¢ [k]*E of the tautological bundle & — Grassk(@le Sym‘(C")).

Integration on Hilb" (X) plays an important role in physics and many areas of mathematics,
such as curve counting [31, 54] and other enumerative problems [44, 46], and the Segre-
Verlinde correspondence [28]. Other applications include complexity theory (see e.g. [17, 39])
and global singularity theory [12, 13, 42, 23]. For X of dimension 2 this intersection theory
has been long studied [21, 22, 30, 44, 51]. As reflected by the references the classical work
has studied extensively the cohomology of the Hilbert scheme of points on surfaces leading to
the famous Nakajima calculus and link to representation theory and physics. In general there
are no explicit formulas for tautological integrals, however on surfaces there is a recursive
method which in principle computes the universal polynomial R described above [20].

In the case of threefolds dim(X) = 3 a symmetric obstruction theory on X (] exists
[2], implying existence of a virtual fundamental class. Also for Calabi-Yau 4-folds a virtual
fundamental class exists as explained in [18]. In recent years these virtual techniques have
gained much interest |28, 45, 46], however the requirement of existence of perfect obstruction
theories makes it impossible to extend these techniques to Hilbert schemes of points on X of
large dimension.

In this work we compute tautological integrals on the curvilinear component CHilb’; (X)
of the punctual Hilbert scheme of points Hilbf;(X ). Formulas for such tautological integrals
appeared already in [3], but these formulas depend on a polynomial Qj_1, which is unknown
for k > 7. The approach in this project is to resolve instead a birational model for CHilb’; (X),
and in this way obtain formulas not involving the polynomial QQ;_1. The procedure relies on
the following three key ingredients

(1) The Berczi-Szenes model for curvilinear subschemes via test jets (Theorem 2.5).
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(2) Realizing CHilb%(C™) as a compactification of a non-reductive quotient by Diff;(1),
the polynomial reparameterization group of holomorphic maps (C,0) — (C",0)

(3) Equivariant localization

The Berczi-Szenes model described in Theorem 2.5 is a GL,-equivariant rational map ¢ :
Ji(1,n) --» Grassk(@le Sym’ C") constant on orbits of the action of the reparameterization
group Diff;(1) C Ji(1,1) and satisfying Tm ¢ ~ CHilby ™ (C™). Moreover, the induced map
Ji(1,n)/Diff (1) --» Gmssk(G}i;1 Sym‘C") is injective. We resolve the indeterminacies
of ¢ by blowing up Ji(1,n) equivariantly with respect to Diff (1) and the maximal torus
T" C GL,, resulting in a space P(Jm) @ C), and obtain a diagram

—

P(Jx(1,n) ® C)*

T

P(Ji(1,n)® C) ---=- » CHilbE(C") ¢ Grassk(@le Sym’ C™)

where ¢ is Diff x(1)-invariant, T"-equivariant and defined on the Diff-stable (here stabil-
ity=semistability in the sense of (5.1)) part of ]P’(J,/(i,\n) @ C). Since the non-reductive
GIT-quotient is categorical, we obtain an induced surjective map P(Jm) @C)//Diff (1) -
CHilb (C™).

The tautological integrals on CHﬂbIS (C™) are then calculated using localization techniques
on the non-reductive GIT-quotient ]P’(Jm,\n) @ C) // Diffx(1). In order to perform the
equivariant localization, we need information on the tangent bundle of ]P’(Jm) @ C)*, and
as such it is necessary to have a description of the resolution of the indeterminacy locus of ¢;
we calculate the blow up ]P’(Jm) ® C) — Ji(1,n) explicitly, and all blow up centers will
locally be ideals generated only by coordinates.

The main historical motivations for studying tautological integrals is their application to
enumerative geometry. In [31] Gottsche showed that certain tautological integrals correspond
to counting nodal curves on smooth surfaces. This result was generalized by Rennemo in [54]
to express counts of hypersurfaces with any given singularity type on a smooth projective
variety of any dimension.

Also the famous conjecture of Lehn [44] on integration of top Segre classes in the case
of X = S a surface has attracted much attention. It was proven for K3 surfaces in [46] and
extended to all surfaces in [48] using methods of [61]. Lehn’s conjecture (for line bundles)
was generalized to higher rank bundles in [47] in which some results are obtained. Related to
this work is the Segre-Verlinde correspondence conjectured also in [47] based on [40], and
further generalized and analyzed in [28].

Another application is global singularity theory for holomorphic maps. In short, a
singularity of a holomorphic map f: M — N between complex manifolds correspond to a
nilpotent algebra (the local algebra of f at the singularity). The locus X 4 of singularities of
a given singularity type (nilpotent algebra) A is for N compact and f sufficiently generic an
analytic submanifold. Thom’s work in [59] showed that the the equivariant poincare dual
[X4] € H*(M,Z) is a polynomial in the “Chern classes of the bundle” TM — f*T'N, nowadays
denoted T'py"" and called the Thom polynomial of the singularity A. A fundamental problem

in enumerative geometry is to calculate these polynomials, which is indeed a difficult task
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(see e.g. [42, 55]). The Thom polynomials of Morin singularities (the case A = C[t]/t*) can
be expressed as tautological integrals on CHilb];(M ) as described and analyzed in [13].

A generalization of these ideas is the global singularity theory of multipoint loci [41, 56]
for which not many explicit general formulas are known, but certain ones are computed in
[12] by using a sieve method to reduce the computation to integration on CHilb’;(M ).

At last, the idea of using such sieve-type argument together with residue vanishing has

been used in [4] to reduce tautological integration on the main component of Hilb* (X)

CHilb*(X) = {¢ € Hilb*(X) : | Supp&| = k},

where a generic point is a scheme £ € Hilbk(X ) with support at k distinct points of X,
completely to tautological integration on the punctual curvilinear component CHilb’;(X ) =~
CHilbf (C™). More generally, for any geometric subset Z C Hilb"(X) as defined in [54],
tautological integration on the closure Z C Hilbk(X ) can be reduced also to tautological

integration only on the punctual curvilinear component CHilbf(C™) [5].






Chapter 1

The Hilbert scheme of points and the

integration process — an overview

In this section we provide an overview of how to integrate on the curvilinear Hilbert

scheme CHilbi ™ (C*). We emphasize that integration formulas on CHilb%*(C¥) will imply

integration formulas on CHilb{™!(C") for all values of n. The details are left to other sections

describing the different aspects of the birational model of CHilbgH((Ck), and the process of
(partially) resolving the indeterminacy locus of this model. In particular all results written
here are stated in Section 8. Before describing the process of integration, we set the scene for

the Hilbert scheme of points.

1.1 The Hilbert scheme of points

We describe here briefly the punctual curvilinear Hilbert scheme CHilbf(X) a subscheme
in the Hilbert scheme of points Hilb* (X) on a nonsingular projective scheme X over some
base field k.

We define the Hilbert scheme of k points on X
Hilb*(X) = {¢ C X closed subscheme | dim & = 0, length¢ = k}

as the closed 0-dimensional subschemes in X of length k. In this scheme we define the
punctual Hilbert scheme of & points supported at p € X

Hilb} (X) = {¢ € Hilb"(X) | Supp & = {p}}.
We define the the set of curvilinear subschemes
Curvi(X) = {€ € Hilby (X) | O¢ ~ kle]/(€")}

and its closure CHilb’;(X ) in Hilb];(X ). The elements of CHilb]; (X) are also refered to with

the adjective allignable in the litterature.

Lemma 1.1. The closure CHilb]; (X) of Curvg (X) is an irreducible component of Hilbg(X)
of dimension
dim CHilb}(X) = (dim X — 1)(k — 1)
1
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Proof. The first part follows since
£ e Curvl; (X) <= O¢ contains an element of degree k — 1,
and the second part will follow from the Berczi-Szenes model in Theorem 2.4. O

Observe that choosing coordinates near the point p € X, we have identification Hilb]; (X) ~
Hilbf (k") for n = dim X, and in particular

CHilb}(X) ~ CHilbf (k).

Moreover, write k™ = Speck[z1,...,x,] then an ideal I in k[z1,...,x,] has codimension

codim I = k if dimk[zq,...,z,]/I = k as a vector space over k.

Hilbg (k") ~ {k[z1,...,2z,]/ | I is an ideal in k[zy,...,z,] with codim I = k}
~{I|I is an ideal in k[z1,...,z,] with codim I = k}

We will use these two interpretations of Hilbg (k™) interchangibly, speaking of an elements as

either an ideal I in k[x1,...,2,] or as an (quotient) algebra k[x1, ..., x,]/I.

1.2 An overview of the integration process on CHilbi*!(CF)

The model of Berczi and Szenes provides a birational model for the curvilinear Hilbert scheme
CHilbgH(C”) and is described in section 2. This model can be expressed as the following

rational map

k
@ Ji(1,n) --» Grassg(Jr(n,1)*) = Grassk(@Symi (C”)
i=1
7= (0% vy, va,...v5) — Spang(vi,va + 13, ..., Z |perm(o)| v, ),
oEPy

where the sum is over all partitions o = o1 + -+ + 0, of k, |perm(c)| is the number of

compositions representing the partition o, and v, = 4, - - - 14, is the product of the normed

T

derivatives v; = v (0)/i!. The map ¢ has several important properties
(1) ¢ is well-defined on J;°%(1,n) := {[f] € Jx(1,n) | f'(0) # 0}.

(2) ¢ is invariant with respect to the action of the reparameterization group Diff, =
reg
J 2(1,1).

(3) ¢ is injective on the Diff,-orbits in J,"(1,n).

(4) ¢ is GLy-equivariant with respect to the naturally induced actions on J,*%(1,n) and
Grassy (Ji(n,1)*)

(5) Tm ¢ ~ Curvi™(C™), and moreover Tm ¢ ~ CHilbg ™ (C™) embeds GL,,-equivariantly
in Grassg(Ji(n,1)*)

The reparameterization group Diff; is a non-reductive group, and we shall thus apply the

theory of non-reductive geometric invariant theory (GIT) to obtain a quotient on the source
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space. Throughout this work we consider mainly the case k = n, since integration on
CHilbE*(C™) for a general n can be reduced to integration on CHilbf™*(CF).

The general procedure for computing integrals on CHilb{™*(C*) will be to construct
a (more or less) explicit resolution of the indeterminacy locus of the model ¢ composed
with the Pliicker embedding p : Grassy(Ji(n,1)*) = P(A¥ Je(n,1)*) obtaining a map well-
defined near all T-fixed points of the source space for the maximal torus T" C GL,,, and
then apply localization techniques. Having obtained such partial resolution of ¢, we take
a GL,-equivariant and Diff;-invariant map full resolution Jm) — P(A" Ji(n,1)*) with
some blow up of Jx(1,n) as its source space. Since this blow up is GL,-equivariant the
localization contributions of T-fixed points in Jm) can be described via the explicitly
given partial resolution of ¢.

We will make sure that this source space admits a certain stability condition such that the
non-reductive GIT quotient Jm,\n) // Diff); is defined — as in classical GIT it is a categorical
quotient, and a compactification of the geomet/ric\ quotient on the semistable (which will

coincide with the stable locus, cf. (5.1)) locus Ji(1,n)®/Diffy. It follows that it is enough to
resolve the map ¢ on the semistable locus and thus obtain a Diff;-invariant map

o —

k
o Jn(l,n)* = IP’(/\ Jn(n, 1)*),
and which further induces the map

—

k
& Ju(1,m) f/Difty — P( \ Je(n,1)")

on the categorical non-reductive GIT quotient, which maps surjectively onto its image to
Im ¢ = CHilbf ™ (CF).

We proceed to describe the resolution of ¢. It consist of an initial partial resolution,
making the pullback of ¢ well-defined near T-fixed points of the source space A[k] (constructed
in Section 7), and a second theoretical non-explicit resolution which has no effect on the
equivariant localization. We describe now in general terms the partial resolution process of
the indeterminacy locus of p o ¢.

We will first construct a fibered version of the model ¢. We will drop the Pliicker

embedding p from the notation.

¢ J(l,n) --» P(;\Jk(n, 1)*)

We assume now n > k (although this is not necessary, see Section 2.3) containing the case
described here n = k. We write

E = [Span(e;) C Span(ey,es) C --- C Span(ey, .. .,ex) = C*] € Flag, (C")

and Py, C GL, for the parabolic subgroup preserving /. We define the space

Jk(l,n) = GLn XPk,,LPkaE — GLn E— Jk(l,n)
(9,[My C--- C My]) = [g-My C -+ C g.My] = g.Mj,

which has the fibration

e~

Thkmn * Jk(l,n) — GLn /Pk,n = Flagk((C”)
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We write Ji(1,n)g = w,:}l(E) for the fiber over E € Flag, (C™) on which we have for all
1<e<k
v; € Span(ey, ..., €;).

For localization applications it is enough to consider only the contribution on the fiber

P

Ji(1,n)g (as we will see below the diagram). By abuse of notation, we write also ¢ for the
induced map ¢ : Jx(1,n) — P(/\k Ji(n,1)*). The picture to obtain is then

i qz Efi:”**—:,_i P(A" Ji(n,1)%)
j ,f?,‘,,,,,,,,,,,,,
Jr(1,n) IS

Write A1, ..., A, for the weights of the diagonal action of T' C GL,, on C". Applying the
localization formula in equivariant cohomology of Atiyah-Bott [1] and Berline-Vergne [14],

we obtain already, the integration formula

/N a= Y Qo.B , (1.1)

k n
Ji(1,n) 0€Sn/Sk Hm:l Hi:m+1()‘0~i = Aoum)

where S,,/S). denotes the set of injective mappings {1,...,k} — {1,...,n}, and

[0]
Qo g = ( o a) (0.F) € Sym*® t*
Jk(l,n)U,E

and here 0.F is the corresponding flag, and moreover we have

Qg Fp = 0.0 = O‘E(Aa(l)a B )‘o'(n))

Thus, for integration purposes it is enough to consider and resolve the map ¢g : Ji(1,n)g --+
P(A" Ji(n, 1)%).

For fixed n > k we define the vanishing ideal I, ; of the map ¢ together with the
monomial ideal M, j, generated by the monomials of the generators of I, . We perform
a sequence of blow ups of J;(—I,/n) g in GL,- and Diffg-invariant centers — these will be
ideals generated by coordinates — until the pullback ideal sheaf of M,, ;, associated to the
final blow up space is a prime ideal on each chart. The sheaf of ideals of these principal
ideals correspond to the space A[k] appearing in Theorem 7.1, and we obtain a partial
resolution @[k] : A[k] --» P(A" Ji(n,1)*) well-defined near all T-fixed points (here we
assume that T-fixed points are isolated; this is a technicality. See Section 6.6). One takes
at last a GL,- and Diffx-equivariant resolution ¢g : Jm)}; — P(A\" Ji(n,1)*) which is
ever}ﬁh\ere defined (this exists by [34]). This construction glues over Flag, (C™) to obtain
¢ : Ji(1,n) = P(AF Je(n, 1)%).

The fact that we always blow up in (GL,- and) Diff;-invariant centers implies that ¢
is also (GL,-equivariant and) Diff-invariant, and so ¢ induces a map on the categorical
quotient/_@_:/Jk/(l?”L) // Diffj, --» ]P’(/\k Je(n,1)*) — To be precise, we must replace the jet
space Ji(1,n)g with its projective completion P(Ji(1,n)g & C), but we leave this out for

now for simplicity of the exposition in this overview (see Section 6.4).
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Since the non-reductive quotient is a quotient of the stable part only, we need only
consider the stable locus Jm)s, and this implies that we need only consider charts of
minimal Diff p-weight throughout the sequence of blow ups.

We apply the theory of non-reductive GIT in a particularly nice case, where the non-
reductive group is of the form Diff, = U x C*(see (2.5) and Section 6.4). We write zg
for the standard coordinate of the Lie algebra of C*, u for the Lie algebra of U, i for the
inclusion of the minimal weight space Jm)min of the C*-action in Jk/(171), and Ny, for
its corresponding normal bundle. We apply first a localization theorem of Berczi and Kirwan
for non-reductive quotients (cf. Theorem 5.5) to obtain a formula

//—\ k(a) = Res
Ji (1,n)//Diff, 20=00

/ - i* (a(Zo) U ctop(Vu)(zo)) dz, (12)
(Jk(l,n))mm

Ctop (Nmin) (ZO)

—

where x : Hpyg (Jm)) — H*(Ji(1,n)//Diff}) is surjective (cf. Section/5£), and V,, is
an associated bundle isomorphic to the conormal bundle of the inclusion Ji(1,n)//Diff; —
Jm) // C*. Moreover, the notation c,p of a bundle, means taking the equivariant top
Chern class, equal to the product of the weights. For fixed k& we have

ctop(Vi) (20) = 20(220) -+ (k — 1)z0 = (k — 1)lzg .

The denominator cyop(Nmin)(%0) is the most difficult ingredient to calculate since it requires
explicit knowledge of the resolution of ¢.

We proceed by applying the Atiyah-Bott, Berline-Vergne localization formula in equiv-
ariant cohomology for the action of the standard maximal torus T' C GL,, to obtain a
localization formula on stable part of the blow up Jm)s. Recall that Aq,..., )\, are the
weights of the diagonal action of T' on C". Combining the localizations (1.1) and (1.2), the
T-fixed points of Jm)min can be assumed isolated (cf. Section 6.6), and are then exactly
the 0’s of the affine charts of this minimal weight space.

We will encode the sequence of blow ups of the fiberJi(1,n)g in a tree Tg with each node
corresponding to a chart on the exceptional divisor, and thus the charts on the source space
A[k] of the partial resolution @[k] : A[k] --» P(A" Ji(n,1)*) correspond exactly to the leaves
(final nodes) of the Tg; denote by Lg the set of leaves, and for L € Lg the corresponding
unique T-fixed point by 0y, with inclusion iy, : {0} — A[k] The localization formula takes

the form
Jo = Y :
_— - k n
Ji (1,n)//Diffy, 0€Sn/Sk Hm:1 Hi:m+1()‘a.i - )\a'.m)
) L)1 p* JAL, e Ap
.Imﬂk—nuﬁl§:(“)“pa@°1 ) iz,
20=00 Lels Ctop (TOL L)

where Ty, L gg\rgtes the tangent space at the origin Oy, in the affine chart L of A[k], and
e A[k] — Ji(1,n) g is the sequence of blow ups used to partially resolve the model ¢. In
this case cyop(Z0, L) denotes simply the product of the weights of the variables of the chart
L in A[k].

At last, consider a T-equivariant form a on CHilby ™ (C"). To perform the integra-
tion of «, we simply pullback along the induced proper map ¢ : Jm) /| Diff, —
P(A" Je(n,1)*) to obtain a form @*(a) € H*(Jm) // Diff},). Since as already stated



6 Chapter 1. The Hilbert scheme of points and the integration process — an overview

—

K Hpsg, (Jm)) — H*(Jx(1,n) //Diffy;) is surjective (cf. Section 5.2), the form @*(a)
extends to a Diff ;-equivariant form.

Write 61,...,0; for the Chern roots of the tautological bundle on Grassy(Jg(n,1)*).
By 6F,... 0L we denote the specialization of these weights at the image point (01) €
CHilbE(C") of 01, € L  A[k]. Each 67 is thus a linear form in A, ..., \,. We obtain the

integration formula (this is the result of Theorem 8.1 for n > k)

[ EEDS :
CHilbE+ (Cm) [T T (e () = Ae ()

c€S,/Sk
(OF(oN), ..., 0E (0. N))

«
~ Res (k —1)lz871 dz.
LEZ[,E Fo=oe 0 Ctop (TOL L) (Zo, U)‘)

(1.3)

This integration formula in principle ends the overview of the process of integration on
CHilbE**(C™). However, rewriting the sum over the flag Flag, (C") as an iterated residue

(see Proposition 8.3, originally [13, Proposition 5.4]), we obtain the formula

/ a= Z Res Res (k— 1)1z871
CHilby ™! (Cm) Lelp  coro=ee

. [hcicj<i(zi = %) (i)w(0(2),...,05(2))

dzodz.
H?:l H§:1(>\z - Zj) CtOP(TOLL)(z) 0

From this expression, we argue that only one T-fixed point in the image ¢(Jx(1,n)g)
contributes to the integration formula (see Theorem 8.6 and 8.7) : Only the isomorphism
class of the algebra Clxy,...,2,]/(x1,...,2,)? contributes to localization. This argument
depends on the fact that n > k. The most simplified result in this direction is

Theorem 8.7. If n > k, then the integration formula of Theorem 8.5 reduces to

H1§i<jgk(zi —zj) 21, 2k)

/ a= Res Res — = - - tdzdzo.
k41 n Z0=00 Z2=00 R L) . ort | or
CHilby ™ (C™) ° Hj:l [lm (N = 2) w11 H2§i§j§kw' j

2,9

In the case n < k, we are one the one hand able to obtain an integration formula (see
Theorem 8.9) from equation (1.3). On the other hand, the above construction using a fibration
over Flag(1,...,k;C") when n > k can be adjusted to the case n < k obtaining a fibration
over Flag(1,...,n;C™), and one arrives in the same way at an integration formula like that
of (1.3) (see Theorem 8.1). In this case, some cancellation symmetry is lost, and it is not the

case that only a single fixed point contributes.



Chapter 2

The Berczi-Szenes model

In this section we describe the testcurve model of Berczi and Szenes [13], an explicit

parameterization of the natural embedding

k
Hilb{ ™ (C™) — Grassy, ( @ Symi((C”))
i=1 k (21)
P Mo /1 € mo bt} = DSy (€)
i=1

restricted to the curvilinear Hilbert scheme CHilbE**(C™) ¢ HilbE™*(C™). Here if we write
Oc¢n = Clz1,. .., 2] for the structure sheaf of C*, we denote by mo.. = (z1,...,2,) the
maximal ideal. Recall that CHilbg(C") is the compactification of the open locus Curvh =
{¢ € Hilb{(C")| O¢ ~ C[e]/(¢*)} in the punctual Hilbert scheme Hilbf(C™).

2.1 Jet spaces of holomorphic maps

We start by introducing jet spaces, which are vector spaces, that in special cases are also
groups. These are crucial preliminaries for the construction. Let u,v > 0 be positive integers
and denote by J(u,v) the vector space of equivalence classes of maps f : (C*,0) — (Cv,0),
where f ~ ¢ if and only if all derivatives of order < k of f and g at 0 agree. These are called
k-jets of holomorphic maps at the origin. We note that Ji(u,v) = Ji(u,1) ® C¥ and thus
dim Jy,(u,v) = v((“}*) - 1).

We can define a structure on these sets in the sense that, we may compose k-jets and
take the result modulo terms of degree > k + 1 (the square brackets indicate that we take

the result modulo these terms)
T (u,v) X Jp(v,w) = Ji(u, w), (U1,T5) = [Py 0] € Ji(u,w). (2.2)

Eliminating terms of degree k yields a morphism of C-algebras Ji(u, 1) = Jr_1(u, 1), yielding
further a chain of such Jj(u,1) = --- — Ji(u, 1), which in turn induces a filtration of the
dual Jy(u, 1)*

Ji(u, 1)* C - C Ji(u, 1)

The elements of Jy(u,1)* are interpreted as differential operators on C* of degree < k
k
Ji(u,1)* ~ @ Sym' €, (2.3)
=1

7
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where Sym' is the I’th symmetric tensor power and the isomorphism is as filtered GL(u)-
modules.

Choosing coordinates on C* and CV, we can identify a k-jet [f] € Ji(u,v) with its
derivatives of order < k at the origin, i.e. with the vector [f] = (#/(0)/1!,..., f*)(0)/k!). We
have the correspondence

Ji(u,v) ~ J(u, 1) @ C”.
We define the set of regular k-jets to be
J. 8 (u,v) = {[f] € Jk(u,v) | f(0) has maximal rank}.

When u = 1, we speak of k-jets of curves and the set of regular k-jets of curves is then
JEE(L,m) = {1 € Ju(1,m) | 7/(0) # 0}.
We note that the composition (2.2) induces a natural group structure on the set
Diffy (u) := J,*%(u,u)

of regular k-jets (C*,0) — (C*,0). We call this group the diffeomorphism group of k-jets.
We introduce the even shorter notation Diffy, := Diff(1).
We end by discussing the composition described in (2.2) for Diff; acting on regular k-jets

of curves, since this case is of special interest to us. Let

fe(2) = F/(0)2 4+ f““];(z)

be the k-jet of a germ parameterizing a smooth germ Cy D &, and let

2k e T8 (1,n)

gb(z) =12+ + Ozkzk € Diffy.

The composition described in (2.2) yields then

feod(z) =
l / " 2 2 f(l)(o) k
(f'(0)er)z + (f'(0)az + f"(0)ai/2)z +~~+( Z T ozil)z
i1t ti =k )
a1 Q9 Q3 . Qe
0 o 20709 - Sy, z
i1+ia=k 2:2
=(f(0),....fOym| 0 0 af - Y ananag ||
i1+i2+iz=k :
N ; : ; P
0 0 0o - ak
(2.4)
Thus we obtain an explicit linearization of the Diff;-action on J;*#(1,n)
Diffk — GLk
a1 Qg Q3 N AL
0 af 20ag - S,
i1+io=k
2.5
(O[l,...,Oék)'—> 0 0 Oéilj) Z Ay Qjy Qg R ( )

i1+i2+iz=k

0 0 0 - ok
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where a7 # 0 and the (4,7)’th entrance is the sum of degree i monomials in aq, ..., ax
with exponent vectors given by the partitions of & of length j. This illustrates directly the
semi-direct product Diff; = U x C* with U the unipotent group obtained by setting a; = 1,
and thus Diff;, is not reductive.

Observe also that naturally we have embeddings Diff;_; < Diffy, which in the rep-
resentation (2.5) manifests itself in the fact that Diffy_; corresponds to the upper left
(k — 1)-by-(k — 1) matrix.

2.2 Test curves for curvilinear subschemes

We give the necessary definitions and results in order to describe the model ¢ for CHilblg (cm)

of Berczi and Szenes. For more details one might consult [13].

Let € € Curvﬁ“(@”) be a curvilinear subscheme supported at the origin. By definition
ECcC et

for a germ Cy of a smooth curve in C" parameterized by f. Such curve is defined only up to

polynomial reparameterization, and we have the

Lemma 2.1. The curvilinear locus Curvy ™ (C") inside Hilbg ™ (C") is in bijection with

the set of regular k-jets of curves in C™ modulo polynomial reparameterizations
Curvg ™ (C™) = J;°8(1,n) /Diffy.
Fix now N > 1 and define the set of k-jets vanishing on a regular curve
O ={¥ € Jp(n,N) | Iy € J,8(1,n) : Yoy =0}
Such a curve + satisfying ¥ oy = 0 is called a test curve for .

Lemma 2.2 (Gaffney [26], Bérczi-Szenes [13]). Let v € J,°5(1,n) and ¥ € Ji(n,N)
be k-jets, and write v; = v(9(0)/i!. The equating ¥ oy = 0 is equivalent to the system of k
linear equations
Y W) =0, m=1,...,k (2.6)
LeP(m)

where P(m) denotes the set of partitions ¢ = 14 .. .m of m, vy = ' ... vl |¢| denotes

the length of £ and W’ is the |[¢|’th derivative of W.

On the other hand, we define for a given v € J,°®(1,n) the set of ¥ such that ~ is a test
curve for ¥ — at least up to order 4, that is, for m=1,...,4

S;"N ={T € Jp(n,N) | (v, ¥) solve (2.6) up to order i}.

Since the equations (2.6) are linear in ¥, we see that S/ C Ji(n, N) is a linear subspace
of codimension iN, that is S;"N € Grasscodim=in (Jr(n, N)) with orthogonal complement
(‘S'f/]\’)L an ¢ N-dimensional subspace of the dual Ji(n, N)*. In fact the interpretation (2.3)
yields Ji(n, N)* ~ @F_, Sym’ C" @ CV, and we see that (SEN)E = (SihH e Ch.
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Remark 2.3. From Lemma 2.2 it follows directly that for v € J,"*(1,n), the orthogonal

complement of S,?N is given by

(SEN)E = Spanc(v, v+, D vy ),
Jite =i

where v; = (7 (0)/i! denotes the normed 4’th derivative. ¢
At last we note that when N > n
SN = {0 € SHN | dimKer DoV = 1}

is an open dense subset of the space Si'V. In fact, StN\SIN = {¥ € SHV |dim Ker Do > 1}

since the determinantal variety
{A € Hom(C",C") | 1k(A) < r} = {A € Hom(C",C") | dimKer A > n — r}

is closed of dimension r(n+ N —r), we obtain that the complement S5V \S;N = {0 eS|
dim Ker DyW > 2} is closed and of codimension N —n + 3 in SQN.

Now, if y is a test curve for ¥ € Oy, observe trivially that any Diff (1) = J;%(1,1)-
reparameterization 0 = 7y o ¢ of v is again a test curve for ¥. The converse is not true in
general, but for ¥ with linear part DoV satisfying dim Ker DoW = 1, the converse does
indeed hold: Any test curve § of ¥ is of the form § = 0 ¢ for some ¢ € Diff. In other words

Si’NZS(?N <= § =y o ¢ for some ¢ € Diffy,.

This can be proven by an inductive argument (see [13, Proof of Theorem 4.3]). Since S;N is

dense in Si’N , we obtain the following theorem using the interpretation of (2.3)

k
@Syml C" ~ Jg(n,1)*
=1
Theorem 2.4. The map
k .
Gni  J8(1,n) = Grassi (@D Sym’ C"), v (SP)* (2.7)
i=1

is Diff,(1)-invariant and induces an injective map on orbits

k
Gt + I8 (1, n) /Diff (1) — Grassk(@ Sym‘C").

i=1
Moreover, ¢, ; and (ﬁn,k are GL(n)-equivariant with respect to the standard action on
J%(1,n) C Hom(C¥, C") and its induced action on Grassy(@F_, Sym’C™).
Recall the natural embedding Hilby ™ (C") < Grassk(@le Sym’ C") defined in (2.1).
The image of this embedding restricted to Curvi™ (C") coincides with the image

k
Im(¢p 1) =~ CurvitH(C™) Grassk(@ Sym‘C"),

i=1

of the map ¢, 1 : J,"%(1,n) — Grass(@le Sym’ C™). We obtain thus
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Theorem 2.5 (Bérczi-Szenes model for CHilby(C")). For any k and n we have

k
CHilbE™H(C™) ~ Tm (¢ 1) C Grassk(@ Sym’ C™)
i=1
for the map
k
it Iy E(L,n) — Grassk(@ Sym'C"), v (SPh)*
i=1

of Theorem 2.4.

2.3 A fibered version

In this section we construct a fibration Ji(1,n) of the jet space Ji(1,n) over a flag manifold,
and obtain thus a version of the Berczi-Szenes model ¢n7k/:<\]k/(1,n) --» CHilbg ™ (C™) ¢
Grassk(@le Sym’C™). The constructions of the space Ji(1,n) in the two ranges n <
k and k < n are distinct; in the first case the fibration will be over the flag manifold
Flag(1,...,n;C"), whereas the latter case will be over Flag(1, ..., k;C").

We write m = min(n, k), denote by e1, ..., e, the canonical basis of C" and consider the flag
E, 1 = [Span(e1) C --- C Span(ey,...,en)] € Flag(1,...,m;C").

By P, C GL,, we denote the parabolic subgroup fixing the flag E,, ;.
Under the identification Ji(1,n) ~ Hom(C*, C") > (e1,.- -, €m;Vmils---,Vk), We con-
struct the associated bundle

Jk(17n) = GLYL XP,L,k,Pn,k'(elv . -76maym+17 ct Vk)

with the fibration

—_~—

Jr(1,n) = GL,, /P, = Flag(1,...,m;C").

Observe that the set JI°"°8(1,n) C Ji(1,7) of jets of curves v with 4/(0), ... (™ (0) linearly
independent has the fibration

JROME (1 n) — Flag(1,...,m;C")
[ (0),...,7™*(0)] = [Span(v/(0)), .. ., Span(¥(0), ..., 7™ (0))].

The space Ji(1,n) is a fiberwise compactification of J,zlondeg(l, n).
We obtain an induced map from the Berczi-Szenes model, and we will abuse notation

and write simply

k
Gk - JK(1,m) —-» Grassk(@ Sym‘C"),
i=1
which on each fiber over Flag(1, ..., m;C") is well-defined on the regular part. For localization

purposes later in this work it will be enough to consider only the fiber over E,, ;.
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We will sometimes drop the indices on this flag E,, j in the notation and write Jx(1,n)g
for the fiber over E, ;. Moreover, for the corresponding map obtained by restricting ¢,, » to

the fiber Ji(1,n)g we will usually just write

k
op: Jp(l,n)g --» Grassk(@ Symi Cc")

i=1

dropping the dependence on n and k.

2.4 The toric submodel

We describe here a toric subvariety of the image closure Im ¢,, j, C Grassk(@le Sym‘ C").
The Berczi-Szenes model takes the form (cf. Theorem 2.4)

k
Oni - JK(1,m) ——» Grassk(@ Sym‘C"™)

i=1
7+ Spang (vi,ve + Vi, ..., Z [perm(p)| v,),
pEPk

where Py, is the set of partitions of k, and |perm(p)| is the number of compositions representing

the partition p.

Recall that we have constructed a fibration Jy(1,7n) over the space Flag(1, ..., m;C") for
m = min(k, n), such that on the fiber Ji(1,n)g over the flag

E = E, = [Span(e;) C Span(ey,ez) C --- C Span(eq, ..., en)] € Flag(1,...,m;C")

we have v; € Span(ey,...,e;) for i =1,...,m. Here ey,...,e, is the standard basis of C™.
Denote by Ji(1,n)% the subvariety in Ji(1,n)p determined by the conditions v; €
Span(e;) fori=1,...,mand v; =0 for i =m +1,..., k. These fibers together constitute a

closed subvariety in Ji(1,n)

—~— —~—

Ji(1,n) D Ji(1,n)? := GL, xp, , Ji(1,n)} — Flag,,(C")
admitting also a fibration over the flag manifold. We the restricted map
o9 gt Je(1,n) --» Grassk(@ Sym* C™).

=1

the toric model. The image closure Im ¢g,k Clmop i = CHilbISH((C”) is a toric variety.



Chapter 3

Tautological Bundles and Integrals

In this section we associate to a bundle ' — X a so-called tautological bundle F[ —
Hilbk(X ) on the Hilbert scheme of k points on X. A tautological integral will then be defined
as the integration of a form expressed in the Chern classes of FI* over certain geometric
subsets of Hilb"(X).

3.1 Tautological Bundle on Hilbert Scheme of Points

Let X be a smooth projective variety of dimension n with a rank r vector bundle F' — X.
We define the rank rk tautological bundle on Hilb*(X) to be FI¥ = p,q*(F), where p and ¢
are the projections of the universal family Z, the diagram is the following

Hib*(X)xX> 2 —L 5 X
|
Hilb* (X).
The fiber over a subscheme & € Hilb” (X) is
FM|e = HO(¢, Fle) = H(X, F @ O),

which has dimension rk.
In particular with X = C™ and F = O¢~ the structure sheaf (line bundle), one has that
¢ € Hilb* (C™) corresponds to a colength k ideal I in O¢» and the fiber over £ is

ol

e =0 =Clzy,...,z,)/1,

which has rank k.

On the other hand, the restriction of this tautological bundle to the punctual Hilbert
scheme Hilb’;H(X ) ~ Hilb ™ (C™) can also be described via the pullback of the tautological
bundle £ on the Grassmannian Grassk(@le Sym’C") by the natural embedding ¢ (cf.
(2.1)), and we have

ol oen £
Hilb ™ (C") <2 Grass;(PF_, Sym’ C™).
13
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From this description we obtain

FF U 0 ey = 0L @ F = (Oc @ 9" E) @ F.

k

It follows that writing ¢(F) = [, (1 + ;) and ¢(€) = [[;_,

i1 (14 0;) for the total Chern

classes, we get

T k
c(FEY =TT +m) [T T+ 65 +m)- (3.1)
=1 j=1li=1
In particular we see that each Chern class ¢;(F*+1) is a polynomial function in the Chern
roots of F' and £.

3.2 Tautological integrals

Following Rennemo in [54] we define what is meant by a tautological integral on any geometric
subset. We start by defining geometric subsets of the Hilbert scheme of points Hilbk(X )of a
smooth projective variety X of dimension n.

By a punctual geometric set we mean a constructible subset Q) C Hilbg (C™) satistying that
if ¢ € Q and £ ~ ¢ € Hilbli(C") as schemes then also ¢’ € Q.

For fixed punctual geometric sets Q, ..., Q, with Q; € Hilby(C") and 3" k; = k. We
define the set

P(Q1,...,Q) ={{ € HIL*(X) [€=& U L&, & € Qs

We define then the geometric subsets of Hilbk(X) as the sets, which can be constructed
by applying a finite number of unions, intersections and complements to sets of the form

P(Q1,--.,Qr).

Suppose now X is equipped with a vector bundle F' of rank r, and associated tautological
bundle F*) — Hilb*(X) of rank rk. Let P C Hilb*(X) be a geometric subset and P its
Zariski closure in Hilb"(X). Let M = M(cy,...¢,1) be a monomial in the Chern classes
¢ :=c¢(F (1) of the tautological bundle FI*!| such that M has weighted degree dim P, where
the weight of ¢; is 2i. Now if apy € Q*(P) is a closed compactly supported differential form
representing the cohomology class of M then the Chern numbers

Mm[?]:/aM

P

are called tautological integrals of FI*|. The main theorem of [54, Theorem 1.1] is that the
tautological integrals can be expressed in terms of the Chern numbers of X and F', and that
this is true in a universal way.

Observe that the punctual curvilinear locus CUI'V]; (X) at p is nothing but P(Q1) for Qq
the punctual geometric subset consisting of the isomorphism class O¢ ~ C[z]/ 2F. Tt follows

that integrals of the form

CHilbk (C™)

are a very special type of tautological integrals.



Chapter 4

Equivariant Cohomology

We setup in this part notation for equivariant cohomology. We choose to introduce it via
principal bundles, associated bundles and a universal bundle as was done by Borel [15]. We
will follow mainly [25]. The reference for theory of fiber bundles is [35] — especially chapter 4
in this case. Our main goal is to define equivariant pushforwards and to state the localization
theorem of Atiyah-Bott [1] and Berline-Vergne [14], Theorem 4.6).

Let G be a linear algebraic group and X a left G-variety. Let EG — BG be a universal
principal G-bundle (see [35, The Milnor Construction|) with FG right G-space. Such a space
EG must be contractible (in fact the principal G-bundle is universal if and only if EG is
contractible, [35, chapter 4, Exercise 13]), and BG = EG/G is unique up to homotopy. We
form the associated bundle with fiber X

Xg=EGx%X :=FEGx X/ ~,

the equivalence relation being (e-g, ) ~ (e, g-x). It turns out (see [15, Chapter IV, Application
3.4]) that the singular cohomology of X¢ is independent of the choice of EG, and we define
the equivariant cohomology of X as the singular cohomology of X¢ in a coefficient ring R,

and write

HY(X) = H*(Xg) = H*(EG x9 X).

The equivariant cohomology theory is functorial for equivariant maps, and so we have in
particular pullbacks.

We observe that taking some fixed point p € X, we have homotopically EGx%{p} ~ BG,
and so the inclusion map i, : {p} < X yields the pullback map of cohomology

it Ho(X) — Hg(p) ~ H*(BG)

making H(X) into a H*(BG)-module. We write Ag := H*(BG) since it will show up often.
The spaces FG and BG will usually be of infinite dimension. However, there are always
finite dimensional approximations of these spaces E,, — By, = E,,/G, and it suffices to
work with these. In fact this has nothing to do with the bundle being universal. The result is
15
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Theorem 4.1. Let E,, — B,, be a principal G-bundle such that H*(E,,) = 0 for i < N.

Then there is a canonical isomorphism
HY(EG x% X) ~ H(E,, x% X),
for i < N, respecting cup products.

Proof. The proof can be found in [25, Proposition 2.2]. O

We give an explicit construction of approximation spaces F,, — B,, for G =T a torus
in Example 4.3. This is a special case of the construction in [25, Chapter 2, Sections 4,5]
showing that for a linear algebraic group G acting algebraically on X such approximation
space E,, — B,, exists, and E,, can be taken to be a nonsingular variety (see also [25,
Proposition 2.6]).

Remark 4.2. The equivariant cohomology can also be constructed using the Cartan-De
Rham complex of equivariant forms; we follow the overview of Berline, Getzler and Vergne
in [14, Chapter 7|. Let M be a smooth manifold with an action of a Lie group G with Lie
algebra g. The equivariant forms are exactly the equivariant polynomial maps on the Lie
algebra g with values in the G-equivariant ordinary differential forms on M

QL (M) = {polynomial a: g — Q*(M) | a(9.X) = g.a(X)}
= (Sym" g ® Q" (M))“,

where the action on forms is g.a(X) = g.(a(¢g71.X)). In this sense an equivariant form
a € QL (M) of degree d can be written

a=ag+pag_1+-+pg_101 + pa, o; € Qi(M)7pj S Symj(g*).
The equivariant exterior differential dgy is defined by
(dga)(X) = (d — (X m)) = a(X),
where (X ) is the contraction of the infinitesimal vector field X on M defined by

d

=7 p(e™¥.x)

t=0

(Xar-0)(x)

for ¢ € Q°(M). One may calculate dg = 0, and so one obtains indeed a complex. The
cohomology of this complex is (isomorphic to) the equivariant cohomology H (M). ¢

One of the strengths of equivariant cohomology theory is the existence of equivariant Chern
classes and equivariant fundamental classes, which may be defined using the approximation
spaces E,, — B,.

For an equivariant vector bundle V' — X, we get induced bundles E,, x¢V — E,, x¢ X
and define the equivariant Chern classes of V.

(V) =ci(Bp xCV) € HE(X), m>0.

7

Similarly, when X is a nonsingular variety so is F,, x¢ X, and further any G-invariant
subvariety Y C X of codimension d yields a codimension d subvariety E,, x¢Y C E,, x X,

and we define the equivariant fundamental form of Y

Y] = (B, xCY] € HE(X), m>0,
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where [ -] denotes the usual fundamental class of a subvariety of a nonsingular variety.
Defining the classes in this way, it is of course necessary to check compatibility with varying

parameter m and independence of approximation spaces F,,.

Example 4.3. Let a maximal torus T = (C*)" act diagonally on X = C" with weights
(t1,...,t,). We may take

En = (C™\{0})" — (Pm_l)n = Bn.

It follows that Ap := H*((P>°)™) = R[t1,...,ts], t; = c1(O;(—1)) admitting an interpretation
as the usual first Chern class of the pullback of O(—1) of the i’th projection.
Observing that

Vi=En, x"T X ~Po(-1)

i=1

as vector bundles on B,, = (P™71)" we obtain that the equivariant Chern classes on X
(considered as a bundle X — {pt} over a fixed point) are elementary symmetric polynomials

e; in the weights ¢;
el (C™) = ei(t1,...,tn) € Ap = R[t1,...,tn).

In particular, we observe that the chern roots are exactly the weights.
The induced action of T on P"~! makes Opn-1(1) into a T-equivariant line bundle, and

we write ¢ = ¢! (Opn-1(1)). The induced vector bundles are
Ep xTP" ' =P(V) and Ep, xT Opn-1(1) = Opgyy(1)
the projectivization and its Serre twist. It follows that
i (C)=c(V)=ei and (=cf(Opn-1(1)) = c1(Opv)(1)),
and since the cohomology of P(V') is known in terms of the cohomology of X, we obtain

Hp(P"~1) = H*(P(V))

= Arl) /

using the description of equivariant Chern classes of C" from above. ¢

R[tla s vtn] [d / (Cn + el(t)cn_l et en,l(t)C + en(t))

(C+1).

=

i=1

<
Il

Let V — X be an equivariant bundle of a T-space X of rank r. Further let p € X7 be a
fixed point and denote the weights of the action on the fiber V}, by t1,...,¢,. It follows then
by the calculation of Chern classes in Example 4.3 above and by functoriallity that

i*(cF(V)) :cZT(Vp) =oi(t1,...,tr), (4.1)

where o; is the i’th elementary symmetric polynomial. It follows in particular that the
restrictions of the Chern roots of V' to a point p are exactly the weights ¢1,...,¢. on the
fiber V.
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4.1 Localization in equivariant cohomology

We shall now briefly discuss the concept of localization in equivariant cohomology. By a
localization, we mean a restriction map in cohomology, that is, a pullback of an embedding
(usually the injection of the fixed point locus). We shall only discuss the case of torus actions
and shall in particular describe the localization theorem by Atiyah and Bott [1], and Berline
and Vergne [14], which under assumption of finite fixed point locus yields an integration
formula.

For this discussion we shall need the Gysin pushforward, which exists for proper maps
f:X—=Y,

fo: HpX — HyPy

with d = dimY — dim X. Two special cases of such equivariant pushforwards of main interest
to us are

(1) Closed embeddings. For a T-invariant closed embedding i : Y < X, there is a Gysin
pushforward i, : H:Y — H3"2?X satisfying

(1) = Y]" = [¥]" and i*i(a) = ¢} (Nx/y) - o,
where Ny, x is the normal bundle of ¥ in X.

(2) Integration along fibers. For a complete nonsingular variety X of dimension n and p a

fixed point, the map p : X — {p} has the Gysin pushforward called integration along p
/ =t Hp X — HEZ2"(p).
X

For more general properties and definitions we refer again to [25].

Remark 4.4. Following the description of equivariant cohomology via equivariant forms as
described in Remark 4.2, we can describe integration in the following way: Let o € QF (M)
with d > dim M, and write

O = Pd—dim MOdim M + -+ Pag—101 + Py.

One may define the equivariant pushforward p& via the usual pushforward p,

/ a = pSa = pa_dim m p+(Qdim 1)
M
= Pd—dim M(/ Qdim M) € Sym™* 4 Mg,
M
yielding a polynomial in HZ(p) = Sym* t* in general. ¢

Remark 4.5. For an equivariant vector bundle V' — M, we observe that by the very
G

definition of the equivariant Chern classes ¢{"(V), it is an equivariant extension of the
ordinary Chern class ¢;(V') in the following sense: Fixing a base point b € BG, the fiber of
an associated bundle E,, x V over b is isomorphic to V, and restricting ¢ (V) to this fiber

yields ¢; (V).
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Equivalently in the setting where G is a Lie group acting on a manifold M, in terms of

the description of the equivariant cohomology as equivariant forms we have
(V) =ci(V) + pragi_1 + - + pai_10q + pai € HE (M)

for suitable forms a; € H7(X) and polynomials p; € Sym’(g*).
We have thus from Remark 4.4 the equality

Pl (V) = peci(V)

of equivariant integration on M on the one hand, and ordinary integration on M on the
other, and more generally this holds equality is true when the Chern classes are replaced by
a polynomial of Chern classes. ¢

We end this section with the integration formula proven independently by Atiyah and
Bott [1], and by Berline and Vergne [14], which applies to compact nonsingular varieties with

finite fixed point locus, and is key to the concept of localization.

Theorem 4.6. Let X be a compact nonsingular T-variety of dimension n with finite fixed
point locus X7, and denote by i : p — X the inclusion of p in X. Then

/ Y
XTczTX

for all o € H} X.

Proof. Let a = § € H;-X, and observe that since S—14, is surjective, we obtain that the
(partially defined) map S~'H%XT — HZXX is surjective, and it follows that we can assume
a = (ip)«(B) for some g € Hi(p) = Ar. We get on the left hand side

Joa=] Gos=5.

since Ar = H}.(p) —— (in)- —= H3 X N A7 is an isomorphism. On the other hand, the right side
yields

> v GRS 8

gEXT 3; geXT Cz(TqX) Cg(TpX) 7
yielding the equality. O

Remark 4.7. There is a generalization of this localization formula, when the fixed point
locus X7 is not necessarily finite. In this case the integral splits into a sum over each
connected component F of the fixed point locus X 7. The tangent space at a point is replaced

by the normal bundle of the component in X. The formula is
0¢|F
a =
/ FCX):(T /F cI'(Nx/r)’

and we refer the reader to [25, Theorem 2.1] for further details. ¢






Chapter 5

Non-reductive geometric invariant

theory

This section aim at giving a short introduction to non-reductive geometric invariant theory
as introduced by Berezi, Doran, Hawes and Kirwan in [6, 7]. The theory includes also the

general geometric invariant theory (GIT) of Mumford for which the reference is [50].

As usual we fix our ground field to be C. Recall that in this case any linear algebraic group G
has a Levi decomposition G = U x R where U is the unipotent radical and R is a reductive
(Levi) subgroup. The original GIT of Mumford deals with the problem of constructing
quotients of algebraic varieties when the group G = R is reductive. The paper [7] deals with
extending the GIT to the case of linear algebraic groups G = U x R with internally graded
unipotent radical reducing to the classical GIT of Mumford, when G = R is reductive. Here
a group G = U X R is said to have internally graded unipotent radical if there is a central
1-parameter subgroup A : C* — Z(R) whose weights for the adjoint action on the Lie algebra
of U are all strictly positive.

The idea of non-reductive GIT is to do a two-step quotient construction, the second of
which is by a reductive group so is already understood in the sense of Mumford. The first
quotient is by a linear algebraic group of type U = U x AC,,) C G where A : C* — Z(R) is
the central 1-parameter subgroup A : C:, — Z(R) mentioned before. Our focus will be here
to describe quotients by groups of this form U = U x A\(C,,), and in particular we remark
that the diffeomorphism group of specific interest to us is Diff, = U x C* is already of this
form.

5.1 Non-reductive Geometric Invariant Theory for
U = U x A\(C*)-groups

Let G = U % R be a linear algebraic group with unipotent radical U and G/U = R the
reductive quotient.

Definition 5.1. We say that G has internally graded unipotent radical U if there is a central
1-parameter subgroup A : C* — Z(R), such that the adjoint action of C* on the Lie algebra
of U has strictly positive weights. We write U = U x A\(C*).

21
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If G has internally graded unipotent radical then U is normal in G and G / U~ R/A(C¥)
is a reductive group.

Let now G act linearly on an irreducible projective variety X with respect to an ample
line bundle L, i.e. that the action lifts to an action via automorphisms of L, and write
V = H°X,L)*. Suppose the induced action of X\ : C* < U < G on the fibers of the
tautological line bundle Op(y)(—1) over (fixed point) components of P(V)®" has weights
Wiin = W < w1 < -+ < Wpax- We can assume that at least two weights are different, since if
all weights w; are equal the action of U on X is trivial , and the action of H on X is really
just an action of the reductive group R = G/U so classical GIT applies.

Consider a character x : G — C* of G then one may pick a positive integer ¢ such that

wo<x<w1.
c

Such a rational character x/c is called adapted with respect the linear action of G. This
condition actually ensures the existence of a geometric quotient (if it replaces “well-adapted”
in Definition 5.2 and this definition is employed in Theorem 5.3 instead) on the stable U-locus.

To achieve finite generation of algebras of invariants, one must impose a stronger condition.
We say that the rational character x/c is well-adapted for the linear action of G if there

exists € > 0 small enough such that
wo < X < wp + €.
c

Exactly how small ¢ must be depends on the property that one wants to hold. We refer to
[7] and to [9] for the fact that in our situation it is enough to have 0 < € < 1.

We can then twist the linearization by x in such a way that the weights w; are replaced by
w;c — x; we denote by Lf?c this twisted bundle. We observe that U C Ker x, so the restriction
of the linearized action to U is unaffected by the twist. We write X*C for the set of stable
points of X for the linear action of C* with respect to the twisted line bundle L%C. Further,

we write Vi, for the minimal weight space of V', and define
Zmin = X NP(Viuin) = {x € xX© | C* acts on L*|, with weight wpin }

and

X0, ={r e X|limta € Znn}.
t—0
The crucial condition for non-reductive GIT is the following, which is referred to as ’semista-

bility coincides with stability’ for the U-action (for short, we shall write ss=s for U )
Staby (z) = {e} for all z € Zpin. (5.1)

One observes that this condition is equivalent to the same being true for all z € X0, .

At last, before giving the result on existence of a non-reductive GIT quotient, we collect

some of the definitions in
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Definition 5.2. The data (X, L, G, U, x) of a linear algebraic group G acting on an irre-
ducible projective variety X is said to be well-adapted if

(1) G has internally graded unipotent radical U,
(2) G acts linearly on X with respect to a very ample line bundle L

(3) x : G = A(C*) is a character and there is a positive integer ¢ such that x/c is
well-adapted for the linear action of U=UxC*on X.

We refer to such data simply as a well-adapted action of G on X.

When ss=s for U and x/c is well-adapted for U then the min-stable locus of the U-action

satisfies the equalities

xo0 = xooU = =[] uX> = X2, \ UZuin.
uelU

Theorem 5.3. Let (X, L,G, U, X) be a well-adapted action satisfying ss=s for U. Then

(1) The algebras of invariants
Pz, Lo
m>0
and

~\ R
@HO X L®cm _ ( @HO(X7L%§<’WL)U)

m>0 m>0

are finitely generated.

(2) The projective variety X/ associated to the algebra of invariants D0 H 0(X, Lf?&m)ﬁ

is a geometric quotient of the open subset X U by U.

(3) The projective variety X//G associated Eo the algebra of invariants P, H O(X, Lg;m)G
is the classical GIT quotient of X /U by the induced action of the reductive group
R/X(C*) with respect to the linearization induced by L®¢.

The varieties X /G and X //U are referred to as the non-reductive GIT-quotient of X by
G and U , respectively.

Remark 5.4. In [8] it is shown that if equation (5.1) is not satisfied, there exists a sequence
of blow ups along U-invariant projective subvarieties resulting in a projective variety X with
a well-adapted linear action of U, which satisfies the equation (5.1) of ss=s for U so that

XU =X0/0.

In this sense the non-reductive GIT quotient can always be constructed, when U has internally

graded unipotent radical. ¢
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5.2 Integration on non-reductive GIT quotients

In this section we give a very brief account of the theory of moment maps and cohomology
of the non-reductive GIT quotients described in the above section, as discussed by Bérczi
and Kirwan in [10] — especially we refer to section 7. Our goal of this section is to state a
formula for integration on non-reductive GIT-quotients. This is the content of Theorem 5.5
at the end of this section. The non-reductive group appearing in this work is Diff; = U x (G
and for this reason we restrict ourselves to the case of linear algebraic groups of the form
U = U x A(C*) where A : C* — Z(R) is a 1-parameter subgroup from Definition 5.1.

Let G =U % R be a complex linear algebraic group with internally graded unipotent radical
U (and 1-parameter subgroup A : C* — Z(R) of Definition 5.1) acting on a nonsingular
projective variety X with respect to an ample line bundle L, such that semistability coincides
with stability for the action of U (that is, satisfying (5.1)) Then A(S') C U is a maximal
compact subgroup.

Using the embedding X < P" defined by a very ample power of L, a G-moment map
e : X — g* is defined by composing the GL = GL,,; ;-moment map pgr, : X — gl with
the dual of the representation G — GL. Here g and gl are the Lie algebras of G and GL,
respectively. When the action of U on X is well-adapted one has the map

XU = uz1(0)/8" 5 pzl(0)/8" = X JA(CY).

Denote by N(i) the normal bundle of X /U in X J/A(C*), and write V;, = pgi(0) x g1 u
for the associated vector bundle, where u is the Lie algebra of U. Then one has equality of
bundles N (i) ~ V;f, and a natural ring-isomorphism in cohomology (see [10, Theorem 7.13]).

H* (X JAC),Q)
ann(ctop(Vu)) 7

H*(X /U, Q) ~

where ann denotes the annihilator, and c;o, denotes the top equivariant Chern class.

Finally, this isomorphism induces two surjective ring homomorphisms
ke s Hg (X, Q) — HY (X J/ACY),Q)
and
kgt HE(X,Q) = H5 (X,Q) — HY (X /U, Q)

relating equivariant cohomology of X to cohomology of the non-reductive GIT quotients.

Theorem 5.5 (Corollary 7.16, [10]). Let X be a nonsingular projective variety with a
well-adapted action of U = U x A(C*) such that semistability coincides with stability for U,
and let z denote a generic coordinate on the Lie algebra of C*. Given any 7 € Hl*] (X,Q)
represented by an equivariant differential form n(z) € H*(X /U, Q) of degree dim X //U,

one has

dz,

/ @ P (1(2) U crop(Vi)(2))
Frin CtOD(NFmin/x)(Z)

where F,, is the part of the fixed point locus X C*, st takes minimal value wyiy, nex is

/ Kg(n) = nc- Res
X/

Z=00

the size of the stabilizer in A(C*) of a generic € X, and ¢yp denotes the top equivariant

Chern class.



Chapter 6

Setup

6.1 Bases and partitions

We start by setting up some notation for partitions and particular sequences of partitions that
we will be interested in. The goal is to describe the polynomial generators of the vanishing

ideal of the Berczi-Szenes model

O : Jk(l n)g --* P(/\@Sym (C”)

described in Section 2.3.

6.1.1 Partitions and sequences of partitions
We write P for the partitions of s € Z~¢, and depict such partition p € Py by symbols
p=it---il" € P,, wherei; <--- <i, . (6.1)
and we define for such partition p the sum
Ip| :=l1i1r + -+ + Loiy = s.
By l(p) =11 + - - - + I,- we denote the length of p, and by Parts(p) we denote the multiset

Parts(p) = {1, ... 01, vy bpyenn,in},
1 1
1 r

while Parts(p) = (i1,...,4,) denotes the underlying ordered (we chose from smallest to
largest) set of Parts(p). If |Parts(p)| = 1 we shall say that p is linear.

For another partition ¢ with I(q) = I(p), writing Parts(p) = (i1, ...,%,,)) and Parts(q) =
(1, Ji(q)) we define the relation

q<p <= jm <ty foralm.

For a sequence of k partitions m = (71,...,7m;) we extend the sum-notation |w| =

|71] + -+ - + |7k|, and define the length vector together with its sum

Um) = (U(m1),...,l(mg)) and L(w)=1(m)+ -+ I(7k).
25
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For another sequence of partitions 7’ with I(n") = [(7) we define the relation
7' <m <+ m <m foralli.
We define the multiset of parts of m
Parts(m) = Parts(my) U - - - U Parts(my)
together with it’s underlying ordered set Parts(w). At last the action of permutations on 7:

Definition 6.1. For a fixed dimension n € Zq, a sequence m = (71, ..., m) of partitions is
n-admissible if the following bullets hold

e The underlying set of Parts(w;) is a subset of {1,...,n} for all i,

e 7; € P; is a partition of some j <4, and

o m; # m; for i # j.

We will often leave out the dependence on n and write just admissible.

Definition 6.2. Consider a sequence of partitions 7 = (71,..., 7). We say that ; is
l-defect if m; € P;—; and write def(m;) = L.
We define the defect of 7 as

def(n) := def(my) + - - - + def(mg) = k(k + 1) — |7].
If 7 is 0-defect, we say that 7 is toric.

We adopt here the same definition for a sequence of ordered partitions (a.k.a. compositions),
which we will need below, but do not give much attention.

By perm(7w) we denote the set of reorderings o of any subpartitions such that the
reordered o.m — after reordering each new partition (o.7); in the form of (6.1) — is again
an admissible sequence of partitions. In particular, the magnitude of lengths is preserved
L(m) = L(o.7).

For a sequence of ordered partitions, we define the set of permutations and their action

in the same way — only we do not reorder parts by size in the end.

Example 6.3. We give some examples of reorderings.

(1) Take 7 = (1,2,3,13,22). Then ' = (1,2,3,12, 23) is a reordering obtained by swapping
the part 3 in 74 with one of the parts in 5.

(2) Take 7 = (1,2,12,13,2%). Then 7' = (1,2,3,12,122) is a reordering obtained by

cyclically permuting subpartitions 12, 3,2 in 73, w4, 75, respectively.

(3) Take 7 = (1,2,3,12,13). One checks that 7’ = (1,12,2,3,23) is a reordering of 7.
¢

Definition 6.4. We say that an admissible sequence 7 is complete if for every subpartition

p C m; there exists j such that m; = p.
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We denote by A, 1 the set of n-admissible sequences of partitions of length k. Further,
we define the set T of ordered toric partitions of length k.
We shall be particularly interested in a certain class of pairs (7,7) € A, X Tg.

Definition 6.5. A pair (7,7) € A, X Tk is n-admissible if
e [(m) =1(1), and
o T < T.

We say that an admissible pair (7, 7) is I-defect if 7 is [-defect, and also that (m, 7) is toric if

T is toric.

As for admissible sequences of partitions, we will often leave out the dependence on n,
and simply say that a pair (m,7) is admissible.

We introduce also an equivalence relation on the set of admissible pairs in A, ; X 7.
First we extend the notation of permutations to such pairs (m, 7). For a reordering of the
pair to make sense, we must require that the reordering o.7 is admissible and that o.7 is
toric (it will then follow that (0.7, 0.7) is an admissible pair).

A reordering o € perm(r) acts on the pair
o.(m, 1) = (0.7,0.7),

and we define then perm(, 7) C perm(w) to be the subset of reorderings o such that the

reordered sequence 0.7 is toric.
Example 6.6. We extend on the examples of Example 6.3.
(1) Take (7,7) = ((1,2,3,13,2%),(1,2,3,13,23)). Then
(', 7)) =((1,2,3,12,23),(1, 2, 3,13,23))

is a reordering obtained by swapping the the pair of subpartitions (3, 3) in (74, 74) with
the pair (2,3) in (75, 75).

(2) Take (m,7) = ((1,2,12,13,22),(1,2,12,13,23)). Then
(', ') = ((1,2,3,12,12%),(1,2,3,13,12%))

is a reordering obtained by cyclically permuting the pairs of subpartitions (12,12),(3, 3),

(2,3) in (73, 73),(74, 74),(7s5, 75), respectively.
(3) Take (m,7) =((1,2,3,12,13),(1,2,3,13,14)). One checks that
(Tr/’ T/) = ((17 12) 27 37 23)7 (17 127 37 47 23))

is a reordering of (7, 7).

The induced equivalence relation is

(m,7) ~ (7',7") <= There exists a permutation o € perm(r,T)

such that o.(m,7) = (7, 7'),



28 Chapter 6. Setup

and we drop the soft brackets in favor of the square ones to denote equivalence classes:
[, 7] = [7',7']. We define then

Oni={(m,7) € Ay, X Ti | (m,7) is admissible}/ ~ .

We shall abuse the language slightly and talk simply about admissible pairs [, 7]. The notion
of I-defect carries over to equivalence classes. In particular, we say that [r, 7] is toric if 7 is

toric.

6.1.2 Basis elements and torus actions

We proceed to define basis elements for some vector spaces and introduce notation for actions
on these spaces. We denote by e, ..., e, the standard basis of C™ and consider always the
maximal torus 7' < GL,, acting diagonally on this basis with distinct weights Aq,..., Ay,
Throughout we work with the Berczi-Szenes model of which we consider many variants
(that is, changing the source and target space a little bit). To set up the notation here, we

consider the model

¢ : Jk‘(]-vn g-—>P /\@Sym Cc")

(U1, vk) — [v1 A (v2 4+ v7) A (3 + 20103 + 0F) A - A Z Iperm(o)]| v, |,
cEPy

where |perm(c)| is the number of compositions representing the partition ¢ and v; €
Span(ey,...,e;) for i = 1,...,m = min(n, k), so the elements of J;(1,n)z ~ Hom(Ck,C")
are upper triangular on the first m columns, and the induced action of T" acts with weight \;
on the a basis element Fj ;.

The image of the map ¢g is a subset of the subspace

{vl/\ v2+vl A Z |[perm(c)| v, : v; € Span(eq, ..., e;) forizl,...,m}
gEPy k
- /\@Symi c”,
i=1

which is spanned by the basis elements

er =¢€r, Avr Nen,, m € A, admissible,

where for a partition p = zlf jlr € P; we have written

el elr icn
ep = e;” € Sym’ C".

21

We write [e;] € P(A" @le Sym’ C") for the point corresponding to the line spanned by
exr € N @le Sym’ C™.
The induced action of T gives e, the T-weight A\, = 1 \;; +--- 41 A;, and further the

weight of e, is then
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6.2 Monomial notation

Here we will introduce notation associated to the equations of the vanishing of the Berczi-
Szenes model

koK
Gnk s Je(l,n)p - ]P’(/\@Symi cm).

i=1

First, we write

Jk(1,m)g = Spec Ry, , Rorp=Clb,;:1<i<n,i<j<Kkl.

)

The ideal I, C R, denotes the vanishing ideal of ¢, j generated by the polynomial

coefficients (in the variables b; ;) of the basis elements
kok
ex=6€x, A Nex, € /\@ Sym® C™, ™ € A, admissible,
i=1

and M, ; denotes the ideal generated by the monomials of these polynomials. When there is

no confusion, we will leave out the indices n, k.

For partitions m; and 7, with (multiset) parts Parts(m;) = {m; 1,..., 7} and Parts(r;) =
{7i1,-..,7Tir} coming from an admissible pair (m,7), we write
bﬂ'iﬂ'i = bTFi,1>Ti,1 e bm,r,Ti,7~

as a product of variables, and extend to the pair (m, 7) by writing

T __
My = bﬂ'lﬂ'l e bﬂ'kﬂ'k'

Note that (m,7) is toric if and only if m] € C[b;; : 1 < ¢ < k], and we may refer to the
variables b; ; as being toric. Observe moreover, that for 7 toric there is only a single associated
monomial m7, namely with 7 = 7.

The reason for introducing the equivalence relation on admissible pairs (7, 7) is

Lemma 6.7. For admissible pairs (7,7) and (7, 7") we have

=ml, < [n,7]=[7,7]€ Qi
Proof. Expanding m] and m;/, to their product of variables it is evident that equality is

equivalent to a reordering of pairs of subpartitions. O

The monomial generators m € M, j are thus in 1-1 correspondence with equivalence
classes of admissible pairs [7, 7] € O, x, and we will abuse notation and write just mZ for

these generators.
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6.3 Interplay between models for CHilb;(C") for different values of

n and k

For j < k < n, we choose an embedding
€7 = Span(ey,...,e;) — C",

and define the embeddings given by extending with e;11,..., ez, e.g.
Jj J _ k k )

/\ Sym' C" — /\ @ Sym* C"
= i=1

=1

v vAejp1 A Aeg.

We have the commutative diagram

Jj(l,j)E|j > Jj(L?’L)E Jk(l,n)E
J/¢n,k

J/¢j,j J/‘bn,j

PN @7_, Sym' C7) —— P(A? @J_, Sym’ C") —— P(\" @, Sym’ C").

where the symbol ( - )|; indicates a truncation to j < k. We adapt the notation to «|; =

(71'1,...,7'(]'), T|j = (Tl,...,Tj) and

7|,

T — —
mrl; = M = by by

The diagram is compatible with inclusions Diff; — Diff;, and we see that I, ; = I ; is
generated by the polynomials obtained by restricting the polynomial generators of I,, ; to j.
Furthermore, the monomial ideal M, ; = M; ; is generated the by the monomials mZ|;.

In other words

Inglj=1In;=1j; and mykl; =mn;=m;;.

These monomial and ideals live in the polynomial ring R; ;, and we have naturally also the

inclusions

RjJ C anj C Rn,k-

Observe that considering “the diagonal” n = k we obtain infinite increasing systems of

and can in principle define in the limit the spaces

—_~

Roo,00s Joo(1,00)00, K é Sym’ C*>
i=1

and the model

Poo00 t Joo(1,00)00 — P(J\ é Sym’ C>).
=1

We shall not make use of these limit objects as such, but we as the resolution algorithm for
@k, is defined iteratively by working with the ideals My, j, Iy C Ry i, it can be beneficial
to consider all these ideals as ideals in the same space, namely R o. This is purely formal.



6.4. Non-reductive GIT setup 31

6.4 Non-reductive GIT setup

—_~—

To ensure the existence of the non-reductive GIT quotient of the source space Ji(1,n)g of
the Berczi-Szenes model
k

¢E . Jk(l,n)E -=> ]P’(/\@Syml Cn>,
i=1

we must have that ss=s for the Diff;-action, where we recall the description of the embedding
Diffy, < GLg in (2.5)

Q1 Qo ... (6%
0 o - ED DR NCTH

U={ itia=k € Diffy | s = 1,00,...,a; € C}.
o 0 --- ak

First, we work with the projective completion of the source space Ji(1,7n) in accordance
with Theorem 5.3. As in Section 2.3 we write m = min(n, k) and M = max(n, k), and taking

fiberwise projective completions over Flag(1,...,m;C"), we write

P:=P(Jx(1,n) © C) = GL,, xp, ,P(Je(1,n)g ® C) = GLps /P m = Flag(l,...,m;C"),

where the first C is the trivial bundle and E = [Span(e;) C --- C Span(eq,...,en)] €
Flag(1,...,m;C") is the standard flag. The Berczi-Szenes model is then homogenized by
the coordinate of C.

For purposes of localizationfit\_is/enough to study tﬁg_tlw fiber over E € Flag(1,...,m;C"),
which we denote by P = P(Jix(1,n)p @ C) where Ji(1,n)p = ﬁ;}c(E) is the fiber over E of
the fibration 7, 1 : Jx(1,n) — Flag(1,...,m;CM) defined in Section 2.3.

We pick the 1-parameter subgroup

\:C* — Diffy, t— diag(t™,...,t7%), (6.2)

and observe that u in accordance with the expression of U above is obtained by taking the
derivative %h:o of expressions «;, - - - o, (t). We calculate the adjoint action of A on u where

we write a; = o (0)

1 ao Qg
0 1 ) Z (allalé (0) + g, (O)alz)
)\(t> i1+i2=k A—l(t)
0 O 1
(6.3)
1 tas th"=Lay
0 1 tk72 Z (a’il Ay (O) + gy (0)0’12)
— i1+io=k
0 O 1
from which we see that the weights are 1,2,...,(k — 1) on the generators as, ..., ax, so are

all strictly positive as is needed for U = Diff;, to have internally graded unipotent radical (cf.
Definition 5.1).
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Moreover, A acts on the C-coordinate x with weight 0, and on the coordinate b; ; with
weight j. The action of the subgroup A on Pg thus has the 1-point minimal weight space
Zmin = {[z : 0]} C Pg with full stabilizer U, and so ss#s for Diff);, (cf. condition (5.1)).
To remedy this situation, we blow up Pg in this point

={([x: (v1,...,v)], w1, wk]) |

Vi Qw; =Vj ® w;, Vi, w; € Span(ey,...,e;) fori=1,...,m},

and write D = {([z : 0],w) € P} for the exceptional divisor. Fix the linearization to be the
pullback of

L=0p,(1)©0p(1)

under the embedding Pr < Pg x D, and observe that the minimal weight space is then

Znin = {([z: 0], [w1 : 0+ : 0]) | 2, w11 # 0} C P,
where wy = (w1,1,0,...,0) € Span(e; ), with contracting set

(Pe)%in = {([z: (1, ., )], [wis- - - wi]) € P | z,w1 1 # 0}
Moreover, Py satisfies ss=s for Diff;, as defined in (5.1), that is,
Staby (z) = {1} C Diff;, C Maty,

and it follows that the non-reductive GIT quotient exists, see Theorem 5.3. Since the

non-reductive GIT quotient is a quotient of the semistable part, which is contained in the
0

contracting set (Pg)%;,, we are only interested in the chart where w; 1 # 0 and denote this

chart by Ank Pulling back the Berczi-Szenes model along the blow up, we obtain a map

An,k - ]P’(/k\éSymi (Cn),
i=1

which serves as the starting point for the blow up algorithm, which will be described in
Section 7.

We have already noted that a basis element E; ; of Ji(1,n)g (with ¢ < j) has T-weight
A; where T' C GL,, is the maximal torus in %ubsection 6.1.2, which translates to the fact
that the T-weight of the cg(_)zgnate b;; in Ji(1,n)g is A;. Thus the total (T" x Diffy,) weight

of the coordinate b; ; in Ji(1,n)g is

wi,j = Ai + jzo-

After the initial blow up just described, we consider the chart A, and we abuse notation and

write still b; ; for the affine coordinates in A and w; ; for its total weight. We have then
wij =i — A1+ (j — 1)z

for (4,7 # (1,1) and w11 = A1 + 2o is unchanged.
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6.5 A slice of the Diff,-action and a branched covering

Fo/r\c/omputational reasons it will be beneficial to choose a slice of the Diffi-action on
Jx(1,n) g on which each coordinate b; ; is Diff-invariant. In addition, we will use a branched
covering to obtain that all b; ; share the same Diff-weight.

The slice is found by considering the algebraic expression of the action of Diffy, on Ji (1, n),
(see (2.4)). Write P, ; for the (¢, j)’th entrance of the generic point of Diff, — a polynomial
expression in the coordinates o, ..., . The action of Diffy on a coordinate b; ; is then
generically

Diffy.b; j = P; jbis + - - 4+ Pjbi 5,

where specifically P; ; = a{. Performing the substitution o; ~» by ;, and putting oy ~ b1 =1

since we consider the induced action on A, we obtain the change of coordinates
bij = bij—Pijbia,....b1)bii— - — Pji(bia,...,b1%)bi;.
The change of coordinates has two implications
(1) Each coordinate b; ; is Diff-invariant.

(2) The vanishing ideal I is transformed accordingly by evaluating the generating polyno-

mials at bl,g, ey bl,k =0.

(1) The monomial ideal M transforms by removing all generators divisible by some

of b1’27 N ,bl,k-
We finish these transformations by taking a branched k-covering
i
bij = bi by, bra e by s,

and abusing notation we write still A for the corresponding preimage. Pulling back further
along the blow up Pp = Blg:0)(Pr) described above in Section 6.4, the map ¢ of the
Berczi-Szenes model takes the form (abusing notation now both for A and ¢)

Gk An,k -3 P(/k\é Symi (C").
i=1

The implication of introducing this covering is
3. All coordinates have the same Diff;-weight 1.

(1) All polynomial generators of the vanishing ideal I are homogeneous of the same

degree.

In Section 6.4 we gave a description of the total weight of each coordinate b; ; on the
space An,k tobew; ; = A\ — A1+ (j—1)z for (i,7) # (1,1) and wq,1 = A1 +2p. After choosing
this slice and covering, we have

Wi,j = )\L - )\1 + 20

for (’L,j) 7é (1, 1) and still w11 = A1+ 20.
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6.5.1 The monomial generators of M

In this subsection we describe the monomial generators of the monomial ideal M of the
vanishing ideal I of the Berczi-Szenes model ¢ on the slice of the Diff-action described above.
We recall that all polynomial generators of I are now homogeneous of the same degree, and
so all monomial generators of M are of the same degree; it can be found e.g. by maximizing

the number of 2’s appearing in 7 = (71, ..., 7). We denote this degree by

12 for k = 21,
dy = (6.4)
I(1+1) fork=20+1,

and observe that for a monomial m7 each factor b; ; # b1 1 is in 1-1 correspondence with
pairs of parts (7 m, Ti,m) = (¢,7), whereas b1 1 serves as a homogenizing coordinate.
Indeed, following the notation and structure of Section 6.3 of restriction to j < k, we see

that deg m7|; = d;, or even more
deg b, 7y = dj —dj—1 = /2]

with |- denoting the integer part.

6.6 Isolated T-fixed points on the blow up source space

In this section we discuss the issue of non-isolated T-fixed points on the source space of
the map ¢, 1 : Bl(&mk)s -3 P(/\k @le Sym‘C"), where T is the maximal torus in GLy.
In order to work around this issue we will introduce yet another torus-action. For the actual
construction of the source space Bl([&n,k)S we refer to Section 7, but we emphasize here that
it is performed via a sequence of blow ups in ideals generated by coordinates.

The issue to understand and overcome in the scenario of non-isolated fixed points is that
the weights w; ;, as we have described them in Section 6.5, are not linearly independent. This
implies that after (a sequence of) blow ups the weights of two coordinates b, ; and b;,, on a
chart of the blow up might satisfy w;, s = w;,,. In this case all points on the line defined by

b;,; = 0 for all (4,7) # (r,s), (t,u) are T-fixed.

Lemma 6.8. Let T be a torus acting diagonally on C" = SpecC[zy, ..., x,] with weights

t1,...,tn. Let m < n and consider the blow up

Bl;(C") = {((z1, .-, &n), [Y15-- -  Um]) | miy; = x5} C C" x pm—1

in the ideal I = (x1,...,Zm). Let T act on Bl;(C™) via the naturally induced action on
C™ x P™~1. Write X for the affine chart of the blow up Bl;(C") where y; # 0.

(1) The induced diagonal weights on X are

uy =ty,up =t —t1,. - U =ty — U1, U1 = Et1s - o Un = Ty

(2) If ¢4, ...,t, are linearly independent, then wuq, ..., u, are linearly independent.
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Proof. On the affine chart X = Spec Clz1, . .., z,,] the coordinates are given by (z1,...,2,) =
(T1,Y25 -+ Ym, Tmt1,- - - Tp). For i € {2,...,m} we have on X the equation x; = y;z1 and

hence the weight u; of y; is

u; =1; —t1,
and since for j ¢ {2,...,m} we have z; = x; the weights are not changed u; = t;.
Suppose
n
O:Zaiui = (a1 —az—--~—am)t1+a2t2+--~+antn.

i=1

If ¢1,...,t, are linearly independent, then
ap=--=a,=0=a1—az— - —am,

and so also a; = 0, proving the linear independence of w1, ..., uy,. O

We remedy the issue of non-isolated weights by introducing yet another torus action on
An,k to make sure that the weights w; ; are linearly independent. We simply let also the
maximal torus 77 C GL; e(1n
weights t; ;. This induces actions of 7" on the projective completion Py and further on the

chart A such that the total weights (of the action of 7' x T" x Diff},) wj,; are transformed to

;i act diagonally on J(1,n)g with distinct (linearly independent)

wm- = )\z — )\1 -+ Z0 -+ ti,j'

Since the ¢; ; are linearly independent, the weights w; ; are also linearly independent, and
it follows that upon picking charts through a sequence of blow ups, the weights remain
linearly independent by Lemma 6.8, and so the T x T’-fixed points on Bl(An’k)S are linearly
independent. Thus with A(C*) the 1-parameter subgroup defined in (6.2), the T'x T x A(C*)-

fixed points on the blow up (still to be constructed in the Section 7) BI(A,, 1)® are isolated.

Remark 6.9. We observe that although the Berczi-Szenes model ¢, 5 : Bl(A, x)° --»
P( /\k @le Sym’ C™) is T-equivariant, it is certainly not T”-equivariant.

This is also not necessary for us. The goal is to integrate on CHilbg (C™), and this is done
by pulling back the integral along a resolution of ¢, ;. In order to calculate this integral on

the source space, we apply equivariant localization (cf. Remark 4.5). ¢






Chapter 7

The blow up algorithm for CHilb"™(CF)

In this chapter we describe a blow up algorithm partly resolving the Berczi-Szenes model in
the case n = k. In general throughout this section we will simply attach the index k instead
of the pair (n, k) = (k, k). The variant of the Berczi-Szenes model to be resolved is

K Kok
b Ay - P(\ Je(k,1)7) = P(/\@Symi c*)

Y= A (g + V) A A Z sym(o) Vg,
oceP(k)
which was defined in Section 6.5.
The algorithm will be divided into k£ many steps Ay, ..., Ak, such that performing the
steps A1, ..., A; partly resolves the restricted model

J

@; Aj -3 P(/\EjBSymi (Cj).
i=1

To be more precise, considering a T-action coming from the natural GLg-action on the source
space Ji(1, k), the goal will be to blow up Ji(1, k) both GLg- and Diffx-equivariantly to
obtain a partial resolution map ¢[k] : Ag[k] --» P(A" @le Sym’ CF), where Ay[k] is the
blow up, such that ¢y[k] is well-defined in a neighborhood of the T-fized points.

7.1 Choice of blow up centers

Seeking to obtain a (partial) resolution ¢ defined on a blow up of Jx(1,n) to use for
localization purposes, we emphazise that ¢ must be Diffy-invariant to obtain a map on the
categorical non-reductive GIT of this blow up. Secondly, ¢ must be T-equivariant to apply
equivariant localization.

In order to make sure that ¢ stays Diff-invariant and T-equivariant it is sufficient to
take all blow up centers invariant with respect to these actions, since it follows that the
blow up will then be equivariant with respect to the and Diff- and T-action, and ¢ thus
Diff -invariant and T-equivariant. In fact, since all coordinates b; ; are Diff,-invariant by the
choices in Section 6.5, the blow up centers will be chosen as ideals generated by coordinates.
Moreover, the centers chosen in the steps A, ..., A; depend only on the coordinates b; ;
with j <4, that is, are centers in J;(1,7) — Ji(1, k).

37
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Since all coordinates b; ; share the same Diff -weight, it follows that each blow up has two
possible outcomes for the change of the Diff-weights. Recall that we are only interested in
the semistable locus, and hence only charts corresponding to coordinates of minimal weight

are of interest, and thus

(1) If all coordinates of the blow up center have non-zero Diff;-weight, then on any chart
ij» the Diffg-weight of all other

coordinates transform to 0, while the Diff;-weight of b; ; remains invariant.

of the exceptional divisor, say corresponding to b

(2) If some of the coordinates of the blow up center have Diff ;-weight 0, then only charts
corresponding to these coordinates are considered, and all Diff x-weights are invariant

under this blow up.

7.1.1 Notation for charts of exceptional divisors

Throughout the blow up procedure we shall often refer to centers and charts of the exceptional
divisor of a blow up by some shorthand notation. In particular, in general terms consider
an affine space A = SpecClx1, ..., Zm, Tm+1,-.-,2n] and the ideal C' = (z1,...,z,,), which

will serve as out center for the blow up. The description of the blow up of A in C' is

Blo(A) ={((z1, s Ty Tng1s - ) [y1 2 yml]) | iy = wis ),

and an affine chart of the exceptional divisor D = {((z1,...,%m,0,...0),[y]) € Blc(A)},
say we take y; # 0, has description

Al = {((‘Tlﬂ ce 7IM7IM+17 ce axﬂ)? (gQ e 7g7n)) | Ty = xlgi}

~ SpecClx1,¥2 : -y Uy Timt1s -« s Tnls

where §; = y;/y1. We will abuse notation and altogether neglect the projective notation, since
we will always consider the affine charts. As such, on Al, we will keep the notation x1,...,x,
for all variables, and we will merely refer to a chart A; by writing 1 # 0, or simply refer to
it as “the x;-chart”.

Moreover, we are interested in induced torus-actions on such a blow up. So suppose that a
torus T acts diagonally on A with weights t1,...,t,, we will then describe the corresponding

induced weights on A;. We will always fix the linearization to be the pullback of
Oa(1) ® Op(1),

so that the we have equalities of weights wr(y;) = wr(z;) = ¢; for 1 < i < m. It follows that
on the chart Ay, we will obtain weights

wT(gi) = wT(yi) — wT(yl) = wT(xl) — wT(xl) = ti — tl fOI‘ 2 S 7 S m.
Altogether, considering directly a chart z # 0 of a blow up of A = Spec C[{b; ; :
1 <i<n,i <j<k} in a (monomial) center C' with generators forming the set C > «,

the transformation from A to the chart = # 0 is described by a change of coordinates and
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change of the weight w; ; on Ay (write w, for the weight of x)

b s bi)j for bi)j eC°U {l‘}
7 l‘biﬂ' for bi,j eC \ x,
W; 5 for b; ; e C°U{x
B J€C Uz

Wi 5 — Wy for bi,j S C\x,

Blow up tree of a sequence of blow ups

A sequence of blow ups on an affine space may be visualized by a rooted tree with each node
corresponding to an affine chart: Given a node corresponding to an affine space A, performing
a blow up in a center with ideal generated by coordinates to obtain Blg(A) we associate new
nodes for each coordinate in C' of minimal Diff;-weight. We connect the original node A
with each of the new nodes (corresponding to a chart of the blow up) by an edge labeled
with the corresponding coordinate.

We refer in this language to a successive choice of charts on each exceptional divisor as
choosing a branch of the blow up. Moreover, the charts of the final space obtained after the
sequence of blow ups correspond exactly to the final nodes of the blow up tree, and we refer

to these as leaves. We will always denote the set of leaves by L.

7.1.2 The algorithmic steps A;

We define the algorithm A = (A;);ez., inductively in j such that each step A; can be

described from the Berczi-Szenes model (from sections 6.4 and 6.5)

@i Aj -3 P(/J\éSymi (Cj).
i=1

Each step Ay will consist of a sequence of blow ups. In this setup we are assuming n = k,
which is in fact not a restriction. Recall that in this case we write only a single index. We
write thus I for the vanishing ideal of ¢y and M for the monomial ideal generated by the

monomials of the generators of ;. Here
Ay =SpecRy,  Rp=Clb;:1<i<j<Kk],

and we have chosen a slice of the Diff;-action such that all monomial generators m. of Mj
all share the same degree dj, and are not divisible by b, ; for j > 2, and such that all the
remaining b; ; are Diff-invariant. We define for this reason the subalgebra

Sk Z(C[bl,l,b,m' 1< <3< k’] C Ry,

and have I, C Sg.

Since each Ay, is a sequence of blow ups, we introduce inductively the notation (- )[k] for
the pullback of (- )[k — 1], through all the blow ups of Ay, where we define also (- )[0] = (-).
This notation applies to monomials m[, ideals I and M, the rings R and S, the source

space A as well as the map ¢. In principle we want to consider M [k] on any branch after

performing Ay, ..., Ax_1, and should thus include such branch in the notation. It turns out,
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as will be apparent from the arguments and in particular Proposition 7.2, that in order to
describe the next step Ay (up to little ambiguity) we need only the information of the last
chart of the branch, and we will use this to simplify the notation:

Suppose Aq,..., Ai_1 have been performed and consider a pullback (- )[k — 1]p on a
branch By_; (recall, this means a choice of successive charts on every exceptional divisor
of the blow ups constituting A;,..., Ag_1). Performing Ay and considering a branch By
extending By and ending with the chart 2 # 0 we ought to write ( - )[k]p,, but since
the description of Api1 depends (up to little ambiguity) only on z, we will merely write
(*)[k]e :== (-)[k]B,- Again, the notation applies e.g. to monomials, ideal and rings of the
setup. The result is the following

Theorem 7.1. After performing the steps Ai,..., Ay the monomial ideal My x[k] is a
principal ideal on any branch.

In particular, the map ¢y i [k] is well-defined in a sufficiently small neighborhood of every
T-fixed point of Ak’k[kz].

We proceed to define the steps Ag. The justification for this definition is Proposition 7.2,
and the procedure of performing the steps is illustrated in Example 7.3.

Since ¢1,1 = e is always defined, we take A; to be an empty process (we do nothing).
However, due to the initially performed blow up (to obtain semistability=stability for U as
in Section 6.4), we shall in fact write artificially « = by 1 # 0 for the chart (this is only to
allow an easy statement in Proposition 7.2, not distinguishing the case k = 1).

Suppose the Aq,...,Ar_1 have been performed and consider a branch B with the
last chart « # 0, so that My_1[k — 1], is a principal ideal. It will follow that the ideal
Ciz = (2,bak, ..., b ) — after removing common factors of generators — is a minimal prime
of Mk — 1], (essentially since any monomial mZ[k — 1], has nonzero Diff;-weight, and
these variables are the only ones with nonzero Diff;-weight, see Proposition 7.2).

We define now the preparation of Ay to be a sequence of blow ups such that the pullback
M;:[—k\_j 1] of My[k — 1], through these blow ups satisfies Mk/[—k\i 1]y = Cip — we will
be specific after this paragraph; each blow up center in this preparation contains at least
one coordinate not in C}, ,, which thus has Diff-weight 0, and hence no Diff;-weights are
changed in the preparation. The preparation depends on the chosen branch B in the sequence
of blow ups Ay,...,Ax_1 (not just on the last chart x # 0).

At last, we blow up in Mk/[_k\i llg = Cr» = (x,b2k,...,bk ) finishing step Ay, and
obiqir_l/that on any chart y # 0 of this last blow up, the pullback ideal My[k|, = (y) of
My [k — 1], is principal.

Proposition 7.2. Consider a branch of the steps Ay, ..., Ay with final chart  # 0 then

(1) The coordinates with positive Diffj1-weights in the ring Sy 1[k]. are exactly variables

T, 02 kg1, - - D1 k15

(2) The ideal Cyt1,5 = (x,b2,5+1, - - -, Dk+1,6+1) 1S @ minimal prime of the ideal obtained
by dividing all generators of Mj.1[k], through by their common factor,

(3) The ideal My[k], in Sk[k], is a principal ideal.
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In the following proof, we will without mentioning think of the monomial ideals My, M,
Ms, ... as being ideals in the same ring. One may take the ring Ro;  discussed briefly in

Section 6.3. In a finite setting with fixed k, we may take the ring Ry, j.

Proof. We argue by induction on k. For k& = 1, recall that A; is an empty process, but
we write artificially # = b1 1 # 0 for the chart. We have S3[1]y, , = C[by 1,b22] and both
coordinates indeed have Diffy-weight 1. Also there are only two monomial generators of type

m7 of the monomial ideal Ms[1]y, ,. These correspond to

[, 71 € {1(1,2), (1,2)],1(1,1%).(1,1%)]}
yielding (on the chosen slice of the Diffy-action) the monomials

(172) p—

(1,1
M1,2) =

bi,1-b22 and m(1j1§§ =b11-b11,
and we see that indeed — after dividing away the common factor b1 — the ideal Cap, , =
(b1,1,b2,2) is a minimal prime of M5[1], ,. Here we see also that A, consists of the single
blow up of Ms[1]y, , in Cap, ,. We give the next few steps k = 3 and part of k = 4 in the
example following this proof.

Consider the subbranch of the branch in question of steps Ay, ..., Ax_1 with final chart
y # 0. By induction the coordinates of positive Diff-weight in Spec Si[k — 1], are exactly
Y,ba ... by, and the ideal Cx, = (y,bak,...bkx) is a minimal prime of Mj[k],. We
describe now the step Ay utilizing this hypothesis.

We start by making the crucial observation that the Diff,-weight of a monomial generator

T
s

and) Diffyq-weight D = dy + - - - + dj41. It follows that a pullback m[k — 1], has Diff41-
weight D as well, whereas the restriction mZ|i[k — 1], has (Diffy;,- and) Diffj-weight
D - dk-‘,—l-

Since any such m7, and also mZ|x[k — 1],, is divisible at most once by only one of b; x, it

m” is unchanged under blow ups. We consider generators m? € M1, monomials of (degree

follows that any mZ|x[k — 1], is divisible by y at least D — di41 — 1 times. Since the map ¢

is projective we may simply divide through by the power yP—dk+1-1

without changing the
map; we have reduced to the case that all mZ|;[k — 1], have Diff ,-weight 1.

The preparation process of Ay, consists first of grouping these generators mZ|x[k — 1],
by their factor y,ba , ... by, of Diff-weight 1. We divide the preparation process into a
preparation process for each of these coordinates.

Let z € {y,ba k-1, .. -bk—1,k—1}, and consider the set Z of monomial generators mZ|,[k —
1}, divisible by z, where we divide through by the common factor z; that is, the elements of
Z take the form mZ|;[k — 1], /2, and have thus Diff;-weight 0. The preparation &, of z is
then a sequence of blow ups, such that the ideal generated by Z pulls back on all branches
to a principal ideal. Such preparation process is far from unique.

By abuse of language we call also the sequence of blow ups &2, applied (in the obvious
way) to the ideal generated by Z U {y,bak,...bkk} \ {#} the preparation of z. It follows that
the pullback of the ideal My[k — 1], through &2, has (after dividing through by a common
factor, as we did with a power of y above) z as one of its generators on any branch of Z,.

Nwerform P, for all z € {y,bak,...bkr} and denote the pullback ideal of My [k — 1]
by Mj[k — 1] — the order of chosen z is irrelevant. It follows that on any branch of these
preparation blow ups this pullback ideal takes the form Cy, = (y,b2k,...,bk%). So in
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particular on the branch in question, the pullback of Mjy[k — 1], through the full preparation
process of Ay, leaves us with the ideal Cy , = (y, b2k, - . ., bi,x). The step Ay on this branch is
now finished by blowing up in the ideal C}, , and taking the chart z # 0, where by construction
x €{y,bak, ..., bk i}, to obtain My1[k],. We observe that the ideal My[k], = () is principal.
This proves (3).

It is clear that in Si[k] only = has positive Diff,-weight, and hence z, b3 j11, . .. bk k+1
are the coordinates of Si1[k| of positive Diffj1-weight, proving (1).

We consider still m] € M1 and recall

T __ T
my = mﬂ'|k : bﬂk+1ﬂ'k+1‘

Still b
once by one of b; ;41, it follows that b

k], has Diff ;1 1-weight dj41, and since any b can at most be divisible

Thk+1,Tk+1 [ Tk+1:Tk+1

trsr,mesa [K]e is divisible by a%++1=1. Moreover, since
Mylk]z = (z) (after performing the required divisions, described earlier for y in this proof),
we obtain that any mZ[k], is divisible by z%. Dividing through by this common factor
in the monomials m [k], yields monomial generators of Diffyi-weight 1, which are thus
divisible by one of b j1,...bgt1,k+1, . It is clear that any of these factors actually appear;
corresponding to mp41 = 2,...,k + 1 and 7 not linear, respectively. Whence Cyy;1 ., =
(2,b2,k+1, - - -, Dkt1,6+1) is a minimal prime of the ideal generated by the generators of

M 11]k]. after removing their common factors, which proves (2). O

Example 7.3. In the proof of Proposition 7.2 above we have already described the case k = 2
of the proposition. In this case the step Ay consisted of the blow up in Cyyp, , = (b1,1,b22).
Recall also that A; is empty. We proceed to describe the & = 3 and part of k = 4.

Take now n = k = 3. On the chosen slice of the Diffs-action (recall that no monomials are
divisible by b; ; for j > 2) we have the following table of fixed points e, with their associated

monomials underneath

er Neay N\es e1 Nex Nejes 61/\6%/\62 61/\6%/\63 61/\6%/\(3:{
2 2
b2 2b3 3 52,2 b1,1b2,3 b1,1b33 b171

Performing the empty step A; and then As, there are two charts to consider: by 1 # 0 and
ba o # 0.

Consider first the chart b; 1 # 0. The generators (by Proposition 7.9 the fixed points
must contain e; and ef, and by Corollary 7.8 they must be complete) of M3[2],, , — after
dividing through by common factors — are the monomials

61/\6%/\62 61/\6%/\63 61/\6%/\6{

b2 3 b33 bi,1

and there is no preparation process for Az on this branch, since we have M3[2],, , =
Cop,, = (b1,1,b2,3,b33) already. Step A3 on this branch is concluded by blowing up M3[2]p, ,
in Cyp, ., such that the pullback ideal M3(3]y, , is a principal ideal on each chart.

On the chart by 5 # 0, the generators (by Proposition 7.9 the fixed points must contain
e1 and ez, and by Corollary 7.8 they must be complete) of M3[2];, , — after dividing through

by common factors — are the monomials

e1 Neax Aes e1 Nea N\ejes 61/\6%/\62

b33 b2 2 b1,1b23
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We observe that Cyyp,, = (b2,2,b2,3,b33) is indeed now a minimal prime of M3[2]s, ,.
We perform the preparation process on this branch: This requires a blow up of Mj5[2]p, , in
the center (b11,b2,2,bs,3), where only by 1 Ez_i\s_l)iffg—weight 0, so we consider only the chart
b1 1 # 0. We denote the pullback ideal by M3[2], and it has generators

e1Nea Nes, e1 Nea Nejeg, er N\ e% N eg

b33, b2 2, bo 3,

—_~—

that is, M3[2]y, , = Cap, ., = (b2,2,b2,3,b3,3). At last, we conclude the step A3z on this branch
by blowing up ]\/4—;[5]3)12 in Cy, ,, such that the pullback ideal M3[3], , is a principal ideal
on each chart.

For n = k = 4, we finish this example by describing the extensions of the branch B
in Ay, Az, A3 determined by taking the chart by o # 0 in Ay and the chart b33 # 0 in As.

By Proposition 7.9 the generators of My[3]p, , = M4[3]p must contain ey, ez and e3, and by

b33
Corollary 7.8 they must be complete. Hence the T-fixed points e, must have 7 of the form

(1,79,2,3) for m € {12}

(1,72,3,2) for my e {12}

(1,2,73,2) for m3 e {12}

(1,2,3,m4) for my € {4,12,13,22}

We give again the fixed points and their associated monomials — this time on the right.
We start by giving them before any blow ups were performed, that is, in My.

2 2 2
er N eq Nea N es b171b2,3b3,4; b1,1b3,3b2,4
er Neg ANejea A €3 b171b3,2b314
eg ANea Aes Aey b1,102,2b3 3b4 4
e1 ANea Aes Aejes b1,1b2,2b2 3b3 3
e1 Aea Aes Aejes by,1b2,203 3

2 b3 b

er Nea Neg N es 2,203,3

Pulling the monomials back to My[3]p, , and removing the common factor bflbgﬁzbgﬁs, we get

er Ae2 Aeg Aes b2 3b3 4, b1,1b2 4
er Neg Nejes Nes b2,2b3,4

er Nexs Nes A ey ba,a

e1 ANeg AesAejes b33 3

e; ANeg AesAejes b1,1b33

e1 ANey Nes Aed b2,203 3

It is clear that C3y, , = (b3,3,b2.4,b34,b4,4) is a minimal prime of My[3],, ,. We perform the
preparation process for each generator-coordinate of Cs, ,, which we denote by &7 with an

index of the corresponding coordinate.



44 Chapter 7. The blow up algorithm for CHilb***(C*)

In this case all the preparations are given by a single blow up, and we give the corresponding
(description of) the center together with the coordinates of relevant charts, we need to consider

(those of minimal Diff;-weight). Here () means that there is no preparation to be performed.

Preparation Center Charts
P33t (b1,1,b2,2,b2.3,b2.4,b3.4,b4,4) bi1,1,02,2,b2.3
@2,4 : (51,1,b3,3,53,4,b4,4) b1,1
P34 (b2,2,b2,3,b3.3,b2.4,b4.4) b2,2,b2.3
Py U

Choosing a branch in the full preparation of A4 corresponds to a choice of chart in each
of these four (that is three, since &2, 4 is empty; and really only choices in two, since & 4
leaves no choice) preparsﬁggs of coordinates. Take any such branch B, and observe that the
pullback through By is My[3]s, , = Csp, ,-

Writing B’ for the branch obtained when extending B by By, we conclude A4 on B’ by
blowing up in C3, , to obtain that the pullback ideal is principal on each chart. ¢

Proof of Theorem 7.1. The first part of Theorem 7.1 is already part of Proposition 7.2.
For the second part, consider a T-fixed point of the pullback Ak’k[k]. Since these fixed points
are isolated (cf. Section 6.6), they are exactly the 0’s of the final charts of the blow ups
A1, ..., Ay, and so we consider ¢y, ;, restricted to a branch, say ending on the chart x # 0,
such that the monomial ideal My, pulls back to the principal ideal My x[k] = (z) (as in
the proof of Proposition 7.2). Since ¢y, 1, is projective, we may divide through by z in the
expression of the map, and observe upon this that one of the coordinate projections takes

the form
fi=1+P{bis}), P{bij}) € Skklkl,

where P({b; ;}) has Diff,-weight 0 (i.e. no monomial is divisible by x) and contains no
constant term. It follows that near 0 of the chart = # 0 the polynomial f; is non-zero, and
hence ¢y, 1, is defined near this fixed point. [

Remark 7.4. In the proof of Proposition 7.2 we descr/i’t\)_eg the preparation process for
each step A, which accomplishes that the pullback My[k — 1] of M[k — 1] is generated
by coordinates. We accomplished this by dividing the preparation process into several
preparations Z2,, which we find to be a quite transparent method. One should however note
that this is in general not the most efficient (more efficient meaning in this case fewer blow
ups) way of achieving that the pullback ideal is generated by coordinates. For example, if
the preparation processes &, and &2,/ on a branch ending with the chart x # 0 have some
blow ups (that is, blow up centers) &2, . in common, it could be more efficient to perform
these blow ups on the union of these ideals.

Moreover, we noted already in the proof that also each single preparation &2, also is not

naturally given. ¢
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7.1.3 Properties of the blow up algorithm

Observe that performing the steps Aj,..., Ax and considering a branch B the result of
Proposition 7.2 is (among other things) that My[k] is a principal ideal, so is generated by a
single monomial mi [k], which may also be represented as an equivalence class [72,75] € Q.
The following proposition establishes in essence that the admissible pair (72, 758) is uniquely
determined (to be precise, the monomial m;i € Mj, occurs only as a monomial — with certain
coefficient — of a single polynomial generator of the vanishing ideal Ij of the model ¢). We

introduce some notation first.

Definition 7.5. For a sequence of partitions 7 and a partition p, we define p € 7 if there
exists ¢ such that p = m;. If there is no such 4, we write p ¢ 7.
For a sequence of partitions (p1,...,p,), we write (p1,...,p,) C « if for each i, we have

piEm

Proposition 7.6. Let (7, 7),(n’',7") € A, 1 X Ty be admissible pairs with [r, 7] = [7/,7'] €
Ok (so that m? = mZ,).

If there exists a branch B of Ay, ..., A such that the monomial pullback mZ[k| g restricted
to the branch B is the generator of the principal ideal My[k]p, then e, = eq.

Proof. If mZ pulls back to a generator mZ[k]p, then m” must be a vertex of the Newton
polytope of the monomial ideal Mj,.

Since [m,7] = [7’,7'] there is a reordering o € perm(w, ) (of subpartitions) such that
o.(m,7) = (7', 7’). Assuming that e, # e,s, there are non-empty (maximal) index sets I and
J of equal size r := |I| = |J|, such that m; ¢ 7’ for i € [ and 7} ¢ 7 for j € J. We will
swap partitions m; and 7 in order to obtain two other admissible sequences 7 and 7. The
procedure is illustrated in the example following this proof.

Take i € I, and start by swapping m; and 7, in the two sequences 7 and 7’ to obtain 7
and 7', respectively. If both 7 and 7’ are admissible, we take & and #’ to be these. If not,
then 7’ is admissible, while 7 is not admissible since already 7, = 7; and hence 7; = 7, = 7;.
Define I and J in the same way for 7 and 7, and observe that |I| = I + 1 increases and
|J| = J +1. Proceed now to make the swap on 7; (“the partition of inadmissibility for 7”) and
7. Again, if the resulting sequences 7 and 7' are admissible, we take 7 and 7’ to be these.
Otherwise, observe that the resulting index sets I and J satisty |I| = |I] and |J| = |.J|, and
again inadmissibility occurs because 7r;» € 7 already. It is clear that this procedure terminates
for finite .

Now, observe that all swappings have been performed, such that we may swap pairs
(m, 1) and (7], 77) obtaining admissible pairs (7,7) and (#,7’). It is now an easy check that

m? is the midpoint on the line between mZ and m;/,, that is

and so m] is not a vertex of the Newton polytope associated to M}, hence can never pull

back to a generator. O
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Example 7.7. We consider one of the examples of Example 6.6. Consider namely the

admissible pairs

(m,7) =((1,2,3,12,13),(1,2,3,13,14))
and

(7‘["77") = ((]‘7 12’ 2737 23)7 (]‘3 127 3’ 47 23))

’
T

satisfying mZ = m?Z,, or equivalently [r, 7] = [n’, 7], together with e, # e,.. In the notation
of the proof of Lemma 7.6 above, we have I = {4,5} and J = {2,5}. Select e.g. i=4¢€ I

and perform the swapping of (74, 74) and (7}, 7;) as described in the proof to obtain

(m,7) = ((1,2,3,3,13),(1,2,3,4,14))
and

(7, 7) = ((1,1%,2,12,23), (1,17, 3,13, 23)),

in which 7 is not admissible, and we have j = 3. We observe that I = {3,4,5} and
J =1{2,4,5}.
We continue by swapping (73, 73) and (75, 74) to obtain the pairs
(7:1-’ 7:—) = ((1’ 27 27 37 13)7 (1’ 2) 37 47 14))
and

(@, 7) = ((1,1%,3,12,23), (1,12, 3,13, 23)).

Again, 7 is not admissible, and we observe that I = {2,3,5} and J = {2,4,5}. This time

“Inadmissibility occurs at” Ty = 2, so we swap (72, T2) and (75, 75), and obtain pairs

(7,7) = ((1,1%,2,3,13), (1,12, 3,4, 14))
and

(7,7 =1((1,2,3,12,23),(1,2,3,13,23))

with 7 and 7’ both admissible. One verifies easily that

¢

We mention another criterion for a monomial m] to pull back to a generator of the
pullback of M}, in the algorithm.

Proposition 7.8. Consider a branch B of the sequence of blow ups Aq, ..., A and write
My [kl = (mZ[k]g) (by Proposition 7.2) for some 7 € Ay. Then = is a complete sequence of

K

partitions.

Proof. Since My[k]|g = (mL[k]g), it follows that [e;] € Im ¢ is in the image closure of the

s

Berczi-Szenes model. By Proposition 9.15 it follows that 7 is complete. O]

We continue the discussion from before Proposition 7.6. The lemma shows that on any
branch B of Aj,..., A there is an admissible and unique pair [7Z, 78] such that m;);
satisfies My[k]p = (m75[K]g).
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Proposition 7.9. Let m] € M} and consider a branch B of A;,..., Ax_1. A necessary

condition for mZ[k — 1] to be a generator of My[k|p is that 77 C 7.

Proof. Denote by I the (maximal) index set such that for i € I we have 75 ¢ 7. Let i € T
so 8 ¢ . We claim that we can find a pair [, 7], such that defining I for 7 in the same way

as I for 7, we have |I| = |I| — 1 and mZ[k — 1] divides mZ [k — 1] 5. Consider the replacement
[(77—17 cee 77Ti7177TiBa 41y .- 77Tk)7 (T17 cee 77—1'7177—1'B77—'L+17 s 7Tk)}~

If m; ¢ 78 we define [T, 7] to be this pair for which |I| = |[I| — 1 holds. Otherwise, m; = w7
for some iy # 4, and we write also i; = 4. To ease notation we assume i; < io (the other case

is similar), and replace again to obtain

B B
I:(Trlv sy T =1y Ty T 1y e o vy Tio—15 Ty o415 -« - 77Tk)7

B B
(7'1, s T =1 Ty s Tag+1s -+ oy Tig—15 Tjg s Tig+1y - - - 7Tk)]

Again, if 7;, ¢ 78, we define [7, 7] to be this pair and |I| = |I| — 2 holds. Otherwise continue
this procedure, which surely terminates since 77 is finite. This yields a sequence of indices
i1,...,4, such that m;, € 78 for [ =1,...,r — 1 and m;, ¢ 77 together with a pair [7, 7] with
|I| = |I| — . We denote this process by &; — The insertion of 77 in 7.

Now the claim that mZ[k — 1] divides mZ[k — 1] is by construction equivalent to (by
removing common factors)

(byp ;5 -b.p .B)k—1]p divides (bml77i1 e b,riwﬂr)[k‘ —1]5. (7.1)

i1 Ty i Tige

To this end, apply the reverse process of &; on the pair [rZ, 7] (observe that &; never
alters my, and that the reverse process yields an admissible ') to obtain a pair [/, 7']. Since
mPB[k — 1]p generates My_1[k — 1] 5, we surely have m:j [k — 1] divides m7, [k — 1], and by

construction this is equivalent to (7.1). O

Example 7.10. Consider the branch B in Aq,..., A4 with
78,78 =((1,2,3,12), (1, 2,3, 13)],

and the pair
[r,7] = [(1,1%,3,2,23), (1,12, 3,4,23)].

The index set is I = {4} since 72 ¢ m. We pick then i; = 4 and following the proof of

Proposition 7.9, we consider the substitution
[(1,12,3,12,23), (1,1%,3,13,23)].
Since my = 2 = 78 € 7P, we continue by putting i, = 2 and consider
[, 7] =[(1,2,3,12,23), (1,2, 3,13,23)].

In this case my = 12 ¢ 78, and the process P, has terminated.
Applying the reverse process of Py to [r8, 78] yields the pair

(7', 7] =[(1,1%,3,2), (1,12, 3,4)],
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an so by removing common factors in [7Z, 78] and [7’, 7], we obtain that

(b B.B-b_B B)[4]B divides (bﬂ.;ﬁé ~bﬂ.a7.,.i)[4]3

T3 T Ty Ta

which is equivalent to

mZ[4]p divides mL[4]5.

7.1.4 Toricity and image points of the Berczi-Szenes model ¢, ;.

In this subsection we determine some points in the image closure Tm ¢, ,, = CHilbf™!(C")

(Proposition 7.11) and characterize points in the same image closure for varying &k under an

assumption of O-defectness (toricity) of a sequence of partitions 7 (Proposition 7.14).
Recall that for a toric sequence m € Aj there is only a single associated monomial

m] = m7, namely that with 7 = 7.

Proposition 7.11. Let m € A be toric. Then there exists a branch B of Aq,...,A; on
which mZ[k]p is the generator of My[k]p if and only if 7 is complete.
In particular, if 7 € A, is toric, then [e,] € CHilb*(C™).

Proof. That m must be complete follows from Proposition 7.8.
Assume that 7 is complete then also the restricted mp_1 is complete and toric, and by

induction there is a branch B of the sequence of blow ups Ay,..., Ax_1 such that
ml|k—1[k — 1]p is the generator of My_1[k — 1]p.

By Proposition 7.9 any generator m”, [k — 1] of My[k — 1] must satisfy that 7|, C 7.
At this point, if there is no extension B’ of B on which mT|;[k]p/ is the generator of the

principal ideal My [k]p, there must in fact exist 7’ = (mq, ..., mTk_1, 7},) satisfying
Mmqr [k — 1] divides m, [k — 1],

but then in particular
brt o[k —1]p divides b, o [k —1]p.

At this point we must have 7, # k. Furthermore, there exist pairs of subpartitions (y,d) and

(¢, 0") of (mg, ) and (m}, 77,), respectively, with |y| = |y/| < k satisfying
by 5[k — 1]p divides by sk — 1] .

Since mZ|x—1[k — 1]p generates My_1[k — 1]p we see that v # m1,...,7Tx—1 as we wanted.
For the last part we argue as follows: Since m”[k]p generates My[k]p, we have [e;] €
Im ¢y [k] C Im ¢y, . But m € A, 1 is assumed n-admissible, so in fact [e;] € Im ¢, &, and at

last by Theorem 2.5, we have

Im ¢, » = CHilb*"(C™).
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Remark 7.12. In fact, basically the same proof as given for Proposition 7.11 yields the
following stronger result:

Let 7 = (m1,...,mk) € Ay, be a complete sequence with m;, € Py, a partition of k. Then
the following implication holds:

[€(r....m_1)] € CHilb§(C") = [e,] € CHilbg ' (C™)

The converse of the implication in the above remark is also true.

Lemma 7.13. Let m = (71, ..., 7) € Ay i be a complete sequence with 7, € Py, a partition
of k. Then
e CHilbf (C™)

7"17'~~;7Tk—1)]

lex] € CHilbg P (C") = [e

Proof. We have [e,] € CHilbE™(C") = Tm ¢, x for the original model ¢y, 1, : Ji(1,n) --»
Grassk(@le Sym’ C"). Since 7 € A, is n-admissible it follows that in particular [e;] €

Im ¢z is in the image closure of the fibered version ¢ : Ji(1,n) g --» Grass;(Sym=F C") as
defined in Section 2.3:
To see this, use the language of the mentioned section and construct the associated bundle

C/ﬁiﬁ)ngl((cn) = GLm XPm’MPm,M~¢n,k(ela ey Umtly e e Vk;)

= GLm Xpm,MIm¢E,

which is a partial resolution

(TH\i'lT)gH((C") —> GLrr On (€1, -y m, Umtt, -, Vi) = CHilb§+1(C").

Similarly, construct the fibered version of the Grassmannian by setting

k
Grassk(® Sym’ C™") g i={vi A (va + Vi) A+ A Z |[perm(c)| v, |
i=1 0 €Px
v; € Span(ey, ..., ¢;) for i =1,...,m},
and defining

—_ — k . _ k . k .
Grassk(@ Sym*’C") = GL, xPn,kGrassk(@ Sym'C")p £ Grassk(@ Sym*C").

i=1 i=1 i=1

Then the partial resolution 6_H\ﬂ)g+1 (C™) is the (fiberwise) compactification of the curvilinear
locus in Grassk(@le Sym’ C™). One checks that

p~L(CHilbE ' (C™) = CHilbE(C™). (7.2)

Now, m € A, implies [e,] € a\/assk(@f:l Sym’ C")p, and since [e,] € CHilbE(C™) we
get from (7.2) that [e;] € Tm ¢, the fiber of CHilb§ ™ (C") over E.
Moreover, since [e,] is T-fixed the partial resolution ¢, [k] has [e,] € Im ¢, x[k]. Since

T, 18 toric, it follows automatically upon forgetting the k’th piece that

[€(rrrme )] € My p1[k] = Im @y, x—1 = CHilbg(C™). O
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For completeness we state the full result combining Remark 7.12 and Lemma 7.13

Proposition 7.14. Let 7 = (m1,...,m) € A, 1 be a complete sequence with 7, € Py a
partition of k. Then the following implication holds

lex] € CHilb{™(C") <= [e(x,....np_1)) € CHilbg(C™).

7.2 The blow up trees of the algorithms

Recall that Ay [k]® has been constructed via a sequence of blow ups partially resolving the map
br s Ay --» IE”(/\Ic @le Sym’ CF), and that this a sequences of blow ups can be visualized as
a rooted tree with each node corresponding to a chart of the blow up (see Subsection 7.1.1).
The final nodes are called leaves of the tree; these correspond exactly to the charts of the
space Ay, [k]°. We denote by T i the blow up tree and by L the set of leaves.

The T-fixed points of Ak[k] are isolated by the arguments of Section 6.6, and we observe
that the T-fixed points of Ag[k]* are the 0’s of the affine charts corresponding to leaves in
the blow up tree. As such we label the fixed points of Ay, [k] by 0O, for L € L:

(Awlk]*)" ={oL | L e £}.

From the resolution of the map ¢y ;, we will now describe how to obtain resolutions for
the models @, 5 of CHilb*™(C") for all values of n and k. These resolutions will also be

described by a blow up tree.

Definition 7.15. We denote by 7, ; the blow up tree associated to the partial resolution
of ¢ : Ani = P(N"@F_, Sym' C™).

Observe first that from Theorem 7.1, we have the following inclusion of (abstract) rooted

trees we have

71,1C7§,2C7§,3C....

—~—

Now fix the parameter k. For n > k we have J;(1,n)g ~ Ji(1, k) g, and under this isomor-
phism ¢, , = ¢ 1. Hence we can take 7, 1 = T when n > k.

For the values n < k, we have that Spec C[{b; ; |1 <i<n,i <j <k} =Jp(1,n)g,, C
J:(I,/IC)EM = SpecC[{b; ; | 1 <i < j < k}] is the subspace cut out by equations b; ; = 0 for
all ¢ > n. Thus, we observe simply that ¢, j is resolved by the corresponding subtree of 7y, 1

obtained by removing all branches containing edges labeled by b; ; with i > n. We denote
this subtree of T, by Tyx; then Ty, . partially resolves ¢y, k, such that ¢y, ;[k] is well-defined
near all T-fixed points of A, .[k].
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Proposition 7.16. The blow up trees 7, associated to the partial resolution of ¢,k :
Ap g —-» P(\" @le Sym’ C") sit in the following grid as abstract rooted trees

Tian C T2 C Tz C

)

I ¢ N N
Tox C Tap C Taz C
I I C N

Tsi C T2 C T3z C

)

| I | o

Remark 7.17. We write T, C Tk as abstract rooted tress (that is, with no embedding
of the trees). The inclusion 7y, C Tk x associated to a leaf (affine chart) Spec C[{b; ; |1 <
1 <n,i<j<k} =Ly €Ly, acorresponding leaf C[{b; ; |1 <i < j <k} =Lpx € Ly .
As such these two leaves correspond to "the same" node in 7, and 7 j, but correspond to
two different spaces. For instance
kk+1) (k—n)(k—n+1)

2 2

k(k+1
M)

n<k = dian,k:

= dim Lk,k~






Chapter 8

Integration formulas on CHilb}(C")

In this section we seek to obtain an integration formula on CHilb%(C") for any n and k. We
then rewrite this formula using iterated residues. From the iterated residues we are able to
see that in the range n > k only a single T-fixed point of CHilb’g((C”) contributes to the

integration (that is, in the localization formula).

8.1 Localization on CHilbi™(C")

In this section we give a localization formula for integration on CHilbi(C") for any
parameters n and k. The strategy is to pull back the integration via a (yet to be constructed)
well-defined map @, . J@/Diﬁk — P\ @le Sym’ C") where Jk/(171) is a Diff- and
T-equivariant blow up of J(1,n) equipped also with a fibration over Flag(1,...,m;C™). We
then apply integration (cf. Theorem 5.5) of the non-reductive GIT quotient Jm) // Diffj,
to reduce to integration on the resolution space Jm), and follow up with equivariant
localization (cf. Theorem 4.6) on the fibration Jm) — Flag(1,...,m;C™). We can then,
at last, reduce to integration on Ank[k’], which we can again describe via equivariant
localization (again Theorem 4.6) using the description of the blow up tree associated to

A, 1[k]. We setup some notation to remedy these ideas.

We start by defining the well-defined map ¢, 1, : J;C/(l71) J/Diff, — P(A\" @le Sym’ C").
Take a resolution ¢, kg : Ji(1,n)g — IP(/\k Eszl Sym’ C™) of the map ¢y, x[k] : Ank[k] -
P( /\k @le Sym‘ C") which is already well-defined at every T-fixed point. Here we choose

Jr(1,n) as a Diff- and T-equivariant blow up of A,, x[k] (this is possible by [34]).
As we have done earlier, we write m = min(n, k). Define then

—

Jo(L,n) = GL, xp. Ju(1,n)m,

m,n

where P, ,, C GL,, is the parabolic subgroup fixing the flag
E, 1 = [Span(e1) C --- C Span(es,...,en)] € Flag(l,...,m;C").

Observe that this resolution space is equipped with the T-equivariant fibration

—

Ji(1,n) = GL,, /Py, = Flag(1,...,m; C")

as well. We have an induced map ¢, 1, : Ji(1,n) — IP’(/\k @le Sym’ C") restricting to ¢, k. &

—

on the fiber J;(1,n)g. Furthermore, ¢, 5 induces a map on the categorical non-reductive
53
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GIT quotient @y, f : Jm,\n) J/Diff, — P(\* @le Sym’ C"). Recall that the space A, 4 [k]
is constructed as a sequence of blow ups which we encode as a rooted tree with every
node corresponding to an affine chart (see the description in Section 7.2). The final nodes —
corresponding to the affine charts of Ank[k] — are called leaves, and we denote by L,, ;, the
set of leaves. Since the T-fixed points of Ank[k] are isolated, they are exactly the 0’s of the
affine charts L € L,, ;, of Ank[k], we denote such fixed point by 0p:

Amk[k‘]T = {OL | L e En,k}-

At last, recall that Diffy, = U x A(C*) with A : C* — Diff), defined in (6.2). There is an
induced action of Diffy, on Ji(1,n) satisfying that semistability=stability for U = Diff), as
defined in (5.1), and hence the non-reductive GIT quotient Ji(1,n)//Diff;, exists.

Theorem 8.1. Let 2y denote a generic coordinate on the Lie algebra of A(C*) C Diff. Fix
positive integers n and k, write m = min(n, k), and denote by L, ;. the leaves of the blow
up tree 7, ;. Let F' be a vector bundle on C" of rank r, and ¢y,. .., cir the Chern classes of
FI¥. Give ¢; the weight 7, and let o € H*(CHilbs ™ (C")) a polynomial in the Chern classes
of F of weighted degree k(n — 1) we have

(k— 1)1 o.a(0f ... 0F)
o = Res dzo,
/CHilb(’;'“(c") 20=00 aesnz/;?nm [T IT 1 Qo = Aay) szec o.ctop(To, L)

where a(6F, ... 7(9,?) means substituting in the polynomial expression of « the 7’th elementary
symmetric polynomial for ¢;, and then evaluating in the Chern roots at 0, 0F, of the

pullback bundle ¢x[k]*E of the tautological bundle & — Grassk(EBf:1 Sym‘(C")), and
S1./Sn—m denotes the set of injections {1,...,m} < {1,...,n}.

Proof. Since we have fixed the values of n and k, we drop all indices referring to these.
Start by pulling back via the resolved model @ : Ji(1,7n) // Diff, — P(A* @%_, Sym’ C™)
to obtain

/ o= G
CHilbATt(Cn) Ji(1,n))//Diff,

We apply the integration formula on a non-reductive GIT quotient Theorem 5.5 and obtain

g (@Fa(z0) U crop (Vi) (2
//\ QE*(Oé) — Res / (Jr(1, ))mm( ( 0) t p( u)( 0))
Ji(1,n)//Diff 20=90 J(Jk(1,m)) min Ctop(Nmin)(Zo)

where (Jm))min denotes the minimal weight space of Jk/(171) with respect to the A\(C*)-

205

action, and Ny, denotes the normal bundle of (J(1,n))min in Ji(1,n).
In Section 6.4 we identified the weights of the adjoint action of A(C*) on the Lie algebra
uof U C Diffy to be 1,...,k — 1, and it follows that (the bundle V, is defined in Section 5.2)

top (Vi) (20) = (k — 1)!2(1)“71.

We take an equivariant extension of the form being integrated on (Jm))min, and apply
equivariant localization techniques. Using the Atiyah-Bott, Berline-Vergne localization for-
mula (Theorem 4.6) on the fibration Jm) — Flag(1,...,m;C"), we reduce to integration
on the fiber Jm)E

R ) min P @(20)

- k—1%(.
O-'< Res f(Jk(l,n)E)min (k —1)lzg ]Ccop(Nmin,E)(ZO) dZo)

29=00

o =
/CHub’g“(Cn) aesn/zsn_m H;n:1 H?:jJrl()‘Ui = Aoj) ’
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where (Jm) E)min denotes the minimal weight with respect to the A(C*)-action on the
fiber Jm)]g, and Npin, g is the normal bundle of (Jm)E)min in Jm)E
Since Jk/(l,\71) g is chosen as a T-equivariant blow up of A[k], we have that any T-fixed
point of Jm)E is in the preimage of a T-fixed point of A[k] Applying yet again the
Atiyah-Bott,Berline-Vergne localization formula and identifying the T-fixed points of A[k]
with the leaves L € L of the associated blow up tree 7, we obtain thus
U.( Res (k‘ - 1)'20 1 E Ler (in)+17 O[K]" (A, Zo)dz )

20=00 Ctop TOLL)()\ Zo)

o = y
/(jHilb’(;'“((C") aGS,%?S‘nm Hj:l Hi:j+1()‘0~i —Aoj)

where A = (A1,..., A\,) denotes the weights of the action of T' on C™.
Observe then

(ip)«i5 o[k o = (0%, ..., 0F)

with @ the restriction to p(0r) = #[k](0 ) € CHilbg ™ (C™) of the i’th Chern root of the
tautological bundle & — Grassk(@le Sym‘(C™)) and obtain the desired formula.

Identify at last, that the action of o € S,,/S,,—, on the forms is to permute A; = Ag(;),
and use the fact that the residue commutes with the the summation to obtain the desired
formula. O

8.2 Residue vanishing theorem and the Porteous point

The obtained integration formula in Theorem 8.1 can be rewritten into an iterated residue
using [13, Proposition 5.4] (and here Proposition 8.3). Having done this, we will analyze the
degrees in the residue formula, and from this conclude that in the range n > k only a single T-
fixed image point [e(y,.. x| of the map ¢, x[k] : A, [k] --» CHilbE(C™) contributes to the
localization; in other words, only T-fixed points of Ank[lﬂ] in the preimage of ¢;}€([e(1 ,,,,, 1))

contribute to the integration formula in Theorem 8.1 when n > k.

8.2.1 Iterated residues

We start by introducing iterated residues (cf. e.g. [58] or [13]) at infinity. Consider an affine

space C™ with coordinates z1, ..., 2z, and affine linear forms w1, ...,wy with
0 1
w; =a; +a;z1+ -+ a] zm.

We define the symbols h(z) = h(z1,..., zy) for an entire function h and dz = dz3 A--- Adzy,
for the holomorphic d-form. We will also write Resy—oo = Res;, =0 - - - ReS;,, =0

Definition 8.2. Let h be an entire function on C™ and w1, ...,wn linear forms as above

Res z) <1>m/ / hlz)dz
#=oo H —1 Wi 2mi [z1|=R1 [z2m|=Rm Hiil w¢7

where 1 < Ry < -+ < R,,. Here the torus {z | |z;| = R, for j =1,...,m} is oriented such
that Resy—oo dz/(21 -+ 2)™ = (—1)%
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In general the iterated residue depends on the order. There are a few ways to calculate such
iterated residues. One method involves Laurent expanding 1/][7 = 1¥w;, then multiplying
by (—1)™h(z) and taking the coefficient of (27 ... z,,)~!. The Laurent expansion can easily
be performed by geometrically expanding each linear form 1/w; (in the range z; < -+ < 2,,).
Another way to calculate the iterated residue is to simply, iteratively, sum over the poles as
in the usual case of residues of a meromorphic function on C.

The iterated residues are related to our integration formulas via

Proposition 8.3 ([13, Proposition 5.4]). Let n > m and Q(z) be a polynomial on C™,
then

Q(Aa(l)v'-w)‘o’(m)) ngigjgm(zi - ZJ)Q(Z)

= €S

Z Hﬁl H?:i-s-l()‘a(j) - Aa(i)) =0 Hfil H?:1()‘i - zj)

UESn/Sn—rn

Remark 8.4 ([13, Remark 5.5]). As stated already, the iterated residue in general depends
on the order of the residues. However, the poles in the formula of Proposition 8.3 are normal
crossings, and it follows that the iterated residue in this case does not depend on the order
of the poles. ¢

We note that the restricted Chern roots 6% of the pullback bundle under ¢,, x[k] of the
tautological bundle & — Gmssk(GB:f:1 Sym’ C™) are linear forms in the weights 1, ..., Ay,
U(and in the weights ¢; ;): If ¢ x[k](0L) = [e(n,,...,x)] and we write 7; = 191 ... mai" (cf.
Definition 6.1), then

OF N1, Am) = at i+ a A ({1 <i <nyi < < k}) (8.1)

for some linear form (. In order to apply Proposition 8.3 it is important to note that
integration on the fiber A[k]//Diff;, over E € Flag(1,...,m;CM) takes the form (see the
proof of Theorem 8.1)

oF, ... 0k n(n—
Ig(Ais- o Am) = Res (k—1)z871 olbrs 1 60) e HY DB =2, Al
Z0=00 L&l s ctop(To, L)
which is a polynomial of degree n(n — 1)/2 in the weights A1, ..., \,,. Moreover, we observe

that for o € Spr/Snar—m we have

Io’.E()\la .. .,)\m) = O'.IE()\l, ey /\m) = IE()\O'(l)7 ey /\a(m))-

We obtain then directly



8.2. Residue vanishing theorem and the Porteous point 57

Theorem 8.5. Let 2y denote a generic coordinate on the Lie algebra of A(C*) C Diff. Fix
positive integers n and k, write m = min(n, k), and denote by L, ;. the leaves of the blow
up tree 7, ;. Let F' be a vector bundle on C" of rank r, and ¢y,. .., cir the Chern classes of
FI¥. Give ¢; the weight 7, and let o € H*(CHilbs ™ (C")) a polynomial in the Chern classes
of F of weighted degree k(n — 1) we have

iem(zi — 2j) (k= D)1E!
/ o = Res Res H1§1<J§rzn( _ J)( ) 0
CHlle‘+1(Cn) 2Z)=00 Z2=00 Hj:l H1:1(>\2 _ Z])

a(ff(z),...,05(2))
2 @ Dm)

Lelyk

where a(0%, ..., 0F) means substituting in the polynomial expression of « the i’th elementary
symmetric polynomial for ¢;, and then evaluating in the Chern roots at 0y, 6, of the pullback
bundle ¢[k]*E of the tautological bundle & — Grassk(@le Sym‘(C™)).

8.2.2 Residue vanishing for n > k

We will at last show that most terms vanish in the iterated residue formula in Theorem 8.5
describing integration on the curvilinear Hilbert scheme CHilby ™ (C™) under the additional
assumption n > k.

Recall that the T-fixed points of P(A" @f:l Sym’ C™) are written as [e,] for m a sequence
of partitions (see Section 6.1.2. In this setting the image closure of ¢, x[k] : A, x[k] --»
P(A\" @5:1 Sym’C"™) can contain only T-fixed points [e;] where m = (my,...,7}) is n-
admissible (cf. Definition 6.1). In the range n > k there is a special fixed point, namely the
Porteous point

le1,...w] € CHilbg™'(C™),

which is easily seen to be in fact in the closure of any unital algebra of length k 4+ 1, so in
particular in the curvilinear Hilbert scheme. Recall that £,, ;, denotes the set of leaves in the
blow up tree 7, ; associated to Ank[k'] We define then the subset of leaves

£ = {L € Lo | 6nalK(02) = [eqr.i)}
whose T-fixed point map to the Porteous point [e;1,.. 5] € CHilbISH((C")
Theorem 8.6. If n > k, then the integration formula of Theorem 8.5 reduces to

. Zi — 24 k-l!Zkil
/ o — Res Res H1§z<g§k( - i) Nzg a(zy,...,2x)
CHi1b§+1(Cn) 20=00 2=00 Hj:l Hz:l()‘b — Zj) Ctop(TOLL)(z)

dzdzg,

k)

Proof. Fix a leaf L € L, and write ¢, x[k](0r) = [e(x,,...,x,)]- We start by showing that if
7, # k, then the contribution of L € £, j in the iterated residue of Theorem 8.5 vanishes.
The residue to evaluate in this case is

Res My = %) (k= Dl a0} (2),. ... 6(2))

e H?:l [Tim (N — 25) crop(To, L)(2)
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For a linear form w(z) = a1 + apzo + a121 + - - - + agzx we write coeff (w; z;) = a;, and we

make the following observations (see the description (8.1))
coeff (0F (2);2;) = 0 forj=i+1,...,k, (8.2)

and

coeff(0F (2); 2x) # 0 <= 7, = k.

In particular, writing deg( - ; 2;) for the degree in the variable z;, we have that if 7 # k then
deg(a(0f(2),...,05(2));2x) = 0. i

From the description of the blow up algorithm to obtain Ay x[k] in Section 7.1.2, and
since the blow up algorithm is the same for An;@[k] by Proposition 7.16, we see that the
pullback weight wy, x[k] of wi x = Ak — A1 + 2o as described in Section 6.5 remains to have
coeff (wy, k[k], Ax) # 0. This implies that deg(ciop(To, L)(2); 2x) > 1 (in fact when 7 # k it

is possible to argue that this is an equality). Collecting z;-degrees we have

deg< H (Zz—zj)a(Hf(z),,Hé(z))yzk) =k—-1

1<i<j<k
and

k n
deg(HH (Xi — ) Ctop(TOLL)(Z);Zk) >n+1>k,
j=1i=1

and so it follows for degree reasons that the residue vanishes. Thus we can assume m; = k.

Assume iteratively that we have shown that we must have w41 =1+ 1,..., 71, =k for
L to contribute in the iterated residue of Theorem 8.5, then GJ-L (z)=jforj=1+4+1,... k.
Observe that by Remark 8.4 we can reorder the poles in this iterated residue, such that
the first residue to evaluate is that of z;. We show now that we must have m; = [ for L to

contribute in the iterated residue of Theorem 8.5. The residue to evaluate is

k:7
Res H1§i<j§k(zi —2;)(k = 1)z ! a(0F(2),...,0F(2), 2141, - - -

’ Zk) le.
a=ee T [T (A — 2) crop(To, L) (2)

From the observation (8.2) we have now that if m; # [, then coeff(0}(2); 2;) = 0 and thus
deg(a(0f(2),...,0F(2), z141,- -, 2k); 21) = 0. In total we get

deg( JT (2= ) alOf(z) 0k () 20, z)iz) =1 = 1

1<i<j<k

and

k n
deg<H H Ai — zj) Ctop(ToLL)(Z);Zz) >n >,
G=1i=1

and again the residue vanishes for degree reasons.
We obtain that for L to contribute in the iterated residue of Theorem 8.5, we must have
m=(1,...,k) or in other words L € Lgll,’k""k). O
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8.2.3 The blow up model revisited

We assume still n > k. From Theorem 8.6 we obtain that only the fixed point [e(1,.. x)] =
[e1 A~ Aeg] contributes to the integration on CHilbi ™ (C™). The blow up tree in which we
worked was the full tree 7,  associated to the (partial) resolution algorithm described in

%) whose fixed point maps to

Chapter 7, and with leaves £,, ;, and the subset of leaves L0
[6(1 ,,,,, k)] under the Berczi-Szenes model ¢, ;. Since we are only interested in this subset of
leaves, we can drastically improve the blow up algorithm in Chapter 7:

It is enough to prepare the coordinate b; ; in step A;, and in the concluding blow up with

center (bi—1,-1,b2,i,...,bi i) one considers only the chart of b; ;.
Assume for now that n = k. The blow up process for the Porteous point [6(17___7]6)} has
(as in described Section 7.2) an associated blow up tree, which we denote by 775,3”, and its

set of leaves Ll,z?ljt. We are able to give an explicit description of the these blow ups. Recall

the description of the monomial generators m]. of the monomomial ideal M}, in subsection
6.5.1. We write mpor; = mgllz; for the (only) monomial associated to the Porteous point
le(1,...,k), and factor in expressions by, -, such that

Mport = 02,2 - 033011044 - b1.1b55 - b§,1b6,6 e blL{Cl/ijlb

)

with |-] denoting the integer part.

Assume that mpert|x—1 generates My_1[k — 1] on a branch B, then by Proposition 7.9
we have that any generator mZ[k — 1]g of M[k]p satisfies (1,...,k —1) C 7. It follows that
if m7 [k — 1]p is divisible by b then mp = k and [ex] = [e(1,..., k)] is the Porteous point.
Since mpoyy is the only generator of My[k|p divisible by by k, the preparation process Py
of by 1 can be described as blow ups with centers only of the form

(br—1k—1,02k, - br—1.%, %), y of Diff-weight 0,

that is, y € {bi’j |[1<i<k—2,i<j<k—1}. Here only the y-chart needs to be considered
(since the other charts are not in the Diff;-stable locus). At last, the step Ay is concluded
by the blow up in (bx_1,%-1,b2k, - .-, bk k), where we consider only the by, ,-chart, since the
others charts produce leaves L, whose fixed points 0 do not map to the Porteous point
under the blow up map composed with the Berczi-Szenes model ¢y.

In conclusion in every blow up forming the blow up sequence Ay only as single chart is
considered, and so it follows that

LR ka| = LRS-

It is clear that [£5%*] =1, and so 7;5’,‘3” has only a single leaf for any k; we denote it LF°r
£hg = (Lpy.

We give an explicit description of 775,?”, that is, of the blow up centers describing it.
By the description of mpe,, we see (inductively) that denoting the pullback of b1 ; through
Al, ey Aj+1 by aj41, WE have

a;j \ li/2]
. ) ajbjt1,j+1 (8.3)

air] = (——
J+1 (
bj.j
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with a3 = b1,1. The pullback of b, -, = b%ﬁ/zJ_lbk,k through Aq, ..., Ai_1 thus has the form
by o lf — 1] = (a; 1) 27 by

Complementary to this description is the description of blow up centers: We have that a;_1

is a monomial in the variables b; ; with 1 <i <k — 1, and we write thus
bﬂ'k,Tk, [] - 1] = b;?l e b;chk—ill,k—lbk’k’

where we observe that r,_1 = |k/2| —1. Recall, that by Proposition 7.2 every other monomial
is also divisible by b;’“_’i s_1, and so in fact this factor can be disregarded. We can describe
the step Ay, (this is not a unique choice, and in fact not minimal with respect to the number
of blow ups; instead it is very explicit) as the following sequence of blow up centers (the
order is irrelevant except for the fact that the last blow up in the list, must in fact be the

concluding blow up of Ay)

(bk—l,k—lv bQ,ka ) bk—l,ka bl,1)7 DR} (bk—l,k—h b?,k) .. abk—l,/w bl,l)a

Preparation of by x: r1 many

(Ok—1,k—1,02,45 - -+ k1,8, 01,1)5 -+, (Bk—1,6—1, 02,5 - -+, Dk—1,1, D2,2)

Preparation of by j: r2 many

(8.4)

(br—1,k—1,b21s - bk—1k:011), -+ (D=1, k=1, 02,85+, Dk 1k, Dh—2,k—2),

Preparation of by : rp_2 many

(Dk—1,—1,b2,5 - - - s b k)

Concluding blow up

These blow ups are given iteratively in k by the description in equation (8.3).

We write w; ot for the weight w; ; (defined in Section 6.6) pulled back through the
sequence of blow ups associated to 7;5’,‘3” to the chart corresponding to the leaf LY. Since
for n > k the models Berczi-Szenes models ¢, ;, and ¢y, j the above description is the same
for any n > k, and following the same arguments as in Section 7.2, the Porteous tree 7;5,‘;”
is the same as that of ’T,fg“. We get a directly the much simplified formula via localization
on ’7:52“ since there is only the single fixed point LF'.

Theorem 8.7. If n > k, then the integration formula of Theorem 8.5 reduces to

H1§i<j§k(z’i - Zj) cazy, .., 2k)

a = Res Res
/cH’lb’“+1 cn 20 =00 =00 Hk T O = 25) - bS] wkort
ilby ™ (C™) =1 1li=1\Ai = %5 1,1 2<i<j<k Wi j

dzdzg.

L

In this case we chose to give the factor ciop(To, L)(2) = [[;<;< ;<) wi/; explicitly, since

these can in fact be found iteratively by the description (8.4).

8.2.4 Residue vanishing in general

We state here a result regarding, which torus fixed points of CHilbg (C™) contribute in
localization formulas. The following proposition should be seen as an extension of Theorem
8.6. Denote by

E‘;]?,jm:” ={Lel | eDim(¢n7k[k](OL)) =n}
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the set of leaves L € L,, , whose torus-fixed point 07 maps to an algebra ¢, x[k](0z), which
as a singularity has embedding dimension n. Equivalently, the minimal number of generators

of ¢, 1[k](0L) as an algebra is n.

Proposition 8.8. The integration formula of Theorem 8.5 reduces to

[li<icj<r(zi —2)(k - iz Z alz,...,z)

a = Res Res — D dzdz,
»/(;‘Hilbg+1 (cn) Z0=00 2=00 H?:l H?:l ()\2 — Zj) Ctop (TOL L) (Z)

LeLsbjm=n

Proof. Taking any L € £,, 1, \ E‘:Bjm:" with ¢, ,[k](01) = [ex], there exists j € {1,...,n}
with j ¢ Parts(m). Using Remark 8.4, we can reorder the iterated residue, such that the

innermost residue (the first one to be taken) is
Res
Zj =00

and the same argument as that applied in the proof of Theorem 8.6 (which is just a degree

count) yields no contribution from L. O

8.3 Integration on CHilb,™(C") in terms of integration on
CHilbgtH(C*) for n < k

In the previous sections we have given an integration formula for integration on CHilblg + (c™)
for all n and k in Theorem 8.1, and rewritten this formula in Theorem 8.5 from which we could
prove vanishing of most terms (cf. Theorem 8.6) in the range n > k. In this section we complete
the picture by relating via equivariant Poincare duals the integration on CHilbgH((C”) with
integration on CHilb} ™! (CF).

Fix n < k. As we have noted many times already (see e.g. Section 7.2) the space Amk —
Agr = SpecC[{b;; | 1 < i < j < k}] is cut out by the equations b;; = 0 for i > n.
This manifests itself in the blow up tree T, j, associated to Ay x[k] in the sense that T, C Tr 4
is a subtree, where each node N,, ;, = Spec (C[{bivj |1 <i<mn,i<j< k}] of T, corresponds
to “the same node” Ny = Spec C[{bfvj |1<i<j<k} in Tgyx (see also Remark 7.17).

Here the notation biV] means the pullback of the coordinate b; ; to the node Ny through
the relevant sequence of blow ups. As usual we denote the weight of b; ; by w; ;, and we write
wle for the pullback to N. We have then

ePDruac)(Nok € New) = [ @l (8.5)
n+1<i<j<k

Using these equivariant Poincare duals we obtain

Theorem 8.9. Fix n < k. In the situtation of Theorem 8.5

e (2 — 2j) (k= 1)1t
/ a = Res Res H1§z<1in( . J)( ) 0
CHilb§+1((C”) 20=00 Z2=00 Hj:1 Hi:1()\i _ Z])
Z (X(Q{‘(Z), o aalg(z)) ' Hn+1Si§j§k wiL,j (Z) dzds
0-
ctop(To, L)(2)

LeLly x
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Proof. At first, note that for L € £,, ;, we have

ctop(To, L) = H H wﬁj.

1<i<ni<j<k

Using the expression of the equivariant Poincare dual in (8.5) in the case of a leaf N = L we

calculate in the L-dependent part of the residue form

Z a(0f (2),...,08(2) Iasicicicn @i

dzdzg
LEL 1 cop(To, L)(2) Hn+1gi§jgkw£7‘

_ a(0f(2),. .. ﬂ;f(z)) : Hn+1§i§j§k %‘L,j(z)
-2 ctop(To, L)(2)

dzdzg,
LeLly

as we wanted. O

Remark 8.10. There are other ways to relate the integration on CHilbgH(C") with
CHilby ™ (C*) via equivariant multiplicities. One different approach is to use the smooth non-
associative Hilbert scheme My, ,, (see Section 9.3) as embedding space. Using the equivariant
Poincare dual in (9.6) and the description of the Poincare dual of CHilby ™ (C™) in Mj, ,, in

Proposition 9.8, one obtains immediately

kK
o= o! (zi — Aj),
/CHﬂb’g“(Cn) /CHilb{;“(ck‘) H H !

i=1j=n+1

where 21, ..., 2, denotes the Chern roots of the tautological bundle V3, , — M, , as in Sec-
tion 9.3.1. Equivalently, with v, , : M1, n, — Grassk(@le Sym‘C") the morphism defined
in (9.7) and 6; the i’th Chern root of the tautological bundle & — Glraussk(GBfZ1 Sym‘C"),
we have 97, ,(6;) = 2. ¢



Chapter 9

The non-associative Hilbert scheme

The purpose of this section is to introduce a smooth and proper embedding space for a
filtered version of the punctual Hilbert scheme Hilb{(C™) called the non-associative Hilbert
scheme constructed by Kazarian in [42]. This construction is as such not needed for the other

parts of this thesis, but some of the reasons for including this construction are

e To offer a comparison with the model of Berczi and Szenes set up in Section 2; this is
Subsection 9.4.

e To explain in a very clean way that if a point e, is a point in CHilbg (C") =¢ C
P(A" @le Sym’ C™) then = is complete; this is Proposition 9.15

e To give a new result (Proposition 9.10) relating the polynomial @, introduced in [13]
with Qg_1. This is the Poincare dual of (a filtered version of) CHilbf(C") inside the

non-associative Hilbert scheme (see Section 9.3).

For the construction we will follow closely the arguments of Kazarian [42].

9.1 Filtered commutative algebra structures

Fix a sequence of non-negative integers d = (d1,...,d;) and write k = dy + - - - + d;. We will
consider algebra structures on a given vector space V' of dimension dim V' = k with some

extra property on a fixed flag V,
V=VioWo>---D2ViDV41 =0

with dim V;/V; 41 = d;. A filtered commutative algebra structure on V, is then a linear
mapping ¢ € Hom(Sym? V, V) satisfying £(V;. - Vi) C V,4s. Denote by Alg, the vector space
of these filtered commutative algebra structures.

Note that dimV = k, and pick a basis ej,...,ex of V such that V,./V,; is spanned
by ed,+...4d,_,+i for 1 < i < d,. To any basis vector es of V,./V,+; we assign the weight
w(s) = r. Denote by ¢, the structure constants forming the coordinates of Alg,, then by

the filtration property and by commutativity, respectively, we have

cdy=0 for w(t) < w(r)+w(s),

t __ it
rs — Csr

(9.1)
otherwise.

63
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The structure € € Alg, is thus given by

Eler,e5) = Z e

tw(t)>w(r)+w(s)

Denote by Hilbz‘fC the subvariety in Alg, consisting of associative filtered commutative
algebra structures, that is, filtered commutative structures satisfying for all quadruples

(r,s,t,u) with w(r) + w(s) + w(t) < w(u) the associativity equations
Sty = Sl = 0. (9.2)

Moreover, define for a given isomorphism class p of a local algebra of dimension k£ + 1 the
subvariety HilbfC C HilbfC as the closure of the locus of filtered structures, which — upon

forgetting the filtered structure — is in the isomorphism class u.

Remark 9.1. This is one place where we differ from Kazarian’s original notation in [42].
Kazarian works with singularity types, and defines the subvariety HilbifC for a singularity
type p of a map germ f : (C™,0) — (C™,0). The definition of a singularity type as an
isomorphism class is in some sense too naive (see [42][Definition 2.7]). However, for our
purposes (we will work with the isomorphism classes corresponding to monomial ideals) the
notion of isomorphism classes suffices.

In this case Hilb}fC is a special case of a filtered version of the (punctual) geometric
subsets defined by Rennemo [54]. Again, one could broaden the definition of Hilbf ¢ to Hilbl(‘?DC
for a punctual geometric subset @, such that the open dense locus consists of all filtered
structures which upon forgetting the filtration are algebras in @ (see [54][Definition 2.3] for
the definition of such Q). ¢

Denote by By C GLj the group of of automorphisms of V fixing the flag V,. Observe
that both HilbifC and Hilbly® are invariant with respect to the action of Bg. The maximal
torus (C*)* C Bg acts by re-scaling the basis vectors e, in V with weight )., and the weight

AL, of the coordinate ¢t for the induced action on Alg, is then given by
A== A — A (9.3)

We define for the singularity type p the polynomial P, (¢1,...,tx) to be the equivariant
Poincare dual of Hilbif’C in Alg, with respect to the natural action of Bg expressed in the

weight (equivalently, Chern roots) of this action.

Example 9.2. Taked = (1,...,1) with k=14 ---+ 1 and p to be the singularity type
Ap = eCle]/(e¥*+1). For k = 1,2,3 the set of associativity relations (9.2) is empty, and
Py, = Py, = Py, = 1.
For k = 4 there is a single associativity relation (9.2)
C%l 032 = 011130?2
cutting out Hilbz‘;C C Alg,. One checks that a generic algebra in Hilbg’C is isomorphic to Ay

and hence Hilb,?® = Hilbg®. It follows that

Pa, (t1,to,t3,ta) = A2 N30 = Mg A3y = t4 — ty — 2t1.
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In general the polynomial P4, is much more complicated and is essentially the polynomial
Qg defined in [13]. These polynomials have been computed only up to k = 6 with the help of

computers. ¢

For the construction of the non-associative Hilbert scheme it is convenient to consider
the dual point of view of such filtered algebra structures: The coalgebra structure on the
dual space D = V'V is defined by the adjoint filtered morphism &Y : D — Sym? D, where D
has the induced filtration

0:DOCD1 C"'CD[ZD:VV, Dl':(V/‘/H_l)V:AHH(‘/H_l).

Here, writing S, = >, jemDi - Dj C Sym? D, the comultiplication satisfies the dual
filtration property £¥(D,,) C S,,. The subvariety Hilbg’C C Alg, is then cut out by the
associativity relations of the coalgebra structures £V, and HilbifC C HilbfC is the closure of

the locus of coalgebras isomorphic to the coalgebra .

9.1.1 The d-nested punctual Hilbert scheme of points

We define a nested version of the punctual Hilbert scheme Hilbf(C") depending on a given
vector of non-negative integers d = (dy, ...,d;). As usual, we write k = dy + - - - + d;. Denote
namely by Hilbod((C") the variety parameterizing flags of ideals in O¢n

Iy =m=12>13,2 D I14]

satisfying I,.Is C I4s for r+s <141 and dim I,./I,+1 = d, as a C-module. Here m denotes
the maximal ideal of O¢n.

Observe that m!*! C I;;; and there is a natural embedding

¢ : Hilb3(C") — Flag(dy,dy + da, ..., k;m/m!th)
[11 DI, D---D Il+1] — [m/Il+1 DD m/Ig D) m/I1 = 0]

This is the d-nested version of the natural embedding described in (2.1). There is a canonical
subbundle I = I, 1 /m!*! on Hilb&(C") of the trivial vector bundle m/m!*! x Hilb¢(C") —
Hilbd(C"), and we denote by V = m/I;,; the quotient bundle of rank rk V = k and further
by D = VV its dual. The non-associative Hilbert scheme will be a smooth and proper variety
on which V extends. For an isomorphism class i of a local algebra of dimension k + 1 denote
by Hilb:f((C") the closure of the locus of flags I, such that adjoining a unit element to m/I;14
yields an algebra in the isomorphism class p.

With this notation one observes that Hilbék)((C”) is the set of codimension k ideals
I in m corresponding to k-dimensional algebras m/I, or after adjoining a unit element
to an algebra Ogn /I of dimension k + 1, that is, to an element of Hilbf™(C™). In total
Hilbék) (C™) ~ Hilb5 ™ (C™) under this identification. At last write

Ta.n : Hilbd(C™) — Hilb{” (C™) (9.4)

for the forgetful morphism ignoring the filtration. Since there is only one way to complete an
ideal I € CurvF™(C") to a flag I,, we sce that T, 1) Hilbél’”"l)((C") — Hilbék)((C") is

a bijection over the curvilinear locus {¢ ~ eCle]/(e**1)}.
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9.2 Construction of the non-associative Hilbert scheme

In this section we construct the non-associative Hilbert scheme — a smooth and proper
embedding space for Hilbd(C™).

At first we give another characterization of points CHilbg ™ (C™). We state it in terms of
the associated nilpotent algebra obtained by quotienting by the unit element. We continue

to write m for the maximal ideal in O¢n.

Lemma 9.3. The set of k-codimensional ideals in m is in one-to-one correspondence with
the set of isomorphism classes of pairs (11, 12) where 95 : Sym?V — V is an associative
commutative nilpotent algebra structure on a k-dimensional vector space V, and 17 : (C")Y —

V' is a linear map such that ¢/, @ 19 is surjective.

Proof. If I is an ideal with V' = m/I of dimension k, then 1, is the restriction of the
canonical projection m — m/I to the subspace (C*)Y C m, and 15 is the multiplication in
the nilpotent algebra V.

If ¢)1 and 19 are given, one observes, since (C")Y generates m, that ¢; : (C™*)Y — V

extends to a morphism of algebras 1/, : m — V which is surjective. One takes I = Kert;,. O

This identification is extended to flags of ideals and correspondingly the nilpotent structure
(¥1,12) € Hom((C™)V @ Sym® V, V) must be compatible with a given filtration on V'

Ve=[V=ViDVpD---DViDViy1 =0, dimV;/Viys =d;
Consider the locally closed subspace ]\/4:1_;1 C Hom((C™)V @ Sym? V, V) consisting of pairs
(11,2) satisfying
(1) ¥2(Vi-Vj) C Viy, for all i and j, and
(2) 11 @ s is surjective.

The second condition determines an open and dense subset in Hom((C™)V, V) @ Alg,, while
the first condition determines a closed subspace in this open subset.
The group Bg C GLj of automorphisms of V' fixing the flag V, acts naturally on Mg ,,.

Definition 9.4. The non-associative Hilbert scheme is the quotient space Mg, = ]\/4:;1 /Ba.
For the following result an independent construction of Mg, as a flag space is given.

Proposition 9.5. The action of Bg on ]\//_[:;L is free, and so the non-associative Hilbert

scheme Mg ,, is smooth and compact.

Proof. We will use the dual picture of coalgebras and construct a moduli space of flags
OZD()CDlC"'CDl:D:VV, dimDm/Dm_lzdm

equipped with an injective map D — E & Sym? D such that D,, C E & S,,, where S, =
Zi+j§m Di - Dj.

The construction goes by induction on [. For I = 1, we simply take M4,y , = Grassg, (c™)
since S1 = 0. The Grassmannian Mq,),, is equipped with its tautological bundle D; with
rk D1 = dl.
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Assume now that M4, . 4, ,)» has been constructed with the flag of tautological bundles
Dy C---C Dy, where D;_1 C E® S;_1. The subbundle S; is determined by D1,...,D; 4
and can thus in fact be regarded as a bundle over M4, . 4, ,)n- Thus (E® S;)/D;_1 can
di_1).m» and we define Mg ,, = Grassq, ((E®© S;)/Di-1).
By construction Mg, is thus the total space of a tower of fibrations with smooth and

be regarded as a bundle on My,

compact fibers, which implies the result. O

From the construction of Mg , as a tower of Grassmannian bundles exhibited in the proof
above, we see that Mg ,, is equipped with bundles D,,, C E® S, satisfying also D,,, C D41,
and taking the dual picture, we obtain the diagram of bundles

Vi———— Vi Vi

I I I

C)es — C)' a5, — - —» (C) a5 =(C"),

where S, = Zi+j§m D; - D; as in the proof above. We will write Vg ,, = V;, since we should
really indicate that this bundle depends on the vector d and the dimension n, not only its
length [. The restrictions of the vertical maps to each summand correspond to a linear map
(C™)¥Y — V; and a canonical commutative filtered algebra structure on the fibers over Mg ,,.

From Lemma 9.3 we obtain immediately

Proposition 9.6. (1) The Hilbert scheme Hilbd(C") is isomorphic to the locus in My,
consisting of points with associative canonical filtered algebra structure on the fiber of
Van.

(2) The subvariety Hilbﬁ(C”) consists of points for which the canonical filtered algebra

structure on the fiber is isomorphic to u.

Writing Mgy ,, for the space obtained by forgetting the filtration structure on the algebras
of Mg, (alternatively, view Mg, as a flag space and projection to the largest space, then

M, gy, can be viewed as a Grassmannian), the forgetful map 7g,, in (9.4) extends to
Td,n - Md,n — M\d|,n7

for which we use the same symbol.

9.3 Poincare duals in My,

In this section we relate the Poincaré dual of a variety Hilb,‘j((C”) in Mg, to a certain
equivariant Poincaré dual. This relation is implicit in Kazarian’s construction [42], but used.
We will then give a few results — new at least to the author — on these equivariant Poincaré

duals, in particular on the polynomial Q4 appearing in [13].

Recall that Mg, = m/Bd by definition, and ]\/4;; C Hom((C")V,V) @ Alg, is an open
dense subspace. Moreover, we have defined subvarieties Hile((C”) C Hilb§(C") € Mg, as
loc

well as subvarieties HilbfC C Hilbg® C Algg. The non-associative Hilbert scheme Mg ,, is

equipped with the associated vector bundle

Vd,n X By (HOm(((Cn)V, Vd,n) (&) Algd) — Md,n?
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which has the canonical section o : Bq.(1,%2) — (0,1 @ 12). Write 0 C Vg, for the image
of the 0-section in Vg ,,. Observe that the meaning of Proposition 9.6 is

0 (V. x5, Hilb®) = Hilb§(C") and o(Hilbd(C")) = 0 x 5, Hilbly",

—1 V H.lbloc _ Hlbd (Cn d Hlbd (Cn _ H'lbloc (95)
0 (Van xB, Hilb¢) = Hilbj(C") and o (Hilb,(C")) = 0 x g, Hilb /.

We have the following transversality property of the canonical section o
Proposition 9.7. The following equalities hold
codim(HilbY° ¢ Alg,) = codim(Hilb§(C") C Mga.,)
codim(Hilbl>® € Alg,) = codim(Hilb%(C") C Mg,,)

Proof. We prove only the first statement. The proof of the second statement is exactly the
same.

One observes trivially that

codim(Hilb® ¢ Alg,)
= codim (Hom((C™)", Va,,) @ Hilbly® € Hom((C")Y, Van) @ Algy).

Define ]\//.?0,/” as the pullback in the diagram

My, —d5¢ 5 Hom((C")Y, Vy,) @ Hilb$®

| l

—

Mg, 32" Hom((C")",Vy,) ® Algy,
that is, requiring associativity and surjectivity of the pair (¢1,12). But ]\7(\),/” fits also into

— —~—

Moy, —— Mg,

I I

Hilb§(C") —— Mg,
and we find thus
codim(m C ]\/4:;) = codim(Hilbg(C") € Mg.,)
concluding the proof. O
By the universal property of equivariant Poincare duals [13|[Proposition 2.8] we obtain

Proposition 9.8.

(1) The Poincare dual of the subvariety Hilb&(C") in Mg, equals the equivariant Poincare
dual ePD[HilbY®, Algy] 5, (Va.n) of Hilb}® in Alg, evaluated in the Chern roots of the
bundle Vg ,,.

(2) The Poincare dual of the subvariety Hilbz((C”) in Mg, equals the equivariant Poincare
dual ePD[HilbifC, Algylp,(Van) of HilbifC in Alg, evaluated in the Chern roots of the
bundle Vg .
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We remark in the above Proposition that the construction of Hilbg’C and Alg, does

not depend on the dimension n of the linear space (C™)Y. We give an example of an
application of this observation to the equivariant Poincare dual ePD[Hilb{f")f, Algq,lp,, (Vi)
where A, = €Cle]/(e**1). This equivariant Poincare dual is essentially the same as the
polynomial Q4 appearing in [13] — there is only a distinguishing in some sign choices of the

weights.

9.3.1 An example study of A = ¢Cl[e]/(e"*1)

In this subsection we study briefly the isomorphism class of Ay = eC[e]/(e**!) in My,,. In
this case we must have d = (1,...,1) = 1;. The general idea is to apply Proposition 9.8 and
study the equivariant Poincare dual ePD[Hilb'{°, Alg, ] B, (V1,) as the ordinary Poincare
dual of Hilbi,’jc (C™) in My, », and relate these ordinary Poincare duals for varying n.

We write q1,n : M1, n — M1,_, n for the projections.

Lemma 9.9. For a positive integer j denote by ps(j) the number of ways to partition j
into two positive integers.

(1) dim Algy, = > pa(i)

2<i<j<k

(2) dim My, , = kn— M + Z p2(j)

2 —
2<i<j<k

(3) The dimension of the projective fiber of ¢1, , : M1, = M1, | n is

n—k+ii+1), k=2i+1
n—k+i2, k= 2i

Proof. By definition Mj j 5, is the By, -quotient of ]\Z\;L C Hom((C™)Y,V) @ Alg,, . The

vector space Alg; is spanned by ¢k, with ¢ <7+ s as explained in (9.1), and one counts thus

k
dim Alg,, :Z Z 1= Z pa(s).

t=2 r4s<t 2<s<t<k

Moreover By, C GLy is just the usual set of upper triangular matrices of dimension k(k+1)/2.
Hence kG + 1)
dim My, ,, = kn — —5 + Z pa2(s).
2<s<t<k

At last, the dimension of a fiber of ¢, ,, is then

dim My, , —dim My, _,n=n—k+ Z pa(s),
2<s<t=k

and one checks that
(i+1), k=2i+1

> r) =1 |
2<s<k -, k == 22.
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We write z; for the Chern root of the line bundle V4, ,,/V4, | ». Observe that M7, ,—1 C

Mjy,, » naturally, and we have

QWMMWLMQAWQM=IH%—Ml (9.6)

Write also Ry, = ePD[Hilbf:7 Algy, ], (V1,,) for the equivariant Poincare dual, and denote
by qunx @ Hp (M1, n) — Hp, (Mi,_, ») the “truncation” map. The polynomial Ry is
essentially the same polynomial as @, defined in [13] — up to signs due to the choice of signs
on the weights AL, described in (9.3).

Proposition 9.10. The T}, C By, equivariant pushforward g1, . satisfies
qlk,n,*szZ_l = Rk}—lv k; Z 2
For k = 1 we have q(l)m,*Rlzf*l =1.

Proof. For any equivariant form o € H7, (M, ) we have

k—1 k
H(Zl - )\n)qlk,n,*a =q1,,n—1,% H(Zz - An)a
=1 i=1

Clearly the first k — 1 factors are constant under these pushforwards (on either side) since

they do not depend on z;, and we obtain thus
g1, ,n,xQ = qlk,n—l,*(zk - )\n)OA
From Lemma 9.9, we have that the codimension of the fiber bundle ¢, ; in My, , is
Codim(ql_il(Ml,%hl) C ql_kl,n(Mlk7171)) =n-—1.

Moreover, in My, 1 every associative algebra is isomorphic to €C[e]/(e**1), which has only a
single subalgebra of length ¢ for 1 <14 < k. It follows that
deg(Ry; z) = dim My, , —dim My, _, n — (n+1)
1—k+i(i+1), k=2i+1
1—Fk+i2, k=2i,
and that
g1, 1+ = Re_1.

We have then iteratively

—1 -1
Q1k,n,*2;? Rk = qlk,n,*(zk - An)n Rk:

? qlk,nfl,*(zk - )\n)n72Rk

= qu,,1,+
= Ry_1,

where the first equality follows since upon a binomial expansion of the factor (zj — \,)" !

every other term vanishes in the pushforward due to having too small zi-degree.
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The equality for k = 1 follows by identifying M1, ~ Grass;(C") ~ P"~! as in the

construction in Proposition 9.5, and calculating (here Ry = 1)

QynRaz] = / gl =1,
pr—1
where ¢; denotes the Chern class of the tautological line bundle on P71, O

In terms of direct information of the polynomials Ry, Proposition 9.10 tells us that the

coefficient of the top-degree zp-term of Ry is exactly the polynomial Ry _1.
Remark 9.11. The arguments in the proof of Proposition 9.10 above give also directly that
deg Ry, = codim(Hilb}* (C') € My, 1) = dim My, 1,

and so directly from Lemma 9.9 we get

deg Ry, = _kE—1) + > (i)

From Proposition 9.10 we get immediately some intersection numbers.

Corollary 9.12. Suppose F' is vector bundle on C" of rank rk /' = r, and write ¢; =
¢;(FIFH1) for the j'th Chern class of the tautological bundle FF+1 of rank rk FIF+1] =
r(k + 1), and give c; the weighted degree j. Let M(cy,...,cp(k4+1)) be a monomial in
C1y. .+, Cr(k+1) Of weighted degree dim CHilbs ™ (C") = k(n —1). Then

(1) If M is divisible by some ¢; with j > rk, then

M(cl,...,crk 1>:0
/(:Hnb’g“(cc") ()

(2) Suppose r divides n — 1, then for M = cfféfl)/r we have

/ cy,z*l)/r =1
CHilbk ! (Cn)

In particular, this formula holds for any line bundle F’ where r = 1.

Proof. Recall from equation (3.1) that the total Chern class of the bundle FIF+1 is

r kv
(P =TTa+ o) [T TJC + 2 +65),
j=1 i=1j=1

where 61,...,0, are the Chern roots of F' and z; is still the Chern root of the line bundle
Vi, n/V1,_ 1 n as defined earlier.

Identify birationally the curvilinear Hilbert scheme CHilbi™(C") with the filtered
Hilb(lq’; (C™) C My, n (the forgetful map w1, ,, defined in (9.4) is a bijection over the dense
open part Curvi ™ (C™) ¢ CHilbg ™ (C™)) and observe under this identification

/ M = Ry M.
CHilbs T (Cn) Mz, n
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For degree reasons we have
J _ -
qlk,n,*szk—O; J =1,...,n—1,

and it follows that for a term of M to contribute to the integral it must be divisible by z,?*l.
From the description of ¢(F¥+1]) we see that the largest power of z, by which a given term
of any c; is divisible, is 2.

For the first part, write M = ¢; M’ for a monomial M’ of weighted degree k(n —1) —j <
k(n —r —1). Then M’ is divisible by a power z; for some 0 < s <n —r — 1. In total M is
divisible by z} for some t = s + 7 < n — 1 proving that these intersection numbers vanish.

For M = c&Z_l)/T, we see that for a term of ¢, to contribute to the integral it must be

divisible by 27, yielding the first equality below

/ Rycpp(FIH)(n=D/r = / Ry (Cp(omy (FI) 2y (n =1/
M, n M

15,n

szzilcr(kfl) (F[k])(n—l)/r

I
£

Rk—lcr(k—l)(F[k])(nil)/r

Il
-~

My, |

Ryc, (FRm=1/r

—

My,n

n—1
21

My,n

I
—

and the remaining equalities follow from Proposition 9.10. O

9.4 Comparison with the Berczi-Szenes model

In this section we compare Kazarian’s non-associative Hilbert scheme with the model 2.5
of Berczi and Szenes. From this comparison we obtain also an easy criterion for torus-fixed
points in Grassk(@le Sym’ C") not to be in the image closure of the Berczi-Szenes model
which is isomorphic the curvilinear Hilbert scheme CHilb ™ (C™). This criterion was already
shown [13|[Proposition 6.14], but proven by different methods.

First, we construct a map Mg, — Gmssk(EBf:1 Sym’ C"). The construction is the same as
that in the proof of Lemma 9.3: Since (11, 1)2) € ]\/{[\d; the map 91 : (C™)V — V extends to
the maximal ideal m,;,, generated under the product of 2 by the basis of (C™)¥, and thus
yields a map 1 : my, — V by which we define the algebraic structure on V. The map )7 is
surjective since 1)1 © 1)y is surjective, and writing I = Ker ¢, we have V ~ my, /I as algebras.
In particular dim¢ my,/I = k, that is, I has codimension k in my,, so I C mﬁi and
thus my, /I C my, /m:z;rl ~ @le Sym’ C". In total, we associate to (11,%s) € Mg, the

subspace

k
my, / Keri; € Grassy, (@ Sym’ C™).

=1
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At last, observe that acting by the filtration preserving Bq C GLj preserves this vector space,

and so we have indeed defined a map

k

Y : Man — Grassﬂ@ Symi Cc™)
i=1 (9.7

(¢1,¢2) — m’l/«'z/KerE

factoring through the forgetful map mq : Mg, — Mg, Also, ¥a, is equivariant with
respect to the natural action of GL,, on Mg, and Grassk(@f;l Symi c™).

Take d = (1,...,1) = 1 of size 1 +--- + 1 = k. From the construction of the non-
associative Hilbert scheme My, , we know that the subvariety Hilbi’jc (C™) C My, ,, with
Ay = €Cle]/ (") satisfies 7y, (Hilb}fk ) is birationally equivalent to CHilbf™(C"), since

is bijective over the locus Curvh ™ (C™). We obtain immediately

Proposition 9.13. For the model ¢, : J,%(1,n) — Grassk(@le Sym’ C"™) of Theo-
rem 2.4 and the model 91, , : M1, ., — Grassk(@le Sym’ C™), we have

1, (HilbY ) = Tm(,, ) ~ CHilbg ™ (C™).

9.4.1 Complete sequences and associative algebras

In this section we relate the notion of complete sequences of partitions to the the notion of

associative torus-fixed algebras.

Let T' C GL,, be a torus acting with distinct weights on C", and consider the natural
action on Grassk(@le Sym’ C™). Recall that for a partition p = illl il € Pj of j, we
write e, = eﬁ e eé: € Sym’ C". Then the T-fixed elements of Grassk(@le Sym‘ C") can

be indexed (up to permutations of basis elements)
Wr = Span(er,,...,€xr,)

with 7 = (7, ..., 7) a sequence of partitions of integers < k. Recall that such a sequence is
called complete (see Definition 6.4) if for every i € {1,...,k} and every subpartition p C 7;

there exists j such that m; = p

Lemma 9.14. Let A € Mg, be a T-fixed algebra with 14(A) = W. Then A is associative

if and only if 7 is a complete sequence of partitions.

Proof. Denote by m the maximal ideal of the polynomial algebra Ocn. For a T-fixed algebra
A € Mg, we observe that the sequence of partitions 7 of the basis elements e, ..., e, of
1, is complete if and only if A ~ m/I for a monomial ideal /. But an algebra A € Mq is
associative if and only if A ~ m/I for some ideal I in m, and moreover A is T-fixed if and

only if I is a monomial ideal. O



74 Chapter 9. The non-associative Hilbert scheme

We obtain immediately

Proposition 9.15. The following statements hold.

(1) A T-fixed point W, € Grassk(@le Sym‘C™) is in the image of the restricted map
Yign: Hilbé’“ — Grassk(@le Sym‘ C") only if 7 is complete.

(2) For the model ¢ : J,**(1,n) — Grassk(@le Sym‘ C") of Theorem 2.4, if W, € Im(¢)

then 7 is complete.

Proof. Since mg factors through w1, : M1, , — M) the first statement follows directly

from Lemma 9.14. The last statement follows since

Im(¢) ~ CHilbg ™ (C") ~ v, , (HilbY" )

by Proposition 9.13. O



Chapter 10

Distribution of monomial fixed points
in Hilby(C")

In this chapter we will discuss the monomial fixed points of the punctual Hilbert scheme of
points Hilbg((C”). We shall apply so-called trivial extensions of algebras (to be defined in
the next section) to reduce the question of whether all monomial ideals lie in the irreducible
curvilinear component CHilbIO“((C") to the same question only for a special class of monomial
ideals. This special class of monomial ideals is handled by Proposition 7.11, and so we end

this section with proving

Theorem 10.9. Let m € Hilb§(C") be a monomial ideal. Then m € CHilbk(C").

10.1 Trivial extensions of algebras

In this section we will define what we mean by a trivial extension of a given algebra
structure & € Hilbs(C™). This is merely a matter of adjoining basis elements to & without
any multiplicative structure whatsoever (that is, every element multiplies to 0 with such
adjoined basis element). The goal of this section is to obtain a descent property for trivial

extensions:
If ¢ € CHilb{ ™™ (C"™) is a trivial extension of & € Hilbf(C"), then & € CHilbg (C™).
This is one half of Proposition 10.2.

Choosing a basis E, ..., E, for the underlying vector space C™ ~ &, the algebra structure of

¢ € Hilby (C™) is determined by its structure constants cfj in the equations
EE; =Y c}FEx.
k

In this context we may write { = (E1,..., E,) (the parameter space of structure constants
corresponds essentially to algebra structures with basis, see [27]). Recall that the socle of
such algebra is defined as
soc(§) = {z €| &x = 0}.
75
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Definition 10.1. Let m € Z>o. We say that &' € Hilb§+m(((:”+m) is a trivial extension of
£ e Hilblg((C") if & =(Fy,...,En, F1,...,Fy) is an algebra structure on C"*™ satisfying
that &’ restricted to Span(F, ..., F,) is that of £ together with Fi,..., F,, € soc(¢’)

Concretely, the structure constants for £ are given by
E; -g/EjZEi'EEj€§=<E1,...,En>, Ei'gle:O, FZWE/FJ‘:O.

Proposition 10.2. Let & € Hilb5™™(C"*™) be a trivial extension of a monomial algebra
¢ € Hilby (C™). Then

¢ € CHilbi ™™ (C"*™) <= ¢ € CHilbE(C).

Proof. Considering the algebra £ as a point in Grassk(@le Sym‘ C"), we write £ = [e,]

with m € A,, .. Consider then the sequence of partitions
7T/ = (7T17...,Tl'k,]{1+1,...7k'+m) € Ak‘+m,k+m

with [e]] ~ ¢'. Observing that [ =} € P, is toric for | = m + 1,...,k + m we obtain by
repeated application of Proposition 7.14 that

[ex] € CHilby ™™ (CH™) = [e,] € CHilbk(Ck+™).
At last, since [e,] € HilbF(C™) by assumption, we have also
[ex] € CHilbE(C™™) <= [e,] € CHilbg(C")

finishing the proof. O

In the above proof we use both that £ is a monomial algebra and that &’ is a trivial
extension of £&. The latter to make sure that the extra basis elements adjoined to £ can be
put in a toric position; i.e. such that 7 is toric for = k+1,...,k+m in the notation of the
proof. The author definitely believes these assumptions can be relaxed, but certainly some

assumptions are required, as we illustrate in the following

Example 10.3. By [19] there exists an algebra A ¢ CHilby(A*) with Hilbert function
Ha = (1,4,3) (in fact, A can be chosen not even smoothable).

Pick d maximal so that there exists an algebra A with Hilbert function H4 = (1,4,d)
such that A ¢ CHilbd™(A*). If d = 10 (which is the maximal possible choice) we have
A =~ Clxy, w9, 33, 24]/m> € CHilb(1J5(A4) for m = (x1,22,23,74) the maximal ideal in
Clxy, 2, 3, x4], whence it follows that 3 < d < 10.

Let now A ¢ CHilbg ™ (A?%) be such algebra with H4 = (1,4,d) for this maximal d. Then
A may be written as A = B/(s) for some some B with Hg = (1,4,d + 1) and some socle
element s € soc(B), so that by the choice of d we have B € CHilbg™®(A%). Observe however
that in this case A4 is not a subalgebra of B since s € m% where my4 is the maximal ideal
in A. ¢
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10.2 Associated 0-defect algebra of monomial ideal

In this section we describe how to associate to a monomial ideal m € Hilbg (C™) another
monomial ideal m’ € Hilb{ (CN) with K > k, N > n such that the algebra Ocn /m’ is a
trivial extension in the sense of the previous Section 10.1 of a subalgebra isomorphic to O¢n /m.
In this case it will be clear that by Proposition 7.11 we have m’ € CHilb{ (CV), and it will
follow further from Proposition 10.2 that m € CHilbk(C") as well.

10.2.1 The sequence 7" associated to a monomial ideal m

Recall that a monomial ideal m € Hilb§ ™' (C") corresponds to an algebra Ocn /m with
underlying vector space of dimension k + 1 and with basis, say (1, E1, ..., Ex). We write A™
for the algebra obtained by quotienting by the ideal generated by 1, so A™ is a nilpotent,
associative and commutative algebra with basis (Fy,..., Eg). Write E; ,..., E;_ for the
generators of the maximal ideal mam of A™ where r < n. Since m is a monomial ideal and
one observes that forall 1 < j <k

1 I8
A

il : 2
for some aé- € Z>o. To such expression we associate the partition (recall our notation from
the Subsection 6.1.1)

where if aé. = 0, there are no parts [ in the partition ;.

Introduce the following ordering on Z;O
(a1y...,a5) < (b1,...,b) <= aq < bg, d ;= max{i | a; # b;}. (10.1)
This induces an ordering on the partitions

m <7 <= (aj,...,a]) < (a]l,...,a;),

and further on the basis elements
EZSEJ <~ 7ri§7rj.

We denote the ordered sequence of partitions by 7™ = (77", ..., 7}"). Since A is associative
7™ is also complete by Lemma 9.14.

We note that we are not claiming that 7™ is admissible. The author believes that for
any isomorphism class of a monomial algebra there exists a representative, such that the

associated sequence is admissible, but has not been able to prove this.

Example 10.4. Consider m = (z?, zy,y?) € Hilbg(C?) with associated algebra C[z,y]/m
with basis elements (1, z, y, 22, y?) as C-module. Quotienting by 1 we get the nilpotent algebra
A generated as C-module by (z,y, 2%, y?). As written we see that (my,...,m4) = (1,2,12,22),
which is not ordered according to (10.1). Rearranging the basis elements and the partitions,

we obtain an isomorphic algebra structure with the associated sequence of partitions
" = (1,1%,2,2%),

which is complete. ¢
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Observe that under the natural embedding described in (2.1) composed with the Pliicker
embedding

Hilb5+(C") < Grassy, ( GB Sym’(C™) ) = IP( /\ GB Sym' (C”)
i=1

we have m +— [exm]. We proceed to explain in the next subsection how to extend such

admissible sequence 7™ to a toric sequence 7", which in a certain sense contains 7"

10.2.2 The toric sequence 7 associated to a monomial ideal m

We assume still that m € Hllka((C") is a monomial ideal with Oc¢r»/m an algebra of
dimension k41 and A™ the associated nilpotent algebra obtained by quotienting by 1. In the

previous subsection we associated to A™ a complete sequence of partitions 7. We describe

now how to associate to 7™ a toric sequence 7" = (7", ..., 7%) for some K > k containing
™ as a subsequence in the following sense: There is an injection o : {1,...,k} — {1,..., K}
acting on a partition by acting on each part, and such that the partitions o.77*, ..., 0.7

are in the sequence 7

Recall that A™ = (Ey,...,E) and ™ are ordered by (10.1), and that E;,,..., E;,
generate the maximal ideal m 4m of A™. The appropriate extension of A™ to a larger algebra
B™ is made by embedding the underlying vector space C¥ = Span(FE\,..., E};) into a
(sufficiently) large space C¥, as we will now explain. We will iterate on the number of
generators 7.

To each number j € {1,...,k} we will associate a new number ¢™(j) > j such that
o™:{1,...,k} = {1,..., K} is an injection, and where K > k is still to be defined.

For j < iy we put 0™ (j) = j. Assume now that for any j < ¢; the number ¢ (j) is given;
in particular, 6™ (i1),. .., am(il_}) are gliven. Define then 0™ (i;) = 0™ (i;—1) + 1. For j < i;41

. a a; .
we have the expression E; = E;’ --- E;’ in A™, and we define

l
)= 0 0" iy)al

Define K := 0™ (k). Moreover, we define the action of ¢ on partitions: Let p = 14 ... ¢l

be a partition with parts Parts(w) C {1,...,7}, then ¢™ acts on p by

o™.p=o(ip) o™ (i),
and we define the action on a sequence of partitions o™.(71,...,7) = (6™.71, ..., 0™ 7).
Lemma 10.5. The map o™ : {1,...,k} — {1,..., K} defined above satisfies
(1) mi>m; = o™m > o™y,
(2) i>j = o™(i) > o™(j), and in particular o™ is injective,

(3) O_m.,].r;n c Pom(j) is a partition of O'm(])



10.2. Associated 0-defect algebra of monomial ideal 79

Proof. We write just o := ¢™. Since o(i;) = 0(i;—1) + 1 by definition, in order to show (2),
it is enough to show that o(j) < o(j +1) for 4y < j < j+1 < 4;41. By the ordering of (10.1),

we have (a,...,a},0...,0) < (aj,,,...,ak,,,0,...,0) with a,a’, | # 0. In particular, (2
follows from (1).

Thus, consider (aj,...,a¥) < (aj,,,...,ak, ;) for some 1 < j <k —1.1f a} <af,,, we
compare simply (a]l, ceey affl, 0) < (a}_H, . ,a?;ll, a?_H — a’;). Since ™ is complete the

partitions corresponding to these vectors are also in 7™, and we see directly (again since
o(ir) = o(ixg—1) + 1) that o(j) < s(j + 1) in this case. If a¥ = a¥, |, one iterates to largest I
such that a} # a}, | in which case we must have a} < al,,, and the above argument applies
again. This proves (1) and (2).

For (3), we have defined o(j) := Z;Zl o(ip)a? and ol = U(il)“; e J(ik)“?, and so by

J J
construction
o] = o).
In other words o.7}" € P, ;) is a partition of o(j). O
Definition 10.6. The toric sequence 7 = (71", ..., 73#) associated to m € Hilbg ™ (C") is
defined by
o o™y 1= o0"m(j)
' i ie{l,....,K}\ Imo™

The sequence 7 is well-defined and toric by Lemma 10.5. Such sequence corresponds

again to a nilpotent algebraic structure B™ = (Ej,..., E%) determined by the description
al a’ . .
g — I Eemay B,y 1= o™ (5)
1
E! ie{l,...,K}\Imo™.

Clearly, restricting B™ to Span(Eqm (i), - - -, Eym(;,)) We clearly obtain an algebraic structure
isomorphic to the original algebra A™. Moreover, for i € {1,..., K} \ Imo™ we have
E! € soc(B™).

At last, we remark that taking N = max({1,..., K} \Imo™ U {j1,...,4-}) to be the
maximal index among the generators of the maximal ideal of B™, we have that after adjoining
again the unit element (C(1) & B™) € Hilbg T(CV).

These observations together with the definition of B™ via 7™ yield

Proposition 10.7. The algebra B™ € Hilbf ™ (CV) is a trivial extension of A™ &
HilbE*(C") with B™ + [e;m] under the natural embedding defined in (2.1)

K K K
Hilby T H(CV) — Grassg ( @ Symi((CN)) — lP’( /\ @ Sym" (CN)
i=1 i=1

composed with the Pliicker embedding.

Example 10.8. We extend upon the Example 10.4, where m = (2%, zy,4°) € Hilby(C?)
and we found 7™ = (1,12,2,22) so that i; = 1 and i, = 3 are the indices of the generators
of the algebra A™.

To obtain the toric sequence 7™, we consider the map o™ used to define 7. In this

case oM. = 1 = ¢™(1) and o™.wy* = 12 with 0™(2) = 2. We get then ¢™(3) = 3

m



80 Chapter 10. Distribution of monomial fixed points in Hilbf(C")

and o™.7f" = 3, and it follows that o™.77* = 0(3)? = 3% and 0™(4) = 3-2 =6 =: K.
Thus, o™ : {1,...,4} — {1,...,6}, and we have defined

T = (1,1%,3,4,5,3%),

which is indeed toric. We finish by noting that the algebraic substructure of the associated
algebra B™ = (E1,..., E}) on Span(E}, EY, E%, Ef) is isomorphic to A™, and that B™ is

indeed a trivial extension of A™ in the sense of Section 10.1. ¢

10.2.3 All monomial ideals are in the curvilinear component

In this subsection we simply put the puzzle together from constructions and results from

previous sections. The main result is the following
Theorem 10.9. Let m € Hilb§(C") be a monomial ideal. Then m € CHilbt(C").

Proof. Write A™ for the (k — 1)-dimensional nilpotent algebra obtained from the algebra
Ocr /m by quotienting by the unit 1. We choose a filtration as in Subsection 10.2.1; that is a
choice of an ordered basis Ey, ..., E;_1 of A™ ordered according to (10.1), which associates
to m also an admissible and complete sequence 7.

Following Subsection 10.2.2 we extend A™ to a larger K-dimensional algebra B™ for some
K > k—1, which is a trivial extension of A™ in the sense of Section 10.1 by Proposition 10.7.
The larger algebra is constructed by a choice of ordered basis, which immediately associates
to B™ a toric sequence 7™ such that B™ — [e,=] under the natural embedding defined in
(2.1)

K K K
Hilb{ T (CV) — Grassg ( @ Symi((CN)> — ]P’( /\ @ Sym’ (CN)
i=1 i=1

composed with the Pliicker embedding (cf. Proposition 10.7).

It follows then from Proposition 7.11 that the algebra [e,m] € Im ¢, k., or equivalently by
Theorem 2.5 after augmenting B™ with a unit element C(1) & B™ € CHilbg T (CN).

Since as noted B™ is a trivial extension of A, we have that C(1) ® B™ e CHilby ™ (C")
is a trivial extension of 1 ® A = O¢»/m, and we obtain immediately from Proposition 10.2
that Ocn /m € CHilbE(C™), which is what we wanted to conclude. O



Chapter 11

The toric submodel

In this section our goal is to give another proof of the fact that [e,] € Im ¢, , C CHilby ™ (C™)
for all toric sequences of partitions 7 than given in the proof of Proposition 7.11. We offer
here a different viewpoint using general methods of toric geometry for which we refer to [43].

The cloncluding result in this chapter is Proposition 11.3.

In this section we consider the toric submodel described in Section 2.4. Writing as usual

—~—

Ji(1,n)g =SpecRpk, Rnr=Clb;:1<i<n,i<j<E]

we have on the subvariety (defined in Section 2.4), after easing the notation b; :=b; ;,

—_~—

Je(1,n)% =SpecR} ., R}, =Clb;: 1 <i<m]C Ry,

where m = min(n, k). Recall the toric submodel defined in section 2.4

g Jk(l,n *ﬂ)IP’(/\@Sym C”)

and write T, , = Im ¢, , for the toric variety in P(A" @le Sym‘C™). In fact, recall that a
sequence of partitions m = (7, ..., ) is toric (or 0-defect) if each 7; is a partition of i, i.e.
m; € Py, then it is clear that the image of d)%k satisfies

Im ¢, ,, C P(Span{e, | 7 is toric}).

We write [er] for the point in P(Span{e, | 7 is toric}) corresponding to the line in Span{e, |
m is toric} spanned by e;.

Our goal is to show that in fact [e,] € Tm ¢? , 1 C CHilbs ™ (C") for all toric sequences of
partitions .

Writing the map gb?l} . explicitly, we see that

k . .
(b1, ..., bg) —— E brer], 7 is toric

where by = by, - - by, is a monomial (in the notation of Section 6.2, we have b, = mT), and
we have defined b, = bj! - bj} for a partition p = pi* --- p;".
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11.1 Divisibility relations of monomials and hyperplanes

In this section we discuss and setup language in order to construct a resolution of the map
qﬁ%)  Whose sheaf of (vanishing) ideal is principal on every chart of the source space generated
by the pullback of a monomial b, with 7 0-defect. More importantly we argue that for every
monomial b, there exists a chart of the source space on which the pullback of b, generates
the vanishing ideal restricted to this chart. This is the content of Proposition 11.3. We shall
use language from toric geometry such as fans and toric varieties associated to such fans.
We refer for a general treatment of this subject to [43]. The arguments and results of this

section appeared already in [11].

We fix n and k&, and write still m = min(n, k). Obviously b, € Rg’k =Clb;: 1 <i<m]and
we consider its vector of exponents v, in the integer lattice M ~ Z™ C R™ with dual space
N ~ 7" C (R™)*. Via the canonical pairing

MxN—=Z, (v,u)+— (v,u)
we introduce hyperplanes H .- in the dual space (R™)*
Hrmr = {p € R™)" [ (g — vrr, ) = 0}

and write H__, for the half space of p with (v; — vrr, ) < 0. The hyperplanes H »+ go
through the origin and yield a division of (RT,)* into strictly convex rational polyhedral
cones (meaning that each cone contains no positive dimensional linear subspace, and is

bounded by finitely many hyperplanes)

Definition 11.1. We denote by F}, ;, the fan with support (R’Z”O)* defined by the hyperplanes
-

T,

and T (F) denotes the corresponding toric variety.

Every such fan F' has a regular (meaning that all rays are in the integral lattice (Z™)*)
refinement, F [43][Chapter 1, Theorem 11]). Equivalently, the associated toric variety 7 (F)

is nonsingular. We obtain the following resolution picture

where all maps are torus equivariant with respect to the torus 7™ acting on Rg’  diagonally.

We denote by Az;k the set of toric n-admissible sequences, and write just A} := Ag &
Recall that a sequence of partitions m = (7, ..., 7) is complete (cf. Definition 6.4) if for
every ¢ and every subpartition 6 C m; there exists j such that 6 = 7; (when 7 is 0-defect, we

must have j < ).
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Proposition 11.2. Let m = (m1,..., ) be a toric sequence of partitions, and suppose that
- k
(1) ﬂ(ﬂi7~..,7r;€71)EA£71 H(ﬂ'l,...,Wk,l),('fri,.,.,'fr/71) n (RZO)* # 0

k
(2) Near By 0 (RE)" = 0.

Then 7 is not complete.

Proof. Assume for contradiction that the two conditions of the proposition hold, and 7 is

complete. There must exist a toric sequence ' = (mq,...,m_1,m},) with 7} # m such that

we ﬂ H(:rl7_,.771-]971)7(71-17,.,7#;_1) N (RIEO)* == <:u7v7rk - /UTr;c> > 0.

(715 s 1)

It follows that in 7 and 7j, we have subpartitions ¢ in 7, and ¢’ in 7}, with s(d) = s(¢') < k

and satisfying

RS ﬂ H N (R’go)* = (u,v5 —vs) < 0.

(1o Th—1), (7))
(ThseesTh_q)

and we conclude that § # 71,...,mT_1. O

We conclude with the following result, which was already proven in Proposition 7.11.

Proposition 11.3. If 7 € Az; & 1s a complete, toric and n-admissible sequence of partitions,
then [e;] € Im @9 , € CHilbg ' (C").

Proof. For a complete, toric and n-admissible sequence 7, we show that there is a nonempty

cone o, in the fan Fj, ;, satisfying

ox C ﬂ Hﬂ_’ﬂ,,

T
meAL

and this is enough since Fj, 1 is a refinement of F), ;; considered in the space (R’;O)*. The
argument goes by induction on k. The statement is trivial for k£ = 1 since 7 = (1) is the only

toric sequence of one partition. The induction hypothesis is now that

— k \*
ﬂ H(m,~~~,7r1«,—1),(7ri,~~,7r,;,1) N (R3g)" # 0.

(o) €A

Since 7 is complete, it follows from Proposition 11.2 that also

m H7:,7r’ N (RZO)* # (07

T
T eAL

yielding in particular the existence of such cone o, in F' as we wanted. O






Chapter 12

Calculations

We provide here some examples of calculations of integration on curvilinear Hilbert schemes
CHilb¥(C") via the methods described. We will always consider forms on the tautological
bundle of the trivial line Ogﬂ, which essentially means that the Chern roots 1; = 0 vanish in

the description given in equation (3.1) in Section 3.1.

12.1 The cases k <n <4

We consider in this section examples of calculations for k < n < 4. We will gradually increase
the parameter n to illustrate the increasing difficulty in calculations as well. Since k < n, we

calculate always via Theorem 8.7.

Via the description given in Subsection 8.2.3 we find the following description of blow ups

Ay (b1,1,b2,2)
As : (b2,2,b2,3,b3.3)
Agt (b33,b2,4,b3.4,011), (b33, 02,4, 03,4, b2.2), (b33, 02,4, b3,4, ba.4)

with (- ) describing the chart. Denoting by wL ; the pullback of the weight w; ; (described in
Section 6.5) through Ay, ..., A4; in the Porteous tree 7Y™, we obtain the following diagram

n’

— Here we give only the weights which actually change:

. 2 _
A2 : le =W1,1 — W22 = 2)\1 - /\2
3 _ —
Ao s Wyo =W — W33 = A2 — A3
3 - .
3 —
Wy3 =we3 — w33 =A2— A3
4 _ _
w3’3 = 2(,«.}3,3 —W1,1 —Wa4g = 2)\3 — 2)\1 — )\4
. 4
Ay Wy 4 = W24 + w33z — w11 —Wig = Ao+ A3 — 201 — M4

4
W3g=wsatwssz— w1 —waa =2 3 -2\ — Ay

The weights are here described in terms of the weights w; ; = 20 + A; — A1 on Ank
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12.1.1 Thecasek=n=2

In this case there are only two relevant monomials in the Chern classes c¢1, co of the tautological
bundle Ogﬂ to calculate integrate, since they must have weighted degree k(n — 1) = 2. These
are co and c2. We integrate both.

We start by integrating the form a = ¢y via Theorem 8.7. We use the description of

weights given above, and will be very detailed in this first calculation.

/ c2 = Res Res — (zln_ z2) - c2(21, 22)
CHIbS (%) e Hj=1 [Tz (A = 25) - W%Jw%,z
= Res Res (21 — 22) - 2122

FEeoF0=ee H§:1 [T (N = 25) - (221 — 22) (22 — 21 + 20)

21— Z9) - 212 -1 2z 221\ 2
= Res Res k;(fi n2) 1<2 73(14_714_(71) +0)
21=00 29=00 Hj:l Hi:l()‘i _ Zj) z5 29 Z9

.(1+ﬁ+(;)2+...)(1+Q+(§)2+...)

2 2 Z2

21
Res -(1
Z21=00 ()\1 — 21)(>\2 — Zl) ( )
Al )\1 2 >\2 )\2 2
= — — (1 — — 1 -z -z
Z]i:{:eso A1 %( +2’1+(21> + )( +,214»(2,’1) + )
=1.

This result validates our Corollary 9.12, where the intersection number 1 was obtained via
complete different methods.

We proceed by integration the form o = ¢? via the same methods.

— . 2
/ c; = Res Res = (1 — %) (214 2)
CHilbg(C?) Fo=00 2=00 Hj:l [Tz (N — z5) 'w%,lwg,z

3 2, 2 .3 _ 2
_ 20 + 2{20 — 2125 — 25 —1 221 221
_21{265021%:62 k=1 rn 23(1+Z +(Z ) +)
! 2 Hj:l [Tz (N — z5) %2 2 2

.(1_’_&4_(ﬁ>2+...)(1+&+(&)2+...)

z9 Z92 %) z2
le+(221+A1+>\2)
21=00 ()\1 — 21)()\2 — 2:1)
321

|
|
%
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12.1.2 Some cases k=n = 3,4

We start by fixing kK = n = 3 and integrate the form o = x3.

/ c2 = Res Res (21 — 22)(21 — 23) (22 — 23) - (212223)°
oz - k n
CHilbg(C?) zo=ooz=c0 TT0 TTimi (N — 25) - wf w3 hw3 sw3 5
IS G O CREN I & =
FEee Hj:l H?:1()‘i - Zj) (221 — 22) (22 — 23)?
1 _ 2.2
= Res Res —— (n )(21 — 22)21 23
21=00 22=00 Hj:l Hi:l(/\i — Zj) . (221 _ 22)
—1)22
= Res n(#
zi=c0 [ (A — 21)
=1

validating Corollary 9.12. The calculation of the case of n = k = 4 and a = ¢} follows the

/ =1,
CHilbj(C*)

same lines, and one obtains also

validating again Corollary 9.12.

12.2 Some cases n < k<4

In this section we focus on examples where n < k. We offer both a calculation via a full blow

up trees 7T, and a calculation using equivariant Poincare duals.

12.2.1 Blow up trees for n < k=3

We have already described the blow up procedure in the case n = k = 3 in Example 7.3.
We know from Section 7.2 that the tree 733 is obtained from 733 by removing branches
containing some b3 ;. The blow up tree 73 3 then takes the following form

Ag 3

)

|

(bl,lab2,2)

b‘l}/ b2,2

(b1,1,b2,3,b3.3) (b1,1,b2,2,b3,3)

/N e

(b2,2,b2,3,b3.3)

/N

Here empty leaves in the end illustrate that the pullback of the Berczi-Szenes model ¢33 to
the leaves is well-defined. We choose not to label the edges since there is an edge for every

generator of the ideal.
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From this blow up tree 73 3 we calculate via Theorem 8.1. In the above illustration of
the blow up tree, we the leaves by by a double index (I,m) with [ € {1,2} and m € {1, 2, 3}
according the branch. For m the numbers 1,2, 3 are ordered by the order given in the ideal
of the last blow up. In this sense, we denote the pullback of the weights w; ; by wfgn These
weights are illustrated in the follwing table. Since certain weights will pull back to 0, we

insert weights ¢; ; the relevant variables by o and ba 3 (see Section 6.6):

b1, b2.2 b2 3 b33
(1, 1) 20 + A1 Ao —2X1 + 120 A2 —2A1 + 123 A3 — 2\
(1,2) | 2\ — Ao —bas Ao — 2\ +fos —fos 20+ A2 M+l A — e —bag
(1, 3) 2M1 — A3 Ao —2)\1 + o2 Ao — A3 + to3 20+ A3 — A\
(2,1) | 2\ — X2 —t22 20+ A2 — A1 + 22 ta,3 —l2,2 A3 — 2A1 — 129
(2,2) 20 — A2 —ta3 too — 123 20+ X2 — A1 +ta3 Az — A2 —t23
2, 3) DYDY A2 — 201 + f2 No — A3+ fasg 20+ A — M

We recall that wq ; = (j — 1)z for j = 2,..., k and by construction (in particular, by Section

6.5) we have also wizn = (j — 1)20, so that

Furthermore for a leaf L = L™ in T; 3 associated to an index (I,m) we have

crop(To, . '™ =[] wi .

1=i<j<k
Now, fix the form o = cg. We calculate then
3 9L 0[,)
Ig(z1,...,26) i = Res (k— 1)z " 01, 0%)
B2ty 2k) s = Res (k= 1)lz7" Y T

Lel
= =667 —40X2Xg — IAA2 — A3 — 130303 — BA A2 )3 — A2)s

+ terms depending on ¢35 or ¢33

and then by Theorem 8.1 we get

1
3
Cy = 3 3 IE(ZU.1720.27ZU.3)
/CHilbé((CS) 023 Hj:l Hi:j-}-l()‘ﬂ-i - )\o.j)

=17

For n = 2 and k = 3 we obtain the blow up tree 73 3 from 73 3 by removing all branches
containing an edge labeled with some b3 ;, and removing these variables from the description
of the ideals. Hence 73 3 has the shape
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Aoz

|

(b1,15b2,2)

1?‘1}/ ba.2

(b1,1,b2,3) (b1,1,b2,2)

/\ o

(b2,2,b2,3)

/\

It follows that the table of weights wﬁ:;” is also just the relevant subtable from that of the
n =k =3 case

b1,1 b2,2 ba3
(1, 1) 0+ M N2 — 201 + fos e — 2\ + fag
(1,2) | 2X1—A2—tas A2 —2M +taa—tas 2o+ Aa— A +ta3
21) | 20— Ao —fas 2ot Ae— A1t ias fos — tas
(2,2) | 20 — A2 —tas tos —tos 20+ A2 — A1+ las

Fix this time the form o = ¢} and calculate

0L, ... 0k
Ig(z1,...,26) i = Res (k— 1)z~ " o, ... o)
2p=00 Ler Ctop(TOLL)

= 22)\; + 62 + terms depending on t2 2 or to 3

We obtain then from Theorem 8.1

/ ¢y = —16.
CHilb}(C2)

12.3 The casesn < k=4

In Example 7.3 we have given part of the blow up table 74 4. We present this branching here.
Due to the size of the full blow up tree 744, we will not present it fully. The First part of
the tree 744 is exactly T3 3 given above. One then has to consider the six branch extensions
of T3 3. The following is the extension of the edge labeled b3 3. We have omitted the very last
arrows; one interprets here that each generator coordinate of the verylast ideals correspond
to an affine chart (a leaf).
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(b2,2,b2,3,b3.3)

Jb&s

(b1,1,b3,3,b3,4,b4.4)

Jbl,l

(b2,2,b2,3,b3,3,b2.4,b4.4)

}/ 23

(b1,1,b2,2,b2.3,b2.4,03 4,b4,4) (b1,1,b2,2,b2.3,b2.4,b3 4,b44)

(b3,3,b2,4,b3.4,b4.4) (b3,3,b2,4,b3.4,b4.4)
(b3,3,b2,4,b3.4,b4.4) (b3,3,b2.4,b3.4,b4.4)
(b3,3,b2.4,b3.4,b4.4) (b3,3,b2.4,b3.4,b4.4)

The other five extensions are about the same size (that is, the same number of blow ups).

Via these blow up trees, we calculate for instance

/ ¢} = 125.
CHilb3 (C?)

Recall that Hilbf (C?) = CHilbE (C?2) by [16]. We have thus verified the following conjecture,
which was proposed to the author by Marcel Békstedt, in the cases k = 3,4, 5 in this chapter.

Conjecture 12.1. For all positive integers k, we have

/ (OB ™ = () 1k2,
Hilbk (C2)



Chapter 13

Final comments and further studies

In this concluding chapter we discuss some further directions of study extending upon results

in this work. Some of these ideas are also noted in the preprint [11].

13.1 Positive characteristic chark > 0

We have assumed throughout this work that the base field k is algebraically closed and of
characteristic char k = 0, but essentially the same methods used in this work can be applied
to the positive characteristic case chark > 0 as well.

The first thing to understand in this case is the change of the Berczi-Szenes ¢ : Ji(1,n) —
Grassk(@le Sym’ C™) model described in the Chapter 2. Explicitly, under the composition
with the Pliicker embedding into projective space, we have written ¢ with polynomial
coefficients on basis elements e, in Sections 6.1.2 and 6.2, and one must study which
monomials vanish in case of characteristic char k > 0. This amounts to studying the number
of compositions |perm(p)| representing the partition p and products of such (which is the
coefficient of the monomials). In particular, since these numbers are bounded from above
(far from being optimal by e.g. 1!--- k! for fixed n and k, we obtain that for very large prime
chark = p > 0 no terms vanish in the expression of the model.

With these considerations in mind one may immediately study again which monomial
ideals m € Hilb% (k") satisfy that € CHilb% (k™) via the Berczi-Szenes model ¢. Since no

terms vanish in the model for chark > 0, we obtain directly the result

Theorem 13.1. Let k be an algebraically closed field with chark = 0 or chark > 0.
If m € Hilbf (k™) is a monomial ideal, then m € CHilbg (k™).
A far from optimal bound for which the statement holds is chark > 1!--- k!

As stated in the introduction, we obtain immediately the

Corollary 13.2. Let k be an algebraically closed field with chark = 0 or chark > 0.
The punctual Hilbert scheme Hilb%(C") is connected.

Regarding the results on integration on the curvilinear Hilbert scheme CHilbf(C™) the
main issue is that the non-reductive GIT theory developed in [6, 7], which our integration
methods rely heavily upon, requires char k = 0. Should this non-reductive GIT theory be
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extended to positive characteristic in the future work, then these methods will once again
apply more or less directly. To be precise, in case of char k > 0 it may happen that some terms
vanish in the model, and in this case the exact blow up algorithm described in Chapter 7
still applies, and if some monomials vanish in the model, then the blow up algorithm may

even be reduced to a smaller blow up tree (see Section 7.2).

13.2 Hierarchy of singularities

To any monomial ideal with corresponding algebra A™ € Hilbg+1 (C™) the ideas of the Berczi-

Szenes model constructed in Chapter 2 extends to construct a similar model ¢™ : Jx(u,v) --»
Grassk(SymS‘”()‘) C™) for suitable u > m and v, where A = (A, A1, ..., Ax) represents the
n-dimensional Young diagram formed by k + 1 boxes (or equivalently coordinates in ZZ)
each corresponding to a basis element of A™ (the usual visualization of boxes under the
staircase formed by m), and w(X) = 1+ max(i : m’/m**1) with m the maximal ideal of A™.
At last, Jx(u,v) is the set of equivalence classes of holomorphic maps f : (C*,0) — (C",0)
where f ~ g if and only if f(5)(0) = ¢(4)(0) for all € XA This construction is explained
in [5][Section 4.1]. Writing the map ¢™ explicitly with coefficients on basis elements e, it
is the case that some of the monomials appearing in the model ¢ of Chapter 2 are simply
left out of the model ¢™ (as was the case in positive characteristic described above, but for
different reasons).

One may then apply the same techniques as have been used here. In particular, one finds
again that for all complete “toric” (a special class of sequences of partitions, but now quite
with the same meaning as otherwise used in this work) 7, the basis elements [e,] are in the
closure of the set {¢ € Hilby ™ (C") | € ~ A™} c Hilby ™ (C"). We offer an

Example 13.3. Consider the monomial ideal m = (2*, 2%y, 4?) € Clx, y] with algebra A™ =
Clz,y]/m € Hilb5(C?) represented by the basis elements A™ = (1, z, 22, 2%, y, xy). Give z
and y the coordinates (1,0) and (0, 1), respectively, and associate accordingly coordinates

(0,0),(1,0),(2,0),(3,0), (0, 1), (1,1).

Let Ag,...,As be unit boxes with lower left corner in each of these coordinates (say, in
the given order) forming the Young diagram A of A™ with w(A) = 4. The model ¢™ :
Jx(u,v) --» Grass;(Sym=**) C") takes the form

(1110, V20, V30, V01, U11)

2 3
— Span(vig, V20 + Vig, V30 + 2010020 + V3, Vo1, V11 + 2V10V01)

(observe how these expressions are determined via the “partitions” of each coordinate inside A,
as explained in [5][Section 4.1]). Being a model for A™ it satisfies (among many other things)
that Tm ¢™ ~ Hilb%.. (C®) := {€ € Hilb3(C?) | € ~ A™} C Hilb5(C?).

Denote by ejg, €20, €30, €01, €11 the corresponding basis vectors of C® and consider a

diagonal torus 7' acting on these. Define a T-invariant W & Grass5(Sym§“()‘) C®) to be
toric if
W e {¢™ (vi0,v20, V30, Vo1, v11) | vj € Span(e;) for all j € A},

where ¢™ is given above.
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To a T-invariant W we associate also a diagram of boxes — each box with coordinate
corresponding to a basis element of W. We say that W is complete if the diagram if in fact
a Young diagram (that is, the diagram has “no holes”. As in Lemma refassComplete this
property corresponds to associativity of the corresponding algebra).

An argument similar to e.g. that of Chapter 11 yields that every T-invariant toric and
complete W € Grasss(Sym=*N) C5) satisfies W e Hilb%,.. (C?).

We consider the polynomial ring R = C[z1,...,z5] and let I be a monomial ideal in R
with corresponding algebra local algebra (A, m).

If m has 5 generators then we may take W = Span(ejq, €20, €30, €01, €11) which is toric
and complete, and hence W € Hilb%,. (C?).

If m has 4 generators there are two isomorphism classes of monomial algebras in Hilb5(C?),

and we may take the toric and complete spaces
-11.6
Span(e1o, 6307 €30, €01, €11), Span(e1o, €20, €10€20, €01, €11) € Hilbjym (C5)-

When m has 3 generators there are four isomorphism classes of which only three are apparent

as toric and complete spaces

2 3 2
Span(610> €105 €105 €01, 611), Span(elo, €105 €305 €01, 610601)7

116 5
Span(eio, €20, €10€20, €01, €10€01) € Hilb . (C°).

At last, we note that obviously also A™ € Hilb%.. (C?).

We show that the remaining possible monomial algebras (up to isomorphism) are not
in A™ € Hilb%.. (C®). Suppose that the algebra A = R/I with basis (1, Ey,..., E5) contains
two pure squares; by which we mean that e.g. E3 = E? and E; = E3. We claim that
A ¢ HilbC,.(CP). if W € Tm ¢™ is T-invariant then vy € Span(e;) for some fixed & € \.

Observe that any monomial expression of the basis elements (in the image of ¢™)
2 3
V10, V20 + V10, V30 + 2V10V20 + V1 Vo1, V11 + 2010001

in Sym?(C®) is divisible by vyg. Thus, if W has a basis element w € Sym?(C?), we must have
w = e;e; for some j € A. We see that W cannot contain two pure squares as claimed.

Consider now the ideal I = (23,23, 23, 24, 5) for which the algebra A contains a non-pure
elements of Sym® C? corresponding to z2z5 € A. By analyzing again the expression of ¢,
we see again that this is not possible so R/I ¢ Hilb%.,.(C®). These two arguments together
show that if m has 2 generators then A € Hilb%,,(C%) = A = A™.

A similar analysis shows that if m has 1 generator then A ¢ Hilb{(C?).

These considerations completely determines the hierarchy of monomial singularities with
respect to A™, i.e. determines which monomial ideal are — and which are not — in Hilb%.. (C®).

¢

In the above example no extension of algebras were needed. However, this was a crucial
trick for constructing T-fixed points in Morin case A™ = CJ[t]/(t™), and so such extension are
probably needed in the hope of characterizing T-fixed points in {£ € HilbgH(C”) | € ~ Am}
via the midel ¢™. On the other hand, the issue is only that of obtaining a toric algebra, and

in this respect trivial extensions (as described in Section 10.1) should always be enough. The

problem would then be reduced to characterize the (isomorphism classes of) monomial ideals
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{¢™ (Uays ..., 0x,) | v € C" for all j € A},

which is simply combinatorics.

13.3 Cayley’s formula — counting graphs

In Chapter 12, we showcased some calculations for relatively small parameters n and k. We

ended by stating the Conjecture 12.1
k—1 1k
/ e (08) = (F)

Hilbk (C2)

relating a certain integral on the punctual Hilbert scheme on surfaces with the numbers of
Cayley’s formula for counting trees. It would be very interesting to verify the conjecture
for larger numbers k. In the positive, a geometric understanding of this relation in which
Hilbf (C?) is related to graphs would — to the author’s best knowledge — be a new direction.
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