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PREFACE

With this dissertation, I conclude my PhD studies at the Department of Mathematics, Aarhus
University, lasting from August 2021 to July 2024. It consists of the following four papers:

Paper A Optimal parameter estimation for linear SPDEs from multiple measurements.
To appear in the Annales of Statistics.
Preprint available at arXiv (arXiv:2211.02496v2).

Paper B Nonparametric velocity estimation in stochastic convection-diffusion equations
from multiple local measurements.
Preprint available at arXiv (arXiv:2402.08353v1).

Paper C Multivariate change estimation for a stochastic heat equation from local measure-
ments.
Working paper, a preprint will be available soon.

Paper D Parameter estimation in hyperbolic linear SPDEs from multiple measurements.
Preprint available at arXiv (arXiv:2407.13461v1).

Besides minor changes in layout, numbering, typesetting and correction of typing errors, those
papers correspond to their revised or current versions, respectively. All of the articles were joint
projects where both research and writing stage did not follow any strict work division and I have
contributed extensively to those phases in all four papers.

That being said, I could not have written these articles nor this dissertation without all the
wonderful people who supported me on that path during the last three years and beyond that.

Let me start with my main supervisor Claudia Strauch. I am very grateful for everything
you helped me with. Not only did you find the time to discuss many of my numerous scientific
problems and assisted me in the best imaginary way in all bureaucratic matters a PhD consists
of, but you also cared for my general well-being. Clearly, the dissertation would not have been
possible without you.

Next, I want to thank all my colleagues here in Aarhus for little chats during the day and for
teaching me the hard way that ropes and hands don’t go well together. Special thanks goes to
my office mates Péter Juhasz and Emil Dare for sharing the struggle of a PhD’s life together. I
also want to point out Niklas Dexheimer and Lukas Trottner for your valuable ability to cheer
me up, for refreshing coffee breaks and for 'lending’ me your thesis template.

Furthermore, I want to express my gratitude to Markus Reil3 for the opportunity to join his
working group during my change of research environment at Humboldt University of Berlin in
autumn 2023. It was a warm welcome right from the start and a really productive time period.
In this context, I would also like to mention Gregor Pasemann, Sascha Gaudlitz and Eric Ziebell
with whom I had many fruitful discussions on SPDEs and related topics.

Many thanks goes to the people I met and the friends I made in Aarhus in the last three
years through the local volleyball club, during countless boulder-sessions or in the language
school, exploring the difficulty of Danish together. Special thanks goes to Lara for your sunny
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disposition and wisdom to life and to Daniela for being the lovely and inspiring human being you
are. Without you I probably would never have got to know Mellemfolk - a non-profit plant-based
café in Aarhus operated by volunteers - where I spend many hours of my free time in the last
six months. I would like to name all of the people working there but then this preface goes on
forever. So let me just say that you creating such a wonderful and welcoming community, that
you all are doing amazing work and that I will miss that place very much.

But speaking of friends, I would also like to acknowledge all the constant support that I
received from my friends from Germany. To reply to one of them—Lukas—hopefully you can
call me officially 'Doktor Anton’ very soon. Thank you all for visits in Denmark, for wonderful
evenings in Berlin, for dramatic DnD-sessions, and also for long-distance activities such as
scientific settlement placements, magnificent monster hunts, chivalrous crusades, legendary
league clubs, sensational shootouts and abyssal adventures. Special thanks goes to Thorsten,
Ally and Robert 'der Hiihne’ as even moving to Aarhus would have been difficult without your
help.

Lastly, I want to thank my family. I thank my older sister Marzelline, her husband Robert and
their two little kids Aurelia and Konstantin for their support in reaching my goals, my younger
sister Frenilla for always bringing joy to my life and my parents Karoline and Sven for long
phone calls, advice to all kinds of situations or, more general, for raising me to be the person I am.

Anton Tiepner
Aarhus, July 2024



ABSTRACT

Stochastic partial differential equations are a multifaceted field where both theoretical and
applied problems arise. While there is a rich literature on analytical and probabilistic matters,
works on statistical aspects are limited, leaving many research questions unanswered. This
dissertation aims to bridge some of these gaps by exploring the statistical potential of the novel
local measurement approach.

Paper A is devoted to the joint parameter estimation for coefficients in a linear stochastic
convection-diffusion equation. A modified log-likelihood approach leads to an asymptotically
normal estimator and the derived central limit theorem generalises previous results. Robustness
and applicability of the estimator are discussed. Moreover, minimax rate-optimality, i.e., a lower
bound with the same rate of convergence, is established based on innovative insights on the
reproducing kernel Hilbert space of the stochastic heat equation and its relation to the Hellinger
distance between Gaussian measures.

Paper B examines nonparametric estimation of a spatially varying velocity. The constructed
pointwise estimator is motivated through a local log-likelihood approach, and weight functions
known from nonparametric regression are introduced. The estimator is decomposed into bias
and variance components which are balanced through an additional bandwidth parameter.
Under Holder smoothness conditions, classical nonparametric convergence rates are achieved
and their optimality is verified through an adaptation of the lower bounds approach in Paper
A. Furthermore, the estimation procedure is extended to both integrated risk and unknown
diffusivity level.

Paper C addresses multivariate change estimation for the stochastic heat equation where the
discontinuous diffusivity has a jump occurring at some hypersurface. An estimator for the change
area is constructed by a CUSUM approach. It consists of the union of optimally chosen pixels.
The quality of the estimator is evaluated in terms of the symmetric difference pseudometric.
Its analysis depends on the area’s underlying complexity, i.e., its boundary roughness, and on
the concentration of empirical processes. The results are discussed for the special cases of both
graph representation and convexity of the change area.

Paper D focuses on hyperbolic stochastic partial differential equations, and the considered
second-order Cauchy problem is given by an elastic system, whose intensity and energy devel-
opment is characterised by unknown parameters. Combining methods and ideas from both
parabolic and hyperbolic equations, a joint central limit theorem for the unknown coefficients
is established. The derived convergence rate reflects the impact of the system’s damping, i.e.,
energy loss, as underlying coefficients are more difficult to identify when the magnitude of the
damping increases.






RESUME

Stokastiske partielle differentialligninger er et komplekst felt, hvor bade teoretiske og anvendte
problemer opstér. Selv om der findes en omfattende litteratur om analytiske og sandsynlighed-
steoretiske emner, er der begraenset arbejde inden for statistiske aspekter, hvilket efterlader
mange forskningsspgrgsmal ubesvarede. Denne afhandling sigter mod at udfylde nogle af disse
huller ved at udforske det statistiske potentiale ved nye lokale malemetoder.

Artikel A er dedikeret til simultan parameterestimation for koefficienter i en linear stokastisk
konvektions-diffusionsligning. En modificeret log-likelihood tilgang ferer til en asymptotisk
normal estimator, hvor den afledte centrale greensevaerdisatning generaliserer tidligere resultater.
Robustheden og anvendeligheden af estimatoren diskuteres. Desuden fastleegges minimaks
rate-optimalitet, dvs. en nedre greense med samme konvergensrate, baseret pa innovative
indsigter om reproducing kernel Hilbert space for den stokastiske varmeligning og dens relation
til Hellinger-afstanden mellem Gaussiske mal.

Artikel B undersgger ikke-parametrisk estimering af en rumvarierende hastighed. Den
konstruerede punktvise estimator er motiveret gennem en lokal log-likelihood tilgang, og veegt-
funktioner kendt fra ikke-parametrisk regression introduceres. Estimatoren dekomponeres i bias-
og varianskomponenter, som balanceres gennem en ekstra bandbreddeparameter. Under Holder
glathedsbetingelser opnas klassiske ikke-parametriske konvergensrater, og deres optimalitet
verificeres gennem en tilpasning af den ovenfor navnte nedre granse tilgang. Endvidere udvides
estimeringsproceduren til bade integreret risiko og ukendt diffusivitetsniveau.

Artikel C adresserer multivariat 2andringsestimation for den stokastiske varmeligning, hvor
en diskontinuerlig diffusivitet har et spring, der forekommer ved en hyperflade. En estimator for
@ndringsomradet konstrueres ved en CUSUM-tilgang som foreningen af optimalt valgte pixels.
Kvaliteten af estimatoren evalueres i forhold til den symmetriske mengdedifference. Analysen
afhaenger af den underliggende kompleksitet, dvs. omradets greenseruhed, og koncentrationen af
empiriske processer. Resultaterne diskuteres for de specielle tilfeelde af bade grafreprasentation
og konveksitet af endringsomréadet.

Artikel D fokuserer pa hyperbolske stokastiske partielle differentialligninger, og det resul-
terende andetordens Cauchy problem gives ved et elastisk system, hvis intensitet og energiforbrug
karakteriseres ved ukendte parametre. Ved at kombinere metoder og ideer fra bade paraboliske
og hyperbolske ligninger udledes en simultan central grensevardisatning for de ukendte ko-
efficienter. Den afledte konvergensrate afspejler systemets dempning, dvs. energitab, idet de
underliggende koefficienter er sverere at identificere, nr deempningens storrelse gges.

vii






INTRODUCTION

In my PhD studies, I worked in the project ’Exploring the potential of nonparametric modelling
of complex systems via stochastic partial differential equations’ financed by the Carlsberg
Foundation Young Researcher Fellowship grant. Two key ingredients of this thesis project
are given by stochastic partial differential equations (SPDEs) and by (nonparametric) statistics
which unite my written papers in this time period.

In the following chapter, I give a brief introduction into the world of SPDEs in Section 1.1,
and I also present some of the current state of the art on their statistical aspects in Section
1.2. There I will discuss, among other things, the observation scheme of local measurements
which was employed in all four papers. The subsequent sections provide an overview of the
frameworks, main results and methodologies in the different articles.

1.1 InTrODUCTION TO SPDES

When explaining SPDEs to non-experts on that field, I often motivate them either as deterministic
partial differential equations (PDEs) with additional dynamical noise or as the limit N — co of
N-dimensional stochastic differential equations (SDEs) with a specific type of drift structure. I
will portray these motivations in detail below.

While trying to avoid unnecessary technicalities, let me start with a brief and abstract
definition of SPDEs, see, e.g., [19, Chapter 6]. Consider the equation

{X(t, X) = AX(t,x) + f(t,x) + BW(t,x), O0<t<T, xc€H, wn

X(0) = Xo,

on a Hilbert space H where A: D(A) Cc H — H, B: D(B) € H — H are linear operators, Xy is
an H-valued Fy-measurable random variable, f is a predictable processes and W is a cylindrical
Brownian motion on H inducing the white noise W in time and space. The equation (1.1)
belongs to the class of additive SPDEs, meaning that the volatility operator B is independent
of the H-valued predictable solution process X = (X (t))o<¢<7. Heuristically, the first temporal
derivative of the process X corresponds to some spatial derivatives of X, given through the
(differential) operator A, a source or nonlinear term induced by the process f and a driving
force, i.e., the (colored) noise BW.

SPDEs find application in many real life phenomena. Examples include microscopic particle
movement [42], surface temperature fluctuation [34], fluid dynamics [52], neuronal response
[56], biomass concentration [20] or wave evolution [10] on, for instance, mechanical, electro-
magnetic or acoustic level. As a common factor, SPDEs model systems which have both spatial
and temporal changes while also accounting for random effects.

As the cylindrical Brownian motion W is not differentiable in time, W is mathematically not
well-defined and (1.1) has to be understood in the sense of a stochastic integral. From a technical
point of view, one distinguishes between the three solution concepts of analytically strong, weak
and mild solutions, each characterising the solution to (1.1) in a different sense. Interestingly, the
terms of analytically strong and weak solution do not correspond to probabilistically strong/weak
solution concepts in classical SDEs. Rather, the weak solution in an SPDE sense is closely related
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2 CHAPTER 1. INTRODUCTION

to weak solutions in the PDE theory, that is (1.1) only holds for functionals (X(t), @), i.e.,
when X is tested against certain (smooth) test functions ¢. Furthermore, mild solutions can be
obtained from weak solutions by the variation of constants formula and vice versa given that
some regularity assumptions are satisfied. A more detailed overview on underlying solution
theory to SPDEs, cylindrical Brownian motions and definitions of the stochastic integral can be
found in the books [19, 41, 45].

In what follows, the Hilbert space H is given by L?(A) for some open subset A ¢ RY, A
is some differential operator parameterised by an unknown function §, which is the target of
estimation, the source term f vanishes and B corresponds to the identity id on L2(A). These
restrictions are made to unify the framework throughout this introduction. They are aligned
with the settings of the four papers.

1.1.1 Motivation via PDEs

As outlined, I informally explain in this section, how deterministic partial differential equations
are connected to their stochastic counterpart (1.1). Prototypical PDEs are discussed in Example
1.1 and a graphical illustration is present in Figure 1.1.

PDEs arise in a vast variety of phenomena in, for instance, physics, chemistry, biology or
geoscience. They are processes in both time and space. An important class is given by the
continuity (or transport) equations, where the time derivative equals the divergence (spatial
derivative) of some vector field. For a fruitful and detailed discussion on PDEs, I can recommend
the monographs [21, 53].

Linear parabolic PDEs are usually formulated as an abstract first order Cauchy problem

U(t,x) = AU(t,x), 0<t<T, xE€A, (1.2)

which can be solved under the specification of initial and boundary conditions. The differential
operator A is the infinitesimal generator of a strongly continuous semigroup (S(t));>o and the
mild solution to (1.2) is given by

U(t,x) =S(t)U(0,x), O0<t<T, xeA.
Some simple examples of linear PDEs include the following.
Example 1.1.

(i) Heat equations
U(t,x) =9AU(t,x), O0<t<T, x€A,

model the diffusion of heat or particles. The diffusion speed is determined by the diffu-
stvity 8 > 0. The spatial movement is entailed by the Laplace operator A = 2?21 82/ 8xi2.
Given Dirichlet boundary conditions and the initial condition U(0) = Uy € L*(RY), the
fundamental solution on A = R is explicitly given as a convolution with the heat kernel

qc(y) = (4mt) =42 exp(—|lylI?/ (4t)), i.e.,
U(t,x) = (qoe *Ug)(x), 0<t<T, xeR%L

(ii) Convection-reaction-diffusion equations

Ut,x) = (V-3V+92-V+I)U(t,x), 0<t<T, x€A, (1.3)
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additionally account for spatial transportation via the velocity 95: A — R? and damping
(or amplifying) described by the reaction coefficient §3: A — R. Stochastic versions of
(1.3) are discussed in Paper A, B and C.

(iii) Linear second-order Cauchy problems result in a coupled PDE

i(t,x) = Au(t,x) + Bu(t,x), O<t<T, xE€A,
u(t,x) =v(t,x), O0<t<T, x€A,

which can be transformed into a first-order problem by the transformation
U(t,x) = (u(t,x),v(t,x)) T, leading to

U(t,x) = AU(t,x), O0<t<T, x€A,

for the matrix-valued differential operator
0 I
A= (A B)'

The elasticity operator A models the deformation and the dissipative operator B describes
the energy development of the coupled system. Prototypical examples are provided by

(@) the (undamped) wave equation: A = §A, B = 0 with the wave speed § > 0.
(b) the structurally damped plate equation: A = 9;A%, B = 9,A, where 9; < 0, 95 > 0.

Stochastic second-order Cauchy problems are investigated in Paper D.

When adding noise to PDEs to account for model misspecifications or observational errors,
there is a fundamental difference whether the noise enters (1.2) dynamically (SPDE) or ob-
servationally (PDE with added observation noise). A graphical illustration in the case of the
convection-reaction-diffusion equation in Example 1.1 (ii) can be found in Figure 1.1. It can
be seen that both the PDE with added noise and the SPDE retain the striking bright heat flow
of the deterministic PDE. On the other hand, the dynamical noise in the SPDE provides more
complex structures, leading to visible 'butterfly effects’ and highly flexible data dynamics, for
which the noisy PDE does not account for.

Figure 1.1: Comparison of a realisation of a convection-reaction-diffusion equation. Time is
marked on the x-axis and space on the y-axis. Initial heat concentration in the one-dimensional
domain A = (0, 1) diffuses and is transported in space over time; (left) no noise; (middle)
observational noise; (right) dynamical noise.
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1.1.2 Motivation via SDEs

Another starting point to motivate SPDEs is given by stochastic differential equations which
already include a random forcing term. Conceptually, the solution to an SPDE is a function-valued
process whereas the solution to an SDE is only an N-dimensional process in time. When N is
large and the drift function follows a specific structure, the SDE solution can be interpreted as
an approximate point evaluation of the function-valued SPDE solution at N distinct spatial grid
points. I illustrate this motivation using the example of the stochastic heat equation. Furthermore,
I will discuss statistical aspects of this toy model with regard to the results in Section 1.2.

Generally speaking, SDEs provide a flexible tool to describe the temporal evolution of
processes and find application in, for instance, stock prices or particle movements. The solution
process (Y (t))eso to

dY(t) = b(t,Y(¢))dt +o(t,Y(t)) dW(t), O<t<T, (1.4)

with an RN-valued Brownian motion (W(t))so, a drift function b: [0,T] x RN — RN and
dispersion o: [0,T] x RY — RN*N is also referred to as (Itd) diffusion, already resulting
in a terminological overlap with the diffusivity & in the heat equation from Example 1.1 (i).
The reason for the different meaning of ’diffusion’ lies in the considered perspective. From a
microscopic or atomistic point of view, the movement of particles is characterised by a random
walk. On the other hand, Fick’s law describes diffusion as the movement of quantities from
regions of higher concentration to lower concentrated ones, thus resulting in the macroscopic
PDE perspective.

Under a certain drift structure, which describes specific component interactions, SDEs can
be understood as approximations to SPDEs on a fine spatial grid. Consider the N-dimensional
Ornstein—Uhlenbeck (OU) process starting in 0 and given by the following SDE

dy(t) = SAY () de +dW(t), 0 <t <T. (1.5)
The drift matrix A € R¥*V is assumed to be of the form
-2 1
1 -2 1
A:=(N+1)2 , (1.6)
1 -2 1
1 -2

ie., A forms an approximation based on finite differences of the Laplace operator A with
Dirichlet boundary conditions on (0, 1). When N — oo, the process Y (t) := (0,YT,0)T € RN+2
approximates the L?((0, 1))-valued process X (t) solving the following heat equation on (0, 1)

dX(t) =9AX(t)dt +dW(t), O0<t<T, 1.7)

with a cylindrical Brownian motion (W (t));s0 on L2((0, 1)), cf. [44, Theorem 3.34 and Theorem
5.13].

Such spatial approximations are important, for instance, in the simulations of PDEs and SPDEs,
cf. [44]. They are also useful to motivate the case of continuous space. The one-dimensional
wave equation, for example, can be derived from Hooke’s law. Then, in the overdamped regime,
ignoring the mass of particles, reaction-diffusion equations arise as discussed in [24, Section
2.1]. More generally, SPDEs can be obtained from lifts of diffusion processes, cf. [19, Chapter 0].
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Statistical inference for the toy example

Consider again the equation (1.4). Given a time-continuous record of observations (Y (t))o<¢<r,
the statistician ’knows’ the exact value of the diffusion coefficient o(t, Y (t))o" (¢, Y (t)) through
differentiation of the observable quadratic variation process. This trivial identifiability criterion
holds since the measures induced by different diffusion coefficients are singular. Note that
inference on o(s, x)o" (s,x), s < T, is impossible if x € RN is not visited by (Y (t));<r. On the
other hand, the (non)parametric estimation of the drift coefficient b is not possible in finite time
T < oo and fixed dimension N, even in the simple case of linear drift. I refer to [37] for a general
overview on statistical matters for diffusion processes. Now, if we were to increase the dimension
N, this results in an identifiability criterion in finite time.

I will finish this section with a little teaser on statistical aspects and an enlightening observa-
tion regarding matching convergence rates for the maximum likelihood estimator (MLE) 9 in
the OU model (1.5) compared to the MLE obtained from local measurement observations of the
stochastic heat equation.

It was shown in paper A that the unknown diffusivity 4 > 0 in (1.7) is identifiable with
optimal rate of convergence N~3/2, given N local measurement observations, described in detail
in Section 1.2, at points x, .. ., xy separated by an Euclidean distance of order N~!. The next
result shows that the same rate is obtained in the SDE setting (1.5), when the dimension N
tends to infinity.

THEOREM 1.2. The maximum-likelihood estimator 9 for & in the SDE (1.5), given by

T -1 a7
9= (J Y(t)TA%Y (t) dt) J Y()TAdY (b), (1.8)
0 0
satisfies
3/2 N d 19
Proof. The expression of the MLE (1.8) follows by maximising the Radon-Nikodym derivative,

obtained through Girsanov’s theorem, with respect to 9, cf. [37]. Plugging (1.5) into (1.8)
yields the error decomposition

-1

=9+ (J Y(t)TA%Y (¢) dt) J Y(O)TAAW(2).
0 0

Since the observed Fisher-information
T
J ::J Y(t)TA%Y (¢) dt
0
forms the quadratic variation of the (time-)martingale

IT Y()TAdW(b),
0

it suffices to show the convergence of N=3J — T§~! due to a general martingale CLT, e.g.,
Theorem A.25 in Paper A below. I prove

T
N73E[]] - 3 N~%var(7) — 0, (1.9)
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which implies N=3Js — T9~! in probability as N — oo by Chebyshev’s inequality. By the
variation of constants formula, it holds

t
Y(t) = J S qW(s), 0<t<T.
0
Furthermore, the eigenvalues of the tridiagonal Toeplitz matrix A from (1.6) are given by

A = (N + 1)2(—2 + 2 cos(ka (N + 1)-1)) € (-4(N+1)%,0), k=1,...,N.

Note that for a symmetric matrix B € RN*N with eigenvalues p1, . . ., uy the Hilbert—-Schmidt-

norm ||B||us (or Frobenius-norm ||B||g) satisfies
N
1BlIfs = tr(B%) = > p?.
k=1
Thus, it follows

T T pt
E[9] = [EU Y(0)TA%(¢) dt} B J le? A g ds de
O O o 0

rT t
J ez‘“ks/li ds dt
Jo Jo

[ Ak(zg)—l(emkf - 1) dt

JO

(28)_2(e2‘9”’< — 29T — 1).

>
Il
—_

Observe further that

L _2 , (N+1)2 & kx
N ZAk=—2N (N +1) +2T2cosN+1 -2, N = oo,
k=1 k=1

due to symmetry properties of the cosine function. Since [e*%"* — 1| < 1 when A, < 0, this
yields

T
N73E[I] — g N-oo

As for the variance, Wick’s formula [31, Theorem 1.28] and the Cauchy—Schwarz inequality
imply

rT pt - -

Var(J) =4 Cov(Y (t),Y(s))*dsdt

JO JO

rT pt

t—s 2
=4 (I [e® /2 AA| 2 dr) ds dt
0

JO JO
Jt—s
0

rT pt N
=4
JO JO

2
e‘g(”zr)’l"/li dr) dsdt
k=1



1.2. Statistical inference for SPDEs 7

SINRDY

0
N 2 ZSSAk

<4J J ————dsdt

2
3
"e e 290-9% _ 1)) gsae
k=1

Hence, N~°Var(J) — 0, which proves (1.9). [

Theorem 1.2 demonstrates that time-continuous observations of the high-dimensional SDE
model (1.5) with interacting nodes, i.e., points xi, ..., Xy, on a spatial grid of [0, 1], allow
for the consistent estimation of ¢ where the MLE § achieves the rate of convergence N3/2.
In Section 1.2, I briefly present the spectral, discrete and local observation approaches, each
leading to the same convergence rate. Interestingly, the asymptotics of the SDE setting describe
a system of increasing interaction and intensity in the space-discontinuous process Y whereas
in the mentioned SPDE observation schemes N functionals of the underlying space-continuous
process X from (1.7) are observed which asymptotically results in an improved observational
accuracy.

Remark 1.3. When the heat equation is approximated on a d-dimensional domain instead, the
finite difference scheme gives an N¢ x N¢ dimensional drift matrix A where each entry is again
of order N2. Repeating the previous steps results in the optimal convergence rate N~1/2-1/d,

1.2 STATISTICAL INFERENCE FOR SPDEs

To be best of my knowledge, the first articles on statistics for SPDEs were published in the
mid 80s ([36, 43]). Since then, many researchers have studied all kinds of problems in that
field employing various estimation methods, utilising different techniques and assuming certain
observable structures. While there is plenty of material available by now, many questions are
still open. In the following section, I present an excerpt of some relevant literature related to my
own research, thus I will limit myself on studies of (non)parametric drift estimation in SPDEs in
finite time and non-vanishing noise. Beyond that, I recommend the survey paper [14] and the
website [3] for a more comprehensive overview of the existing literature.

The estimation quality of an unknown quantity 9, e.g., the diffusivity in the stochastic
heat equation (1.7), relies on the amount of observed data. But what is actually observable
in an SPDE? As the solution X(t, x) is a process in time and space, it seems ideal to observe it
continuously in both components, i.e., X(t,x) is known for any 0 < t < T and x € A, which
provides the largest amount of information possible while also keeping all fundamental properties
of the solution. Unfortunately, a full record of observations is rarely possible and usually less
data is available to the statistician. In the following, I will present three different approaches
where discretisations are used.
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1.2.1 Spectral measurements

In the spectral approach, firstly mentioned in [27, 28] and concretised in [29], an SPDE on
A c RY of the form

dX(t,x) = (Ag+9A)X(t,x)dt +dW(t,x), O0<t<T, x€NA,

is considered where Ag and A; are known diagonalisable differential operators having a common
system of orthonormal eigenvectors (ex)r=1 C L2(A) with eigenvalues (11x)r>1 and (Ax)k>1,
respectively. It is assumed that the projection of the solution on the first N eigenvectors are
given, i.e., the first N Fourier-modes (X (t)):<r = ({X(t, ), ex(-)))e<r, 1 < k < N, are observed
continuously in time. This leads to the study of N independent Ornstein—Uhlenbeck processes
satisfying

dXi(t) = (ux + I )X (t) dt +dBi(t), O0<t<T, 1<k<N,

for independent Brownian motions (fx)x>1. The MLE 9 is constructed through Girsanov’s
theorem. The analysis of the estimator 3 relies on the size of the eigenvalues and, consequently,
consistency is only possible if a certain relation between dimension d, the differential order
ord(Ap) and ord(A;) is satisfied. As the eigenvalues of higher-order differential operators are
larger, the corresponding higher-order coefficients become more visible, and they are identified
at faster rate.

Extensions of the spectral approach include, e.g., joint parameter estimation for two unknown
parameters [46], hyperbolic equations [39, 40], fractional noise [13], testing [18], lower-order
nonliniarities [50], temporal discretisation [15] or to the Bayesian framework [11]. A detailed
overview on the methodology is provided by [47].

Due to the elegant decoupling of the spectral observation scheme, the underlying estimation
problem is separated into the study of independent OU processes which simplifies the estimation
analysis. However, there are some drawbacks to the approach. There is, for instance, no known
estimator yet for a velocity from Example 1.1 (ii) in the stochastic convection-diffusion equation.
Furthermore, nonparametric estimation of space-dependent coefficients has not been studied so
far as the eigenvalues and eigenfunctions will no longer be independent of 9. As a final note,
the Fourier modes are usually not directly observable and have to be approximated through
discrete spatial observations instead, cf. [16, p. 2] and [17, p. 2], but a complete analysis of this
idea is still an open problem.

1.2.2 Discrete observations

The access to discrete measurements, on the other hand, is quite natural to assume. Suppose X
solves the stochastic convection-diffusion equation

dX(t,x) = (1A + 3V +93)X(t,x)dt + cdW(t,x), O0<t<T, xe€(0,1),

with unknown constants 91, 95, 93, 0. Given that X(¢t;,xx), 1 <i < M, 1 < k < N, is observed
on a time-space grid, the following can be found.

The estimation of the volatility o relies on the quadratic variation and can be realised via
method of moments or power variation approaches [8, 9, 12]. Furthermore, it is impossible
to estimate both 9; and o if only temporal or spatial increments are available [26, Proposition
2.3]. The reaction coefficient 93, however, cannot be identified in one spatial dimension, even
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if the covariance structure is exploited both in time and space. In that case other asymptotic
regimes such as large time [25], small diffusivity [23], spatial ergodicity [22] or small noise
[32] have to be considered. Joint estimation is treated, amongst others, in [7, 26, 33] leading to
similar rates obtained in the spectral approach if both M and N tend to infinity sufficiently fast.
Discrete measurements are also utilised in the study of a nonparametric reaction-terms [25], in
the two-dimensional framework [54] with colored noise or hyperbolic equations [48].

Despite the accessibility of observations, the methodology is not yet viable in arbitrary
space dimensions since point evaluations are no longer well-defined in dimension d > 2 as the
rough space-time white noise W (t) only induces a distribution-valued solution X (t). Moreover,
nonparametric estimation of the coefficients is again complicated due to their influence on the
eigenvalues in the spectral representation.

1.2.3 Local measurements

Observing the exact value of a process (X(t, x))o<c<7 at a discrete point x € A in space is, in
general, not possible due to physical limitations. Besides from measurement errors induced by
the used measurement device, often only a blurred image is available in optical systems, which is
modeled through a convolution of X with a so-called point-spread function Ks, [5, 6]. Examples
of such locally blurred averages can, for instance, occur when an infrared thermometer with
laser diameter & is used to evaluate the temperature at a small area around x or, alternatively,
in microscopic scaling limits with resolution level §.

Mathematically formulated, a continuous time local in space measurement is defined through

Xsx(t) = (X(t),Ksx), O<t<T, x€A, &>0,

where
Ksx(y) =6k (y—-x)), yeA, &>0,

for some compactly supported function K € L*(R%). The scaling §~%/2 is just taken as a
convenient normalising factor as ||Ksx|[;2(x) = ||Kll;2(rt) and does not affect the estimation
procedure.

Local measurements were introduced in [4], where it was shown that a spatially varying
diffusivity 9 in the perturbed heat equation (convection-reaction-diffusion equation)

dX(t)=(V-9V+b-V+o)X(t)dt +dW(t), 0<t<T, (1.10)

can already be identified at xo € A with rate § upon observing (Xs, (t))o<t<T-

Subsequently, extensions of (1.10) have been studied and the local measurement approach
was successfully applied to semilinear (coupled) equations [1, 2], and practical relevance to cell
repolarisation was investigated in [1]. Furthermore, [30] explored the heat equation driven
by multiplicative noise, [51] analysed a one-dimensional change-point problem arising from a
discontinuous diffusivity and [57] considered the nonparametric wave equation.

The full anisotropic case of (1.10) was studied in Paper A, where we were also interested
in estimation of the lower-order transport and reaction coefficients b and c. It turned out that
consistency for those parameters necessarily requires an increasing amount N = N(§) — oo
of local measurements centred at x1,...,xy € A. Given that the corresponding point-spread
functions Ks ,, have non-overlapping support, this allows for at most N = 5~4 observation points.
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In other words, only data of distinct pixel provides adequate new information. Under such
assumptions, we established a minimax-optimal convergence rate. The verification of the lower
bound relies on a novel approach relating the Hellinger distance of Gaussian measures with the
reproducing kernel Hilber space (RKHS) of the local measurements using the Feldman-Hajek
theorem. This rate matches convergence results obtained in, for instance, the spectral approach
[29], the discrete setting [26] or the described high-dimensional SDE setup in Section 1.1.

To the best of my knowledge, Paper B is the only paper in the literature devoted to the
nonparametric velocity estimation. Based on the results of Paper A, we derived a weighted
estimator from a local log-likelihood approach which is designed to automatically reduce the
bias appearing in the nonparametric framework. This led to the introduction of the bandwidth
h = h(8) — 0. Naturally, we had to face the classical bias-variance trade off and we obtained
minimax-optimality through the optimal bandwidth choice.

In Paper C, we extended the one-dimensional change point problem studied in [51] to its
multivariate equivalent. Primarily interested in the estimation of the boundary of some set A,
i.e., the change interface of a discontinuous diffusivity, we constructed an estimator A, as the
union of optimal pixels (cubes). The estimation procedure was motivated by a CUSUM approach,
common in change point problems, which we combined with ideas from image reconstruction,
cf. [35].

Lastly, Paper D was devoted to the study of second-order stochastic Cauchy problems, extend-
ing the work [57] on the nonparametric stochastic wave equation. Our obtained convergence rate
coincides with the spectral approach [39], but the proofs required different arguments in contrast
to previous contributions. Due to additional smoothing properties of an associated semigroup,
we arrived eventually in between semigroup-structures of heat equations and undamped wave
equations, and neither of the established approaches in these setting was applicable. We dealt
with the emerging statistical problems through functional calculus for operators, discovering
new analytical results along the way.

1.3 PAPER A

Paper A was written in collaboration with Randolf Altmeyer and Martin Wahl. It has started as
an extension of my master’s thesis on parametric velocity estimation from local measurements.
The derived central limit theorem (CLT) and accompanying material has seen major changes
throughout the beginning and its final state which itself forms an exiting result. The significant
novelty, however, lied in the lower bound approach also bypassing a gap in the original paper
[4]. In order to stay consistent throughout the introduction, I replace the number M of observed
measurements in Paper A by N in the following section.

1.3.1 Framework
We studied the stochastic convection-diffusion equation
dX(t) = AgX(t)dt +dW(t), 0<t<T, (1.1D)

on some open, bounded domain A ¢ R, starting in X(0) = Xy € L?(A), driven by space-time
white noise and with Dirichlet boundary conditions. A prototypical example of the second-order
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linear elliptic operator Ay is given by
Ag :191A+192 'V+193

for9; > 0,9 € RY, 93 € R. The goal was to recover the unknown parameter & = (91, 9, 93)" €
Rd+2
We assumed access to the continuously observed local measurement process Xg‘k(t) =

°
(xﬁ,k(t), -xgk(t),xgk(t)) ,wherefor0<t<T,1<k<N,

Xs k() = (X(t), Ks )
X3 (6) = (X(0), VKs ),
Xox(£) = (X (1), AKs ).
Thus, each local measurement Xs  is an Itd process fulfilling
dXsk(t) = 19X§k(t) dt + [|K||j2(ray dWk(t), 0<t<T, 1<k<N, (1.12)

with initial values Xsx(0) = (Xo, Ksy,) and driven by the scalar Brownian motions Wi(t) =
(W(t), Ks )/ lIK|l 12 (ra)- As neither X x nor ng are Markov processes due to the infinite speed
of propagation in space induced by the semigroup (Sg(t)):>0 generated by Ag, the processes
X5k are not independent, even when the driving Brownian motions Wy are. Hence, classical
statistical methods for diffusion processes, see, e.g., [37], fail. However, using a general Girsanov
theorem for multivariate It0 processes and ignoring conditional expectations, we obtained the
augmented MLE

N T
96=3512J X4 (0) dXs i (o), (1.13)
k=10

with the observed Fisher information matrix
N pT

95 = ZJ X§ (0X5 (07 dt. (1.14)
k=10

1.3.2 Main results

In Paper A, we derived three major results. First of all, we were interested in the asymptotic
properties of the estimator (1.13). If the observation points xi, ..., xy belong to a compact
subset § C A and the corresponding localising functions K5, have disjoint supports, then,
under suitable smoothness assumptions on the initial condition X, and K, for some deterministic,
invertible matrix ¥y the following CLT unfolds.

N8N8 - 81))
NY2(95 - 95) | = N(O, [IKIIE gy 25 ), 8 — 0. (1.15)
N/28(83 — 85)

As an immediate consequence, the consistent estimation of 9, and 93 necessarily requires
N2 — oo and N'/2§ — oo, respectively. Combined with the fact that the disjoint support
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assumption on Ks,, restricts the number of measurements to N < §~¢, the seemingly best
convergence rates for 9; are given by §%/2*271 i € {1, 2, 3}. They mirror the rates from both
spectral and discrete setting. In case of the reaction coefficient 93, the rate §%/2-1 explodes in
d = 1 and a boundary case occurs in d = 2, where we instead proved logarithmic rates, when
less restricting smoothing assumptions on the kernel K are imposed.

Since we were also interested in the verification of minimax-optimal in the sense of [55],
lower bounds had to be proven. A key argument for those lower bound considerations is a precise
characterisation of the RKHS of the Gaussian measure induced by the solution to the stochastic
heat equation and the related RKHS-norm. Such findings were derived by a generalisation of
the finite-dimensional Ornstein—Uhlenbeck case and are of independent interest.

It turned out that the rates in (1.15) are indeed optimal. Not only is it impossible to
consistently estimate the velocity 9, from a single local measurement in finite time, but even a
full observation scheme does not allow consistent estimation of 93 in d < 2. This, however, is no
contradiction to the mentioned logarithmic rate in d = 2 due to different assumptions on the
kernel K.

1.3.3 Methodology

A key observation in the analysis of (1.13) lied in the study of the observed Fisher information
(1.14). Indeed, plugging (1.12) into (1.13) results in the error decomposition

85 = 9+ |IK|l 2 (ra) T3 Ms
with the martingale term

N T
Ms = ZJ X4(6) dWi().
k=170

When the Brownian motions Wy, k = 1,..., N, are mutually independent (which holds under
the imposed disjoint support condition) the observed Fisher information Js forms the quadratic
covariation matrix of Ms. By a martingale CLT and Slutsky’s lemma, the CLT (1.15) holds if we
find a deterministic matrix Xy as limiting object of the rescaled Fisher information. In other
words, given a diagonal matrix ps of rescaling coefficients, we had to show that

ElpsIsps] — Zs, Var(pslsps) — 0, & — 0.

These convergences relied upon pointwise convergence of the semigroup to the heat kernel
via a Feynman—Kac approach, rescaling properties of semigroups and operators, (integrable)
semigroup bounds to utilise dominated convergence and Wick’s formula for the variance part.

As the information geometry of local measurements is complex and a Markovian structure of
standard diffusion processes is not maintained, standard MLE optimality results for continuously
observed processes were no longer available. Hence, the lower bounds are based on an innovative
strategy, relating the Hellinger distance of Gaussian measures to properties of their RKHS. The
RKHS computations were mainly achieved under basic operations such as linear transformations.
The combination of the Feldman-H4jek theorem [19, Theorem 2.25] with basic properties of the
Hellinger distance resulted in the desired lower bound, once underlying RKHS-norms, written
in terms of covariance operators between local measurements, were sufficiently well bounded.



1.4. Paper B 13

1.4 PAPER B

Paper B was a joint work with my supervisor Claudia Strauch. The main goal was the construction
and analysis of an estimator for a spatially varying velocity field . This estimation problem, to
the best of my knowledge, has not been investigated before.

1.4.1 Framework

We considered the stochastic convection-diffusion equation (1.11) where the differential operator
Ag is defined through
Ag=aA+3-V+c¢

for the (possibly unknown) constant diffusivity a > 0, the unknown velocity 8 : A — R and
the nuisance reaction function ¢ : A — R. Due to the nonparametric nature of the problem, we
had to adjust the estimation procedure to account for bias-reduction. Motivated through the
augmented MLE in Paper A and a local constant log-likelihood approach, we constructed the
weighted augmented MLE §(x)

- N T T
Bs(x) = —(J’g)-lZwux)(J X500 - [ X (0xT (0
k=1 0 0

with the weighted observed Fischer information matrix
N T
v v
7% = Z wi (x) JO X3 (X5, (07T de
k=1

and weight functions wy : A — R as an estimator for ¢ evaluated at x € A. The estimator is
decomposable into R
9s(x) = 8(x) + (T5) "' Ry — 1Kl 2 (e (T5) T MG, (1.16)

with the martingale part and remainder defined through
N T
= Y wi) | X5 (0 i)
k=1

N T
J%’(; = Z wi(x) L XZk(t)(X(t), (3 =9(x)) - V+div(3) — ¢)Ks x, ) dt.
k=1

An appropriate choice of weight functions was vital and we found inspiration in the classical
local polynomial regression, cf. [55, Chaper 1.6]. Introducing an extra tuning parameter,
the bandwidth h, which enters the weight functions to control the contribution of each local
measurement, the analysis of the decomposition (1.16) was studied under Holder-smoothness
assumptions on 9.

1.4.2 Main results

Given that ¢ belongs to the class of f-Holder continuous functions for g € (1,2], i.e., 9 is
continuously differential with continuous partial derivatives having Holder-exponent 8 — 1, the
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pointwise estimator satisfies
95(x) — 9(x) = Op(h? + (NRD)~1/?). (1.17)

Clearly, (1.17) is optimised for the choice h < N~1/(2£+d) 'leading to the standard nonparametric
rate NP/ (28+d) for the estimator or, in terms of a full observation scheme N < §9, the equivalent
rate §P4/(28+d)  Adapting the lower bound method of Paper A, we were able to verify that
N~P/(2P+d) s indeed the minimax-optimal rate of convergence. Moreover, we also studied
estimation when the diffusivity a is unknown and investigated the integrated risk.

1.4.3 Methodology

Due to the incorporation of the weights wy in the estimation procedure, the weighted Fisher
information J3 no longer forms the quadratic covariation of Mj. In fact, due to the convergence
J5 — X as 8§ — 0, which does not involve any normalisation, the estimation error is solely
induced by the bias term R§ and the variance part M.

Since the square root of the quadratic covariation bounds the order of the martingale M
itself, it was enough to verify for the quadratic covariation process [M%] that

N T
[M3lr = > wi(x)? L Xy (OXT (0T de = 0p(NRD) ), 8 -0,
k=1

to derive the order of the variance term. The proof combines the imposed structure on the
weights, namely Zl,jzl wi(x)? < (Nh?)~1, and calculations close to those made in Paper A for
the summands in the observed Fisher-information.

On the other hand, verification of Ry = Op (h?) was more involved and it was particularly
challenging to prove E[R}] = O(h?). The covariance structure of local measurements depends on
the semigroup (S3(t)):>0 generated by Ajy. Precisely controlling the semigroup approximations
arising from both the variation of constants formula and a Feynman-Kac argument, we considered
the heat kernel instead of Sy in the covariance structure. A major difficulty lied in the difference
3(-) — 9(x) appearing in the remainder R5. This difference was rewritten by a first-order Taylor
expansion with Peano-remainder. Choosing reproducing weights of order one imply under
(anti-)symmetry kernel assumptions that the first-order term of the Taylor series vanishes. To
achieve that we exploited that a convolution with the heat kernel keeps the orientation of an even
(respectively odd) function. Thus, the size of E[R}] is entirely determined by the Peano-reminder
of order O(KP).

1.5 PaPER C

Paper C was a collaboration with Lukas Trottner. We studied the multivariate version of the
change point problem in [51]. As the change interface no longer consists of a single point but
instead is characterised by a hypersurface in space, a different estimation construction had to be
developed.
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1.5.1 Framework
We considered the heat equation
dX(t) = AgX(t)dt +dW(t), O<t<T,
with weighted Laplace operator Ag = V - §V and discontinuous diffusivity
9(x) =9_15_ (x) + 9,14, (x), x € (0,1)%,
where the jump occurs at the hypersurface
I:=3dA_NaA, C [0,1]¢

which separates A = [0, 1]¢ into a partition of sets A, . Local measurement observations X5.05
X, were assumed on a regular spatial grid with observation points x, = §(a — 31), a € [n]
for n = 7! € N. Estimating T is intrinsically related to the estimation of A,, and the proposed
estimator A, consists of a union of closed hypercubes Sq(a) decomposing [0, 1]¢ into n¢ cubes
of edge length §. It is constructed by a CUSUM approach in the following way.

We introduced the modified log-likelihood

9s5.a(A)? (T
6,0'(2 +) J X(‘)'A’a(t)z dt,
0

T
Cs.0(S-, 84, AL) = 95,0 (As) j X2, (6) dXs o(1) -
0

for the decision rule
19'+ Sq [0 C A+ 19'+ 'X(I € A+
Ys.a(Ay) = { ’ () S = { ’ ’

9_, else, 9_, else,

determining where to assign the value 9.. Then, the M-estimator is given by

(5_, §+, K+) € arg max Z Os.a(9-, 94, Ay). (1.18)
(9-,94,A+)€EO_XOL XA, aeln)d

1.5.2 Main results

To quantify how well the estimator A, from (1.18) approximates the truth A%, we considered
the expectation of the symmetric difference’s Lebesgue measure A(A; o A%). The convergence
rate depends on the underlying complexity of the boundary dA?, measured by the set

B = {a € [n]?: Sq(a)° NaA? # 0},

which quantifies cubes Sq(a) whose interior intersects the boundary dA?. Given that for some
B € (0, 1] and some constant ¢ > O the size of B is bounded by

|B| < c§ P, (1.19)
we obtained for some absolute constant C independent of § our main result
E[A(As & AD)] < C8P.

We subsequently showed consistency for the nuisance parameters 99, establishing |1’9\i -89 =
Op(8P/2). The main results was also discussed in two special cases where the hypersurface has
either a graph representation, given by a -Hélder continuous function t°, or is assumed to be
the boundary of a convex set A?. In both cases, the number of tiles covering the boundary is
bounded in the sense of (1.19).
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1.5.3 Methodology

The estimation method was based on a CUSUM approach commonly used in change point
problems. The form of the M-estimator A,, on the other hand, was motivated by related edge
estimation techniques, cf. [35].

To analyse the estimator, we first introduced a minimal deterministic tiling Af, consisting of
unions of hypercubes Sq(a), which covered the truth A? as tight as possible. This enabled the
study of the symmetric difference pseudometric between A, and AJ{ instead which we could
relate to the size of B. In a last step, we controlled the concentration of some underlying
empirical processes, resulting from an estimator decomposition, similarly to [51].

When proving the consistency of the nuisance parameters 92, it is crucial that the underlying
partition is visible, i.e., A(A2) > 0, to identify a jump in the diffusivity correctly.

The smoothness of the boundary dA? determines (1.19). In case of the graph representation,
the boundary fragment was assumed to be -Holder continuous, 8 € (0, 1], providing an upper
bound directly. When A? is a convex set, the boundary can be described locally by a Lipschitz
function. In particular, a vertical ray through the interior of A? intersects the boundary at exactly
two points and those intersections form an upper concave and a lower convex function. An
upper bound of |B| is thus intuitively given with 8 = 1 in (1.19), cf. also [38].

1.6 PaPeEr D

The work on Paper D begun during my research stay at the Humboldt University of Berlin in
autumn 2023 and evolved as a fruitful collaboration with Eric Ziebell. We were interested in
parameter estimation for general hyperbolic equations where both characteristics from parabolic
problems (Paper A) and phenomena of wave equations [57] arise.

1.6.1 Framework

In contrast to the other projects Paper A, Paper B and Paper C, we considered now a hyperbolic
equation, i.e., a second-order stochastic Cauchy problem of the form

{dv(t) = (Asu(t) + an(t)) de+dW(t), 0<t<T, (1.20)

du(t) = v(t) dt,

with amplitude u and velocity v. The elastic and dissipative differential operators Ay and B, are
linear combinations of fractional Laplace operators, i.e.,

p q
Ag = Z 9i(-A)", B, = Z n; (=8P,
i=1

for strictly increasing nonnegative sequences (a;);<p and (f;)j<q. We assumed local measurement
observations

usk(t) = (u(t), Ko,  Usy(t) = (), (-A)"Ksy), 0<t<T, 1<i<p, 1<k<N
A; . .
vs () = (V(0), Ks ), Vg (8) = (v (D), (-A)PiKsy), 0<t<T, 1<j<gq
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which are collected in the vector-valued observation processes
Yo () = (! o A %) eRM, 0<t<T, k=1,...,N
s.k(t) = ua’k(t) ua’k(t) v&k(t) U&k(t) € , <t<T, =1,...,N.

The augmented MLE (95,7s)T € RP* is given by
B (T
(Aé) = 75! ZJ Vs i (t) dus i (t)
ns =1 Y0

where the observed Fisher information matrix is defined through

N T
Js = ZJ Yo (t)Ysk(t)" de.
k=170

An error decomposition results in
s '96) -1
= + [|K I Mg
(Ua) (776 1Kl 12 (mey I

with the martingale part

N T
Mg = Z L Vs, (£) AWk (0). (1.21)
k=1

1.6.2 Main results

Under similar assumptions as imposed in Paper A, we established asymptotic normality, i.e., we

derived _
_1[9s—9) d 2 -1
p6 (ﬁ& _ ’]) - N(O’ ”K”LZ(Rd)Zs’q): 6 - 0’

with normalising diagonal matrix ps € R(P*0*(P+2) given by

N_1/262ai_‘11_ﬂ1’ i<p,
(p5)ii = -1/282Bi_,—B .
N™He§Pi-p=P1 p<i<p+q.

The limiting matrix Xy, is block-diagonal, implying the asymptotic independence between
elasticity and damping coefficients. It depends on the time horizon T like the MLE of the drift in
an Ornstein—Uhlenbeck process in the explosive, stable and ergodic case, cf. [37, Proposition
3.46]. Under a full observation scheme N < §~9, the convergence rates match the rates achieved
in the spectral approach [39] up to some logarithmic boundary cases.

1.6.3 Methodology

We rewrote the coupled system of equations (1.20) as a first-order system

X (1) = Ag X (1) dt + ((1)) AW(t), 0<t<T,



18 CHAPTER 1. INTRODUCTION

for X(t) = (u(t),v(t))". The differential operator Ag ,, defined through

0 I
Aon = (A9 Bn)’

generates a strongly continuous semigroup (Jg ,(t));>0 given by

M(t) N(t) ):(M(t) N(t)) t>0.

Jon(t) = AgN(t) M(t)+B,N(t) M’'(t) N'(t)

The M, N-functions appearing in the semigroup, cf. [49], are generalisations of cosine and
sine operator functions which are related to the solution of the deterministic undamped wave
equation. They have additional smoothing properties in similarity to parabolic problems due to
the damping operator B;, or rather its generated semigroup (eB?)>0 emerging in these functions.
Therefore, controlling the observed Fisher information, i.e., showing

ElpsIsps] — Zs,, Var(pslsps) — 0, & — 0, (1.22)

required a new method as we could neither rely on the asymptotic equipartition of energy [57],
nor the pointwise convergence of a certain integrand as utilised in Paper A. Our solution is based
on functional calculus. Combined with sufficiently good semigroup upper bounds, we verified
(1.22) by the fundamental theorem of calculus.
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OPTIMAL PARAMETER ESTIMATION FOR LINEAR SPDEsS FROM
MULTIPLE MEASUREMENTS

Randolf Altmeyer; Anton Tiepner and Martin Wahl
ABSTRACT

The coefficients in a second order parabolic linear stochastic partial differential equation
(SPDE) are estimated from multiple spatially localised measurements. Assuming that the
spatial resolution tends to zero and the number of measurements is non-decreasing, the rate
of convergence for each coefficient depends on its differential order and is faster for higher
order coefficients. Based on an explicit analysis of the reproducing kernel Hilbert space of
a general stochastic evolution equation, a Gaussian lower bound scheme is introduced. As
a result, minimax optimality of the rates as well as sufficient and necessary conditions for
consistent estimation are established.

A.1 INTRODUCTION

Stochastic partial differential equations (SPDEs) form a flexible class of models for space-time
data. They combine phenomena such as diffusion and transport that occur naturally in many
processes, but also include random forcing terms, which may arise from microscopic scaling
limits or account for model uncertainty. Quantifying the size of these different effects is an
important step in model validation.

Suppose that X = (X(t))o<¢<7 Solves the linear parabolic SPDE

dX(t) = AgX(t)dt +dW(t), 0<t<T, (A1)

on an open, bounded and smooth domain A ¢ R? with some initial value X, a space-time white
noise dW and a second order elliptic operator

p
Ag = Z 191‘Ai + Ao (A.Z)
i=1

satisfying zero Dirichlet boundary conditions. The A; are known differential operators of
differential order n; € {0, 1,2} and we aim at recovering the unknown parameter 4 € RP. A
prototypical example is

Ag=91A+85(V-b)+93, &€ (0,00) xR X (—00,0], (A.3)

with diffusivity, transport and reaction coefficients 9,1, 95, 93 in front of the Laplace operator
A and the divergence operator V- such that ny = 2, ny = 1, n3 = 0, with a known unit velocity
vector b € RZ. The general form in (A.2) allows for wide range of models affected by a mixture
of different, possibly anisotropic, mechanisms. Equations such as (A.1) are also called stochastic
advection—diffusion equations and often serve as building blocks for more complex models, with
applications in different areas such as neuroscience [50, 57, 60], biology [1, 2], spatial statistics
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[41, 53] and data assimilation [42]. For concrete examples of (A.2) with a mixture of known
and unknown model coefficients from fluid dynamics and engineering see [11, 29, 45].

While the estimation of a scalar parameter in front of the highest order operator A; is
well studied in the literature [13, 14, 23, 27, 32], there is little known about estimating the
lower order coefficients or the full multivariate parameter &. Relying on discrete space-time
observations X (t, x;) in case of (A.3) and in dimension d = 1, [9, 26, 54] have analysed power
variations and contrast estimators. For two parameters in front of operators A; and A, [44]
computed the maximum likelihood estimator from M spectral measurements ((X(t), e;))o<¢<T,
j=1,..., M, where the e; are the eigenfunctions of Ay and (-, -) is the inner product on L*(A).
This leads as M — oo to rates of convergence depending on the differential order of the operators
A1, Ay, but is restricted to domains and diagonalisable operators with known e;, independent of
9. In particular, in the spectral approach there is no known estimator for the transport coefficient
9, in (A.3). Estimators for nonlinearities or noise specifications are studied e.g. by [8, 12, 21,
25].

In contrast, we construct an estimator 55 of 9 on general domains and with arbitrary possibly
anisotropic Ag from local measurement processes

Xs = ((X(0), Ks)ose<r,  Xgy = ((X(0), AjKs . ))ose<r

fori=0,...,p and locations x1, ...,xy € A. The Ks,, also known as point spread functions in
optical systems [6, 7], are compactly supported functions on subsets of A with radius § > 0 and
centred at the xi. They are part of the observation scheme and describe the physical limitation
that point sources X(tx, x;) can only be measured up to a convolution with the point spread
function. Local measurements were introduced in a recent contribution by [4] to demonstrate
that a nonparametric diffusivity can already be identified at x; from the spatially localised
information X5 as § — 0 with T > O fixed. See [3] for robustness to semilinear perturbations
and different noise configurations besides space-time white noise. For more details on practical
aspects of local measurements, as well as a concrete example from cell biology [2], see Section
A.5.3 below.

Let us briefly describe our main contributions. Our first result extends the augmented MLE
95 and the CLT of [4] to M = M (8) measurements and joint asymptotic normality of

(MY281 (85, - 9:)2,, 8— 0.

This yields the convergence rates M'/28§1" for 9;, with the fastest rate for diffusivity terms
with n; = 2 and the slowest rate for reaction terms with n; = 0. We then turn to the problem
of establishing optimality of these rates in case of (A.3). We compute the reproducing kernel
Hilbert space (RKHS) of the Gaussian measures induced by the laws of X and of the local
measurements. From this we derive minimax lower bounds, implying that the rates in the CLT
are indeed optimal, and provide conditions under which consistent estimation is impossible.
Combined with our CLT we deduce for general point spread functions K5, with non-intersecting
supports that consistent estimation is possible if and only if M/261~" — co. Since M is at most
of order 679, reaction terms cannot be estimated when d = 1.

Conceptually, spectral measurements can be obtained approximately from local measure-
ments on a dense grid over the entire domain by a discrete Fourier transform and we recover
the rates of convergence of [27] by taking M of maximal order §~¢.
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The information geometry underlying local measurements is complex due to the non-linear
dependence of the solution X on 9 (cf. (A.4)) and the non-Markovian dynamics of the processes
X5.k» X?j{. This leads to a non-explicit likelihood function, making standard MLE-based estimation
and optimality results for continuously observed diffusion processes [36] non-applicable in this
context. Instead, we introduce a novel lower bound scheme for Gaussian measures, which
exploits that the Hellinger distance of their laws can be related to properties of their RKHS. This
is different from the lower bound approach of [4] for M = 1 and paves the way to rigorous lower
bounds for each coefficient and an arbitrary number of measurements. One of our key results
states that the RKHS of the Gaussian measure induced by X with Ag = A consists of all absolutely
continuous h € L%([0,T]; L?(A)) with Ak, h’ € L?([0,T];L*(A)) and its squared RKHS norm
equals

+ 1|12 + 1 (=8)2R(0)|I%, ,, + [ (=A)/2R(T)]?

2
18RI 12([0.T]:L2(A)) 12(A) 12(n)"

0,T[;L2(A))

This surprisingly simple formula generalises the finite-dimensional Ornstein—Uhlenbeck case
[38], and provides a route to obtain the RKHS of local measurements as linear transformations
of X. To the best of our knowledge the RKHS of X has not been stated before in the literature,
and may be of independent interest, e.g. in constructing Bayesian procedures with Gaussian
process priors, cf. [58].

The paper is organised as follows. Section A.2 deals with the local measurement scheme, the
construction of our estimator and the CLT. Section A.3 addresses the RKHS of X and of the local
measurements, while Section A.4 presents the lower bounds for the rates established in the CLT.
Section A.5 covers model examples, the boundary case for estimating zero order terms in d = 2
and some practical aspects. All proofs are deferred to Section A.6 and Section A.7.

Basic notation

Throughout the paper, we work on a filtered probability space (Q, F, (F;)o<t<r, P). We write
a < b if a < Cb for a universal constant C not depending on &, but possibly depending on other
quantities such as T and A. Unless stated otherwise, all limits are understood as § — 0 with
non-decreasing M = M(§8) possibly depending on §.

The Euclidean inner product and distance of two vectors a, b € RP is denoted by a - b and

b — al, I,x, is the identity matrix in RP*P. We write || - ||op for the operator norm of a matrix.
For an open set U ¢ R? and p > 1, LP(U) is the usual LP-space with norm ||-||z» ) and the
inner product on L?(U) is denoted (-, Y2y Wewrite (-, ) = (, )2y Il = [Ill2¢a)- Let

H*(U) denote the usual Sobolev spaces and let Hé (U) be the completion of the space of smooth
compactly supported functions C=°(U) relative to the H!(U)-norm.

We write D;, D;; for partial derivatives. The gradient and Laplace operatorsare V, A = Z?zl Dj;.
The divergence of a d-dimensional vector field vis V- v = Zle D;v;. The Laplace operator A
will be considered with domain HJ (A) N H2(A), while with domain H?(R?) it will be denoted
by Ao.

For a Hilbert space 7, the space L?([0, T]; H) consists of all measurable functions
h:[0,T] — H with IOT ||h(t)||§{ dt < co. We write ||T||us(3(,,3,) for the Hilbert-Schmidt norm
of a linear operator T : H{; — H, between two Hilbert spaces H;, Hs.
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A.2 JOINT PARAMETER ESTIMATION

A.2.1 Setup

Let 9 € ® c R? be an unknown parameter. Fori = 0, ..., p, suppose that the operators in
(A.2) are of the form A; = V- aDV + V- b + ¢ for symmetric a® e R4 p) ¢ R? and
¢ e R, where for eachi =1, ..., p only one of the coefficients a‘?, b0, ¢() is non-vanishing.
For each A;, the formal adjoint is A7 = V - aDVv =V .pD 4+ O and its differential order
n; = ord(4;) € {0, 1,2} is the number of non-vanishing derivatives. With ag = 3.7 9iaD +q®,
by =3P 96D +b@ and cg = TP 9;cV + ¢, (A.2) gives

Ag =V -ayV+V-by+cy.

We suppose that ay is positive definite for all 3 € @. Then Ay is a strongly elliptic operator
and generates with domain Hé (A) N H?(A) an analytic semigroup (Sg(t));>o on L2(A) [46].
Considered with the same domain, the adjoint Ay = le 9;A; + Aj generates the adjoint
semigroup (Sg(t))c>0 [62, Section 2.5.3].
With an Fy-measurable initial value X and a cylindrical Wiener process W on L%(A) define
a process X = (X(t))o<c<r by
t

X(t) = Sg(t)Xo +J Se(t—t')ydw(t'), 0<t<T. (A.4)
0

Due to the low spatial regularity of W this process is understood as a random element with values
in L2(A) c 3{; almost surely for a larger Hilbert space J(; with an embedding ¢ : L2(A) — H;
such that L;Hth(t’)Hﬁs (L2(8).90) dt’ < oo [24, Remark 6.6]. Such an embedding always exists.
For example, H(; can be realised as a negative Sobolev space (see Section A.6.2 below). Let
H’ denote the dual space of H; with the associated dual pairing (-, '>j-(1><j{'l . Let (ex)k>1 be an
orthonormal basis of L?(A) and let 8 be independent scalar Brownian motions. Then, realising
the Wiener process as W = ;-1 exfk, we find for all z € H C L2(A), 0 < t < T, that (see,
e.g. [40, Lemma 2.4.1 and Proposition 2.4.5])

(X (t) = Se(t)Xo, 2)3e, x50, = Z L (Sg(t = t')ex, 2)3c,xa; dBr(t’)

k>1
- [ sse-ormawen.

According to [4, Proposition 2.1] and [40, Lemma 2.4.2] this allows us to extend the dual
pairings (X(t), Z)g{lxj—(i to a real-valued Gaussian process ({X(t), 2))o<¢<r se12(n) DY

(X(t),2) = (Ss(t)Xo,2) + L (Sy(t =t )z, dW(t)) (A.5)

(the notation (X(t), z) is used for convenience and indicates that the process does not depend
on the embedding space H;). This process solves the SPDE (A.1) in the sense that for all
z€ Hy(A)NH*(A)and0 <t <T

(X(t),2) = (Xo,2) + L (X(t'), Agzy dt’ + (W(t), 2), (A.6)

where (W(t), z)/||2]/;2(a) is a scalar Brownian motion.
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A.2.2  Local measurements, construction of the estimator

Introduce for z € L?(RY) the scale and shift operation
25.(y) =8 287 (y-x)), xyeh §>0. (A.7)
Suppose that K € H?(RY) is an (unscaled) point spread function with compact support (see
Section A.5 for concrete examples). Consider locations x1,...,xy € A, M € N, and a resolution
level § > 0, which is small enough to ensure that the point spread functions Ks 4, are supported
on A. Local measurements of X at the locations xi, ..., x); at resolution § correspond to the
continuously observed processes XS,X(?O e L*([0,T]; RM), x§' e L*([0,T]; RP*M), where for
i=1,....,p,k=1,...,M
(Xs)k = Xs o = ({X(t), Ko x))o<e<T,
(X5" ) = Xz = ((X (1), AgKs ) Josesr
(X3)ik = Xg' = ((X(0), A Ks ) Josesr-

According to (A.6), every local measurement is an It0 process
P
dXs (1) = ( Z BiX(’;"k(t) + Xg;;(t) de + [|K |l 2 gy dWi(t) (A.8)
i=1

with initial values X5 (0) = (Xo, Ks,x,) and scalar Brownian motions
Wi (t) = (W (1), Ks ) /1Kl 12(ra)-

It should be noted that neither (A.8) nor the system of equations augmented with X2, X(’;O
are Markov processes, because the time evolution at x; depends on the spatial structure of the
whole process X, and not only of Xs. This is due to the infinite speed of propagation in space by
Sg(t). This also means the processes X5 x are not independent, even if the driving noise processes
Wi are, e.g., due to non-overlapping supports of the K5, as will be assumed below. Therefore,
standard results for estimating the parameters 9; from continuously observed diffusion processes
by the maximum likelihood estimator (e.g., [36]) do not apply here. Instead, a general Girsanov
theorem for multivariate Itd processes, cf. [39, Section 7.6], yields after ignoring conditional
expectations, the initial value and possible correlations between measurements the modified
log-likelihood function

M TP
5(9) = Kl gy (L (Z 83,0 +X:;j§1(r>) dXs k(0
k=1 i=1
1 ! 3 A A 2
-5 L (Z 9X25(0) +X5"]’<(t)) ) de.
i=1
Maximising €s($) with respect to & leads to the estimator

. M T T
95 =51 Z(L X?’k(t) dXs i (t) — JO ng(t)ng’{(t) dt), (A.9)
k=1

which we call augmented MLE generalising [2, Section 4.1], with observed Fisher information

M T
95 = Z JO X§ (0X5 (07 dt. (A.10)
k=1
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A.2.3 A central limit theorem

We show now that the augmented MLE 95 satisfies a CLT as § — 0. Replacing dXs i (t) in the
definition of the augmented MLE by the right hand side in (A.8) yields the basic decomposition

95 = 9+ [|Kll2(reyT5 " Ms (A.11)
with the martingale term
M T
Ms = Z(J X4, () de(t)). (A.12)
k=1 \Y0

If the Brownian motions Wy are independent, then the matrix Js corresponds to the quadratic co-
variation process of Mg and we therefore expect ng/ 23\/(5 to follow approximately a multivariate
normal distribution. The rate at which the estimation error in (A.11) vanishes corresponds to the
speed at which the components of the observed Fisher information diverge. Exploiting scaling
properties of the underlying semigroup (cf. Lemma A.13), we will see that this depends on its
action on the point spread functions Ks ,. We define a diagonal matrix of scaling coefficients
ps € RPXP,

(ps)ii = M~/28M71, (A.13)
and make the following additional structural assumptions.
Assumption H.
(i) The functions A;K are linearly independent foralli=1,..., p.
(i) n;>1-d/2foralli=1,...,p.

(iii) The locations xx, k = 1,..., M, belong to a fixed compact set J C A, which is independent
of § and M. There exists §' > 0 such that supp(Ks,) N supp(Ksy,) = 0 for k # [ and all
6 <6,

(V) supyes [, E[(Xo, Sj(DAKsx)?] dt = 0(6272) forall i = 1,..., p.

Assumption H(i) guarantees invertibility of the observed Fisher information, for a proof see
Section A.7.1.

LEMMA A.1. Under Assumption H(i), Js is P-almost surely invertible.

The support condition in Assumption H(iii) is natural in applications, e.g., in microscopy.
It guarantees (Ks x,, Ksx,) = 0 and thus independence of the Brownian motions Wy in (A.8) as
8 — 0. It holds for xi, which are separated by a Euclidean distance of at least C§ for a fixed
constant C, hence there are at most M = O(6~%) such locations. The next lemma shows that
Assumption H(iv) on the initial value is satisfied in most relevant situations. For a proof see
again Section A.7.1.

LEMMA A.2. Assumption H(ii) implies Assumption H(iv) for any Xy € L1(A), ¢ > 2, and if cg < 0
also for the stationary initial condition Xy = f?oo Sg(—t") dw(t").
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We establish now the asymptotic behaviour of the observed Fisher information and a CLT
for the augmented MLE as the resolution § tends to zero. To this extent, consider the positive
operator —V - agV with domain H?(RY). Its spectral calculus induces for each s € R the
fractional operator (—V - agV)*, which acts in the Fourier domain as the multiplication operator
with multiplier £ — (—£Tag€)?, cf. [37] or [18, Chapter VI.5]. By positive definiteness of ag, this
means (-V - agV)’z € L*(RY) as soon as & — |£|*Fz(£) € L*(RY) with the Fourier transform
Jz. By usual Fourier calculus [18, Lemma VI.5.4], FD;z = i§;Fz. Together with Assumption
H(ii), this means (-V - agV)‘l/zAZ‘K € L2(RY) foralli=1,...,p.

THEOREM A.3. Under Assumption H the matrix g € RP*P with entries

(Z9)ij = (T/2){(=V - agV) V2AK, (-V - agV) V2 AIK) 12 o)
P
is invertible and psJsps — Xg as 6 — 0. Moreover, the augmented MLE satisfies the CLT

1. d
(ps7505) /205 (85 = 8) 5 N(O, IKII% gy Tpp), 8 = O,

or, equivalently,

_n. - d N
(M/28! (95 — 191'))le — N(O, ||K”§2(Rd)2191)'

Theorem A.3 shows that parameters 9; of an operator A; with differential order n; can be
estimated at the rate of convergence M'/281~" . Consistency requires M'/281~" — co. This
excludes reaction terms 9; in d = 1 with n; =0 and M = 0(671), but in d = 2 a logarithmic rate
holds for a restricted class of functions K, see Proposition A.12. The asymptotic variances for
two parameters &;, §; are independent if A7K and A;TK are orthogonal in the geometry induced

by [[(=V - agV)~ V2| 12(Rd)- The theorem generalises [4, Theorem 5.3] in the parametric case to
the anisotropic setting with M measurement locations.

A.3 THE RKHS

In Section A.4, we show optimality of the rates of convergence appearing in Theorem A.3.
A crucial ingredient for these lower bound considerations is a good understanding of the
reproducing kernel Hilbert space (RKHS) of the Gaussian measure induced by the law of the
observations when Ag = A.

We first derive the RKHS of the stochastic convolution (A.4) in a more general setting.
Suppose that A is an (unbounded) negative self-adjoint closed operator on a Hilbert space
(3, 1I-l3¢) with domain D(A) C H such that Ae; = —Ae; for a non-decreasing sequence (4;);>1
of positive real numbers with 0 < 4; < 4, < --- and an orthonormal basis (e;);>1 of J, and
such that A generates a strongly continuous semigroup (S(t));>o on H [18]. With a cylindrical
Wiener process W, consider the stationary stochastic convolution

X(t) = J S(t—-t)ydw(t'), t=>0. (A.14)

As discussed after (A.4) the process X = (X(t))o<¢<7 is understood as a random element with
values in H c H; almost surely for some larger Hilbert space H;.
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In what follows, we use the convention that a RKHS is denoted by the letter H. Moreover, we
add a subscript to indicate the process which is under consideration. For instance, Hx denotes
the RKHS of X considered as a Gaussian random variable taking values in the Hilbert space
L%([0,T]; H1). Since the RKHS of X depends only on its distribution, the RKHS, as well as its
norm, in the next theorem are independent of the embedding space H; (see, e.g., Exercise 2.6.5
in [22]). For the proof and some background on the RKHS of a Gaussian measure see Section
A.6.2.

THEOREM A.4. Let (Hy, || - ||x) be the RKHS of the process X in (A.14). Let T > 1. Then
Hy = {h € L*([0,T]; K) : h absolutely continuous, Ah, k" € L>([0,T]; H)}
and for h € Hy

IRlI% = llARII? L+ IR + 1= 2R(0) I3 + 11 (=A)*h(T) 13,

L12([0,T];H L2([0,T];30)

as well as

IRlI% < 3l AR + IRl + 2|17

L2([0,T];3) L2([0,T];H) L2([0,T];5) "

Note that h, h’, Ah € L?([0,T];H) implies that the map t — (Ah(t), h(t)) is absolutely
continuous (cf. the proof of [19, Theorem 5.9.3] and the proof of Theorem A.4), so that the norm
|| - ||x is indeed well-defined. Theorem A.4 generalises the result for scalar Ornstein—-Uhlenbeck
processes to the infinite dimensional process X, cf. Lemma A.20 below.

Next, as in (A.6), consider the Gaussian process ({(X(t), 2)3)r>0,ze5, Where the ‘inner product’
here corresponds to

(X(0), 2)s = j (S(t — )z, AW (s,

satisfying (A.6) for z € D(A*) = D(A) by analogous arguments. We study the RKHS of
((X(t), 2)3¢)o<t<r for finitely many z. A first proof considers z from the dual space of H;. In
that case, we can realise (X, z)5¢ as a linear transformation of X by a bounded linear map L
from L?([0,T]; 1) to L?([0,T])™, and this allows for relating the RKHS of X and (X, )
using Theorem A.4. Another proof is presented in Section A.7.7, which circumvents this by an
approximation argument.

THEOREM A.5. For Ki,...,Ky € D(A) and with X in (A.14) consider the process Xx with
Xx(t) = ((X(b), Kk>(}{)£/il. Suppose that the Gram matrix G = ({Kk, K1)3¢)1<k,1<m 1S non-singular,
and let Gy = ((AKy, AK1)3)1<ki<m- Let T > 1. Then the RKHS (Hx,, || - ||x;) of Xk satisfies
Hx, = HM, where

H = {h € L*([0,T]) : h absolutely continuous, i’ € L>([0,T])}

and for h = (h)}L, € Hx,

M
IR, < BIG 13, lIGallop + G lop) D Ikl 1oy, + 211G 1||OPZ||h'||LZ([OT
k=1
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Theorem A.5 (and its slight generalization in (A.31)) can be used to compute the RKHS of
quite general observation schemes. In the specific case A = A and local measurements with
Ki = Ks x, we obtain the following.

COROLLARY A.6. Let (Hxg, || - ||x;) be the RKHS of Xs with respect to A = A, K € H?(RY) with
||K||L2(|Rd) = 1, and points x1,...,xy such that supp(Ksy,) C A forall k = 1,...,M and
supp(Ks,, ) N supp(Ksy,) = 0 for all 1 < k # [ < M. Suppose that §* < |AK||j2(ray and T > 1.
Then Hy, = HY and for h = (hy)L, € Hx,

2 ”AK“iZ(Rd) M 2 M ’ 12
1R, < 4> Wil oy +2 D Il o
k=1 k=1
Similar results hold for the RKHS of (X5, Xj), see Corollary A.28.

A.4 OPTIMALITY

In this section, we show that the rates of convergence M/261~" achieved by the augmented
MLE for parameters J; with respect to operators A; of order n; = ord(A;) are indeed optimal and
cannot be improved in our general setup. The proof strategy (presented in Section A.6.3) relies
on a novel lower bound scheme for Gaussian measures by relating the Hellinger distance of their
laws to properties of their RKHS. The Gaussian lower bound is then applied to one-dimensional
submodels (Pg)gce, With Ag from (A.3) assuming a sufficiently regular kernel function K and a
stationary initial condition.

Assumption L. Suppose that [Py corresponds to the law of the stationary solution X to the SPDE
(A.1) and assume that the following conditions hold:

(i) The kernel function satisfies K = A%2K with K € C?"([Rd).

(ii) The models are Ag = 91A +95(V -b) + 95 for 9 € R3, a fixed unit vector b € R?, and where
9 lies in one of the parameter classes

@1 = {192 (191,0,0) . 191 > 1},
®2 = {'9 = (1)‘92) O) : '92 € [O) 1]}:
@3 = {19 = (1,0,193) : 193 < 0}

(iii) Let x1,...,xy be 8-separated points in A, thatis, |xx —x;| > §forall1 < k # 1 <
M. Moreover, suppose that supp(Ks,,) C A for all k = 1,...,M and supp(Ksy,) N
supp(Ksy,) =0 forall1 <k #1[< M.

The parameter classes ©; correspond to the cases of estimating the diffusivity 9, transport
coefficient 9, and reaction coefficient &3 in front of operators A; with differential orders n; = 2,
ng = 1, ng = 0. We start with a non-asymptotic lower bound when only Xs is observed.

THEOREM A.7. Grant Assumption L with M > 1, T > 1 and let i € {1,2,3}. Then there exist
constants ¢y, ca > 0 depending only on K and an absolute constant c3 > 0 such that the following
assertions hold:
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() If 8"~ 1/\TM < 1and § < c1, then

Y C2 T‘Li—].
in sup Ps(l& -9 = = ) > C3
3 J€0; 2
_ T sl
|'~9 (1>O’O) |SC2 NTM

(i) If 8" 1/NTM > 1 and 8 < ¢y, then

inf sup [P’g(|§i -9 = ¢c2/2) > c3.
9 J€0;
|9—(1,0,0)T|<c2

In (i) and (i), the infimum is taken over all real-valued estimators §i = 51‘ (Xs).

Several comments are in order for the above result. First, by Markov’s inequality Theorem A.7
also implies lower bounds for the squared risk. Second, part (ii) detects settings under which
consistent estimation is impossible. For instance, if i = 2, then consistent estimation is impossible
for T =1 (resp. T bounded) and M = 1, that is, if only a single spatial measurement is observed
in a bounded time interval. A similar conclusion holds in the case i = 3, in which case consistent
estimation is even impossible in a full observation scheme with M = [¢§~¢] locations for d < 2
and T bounded. Third, part (i) of Theorem A.7 shows that the different rates in our CLT are
minimax optimal. In particular, it easily implies an asymptotic minimax lower bound when
8 — 0. A first important case is M = 1 and i = 1 in which case Theorem A.7 also follows from
Proposition 5.12 in [4] and gives the rate of convergence 8. For M = [c¢§~] we get the following.

COROLLARY A.8. Grant Assumption L with M = [¢679], 8 = 0and T > 1, and let i € {1,2,3}. If
ni—1+d/2 > 0, then

lim inf inf sup Pg(6“"i+1_d/2|§i -8 =2 ¢2) >0,
-0 g 18-(1,0,0)T|<c1

where the infimum is taken over all real-valued estimators 9; = 9;(Xs).

Similar optimality results have been derived in [27] for the case of M spectral measurements.
Provided there exists an orthonormal basis of eigenfunctions (ej)]?’il of Ag independent of &
(e.g.,in the case i = 1 or i = 3), it is possible to estimate J; from M spectral measurements
({X(t),ej))o<t<r,1<j<m Withrates M~ " orlogM if T = n;/d—1/d+1/2 > 0 or T = 0, respectively.
Consistent estimation fails to hold for t < 0. While [27] obtained asymptotic efficiency by
combining Girsanov’s theorem with LAN techniques, these rates can also be derived from Lemma
A.29 combined with a version of Lemma A.23. For § = cM~1/4 the rate in Corollary A.8 and
Theorem A.3 coincides with M~" if T > 0, and T = 0 is again a boundary case. Regarding the
latter case, we briefly discuss in Section A.5 that a non-negative point spread function achieves
the log M-rate when i = 3 and d = 2.

Recall that the augmented MLE 95 depends also on the measurements Xg‘. We show next
that including them into the lower bounds does not change the optimal rates of convergence.

THEOREM A.9. Theorem A.7 remains valid when the infimum is taken over all real-valued estimators
9 =9;(Xs, X SA,X 5V b), provided that K, AK and (V - b)K are linearly independent and Assumption
L holds for K, AK and (V - b)K.
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A.5 APPLICATIONS AND EXTENSIONS

A.5.1 Examples

Let us illustrate the main results in two examples.

Example A.10. Suppose Ag = 914+ 35V - b+ ¢ for &1 > 0. This corresponds to (A.2) with Ag = ¢,
A1 = A, Ay = V-bforc € R and a unit vector b € R4, and with differential orders n; = 2, ny = 1.
A typical realisation of the solution X in d = 1 can be seen in Figure A.1(left). For known c, the
augmented MLE 95 is a consistent estimator of § € R2 by Theorem A.3, attaining the optimal
rates of convergence M/28~1 M'/? for the diffusivity and the transport terms, respectively
according to the lower bounds in Theorem A.7. If we suppose for simplicity ||K||;2(ge) = 1, then
the CLT holds with a diagonal matrix

T 2 -1/2 2
29 = 59, dlag(HVKHLz(Rd), 1(=A0)H*(V - b)K”LZ(Rd))’

implying that 55,1 and 56,2 are asymptotically independent.

Figure A.1(right) presents root mean squared errors in d = 1 for local measurements obtained
from the data displayed in the left part of the figure with K(x) = exp(=5/(1-x2))1(-1 <x < 1)
and the maximal choice of M =< §~1. We see that the optimal rates of convergence, and even
the exact asymptotic variances (blue dashed lines) are approached quickly as §6 — 0. For
comparison, we have included in Figure A.1(right) estimation errors for an estimator 85 without
the correction factor depending on the lower order ‘nuisance operator’ Ag in (A.9). We can see
that this introduces only a small bias, which is negligible as § — 0.

Example A.11. Consider now Ag = $1A+ 9,V - b+ 93 such that A;, A, are as in the last example,
but now also Ag = 0, A3 = 1 with ng = 0. If d > 3 and M'/28 — oo, then the CLT in Theorem
A.3 applies with optimal rates of convergence as in the last example for 951, 952 and with rate
M?/2§ for the reaction term 95. Using integration by parts we find

2
IVEIZ, g o -1
g O 80 AV B g 0 ,
-1 0 I(~80)" V2K ]2

L2(R%)

so we have pairwise asymptotic independence of diffusion and transport estimators, as well
as of transport and reaction estimators. Similar numerical results as in the first example were
obtained, but details are omitted.

A.5.2 A boundary case: estimation in d = 2

Theorem A.3 is not valid for d < 2 and reaction terms §; with differential order n; = 0. The
singularities of the heat kernel on R? in d < 2 (cf. the discussion before Theorem A.3) can be
avoided for sufficiently regular K, e.g., by assuming K = AK for some K € H*(R%). In that case,
the CLT still holds with the same proof, but consistency towards 9; is lost, because M 1/28 does
not diverge. Nevertheless, we show now that in d = 2 for non-negative K, a logarithmic rate
holds. This is consistent with results for the MLE from spectral observations in d = 2, cf. [27].
For a proof see Section A.7.2. For simplicity, only a simplified model is considered.
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Figure A.1: (left) heat map for a typical realisation of X(t, x) corresponding to (A.1) ind =1
with domain A = (0, 1) in Example A.10; (right) log;, log; plot of the root mean squared errors
for estimating 9; and 9, in Example A.10.

PROPOSITION A.12. Suppose thatd =2, Ag = A+ for 9 € R, X(0) = 0 and M8% — 1 as § — 0.
IfK > 0and K # 0, then 95 = 9 + Op(log(6§~1)"1/2).

A.5.3 Practical aspects

In this section, we outline a precise situation where local measurements arise, and how the
augmented MLE can be applied, even if the additional measurements Xg""k are not available.
Optical measurements of physical or chemical concentrations X (t) at a focal point x; € A are
obtained as (normalised) counts of certain markers, e.g., photons [17]. According to classical
microscopy [35], diffraction leads to a blurred image of X(t), and the blur pattern can be
described by convolution with a specific point spread function, which can be written as

Xs () = (X(1), Ks ) = (X(t) * Rs) (i), Ks(y) = 87K (-67"y). (A.15)

It is reasonable to assume that the additional measurement noise due to photon counting is
negligible and that measuring happens on faster time scales than the dynamics of X.

The resolution § is specific to the measurement device and determines how far focal points can
be apart to distinguish them [35, Definition 2.5]. The point spread function depends inversely
on &, and is often approximated by a normal density with standard deviation § [6]. This
phenomenon is the source for the large number of statistical works on Gaussian deconvolution.
In applications, both the point spread function and the resolution § are usually known, and can
even be engineered to meet desired specifications [7]. Note that multiplicative constants such as
the scaling of K5 x, cancel out in the augmented MLE and therefore play no role for parameter
estimation.

If we have (time discrete) local measurements (A.15) at our disposal, then exchanging
differentiation and convolution gives

X = (X(t) * A7Rs) (x) = A7 (X(2) * Ks) (xi)-

This can be approximated by finite differences. For example, if A; = A and xx_1 = xx — Je;,
Xr+1 = Xk + 8e; are ‘neighbours’ of xi in the i-th coordinate with the unit vector e;, separated by
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a distance &, then X?fk(t) can be approximated by 8§ 2(Xsk+1(t) — 2X5x(t) + Xsx-1(t)). Using
suitable Riemann sum approximations for Lebesgue and stochastic integrals, we thus obtain a
discretised version of the augmented MLE 55.

While a full analysis of such discretisation schemes is beyond the scope of this paper, we
shortly report on a recent case study for cell motility, using the augmented MLE for real and
simulated data [2, Sections 5 and 6]. There, the first component of a coupled stochastic activator-
inhibitor system (X7, X») follows a semi-linear SPDE with diffusity 4, reaction function f and
noise level o > 0,

dX; (t) = ($AX1(t) + f(X1(t), X2(t))) dt + o dW (¢).

The equation models the change in actine concentration along the cell cortex during cell repolari-
sation. In [43], on a time grid of up to 256 seconds M = 100 measurements for 18 different cells,
expected to have about the same diffusivities, were used to fit parameters in the deterministic
PDE with o = 0. In [2], the same data were taken as local measurements from X;(t), and &
was estimated by the discretised augmented MLE as discussed above, providing a biologically
reasonable magnitude for ¢, which can be used to distinguish the mechanisms contributing to
diffusion. The resolution § was found as an upper bound on the spatial mesh size. The estimates
are stable across the cell populations as opposed to [43], which averaged the different estimates
across cells to reduce ‘noise’, and obtained in this way a much inflated average diffusivity.

A.6 CoRE Proors

A.6.1 Proof of the central limit theorem
Preliminaries

We write As = {871 (y—x) : y € A}, Ao = R and introduce with domains H} (As x) N"H?(As x)
the operators

Agsx =V -agV+8V - -bg+8%y, Agsx=V-ayV. (A.16)

They generate the analytic semigroups (Sg,sx(t))r>0 and (§3’5’x(t))t20 on L?(Asy). Similarly,
the adjoint operatois A"l;’ S and A";, 5. generate with the same domains the adjoint semigri)ups
(Sff}’ a,x(t))tﬂl and (Sf;’ a,x(t))tZO' When ay is the identity matrix, then we also write Asyx = Ag s
and et = Sy 5 . (t). Moreover, e*0 and e!¥'%V are semigroups on L2(R?) generated by Ay and
V - agV, respectively, with domain H?(R?). We often use implicitly that z € L?(As,) extends to
an element of L2(R?) by setting z(y) = 0 outside of As,. The A; and their formal adjoints Af
are considered as differential operators on sufficiently weakly differentiable functions without
boundary conditions.

The rescaled semigroup

In this section we collect some results on the semigroup operators Sg(t) and their actions on
localised functions zs () = §4/22(871(- - x)).

By a standard-PDE result (see, e.g., [31, Example I11.6.11] or [48, equation (5.1)]), the
operator Ay s and the generated semigroup are diagonalizable [18, Example 2.1 in Section
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I1.2]. This yields the useful representations
—_~ __ _ 2~ —_~ _
Agsx =Ussx(Agsx+8°Co)Ugs ., Sssx(t) = e DUyg,5.xS9.6. (U3 5 (A.17)

with the multiplication operators Ug s »2(y) = exp(—(a;lbg) - (6y +x)/2)z(y) and with ¢y =
cy — ‘l‘b‘g . (a;lbg). Observe the following scaling properties.

LEMMA A.13. Let 8’ >8>0, xe A,i=1,...,p.
() If 2 € Hy(Asx) N H*(Asy), then Afzs . = 8 (Aj2)sx, Agzsx = 8 (A} 5, 2)s

(i) If z € L?(Asx), t > O, then Sy(t)z5x = (S;’&x(t(‘)‘_z)z)&x.

Proof. Part (i) is clear, part (ii) follows analogously to [4, Lemma 3.1]. [

The semigroup on the bounded domain As , is after zooming in as § — 0 intuitively close to
the semigroup on R?. The next result makes this precise, uniformly in x € J.

LEMMA A.14. Under Assumption H(iii) the following holds:

(i) There exists C > 0 such that if z € C.(R?) is supported in MNxeg As,x for some 8 > 0, then for
allt >0

sup|(S} 5. (D2) ()| < Ce@ (V47 |z))(y), ye R,
x€gd >

(i) Ifz € L>(RY), thenas 8 — O forallt > 0

V.agV
SUEHST‘;,&X(U(ZM&Q — e Vg2 (gay — 0.
xXe

Proof. (i). By (A.17) and noting that the function y +— exp(—(a;lb,g) - (8y +x)/2) is uniformly
upper and lower bounded on (), ¢g As x, we get

* 20 (S
SUP(y.5..(1)2) (v)] < ¢ (Sy s (D12 (v), vy eR?
xXe

It is therefore enough to prove the claim with respect to §3,5,x and with |z| instead of z. By
the classical Feynman—Kac formulas (cf. [30, Chapter 4.4], the anisotropic case is an easy
generalisation, which can also be obtained by a change of variables leading to a diagonal
diffusivity matrix ag, which corresponds to d scalar heat equations) we have with a process
Yi=y+ al19/ ZWt and a d-dimensional Brownian motion W, all defined on another probability
space with expectation and probability operators Ey, I]Ajy, that (e!V'®Vz)(y) = Ey [2(Y;)] and
Sesx(t)z(y) = Ey [z(Yt)l(t < rg,x)] with the stopping times 75, = inf{t > 0 : Y; ¢ Asx}. The
claim follows now from

sup(Sp,6,(0)121) () < Ey[lz(¥0)l] = (VY |z]) (v).

x€gd

(ii). By an approximation argument it is enough to consider z € C.(A) and 0 < § < &
such that z is supported in Ag ., hence z|,,, = 2 for all such §. Compactness of J according to
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Assumption H(iii) guarantees for sufficiently small § the existence of a ball with centre 0 and
radius p§~! for some p > 0, contained in (MNxeg Ns,x- With this and the representation formulas
in (i), combined with the Cauchy-Schwarz inequality, we have for all y € R4

x€]

sup |(Sg.s.(1)2)(y) — (V" ®V2) ()] = sup Iy [2(Y)1(t5x < 0)]]?
xXe
< sup Ey[22 (V)P (s < t) < (eV'%V22) (y)P,(max |v;| = p&~1)
x€d 0<s<t

. =~ ~ ~e— . _s-2,-1
< (VY% (y)Py (max Wil 2 557 < (7 V%) (1) (8270 7) - 0

as 8§ — 0 for another constant p, concluding by [30, equation (2.8.4)]. Since ||tV %V 22| (R <

||z||§2 (Ri)’ dominated convergence proves the claim when by = 0, cg = 0. The general case is
then an easy consequence of the last display and (A.17). [

We require frequently quantitative statements on the decay of the action of the semigroup
operators S 6,x(t) as t — oo when applied to functions of a certain smoothness and integrability.
This is well-known for an analytic semigroup, but is shown here to hold true for all § and
uniformly in x € J.

LEMMA A.15. Let 0 <8 <1,t>0,x € Jand 1 < p < co. Moreover, let z € LP(Asx) if 1 < p < o
and z € C(Asy) with z = 0 on dAs if p = co. Then it holds with implied constants not depending
on x:

143,6.55,6. (D21r (0500 S € 12112 (25,
Proof. Apply first the scaling in Lemma A.13 in reverse order such that with 1 < p < oo
145,65 6. (DZll1r (ng,) = 8 27VPI 2N ALSE (68%)25,x |1 (1) -

If p < o0, by the semigroup property for analytic semigroups in [5, Theorem V.2.1.3], the
LP(A)-norm is up to a constant upper bounded by (t8%) !||zs x||1> (), and the claim follows. The
same proof applies to p = oo, noting that Ay generates an analytic semigroup on {u € C(A),u =0
on A}, cf. [47, Theorem 7.3.7]. [ ]

The proof for the next result relies on the Bessel-potential spaces H(S)’p (Asx), 1 < p < oo,
s € R, defined for § > 0 as the domains of the fractional Dirichlet-Laplacian (—Ag’x)s/ 2 on As x
with norms ||[|gse (as,) = ”(—AS’X)S/Z'HLP(A&X), see [16] for details and also Section A.6.2 below.
Since ay is positive definite, the norms ||-||»(a4,) are equivalently generated by the fractional
powers of _KB)&X [62, Theorem 16.15].

LEMMA A.16. Let0 < 8§ < 1,t > 0, 1 < p < 2 and grant Assumption H(iii). Let z € H(S)(Rd), s> 0,
be compactly supported in (g Asx, suppose that Vs : LP(Asy) — Hy " (As) are bounded
linear operators with ||Vs x2||g-sr(ns,) < Vopll2llLe(as,) for some Vop independent of 8, x. Then for
l<p<2andy = (1/p—-1/2)d/2 there exists a constant C > 0, depending on p and s such that

-
sup|lSy 5. (Vs x2ll12(as,) < Ce®t

—s/2—
sup([1Va,e2ll 2y A (Vopt ™" lzllis(r5,0) )
xed x€]

If s = O, then this holds also for p = 1.
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Proof. Setu = Vs z, v = Uy u. The Uys, are bounded operators on LZ(AS,X) uniformly in
8 > 0 and x € J and thus by (A.17)

* ot8i T
1Sg.6. (Oull2(as,) < e'? 1S9,6x (DUl L2 (a0 (A.18)
Let first s = 0 such that H, *(R?) = LP(R?). Ellipticity and symmetry of ag show
eV [vlll 2 (ray < e vl 2 ra)

for a constant C’ > 0 (use either [51] or argue that the semigroup e!¥'%" on acts on L?(R%)
as a multiplication operator in the Fourier domain according to [18, Section VI.5], which can
be upper bounded by the identity operator). Approximating u by continuous and compactly
supported functions, we thus find from Lemma A.14(i) and hypercontractivity of the heat kernel
on R4 uniformly in x € J

=~ 182 = +82
ngt6 eC,9 té

= 62 ’
155,50 Oullz2(as) < 1€ 0l 20 <

t 7 ullpp (ray S t 121l o (ra) -

This yields the result for s = 0. These inequalities hold also for p = 1, thus proving the
supplement of the statement. For s > 0 and p > 1 note first that by [3, Proposition 17(i)] we
have ||(—tA19’5,x)5/ 2S5 5.x(0)z|| 12(ns) S 12112 (a4 ,)- Inserting this and then the last display with u

-5/2

replaced by (—Ag s..) ~*/?v into (A.18) we get

" ) ~ -~ ~ _
15 5.0 (Oulli2(ns) < ¥ 1(=Ag5,0°%S0,5.2(6) (A5 20lli2n)
T 82 ~ ~ _ T 482 _
< et 2Sg 6.0 (t/2) (—Ag,50) UMz (a5 S € TP Wl k5 (ng)»
uniformly in x € J. Note that the Uy s, also induce a family of multiplication operators on
Hf)’p (RY) for s > 0 with operator norms uniformly bounded in x € g, cf. [55, Theorem 2.8.2].

By duality and restriction this transfers to Hg’p (As ) for general s according to [55, Theorem
3.3.2]. Hence,

FCv‘gté‘Z

TatS2
||S;6x(t)u||L2(A§x) se cot8" —s/2=y

—s/2—
¢~/ Mullg-se (s, S e Vopllzlle(as)- ™

Covariance structure of multiple local measurements

LEMMA A.17.

(D) If Xo = 0, then the Gaussian process from (A.5) has mean zero and covariance function
tAt
Cov({X(t),2),(X(t"),2")) = j (Sg(t —s)z,Sy(t" —s)z’) ds.
0

(i) If Xy is the stationary initial condition from Lemma A.2, then the Gaussian process from (A.5)
has mean zero and covariance function

Cov({X (1), 2), (X(t'),2")) = Jom(sg((t —t') +5)z,S3(s)z")yds, t>t.
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Proof. Part (i) follows from (A.5) and It&’s isometry [15, Proposition 4.28]. For part (ii) we
conclude in the same way from noting that the stationary solution given by

X(0),2) = j (S5t - 5)z, AW (s))

has mean zero. ]

Introduce fori,j=1,...,p
* * 1 - * — *
Wy (A[K, AIK) = E<(—V -agV) T PATK, (=Y - agV) T PATK) 2 (),

which is well-defined under Assumption H. by the discussion before Theorem A.3.

LEMMA A.18. Grant Assumption H and let X, = 0. We have as § — 0
M T
§ 2ty ()~ Z L [E[(X(t), Ang,xk)<X(t),AjK5,xk>] dt — ¥y(A/K, AJK).
k=1

Proof. Fix i, j with n;+n; > 2 —d. Then, applying Lemma A.17(i), the scaling from Lemma A.13
and changing variables give

2+n+n; 1 (7 * ¥ ) ") dt’
8 (VT ;JO [E[(X(t),AiKS,xk><X(t),AjK5:Xk>] dt = JO fs(t')dt

with

T

M
fs(t') = (MT)™? Z<S§’6’Xk(t/)A?K’ S;’s,xk(t’)A;K)Lz(A&Xk) L 1< <52y dt.
k=1

Consider now the differential operators Vs, = A;. If D™ is a composition of m partial differential
operators, then Theorem 1.43 of [62] yields that D™ is a bounded linear operator from L?(A)
to Hy"™P(A), implying [[D™Ks y llz-mra) S 8 ™IKsxllr(a)- Since (D™K)sy, = 8™D™Ksy,,
changing variables gives ”DmK“Hfm,p(Aa’xk) < ||K||Lp(A8’Xk). From this we find ||V x, K||zr-rip (n5,) <
||K||Lp(A5’Xk), ||V6>ka||L2(A8,xk) S |IK||gni (e, and Lemma A.16 shows for 0 < t’ < T62, >0
and all sufficiently small § > 0

supllSy 5. (¢VATK |2 (n, ) S 1A (/) TM/27 404, (A.19)
x€g 7 ’
By the Cauchy-Schwarz inequality we get |f5(t')| < 1 A (¢/)~"/271/2=4/2+2¢ Ip particular,
taking € so small that n; + n; > 2 — d — 4e yields sups. |fs| € L' ([0, 0)). Lemma A.14(ii),

Lemma A.13(ii) and continuity of the L2-scalar product show now pointwise for all t’ > 0
that fs(t’) — (ezflv"‘&VA;‘K, A;‘TK)Lz(Rd). Conclude by the dominated convergence theorem and

[ (2 VYA, ARz (ray At = Wy(AK, ATK). n

LEMMA A.19. Grant Assumption H and let Xo = 0. If n;+n; > 2—d fori,j=1,...,p, then
T * * —2n;— .
sup, c; Var( |, (X(£), A{Ks,x) (X (), AjKs ) dt) = o(8*21721),
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Proof. Applying the scaling from Lemma A.13 and using Wicks theorem [28, Theorem 1.28] we
have forx € J

T
§2M+21; Vg ( J (X(t), AjKs x (X (t), AjK5 ) dt)
0

T
~Var ([ 0000, (47050 (X0 (450 ) = Vi +12
0

with Vi = Vs «(AK, ATK, AJK, A%K), V2 = Vs . (A{K, AJK, ASK, A;K), and where for v, ', 7,2’ €
L2 (A5,x)

T T
Vs (v,0',2,2") = I J E[(X(t), vs)(X(t'), vg JE[X (), 25 )X (t'), 25,)] dt’ dt.
0o Jo
We only upper bound V;, the arguments for V, are similar. Set

fij(s,s") = (S:;,&x(s +5)AIK, 53,5,x(5,)A;K>L2(A5,X)-
Using Lemma A.17(i) and the scaling in Lemma A.13 we have
T pt§ 2 t872—s t872—s
vy = 2aﬁj J (I fii(s, ) ds) (J fi(s, ) ds” ) dsdt,
o Jo 0 0

cf. [4, Proof of Proposition A.9]. From (A.19) and the Cauchy-Schwarz inequality we infer

sup |fi,i(5; s’)fj,j(s,s")| S(l A s—(n,—+nj)/2—d/2+2£)(1 A S/—ni/Z—d/4+£)(1 A s//—nj/Z—d/4+£)
x€]

for € > 0, which gives

T6_2 T6_2
sup|Vi| < 56J (T A s—ni/Z—nj/Z—d/2+2g) dSJ (1A S’—Tli/Z—d/4+S) ds’
x€] 0 0

752
. ‘[ (1 A S//—nj/Z—d/4+£) ds”
0

< 66(1 vV 6ni+nj+d_2—45)(1 Vi ani+d/2—2—2€)(1 v 6nj+d/2_2_26).

Without loss of generality let n; < n;. For £ small enough, we can ensure srtntd=2-4¢ < 1 as
ni+n; >2-d.Ind < 2 only the pairs (n;,n;) € {(0,0), (0,1)} are excluded, and in every case
the claimed bound holds. The same applies to d > 3 for all pairs (n;, n;). [

Proof of Theorem A.3

Proof. We begin with the observed Fisher information. Suppose first Xo = 0. Under Assumption
H we find that n; +nj > 2 —d foralli,j = 1,..., p in all dimensions d > 1. It follows from
Lemmas A.18 and A.19 that

M T
(peTspe)ij = 872 mmip 1y J (X (), AT Ky )X (1), A7Ks ) dt
k=1 "0
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=T¥(A/K, AJK) +op(1) = (Zg)ij + op(1).

This yields for Xy = O the wanted convergence psJsps i ¥y. In order to extend this to the general

Xo from Assumption H, let X be defined as X, but starting in X (0) = 0 such that for v € L%(A),

(X(t),v) = (X(t),v) + (Sg(t)Xo, v). If Js is the observed Fisher information corresponding to X,
. . . o (T . «

then by the Cauchy-Schwarz inequality, with v; = sup; §*%~2 [ (X, S;(£) A K5 x, )* dt,

1/2,, 1/ 1/2 1/2 1/2,1/2

[(psJsps)ij — (psIsps)ijl < (psIsps)y; + (psJsps )ji +v; ",

By the first part, (psJsps)i; is bounded in probability and Assumption H(iv) gives v; = op(1) for
all i. From this obtain again the convergence of the observed Fisher information. Regarding the
invertibility of Zg, let A € R? such that

0= ZAA (Z,g)lJ—T‘P,g(Z/lAK ZAA K)

i,j=1

By the definition of Wy this implies e'¥ %Y (3F | ;A7K) = 0 forallt > 0 and thus }'7 | };A’K = 0.
Since the functions A{K are linearly independent by Assumption H(i), conclude that Zg is
invertible.

We proceed next to the proof of the CLT. The augmented MLE and the statement of the
limit theorem remain unchanged when K is multiplied by a scalar factor. We can therefore
assume without loss of generality that ||K|[;2(ge) = 1. By the basic error decomposition (A.11)
and because Xy is invertible, this means

(psJsp8)/2p5 (35 — 9) = (psdsps) /22y * (252 psMs). (A.20)

Note that Ms = Ms(T) corresponds to a p-dimensional continuous and square integrable
martingale (Ms(t))o<¢c<7 With respect to the filtration (J;)o<;<r evaluated at t = T. In view of
Assumption H(iii) let § < §’ such that for s,t > 0 and k, k" with the Kronecker delta &j i’

E[Wi(s)Wi ()] = (s A 1)(Ksx, Ko ) = (5 A )8

This means that the Brownian motions Wy and Wy are independent for k # k” and thus their
quadratic co-variation process at t is [Wi, Wir]¢ = t8i . From this infer that the quadratic
co-variation process of the martingale (Ms(t))o<;<r att =T for § < &’ is equal to

D= f X (OXE (0T d Wi Wi, = Js.
k,k'=

_ d P
Theorem A.25 now implies 231/2P5M5 — N(0, Ipx,). Conclude in (A.20) by psJsps — Zg and
Slutsky’s lemma. [
A.6.2 RKHS computations

The proofs of the RKHS results from Section A.3 are achieved by basic operations on RKHS, in
particular under linear transformation (see, e.g., [38, Chapter 4] or [59, Chapter 12]).
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Recall the stationary process X in (A.14) and that Ae; = —4e; with eigenvalues 0 < 1; <
Az < --- and an orthonormal basis (e;);>1 of J(. The cylindrical Wiener process can be realised
as W = )5, e;B; for independent scalar Brownian motions f8; and we obtain

t
X0 = Y [ e ape = Y v (A21)
jz1v-® j>1
with independent stationary Ornstein-Uhlenbeck processes Y; satisfying
dy;(t) = —A;Y;(t) dt + dp;(t).

For a sequence (11;) of non-decreasing, positive real numbers, take J(; to be the closure of J{
under the norm

1
2 2
I21%, = > (e,

jz1 7

such that H is continuously embedded in ;. If for0 <t < T

‘ ’ / / ’ ]- t — .+ ’
J IS ) s o, 48 = D j IS(&)ejll3, e’ = E'PJ e dt <00, (A22)
—00 %) ] —00

=1~ j=1

t

then we conclude by [15, Theorem 5.2] that the law of X induces a Gaussian measure on the
Hilbert space L?([0, T]; 3(1). A first universal choice is given by p j=jforall j > 1. Moreover,
if A is a second order elliptic differential operator, then Weyl’s law [52, Lemma 2.3] says that
the A; are positive real numbers of the order j?/?, meaning that the choice p j= )L;/ % is possible
whenever s > 0 and s + 1 > d/2. In this case, H{; corresponds to a Sobolev space of negative
order —s induced by the eigensequence (4;, e;);>1.

Let us introduce some background on the RKHS of a centred Gaussian random variable
Z, defined on a separable Hilbert space Z. Its covariance operator Cz is necessarily positive
self-adjoint and trace-class. This means, by the spectral theorem, there exist strictly positive
eigenvalues (0?) j>1 and an associated orthonormal system of eigenvectors (u;);>1 such that

Cz; =), i>1 0]2. (uj ® uj). Associate with Z (or rather with the induced centred Gaussian measure)
the so-called kernel or RKHS (Hy, || - ||z), where

2 <u]:h>%
Hy={heZ:|hllz <o},  [hlZ=) —5 (A.23)

j>1 Gj

(see, e.g., [38, Example 4.2] and also [38, Chapters 4.1 and 4.3] and [22, Chapter 3.6] for
other characterizations of the RKHS of a Gaussian measure or process). Alternatively, we have
H; = Cé/ZZ and ||h||z = ||CZ_1/2h||Z for h € H;. A useful tool to compute the RKHS is the fact
that the RKHS behaves well under linear transformation. More precisely, if L : Z — Z' is a
bounded linear operator between Hilbert spaces, then the image L(Z) is a centred Gaussian
random variable with RKHS L(Hyz) and norm ||h||;z) = inf{||fllz : f € L"*h} (see Proposition
4.1 in [38] and also Chapter 3.6 in [22]).
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RKHS of an Ornstein—-Uhlenbeck process

We start by computing the RKHS (Hy,, ||-|ly;) of the processes Y;. We show that the RKHS is equal
to the set H from Theorem A.5, and therefore independent of j, while the corresponding norm
depends on 4;.

LEMMA A.20. For every j > 1 we have Hy, = H and

112 = 221[R12, (g 5y, + A1 (H3(T) +H2(0)) + I I .- (A.24)

Proof. By Example 4.4 in [38], a scalar Brownian motion (S(t))o<:<7 Starting in zero has RKHS
Hg = {h : h(0) = 0, h absolutely continuous, h, h’ € L?([0,T])} with norm

T
Il = [ w2 e

Moreover, the Brownian motion (B(t))o<;<r with B(t) = X, + B(t), where X is a standard
Gaussian random variable independent of (B(t))o<:<r has RKHS

T
Hy={a+h:a€RheHg}=H, |hll= I (h'(t))* dt + h*(0),
0

as can be seen from Proposition 4.1 in [38] or Example 12.28 in [59]. To compute the RKHS
of Y; we now proceed similarly as in Example 4.8 in [38]. Define the bounded linear map
L:L2([0,e*MT - 1]) — L2([0,T]), (Lf)(t) = (2A;)~Y/2e7Ait f (24t - 1). Then we have L = Y;
in distribution and L is bijective with inverse L™h(s) = 1/24;(s + 1)h((21;) " log(s + 1)) for
0<s<eMT 1. By Proposition 4.1 in [38] (see also the discussion after (A.23)), we conclude
that Hy, = L(HB) = L(H) = H with
2 ~17 12 S 1 2 2
IRlIZ, = L7 R)2 = L (3 22,5 + 1)h(2—lj log(s + 1))) ds +2A,h2(0)

= JT(ljh(t) +h'())? dt +24;h%(0)
0 . .
= AJZJ h*(t) dt + A;(h*(T) + h*(0)) +J (R (¢))? dt. -
0 0

RKHS of the SPDE

We compute next the RKHS of the process X. Let us start with the following series representation,
which is independent of H;.

LEmMMA A.21. The RKHS (Hy, || - ||x) of the process X in (A.14) satisfies

Hy={h=">"hye;: hj e H|lllx < cof and [0} = )" sl
j>1 jz1
Note that h € L%([0,T]; H) if and only if h = 2j>1 hjej with h; € L%([0,T]) and where
2ix1 ||hj||§2([0 ) < % In this case we have h; = (h,e;) for all j > 1. Moreover, since the A;

are bounded from below by a positive constant, we conclude that Hy is indeed a subspace of
L*([0,T]; ).
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Proof of Lemma A.21. Choose pi; = j for all j > 1. Then X = ;54 j~'Y;e; with orthonormal
basis ej = je; of H; and the covariance operator Cyx of X is given by

Cx : 12([0,T];301) = LA([0,T];30), Y fg > Y i™(Cy, )8

j=1 j=1

with Cy, : L%([0,T]) — L?([0,T]) being the covariance operator of Y;. Hence, using the
definition of the RKHS given after (A.23), the RKHS of X consists of all elements of the form

h=C%f =3 i G g = ) (G Fe

j>1 j=1
with f = Y;5; fje; € L*([0, T]; H1) and we have
~1/2
IRl = lICx / h||Lz([0T 1:3¢) ||f||Lz([0T] 3) J I£(OI5, dt = Z ||f;||L2( or]) <
jz1

Using Lemma A.20, we can write h = ijl hje; with h; = C;j/zfj € H and

-1/2
R0, = Gy 2 hil% 1o.1y) = 1Al 0.y,
Inserting this above, the claim follows. ]

Proof of Theorem A.4. We first show

Hy :{ = hiej hy € H, D (A2 NRj1% gy, + IS o) < oo}, (A.25)
jz1 jz1

meaning that the middle term in the squared RKHS norm || - ||%_ can be dropped. By the calculus
rules for Sobolev functions (cf. [20, Theorem 4.4]), we have

Vs,u € [0,T] : h?(s) - h?(u) = ZJsh}(t)hj(t) dt.

Fix j > 1 for the moment and choose t; € [0, T] such that h]2.(t0) =T Y|h; ||L2([0 rp)- Then

0 T
2 ’

A;(R2(T) +h7(0)) = 2 J +J R (Oh;(0) de+ 2211112 o )

< 22512 oy il 2oy + 245115117

< 2257 + IR + [|nll1?

JUz(for])

L(o,r1) L2([o,r1) (o)’

where we also used the Cauchy-Schwarz inequality, the fact that T > 1, and the inequality
2ab < a® + b2, a,b € R. Summing over j > 1, we get

3403 +120) < 3 @2 o 1y, + I o0 * Wil o)) (A26)
j=1 j=1

from which (A.25) follows, taking into account the discussion after Lemma A.21.
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Let us now write
Hy = {h € L*([0,T]; %) : Ak, k" € L*([0,T]; H)}
and

InlI% = AR} + IR 117 +(=Ah(0), h(0))3c + (—=AR(T), h(T) ).

L2([0,T];H) L2([0,T];3)

By the RKHS computations in Lemma A.21 it remains to check that Hy = Hx and ||h||x = ||h]| iy
for all h € Hy. First, let h = }};51 hje; € Hx. Then h is absolutely continuous with

h = Zlh;el € LZ([O, T]; H), Ah=- Zl Ajhjej € L2([O, T]; H). (A.27)
jz >

Hence, h € ﬁx and therefore Hx C ﬁx. To see the second claim in (A.27), set k(™ = Z}“:l hje;
and g™ = — Z;-":l Ajhjej for m > 1. Then, h(™ (t) and g™ (t) are in K for all t € [0,T] and
we have Ah™ = g(™) because (Aj,ej)j>1 is an eigensequence of —A. Moreover h(™ () — h(t)
and AR (t) = g™ (¢) — g(t) = 2j>14jhj(t)e; for a.e. t. Since A is closed, we conclude that
Ah(t) = g(t) for a.e. t.

Next, let h € Hy. Then we can write h = 2j>1 hjej with hj = (h, e;) € L%([0,T]). Using also
[40, Proposition A.22], the h; are absolutely continuous with h; (h,ej) =(h',ej) € L2([0,T]).
Hence, h; € H for all j > 1. Moreover, the relations in (A.27) continue to hold, as can be seen
from the identities (Ah(t),e;) = A;h;(t) and (', e;) = h;., and we have

2
HARIZ, o100 = O AR oy IR W qomys0 = 2 P2 o) (A.28)
j=1 j=1

Hence, h € Hy and therefore also Hy C Hy. We conclude that Hy = Hx and that the norms
coincide, where the latter follows from (A.28) and (A.27). Moreover, inserting

(=Ah(0), h(0))sc + (=AR(T), h(T))3c

S 2”Ah”§2([0,]~]’g{) + ”h ||L2([OT + ||h||L2([OT g.();
the upper RKHS norm bound follows, as can be seen from (A.26), (A.27) and (A.28). [ ]
RKHS of multiple measurements
In this section we deduce Theorem A.5 from Theorem A.4. This requires the K3, ..., Ky to

lie in the dual space 3{]. When A = A this is a Sobolev space of order s > d/2 — 1 (see
the beginning of Section A.6.2). In Section A.7.7, we give a second more technical proof
based on an approximation argument, which provides the claim under the weaker assumption
Ki,...,Ku € D(A).

First proof of Theorem A.5. For a non-decreasing sequence (1) of positive real numbers, take

Vi ={f € 3 IFI, = ) m3(fo e < oo},

=1
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and take H; = V}’l to be the closure of H{ under the norm

1
2 _ 2
2015, = > e

jz1 7

Then, V, is continuously embedded in H and (V,, K, V;l) forms a Gelfand triple, i.e., H is
identified with its dual and thus ¥ is also continuously embedded in V},. Moreover, we can
extend (f, g) = (f, g)sc to pairs f € V,, and g € V;, and we have the (generalised) Cauchy-Schwarz
inequality

[0 < 1 fllv, llgllv;.- (A.29)

We choose the sequence (1) such that (A.22) holds, meaning that X can be considered as a
Gaussian random variable in L?([0, T]; V}’l)' For K1, ..., Ky € Vy, consider the linear map

L:L*([0,T];V,) — L*([0,TDM, Lf(t) = ((Kk, (O, t € [0, T].

Then, LX = Xk in distribution. Using (A.29), it is easy to see that L is a bounded operator with
norm bounded by (Zﬁ/lzl ||Kk||‘2/p)1/2:

M T M
| o ae < (S AR o1
k=1 k=1

Next, we show that L(Hy) = H™. First, for (hx)}, € HY, the function

f= ) G Kihi € Hx satisfies Lf = (). (A.30)

M
=1

k.l
Hence HM ¢ L(Hy). To see the reverse inclusion, let f € Hy. Set (hk)f(‘il = Lf such that
hi(t) = (K, f(t)). By the definition of Hx and properties of the Bochner integral (see, e.g., [40,

Proposition A.22]), the hy are absolutely continuous with derivatives h; (t) = (Kx, f'(t)), and we
have

T T
’ 2 2 7 2 _ 2 7112
J| con?ae < it [ 07Ot = WS W 100, <

We get hy € H for all k = 1,...,M. Hence, L(Hx) ¢ HM and therefore L(Hx) = HM. It
remains to prove the bound for the norm. Using (A.30), the behavior of the RKHS under linear
transformation (see [38, Proposition 4.1]) and Theorem A.4, we have

M M
RO, < 1Y Gl Kehull < 311 . Gl ARkl Za .01.90,
k=1 k=1

M M
-1 2 -1 2
+ ” Z Gk’l Kkhl”LZ([O’T];g{) + 2” Z Gk’lKkh{”LZ([o’T];g{)-
k,1=1 k,1=1
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Using the definition of G4, the last display becomes

T M T M
OB, <3 | (6716a6 huto(o) de+ ) (6 ahutolhu(o) de

k=1 0 k=1

T M
+2J Z(G-l)klh;(t)h;(t) de, (A.31)

0 ki=1
and the claim follows from standard results for the operator norm of symmetric matrices. ®

Proof of Corollary A.6. Since the Laplace operator A is negative and self-adjoint, the stochastic
convolution (A.14) is just the weak solution in (A.4) and H = L2(A). If (K)} | = (Ksx, )il with
IK|l 2 (ray = 1, then Ky, . .., Ky have disjoint supports and satisfy the assumptions of Theorem
A.5 with G = Iyxy and G, being a diagonal matrix with (Ga)xk = ||AKs x, || fz (Ré)* By construction
and the Cauchy-Schwarz inequality, we have ||Ks, || = 1 and ||AKs || < 6_2||AK||L2(Rd). From
Theorem A.5, we obtain the RKHS Hy, = HM of Xx with the claimed upper bound on its norm,

where we also used that §2 < ||AK]|| 12(Rd) Dy assumption. [

A.6.3 Proof of the lower bounds

In this section, we give the main steps of the proof of Theorem A.7, which follows a Gaussian route.
First, we combine a classical Gaussian lower bound (based on two hypotheses) with arguments
from the Feldman-Hajek theorem to formulate a lower bound scheme that is expressed in terms
of covariance operators and RKHS norms. Second, we invoke the RKHS computations from
Section A.3 to further reduce our analysis to L2-distances of the involved (cross-)covariance
kernels and their first and second derivatives. Finally, we use semigroup perturbation arguments
to compute these distances in the setting of Assumption L. The proofs of three key lemmas are
deferred to the appendix.

Gaussian minimax lower bounds

Let (Pg)gce be a family of probability measures defined on the same measurable space with
a parameter set ® C RP. For 9°,9! € @, the (squared) Hellinger distance between Pgo and
Pg: is defined by H?(Pgo, Pg1) = I(\/Pso — 4/Pg1)? (see, e.g. [56, Definition 2.3]). Moreover, if
9°, 9! € O satisfy

H*(Pgo, Pg1) < 1, (A.32)
then we have the lower bound
-~ 90 — 91 12-+v3
inf max P3(|8—8| > | l) > — V3 =:c3, (A.33)
g 9e{980,91} 4 4

where the infimum is taken over all RP-valued estimators ¢ and | - | denotes the Euclidean norm.
For a proof of this lower bound, see [56, Theorem 2.2(ii)].

Next, let Pgo and P41 be two Gaussian measures defined on a separable Hilbert space Z
with expectation zero and positive self-adjoint trace-class covariance operators Cqo and Cys,
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respectively. By the spectral theorem, there exist strictly positive eigenvalues (0}2) j>1 and
an associated orthonormal system of eigenvectors (u;);>1 such that Cgo = ;51 0']2(11]‘ ® uj).
Given the Gaussian measure Pgo, we can associate the RKHS (Hyo, || - ||r,,) of Pgo given by
Hgo = {h € Z : ||h|ls,, < oo} and ||h||?_13O =Y is1 O']._2<uj, h)2 (cf. the beginning of Section A.6.2).
Combining (A.32) with the RKHS machinery, we get the following lower bound.

LEMMA A.22. In the above Gaussian setting, suppose that (u;);>1 is an orthonormal basis of Z. and
that

D 07lI(Cs = Coo)ujllz , < 1/2. (A.34)
j=1

Then the lower bound in (A.33) holds, that is

8% - &)
-3,

inf max P9(|§— 9| >
9 9e{80,91}
Lemma A.22 is a consequence of the proof of the Feldman—-H4jek theorem [15, Theorem
2.25] in combination with basic properties of the Hellinger distance and the minimax risk. A
proof is given in Section A.7.3.

Proof of Theorem A.7

Our goal is to apply Lemma A.22 and Corollary A.6 to the Gaussian process Xs under Assumption
L. We assume without loss of generality that ||K|[;2(ge) = 1. We choose 9% = (1,0,0) and
8! € ®; U @, U @3, meaning that the null model is Ago = A and the alternatives are Ag1 =
91A +95(V - b) + 95 for 9! € R3, where 9! lies in one of the parameter classes ©1, ®; or
©3. For 9 € {99, 91}, let Py s be the law of X5 on Z = L2([0,TDHY, let Cy,s be its covariance
operator, and let (Hys, |||, ;) be the associated RKHS. For (fi)¥, € L*([0,T])™, we have
Cos( fk)kM: 1= (Zf\i 1Co.611f1 kM: , with (cross-)covariance operators defined by

Cosx1 - L*([0,T]) — L*([0, T]),
Co,s.k,1f1(t) = Es[{Xs,1, fdr2([or) X6,k (D], 0<t<T

(see also Section A.7.4 for more details). By stationarity of Xs under Assumption L

T

t
Co.5k,1f1(t) = ‘[ co. skt —t") fi(t') dt’ +I cosk(t’ =) fi(t) dt’, 0<t<T
0 ¢

with covariance kernels cgsx(t) = Eg[Xs5x(t)Xs5:(0)], 0 < t < T. Following the notation

of Section A.6.3, let (a?) j>1 be the strictly positive eigenvalues of Cgo 5 and let (u;);>1 with
uj = (ujr)iL, € L%([0, T])™ be a corresponding orthonormal system of eigenvectors. By Corollary
A.6, we have Hyo 5 = H" as sets. Since H is dense in L*([0, T])™, (u;);>1 forms an orthonormal
basis of L2([0, T])™. This means that the first assumption of Lemma A.22 is satisfied. To verify
the second assumption in (A.34), we will use the bound for the RKHS norm in Corollary A.6.

LEMMA A.23. In the above setting, we have

(o)
-2 2
2952 1(Co0 5 = Cor usllz,
j=1
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||AK||L2(Rd

M
2 2
cT Z ( €908, k1 — C91,6,k,l|lL2([0,T]) + ”C:g,o’g,kJ - Cfg,l’g’k’l||L2([0’T]))
k,1=1

for all 82 < lAK||;2(ray and all T > 1, where ¢ > O is an absolute constant.

The proof of Lemma A.23 can be found in Section A.7.4. Moreover, combining Lemma
A.17(ii) with perturbation arguments for semigroups, we prove the following upper bound in
Section A.7.5.

LEMMA A.24. In the above setting let 9' = (81,82, 93) € @1 U O, U @3 with M > 1. Then there
exists a constant ¢ > 0, depending only on K such that

M
-8 2
Z (6 ||C19°,6,k,l - C191,6,k,l||L2([0,T]) + ”C:g,o’g,k’l 31 s kl“LZ([O T]))
k=1

< cM(872(1 - 91)* + 92 + 5%92).

Choosing consecutively

1912(191,0,0)691, 19121+C2 ,
T™M
1

NTM'
91 =(1,0,95) €@, 93 =cymin (1,

8 =(1,9,,0) € ©,, 95 =cy
6—1
x/TM)’

Theorem A.7 follow from Lemma A.22 in combination with Lemmas A.23 and A.24. ]

A.7 ADDITIONAL PROOFS

A.7.1 Additional proofs from Section A.2

The proof of invertibility of the observed Fisher information is classical when the solution process
is a multivariate Ornstein—-Uhlenbeck process [33], but requires a different proof for the It
processes X7, .

Proof of Lemma A.1. It is enough to show that the first summand with k = 1 in the definition of
the observed Fisher information is [P-almost surely positive definite. By a density argument we
can assume without loss of generality that K € C=°(R?). Define a symmetric matrix g € RP*P,
Bij = (A;‘Kg,xl,A;ng,m) and suppose for A € RP that

0= Zl%ﬁq—ﬂzlf\ K5x1||
i,j=1
By linear independence this yields A = 0, and so f3 is invertible. It follows that

dxg, (1) = ((X(6), AjATKs )L, de + Y2 dW (0)
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with a p-dimensional Brownian motion W (t) = B~1/2((W(t), A{Ks,))! ;. ThenY = ,B‘l/ng‘,l
satisfies dY (t) = a(t)dt + dW(t) for some p-dimensional Gaussian process a. Invertibility
of fg Xg"l(t)Xg"l (t)T dt is equivalent to the invertibility of IoT Y(t)Y(t)T dt. Applying first the
innovation theorem, cf. [39, Theorem 7.18], componentwise and then the Girsanov theo-
rem for multivariate diffusions, this is further equivalent to the P-almost sure invertibility of
IoT W (t)W(t)T dt. The result is now obtained from noting that the determinant of the p X p
dimensional random matrix (W(t1),...,W(tp)) is P-almost surely not zero for any pairwise
different time points t1, .. ., t,, because W has independent increments. [ ]

Proof of Lemma A.2. It is enough to prove the claim for A? € {1, D;, Djx} with n; € {0, 1, 2}. Let
u; = 8 "(v;)sx for v; = ATK. Suppose first Xo € LP(A). The scaling in Lemma A.13, the Holder
inequality and Lemma A.16 appliedto § =1,s =0, yield for 1/p+1/qg=1

suIB)(Xo,Sg(t)ui)Z < ||Sg(t)XO||%p(A) suglluillfq(/\) < 5d(1_2/p)_2”i||Xo||%p(A),
xXe xXe

The same Lemmas applied to s = n; also show for €,¢” > 0

T T
SUPJ (Xo, Sy(D)uy)* dt < ||Xo||25UPJ 1S5 (£)us||* de
e Jd Je’

x€] X€E

T T

S supj 15,5, (68~ *)villz o, dE 5 87 f (87242 e e,
xed Je’ 7 8x e

Assumption H(ii) implies 1 — ng —d/2 < 0, and so the last line is of order O((g’)!~mi—4/2+e§d=2¢),

After splitting up the integral we conclude

T
SUPJ <X0,S:;(t)ui>2 de < £"6d(1_2/p)_2ni+(£‘/)1_ni_d/2+£6d_2£.
x€d JO

2n;+2d/p-2¢

Choosing ¢ = 8§ %2 vyields the order O(8"(P)=¢") with the function h(p) = d(1 — 2/p) +
2(n; +d/p)/(n; +d/2) — 2n; for any ¢’ > 0. We get h(2) = 2 — 2n; and h’(p) > 0. From this
obtain the claim when Xy € LP(A).

Let now Xy = f?oo Sg(—t")dW(t’) and cy < 0. By It0’s isometry, the §-scaling and changing
variables we get

LG, 550000 = | S5(¢ + 0uilPde =872 [ Tls; (4052wl
0 0 ,

By Lemma A.16 and ¢y < O the integral is uniformly bounded in x € Jand 0 < t < T and

converges to zero by dominated convergence, because the integrand does so as § — 0. From
this obtain the claim in the stationary case. [

THEOREM A.25. Let Mg = (Ms(t)):>0 be a family of continuous p-dimensional square integrable
martingales with respect to the filtered probability space (Q, F, (F;), P), with Ms(0) = 0 and with
quadratic covariation processes ([Ms]¢)¢so. If T > O is such that

P
[MS]T - Ip)(p’ 6 - 0)
then we have the convergence in distribution

Ms(T) 5 N(0, Ipxp), 6 — 0.
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Proof. Forx € RP the process Ys(t) = x " Ms(t)x defines a one dimensional continuous martingale
with respect to (JF;) with Y5(0) = 0 and with quadratic variation

p
[Ys]r = x'x, & —0.

An application of the Dambis—-Dubins—-Schwarz theorem ([30, Theorem 3.4.6]) shows Ys(t) =
ws([Ys]) with scalar Brownian motions (ws(t)),>0, which are possibly defined on an extension
of the underlying probability space. From the last display Slutsky’s lemma implies the joint

weak convergence (ws, [Ys]7) LN (wo, x"x) on the product Borel sigma algebra of C([0, o)) X R,
where C([0, o)) is endowed with the uniform topology on compact subsets of [0, ), and
where wy is another scalar Brownian motion. The continuous mapping theorem with respect to
(f,t) = ¢(f,t) = f(t) yields then the result, noting that wg(x "x) has distribution N(0,x "x). m

A.7.2  Proof of Proposition A.12

Proof. Note first that Ay = A + & corresponds to A; = 1, Ag = A and with observed Fisher
information Js = Zf’: 1 foT (X (b), Kg,xk>2 dt. In particular, Assumptions H(i), (iii) and (iv) hold.
As in the proof of Theorem A.3, we can suppose that ||K|[;2(gey = 1. Recall from the basic

decomposition (A.11), 55 =9+ ngMg and from the proof of Theorem A.3 that Ms = Ms(T) for
a square integrable martingale (Mgs(t))o<¢<T, Whose quadratic variation at t = T coincides with
Js. We show below

log(871) 15 = 0p(1), (log(87")7'Js)~! = Op(1). (A.35)

A well-known result about tail properties of square integrable martingales (e.g., [61, p. 3.8])
therefore implies Ms = Op(log(8™ 1)1/2) "and we conclude from the basic decomposition that
85 =9 +Op(log(8~1)"1/2) as claimed.

For (A.35) it is enough to show that Js/E[Js] 5 1 and log(6')E[Js] = 1, which in turn
holds if for some ¢, C > 0, independent of &,

c <log(6HE[Is] < C, log(671)"2Var(Js) = o(1). (A.36)

As in the proofs of Lemmas A.18, A.19 and using their notation we compute

E[Js] <M62J J sup||585x(t K2y, At de,

Var(Js) < M?sup Var(J (X(t), Kg’x>2 dt)
0

x€]

T pt62( pt&2—s 2
= M? sup 46° J J J fia(s,s’)ds’| dsdt.
xed 0 Jo 0

By the supplement in Lemma A.16 we find in d = 2 that

sup||335x(t)K||L2(A6 yS1AtYE 20,82 0. (A.37)

xegd



52 CHAPTER A. OPTIMAL PARAMETER ESTIMATION FOR LINEAR SPDEs

Plugging this into the last display and using M&? < 1 provides us with
T pt§2 T
E[Js] < J J (1AsY)dsdt < J log(t672) dt < log(87Y),
0o Jo 0

T8~2 7872 2
Var(Js) < M28° (J (1A@{)™Y dt’)(J (1A dt) < log(671).

0 0

We are thus left with showing E[Js] > log(8~!). First, note that
15,5 (DKl 2m2) = € 1Sg.6.0 (DK 12(r2)
and decompose

1S5, x(t)K”LZ(RZ) (S9.5.x()K, Sp,5x(DK) 22

= (|0 K12, gz, + (€K + S5 (DK, Sg.5.x (K — ¢ Ky ).

Recalling K > 0, the inner product here is uniformly in x € J up to a universal constant upper
bounded by

_8-2,-1
(€K, (¢ K*) %) 12 g2y (86270 )2 < [|e0K 122y [l K[| 2y 8t 2,

concluding by the Cauchy—-Schwarz inequality and sup,.xe™ < 1 in the last inequality. Since
lleto K2 || 1 (R2) = ||K||L2(R2) and using (A.37), it thus follows for some C > O that
198,66 (K22 g2y 2 €K7, oy = C(L A LS,

Hence, using M8% > 1,
5 1 6_1 5 1
B > [ eI de = [ C8de= [ I KIE, g de .

Suppose without loss of generality that the support of K is contained in the unit ball B;(0).
Writing 'K = g, * K as convolution with the heat kernel g,(x) = (4xt) ! exp(—|x|?/(4t)) we
have

2
€K1 o) = | (J qf(y—X)K(X)dX) dy.
R2\JB1(0)

The heat kernel g;(x) is decreasing as |x| — oo. Hence, for x € B1(0), we bound ¢,(y — x) >
q:(y + y/|y|) for any y € R? \ {0}. Plugging this into the preceding display yields by K > 0

2
169K @y +y/lyDK() dx) dy
( )
R2\JB;1(0)
UKW oy | aetus /Py z e

-1
In all, we conclude that E[Js] = C’ fg t~1dt — C for ¢’ > 0, implying the wanted lower bound
in (A.36). [



A.7. Additional proofs 53

A.7.3 Proof of Lemma A.22

By definition, we have

D 07l(Cs = Coolujllf , = D 0720w, (Cor = Cgo)ur)?

j=1 Jk=z1
Combining this with (A.34) and the fact that (u;);>1 is an orthonormal basis of Z, the infinite ma-
trix ({uj, (Cg1 — Cgo)ur)z/ (ojak));.’f’kzl defines an Hilbert-Schmidt operator S on Z. Let (v, H1j)j>1
be an eigensequence of S with (v;);>1 being an orthonormal basis of Z. Since ||S IIIEIS (2) S 1/2 by
(A.34), wehave tj := pj+1 € [1-27Y2,1+271/2] forall j > 1. Now, let {&;};>1 be a sequence
of independent standard Gaussian random variables. Then the series

1/2 1/2
ijcsé Uj and Z \/T_jfjcsé Uj
j21 j=1
converge a.s. and their laws coincide with those of Pgo and Py1, respectively (see, e.g., [15, Proof

of Theorem 2.25] or [34, Pages 166-167]). By standard properties of the Hellinger distance
(see, e.g., Equation (A.4) in [49]), we have

#2((@Q)N(0, 1), RN, 7)) < 3 HAN(0,1),N(0, 7))

j>1 j>1 j>1

< 2Z(Tj — 1) =2|IS|Zgz) < 1. (A.38)
j>1

Moreover, defining Qg = ) i»1N(0,1), Qg1 = X j>1N(0, 7)) and the measurable map 7 :
R* — Z by T({aj}) = Xjs1 ajCl;ézvj if the limit exists and T({a;}) = O otherwise, the image
measures satisfy Qgo o T~! = P4 and Qg, © Tl = Pg,. Finally, by the transformation formula,
the minimax risk in (A.33) can be written as infg maxge (g0 g1} Qs(|9 0 T — 9| > |9° — 91|/2),
where the infimum is taken over all measurable functions from Z to RP. Allowing for general

estimators depending on the whole coefficent vector in R, the claim follows from (A.38) and
(A.33) applied to the product measures Qgo and Qg:1. [

A.7.4 Proof of Lemma A.23

Let us recall some simple facts on the space Z = L2([0,T]) and a bounded linear operator
I : Z — Z. First, Z is a Hilbert space equipped with the inner product (( fk)ll(wz 1 (gk)kM: )=
Z%Kfj,gjhz([o,ﬂ)- Second, I can be represented by linear operators Ir; : L2([0,T]) —
L*([0,T]) such that I(fi)™, = (X, Ik fi)),. Finally, I is a Hilbert-Schmidt operator if and

only if all I; are Hilbert-Schmidt operators and we have

M
2 _ 2
sz = D Mkalis o)
k=1

where ||-|lgs(12([0,r])) denotes the Hilbert-Schmidt norm on L?([0,T]). Recall also that (0}2) i>1
are the strictly positive eigenvalues of Cgo s and that (uj);>1 with u; = (ujk)L; € Z is a
corresponding orthonormal basis of eigenvectors. We first prove a more general version of
Lemma A.23.
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LEMMA A.26. Grant Assumption L. Consider an integral operator I = (lk,z),l(wl:l 12 > Z,

I f(t) = fé Kii(t —t')f(t)dt” + ftT ki k(t" = t)f(t") dt” with square integrable and twice con-
tinuously differentiable functions ky, satisfying xx1(0) = k1x(0) and «} ,(0) = —«;,(0) for all
1 < k,1 £ M. Then we have

) M ”AK” Z(Rd)
Zo I, < > | 2407 ——— kil g 5y + 2007122 1,
k=1
for all §% < |AK|| 2 (ray and all T > 1

Proof of Lemma A.26. We divide the proof into the cases of single and multiple measurements.

Case M = 1 If M = 1, then we consider an integral operator I : L2([0,T]) — L2([0,T]),

If(t) = IoT k(|t —t’])f(t") dt’ with some square integrable and twice continuously differentiable
function k satisfying k’(0) = 0. Define the operators

T
() = L sign(t — ) (|t — ¢ F(¢)) d’,

T
I f(e) = L K (It - EDFE) de’.
We show first

If) @ =If@®), )" (@©)=1"f(1). (A.39)

Indeed, after splitting up the integral defining If(¢) it follows from the chain rule that

t T ’
Uﬁ%@:(LK@—HV@U&Uh[KQU¢Vaﬁmj
T

= k() () + L K (6= ) F(E) de’ — k(0)F(6) - j K~ OF(E) de,

t

t T
(LF)" () = K (0)£(0) + L (= OV F(E) e+ (0) () + j K~ OF(¢) d,

from which (A.39) follows by inserting the assumption «’(0) = 0. Thus, Corollary A.6 (applied
with M = 1) and (A.39) yield for all j > 1
sl < 48 HIAKIZ g sl ., + 201 (T |12

= 467*||AK||?

L2([o,r]) 2([o,r])

|ujl? +2[|1'u;|1?

L2(R4) | L2([0,T]) L2([0,T])

for all 82 < ||AK|| 12(rd) and all T > 1. By construction, I is symmetric, while I’ is anti-symmetric,
implying that <Iuj,uj/>fz([0’ﬂ) = (uj, Iuj/>fz([0’ﬂ) and (I’uj,uj/>fz([0’ﬂ) = (uj, I/”J"%([O,T]) for
all j,j” > 1. Combining this with Parseval’s identity, we get

(o]

4 2 2
| ]”H 05 = 45 ”AK”LZ(Rd)(uj: Iuj’>L2([0’T]) + 2<uj’ I/uj,>L2([0,T]))'
j=1
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Multiplying the right-hand side with aj‘z and summing over j > 1 yields

(o8]

2 2
D (48K g 1Ty 7+ 200w 1 ),
=1 ’ ’

as can be seen from (A.23). Applying again Corollary A.6 and the definition of the Hilbert—
Schmidt norm, we arrive at

sl “ 2
-2 2 L2(RY)
2,05 2w, < 16 5 Mlsz (o)
=1
IAK]|7,
(R4) 1"
+166—” ||HS(L2([OT]))+4”I ||HS(L2 ([o,r1))

for all 82 < |AK||;2(rey and all T > 1. Inserting

A Jj <Al - dedt’ < 2Tl o,

144 144
”I ||HS(L2([0T )) < 2T||K ||L2( OT])’ ”I ||HS(L2( OT])) — 2T||K ||L2([OT ) (A4O)
we get
0 1AK%,
-2 2 L2(R4) 2
2,05 Ml < 32T —— bl o)
j
IAKIE o) ”
+32T———— |l Wiy + 8Tl 22 101, (A.41)

for all §2 < ||AK|| 12(rd) and all T > 1. The claim now follows from an interpolation inequality
(see, e.g., [10]). To get precise constants with respect to T, we give a self-contained argument.
By partial integration and the fact that «’(0) = 0, we have

T T
I (k' (¢))? dt = —I k" () (t) dt + ' (T)x(T).
0

0

Let to € [0, T] such that k() = T~} IoT k(t) dt. Then, by the Cauchy—Schwarz inequality, we
have

K2(T) = 2 JT K ()re(t) dt + (T—l JT (0) dt)2
t 0

0
< 2llkllz oy Ik ez oy + T~ IklZa oy
and similarly

(k' (1))? = ('(T))* = ("(0))*

T
- L 2" (O (1) dt < 20K 12 0 I 2 1011
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Combining these estimates, using also the Cauchy-Schwarz inequality, the fact that T > 1 and
the inequality 2ab < ea® + € 'b%, ¢ > 0, a, b € R consecutively with e € {1/4,1/V2, 1}, we get

I’ ||L2([0T 1 < Mellzor I iz o)

+ 2 leliz o e 2 o I 2 o1y

+ \/i\/||K'||L2([o,T]) <" 12 ro.r7) 1l L2 [0,

< lxcllz2 o, I N2 (fo,r7)

+ 4z oy I ez oy + 161172 0,77, /4

+ Il z2ro,rp) el z2ro.r7) /2 + Nl 2 po.rpy 1 2 o,y

< 6lIxllo2 o) I 2oy + 16 a0,y /2 + N2 .y /4

and thus
”K ||L2([OT]) < 12”K||L2([0,T])||KU||L2([0,T]) + ||K||§z([0,T])/2-

Using again the inequality 2ab < a? + b2, a,b € R, we conclude that

IAK|1?, (RY)
32T6—” ”Lz([OT])
1AK%, IAK]|?
(RY) ’ L2(R9) 2
< 192T6— ||L2([OT +192T ||, ||L2( 0T])+16T—54 ®llz2(po.r7)
IAK|1%,
(R4) 1
5208T6— kll> 0.y + 192T K" 122 (0,11,

where we used the inequality §2 < ||AK]|| 12(rdy in the last step. Inserting this into (A.41), the
claim follows.

Case M > 1 We now extend the result to the general case M > 1. Define the operators
I'= (I, )y and I” = (I}, b

t T
L f(t) = j K (E— ) f(E)dt - J K (=) f(¢) dt,
0

t
T

L f(e) :J Ky (6= t)f()dt’ +J K (= O f () dt’.
Using that x ;(0) = x1(0) and K’k)l(O) = —K;,k(O), we have

(I f)'(0) = L (D), (I )7 (0) = I fi(0),

as can be seen by proceeding similarly as in the case M = 1. Hence, we get

(I(fk)]iwzﬂ/ = I,(fk)kM=1 and (I(fk)ﬁ/[ﬂ)” = I,/(fk)]ivlzy
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Thus, Corollary A.6 again yields for all j > 1
0G0 2, < A8 AR g 1Tt 1 gy + 2T a0 2 e

Next, by construction, we have (I ;)* = I;x and (I} )" lk, implying that I is symmetric,
while I’ is anti-symmetric. Combining this with Parseval’s 1dent1ty, we get

”I(uj,k)11<w:1 ||12f—1‘90’6 < 45_4”AK”§2(RUI) Z((uj,k)]iw:p I(uj’,k)llz/i1>]%2([0,T])M
=1

+2 Z((uj,k)ﬁ/il: r (uj’,k)]iwzl >§2([0,T])M'
=1

Multiplying this with 0].‘2 and summing over j yields
Do I,
j=1 ’
-4 2 M 12 ’ M 2
< > (48K, g 1y Ol I+ 2000 ()R I )

Applying again Theorem A.5, we arrive at

0 1AK%,
-2 M 2 L2(RY) | o9
2,07 M0 1, < 16— Ml 2 0y
j=1
1AK]|2,
12(R%) 1
+ 16 6 ” ||HS(L2([0T )M) +4||I ||HS(L2([OT])M)
Inserting
” ||HS(L2([OT )M) Z ”I HS(L2 [OT )), j: 09 1: 27

with

T 0T
I sisqory = || | e =€) dece < 20,
foralk=1,...,M and

21 + L1

HS(L2 ([0,T) HS(L2([ OT]))

= (K(J)(t t))% de’ dt + (KU) '~ )% d¢’ dt
0 JO
+ ! t(;c(])(t t'))? de’ de + (K(]) —t))? dt’ de
J, Jy I[

T pT ) .
:J J () (It = /1)) dt'dt+J J (7 (I = t]))* de’ de
0 JO 0 JO
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< 2T | |12 + 2T e 1%

L2([0,T]) ([o,T])

forall1 < k #1 < M (here, we used 11(2) = Ik, Il(i) =1, and Il(i) = I}, and similar notation for
the derivatives of k), we arrive at

b ]”H0 ”AK”LZ(Rd)
Z < 32— > kil o)
j=1 k=1
||AK||L2
(RY)
+ 32T ——— Z ” kl||L2([OT + 8T Z ||K Lz([OT])

k,1=1 k,1=1

for all 62 < |AK||;2(gey and all T > 1. The claim now follows as in the case M = 1 by an
interpolation argument. [

Proof of Lemma A.23. We apply Lemma A.26 to I = Cgo s — Cq1 5 : Z — Z. This means that

I= (Ik,l)ﬁ/[zﬂ with I f(t) = fé ki (t'—t) f(t')dt’ + ftT ki e(t—t")f(t") dt’ for the integral kernels
Ki, 1 (£) = €905 1,1 (t) = Co1,551(t), 0 <t < T, with

c9,6k,1(t) = Eg[Xs5x()X5,(0)] = J (Sg(t +t")Ks v, Sy(t')Ksx,) dt’, (A.42)
0

where the last equality follows from Lemma A.17(ii). From (A.42), we immediately infer
kk,1(0) = k1 x(0). The first two derivatives of the cross-covariance integral kernels for 9 € {9°, 91}
are

Cysu(t) = J (AgSy(t +t)Ks x,, Sg(t')Ks ) dt’, (A.43)
0

cy sx(t) = J ((A)*S(t +t')Ks x,, S5 (t')Ks ) dt’. (A.44)
0

We note that
Cls,é,k,l(o) + C:9,6,l,k(0)

= J (d/dt")(S5(t')Ks xi» Sg(t")Ksx) dt” = —(Ksx,, Ko x,)
0
is independent of 9, and hence, x; ,(0) +x/,(0) = 0. [

A.7.5 Proof of Lemma A.24

It is sufficient to upper bound the L?-norms of the ky ;. Indeed, the proof below for this remains
valid if Ks,, is replaced by &~ 4(A19 Sy K)sx, and so it yields also the wanted bound on the

L?-norm of x/’, cf. (A.44). As in (A.17) we have

K
S;o (t) = etA, Sl(t) 31 ewlAU etc‘gl
with Ugi (x) = e~ (29171926 and Ty1 = 95 — (4971)719% < 0. From Lemma A.13, we also have

_ tA _ 1 t91A t82¢,
590,60 (1) = €707, Sy 5 (0) = Uyig @715k Ugi 5, € 1
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with Ug: 5, (x) = Ugi (xx + 8x). Note that
et = Ug (xk)—let81AU81 (xk).

To get started, let 1 < k,I < M and decompose kj; = e =1 1(<]1) with

1 > ’ ’ ’
( )(t) _ <(e(t+t A e(t+t )‘91A)K5,xk,et AKS,;q) dt’,

LY,
* OO

(2)(t) _ <e(t+t’)81AK6,Xk’ (et’A _ et’SlA)K&XI) dt',
) () = [ (U () e 9B (U (1) = Upreft )k, e 10K ) d
Ky (£) = (U ) U UGS (8 +) Kz, ¢ 12K ) dE

) () = <s;:,1 (t +t")Ks . Ugt (1) ~1et 18 (Ugt (x1) — Ugre91)Ks ) At
O

6 % _ _ ’ -~ ’
Ky (b) = <581(t+t')1<5,xk, (Ug ()72 = Ui 18U g1 €701 K )

(])”

We only show 31 < i<l 12 (.11 DS < c88M(872(1 — 91)% + 92 + 8292) for j = 1,3,4. The

proof that the same bound holds for j=2,5,6 follows from similar arguments and is therefore

skipped. Diagonal (i.e., k = [) and off-diagonal (i.e., k # [) terms are treated separately. Set
Kyt = K(-+ 671 (xx = x1))-

Case j =1 The scaling in Lemma A.13 and changing variables yield
(1)(t62) — SZJ <( (t+t’ )Aéxk _ (t+t )SlAgxk)K et Agkak l)Lz(Aax ) dt

_ 62<J (2B g€ 4005 dt” K Ky iz s
0 ' k

82 _ _
= 5<(€m5’xk —2(1+ ;) te1%0n) (~Asy,) 'K, Kie1)12(s,)

82 _
— ? <(etA6,xk _ et31 As ) (_Aé',xk) 1K, Kk,l>L2 (A&Xk)

81 -9%)

31+ (e185 (=g ) 'K, Kii)12(as.,)-

With ,
0185 _ othsx — (1-91) J‘ S I1=D s q¢ oth6x (=Ds),
0

as follows from the variation of parameters formula, see [18, p. 162], the identity e"*x =
et/2)8s..0(t/2)85 and the Cauchy-Schwarz inequality, we get

<(etA5’Xk - et31 B ) (_A(S,xk)_lK) I<k,l>L2 (As ;)
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=|1-%| L (81Dt Ba g eI Dosc | 1y 0y ds (A.45)
S 1= Salelle "% Kll2(n ) e/ 05 Kl
In the same way, and using K = A2K,
(e 155 (= 85,0) T K, Kigiz(g,, ) (A.46)

< e 2NN AR g2 g, le A K2,

Lemma A.16 therefore gives ;c (t62) 82|11 — 91](1 A t7174/2+) for any ¢ > 0. Changing

variables one more time and recalhng that 31 > 1 already proves for the sum of diagonal terms
1

that 31 <<yl 12

2o S < 8%(1 — 91)?M, and the implied constant depends only on K.

With respect to the off-diagonal terms, by exploring the different supports of K and K(- +
8 1(xx — x7)), we can obtain a second bound for K(

. First, Lemma A.15 gives

sup |(e" A% Ky p) (y)| < [let o+ A Kkl”L‘”(Agx )
yesupp K

< 1A% Kl ey A (6721 Kitll o (may) S TAE2, (A.47)
while on the other hand Lemma A.14(i) shows

sup |(e™Ki)(y)l s sup [(¢0|Kii]) (y)]
yesupp K yesupp K

= sup | (4rt) % exp(—|x — yl/(4t))|Ki (x)| dx
yesupp K JRA

_ e _ o lxexl?
< (4ot) P A Kl ey S V2T,

(A.48)

for some ¢’ > 0. By applying the Holder inequality and using the results from the last two
displays we thus obtain for (A.45) the upper bound

(1= DelKlla@ — sup  [(e T Bong ) ()22
0<s<t,yesuppK

|Xk Xll

< (81-1) sup |(e®|Kei) ()2 < (81 — 1)U ~(¢/2) 5

yesupp K

The same upper bound (up to the factor $; — 1 and with ¢’ instead of ¢’/ 2) holds in (A.46)

Hence, together with the bound K(l)(tSZ) < 82(8 — 1)t~ (1+d/2=ed/9)(1-)7") from above (for
sufficiently small €) we get

3 (¢59)] 5 62(91 - 1) min (¢ (420107 gD 3 )

< 828 — D12

82t

(A.49)
for €’ = c’e/2, where we have used the inequality min(a, b) < a'~¢b¢ valid for a, b > 0. Applying
the bound

(o) (o)
j tP e/t g = a_pj t7P 17Vt de < q7P
0 0
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top=1+d>0anda=2¢82|x; — x| this means

| X —X| 2
J k()% de < 851 -9 )ZJ 2 T
0 0
6 ) 52+2d

$68(1-%)'————. A.50
( 1) o — 2724 (A.50)

Recalling that the x; are §-separated we obtain from Lemma A.27 below that

(1) 2 6 2% X 82+ 6 2
2, I Waory s 8°1-80)% )7 )] g S 8 (1= %)M
1<k#l<M k=1 1=1,1#k 17k T

Together with the bounds for the diagonal terms this yields in all }; .4 < M||K )|| 2(or) <

c8°M(1 — 9,)? for a constant ¢ depending only on K.

Case j =3 We begin again with the scaling from Lemma A.13 and changing variables such
= 2 ’ -1
that with the multiplication operators V; - 5(x) = 1 — %18 (¢+)=(251)7928b-x

(3) (t62) 62 J\ <e(t+t )91As XkV v 6K et "91Ag % K l>L2(A5 dr’
_ 52J L LT O WO 2 (A51)
0

Since K is compactly supported and cg1 < 0, V; s can be extended to smooth multiplication
operators with operator norms bounded by v,y 5 = —C182(t + t') + (291)"189,. Recalling
K = AK, Lemma A.16 gives for any € > 0

e (e8%)] < SZJ e+ 9855V, 1 5Kl 2, ) e >8R |2, A
0

< SZJ Ve s(LA (E+1) 772 At < 83 (—cud + (201) 1 9) (1 ALT17Y?)
0
< 8%(818s] + 92) (1L A LTI 712), (A52)

recalling in the last line that 9, > 1 and 9, < 1. Changing variables therefore proves for the
sum of diagonal terms leksM”K ||L2([0 m S < 88(8]93| + 92)%M.
With respect to the off—diagonal terms we have

(3) (t62 62 J <Vt , 6K e(t+2t )81A5XkKk l>L2(A5 ) de’.

Write K = AK for some compactly supported K and note that
Vt,t’,SK = Vt,t’,SAK = A(Vt,t’,é'K) - (AVt,t’,(S)K - ZVVt,t’,S - VK.
Similar to (A.47) we find from Lemma A.15

sup |(Ae sk Ky 1) (y)] < 18Kk 1l rey A (62 IKtll o me) S TAE.
yesupp K
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Together with the Holder inequality and (A.48) this provides us for sufficiently small € > 0 with

62

j (A(Vep 6K), e+ 9180, Ki,D)r2 (s, ) At
0

OO

= §°

<Vt,t’,ak, Ae(t+2t 9106 x, Kk:l>L2(Aé‘,xk) de’

JO
S8 | voslRlge sup [(ae 2080k ) ()|t
JO yesupp K
oo , €
<8 | vws(IA(E+20) 70 sup (20K, ) (y)| de
JO yesupp K

|x —xl|2

o bl —x\z
< 83(8193] + 92)e J (1A (£)1742) 4t < 83(8]93] + 95)e o

Next, using 92 < 1, we have ||AV, 6||L°°(Aaxk) +|[|VVe e 6|||L°°(Asxk) 695, and so analogously to
the computations in the last display

62

J ((AVip 5)K +2VV, 1 5 - VK, €2 91855, Kit)12 (g, ) U’
0

s5382J (IR gy + IR s ey sup (e @285k ) (w) e
yesupp K

3 o I =x 12
<6 1926 82t

In all, this means |K(3)(t52)| < 83(8]93| + 92)e” ec' St 62r . Arguing as for (A.49) and (A.50), as

) g2
well as using (A.52) we conclude that |K(3)(t52)| < 83(8|93| + 9)t~1/27d/2e7¢ ‘Z for some
€’ > 0and 8424 )
(3) 2 8544 (8193] + 92)
t)“dt <
J, <0 P
We thus get for diagonal and off-diagonal terms that }\; ., ;< ||1< ||L2([0 m < c88(8]93|+92)°M

for a constant ¢ depending only on K.

Case j =4 As in the previous cases we have

(4) (t62) _ 6ZJ <(e—6(|92/l91)bx _ 1)5*

’ t'91As ’
960, (t+t)K, e 1% kKkJ)LZ(Ag,Xk) dt’.

Using the Cauchy—Schwarz inequality, Lemma A.14(i) and Lemma A.16 with K = A%K we get
for any € > 0, and recalling that $; > 1,
((e0W2/Pbx )5t o (E+ )K€ B ) o,
< 80,1 A (E+0) > Y el 10 K2 e - (A.53)

Note that Ky ; € C!(R?) such that |Ky ;| € H>*(R?) and V|Ky;| € L°(R?) with compact support.
Using now [4, Lemma A.2(ii)] to the extent that

x (e 180 Kigg ) (x) = (%180 (2681 V| Kyt| + x| Kit])) (x), (A.54)
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we find that the L?(R%)-norm in (A.53) is uniformly bounded in t’ > 0. Hence, |K(4) (t8%)| <
8395(1 A t71/274/4-€) and changing variables shows for the sum of diagonal terms

(4) 8 q2
Z ” Lz([OT]) S
1<k<M

Regarding the off-diagonal terms we have similarly for some K € L*(R?) having compact
support

‘((6—6(82/91)b~x —1)st

’ t'91A
9150 (LT OVK, € 7105 Ky )12,

— ‘(K, Ssl,a,xk (t + t/)(e—5(v92/t91)b-x _ 1)et,81A6’XkKk;l>L2(A5xk)

(0180 e ®120 i ) )|

< 892||K|| 1 (rey sup
yesupp K

< 892(1Vvt) sup )(e(”Zt')SlA"|I?k,1|)(y)‘
yesupp K
r‘xk Xll

< 89,(1 Vvt 42

using (A.48). Arguing as for (A.49) and (A.50) we then find from combining the last display

/\ g -1
with (A.53) that |K(4)(t62)| < 83957 1/2-4/4-€' .7 T2 for some €’ > 0 and

J (4) (t)z de <
0

and so in all, for diagonal and off-diagonal terms, lek,lsMHK || 2o S C6819%M for a
constant ¢ depending only on K. [ |

8+d+4¢€’ 192
2

|xk — X |4e’+d ’

LEMMA A.27. Let x1, . .., xy be 8-separated points in R%, and let p > d. Then we have

M

1
Y ———=<cs,
= 1 — xkl

where C is a constant depending only on d and p.

Proof. Since x1, .. .,xy are 8-separated, the Euclidean balls B(xy, §/2) = {y € R? : |y — x¢| <
6/2} around the x; of radius §/2 are disjoint. Moreover, for y € B(xx, §/2) and k > 1, we have

S 3
ly —x1| <y = x| + |xx — x1]| < §+|Xk—X1| < Elxk_xll,

implying that
1
Ik — x1]

IA
N w

We conclude that
M

M 1 1 1
Setes [ i
ey —xiP &4 vol(B(xx, 6/2)) 1 — X [P

B(xk,8/2)
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(3/2)? 1
= (8/2)7vol(B(0, 1)) ,; J fy=aP d

(3/2)7 f
S @l ) -l e
(3/2)7 f T

= dy.
(8/2)7vol(B(0, 1)) e Y
B(0,8/2)¢

Changing to polar coordinates, we arrive at

i 1 d(3/2)P (1 44 .  d(3/2)P [* 4,4
,;m—ka = 572y J TP L N

52 tP

Since p > d, the latter integral is finite, and the claim follows. [ |

A.7.6 Proof of Theorem A.9

Argue as in the proof of Theorem A.7, using slight modifications of Lemmas A.23 and A.24. The
key additional ingredient is an appropriate extension of Corollary A.6. For this, let Ay, ..., A,
be as in Section A.2.1. We assume that

(Al.*K)f’:1 are linearly independent in L2(A). (A.55)

Define

(< A;."K A;K >)p
- 1A Kll2(a) " 1ATK 2 () /0=

and let Apmin = Amin(H) be the smallest eigenvalue of H. By (A.55), H is non-singular, meaning
that Apmin (H) > 0. Finally, let

P || AAGK|?

_ Z L*(A)
1A KII?

i= L2(n)

COROLLARY A.28. Let (Hxj, || - |lx,;) be the RKHS of the measurements Xs with differential operator
Ay = A, where Xs(t) = ((X(t), K1x), - - -, (X(t), Kpie)) L, and Kix = A'Ks 1 /| AT Ks x| 12(n)- Then
we have Hx, = (HP)M and

S

p

M p
4Up 2 2 ’
I EDREIR, < <55 Z lkuLz([oﬂ)+AZ—ZZ||hk||L2([OT
min

k=1 i=1

forall ((hip)i )i, € (HIM, 8* < \vand T > 1.
Proof of Corollary A.28. First, let M = 1. Additionally to H, define

AATK MK \\p
HA:(< : L >)
IA;Kllz2(a) " 1ATK ]2 () 1/ ii=1
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By the Cauchy-Schwarz inequality, we have |[Hallop < v. Moreover, we have G = H and
Ga = §*H,. Inserting these bounds into Theorem A.5, we obtain that

min i=1

2 P
NP 12 12
1215, < (s + ) Sl o + o 222ty

Next, let M > 1. Then G and G, are block-diagonal with M equal p X p-blocks all of the above
form and we get

2 GG,
||<<h>f’1>k1||x,<_6412 ZZnhlknLZ([m) = 2 2l oy

min i=1 k=1 min i=1 k=1

where we also used that A, € (0,1] and 82 < V. [ ]

A.7.7 Second proof of Theorem A.5

In this Appendix, we prove Theorem A.5 under the weaker assumption Ky, . . ., Kyy € D(A). This
is achieved by an additional approximation argument. Let X, (t) = X<, Yj(t)e;, 0 <t < T, be
the projection of X(t) onto V;, = span{es, ..., em}, and taking values in L2([0, T]; V). We start
with the following consequence of Lemma A.20.

LEMMA A.29. For every m > 1, the RKHS (Hx,, || - ||x,) of Xm satisfies

Hy,

m m
o= {h= D e ke B 1< <m) and JhIE = ) Ikl

j=1 =1
Moreover, we have ||h||x,, = ||h||x with the latter norm defined in Theorem A.4.

Proof. Since L2([0, T]; Vy) is isomorphic to L?([0, T])™, it suffices to compute the RKHS of the
coefficient vector Y = (Yy,...,Y,,). Using that Y1, .. .,Y,, are independent stationary Ornstein—
Uhlenbeck processes, the vector Y is a Gaussian process in L2([0, T])™ with expectation zero and
covariance operator @Tzl Cy; with Cy : L2([0,T]) — L?([0, T]) being the covariance operator
of Y;. Combining this with (A.23) and Lemma A.20, we conclude that the RKHS of Y is equal to
H™ w1th norm Zm 1R ||Y Translating this back to X, the first claim follows. The second one
follows from (4;, e J) ) belng an eigensystem of —A. [

Proof of Theorem A.5. The first step will be to compute the RKHS (Hx,,,, || * llxc,,) of Xk,m =
({Xm, K >j—();<vi ,- To this end define the bounded linear map

L: L*([0,T]; Vi) — L*([0,TDM, £ > ((f, K)sp;.-

Combining the fact that LX;,, = Xk n in distribution with Proposition 4.1 in [38] and Lemma
A.29, we obtain that Hx,, = L({h : h = X[.; hje; : hj € H}). This implies Hx,, C HM. To see
the reverse inclusion, let P,, be the orthogonal projection of L2(A) onto V;, = span{es, ..., em},
and let G, = ({P, K, PmK1>g{)%=1. Since (ej)j>1 is an orthonormal basis of H, G, tends (e.g.,
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in operator norm) to G as m — oo. Since G is non-singular, we deduce that G,, is non-singular
for all m large enough (which we assume from now on). Hence, for (hk)l’:”: LE€EH M we have that

M
f= Z (Gm)i; PmKihy € Hy, ~satisfies Lf = (hi)i,, (A.56)
k=1

where we also used that P,,Kx € V,, forall 1 < k < M. Hence, HM c Hy,,, and therefore
Hxy,, = HM. Moreover, combining (A.56) with Proposition 4.1 in [38] and the fact that
AP, = P,,A, we get from Lemma A.29

M
IROR I, < 11D (Gm)ic) PmKihul;
k=1

M M
< 3”Pm Z (Gm)lz’llAKkhl”]%Z([o’T];g{) + ”Pm Z (Gm)zz’llKkhl“%Z([O’T];}()
k=1 k=1

M
+ 2”Pm Z (Gm)k_,llKkhZH%Z([O,T]’g{)
k,l=1

Letting m go to infinity, in which case (G,,)~! converges to G~!, and so by definition of G4, the
last display becomes

lim supll(hk)kM=1 ||)2f,<,m

m—o0o

T M T M
<3| D1 EGE a0 de+ | D 6 im0

0 k=1 0 k=1

T M
+2 L Z (G™Hh (DR (¢) dt.

k=1

Using standard results for the operator norm of symmetric matrices yields thus the upper bound
claimed for lim sup,,_, || (hk)}("i 1 ||}2(KJm in the statement of the theorem to hold for ||A|| }Z(K.

Next, we use the above results to compute the RKHS of Xx = ({X, Kk>g{)ll{vi ,- First, let us argue
that the RKHS of a single measurement (X, Ki)s¢ (as a set) equals H. Combining Girsanov’s
theorem for the Itd process (X, Ki)s¢ in (A.6) with Feldman-Hajek’s theorem, the RKHS of
(X, Ki)g¢ starting in zero is Hg. Adding an independent Gaussian random variable with variance
greater zero, we obtain that in the stationary case (X, Kx)sc has RKHS H = H 5 (see also the proof
of Lemma A.20). Now, consider the case M > 1. By Proposition 4.1 in [38], each coordinate
projection maps the RKHS of Xk to the RKHS of a single measurement, thus to H by the first
step. Hence, we have Hy, C H". It remains to show the reverse inclusion HY = Hy, , C Hx,.
To see this, note that

m 0
(X, Kidse = ) (Kioej)oc and (X, Kids = ) (K, €)3cY,
j=1 j=1

so that Xx = Xxm + (Xk — Xk,m) can be written as a sum of two independent processes taking
values in the Hilbert space L2([0, T])M. Letting Cx and Cg ., be the covariance operators of
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Xk and Xk, respectively, this implies that Cx = Ckx;m + C with C self-adjoint and positive.
Combining this with the characterisation of the RKHS norm in Proposition 2.6.8 of [22], we get
(), 113, < ||(hk)kM=1||)2(K,m and Hy, , C Hx, for all m > 1. Finally, inserting the upper bound
on ||(hk),’(‘4: 1 ”)fo,m derived above, the proof is complete. [

Acknowledgements We are grateful for the helpful comments from three anonymous referees.
The research of AT and MW has been partially funded by the Deutsche Forschungsgemeinschaft
(DFG)- Project-ID 318763901 - SFB1294. AT further acknowledges financial support of Carlsberg
Foundation Young Researcher Fellowship grant CF20-0604. RA gratefully acknowledges support
by the European Research Council, ERC grant agreement 647812 (UQMSI).



68

CHAPTER A. OPTIMAL PARAMETER ESTIMATION FOR LINEAR SPDEs

REFERENCES

[1]

[2]

[3]

[4]

[5]

[6]

[7]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

S. Alonso, M. Stange, and C. Beta. “Modeling random crawling, membrane deformation
and intracellular polarity of motile amoeboid cells”. In: PloS one 13.8 (2018), e0201977.

R. Altmeyer, T. Bretschneider, J. Jandk, and M. Reils. “Parameter Estimation in an SPDE
Model for Cell Repolarisation”. In: SIAM/ASA Journal on Uncertainty Quantification 10.1
(2022), pp. 179-199.

R. Altmeyer, I. Cialenco, and G. Pasemann. “Parameter estimation for semilinear SPDEs
from local measurements”. In: Bernoulli 29.3 (2023), pp. 2035-2061.

R. Altmeyer and M. Reil3. “Nonparametric estimation for linear SPDEs from local mea-
surements”. In: Annals of Applied Probability 31.1 (2021), pp. 1-38.

H. Amann. Linear and quasilinear parabolic problems. Volumne I: Abstract Linear Theory.
Birkhauser, 1995.

T. Aspelmeier, A. Egner, and A. Munk. “Modern statistical challenges in high-resolution
fluorescence microscopy”. In: Annual Reviews of Statistics and Its Applications 2 (2015),
pp. 163-202.

A. S. Backer and W. E. Moerner. “Extending Single-Molecule Microscopy Using Optical
Fourier Processing”. In: The Journal of Physical Chemistry B 118.28 (2014), pp. 8313-
8329.

F. E. Benth, D. Schroers, and A. E. Veraart. “A weak law of large numbers for realised
covariation in a Hilbert space setting”. In: Stochastic Processes and their Applications 145
(2022), pp. 241-268.

M. Bibinger and M. Trabs. “Volatility estimation for stochastic PDEs using high-frequency
observations”. In: Stochastic Processes and their Applications 130.5 (2020), pp. 3005-3052.

H. Brezis. Functional analysis, Sobolev spaces and partial differential equations. Springer,
2011.

F. Catania, M. Massabo, and O. Paladino. “Estimation of Transport and Kinetic Param-
eters Using Analytical Solutions of the 2D Advection-Dispersion-Reaction Model”. In:
Environmetrics 17.2 (2006), pp. 199-216.

C. Chong. “High-frequency analysis of parabolic stochastic PDEs”. In: Annals of Statistics
48.2 (2020), pp. 1143-1167.

I. Cialenco, F. Delgado-Vences, and H.-J. Kim. “Drift estimation for discretely sampled
SPDEs”. In: Stochastics and Partial Differential Equations: Analysis and Computations 8
(2020), pp. 895-920.

L. Cialenco, H.-J. Kim, and G. Pasemann. “Statistical analysis of discretely sampled semilin-
ear SPDEs: a power variation approach”. In: Stochastics and Partial Differential Equations:
Analysis and Computations (2023).

G. Da Prato and J. Zabczyk. Stochastic equations in infinite dimensions. Cambridge Univer-
sity Press, 2014.



References 69

[16]

[17]

[18]

[19]
[20]

[21]

[22]

[23]

[24]
[25]

[26]

[27]

[28]
[29]

[30]
[31]
[32]

[33]
[34]

A. Debussche, S. de Moor, and M. Hofmanova. “A Regularity Result for Quasilinear Stochas-
tic Partial Differential Equations of Parabolic Type”. In: SIAM Journal on Mathematical
Analysis 47.2 (2015), pp. 1590-1614.

A. Egner, C. Geisler, and R. Siegmund. “STED Nanoscopy”. In: Nanoscale Photonic Imaging.
Ed. by T. Salditt, A. Egner, and D. R. Luke. Topics in Applied Physics. Springer, 2020,
pp- 3-34.

K.-J. Engel and R. Nagel. One-Parameter Semigroups for Linear Evolution Equations.
Springer, 2000.

L. C. Evans. Partial Differential Equations. American Mathematical Soc., 2010.

L. C. Evans and R. F. Gariepy. Measure theory and fine properties of functions. CRC Press,
2015.

S. Gaudlitz and M. Reil3. “Estimation for the reaction term in semi-linear SPDEs under
small diffusivity”. In: Bernoulli 29.4 (2023), pp. 3033-3058.

E. Giné and R. Nickl. Mathematical foundations of infinite-dimensional statistical models.
Vol. 40. Cambridge University Press, 2016.

S. Gugushvili, A. Van Der Vaart, and D. Yan. “Bayesian linear inverse problems in regularity
scales”. In: Annales de UInstitut Henri Poincaré, Probabilités et Statistiques 56.3 (2020),
pp. 2081-2107.

M. Hairer. An Introduction to Stochastic PDEs. 2023. arXiv: 0907 .4178 [math.PR].

F. Hildebrandt and M. Trabs. “Nonparametric calibration for stochastic reaction-diffusion
equations based on discrete observations”. In: Stochastic Processes and their Applications
162 (2023), pp. 171-217.

F. Hildebrandt and M. Trabs. “Parameter estimation for SPDEs based on discrete ob-
servations in time and space.” In: Electronic Journal of Statistics 15 (2021), pp. 2716~
2776.

M. Huebner and B. Rozovskii. “On asymptotic properties of maximum likelihood estimators
for parabolic stochastic PDE’s”. In: Probability Theory and Related Fields 103.2 (1995),
pp. 143-163.

S. Janson. Gaussian Hilbert Spaces. Cambridge University Press, 1997.

M. Karalashvili, S. Grol3, W. Marquardt, A. Mhamdi, and A. Reusken. “Identification of
Transport Coefficient Models in Convection-Diffusion Equations”. In: SIAM Journal on
Scientific Computing 33.1 (2011), pp. 303-327.

I. Karatzas and S. Shreve. Brownian Motion and Stochastic Calculus. Springer, 1998.
T. Kato. Perturbation theory for linear operators. Springer, 1995.

P. Kriz and B. Maslowski. “Central Limit Theorems and Minimum-Contrast Estimators for
Linear Stochastic Evolution Equations”. In: Stochastics 91.8 (2019), pp. 1109-1140.

U. Kiichler and M. Sgrensen. Exponential families of stochastic processes. Springer, 1997.

A. Kukush. Gaussian Measures in Hilbert Space: Construction and Properties. Wiley, 2020.


https://arxiv.org/abs/0907.4178

70

[35]

[36]
[37]

[38]
[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

CHAPTER A. OPTIMAL PARAMETER ESTIMATION FOR LINEAR SPDEs

G. Kulaitis, A. Munk, and F. Werner. What is resolution? A statistical minimax testing
perspective on super-resolution microscopy. 2020. arXiv: 2005.07450 [math.ST].

Y. A. Kutoyants. Statistical Inference for Ergodic Diffusion Processes. Springer, 2013.

M. Kwasnicki. “Ten equivalent definitions of the fractional Laplace operator”. In: Fractional
Calculus and Applied Analysis 20.1 (2017), pp. 7-51.

M. Lifshits. Lectures on Gaussian processes. Springer, 2012.

R. Liptser and A. Shiryaev. Statistics of Random Processes I. General Theory. Springer,
2001.

W Liu and M Rockner. Stochastic Partial Differential Equations: An Introduction. Springer,
2015.

X. Liu, K. Yeo, and S. Lu. “Statistical Modeling for Spatio-Temporal Data From Stochastic
Convection-Diffusion Processes”. In: Journal of the American Statistical Association 117.539
(2021), pp. 1482-1499.

F. P. Llopis, N. Kantas, A. Beskos, and A. Jasra. “Particle filtering for stochastic Navier-
Stokes signal observed with linear additive noise”. In: SIAM Journal on Scientific Computing
40.3 (2018), A1544-A1565.

R. Lockley. “Image-based Modelling of Cell Reorientation”. PhD Thesis. University of
Warwick, 2017.

S. V. Lototsky. “Parameter Estimation for Stochastic Parabolic Equations: Asymptotic
Properties of a Two-Dimensional Projection-Based Estimator”. In: Statistical Inference for
Stochastic Processes 6.1 (2003), pp. 65-87.

C. H. Luce, D. Tonina, F. Gariglio, and R. Applebee. “Solutions for the Diurnally Forced
Advection-Diffusion Equation to Estimate Bulk Fluid Velocity and Diffusivity in Streambeds
from Temperature Time Series”. In: Water Resources Research 49.1 (2013), pp. 488-506.

A. Lunardi. Analytic Semigroups and Optimal Regularity in Parabolic Problems. Birkhauser,
1995.

A. Pazy. Semigroups of Linear Operators and Applications to Partial Differential Equations.
Vol. 44. Springer, 1983.

S. C. Reddy and L. N. Trefethen. “Pseudospectra of the convection-diffusion operator”. In:
SIAM Journal on Applied Mathematics 54.6 (1994), pp. 1634-1649.

M. Reif3. “Asymptotic equivalence for inference on the volatility from noisy observations”.
English. In: Ann. Stat. 39.2 (Apr. 2011), pp. 772-802.

M. Sauer and W. Stannat. “Analysis and approximation of stochastic nerve axon equations”.
English. In: Mathematics of Computation 85.301 (2016), pp. 2457-2481.

S.-J. Sheu. “Some estimates of the transition density of a nondegenerate diffusion markov
process”. In: The Annals of Probability 19 (1991), pp. 538-561.

N. Shimakura. Partial Differential Operators of Elliptic Type. American Mathematical Soc.,
1992.


https://arxiv.org/abs/2005.07450

References 71

[53]

[54]

[55]
[56]
[57]

[58]

[59]

[60]

[61]
[62]

F. Sigrist, H. R. Kiinsch, and W. A. Stahel. “Stochastic partial differential equation based
modelling of large space-time data sets”. In: Journal of the Royal Statistical Society: Series
B (Statistical Methodology) 77.1 (2015), pp. 3-33.

Y. Tonaki, Y. Kaino, and M. Uchida. “Parameter estimation for linear parabolic SPDEs
in two space dimensions based on high frequency data”. In: Scandinavian Journal of
Statistics 50.4 (2023), pp. 1568-1589.

H. Triebel. Theory of function spaces. Birkhauser, 1983.
A. B. Tsybakov. Introduction to Nonparametric Estimation. Springer, 2008.

H. C. Tuckwell. “Stochastic partial differential equations in neurobiology: Linear and
nonlinear models for spiking neurons”. In: Stochastic biomathematical models: with ap-
plications to neuronal modeling. Ed. by M. Bachar, J. Batzel, and S. Ditlevsen. Springer,
2013, pp. 149-173.

A. W. van der Vaart, J. H. van Zanten, and others. “Rates of contraction of posterior
distributions based on Gaussian process priors”. In: The Annals of Statistics 36.3 (2008).
Publisher: Institute of Mathematical Statistics, pp. 1435-1463.

M. J. Wainwright. High-dimensional statistics. Cambridge University Press, 2019.

J. B. Walsh. “A stochastic model of neural response”. In: Advances in Applied Probability
13.2 (1981), pp. 231-281.

W. Whitt. “Proofs of the martingale FCLT”. In: Probability Surveys 4 (2007), pp. 268-302.

A. Yagi. Abstract Parabolic Evolution Equations and their Applications. Springer Science &
Business Media, 2009.






NONPARAMETRIC VELOCITY ESTIMATION IN STOCHASTIC
CONVECTION-DIFFUSION EQUATIONS FROM MULTIPLE LOCAL
MEASUREMENTS

Claudia Strauch and Anton Tiepner

ABSTRACT

We investigate pointwise estimation of the function-valued velocity field of a second-
order linear SPDE. Based on multiple spatially localised measurements, we construct a
weighted augmented MLE and study its convergence properties as the spatial resolution of
the observations tends to zero and the number of measurements increases. By imposing
Holder smoothness conditions, we recover the pointwise convergence rate known to be
minimax-optimal in the linear regression framework. The optimality of the rate in the
current setting is verified by adapting the lower bound ansatz based on the RKHS of local
measurements to the nonparametric situation.

B.1 INTRODUCTION

Stochastic partial differential equations (SPDEs) are an appealing tool to model spatio-temporal
data. They describe the evolution of dynamical systems and can be utilised in almost all areas of
natural sciences, finance, economics, and many more applied disciplines. By including random
forcing terms, SPDEs also account for microscopic scaling limits or model misspecification.
We will focus on the important subclass of stochastic convection-diffusion or advection-diffusion
equations which can also serve as a basis for more complex models. They describe the movement
of quantities (such as particles, heat, energy, etc.) in a physical system and find applications in,
but are not limited to, weather forecasts [31, 39, 40], neuronal responses [44, 45], solar radiation
[10], air quality [30], sediment concentrations [41], biomass distributions [13], groundwater
flows [38], and term structure movements [11].
More specifically, for a finite time horizon T, we consider the solution X = (X(t))o<¢< to the

linear parabolic SPDE

dX(t) = AgX(t)dt +dW(¢), t € (0,T],

X(0) = Xy € L2(N), (B.1)

X(t)]an =0, t € (0,T],

on a bounded open domain A ¢ R? with C%-boundary dA, Dirichlet boundary conditions, driven
by a cylindrical Brownian motion W = (W(t))o<:<r- The second-order elliptic operator Ay
appearing in (B.1) is specified as

Agz =alAz+38 - Vz+cz, (B.2)

where a > 0, ¢ and c represent the (constant) diffusivity, the velocity field and the reaction
coefficient, inducing spatial diffusion, transportation and damping, respectively. While the
analytical theory of SPDEs is well understood and established, see, e.g., [12, 20, 29, 33], the
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literature on their statistical aspects is somewhat limited, and many research questions are still
open. As a concrete example, to the best of our knowledge, estimation of a function-valued
velocity has not yet been investigated. We want to fill in this gap by estimating the function-valued
velocity field 9 by means of nonparametric methods based on local measurements.

Parameter estimation for SPDEs is widely studied in the literature, but primarily devoted to a
scalar parameter in Ag = A + B for some (non-) linear operators A and B. When A and B share
a common system of eigenvectors and are self-adjoint, [23] constructed a maximum likelihood
estimator (MLE) for &, relying on N spectral measurements ((X(t), e;))o<¢<7, 1 = 1,..., N, with
an eigenbasis (e;);>1. Given some relation between the differential order of A and B and the
dimension d, the derived MLE was shown to be consistent and asymptotically normal. This
so-called spectral approach was subsequently adapted and extended to different settings, such
as nonlinear SPDEs [8, 36], fractional noise [9], or joint parameter estimation [34]. However,
the majority of these studies considered the case where 4 specifies the highest order operator,
i.e., ord(A) > ord(B), and there is no known estimator for a constant transport coefficient 4 in
(B.2) in the spectral approach setting. Based on discrete observations X (t}, x;) in time and space,
[22, 26, 42] analysed power variations and contrast estimators in dimension one and two for all
occurring quantities in the parametric version of (B.2). Reaction or source-sink terms have been
studied, for example, by [17, 21, 24]. We refer to [7] for a detailed overview of further related
literature.

In this paper, we construct a pointwise estimator §(x) for the velocity field 9, evaluated at
the spatial location x € A from local measurement processes for multiple locations, i.e., our data
are given by observing the solution to (B.1) locally in space and continuously in time. Given
some fixed function K € H?(RY) with compact support, we consider points x1, ..., xy € A and
a resolution level § > 0 small enough such that the localised functions Ks y,, defined through

Ks (x) = 842K (87 H(x —x¢)), x€A, k=1,...,N,

are supported in A. In optical systems, they are known as point spread functions [5, 6], and
they describe the physical limitation that X(t;, x;) can only be measured up to some locally
blurred average, i.e., a convolution with the point spread function. Specifically, the local mea-
surements of X are given as the continuously observed processes Xs, X 5A € L?([0,T]; R") and
Xg € L*([0,T]; RN), where, fork=1,...,N,

(Xs)k = X, = ((X(0), Ks . )o<e<T,
(X3 = X3, = ((X(1), VK5, ose<T (B.3)
(XaA)k = XgA,k = ((X(t)> AK(‘)',xk>)0StST'

Local measurements were introduced by [4]. There, the authors investigated the estimation of
a nonparametric diffusivity a(x) and demonstrated that it can already be estimated with the
parametric minimax rate § upon observing the local information X5 . The method proved to
be robust to low-order nonlinearities, cf. [2, 3], and was used in a direct application to cell
repolarisation, estimating the diffusivity of the activator in the stochastic Meinhardt model [2].
Adapting the extended MLE approach of [4], Paper A considered the fully anisotropic parametric
version of (B.2), addressing joint estimation of diffusivity, velocity, and reaction components.
In particular, it has been shown that transport and damping coefficients cannot be estimated
consistently in finite time if the number N = N(§) of local measurements remains finite. If the
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number of measurements is chosen to be maximal, i.e., N < §7¢, the derived convergence rates
agree with the convergence rates obtained with the spectral approach of [23]. In the case of the
transport coefficient 9, the convergence rate N~1/2 has been proven to be optimal.

Let us briefly describe our main findings. We combine the approach of Paper A with tech-
niques from nonparametric regression and local likelihood estimation. The contribution of each
measurement is individually weighted and controlled by a bandwidth h = h(§) to account for
bias reduction. The obtained weighted augmented MLE 55 (x) is consistent, and under appropriate
Holder smoothness assumptions, it satisfies, for x € A,

95(x) — 9(x) = Op(K? + (NR)™Y/2), B e (1,2]. (B.4)

Optimising (B.4) with respect to h, we obtain the convergence rate N ~#/(2A*d) known from local
linear regression estimation. This convergence rate turns out to be optimal, as we demonstrate
by adapting the lower bound ansatz of Paper A, which is based on the RKHS of our local
measurements and its relation to the Hellinger distance, to the nonparametric framework.

The paper is structured as follows. We specify the model and construct the estimator in
Section B.2. Section B.3 provides upper bounds on the pointwise risk of the estimator, along
with a discussion of the involved assumptions and a number of examples and applications. Lower
bounds are stated in Section B.4. All proofs are deferred to Section B.5.

Notation Throughout this paper, the time horizon T < oo is fixed, and we work on a filtered
probability space (Q, F, (F;)o<t<r, P). We write a < b if a < Mb holds for a universal constant
M not depending on &, N, h, or a spatial location x € A, and a <; b if a < Cb with a constant C
explicitly depending on the quantity s. Unless otherwise stated, all limits are to be understood as
the spatial resolution level § — 0. For an open set U ¢ RY, L?(U) is the usual L? space with inner
product (-, -) = (-, *);2()- The Euclidean inner product and distance of two vectors a,b € R?
are denoted by a - b and |a — b|, respectively. Let H*(U) denote the usual Sobolev spaces, and
denote by Hé (U) the completion of C:°(U), the space of smooth compactly supported functions,
relative to the H'(U) norm. For a multi-index a = (a7, ..., aq), let D* be the a-th weak partial
derivative operator of order |a| = a7 + - - - + a4. The gradient, divergence and Laplace operator
are denoted by V, V- and A, respectively. For f > 0, denote by () the space of functions
f: A — R with continuous derivatives up to order | ] such that their | 8 |-th partial derivatives
are Holder continuous with exponent g — | 3] < 1.

B.2 POINTWISE ESTIMATION APPROACH

Our interest is in estimating the velocity coefficient appearing in the second-order linear elliptic
differential operator Ay as introduced in (B.2) with domain Hé (A) N H%(A). For z € Hé (A)N
H?(A), its adjoint Ay is defined by

Agz =alhz -V -9z+cz=alhz—-9 -Vz+(c-V-9)z.
Both Ay and Aj§ generate analytic semigroups, denoted by (Sy(t))r>0 and (Sg(t)):>0, respectively,

on L?(A). The weak solution to (B.1) is given by

t

X(t) =Ss(t)Xo + L Se(t —t)ydw(t').
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As discussed in [4, Proposition 2.1], it only takes values in negative-order Sobolev spaces, but still
allows the definition of real-valued centred Gaussian processes ((X(t), 2))o<¢<r ze12(n), Satisfying
for z € H3 (A) N H2(A)

(X(t), 2) = (Xo, 2) + Jot(X(t'),Ai;z) de’ + (W(t),z), 0<t<T. (B.5)

Our nonparametric analysis relies on Holder smoothness conditions. Let 8 € (1,2]. We
assume that the (possibly unknown) diffusion coefficient a > 0 is constant, each component
9;: A > R,i=1,...,d, of the velocity field & is contained in (), and the (nuisance) reaction
function c: A — R belongs to 3{(B — 1). Since the differential operator Ay contains the first-
order derivative of 9, we require for existence reasons, cf. also [4, Proposition 3.5], that 4 is
continuously differentiable, i.e., § > 1.

Recall that we work in a local measurements framework, i.e., we construct an estimator based
on the observations (B.3). Let Wi (t) = (W(t), Ksx, ) ||K ||L‘21(R 2 be scalar Brownian motions. Each
local measurement forms an It6 process with initial condition X5 x(0) = (Xo, Ksx,) and, using
(B.5),

dXs(t) = <X(t),A§K5’xk> de + ”K”LZ(Rd) dWi(t), k=1,...,N. (B.6)

Before constructing an estimator for (x), we give a brief recap on the construction of local
polynomial log-likelihood estimators. The following is based on [32]. We also refer to [15, 16,
37] for further discussion of the local likelihood approach and to the monograph [46] for an
overview of general nonparametric techniques. Suppose we observe response variables

YiNf("’J(Xi))a i=1,...,n,

with density f depending on the design points x; € R via an unknown function p. Simple
examples are given by nonparametric regression, where Y; = u(x;) + &, with & ~ N(0, 62),
or logistic regression, where P(Y; = 1) = p(x;), P(Y; = 0) = 1 — p(x;), and we consider the
link function u(x;) = log(p(x;)/(1 — p(x;)). Assuming that p1(x) has a polynomial fit of degree
p € Ny, i.e., by a p-th order Taylor approximation,

P ai(x; — x)
Hx) & ) = = (@ A = X)pon,
. j!
j=0
where a = (aop,...,a,)", A(y) = (L,y,...,y?/p!)7, the basic idea is to maximise the local
polynomial log-likelihood
n
(,2) = wix) log(£(¥;, (@ Alx; = X))gs)) ®.7)
i=1

over a € RP*! and with weight functions w;, i = 1, .. ., n. The estimator for 1(x) is then given by
11(x) = ap. For a smoothing parameter h (bandwidth), only observations within a given window
(x — h,x + h) are used, and each observation in (B.7) is weighted by w;(x) = W(%) Often,
W is chosen as a positive kernel function, but in principle it can be more general. This approach
can be extended to the multivariate case (cf., amongst others, [1, 16, 37]), and is also close
to local polynomial regression (cf. [19, 43]) as a generalisation of it. We will adapt the above
method in the next section to construct a nonparametric estimator for 9(x).
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The weighted augmented MLE The local observation processes X5, X SV and X 64 as introduced
in (B.3) are no longer Markovian, as the time evolution at the point xi, k € {1, ..., N}, depends
on the entire spatial structure of X. Therefore, a general Girsanov theorem for multivariate It6
processes, cf. [28, Section 7.6], results in the modified log-likelihood

N T T
1
-1 * * 2
”K”LZ(Rd) k; (L (X(t), AgKs x, ) dXs i (t) — 3 L (X(t), AyKs x ) dt |, (B.8)

provided the driving Brownian motions Wy in (B.6) are independent. For parametric 9, it is
straightforward to derive an estimate based on the observed processes by maximising (B.8),
as shown in Paper A. In our set-up, we assume instead that we can approximate ¢ locally by a
constant, i.e., for some y € R,

(X(t), AyKs ) ~ aXg () +y X5, (), 0<t<T,

Note that approximations by a polynomial of degree p > 1 result in additional observations,
which we do not have access to and which cannot be recovered by convolution and a finite
difference scheme, see Remark B.1 below. Therefore, we restrict our investigations to the local
constant approximation.

Note further that we cannot use the local likelihood approach introduced before directly since
§ is incorporated in (X (t), A§Ks x,) via (X(t), V - 8Ksx) # 9(xx) "X, ; . (t). Instead, we adapt the
underlying idea by weighting the contribution of the k-th summand individually. Hence, we
maximise

N T
L (7, %) = 1Kl 2 ey D wk<x>(j0 (aXE,(©) = y"XT,(0)) dXsx(0)
k=1

ool

over y € RY to derive the weighted augmented MLE, given by

. N T T
B0 == o[ 0 @0 - [ atuoxfoa) @9
k=1 0 0

with the weighted observed Fisher information

N T
75 = Z wi(x) L X3 (0X3, (07 dt.
k=1

Remark B.1 (higher order approximations). Intuitively, approximating 4 by a polynomial of
higher order should perform an automatic bias correction and should thus improve the quality
of the estimation. However, due to the spatial influence of § in (X(t), AgKs ), i-e., in

(X(6), V- 9Ks ),

the log-likelihood (B.8) depends not only on the pointwise evaluations 3(xx), k = 1,..., N, but
rather on 9 and V - § in a neighbourhood around xx. While the processes XaV . and X 5Ak can,
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in principle, be obtained by observing Xs ,(t) in a neighbourhood of x, cf. [4], this fails to
hold true for the additional observations required for higher order approximations. Even in the
simplest case, i.e., a linear approximation of the form 3(y) =y + I'(y — x), one obtains

(X0, V- (y +T( =x))Ks ) = 7 X5, (0) + (X (0), (T(- = %)) T VK5,.) + tr(T) X5, ().

Since Ks 4, takes only non-zero values in a neighbourhood around xi, we could instead approxi-
mate the non-observable term on the right hand side of the last display, while also ignoring the
lower order perturbation, by

(X(6),V - (y +T(- = x))Ks ) ® ¥ X5, () + (T (xx = x)) T X5, ().

Extending this idea to arbitrary polynomial approximations yields an estimate of § and its partial
derivatives at point x. The analysis of this estimator, however, is nonstandard and seems to
provide only limited, if any, improvement over 35 (x) in (B.9) as its resulting bias component
also depends on the approximation error within the accessible and inaccessible observations
which restricts the usage of arbitrary Holder regularity.

B.3 CONVERGENCE IN PROBABILITY: UPPER BOUND RESULTS
Plugging (B.6) into (B.9) yields the decomposition
Fs(x) = 9(x) + (I5) 7R = (35) 7 MEIK | 2 e (B.10)

where the martingale term and the remainder, respectively, are specified as
N T
A
MG = D k() | KT, (0) dwi(o),
k=1

N T
Ry = > we(x) L X3 (OX(0), (9 = 9(x)) - V + @§)Ks ) dt,
k=1

with g ==V -9 —c € H(B —1). The following assumption gathers technical conditions required
for our statistical analysis.
Assumption L. Assume that the following conditions are satisfied:

(i) The locations x and x1, ..., xy belong to a fixed compact set J C A, which is independent

of the resolution § and N. There exists §" > 0 such that supp(Ks,) N supp(Ks,) = 0 for
k#L k,l<N,andall§ < §&'.

(i) There exists a compactly supported function K € H*(R?), which is either even or odd,
such that K = (-A)K.

(iii) Given h > 0, there exist weight functions wy = wx(N, h,x1,...,xy): J = R, depending
only on N, h, x1, . . ., xy, fulfilling the following conditions for a universal constant C, not
depending on N, 8, h and x:

(1) SUPgeqn]reg lwk(x)| < Co(NRY) ™
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(2) Y lwe(x)] < Cy;
(3) wi(x) =0if |xx — x| > h;
“4) 22’21 wi(x) = 1, and for any « with |a| = 1, it holds Zl,gzl (xx — x)%wi(x) = 0.

(iv) The initial condition Xy is such that either Xy € LP(A) N D(Ag), p > 2, or, if in addition
there exists a constant y < O such thatc -V -9 <y, Xp = f?oo Sg(t")dw(t’).

A few comments on the above conditions are in order. The support condition in Assumption
L(i) guarantees that the Brownian motions W in (B.6) are independent as § — 0, while the
processes X5, defined in (B.3) do not inherit independence. It requires the measurement
locations xj to be separated by a Euclidean distance of at least C§ for a fixed constant C, which
means that N grows at most as N = 0(5~¢). Existence of weight functions wy in Assumption
L(iii) holds true under standard structural assumptions on the locations x; (see Lemma B.7
and the subsequent remark below). Since the partial derivatives 8;K,i =1, ..., d, are mutually
independent, condition (4) also implies that J5 is P-a.s. invertible, which can be deduced from
Lemma A.1 in Paper A. The weights can be constructed similarly to weights in local polynomial
regression, cf. for instance [43, Chapter 1.6], such that they are reproducing of order one.
Assumption L(iv) guarantees that a general initial condition is asymptotically neglectable. If
8 = 0, it can be further relaxed such that y = 0 is allowed, i.e., Xy = ﬁ)m Sg(t") dwW(t’) is, for
instance, also valid for Ag = aA. Despite using the local constant (LP(0)) approach, we will
show that 55 (x) achieves the convergence rate of an LP(1)-estimator. While in local polynomial
regression, this is known to happen for the Nadaraya—Watson estimator if, for instance, one
works with equidistant design points x; and estimates at one of those locations, see Example B.8,
we only rely on a first-order multivariate Taylor expansion and use the reproducing property
of the weights as well as (anti-) symmetry of VK, implied by Assumption L(ii). Depending on
more information about the initial condition and the dimension d, Assumption L(ii) can also be
softened.

A precise control of the error decomposition (B.10) results in consistency of the estimate
95 (x) as the resolution level § tends to zero. As known from the parametric case, cf. Paper A,
consistent estimation in finite time T of the velocity § naturally requires N = N(§) — oo as
8 — 0. On the other hand, the bandwidth h — 0 is usually chosen in dependence on the number
N of observations to balance between bias and variance terms. In that case, h is implicitly also
related to §.

THEOREM B.2. Under Assumption L, the weighted augmented MLE satisfies
35(x) — 8(x) = Op(h? + (NR)71/2), B e (1,2]. (B.11)

In particular, this bound is independent of the spatial location x € J in the sense that, for any € > 0,
there exist some M > 0, 8§’ > 0 such that, for any x € J and for any § < &', we have

P(|§5(x) — 900)|(hP + (WRY)TV2) T S M) <e. (B.12)

To achieve consistency in the first place, the above result implies that Nh¢ — oo is required.
Hence, it can only hold if § < h, since Assumption L(i) imposes at most N < 8§94 measurement
locations.
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Remark B.3 (convergence rate). Optimising the upper bound stated in (B.11) with respect to
the bandwidth h yields

h < N“V@+D)  thatis, B < NP2+ g e (1,2], (B.13)

thus matching the standard rates for the mean-squared error in nonparametric regression. The
usual bias-variance trade-off, resulting from choosing suboptimal h, is illustrated in Figure B.1.
For a maximal choice N < §~¢, the optimal bandwidth specification gives

h < 81 @2P+d) " thatis, KPP <8P/ B (1,2]. (B.14)

A graphical illustration in d = 1 for B = 2, i.e., h? < 6%/, is given in Figure B.1. As demonstrated
in Section B.4, the rates in (B.13) and (B.14) are optimal.

Naturally, one may ask if the rate in (B.13) also holds true under higher order Holder
regularity assumptions. Indeed, Theorem B.2 might, in principle, be extended to arbitrary g > 2,
using reproducing weights functions wy of order | 3] instead. The analysis of the remainder R
in Section B.5.3, however, indicates that its order is not determined by the bandwidth h and
smoothness parameter 3 alone, yet also dependent on the resolution level §. In particular,

R = Op(hP + 8h +6%).

Thus, the dominating term varies, depending on the dimension d and the assumed smoothness
B. If B < 2, the remainder is always of order h? whilst the parametric order 82 can be achieved
for d — oo and arbitrary 8 > 2. This matches the observations made in [4] or Paper A, where
the bias term does neither depend on the time horizon T, the diffusivity a, nor the number of
spatial observations N. As a consequence, arbitrary 8 > 1 allow for the dimension-improving
convergence rates §74/(2A+d) \y §2_ This phenomenon, however, is no contradiction to the curse
of dimensionality stated in (B.13) as it results by reparametrisation of N. Nonetheless, it is in
harmony with the CLT A.3 in Paper A which also yields a better rate if N is chosen maximal.

A second extension of Theorem B.2 involves the diffusivity a. While the estimator 35 (x) in
(B.9) requires knowledge of this parameter, in general it may be unknown. Replacing thus a by
a reasonable estimate as yields another estimator 9s (x) which achieves the same convergence
rate.

CoroLLARY B.4. Grant Assumption L, and suppose that the diffusivity a > 0 is unknown. Define
the estimator 9s(x) similarly to (B.9), replacing a with an estimate as. If as satisfies

ds — a € Op(h? + (NhY)~1/?), (B.15)
then 95(x) — 9(x) € Op(hP + (NhY)~1/2).
Estimators which fulfill (B.15) are, for instance, given by
T T
Sy wi () [ X5 (6) dXs i (0) N o X (0 dXs, k(t)
= or das=
SN wie(x) [y X2, (0)2 de SN [y Xe (02 dr

_Finally, we can also extend Theorem B.2 beyond the pointwise risk and quantify the quality
of 85 on the whole domain A. Since the estimator 85 (x) in (B.9) was only defined for x € J, we

(B.16)
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Figure B.1: (top-left) typical realisation of the solution X (¢, x) in d = 1 with domain A = (0, 1);
(top-right) trajectory of 35 (x) compared to 8(x) = —0.3 + 1.5x2 in the interval [0.2,0.8] c A
with weights wy (x) based on the Epanechnikov kernel; (bottom) log-log plot of the root mean
squared error for estimating ¢ at x = 0.5 with § — 0, h < 8215 (left); & fix, h — 0 (right).

start by expanding its definition to A. Its value at x € A\ J is set to a value 35 (x0), whereas
xg € J is closest to x, that is, R R
195()() = inf 195()(’0), (B.17)
Xo

with xg € {x € J : |x — xo| = dist(x, J) }. Hence, we take the estimate at the closest point xo € J
to further exploit Holder continuity. The infimum over all possible x is taken to obtain a unique
estimate. Alternatively, one could also consider polynomial interpolation outside of J.

CoRrOLLARY B.5. Grant Assumption L, and define 55 outside of J via (B.17). Then,
—~ 2 1
J (960«) - s(x)) dx = Op|h¥ + —= | + 0(d7axA(A\ 3)), (B.18)
A Nhd

where A denotes the Lebesgue measure on RY and d2,,, = sup,. AV dist?(x, J) is the maximal
squared distance of J to the boundary dA.

Remark B.6 (discussion of Corollary B.5). Equation (B.18) splits the squared integrated error
into a term of stochastic order, similar to the pointwise risk in Theorem B.2, and a deterministic
part which is entirely dependent on the compact set J C A. While the question of consistency
thus is not immediately clear, it still can be achieved with a (possibly) slower rate. The supports
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of K5 are contained in A for all x € J and any § < &' for 8’ small enough due to the compactness
of J. This means that the distance between the boundary dA and J behaves at best like &', i.e.,
d2.. =< (8")2. On the other hand, A(A \ J) becomes small if d2_, decreases. In fact, d2,,, < (§)>
implies A(A \ J) = O(8’). Hence, under a maximal choice of N and optimisation in h, (B.18)
yields the order

Op(82°4/2+D) +0((8)°).

Cases where d2,, < §'? are given, for instance, if

* A is an d-dimensional open ball of radius r, and J is the closed ball with radius r — §” and
the same centre point;

* A is a rectangular cuboid of the form (ay,b;) X --- X (aq, bgq), and J is chosen as [a; +
8,b1—8]x---X[ag+68,bg—&1.

Let us finish this section with a closer inspection of the weight functions wy (x) from Assump-
tion L(iii). Their existence holds under general design assumptions, cf. also [43, Lemma 1.4 and
Lemma 1.5].

LEMMA B.7. Let h > 0 and V: R? — R be a kernel function. Consider the R*-valued function U
given by U(u) = (1,uy,...,uq) ", and define the matrix

N
1 X — X X — X Xk — X
Bny = U )UT( )V( )
Nx th; ( h h h

Assume that the following conditions hold:

(LP1) There exist a real number A¢ > 0 and a positive integer ng such that the smallest eigenvalue
Amin(Bnx) = Ag for all n > ng and any x € J.

(LP2) There exists a real number ay > 0 such that, forany AC Jand all N > 1,

N
%Z 10x € A) < agmax(1(A), 1/N),
k=1

with A denoting the Lebesgue measure.

(LP3) The kernel V has compact support in [—1,1]¢, and there exists a number Vipax < oo such that
V(u) < Viax for all u € RY,

Then, the weights defined by

w(x) = ﬁUT(O)B&}CU(th_X)V(Xk —x)

n (B.19)

satisfy Assumption L(iii).

Assumptions (LP1)-(LP3) in Lemma B.7 are satisfied under reasonable constraints on the
design points x1, ..., xy. (LP2) means that they are densely enough distributed over J. This
holds true, for instance, under equidistant design, noting that at most N =< §~¢. (LP1) is satisfied
if V(u) > Vipin > 0 in a neighbourhood around 0 and if additionally x4, . . ., xy are sufficiently
dense in g, cf. [43, Lemma 1.4 and Lemma 1.5]. (LP3) presents no restriction since the kernel V
can be chosen according to need.
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Example B.8. Let us give a concrete example of the weights wy in (B.19). Assumed = 1,7 = [0, 1],
and choose the rectangular kernel V(y) = 1(-1/2 < y < 1/2). Define I, = {k : |xx — x| < h/2}.
Then,
BNx — i Zke[h 1_ Zke[h )%2
Nh Zke[h )% Zke[h()%)

has strictly positive determinant if there are at least two different points x;,x; in an h/2-
neighbourhood around x. If the measurement points x; are equidistantly distributed on g,
that is, if xy = (k—1)/(N —-1), k =1,...,N, and we estimate at the location x = r/(N — 1),
1<r<N-2,withh <min(x, 1 -x)/2, then } ¢, (xx — x)/h = 0 by symmetry. The weights
wi(x) in (B.19) are given by

wi(x) = (#In) "' 1(k € I).

In that case, the weights correspond to the weight function of the Nadaraya—Watson estimator
with rectangular kernel.

An estimated trajectory based on the weights in (B.19) with Epanechnikov kernel V(y) =
0.75(1 = y?)1(|y| < 1) is given in Figure B.1.

B.4 LOWER BOUNDS

The convergence rate N~#/(2A+d) established for the weighted augmented MLE in Theorem B.2
is optimal and cannot be improved in our general setup, as will be shown in this section. We
will only consider submodels Py such that Ag involves a negative reaction term, assuming a
sufficiently regular kernel function K and a stationary initial condition.

Assumption O. Suppose that Py corresponds to the law of the stationary solution X to the SPDE
(B.1), and assume that the following conditions hold:

(i) The kernel function satisfies K = A2K with K € Ce(RY).

(ii) The model is Ag = A + 8 - V + ¢ with a nonpositive reaction function c: A — R and such
that : A — R lies in the class ® of f-Holder continuous functions with the properties
that there exists a constant y < 0 such that the (8 — 1) Holder-continuous function c -V -9
is smaller or equal than y and that § is a conservative vector field.

(iii) Let x1,...,xy be &-separated points in A, that is, |xx —x;| > § forall 1 < k # | < N.
Moreover, suppose that supp(Ks,,) C A for all k = 1,...,N, and that supp(Ks,,) N
supp(Ksy,) =0 foralll <k # [ <N.

We consider the null model to be Ay = A, i.e., 3§ = 0, ¢ = y = 0, and we test against
alternatives where 9 # 0 and c is strictly negative such thatc -V -9 <y < 0.

THEOREM B.9. Grant Assumption O. Then, there exist c; > 0, depending only on K and d, and an
absolute constant ¢y > 0 such that, for any x € A, the following assertion holds:

inf sup P3(|§(x) —9(x)| = LNF <2ﬂ+d>) > ca,
3 9co 2

where the infimum is taken over all real-valued estimators §; = 9;(Xs).
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As the weighted augmented MLE is not only based on the observations of Xs, but also on
X 6A and X SV , Theorem B.9 can be furthermore extended to estimators & using those additional
observations.

THEOREM B.10. Theorem B.9 remains valid when the infimum is taken over all real-valued
estimators 9; = 9;(Xs, X (SA,XSV ), provided that K, AK and 9;K are independent and Assumption O(i)
holds for K, AK and 9;K, 1 <i < d.

Theorem B.9 is proven in Section B.5.4 below. The proof of Theorem B.10 is skipped as it
relies only on minor modifications, see also Theorem A.9 in Paper A.

B.5 TECHNICAL SUPPLEMENT: AUXILIARY RESULTS AND PROOFS

We start with a few initial notations and remarks. Write As, = {§ 1(u —y): u € A}, Aoy = RY,
and introduce the rescaled operators Ag s, and As, with domain Hj (As,y) N H*(As,y) by setting

Agsy =ah+8%y+8) -V+8%c(y+6), Asy:=al.

The associated analytic semigroups on L?(As,,) are denoted by (Sg.5(t))r=0 and (Ss ,(t))e=0,
respectively. Write e/®® for the semigroup on L?(R?) generated by aA on H?(RY). Define the
heat kernel q,(u) = (4mt)~4/2 exp(—|u|?/(4t)), and notice that, for (e/®®)z = gq * 2, by Young’s
inequality,

e allz ey 5 (LAY Uzl o) + lzll2gre))-

We denote g = V - 3 — ¢, and we want to estimate & at the (fixed) location x € J. The stochastic
order Op(h? + 8h + 82) of R, which can, in principle, be found from the proofs in Section B.5.3
below, will always be dominated by h? as B < 2. This is clear since our methodology is only
applicable if § < h. Indeed, if h < &, then consistency cannot be achieved as the number of
observations used to construct the estimator in (B.9) remains finite. Optimising (B.11) with
respect to the bandwidth h yields that h < N~1/(2A*d) Fyrthermore, Assumption L implies that
there exist at most N < §~¢ spatial observation locations. Together, this gives for any dimension
d>1andp e (1,2],

8% < 8P 2B+d) — o(pPy, 8% « RP, (B.20)

which we will frequently use in Sections B.5.2 and B.5.3 down below.

B.5.1 The rescaled semigroup

In this section, we present properties of the rescaled semigroup (Sj 4 y(t))tZO and its infinitesimal
generator Ay ¢ g

LEMMA B.11 (Lemma 3.1 of [4]). For § > 0 and y € A, it holds:
(i) Ifz € Hy(Asy) N H*(Asy), then Ayzs,, = 6_2(A§’6’yz)5’y;
(i) ifz € Lz(Ag’y), then Sy (t)zsy = (S;’&y(tS_z)z)g’y, t>0.

The following lemma is a classical result for sectorial operators and corresponding analytic
semigroups. Our version holds for growing domains As ,, uniformly in y € J.
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LEMMA B.12. There exist universal constants Mgy, M1, C > 0 such that, for § > 0, t > 0,

cs?
SUE||S§,5,y(t)||L2(A5,y) < Moe"™* ",
ye

* k 2
su£>||t(C62I — Ay 50855, Olli2(ng,) < M1
ye

This lemma shows that the shifted semigroup e‘zC‘SztS:; s y(t) decays exponentially,

—2C8%t o -C8?%
e85 5., (Oll2(ng,) < €777,

and so the resolvent set of the correspondingly shifted infinitesimal generator 2C82 — Ay s y

contains the right half of the complex plane. This allows for defining the fractional powers
(2C82 - Ay s y)s for s € R, see [20, Section 4.4], and we obtain by [20, Proposition 4.37] the
usual smoothing property of analytic semigroups.

LEMMA B.13. There exists a universal constant My such that, for § > 0,t > 0ands > 0,

% % 2
su1;||t5(2C52 — Ay 5. Ss.55(Olli2(ag,) < M2,
ye

Intuitively, letting § — 0, the semigroup on As, will be close to the semigroup on R?. The
following auxiliary result states this more precisely.

LEMMA B.14. Let t > 0, and grant Assumption L.

i) There exist universal constants c1, ca, c3 such that, if z € C. R%) is supported in As
pp yed A8y
for some § > 0, then

« 2
sup|(Sy s, (D)2)(W)| < c3€1% " (qeye * 12)) (W), u € RY,
yed

(i) If z € L*(RY), then, as § — 0,

* A
Sugllsg,g,y(t)(ZIAs,y) - €%zl 2(may — 0.
ye

(iii) If z € L2(RY), then, for any t > 0,

S -2.-1
sup||Ss,y (0)z — €4zl ;2 (ray < 8%t/ 4e70 /2,
yed

The action of the semigroup operators Sf;’ 5’y(t) applied to functions of a certain smooth-
ness and integrability is given in the next lemma. The proof relies on the Bessel potential
spaces H(S)’p (Asy), 1 < p < oo, s € R, defined for § > 0 as the domains of the fractional
weighted Dirichlet-Laplacian (—Ag,a’y)s/ 2 of order s/2 on Asy with norms || - |lgse(as,) =

1(=Ag,5.5)° % |le (as,)-
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LEMMA B.15 (Lemma A.16 in Paper A). Let § € [0,1], t > 0, and grant Assumption L. Let
Z € Hg([Rd), s > 0, be compactly supported in (\,cg As,y, and suppose that Vs, : LP(As,) —
Ho_s’p(Ag’y) are bounded linear operators with ||Vs yz||g-sr(as,) < Vopll2llzr(ns,), for some Vop
independent of § and y. Then, there exists a universal constant C > 0 such that, for 1 < p < 2 and

y=(1/p-1/2)d/2,

* 52 -s/2—
Sulg:)”'ss,a,y(t)VS,yZ”LZ(Aa,y) < Cel' SUIHD(||V6,yZ||L2(A5,y) A (Vopt ™/ y||Z||Lp(A5,y))),
ye ye

where c; is the constant described in Lemma B.14(i). If s = O, the inequality holds also for p = 1.

B.5.2 Properties of multiple local measurements

For the reader’s convenience, we give the result of Paper A, specifying the covariance function of
the Gaussian process defined in (B.5).

LEMMA B.16 (Lemma A.17 in Paper A). (i) If Xo = 0, then the Gaussian process from (B.5) has
mean gero and covariance function

tAt

Cov({X(t),2),(X(t'),2")) = J;) (Sy(t —s)z,S5(t" —s)z’) ds.

(i) If Xo is the stationary initial condition from Assumption L(iv), then the Gaussian process from
(B.5) has mean gzero and covariance function

Cov({X(t), z),(X(t'),2")) = Jom(sg(t +5)z,Sy(t' +5)z") ds.

LEMMA B.17. Grant Assumption L, and consider u,w € {D°K : |a| < 2} = {-D%AK : |a| < 2}.
Let Xo = 0, and set fy(t) = (e“’u, e“‘Aw)Lz(Rd). Then, the following properties hold true:

() Y(u,w) = [ fo(t) dt is well-defined, i.e., fo € L' ([0, 00)).
(ii) For 6 — O,

sup
yed

T
572 Jo Cov((X(t),usy), (X(t),wsy)) dt — T (u, w)‘ — 0.

(iii) If, additionally, ¥ (u,w) = 0O, then

sup < 1.

yed

T
52 JO Cov({X(t), us ), (X(t), ws,)) dt

LEMMA B.18. Grant Assumption L, and let Xy = O.

(i) Foru,w € {D°K : |a| < 2},

sup Var(JT(X(t), us,y ) (X (t), wsy) dt) = 0(8°).
yed 0
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(i) Foru € {9;K : 1 <i < d} and w = g% . VK, with g(®¥%) defined in (B.22) below, it
holds

T
sup  sup Var(f <X(t),u5,y><x(t),w5,y>dt) = 0(8*h?P).
x€d yed,|ly-x|<h 0

(iii) Forue {9;K : 1 <i <d} and w = @g(y + 6-)K, we have

T
sup  sup Var(J <X(t),u5,y><x(t),w&y>dt) = 0(8%h?P).
xed yed,ly—x|<h 0

B.5.3 Proof of the upper bound

Before proving Theorem B.2, we carefully inspect the observed Fisher information J§ and the
remainder R} appearing in the decomposition (B.10).

The Fisher information and the martingale part

ProPOSITION B.19. Grant Assumption L. Then,
x P T -1 ..
Js— %, where = z—a((—A) 9;K,9;K), i,j € {1,...,d},

and ¥ thus defined is invertible.

Proof. We only consider the case where Xy = 0. Note that Assumption L(iv) implies the assumed
structure in Paper A, cf. Lemma A.2. We hence refer to Theorem A.3 for the invertibility of X
and the generalisation of the initial condition. Thus, it suffices to show that, for 1 <i,j < d,

[E[jg]ij - Zij: Var((J’g)l—j) — 0. (BZ].)

Recall that, for z, 2’ € L2(R?), the function (-, -) introduced in Lemma B.17 is defined as
0 1
Y(z,2') = J (e'®z ety dt = —((-A) "1z, 2').
0 2a

In view of Zﬁ’zl wr(x) =1, 2115:1 |wr(x)| < 1, the first part of (B.21) follows by

sup|E[T3]i; — Zijl

x€]J
N T
< sup Z |wi(x)]|672 JO Cov({X(t), (3iK)s,x.)» (X (1), (3jK)s ) dt — T (9K, ajK)‘
xed 13
T
< C. sug 5§72 L Cov({X(t), (3;K)s,y), (X(t), (9jK)s,y)) dt — TP (9K, ajK)‘
ye
— 0,

where the convergence statement in the last line is a consequence of Lemma B.17(ii). By the
Cauchy-Schwarz inequality and Lemma B.18(i), we obtain

N T 1/2
sup Var((J5);)"/* < SUPZ Iwk(x)IS_ZVar(L X(t), (3iK)s, (X (1), (8;K)s ) df)

xed x€d 13
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1/2

< C,sup 5—2Var(JT(X(t), (0iK)s,y) (X (t), (9jK)s,y) dt — 0,
yed 0

concluding the proof. [

ProposITION B.20. Grant Assumption L. Then,

N T
M1 = 3 w0 | X (ORI de = 0p (),
k=1

where the stochastic order of the right hand side is indepenent of x € .

Proof. Again, it suffices to verify the claim with initial condition Xo = 0. We show E[[M%]r] =
O((Nh%)~1) and Var(([M3]r)ij) = o((Nh?)~2). Using that 2112121 wr(x)? < (Nh?)™1, we get
similarly to the proof of Proposition B.19 that

N

supE[[M5]r]ij < sup ) wi(x)?
x€g x€d 13

< (th)—l

T
52 L Cov({X(0), (3:K)s.0.), (X(0), (3:K)s.0.)) dlt

as well as

N T 1/2
sug\/ar(( (M) 2 < sup D wi(x)? sup 6_2Var(L (X(t), (9:K)s,y) (X (1), (3;K)s,4) dt)
Xx€ Xx€d 1 ye

1/2
< C*(th)—l sup 6—2Var(JT(X(t), (aiK)g,yMX(t), (3]'K)5’y> dt)
yed 0

= o((NRH) ™).

The remainder term

In this subsection, we will study the expected value and variance of the remainder term R},
given by

N T
Ry = > wix) L X (D), (9 = 9(x)) - V + 05)Ks,,) di.
k=1
We start by exploring the connection between the weight functions wy(x) and the multivariate
Taylor expansion. Define the difference

g8 () = 9(xy + 8y) — 9(x). (B.22)

For 1 < i < d, its i-th entry is given by the first order multivariate Taylor expansion with Peano
remainder Pq ; y, (y)

X D"’&i X a D* Y - Ji(x a
lal=1 |al=1 '
D“Si X a
= a|( ) (Xk + 6y - X) + Pl,i,xk(y):
la]=1 ’

(B.23)

for some value & € By, 5, (x).
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COROLLARY B.21. Grant Assumption L. Then, for any 0 < s < T§72,

N
Z wi (x)(e* VK, g %0 . VK5 oy < WP (1 A 732744, (B.24)
k=1

Proof. By Assumption L(iii),

N (58) () _ N DUBi(x) .
2wz () = Y wi()| D) = (8Y) + P (u) |
k=1 k=1 ’

|a|=1
Thus,

N
Z wi (x)(e¥AVK, g(8x18) . VK)12(ra)
k=1

= 2sal d D“&i(x)
= > wi ()@ AVK, Y| T TS (8) + P, J0iK )z s -
k=1

o!
i=1 \|a|=1

By the symmetry of the heat kernel, eZ“SAajK (y) = (q2as * 9;K)(y) is even if 9;K is even and odd
if 9;K is odd, respectively, and Assumption L guarantees that one of these cases always holds
true. Moreover, the identity in R? is an odd function which implies that y;9;K (v) is odd if 9;K is
even and even if 9;K is odd, respectively. Hence, forall 1 < j,1,i <d,

(e¥;K(y), 8Y19:iK (y))12(me) = 0

as an integral over an odd function. Note that [Py, 9:K|| ;2 (ra) S hP whenever |x; — x| < h due
to § < h, the Holder assumption on ¢ and 9;K having compact support. Indeed,

1P 9K |2 (mey S NIk + 8y = x|P9:K ()l 2 ey
< Ik = x1P1|9iK |2 ey s RP.

(B.24) hence follows by the Cauchy—Schwarz inequality, K = (—A)K and Lemma B.15, since

N d d
Z wi(x) Z(eZ“’AVK, g0 VK)o ) = Z w(x) Z (€#1VK, g0 . VK)o
k=1 i=1 k:|xg—x|<h i=1

d
= Z wk(x)<625aAVK;Zpl,i,xkaiK>L2(Rd)

k:|xx—x|<h i=1

< KP(1 A s73/27%),

PrOPOSITION B.22. Grant Assumption L, and assume that Xy = 0. Then,

supE[R] = O(hP).

x€gd
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Proof. Using the covariance structure in Lemma B.16 and the rescaling Lemma B.11, we obtain
E[R3] = Z wi(x) J X7 (OX(0, (8 = 8(x) - V + ps)Ks )] e
- Zwkoc) J Cov(XT . (X (1), (8~ 9(x)) - V + @)Ka,)) dt

A(s) dsdt + 6 B(s) ds dt, (B.25)
L LI

with

N
A(s) = D W(X)(S5 5.4, (DK, Sp 5 () (9(xxk + ) = 8(x)) - V2, )5
k=1

N
B(s) = ) wi(x)(Sh 5., () VK, Sh 5 (5) 03 (i + 8)K)p2(ng, -
k=1

Noting that S - (s)u(x) = O for x ¢ As, and using multivariate Taylor expansion for 9;, we
can write

N
A(s) = ) wilx)(S} 5., (IVK, S5 5., (51870 - VE) oy,
k=1

with g(®%%) given by (B.22). Corollary B.21 already implies

Z wk(x)<eZSaAVK’g(19,Xk;6) . VK>L2(Rd) < hﬂ(l A S_B/Z_d/4),
k=1

Hence,

t672 N
I I wk(x)<e25aAVK,g(‘9’xk’5) - VK)o (gey ds dt < hP. (B.26)

Thus, it remains to control the error terms resulting from the switch of semigroups. This is given
in the next lemma. The proof relies on the L?-distance of e*®* to S5 ,(s) (pointed out in Lemma
B.14(iii)), the L?-distance of S ,(s) to S35 y(s) (which can be controlled via the variation of

parameters formula) and a sufficiently sharp upper bound for [|Sj , y(s)g(‘(""s’y) - VK| 2 Asg)*

LEMMA B.23. It holds
T pt§2 t§72 N
J J A(s) ds dt :J J Zwk(x)<e25“AVK,g(‘9’x"’6) - VK);2(ga) ds dt + o(RP),
0 JO 0

where the o-term is independent of x € J.

Lemma B.23 combined with (B.26) already yields the desired rate h” for the leading order

-2 -2
term JOT Ié‘s A(s)dsdt in (B.25). The lower order term & foT Jéﬁ B(s) ds dt is bounded in the
same manner. Expand the right-hand side of the scalar product by adding and subtracting ¢g(x).
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Following the same structure as above, i.e., switching from the semigroup on Lz(Aa,xk) to the
heat kernel on L?(R?), we similarly obtain

T pt§2 N
5 L L 3 W (X)) 5., (IVK, S 5., (5) (@05t + ) = 9y (1) KDy, ds e = o).
k=1

On the other hand, using (VK, @g(x)K) = 0 (due to integration by parts), Lemma B.17(iii),
Lemma B.18(i) and (B.20), we derive

T pt62 N
0 Jo Jo Z wi(X)(Sg 5., ()VK, Sy 5 ()9 (X)K) 2, ) ds dt < 8% =o(hP).
k=1

PrROPOSITION B.24. Grant Assumption L, and suppose that Xy = 0. Then,

supVar(R%) = o(h?).

x€]

Proof. We will show that each entry of the covariance matrix of R} satisfies the required order,
which then directly implies the order for the entire covariance matrix. Note that Cov(R});; is
given by

N N T
> wlxw, <x>5—2cOv(L (X (1), (3iK)5,0) (X (1), (@9 + (8 = 8(x)) - V)Ks ) dt,
k=1 =1

T
L X0, (35K)8.) (X (0, (@5 + (8 = 9(x) - V)Ksn) dr).

The Cauchy-Schwarz inequality and (a+b)? < 2a%+2b? imply that, up to constants independent
of x € g, this last quantity is upper bounded by

T
8§72 sup Var(J (X(t), (0kK)s,y) (X (t), (ps(y + 8)K)sy) dt)
yed,ly—x|<h,k<d 0

T
+67%  sup Var(J (X (1), (kK55 )(X (1), g% - VK)s ) dt),
yed,ly—x|<h,k<d 0

with g(s’y"s) from (B.22). The result follows then immediately by Lemma B.18(ii) and (iii). m

Proposition B.22 and B.24 already imply that R} is of stochastic order Op(h?) whenever
Xo = 0. Under Assumption L(iv), this can furthermore be extended to general initial conditions.

PROPOSITION B.25. Grant Assumption L. Define S_Q’é analogous to R, but with respect to X satisfying
(B.1) with initial condition X(0) = 0. Then,

RE = RS +op(hP),

where the op-term does not depend on x € J.
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Proof of the upper bound statement

Proof of Theorem B.2. We use the error decomposition (B.10). To prove (B.11), it suffices to show

P
for § — 0 that 75 — % for some invertible, deterministic matrix %, while M% = Op ((Nh%)~1/2)

P
and R§ = Op(hP). Proposition B.19 gives that J5 — X for some invertible X. Define a sequence
of martingales via

N t
M) = (o) [ KTl o),
k=1

In particular, due to the independence of the Brownian motions W), guaranteed by Assumption
L, the quadratic variation of M§ = M¥(T) is given by

N T
3l = 3 wi)? | XT 0507 de.
k=1 0

A standard argument, cf. [47, Lemma 3.6 or Lemma 3.8], shows that M} behaves like the squared

root of its quadratic variation, i.e., using Proposition B.20, M} = Op((N h?)~1/2). Combining
Proposition B.22, Proposition B.24 and Proposition B.25 yields the rate Op (h?) for R
To prove the supplement (B.12), it is enough to show that
P(|3) 'R > M) < (B.27)

€
27
€
— B.28
5" (B.28)

P (|3 MG (NR) 2 > MIKI ) ) <
We only show the statement (B.27), as the arguments for (B.28) are similar. Now,
P % > M) < B(|(@D) 7 - 2 HRE > M) + ([T RG> )

< P17 - 27 RG P > M) + ([R5 > Mz YY) (B.29)

with arbitrary matrix norm ||-|| on R?*¢. Due to Proposition B.22, Proposition B.24, Chebyshev’s

inequality, and for & sufficiently small and M sufficiently large, the term [FD(|3% |h B> M|z1- 1)
is uniformly bounded in x € J by £/4. On the other hand,

(||(J ) —m | RE R P > M) < P(|.‘Rx|h Py M) +p(||(3 )y 1oz s 1).

Again, § and M can be chosen such that P(|€R |h P> M ) < £/8. Moreover, there exists a value

n > 0 with the property that ||((J )"l — =7 1)|| < 1 whenever |(T5 — Z)II < n, due to the
continuity of the function y — y~ and the fact that both X and J5 are (a.s.) invertible. Hence,
for sufficiently small 6,

P~ =271 > 1) < P(I% - 2I| > n) < e/8

due to Proposition B.19, thus showing the assertion. [
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B.5.4 Proof of the lower bound

The proof of Theorem B.9 relies on the general reduction scheme in [43, Section 2.2] and
the RKHS machinery described in detail in Section A.6.3 in Paper A. In what follows, we will
therefore summarise the key components until the nonparametric setup requires a different
reasoning.

Let Pgo and Py be two Gaussian measures defined on a separable Hilbert space 3 with
expectation zero and positive self-adjoint trace-class covariance operators Cgo and Cg1, respec-
tively. 9° and 9! belong to a set of functions ©. By the spectral theorem, there exist (strictly)
positive eigenvalues (0}2) j>1 and an associated orthonormal system of eigenvectors (u;);>1 such
that Cgo = 251 012. (uj ® uj). The reproducing kernel Hilbert space (RKHS) associated to Pgo is
given by

9 <Ll],h>§{
Hyo = {h € 3 : [hll, <o}, NRlG, =) 2
j=1 J

Instead of Lemma A.22 in Paper A, we rely on its nonparametric equivalent. The proof is identical
and therefore skipped.

LEMMA B.26. In the above Gaussian setting, suppose that (u;);>1 is an orthonormal basis of H and
that

) (B.30)

N+

-2 2
D072 (Cyr = Colull, <
j>1

Then, the squared Hellinger distance satisfies the bound H?(Pgo, Pg1) < 1. Therefore, for any
x € A and a generic constant ¢, > 0,

ClN-ﬁ/(2B+d) 1 2-— \/§
_— ]z =:Coy.
4 4 2

inf max [P’,g(l@(x) -3(x)| =
g 9e{99,81}

We assume without loss of generality that ||K||;2(gay = 1. Choose 99 such that the null model
is Ago = A, i.e., & = 0, c = 0, and choose 9! such that the alternatives are Agi = A+ 9 -V +c,
where c — V-3 <y < 0and § is componentwise S-Holder continuous and a conservative vector
field. For 9 € {9°, 9!}, let Py 5 be the law of X5 on 3 = L?([0, T])™, let Cg 5 be its covariance
operator, and let (Hys, ||-||x, ;) be the associated RKHS. For (fi)\L, € H, we have Cy s(fi))r, =
(Zf‘il C9,6,k,lﬁ)11<w=1 with (cross-) covariance operators Cg sx;: L2([0,T]) — L2([0,T]) defined by

Co,541f1(t) = Eg[(Xs 1, fidrzo,rXex(©)],  0<t<T.

Due to stationarity of Xs (cf. Assumption O), we have, for 0 <t < T,

t T

ot — O)AE) dE + J o5k (E — DA(E) A,

t

Cosk1fi(t) = J
0
with covariance kernels cg s 1 1(t) = Eg[Xsx(t)Xs5:(0)],0 <t <T.
Let (0]2)1-21 be the strictly positive eigenvalues of Cgo 5, and let (u;);>1 withu; = (uj,k)ﬁ/il eH
be a corresponding orthonormal system of eigenvectors. We want to verify the assumption in
(B.30), for which we require the following lemma.
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LEMMA B.27 (Lemma A.23 in Paper A). In the above setting, we have

(o)
-2 2
2,95 (€05 = Con )y,

cor Y (pen

k,1=1

||AK||L2(Rd

2
||C-90,6,k,l - 681,6,k,l”L2([0)T]) + ”C:glo,g,k,l 31 5, kl||L2 ([0,r]) )
for all 8% < |AK||;2(rey and all T > 1, where C > 0 is an absolute constant.
Adapting Lemma A.24 in Paper A to our setting results in another upper bound.

LEMMA B.28. In the above setting, let 9! € ® with N > 1. Then, there exists a constant c3 > 0,
depending only on K and d, such that

N
-8 2
Z (8 ||C80,6,k,l - C81,6,k,l||L2([0’T]) + ”C‘,g,o’(g’k,l - C:S‘,l,ﬁ,kl”Lz([O T]))
k=1

IA

()

w
~
i1=

(18Ga0 2+ 676 (x)?),

withCg =c -V -8/2 - |9?/4.

Let c4,c5 > 0 be constants independent of N and h. Consider a kernel function V €
C(RY; [0, o)) with compact support in [—~1/2,1/2]¢. Define the potential

E(y) = cahPV((y - x)/h),

and let 3 = V&. We consider hence the alternative

8(y) = cah? (Vv) (=)

and a reaction function ¢c: A — R_ small enough. For h = csN~1/(2f*d) we have that

N N
s ) (190 + 855 (x0?) 5 Y 18(a0) > < NRIR? < 1.
k=1

k=1
The claim of Theorem B.9 follows now from Lemma B.26 in combination with Lemmas B.27
and B.28 and sufficiently small constants c4, cs. [ |
B.5.5 Remaining proofs
Remaining proofs for Section B.3

Proof of Corollary B.4. We decompose

85(x) = 8(x) = (3) " MGIIK |2 ray + (T5) "Ry + (@5 — @) (T5) MU
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with

N T

W = Z wi(x) JO X5 (X5 (6 dt.

k=1
Combining Lemma B.17(iii) and Lemma B.18(i), it follows by the arguments given in Se/(\:tion
B.5.3 that U} = Op(1). Thus, the claim hold once as satisfies (B.15). Just as the estimator 95 (x)
described in (B.10), the estimates in (B.16) can again be decomposed into a bias and martingale
part. While the orders of the appearing coefficients differ due to a different scaling in 6, all

terms can be controlled with the techniques used in Section B.5.3 and B.5.3. It is therefore
straightforward to verify that both given candidates for as satisfy

ds — a € Op(8h + 82 + 8(NhY)~1/2)
and thus fulfill (B.15). ]

Proof of Corollary B.5. By decomposing the integral and using (B.12) from Theorem B.2, we
obtain

L(Eg(x) - s(x))2 dx = L (56(x) - 8(x))2 dx + L\g(l%(x) - 9(x))2 dx

_ op(hzﬁ + Nihd) + JA\Q(K}‘&(X) - 9(x))2 dx.

Due to the decomposition (B.10) and (B.17), it holds for x ¢ J and appropriate xg = xo(x) € J
that
35(x) = I5(x0) = 9(x) + (8(x0) — 9(x)) + Op (K’ + (NhI)~1/?).

Thus, plugging this into the previous display yields by the Holder regularity of 9,

S () — 2 26, 1 _ 2
L\g(sa(x) 19()()) dstp(h - +JA\H(19(X) 9(x0))? dx

1
< Op (hzﬂ +— +J dist?(x, J) dx
N NV

hd
1
< Op (hZB el dZ  A(A\ ).

Proof of Lemma B.7. We use the well-known theory for local polynomial estimators, more specif-
ically, for the local linear case. The one-dimensional case in [43, Chapter 1.6] can be easily
extended to the general d-dimensional version. By a first order multivariate Taylor expansion
for a function f: R? — R, we can write for y, z € RY, a multiindex «, and any h > 0,

fox > Py gru(2Y),

a!
0<|a|<1

where .
U@ = (@ /aosiaz1) s €GO = ((DFORDogiaier ) -

Modifying [43, Proposition 1.12] and [43, Lemma 1.3] to their multivariate counterparts,
it follows that the weights wy(x) are reproducing of order 1 and satisfy Assumption L(iii) if
(LP1)-(LP3) hold true. [ ]
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Remaining proofs for Section B.5.1

Proof of Lemma B.12. Since Ay is elliptic, it follows as in the proof of [4, Proposition A.4], after
formally replacing Ay(s.) and min, 9(x) contained there by aA and the lower bound on the
spectrum of a, respectively, that Ai;’ s is a sectorial operator on Lz(Ag’y), that is, there exists a
constant M, independent of § and y € J, such that

M
* -1
11 = 45, iney = 5

forallA e &, ={p e C: |arg(p - C8%)| < n} \ {C8?} with some n € (n/2, 1) or, equivalently,
forall A € X, + Ccé?,

. _ M
A1+ (C8% = 435,)) Mlizing,) < iy

The shifted operator C§2 — A;’&y generates the semigroup e‘C“"Ztng’&y(t), and so the result
follows from [35, Proposition 2.1.1]. [ ]

Proof of Lemma B.14. The proof is a combination of [4, Proposition 3.5] and Lemma A.14 in
Paper A. For fixed y € J, u € RY, it holds by a Feynman-Kac representation that

t
Sh4(0200 = B s xp [ 8,0 a1 (e <, r o) |
7 0

where the process Y (5¥) takes the form
A% = b, (V%) de + V2a 2 dW,, ¥* =u e RY,

with Ea’y(-) =-8%(y+6),c5,4() = 8%(c(y+8) — V- 9(y + 8)), a scalar Brownian motion W,
and with the stopping times 15, = inf{t > 0 : Yt(s’y) ¢ Nsy)
(1). By upper bounding the transition densities of Y(&¥) as in [4, Proposition 3.5()], we get

sup(S 5., (0)z]) () < e (2% 2]) (w),
yed

where the right hand side is in L?(R?).
(ii). By dense approximation, it is enough to consider z € C, (Z\) and such that z is supported
in Asy for 8 small enough, hence, z|4,, = z. With (et 2)(u) = E, [z(Yt(O))], decompose

S35 (02(W) = “Cz(u) = T1(y, u) + Ta(y, u) + T3(y, u)
with
Ty (g, = B[ %) - 27,
To(y,u) = Ey [Z(K(S’y))(eXP(Lt Ty (V%) ds) - 1)1(t < 15, (YEVY) [,

To(y, ) = ~Eu 2 )1 > 7, (rO)) |
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The arguments in [4, Proposition 3.5(ii)] yield

sup [T1(y,u)] - 0 and  sup[T2(y,u)| — 0,
yed yed

while compactness of J guarantees for sufficiently small § the existence of a ball B,s-1 C (e As y
with centre 0 and radius p§~! for some p > 0. Using that the running maximum of a Brownian
motion decays exponentially, see, for instance [27, Problem 2.8.3], we conclude similarly to
Lemma A.14(ii) in Paper A that

sup |T3(y, u)| = sup |E, [2(Y)1(t > T5,(Y))]|
yeg yed

sup Py(T5,(Y) < t) < Py(max [v;] > p5~")
yed 0<s<t

2\

IA

P,(max [W,| > p§7}) < §t12ce o 0,
0<s<t

for a modified constant p. This implies pointwise, for all u € R¢,

sup |Sf§5y(t)z(u) —el®zw)| -0, §—0.
yed
By (i), we know sup, ¢4 [(Sg 4 y(t)z) (u)| € L?(RY). Dominated convergence yields the claim.

(iii). We use the decomposition in (ii). The process Y6y ig independent of § and ga,y =0,
¢sy = 0. This implies Ty (y,u) = To(y,u) =0 forally e Jand u € R<. Holder’s inequality thus
yields

A

_ _ _ 1/2
Supl(85() = )zl sy < 5B IS (1) = €Yol eyl S5 () = €*)allo )
ye ye

61/2t1/4e—6"2t_1/2.

2\

Proof of Lemma B.15. While the result matches Lemma A.16 in Paper A, the proof differs as we
cannot rely on diagonalisability of Sy, ' (t) in the nonparametric framework.

We write u = Vs yz. Let first s = 0 such that H;>”(R?) = LP(R?). Approximating u by contin-
uous and compactly supported functions, we obtain by Lemma B.14(i) and hypercontractivity
of the heat kernel on R¢ uniformly in y € J

82| JCtA
15,54 (Ol i2(ns,) < € 1™ fulll2re)
2 _ 2
$ et ullpprey S €T |2l o Re)-

This yields the result for s = 0. These inequalities hold also for p = 1, thus proving the supplement
of the statement. For s > 0 and p > 0, we apply first Lemma B.13 and then the inequality from
the last display to (2C6* — A} y)‘s/ 2u instead of u. Thus, uniformly in y € J,

12C8% - Ay 5 ¥/} 5, (0)(2C8% = Ay 5 )™ 2ull iz,

-2 _ % * -
eC1t5 t S/2||58,6,y(t)(2C62_AS’S’y) S/Zu”Lz(Ag,y)

1S5 5., (Oullz2(as,)

A
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A

-2 _ _ « _
1022087 - Ay ) Pullll P (As y)

P T \-s/2
1O (—Ag 5,) 7 ullze (ag,)

C1t5_2

A

e

A

ts/2 lull-sr (as,)

-2
eC1[§

A

2 Vo 120 (g -

Remaining proofs for Section B.5.2

Proof of Lemma B.17. Lemma B.15 applied for s = 2 shows that, for v € {u, w} and any ¢ > 0,

sulgIISZ,S,y(t)vlle(Aw S Nt (B.31)
ye

(i). Applying (B.31) to u and w, the Cauchy-Schwarz inequality gives for all dimensions

d > 1 that

A A -2
|fo(O s lle"%ull 2 (ga)lle* w2 ray S TAL

This yields fy € L'([0, o)), proving the claim.
(ii). Lemma B.16 and Lemma B.11(ii) imply that

T T pt§2
a-zj Cov((X(¢), us.o), (X(t), ws..)) dt = j j frsg () e dt,
0 0 0
with
ft’g’y(t’) = (S;)S’y(t')u, S;,S,y(t/)w>L2(A6,y)1(0 <t' < t5_2). (B.32)

Note that IoT JOOO fo(t") dt’ dt = Ty (u, w), and write
sup

T pt82 T poo
j J frs,y(t")dt’ dt — J J fo(s)dt’ de
yed|Jo Jo o Jo

T pt62 T poo
<[ [ suplan@) - p@lecde [ [ e
0 Jo yeg 0 Jts-2

Lemma B.14(ii) readily yields the pointwise convergence |f;s,(t") — fo(t')] = 0O as § — O,
uniformly in y € J and for any fixed t,t” > 0. Dominated convergence, i.e., (B.31), implies
convergence to zero.

(iii). Define f; 5, analogously to f; 5, from (B.32), now with respect to the semigroup Ss , (t).
The first step of the proof is to reduce the argument to f; 5,. More specifically, we will show that

T pt672 Toets?
supj J frsy(t')dt’ dt = supj J Fisy(t) At dt +0(8).
yed 40 J0 yed Jo JO

For doing so, consider the decomposition f; 5, (t") — ft’g’y(t/) = ft%)y(t’) + ft(?y(t’) with

1 / % ’ & ’ * ’ ’ -
Fh () = ((S5.5, () = 8.y (€)1, S5 5, (IW)2(n,,) 10 < ¢ < £572),
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2 ’ & ’ * ’ & ’ / -
L) = oy (), (S5 5, () = S5,y () Wh2(as, 100 S ¥ < £572).
The variation of parameters formula, see p. 162 in [14], shows

t

S5y (E) = 854(¢) = J So0(5) (45,5, = A5y )i 5, (¢ =) ds

0

t,
= —SJ Ssy(s)(Hy+68)-V+8pg(y+ 6.))5:;’6,y(tl —s)ds.
0

Letting w = S5, (5)Sj ,(t)w, Lemma B.13 applied for s = 1/2 gives
IV l2(ns,) S 11(=As0)"?854(5)S5 5, (W12 (ng,) S (5) 21855, (W12 (ns, ) -
Note furthermore that the adjoint of 3(y + §-) - V is given by
—3y+6)-V-56pg(y+8)—56c(y+6-).

Consequently, integration by parts, the Cauchy-Schwarz inequality and (B.31) show that, for
any sufficiently small € > 0, s < T§~2, uniformly in y € J,

(-tS_z 1
s flEh)a (B.33)
JO >
pt82 ptt
= . . (Ssy(s)(Y(y+8)-V+8pg(y+ 5.))53’5’y(t’ - s)u, Sg’&y(t')whz(,\&y) dsdt’
pt87 pt8 ‘
=\ ] G008 T e+ 891855, (¢ 5 Sy (g, A ds
rt672 pt82 _
= . (S5,5,(t —s)u, ((y+8) -V —6c(y+ 5‘))58,y(5)5.*9,5,y(t/)w>L2(As,y) dt’ ds
J JSs
t672 pt8? 12
< Jo Js ||53’6’y(t )u||L2(A5,y)s ”Ss,s,y(t +s)w||Lz(A§’y) di’"ds < 1.

The bound for ft(?y is obtained similarly. We will conclude by proving that

T pt672
sup J J frsy(t) dt’ dt = o(8). (B.34)
0 Jo

yed

By Assumption L, there exists a compactly supported function z, given by z = (D*K)/a, such
that u = (—A)z = (—As )z for sufficiently small 8. As S5 ,(t') is self-adjoint,

t8~2 ~ t8~2 B
L Fsu(@)dt = L (S5 (2 ), w2 A
1 5 ~2\V(_ A -1
= 5((1 — Ss,y(2t877)) (—Asy) " U, W)2(ps,)
1

1, _
= E(z, w>L2(A5’y) - E(Sg,y(2t6 Z)Z, w)LZ(A&y).
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The first summand vanishes, as can be seen from
1 1 ® 2taA
E(z, w)Lz(A&y) = §<Z’ WHz(rd) = (€7 (—al)z, w2 (pay dt
0
= J (e"®u, e'Pw) 5 gay dt = h(u,w) = 0.
0

Consequently, (B.34) follows from Lemma B.15 such that, uniformly in y € g,

T pt8572 T1 _
J J frsy(t")dt’ de SJ §|<56,y(2t5_2)2,W>L2(A6)y)|dt
0 0

0

7872
< SZJ 185.(O02l12 0y 185, (Ol
0

7672
< azj (1 A £79/27128) dr = 0(8?).
0

Proof of Lemma B.18. Using Wick’s theorem (see [25, Theorem 1.28]), write

5—6Var(LT<x(t), 1.y ) (X (L), we.y) dt) = 2V; + 2Vs,

where V1 =V (u,u,w,w), Vo = V(u,w,w,u), and, for v,v’, z, 2’ € L?(As,),
T t
V(v,v',2,2") =87° J J Cov({X(t), vs,y), (X(s), V5,0 Cov({X(t), z5,), (X(s), 25,,)) ds dt
0 Jo

T pt8™2 pt82=s t872—s
[ ] menonena [ e, 0 dr dsde
o Jo 0 0
with
foy((Lv), (U,2)) = (Sy5,(Dv, Sy 5,()2)12(ps,), for0O<Ll < T8 2.

Since the arguments for treating both terms are similar, we restrict ourselves to the upper bound
for Vi.
(i). By the Cauchy-Schwarz inequality and (B.31), we find for any ¢ > 0 that

SUp sy (5 7,0, (1, )] < SUPIS) g, (5 + Pz g, SUPIIS 5, (i,
yE

" Ve (B.35)
<e (LA (s+1) 17448 (1 A pm1md/4e),
Similar results are obtained for w. Hence,
T672 T672 T(S*Z
sup V1| 5 J (1 As7270202) dsf (1 Apimddee drj (1 A /71474 g
yed 0 0 0
< 1.
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(ii). Note that

sup 11555, (02 ®45) - VK[l 2gn, ) < A1 A £44),
UEH,|1~I—X| Sh

implying that

sup  |fsy((s+rw), (r,w))| S KL A (s+7) VM) (1 Ar- 4+,
yed,ly—x|<h

Combining this with (B.20) and (B.35) gives
T&2
sup V1| J R2(1 A~ 42428 qr < R2(1 v 872404 < p2P§72,
yed,ly—x|<h 0

(iii). The result follows similarly to part (ii), noting now that

sup  [1Sp 5, (D@ + 8Kl 2(ns,) < (LA LU,
yed,ly—x|<h

and thus

T§~2
sup  |Vi] < J (1 Ar~42728) qr < (1 v 8724074 < B2,
yed,ly—x|<h 0

Remaining proofs for Section B.5.3

Proof of Lemma B.23. We start with deriving the following useful upper bound, which holds for
any € > 0, and which will be applied several times: Lemma B.15 yields

sup h||S§,5’y(t)g(‘9’6’y) VKlli2(ng,) <o (h(l A1) L (RP 4 8)(1 A t-d/4)) (B.36)
yed,|ly—x|<

< h(1 A,
Indeed, by the Minkowski inequality and (B.23) with the identity function id on RY,

# 9.6
sup |55, (8% - VK|l 12(n, )
yed,ly—x|<h

d

< sp DY (|<y—x>“|||s;,5,y(t>aiK||Lz<Rd> + 8118} 5., (0 1d 2K |2 e
yedly=xI<h 27 |21

+11Sy.5,, () (D (8:(§) — 8(x)) (y + §id —x)*) ;K| 12 (wa)
S h(I ATV L (RP 4+ 8)(1 A4/,

The last bound holds by three applications of Lemma B.15, noting that both the functions id 9;K
and (D*(9;(&) — 3(x))(y + §id —x)*)3;K are compactly supported with

1(D*(8:(8) = 9(x)) (y + 8id —x))9:K | 2 (e < B
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by the Holder assumption on 9. Next, we study the shift from Sy 5, (t) to e"*®. Assumption L,
the triangle inequality and (B.36) imply

N
D w05, (25) = > VK, g*9) - V) o
k=1

N
< 3 k(OIS0 (5) VK, 851, ()84 - VK 2|
k=1

N
+ ) w0l VK, e ") . VI 2 o |
k=1
< ps~1-d/2+2¢

On the other hand, by Lemma B.14(iii), we have for z € L?(R%)

- _§-24-1
supllSa,y(s)z—esaAzlle(Rd) < §1/241/4g=67%571/2 < 56+1/253+1/4,

yed

using that e ™ < x~3 for x > 0. Thus, by splitting the integral at some r € [0, t§~2], we obtain

t672 N

T
j j 3 w0 (S, (25) = 29 VK, g9 . TR) o) ds di
0 JO k=1
T pr T pt§2
< J‘ J 66+1/253+1/4 ds dt +J ‘[ hs—l—d/2+2£ ds dt
0 JO 0 Jr
T8~2

< 56+1/2 Jr53+1/4 ds + hJ s—l—d/2+2£' ds
0 r

< §6+1/2,4+1/4 | p,.—d/2+2¢ (B.37)

for any € > 0. The choice r = §~! yields that the last display is of order o(82 + §¢/2). We are left
with the shift from S:;, 5, (t) to Ss.x, (t). By the variation of parameters formula, cf. [14, p. 161],
we have fory € A

S

Go5(5) = 53,0,6) = S3(5) = | 80,1043 5, = A,)S3.5,(5 = 1)
0

=-8 L Ssy(r)(8(y+8) - V+8ps(y +8))Sy 5, (s — ) dr.
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Consequently,
T pt62 N 5 s
L L Zwk(x)(SE,S,Xk(s)VK, S5.6., (580 VK12 (ns,,) ds dt
k=1

T pt62 N B
[ 6 29K K s
070 =1

T pt§2 N
+ D wi(x) (86, (5) VK, G 5., (5)g %) - V) 2, ds dlt
v O L4 0 k:1
T pt§2 N _
+ D wi(x)(Go5,5,(5) VK, 85 1, ()80 - VK pa(p, ) dsdlt
o O v 0 k:1
T pts2 N
+ Z Wi (x){(G9,6,x.(S)VK, Gy 5.x, (S)g(s’xk’g) - VK);2 (Asx) dsdt.
LY O v 0 k:1

The first summand in the last display has already been examined. We show the desired rate for
the second summand. The bound for the other ones is obtained analogously. Arguing as for
(B.33), we get

J
0
g o t§ v t6 N

<8 D 1w ()15 (5 + ) VK2 a5~
JoJo Jo 17

672 N
J D wi(x) 86, (5) VK, Gy 5., (5)g %) - V) 2, dsdlt
0 k=1

115,50, (58 Dl ) ds ds” dt

o T pt872 pts2

<8 (1A (s+5") 17U4e)g =121 A g~ ds” ds de
Jo Jo Jo
= O(h8(1 v §~1/2+d/2-6¢y) (B.38)
for any £ > 0. Combining (B.37), (B.38) and (B.20) yields the assertion. [ ]

Proof of Proposition B.25. Writing for u € L%(A)
(X(t),u) = (Ss(t)Xo, u) + (X (t),u),
we obtain the decomposition
Ry = R5+ ) wi) J (R (1), VK., ){S5 ()Xo, (95 + (9~ §(x)) - V)Kp,,) dt
k=1 0

N T
# D w(x) [ (50000, TR (RC0), (s + (8= () - V)R
k=1

N T
+ ) wi(x) L (S3(6)Xo, VK5, )(S9 ()Xo, (g + (9 = 8(x)) - V)Ks ) dt.
k=1
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We only show that the higher order terms are of the desired order. The arguments for the lower
order ones, i.e., terms containing ¢y are similar and thus skipped. We hence have to show for
all 1 <i < d, using the definition of g(‘g’xk"s) in (B.22), that

N T
§72 % wi(x) J (X(8), (3:K)5,0,)(Ss ()Xo, (g% - VK)5,6.) dt (B.39)
k=1 0
N T
+672 ) wi(x) L (S3(6)Xo, (3iK)o) (X (D), (g% - VK)5,5) dt (B.40)
k=1

N T
+672 Zwmj (S3()Xo, (3iK)s0,)(S(DXo, (817 - VK)s ) dt  (B.41)
k=1 0

= op(hP)

which is done by controlling the expectations and standard deviations of (B.39), (B.40) and
(B.41) separately for a deterministic initial condition Xy € L?(A) N D(Ag), p > 2, and for the

. 0 .
stationary case Xy = j_m Sg(—t") dW(t’) under the extra constraint thatc - V-9 <y < 0.

Case 1: X is deterministic Recalling (B.20), the definition (B.23) and the upper bound (B.36),
it holds for the deterministic term (B.41) by Lemma B.15, noting furthermore K = (-A)K for
some K € H*(R?) with compact support, that

N T
572 wi(x) L (S9(6)Xo, (3iK)5,,)(Ss ()Xo, (g% - V)5,4.) dt
k=1

N T
=57 ) ) L ((=A9)Xo, S5(0)(=A5) ™" (3:K)5.,) (Xo, S3(6) (1) - VK)s.,) dt
k=

1

T&2

* * - * 4,y,6

s@ZJ lAsXoll  sup 155, (0)(A55,) " 0iKll2 (a5, 1155, (D8 - V[ 12(n,,) dt
0 yed,ly—x|<h

7872
< 5ZJ (1A E200030) (1A 1705 1 (84 1) (1A 74 ) e
0

= o(hP). (B.42)

The expectations of (B.39) and (B.40) are zero. For its standard deviations, note first that, for
any y € J with |y — x| < h, u,v € L*(R?), it holds

T
Var(Jo (X (1), us y)(Xo, S5 ()vs,y) dt)

rT pt
=2 (X0, S3(t)vs y)(Xo, Sg(s)vs,y) Cov((X (1), usy), (X(s),us,)) ds dt
JO JO
rT rt N
=2 | 085008, (00,3 6 || (S5(e = s S5 - s, drds
Jo Jo 0
rT pt s
=2 (X0, S3(t)vsy)(Xo,Sg(s)vs y) J (Sy(t —s+r)usy, Sg(r)us,y) drdsdt (B.43)
JO JO 0
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T pt pt-s
=2 J j J (X0, Sy(t)vs,y) (Xo, Sg(t — s)vsy){(Sg(s +1)usy, Sg(r)us ) drdsdt.  (B.44)
o Jo Jo

Applying the scaling Lemma B.11 to (B.43) with v = 9;K and u = g(®¥9 . VK, followed by
multiple applications of the Cauchy-Schwarz inequality and Lemma A.16, thus yields by (B.20)

T
sup Var(f (S5 ()Xo, (3:K)s,y)(X(t), g9 . VK)5,) dr)
yed,ly—x|<h 0

T872
< 56J (h2(1 A T2 4 (R 4 8%) (1 A r_d/z)) dr = o(8*h*).
0

Hence,

N T

Var(é_2 Z wi(x) Jo (Ss(t)Xo, (3:K) 5., ) (X (1), (€% - VK)5 ) dt)
" :

S 674 lwe()| Var(J (Ss(t)Xo, (9:K)s ) (X (1), g0 - VK)5.,) dt)

k=1 0

= o(h?). (B.45)

Analogue calculations with u = 8;K, v = g(*¥9) . VK applied to (B.44) also imply

N
Var(a‘2 D wi(x) JT@(t), (9:K)5,6.)(S3 ()Xo, (%) - V)5 x,) dr) =o(h¥).  (B.46)
k=1 0

Combining (B.42), (B.45) and (B.46) yields the claim.

Case 2: X is stationary It0’s isometry implies again that the expectations of (B.39) and (B.40)
are zero, while the expected value of (B.41) is bounded by

N T
§72 % wi(x) L E[(Ss ()Xo, (9iK)s,0)(Sa (D Xo, (8% - VK)5.,)] dt
k=1

N T oS
572 3 wn0) [ [ S0 @RI, S5+ ) (g0 - VK5 o de
k=1 070
T§2
SZJ
0

T2
< SZJ (R A1) 4 (5 + 1) (1A £ de = o(h).
0

A

” 9,y8)-V
f SUP 118 5 (¢ + €)8iKllz2(n,) 1556, (¢ + )8 4 T 124, A di
0 yed,ly-x|<h

We can bound the variance of (B.39) again by

Var

N T
572 Y ) | RO, @05 5000, (6 VK5
k=1
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T
< 8% sup Var(j (X(t), (8:K)s,4){Ss ()Xo, (g“’yﬁ)-vzoa,ymt)
yed,ly—x|<h 0

similar to the deterministic case. Since g = c—V -8 <y for some y < 0 as assumed, the upper
. . _vt82 . .. . .

bound in Lemma B.15 holds with e ¥*%" i.e., ¢; = —y. By similar calculations as in Lemma B.18,

i.e., by Wick’s Theorem, and using again It0’s isometry we get

T
sup Var(J (R0, (353050 ()Xo, (2049 - VR)s,) dr)
yed,ly—x|<h 0

T pt _ -
iy f J Cov((X (1), (3iK)sy), (X(5), (3iK)s.4))
0 JO

- Cov((S9(6)Xo, (g 420, (55()X, (5749 )on) ) ds
T t S
_ zf J j (St = 1) (0:K)s, U, S5 (s — 1) (3:K)s.) dr
0 0 JO

: J (Sy(t+1) (g% . VK)s,, Sy (s +17) (g9 . VK)s,,) dr’ ds dt
0

T§72 T672
< 66J (1 A t—l—d/4+€) dtJ\ (1 A S—l—d/4+€) ds
0 0

: J (h2(1 A28y L (R2P 4 82)e 7 (1 A r_d/z)) dr.
0
Ifd > 3, the last display is already of order o(8§*h??). Ford < 2, we bound e 18 < pm1/2-eg-1-2¢
and hence

56 (h2 + (% + 52))5—1—25 = o(8°n%P)

by (B.20). Similar calculations also hold for the standard deviations of (B.40) and (B.41),
implying the claim. u

Remaining proofs for Section B.5.4

Proof of Lemma B.28. Define the integral kernels

Kk, 1 () = cgo 51 (t) = co1 5 11(E).

It suffices to derive the upper bound for the L?-norm of «y, as the proof remains valid if one

replaces Ks,, by 87(A3 )8 This also gives the desired upper bound on the L?-norm of

x;/,(t). Following the structure as in the proof of Lemma A.24 in Paper A, we start by some
initial notation and the diagonalizability of the semigroup Sg 4 . (t). We write A and e'® for the

Laplacian and its generated semigroup on L2(A), as well as As . and e+ on L?(As,), and Ag
and e® on L%(R?). We have that

AL =A—8-V4(c—V-9.

Given that § is a conservative vector field, we choose a potential £ such that V&(x) = 3(x)/2 for
some function §. By [18, Example 10], Ay, is diagonalizable, i.e.,

U;llAleslz = Az +Cyz
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with the multiplication operator (Ugiz)(x) = e"$ ) g(x) and Ty = ¢ — V v _ |‘9| < 0 due to the
choice of 9!. [14, Example 2.1 in Section I1.2] and the rescaling Lemma B 11 furthermore imply
that

-1 tA t6%Cy (x+68 tA
8191 8.x1 (t) = 31 5x e S’XkU81’5’xke o (xk X)’ 5‘90’5’)(1( (t) = e "8

with Ugi g, (x) = Ug1 (xx + 6x). Note that
elf = Ug (Xk)_lemUlgr (xx).

We decompose Ky = Z] 1 1(<J1)’ with

1 > _ ’ = ’ ’
K (0= | (Us () e 2 Uyt (xi) — Ugre® )K€ K ) dY,

o
* OO0

K (0= | (Ug () ™! = U Ui S (£ + ) K, € Ko ) dt

K (0) = | (Syu(t+)Ks,, Ut (xi) 1e Uyt (xi)) — Ug1e')Ks ) dt’,
JO

OO0

4 * 7 — — ’ =~ ’ ’
ey () = (881(t+t )Ks s (Ugt () ™! = Ul )e! *Ugi e Ky ) dt'

It suffices to show that Zl<kl<N”K Kl ||L2([0 m < < 0388 Y1 cken (18(x) | + 8%Cy(xx)?) for j = 1, 2.
The arguments for j = 3,4 are similar and therefore skipped. Diagonal (i.e., k = I) and off-
diagonal (i.e., k # [) terms are treated separately. Set Ki; = K(- + 81 (xx — x;)). Lemma B.14
yields

sup [(e“ %K) (y)l s sup  [(e™|Kel) (v)]
yesupp K yesuppK
= sup | (4mt) 2 exp(~|x — y*/(46))|K1(x)| dx
yesupp K JRA
xk _ ,|Xk—X1|2
< (4mt)~42e” ||K||L1(Rd) st e T (B.47)

for some ¢’ > 0.

Case j = 1. We start with scaling as in Lemma B.11 and changing variables such that, using
the multiplication operators

Vips k(x) -1- 66‘91 (xp+6x) 82 (t+t’)—§(xk)+§(xk+5x)’

(1)(t62) _SZI <e(t+f )Aéka ’§kK e 6kakl>L2(A5 )dt
_ 52 J (2%, o 5K, OB (B.48)
0

Since K is compactly supported and cg1 < 0, V; ¢ 5 can be extended to smooth multiplication
operators with operator norms bounded by v,y 5 x = —Cg1 (xx)82(t +t') + [3(xx)|8. (This can be
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seen from a Taylor expansion, using the Holder smoothness assumptions for the higher order
Taylor terms.) Recalling K = A%2K, Lemma B.15 gives, for any ¢’ > 0,

1 o ’ ’
ei) (66%)] < &2 j e85, 1 s 1 Kllpa g, 102255 Kl 2, ) A
0

< szf veesk(1 A (t+1) "2y ar
0

< 83(=Cy1 ()8 + [9 () (L A 71742
< 83(19 ()| + [8ca ()N (1 A 71742y,

Changing variables therefore proves for the sum of diagonal terms

2 Ik eory < D5 819G + 8% %es ()l

1<k<N 1<k<M

Using Lemma B.15, the integrand in (B.48) can be bounded as follows,
(e 2+t’)A6’kat,t’,6,kK; et/ 2+t’)A6’kak,l>L2(A6,xk) S Vs k(1A (t+ )4z
On the other hand, using (B.47), it also satisfies the bound

t/2+t")A t/2+t")A t+2t") A
<e( [2+t") a’kat,t’,S,kK; e( [2+t") 6’kak;l>L2(/\6,xk) = <Vt,t’,6,kK: e( ) S’XkKk>l>L2(A6,xk)

S Ve sxKllp1 (rey Sup ‘(e(”m)“”‘kKk,z)(y)’
yesupp K
_ ey — x|
< vepsi(t) VP exp| - =1 ).
e 6.k (t) P 521

With respect to the off-diagonal terms, we therefore have, using the inequality min(a, b) < a'~¢b*
fora,b > 0,

1 * ’ !
x! )(t62) 82 J (Ve 6K, (20 Ba, Kie1)12(as,,) At
0

S SZJ tt’ 6k(1 A (t+t )" —4d/2e )1 ¢ SUPK (e(HZt )ASXkKkl)(y) dt’
0 yEsupp

/\k x1

< 83(19Ca)| + 8[Ca (x) ) (1 A £ Tan (B.49)

Applying the bound
Joo t P le ¥t dr=q7P Jm t P le Vtdr < aP
0 0
top=1+d>danda=ced?|x; — x|, we obtain

Ikle

J (1)(t)2 dt < 58(|19(Xk)| + 6|C9(xk)|)2j t—2-dg —ce kI d
0 0

L 81(90e) P + 82[cg (a0 1?)
ek — x[2+24

(B.50)

~
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Recalling that the x; are §-separated, we get from Lemma B.29 below that

N
1
1
Z “K( )” 2, o <610+2d2(|,9(xk)|2+62|Cs(xk)|) Z e — x 2724
1<k#l<N S

<& Z [9ee) 2 + 8%[S () 2.
k=1

Together with the bounds for the diagonal terms, this yields, for a constant C depending only on
K,
Dl oy < €8 D 189G + 87[S (i) .

1<k,I<N 1<k<N

Case j = 2. As in the previous case, we have
Ky (68%) = 52J ((SUrEITEH) )5, o (E+ K, & P Ky p)yz(n,, ) dE

Using the Cauchy—Schwarz inequality, Lemma B.14(i) and Lemma B.15 with K = A%K, we get
for any € > 0

(BT — 1) (040K 5K

N —2—d/4+e t’ Ao (B.51)
S 8[3(x) (L A (£ +1t7) Ixle” * 1Kl 2 ey -

Note that Ky ; € Cl(R?) such that |Ki 1| € HY*(R?) and V|Kk,| € L*(RY) with compact support.
Using now [4, Lemma A.2(ii)] to the extent that

x (e Ky ]) (x) = (720 (=2¢'V|Ky 1| + x| Ky 1])) (%),

we find that the L?(R%)-norm in (B.51) is uniformly bounded in t’ > 0. Hence, |K(2) (t8%)] <
8319(xx)|(1 A t~1/274/4=€) "and changing variables shows for the sum of diagonal terms

Dl oy £ 85 D 1960

1<k<N 1<k<N

Regarding the off-diagonal terms, we have similarly for some K € L*(R?Y) having compact
support

‘<(e$(xk+6x)_§(xk) - 1)S; 91 8,31 (t+t)K, el 6kakl>L2(A5x )

_ ‘(K, 581’6% (t + t/)(e%’(Xk+6x)—f(xk) _ 1)et "D x,, Kk’l>L2(A5,xk)

< SIBGIIKIL: ey sup (e Lxle” 1K) ()
yesupp K

SS90V ) sup [(e2)%Rl) ()
yesupp K

‘k"l‘

< 819(x) (1 Vv ) 2e”
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using (B.47). Arguing as for (B.49) and (B.50), we then find from combining the last display
s Ixg *xllz

D (t8?)] 5 8319(xp)|t7Y/2- 44T T for some ¢, ¢’ > 0 and

with (B.51) that |k

58+d+4€|19(xk)|

T
(2) ()2
K, (t)*dt < .
Jo ol |x — xg[4e+d

So, all in all, for diagonal and off-diagonal terms,

2
D oy < €8 DT 19GI,

1<kI<N 1<k<N
for a constant C depending only on K. ]
LEMMA B.29 (Lemma A.27 in Paper A). Let x1, . .., xy be 8-separated points in RY, and let p > d.

Then, for a constant C = C(d, p),

N
1
—p S C6_p.
Zk:2 g — x|
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MULTIVARIATE CHANGE ESTIMATION FOR A STOCHASTIC HEAT
EQUATION FROM LOCAL MEASUREMENTS

Anton Tiepner and Lukas Trottner

ABSTRACT

We study a stochastic heat equation with piecewise constant diffusivity ¢ having a jump at
a hypersurface I' that splits the underlying space [0, 1]¢, d > 2, into two disjoint sets A_ UA,.
Based on multiple spatially localized measurement observations on a regular §-grid of [0, 1]¢,
we propose a joint M-estimator for the diffusivity values and the set A, that is inspired by
statistical image reconstruction methods. We study convergence of the domain estimator A,
in the vanishing resolution level regime § — 0 and with respect to the expected symmetric
difference pseudometric. Our main finding is a characterization of the convergence rate
for A, in terms of the complexity of I' measured by the number of intersecting hypercubes
from the regular §-grid. Implications of our general result are discussed under two specific
structural assumptions on A,. For a -Holder smooth boundary fragment T, the set A,
is estimated with rate 8°. If we assume A, to be convex, we obtain a §-rate. While our
approach only aims at optimal domain estimation rates, we also demonstrate consistency of
our diffusivity estimators.

C.1 INTRODUCTION

Over the last decades interest in statistics for stochastic partial differential equations (SPDEs)
has continuously increased for several reasons. Not only is it advantageous to model many
natural space-time phenomena by SPDEs as they automatically account for model uncertainty
by including random forcing terms that describe a more accurate picture of data dynamics, but
also the general surge in data volume combined with enlarged computational power of modern
computers makes it more appealing to investigate statistical problems for SPDEs.

In this paper we study a multivariate change estimation model for a stochastic heat equation
on A = (0,1)4,d > 2, given by

dX(t) = AgX(t)dt +dW(t), 0<t<T, (C.1)

with discontinuous diffusivity &. The driving force is space-time white noise W(t) and the
weighted Laplace operator Ag = V - 3V is characterized by a jump in the diffusivity

9(x) =9_15_ (x) + 9,14, (x), x € (0,1)4, (C.2)

where the sets A, form a partition of A = [0, 1]¢. Our primary interest lies in the construction
of a nonparametric estimator of the change domain A,, which is equivalently characterized by
the hypersurface

T :=aA_NaA, c [0,1]% (C.3)

The SPDE (C.1) can, for instance, be used to describe the heat flow through two distinct materials
with different heat conductivity, colliding in I'. Structurally, the statistical problem of estimating
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T is closely related to image reconstruction problems where one usually considers a regression
model with (possibly random) design points X; and observational noise ¢ given by

Yi=f(Xg)+e, 1<k<N,

where the Yy correspond to the observed color of a pixel centred around the spatial point
X € [0,1]¢, and the otherwise continuous function f: [0,1]¢ — [0, 1] has a discontinuity
along the hypersurface T, that is

F) = f2()Ta () + fr()Tp, (%), x € [0,1]7

Such problems are, for instance, studied in [17-20, 24-26, 28, 31, 34]. Assuming specific
structures such as boundary fragments [34] or star-shapes [30, 31], nonparametric regression
methods are employed to consistently estimate both the image function f as well as the edge T,
which in the boundary fragment case is characterized as the epigraph of a function t: [0,1]¢"! —
[0, 1]. The rates of convergence depend on the smoothness of f and 7, the dimension d as well
as the imposed distance function. Moreover, optimal convergence rates for higher-order Holder
smoothness 8 > 1 can in general not be achieved under equidistant, deterministic design, cf.
[34, Chapter 3-5].

Estimation of scalar parameters in SPDEs is well-studied in the literature. When observing
spectral measurements ((X(t), ex))o<t<rk<n for an eigenbasis (ex)ren of @ parameterized dif-
ferential operator Ay, [14] derive criteria for identifiability of 4 depending on ord Ay and the
dimension. This approach was subsequently adapted to joint parameter estimation [23], hyper-
bolic equations [22], lower-order nonlinearities [27], temporal discretization [8] or fractional
noise [9]. If only discrete points X (x, t;) on a space-time grid are available, then estimation
procedures relying on power variation approaches and minimum-contrast estimators are ana-
lyzed, amongst others, in [6, 13, 16, 33]. For a comprehensive overview of statistics for SPDEs
we refer to the survey paper [7] and the website [3].

Our estimation approach is based on local measurements, as first introduced in [4], which
are continuous in time and localized in space around 8-separated grid center points x, € (0, 1)4,
a € {1,...,5 1}¢. More precisely, for a compactly supported and sufficiently smooth kernel
function K and a resolution level § € 1/N, we observe for a € {1,...,8 1}¢

(Xsa(t))osesr = ((X(6), KsaDosesrs  (Xgq(0))osesr = ((X(8), AKs o) )osesr

for the localized functions Ks 4 (-) = § 42K (871 (- — x4)). The rescaled function §~%/2K(871.)
is also referred to as point-spread function, which is motivated from applications in optical
systems, and the local measurement X5 , represents a blurred image—typically owing to physical
measurement limitations—that is obtained from convoluting the solution with the point spread
function at the measurement location x,. The asymptotic regime § — 0 therefore allows for
higher resolution images of the heat flow at the chosen measurement locations. Given such local
measurements, we employ a CUSUM approach leading to an M-estimator for the quantities
(9,84, Ay).

Since their introduction in [4], local measurements have been used in numerous statistical
applications. In [4] it was shown that a continuously differentiable diffusivity 9 can be identified
at location x, from the observation of a single local measurement (Xs «(t))o<¢<r. Subsequently,
their approach has been extended to semilinear equations [2], convection-diffusion equations
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(Paper A and Paper B), multiplicative noise [15] and wave equations [35]. In [1] the practical
revelance of the method has been demonstrated in a biological application to cell repolarization.
Closely related to this paper is the one-dimensional change point estimation problem for a
stochastic heat equation studied in [29], which should be understood as the one-dimensional
analogue to our problem setting. Indeed, in d = 1, the estimation of (C.3) boils down to
the estimation of a single spatial change point at the jump location of the diffusivity. In [29]
two different jump height regimes are analyzed, where the absolute jump height is given by
= |3+ — 9_|. In the vanishing jump height regime n — 0 as § — 0, the authors demonstrate
distributional convergence of the centralized change point estimator, where the asymptotic
distribution is given by the law of the minimizer of a two-sided Brownian motion with drift,
cf. [29, Theorem 4.2]. In contrast, if n is uniformly bounded away from O, it is shown in [29,
Theorem 3.12] that the change point can be identified with rate § while the estimators for
(9_,9,) achieve the optimal rate §°/2 in one dimension, cf. Paper A regarding optimality for
parameter estimation, also in higher dimensions.

Coming back to our multivariate model (C.1), change estimation is no longer a parametric
problem but becomes a nonparametric one, and we may either target A, directly or indirectly
via estimation of the change interface (C.3). In this paper, we will first discuss the estimation
problem for general sets A, and then specialize our estimation strategy and result to specific
domain shapes.

Let us briefly describe our estimation approach in non-technical terms. For simplicity and
to underline the correspondence to image reconstruction problems, let us consider for the
moment only the case d = 2. We may then interpret the regular §-grid as pixels, indexed by
a € {1,...,8 1}2. By the nature of local observations that give only aggregated information
on the heat flow on each of these pixels, the best we can hope for is a good approximation
of a pixelated version of the true “foreground image” A that we wish to distinguish from the
true “background image” A°. The pixelated version AJ{ is defined as the union of pixels that
have a non-zero area intersection with A? as illustrated in Figure C.1. Based on a generalized
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Figure C.1: A? (blue) is approximated by the pixelated version Af (red); left: § = 0.1; right:
8 =0.05.

Girsanov theorem for It6 processes, we can assign a modified local log-likelihood s o (93—, 9+, A+)
to each a-pixel for all pixelated candidate sets A, € A, that assigns the diffusivity value 4. to
the a-pixel if and only if x, € A.. An estimator (8_, 8+, A+) is then obtained as the maximizer
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of the aggregated contrast function

(8—5 19+, A+) = Z €5,a('9—: 19+, A+))
[04

which may be referred to as a CUSUM apiproach in analogy to change point estimation problems.
Let us emphasize that we only require Ay € A, of the pixelated candidate sets A., which, given
specific information on the shape of the true domain A?, allows for much more parsimonious
choices than the canonical choice of all possible black and white §~! x §~!-images. On a
more technical note, to establish the convergence bound, we reformulate our estimator as
an M-estimator based on an appropriate empirical process y — Zs()), so that quite naturally,
concentration analysis of Zs becomes key. The basic idea of taking A, as union of best explanatory
pixels by optimizing over a given family of candidate sets originates from classical statistical
image reconstruction methods [19, 24, 25, 34].

The convergence rate of our estimator A, is entirely characterized by the complexity of the
separating hypersurface T’ that induces a bias between the true domain A? and its pixelated
version AY. In particular, assuming that the set B, describing the number of pixels that are sliced
by I' into two parts of non-zero volume, is of size

|B] < 674, B e(0,1], (C.4)

we show in Theorem C.7 that
E[A(A, & AY)] < 8P,

with the symmetric set difference a. This result immediately entails estimation rates for A?
in terms of the Minkowski dimension of its boundary. Furthermore, the estimation procedure
results in the diffusivity parameter estimation rates |§i — 9. | = Op(8P/%), which yields the same
estimation rate for the diffusivity or “image” estimator 9 =91 Vha 9_1 e

To make this general estimation strategy and result concrete, we apply it to two specific shape
constraints on A?. Assuming that T' is a boundary fragment that is described by a change interface
with graph representation 7°: [0,1]971 — [0, 1], thatis, A = {(x,y) € [0,1]¢ : y > °(x)}, we
choose closed epigraphs of piecewise constant grid functions t: [0,1]¢"! — [0, 1] as candidate
sets A,. The boundary of the estimator A, may then be interpreted as the epigraph of a random
function T: [0,1]9"! — [0, 1] that gives a nonparametric estimator of the true change interface
7°. Then, given S-Holder smoothness assumptions on t°, where 8 € (0, 1], we can verify (C.4)
and obtain

EllT - TO”Ll([O’l]d—l)] < 8 orequivalently E[A(A; A A < 8P,

In a second model, we assume that A9 is a convex set with boundary I'. Based on the idea that
any ray that intersects the interior of a convex set does so in exactly two points, we construct a
family of candidate sets A, of size |A,| < §~(4*1) and show that

E[A(A, & AY)] < 6.

Optimality of the obtained rates in both models is discussed in the related image reconstruction
problem.
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Outline The paper is structured as follows. In Section C.2 we formalize the model and discuss
fundamental properties of the solution to (C.1). The general estimation strategy and our main
result is given in Section C.3. In Section C.4, those findings are applied to the two explicitly
studied change domain structures outlined above. Lastly, we summarize our results and discuss
potential extensions in future work in Section C.5.

Notation Throughout this paper, we work on a filtered probability space (Q, F, (F;)o<t<r, P)
with fixed time horizon T < co. The resolution level § is such that n := §°' € N and N := n?.
For a set A ¢ R?, the notation A° is exclusively reserved for its interior in R? endowed with
the standard Euclidean topology. For a general topological space X and a subset A c X, we
denote its interior by int A, let A be its closure and dA be its boundary in X. If not mentioned
explicitly otherwise, we always understand the topological space in this paper to be X = [0, 1]¢
endowed with the standard subspace topology. For two numbers a,b € R, we write a < b if
a < Cb holds for a constant C that does not depend on 8. For an open set U ¢ RY, L?(U) is
the usual L?-space with inner product (-, 212wy and we set (-, ) = (-, ");2(p)- The Euclidean
norm of a vector a € RP is denoted by |a|. If f: R¢ — RY is a vector valued function, we write
I flli2mey = I fllli2(mey- By H*(U) we denote the usual Sobolev spaces, and let Hcl) (U) be the
completion of C°(U), the space of smooth compactly supported functions, relative to the H*(U)
norm. The gradient, divergence and Laplace operator are denoted by V, V- and A, respectively.

C.2 SETUP

We start by formally introducing the SPDE model, discussing existence of solutions and introduc-
ing the local measurement observation scheme that we will be working with in our statistical
analysis.

C.2.1 The SPDE model

In the following we consider a stochastic partial differential equation on A := (0, 1)¢, where
d > 2, with Dirichlet boundary condition, which is specified by
dX(t) = AgX(t)dt +dW(t), O0<t<T,
X(0) =0, (C.5)
X(t)|s, =0, 0<t<T,

for driving space-time white noise (W (t))e[o,r] on L?(A). The operator Ay with domain D(Ay)
is given formally by

d
Agu =V -9Vu = Z 3;(90;u), u € D(Ay), (C.6)
i=1
where § is piecewise constant in space, given by
8(x) =9-1p (x) + 9414, (x), x € (0,1)%,

for two measurable and disjoint sets A, s.t. A- U A, = [0,1]? and 9_,9, € [9,9] C (0, ).
Equivalently, we may rewrite the diffusivity in terms of the jump height n := 9, — 9_ as

9(x) =9_+nly (x), xe (0,1
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Under these assumptions, Ay is a uniformly elliptic divergence-form operator. We assume that
A_ and A, are separated by a hypersurface I' parameterizing the set of points in the intersection
of the boundaries

I :=0A, =adA_ C [0,1]¢, (C.7)

where A, denotes the boundary of A, as a subset of the topological space [0, 1]¢. We are mainly
interested in estimating the domain A, which is intrinsically related to I'. We first propose a
general estimator based on local measurements of the solution on a uniform grid of hypercubes,
whose convergence properties are determined by the complexity of the boundary I' measured in
terms of the number of hypercubes that are required to cover it.

The more structural information we are given on the set A,, the better we can fine-tune
the family of candidate sets underlying the estimator in order to increase the feasibility of
implementation. Specifically, we will consider two different models for A..

Model A: Graph representation
I forms a boundary fragment that has a graph representation, denoted by a change interface
7: [0,1]¢7! — [0, 1], i.e.,

r={(x,7(x)):x€[0,1]%*} (C.8)

and the set A, takes the form
A+ = {(X, y) € [0’ 1]d : y > T(X)}'

Accordingly, the estimation problem of identifying A. can equivalently be broken down to

Figure C.2: Change interface t in dimension d = 3.

the nonparametric estimation of the function 7. Specifically, for an estimator T of T we let
Ay = {(x,y) € [0,1]¢ : y > T(x)} be the closure of the epigraph of T and A_ := [0, 1]¢ \ A, be
its complement. This gives

[E[)‘(Ki A Ai)] = [E[”?_T”Ll([o,udfl)], (C.9

such that evaluating the quality of the domain estimators A. measured in terms of the expected
Lebesgue measure of the symmetric differences A, A A., is equivalent to studying the L!-risk of
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the nonparametric estimator T of the change interface. An exemplary illustration of  in three
spatial dimensions is present in Figure C.2.

Model B: Convex set

A, is convex. By convexity, for any x € int A, the vertical ray y — x + yeg intersects A, in
exactly two points and those intersection points can be modeled by a lower convex function f;
and an upper concave function f,. Estimation of A, is then heuristically speaking equivalent to
the estimation of the upper and lower function, taking the closure of {(x,y) € [0, 1]? : fl(x) <
y < E(x)} as an estimator for A,.

C.2.2 Characterization of the solution

We shall first discuss properties of the operator Ag based on general theory of elliptic divergence
form operators with measurable coefficients from [11]. Let the closed quadratic form &g with
domain D(&y) be given by

D(Ey) = Hy(N),
Eo(u,v) = IA 9Vu - Vu.

By [11, Theorem 1.2.1], £y is the form of a positive self-adjoint operator —Ag on L?(A) in the
sense that ||(=Ag)Y2ul|? = &¢(u, u) for D((—Ag)'/?) = D(&y) and according to [11, Theorem
1.2.7], we have u € D(—Ag) C Hy(A) if there exists g € L*(A) such that for any v € CZ(A),

o= [ o
A

in which case —Agu = g. Thus, (C.6) can be interpreted in a distributional sense and we have
the relation

Es(u,v) = —(Agu,v), (u,v) € D(Ag) X D(Ey).

Moreover, [11, Theorem 1.3.5] shows that £y is a Dirichlet form, whence Ay generates a
strongly continuous, symmetric semigroup (Sg(t))>o0 = (exp(Agt))e>o0. The spectrum of Ay
is discrete and the minimal eigenvalue, denoted by A, is strictly positive, cf. [12, Theorem
6.3.1]. Thus, (—Ag) ! exists as a bounded linear operator with domain L?(A) and we may fix
an orthonormal basis {ex, k € N} consisting of eigenvectors corresponding to the eigenvalues
{Ak, k € N} = 0(—Ay) that we denote in increasing order. Using the heat kernel bounds for the
transition density of Sg(t) given in [11, Corollary 3.2.8], it follows that for any t > 0, Sg(t) is a
Hilbert—-Schmidt operator, but no weak or mild solution to (C.5) in the sense of [10, Theorem
5.4] exists in L2((0, 1)9) since d > 2 implies that fgllslg(t)llgls dt = oo.

However, following the discussion in [4, Section 2.1] and Section A.6.2 in Paper A, taking
into account that by [12, Theorem 6.3.1] we have A; =< k2/4 for any k € N, the stochastic
convolution t

X(t) = I Sg(t—s)dW(s), te[0,T],
0
is well-defined as a stochastic process on the embedding space H; > L%((0, 1)?), where H; can
be chosen as a Sobolev space of negative order —s < —d/2 + 1 that is induced by the eigenbasis
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(Ak, ex)ken- Extending the dual pairings (X (t), Z>g{1><g.(/1 then allows us to obtain a Gaussian
process ((X(t),2))e[0,r],ze12((0,1)¢) given by

t
X(O.2) = | Sale-ndW o) tel0T], zel2(0, 1,
0
that solves the SPDE in the sense that for any z € D(Ay),

(X(t),2) = J:(X(s), Agz)ds+ (W(t),z), te[0,T], zeL?((0,1)%). (C.10)

C.2.3 Local measurements

We decompose [0, 1]¢ into n? closed d-dimensional hypercubes (Sq(@))ge[n]i-1, Where Sq(a)
has edge length § and is centered at x, = §(a — %1]) for any a € [n]9. By Sq(a)° we denote
the interior of Sq(a) in RY. Let also P := 2{Sa(@:c[nl’} be the power set of {Sq(«) : « € [n]?}
and let P := {Uceq C : € € P} be the family of sets that can be built from taking unions of
hypercubes in {Sq(«) : @ € [n]?}. We refer to the hypercubes Sq(a) as tiles and for any set
A c [0,1]? we call a set C € P such that A C C a tiling of A.

Our estimation procedure is based on continuous-time observations of

Xsa(t) = (X(6),Ksa)s  Xg5,(t) = (X(1),AKsq), a€[n]?, 0<t<T,

with Ksq(y) = 6 9/2K(8(y — x4)), and K: R? — R a kernel function such that suppK C
[-1/2,1/2]¢ and K € H?(R?). The measurement points xo, a € [n]?, are separated by
an Euclidean distance of order § such that the supports of the Ks, are non-overlapping. In
other words, we have N = ¢ measurement locations. Note that Ks.« € D(Ay) whenever
supp Ks o N dA+ = @, since then § is constant on the support of Ks 4. Thus, for g = —9(x,)AKs 4,
integration by parts reveals IA gu = L\ 9VKso - Vv forany v € C°(A), ie., g = —AgKs 4.

C.3 ESTIMATION STRATEGY AND MAIN RESULT

From here on, we denote the truth, i.e., the true values of the diffusivity and the true set partition
of A, by an additional superscript O for statistical purposes. To avoid some technicalities, we
impose from now on the following assumption on A?.

AssumpTioN C.1. A?is open in [0, 1]4.

Since we are primarily interested in recovering the change domain A9 and therefore treat the
diffusivity parameters 99 as nuisance parameters, we also make the following, slightly restricting
assumption throughout the remainder of the paper:

AssuMPTION C.2. We have access to two compact sets ©_, ©, C [3, 9] such that
i) 9° € ©_ and 192 € 0., and

(ii) ©_ and O, are separated byQ > 0, e, forany §_ € ©_ and 9, € O,, it holds |9, —-9_| > 1.
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In particular, this assumption implies that we have access to a lower bound > 0 on the
absolute diffusivity jump height [n°| = |99 — 9°|. For some set C c [0, 1]¢ define

ct = U Sq(a),

ae[n]?:Sq(a)°NC#2

which, if C is open in [0, 1]¢, is the minimal tiling of C, so that in particular C c C* € P. Let us
also set

AL = (A",
which is the minimal tiling of A? by our assumption that A? is open in [0, 1]¢. Let A, ¢ Pbe a
family of candidate sets for a tiling of A? such that A£ € A;. Note that A, = P is always a valid

choice. However, as we shall see later, much more parsimonious choices are possible if we can
assume some structure on the set A?. We now introduce the modified local log-likelihood

T A 195,a(A+)2 T A 2
b9 92, 00) = 9500 | 33,0 @600 - 4 [t 2 e
0 0
for the decision rule

(C.12)

9, S AL, 9, Ay,
'96,(:((-/\+)::{+ q(a) C +:{+ Xo € Ny

9_, else, 9_, else,

where 4. € @. and the candidate sets A, € A, are anchored on the grid P spanned by the
hypercubes Sq(a). The interpretation of the stochastic integral in (C.11) is provided by the
following result that characterizes the tested processes Xs , as semimartingales whose dynamics
are determined by the location of the hypercube Sq(a) relative to A9.

ProrosiTION C.3 (Modification of Proposition 2.1 in [29]). For any a € [n]? and t € [0, T] we

have -
90 [1 X2 (s)ds+Bsa(1), Sq(a) ¢ A9,

¢ —
Xs,q(t) = 8? fOXSA’a(s) ds + Bs o (1), Sq(a) c AY,
Jo (8908 50(s — )Ks.a, dW (w)) ds + Bs o (), else,
where (Bs,q)qe[n)d IS an n-dimensional vector of independent scalar Brownian motions.
Proof. The first two lines follow from (C.10) using Ks o € D(Ago) if suppKs o N IA- NN, = D,
in which cases AgoKs o = 90 AKs o and AgKs o = SEAK&Q, respectively. The expression on the

change areas, where generally Ks, ¢ D(Ago), is proven in complete analogy to [29, Lemma
A.1] using spectral calculus and the stochastic Fubini theorem. [

We employ a CUSUM estimation approach based on the local log-likelihoods in (C.11) and
therefore specify an estimator (9-, 3, A;) via

(5_, §+, /1,) € arg max Z Osa(9-, 94, Ay). (C.13)
(9-,94,A+)EO_XO4 XA, ae[n]d

Here, the set of maximizers is well defined and we can make a measurable choice for a maximizer
since ©. are compact and A, is a finite set. Setting

A =[0,1]%\ Ay,
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as the corresponding estimator of A° we obtain the nonparametric diffusivity estimator
9(x) =915 () +9,15 (x), xe(0, 1),

Introduce further

(C.14)

90 9%, Sq(a) Af, 9% xq € AJ{
S,a 0 - 0
97, else, 97, else,

and define by
B = {a € [n]?:Sq(a)° NaA? # 0},

the indices a of hypercubes whose interiors intersect the boundary of A?. It is important to
observe that the boundary tiles B may equivalently be expressed as follows.

LEMMA C.4. It holds that
B ={a € [n]?: Sq(a)° N (A} & A?) # 2}.

Proof. Since A? is open in [0, 1]¢, it holds that A9 ¢ A£ and therefore A}L AN = Ai \ AY. Since
AE is closed and aA% N A2 = @, it follows that 9A? ¢ A£ A A9, which gives the inclusion

B c {a € [n]?: Sq(a)’ N (A A AD) # @}.

Conversely, if @ # Sq(a)° N (AJIr A A% =Sq(a)° N (AJIr \ A9), it follows that Sq(a)® ¢ A?, but
Sq(a) C AJIr since the latter belongs to P. Thus, by definition of Af, we have Sq(a)° N A? # 2,
which because Sq(a)° is connected and Sq(a)° ¢ A? implies that Sq(a)° N dA? # @. This now
also yields

B> {ae[n]?:Sq(@)° N (AE A N # o).

Plugging the given representation of Proposition C.3 into (C.11), we may now express {5 4
in the following way,
gé’,a (‘9—, 19+: A+) = (196,a(A+)192,a - ‘96,a(A+)2/2)18,a + 196,01(A+)M6,a
+1 B (a)‘98,a (A+)R6,aa

where we denote

T T
Ms.q :=j X2,(6) By o), Ise :=j X, (02 d,
0 0

and
T t
R = I Xga(t)(J (BgoSgo(t — 5)Ks, — 9950 (¢ — 5)AKsq, dW(s))) dt.
0 0

The estimator (C.13) therefore can be represented as

~ o~ 1
(3.,8,A) e  argmax > (Bsa(re) =98 Mo = 5 (B5ali) =83, 1s)

(9-,94,A+)EO_XOL XA aeln)d
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(89 ,)°
+ Z 196,0((A+)R6,a + Z (Sg’aMS,a + éa I&,a)}

aeB ae[n]d
= argmin {209,000 - ) 9sa(ARsal, (C.15)
(9-,94,A+)€EO_XO; XA a.eB

where the empirical process Zs(-) is given by

1
Z5(9-, 94 M) = D S (95a(A) =98 I~ D (95.a(As) =95, )Mse
ae[n]d ae[n]d (C.16)

1
= EIT,(S (8—: 19+, A+) - MT,(S(S—’ 8+3 A+)’

where

Irs(9-,90,00) = > (95a(A) =93, s,

a,e[n]d

D 5a(As) =93 )M,z

ae[n]d

MT,S(S—) 19+, A+) :

Note in particular that Zs(9°, 193, Af) = 0, so that Z5(-) is centered around the truth (99, 193, AJIr).
It will be crucial to have good control on the empirical process Zs, which is provided by the
following lemma that specifies the order of the observed Fisher informations I5 . The proof is a
straightforward extension of the corresponding one-dimensional result [29, Lemma 3.3] using
the analogous spectral arguments in higher dimensions and can therefore be omitted.

LEMMA C.5 (Modification of Lemma 3.3 in [29]).

(i) Forany a € [n]? with a ¢ B, it holds

T 2 -2
Ellse] = ﬁ”VKHLZ(Rd)S +0(1).
o

(i) For any a € B, it holds

2AT — 1+ 2T

[E[Ia,a] € 12(Rd) 12(Rd

T
2 -2 1 2 -2
IVK]| 8 ,2§||VK|| 8-

(iii) For any vector B € (R™)? with Bq = 0 if @ € B, we have

T .
Var (7 Bulsa) < oz IBIGIVE N, o

ae[n]d

Furthermore, convergence of the estimator (5_, :9:,, K+) requires insight on the order of the
remainders Rs, in the representation (C.15), given by the following lemma.
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LEMMA C.6. For any a € B we have
E[IRs.ql] s 672
Proof. By Lemma C.5 we know that E[Is 4] < 672 for any a € [n]¢. Since
T t
Rsq = J X§a(t)f (AgoSgo(t — 5)Ks o, AW (s)) dt — 5 4,
o 0
it is enough to show
T t
[EHL X2, () L <A3083o(t—s)Kg,a,dW(s))dtH <82 (C.17)
We have
T t
E H J x4 (1) J (DgoSgo(t — 5)Ks,q, AW (5)) dtH
o 0

< E[ls] ”%EUT (Jt(AgoSSO(t — )Ksar c1W(s)>)2 dt]l/z
0 0

1/2

A

6—1([EUOT (J:(Asosso(t — )Ksar dW(s)))z dt])

T t
= 6‘1( J J [|AgoSgo(t — s)lfﬁs',or”2 ds dt)l/z,
0 Jo

where we used the Cauchy-Schwarz inequality for the first two inequalities and Fubini’s theorem
together with the It6-isometry for the last line. Since

T pt T
L L |8g0S0 (£ — $)Ka|* dsde < T L 800S0 (0)Ks.a* e

T
=T ) J AZe M dt(ex, Ks o)
keN v 0

T 2
<3 Z Ar{er, Ks,a)
keN

T
= EH(—AsO)l/zKa,aHz

T
—5 | P@ITKawax
2,

< ?”VK(S,OI“LZ(Rd)

L*(R9)
2 J

TY|| VK]
—§2___ ")

the bound (C.17) follows, proving the assertion. ]

We are now ready to prove our main result.
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THEOREM C.7. Suppose that for some 8 € (0, 1] and some constant ¢ > 0 it holds that
|B| < ¢85, (C.18)
Then, for some absolute constant C depending only on c,d, 8, 9, T and n it holds that
E[A(As & AY)] < c8P.
Proof. Let x° = (82,99, (A9)*) = (82,92, A}) and set for y = (9_, 9., A,) € O_ X 0, X A,,
Ls(x) = 8™Zs(9_, 9., M),  Ls(x) = E[Ls(0)].
We first observe that (C.15) implies

Ls(9_,9,,Ay) < min Lg(x)+262+d§Z|R5,a|. (C.19)
XEO_XOL XAy e

Furthermore, since Ls(x°) = 0 and E[Ms,] = 0, we obtain with Lemma C.5 that for any
X = (19—> l9+> A+) € ®— X ®+ X A+,

Ls(0) — Ls(x®) = ElLs(0] = 81 ) (95.0(As) =89 ,)

ae[n]?
=8 )L (-sias 2 -y
acln]d:Sq(@)°c (A.nAD) ac[n]:Sq(@)° c (AUAL )
. _ g0 2
+6 Z (sﬁ,a(A+) '96,05) (C.20)

ae[n]®:Sq(@)°c (Aranl)
> n?8%{a € [n]? : Sq(@)°  (As & AD}]
= n?A(As & AD),
where for the penultimate line we observe that for Sq(a)® C (A4 A Af) we have 95 (A1) = 9+

iff 192 0= 192, and conclude with 9, 82 € ©. and the fact that ®, and ©_ are n-separated. Now,
using the characterization from Lemma (C.4) and the assumption (C.18), it follows that

AA% & ALy < 8B < c8P. (C.21)

Combined with (C.20), triangle inequality for the symmetric difference pseudometric therefore

yields
A(Ay A Ag) < Ls(x) — LS(XO) + 5'B> x=08_,9,A) €0_X0; XAy,

whence the assertion follows once we have verified that
E[Ls(X) - Ls(x*)] s 6, %= (8_,8., A, (C.22)

where by definition Ls(¥) = E[Ls(x)] l,=z- Taking into account (C.18), (C.19) and Lemma C.6,
we arrive at
E[Ls(X) — Ls(x°)] < E[Ls(X) — Ls(x°) + Ls(x°) — Ls(X)

+26d+2 Sﬂ_d E[|R
¢8"~“ max E[|Rs,q|] (C.23)

< [E[ sup  |Ls(x) - fa(X)|] +68P.
XEO_XO XA,
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To prove (C.22) it therefore remains to show

| sup  ILs(o - Lsol| < 6,
XEO_XO,L XAy

which, recalling the decomposition (C.16) and using E[Mr s(x)] = 0, boils down to show

E[ swp lms00 - Ellns00ll] < 802, (.24
XEO_XOL XA
[E[ sup IMT,a(x)I]sfSﬁ‘d‘z. (C.25)
XEO_XOy XAy

Clearly, by triangle inequality, we get the rough bounds

sup |lrs(x) —Ellrs(0ll < B =9? ). llsa — Ellsall,

XEO_XOL XA, ae[n]d
sup  [Mrs()| <1891 ) IMsgl.
XEO_XO XAy aeln]d

Thus, applying once more the assumption (C.18) and the bounds from Lemma C.5,

E[  sup Is(n) - Elins(ol]
XEO_XO XAy

< 8/ maxE[|Isq — E[lsal|] + 8¢ max E[|lsq — E[Isq]l]

aeB ae[n]d\B
< 2674 max El|Isql] + 5§74 max Var(Ig’O,)l/2
a€B ae[n]d\B

< 6ﬂ—d—2+6—d—1,

which establishes (C.24). For the martingale part, using E[|Ms«|?] = E[Is.], the Cauchy-
Schwarz inequality and Lemma C.5, we have

E|  sup [Mrs(o)l| <8¢ max E[|Msgl]
XEO_XO XA, ae[n]d

< 8¢ max (E[Isq])'/?

ae[n]d

< 6_d_1
showing (C.25). This finishes the proof. [ ]

This result entails convergence rates for the estimation of domains A? with boundary of
Minkowski dimension (also called box counting dimension) d—p. Recall that if fora set A c [0, 1]¢
we let N(A, §) be the minimal number of hypercubes Sq(«) needed to cover A and set

. . . logN(A,6) — . log N(A, §8)
d A =1 f—————=  d A =1 -
dim,(4) e log1/8 ima(4) l?félp log1/8

b

then, if dim, (A) = dimy(A), we call

) _ .. logN(A,$)
dimy(A) = %li% log1/8
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the Minkowski dimension of A (see [5, p.2] for the fact that this is an equivalent characterization
of the Minkowski dimension in the Euclidean space [0, 1]9). Clearly,

1B < N(3AY, 6),
so that Theorem C.7 yields the following corollary.

CoroLLARY C.8. Suppose that for some 8 € (0, 1] it holds that
dimy (aA%) < d - B.

Then, for any € > 0, _
E[A(A: & AY)] = 0(8P79).

Remark C.9. The Minkowski dimension dimy, always dominates the Hausdorff dimension dims.
For many reasonable sets they coincide and in these cases the condition on dimy(9A%) may be
replaced by the same one on dims¢(9A?). In most cases, dimy(dAY) = d— is verified explicitly by
establishing that N(8A?, 8) < ¢§~%*#, which then improves the result to E[A(A; a A9)]| = O(8P).

As outlined before, our estimator only aims at rate optimality for inference on A?. Given a
necessary identifiability assumption, the nuisance parameters 99 are still consistently estimated
under the assumptions of Theorem C.7.

CoroLLARY C.10. Suppose that |B| < 8~ for some B € (0,1] and some constant ¢ > 0. If
A(AY) > 0, then 8 is a consistent estimator satisfying |9, — 89| = Op(8P/2). In particular, if both
A% and A° have positive Lebesgue measure, it holds that ||§ — 190||L1((0,1)d) € Op(8P/2).

Proof. We only prove the assertion on 3, given A(A?) # 0; the case for 9_ under the assumption
A(A%) # 0 is analogous and the final statement on the convergence rate of 9 then follows from
combining the first statement and Theorem C.7 based on the inequality

[9(x) = 9°(x)] < [0 = 92| + 94 = 99 + 29115 (x) - Tpo(x)], x € (0,1)%.

Let & = A(A9) > 0. From (C.21) it follows that on the event {A(A, a A?) < 8#/2} we have for &
small enough .

2
where the equality follows from the fact that for A, B € P we also have A N B € P. Thus, for
6 small enough, it follows from the second line of the calculation in (C.20) that on the event
{A(A, & A9) < 8P/} we have

< AR n A =8 {a € [n]?: Sq°(a) c (A, N AL},

-~ . _ K —~
Ls(@) - To(x%) = 5(8, - 89)°.
Consequently, there exists C’ > 0 such that for any §~! > ¢’ and z > 0,
P(57P (9, - 99)2 > 2)
< P(a-ﬁ (8. — 992 > 2, A(Ay 2 AD) < 5!3/2) + um(;\(/l A AD) > 513/2)

< P(Ls(¥) - Ls(x°) > 56P2) + nm(x@ A AY) > 5ﬂ/2)
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E[Ls(X) - Ls(x°)]  E[A(As & AD)]
+
k6Bz §B/2
< C(L+8P2),

<2

for some finite constant C > 0 independent of § where the last line follows from (C.22) and
Theorem C.7. Thus, if for given € > 0 we choose z = 2C /e, it follows that for any 87! >
(2C/e)~2/P v ¢’ we have

P(6_ﬂ(§+ - 992 > 2) <e¢,

which establishes (8, — 99)2 = Op(8P) as 671 — . m

Given the results from Paper A, which can be applied to a stochastic heat equation with
constant diffusivity, this rate is not expected to be optimal. As argued in [29], a more careful
approach in the design of the estimator that accounts for the irregularities of the diffusivity
in a more elaborate way would be needed to also achieve rate-optimality for the diffusivity
parameters. Since the paper focuses on the estimation of the domain A?, these issues will not be
discussed further.

C.4 RESULTS FOR SPECIFIC MODELS

In this section we give explicit constructions of the candidate sets A, and estimator convergence
rates for two specific shape restrictions.

C.4.1 Estimation of change interfaces with graph representation

Consider model A from Section C.2, for which A? is fully determined by the continuous change
interface t°: [0,1]9"! — [0, 1]. For any function 7: [0, 1]9"! — [0, 1] let us define the open
epigraph

epit == {(x,y) € [0,1]97 x [0,1] : T(x) > y}.
For y € [n]?! let Sqd 1(y) be a (d — 1)-dimensional hypercube with edge length § that is
centered at z, := §(y — 1]) The hypercubes Sqd 1(y) are chosen such that (Sqd 1(P))yena
forms a partition of [0, 1]d Lie, [0,1]%7 = (Jyepnge Sqy_; (). Let us also denote Sq,_,(y) :=

Sqq-1(y). With

§={i6:i=0,1,...,n}" ,

we now define the grid functions

)= Y, Olg, (@, xe€[0,17 {=(E)eqme €9,

ye[n]d-1

and set
A:(Q) = (epity)T € P, (€.
In other words, A, ({) can be written as

MO= | sam@x (g1l

yeln]d-1:¢,<1
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We then choose our candidate tiling sets as

A =1{A(0) 1 ¢ €S}

Note that the size |A.| = n~!(n + 1) of this family of candidate sets if significantly smaller than
that of the uninformed choice A, = P, which is 2" To see that A, is a valid choice, note that for

¢l = 8167 sup{r®(x) : x € Squ_1 (P)}1, & = 816 Vinf{rO(x) : x € Squ_; (1)},

it holds that 7, is the maximal grid function dominated by 70 and therefore
Al = (epit®)* = (epity)* = Av(EY),
whence in particular A}L € A, as required. Furthermore, the function
p: A =G, M) >,
is a bijection. Thus, for the estimator .7\+ from the previous section, if we set
L= p(Ay),

it follows that
A+ = A (Q) = (epity)".
Consequently, if we define the change interface estimator
T=1p
then we have the identity
IT = 2l ([o.a1e-1) = A(Ay & AD).

An example of a change interface and its grid function approximation can be seen in Figure
C.3. Under Holder smoothness assumptions on the change interface 7°, Theorem C.7 allows us
to obtain a convergence rate for the change domain estimator A, in the symmetric difference
pseudometric, or equivalently, for the change interface estimator T in the L!-metric. For 8 € (0, 1],
L > 0, let H(B, L) be the (B, L)-Holder class on [0, 1]¢7! w.r.t. the maximum metric, i.e.,

H(B,L) == {f: [0,1]9F 5 R: [f(x) = f()| < Lllx —y||%, for all x,y € [0,1]¢7}.

ProposITION C.11. If 7° € H(B,L) for p € (0,1] and L > O, then there exists a constant C
depending only on ,L,d, 8,9, T and n such that

E[IIT - %l fo17e-1y] = E[A(A4 & AD)] < C8P.
Moreover, if ° is not identically 1 (resp. not identically 0), then |§+ — 99 = Op(8P/2) (resp.

|1§;_ - 9% = Op(8P72)). In particular, if T°(x) € (0,1) for some x € [0,1]97, it holds that
||19 - l90||L1((0’1)d) € OP(6B/2)
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Figure C.3: Example of a change interface t and a piecewise constant approximation ¢ in
dimension d = 2 with § = 0.05.

Proof. By Theorem C.7 and Corollary C.10, it suffices to show that |B| < L84~#. To this end, we
first observe that in the change interface model it holds that

B = {a e [n]?: Sq(a) N oAl @}
={(y,j) € M x [n] : (Squ_1(»)° % ((j = 1)8, j&)) NT°(Sqq_1(¥)) # @}
c{, i) e xn]:jes g )

Because t° € (B, L) implies that |§; - C)ﬂ < L8P for any y € [n]?"!, we obtain
e (& GIn [} < L8P

Thus, from above,
1Bl < 5@ HLsPt = L5,

as desired. -

Remark C.12. The domain estimation rate 8? translates to N2/ in terms of the number
of observations N = §~¢. As pointed out in [19, Chapter 3-5], for appropriately designed
random measurement locations, the minimax rate for estimating a boundary fragment in image
reconstruction is given by N~#/(F+d=1) for arbitrary 8 > 0. Unless we have Lipschitz regularity
B = 1, this rate is, however, not achievable for an equidistant deterministic design, which is
usually referred to as regular design. In fact, it can be shown that with regular design, the
rate N~P/4 is the optimal rate for 8 € (0, 1] in the edge estimation problem by adapting [19,
Theorem 3.3.1]. Indeed, consider the regular design image reconstruction problem

YC( = S(XOl) + S(X; a € [n]d)

where
9(x) =9_Ta_(x) + 9,14, (x), xe€]0,1]4,
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for known values 9_ # 9, and A_|JA, = [0, 1]¢ and denote by P A, the law generated by the
observations for fixed A,. Let 7° = 0 and further let

th(x) = Z b = 2y 5T ez, fossy2y, - x € [0,1]%70,

y€[n]d-t
Then, for AL = {(x,y) € [0,1]¢ : Ti(x) > y}, i = 0, 1, we have
{xq :a € [n]%} c Af: ﬁA}r = A}r,
and therefore P1 = Pyo. Since furthermore A(A? A A) = [t (x)dx < 8% and 7; € H(B, 1)
for i = 0, 1, we obtain the minimax lower bound

inf sup Ea, [A(?L A A+)] > 8P = N—ﬁ/d’
Ay AreE(B,L)

for the class E(, L) of epigraphs of functions T € H(f, 1).

Remark C.13. Note that the underlying assumption on the graph orientation, that is A is an
epigraph w.r.t. the d-th coordinate, can be easily circumvented by adapting the candidate set A,
to represent any graph structure that may only become visible after rotation of the cube [0, 1]¢.
Since a d-dimensional hypercube admits 2d faces, the size of the adapted candidate set would
increase from n?~1(n+ 1) to 2dn¢~'(n + 1).

C.4.2 Estimation of convex sets

Suppose that model B from Section C.2 holds, i.e., A ¢ A is convex. A simple choice for
A, is given by A, = {C* : C c [0, 1]? convex}. This choice of candidate sets is however not
particularly constructive. Let us therefore propose another family of candidate sets, whose
construction follows a similar principle as the one for the graph representation model from the
previous subsection.

The basic observation is that by convexity, for any x € int A?, the vertical ray y — x + yey
intersects dA, in exactly two points. The natural idea is therefore to build candidate sets from
hypercuboids Sq;_;(y) x [{,, Zy] for { . zy living on the grid G. Heuristically speaking, as the
upper and lower intersection points of the vertical ray can be described by a concave and convex
function, respectively, we aim to approximate those by piecewise constant functions on §Ed_1 (y)
in analogy to the graph representation of Section C.4.1. In similarity to Section C.4.1, let

¢) = 8187 sup{xq : x € AL N (Squ_1 (¥)° x [0, 1D}, ¥ € [n] ",
&y = 6167 inf{xg : x € AAY N (Squ_1 (»)° x [0,1])}), ¥ € [n]*7,
be the grid projections of upper and lower limits of the intersection of the convex set A{ with the

strip Sqz_;(y)° X [0, 1]. Here, the supremum and the infimum of the empty is set to 0. Consider
candidate sets

MO = | saamxIg,. 8L £, €5,
yelnld-tig <T,
and the minimal tiling
A= s x84l

yelnld-t:¢<¢]
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both belonging to

Av= {00 18T e gy € . (C.26)
Then, it holds that |A,| = n?"1((n+n?)/2 + 1) =< n?*!. An exemplary illustration in d = 2 can
be found in Figure C.4.

1.0 1.0

0.8 D 0.8

0.6 D 0.6 ' '
0.4 0.4 . ‘
0.2 0.2

0 ]

0.0 L L L L ) 0.0 L L L L )
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

X X

Figure C.4: Approximation (red) of AE (blue) for § = 0.05.; left: by some A, () from (C.26);
right: by AE.

In order to apply Theorem C.7, it remains to control the size of the boundary tiling indices
B, which can be done with a classical result from convex geometry. By [21, Corollary 2], the
boundary of any convex set C c [0, 1] can be covered by at most

n? - (n-2)94 < 2dn?! = 246!
hypercubes from the tiling {Sq(a) : a € [n]¢} of [0, 1]¢. This entails the bound
|B| = |{a € [n]¢: Sq(a)° N A2 # 0}| < 2d6~ 4L,
Consequently, Theorem C.7 and Corollary C.10 yield the following convergence result.

ProposiTION C.14. Suppose that Ag is convex and A, be given by (C.26). Then, for some absolute
constant C depending only on d, 9,9, T and nit holds that

E[A(A: & AD)] < C8.

Moreover, if A(A) # O, it holds that 19, — 99| € Op(8Y?). In particular, if A(A9) ¢ {0, 1}, we
have |18 — %1 o.1)¢) € Op (81/2).

Remark C.15. For an indication of optimality of the domain convergence rate, let us again
consider the regular design image reconstruction problem

Y(XJ = 19(')('(7() + 80{: a € [n]d7

from Remark C.12. Let A2 c (0, 1)¢ be an open hypercube with volume v, € (0, 1) and edge

1/d

o such that the corners of the hypercube lie on {xy},c[,j¢ and let Al be the

length [p = v
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open hypercube containing A? such that d.,(A?, Al) = §/2, where § is chosen small enough s.t.
A, € (0,1)4. Then x4 € A iff xq € AE and therefore P A0 = P AL Moreover,

d-1

d 4 d &1
A A AD) = (1o+6/2) - 18 > Ezg 5= 850"
yielding the minimax lower bound

inf sup Eja, [A(?L, A A+)] > C(vg)6,
Ay A €C(vg)

for the class C(vg) of convex sets in [0, 1]¢ with volume at least v € (0, 1).

The constructed estimator A, has the drawback of generally not being a convex or even
connected set. However, we can easily transform our estimator A, into a convex estimator ACon
that converges at the same rate. To this end we employ a minimum distance fit by choosing an
estimator T\Sr"“ such that

A(AC™ A D) < inf A(C A Ay) +8.

€c[0,1]4:C is convex
Up to a §-margin, Kﬁon is therefore a convex set with maximal overlap in volume with As.
COROLLARY C.16. The convex estimator A" satisfies
E[AAS™ a AY)] < (2€ +1)8,
where C is the constant from Proposition C.14.
Proof. By triangle inequality for the symmetric difference pseudometric, it follows that
E[A(A2 & AP)]| < E[A(A™ & Ay)] +E[A(A2 & A4)]
< 2E[A(AY & AY)] +56,
where we used that since A? is convex we have
A(AL™ A AL) < A(AD A Ay) +6.
The assertion therefore follows from Proposition C.14. [ ]

Given the estimator A, numerical implementation of A" can be conducted with methods
for convexity constrained image segmentation based on the binary image input {(xq, 13, (xa)) :

a € [n]?}, see, e.g., the recent implicit representation approach in [32].

C.5 CONCLUSION AND OUTLOOK

Before discussing limitations and possible extensions of our work, let us briefly summarize our
results. We have studied a change estimation problem for a stochastic heat equation (C.1) in
d > 2. The underlying space is partitioned into A_ U A, by a separating hypersurface I' = A,
where the piecewise constant diffusivity 4 exhibits a jump. Following a CUSUM approach, we
have constructed an M-estimator A, based on local measurements on a fixed uniform S-grid
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that exhibits certain analogies to regular design estimators in statistical image reconstruction.
Our main result, Theorem C.7, shows how the convergence properties of our estimator are
determined by the number of tiles that are sliced by I'. The estimation principle and rates are
made concrete for two specific models that impose shape restrictions on the change domain A,:
(A) a graph representation of I' with Holder smoothness 8 € (0, 1], and (B) a convex shape. We
have established the rates of convergences 8? for model A and § for model B with respect to
the symmetric difference risk E [A(K+ A A,)], which are the optimal rates of convergence in the
corresponding image reconstruction problems with regular design. Furthermore, the diffusivity
parameters can be recovered with rate §#/2 and §/2. To conclude the paper, let us now give an
outlook on potential future work that can build on our results.

Based on Theorem C.7, an extension of Proposition C.11 to a known number m of change
interfaces 71, ..., Tn that yields a partition A = Uo<i<m Ai of layers A; with alternating dif-
fusivities 9., is straightforward. Assuming that each t,, belongs to H (3, L), the same rate of
convergence can be established. For the canonical choice A, = P, our general estimator from
Theorem C.7 would also adapt to an unknown number of layers m, but it might be interesting in
this scenario to develop a more implementation friendly procedure.

Having an unknown number of layers, or, more generally, an unknown number of “impurities”
is also particularly interesting from a testing perspective. In this spirit, a further model extension
would allow a partition A = Uo<i<m Ai with 3 = 9; on A; and §; # 9; for j # i, which can be
used, for instance, to model sediment layers. This model extension is unproblematic from an
SPDE perspective, but poses additional statistical challenges.

More generally, besides spatial change areas, future work could contain temporal change
points, i.e., the diffusivity 9 = 9(t, x) is also discontinuous in time, thereby allowing for the
modeling of thermal spikes. In this case, tools from change point detection in time series have
to be incorporated into the estimation procedure and online estimation becomes an intriguing
question.

In this paper, we have fixed the parameters 9. and therefore also the absolute jump height
n = |9+ — §_|. Extensions of the result to a §-dependent, but non-vanishing jump height, i.e.,
n =n(8) > n for some fixed n > 0, are straightforward. In contrast, the vanishing jump height
regime n — 0 as § — O that has been considered for the one-dimensional change point problem
in [29], introduces significant technical challenges that require a sharper concentration analysis.
Similarly to how the limit result from [29] in this regime draws analogies to classical change
point limit theorems, in our multivariate case one would expect asymptotics that are comparable
to [24].

As mentioned in Remark C.12 and Remark C.15, the convergence rates for N~#/¢ and N~1/4,
respectively, are optimal in the related image reconstruction problem when working with a
regular design. However, as alluded to before, it is shown in [19] that the minimax optimal
rate for irregular measurement designs that introduce a certain level of randomness is given
by N~A/(B+d=1) for arbitrary > 0, which is not only substantially faster for 8 € (0, 1), but also
allows to exploit higher-order smoothness of the change interface. Appropriately introducing such
randomness in the measurement locations x, of the local observation scheme while preserving
favorable probabilistic properties such as independence of the associated Brownian motions Bs 4
is a conceptually challenging task that could contribute to improve change domain estimation
performance in the given heat equation model.

Finally, let us reiterate that we have focused on optimal change domain estimation for regular
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local measurements and have not attempted to optimize estimation rates for the diffusivity
parameters &.. For the binary image reconstruction model with regeression function 4(x) =
9:1(x € Ay) +9-1(x € A-), [19, Theorem 5.1.2] establishes the typical parametric rate
N~1/2 = §4/2 for 9,. On the other hand, the minimax rate §%/2*! for a constant diffusivity is
proven in Paper A, which can also be obtained in the one-dimensional change point estimation
problem for a stochastic heat equation by introducing an additional nuisance parameter 9,
in the estimation procedure that reduces the bias from a constant approximation 4 = 4, on
a proposed spatial change interval, cf. [29, Theorem 3.12]. This demonstrates a significant
difference between heat diffusivity and image estimation. Optimal diffusivity estimation in the
here considered change estimation problem is therefore an especially relevant task for future
work, which may also open the door to the investigation of fully nonparametric diffusivities
9(x) = J-(x)Ta_ (%) + 94 (x) T, (x).

Acknowledgements AT and LT gratefully acknowledge financial support of Carlsberg Founda-
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PARAMETER ESTIMATION IN HYPERBOLIC LINEAR SPDES FROM
MULTIPLE MEASUREMENTS

Anton Tiepner and Eric Ziebell
ABSTRACT

The coefficients of elastic and dissipative operators in a linear hyperbolic SPDE are
jointly estimated using multiple spatially localised measurements. As the resolution level
of the observations tends to zero, we establish the asymptotic normality of an augmented
maximum likelihood estimator. The rate of convergence for the dissipative coefficients
matches rates in related parabolic problems, whereas the rate for the elastic parameters also
depends on the magnitude of the damping. The analysis of the observed Fisher information
matrix relies upon the asymptotic behaviour of rescaled M, N-functions generalising the
operator sine and cosine families appearing in the undamped wave equation. In contrast to
the energetically stable undamped wave equation, the M, N-functions emerging within the
covariance structure of the local measurements have additional smoothing properties similar
to the heat kernel, and their asymptotic behaviour is analysed using functional calculus.

D.1 INTRODUCTION

We study parameter estimation for a general second-order stochastic Cauchy problem
ii(t) = Agu(t) + Bpu(t) + W(t), 0<t<T, (D.1)

driven by space-time white noise W on an open, bounded spatial domain A ¢ R?. The differential
operators Ag and B;, defined through

D
Ag = Zl‘}i(—A)“i, ap > >a, 20,
i=1

q
By= Y nj(=0), 1>y 20,

=1

are parameterised by unknown constants ¢ € R?, n € R%. In general, such equations model
elastic systems, and we refer to Ay as the elastic operator while B, is called the dissipation (or
damping) operator.

In the absence of any damping (B, = 0) and noise, a prototypical example of (D.1) is the
isotropic plate equation (without any in-plane forces, thermal loads or elastic foundation)

phii(t) = —DA?u(t), (D.2)

modelling the bending of elastic plates over time. The parameters governing (D.2) are the
material density p and the bending stiffness D = 12(}113—_]5,,2) The bending stiffness D depends on
the plate thickness h, the material-specific Poisson-ratio » and Young’s modulus E. Numerous
extensions and applications of such equations can, for instance, be found in [22, 31]. To account

141
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for the system’s energy loss, damping is added to the equation, where a higher differential
order of B, describes stronger damping. In fact, a parabolic behaviour of (D.1) is obtained for
B1 > 0 due to the smoothing effects within the related Cy-semigroup [9, 13]. In closely related
situations, i.e. when both Ay and B,, are negative operators, the Cy-semigroup has been shown
to become analytic if and only if 28; > a3, where a borderline case occurs under equality, cf.
[10].

While parameter estimation for SPDEs is well-studied in second-order parabolic equations,
e.g. in Paper A and [11, 14, 15, 26, 30, 37] and the references therein, the literature on
higher-order hyperbolic equations is limited. We refer to [39] and the references mentioned
there for studies of the (non-)parametric wave equation. In [1, 2], the authors considered a
weakly damped system, i.e. 1 = 0, and developed a first approach for identifying coefficients of
the elastic operator in a Kalman filtering problem based on the methods of sieves. [27] studied
equations driven by a fractional cylindrical Brownian motion and derived a consistent estimator
of a scalar drift coefficient using the ergodicity of the underlying system. Based on spectral
measurements ({u(t), ej))o<¢<r, j = 1,..., N, where (e;j);>1 forms an orthonormal basis of L2(A)
composed of eigenvectors for Ay and B,, [23] constructed maximum-likelihood estimators and
established the asymptotic normality for diagonalisable hyperbolic equations given that the
number N of observed Fourier-modes tends to infinity.

In contrast, our estimator is based on continuous observations of local measurement processes

usk = ({u(t), Ksx,.))o<t<T» ug,k = ((u(t), (=A)"Ks . ))o<t<T>

for locations x1,...,xy € Aand y € {a;, Bj|1 <i < p;1 < j < q}. The point spread functions [7,
8] Ks,x, are compactly supported functions taking non-zero values in an area centred around xj
with radius §. Local measurements emerge naturally as they describe the physical limitation of
measuring u(t, xx), which, in general, is only possible up to a convolution with a point spread
function. Local observations were introduced to the field of statistics for SPDEs in [5], where the
authors investigated a stochastic heat equation with a spatially varying diffusivity. It was shown
that the diffusivity at location x; € A can be estimated based on a single local measurement
process at xj as the resolution level § tends to zero. The local observation scheme turned
out to be robust under semilinearities [3, 4], multiplicative noise [17], discontinuities [32] or
lower-order perturbation terms (Paper A and B). In contrast to the estimation of the diffusivity,
the identifiability of transport or reaction coefficients necessarily requires an increasing amount
N — oo of measurements. In the recent contribution [39], the local measurement approach
was extended to hyperbolic problems and the non-parametric wave speed in the undamped
stochastic wave equation was estimated by relating the observed Fisher information to the
energetic behaviour of an associated deterministic wave equation.

Based on the local measurement approach, we construct the augmented maximum likelihood
estimator (MLE) (55, ns)" € RP*9 and prove the asymptotic normality of

N1/25—2ai+a1+[31 (56 P = 191)

NY2§=2Bi*Pr (75 i — 1)) iSpJSq,

§—0,

with N = N(8) measurements. The consistent estimation for 9; holds if N1/2§-2a+a1+h1 _; oo,
whereas n; can be estimated in the asymptotic regime N1/2§2/*f1 — co. In particular, esti-
mating elastic coefficients is more difficult under higher dissipation, while damping coefficients
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are unaffected by the order of the elastic operator Ay and their convergence rates reflect the
rates obtained in advection-diffusion equations, cf. Paper A. For the maximal number of non-
overlapping observations N < 8¢, our convergence rates match the rates obtained in the spectral
approach up to specific boundary cases. In the weakly damped case, i.e. f; = 0, we confirm
the results in [24]. That is, the dependence of the time horizon T of the asymptotic variance
resembles the explosive, stable and ergodic cases of the maximum likelihood drift estimator
for an Ornstein—Uhlenbeck process, cf. [21, Proposition 3.46]. In the structural damped case
(B1 > 0), the asymptotic variance is of order T~! instead.

We begin this paper by specifying the model and discussing properties of the local mea-
surements in Section D.2. The augmented MLE is constructed and analysed in Section D.3,
and the CLT is established. The section additionally contains various remarks and examples,
complemented by a numerical study underpinning and illustrating the main result. All proofs
are deferred to Section D.4.

D.2 SetuPr

D.2.1 Notation

Throughout this paper, we fix a filtered probability space (Q, F, (F;)o<t<r, P) with a fixed time
horizon T < co. We write a < b if a < Mb holds for a universal constant M, independent of the
resolution level § > 0 and the number of spatial points N. Unless stated otherwise, all limits
are to be understood as the spatial resolution level tending to zero, i.e. for § — 0. For an open
set A ¢ RY, L%(A) is the usual L?-space with the inner product (-, -) := (-, );2(4). The Euclidean
inner product and distance of two vectors a,b € R? are denoted by a'b and |a — b|, respectively.
We abbreviate the Laplace operator with Dirichlet boundary conditions on the bounded spatial
domain A by A and on the unbounded spatial domain R? by Ag. Let H*(A) denote the usual
Sobolev spaces, and denote by Hé (A) the completion of C.°(A), the space of smooth compactly
supported functions, relative to the H!(A) norm. As in [19], let H?(A) = D((=A)*) for s > 0
be the domain of the fractional Laplace operator on L?(A) with Dirichlet boundary conditions.
The order of a differential operator D is denoted by ord(D).

D.2.2 The model

Consider the second-order stochastic Cauchy problem

du(t) = (Agu(t) + Byu(t)) dt +dW (), 0<t<T,

du(t) = v(t)dt,

u(0) = ug € L2(N), (D.3)
v(0) = vy € L*(A),

u(t,x) =v(t,x) =0, 0<t<T, x€A|sn

on an open, bounded domain A ¢ R? having C2-boundary dA. We assume Dirichlet boundary
conditions and a driving space-time white noise dW in (D.3). The elasticity and damping
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operators Ay and B, are parameterised by 4 € RP and n € R? and given by

P
Ay =D 8:i(=0)"%, D(Ag) = D((=B)™) = H*1(A),
i=1

q (D.4)
By= Y ni(=8)%,  D(By) = D((-)") = H**(n),
=1
with a1 > 0 and 0 < «;, Bj < oo satisfying a1 > az > --- > ap and f1 > B2 > -+ > .

Example D.1.
(@) Weakly damped wave equation (1 = 0): Ag = —$1A, B, = ns.
(b) Clamped plate equation:

1) Weakly damped (B; = 0) : Ag = 91A%, B, = 1.
2) Structurally damped (0 < B1 < a1): Ag = 9142, B, = —mA.
3) Strongly damped (81 = a1): Ag = 9142, B, = n1A2.

Figure D.1 displays a heatmap illustrating both the weakly and structurally damped plate
equation in one spatial dimension. The solution of the SPDEs were approximated on a
fine time-space grid using the finite difference scheme associated with the semi-implicit
Euler-Maruyama method, see [25, Chapter 10]. Additional smoothing properties in
the structurally damped case due to the dissipative operator B, result in an accelerated
energetic decay in comparison to the weakly damped case.

Structural damping Weak damping

Time
Time

Space Space

Figure D.1: Realisation of the solution u(t, x) to the clamped plate equation on (0, 1); (left)
i(t) = =0.3A%u(t) + 0.3Au(t) + W(t); (right) ii(t) = —0.3A%u(t) — 0.3u(t) + W(t).

Throughout the rest of the paper, we impose the following assumptions on the parameters.
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AssumpTION D.2 (Assumption on the parameters).
i %41 <0;
@) If B1 > 0, then n; < O;

(i) ay > 2pB; and if a1 = 237 then $1 +r]%/4 < 0.

Assumption D.2 does not guarantee that either Ay or B, are, in general, negative operators.
Instead, it implies that at least all but finitely many of their eigenvalues are negative. Moreover,
conditions (i) and (iii) are necessary to ensure that the difference Ly, = —Ag — B,ZI /4is a
positive operator, which itself is not required for the proofs and is just assumed for technical
reasons in Section D.4 as all arguments also carry over to the non-positive case, resulting in a
complex-valued operator, cf. Remark D.10.

D.2.3 Local measurements

For § > 0,y € A and z € L>(R?) we define the rescaling
Asy={6" (x—y):x €A},

: -dj2_(s-1 d (D-5)

25y(x) =8""2(8" (x —y)), xe€R".

Fix a function K € H?*1(R9) with compact support. By a slight abuse of notation, we define
local measurements at the location x € A with resolution level § as the continuously observed
processes us .y, u?ix, Us v?ﬂc where fori=1,...,pand j=1,...,q:
usx = ({u(t), Ksx))ost<r, u§fx = ((u(t), (=8)*Ksx))o<t<t>
A _
vsx = ((U(t), Ksx)ost<r, Vg, = ((u(t), (=8)PIKs))o<e<r-

Analogously to [39], these local measurements satisfy the following Ito-dynamics
p q N
dué,x(t) = U6,x(t) d, dUS,x(t) = Z ‘9iu§fx(t) + Z Ujvg’]x(t) de + ||K||L2(Rd) dWx(t)> (D.6)
i=1 j=1

with scalar Brownian motions (W (t))o<i<r = (||K||;21(Rd)<W(t),K{)"x>)0£tST’ which become
mutually independent provided that

<K5,Xa K6,X'> = ”K”;(Rd)ax,x’ = 07 X; X, € Rd:

where the Kronecker-delta &, - evaluates to zero for x # x’.
For locations x,...,xy € A, we define the vector process Y5 € L%([0,T]; R(P*DXN) of
observations through

Y = (ul? utr M i ! eRPY, k=1 N (D.7)
5k = (Usy, 0 Usx Vsxe “°° Usx s =1,...,N. .

Remark D.3 (Accessibility of the measurements). The measurements (ugix, i=1,...,p), can
be approximated by observing us,, y € A, on a fine spatial grid in A. Moreover, all the

. A . . .
measurements wrt. v, i.e. vs, and v&]x, j < g, can be obtained by differentiating us, and

ugjx = (u("), (—A)ﬁfKa,x> in time.
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D.3 THE ESTIMATOR

Motivated by a general Girsanov theorem, as described in detail in [5] or Paper A, the augmented
MLE (8s,7s) " € RP*1 is given by

_ N T
(125) =35 ZJ Vs i (t) dvs x (t) b8
s k=1 Y0

with the observed Fisher information matrix
N T
Js = Z I Yg’k(t)Yg’k(t)T dt. (D.9)
k=1 "0

Clearly, the matrix Js is symmetric and positive semidefinite. By plugging the Ito-dynamics (D.6)
into the definition of the estimator (D.8), we obtain the decomposition

95 95 -1
~ = + ||K I M D.10
(Ué‘) (Tlé‘) 1Kl 2 (ra) T5 ™ Ms (D.10)

on the event {det(Js) > 0} with the martingale part

N T
M = ; jo s (6) AW, (0).

As the limiting object of the rescaled observed Fisher information is deterministic and invertible
(see Theorem D.5 below), Js will itself be invertible for sufficiently small &, cf. [20, Theorem
A.7.7, Corollary A.7.8].

AssumpTiON D.4 (Regularity of the kernel and the initial condition).

1. The locations xx, k =1, ..., N, belong to a fixed compact set J C A, which is independent of &
and N. There exists 8" > 0 such that supp(Ks,) N supp(Ksy,) =0 fork # land all § < &'.

2. There exists a compactly supported function K € HI?01+2[a1(Rd) sych that K = Agaﬂf.

3. The functions (—A)%~(\*PU/2K qre linearly independent for alli=1,. .., p, and the func-
tions (—=A)Pi=P1/2K are linearly independent forall j=1,...,q.

4. The initial condition (ug, vo)" in (D.3) takes values in H**1(A) X H¥ (A).

iz (Rd)ék,l with the Kronecker-delta &y ;.

Consequently, the Brownian motions W,, become mutually independent if § is sufficiently small.

Assumption D.4 (i) ensures that (Ksx,, Ks ;) = ||K||

Thus, Js forms the quadratic variation process of the time-martingale Mg, and we expect 3;1/ 2M5
to be asymptotically normally distributed. Both (ii) and (iii) guarantee that the limiting object
of the observed Fisher information is well-defined and invertible, while (iv) ensures that the
initial condition is asymptotically negligible. In principle, the required smoothness in (ii) can be
relaxed, depending on the dimension d and the identifiability of the appearing parameters in
(D.3), but is kept for the simplification of the proofs.
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We define a diagonal matrix of scaling coefficients ps € R(P*0X(P*9) via

N12g2meh ] < <p,
i = D.11
(p(S)H {N_l/zazﬁi—p_ﬂl’ p < l S p +q, ( )

and the constant C(n1, T) through
e —Tni—1

—! ¢ O}
C(’]l:T) = {Tz 277% ’71 (D12)

4> m= 0.

The following result shows the asymptotic normality of the estimator (D.8).
THEOREM D.5 (Asymptotic behaviour of the joint estimator). Grant Assumption D.4.

(i) The matrix Xy, € R(P+O)x(P+)  giyen by

Zl&n
with
C(n1,T Qi—
rany = { BN R IR, o Br=0,
Ln)ij = ai—ag—
g3y | (= 20) T PVRKYS, Lo B> 0,

C(n1, DK, gy pr1=0,

(2,9, = -
o l(-20) BBV, L By >0,

forl1 <i,j<pand1l < k,l < q, is well-defined and invertible. In particular, the observed
Fisher information matrix admits the convergence

P
pslsps — Ly, 6 — 0.
(i) The estimator (85,7s)" is consistent and asymptotically normal, i.e

195 -9\ d _
Psl(ﬁi - n) S N, K12, go,Z50), 8= 0.

The convergence rates among the different parameters are given by (D.11). As the number
of observation points cannot exceed N < §~¢ due to the disjoint support condition of Assumption
D.4, not all coefficients can, in general, be consistently estimated in all dimensions, see Example
D.7. In contrast to parameter estimation in convection-diffusion equations based on local
measurements in Paper A, the convergence rates for speed parameters are influenced not only
by the order a; of Ay, but also by 81, the order of the damping operator B,,. Unsurprisingly,
higher-order damping results in worse convergence rates as the parameters are harder to identify
due to the associated dissipation of energy within the system. On the other hand, the rates for
the damping coefficients are not influenced by the order of Ay, and their rates mirror the rates
known from parabolic equations, cf. [16] or Paper A. Similar effects were already observed
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under the full observation scheme N < §~¢ in the spectral approach, cf. [23], leading to identical
convergence rates.

In addition to the joint asymptotic normality of the augmented MLE (55, ns) ", Theorem D.5
further yields the asymptotic independence of its components, i.e. the marginal estimators for
elastic and damping parameters are asymptotically independent.

If the equation is weakly damped, i.e. if f; = 0 and n; < 0, then the term —T1n; dominates
the expression (e™ —Tn; — 1)/ 217% in the asymptotic variance within (D.12) as T — oo. The
converse is true in the amplified case with n; > 0. If n; = 0, the asymptotic variance of the
augmented MLE for 9 and n; depends on the time horizon through T~2 as discussed in [39,
Remark 5.8]. It mirrors the rate of convergence of the MLE in the ergodic, stable, and explosive
case of the standard Ornstein—Uhlenbeck process as described in [21, Proposition 3.46].

If, on the other hand, ; > 0, then the asymptotic variance of the MLE is of order T~! in
time. In other words, any dissipation decelerates the temporal convergence rate to the rate T~
associated with parabolic equations.

Remark D.6 (Parameter estimation under higher-order damping). For simplicity, we did not
consider cases where the damping dominates (D.3), i.e. where 237 > a;. Nonetheless, studying
parameter estimation in those situations is neither impossible nor does it require new approaches.
It solely relies on a careful analysis of underlying terms within the asymptotic analysis of the
observed Fisher information, which may potentially become complex-valued, cf. also Remark
D.10. Taking this into account, similar convergence rates may be established.

Example D.7.

(@) Weakly damped (or amplified) wave equation: Consider the weakly damped (or amplified)
wave equation (37 > 0,77 € R):

dv(t) = ($1Au(t) + nv(t))de+dw(t), O0<t<T.
Then, Theorem D.5 implies
9lK|2,

_ N (RY)
N125(95 — 91) <N (2), | conniao K 0
-1/2(=. _ ol 12(Rd)
N (Tla ’71) 0

C(m,T)

Thus, the augmented MLE attains the convergence rate known from the spectral approach,
see [23, 24] if it is provided with the maximal number of spatial observations N < 4,
Interestingly, the limiting variance of s is independent of the kernel function K similar to
the augmented MLE for the first order transport coefficient in Paper A.

(b) Clamped plate equation: Consider the clamped plate equation with
1) Weak damping (81 > 0, n; € R):
du(t) = (=91A%u(t) + mu(t)) dt +dw(t), 0<t<T. (D.13)
2) Structural damping (§1 > 0, n; > 0):

du(t) = (=91A%u(t) + mAv(t)) dt +dw(t), 0<t<T. (D.14)
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A realisation of the solution can be seen in Figure D.1. Depending on the type of damping,
the convergence rate for both §; and n; changes. In the case of the weakly damped plate
equation (D.13), the CLT yields

128-2(35 — 9 0 ML 0
(N 1/2A( 5~ 1)) N ( ) D) 180KT?, g ,
N*%(ns — ) 0 0 S CTRD]
C T]l,T
while
201mlIKIZ, ) 0
(N1/25_1(§5 —31)) 4N (O) T80 K
N28-1(5, — ) ol . 2K o,
Tl (=20)2KII% )

holds under the structural damping given in (D.14). The asymptotic variances between
95 and 7js coincide in the cases §; = ||A0K||§2(Rd)||K||L‘22(Rd) or 9; = 1, respectively. The
consistency and the varying convergence rates of the estimators are visualised in Figure D.2.
Based on the finite difference scheme within the semi-implicit Euler-Maruyama method [25,
Chapter 10] (with 10000000 x 2000 time-space grid points), we computed the root mean
squared error (RMSE) for decreasing resolution level § from 100 Monte Carlo runs, N < §~!
measurement locations and the kernel function K(x) = exp(=5/(1 — x?))1(|x| < 1). In
the weakly damped case, it can be seen that the estimator for the elastic coefficient 9,
achieves a much quicker convergence rate than the estimator of the damping coefficient
n1. On the other hand, their rates are equal under structural damping. The asymptotic
variances are attained in both cases.

General hyperbolic equation: Consider the hyperbolic equation
p q
dv(t) = (Z 8:(—A)%u(t) + Z ni(~8)Piu(e) |dt+dw(t), 0<t<T,
i=1 =1

with p + ¢ unknown parameters. Then, the convergence rates for 9; and n;, respectively,
are given by

N_1/262ai_0{1_‘31, 1 S l S p’
N~128%8-F1 1 <j<q.

Given the maximal number of local measurements N =< §~¢, these rates translate to

{6(1/2+20(i—a1—ﬁ1’ 1<i< D,

6d/2+2ﬁj—.31, 1< ] <q. (D15)

Thus, our method provides a consistent estimator for a parameter 9; or n;, respectively, if
and only if the conditions

a; > (a1 +p1—-d/2)/2, i<p, (D.16)
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log,,6 log,,d
Figure D.2: log-log plot of the RMSE for § — 0 and a maximal number of measurement locations
in d = 1 compared with the theoretical rate in black; (left) structurally damped (D.14) with
n1 = 0.3, 81 = 0.3; (right) weak damping (D.13) with n; = -0.3, §; = 0.3.

hold. Similar results were found in the spectral regime, cf. [23, Theorem 1.1 and Theorem
4.1]. Interestingly, the authors verified a slightly stronger consistency condition, resulting
in a logarithmic rate under equality in (D.16) and (D.17). Otherwise, they also obtain the
rates in (D.15). We believe that the logarithmic rates in the boundary cases are also valid
in the local measurement approach given that less restrictive assumptions on the kernel K
are imposed, similar to Proposition A.12 in Paper A in a related parabolic problem.

D.4 PROOFs

For § > 0 and x € A denote by As, the Laplace operator with Dirichlet boundary conditions
on As, and define the following differential operators with domain H2*1(A) and H2*(As.),
respectively:

P
. 1
Loz = (~Ag — By [z = = ) 9:(~0)z— 2 > man(-4)/P'z,
=1 =)
p 1 q
Lypsx? = — Z 52a1_2ai'9i(_A6,x)aiz _ Z Z 62a1_zﬁk_Z'Blnknl(—AS,x)ﬂkJr‘Blz.
=1 k,l=1

Introduce further the rescaled versions of B, and Ay, defined through

q
Bysx = Z 82P1=2Pin (=Asx)P1, D(Bysx) = D((—Asx)P!) = H*1(As),
=1

P
Agsx = Z 821 72%9:(=Asx)™, D(Aggsx) = D((—Asx)™) = H** (Asy),
i=1
and the limiting objects
i} -91(=00)%'z, a1 > 2P,
Lyyz =

2 B = — ary — 12001 Rd
_(81+%)(—A0)“1z, a1 = 2p1, D(Lsp) = D((=8o)™) = HTH(RY),



D.4. Proofs 151

By = n1(=00)"', D(B,) = D((—Ao)?1) = A*#1(RY),
Ag = 91(=00)™, D(Ag) = D((=ho)™) = H*(RY).

We will frequently use that Ly, is an (unbounded) normal operator with spectrum o(Lg,)

and the resolution of identity E (cf. [33, Chapter 13]). By the functional calculus for normal

unbounded operators, we can define the operator f(Ly,) = f (Lor) f(A)dE(A) on the domain
8]

o

Dy = D(f(Lyy)) = {z o FOP B (1) < OO}’

U(LS,W)

for any measurable function f : C — C. Analogous statements also apply to Ay, B, and the
rescaled differential operators.

LeEmMA D.8 (Rescaling of operators). Let § > 0,x € Aand f : C — C U {xoo} be measurable. If
25x € Dy, then

f(LS,r])ZS,x = (f(6_2a1L8,n,6,x)z)5,x:
f(BI])zS,x = (f(‘s_zﬁqu,S,x)z)é',x:
F(Ag)zs.x = (fF(872"1 Ag 5.)%)s5.x-

Proof of Lemma D.8. Suppose z € H?*1(Ag ) such that z5, € H*¥(A) C Dy. Then, the claim
follows immediately for f(x) = x by differentiating zs , and from the definition of Ly s », See
also [4, Lemma 16]. Using (i) and (iii) of [34, Proposition 5.15], the result can be extended to
measurable f : C — C U {+o0} by first passing to the associated resolution of the identities of
Ly, By, Ag and Ly 5,.x, By,s,x, Ag,s,x respectively, and interpreting the localisation as a bounded
linear operator from L2(As ) to L(A). [ ]

Throughout the remainder of the paper, we will assume that Ly ;, and thus also Ly, 5 «, is a
positive operator. A sufficient condition for this is given in the next lemma.

LEMMA D.9 (Sufficient condition for positivity). Let (ex)xen form an orthonormal basis of (—A)
with eigenvalues Ay > c(A) for some constant c(A) > 0. Then, Ly, is a positive operator if one of

the following conditions is satisfied:

(i) Assumption D.2 holds, c(A) > 1 and

p q
1
[94] > ;mmz > Imanil;

k=1

(i) Assumption D.2 holds, c(A) < 1 and

p q
1
811> Y |%ile(A)TT 4 = A)Prerbroar
941 i;l le(A) 4k§l:1|m<nz|6( )
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Proof of Lemma D.9. Assumption D.2 states in particular that 9; < 0 and, additionally, 4; +
n? /4 < 0in case a; = 2f1. It is now enough to show that all eigenvalues of Ly, are positive,
which holds if for all x > c(A):

b

1 q
[Srbc™t = D18 = 2 > Il > 0. (D.18)
i=2 k=1

@) If c(A) > 1, then both x% and x#*# are bounded by x* for any i < p and k, [ < g, thus
(D.18) is satisfied.

(i) If c(A) < 1, then x4~ < ¢(A)%~ and xPetPi-a1 < ¢(A)PrtPi-ar, ]

Remark D.10. If Ly , is not a positive operator and has non-positive eigenvalues, any choice of
the operator root is a complex-valued operator. Consequently, the associated family of M, N-
functions in the following subsection is again complex-valued. Thus, inner products hereinafter
are associated with complex Hilbert spaces. However, this does not influence the asymptotic
results of Section D.4.2 due to the convergence Lg , s — Lg,, to a positive limiting operator
Ly .

D.4.1 Properties of generalised cosine and sine operator functions

LEMmMA D.11 (Representations M, N-functions). The operators Ag and B, defined in (D.4) generate
a family of M, N-functions (M(t), N(t),t > 0) given by

B, . _
M(t) := my(Lg,y, By) = e®1/?( cos (L;{nzt) - 7’7 sin (Lé,/it)Ls,;/z), L2(A) € D(N(b)), (D.19)
N(t) := ny(Lg,p, By) = eP1*/2 sin (L},/,ft)L;}’”, L2(A) € D(N(1)). (D.20)

Proof of Lemma D.11. Note that by [34, Theorem 5.9] all of the appearing operators e?/2,

cos(tLllg/nz), sin(tL;/nz), B, and L;}/ 2in (D.19) and (D.20) are well-defined and even commute
on the smallest occurring domain as they are all based on the same underlying Laplace operator.
By direct computation, one can now verify that the conditions (M1)-(M4) in [28, Definition

1.7.2] are satisfied by M(t) and N(¢t) from (D.19) and (D.20) using the functional calculus. =

LEmMA D.12 (Self-adjointness of M, N-functions). Assume that Ly, is a positive operator. Then,
the M, N-functions defined through (D.19) and (D.20) are self-adjoint.

Proof of Lemma D.12. The unique positive self-adjoint operator root of the positive self-adjoint
operator Ly , is well-defined and exists by [34, Proposition 5.13]. Thus, in view of Lemma D.11,
the M, N-functions can each be interpreted as the applications of a real-valued function to the
underlying Laplace operator on a bounded spatial domain. In particular, by [34, Theorem 5.9]
the M, N-functions are self-adjoint. [

As we are interested in the effect of M, N-functions applied to localised functions, we further
define the rescaled M, N-functions:

Mé',x(t) = mt(é_zalLB,q,é',x: a_zﬁqu,S,x): (D21)
Nsx(t) = 10,(8 2 Ly 5,8 P1By 5.4). (D.22)
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An application of Lemma D.8 yields the scaling properties of the M, N-functions in analogy to
[5, Lemma 3.1] and [39, Lemma 3.1]:
M(t)zé',x = (MS,x(t)Z)S,x: N(t)ZS,x = (Né,x(t)z)&x; z € LZ(A(S,x)-

LEMMA D.13 (Semigroup upper bounds). Let 0 < t < T§ %1, y > 0 and z € H2VI(R?)
with compact support in (\.cg Asx and such that there exists a compactly supported function

7z € B2 el (RY) with 2 = Agal]i Then, if 1 > 0, we have

SuP”eth’s’xL;,/gx(_Aé‘,x)yZ“LZ(Aax) <1A t—(V+f0!11—0!1/2)/ﬂ1; (D.23)
xed T ’
supl|e®19x (—As ) 2]l 2(n, ) S 1AL VHOADL (D.24)

x€gd

Moreover, in case 31 = O, the left-hand sides in (D.23) and (D.24) are bounded by a constant
independent of § and t.

Proof of Lemma D.13. The key idea of the proof is that all involved operators emerge as an
application of the functional calculus applied to the same Laplace operator. In particular, they
are simultaneously diagonalisable through the same eigenfunctions. Note that in contrast to the
eigenfunctions, the associated eigenvalues do not depend themselves on the shift, i.e. x € A,
within the rescaling of the Laplace operator.

Let 81 > 0. We only prove (D.24), since the argument for (D.23) is similar, using additionally
that Ly, s » commutes with (=Asx)?, ord(Lg ;,s,x) = 2a1 and a bound of Ly ; s, in terms of its
leading term (—Ag)*!. Let (ex)xen form an orthonormal basis of (—A) in L2(A) with eigenvalues
Ak > 0. Then, there exists a constant c¢(A) such that A > c¢(A) for all k > 1, see [35, Proposition
5.2 and Corollary 5.3]. We consider the most involved case, thatis, n; <0 and n,...,n4 > 0.
Consequently, B, will, in general, not be a negative operator, but there exists yo > 0 such that
for all y > yo, we have

d p1
B1 B My
my-- + ;:2 njy’ < 5

and all but finitely many eigenvalues of B, will be negative due to Assumption D.2 (ii). Consider
the polynomial

q

M .

Po() = v+ ) i
=2

and define C; := maxye[¢(a),y] [Py(y)|. Then

! P1
; my
my + Z iy - C1 < =
j=2
holds for all y > c¢(A), and all eigenvalues of the operator B, — C; are negative and upper
bounded by n1c(A)/2. Analogously, (ex.s.x)ken forms an orthonormal basis of (—As ) in L2(As x)
with eigenvalues Ay 5, = 62 > §%c(A). Similar calculations imply that

d B
my’ + ) PPy - e < Ty > s%(A). (D.25)
=2
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Thus, all eigenvalues of the operator difference B, 5, — §%P1C; are negative and the difference is
bounded by n1(—As,)?1/2 in the sense that

t(Bn,S,x _62ﬂ1 C1 )

—Asy B1/2 2
||e w”Lz(Ag’X) < ||eU]1( b i w”Lz(A(s’x)) w e L (A6,X)>

independent of x € J. Note further that z = Agal]'i =A go;ﬂ'zv since z is compactly supported in
(MNxey Ns,x- With that, we have all the ingredients to prove (D.24). For 0 < t < T8~ %P1, we obtain

8214 ol (Bnsx -8%1Cy) (=Asy)"

B
sup||e’ ”’S’X(—Aa,x)yz||L2(A5,X) = Sul;”e ZHLZ(A&X)
xXe

x€]

_828 —
< A7 suple!Prax T (A )Y (=8s,)“ E] 1200 )
x€gd

_As.)B -
< 0T sug”e”’l( As ) 1/2(_AS,X)YH(XI]Z”LZ(A&X)
xXe

< (LAt Otlal/bn sup (22 (aga) + 1(=B6.0) 2l 12(5))
X€
where the last line follows from the fact that (—Ag,x)ﬁlnl /2 generates a contraction semigroup
and the smoothing property of semigroups. As Ag)xz = Agz holds forany x € Jand 1 < n < [y],
an application of the functional calculus yields
2

supll(=8s.)" 2l125 5, ) < SUPll (=860 1212, o) +5Upl (=850 2112,
xegd , x€egd x€]

1(=20) 12012, ay + 1(=80) 212, o

< 0o,
proving the assertion. The claim for 1 = O follows directly by bounding
leFrox] =[eM| < C, 0<t<T,
for some constant C only depending on n; and T. |

The theory of cosine operator functions was developed by Sova [36] and led to general deter-
ministic solution theory for undamped second-order abstract Cauchy problems. By substituting
the time derivative as its own variable, it is possible to rewrite a second-order abstract Cauchy
problem as a first-order abstract Cauchy problem in two components. The associated strongly
continuous semigroup then lives on a product of Hilbert spaces called the phase-space; see [6,
Chapter 3.14], [29] and [28, Chapter 0.3]. The same remains true under suitable assumptions
on the elastic and dissipation operator within a damped abstract second-order Cauchy problem
[28, Chapter 1.7].

LEMMA D.14 (Semigroup on the phase-space). The operator Ag ,, defined through

0 I . .
Agy = ( A Bn)’ D(Ag) = H* (A) x H1 (),

generates a Co-semigroup (Jg ,(t))>0 on the phase-space H*(A) x L*(A) given by

; M) N(t) _(M(t) N(t)
8(t) = AgN(t) M(t)+B,N(t)] ~ \M'(t) N'(t)

with M(t) and N(t) given in (D.19) and (D.20), respectively.

), t >0, (D.26)
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Proof of Lemma D.14. It is well-known that in the special case where both Ay and B, are strictly
negative operators Ay, generates a Co-semigroup, which is even analytic if and only if a1/2 <
p1 < a1, cf. [10]. On the other hand, (Jy,(t)):>0 given by (D.26) is indeed a semigroup
generated by Ay, which follows by direct verification of the differential properties of M, N-
functions in [28, p. 131] using the functional calculus. ]

The coupled second-order system (D.3) can also be written as a first-order system
0
dX(t) = Ag X (t)dt + (I) dw(t), O0<t<T,

for X(t) = (u(t),v(t))" and the matrix-valued differential operator Ay , generating the strongly
continuous semigroup (Jg ,(t))r>0 constituted by the M, N-functions defined in Lemma D.11.
The M, N-functions correspond to the cosine and sine functions in the undamped wave equation,
see [6, Chapter 3]. Naturally, they appear in the solution to the stochastic partial differential
equation (D.3):

(58) = Jon(0) (558;) + L Jon(t=5) ((1)) aw(s) (0.27)
~ ( M(t)ug + N(t)vo ) [oN(t =) dw(s)
~\M'(Duo+N'(Hvo) | [ N(t = 5) dW(s) |’

D.4.2 Asymptotic properties of local measurements

In this section, we study the asymptotic covariance structure of the local measurements, which
is crucial in showing the convergence of the observed Fisher information matrix Js.

LEmMMA D.15 (Covariance structure). Assume that (ug,vo)" = (0,0) . Forany t,s € [0,T], x € A,
1<i,j<p, 1<k, <q, the covariance between local measurements is given by

A; Aj
Cov(ud (), 4y (5))
rtAS

= § 20720 (N x(t = 1)(—85,x) MK, No x (s = 1) (=D5,x) T K)12( 5, drT,
0

oJ
A A
Cov(upk (1), V5 (s))
rLAS

= 8722 (NG (= 1) (—Bs) PR, NG (s = 1) (=6 )P IR )2
0

oJ
A; A
Cov( (1), v (s))
P LAS

= 87247 | (N (t = 1) (=Ds2) MK, Nj (s = 1) (=Bs,0)PFK )2

JO

Proof of Lemma D.15. Using (D.27) and [12, Proposition 4.28], we observe

tAs

Cov(ug', (¢6), u5) (5)) = L (N*(t =) (=8)%Ks ., N* (s — 1) (—A)“ K3 ),

Cov(vs" (1), v (5)) = L ((N'(t =1)"(=B)P*Ks 0, (N' (s = 1)) (D) K5 1 )dr,
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tAs
Cov(ug', (1), V5", (s)) = J (N*(t = 1) (=B)"Ks x, (N (s = 1)) " (=1)P¥Ks ) dr.
0
We can rewrite the last equations through the functional calculus by using Lemma D.8, the

representations (D.21) and (D.22), self-adjointness by Lemma D.12 as well as [34, Theorem
5.9]:

A; Aj
Cov(u&x(t), u&Jx (s))
rtAS

= 572072 (Nox(t = 1)(=D5x) K, Nox (s = 1) (=D5,x) " K)12(n4, ) dr,
0

A A
Cov(vg: (), U5l (5))
rtAS

= § 2P =2k ) (Nj (¢ = 1) (=) K, N (s = 1) (=5 )P LK) 12,

A; A
Cov(us’ (1), U3 (5))
P tAS

= 87247 | (N (t = 1) (—As ) MK, Nj (s = 1) (=Bs,) K2y, dr. m

Jo

LEMMA D.16 (Scaling limits for M, N-functions). Let § > 0. Let 21, 2o € L*>(R?) with compact
support in (,¢g As,x such that there exist compactly supported functions 1, %2 € H 2lal(Rd) with
2; = Agaﬂéi, i=1,2. As § — 0, we obtain the following convergences.

1. Lett > 0. Let 1 =0, i.e. By, = n1. Then, uniformly in x € g,

_ 1, __
872" 1(Ns ()21, No (1)22)12(ng ) — _emt§<A‘9121;22>L2(Rd),

1
(Msx (t)21, Ms x(£)22)12(n5,) — eqlt5<zl, Z2)12(Rd)>

8" (Nsx(t)z1, Ms x (t)22)12(ns,) — O
2. Letry # ro. Let 1 = 0. Then, uniformly in x € J,

872*1(Nsx(r1)21, N5 x (r2)22)12(ns ) = O,
(Ms x(r1)21, Ms x(r2)22)12(p5,) — O,

8™ (N x(r1)21, Msx(r2)22)12(a,, ) = O-
3. Let 0 < 2B1 < ay, t € (0,T]. Then, uniformly in x € J,
—2a1-28 ‘ 2 L= 171
6 ! 1( N(S,X(r) drzl:22>L2(A5,X) - E(Br] Al9 21722>L2(Rd):
0
-2B - 2 121
6 < (NS’x(r)) drzl>22>L2(A5,x) - _§<Brl 21122>L2(Rd)>
0

t
6‘2ﬂ1_“1<J Nix (r)Ng () drz1, 22)12(n,) = 0.
0 , ,
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Proof of Lemma D.16.
1. Using (D.20) we have

. — 1/2 -1/2
N (t) = 8¢ sin(t8 “1L8{n’6,X)L8’n{6’x, t € [0,T],

and thus

82" (Nsx(t)z1, Ns x(0)22)12(45,)

1/2 1/2 . —ayy1/2 ~1/2
= M (sin(t67"1 L / s Ls n/6 21, sin(t8 alLS,/r],S,x)L&,n{S,xZZ>L2(As,x)'

Since Sy .5 (t) = sin(tL,g’,],g,x)L;;{ g’x is the operator sine function, which is generated
by —Lg ;5.x, and Ly p s — Ly, as § — 0, the desired convergence follows by repeating
the steps of [39, Proposition A.10 (i)] regarding asymptotic equipartition of energy. Note
that the assumptions in [39, Proposition A.10] can be relaxed, as we are not considering
the non-parametric case. The employed strong resolvent convergence and the involved
convergence of the spectral measures then follow from [38, Theorem 1 and 2] by choosing
the core C;"’(Rd) as described in [39, Lemma A.6]. The convergences for the functional
calculus associated with the respective spectral measures are then immediate, see [39,
Proposition 3.3]. Similarly, we observe

(M x(t)21, Mo x(£)22) 12 (5.,
= et ((cos(t5~Ly% s ) — 8% /2sin(e8 LY, VIVZ e,

3,1n,8,x 94,1n,6,x’ ~9,n,6,x
1/2 . — 1/2 -1/2
(cos(t6~"'L, / ) — 8%'n1 /2 sin(t8 alng’/,],&x)l‘s,n{&x)zz>L2(Aa,x)'

Likewise, Cg5,5x(t) == cos(tLy 12 n b ) is the cosine operator function associated with the
operator —Lg ;5. [6, Example 3 14.15] yields the representation

_ 1 _ _
Consx(t871) = E(Ux‘),n,é,x(té M)+ Ug psx (—t871))

with the unitary group (Uyg s« (t))ccr generated by i(Lt}}/n2 s.) On L%(As,) and the steps of

[39, Proposition A.10 (i)] can be repeated to verify convergence. Analogous calculations
show

8" (N5 x(t)21, Ms x (t)22)12(n,) — O.

All the above convergences hold uniformly in x € § since in the parametric case the
convergences in [39, Proposition 4.5 and Lemma A.6] are uniform in x € J when applied
to functions with support in ()¢5 Asx. In fact, restricted to (), <4 As,x, the Laplacian As .
is identical to As, for y € J and the associated spectral measures become independent of
the spatial point y € J, when applied to functions with support in (¢ Ag x-

2. The convergences follow similarly to (i) by using the slow-fast orthogonality as presented
in [39, Proposition A.10 (ii)].
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(iii) For readability, we suppress various indices throughout the remainder of the proof. Thus,
we introduce the following notation:

A=Apsx; Bi=Bpsy; Li=Lgpsx; a=8"; B=35P. (D.28)

By definition of M, N-functions, substitution and the fundamental theorem of calculus, we
then obtain

t
§2m=2k <J Nsx(r)* drzq, B2)12(As)
0
t
= a2 _2<J N5,x(")2 drzy, 22>L2(A6,x)
0
tp2
= <J ¢Psin (ra ™ B7LY?)L 7! dray, z2)i2 4y (b-29)
i :
- <(efﬁ‘2B sin®(ta 1LY/2)B? - 20~ B2 "PBLY? cos(ta " 'L?) sin(ta~'L1/?)
+2a—2ﬁ4(etﬁ_23 - I)L)B_IL_1(4(X_2,B4L +B%) 'z, ZZ)LZ(Aa,x) :

We can rewrite the last display as

1 4 _

(BT AT 51, ma)a g (D.30)
T T SV Y T Y N S

- T(etﬁ sin (t(X L / )L BA 21’22>L2(A6,x) (D.31)
ap? tp2B “171/2\ o —171/2y7-1/2 4—1

+T(e cos(ta™"L*%) sin(ta™ "L /“)L™/°A™ 21, 22)12(p4,) (D.32)
1 2p 1 _

- E(etﬁ Bp=1p 121’22>L2(A6,x)' (D.33)

Since A = Ay s, converges to Ag, (D.30) converges to %(B; VA5 21, 22)12(ra), while (D.31),
(D.32) and (D.33) tend to zero by the Cauchy—Schwarz inequality and Lemma D.13.

As we will integrate (D.29) on the time interval [0, T] in Lemma D.17, we will already com-
pute a uniform upper bound of (D.29), enabling the usage of the dominated convergence
theorem. By the Cauchy-Schwarz inequality and Lemma D.13 we obtain for a constant C
independent of the spatial point x and the resolution level § > 0:

tp2
(I e™® sin? (ror‘l,Ble/z)L_1 drzi, 22>L2(A5,x)
0

T8 2P1
-1/2 ~1/9
: Jo ||eer6’X/2L8,n{6,xz 122 (as,) ||erB"’6’X/2L8,n{6,xz2||L2(Aa,x) dr (D.34)
® 2
< J C(l A r—al/(Zﬁl))) dr = V < oo,
0

Similarly to (D.29), as § — 0, we obtain

t
521 <L (N} (1) dra, 52)y20n,
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t 2
= 6—2[31([ (Mg’x(r) + 6—2ﬁan’5,xN5’x(r)) drzq, 22>L2(A6,x)
0

ap> :
—Bsin(ra” ﬁle/Z)) drz1, 22)12 (s,

tp~2
= (L B (cos(ra_lﬁle/z) +
= ((azﬂ_“Betﬁsz sinz(ta_lLl/Z)L_1/4
+ aﬂ_zetﬁ_zB cos(ta 'LY?) sin(ta~LY?)L 712 )2
(e DB 2) 1, 520200,
- —%<B;121,22>L2(Rd),

and
t
§-2P1- <J N x(r)Ng (1) drz1, 22)12(a, )
0 t
= § o (L Né (1) (M&x(r) + 5_2ﬂlBﬂ’5’xN6”‘(r)) Aran, 2012 (s,

tp=2
— <J\ erB Sin(ra_lﬁle/z)L_l/Z
0

-2
a
: (cos(ra_lﬂle/Z) + ﬂTB Sin(m_lﬁle/Z)L_l/z) drz1, 22)12(ay,)

1 _
= E(aﬂ_2etﬂ °B sinz(ta_1L1/2)L_lzl, Zg)LZ(ASX) — 0,

again having a uniform upper bound in analogy to (D.34).
|

LEMMA D.17. Grant Assumption D.4 (i)-(iii) and suppose (ug,vo)" = (0,0) 7. Recall the definition
of C(n1,T) given by (D.12) and let 1 = 0. Then, for 1 <i,j < pand 1 < k,l < g, we obtain, as
6 — 0, the convergences

supls? e [ covtud 0,08y aes STy ez, | o 33)
xed 0 %
T
sup| | Var((6)dt = Clna, DK, | = 0 (D.36)
xXe
sup 52<af—“1/2>f Cov(ug' (t), Usx(t)) dt| — 0. (D.37)
x€d 0 ’
If, 0 < 231 < ay we obtain the convergences
T
sup 52(0i+0’j—‘11—ﬂ1)J‘ COV(u (t),u )d -1 - ﬂl)/ZK“LZ(Rd) 0;
x€] 0
(D.38)
T
T
sup 52<ﬂk+ﬂl—ﬁ1>f Cov(vg* (1), vg' (£)) dt + 2—||(—A)<ﬁk+ﬁl—ﬂ1>/2K||§2(Rd) —0; (D.39)
xed 0 ’ ’ m
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sup
x€gd

T
62(ai+ﬂk—ﬂ1—0{1/2) J Cov(ug;(t), U?’;(t)) dt| — 0. (D.40)
0 , \

Proof of Lemma D.17. With the majorant constructed in (D.34) in case of (D.38) or directly by
Lemma D.13 for (D.35), we obtain uniformly in x € J by Lemma D.15, Lemma D.16(i),(iii) and
the dominated convergence theorem:

T
§2(airaj—a1=p1) J‘O COV(ugfx(t); u?x(t)) dt

T t
= 57220 [ [ (N 12 80)7 K, (~00) K, e
0 Jo

3 —IOTISe””%M;l(—Ao)“fK,(—Ao)“fK>Lz(Rd)drdt+o(1), p1=0,
= o Jo® 3 _ »

[y 3(B; A5 (~80)“K, (=20)UK)p2(ga) dt +0(1), By > O,
. {——“’y;” I(=80) D PK2, o0 +0(1), p1=0,

I(=ao) @tas—a=PORE2, o +0(1), B1>0.

T
2m I2(R9)

This proves (D.35) and (D.38). Analogously, (D.36) and (D.39) as well as (D.37) and (D.40)
follow using the remaining convergences in Lemma D.16. [

LEMMA D.18. Grant Assumption D.4 (i)-(iii) and let (ugp,vo) " = (0,0)T. Then, for 1 <i,j < p,
1 <k,1 < q, we observe

rT
supVar( ubi (s’ (1) dt) = o(§Harama-P1)y, (D.41)
x€d Jo 7 ’

rT
sup Var( vg’;(t)vglx(t) dt) = o(§~HPtbi=P1)y, (D.42)
xed Jo ’ ?

rT
supVar( ug (O)vgk (6) dt) = o(§ Hatbi-Pri=ar/2)y, (D.43)
x€gd JO ’ ’

Proof of Lemma D.18. We only show the assertion for (D.41). The other two statements (D.42)
and (D.43) follow in the same way. By Wick’s formula [18, Theorem 1.28] it holds

T
sHara;—a=p) Var(J uy (g’ (1) dt) = §Hara—a=h) (y; 1 vy) (D.44)
0
with
Vi = V((=8)%Ksx, (~8) Ko, (~8)FKsx, (—0)K5,x),
VZ = V((_A)aiKé‘,x; (_A)ajK6,X7 (_A)ajKé,X) (_A)aiKa,X)’
and

V(w,w',z,2") = JOT LT Cov({u(t), w), (u(s),w’y) Cov({u(t), z), (u(s), z’)) ds dt,

for w,w’, z,2" € L>(A). By Lemma D.15 and rescaling, we obtain the representation

§Haitaj—a —ﬁl)vl
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T T
- j J Cov(ub' (1), u5’ (s))Cov(us’ (1), ug, (s))dsde (D.45)
0 JO ’ ’ ? ’
T pt672P1 [ pt82P1—s t8§72P1—s
= 28%h J J (J fii(s,s") ds') (J fi,j(s,s”) ds") dsdt, (D.46)
0 JO 0 0

where, for s, s’ € [0, T672#1], we have set

fi,j(sg S/) — <e(s+5’)Bq,6,x/2 Sil’l(6_a1+2‘81 (S+S/)Ll/2 )L—1/2 (—Ag’x)aiK,

84,n,6,x""8,n,6,x
'B 2 . - 2 1/2 -1/2 ;
e Prox/2 sin (57 ()L 2 VLSTE (—85 ) K2 (g -

In case that $; = 0, we use the pointwise convergences f;;(s,s’) — 0 and fj j(s,s”’) — 0, given
by the slow-fast orthogonality in Lemma D.16(ii), and dominated convergence over fixed finite
time intervals to prove the claim directly from the representation (D.45). If, however, ; > 0,
we use Assumption D.4 (ii), i.e. K = Agaﬂf, and Lemma D.13 such that

sup | fii(s’,s)| < (1A (S+s/)—(ai+a1/2)/ﬁ1)(1 /\S—(ai+a1/2)/ﬁ1)

x€gd
<AAasHaas™.

Thus implies sup,4 V1| = O(§~Haraj=—a1=p1) §2P1 1og(§-2P1)) = o(§~4(@+@i~-a1-P1))  The ar-
guments for V; follow in the same way be replacing f;; and f;; with f;; and f;; in (D.46),
respectively. The assertion follows in view of (D.44). [

LEMMA D.19 (Bounds on the initial condition). Grant Assumption D.4 (i) (ii) and (iv). Then, for
1<i<p 1<j<q, wehave

D) sup,c; 87257281 [T M (0o + N(©)vo, (~8)Ks,0)? de) = o(1);

(i) sup,., 5%~ ( [T (AgN(e)uo + (M(£) + By (N (£))o, (=A)PKs )2 dt) = o(1).
Proof of Lemma D.19.

(i) Define the reverse scaling operation for z € L%*(RY) via
Zsx)1(Y) = 82z(x + 8y), yeRC.
The rescaling Lemma D.8, self-adjointness and the commutativity of operators imply

(M(D)ug, (~8) K )
= 6_4ai<(u0)(6,x)—1, M (t) (‘AS,x)aiK>fz(A6,x)

= (=) ) 5,01, Mo (6) (=B5.) K%

-2 -
o2 1 Bnox (—pg ) K2

—4a;+4 2
< G| (p) Ty 2, e

2(A)|

. -2 i
< 6—4a1+4a1 ”eté P1 By sx (_AS,x)al ay K”%Z(ASX) .
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Thus, using Lemma D.13 and that K = A(r)aﬂf, we obtain the upper bound

T
sup 5% 22 f (M(0)ug, (—A)%Ks )2 dt
0

x€]

T(S_zﬁl
< 82 J sup|le"®ox (=As) " Kz, ) At
0 xed ’

T§-2A1
< §2n J 1At~ %/Pge
0

_ 0(8m ) = o(1).
Similarly,
(N (t)vo, (~B) %K x)?
= 6_4ai<(vo)(6,x)—1 , N5 (t) (_Aé,x)aiK>§2(As,x)

= 842N (((=8)200) (5,0) 1, Nox () (=D5,0) " /2AK)

Lz(AS,x)

—4ai+4ay || 6821 By s 7 —1/2 R o[

< s et e LS,U{S,X(_AS,x)a il K“Lz(/\s,x)
Hence,
T
sup a2 =2 J (N(t)vo, AKs x)* dt
xed 0
Ta—zﬁl /

9 By sx -1/2 i~ 2 2

<8 [T sl s K

— 0(52(0!1—ﬂ1)) =o(1),
proving the assertion.

(ii) The steps from (i) can be repeated, resulting in

T
sup 54121 (J (AgN (t)ug + (M(t) + By(N(6))vo, (—A)PiKs )? dt
xed 0

= 0(82 @171y = o(1).
D.4.3  Proof of the CLT
Proof of Theorem D.5.

1. Assume first that (ug, vg) " = (0,0) . For any 1 < i, j < p +q, we obtain from Lemma D.17
and Lemma D.18 that

N T
(psIsps)ij = PiiPjj Z Jo (Ys,(t))i(Ysr(t)); dt
k=1

= (Zg9,p)ij +op(1).
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This yields for zero initial conditions the convergence

(psJsps) 5 Xy, 6—0. (D.47)

In order to extend this result to a general initial condition (ug, vg) " satisfying Assumption
D.4 (iii), let (a(t), v(t)) " be defined as (u(t),v(t))", but starting in (0, 0)" such that for
z € L*(A)

(u(t), z) = (a(t), z) + (M(t)uo, 2) + (N(t)vo, 2),

(u(t), 2) = (0(t), 2) + (AN (t)uo, z) + ((M(t) + ByN(t))vo, 7).
If J5 corresponds to the observed Fisher information with zero initial condition, then by

the Cauchy-Schwarz inequality

|(psTsps)ij — (PsIsps)is| < (Pajapa)ili/zw}/z + (Pajépa)}j/zwil/z + wil/zw}/z,

forall1 <i,j < p+q, where

T . .
Supxea Nplzl (IO <M(t)u0 + N(t)UO) (_A)alKé‘,X)Z dt): 1 <1< J 2

wis supxengl?i(jg(AgN(t)uo+(M(t)+BU(N(t))v0,(—A)BfK&det), else.

By the first part, (psJsps)ii is bounded in probability and Lemma D.19 shows w; = o(1).
Hence, we obtain (D.47) also in the case of non-zero initial conditions.

Due to Assumption D.4 (i)-(iii), Zy , is well-defined as all entries are finite. Regarding
invertibility, note first that Xy , is invertible if and only if both X1 g, and X, g ,, are invertible.
We only argue that X g , is invertible as the argument for X, 4, is identical. Let A € R?
such that

p p
0= ) Adj(Zren)y &= 0= ) Adjll (=) Pk, o .
i,j=1 i,j=1
Now,

p
0= ) Ajll(=m) g

ii=1 LZ(Rd)
i,j=
p P
— <Z /'Li(_A)ai_(al‘hBl)/zK, ZAi(_A)Ofi—(011+ﬁ1)/2K>L2(Rd)’
i=1 i=1

hence Y7 Ai(—A)@i—(@+B)/2K = 0, Since the functions (—A)%~(@1+F1)/2g 1 < i < p, are
linearly independent by Assumption D.4 (iii), X1 g , is invertible.

2. We refer to Theorem A.3 in Paper A for a detailed proof of the CLT in the case of the
perturbed stochastic heat equation, which relies on a general multivariate martingale
central limit theorem. All steps translate directly into our setting due to the stochastic

P .
convergence pslsps — Zg,, from (i).
[ |
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