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Abstract

In 2004 Iyama has introduced the concept of n-cluster tilting subcategories (under the
name ‘maximal (n — 1)-orthogonal subcategories’) and shown that these categories admit
a “higher” version of Auslander—Reiten theory. Soon Geiss—Keller-Oppermann, Jasso and
later Herschend—Liu—Nakaoka have introduced the axioms of “higher” structures, such as
n-angulated, n-abelian, n-exact, and — generalising the former notions — n-exangulated
categories. These give an abstract framework to the properties of n-cluster tilting subcat-
egories and generalise their “classic” counterparts. This thesis is concerned with studying
the categorical properties of such “higher” structures, with generalising “classic” result to
the “higher” framework and with developing tools and techniques to do so.

One important result in “classic” homological algebra is that an extension-closed sub-
category of e.g. an abelian category inherits an exact structure. One important “classic”
application of this is in the construction of a Hom-finite Frobenius model for the sin-
gularity category of an Iwanaga—Gorenstein ring. We show a “higher” analogue of this
result — twice, in different generality under the use of different techniques. While doing
so we develop a technique to work with a “higher” version of the octahedral axiom and
complete the characterisation of n-exangulated which are n-exact, which was started by
Herschend-Liu—Nakaoka.

Another technical but important result in “classic” homological algebra is that every
exact or triangulated category can be embedded into a minimal idempotent complete
version of itself (with the same kind of structure). This is for example useful whenever
categories are equivalent up to taking direct summands. We also show a “higher” analogue
of this result.

We also prove “classic” homological results. Notably, we show that a weakly idem-
potent complete extriangulated category satisfies the technical but important condition
(WIC) assumed in many theorems concerning extriangulated categories. As any extrian-
gulated category can be (weakly) idempotent completed, this is a very convenient result.

Lastly, it is well-known that the Coxeter—transformation of a hereditary algebra ex-
tends the action of the Auslander—Reiten translation (on the non-projective indecompos-
able objects) linearly to the Grothendieck group. Originally motivated by the prospect of
constructing cluster characters for non-hereditary algebras, we ask the question whether
this phenomenon can be exhibited in other algebras. Unfortunately, we showed that for
non-directed connected algebras this is only the case for Nakayama algebras.
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Resumé

I 2004 introducerede Iyama konceptet n-klynge-vippe delkategorier (under navnet 'mak-
simal (n — 1)-ortogonale delkategorier’) og viste, at disse kategorier giver plads til en
"hgjere’ version af Auslander-Reiten teori. Snart derefter introducerede Geiss-Keller-
Oppermann, Jasso, og senere Herschend-Liu-Nakaoka, aksiomer for “hgjere” strukturer,
sa som n-anguleret, n-abelsk, n-eksakt og n-ekstrianguleret strukturer, hvoraf den sidste
er en generalisering af de forgdende. Disse giver en abstrakt ramme for egenskaberne af
n-klynge-vippe delkategorier og generaliserer deres “klassiske” modparter. Denne athan-
dling handler om at studere de kategoriske egenskaber af sidanne “hgjere” strukturer ved
at generalisere “klassiske” resultater til “hgjere” versioner, samt at udvikle egenskaber og
teknikker til at ggre dette.

Et vigtigt resultat i “klassisk” homologisk algebra er, at en ekstensionsaflukket delkat-
egori, for eksempel af en abelsk kategori, arver en eksakt struktur. En vigtig “klassisk”
anvendelse af dette er ved konstruktionen af en Hom-endelig Frobenius model for singu-
laritetskategorien af en Iwanaga—Gorenstein ring. Vi viser to “hgjere” analoger af dette
resultat i forskellige grader af generalitet ved brug af forskellige teknikker. Mens vi ggr
dette, udvikler vi en teknik til at arbejde med en “hgjere” version af oktaederaksiomet
og feerdigger en karakteristik af n-eksangulerede kategorier som er n-eksakte, som blev
startet af Herchend-Liu-Nakaoka.

Et andet vigtigt teknisk resultat i “klassisk” homologisk algebra er, at enhver eksakt
eller trianguleret kategori kan indlejres i en minimal idempotent-fuldsteendig version af den
selv (med den samme slags struktur). Dette er for eksempel brugbart, nar sekvivalenser
mellem kategorier kun holder op til at tage direkte summander. Vi viser ogsa en “hgjere”
analog af dette resultat.

Vi vil ogsa vise et “klassisk” homologisk resultat. Vi viser, at en svag idempotent-
fuldsteendig ekstrianguleret kategori opfylder den tekniske, men vigtige, egenskab (WIC),
som er antaget i mange satninger, der omhandler ekstriangulerede kategorier. Da enhver
trianguleret kategori kan (svagt) idempotent-fuldstendigggres, viser dette sig at veere et
meget praktisk resultat.

Det er velkendt, at Coxeter transformationen af en hereditser algebra udvider virknin-
gen af Auslander-Reiten translationen (péa ikke-projektive indekomposable objekter) lin-
ezert til Grothendieck-gruppen. Motiveret af muligheden for at konstruere klyngekarak-
terer for ikke-herediteere algebraer, spgrger vi, om dette feenomen kan findes i andre al-
gebraer. Vi viser desveerre, at for ikke-rettet sammensatte algebraer, geelder dette kun i
tilfaeldet af, at vi har en Nakayama-algebra.
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Preface

This dissertation consists of four papers, which are also publicly available on arXiv or published —
with minor changes compared to the version included here:

Paper A: n-Exact categories arising from (n + 2)-angulated categories

Paper B: Idempotent completions of n-exangulated categories

Paper C: n-Extension closed subcategories of n-exangulated categories

Paper D: When does the Auslander—Reiten translation operate linearly on the Grothendieck
group? — Part I

Paper A is available on the arXiv and will probably undergo another revision before it will be
submitted for review and publication. Paper B is joint-work with Amit Shah and Dixy Msapato
and has been published in the journal ‘Applied Categorical Structures’. Paper C is currently
submitted for review. Paper D has been published in the ‘Journal of Pure and Applied Algebra’.
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his contributions towards my mathematical development, especially for his constant help with the
presentation of my results.

I would like to thank all members of the mathematics department and my friends in Aarhus,
especially Anders Kortegaard, Amit Shah, Charley Cummings, Cyril Matousek, David Nkansah,
Jonathan Ditlevsen, Karin Jacobsen, Nanna Fjord and Thor Kejser for many joyful hours and
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and again to Anders for translating my abstract from English to Danish.

I would like to thank Martin Kalck for introducing me to algebraic geometry and for inviting
me to his joint-project ‘Obstructions to semiorthognal decompositions II’; which is unfortunately
not part of this thesis. Furthermore, I am very thankful to Steffen Koénig for his support and
encouragement throughout my master’s and for his help in finding this PhD position. I would also
like to thank my former teacher Dieter Schwarz for his encouragement and support throughout the
final years of high school which ultimately made me study mathematics.
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pendent Research Fund Denmark for providing the financial means which made this stay possible.
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Introduction

1 Overview

One central aspect of homological algebra is the investigation of additive categories and
structures put upon these. A classic example of such structures are exact categories,
which are due to Quillen [Qui73]. The prototypical exact categories are extension closed
subcategories of abelian categories equipped with the inherited exact structure [Biih10].
Indeed, a famous theorem by Gabriel and Quillen shows that every (small) exact category
arises this way. The notion of exact categories is still extremely useful and versatile.
Recently, a similar development has occurred with the formulation of axioms of extension-
closed subcategories of triangulated categories, so called extriangulated categories [NP19].
Even though higher homological algebra is in an early stage of its development, its story
seems to be parallel to the story of exact and extriangulated categories in the sense that
it puts a set of axioms to the inherited structure on interesting subcategories of classic
homological structures (such as abelian, exact and triangulated categories) which cannot
be described by the existing language of (classic) homological algebra.

Let us consider an example. Suppose A is the algebra k( # . )/(afB, Ba). The
category 7 C mod A which is (as an additive category) generated by the blue vertices in
the Auslander—Reiten quiver

e 1 2 e
\ / i \ / 1 \ /
2 < - 1< 5 2 ¢
of mod A, is rigid that is Ext(7,7) = 0. Clearly, 7 is a maximally rigid subcategory
of mod A as Ext}(1,2) # 0. But in fact, 7 is a maximal rigid subcategory of modA in a

very strong sense, making it into a 2Z-cluster-tilting subcategory of mod A. For n € N>,
we have the following definition.

Definition (cf. e.g. [Llya07], [GKO13] and [Jas16]). Let 7 be a functorially finite subcat-
egory of a module category mod A, where A is finite dimensional, (resp. of a triangulated
category C with shift [1]). Then 7 is called n-cluster tilting subcategory if

T={X|Bxt!(X,T) =0 foralli=1,...,n—1} (1.1)
= { X |Ext!(T, X) =0 foralli=1,...,n—1}, (1.2)
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where Ext!(—,—) = Exty(—, —) (resp. Ext!(—,—) = Home(—, —[i])). If additionally
Ext'(7T,7) = 0 for i ¢ nZ then we call T an nZ-cluster tilting subcategory. If T has
an additive generator T', then we call T' an n-cluster tilting object.

In particular, 7 (and in fact any n-cluster tilting subcategory of mod A, where A is
finite dimensional) does only inherit the split exact structure from mod A and one easily
checks that 7 does not even have any non-split kernel-cokernel pairs, using that 7 is rigid
with A € 7. One now may ask whether there is some different structure on 7 inherited
from mod A. Following the arguments in [Jas16] we aim to describe this structure.

As T is Hom-finite and has an additive generator (or more generally, because it is
functorially finite in mod A, which has all kernels and cokernels), it has weak kernels
(a.k.a. pseudokernels) and weak cokernels (a.k.a. pseudocokernels). But many categories
(e.g. all abelian categories) do so and we have not used (1.1) and (1.2) yet.

Consider the non-trivial morphism ? — 2 in the diagram

1 2
2 2 1 2.

(+)

T
1

Its (real) kernel 1 — } is not in 7. However, it has a weak kernel } — 2. A small diagram
chase shows that every weak kernel factors through the (real) kernel 1 — 2 and the factor
ending at 1 is right T-approximation (which is necessarily epic as A € T). However,
this, the long exact Ext-sequence and (1.2) forces the kernel of % — % to be in 7 and
indeed 2 € 7. That is the kernel of 2 — 2 is not in 7 but we can “resolve” it in 2 steps
within 7. We say that (x) is a 2-kernel diagram of 2 — 2. Generally, for n € N>1, we
have the following definition, generalising the notions of kernels (=1-kernels) and cokernels
(=1-cokernels).

Definition (cf. e.g. [Jas16]). An n-kernel (diagram) of f,, is a sequence

fO fl . fnfl fn

Xo X1 Xnt1)

Xn(

such that f;_1 is a weak kernel of f; for i = 2,...,n and such that fy is a kernel of f;.
Dually, an n-cokernel (diagram) of fy is defined. A sequence which is both an n-kernel
diagram of f, and an n-cokernel diagram of fy is called n-exact sequence.

The argument above and its dual argument shows that every morphism in 7 has a
2-kernel and a 2-cokernels (and in fact, a similar argument can be applied to show that all
n-cluster tilting subcategories admit all n-kernels and n-cokernels). However, the existence
of 2-kernels and 2-cokernels does not fully capture the “nature” of 7 yet. Indeed, there
are many categories with interesting exact structures, which admit all 2-kernels and 2-
cokernels (for example GP(A) for a 3-Iwanga—Gorenstein algebra A has all 2-kernels and
2-cokernels building on work of Auslander-Buchweiz, cf. e.g. [Enol7, Proposition 4.6]).

Looking at the 2-kernel () again, we see that it is also a 2-cokernel diagram of 2 —
and hence a 2-exact sequence. This is not a coincidence but is owed to the condition (1.1)
making the sequence () almost into a resolution of 2 by almost Hom(—, T )-acyclic objects.
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The conditions (1.1) and (1.2) are just strong enough to show that every 2-kernel of an
epimorphism and 2-cokernel of a monomorphism in 7 yields a 2-exact sequence without
forcing them to split (and the same applies to general n-kernels and n-cokernels in general
n-cluster tilting subcategories). Similarly to the axiom for abelian categories that every
epimorphism is a cokernel and every monomorphism is a kernel, this symmetry is essential
to understanding the (higher) structure on 7. Apart from the technical condition of
idempotent completeness (which 7 clearly satisfies) we have checked the following axioms
for n = 2, which generalise ordinary abelian (=1-abelian) categories.

Definition ([Jas16]). For n € N>; an idempotent complete category is called n-abelian if
e every morphism has an n-kernel and n-cokernel, and

o every n-kernel diagram of an epimorphism and dually every n-cokernel diagram of
a monomorphism is an n-exact sequence.

Hence, T has the structure of a 2-abelian category. It can easily be shown that every
kernel-cokernel pair of an n-abelian category has to be split exact. Thus we have discovered
a new structure on additive categories, which cannot coexist with any non-trivial exact or
triangulated structure on the same category.

But the category 7 demonstrates more. Because T is an 2Z-cluster titling subcat-
egory of modA one can show that the image D*(7) of 7 under the canonical functor
mod A — D% (A)(= mod(A)) is a 2Z-cluster tilting subcategory in the triangulated sense
[Kva2l] (or [Jasl6] using that A is self-injective). This yields a 2-angulated structure on
D%8(T), i.e. an autoequivalence [n]: D%(7T) — D*¢(7) and an a collection O of complexes

Xo—= X1 =+ = X = Xpy1 ~ Xo[n]

called n-angles, satisfying axioms similar to the axioms of a triangulated category.

Theorem (Cf. [GKO13]). Let T be a nZ-cluster tilting subcategory of a triangulated
category C with suspension [1]. Then T inherits the structure of an (n + 2)-angulated
category. In this case the suspension of T is [n] and the (n + 2)-angles O are direct
summands of complexes

Xo: X0—>X1—>~-'—>Xn—>Xn+1WX0[n]

such that there are triangles C; — X;11 — Ciyq1 ~ Cy[1] for 0 < i < n —1 with Cy = X
and Cy, = X411 making the apparent solid morphisms of the diagram

X — s Xy Xy ———— 5 X,
Co =Xp <« C1 < SRR Ch_1 < Xny1=C,

commutative and such that the last morphism X1 ~ Xo[n| of Xe is given by the com-
posite Xpt1 = Cp ~» Cp_q[l] ~» -+ ~» Ciln — 1] ~» Cyln] = Xo[n| of the apparent
morphisms.
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In our example we have D*8(7) = modk C modk x k = D% (modA) as additive
categories and D (T) carries a trivial 4-angulated structure with [2] & Idpss(7) and 4-
angles given by the “contractible” complexes.

Apart from n-abelian and (n + 2)-angulated categories, higher homological algebra
puts an axiomatic framework to so-called n-ezact categories [Jas16] which generalise exact
categories. These n-exact categories have an additional datum consisting of a subclass of
all n-exact sequences, called conflations, which are considered “good” and satisfy certain
axioms. A monomorphism (epimorphism) appearing as the first (last) morphism of a
conflation is then called an inflation (a deflation). As in the classic case an n-abelian
category together with the class of all n-exact sequences forms an n-exact category.

Similarly to extriangulated categories there are n-exangulated categories [HLN21] uni-
fying all of the above higher notions. These categories are triples (C,E, s):

e C is an additive category.

o E “parametrises” extensions functorially. We have E(—,—) = Ext"(—,—) for an
n-exact category and E(—, —) = C(—, —[n]) for a (n + 2)-angulated category.

o 5 “realises” an extension (up to homotopy). Morally, for an n-exact category s just
picks a representative (if we think of Ext"(—, —) as Yoneda extensions) and for an
(n + 2)-angulated category s completes to an (n + 2)-angle (to the left).

All these higher structures have in common that one obtains the classic structures by
letting n = 1. Informally speaking, classic homological algebra studies 3-term sequences
(e.g. short exact sequences, triangles) whilst higher homological algebra is concerned with
(n + 2)-term sequences which are exact in a suitable sense (e.g. n-exact sequences [Jas16],
(n + 2)-angles [GKO13]). In particular, higher homological algebra is not “higher” in the
sense of higher category theory.

Two major obstacles in the development of higher homological algebra are that many
constructions (e.g. n-kernels) are only unique up to homotopy (making the theory quite
technical) and the (current) lack of ability to produce easily accessible of examples. Indeed,
admitting an n-cluster tilting subcategory (for n € N>9) appears to be a very strong
property for a module category mod A or a derived category DP(A), where A = kQ/I is a
finite dimensional k-algebra, say over an algebraically closed field k.

Notably, let n > 2. Then if rad?(A4) = 0 and mod A has a n-cluster tilting subcategory
then A is a representation-finite string algebra with strong restrictions on its quiver @
[Vas23]. If A is a gentle algebra with an n-cluster tilting subcategory in mod A (resp. with
an nZ-cluster tilting subcategor in DP(A)) then A is a Nakayama algebra with rad? A = 0
(resp. derived equivalent to an algebra of Dynkin type A) [HJS22]. If A is self-injective and
mod A has a n-cluster subcategory admitting an additive generator then the complexity
of A is at most 1 [EHOS].

However, this thesis is mostly concerned with studying the categorical properties of
higher homological structures, n-exangulated categories in particular, the development
of tools and techniques to work with these and not so much with constructing explicit
examples or giving immediate applications.
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2  Summary of results

The following papers have been either uploaded as preprints on the arXiv or published.
Apart from minor changes the papers included in this thesis agree with their publicly
available version.

Paper A: n-Exact categories arising from (n + 2)-angulated categories.
(Preprint, arXiv:2108.04596)

In this paper we show a higher analogue of an unpublished result by Dyer [Dye05]. He has
shown that given a full additive extension-closed subcategory £ of a triangulated category
(C,[1], A) with Hom¢(€[1], £) one can define an exact structure (£, X') on € by letting X be
the class of all sequences E' — E — E" in £ which admit a completion to a distinguished
triangle B/ — E — E"” ~~ Y E'. It was natural to ask, whether this result has a higher
analogue. Indeed, using the apparent higher reformulation of the class X we can show the
following.

Theorem A. Suppose that € is a full, additive and n-extension closed subcategory of an
(n 4 2)-angulated Krull-Schmidt category (C, [n], 0) with Home¢(E[n],£) = 0. Then

1. (£,X) is an n-exact category and

2. there is a natural and bilinear isomorphism Home(—, —[n]) — Extie y)(—, =) of
functors E°P x £ — Ab.

We also developed a method to mitigate the lack of control the higher version of the
octahedral axiom offers. To do so, we (re)introduce the notion of minimal (n + 2)-angles,
which were also considered in [OT12] and [Jorl6], in the context of Krull-Schmidt (n+ 2)-
angulated categories.

Paper B: Idempotent completions of n-exangulated categories.
(With Dixy Msapato and Amit Shah: Applied Categorical Structures 32, article 7, 2024.)

Msapato has shown that the (weak) idempotent completion of an extriangulated category
has again a natural extriangulated structure [Msa22]. This generalises a well-known result
for triangulated categories [BS01] and exact categories, cf. e.g. [Biih10]. In the higher case,
Liu has shown a that the idempotent completion of an (n + 2)-angulated category is again
(n 4+ 2)-angulated [Liu2l1] . In this joint-paper with Amit Shah and Dixy Msapato we
consider the case of n-exangulated categories and (essentially) unify all previous results.

Theorem B. For any n-exangulated category (C,E,s) there is an n-exangulated func-
tor (S,,I'): (C,E,s) = (D,F,t) to a (weakly) idempotent complete n-exangulated category
(D,F,t) which is 2-universal among n-exangulated functors from (C,EE, ) to (weakly) idem-
potent complete n-exangulated categories.
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Paper C: n-Extension closed subcategories of n-exangulated categories.
(Preprint, arXiv:2209.01128)

In this paper we consider a similar problem to Paper A but in a more general setting
and under the use of different methods. This paper arose from the question, whether the
Krull-Schmidt requirement could be removed from Theorem A and the question posed by
Haugland, whether higher torsion classes are again n-exact (cf. Section 3).

Answering the first question, we show that the class of n-exangulated categories is
closed under forming n-extension closed subcategories.

Theorem C. Suppose that (C,E,s) is an n-exangulated category and A C C is an n-
extension closed additive subcategory. Then A inherits an n-exangulated structure from
(C,E,s) in a natural way.

Concerning classic homological algebra we also show that the condition (WIC) for
extriangulated categories, which was introduced by [NP19] and which is similar to the
obscure axiom for exact categories, is equivalent to the underlying category being weakly
idempotent complete.

Proposition. An extriangulated category is weakly idempotent complete if and only if
f is an inflation whenever there is a morphism g with gf being an inflation. In an n-
exangulated category with n > 2 it is always true that f is an inflation whenever there is
a morphism g with gf being an inflation.

This result also allows us to complete the characterisation of n-exact categories among
n-exangulated categories which was started in [HLN21],

Theorem. For an additive category C there is a one-to-one correspondence

n-exangulated structures (C,E,s) with
1:1 {mom’c s-inflations and epic s—deﬂations}
equivalences of n-exangulated categories)
{ of the form (Id¢,T) }

PLiLN

{n-exact structures (C, X)) wz’th}
small extension groups

This was used to answer Haugland’s question [AHJKPT23] (cf. also Section 3).

Paper D: When does the Auslander—Reiten translation operate linearly on
the Grothendieck group? — Part I
(Journal of Pure and Applied Algebra 228(6), 2024.)

For an hereditary finite-dimensional algebras A there is a linear map ®: Ko(A) — Ko(A4),
the Coxeter transformation, with ®[X| = [7.X] for all indecomposable non-projective mod-
ules X € modA, where 7 is the Auslander—Reiten translation. Originally motivated by
defining cluster characters for non-hereditary finite-dimensional algebras A, we call such a
linear map ® a 7-map, and investigate for which algebras such a map exists. For Nakayama
algebras this is indeed the case.
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Proposition. Let A be a Nakayama algebra and fix xs € Ko(modA) for each simple
projective module S € modA. Then the unique morphism ® € Endz(Ko(modA)) with

(2.1)

B[s] = [T4S] for S € modA simple and non-projective,
B xTg for S € mod A simple and projective,

is a T-map for A. If A has no projective simple modules then A has a unique T-map.

In general, the answer seems to be unfortunately disappointing. We show that for
example for any admissibly presented finite dimensional connected algebra A := kQ/I
with a cycle in @) such a map exists only if A is already a Nakayama algebra.

Theorem D. Suppose the Ext!-quiver of A is connected and non-acyclic. Then A has a
T-map if and only if A is a cyclic Nakayama algebra.

3 Small Examples

For a (1-)hereditary (1-)representation finite algebra A one can show that every object of
DP(A) is the sum of suspensions of modules. Iyama has constructed in [Iyall] a “higher
derived category” for certain n-abelian categories mimicking this observation.

Let A be a finite dimensional n-hereditary n-representation finite algebra in the sense
of [IO11], that is gldim A < n and modA has a n-cluster tilting object 7. Then the
subcategory

C :=add {X € DP(4) ’X = T'[ni] for some i € Z } C DP(4)

is an nZ-cluster tilting subcategory containing T' (identified with its image in D(A) under
the canonical inclusion 7' € mod A < DP(A)) [Iyall, Theorem 1.21]. As in the classic case
one can show that the subcategory C! C C of objects with homology concentrated in de-
grees I C 7 is n-extension closed (showing this boils essentially down to homology mapping
(n + 2)-angles to exact sequences, as H'(—) = Home(A[i], —): C — 7 € mod A, and that
every object in C isomorphic to its homology) and hence n-exangulated by Theorem C.

Example. Let us consider the example A := k( ey e L ) and B := A/(ap).
Then B is a so- called higher Auslander algebra [Iyall] and derived equivalent to A via the
tilting module 1 ® 2 ® 3 € modA. We may identify D?(A) and D"(B) via this equivalence.
It follows that the additive subcategory C C DP(A) spanned by all even suspensions of

14 % @ 3@ 2[1] is a cluster tilting subcategory. We can draw the Auslander—Reiten quiver
3, 3
3[—1 1] < 2[1] < 3[1] < 2[2] «
/ \ / \ SN SN SN s
] < 3] < 2] « 312] <
7N
X

_\/\/\/\mf\

=W
A
=
—
)
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of DP(A), where the blue vertices indicate the indecomposable objects of the 2-cluster
tilting subcategory C C DP(A) and the dashed arrows indicate the Auslander-Reiten
translation of DP(A). The (Gabriel-)quiver of C is given by

% 2[1] 4]
NNSN .

where we indicate zero relations by dotted arrows. By the above discussion the subcategory
A spanned by the green vertices, i.e. by 1[2] and everything to the right of it, is closed under
2-extensions in C and hence 2-exangulated. The conflation f[?} — 3[2] = 2[3] = 1[4] --»
shows that A is not 2-exact as 5[2] — 3[2] is not a monomorphism in 4. However, A
cannot be (n 4 2)-angulated either, because 1[2] — 5[2} is a monomorphism that is not
split.

=D
=D

2] 2[3]
NSNS
3[2] 1[4]

Let T C modA be a n-cluster tilting subcategory, where A is a finite dimensional
algebra. A subcategory U C T is called n-torsion class if for every T' € T there exists an
n-exact sequence

O—-Upr—-T—-Vi—--- =V, =0

in (the n-abelian category) 7 such that Ur € U and the induced sequence
0 — Homy (U, V1) — -+ - — Homy (U, V,,)

is exact in Ab for every U € U [Jorl6]. It has been shown in [AHJKPT23] that such a
category U is n-extension closed in T and therefore the class of all n-exact sequences in T
with terms in U yields an n-exact structure on & by Theorem C and the characterisation
of n-exact categories from Paper C.

Example (Higher torsion classes, [AHJKPT23]). Let us consider a concrete example. Let
A be the algebra of the quiver

N, N,

modulo mesh relations, i.e. the dashed line in the square indicates anticommutativity and
the other dashed lines indicate zero relations. This is also a higher Auslander algebra of



3. Small Examples 9

type A. The Auslander-Reiten quiver! of A is

./ NN\
No/ NS NN N

with the blue vertices corresponding to the indecomposable objects of a 2-cluster tilting
subcategory of T := add(A @ DA @ S11) € mod A, where Sq; is the simple module corre-
sponding to the vertex 11 of A (the labelling of the blue vertices is explained in [JKPK19]).
The (Gabriel-)quiver of the 2-cluster-tilting subcategory is given by

002 012 022
e — o — o

001 011 112 122
e — o e — o

/ NS \

000 111 222
[ ] [ ] [ )
with an example of a 2-torsion class® spanned by the green vertices.
As A is a higher Auslander algebra of type A we have gldim A < 2 and hence

C:=add { X € DP(A4)| X = T[2i] for some T € T and i € Z } C D"(4)

is as above an (n+2)-angulated category with Ext™ (7T, T") = Home (T, T'[n]) for T,T" € T.
Hence, in this special case we could have also used Theorem A to show that all 2-torsion
classes of T are 2-exact.

We have the following example in relationship to condition (WIC) and its higher ana-
logue considered in Paper B.

Example. Let k be a field and consider the subcategory V C modk of vector spaces with
dimension unequal to 1. Clearly V is an extension closed subcategory of modk and hence
an exact category. However, V is also an n-cluster tilting subcategory of itself for any n > 1
and hence an n-exact category (this is shown similarly to the n-abelian case). We may
choose maps 7: k? — k? and s: k? — k3 with s = idy2 and put e := sr. In V as a 1-exact
category s is not an inflation as k ¢ 1, showing that condition (WIC) fails for V. However
if we consider V as an n-exact category, with n > 2, there is enough “space” resolve this
problem. In fact, one easily checks that k? = k3 —% k3 k2 50— - 5 0isa
conflation in V.

!Thanks to Jan Geuenich for providing the String Applet: https://www.math.uni-bielefeld.de/
~jgeuenich/string-applet/

2Thanks to Jenny August, Johanne Haugland, Karin Jacobsen, Sondre Kvamme, Yann Palu and
Hipolito Treffinger for providing code to calculate examples like these: https://colab.research.google.
com/drive/172Q-UZHvdPOhngGkl1T_xdYLzntg31dY.


https://www.math.uni-bielefeld.de/~jgeuenich/string-applet/
https://www.math.uni-bielefeld.de/~jgeuenich/string-applet/
https://colab.research.google.com/drive/172Q-UZHvdPOhngGkl1T_xdYLzntg31dY
https://colab.research.google.com/drive/172Q-UZHvdPOhngGkl1T_xdYLzntg31dY
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4 The author’s contribution to joint papers

Paper B: Idempotent completions of n-exangulated categories.
(With Dixy Msapato and Amit Shah: Applied Categorical Structures 32, article 7, 2024.)

This is a joint project and all the research and writing was done together without any clear
work division. However, I played a major role during the research phase and proportional
role during the writing-up phase of the paper.
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Paper A

n-Exact categories arising from
(n + 2)-angulated categories

Carlo Klapproth

Abstract

Let (.#, %, 0) be an (n+2)-angulated Krull-Schmidt category and &7 C .Z an n-extension
closed, additive and full subcategory with Hom & (3,47, 27) = 0. Then </ naturally carries
the structure (<7, &) of an n-exact category in the sense of [Jas16, definition 4.2], arising
from short (n + 2)-angles in (%, %, 0) with objects in &/ and there is a binatural and
bilinear isomorphism YExt?M’ gd)(AnH,Ao) = Homg(Apt1,XnA0) for Ag, Apy1 € .
For n =1 this has been shown in [Dye05] and we generalize this result to the case n > 1.
On the journey to this result, we also develop a technique for harvesting information
from the higher octahedral axiom (N4*) as defined in [BT13, section 4]. Additionally, we
show that the axiom (F3) for pre-(n+2)-angulated categories, stating that a commutative
square can be extended to a morphism of (n+ 2)-angles and defined in [GKO13, definition
2.1], implies a stronger version of itself.

Introduction

Let o7 be an additive extension-closed subcategory of a triangulated category (Z#,%, A),
with Hom (3.7, /) = 0. Then & carries the structure (<7, &,,) of an exact category,
where the conflations in &/ are precisely the sequences A9 — A; — As which can be
completed to a triangle Ag — A; — As ~» in A. Moreover, there is an isomorphism
YExt(ldﬁd)(Ag, Ap) =2 Hom 4 (Ag, X Ap) which is natural in Ay, Ay € &/. This is the main
theorem of [Dye05] and it was also rediscovered in [Jor20, proposition 2.5]. We show that
this result has a higher counterpart:

Theorem A. Let o be an full, additive and n-extension closed subcategory of an (n—+2)-
angulated Krull-Schmidt category (F,%,, 0) with Homg (3,7, /) = 0. Then

1. (o,&y) is an n-exact category and

2. there is a natural and bilinear isomorphism Hom gz (—, Xn(=)) = YExt{,, » (=, —)
of functors o/°P x of — Ab.

Here n-exact categories are as defined in [Jasl6, definition 4.2] and YExt"(Ap41, Ao)
denotes the n-Yoneda-extensions of A1 by Ay in (&7, &,), that is the class of all se-
quences Ag - Ay — -+ = A, = An41 in &y modulo the equivalence relation generated

13
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by the weak equivalences of n-exact sequences as defined in [Jas16, definition 2.9]. The
n-exact structure &, is defined analogously to the theorem for triangulated categories.
The proof of Theorem A has some new features. Notably, showing that the composition
of two inflations is an inflation (see [Jasl6, definition 4.2(E1)]) causes a problem as the
(very technical) higher octahedral axiom [GKO13, definition 2.1(F4)] is required for this.

Hence, we reintroduce minimal (n + 2)-angles (see [OT12, lemma 5.18] and [Fed19,
lemma 3.14]), essentially assigning an, up to isomorphism and rotation, unique (n + 2)-
angle to a given morphism. We then use this and the version of the higher octahedral axiom
(N4*) defined in [BT13, section 4] to show that the objects of the minimal (n + 2)-angle
of a composite hy = fygo can be calculated by means of the objects of any (n + 2)-angle

fo f1

Xo X1 Xo f2y . Xn+1j7vlv+vlv>

containing foy, the objects of any (n + 2)-angle

! 90 / 91 / g2 gn / In+1
XO Xl X2 e Xn+1

containing gp and the minimal (n + 2)-angle of g,4+1%,f1 (see Lemma 2.4). This will
equip us with the necessary leverage to show that [Jasl6, definition 4.2(E1)] holds in the
situation of Theorem A and it is likely very useful in other situations as well.

On the journey of showing part (2) of Theorem A we also show that the axiom (F3)
from [GKO13, definition 2.1] implies a stronger version of itself: Suppose we are given a
commutative diagram

X, fo X, fo o fier fi X1 fit1 Xiio fivr  fn Xn+1jxt\lr>2nX0

X;
l@) ldh l@' lxnd)o
YO Y; gi

go g1 gi—1 gi+1 gi+2 9n In+1
Yl Y7;+1*>Y;+2*>"'*>Yn+lwzn%

where the upper row is an (n + 2)-angle X and the lower row is an (n + 2)-angle Y and
t > 2 is arbitrary. We show that we can complete the given morphisms to a morphism
¢ = (¢o,---y0nt+1): X = Y of (n+2)-angles. This will be used to show that the connecting
morphism f,4+1 of X is uniquely determined by fo,..., f, if Hom# (X, X0, Xp+1) = 0
generalizing [BBD82, corollaire 1.1.10(ii)] to (n+2)-angulated categories (see Lemma 2.2).

1 Preliminaries and notations

Given morphisms f: X — X’ and g: X' — X" we denote the composite X I xr 9 xn by
fg. Throughout this paper suppose that (%, 3,,, 0) is pre-(n+2)-angulated category in the
sense of [GKO13, definition 2.1]. As in [GKO13] we assume that ¥,, is an automorphism of
Z# and not just an autoequivalence. When no ambient category is mentioned we implicitly
assume it to be .#. Further, all subcategories considered will be full subcategories, unless
mentioned otherwise. Likewise to [GIKKO13, definition 2.1] we call a sequence of morphisms
Xo— X1 = = Xpp1 — X, X0 an (n+2)-X,,-sequence. Such an (n+ 2)-¥,-sequence is
called (n + 2)-angle if it belongs to ©. In that case we may write the rightmost morphism
squiggly, to emphasize that this (n + 2)-X,-sequence is a (n + 2)-angle. We then may also
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drop writing the target %, X of the rightmost morphism. Suppose X is an (n + 2)-angle
of the shape

fo f1 L

X, X, X, Xy Loy

Then we call f; the morphism in position ¢ of X. As we will often deal with trivial (n+ 2)-
angles, we define a map triv: .# x{0,...,n+1} — O assigning to (Z,i) € .# x{0,...,n+1}
the trivial (n + 2)-angle 0 -0 — -+ —>0—>2Z2—>2Z —-0— --- = 0 — 0 ~ having idy
as the morphism in position i. We will always use subscript notation, i.e. we will write
trivi(Z) = triv(Z,1) for Z € # and i € {0,...,n+ 1}.

For convenience we restate the following definitions:

Definition 1.1. A subcategory o C . is called
1. additive if it is closed under direct summands and direct sums and

2. n-extension closed if for all morphisms f,11: Apt1 — XpAg with Ag, Aptq €
there is an (n + 2)-angle

Ao fo A, f1 A, foo o fn At Af:}j\i}

with terms Ay,..., A, € &.

Recall that in pre-(n+ 2)-angulated categories as defined in [GKO13, definition 2.1(a)]
the class O of (n+ 2)-angles is closed under direct summands. However, since two isomor-
phic (n + 2)-%,,-sequences are (trivial) direct summands of each other, this implies that
O is closed under isomorphisms inside the class of (n 4 2)-X,-sequences. Similarly, any
additive subcategory & C .% is closed under isomorphisms in .%.

We will often use this and the following trivial lemma to rename objects:

Lemma 1.2 (Replacement lemma). Suppose given an (n + 2)-angle X of the shape

X, fo

X, f1 X, foro fn Xoin frt1

and a commutative diagram

X; LXiJrl @ ...LX],

J{d’z‘ J,¢1'+1 ij’j
Y; 9gi -1 Y}

gi+1 gj
Yier

with0 <i<j<n+1and ¢i,...,p; isomorphisms. Then the (n + 2)-angle Y given by

X, fo o fi-2 X, fi—1¢i Y, gi Yin git1
-1
gj— o fj fi fn fn
j—1 }/j i JI Xj+1 j+1 L Xn+1 +1

is isomorphic to X via ¢ = (idx,,...,idx,_,, @i, ..., ¢j,idx, 4, 1dx, ) X =Y.
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Proof. The proof is trivial, since the class of (n + 2)-angles is closed under isomorphisms
and the given ¢ is obviously an isomorphism of (n + 2)-%,,-sequences. O

Apart from pre-(n + 2)-angulated categories, we will also have to deal with n-exact
categories. Recall the following from [Jasl6, definition 2.4]: An n-exact sequence in an
additive cateogry &7 is a sequence of morphisms

Ao fo A f1 A, foro o fn Apit

such that fy is a monomorphism, f, is a epimorphism, f; is a weak cokernel of f;_; for
i =1,...,n and f; is a weak kernel of f;1; for ¢ = 0,...,n — 1. Notice, here fy being
monic is equivalent to fy being a kernel of f; and f,, being epic is equivalent to f,, being
a cokernel of f,_1. Also recall from [Jas16, definition 4.1] that a morphism

Ay L
o
By

o A, f1 A, 20 fa
l¢1 Lﬁz
0 Bl g1 B2

n+1

J/¢n+l

n+1

g

A
2.,... 9", B

from an n-exact sequences F to an n-exact sequence F' is called weak isomorphism if ¢;
and ¢;+1 for an i = 0,...,n or ¢g and ¢,41 are isomorphisms. The sequences E and F
are then called weakly isomorphic. If Ay = By and Ap41 = Bpt1, as well as ¢g = idg,
and ¢n+1 = idAmq
F is then called equivalence of n-exact sequences according to [Jas16, definition 2.9).
Recall, by [GKO13, proposition 2.5(a)], all (n + 2)-angles are exact, that is applying
Homg(X,—) or Homg#(—, X) to an (n + 2)-angle yields an (infinitely extended) long

then E and F' are called equivalent and the morphism between E and

exact sequence. In particular, we will use the following and its dual regularly: Given an
(n + 2)-angle

fo

Xo X1 i Xo Ly Xnt1 Lo,

and a morphism f: X’ — X; for some i € {0,...,n+ 1}. Then f factors through f;_1,
where we use the convention f_; = ¥~ 1 fn+1, iff ffi = 0. This also shows that f;_; is a
weak kernel of f; for i € {0,...,n + 1}. Hence, the following trivial lemma and its dual
are not only useful in the context of n-exact sequences, but (n + 2)-angulated categories
as well:

Lemma 1.3. Suppose we are given a commutative diagram as in Diagram 1.1 in an
Jo

f f2 . fnfl

Xo X, —— X, X5
H H [ o
X, 25 x5 X X/

92 9n—1

Diagram 1.1: Morphisms between weak cokernels.

arbitrary additive category <7 . Suppose
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1. the morphism f; is a weak cokernel of fi_1 for allt=1,...,n—1,
2. the morphism g; is a weak cokernel of g;—1 for alli=1,...,n—1 and
3. the morphisms fo,..., fn_1 and go,...,gn—1 are in the radical.
Then ¢, ..., ¢p_1 are isomorphisms.
Notice, the construction of the inverses of ¢o,...,¢,_1 is similar to the construction

of the homotopy inverses in [Jas16, proposition 2.7] and to [Jasl6, lemma 2.1]. However,
we cannot directly deduce Lemma 1.3 from the statements in [Jas16], so we give a proof
for the convenience of the reader:

Proof. We show the lemma under the additional assumption that X; = X/ fori =0,...,n
and f; =¢g; for i =0,...,n —1 first: We obtain a commutative diagram

X, fo X, f1 X, f2 o frn-1 X,

lo lo lidxz — 2 lidxn —én

X, fo X, f1 X, f2 o frn-1 X,

by subtracting the identity from each vertical morphism. Then idy, —¢2 factors through
fa, using f1(idx, —¢2) = 0 and f2 being a weak cokernel of fi. Say idx, —¢2 = fohs for
some hg: X3 — Xo. In the same manner we can construct morphisms h;: X; — X;_1 for
t=4,...,nwithidx, |, —¢i—1 = fi—1h; + hi—1 fi—2 inductively: Suppose all hj, have been
constructed for kK =3,...,i— 1 and 4 < i <n. We have

fi—o(idx, |, —i—1 — hi—1fi—2) = (idx, , —pi—2) fi—2 — fi—2hi—1fi—2 (1.1)

by commutativity of the above diagram. By assumption and because f;_3f;—s = 0 holds,
or for i« = 4 because idx, , —¢i—2 = fohs holds, the right hand side of Equation (1.1)
vanishes. Since f;_1 is a weak cokernel of f;_5 the left side of Equation (1.1) vanishing tells
us that h; exists as desired, which completes the induction. Now, since idx, —¢2 = f2h3
and idx, —¢; = fihiy1 +hifi—1 for i = 3,...,n — 1 are radical morphisms, this shows that

¢; is an isomorphism for ¢ = 2,...,n — 1. Hence, we have shown the lemma under our
additional assumption X; = X/ and f; =g; fori=2,...,n— 1.
Now to the general case: Using that g; is a weak cokernel of g;_1 foralli =1,...,n—1

it is easy to construct the dashed morphisms {¢) : X} — Xj}}_, making the diagram in
Diagram 1.2 commutative. By applying the already proven version of the lemma to the

Xé go X{ g1 Xé g2 . In—1 X;l
T
X, fo X, f1 X, fa o fn-1 X,

Diagram 1.2: Construction of morphisms in the opposite direction as in Diagram 1.1.

composite of the vertical morphisms of Diagram 1.1 and Diagram 1.2 we obtain that ¢;¢}
and ¢}¢; are isomorphisms for ¢ = 2,...,n — 1 and hence the general version of the lemma
follows. u
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2 Core lemmas

2.1 The completion lemma

We start with the observation that the axiom (F3) from [GKO13, definition 2.1] implies
a stronger version of itself. Notice, the case ¢ = 1 in the following lemma is precisely the
axiom (F3):

Lemma 2.1 (Completion lemma). Suppose given (n+2)-angles X andY as well as i+ 1
morphisms {¢y: Xy, — Yi}i_, which make the diagram

fi fit1 fitz fn

X, L x, L S Xit1 — Xige — - — X Ly 3, X,

X;
l@) l¢1 l% J/En¢0
3/( Y; gi

go g1 gi—1 gi+1 gi+2 9n In+1
) Yy Yisi — Yipo — - —— Yo 3 B0

commutative. If only one map ¢o: Xo — Yo is given, assume further (X' fni1)pogo = 0.
Then there are morphisms {¢: X — Yk}ZI}H such that ¢ = (¢o, ..., Pont+1): X = Y is
a morphism of (n + 2)-angles.

Proof. Let 7 + 1 be the number of maps given. Notice, for ¢ = n + 1 there is nothing
to show, as ¢ = (¢o,...,¢Pns1) is then already a morphism of (n + 2)-angles. Further,
for i = 1 the lemma is precisely the axiom (F3) and therefore holds. For ¢ = 0, by the
additional assumption and because (n + 2)-angles are exact, there is a map ¢1: X; = Y]
with ¢ogo = fop1. But then ¢¢ and ¢; satisfy the requirement of the lemma for ¢ = 1 and
in this case the completion has already been established. We show the remaining cases by
induction on 7. As we already established the start of the induction, suppose the lemma
is true for some fixed 1 <i <n — 1. We show that we can complete any ¢ + 2 morphisms
{pr: Xp — Yi}ith to a morphism of (n + 2)-angles, as well:

By the induction hypothesis, we can apply the lemma to the morphisms {¢k}2:0 and
obtain a morphism ¢': X — Y of (n + 2)-angles satisfying ¢, = ¢} for 0 < k < i. We
obtain a commutative diagram

fo X, fi, o fim X, fi X1 fit Xiio five:  fn X1 frt1 £, X,

b b b

go g1 gi—1 gi gi+1 gi+2 gn In+1
Yo Y1 T Y; Yiy1 Yiio e Yoy~ XpY0

by subtraction of ¢} from ¢, for 0 < k < i+ 1. Therefore, fi(¢ir1 —¢;,1) = 0 and because
(n + 2)-angles are exact, this shows that there is a morphism h;io9: X;19 — Y41 with
Gir1 — Gjp1 = firrhire. Hence, fit1hitogiv1 = (dio1 — ¢y 1)gi+1 and hiyagiy1giv2 = 0,
so the diagram

fo o fi-1

Xo PRI AMELLS SPELLY AL L A B ¢

lo lo l¢z‘+1*¢i+1 lhi+zg7:+1 lo lo lo

go gi—1 gi gi+1 gi+2 gi+3 9n In+1
Yo Tt Y; Yiy1 Yiio Yiis Tt Yoy1 ~ X, Y0
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is commutative. This yields a morphism ¢: X — Y of (n + 2)-angles defined by v = 0
for k ¢ {i +1,i+ 2} and Y11 = ¢ip1 — Pj,q as well as ¥y2 = hiyogi41. Notice, since
@) = ¢, for 0 < k < i this means that the diagram

X, fo . fic1 X; fi Xi+1 fit1 Xi+2 fite Xi+3 fits o fn Xn+1 frt1 2, X0
lqﬁo ld’l l¢i+1 l¢i+2+¢§+2 J/¢;+3 J/d’iH,l lzn(ﬁo
YO go . gi—1 Yz gi Yz+1 gi+1 Yi+2 gi42 Yi+3 gi+3 . gn Yn+1 In+1 ZnYO

which is obtained by the summation of ¥ and ¢, is commutative. Therefore 1) + ¢’ is the
desired completion of the given {(Z)k}}:;lo to a morphism of (n + 2)-angles and the lemma
hence follows by induction. O

One immediate consequence of the completion Lemma 2.1 is the following, which
is a generalization of [BBD82, corollaire 1.1.10(ii)] to the context of (n + 2)-angulated
categories. It will be used later to establish the isomorphism YExt?% gg{)(AnH,AO) —
Hom g (Ap+1, X0 Ap) for Ag, Apt1 € &7, similarly to [Jor20, proposition 2.5(ii)].

Lemma 2.2. Suppose given a commutative diagram

fo X fry L fa fn

Xo 1 Xy
N "
YO go Yl Yn 9n

X1 255 3%

In+1

g1 gn—1
. YnJrl BYVNVAN En}/o

with (n + 2)-angles as rows and Hom(X,, Xo,Yn4+1) = 0. Then fri1 = gnt1-
Proof. The undashed maps of

X, fo X, fry . fa X, fn X jm 2, X,
H J/d’l J/d)n i bnt1 ‘
YO go Y1 g1 . In—1 Yn 9n Yn+1 m EnYO

clearly form a commutative diagram. We claim there is at most one ¢p4+1: Xpn+1 — Yot
which makes the penultimate square commute, i.e. satisfies frodnt+1 = dngn: Suppose
we are given two maps ¢p41: Xpt1 — Ypy1 and gzb;H,l: Xpnt1 — Yoy1, both having this
property. Then we obtain f,,(¢n4+1 — #,,) = 0 and hence, using that the upper row is an
exact (n + 2)-X,-sequence, there is a morphism h: ¥, Xo — Y41 with fr1h = ¢pg1 —
¢r,41- However, Hom(X,Xo,Y,+1) = 0 by assumption, hence h = 0 and ¢pq11 = ¢y, 4.
This shows that there is at most one ¢,,+1 making the penultimate square commute.

By the completion lemma, there is a choice of ¢,4+1 which makes the whole diagram
commutative. But by the previous claim, this choice is unique and, by requirement of the
lemma, its the identity on X, 41 = Y,+1. This means that

Xo 10 x o I T X B8,
H ld’l J/d)n ‘
YO g0 Yl g1 L Gt Yn gn Yn+1 m ZnYO

is a commutative diagram, which shows f,+1 = gn+t1. O
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2.2 Obtaining information from (N4%*)

Throughout Section 2.2 we assume that (.#, 3, 0) is an (n + 2)-angulated Krull-Schmidt
category. Recall from [BT13, theorem 4.4] that given any commutative diagram as in
Diagram 2.1 with all three rows being (n + 2)-angles, we can find the dashed morphisms

fo f1 f2 fn Srt1
XO X1 X2 . n )(n_,’_1 EVVVUSN
|
h h h h h
1 0 " 1 " 2 n " n+1
XO X1 )(2 . )(n_"_1 [EVVIUSN
o
/ go / g1 / g2 9n 7 9n+1
XO Xl X2 . Xn-',—l EVVVUSN

Diagram 2.1: A factorization hg = fpgo and the three (n + 2)-angles arising from the
morphisms involved. Notice that X, = X.

of Diagram 2.2 such that each upright square commutes and so that the (Mayer-Vietoris-

X fo X, fi: X, f2 X f3 fr—1 X I X, J&j\i}\% 5 X,
K n n+ R n
1 /1 1 Y .
H lgo - ' : a
A h : < h / < h h < h / ~+ 77,
" L0 " 1] " 2/ " '3 n—1 " in " fntl "
XO Xl X2 // X3 st Xn ; n+1 w E’I’LXO
| 7 | | 7 | .
fo H P i P ! E lEn,fo
l NV N2 RV N2 :
/ g0 / g1 7 g2 / 93 In—1 / 9n / In+1 /
X5 X > X X5 X, Xpaq = ¥ X5

Diagram 2.2: Morphisms arising from Diagram 2.1 via (N4*).

like) totalisation of the complex enclosed by the dashed rectangle in Diagram 2.2, shown
in Diagram 2.3 is an (n + 2)-angle. In this section we want to tackle the question, what
Xo = X3@X) —— X4 X)Xy — X3 X[ @ Xy — -
91L+12nf1 Z X

s Xpp X eX,_, — X 10X, — X -5 1y X,

Diagram 2.3: Totalisation obtained from Diagram 2.2.

information about X3,..., X/ ; can be obtained from this (n + 2)-angle? Notice, for
n > 1 the completion of a morphism to an (n + 2)-angle is not unique, as we can always
add a trivial (n+ 2)-angle to an existing completion to obtain another one. To circumvent
this problem we reintroduce the following from [OT12, lemma 5.18] and [Fed19, lemma
3.14], which adds uniqueness up to isomorphism to (n + 2)-angles:

Definition 2.3. Suppose given an (n + 2)-angle X of the shape

fo

X, X, f1 X, f20 I X m
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Then X is called
1. a minimal completion of fy if f; € rad(X;, X;41) for i =2,...,n and

2. a minimal (n + 2)-angle for f; if its rotation

i n - nzn -1 nzn i— -1 nzn i—
X; fi o e ZnXo( D"Enfo  (Z1)"Eaf ZEnXi—l(M

is a minimal completion of f;.

Notice, since the rotation of an (n + 2)-angle is an (n + 2)-angle again it does not
really matter in what position ¢ the morphism f; is in (2). For sake of convenience and
less heavy notation, we will state and prove the lemmas regarding minimal (n + 2)-angles
for minimal completions only and leave the rotated versions for minimal (n + 2)-angles as
an easy exercise for the reader.

Most of the properties of minimal (n + 2)-angles can be shown without the Krull-
Schmidt property of .7, but we need it for the existence of minimal (n 4 2)-angles and
hence to use the main result of this section: A lemma, which enables us to compare the
objects of the (n + 2)-angle arising as in Diagram 2.3 and the objects of the minimal
(n 4 2)-angle arising from the morphism ¢, 1%, f1 in position n + 1 of this (n + 2)-angle.

Lemma 2.4. Suppose n > 3 and we are given a commutative diagram as in Diagram 2.1,
where the second row is additionally a minimal (n + 2)-angle for hy. Further let

n+12n
X, Y, Y, \ Y, X!y nz1¥nfs

be a minimal (n + 2)-angle for gn11%X, f1. Then there are objects {Zk}Z;% satisfying
1. Zy € add(X3 & Xy @ X)),
2. Zy € add(Xpp0 ®© X[, © Xpy3® X)) for2<k<n-—2and
8. Zn—1 € add(Xp1 ® X}, ® X)),

expressing the difference between the objects of Diagram 2.3 and the minimal (n+2)-angle
of gn+12nf1 depicted above, in the sense that

4. Xsd X) =Y1® 7,
5 Xp2®X) 10X, =Z, 10Y, @72y for2<k<n-—1and
6. X'\ ©X, =Z, 18Y,

hold.

This lemma seems very technical, though it is very useful, too. For example it can be
used to show that X7,..., X/, lie in an additive n-extension closed subcategory of .# if
the upper and lower row of Diagram 2.1 do so.
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Notice the case n = 1 of Lemma 2.4 is uninteresting, since triangles in a triangulated
category are unique up to isomorphism. A similar form of Lemma 2.4 holds for n = 2.
Here (1)-(3) need to be replaced by Z; € add (X3 & XJ).

Our plan of proving this is as follows: We show that the (n + 2)-angles of Diagram 2.3
and Lemma 2.4 differ by a direct sum of trivial complexes. The objects of these trivial
complexes are our candidates for {Z, k}Z;% We then use the matrix lemma (see Lemma 2.7)
and ha, ..., h, being in the radical to obtain (1)—(3). We begin with the first part of this
plan:

Lemma 2.5. Let fo: Xog — X1 be a morphism. Suppose X is a minimal completion

fo

X, X, f1 X, f2o o fn X m

of fo- Then X is a direct summand of any (n + 2)-angle containing fo in position 0.
Moreover, the minimal completion of fo is unique up to isomorphism.

Proof. In a triangulated category the lemma is clearly true, as triangles are, up to isomor-
phism, uniquely determined by one morphism. Hence, we can assume that n > 2.
Suppose Y is an arbitrary (n 4 2)-angle

fo

g1 92 9n In+1
X, Y, . Yn+1 EVVIUSN

Xo

containing fy in the same position as X. Using the axiom [GKO13, defintion 2.1(F3)] we
find the dashed morphisms ¢, ..., ¢py1 and ¢5, ..., ¢!, making

X, fo X, f1 X, f20 I Xt % 2 X,
TR L
X, fo X g1 Y, 92 . gn Yoir In+1 2, X0

! 1
105 1P
~

0 1
X, fo X, f1 X, foo o n Xy %EnXO

a commutative diagram. For short, that is to say, we have morphisms of (n + 2)-angles
¢ = (idx,,idx,, ¢2, ..., Pps1): X = Y and ¢’ = (idx,,idx,, ¢5,...,¢,.1): Y = X. Now
by Lemma 1.3 we know that ¢o¢h, ..., ¢, ¢!, are isomorphisms. By the dual of Lemma 1.3,
we obtain that ¢3¢, ..., dpy1¢;,,1 are isomorphisms, hence ¢¢’ is an isomorphism and X
is a direct summand of Y.

Now if Y is additionally a minimal (n + 2)-angle for fy then the same argument using
Lemma 1.3 and its dual shows that ¢ has to be an isomorphism already. This shows that
any two minimal (n 4 2)-angles of fy are isomorphic. O

Lemma 2.6. Fach morphism fo: Xo — X1 has a minimal completion. Moreover, any
completion of fo to an (n+ 2)-angle is the direct sum of the minimal completion of fo and
trivial (n + 2)-angles trive(Za), ..., triv,(Zy,) for some Za, ..., Z, € F.

Proof. As each morphism in .% has a completion to an (n + 2)-angle the first part of the
lemma, follows from the second part.
We show the second part: Suppose we are given an (n + 2)-angle X of the form
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X, fo X, f1 X, f2o o fn Xpin fnt1
containing fy. Suppose f; is not in the radical for some ¢ = 2,...,n. By definition there

isal0# Z and g: Z7 — X; and h: X;41 — Z such that gf;h is an isomorphism. Then
commutativity of

Z Z — 0

o |

fi fi
X; Xiy1 — Xipo

th(gflh) Y n(gfih) T l
VA Z — 0

— O

Xi_

<.

_—
fi—1

1

_—

S

shows that the trivial (n + 2)-angle triv;(Z) is a direct summand of X. Choose a comple-
ment X' for triv;(Z) in X, that is X = X' @ triv;(Z) as (n+2)-angles. Since i # 0,1,n+1
we know that X’ has fy in position 0. If X’ is not a minimal completion of f; we can
repeat this procedure. As any object Xo,..., X,+1 has the descending chain condition
on direct summands, the (n + 2)-angle X has the descending chain condition on direct
summands. This means, after finitely many steps this procedure must stop and hence X
is the direct sum of a minimal completion of fy and trivial (n+ 2)-angles. Finally, noticing
triv,(Z) & triv;(Z') = trivi(Z @ Z') for i € {2,...,n} and Z,Z’ € % and thus collecting
all the trivial (n + 2)-angles of the same shape in one summand yields the lemma. O

Notice, by Lemma 2.6 minimal completions exist and by Lemma 2.5 they are unique
up to isomorphism. We can therefore speak of the minimal completion of a morphism fj.
The same holds for minimal (n + 2)-angles.

For the second part of our plan we show the following easy lemma, which holds in any
additive Krull-Schmidt category:

Lemma 2.7 (Matrix lemma). Let f: X1 & Xo — Y1 @ Ya be so that vy fm} € rad(X1, Y1),
where 11: X1 — X1 ® Xy is the canonical inclusion and 7} : Y1 &Yy — Y] is the canonical
projection. Then all objects Z which have g: Z — X1 ® X9 and h: Y1 ® Yy — Z such that
gfh € Aut Z satisfy Z € add(Xs @ Y2).

Proof. First assume that Z is indecomposable, with g and h as in the lemma. For ¢ = 1,2
let the morphisms ¢;: X; — X1 ® X3 and ¢: Y; — Y1 @ Ya be the canonical inclusions and
mi: X1 ® Xo — X; and 7}: Y7 @ Yo — Y, be the canonical projections with respect to the
given direct sum decomposition. We know that rad(Z, Z) = rad(End Z) is local, since Z
is indecomposable. Now we have

Z gmbzfﬂ Ly h—gfheAut(Z),
(i,5)€{1,2}?

so at least one of the four summands on the left is an isomorphism. However, since the
radical is an ideal, we have gmit1 fr]ijh € rad(End Z), so one of the other three summands
needs to be an isomorphism. But then it must be a summand with (i, 5) # (1,1), so gmo
is split mono or /5h is split epi. This shows the lemma for Z indecomposable.

Now let Z be arbitrary, with ¢ and h as in the lemma. Let Z’ be an indecomposable
direct summand of Z, that is there are ¢: Z/ — Z and n: Z — Z' with 'r = idy.
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Then idy = ¢'fh with ¢’ = 1g and b/ = h(gfh)~'7. Hence Z’ € add(Xs @ Y3) by the
first part. But Z decomposes, up to isomorphism and reordering, uniquely into finitely
many indecomposable objects. As all indecomposable direct summands of Z belong to
add (X2 @ Y2) we finally obtain Z € add (X2 @ Y3). O

We are now able to prove the main result of this section.

Proof of Lemma 2.4. We use the same notation as in Lemma 2.4. We apply the axiom
(N4*) to Diagram 2.1. We obtain the (n+ 2)-angle in Diagram 2.3 and Diagram 2.4 where

Xy 2% Xso XJ M Xy 0 X 0 Xy 20 Xoo X[ o Xy —2s ...

kn—2 kpn—1 kn kn
—— XX eX, , — X, 0X, — X, s B, Xy

Diagram 2.4: Labeled version of the totalisation in Diagram 2.3.

the morphisms ky, ..., k,1+1 can be written in the form
_[r
ko = _¢2}
[—fs 0
k1= 1| ¢3 —h2:|
L ¥3 ¢
[—fixa 0 O
ki= | ¢i+2 —hiy1 O 2<i<n-2)
| Yit2 diy 9i
_ -¢n+1 —hn 0
kjnil o _wn+1 ¢In gn71:|

kn = [¢:z+1 gn]
knt1 = gn+1Xn f1

for some morphisms ¢;: X — X}/ and ¢).: X}/ — X; for 2 < k < n+ 1 as well as
morphisms ¢ : X — X;_; for 3 <k <n+ 1. By Lemma 2.6 we know that the (n + 2)-
angle shown in Diagram 2.4 is the direct sum of the minimal (n + 2)-angle of k41 and
trivial (n + 2)-angles trivi(Z1),...,triv,—1(Z,—1). This choice of Zi, ..., Z,_; establishes
(4)-(6) of Lemma 2.4.

It remains to show that (1)-(3) of Lemma 2.4 hold for this choice of Z1,...,Z,_1. We
only show (1), the other assertions are analogous. Since the trivial (n+ 2)-angle trivy(Z;)
is a direct summand of the (n+2)-angle in Diagram 2.4 we know that idz, factors through
k1. Since —hs is in the radical by assumption we must have Z; € add(X3 @ (X4 & X}))
by the matrix Lemma 2.7. O

3 Main results

Throughout Section 3 we assume that (.#,%,, 0) is an (n + 2)-angulated Krull-Schmidt
category. Further, we will assume that < is an additive, n-extension closed subcategory
of # with Hom #(X,«/, /) = 0. We define an n-exact structure on .o7:

Definition 3.1. For a subcategory & C ¥ an «f -conflation is a complex
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Ao fo A f1 A, fao ot Apin

with Ag,..., Apy1 € & for which there is a morphism f,,11: Ap11 — 3, Ag such that

Ao fo A, f1 A, fori o n A fﬂj@

is an (n+2)-angle in (%, %,, 0). The morphisms in position 0 of </-conflations are called
o/ -inflations. Dually, the morphisms which appear in position n of .@7-conflations are
called & -deflations. We denote by &, the class of all &/-conflations.

Notice, by the replacement Lemma 1.2, it follows immediately that any complex in &
isomorphic to an «/-conflation is an .o7-conflation itself.
We now want to present our main theorem:

Theorem 3.2. Let o7 C F be an additive, n-extension closed subcategory of F with
Homg (¥, , /) = 0. Then

1. (o,&y) is an n-exact category and

2. there is a natural bilinear isomorphism Hom gz (—, ¥, (—)) = YExt(, » (=, =) of
functors o/°P x o/ — Ab.

To check part (1) of Theorem 3.2 we need to verify the axioms of [Jas16, definition 4.2].
For the convenience of the reader this is split up into Lemma 3.3, Lemma 3.6, Lemma 3.7,
Lemma 3.8 and Lemma 3.9. We will check part (2) separately in Lemma 3.10.

First we need to verify that &, really consist of n-exact sequences:

Lemma 3.3. All o/ -conflations are n-exact sequences in <7 .

Proof. Suppose we are given an arbitrary <7-conflation

Ao fo A, f1 A, f20 I A

in &,;. By definition there is a morphism f,+1: Ap,+1 — 2, 4p such that

Ao fo A, f1 A, L A m

is an (n + 2)-angle in (.#, ¥, 0). Applying the functor Hom # (A, —) for A € &/ to this
(n + 2)-angle and using that (n 4 2)-angles are exact, we obtain an exact sequence

Homg (A, X 1A, 1) —— Homg (A, Ap) o, Homz (A, Ay) By 2y Homgz (A, Api1)
where the leftmost term vanishes since 0 = Hom #(X,«, /) = Hom g (7, %, o/). This
statement and its dual statement obtained from applying Hom #(—, A) for A € <7 to the
same (n 4 2)-angle show that any sequence of &, is indeed n-exact. O

Next, we need to check that an n-exact sequence in & weakly isomorphic to an n-
exact sequence in & is itself in &,,. We could prove this directly. However, for the sake
of readability, we restate a version of Lemma 2.6 for n-exact sequences in &7:
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Lemma 3.4. Suppose we are given an n-exact sequence E in <f of the shape

Ao fo Ay f1 A, f20 I A

and a fized i € {0,...,n}. Then E is the direct sum of an n-exact sequence E' of the

shape
’ 9o gi—2 , gi—1 fi git1 ’ Gi+t2 In ’
Ay T Aifl Ai Aita Ai+2 e An+1
)
where go, . . ., §i—2, §i+2, gn_are in the radical, and o7 -conflations Fy, ..., Fi_o, Fiio, ..., F,

arising from trivial (n + 2)-angles triv(By), ..., triv(Bi_2), triv(Bit2), . . . , triv(By,) with
Bo,...,B;_2,B;iio,...,B, € /. Further, if E' is an < -conflation then so is E.

Proof. The &/-conflations Fy,..., F;_o, Fi1o,..., F, can be constructed in the same way
as in Lemma 2.6, using that & C .% is additive. Clearly a direct summand of an n-exact
sequence in 7 is an n-exact sequence in .27, hence E’ constructed similarly to Lemma 2.6
is indeed an m-exact sequence in 7. Since the direct sum of &/-conflations is again an
o -conflation, as the direct sum of (n + 2)-angles is again an (n 4 2)-angle, we have that
E is an «/-conflation if £’ is an «7-conflation. O

Obviously, Lemma 3.4 also has the following version, where the end terms of the n-
exact sequences are fixed. The proof is omitted as it is almost the same as of Lemma 3.4.
Notice though, that here the n-Yoneda-extension class rather than a morphism is fixed.

Lemma 3.5. Suppose we are given an n-exact sequence E in </ of the shape

Ao fo A f1 A, foo o fn At

Then E is the direct sum of an n-exact sequence E' of the shape

go / g1 / g2 In—2 / gn—1 / 9n
Ao A Al Al I q I A
)
where g1, ..., gn_1 are in the radical, and < -conflations Fi,..., F,_1 arising from trivial

(n + 2)-angles triv(By), ..., triv(By—1) with By,...,By,_1 € &/. Furthermore, if E' is an
& -conflation then so is E.

Lemma 3.6. The class of o7 -conflations &y is closed under weak isomorphisms in the
class of n-exact sequences in o7 .

Proof. We show that for any weak isomorphism ¢ = (¢, .. ., ¢n41) of n-exact sequences
AO fO 1 fl A2 f2 . f'n An+1
Lﬁo l% l¢2 l¢n+1
BO go Bl g1 B2 g2 L. 9n Bn+1
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in & the upper n-exact sequence F belongs to &, if and only if the lower sequence F'
belongs to &,,. Therefore, we distinguish the following two cases:

Suppose ¢; and ¢;+1 are isomorphisms for some 0 < i < n. Then we may assume that
FE belongs to &, and show that F' then belongs to &, as the proof with reverse roles of £
and F is analogous. Further, by the replacement Lemma 1.2, we may assume A; = B; and
Aiy1 = Biy1, as well as ¢; = ida, and ¢;41 = id4,,,. Now let ¢: E’ — E be the inclusion
of the minimal (n + 2)-angle with f; in position 4, which is a direct summand of E by
Lemma 2.6. Further let 7: FF — F’ be the projection to the direct summand constructed
in Lemma 3.4. By construction t¢7 is still a weak isomorphism with identities in position
i and i + 1. Further, since the class O of (n + 2)-angles is closed under direct summands,
E' is an «7-conflation and by Lemma 3.4 our sequence F' is an .«/-conflation if F’ is so. By
replacing (E, F, ¢) by (E', F',1¢7), without changing any notation, we can assume that
fo, fl, ceey fi—27 fi+27 ceey f'n and g0y ---5,9i—2,9i+2, . .- ,gn are in the radical of 32, hence
also in the radical of . If we can now show that ¢ is an isomorphism, then F' is an /-
conflation by the replacement Lemma 1.2. Now notice, because FE is n-exact, f; is a weak
cokernel of f;_q for i =1,...,n and 0: A,+1 — 0 is a weak cokernel of the epimorphism
fn in of. Similarly g; is a weak cokernel of g;_1 fori =1,...,n and 0: B,+1 — 0 is a weak
cokernel of g, in o7/. Hence, Lemma 1.3 shows that ¢;ys,...,¢,11 are isomorphisms. By
the dual of Lemma 1.3 also ¢y, ..., ¢;—1 are isomorphisms. Therefore ¢ is an isomorphism
and the lemma follows if ¢; and ¢;;1 are isomorphisms for some 0 < i < n.

Suppose ¢o and ¢ny1 are isomorphisms. Without loss of generality, we can again
assume that E belongs to &, and show that F' then belongs to &,,. Therefore, we have
a morphism f,1: Ap+1 — XpAg completing E to an (n 4 2)-angle X. Further, by using
the replacement Lemma 1.2 twice, we may assume that Ag = By and A,+1 = Bp41 as well
as ¢o = id4, and ¢p41 =ida,,,. Similarly to the first part of the proof, using Lemma 2.6
and Lemma 3.5, we may assume that the morphisms fi,..., f,—1 and ¢1,...,g,—1 are in
the radical. We want to show that ¢, is then already an isomorphism, thus reducing the
case of ¢g and ¢,41 being isomorphisms to the already solved case of ¢,, and ¢,41 being
isomorphisms.

To obtain an inverse of ¢,, we first show g, f,+1 = 0. Following the idea of the last part
of the proof in [Jasl6, proposition 4.8] we look at Diagram 3.1. Since & is n-extension
closed, we can find the dashed maps hyg, ..., h, of Diagram 3.1 such that the upper row is

h Fn— ho, gn f
Ay --22- » Bj --2to ... 2125 B oS y B, S B, A

| A N
LN ot "y Apy D R A

A, A
b
- B, -2 B

n+1

g

1 n

Diagram 3.1: An (n + 2)-angle arising from gy, f,+1.

an (n+2)-angle and By,..., B, € &/. By the axiom (F3) from [GKO13, definition 2.1] we
find 91, ...,y such that Diagram 3.1 is a commutative diagram. However, composition
of the vertical morphisms in Diagram 3.1 yields that the diagram
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B B B
- B My > B, > B, by B,
H J/wldjl lwn 1Pn—1 lwmﬁn—h lO
BO go 91 . In—2 In—1 Bn+1

is commutative, using h,,_1h, = 0 for commutativity of the penultimate square. This chain
map is homotopic to the zero chain map by the dual of [Jas16, lemma 2.1]. In particular,
this shows that hg is a split-mono and hence h,, is split-epi by [Jas16, proposition 2.6].
Now, this yields g, fn+1 = 0.

Since (n+2)-angles are exact, g, fn+1 = 0 proves existence of a morphism ¢/, : B, — A,
as in Diagram 3.2 satisfying ¢/, f,, = g,,. From this we obtain (¢,¢], —ida,.,)fn = 0. Yet

Ao fo A, froo o fn2 Int A, s frg1
7

e yn ] )% |

BO % Bl = e In-2 n 1 *> Bn 4> Bn+1

Diagram 3.2: Construction of ¢/,.

again, by exactness of (n + 2)-angles, the morphism ¢, ¢], —ida,,, factors through the
radical morphism f,_1. Therefore, ¢,¢;, is an isomorphism. Similarly, ¢}, ¢, — idp,
factors through ¢, 1 using that E’ is an n-exact sequence in &7. As g,_1 is in the radical
as well, @/, ¢, is an isomorphism. This shows that ¢, is an isomorphism. Since ¢, is an

isomorphism as well, E’ is an «/-conflation by the first part of the proof. O
The axiom (EO) of [Jas16, definition 4.2] is trivially satisfied:

Lemma 3.7. The n-exact sequence 0 — 0 — --- — 0 is an </ -conflation.

Proof. This follows from 0 € & as & C .Z is additive. O

That the axiom (E1) and (E1°P) of [Jasl6, defintion 4.2] are satisfied for (&7, &%)
follows almost immediately from our work in Section 2.2. We only present a proof of (E1)
as the proof of (E1°P) is completely analogous.

Lemma 3.8. The composite hg = gofo of two < -inflations fo and go is an </ -inflation.

Proof. Let fo: Xo — X{ and go: X, — X| be o/-inflations and hg = fogo: Xo — X{ their
composite. Because fp and gy are &/-inflations we can choose Xo,...,X,11 € & and
X5, ..., X, €4, as well as X3,..., X)) | € .F so that all three rows in Diagram 2.1
are (n + 2)-angles and the middle row in Diagram 2.1 is a minimal (n + 2)-angle. In the
notation of Diagram 2.1 and Lemma 2.4, using that <7 is n-extension closed and that
In+12%n f1 is a morphism from an object in &7 to an object in >, we see that Y1,...,Y,
belong to <7 as the minimal (n + 2)-angle of g,+1%, f1 depicted in Lemma 2.4 is a direct
summand of any (n + 2)-angle with g,+1%, f1 in position n 4 2. However, this means that
the objects Xy,..., X | of the minimal (n 4 2)-angle of hy belong to & using (1)-(6) of

n
Lemma 2.4. Hence hg is an «7-inflation. ]
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Notice, the assumption Hom #(%,,.27, &) = 0 can be dropped in Lemma 3.8. However,
we still need &7 to be an additive, n-extension closed subcategory of .% and (.#, ¥, O) to
be an (n + 2)-angulated Krull-Schmidt category to make our proof of Lemma 3.8 work.

Finally, that (E2) and (E2°P) of [Jas16, definition 4.2] are satisfied for (&7, &) follows
easily from the definitions. Again, we present a proof for (E2) only, as the proof of (E2°P)
is completely analogous.

Lemma 3.9. Suppose we are given a diagram

AO ) fnfl
o
By

fo A, f1 A, f2 A, I A

where the upper row is a o/ -conflation A. Then there is an n-pushout diagram Diagram 3.3
in the sense of [Jas16, definition 2.11] such that go is an <7 -inflation.

Ao fo A f1 A, f2 o frn-1 A,
l% i 1 i ¢2 i Pn
BO ,,“ZQ,) Bl ,,‘gl,,> 32 ,,“Z%,) e ,‘gii£> Bn

Diagram 3.3: n-Pushout diagram of A along ¢q.

Proof. Let A be a &/-conflation as in the lemma. This means that we find a morphism
fo1:31A 1 — Ag completing A to an (n + 2)-angle. This is to say, we are given the
undashed morphisms of Diagram 3.4 so that the upper row is an (n + 2)-angle. Since

EglAnle f-1 Ay fo A, f1 A, f2 L A, fn Anin
H itbo |61 | $2 bn ‘
S A ERLLIN By --%-3 By -2 By -2 Sl By -ty Apa

Diagram 3.4: Construction of an n-pushout of A along ¢y.

& C % is an n-extension closed subcategory, we find objects Bi,..., B, € & and the
dashed morphisms gy, ..., g, as in Diagram 3.4 such that the lower row is an (n + 2)-
angle. Notice, go is an «7-inflation, as the second row of Diagram 3.4 is an (n + 2)-angle.
By the axiom (F4) of [GKO13, defintion 2.1] there are dashed morphisms ¢1, ..., ¢, in
Diagram 3.4 so that the depicted morphism ¢ = (o, ..., ¢n,ida, ;) of (n + 2)-angles is
a good morphism of (n + 2)-angles, i.e. so that the mapping cone of ¢ is an (n + 2)-angle
as well. Then similarly to [BT13, lemma 4.1] we conclude that the (n + 2)-X,-sequence
P shown in Diagram 3.5 is an (n + 2)-angle, as O is closed under direct summands and
because P is a direct summand of the cone of ¢, as shown in Diagram 3.6. Moreover, since
all o7-conflations are n-exact by Lemma 3.3, we conclude from the (n + 2)-angle P shown
in Diagram 3.5 that the constructed objects Bj, ..., B, and morphisms g, ..., g,—1 and
@1, ...,¢, make Diagram 3.3 an n-pushout diagram. O



30 Paper A

[—fo] [_fl 0] {—fz 0]
$o A, @ By P11 go A, @ By $2 g1l [¢n-1 gn-1] %

AO Bn ZTLAO

Diagram 3.5: Direct summand P of the mapping cone of ¢.

[“¢°]

0 liday f-1]

Ao —_— AO ¥ EglAn-&-l AO

(o] [_¢f00 ff?d)o} (o]
Al @BO Al@BO Al @BO
(4! ] (3 0] (4! ]
[;{zn:ll gno—z] [;{ln:ll gn072} [:b{zn:ll gno—z]
An ® B, 1 =———r An ® B, 1 =————— An ® Bn_1

[én 9n1] AN [én 9n1]

B, i) Appr ® B, — 2L,

—Ynf-1 0
InXnf-1 [ id 4 o g } gnEnf-1
nt+1 9n
[En ida, ]

3, id Ynf-
EnAO 0 EnAOEBAnJ,-l [ Ag f-1] EnAO

Diagram 3.6: Diagram showing that the (n + 2)-¥,-sequence P given in Diagram 3.5 is a
direct summand of the mapping cone of ¢ = (¢o, ..., ¢,,ida,,,) as shown in Diagram 3.4.

Notice, Lemma 3.3, Lemma 3.6, Lemma 3.7, Lemma 3.8 and Lemma 3.9 show that part
(1) of Theorem 3.2 holds. It remains to show part (2) of Theorem 3.2. In the following we
will write [E] for the equivalence class of E in YExt{,, ¢ )(An+1,Ao), where a conflation
FE € &, is viewed as an n-extension of an object A,1+1 € &7 by an object Ay € <.

Lemma 3.10. There is a natural bilinear isomorphism
Homg (—, En(—)) = YExt{,, ¢ (=, —)
of functors &/°P x o/ — Ab.

Proof. We construct Wao 4, YExt¢, o (Ant1,40) — Homg(Any1,EnA40) for any

fixed pair Ag, Ant1 € /1 Suppose E € &, is an &/-conflation with end terms Ay and
Apt1. Then there is a (n + 2)-angle Xg of the shape

X fn—l ’t[}(E)

Ao L 4, Ap Lo Ay A

completing FE to an (n + 2)-angle. Notice that ¢ (F) is uniquely determined by FE, using
Lemma 2.2. Hence, this way a map v¢: &y — Homg(«7,%,o) is defined. Moreover,
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Lemma 2.2 shows that we have ¢(F) = ¢(E’) if E and E’ are linked by a sequence of
equivalences in the sense of [Jas16, defintion 2.9], i.e. if [E] = [F’]. Hence, v induces a

map Wag 4,1 YExt(, o y(Ant1,40) = Homg (Api1, B Ao), [E] = (E) for each pair
Ao, Apy1 € A
Conversely we construct 4y, 4,,,,: Homgz (Any1,EnAo) = YExt(, o )(Ant1, Ag) for

each fixed pair Ay, Ap+1 € &7: Assume we are given an f € Hom gz (A1, X, Ag). Since &7
is n-extension closed, we can construct an (n 4 2)-angle Xy of the shape in Diagram 3.7
with Aq,..., A, € &/. Denote the o/-conflation arising from such an (n 4 2)-angle X by

Ao fo Ay f1 fn-1 A, fn An+1”"f"">

Diagram 3.7: Completion of f to an (n + 2)-angle.

Ex,. We claim, the equivalence class [Ex f] does not depend on the choice of X;: Suppose
we are given another completion of f to an (n + 2)-angle X } of the shape

/ go / g1 In—1 2 9n / f
AO Al e ATL An+l

with Af,..., Al € &/. Using the axiom (F3) from [GKO13, definition 2.1] we find the
dashed morphisms of a commutative diagram

Ag Loy oAy I g g s s
A/ 9o A/l g1 9n—1 A,/,L 9n A/n+1 f EnA6

and hence obtain [Ex,] = [EX}] Therefore, for Ag, An+1 € o the assignment
CI)AO’ATLJrl : HOHly(AnJrl, ZnAo) — YEXtZ/,é}g)(A”+17 Ao), f —> [EXf]

where X is an arbitrary (n + 2)-angle as in Diagram 3.7 is well-defined. By construction

it is clear that ® 4, 4 and Wy, 4 for any fixed pair Ag, An+1 € &/ are mutually

n+1 n+1
inverse to each other. It is straight forward to check, that this way a natural and bilinear

isomorphism @ is defined. O
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Idempotent completions of
n-exangulated categories

Carlo Klapproth, Dixy Msapato & Amit Shah

1 Introduction

Abstract

Suppose (C, E, s) is an n-exangulated category. We show that the idempotent completion
and the weak idempotent completion of C are again n-exangulated categories. Further-
more, we also show that the canonical inclusion functor of C into its (resp. weak) idem-
potent completion is n-exangulated and 2-universal among n-exangulated functors from
(C,E,s) to (resp. weakly) idempotent complete n-exangulated categories. We note that
our methods of proof differ substantially from the extriangulated and (n + 2)-angulated
cases. However, our constructions recover the known structures in the established cases
up to nm-exangulated isomorphism of n-exangulated categories.

Idempotent completion began with Karoubi’s work [Kar68] on additive categories. It
was shown that an additive category embeds into an associated one which is idempotent
complete, that is, in which all idempotent morphisms admit a kernel. Particularly nice
examples of idempotent complete categories include Krull-Schmidt categories, which can
be characterised as idempotent complete additive categories in which each object has a
semi-perfect endomorphism ring (see Chen—Ye—Zhang [CYZ08, Thm. A.1], Krause [Kral5,
Cor. 4.4]). Other examples include the vast class of pre-abelian categories (see e.g. [Sha20,
Rem. 2.2]); e.g. a module category, or the category of Banach spaces (over the reals, say).

Suppose C is an additive category. The objects of the idempotent completion C of C
are pairs (X, e), where X is an object of C and e: X — X is an idempotent morphism

2 = e. What is particularly nice is that if C has a certain kind of structure,

in C, ie. e
then in several cases this induces the same structure on C. For example, Karoubi had
already shown that the idempotent completion of an additive category is again additive
(see [Kar68, (1.2.2)]). Furthermore, it has been shown for the following, amongst others,

extrinsic structures that if C has such a structure, then so too does C:
(i) triangulated (see Balmer—Schlichting [BSO1, Thm. 1.5]);
(ii) exact (see Biihler [Biih10, Prop. 6.13]);

(iii) extriangulated (see [Msa22, Thm. 3.1]); and
)

(iv) (n + 2)-angulated, where n > 1 is an integer (see Lin [Lin21, Thm. 3.1]).

35



36 Paper B

See also Liu-Sun [LS14] and Zhou [Zho22].

Idempotent complete exact and triangulated categories are verifiably important in al-
gebra and algebraic geometry. As a classical example, in Neeman [Nee90] an idempotent
complete exact category & is needed to give a clean description of the kernel of the lo-
calisation functor from the homotopy category of £ to its derived category. And, more
generally, many equivalences only hold up to direct summands, i.e. up to idempotents
(see, for example, Orlov [Orl11, Thm. 2.11], or Kalck-Iyama—Wemyss—Yang [KIWY15,
Thm. 1.1]). Therefore, it is usually helpful to view an algebraic structure as sitting inside
its idempotent completion.

The idempotent completion C comes equipped with an inclusion functor .#,: C — C
given by #,(X) = (X,idy) on objects. Moreover, in several of the cases above it has been
shown that this functor is 2-universal in an appropriate sense; see e.g. Proposition 2.8 for
a precise formulation. For example, without any assumptions other than additivity, the
functor .7, is additive and 2-universal amongst additive functors from C to idempotent
complete additive categories. On the other hand, if e.g. C has an exact structure, then
S, is exact and 2-universal amongst exact functors from C to idempotent complete exact
categories.

In homological algebra two parallel generalisations have been made from the classical
settings of exact and triangulated categories. One of these has been the introduction of
extriangulated categories as defined by Nakaoka—Palu [NP19]. An extriangulated category
is a triplet (C, E,s), where C is an additive category, E: C°P xC — Ab is a biadditive functor
to the category of abelian groups, and s is a so-called additive realisation of E. The realisa-
tion s associates to each § € E(Z, X) a certain equivalence class s(§) = [ X - Y % Z ]
of a 3-term complex. As an example, each triangulated category (C,3, A), where ¥ is a
suspension functor and A is a triangulation, is an extriangulated category. Indeed, one
defines the corresponding bifunctor by Ey.(Z, X) := C(Z,XX). See [NP19, Prop. 3.22]
for more details. In addition, each suitable exact category is extriangulated; see [NP19,
Exam. 2.13]. A particular advantage of this theory is that the collection of extriangulated
categories is closed under taking extension-closed subcategories. Although an extension-
closed subcategory of an exact category is again exact, the same does not hold in general
for triangulated categories.

We note here that, importantly, it was shown in [Msa22, Sec. 3.1] that the extriangu-
lated structure on C produced from case (iii) above is compatible with the more classical
constructions of (i) and (ii). For instance, given a triangulated category C, one can equip
its idempotent completion C with a triangulation by (i) or with an extriangulation by (iii),
but these structures are the same in the sense of [NP19, Prop. 3.22]. Analogously, (iii)
also recovers (ii) if one starts with an extriangulated category that is exact.

Let n > 1 be an integer. The other aforementioned generalisation in homological
algebra has been the development of higher homological algebra. This includes the in-
troduction of n-exact and n-abelian categories by Jasso [Jasl6], and (n + 2)-angulated
categories by Geiss—Keller-Oppermann [GKO13]. Respectively, these generalise exact,
abelian and triangulated categories, in that one recovers the classical notions by setting
n = 1. For instance, an (n 4 2)-angulated category is a triplet (C, X, O) satisfying some
axioms, where ¥ is still an automorphism of C, but now ¢ consists of a collection of
(n + 2)-angles each of which has n + 3 terms.
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The focal point of this paper is on the idempotent completion of an n-erangulated
category. These categories were axiomatised by Herschend-Liu-Nakaoka [HLN21], and
simultaneously generalise extriangulated, (n+2)-angulated, and suitable n-exact categories
(see [HLN21, Sec. 4]). Like an extriangulated category, an n-exangulated category (C,E, s)
consists of an additive category C, a biadditive functor E: C°? x C — Ab, and a so-called
exact realisation s of E, which satisfy some axioms (see Subsection 3.1). The realisation s
now associates to each § € E(Z, X) a certain equivalence class (see Subsection 3.1)

d¥ d¥ dX

s(0) = [ X, . X4 e — Xn-i—l}

of an (n + 2)-term complex. In this case, the pair (X,,d) is called an s-distinguished
n-exangle. We recall that structure-preserving functors between n-exangulated categories
were defined in [BTS21, Def. 2.32]. They are known as n-ezangulated functors and they
send distinguished n-exangles to distinguished n-exangles.

Suppose that (C,EE,s) is an n-exangulated category. Let C denote the idempotent
completion of C as an additive category. We define a biadditive functor FF: C? x C — Ab
as follows. For any pair of objects (X, e),(Z,€') € C, we let F((Z,€'),(X,e)) consist of
triplets (e, d, ¢’) where § € E(Z, X) such that E(Z,¢)(§) = § = E(¢/, X)(d). On morphisms
F is essentially a restriction of E; see Definition 4.4 for details. Now we define a realisation
t of F. For (e, d,¢') € F((Z,¢'),(X,e)), we have that s(§) = [X,] for some (n + 2)-term
complex X, with Xy = X and X,,,; = Z since s is a realisation of E. We choose an
idempotent morphism e,: X, — X, of complexes, such that ey, = e and e, ; = ¢€/; see
Corollary 4.13. Lastly, we set t((e, d,€’)) to be the equivalence class of the complex

X X X
e dy € eydy eq endy_ 1€,y

en+1d§en ,
(X, €,) ——— (Z,¢€)

(X,e) (X1,e1) n: Cn

in C. We say that an m-exangulated category is idempotent complete if its underlying
additive category is (see Definition 4.31).

Theorem 1.1 (Theorem 4.32, Theorem 4.39). The triplet (C,F,t) is an idempotent com-
plete n-exangulated category. Furthermore, the inclusion functor S,: C — C extends
to an n-exangulated functor (#;,1'): (C,E,s) — (C,F,t), which is 2-universal among n-
exangulated functors from (C,EE,s) to idempotent complete n-exangulated categories.

An n-exact category (C,X) (see [Jasl6, Def. 4.2]) induces an n-exangulated category
(C,E,s) if, for each pair of objects A,C € C, the collection E(C, A) = Ext3(C, A) of n-
extensions of C' by A forms a set; see [HLN21, Prop. 4.34]. As in [Kla23, Def. 4.6], we say
that an n-exangulated category (C, E,s) is n-ezact if its n-exangulated structure arises in
this way. Combining Theorem 1.1 with [Kla23, Cor. 4.12], we deduce the following.

Corollary 1.2 (Corollary 4.34). If (C,E,s) is an n-exangulated category that is n-ezact,
then the idempotent completion (C,F,t) is n-ezxact.

We explain in Remark 4.40 how Theorem 1.1 unifies the constructions in cases (i)—(iv)
above. Furthermore, we comment on some obstacles faced in proving the n-exangulated
case in Remark 4.41.

From Theorem 1.1 we deduce the following corollary, giving a way to produce Krull-
Schmidt n-exangulated categories.
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Corollary 1.3 (Corollary 4.33). If each object in (C,E,s) has a semi-perfect endomor-
phism ring, then the idempotent completion (C,F,t) is a Krull-Schmidt n-exangulated cat-

egory.

Finally, we note that analogues of Theorem 1.1 and Corollary 1.2 are shown for the
weak idempotent completion in Section 5. The importance of being weakly idempotent
complete for extriangulated categories was very recently demonstrated in [Kla23, Prop.
2.7]. It turns out that for an extriangulated category, the underlying category being weakly
idempotent complete is equivalent to the condition (WIC) defined in [NP19, Cond. 5.8].
Moreover, (WIC) is a key assumption in many results on extriangulated categories, e.g.
[NP19, §§5-7], [HLN22, §3], Zhao-Zhu-Zhuang [ZZ721]. We remark that the analogue of
(WIC) for n-exangulated categories is automatic if n > 2, but it is not equivalent to the
weak idempotent completeness of the underlying category; see [Kla23, Thm. B] for more
details.
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2  On the splitting of idempotents

In this section we recall some key definitions regarding idempotents and idempotent com-
pletions of categories. We focus on the idempotent completion of an additive category in
Subsection 2.1 and on the weak idempotent completion in Subsection 2.2. Throughout
this section, we let A denote an additive category. For a more in-depth treatment, we
refer the reader to [Biih10, Secs. 6-7].

2.1 Idempotent completion

Recall that by an idempotent (in A) we mean a morphism e: X — X satisfying e? = e for
some object X € A.
The following definition is from Borceux [Bor94].

Definition 2.1. [Bor94, Defs. 6.5.1, 6.5.3] An idempotent e: X — X in A is said to split
if there exist morphisms r: X — Y and s: Y — X, such that sr = e and rs = idy-.
The category A is idempotent complete, or has split idempotents, if every idempotent in
A splits.

If A has split idempotents and e: X — X is an idempotent in A, then the object X
admits a direct sum decomposition X = Ker(e) ® Ker(idy —e) (see e.g. Auslander [Aus74,
p. 188]). In particular, the idempotent e and its counterpart id y —e each admit a kernel.
Idempotent complete additive categories can be characterised by such a criterion and its
dual.

Proposition 2.2. [Bor9/, Prop. 6.5.4] An additive category is idempotent complete if
and only if every idempotent admits a kernel, if and only if every idempotent admits a
cokernel.

From this point of view, idempotent complete categories sit between additive categories
and pre-abelian categories, the latter being additive categories in which every morphism
admits a kernel and a cokernel; see for example Bucur-Deleanu [BD68, §5.4].

Every additive category can be viewed as a full subcategory of an idempotent complete
one. This goes back to Karoubi [Kar68, Sec. 1.2], so the idempotent completion of A is
also often referred to as the Karoubi envelope of A.

Definition 2.3. The idempotent completion A of A is the category defined as follows.
Objects of A are pairs (X, e), where X is an object of A and e € End 4(X) is idempotent.
For objects (X, e), (Y,¢') € obj.A, a morphism from (X, e) to (Y,¢') is a triplet (¢/,r, ),
where r € A(X,Y) satisfies

re=r=c¢er

in A. Composition of morphisms is defined by
(e/,7 87 e/) © (6/7 r? 6) = (6,/7 sr? e)?

whenever (¢/,7,¢e) € .,Z(~(X, e),(Y.€)) and (e”,s,¢€’) € A((Y,€),(Z,€")). The identity of
an object (X, e) € objA will be denoted idx ) and is the morphism (e, e, €).
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A morphism (¢/,7,e): (X,e) — (Y, €) in the idempotent completion A of A is usually
denoted more simply as r; see e.g. [BSO1, Def. 1.2] and [Biih10, Rem. 6.3]. However,
for precision in Sections 4-5, we use triplets for morphisms in A so that we can easily
distinguish morphisms in A from morphisms in its idempotent completion. Our choice of
notation also has the added benefit of keeping track of the (co)domain of a morphism in A.
This becomes important later when different morphisms in A have the same underlying
morphism; see Notation 4.37.

By a functor we always mean a covariant functor. The inclusion functor % ,: A — A
is defined as follows. An object X € objA is sent to #,4(X) := (X,idy) € ob] A and a
morphism r € A(X,Y) is mapped to #,(r) := (idy,7,idy) € ./T(JA(X), F4Y)).

Lemma 2.4. Ife € End 4(X) is a split idempotent, with a splitting e = sr where r: X —
Y and s: Y — X, then (X,e) = J,4(Y).

Proof. We have re = rsr = idyr = r and es = srs = sidy = s. Hence, there are
morphisms 7 := (idy,r,e): (X,e) = F4(Y) and § := (e, s,idy): I4(Y) = (X,e) in A
with §7 =id x .y and 7§ = id I (V) Hence, 7 and § are mutually inverse isomorphisms in

A. O

If A is an idempotent complete category, then the functor .#, is an equivalence of
categories; see e.g. [Bith10, Rem. 6.5]. But more generally we have the following.

Proposition 2.5. [Bih10, Rem. 6.3] The idempotent completion A is an idempotent
complete additive category with biproduct given by (X,e) ® (Y,e') = (X @Y, e®€’). The
inclusion functor % : A — A is fully faithful and additive.

Remark 2.6. Let (X, e) be an arbitrary object of A. Then (X,e) is a direct summand
of #,4(X) = (X,idx). Indeed, there is an isomorphism (X,idy) = (X,e) ® (X,idx —e).
The canonical inclusion of (X, e) into (X,idy) is given by the morphism (idy,e,e), and
the projection of (X,idy) onto (X, e) by (e, e,idy). Similarly for (X,idy —e).

The functor .#,: A — A is 2-universal in some sense; see Proposition 2.8. For this we
recall the notion of whiskering a natural transformation by a functor. We will use Hebrew
letters (e.g. A (beth), 3 (tsadi), 7T (daleth), 1 (mem)) for natural transformations. Suppose
B,C, D are categories and that we have a diagram

%
B— % c/ﬂz\"p,

where #,9, 7 are functors and 2: ¥ = J# is a natural transformation.

Definition 2.7. The whiskering of .# and 3 is the natural transformation A,: ¥.% =
A F defined by (Az)x =3z x): 9F(X) - HF(X) for each X € B.

The next proposition explains the 2-universal property satisfied by .#,: A — A.

Proposition 2.8. [Biih10, Prop. 6.10] For any additive functor % : A — B with B idem-
potent complete:
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IR

(i) there is an additive functor &: A — B and a natural isomorphism 3: .F —> EI y;
and, in addition,

(ii) for any functor 9 : A = B and any natural transformation 7: F = 9.7, there
exists a unique natural transformation 1: & = 4G with 7 = DJAB'

2.2 Weak idempotent completion

A weaker notion than being idempotent complete is that of being weakly idempotent
complete. This was introduced in the context of exact categories by Thomason—Trobaugh
[TT90, Axiom A.5.1]. It is, however, a property of the underlying additive category and
gives rise to the following definition.

Definition 2.9. [Biih10, Def. 7.2] An additive category is weakly idempotent complete if
every retraction has a kernel.

Definition 2.9 is actually self-dual. Indeed, in an additive category, every retraction
has a kernel if and only if every section has a cokernel; see e.g. [Bith10, Lem. 7.1].

If r: X — Y is a retraction in A, with corresponding section s: Y — X, and r admits
a kernel k, then the split idempotent e := sr € End 4(X) also has kernel k. Conversely, if
e: X — X is a split idempotent, with splitting given by e = sr where r: X — Y, then a
kernel of e is also a kernel of r. Therefore, weakly idempotent complete categories are those
additive categories in which split idempotents admit kernels, in contrast to idempotent
complete categories in which all idempotents admit kernels (see Proposition 2.2).

Definition 2.10. The weak idempotent completion A of A is the full subcategory of A
consisting of all objects (X, e) € A such that idy —e is a split idempotent in A.

Remark 2.11. We note that Definition 2.10 above differs slightly from the definition of the
weak idempotent completion of A suggested in [Bith10, Rem. 7.8]. If, as in [Bith10], we
ask that objects of A are pairs (X, e) where e: X — X splits, then A is equivalent to A.
Indeed, if sr = e and rs = idy-, where 7: X — Y and s: Y — X, then (X, e) = (Y,idy ) in
A by Lemma 2.4. That is, we have not added any objects that are not already isomorphic
to some object of .#4(A). On the other hand, if we take objects in A to be pairs (X, e)
where idy —e splits (as in Definition 2.10), then we have (X,idy) = (X,e) @ (Y, idy)
in A, where s'r' = idy —e and r’s’ = idy,, where /: X — Y’ and ¢': Y/ — X. In this
case, since (X,idy —e) = (Y,idy/) in A, we see that a “complementary” summand of
(X,idyx —e) in (X,idy) has been added. This discrepancy has been noticed previously;
see e.g. Henrard—van Roosmalen [HR19, Prop. A.11].

It follows that A is an additive subcategory of A and that it is weakly idempotent
complete; see e.g. [Bith10, Rem. 7.8] or [HR19, Sec. A.2]. From this observation, we
immediately have the next lemma.

Lemma 2.12. Suppose X,?,Z € Awith XY = Z. Then any two of X,)N/,Z being
isomorphic to objects in A implies that the third object is also isomorphic to an object in

A.
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Analogously to the construction in Subsection 2.1, there exists an inclusion functor
Ky A— A, given by H (X)) := (X,idx) on objects, which is 2-universal among additive
functors from A to weakly idempotent complete categories; see e.g. [Nee90, Rem. 1.12] or
[Biith10, Rem. 7.8].

Proposition 2.13. For any additive functor % : A — B with B weakly idempotent com-
plete:

ot

(i) there is an additive functor &: A — B and a natural isomorphism 3: .F —> EX y;
and, in addition,

(ii) for any additive functor 9 : A = B and any natural transformation V: F = GH
there exists a unique natural transformation 1: & = 9 with 7 = D%AB-

Let 92”2: A — A denote the inclusion functor of the subcategory A into A. The functor

I A— A factors through Hyas Iy = XX%/A. An additive functor .Z: A — B to a
weakly idempotent complete category B is determined up to unique natural isomorphism
by its behaviour on the image #,(A) of A in A; similarly, a natural transformation
2. .F = ¢ of additive functors A — B is also completely determined by its action on
JH 4 (A); see [Biih10, Rems. 6.7, 6.9].

Remark 2.14. In [Biih10, Rem. 7.9], it is remarked that there is a subtle set-theoretic
issue regarding the existence of the weak idempotent completion of an additive category.
Let NBG denote von Neumann-Bernays-Gdodel class theory (see Fraenkel-Bar-Hillel-Levy
[FBHL73, p. 128]), and let (AGC) denote the Axiom of Global Choice [FBHL73, p. 133].
The combination NBG + (AGC) is a conservative extension of ZFC [FBHL73, p. 131-132,
134]. If one chooses an appropriate class theory to work with, such as NBG + (AGC),
then the weak idempotent completion always exists as a category. This would follow from
the Axiom of Predicative Comprehension for Classes (see [FBHLT73, p. 123]); this is also
known as the Axiom of Separation (e.g. Smullyan—Fitting [SF96, p. 15]). Furthermore,
a priori it is not clear to the authors if Propositions 2.8 and 2.13 follow in an arbitrary
setting without (AGC). This is because in showing that, for example, an additive functor
Fi A B, where B is idempotent complete, is determined by its values on .#,(.A), one
must choose a kernel and an image of the idempotent .%# (e) for each idempotent e in A.
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3 n-Exangulated categories, functors and natural
transformations

Let n > 1 be an integer. In this section we recall the theory of n-exangulated categories
established in [HLN21], n-exangulated functors as defined in [BTS21], and n-exangulated
natural transformations as recently introduced in [BTHSS23]. We also use this opportunity
to set up some notation.

3.1 n-Exangulated categories

The definitions in this subsection and more details can be found in [HLN21, Sec. 2]. For
this subsection, suppose that C is an additive category and that E: C°P x C — Ab is a
biadditive functor.

Let A, C be objects in C. We denote by 40, the identity element of the abelian group
E(C, A). Suppose 6 € E(C, A) and that a: A — B and d: D — C are morphisms in C. We
put azd :=E(C,a)(d) € E(C, B) and d®6 := E(d, A)(§) € E(D, A). Since E is a bifunctor,
we have that d®agd = E(d, a) () = agd®™s.

An E-eztension is an element § € E(C, A) for some A,C € C. A morphism of E-
extensions from § € E(C, A) to p € E(D, B) is given by a pair (a, ¢) of morphisms a: A —
B and c¢: C — D in C such that agd = c®p.

Let A< AeB % B be a product and C S 0aD<2 D bea coproduct

in C, and let § € E(C, A) and p € E(D, B) be E-extensions. The direct sum of 6 and p is
the unique E-extension 6 @ p € E(C @ D, A ® B) such that the following equations hold.

E(ic,pa)(d®p) =6

E(ic,pp)(6 & p) = g0¢

E(ip,pa)(d®p) = 40p
( ) )

&=

ip,Pp)(0®p)=0p

From the Yoneda Lemma, each E-extension 6 € E(C, A) induces two natural trans-
formations. The first is y6: C(4, —) = E(C, —) given by pdz(a) := agd for all objects
B € C and all morphisms a: A — B. The second is *§: C(—, C) = E(—, A) and defined
by £6,(d) := d®§ for all objects D € C and all morphisms d: D — C.

Let Ch(C) be the category of complexes in C. Its full subcategory consisting of com-
plexes concentrated in degrees 0,1,...,n,n + 1 is denoted Ch(C)". If X, € Ch(C)", we
depict X, as

d¥ X ax_,

X, Ly ..y X

n

X
dn

XO Xn+17

omitting the trails of zeroes at each end.

Definition 3.1. Let X,,Y, € Ch(C)" be complexes, and suppose that 6 € E(X,, ,X()
and p € E(Y,,,,Y)) are E-extensions.

n

(i) The pair (X,,d) is known as an E-attached complez if (dif )gd = 0 and (dX )% = 0.
An E-attached complex (X,,d) is called an n-exangle (for (C,E)) if, further, the
sequences
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C(—dy) C(—df) C(—d7Y) K

and

e, —) Cldy_y,—) ey, —) g0
C(Xn—f—l’ _) — C(Xm _) T C(X07 _) = E(X +1> _)

n

of functors are exact.

(ii) A morphism f,: (X,,0) = (Y, p) of E-attached complezes is given by a morphism
f. € Ch(C)"(X,,Y,) such that (fy)gd = (fn41)%p. Such an f, is called a morphism
of n-exangles if (X,,0) and (Y,, p) are both n-exangles.

(iii) The direct sum of the E-attached complexes (or the n-exangles) (X,,0) and (Y,, p)
is the pair (X, ®Y,,0 @ p).

From the definition above, one can form the additive category of E-attached complexes,
and its additive full subcategory of n-exangles.

Given a pair of objects A, C € C, we define a subcategory Ch(c)?A,C) of Ch(C)" in the
following way. An object X, € Ch(C)’(’A’C) is an object of Ch(C)" that satisfies X; = A and
X, =C. For X,)Y, € Ch(C)T(lAC), a morphism f, € Ch(C)T(lAC)(X.,Y.) is a morphism
fo=(fo,---, fuy1) € Ch(C)"(X,,Y,) with fo =id, and f,,; = id;. Note that this implies
Ch(C)’(L A,c) Is not necessarily a full subcategory of Ch(C)", nor necessarily additive.

Let X,.,Y, € Ch(C)”(‘Avc) be complexes. Two morphisms in Ch(C)"(‘A,C) (X,,Y,) are
said to be homotopic if they are homotopic in the standard sense viewed as morphisms in
Ch(C)". This induces an equivalence relation ~ on Ch(C )’(’ A.0) (X,,Y,). We define K(C )’(7 A,C)
as the category with the same objects as Ch(C)?AC) and with

K(CY(I’A,C) (XO7 Yo) = Ch(CY(IA,C) (XO7 Yo)/N

A morphism f, € Ch(C)ELAC) (X,,Y,) is called a homotopy equivalence if its image
in the category K(C)’(1 AC) (X,,Y,) is an isomorphism. In this case, X, and Y, are said
to be homotopy equivalent. The isomorphism class of X, in K(C)'g A0) (equivalently, its
homotopy class in Ch(C)’(’ A,C)) is denoted [X,]. Since the (usual) homotopy class of X,
in Ch(C) may differ from its homotopy class in Ch(C)? A,c)» We reserve the notation [X,]

specifically for its isomorphism class in K(C)’(" A,C)"

Notation 3.2. For X € C and i € {0,...,n}, we denote by triv,(X)s the object in
Ch(C)" given by triv,(X); = X for j =i, + 1 and triv,(X); =0 for 0 < j <i—1 and
1+2<j7<n+1, as well as dtnvi(X)

Definition 3.3. Let s be an assignment that, for each pair of objects A, C' € C and each E-
extension 6 € E(C, A), associates to § an isomorphism class s5(0) = [X,] in K(C)’Z A,c)- The

correspondence s is called an exact realisation of E if it satisfies the following conditions.

(RO) For any morphism (a,c): § — p of E-extensions with 6 € E(C, A), p € E(D, B),
s(9) = [X,] and s(p) = [Y,], there exists f, € Ch(C)"(X,,Y,) such that fo = a and
Jne1 = ¢ In this setting, we say that X, realises 6 and f, is a lift of (a,c).
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(R1) If s(d) = [X,], then (X,,d) is an n-exangle.
(R2) For each object A € C, we have s(40,) = [trivy(A)e] and §(,0,) = [triv,,(A4)].

In case s is an exact realisation of E and §(0) = [X,], the following terminology is used.
The morphism dé( is said to be an s-inflation and the morphism d;X an s-deflation. The
pair (X,,d) is known as an s-distinguished n-exangle.

Suppose s is an exact realisation of E and s(6) = [X,]. We will often use the diagram

):* 0 ):v 1 n—1 n
0 1 T X ;<n+l 77777 ’

to express that (X,,d) is an s-distinguished n-exangle. If we also have that s(p) = [Y,]
and f,: (X,,0) — (Y,,p) is a morphism of n-exangles, then we call f, a morphism of
s-distinguished n-exangles and we depict this by the following commutative diagram.

dgf di dyy X )
X 0 X 1 e X n X n+l ~ 7777 ’
A
d?)/ d}/ dn -1 dz P
e R R  AE  AFE

We need one last definition before being able to define an n-exangulated category.

Definition 3.4. Suppose f,: X, — Y, is a morphism in Ch(C)", such that fy = id, for
some A = X, =Y. The mapping cone M](f. € Ch(C)" of f, is the complex

MC M€ MmC¢ M€ c
dy ! dy ! d, ! dnéf1 dilf
X — XH0Y, — X30Y), Xpp1®Y, — Y4,

M¢ M¢< M< —dx
with do0 = [=aX )T, do? = [fusy d¥ ], and d 7 = [ [ d“y} forie{l,...,n—1}.

We are in position to state the main definition of this subsection.

Definition 3.5. An n-exangulated category is a triplet (C,E,s), consisting of an additive
category C, a biadditive functor E: C°P? x C — Ab and an exact realisation s of E, such
that the following conditions are met.

(EA1) The collection of s-inflations is closed under composition. Dually, the collection
of s-deflations is closed under composition.

(EA2) Suppose § € E(D, A) and ¢ € C(C, D). If 5(c®6) = [Y,] and s(§) = [X,], then
there exists a morphism f,: Y, — X, lifting (id4,c), such that s((d} )gd) =
[Mf.] In this case, the morphism f, is called a good lift of (id 4, ¢).

(EA2)°P The dual of (EA2).

Notice that the definition of an n-exangulated category is self-dual. In particular, the
dual statements of several results in Sections 4-5 are used without proof.
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3.2 n-Exangulated functors and natural transformations

In order to show that the canonical functor from an n-exangulated category (C,E,s) to its
idempotent completion is 2-universal among structure-preserving functors from (C,E,s)
to idempotent complete n-exangulated categories, we will need the notion of a morphism
of n-exangulated categories and that of a morphism between such morphisms.

For this subsection, suppose (C,E,s), (C',E',s’) and (C",E" s") are n-exangulated
categories. If .#:C — (' is an additive functor, then it induces several other additive
functors, e.g. F°P: C°P — (C')°P, or Fcp: Ch(C) — Ch(C’) and obvious restrictions thereof.
These are all defined in the usual way. However, by abuse of notation, we simply write .%
for each of these.

Definition 3.6. [BTS21, Def. 2.32] Suppose that .%: C — C’ is an additive functor and
that T': E(—, —) = E/(%# —, % —) is a natural transformation of functors C°°? xC — Ab. The
pair (#,T): (C,E,s) — (C',E,¢') is called an n-ezangulated functor if, for all A,C € C
and each 6 € E(A, C), we have that 5’(F(C7A)(5)) = [#(X,)] whenever s(5) = [X,].

(D) (Z,®)

If we have a sequence (C,E,s) (C',E, &) (C",E",s") of n-exangulated
functors, then the composite of (.#,T') and (£, ®) is defined to be

(Z, @)oo (F,1):=(LoF, Pgyzo0l).

This is an n-exangulated functor (C,E,s) — (C”,E”,s"); see [BTHSS23, Lem. 3.19(ii)].
The next result implies that n-exangulated functors preserve finite direct sum decom-
positions of distinguished n-exangles. It will be used in the main result of Subsection 4.5.

Proposition 3.7. Let 7 : C — C' be an additive functor and T': E(—,—) = E/(F—, F—)
a natural transformation. Suppose 6 € E(C,A) and p € E(D, B) are E-extensions, and
(X, 0) and (Y,, p) are s-distinguished.

(i) If fo: (Xe,0) — (Y,,p) is a morphism of E-attached complexes, then the induced
morphism F (f): (F(X,), T(c,a)(9)) = (Z(Y,),T(p,B)(p)) is a morphism of E'-at-
tached complexes.

(ii) We have (F (X,©Y,), I (cap,aep)(0®p)) = (F(X,),L'(c,a)(9)&(F (Y,),L'p,5)(p))
as ' -attached complexes.
Proof. (i) Note that (Z(dg))e(T(x  x,)(®) = T(x,,,.x)(d)ed) = zx 0zx, .,
since T' is natural and (X,,d) is an E-attached complex. Similar computations show that
both (#(X,),['(c.4)(9)) and (F(Y,),T'(p p)(p)) are E'-attached complexes. As .7 (f,) is
a morphism #(X,) — % (Y,) of complexes, it suffices to prove
F()eTlx,,, x,)(0) = g(fn+1)E/F(Yn+1,YO)(p)'
This follows immediately from (fo)gd = (f,;1)%p and the naturality of T
(ii) This follows from applying (i) to the morphisms in the appropriate biproduct
diagram of E-attached complexes. O
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Lastly, we recall the notion of a morphism of n-exangulated functors. The extriangu-
lated version was defined in Nakaoka-Ogawa—Sakai [NOS22, Def. 2.11(3)].

Definition 3.8. [BTHSS23, Def. 4.1] Suppose (#,T),(¥4,A): (C,E,s) — (C',E',s') are
n-exangulated functors. A natural transformation d: .# = ¢ of functors is said to be
n-ezangulated if, for all A,C € C and each § € E(C, A), we have

Q=T (0.a8) = (3) Ao 9). (3.1)

We denote this by A: (#,I') = (¢,A). In addition, if A has an n-exangulated inverse,
then it is called an n-exangulated natural isomorphism. 1t is straightforward to check that
2 has an n-exangulated inverse if and only if 2y is an isomorphism for each X € C.
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4 The idempotent completion of an n-exangulated
category

Throughout this section we work with the following setup.

Setup 4.1. Let n > 1 be an integer. Let (C,E, s) be an n-exangulated category. We denote
by -Z, the inclusion of the category C into its idempotent completion C; see Section 2.

In this section, we will construct a biadditive functor F: C° x C — Ab (see Subsec-
tion 4.1) and an exact realisation t of F (see Subsection 4.2), and then show that (C,TF,t)
is an n-exangulated category (see Subsections 4.3-4.5). For n = 1, we recover the main
results of [Msa22]. First, we establish some notation to help our exposition.

Notation 4.2. We reserve notation with a tilde for objects and morphisms in C.

(i) If X € A is some object, then we will denote the identity morphism of X by idy.
Recall from Definition 2.3 that the identity of an object (X,e) € A is id(x,) =
(e,e,e).

(ii) Given a morphism (¢/,r,e) € C((X,e),(Y,¢')), we call r: X — Y the underlying
morphism of (e,r,e).

(iii) Suppose (X, e),(Y,¢/) € C and r € C(X,Y) with ¢'r = r = re. Then there is a
unique morphism 7 € C| ((X,e), (Y,e€')) with underlying morphism 7. This morphism
7 is the triplet (¢/,r,e). Moreover, we will use this notation specifically for this
correspondence. That is, we write §: (X,e) — (Y, €/) is a morphism in C if and only
if we implicitly mean that the underlying morphism of § is denoted s, i.e. we have
5=(¢,s,e).

Remark 4.3. By Notation 4.2(iii), two morphisms 7,5 € C((X, e), (Y,¢')) are equal if and
only if their underlying morphisms 7 and s, respectlvely, are equal in C. Thus, for all objects
X Y € C removing the tilde from morphisms in C(X Y) defines an 1 injective abelian group
homomorphism C(X,Y) — C(X,Y). In particular, a diagram in C commutes if and only
if its diagram of underlying morphisms commutes.

4.1 Defining the biadditive functor F

The following construction is the higher version of the one given in [Msa22, Sec. 3.1] for
extriangulated categories.

Definition 4.4. We define a functor F: C% x C — Ab as follows. For objects (X, e,) and
(Xp415€,41) in C, we put

(X1 €ns1)s (X0 €0)) = { (60,0, €11) | 6 € B(X, 1, Xo) and (eg)gd = 6 = (€,41)%0 }.
For morphisms a: (Xg,eq) = (Yy,ef) and ¢: (Z, 1, eniq) = (X1, €nq1) in C, we define

]F(é) &): F((XnJrlv enJrl)a (XO’ 60)) — F((Zn+1a 6/7/L+1)7 (}/E)a 66))
(eg,0,€p1) — (€0, E(c,a)(6), enyy).
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Remark 4.5. We make some comments on Definition 4.4.

(i) The assignment F on morphisms takes values where claimed due to the following.

For morphisms a: (X, ey) — (Y, €p) and é: (Z,44,€1 1) = (X, 41,€,41), and an

F-extension (eg,d,e,,1) € F((X,11,€,41), (X0, €)), we have

E(eh11,€0)E(c, a) () = E(cel 41, e0a)(6)
=E(c,a)(9).

Therefore, F(Ea &)(60, 57 en—i—l) = (6Z+17 ]E(Cv a)(é)’ 66) lies in F((Z +1» e%—l—l)v (Yl]v 66))

n

It is then straightforward to verify that F is indeed a functor.

(i) The set F((X,,,1,€,41),(Xg,€)) is an abelian group by defining

(607 57 €n+1) + (607 P, €n+1) = (eOa 6 + P, en—i—l)

for (e, d,e,41), (egs preni1) € F((X,11,€41), (Xg,€9)). The additive identity ele-
ment of F((X,,1,€,41): (Xg.€9)) is (XW@O)O(XHP%H) = (ep, XOOXn+1 s€n41)- Thein-
verse of (eg,d,e,,1) is (ey, —0, e, ). Notice that we get an abelian group monomor-
phism:

F((Xn+17 en+1)7 (X(]v 60)) — E(Xn+1a XO)
(€9: 9, €,41) — 0.

This homomorphism plays a role later in the proof of Theorem 4.39.
(iii) It follows from the definition of F that it is biadditive since E is.

(iV) Given (eOa 57 enJrl) S F((Xn+17 en+1)7 (X07 eO))a the paiI‘ (607 en+1) is a morphism of
E-extensions § — 4. Indeed, we have that (eq)gd = § = (e,,,1)%d from Definition 4.4.

Notation 4.6. As for objects and morphisms in C , we use tilde notation for F-extensions,
which gives us a way to pass back to E-extensions.

(i) We will denote an F-extension of the form (eg,d, e, 1) € F(X,11,€,41): (Xq,€0))

by 6. We call § € E(X,, 1, Xy) the underlying E-extension of 9.

(ii) For (X, 1,€,11),(Xg,€0) € C and § € E(X,,,;, Xy) with (eg)gd = & = (e,41)",
there exists a unique F-extension 0 € F((X,, 1, e,,1),(Xy,€y)) with underlying E-
extension §. This F-extension is 6 = (eg, 4, e,, +1)- Again, we use this instance of the
tilde notation for this correspondence: we write p € F((X,,,1,¢€,1), (Xg,€q)) if and
only if the underlying E-extension of p is p, i.e. p = (eg, p, €, 1)-

Remark 4.7. Analogously to our observations in Remark 4.3, we note that by Nota-
tion 4.6(ii) any two F-extensions 4,/ € F((X,q1:€ns1)s (Xgs€9)) are equal if and only if
their underlying E-extensions are equal. Hence, removing the tilde from F-extensions de-
fines an injective group homomorphism F((Y;¢€'), (X, e)) — E(Y, X) for (X, e), (Y,¢') € C.
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4.2 Defining the realisation t

To define an exact realisation t of the functor I defined in Section 4.1, given a morphism
of extensions consisting of two idempotents, we will need to lift this morphism by an
(n+2)-tuple of idempotents. That is, we require a higher version of the idempotent lifting
trick (see [Msa22, Lem. 3.5] and [BSO1, Lem. 1.13]). This turns out to be quite non-trivial
and requires an abstraction of the case when n = 1 in order to understand the mechanics
of why this trick is successful.

We start with two lemmas related to the polynomial ring Z[x]. Recall that Z[z] has
the universal property that for any (unital, associative) ring R and any element r € R
there is a unique (identity preserving) ring homomorphism ¢, : Z[x] — R with ¢,(x) = r.
For p = p(z) € Z[z|, we denote ¢,(p) by p(r) as is usual.

Lemma 4.8. For each m € N, the ideals (z™) = ()™ and ((x — 1)™) = (x — 1)™ of Z|x]
are coprime.

Proof. The ideals \/W = (z) and y/(x —1)™ = (z — 1) are coprime in Z[z]. Hence,
(2™) and ((x — 1)™) are also coprime, by Atiyah—-MacDonald [AM69, Prop. 1.16]. O

Lemma 4.9. For each m € Nx>q, there is a polynomial p,, € (x") < Z[x], such that for
every (unital, associative) ring R we have:

(i) pm(e) = e for each idempotent e € R; and
(ii) the element py,,(r) € R is an idempotent for each r € R satisfying (r> — r)™ = 0.

Proof. Fix an integer m > 1. By Lemma 4.8, we can write 1 = 2™p, + (z — 1)™¢,, for
some polynomials p/,, and ¢, in Z[z]. We set p,, := 2™p).

Let R be a ring. For any idempotent e € R, evaluating x = 2™ !p/ +x(x —1)™¢,, at
e and using e(e — 1) = 0 yields e = ™ F1p/ (e) = e™p!, () = pm(e), proving (i).

Now suppose 7 € R is an element with (r? — r)™ = 0. Evaluation of

Pm = (&"p),) - 1= (a™p),) - (2", + (x — 1)™q},) = pp, + (2% — 2)™ D)4,

at r shows py,(r)? = pm(r) since (r? — r)™ = 0, which finishes the proof. O

The following is an abstract formulation of [Msa22, Lem. 3.5] and [BSO1, Lem. 1.13].

df d¥
Lemma 4.10. Let X,: X, — X, — X, be a complez in an additive category A and

suppose dy is a weak cokernel of di¥. Suppose (e, f1,e5): X4 — X, is a morphism of
complezes with e, € End 4(X,) and ey € End 4(X,) both idempotent. Then there exists a

morphism f1: X; — Xy, such that the following hold.
(i) The triplet (eg, f1,€5): Xo = Xq @8 a morphism of complezes.
(ii) The element e; := f1f1 € End 4(X,) is idempotent and satisfies e; = f{ f1.
(iii) The triplet (eg, e, €y): Xy — X, is an idempotent morphism of complezes.
)

(iv) If (hq,hy): (eg, f1,€9) ~ 04 is a homotopy of morphisms X, — X,, then the pair
(eohy, fihs) yields a homotopy (ey, eq,€q) ~ 0O,.
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Proof. Choose a polynomial p, = 2p), € (z%) < Z[x] as obtained in Lemma 4.9. Define
q = xph and set f{ = q(f1): X; — X;. We show this morphism satisfies the claims
in the statement. For this, we will make use of the following. Let p = p(x) € Z[z] be
any polynomial. Since (e, f1,€9): X, — X, is a morphism of complexes, we have that
(p(eg),p(f1),p(ey)): Xo — X, is also a morphism of complexes, i.e. the diagram

dX dX

o —— Xy —— X,
p(e())l lp(f” lﬂea) (4.1)
Xl X2

dif df
commutes.

(i) Note that g(eg) = egph(ey) = edph(eq) = poley) = ey, where the last equality
follows from Lemma 4.9(i). Similarly, ¢(ey) = e5. Thus, using p = ¢ in the commutative
diagram (4.1) shows that (eq, f1,e5) = (q(ep), ( 1),q(e5)): Xy — X, is a morphism of
complexes.

(ii) Since f] = q(f1) is a polynomial in f;, we immediately have that e, := f1f] = f{ f1.
Furthermore, we see that e; = fi1q(f1) = po(f1). Thus, to show that e, is idempotent, it
is enough to show that (fZ — f1)?> = 0 by Lemma 4.9(ii). Let r(z) = 2% — 2. We see that
r(ey) and 7(ey) vanish as ey and e, are idempotents. Therefore, by choosing p = r in (4.1)
we have 7(f1)dg = 0 and so there is h: Xy — X, with hdy = r(f1), because di* is a weak
cokernel of df. This implies (fZ — f1)? = r(f1)? = hdi*r(f1) = hr(ey)dyt = 0 as r(ey) = 0,
and hence e; is idempotent.

(iii) Note that (eg, e, e2)* = (€g, €1, €2) = (Pa(en), Pa(f1):Pa(en)): Xy — X, is a mor-
phism of complexes using p = p, in (4.1).

(iv) Suppose (hy,hq): (e, f1,€5) ~ 0, is a homotopy. Then we see that

(60761762) (607f1762)(607f1762) by (11)
= (eg, f1, €)(hydi s hod + dg 1y, di By) as (hy, hy): (eq, f1,€5) ~ O,
= (eghy d , flhod? + f1dXh1a€2d1 hy)
= ((eoh1)dy s (fiha)dy + dg (eghy), di' (fihg)) by (i).
Hence, (eyhy, fihy): (eg,€1,€9) ~ 04 is a null homotopy as desired. O

Remark 4.11. Let py = —2x + 3 and ¢4 = 2z + 1. Then indeed 1 = 22p) + (x — 1)3¢}
Hence, p, = 2%ph = 322 — 223 is a possible choice for m = 2 in Lemma 4.9. Letting
h =22 —x and i = x, we see that p, = i + h — 2ih. Then the idempotent e; obtained in
Lemma 4.10 is the idempotent obtained through the idempotent lifting trick in [Msa22,
Lem. 3.5].

Lemma 4.12. Suppose (X,,0) is an s-distinguished n-exangle and ey € End,(X,) is an
idempotent with (ey)gd = 0. Then ey can be extended to a null homotopic, idempotent
morphism eq: (X,,0) — (X,,0) with e; =0 for 2 <i < n+1. Further, the null homotopy
of ee can be chosen to be of the shape hy = (h1,0,...,0): eq ~ 0,.
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Proof. We have (ey)gd = 0 = 056 so (e, 0): 6 — 4 is a morphism of E-extensions. The
solid morphisms of the diagram

d¥ dx dX ax_, X, aX 5
Xo X4 X9 X1 X, Xpg1 - ’
boooa b bbb
dX ~ dX dX dXx ax ax
0 1 2 n—2 n—1 n )
Xo Xy Xy Xn1 X, X1 - ”

clearly commute, so we need to find a morphism f;: X; — X; making the two leftmost
squares commute. Since (X,,0) is an s-distinguished n-exangle, there is an exact sequence

C(dX,X )
(o Xo) C(Xg, Xg) ——— E(X,,41, Xp)-

C(X17 XO)
The morphism e is in the kernel of 30 as pd(ey) = (ey)gd = 0. Therefore, there exists
ky: Xy — X, with ey = kydif. If we put f1 := di‘ky, then (ey, f1,0,...,0): (X,,8) —
(X,,0) is morphism of s-distinguished n-exangles and (k,0,...,0): e, ~ 0, is a homo-
topy. By Lemma 4.10, using that e; and 0 are idempotents, there is an idempotent
e; € End;(X;), such that (ey,e;,0,...,0): X, — X, is an idempotent morphism of com-
plexes and that h, := (egk;,0,...,0): e, ~ 0, is a homotopy. Finally, e, is a morphism of
s-distinguished n-exangles since (eq)é = 0 = 04. O

Corollary 4.13. Suppose 6 € F((X,11,€n11)s (Xg,€9)) and suppose that (X,,d) is an
s-distinguished n-ezangle. The morphism (eg,e,,1): 6 — & of E-extensions has a lift
€o: (Xo,0) = (X,,0) that is idempotent and satisfies e; = idx for all2 <i <n—1, such
that there is a homotopy hy = (hy,0,...,0,h, ;) idx, —e, ~ 0,-
Proof. Put ej :=idx —egand e, := idy | =€y Since 0 € F((Xpy1r€ns1)s (Xos€0)),s
we have (eg)gd = § = (e,41)%d and so (ef)g6 = 0 = (el 1)%d. Therefore, by Lemma 4.12
we can extend ef, to an idempotent morphism e,: (X,,0) — (X,,d) of s-distinguished
n-exangles with e, = 0 for ¢ € {2,...,n + 1}, having a homotopy (k,0,...,0): e, ~ 0,.
Similarly, by the dual of Lemma 4.12, we can extend e;, ; to an idempotent morphism
ey (X,,0) = (X,,0) with e/ = 0 for ¢ € {0,...,n — 1}, such that there is a homotopy
(0,...,0,k,11): eq ~ 0,. Consider the morphism f, :=idy, —eq —ey: (X,,0) — (X,,0).
We have idy, —f, = €, + ey and hence (k,,0,...,0,k,1): idyx, —f, ~ 0, is a homotopy.

If n =1, then e, + eq = (idx —€p, €] + €f,idx, —€y) and (ki ky): g + e ~ 0, is a
homotopy. Lemma 4.10 yields an idempotent e = (idx, —eg, e, idx, —€y): (X,,0) —
(X,,9) and a homotopy (hy,hy): €)' ~ 0,. Then e, :=idy, —ey’ and h, := (hy, hy) are
the desired idempotent morphism and homotopy, respectively.

If n > 2, then the compositions e,e’ and ele, are zero. This implies that f,
idy, —eq — €y is idempotent. Hence, e, := f, and (hy,0,...,0,h, 1) := (ky,0,...,0,k, 4
are the desired idempotent morphism and homotopy, respectively.

o<

The following simple lemma will be used several times.

Lemma 4.14. Suppose that (X, e), (Y,€') are objects in Candr: X — Y is a morphism
in C. Setting s := €'re yields a morphism § = (¢/,s,e): (X,e) — (Y,€') in C.
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The previous result allows us to view a complex in C that is equipped with an idem-
potent endomorphism as a complex in the idempotent completion C, as follows.

Definition 4.15. Suppose X, is a complex in C and e,: X, — X, is an idempotent
morphism of complexes. We denote by (X,,e,) the complex in C with object (X,,e;) in
degree i and differential cil(-X’e) = (€415 €415 €, 6,) 1 (Xy€,) = (Xip1,€ipn)-

17 1 17

In the notation of Definition 4.15, the underlying morphism of the differential ng’e)

satisfies

X7
dz( 9 = eipdie; =dite; = e qdfY, (4.2)

since e, is a morphism of complexes and consists of idempotents. Furthermore, whenever
we write (X,, €,) to denote a complex in C, we always mean that €qe: Xo — X, is an idem-
potent morphism in Ch(C) and that (X,,e,) is the induced object in Ch(C) as described
in Definition 4.15.

We make a further remark on the notation (X,,e,). Because of the need to tweak the
differentials in X, according to (4.2), one cannot recover the original complex X, € Ch(C)
with differentials dX from the pair (X,,e,) € Ch(C) defined in Definition 4.15. This is in
contrast to the description of an object in Casa pair (X, e) where one can recover X € C
uniquely. Thus, (X,,e,) is an abuse of notation but should hopefully cause no confusion.

Lemma 4.14 allows us to induce morphisms of complexes in C given a morphism be-
tween complexes in C if the complexes involved come with idempotent endomorphisms.

The proof is also straightforward.

Lemma 4.16. Suppose that (X,,e,), (Y,,€l) are objects in Ch(C) and that ry: X, — Y, is
a morphism in Ch(C). Then defining s; := €;r;e; for each i € Z gives rise to a morphism

Se: (Xos€q) = (Ye,€,) in Ch(C) with §; = (€}, s;,€;).

1) 1) T
Notation 4.17. In the setup of Lemma 4.16, the composite e,r,e, is a morphism of
complexes X, — Y,. In this case, we call s, := e,r,e, the underlying morphism of 3,.

We need two more lemmas before we can define a realisation of the functor F.

Lemma 4.18. Assume 6 € F((X,q1€n41)s (Xos€9)). Further, suppose that (X,,6) is an
s-distinguished n-exangle and e, : (X,,0) — (X,, ) is an idempotent lift of (ey,e,,.1): 6 —
5. Then ((X,,e,),0) is an n-exangle for (C,TF).

Proof. Let (Y,e') € C be arbitrary. We will show that the induced sequence

_ ( “éX,e))*

/ Y (@)
C((Y7 € )’ (Xov 60)) I C((Y7 € )’ (Xl’ 61))

(J&X,e))* 3 / s /
i C((Y>e )7 (Xn+17en+1)) I F((Y?e )7 (X07€0))7

where (dgx’e))* = C((Y,¢€), JZ(X’G)), is exact. The exactness of the dual sequence can be

verified similarly. Checking the above sequence is a complex is straightforward using that
(dX)ES = 0 and that d\°9 = d¥Xe; = e, dX.

To check exactness at C~((Y, e'),(X;,e;)) for some 1 < i < n, suppose we have a
morphism 7: (Y,e') — (X,,e;) with ciz(x’e)f = 0, that is, d¥e;r = 0. As e;r = r, we see

17 71
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that dXr = 0, whence there exists s: Y — X, ; such that d¥ ;s = r because (X,,d) is an
s-distinguished n-exangle. By Lemma 4.14, there is a morphism ¢: (Y, e') — (X,_;,€i—1)
with ¢ = e;_1s€¢/. Then we observe that dl(i(ie)t =d¥ e 16, 1s¢' = e;d ;se’ = e;re =1,
whence Jgie)f = 7.

Lastly, suppose @ € C((Y,¢), (X,415€541)) is @ morphism with F5(a) = (@)Fs = 0.
Then we have ¥6 (u) = u6 = 0. Hence, there is a morphism v: Y — X,, such that dXv = u
as (X,,0) is an s—disting;uished n-exangle. Then the morphism w: (Y, ¢') — (X,,,e,) with

. 3(Xe) ~ ~ .
w = e,ve’ satisfies 455w = U, as required. O

Lemma 4.19. Suppose 6 € F((X,1:n41)s (Xgs€9)) and that [Y,] = s(0) = [X,] in

(C,E,s). Suppose further that ey: (X,,8) = (X,,9) and e,: (Y,,0) = (Y,,d) are idempo-

tent lifts of (eq,e,.1): 0 — 0. Then (X,,e,) and (Y,,€,) are isomorphic in the category
A\n . _ !

K(C)((X0760)7(Xn+17en+1))’ L.€. [(X.,e.)] - [(}/0760)]'

Proof. We will use [HLN21, Prop. 2.21]. To this end, note that ((X,,e,), 6) and ((Y,, €,),0)

are both n-exangles in (C,F) by Lemma 4.18. Hence, we only have to show that

Ch(C),(L(X07eo)’(Xn+l7en+1))((Xneo))(Yue/a)) and Ch(é)r(l(xoyeo)()( )((K)elo))(Xneo))

n+1 7en+1)

are both non-empty. Since we have [Y,] = s(0) = [X,], there are morphisms f,: X, — Y,
and g,: Y, — X, in Ch(C)’(”XO X, (with gefe ~ idx, and f,g, ~ idy,). We then obtain

morphisms h,: (X,,e,) — (Y., €l) and ke: (Y, €l) — (X,,e,) in Ch(C)" with h, = €} f,e,
and ke = e,9,¢, by Lemma 4.16. Note that ey = eg, e, = €;~L+1af0 = go = idy, and
Jos1 = 9ns1 = ian+1' So, since id(Xwei) = e;, we have that h, and ke are morphisms in

Ch(C)!

(Xgre0)(Xpi 1060 11)) and we are done. -
Hence, the following is well-defined.

Definition 4.20. For ¢ € F((X,11,€n11)s (Xg,€0)), pick X, so that 5(5) = [X,] and, by
Corollary 4.13, an idempotent morphism e,: (X,,0) — (X,,0) lifting (eg,e,,1): 0 — 6.

We put t(0) := [(X,, €,)]-

Remark 4.21. For § € F((X,, 1, €,41), (X, €0)), the definition of t(d) = [(X,, e,)] depends
on neither the choice of X, with [X,] = s(d), nor on the choice of e, lifting (g, e, 1): § =
by Lemma 4.19. By Corollary 4.13, for each ¢ € F((X

n

an s-distinguished n-exangle (X,,d) and an idempotent morphism e, : (X,,d) — (X,,9),

such that t(6) = [(X,,e,)] and idx, —e, is null homotopic in Ch(C)".

+176n+1)a (Xo,eo)), we can find

Proposition 4.22. The assignment t is an exact realisation of F.

Proof. (RO) Suppose 0 € F((X,,41,€,11), (Xo,€)) and p € F((Y,,11,€41), (Yp, €p)), and
let (@,¢): 0 — p be a morphism of F-extensions. Suppose t(§) = [(X,,¢e,)] and t(p) =
[(Y,,€l)]. Since (a,c) is a morphism of E-extensions, there is a lift f,: X, — Y, of it
using that s is an exact realisation of E. As a: (Xg,eq) = (Yp,ep) and &: (X, 1,€,11) —
(Y, 41, €5,41) are morphisms in C, we have that eja = a = aey and €], ¢ = ¢ = ce, .

Hence, by Lemma 4.16, it follows that ge: (X,,€,) — (Ys, €l) with g, = €l foe, lifts (a, ¢).
(R1) This is Lemma 4.18.
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(R2) Let (X, e) € C be arbitrary. By Remark 4.5(ii), we have that the zero element of
F((0,0), (X, e)) has the zero element x0p of E(0, X) as its underlying E-extension. Since
s is an exact realisation of E, we know

idy

5(x00) = [X, ] =[ X

X 0 0].

The tuple (e,e,0,...,0): X, — X, is an idempotent morphism lifting (e, 0): x09 — x0,.
Thus, by Definition 4.20 and using id(X@) = e, we see that

id(X,e)

(X,e) (0,0) (0,0) ].

t((x.e)000) = [ (X,e)

id(X,e)

Dually, ((0,0)0(x.¢)) = [ (0,0) (0,0) —— (X,e) —= (X,e) ]. O

4.3 The axiom (EA1) for (C,F,t)

Now that we have a biadditive functor F: C°° x C — Ab and an exact realisation t of F, we
can begin to verify axioms (EA1), (EA2) and (EA2)°P. In this subsection, we will check
that the collection of t-inflations is closed under composition. One can dualise the results
here to see that t-deflations compose to t-deflations.

The following result only needs that s is an exact realisation of E: C°P x C — Ab. It is
an analogue of [Kla21, Lem. 2.1] for n-exangulated categories, allowing us to complete a
“partial” lift of a morphism of extensions.

Lemma 4.23 (Completion Lemma). Let (X,,0) and (Y,, p) be s-distinguished n-exangles.
Let I, be integers with 0 <1 <r—2 <n—1. Suppose there are morphisms fy,..., f, and
frsooos fny1, where fi: X, =Y, such that (fy, f,11): 6 — p is a morphism of E-extensions
and the solid part of the diagram

Xg— " — X — X, — X, > X — - — X 2y
Jfo lfl fl+1 fr71 frl fn+1l

v ' p
\E Y, Yy, —-— Y Y, Yo

(4.3)
commutes. Then there exist morphisms f; € C(X;,Y;) fori e {{+1,...,7 — 1} such that
(4.3) commutes.

Proof. We proceed by induction on [ > 0. Suppose | = 0. We induct downwards on
r < n+1. If r = n+1, then the result follows from axiom (RO0) for s since (fy, f,,41): 0 = p
is a morphism of E-extensions. Now assume that the results holds for [ = 0 and some
3 <r < n+1. Suppose we are given morphisms f, and f,._q, f.,..., f,.1 such that
finZ-X =d) f, fori € {r —1,...,n}. By the induction hypothesis, we obtain a morphism

XO Xl A XT—l Xr XTL+1 -7
lfo 91 9r—1 Jfr lfn+1 (44)
Yo Y o Y. 4 Y, Yo -
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of s-distinguished n-exangles. We will denote this morphism by g,. Next, note that we
have d¥_{(f,_1 —g,_1) = (f, — f.)dX { = 0. Since d*_, is a weak kernel of d*_;, there
exists h: X, — Y, 5 so that f,_; —g,_q = d¥_5h. Set f, :== g, for 1 <4 <r —3 and
fr_o = g,_o + hdX,. Notice that we have f, = g, for i ¢ {r — 1,7 — 2}. We claim that
(4.3) commutes. By construction, we only need to check commutativity of the two squares
involving f,_5. These indeed commute since

fr—zdi(—:a = (gy—o + hdi(—z)di(% = 9r—2d§—3 = dzf—sgr—zs = dzf—?,fr—:s

and

A _ofry =dr_5(gy_o+hd) ) =d} 29,5+ (froy — gr)d) g = fr1d) s,

using the commutativity of (4.4). This concludes the base case | = 0.
The inductive step for [ > 0 is carried out in a similar way to the inductive step above
on r, using that di)-(u is a weak cokernel of de . O

From the Completion Lemma 4.23 and some earlier results from this section we derive
the following, which is used in the main result of this subsection.

Lemma 4.24. Suppose (X,, ) is an s-distinguished n-ezangle. Assume ey: X, — X, and
e Xy — X, are idempotents, such that (ey)gd =0 and

dX
XO : Xl

[o o Lo
¥

X — X,

commutes. Then ey and e; can be extended to an idempotent morphism ey: (X,,0) —
(X,,0) with e; =idx for3<i<n+1 and = (ey,d,e,,1) € F(( X, 1,€n41), (X0, €0))-

Proof. First, suppose n = 1. Then the solid morphisms of the diagram

Xy —— X; —— X, - >

form a commutative diagram, and by [HLN21, Prop. 3.6(1)] there is a morphism f, such
that (eg, e, fo): (X, ) = (X,,0) is a morphism of s-distinguished 1-exangles. Recall the
polynomial py from Lemma 4.9. We will show that e, = (e, €;, €5), where ey := py(fy), is
the desired idempotent morphism of s-distinguished n-exangles.

Since (X,,0) is an s-distinguished 1-exangle, there is an exact sequence

C(X,,d%) Es
_—

C(Xy, X1) C(Xy, Xy) ——— E(Xy, Xp).

AsE§(f2—f,) = (f3—f2)F0 = (e —ep)pd = x,0x,, there exists a morphism hy: Xy — X,
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because e; is idempotent. Hence, e, = (eg,€1,65) = (€g,€1,02(f3)): Xo — X, is an
idempotent morphism of complexes by Lemma 4.9(ii). Furthermore, (e5)%§ = (py(f5))%0 =
(pa(eg))gd = (eg)gd = 0 using Lemma 4.9(i), so that (ey,ey): 6 — ¢ is a morphism of [E-
extensions. This computation also shows the existence of § € F((X,e5), (X, €)) with
underlying E-extension §.

Now suppose n > 2. We have (ey)gd = 0 = (ianH)Eé. Therefore, 0 = (e, J, ianH)
is an element of F((X,, +1,idxn+1), (Xy,€ep)) with underlying E-extension ¢. The solid
morphisms of the diagram

dX
Xo —— X, Xy X3 Xy — Xy ey
fo o v =] |
X, -9, x X X, X X d
0 1 2 3 : n T Apgl T *

form a commutative diagram, and (eg,id Xn+1): 0 — 0 is a morphism of E-extensions as
(eg)gd = 0. Since the rows are the s-distinguished n-exangle (X,,d), by Lemma 4.23 we
can find a morphism e, € End;(X5), so that the diagram above is a morphism (X,, ) —
(X,,0). Furthermore, as e; € Endy(X;) and idy, € End,(X3) are idempotent, we may
assume that e, is an idempotent by Lemma 4.10. O

Given a t-inflation f that fits into a t-distinguished n-exangle <l~/,,5), we cannot a
priori say too much about how }7. might look. This is one of the main issues in trying to
prove (EA1) for (C,F,t). The next lemma gives us a way to deal with this and is the last
preparatory result we need before the main result of this subsection.

Lemma 4.25. Let f: (Xy,ey) — (X, e,) be a t-inflation. Then there is an s-distinguished
n-exangle (X,,0) with Xj = X, and X{ = X, ® C for some C € C, such that (ey)gd = &
and df’ = [ F'ldx, ~)]": Xy — X, @ C for some f': X, — C.

Proof. Since f: (Xg,ey) — (X;,e;) is an t-inflation, there is a t-distinguished n-exangle
(Y,, ") with Yy = (Xy, ), Y; = (X,,e,) and d} = f. By definition of t, this means there is
an s-distinguished n-exangle (Y[, §’) with an idempotent morphism e, : (Y], ") — (Y], '),
such that (g, ep) = Yy and (Y, 1, ¢l1) = Y,,,1, and there are mutually inverse homotopy
equivalences 7 : Y, — (Y!,€l) and 3,: (Y/,€.) — Y, which satisfy 7y = iaf/o = 3o and
Fny1 = idy = §,4. Note that we, thus, have Yy = X, and e, = e,. In particular, we
have a commutative diagram

f = ~ - 5
(Xo, 60) E— (Xl’ 61) Y2 PPN Yn Yn+1 777777777 3
| i I 17 17 I :
t !
(Xore9) —— (Yi,e}) — (Yg,e5) — -+ —— (Yp,e) — (Yoqrs€niq) - >
| s 15 5 I
f = ~ - 5
(Xo, 60) E— <X17 61) Y2 e Y'n, Yn+1 777777777 3

in (C,F,t), where t = ed} ey = dY ey = €jdy .
Consider the complex Y," := triv,(X;), and the E-extension 0" := 0y - Note
n+

that if n = 1, then Y/, = X;; otherwise we have Y,/ ; = 0. In either case, we have
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an s-distinguished n-exangle (Y., d”) using the axiom (R2) for s, and hence also an s-
distinguished n-exangle (Y @ Y/, 8" @ ¢') by [HLN21, Prop. 3.3]. Using the canonical
isomorphism u: 0 ® Xy — X we see that the complex

id, 0

0 Uy , 00
[dé’} 0 dy [0 dzy}
-1 -5

00 00

, oar]  loar]
Zo: Xy 0 x evy

realises ¢ := up(6” ®¢’) in (C,E,s) by [HLN21, Cor. 2.26(2)]. Consider the diagram

X,8Y] 08Yy 0®Y,

Xo X, @Y/
H / a
a4y’ )
| [l i’
dy (idxo —ep) ,
Xo X0V
idy 81 id 0
in C, where a := { 0l id ] and b := { o id } This diagram commutes since
i bt

ey = ] = [ ] =[] = (2] = [ 4
0 idy, | Ldg ay ay dg dg

idX1 0 f - f - f - ) f
1 idy, d' | T ay e | Ty ] T Ay =) |

Notice that the composition ba is an automorphism of X; @ Y7, and so the complex

and

T

ay'(d, —
) |:f 0 (i X, 60)i| / dIZ(ba)’l d2Z dg p
X.: XO Xl @}/1 Z2 Z3 A

forms part of an s-distinguished n-exangle (X, d) by [HLN21, Cor. 2.26(2)]. We have

(e0)rd = (eg)gur (0" ® 6') = ug(0gd" @ (e)gd’) = ug(0" ®d') =0

as equ = u(0 @ ¢p), 6" = OOY"+1 and &' € F(Y,,, 1, (X, ¢0)). Setting f/:=d} and C := Y/
finishes the proof. l O

We close this subsection with the iollowing result, which together with its dual demon-
strates that axiom (EA1) holds for (C,F,t).

Proposition 4.26. Suppose f: (Xy,e0) — (Xy,e;) and §: (Yy,eh) — (Yy,€}) are t-
inflations with (Xy,e,) = (Yy,eh). Then gf: (X, eq) = (Yq,€)) is a t-inflation.

Proof. By Lemma 4.25, there exists an s-distinguished n-exangle (X, d) with X} = X,
and X} = X, @C for some C € C, so that df = [f ['idx <)) ] for some f': X, — C and
(eg)gd = 9. Similarly, there is also an s-distinguished n-exangle (Y/, ") with Yj = Y, = X,
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and Y{ = Y; & C' for some C’ € C, so that d}’ = [9 ¢'(dx ~<0)]" for some ¢': X, — C’
and (e()gd’ = 0’. Setting Y := trivy(C)., we also have the n-exangle (Y,’, ~0,) by axiom
(R2) for s. Then (Y] ® Y., 8 ® ~0,) is s-distinguished by [HLN21, Prop. 3.3]. We have
YioV/y=X,oCandY/aY/ =Y, & C"®C, and

g 0
dé”@Y” — |‘g’(idX1 —ep) 0 ]
0 id

is the s-inflation of (Y, @ Y[, ¢’ & 0,) with respect to the given decompositions. Since
di" and d} "OY" are s-inflations, by (EA1) for (C,E,s), we have that the morphism

gf
g’(idx1 —ep)f | _ _ gof
Fidy —ep) fidyx —e)
is an s-inflation, where we used that eff = e, f = f. Therefore, there is an s-distinguished
n-exangle (Z/,8") with Z{ = Xo, Z/ =Y, & C' & C and dZ" = [9f 0 f'dx —e)]T

Our next aim is to apply Lemma 4.24 to (Z,,4"”). Thus, we claim that (e)gd” = ¢”.
Since d%ﬂ@yﬁdé( ' = dg”, we can apply [HLN21, Prop. 3.6(1)] to obtain a morphism

/ " / 3 g 0 f
d?; ®Y d())( — g’(ldx1 —ep) 0 |:f’(idX —eo)} =
0 idgo 0

Z//

d 1
X, ———Yv,aCaC ZY z! ZU g e I
le |
d(})/’@y” ~ ~ ~ 5/@000
X0C — YV, 0C0C — Y00 — -+ — Y, 00 — Y ;DO --------- >

of s-distinguished n-exangles. In particular, we have that

(dg )ed" = (Ly+1)*(8" & (0p). (4.5)
As ey =€y, e1f = f = fey and e, is idempotent, we see that
X' _ [feg] — [erf] = [es 0] ., . T _ler 0] 4x
dy €9 = { 00] - { 0 } - [010} [f(ldxo—%)] - {(?O]Clo ‘ (4.6)

This implies that

(dé(l)E(idXo —eo)ud” = (dy —dg eg)gd”

= (@' - [egg}dgf’)Ea” by (4.6)
= (idxl@c - [e[;o 8})]]5 (g )gd”

= [ | )@ @ 00) by (4.5)
= (lns1)® ((idxl —€p)ed’ @ (ido)e COO)

/ ! !
= Xleacoz;;+1 as (eg)gd’ = 0.

Since (X, ) is an s-distinguished n-exangle, by [HLN21, Lem. 3.5] there is an exact
sequence

i ! ]E(s E 1 X (dé(/)]]i
C(Zn+17 n+1)—> (n+17 0)

E(Zpi1, X, ©0).
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. . / . .
As seen above, (idy_ —ey)gd” vanishes under (dj )i, so there is a morphism r,, ,,: Z//, | —

/ . E _ E _ . 1 . . _ .
X with ®0(r, 1) = (r,41)"0 = (1dX0 —eg)gd”. Since (1dX0 —ep)pd = XoOXIlH’ this

implies
xoong = (Tn+1)E(idX0 —€g)gd = (idxo —e)g(1ns1)"0 = ((idxo —‘30)2)[E " = (idXO —eg)gd”,

showing that (ej)gd” = ¢".

Now consider the idempotent €} ® 0@ 0 € End,(Y; ® C' & C). A quick computation
yields the equality (¢} ® 0 ® 0)df" = d§"e,. Therefore, by Lemma 4.24, there is an
idempotent morphism e : (Z., ") — (Z.,8") with e = ey, €] =€} ® 0D 0 as well as an
F-extension p € F((Xy,eq), (Z), e, 1)) with underlying E-extension p = §”. We obtain a
t-distinguished n—exangle ((Z),el),p). Then the t-inflation of this n-exangle is given by
the morphism d(Z <, $(Xo,e0) > (Y10 C" @ C,el @0 0) satisfying

(Z// e//)

dy ) =eldf"ef = ey ® 0@ 0)d ey = [hafe, 0 0] =[gf 0 0] .

As3: (V@ C' ®C e, ®0@®0) — (Yy,¢)) with s = [¢, 00] is an isomorphism in C, the
complex

~/, d,();('// ) ,_;)‘(’/, ., , ~gZ//q€,,) C_l_’ELZ//’e//) " "

X (Xo,€0) —— (Y,€1) —— (23, €3) (Zps1>€ny1)
with t-inflation cz())?// = NJ(ZN’BH) = §f and J{?” = J&Z”’e”)§_1 forms part of the t-
distinguished n-exangle <X",ﬁ> by [HLN21, Cor. 2.26(2)]. O

4.4 The axiom (EA2) for (C,F,t)

The goal of this subsection is to show that axiom (EA2) holds for the triplet (C,F,t).
Again, by dualising one can deduce that axiom (EA2)°P also holds. We need two key
technical lemmas first.

Lemma 4.27. Suppose that:

(i) 6 € F((X na1s €ni1)s (Xos€g)) is an F-extension;

)
(i) e: (Y1 eni1) = (X1, €nq1) s @ morphism in C for some (Y,i1,€41) €C;
(iii) (X,,0) and (Y,,c%5) are s-distinguished n-exangles with Yy = X;

) e

o (X, 0) = (X,,0) is an idempotent morphism lifting (e, e, 1): 6 = J, such that
1dX. —e, s null homotopic; and

(iv

(v) €y (Y,,cB0) — (Y,,c%0) is an idempotent morphism lifting (ey, el 1): &6 — &4,
such that idy, —e, is null homotopic.
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Then a good lift g, : (Y,,c*8) — (X,,68) of the morphism (idXO, c): 6 — & of E-extensions
exists, so that

dy dy dy_, dy
Yy Y| Y, Yo
V ‘ T/ 91 Cy 9n E%V
C
Y Y Y Y
Y, Ly, Gt Ly Wy
0 || 1 n n+1
91
a5 s d ax, M= S
- n
XO Xl Xn Xn+1
/60 /61 /fn /nJrl
X X X X
0 d()X 1 d{( dX71 n d% n+1

(4.7)
is commutative in C. In particular, we have g,el = €49, as morphisms (Y,,c%8) — (X,, ).

Remark 4.28. Notice that (eq)gd = ¢ and cej,,; = ¢ imply
(e)p(c®8) = ¢*0 = (e;H*l)]E(cEé)' (4.8)

Therefore, (e, el,41): &3 — &4 is indeed a morphism of E-extensions and condition (v)
makes sense. Condition (iv) makes sense due to Remark 4.5(iv).

Proof of Lemma 4.27. Since (idXO, c): ®§ — § is a morphism of E-extensions, it admits a
good lift g, = (g0, .-, 9n11) = (idXO,gﬁ, o ghie) Y, B8) — (X,,0) using axiom (EA2)
for the n-exangulated category (C,E,s). Define g, := e, gie; + (idy —e;)gi(idy —€}) for
0 << n+1. Note that ey = ej and e, ;¢ = ¢ = ce},,; by assumption. For ¢ = 0, we
have gy = eqidy, ey + (idX0 —eg) idx, (idX0 —epy) = idyx . On the other hand, for i =n +1
we have g,+1 = en+1ce%+1+(idxn+l —enJrl)c(ianJrl —e5,41) = ¢. Therefore, the morphism
Go = 6.916/. + (1dX. 7eo)g£(1dY. 76/.): Y; - Xo is of the form (ldXO’gla sy Gns C)'

The squares on the top and bottom faces in (4.7) commute as e,: Y, — Y, and
€qe: Xo = X,, respectively, are morphisms of complexes. The squares on the front and back
faces in (4.7) commute because g, is the sum of morphisms of complexes from Y, to X,.
This also implies g, = (idXO, G1s- - Gp, C) is alift of (idXO, ¢). Of the remaining squares, the
leftmost clearly commutes and the rightmost commutes as c: (Y, 1,€},.1) = (X, 11, €n41)
is & morphism in C. For 1 < i < n, we have

/ BN EN) : /(s !/ !/
gi€i = eigieie; + (idx, —e;)g;(idy. —e;)e;

= €igie; as (¢})* = ¢}
= e;eigi€; +e;(idy —e;)g;(idy —ef) as (e;)” = ¢;
= €;9;-

Therefore, diagram (4.7) commutes and, further, the last assertion follows.

It remains to show that g, is a good lift of (idXo, c¢): ®§ — 5. Recall that idy, —e,
and idy, —e, are both null homotopic by assumption, and so g, — g, = (idy, —€,)ge€q +
€eJe(idy, —€y) is also null homotopic. Then it follows from [HLN21, Rem. 2.33(1)] that g,
is a good lift of (idy ,c) since g is. O
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The next result allows us to define a good lift in C from the one we created in
Lemma 4.27.

Lemma 4.29. In the setup of Lemma 4.27, the morphism h,: (Y,,€.) — (X,

underlying morphism hy = €,g,¢.

,€q) Wil
e, is a good lift of the morphism (id(XmeO), ¢): ¢ 5—> B
F-extensions.

f

Proof. From (4.8), we see that & e F((Y, 1> €ni1)s (Xg,€p)) is indeed an F-extension
and (id(Xo»eo)’ ¢): &8 — & a morphism of F-extensions. Using hy = eggoeh = €g = id(XweO)
and h, ., = e, cel, 1 = c, as well as the commutativity of (4.7), we see that h, is a
morphism ((Y,,€)),70) — ((X,,e,),0) of t-distinguished n-exangles, lifting (1d(X e) € )
Recall from Deﬁnition 3.4 that M C. denotes the mapping cone of g,: Y, — X,

C, and that (M, (dy) §) is s-distinguished as g,: (Y,, ") — (X,,d) is a good lift of
(1dX ,c): cBo — 5 Using the commutativity of (4.7), that ey: X, — X, and e,: Y, — Y,
are morphlsms of complexes, and that e, ;¢ = ¢ = ce], |, one can verify that the diagram

M§ MS M§ dMgC Mg v
0 1 d, n—1 dy, (dg )gd
Y — HoX, — 30X, Y, 1 ®X, —— X, ------ >
, e, 0 et 0 eny1 O 4.9
“ [ 0 61} { 0 ey nO en Ent1 ( )
" T neX 7) Y30 X, me M§ Yar1 © Xn 7) Knta 7(;1?)7?
d. 9 d. 9 d2 9 dn—gl dy, 9 0 /E

0 1

(e g(d)gd = (dY )z (eo)gd as (4.7) is commutative
= (dg )gd as & € F((Xp 41, €ps1)s (X0, €0))
= (d3 g (ens1)"0 as 6 € F((X,p15 €n41) (Xos €0))
= (en+1)E(d%/)]E5
This calculation also shows that = (e}, (4} )g6, 6n+1) e F((X,41,€541), (Y1,€1)). Thus,
by definition of t, we have that t(p) = [(Mgc., el i ((MC ey), p) is t-distinguished.

It is straightforward to verify that the object (M C. ey) is equal to the mapping cone
Mg. of h, in Ch(C)", so <M£.,ﬁ> is t-distinguished. Lastly, we note that (J(()Y’el))m(g) =5
because

(dy ) = (d3 eo)ud = () )i (eo)ud = () )zd = p.
Hence, <MC (d(Ye ))FS) is a t-distinguished n-exangle. O

We are in position to prove axiom (EA2) for (C,F,t). Axiom (EA2)°P can be shown
dually.

Proposition 4.30 (Axiom (EA2) for (C,F,4)). Let & € F( n+17XO) be an F-extension
and suppose C: Y+1 - X na1 95 @ morphism in C. Suppose (X.,(S) and <Y,,C]F5> are
t-distinguished n-exangles. Then (1dX ,€) has a good lift h Y — X
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Proof. Notice that the underlying E-extension of & is ¢®5. By definition of t and Re-
mark 4.21, there are s-distinguished n-exangles (X2, d) and (Y/, ¢®§) and idempotent mor-
phisms e,: (X1, 8) — (X.,8) and €): (Y], %) — (Y!,E5), such that ¢(0) = [(X], e,)]
and t(&F6) = [(Y/,€,)], and so that idy, —e, and idy; —eq are null homotopic in Ch(C)".
We note that since [Y,] = ¢(é0) = [(Y/,el)] and [X,] = t(8) = [(X.,e,)], we have that
(Y], eh) =Yy = X, = (X}, ¢,) and, in particular, that e, = e). Moreover, it follows that
all the hypotheses of Lemma 4.27 are satisfied.

Therefore, by Lemma 4.29, the morphism (ia)?o,é): &6 — 0 of F-extensions has a
good lift Rl: (Y!,el) — (X.,e,). Since [(X], e Jl = [X,] and [(Y/,€,)] = [Y,], there is
homotopy equivalence a,: (X2, e,) = X, in Ch(C)"~
b,: Y, = (Y, €l)in Ch(CN)"17 = - By [HLN21, Cor.

( 0 n+1)

is then also a good lift of (1?1550, é). O

and a homotopy equlvalence

5 ?)31’] 1uile composite aghlb,: Y, — X,

4.5 Main results

In this subsection we present our main results regarding the idempotent completion and
an n-exangulated structure we can impose on it.

Definition 4.31. We call an n-exangulated category (C,E,s) (resp. weakly) idempotent
complete if the underlying additive category C is (resp. weakly) idempotent complete.

In [BHST22, Prop. 2.2] a characterisation of weakly idempotent complete extriangu-
lated categories is given. Next we note that the first part of Theorem 1.1 from Section 1
summarises our work from Subsections 4.1-4.4.

Theorem 4.32. Let (C,E,s) be an n-exangulated category. Then the triplet (C~, F,t) is an
idempotent complete n-exangulated category.

Proof. This follows from Propositions 2.5, 4.22, 4.26 and 4.30, and the duals of the latter
two. O

And Corollary 1.3 from Section 1 is a nice consequence of this.

Corollary 4.33. Let (C,E,s) be an n-exangulated category, such that each object in C has
a semi-perfect endomorphism ring. Then the idempotent completion (C,F,t) is a Krull-
Schmidt n-exangulated category.

Proof. By Theorem 4.32, the idempotent completion (CN,F, t) is an idempotent complete
n-exangulated category. By [CYZ08, Thm. A.1] (or [Kral5, Cor. 4.4]), it is enough to show
that endomorphism rings of objects in C are semi-perfect rings. Let (X, e) be an object
in C. We have that Endé((X ,idx)) = End(X) is semi-perfect since .7, is fully faithful
(see Proposition 2.5). By Remark 2.6, we have that (X,idy) = (X,e) @ (X,idx —e). In
particular, we see that Endg((X ,e)) is an idempotent subring of the semi-perfect ring
Endg((X, idy)). Hence, by Anderson-Fuller [AF92, Cor. 27.7], we have that the endo-

morphism ring of each object in Cis semi-perfect. O

We recall that, by [Kla23, Cor. 4.12], an n-exangulated category is n-exact if and only
if its inflations are monomorphisms and its deflations are epimorphisms.
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Corollary 4.34. Suppose (C,E,s) is n-exzact. Then (5,1?,{) s n-exvact.

Proof. We use [Kla23, Cor. 4.12] and only show that t-inflations are monomorphisms;
showing t-deflations are epimorphisms is dual. Let f: (Xy,eo) — (X1, €;) be a t-inflation
and suppose there is a morphism g: (Yp, e(,) — (Xo, ep) in C with fg=0. By Lemma 4.25,
there is an s-inflation df = [f f'(idx, —)]": X, — X, @ C, which is monic as (C,E, s)
is n-exact. We have fg = 0 as f§ = 0, and we also have f’(idXO —ey)g9 = 0 because the
underlying morphism g of g satisfies g = e;g. Thus, we see that dé(l g = 0 and this implies
g=0asdf " is monic. Hence, § = 0 and we are done. O

The main aim of this subsection is to establish the relevant 2-universal property of
the inclusion functor .%,: C — C. We will show that 4, forms part of an n-exangulated
functor (#,I"): (C,E,s) — (5 ,IF,t), and that this is 2-universal in an appropriate sense.
The next lemma is straightforward to check.

Lemma 4.35. The family of abelian group homomorphisms

Lx X" E(Xpi1: Xo) — F(Ie(Xph1), He(Xp))

n+1’

6 — (idX075’ian+1)7

for Xy, X, .1 €C, defines a natural isomorphism I': E(—, —) S F(Io—, I—).
Proposition 4.36. The pair (9,,I') is an n-exangulated functor from (C,E,s) to (C~, F,t).

Proof. We show if (X,,d) is an s-distinguished n-exangle, then (.%,(X,), Ly » XO)(5)> is
t-distinguished, where F(Xn+17Xo)<5) = (idy, 9, ianH) € F(Ao(X,41), Zo(Xy)). We have
the idempotent morphism idy, : (X,,d) — (X,,d) that is a lift of (idy ,idx +1): § =9,
so from Definition 4.20 we see that t(I' y " Xo)(é)) = [(X,,idy,)] = [ (X,)]- O

We lay out some notation that will be used in the remainder of this section and also
in Section 5.

Notation 4.37. Let (X, e) be an object in the idempotent completion C of C. Then (X,e)
is a direct summand of .#,(X) = (X,idy) by Remark 2.6. By i := (idy,e,€): (X,e) —
(X,idy) and pe := (e,e,idy): (X,idy) — (X, e), we denote the canonical inclusion and
projection morphisms, respectively.

Recall that, for an additive category C’ and a biadditive functor E’: (C")°P x C’ — Ab,
the E’-attached complexes and morphisms between them were defined in Definition 3.1,
and together they form an additive category.

Lemma 4.38. Let 6 € F((X,,,1,e,.1), (Xo,€)) be an F-extension. Suppose s(5) = [X,]
and ey: (X,,8) = (X,,0) is an idempotent morphism. With e, :=idx  —e,, we have that
<jC(Xo)7 1_‘(X X )(6» = <(Xo7 60)75> ©® <(Xu 6/0)7 (Xo,eé))a(X

n+1°*0

) (4.10)

/
nt1°€nt1)

as t-distinguished n-exangles.
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Proof. Let p:= F(Xn-l»l’XO)((s). Note that ((X,,e,),d) and ((X,, €l), (Xo=€6)O(Xn+176'n+1)> are
F-attached complexes, and (#,(X,), p) is an t-distinguished n-exangle since (.#,I") is an
n-exangulated functor.

Consider the morphisms i, : (X,,e,) = Z2(X,) and pe, : Z(X,) = (X,,e,) of com-
plexes induced by e,, as well as the corresponding ones %e/. and p,; for e,. We claim that
there is a biproduct diagram

<(X.,6.),(§> <~—. <'ﬂC(Xo)7ﬁ> % <(X.,6/.), (Xo ea)N(X e )>7 (4'11)
Pe, Do ) n+1°%n+1

in the category of F-attached complexes. To see that Ee. is a morphism of F-attached

complexes, we just need to check that (EGO)FS =@ F5. By Remark 4.7, it is enough to

en+1)
see that (eg)pd = (e,,1)"0 holds, and this is indeed true because § = (eg)gd = (e,,41)E0.
Similarly, we see that p., is a morphism of F-attached complexes. To see that Ee/. and

Pe;, are morphisms of F-attached complexes, one uses that (id X, —eg)gd = x,0x W=

(id x » —e,,,1)¥8. Furthermore, we have the identities ia(X”e.) = Pe.le, ia(X.’e/.) = Pt By

and id (X)) = ie,Pe, + Ee/. Pe,, 50 (4.11) is a biproduct diagram in the additive category
of F-attached complexes. Therefore, we have that (4.10) is an isomorphism as F-attached

complexes.
Lastly, since (#;(X,),p) is t-distinguished, it follows from [HLN21, Prop. 3.3] that
(4.10) is an isomorphism of t-distinguished n-exangles. O

Thus, we can now present and prove the main result of this section, which shows that
the n-exangulated inclusion functor (#,,T"): (C,E,s) — (C,F,t) is 2-universal amongst
n-exangulated functors from (C,E,s) to idempotent complete n-exangulated categories.

Theorem 4.39. Suppose (Z,A): (C,E,s) — (C',E',s) is an n-exangulated functor to
an idempotent complete n-exangulated category (C',E' s"). Then the following statements

hold.

(i) There is an n-ezangulated functor (&, 9): (C,F,t) — (C',E,s') and an n-ezangulated
natural isomorphism 3: (F, ) = (&,%) o (S,I).

(ii) In addition, for any n-ezxangulated functor (4,0): (C,F,t) — (C',E',s') and any n-
exangulated natural transformation T: (F,A) = (4,0) o (S, 1), there is a unique
n-exangulated natural transformation 13: (&,V) = (4,0) with T = ?D]CB.

Proof. (i) By Proposition 2.8(i), there exists an additive functor &: C — €’ and a natural
isomorphism 3: .% = &.7,. It remains to show that & forms part of an n-exangulated
functor (&, ¥) and that ¥ is n-exangulated.

First, we define a natural transformation ¥: F(—, —) = E'(§—,&—) as the composi-

tion of several abelian group homomorphisms. For X, X, ., € C, we set

n

Tix ) =EEY30) E(F(X,0). F(X) = (65X 11), E5e(Xy)).

n+1’
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For X, = (X,,¢,) and )~(n+1 = (X,4115€p41) in C, we define an abelian group homomor-

phism
I()?nﬂjo): F(X, 11, Xo) — E(X,11, Xp)
S = (80,6, €n+1) — 5’
and put
P 5= E(EGe,,).60,): E(EI(X,0), 6 7(X0) = E(E(X,0).6(5).
(Xp41:X0)

For morphisms a: Xy — Yy and ¢: Y, ,; — X, in C, we have

Ty, v B (F(c), F(a)) = E(6I(c), 6 I (a) T x, | x,) (4.12)

Yn+l’ n+1*0

as 3 is natural. For morphisms a: Xy — Y and ¢: Y,y — X, in C, we have

I(}";TLJFP}";O)]F(C, CL) = E(C, a)1(§n+1,§0), (413)

using how F is defined on morphisms (see Definition 4.4). We claim that the family of
abelian group homomorphisms
‘IJ(XHerXvo) = P(gnJrl7—350)T(Xn+1’XO)A(Xn+17X0)I(_S(Vn+1,j(VO)

for X, Xn—l—l e C defines a natural transformation ¥ : F(—, —) = E/(&—, &—). To this end,
fix objects Xy = (XNano)vNYO = (Y()Leg))?Xn—l—Nl = (Xps1s€np1) and Yy = (Vopg,€n40),

n n

and morphisms a: Xy — Yyand ¢: Y, ,; — X, | in C. First, note that we have
PeyIe(a) = Pey Ie(a) I (eq) = ey Ie(a)ieyPe, = abe, (4.14)

and, similarly,

To(Nier =ic

n+1 n+1

o

(4.15)
Therefore, we see that

\I!(?nﬂyo)lﬁ‘(c, a)

- P(i7 57 )T(Yn+1’YO)A(Yn+17Yo)I(§7 }7 )F(év a’)

w10 w10
= P(f/nH,?O)T(Ynﬂ»Yo)A(YnHvYO)E(C’ a)I()?nH’)?O) by (4.13)

= P(?n+1,570)T(Yn+1’Y0)E,(y(C)’ j(a))A<Xn+1,Xo)I(§ZnH,)?0) as A is natural
= P&n+1yo)E’(£fc(c), é”ﬂc(a))T(XnH’XO)A(XTLH’XO)I(%HXO) by (4.12)
=E'(&(S(0)ie, ), EWe Tl ) Tix,  xphox, oo lx, | %)

= E'(&(le,,,,®), Eape ) Tix, ,, x)Ax, X0 (% %) by (4.14), (4.15)

_m(e(F =
-k (éa(c)’ g(a))P(kvn+17-520)T(X"+1’XU)A(X"+1’X0)I(§7L+17}ZO)
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=E(&E), @) -~ < ..
(E@.E@Y 5 5
Next, we must show that (&, V) sends t-distinguished n—gxangles to S’N—distiriguished
n-exangles. Thus, let X, = (X, ), XnJr1 = (Xp41:€p41) € Cand 6 € F(X,, 4, X), and
suppose t() = [X,]. We need that s'(¥ 5 = (0)) = [&(X,)], which will follow from

seeing that (£(X,), ¥ & . X )(5)) is a direct"summand of an s'-distinguished n-exangle.
n+170

By Remark 4.21, we may take a complex X, in Ch(C)" with s(d) = [X,] and an idempo-
tent morphism e,: (X,,d) — (X,,d) lifting (ey,e,41): § — &, such that t(d) = [(X,, e,)]-
Note for later that we thus have [(X,,e,)] = [X,], and hence [£((X,,e.))] = [€(X.)].
Let p := F(Xn-‘—l’XO)((S). Since (#,A): (C,E,s) — (C',E',s’) is an n-exangulated functor,

the n-exangle (#(X,), A( X, )(5)> is §'-distinguished. As we have an isomorphism of
complexes By : F(X,) = & fC(X ), the E/-attached complex
(€Ie(Xe) Tix,  xpAix,, . x)(0)

is §'-distinguished by [HLN21, Cor. 2.26(2)]. Since

Pl x, ) = B (E G, ), Epia )

n+1

is just the identity homomorphism, a quick computation yields

//ap—1
Vi x,, 0050 (P = Tix,  x)Aix, x)0) =E Gy 3x ) A x| x,)(0) (4.16)

In particular, this implies that (&.7,(X,), lI’(ﬂC(X )7, (X ) (D)) is s'-distinguished.
Note that (Z,(X,), ) = (X, €4), 0) B ((X,, €h), X)X, ! »
plexes by Lemma 4.38, where e, := idy, —e,. We see that (£((X,,e,)), ¥ 5 % )(5)) is

( n+1270
a direct summand of the 5’-distinguished~n—exangle (EI:(X,), \I/({C(X +1)7JC(XO))(ﬁ)> by
s 1,00) =16((X, €,))] = [6(X,)] by [HLN21, Prop.
(X41:%0)

3.3], and so (&, ¥) is an n-exangulated functor.

)> as F-attached com-

Proposition 3.7(ii). Hence, s'(¥

Lastly, it follows immediately from (4.16) that ¥ is an n-exangulated natural transfor-
mation (F,A) = (&,¥) o (S,T') = (&S, \lljcxjcf).

(ii) By Proposition 2.8(ii), there exists a unique natural transformation M: & = ¢
with T = D%B’ so it remains to show that 1 induces an n-exangulated natural trans-
formation (&,¥) = (¢,0). For this, let X, = (Xo,eo),)znﬂ = (Xpy1:€n41) € C and
0 € F(X,,,1,X,) be arbitrary. Note that we have

J = F(ienH’ﬁeo)F(XnH,XO)((S)' (4.17)
Hence, we obtain
(D;{O)E’\I’(gn+pj}0)(6)
— B eV g Bl o), x)0) by (4.17)
= (D)?O)E,IE (& en+1)’g(ﬁeo))(qlfcXfcr)(XnH,Xo)(é) as V¥ is natural



68 Paper B

=E'(&(ie,,,, ), Og(PeO))(‘I’f 7 D) (x, 1%, (9)
= E’(g(%enﬂ),%( 60)?3] (X ¥ X’ﬂCF)(XTH-l’XO)((S) as 1 is natural
= E’(§(56n+1)7{¢( 60) )(\IIJ X7 F)( X, 11X, )(5> as T = DJCB
=E'(&(,,,),9( eo))(" e (3x,)e (s, D, x) (0
= E’(@@(Eenﬂ),%( eo))(7X0) (3 )_(IH)E/A(X +17Xo)(6) as 8 is n-exan.
—E(G, )9 () (35 1>E’<'IX ey, x) ()
= E’(ﬂiem),%( e, (X )Y (T, ¥ (O, Dlix,  x,)(0)  as T is n-exan.
= E/(7Xn+ (Een+ ) (Peo))(Gi X7 F)( le,)(0)(5)
= E/(ch(xnﬂ) ( i) G (0e,))(O.7,x.7, D) (x, ) (0) as T=10,3
=E'(¥ Zenﬂ)?b)? ,%(]560))(@%X%F)(XHPXO)((F) as 1 is natural
= (?J%H)E'E’(%(zen“),g( e (O 5. D) x,,, x,)(0)
= (D)?mrl)E,@()wap)?o)m‘(ze”“7ﬁeO)F(X"+1’X y(9) as O is natural
_ E/ N
= (D)?nﬂ) @()?HHXO)(&) by (4.17),

and the proof is complete. O

We close this section with some remarks on our main results and constructions.

Remark 4.40. Before commenting on how our results unify the constructions in cases
in the literature and on how our proof methods compare, we set up and recall a little
terminology. Suppose (C,E,s) and (C',[E',s’) are n-exangulated categories. We call an
n-exangulated functor (#,I'): (C,E,s) — (C',E',s') an n-ezangulated isomorphism if .F
is an isomorphism of categories and I' is a natural isomorphism. This terminology is
justified by [BTHSS23, Prop. 4.11]. Lastly, we recall that n-exangulated functors between
(n + 2)-angulated categories are (n + 2)-angulated in the sense of [BTS21, Def. 2.7] (or
exact as in Bergh—Thaule [BT14, Sec. 4]), and that n-exangulated functors between n-
exact categories are n-eract in the sense of [BTS21, Def. 2.18]; see [BTS21, Thms. 2.33,
2.34].

It has been shown that a triplet (C,E,s) is a l-exangulated category if and only if
it is extriangulated (see [HLN21, Prop. 4.3]). Suppose that (C,E,s) is an extriangulated
category and consider the idempotent completion Cof C. By [Msa22, Thm. 3.1], there is
an extriangulated structure (F',t') on C. By our Theorem 4.32, there is a 1-exangulated
(or extriangulated) category (5 ,IF,t). By direct comparison of the constructions, one can
check that (C,F,t) and (C,F',t) are n-exangulated isomorphic. Indeed, the bifunctors F
and F’ differ only by a labelling of the elements due to our convention in Definition 4.4;
and, ignoring this re-labelling, the realisations s and §' are the same by Lemma 4.19.
Furthermore, since (5, F’,¥') recovers the triangulated and exact category cases, we see
that our construction agrees with the classical (i.e. n = 1) cases up to m-exangulated
isomorphism.
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For larger n, we just need to compare (C,F,t) with the construction in [Lin21]. Thus,
suppose (C,E,s) is the n-exangulated category coming from an (n + 2)-angulated cat-
egory (C,%,0). Recall that in this case E(Z,X) = C(Z,XX) for X,Z € C. Using
[Lin21, Thm. 3.1], one obtains an (n + 2)-angulated category (C,%, &), where X is in-
duced by X. From this (n + 2)-angulated category, just like above we obtain an induced
n-exangulated category (C,F’, ¢ ). Notice that F'(—, —) =C C(—,%—). Comparing (C,F', )
to the n-exangulated category (C ,IF,t) found from Theorem 4.32, again we see that F and
F” differ by the labelling convention we chose in Definition 4.4. By [HLN21, Prop. 4.8]
we have that (C,F,t) induces an (n 4 2)-angulated category (C, %, '), and therefore the
n-exangulated inclusion functor .%,: C — C is, moreover, (n + 2)-angulated. Tt follows
from [Lin21, Thm. 3.1(2)] that & and o’ must be equal, and hence (C,F, t) and (C,F, )
are n-exangulated isomorphic.

Remark 4.41. Our proofs in this article differ from the proofs in both the extriangulated
and the (n + 2)-angulated cases. First, the axioms for an n-exangulated category look
very different from the axioms for an extriangulated category. Therefore, the proofs from
[Msa22] cannot be directly generalised to the n > 1 case. Even of the results that seem like
they might generalise nicely, one comes across immediate obstacles. Indeed, Lin [Lin21, p.
1064] already points out that lifting idempotent morphisms of extensions to idempotent
morphisms of n-exangles is non-trivial. Despite this, we are able to overcome this here.
This, amongst other problems, forces Lin to use another approach, and hence demonstrates
why our methods are distinct.

Remark 4.42. He-He—Zhou [HHZ22] have considered idempotent completions of n-exan-
gulated categories in a specific setup. In their setup, there is an ambient Krull-Schmidt
(n + 2)-angulated category C and an additive subcategory A that is n-extension-closed
(see Definition 5.2) and closed under direct summands in C. The main aim of [HHZ22] is
to show that the idempotent completion A of Ais an n- exangulated subcategory of C.

Since A is an additive subcategory of and closed under direct summands in a Krull-
Schmidt category, it is Krull-Schmidt itself. In particular, A ~ A is already idempotent
complete by [Kral5, Cor. 4.4]. Moreover, in the setup of [HHZ22], it already follows that
A inherits an n-exangulated structure from C ~ C. Indeed, (EA1) is proven in [Kla21,
Lem. 3.8], and (EA2) and (EA2)°P are straightforward to check directly. It is then clear
that A inherits an n-exangulated structure from C.
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5 The weak idempotent completion of an n-exangulated
category

Just as in Section 4, we assume n > 1 is an integer and that (C,E,s) is an n-exangulated
category. By Theorems 4.32 and 4.39, the idempotent completion of (C,E,s) is an n-
exangulated category (5,15‘ ,t) and the inclusion functor .#, of C into C is part of an n-
exangulated functor (%,,I"): (C,E,s) — (C~ ,IF,t), which satisfies the 2-universal property
from Theorem 4.39. In this section, we turn our attention to the weak idempotent comple-
tion C of C and we show that it forms part of a triplet (CA , G, ) that is n-extension-closed
(see Definition 5.2) in (5,15‘, t). It will then follow that (é,G,t) is itself n-exangulated,
and, moreover, there is an analogue of Theorem 4.39 for (CA , G, t); see Theorem 5.5.

We begin with the following proposition, which is an analogue of Lemma 4.38 for the

weak idempotent completion.

Proposition 5.1. Suppose (Xg,eq), (X, 11,€,41) € C.be F((X, 415 €n41)s (Xgs€9)) and
5(0) = [X,]. Then there is a t-distinguished n-exangle (Y,,0) with Y, € Ch(C)" and an
s-distinguished n-exangle (Y], 0y, ), such that

0 n+1

(Fe(X).Tix, | x,)(0) = (Ye,0) © (S (Y. Ty

nt+1%0 n+17Y0/)(Y()IOY/ )

n+1

as t-distinguished n-exangles.

Proof. By Corollary 4.13, there exists an idempotent morphism e, : (X,,d) — (X,,d) with
e; =1dy for 2 <i < n—1, as well as a homotopy h, = (hy,0,...,0,h, ): e, ~ 0,, where
/

€e :=idy, —e,. Notice (X, ¢;) € C for i = 0,n+ 1 by assumption. Furthermore, (X, ¢;) =

1771

@&m&)e%ﬂﬁg@@?gign—LSaﬁszwwwwyBmemWMSMMMe

<jC (Xo)7 ﬁ) = <(X07 60)7 5) D <(X.7 6/.), (X0766)6(Xn+1,e;+1)
We will show that there is an isomorphism 3, : (X,,e,) — Y, in Ch(@)’("(XO eo)(X

) as t-distinguished n-exangles.

nt1€n41))
for some Y, € Ch(C)", as well as an isomorphism &, : (X,, el) — Fo(Y]) in Ch(C)" for some
object YJ € Ch(C)".

If i = 0,n + 1, then e, = idx —e, is split by assumption, so by Lemma 2.4 there are
objects Y/ € C and isomorphisms 8 (X;,eh) = A (Y]). For 2 <i <n—1, we see that

17

ef =idy —e; =0, so by Lemma 2.4 again we have isomorphisms §;: (X;,e}) — Z(Y/),

17 71
but now where Y; =0 € C. Since (X, €g), (X141, €n11) € C by assumption and because
(X;,e;) = (Xi,idXi) €9, (C) C Cfor2<i<n—1,weput, := (X, e;) and 3, := ia(Xiyei)
for i € {0,n+1}U{2,...,n — 1}. It remains to find appropriate isomorphisms 3, and §;
for i =1,n.
We have a morphism k&, : (X;,¢}) — (Xy, ep) with underlying morphism k; := eph, e}
and &, 1 (X,41,€h41) — (X, el,) with underlying morphism k,,; := €, h, ieh.q by

n»-n

Lemma 4.14. Since (hy,0,...,0,h, ) €, ~ 0, is a homotopy, we see that h df = €.
This implies

kydg ) = ephyeldy ey = ehhydi ey = ef = id(x 1), (5.1)
and so /%chéXGI) = ia(Xme()). Similarly, we also have J,&X’e,)l}nﬂ = ia(X )"
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1. If n =1, then (5.1) shows that cz(()X’el) is a section in the complex (X,, €, ), and hence

this complex is a split short exact sequence by [HLN21, Claim 2.15]. In particular,
we have that (Xy,e1) = (Xg,ep) @ (Xyp,€5) = F(Yg) & S(Yy) = S (Vg © Yy).
So we put Y] := Y] @ Yy and define ) : (X;,€]) = F,(Y{) to be this composition
of isomorphisms. As ;(X;) = (X,e;) & (X}, €]), and S(X,) and (X, ¢€}) are

isomorphic to objects in C, by Lemma 2.12 there is an isomorphism 3, : (X;,e;) = Y]
for some Y] € C.

2. If n > 2, then the form of the homotopy h, implies that the identities dé( hy = €}
and h,,,,dx, | = e}, hold. Therefore, we see that

d§" k= d e = el = & =id(y ),
which shows that 12:1 and d(()X’e/) are mutually inverse isomorphisms. We now define
Y/ =Yy and &) = §pk;: (X,€¢]) = F(Y]). Because there are isomorphisms

To(Xy) = (Xi,e) ® (X/ye/l) = (Xy,e1) @ (X, €p), and S (X;) and (X, €p) are
isomorphic to objects in C, by Lemma 2.12 there is an isomorphism §;: (X;,e;) = Y]
for some Y] € C.

o 7 H(X,e! . .
In a similar way, one can show that k,,; and d% ) are mutually inverse isomor-

phisms. We set Y, :=Y, ., and §), := §njch$LX’e/): (X,,,e,) = F(Y,)). In addition,

n»-n
~ ~

there is an isomorphism §,,: (X,,,¢,,) — Y, for some Y, € C.

The complex }7. with object z in degree 0 < ¢ < n + 1 and differential J}N/ =
- X,
5i+1dz( K A
59 and 5, are identity morphisms, we have that (Y,,d) is t-distinguished by [HLN21,
Cor. 2.26(2)]. The complex Y] with object Y/ := #,(Y/) in degree 0 < i < n+ 1 and
differential d’ := §i+1d~(X’e/)i§;_1 in degree 0 < i < n is isomorphic to (X,,€,) via 5.

. . . . ~/ . / ~ ) ~

Moreover, this induces an isomorphism §,: ((X,,€,), (Xoaeé)O(Xn+1ve'n+1)> — (YJ, }70/0

of F-attached complexes, and hence of t-distinguished n-exangles. It is clear that

5,71 in degree 0 < i < n is isomorphic to (X,,e,) via §,. Furthermore, as

7

(Yo, 505, ) = (S (trivg(Yg)e @ trivy (V1)) Tiyr vy (v0ys )

’}70’ ?AH nt+10¥0) M o Ynia
by the construction of Y,. Lastly, (trivy(Y])e @ triv,, (Y 1)es Y(),Oy, 1) is s-distinguished
n+

using [HLN21, Prop. 3.3] and that s is an exact realisation of E. O

From Proposition 5.1 we see that C is n-extension-closed in (C~,F, t) in the following
sense.

Definition 5.2. [HLN22, Def. 4.1] Let (C’,E/,s’) be an n-exangulated category. A full
subcategory D C (' is said to be n-extension-closed if, for all A,C € D and each E'-
extension 6 € E'(C, A), there is an object X, € Ch(C’)" such that X, € D forall 1 <i<n
and §'(0) = [X,].

Let us now define the biadditive functor and realisation with which we wish to equip
C.
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Definition 5.3. (i) Let G :=F|g,, 5t C° x C — Ab be the restriction of F: C°P x C —
Ab.

(ii) For a G-extension § € G(X,, i1 X,), there is a t-distinguished n-exangle (X,,4) with
X, € Ch(C)" by Proposition 5.1. We put t(d) = [X,], the isomorphism class of X,
in KC)"~ -

(X07Xn+1)

(iii) Recall from Subsection 2.2 that J;: C — C is the inclusion functor defined by
Hp(X) = (X,idy) on objects X € C. Let A: E(—,—) = G(#;—,%;—) be the
restriction of the natural transformation I': E(—, —) = F(.%,—, #,—) defined in
Lemma 4.35. This means A(J) := (idXO,é, ian+1) € G(H(X,41), H(Xy)) for
§ € E(X,, 1, Xo)-

Since C is an n-extension closed subcategory of (C~ ,IF, t) by Proposition 5.1, one can use
[HLN22, Prop. 4.2(1)] to deduce axioms (EA2) and (EA2)°P hold for the triplet (C,G,t).
The difficult part is then to show that (EA1) is satisfied; this follows from Lemma 5.4
below. We note here, however, that it has been shown more generally in [Kla23, Thm.
A] that any n-extension-closed subcategory of an n-exangulated category inherits an n-
exangulated structure in the expected way.

Lemma 5.4. Let f: X, — X, be a t-inflation with X, = (X,,¢0), X, = (X;,¢,) € C.
Then there is a t-distinguished n-ezangle (X,,8) with X, € Ch(C)" and d¥ = f.
Proof. By Lemma 4.25 there is an object C' € C, a morphism f': X, — C and an s-

distinguished n-exangle (Z,, p) with Z, = X, Z, = X, ® C, df = [/ J'(dx *60)]T and
(eg)gp = p- The solid morphisms of the diagram

dZ
X, —— X, 00 Z, Z, Z, Zpiy s
0 /
R H I R | |
Xy —— X,®C Zy Zy Z, Zpiq >

form a commutative diagram. By Lemma 4.24 there exists an idempotent morphism of
n-exangles e, : (Z,, p) — (Z,, p) with e{, = ¢y, €] = [601 8} and e} = idy for3<i<n+l,
which makes the diagram above commute. Let p := F(Zn+17XO)(p) e F(I:(Z,11), 70(Xy))
and p = F(ge;+1,ﬁe6)(ﬁ) € F((Z,11.€n41),(Xg,€9)). Notice that the underlying E-
extension of 5 is p. Set eq :=id,, —e,. Then

(Ie(22), 7) 2 (Zar €2, 1) © (Zar€l), (7 en 02
as t-distinguished n-exangles by Lemma 4.38.

We claim that there is a split short exact sequence

)

"
n+1 7en+1

~(Z,€ll> ~(Z,€N)
0 —— (Zy,el) ——— (Zy,€]) ——— (Zy,el) —— 0. (5.2)
Since (Z,,el) realises the trivial F-extension z 6,,)6(2 ¢y We have that CZ(()Z’BH) is a

0°~0 n+1'"n+1

section by [HLN21, Claim 2.15]. If n = 1, then this is enough to see that (5.2) is split short
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exact. For n > 2 we notice that there is an isomorphism (Z,e4) = 0 in C, so ng’e ) = 0.

Thus, since ng’e”) is a weak kernel of ng’e”)

~(Z’e//)

In particular, this implies d;

In particular, we have an isomorphism (Z, €]) = (Z,, ef) ® (Z,, €5). We know that the
objects (Z, i) = (X, idy, —€g) and (Z, ef) = (X, ®C, (idx, —e;) Pide) are isomorphic
to objects in .Z,(C) € C C C by Lemma 2.4, as idy —eg and (idx —e;) @ id¢ are split
idempotents. This implies that (Z,, e]) is isomorphic to an object in C by Lemma 2.12.
Again Lemma 2.12 and the isomorphism 9;(Z,) = (Z,, €) @ (Z5, e3) imply that there is
an isomorphism 3,: (Zy, ) — X, for some XQ eC.

, we see that ia( 2,y factors through ngﬁe”)‘
~(Z,€//)

is a cokernel of d;”" 7. Again, (5. 2) is split short exact.

The morphism 3, : (Xl ®C, [ q SD — X, with underlying morphism s; = [, 0] is
an isomorphism. Finally, put §; = 121( 7.y for i =0and 3 <7 <n+1. Then the complex

. J<z,e’)§_1 J<z,e’)§_1 d~(z,e’) g(z,e’)

sz XO f le Sa0y 1 X—Q 2 2 (Z3,6é) 3 P (Zn_;_l,e%—i—l)

is isomorphic to (Z,, e,) via 5,: (Z,,¢€,) — X, in Ch(C)". With 6 := (3 n+1) 7', we see that
(X,,0) is t-distinguished by [HLN21, Cor. 2.26(2)], as desired. O

We may state and prove our main result of this section.

Theorem 5.5. Suppose that (C,E,s) is an n-exangulated category. Then (5, G,v) is a
weakly idempotent complete n-exangulated category, and (A, A): (C,E,s) — (5, G,v) is
an n-exangulated functor, such that the following 2-universal property is satisfied. Suppose
(Z,N): (C,E,s) — (C',E',¢') is an n-exangulated functor to a weakly idempotent complete
n-ezangulated category (C',E',s"). Then the following statements hold.

(i) There is an n-ezangulated functor (£,9): (C,G, ) (C’ ',8") as well as an n-

exangulated natural isomorphism 3: (F,\) = o (g, A).

(€,
(ii) In addition, for any n-exangulated functor (4,0): (
exangulated natural transformation T: (F,A) = (9,

C G, t) = (C',E,s') and any n-
)o
n-exangulated natural transformation 13: (&,V) = (4,0) with T = D%B.

(H, A), there is a unique

Proof. Since Cis a full subcategory of C and because (5,15‘ ,t) is nm-exangulated, we can
apply [HLN22, Prop. 4.2] and Definition 5.2. We showed above that C is n-extension-
closed in C; ; see Proposition 5.1. Moreover, it follows immediately from Lemma 5.4 and its
dual that (C, G, ) satisfies (EA1). Therefore, we deduce that (C,G,t) is an n-exangulated
category.

One may argue that (J#;, A) is an n-exangulated functor as in Proposition 4.36, by
using the definition of v and noting that (X,idy) = J#;(X) lies in Cforall X €C.

(i) One argues like in the proof of Theorem 4.39(i), but using Proposition 2.13 instead
of Proposition 2.8, and Proposition 5.1 instead of Lemma 4.38. In particular, we note
that the isomorphism (.7, (X,), F(Xn+1’X0)(5)> =~ (Y,,0) ® <fC(Y’/)’F(Yé+17Y6)(Y60Yé+1)> of
t-distinguished n-exangles from the statement of Proposition 5.1 induces an isomorphism

(Ae(Xa)s Ax (8)) 2 (Y, 8) @ (He(YS), Ay

w1 Xo) Y )(Y OY )>
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of t-distinguished n-exangles.
(ii) Similarly, one adapts the proof of Theorem 4.39(ii), using Proposition 2.13 instead
of Proposition 2.8. O

Finally, we have an analogue of Corollary 4.34 as a consequence.
Corollary 5.6. Suppose (C,E,s) is n-exact. Then (CA,G,t) is n-ezact.

Proof. The n-exangulated category (5,1?,{) is n-exact by Corollary 4.34. As (5, G,v)
inherits its structure as an n-extension closed subcategory of (C,F,t), the result follows
from the proof of [Kla23, Cor. 4.15]. O
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n-Extension closed subcategories
of n-exangulated categories

Carlo Klapproth

Abstract

Let n be a positive integer. We show that an n-extension closed subcategory of an n-
exangulated category naturally inherits an mn-exangulated structure through restriction
of the ambient n-exangulated structure. Furthermore, we show that a strong version of
the Obscure Axiom holds for n-exangulated categories, where n > 2. This allows us to
characterize n-exact categories as n-exangulated categories with monic inflations and epic
deflations. We also show that for an extriangulated category condition (WIC), which
was introduced by Nakaoka and Palu, is equivalent to the underlying additive category
being weakly idempotent complete. We then apply our results to show that n-extension
closed subcategories of an n-exact category are again n-exact. Furthermore, we recover
and improve results of Klapproth and Zhou.

Introduction

Generalisation and abstraction are very useful tools as they allow us to understand an
area of mathematics as a whole rather than locally. Furthermore, they are very efficient
as proofs need to be carried out only once. To this end, Herschend, Liu and Nakaoka
recently introduced the notion of n-exangulated categories, see [HLN21] and [HLN22].
These categories generalize n-exact and (n + 2)-angulated categories simultaneously, in
a similar way as extriangulated categories generalize exact and triangulated categories.
These structures also allow us to compare the recently emerged field of higher homological
algebra to classic homological algebra.

Extension closed subcategories are an important part of homological algebra and rep-
resentation theory and they appear naturally. For example the torsion and torsion free
class of a torsion pair or the aisle and coaisle of a t-structure are extension closed subcat-
egories. Therefore, we are interested in studying properties of them. It is well known that
any extension closed subcategory of an exact category inherits an exact structure from the
exact structure of the ambient category in a natural way, see for example Biihler [Biih10,
Lemma 10.20]. The same does not hold for triangulated categories, but the larger class of
extriangulated categories is again closed under taking extension closed subcategories by
[NP19, Remark 2.18]. The proof of this result is straightforward.

79
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For n-exangulated categories, where n € N>g, the situation is more difficult. It was
shown in He-Zhou [HZ21, Theorem 1.1] that an n-extension closed subcategory of a
Krull-Schmidt n-exangulated category inherits an n-exangulated structure from the n-
exangulated structure of the ambient category in a natural way. However, this is not
completely satisfying, as a large class of categories, for example the category of finitely
generated abelian groups modZ or its bounded derived category D®(modZ), are not Krull-
Schmidt. Indeed the Krull-Schmidt property restricts endomorphism rings to be semiper-
fect, see Krause [Kral5, Corollary 4.4]. Using a completely different method than employed
in He-Zhou [HZ21] we are able to show the following theorem in full generality.

Theorem A (See Theorem 3.3). Suppose that (C,E,s) is an n-exangulated category and
A C C is an n-extension closed additive subcategory. Then A inherits an n-exangulated
structure from (C,E,s) in a natural way.

On the journey to this result technical obstacles need to be overcome. We prove the
following useful theorem.

Theorem B (Strong Obscure Axiom, see Corollary 2.5). Let (C,E,s) be an n-exangulated
category and C weakly idempotent complete orn € N>o. If gf is an s-inflation then so is f.

It is now well known that for exact categories the strong version of the Obscure Axiom
presented here is equivalent to the underlying additive category being weakly idempotent
complete, see for example [Biih10, Propsition 7.6]. However, when Quillen first defined
exact categories, a weaker version of Theorem B with the assumption that f admits a
cokernel, was an important part of the original definition of exact categories, see Quillen
[Qui73, Section 2]|. It was discovered by Yoneda and later rediscovered by Keller that this
axiom is a consequence of the other axioms for exact categories.

It is remarkable that the strong Obscure Axiom holds for n € N>y without further
assumption on the underlying category. The result can be interpreted as n-exangulated
categories being more detached from the exact structure induced by the underlying addi-
tive category for n € N>g than they are for n = 1.

For extriangulated categories the strong Obscure Axiom corresponds to condition
(WIC) introduced in [NP19, Condition 5.8]. This condition seems to be very impor-
tant for several results in the theory of extriangulated categories, see for example [ES22],
[NP19] and [WW22]. For example in [NP19, Section 5] it is used as a technical ingredient
to show a bijection between Hovey twin cotorsion pairs and admissible model structures for
extriangulated categories. It turns out that not only for exact but also for extriangulated
categories the strong Obscure Axiom is equivalent to the underlying additive category
being weakly idempotent complete.

Proposition C (See Proposition 2.7). An extriangulated category is weakly idempotent
complete if and only if it satisfies condition (WIC).

This is particularly interesting, since any extriangulated category can be weakly idem-
potent completed, see for example [Msa22, Theorem 3.31] for small extriangulated cate-
gories, or Remark 1.17 and [KMS22, Theorem 5.5]. Hence, any extriangulated category is
a full subcategory of an extriangulated category where condition (WIC) is satisfied.
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Another application of the strong Obscure Axiom is to characterise n-exangulated
categories which arise from n-exact categories completely by properties of their inflations
and deflations. We prove the following theorem.

Theorem D (See Theorem 4.11). For an additive category C there is a one-to-one corre-
spondence

n-exangulated structures (C,E,s) with
1:1 {mom’c s-inflations and epic ﬁ—deﬂations}
equivalences of n-exangulated categories
{ of the form (Id¢,T") }

{n—exact structures (C, X) with}
—

small extension groups

For the relationship of extriangulated and exact categories a similar result is well-
known, see [NP19, Example 2.13] and [NP19, Corollary 3.18]. However, for n-exangulated
categories, where n € N>, our strong Obscure Axiom is the missing ingredient to make
the bijection constructed in [HLN21, Section 4.3] complete.

The combination of Theorem A and Theorem D allows us to show the following theo-
rem.

Theorem E (See Corollary 4.15). Suppose (C,X) is an n-ezxact category with small ex-
tension groups and A C C is an n-extension closed additive subcategory. Then A inherits
an n-exact structure in a natural way.

Furthermore, we improve results [Zho22, Theorem 1.2] and [Kla21, Theorem I] about
n-extension closed subcategories of (n + 2)-angulated categories, see Corollary 5.4 and
Corollary 5.5.

1 Conventions and notation

Throughout this paper we will use the notion of n-exangulated categories. We refer to
[HLN21, Section 2] for the definition and [HLN21] and [HLN22] for an introduction. In
Section 4 and Section 5 we consider n-exact categories. We refer to Jasso [Jas16, Section 4]
for an introduction. In Section 5 we will study (n + 2)-angulated categories. We refer to
Geiss—Keller-Oppermann [GKO13, Section 2| for the definition.

For the rest of this section suppose we are given an arbitrary additive category D and
n € N>1. We recall the following definitions.

Definition 1.1. A subcategory B C D is called an additive subcategory if B C D is full
and closed under finite direct sums. That means B is closed under isomorphisms, 0 € B
and for B, B’ € B the biproduct B @ B’ is in B.

Notice that for the scope of this paper, we do not require an additive subcategory to
be closed under direct summands. Note, that we assume additive subcategories to be full.

Remark 1.2. We will use cohomological degrees for complexes, i.e. the differentials go
from lower to higher degree. On the other hand, we use homological notation, i.e. we use
subscripts instead of superscripts, to avoid confusion with powers of morphisms.
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Definition 1.3 ([HLN21, Definition 2.7]). Let C"? be the full subcategory of the cate-
gory of complexes over D consisting of all complexes concentrated in degrees 0,...,n + 1.
We denote objects in C%JFQ by

dé( d{( dffl dx
X.I XO X1 s Xn XnJrl

and morphisms in C5t2(Xe, Ya) by fo = (fo, fi,- -+ fus fat1): Xe — Ya.
We will use the following special complexes.

Definition 1.4. For X € D and i = 0,...,n let triv;(X)s € C5? denote the complex

trivi (X)e: 0— -+ —0—2X=—=X—>0—-—0

trivy(X)

with triv;(X); = 0 for j # 4,7+ 1 and triv;(X); = X = triv;(X);11 and 4, idx.

Definition 1.5 ([HLN21, Definition 2.27]). Let fo € C%™(X,,Ys) be a morphism of
complexes. If A:= Xg =Y, and fy = ids we denote by

—dX 7d§( 0 _d§ 0
; n £ dy e [ 2]
M/ Xi—= X9 " Xpr1Y, ——Y,

the mapping cone of fo. Dually, if C':= X,,11 = Yn41 and f,11 = id¢ we denote by

dX d{( 0 dffl 0
f [190] N —dg fr—1 —dy_, [fn —d¥_,]

the mapping cocone of fo.

Definition 1.6 ([HLN21, Defintion 2.17]). For A,C € D let C?{;i c) be the subcategory

of C%+2 where objects are complexes X, with Xo = A and X,,+; = C and where morphisms

fo € cnt? X,,Y,) are morphisms f, € Q2 X,,Y,) with fo =id4 and f,4+1 = ide.
(D;A,C) D

Definition 1.7 ([HLN21, Definition 2.17]). For A,C € D and X,,Y, € C?{;QA o) we

say fe,ge € CT2 X, Y,) are homotopy equivalent if fo — ge is zero homotopic as a
v Je:9 (D;AC)

morphism of complexes X, — Y.

Homotopy equivalence induces an equivalence relation on morphisms and objects of

C?g_il o) for A,C € D, see [HLN21, Definition 2.17]. We use a different notation than
941, n+2

[HLN21] to denote the equivalence class of an object in Cipa0)

Notation 1.8. For any pair of objects A,C € D and any X, € C?gil o) we denote by

[Xe]p the homotopy equivalence class of X, in C?g,i,c*)'

Now, suppose we are additionally given an arbitrary biadditive functor G: D°P x D —
Ab.
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Notation 1.9. For any pair C, A € D the elements of G(C, A) are called G-extensions.
We will denote by 40¢ the neutral element of G(C,A). We will often simply write 0
instead of 40¢. Furthermore, if there is no risk of confusion, we will denote

a, :=G(C,a): G(C,A) —» G(C, B) and ¢* := G(c,A): G(C,A) - G(D, A)
for A,B,C,D € D,a € D(A,B) and c € D(D,(C)

Definition 1.10 ([HLN21, Definition 2.3]). For G-extensions 6 € G(C,A) and p €
G(D, B) a morphism of G-extensions (a,c): 6 — p is a tuple consisting of a morphism
a € D(A, B) and ¢ € D(C, D) with a.d = c*p.

Definition 1.11 ([HLN21, Definition 2.9]). We define a category /E?gé) as follows.

1. Objects are tuples (X,,d) consisting of X, € C5™% and 6§ € G(X,,11, Xo) satisfying
(df)«6 = 0 and (dX)*5 = 0. We call (X,,d) a G-attached complex and denote

(X,,0): Xo —2— X N X, — s Xy -2 5

2. Morphisms f, € }E?g’é)«X., 8), (Ye, p)) are morphisms fo € Ch"?(X,,Ys) such that

(fo, fnt1): 6 — p is a morphism of G-extensions.
3. Composition is the same as in C%”.
We want to remark that PE?;{ @2(;) is an additive category.
Notation 1.12 ([HLN21, Definition 2.11]). If there is no risk of confusion we denote
y: D(X,0) = G(X, A), f+ f*§ and 6*: D(A, X) — G(C, X), g+ g0
for any X € D and § € G(C, A).

Definition 1.13 ([HLN21, Definition 2.13]). An object (X,,d) € E?gé) is called an
n-exangle if for all X € D the sequences

X X ,dX 1
DX, Xo) —=) px, xp) 2524, L PR, pix X) s G, Xo)
and
D(dX ,X) D(d)Y_,,X) D(d¥ ,X) st
D(Xni1, X) 2L D(X,,, X) D(Xo, X) -2 G(Xpp1, X)

are exact in Ab. A morphism of n-exangles is just a morphism in }E?gfg).

In particular, if (X,,d) is an n-exangle then dfil is a weak cokernel of d¥ for any
1=0,...,n— 1. Dually, dfil is a weak kernel ofd;X forany i =1,...,n.

Definition 1.14 ([HLN21, Definition 2.22]). An exact realisation of G is a map v that

assigns to each pair A,C' € D and each § € G(A, C) a homotopy equivalence class t(d) of

an object in C?g %4 o) such that the following axioms hold.
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(RO) For any objects A, B,C, D € D, any G-extensions § € G(C, A) and p € G(D, B),
any complexes Xo € C?Ei ) with [Xe]p =1(d) and Y, € C?DJF_QB p) With [Yo]p = t(p)
and any morphism (a,c): § — p of G-extensions there exists an fo: Xo — Yo with

fo=aand f,11 =c. We call f, a lift of (a,c).

(R1) If t(0) = [Xe]p for some A,C € D, § € G(C,A) and X, € C?gic) then (X,,d) is

an n-exangle.
(R2) For A,C € D we have t(400) = [trivg(A)e]p and t(o0¢c) = [triv,(C)e]p.

For any pair A,C € D and G-extension § € G(A,C) we call any X, € C?;i o) with
[Xo] = t(0) an t-realisation of J.

Definition 1.15. Suppose t is an exact realisation of G. For any objects A,C € D, any
G-extension § € G(C, A) and any t-realisation X, of § we call

1. the n-exangle (X,,d) an t-distinguished n-exangle and
2. X, an t-conflation, dif an t-inflation as well as d;X an tv-deflation.
A morphism of t-distinguished n-exangles is just a morphism of n-exangles.

In the following definition we divide [HLN21, Definition 2.32(EA1)] into two separate
statements (EA1) and (EA1°P).

Definition 1.16 ([HLN21, Definition 2.32]). An n-erangulated category is a 3-tuple
(D, G, ) where D is an additive category, G: D°°? x D — Ab is a biadditive functor and ¢
is an exact realisation of G such that the following axioms hold.

(EA1) If f e D(X,Y) and g € D(Y, Z) are t-inflations then so is gf € D(X, Z).
(EA1°P) If f € D(X,Y) and g € D(Y, Z) are r-deflations then so is gf € D(X, Z).

(EA2) For any morphism ¢ € D(Xp41,Yn+1) and any pair of v-distinguished n-
exangles (X, c*p) and (Y,, p) with A := Yy = X there is a lift fo: Xo — Y,
of (id4, ¢) such that <M.f, (df)«p) is r-distinguished. We call f, a good lift
of (idA, C).

(EA2°P) For any morphism a € D(Xy, Yp) and any pair of t-distinguished n-exangles
(Xeo,0) and (Ys, a,d) with C' :=Y,,11 = X,,4+1 there is a lift fo: Xo — Y, of
(a,id¢) such that <N.f ,(dY)*p) is t-distinguished. We call f, a good lift of
(a, idc).

Remark 1.17. By [HLN21, Proposition 4.3] a triplet (D, G,t) is a l-exangulated category
if and only if it is an extriangulated category in the sense of [NP19]. We therefore may use
the term extriangulated category synonymously with the term 1-exangulated category.

Definition 1.18 ([HLN22, Definition 4.1]). An additive subcategory B C D of an n-
exangulated category (D, G,t) is called n-extension closed if for all A,C € B and § €
G(C, A) there is an t-distinguished n-exangle (X,,d) with X; € B fori =0,...,n+ 1.
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Remark 1.19. The notion of 1-extension closed additive subcategories coincides with the
notion of extension closed subcategories of [NP19, Definition 2.17] as any two extriangles
realizing the same extension have isomorphic terms by [HLN21, Lemma 4.1] and additive
subcategories are closed under isomorphisms.

We recall the notion of an n-exangulated functor from Bennett-Tennenhaus—Shah.

Definition 1.20 ([BTS21, Definition 2.32]). Let (D, G, t) and (D', G',t’) be n-exangulated
categories. An n-ezangulated functor (#,I'): (D,G,t) — (D',G,v) is a tuple consist-
ing of an additive functor .%: D — D’ and a natural transformation I': G(—,—) =
G'(F—,F—), such that [Xe|]p = t(6) implies [#(Xs)|p = V' (Lc,a(0)) for all A,C € D,

§ € G(A,C) and X € CIA2 (.

Bennett-Tennenhaus-Haugland-Sandgy-Shah [BTHSS22, Definition 4.9] introduced
the notion of n-exangulated equivalences. Using [BTHSS22, Proposition 4.11] we obtain
the following equivalent definition.

Definition 1.21. A functor (#,T): (D,G,t) — (D',G,t') of n-exangulated categories
(D,G,t) and (D',G',v') is called an n-ezangulated equivalence if F: D — D’ is an equiv-
alence and I': G(—, —) = G/'(¥ —, % —) is a natural isomorphism.

From now we assume the following global Setup 1.22, unless ezplicitly stated otherwise.

Setup 1.22. Suppose n € N>j. Let (C,E,s) be an n-exangulated category and A C C
be an n-extension closed additive subcategory. Let .Z4: A — C denote the canonical
inclusion.

In the situation of Setup 1.22 one can define a functor F on A and an exact realisation
t. We will use the following notation for the rest of this paper.

Definition 1.23 ([HLN22, Proposition 4.2]). We define F(—, —) := E(#4—, #£4—) to be
the restriction of E. For A,C € A we define (©4)c,a: F(C,A) — E(C,A), § — 0 as the
canonical inclusion. This yields a natural isomorphism © 4: F(—,—) — E(S4—, £4—).
For A,C € Aand 0 € F(C, A) we define t(9) := [Xo] 4 where (X,,0) is an s-distinguished
n-exangle with X; € Afori=20,...,n+ 1.

Notice that t is well-defined since for any pair A,C € A and X,,Y, € C?X;i"c) we have
[Xe]a = [Yo]4 if and only if [Xe]¢c = [Ys]c, as homotopy equivalence are preserved and
reflected under .# 4, since A C C is additive.

Recall also that t is an exact realisation of F and that (A, T, t) satisfies axioms (EA2),
(EA2°P) by [HLN22, Propsition 4.2(1)]. We have the following important remark which
we will make extensive use of.

Remark 1.24. An F-attached complex (X,, ) with § € F(X,,41, Xo) is a t-distinguished n-
exangle if and only if (F4(X,), (04)x,,1,%,(0)) = (Xe,0) is an s-distinguished n-exangle
with X; € Afori =0,...,n+1. Indeed, if (X,, ¢) is t-distinguished then Xy, ..., X, 11 € A
and [XeJa = [Ye]a for an s-distinguished n-exangle (Y,,d) with Yp,..., Y41 € A, by
definition. However, then [X,|¢c = [Yo|c = 5(6), since .#4 preserves homotopy equivalences
and hence (X,, ) is s-distinguished. On the other hand, if (X,, ) is s-distinguished and
Xo, ..., Xnt+1 € A, then (X,,0) is t-distinguished, since t is well-defined.
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2 The Obscure Axiom

Recall Setup 1.22 and Definition 1.23. Before we can start, we need an easy but crucial
lemma, which is similar to [HLN21, Corollary 3.4].

Lemma 2.1. Suppose n € Nso. If[0f]" : Xo = A® X/ is a t-inflation with A, X} € A
then f: Xo — X| is a t-inflation.

Proof. Suppose (X, 6) is a t-distinguished n-exangle with X1 = A® X| and dg = [0 f]T.
We construct a commutative diagram

, lgh]=d{¥
XO - = - A@Xl _ X2.

Jp::[idA 0] -

s P

Let p := [ida 0] : A® X| — A. Then pd{ = 0 and because di* is a weak cokernel of di
there is a p': Xy — A with p'd{X = p. Denote di¥ : A® X| — Xa by [g2]. Then p'g = ida
and p’h = 0. Hence, p is a retraction with section g and e := gp’ and €’ := idx, —gp’
are orthogonal idempotents. The n-exangle (triva(A),, 0) is s-distinguished using n € N>
and [Hau21, Proposition 2.14]. Notice that this crucially depends on n € N>y as for n =1
there is not enough space to define trivo(A), compare Definition 1.4. Hence, the n-exangle
(X7,0") = (Xe¢ @ triva(A)e,d @ 0)

)

[dgf 0

h
{30} Xy @ A L0 41 [ 0] dX dX

Xad A Xy

is s-distinguished, by Remark 1.24 and [HLN21, Corollary 2.26(2)]. It is easy to check
that Diagram 2.1

¥
/

dX// ax ¥ )
Xo—l o xp— L x P L xyea S x, L,
H 0 iax]| | [y ] (<9l |[5/] H
dX// d{(// dé(// dX// dj(// dX// 6,
XO#A@X{*)XQ@A*)X&;@A 3 X4 L. " Xn+1 ,,,,,, N
| w0 ]
0— A A L 0—0 00

Diagram 2.1: Biproduct diagram in }E’("”(/IF é).

where the middle row is (X[, d’), is a biproduct diagram in the additive category }E?g é),
see Calculation A.1. By [HLN21, Proposition 3.3] for (C,E,s) this means that the upper
row of Diagram 2.1 is an s-distinguished n-exangle (X[, ¢’). All terms of (X_,0’) are in
A. This shows that (X, d’) is a t-distinguished n-exangle, by Remark 1.24. Hence f is a
t-inflation. O
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The proof of Lemma 2.1 depends on n € N>s. However, Lemma 2.1 still holds for
n = 1 if A is weakly idempotent complete. Indeed, we can then just remove a trivial
summand (trivy(A)e,0) from (X,,d). For the case where A = C this has been shown by
Tattar, see [Tat22, Lemma I1.1.43]. We provide a proof for convenience of the reader.

Lemma 2.2. Suppose A is weakly idempotent complete and n = 1. If [0 f]T : Xo —
A® X is a t-inflation with A, X{ € A then f: Xo — X is a t-inflation.

Proof. As [0f]" : Xo — A® X} is a t-inflation there is a t-distinguished 1-exangle (X,, §)
with X7 = A® X/ and dff = [0 £]7. We construct the following diagram

XO d())(:[ﬂ Ao X! ¥ %)
i¢=[i%“]up==[idA 0] |
A( ey

in A. Let p:=[ida 0] : A® X] — A. Then pdy = 0 and because di% is a weak cokernel
of df there is p': Xo — A with p'd = p. Now, i := [ida 0]":A— A® X1 is a section
for p. Hence, d{( 1 is a section for the retraction p’ and e := df( ip) € Ende(X2) is a split
idempotent in A. As A is weakly idempotent complete there is a splitting of ¢’ := idx, —e,
say with retraction ¢’: Xy — X/ and section j': X} — X5 such that ¢/ = j'¢’ and X} € A.
Put &' := (j/)*0, ¢ := [0idx ] and j := [0idx/ ] . Tt is casy to check that Diagram 2.2

dX ’
/ X1 ThY | xS
H fo ol
dX
X() 4) A @ Xl X2 ffffff >
e
I SR NN

Diagram 2.2: Biproduct diagram in E?C,]E)'

where the middle row is the l-exangle (X,,0d), is a biproduct diagram in the additive
category fE?C,JE)’ see Calculation A.2. By [HLN21, Proposition 3.3| for (C,E,s) this means
that the upper row of Diagram 2.2 is an s-distinguished n-exangle (X}, d’). All terms of
X are in A, so (X', §’) is t-distinguished, by Remark 1.24. Hence, f is a t-inflation. [

Lemma 2.3. If g: Xg — X1 is a t-inflation and f: Xg — A is a morphism with A € A
then [fg]" : Xo = A® X, is a t-inflation.

Proof. We can complete the t-inflation g to a t-distinguished n-exangle (X,,§) with d =
g. As A, X, 11 € A there is a t-distinguished n-exangle (Ys, f.d) with Yy = A and Y, 41 =
Xn+1. The solid morphisms f and idx,, ., in the diagram

Xo X1 R Xn Xnt1 === *
K
A

i o Y, X1 -
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form a morphism of F-extensions (f,idx,,,): 0 — f«d. Since (A,F,t) satisfies axiom
(EA2°P) we can find a good lift fo: (X, d) = (Ys, fid) of (f,idx,,,): § = f«d such that
the mapping cocone

g
f de Y \*

of fo is t-distinguished. Now there is an isomorphism

5= [idil i%A} T X10A—- A X,

so (N{, (d¥)*8) is isomorphic to

{f} N g1 Y
. g d1 S (dn)*6
(N, 8): Xo— Ao X 22 XoaYi = 5 Xy @Y, = Y, ;.

By [HLN21, Corollary 2.26(2)] this is a t-distinguished n-exangle. The result follows. [

Proposition 2.4 (Relative Obscure Axiom). Suppose A is weakly idempotent complete
orn €Nsqg. Let f: X =Y and g: Y — Z be two morphisms withY € A. If gf : X — Z
is a t-inflation, then so is f.

Proof. We have Y € A. Therefore, [fgf]' : X — Y & Z is a t-inflation by applying
Lemma 2.3 to the t-inflation gf: X — Z and the morphism f: X — Y. Hence, there is a
t-distinguished n-exangle (X,,8) with Xo = X, X, =Y @& Z and d¥ = [ ¢f]". Consider
the isomorphism
0 id idy O
si= g T[] Yoz Zoy.

This isomorphism satisfies

f1_Toid idy 0 f1 _Toid f1_To
slap) = L [ & [r ) = [ &1 (4] = 9]
Using s and [HLN21, Corollary 2.26(2)], the t-distinguished n-exangle (X, d) gives rise to
an t-distinguished n-exangle

/] grs ;

X 227207 44— Xg — -+ — X, — Xpy1 - >

Hence, [0 f]T is a t-inflation. Notice, Y, Z € A. Hence, f is a t-inflation by Lemma 2.2 if
A is weakly idempotent complete and n = 1 and by Lemma 2.1 if n € N>». ]

It is remarkable that, for n € N>3, we do not need to assume that C is weakly idem-
potent complete for the following to hold.

Corollary 2.5 (Strong Obscure Axiom). Suppose C is weakly idempotent complete or
n € N>o. Let f: X =Y and g: Y — Z are two morphisms. If gf: X — Z is an
s-inflation, then so is f.

Proof. This follows immediately from Proposition 2.4. O
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Indeed, the converse of Corollary 2.5 is true as well. We recall the following definition.

Definition 2.6 ([NP19, Condition 5.8]). An extriangulated category (C,E,s) satisfies
condition (WIC) if for any two morphisms f: X — Y and g: Y — Z the following hold.

1. If gf is a s-inflation, then f is a s-inflation.
2. If gf is a s-deflation, then g is a s-deflation.

Proposition 2.7. An extriangulated category satisfies condition (WIC) if and only if it
s weakly idempotent complete.

Proof. That a weakly idempotent complete extriangulated category satisfies condition
(WIC) follows from Corollary 2.5 and its dual using Remark 1.17. That an extriangulated
category which satisfies condition (WIC) is weakly idempotent complete follows from
[Msa22, Proposition 3.33] or [Tat22, Corollary I1.1.41]. O

3 n-Extension closed subcategories of n-exangulated
categories

Recall Setup 1.22 and Definition 1.23. By [HLN22, Proposition 4.2(1)], we know that t is
an exact realisation for F and that (A, F,t) satisfies axioms (EA2) and (EA2°P). To show
that (A, F,t) is n-exangulated we only need to show that (A, T, t) satisfies axioms (EA1)
and (EA1°P), by [HLN22, Proposition 4.2(2)]. We will show that t-inflations are closed
under composition, the remaining axiom (EA1°P) follows dually.

If f: Xg — Xjand g: X1 — Y] are t-inflations then g f is an s-inflation by Remark 1.24
and axiom (EA1) for (C,E,s). By completing the inflations f, gf and g to distinguished
n-exangles, we may obtain the solid morphism of Diagram 3.1

Xo —1 X s Xo X Xpp1 23
T o o

Yo v Y, Y, AT
oo

Zy —— 7, Z Z, AT

Diagram 3.1: The n-exangles arising from t-inflations f and g.

such that the upper and lower row are t-distinguished n-exangles and the middle row is
an s-distinguished n-exangle. Our plan is to replace the object Y, 41 by an object Y’ € A
and p € E(Y,+1,Y0) by an F-extension ¢ € F(Y',Yp), see Lemma 3.1. Then we want to
realise ¢ by a t-distinguished n-exangle and replace the t-inflation of this n-exangle by ¢ f
using the relative Obscure Axiom.

Lemma 3.1. Suppose we are given the solid morphisms of Diagram 3.1 such that the
upper and lower row, respectively, form t-distinguished n-exzangles (Xo,0) and (Ze,7), and
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such that the middle row forms an s-distinguished n-exangle (Ys,p). Then there is an
object Y' € A and morphisms s: Y' — Y11 and t: Y11 — Y’ such that (st)*p = p.

Proof. 1t follows from [HLN21, Proposition 3.6(2)] applied in (C,E,s) that there is a
morphism ¢e: (Xo,0) — (Yo, p) with ¢9 = idx, and ¢; = ¢ such that the mapping
cone <M?,f*p) of ¢, is s-distinguished. Notice that Zy = X1,Y1 = Z1,Xs € A. By
Lemma 2.3 for the t-inflation g: X; — Y7 and the morphism —d{(: X1 — X9 we have
that [—df g]T : X1 — X9 @Y is a t-inflation. Hence, there is a t-distinguished n-exangle
(ZL,~) with Z) = X1, Z, = Xo® Y and d¥" = [-dX g]". We obtain the solid morphisms
of a diagram

4]

9 Y
Nt ey —— 2 7z A
H _aX H ty s th sy g1 Snga
[ g ] M v (i1 dX] ¥ fp
Xi— X - X30Yo— - = X1 @Y, —— Yyq1 -3 >

where the upper row is the t-distinguished n-exangle (Z,,7') and the lower row is the
s-distinguished n-exangle (MY, f.p). By [HLN21, Propostion 3.6(1)], this gives rise to
morphisms s} : (Z.,~') = (M, f.p) and t,: (MS, f.p) — (Z.,~') with s = idx, =t} and
s) = idx,ey; = t}. This implies that (idx,,s),,): 7 — fep and (idx,,t, . 1): fip =
are morphisms of E-extensions. Hence, (idx,, s, 1t,,.1): f«p = fep is also a morphism of
E-extensions. Therefore,

(idy,, _3;1+1t;1+1>*f*P = fup — (3;1+1t;1+1>*f*P = fip— (Idx, ) fup =0
holds. Because the sequence

C(Yn+17[¢n+l d}:]) (fep)g

C(Yn—i—l; Xn+1 & Yn)

C(Yn-l—hYn-‘rl) E(Yn+laX1)

is exact, there is a morphism [ h’]T : Yo — X1 @Y, with

idYn+1 _3;1+1t;1+1 = [¢n+1 d{] [}}Z/] = Qpt1h + dghl'

Now we define Y := X, 11 & Z),; and s := [én+1 541 ] 1 X1 @ Z) 1 — Yoq1 as
well as ¢ :=[ht, ] : Vg1 — Xppq @ Z} 1. We claim that these are the desired mor-
phisms. Indeed, idy,,, —st = idy,,, =Sl 1thi1 — Gnt1h = dY . Therefore, we ob-
tain (idy,,, —st)*p = (dX 1')*p = (K')*(dY)*p = 0 since already (dY)*p = 0, as all n-
exangles are E-attached complexes. Since (X,,d) and (Z,,7') were t-distinguished, we
have Y/ = X,,11 @ Z],,; € A and the result follows. O

We are ready to prove that t-inflations are closed under composition.
Lemma 3.2. If f: X =Y and g: Y — Z are t-inflations, then so is gf: X — Z.

Proof. If n =1 then [NP19, Remark 2.18] and Remark 1.17 imply that the triplet (A, F,t)
is 1-exangulated. The Lemma follows from (EA1) in this case.

Let n € N>9. Define Xg:= X =Yy, X;:=Y = Zpand Y7 := Z = Z;. Since f and g
are t-inflations, hence s-inflations, we know that gf is a s-inflation by (EA1) for (C,E,s).
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This shows that we can construct the solid morphisms of Diagram 3.1 such that the upper
row and lower row, respectively, are t-distinguished n-exangles (X,,d) and (Z,,~) and
such that the middle row is an s-distinguished n-exangle (Ys, p). By Lemma 3.1 there is
an object Y’ € A and morphisms s: Y’ — Y, 1 and ¢: Y, 11 — Y’ with (st)*p = p. We
have s*p € E(Y',Y)). Since A is n-extension closed there is a t-distinguished n-exangle
(YJ,s*p). We obtain the solid morphisms of a commutative diagram

9f p
Yo Y1 Y, N Yy Yog1 ----- *
H t1 to tn lt
/ %0 V/ V/ V/ 1 SP
R RO y' -2

where the upper row is the s-distinguished n-exangle (Ys, p) and the lower row is the t-
distinguished n-exangle (Y, s*p). Since (st)*p = p, the morphism (idy,,t): p — s*p is a
morphism of E-extension and hence can be lifted to a morphism t: (Ys, p) — (Y], s*p)
of n-exangles. This gives us dj = t1gf. Since d} = t1(gf) is a t-inflation and Y; € A,
Proposition 2.4 shows that gf is a t-inflation. O

The following theorem proves [HZ21, Theorem 1.1] in a more general setting.

Theorem 3.3. Suppose that (C,E,s) is an n-exangulated category with an n-extension
closed additive subcategory A C C. Then (A,F,t) is an n-exangulated category and
(Z4,04): (A F,t) = (C,E,s) is a fully faithful n-exangulated functor.

Proof. The first part follows from [HLN22, Proposition 4.2(2)], Lemma 3.2 and its dual.
The second part is clear by definition of (.#4,0 4) and Remark 1.24. O

Remark 3.4. Notice that (A, F,t) is an n-exangulated subcategory of (C,E,s) in the sense
of Haugland [Hau21, Definition 3.7].

4 n-Extension closed subcategories of n-exact categories

Throughout this section we also assume that D is an additive category. We recall the
following definition.

Definition 4.1 ([Jas16, Defintion 2.4]). An object X, € Cl5t? is called an n-ezact sequence
if for all X € D the sequences

X X X
0 — D(X, Xo) 2% p(x, x,) DA, P by x L )
and
X DX X X
0 — D(Xp 1, X) 295, px, x) D) P v x)

are exact in Ab.

Notation 4.2 ([HLN21, Definition 4.12]). We denote by A?ﬁ;i&,o) the class of all homotopy

equivalence classes of n-exact sequences in CZ‘IJ; ?4 o)
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We recall the construction of n-exangulated categories from n-exact categories defined
in [HLN21, Section 4.3]. Suppose that (D, X) is an n-exact category in the sense of [Jas16,
Definition 4.2]. For any pair A,C € D we define a class

Gx(C,A) = {[Xup € Afg2 o) [ Xe € X | (4.1)
as in [HLN21, Defintion 4.24]. This does not have to be a set in general.

Definition 4.3. We say that an n-exact category (D, X) has small extension groups if
Gx(C,A) as defined in (4.1) is a set for all A,C € D.

We recall the following construction from [HLN21, Definition 4.16]. For A, B,C € D,
[Xe]p € Gx(C,A) and a: A — B we define

Gx(C,a)([Xelp) := [Ya]p (4.2)

by picking an Y, € X N 0?53970) such that there is a morphism f, € C%H(X.7 Y,) with

fo=aand f,11 =idc making the solid part of the diagram

¥ dX ax_ dx_ X

ANy, A b ey T o

Ja ifl anfl ifn (4.3)
ay ¥ ay_ ay_ Y

B-Y y, A, 2y Sy o

an n-pushout diagram as defined in [Jas16, Definition 2.11]. Such a Y, exists by using
[Jas16, Definition 4.2] and [Jas16, Proposition 4.8] and the assignment (4.2) is well-defined
by [HLN21, Proposition 4.18]. Dually, we can define Gx(c, A)([Xo|p) for A,C,D € D,
[Xe]p € Gx(C,A) and ¢: D — C.

If (D, X) has additionally small extension groups, a bifunctor Gy : D°? x D — Ab can
be defined this way, see [HLN21, Definition 4.24, Lemma 4.26 and Proposition 4.32].

Recall that the additive structure on Gx(C, A) for C, A € D is defined through Baer
sums as follows. For [Xe|p, [Ye]p € Gx(C, A) we have [Xo ® Yo|p € Gy (C B C,AD A)
by [Jas16, Proposition 4.6] and we can define [X¢]p + [Yo|p := Gx(Ac, Va)([Xe ® Ye|p),
where Ag = [ide ide ] : € — C @ C is the diagonal and V4 = [idaida]: A®A — A s
the codiagonal, see [HLN21, Definition 4.28].

Notation 4.4. For an n-exact category (D, X') with small extension groups we denote by
Gy the functor constructed above and by ty the assigment tx(0) = [X,|p for A,C € D
and § = [X.]D S G)((C, A)

Proposition 4.5. If (D,X) is an n-exact category with small extension groups then
(D,Gu,tx) is an n-ezangulated category with monic tx-inflations and epic vx-deflations.

Proof. The proof is given in [HLN21, Propsition 4.34] and [HLN21, Remark 4.35]. O

Definition 4.6. We say an n-exangulated category (D,G,t) is n-exact if there exists
an n-exact structure X C C%” on D and an equivalence of n-exangulated categories
(Idp,I): (D,G,x) = (D,Gx,tx).
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Conversely, we can construct n-exact categories from n-exangulated categories using
[HLN21, Propsition 4.37] and the strong Obscure Axiom.

Notation 4.7 ([HLN21, Lemma 4.36]). For an n-exangulated category (C,E,s), denote
by X the class of all s-conflations.

Proposition 4.8. Suppose (C,E,s) is an n-exangulated category such that all s-inflations
are monic and all s-deflations are epic, then (C, X(g4)) is an n-ezact category.

Proof. For n =1 this follows from Remark 1.17 and [NP19, Corollary 3.18]. For n € N>9
this follows from [HLN21, Proposition 4.37(2)] because the two conditions (a) and (b) of
[HLN21, Proposition 4.37(2)] are satisfied by Corollary 2.5 and its dual. O

Showing that the construction of Proposition 4.5 and Proposition 4.8 are inverse to
each other relies on the following Lemmas 4.9 and 4.10. We need some setup.

Let (C,E,s) be an n-exangulated category in which all s-inflations are monic and all s-
deflations are epic. Then (C, X(E,5)) is an n-exact structure by Proposition 4.8. We obtain
a class Gy, (C, A) for C, A € C through the assignment (4.1). We define a map

Lc,a): B(C,A) = Gag, (C, A), § — 5(5)

E,s)

for C, A € C, which is bijective by [HLN21, Lemma 4.36(3)]. In particular, (C, X(g ) has
small extension groups by the Axiom of Replacement using that E(C, A) is a set. Hence,
(C.Gxp.,)» Xz, ) 1s an n-exangulated category by Proposition 4.5.

Lemma 4.9. Under the above assumptions the following hold.

1. For A,B,C €C,a: A— B and ¢ € E(C, A) we have

L, (E(C,a)(0)) = Guy , (C,a) (T (c,4)(0))-
2. For A,C,DeC,c:D— C and 6 € E(C,A) we have

L (p,4)(E(e, A)(9)) = G, (e, A) (T (0,4)(9))-
3. For A,C €C and 0,p € E(C, A) we have

Lic,a)(0 +p) = Tc.a)(8) + T a)(p)
Hence, I': E = GX([E,E) is a natural isomorphism and
(Ide,I): (C,E,8) = (C,Gxpy,y» taes )

is an n-exangulated equivalence.

Proof. (1): Let p:=E(C,a)(d) and (X, d), (Y, p) be s-distinguished n-exangles. Notice
that (a,id¢): 0 — p is a morphism of E-extensions. There exists a lift fo: Xo¢ — Yo
with fo = a and f,4+1 = id¢. By the dual of [HLN21, Lemma 4.36(1)], this means that
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the solid part of (4.3) is an n-pushout diagram. We have X, € Xg 4 N C?CTELC) and

Yo € g N C?CJTJQB ) Hence,

Lie,p) (E(C,a)(9)) = s(p) = [Yale = Guy,,, (C,a)([Xelc) = Guy ,, (C,a) (o a(9))

by definition of Gy, (C,a). In the same way (2) can be shown.

(3): Let §,p € E(C,A) for A,C € C. Then we have § + p = E(A¢,Va)(d D p), where
Ac:=[idcide]" : C = C®C and V4 = [ida ida]: A® A — A as mentioned in [HLN21,
Definition 2.6]. We have

11(14,0) (5 + P) = 1-\(C’,A) (E(AC7 VA)(6 D ﬂ)) = GX(]E,s) (ACv VA) (F(C’@C,AGBA)(5 D ,0))

by using (1) and (2). Let X, be an s-realisation of 6 and Y, be an s-realisation of p. Then
[Xe @ Ya|c =5(0 ® p), by [HLN21, Proposition 3.3]. Hence,

G (Ao, Va) (L cac,a0a) (0 @ p)) = G, (Ac, Va) ([Xe © Yalc)
= [Xe]e + [Yelc
=T 4)(9) + T'c.a)(p)

as addition in Gu , (C, A) is defined through Baer sums. Therefore, (3) holds.

Finally, I': E = Gx ,, is a natural isomorphism of functors C°? x C — Ab by (1), (2)
and (3). It is clear that 5(5) = tx, (I'(c,4)(6)) for A,C € Cand § € E(C, A), by definition.
Hence, (Id¢,T"): (C,E,s) — (C, GX@E),tX(E,E)) is an n-exangulated equivalence. O

Suppose that (D, X) is an n-exact category with small extension groups. The n-
exangulated category (D,Guy,ty), as defined in Proposition 4.5, has monic ty-inflations
and epic vy-deflations. Therefore, an n-exact category (D, X(g,,)) can be defined using
Proposition 4.8.

Lemma 4.10. Under the above assumptions we have X = X(G c5)-

Proof. Let Xo € X and ¢ := [Xo|]p € Gx(Xp+1,X0). Then vy () = [Xe]p, by definition.
Hence, X, is an ty-conflation. This means Xo € X(g c,), again by definition.
Conversely, let Xo € X(g,cy)- Then X, is an ty-conflation. By definition of Gx and
ty this means there is a Yo € X' such that [Yo]p = [Xe|p. This implies the existence of an
equivalence X, — Y, of n-exact sequences in the sense of [Jas16, Definition 2.9]. By [Jas16,
Definition 4.2] the class X" is closed under weak isomorphisms and hence X, € X. O

We can now summarize [HLN21, Section 4.3] and show that the two constructions
given are inverse to each other.

Theorem 4.11. Proposition 4.5 and 4.8 induce a one-to-one correspondence

{ n-exangulated structures (D, G, t) with }
11 [ monic t-inflations and epic v-deflations
equivalences of n-exangulated categories
of the form (Idp,T")
(D, X) — (D, Gx, t/y)

(D, X(G,t)) < (D, G, t).

{n—emct structures (D, X) with}
small extension groups
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Proof. The map from left to right is well-defined by Proposition 4.5.

For any n-exangulated equivalence (Idp,T"): (D,G,t) — (D,G/,t') we have a natural
isomorphism I': G = G’. Moreover, any t-realisation of any G-extension is an t/-realisation
of its image under I" as (Idp,I") is an n-exangulated functor. Hence, the classes of confla-
tions X(g ) and X(g/ ) coincides and the map from right to left is well-defined.

The Theorem follows now from Lemma 4.9 and Lemma 4.10. O

Corollary 4.12. For any n-ezangulated category (C,E,s) the following are equivalent.
1. (C,E,s) is n-ezact.
2. Fvery s-inflation is monic and every s-deflation is epic.

Definition 4.13. An additive subcategory B C D of an n-exact category (D, X) is called
n-extension closed if for all X, € X with Xg, X,,11 € B there exists a Y, € CZ,+2 NAX with
[Xe]p = [Yeo]p.

The two notions of n-extension closed given in Definitions 1.18 and 4.13 coincide.

Lemma 4.14. Suppose (D, X) is an n-ezact category with an additive subcategory B C D.
Then B is n-extension closed in (D, X) if and only if it is n-extension closed in (D, Gy, tx).

Proof. We show only that if B is n-extension closed in (D, X') in the sense of Definition 4.13
then B is m-extension closed in (D,Gy,tx) in the sense of Definition 1.18, the reverse
statement follows similarly. Let § € Gy (C, A) for C,; A € B. We have X = X(g,y) by
Theorem 4.11 and hence X, € X for any X, € C%+2 with [Xe] = tx(0). By Definition 4.13
we can pick Yy € CE™? with [Ve] = [X,] = s(6). O

We have the following corollary which is a higher analogue of [Biih10, Lemma 10.20].

Corollary 4.15. Suppose that (D, X) is an n-exact category with small extension groups
and B C D is an n-extension closed additive subcategory. Then (B,Xg) is an n-exact
category with small extension groups, where X := X N C%+2.

Proof. By Lemma 4.14 we know that B is n-extension closed in (D, Gy, tyx). Theorem 3.3
(D, Gy, ty) induces an n-exangulated structure (B,Fp,t5) on B. By Theorem 4.11, any
ty-inflation is monic in D. The tz-conflations are precisely the ty-conflations with terms
in B, see Remark 1.24. Therefore, any tz-inflation is monic in D and hence in B C D.
Dually, any tg-deflation is epic in B. Hence, (B,Fg,t3) is n-exact, by Corollary 4.12.

It follows from Theorem 4.11 that (B, Fp, t5) induces an n-exact structure X(p, 1) with
small extension groups on B. Remark 1.24 and X = X(g , ¢, Imply X = X5y ¢5)- O

5 n-Extension closed subcategories of (n + 2)-angulated
categories
Throughout this section let D be an additive category, >: D — D be an additive automor-

phism of D and Gx(—, —) := D(—, ¥—) be the induced biadditive bifunctor, see [HLN21,
Section 4.2]. We recall the following constructions from [HLN21, Section 4.2].



96 Paper C

Suppose (D, 3, 0) is an (n + 2)-angulated category in the sense of [GKO13]. Define a
realisation ty of Gy, as follows. For C, A € D and 0 € Gx(C, A) pick an (n + 2)-angle

~ X ax X X
X ANy, L e a6 vy (5.1)
in O. Let X, € C%” be the truncated complex
d¥ dX ax_ X
X.: ATy, L G (5.2)

and define t4(0) := [Xo]p. This is independent of the (n + 2)-angle chosen in (5.1), by
[HLN21, Lemma 4.4]. Then (D, Gy, ty) is n-exangulated, see [HLN21, Proposition 4.5]

Conversely, let (D, Gy, t) be n-exangulated. Let O be the class of all complexes X,
as in (5.1) such that (X,,d) is t-distinguished, where X, is the corresponding complex in
(5.2), then (D, X, O,) is (n + 2)-angulated, see [HLN21, Proposition 4.8].

Indeed this gives us a bijective correspondence.

Theorem 5.1 ([HLN21, Section 4.2]). There is a one-to-one correspondence

{(n + 2)-angulated structures (D, %, 0)} & {n-exangulated structures (D, Gyx,t)}
(Dv 27 O) — (D7 GE; tO)
(D, %, 0r) «— (D, Gy, v).

Proof. By [HLN21, Proposition 4.5, every (n + 2)-angulated structure (D, 3, 0) yields
an n-exangulated structure (D,Gy,ty). Conversely, by [HLN21, Propsition 4.8], every
n-exangulated structure (D, Gy, t) yields an (n + 2)-angulated structure (D, 3, 0). We
only need to show O = O, for any (n+ 2)-angulated structure (D, X, 0,) and t = vy, for
any n-exangulated structure (D, Gy, ).

Let (D,Gyx,t) be n-exangulated, A,C € D, § € Gx(C,A) and (X,,J) be an t-
distinguished n-exangle. Then X, is of the shape of (5.2) and hence X, as in (5.1) is
in O,. Using the independence [HLN21, Lemma 4.4] provides, we have that (X,,d) is
to, -distinguished. Therefore, v = tq,.

For the rest of this proof denote for any complex X, as in (5.1) the corresponding
complex as in (5.2) by X,.

Let (D, 3, O¢) be (n+2)-angulated. We show the two inclusions of & = O, separately.
Let X, € O be as in (5.1). Then [X,]p = to(6), using [HLN21, Lemma 4.4]. Hence,
)/(\'. € Oy,. Conversely, let )?. € Oy, be asin (5.1). Then (X,,0) is to-distinguished, by
definition. This means that there is a }7. € O of the shape

Y, A—">Y Y, — C —— %A
such that [Y,]p = [Xe|p. Hence, there is a commutative diagram

dY dY dY_ Y
A-D Ly, G ey o8 g

AN, x, A Sy o sa
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where the dotted morphisms are obtained through the homotopy equivalence [Xo|p =
[Yo]p. By [GKO13, Lemma 2.4] we have X, € 0. This shows O = O O

We recall the following definition.

Definition 5.2. An additive subcategory B C D of an (n+2)-angulated category (D, 3, O)
is called n-extension closed if for all A,C' € B and all § € D(C, X A) there is an (n+2)-angle
Xe as in (5.1) with X;,..., X, € B.

Remark 5.3. Suppose (D, X, ) is an (n + 2)-angulated category with an additive subcat-
egory B C D. Then B is n-extension closed in (D, %, 0) in the sense of Definition 5.2 if
and only if it is n-extension closed in (D, Gy, ty) in the sense of Definition 1.18.

Suppose (D, ¥, 0) is an (n+2)-angulated category and B C D is n-extension closed. For
cach A,C € B and 6 € D(C, L A) pick an (n+ 2)-angle X, as in (5.1) with X;,..., X, € B
and define t5(d) = [Xe|p, where X, is the corresponding complex from (5.2). This is well-
defined using that for A,C € B and X,,Y, € C?gg 3170) the equality [X.A]p = [Ys]p implies
[Xe]p = [Ye] and using that [Xe]p is independent of the choice of X, € O completing
0: C — XA by [HLN21, Lemma 4.4]. The following corollary proves [Zho22, Theorem 1.2]

in a more general setting.

Corollary 5.4. Suppose that (D,3, 0) is an (n + 2)-angulated category and B C D is an
n-extension closed additive subcategory. Then (B,Gpg,tp) is an n-exangulated category,
where G = Gy |gor s and tg is as defined above.

Proof. By Theorem 5.1 there is an n-exangulated structure (D, Gy, t) on D with 0 = 0.
By Remark 5.3 we know that B C D is n-extension closed in (D, Gy, t). By Theorem 3.3
there is an n-exangulated structure (B,Fg,t3) on B, where Fz = Gyx|gor 5. It is clear that
tz and tp coincide. ]

Suppose (D, X, 0) is an (n+ 2)-angulated category and B C D is an n-extension closed
additive subcategory with D(XB,8) = 0. Let Az be the class of all sequences X, as in
(5.2) with A, X1,...,X,,C € B such that there exists a corresponding (n + 2)-angle X,
as in (5.1). The following corollary proves [Kla21, Theorem I] in a more general setting.

Corollary 5.5. Suppose that (D, %, 0) is an (n + 2)-angulated category and B C D is an
n-extension closed additive subcategory with D(XB,B) = 0. Then (B, Xg) is an n-exact
category with small extension groups, where X is as defined above.

Proof. Let (D, Gy, ty) be the n-exangulated structure induced on D via Theorem 5.1 and
(B,Gp,tp) be the n-exangulated structure induced on B via Corollary 5.4 or equivalently
Theorem 3.3.

The class of rp-conflations is the class of tn-conflations with terms in B, by Re-
mark 1.24. By Theorem 5.1, the class of ty-conflations is the class of all sequences X, as
in (5.2) such that there exists a corresponding (n + 2)-angle X, as in (5.1), which is in O.
We conclude that the class of tg-conflations is Ax.

We show that all tz-inflations are monic in B. Indeed let A, X; € B and d()f A — X4
be an vp-inflation. Then there is an (n + 2)-angle as in (5.1) with Xo,...,X,,,C € B.



98 Paper C

Applying the functor D(—, B) for B € B yields an exact sequence

-1 D(B,d¥
D(B,X776) D (B,dy)

D(B,%710) (B, A) D(B, X;)

by [GKO13, Propositon 2.5]. Using that B C D is full and D(B,%~"1C) = D(LB,C) =0
because D(XB, B) = 0, we conclude that d())( is monic in B. Similarly, one can show that
tp-deflations are epic.

By Theorem 4.11 we conclude that (B, Xg) is n-exact with small extension groups. [J

A Calculations
Calculation A.1. Diagram 2.1 is a biproduct diagram in PE?&'}E).
Proof. We first prove identities, which will be used later in the proof. We have

ida = p'g, e=gp, ¢ =idx, —gp’ = idx, —e, p’h=0
by definition. Notice that e and e’ are idempotents. The above identities imply eg = g
and p'e = p’ as well as eh = 0 which imply

eg=0, pe =0, ¢h=h.
Finally, d5 d¥" = 0 since X” is a complex and hence

dXg =0, dXh =0, dXe = d (idx, —gp') = dy.

Now, it is clear that all columns of Diagram 2.1 except the third one are biproduct

diagrams in \A. Concerning the third column, we have

[p0][8] =p'g=id4 and [¢ ¢] {Z;} =¢ +gp =€ +e=1idx,

as well as
/ , , . N2 _t / . / 0 .
[S]1eal+ 1811 ol =[S0 o]+ [%9] = [“4°., | = idxea-
Hence, all columns of Diagram 2.1 are biproduct diagrams in A.
To conclude that Diagram 2.1 is a biproduct in }E?g é)
all squares commute. The two upper left squares commute since

we only need to show that that

[idgi]fz [ﬂ =d{" and [0idx; |dy = [0idx] [?] = f.
The two lower left squares commute since
[ia 0] dX" = [ia4 0] [$] =0

and any morphism starting in the zero object is 0. The two, second to left, upper squares

commute since
(o] h =[] = 18] = [55] [y ] = & [, ]
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and

"

[¢ g]di

The two, second to left, lower squares commute since

= [e’g] [gg] = [e’g e’h] = [O h] = h[OidXi]-

[ o) =[] [§5] = [vown] = [ia o] and () = [55] [ ] = " [} .
The two, third to left, upper squares commute, since

X ! X / " ’ " X X (12 X ot X ./
(8= (4 ][] = [5] ma " = [4 8] =[5 529] = [47] 1)
p 0 ida p p 0 ida p'e p'g P

Finally, the two, third to left, lower squares commute because any morphism ending in
the zero object is 0 and

o=[478] = [ 2] -4 131

It is clear that the remaining squares commute. It follows immediately that Diagram 2.1

is a biproduct diagram in fE’(lg E). O

Calculation A.2. Diagram 2.2 is a biproduct diagram in PE‘?C,]E)'

Proof. By construction, all columns of Diagram 2.2 are biproduct diagrams in A, all
squares except for two upper right squares commute and (j')*0 = ¢’. We only need to
show that the two upper right squares commute, that the upper row of Diagram 2.2 is
an E-attached complex, and that (di¥i)*§ = 0 and (¢’)*¢' = § hold. As the columns of
Diagram 2.2 are biproduct diagrams the identities

¢j =idx;, p+jo=idagx;, e=diip/, ¢ =idyx, ¢ =idx,—e=j¢
hold. We have ed; = (di*ip’)d;* = di*(ip) as the two lower left squares commute. Hence,
J(ddig) = €'di'j = (idx, —e)di'j = di (iduagx; —ip)j = di' jgj = di'j
as well as
ddf =¢j'qd = qedY = (idx, —e)di’ = ¢'di (idaex; —ip) = (¢'d7 j)g
show that the two upper right squares commute. We have (di)*§ = 0 as (X,,0) is a 1-

exangle. Hence, (¢'di*7)*8' = (§'¢'d j)*6 = (d¥j)*6 = 0 and (dyi)*d = 0. In particular,

the upper row of Diagram 2.2 is an E-attached complex. Finally, (df)*6 = 0 implies

()8 = ()6 = (idx, )" = 6 — (dip')"5 =

which completes the proof. ]
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Paper D

When does the Auslander—Reiten
translation operate linearly on the
Grothendieck group? — Part I

Carlo Klapproth

Abstract

For a hereditary, finite-dimensional algebra A the Coxeter transformation extends the
action of the Auslander—Reiten translation on the non-projective indecomposable modules
to a linear endomorphism of the Grothendieck group of the category of finitely generated
A-modules. It is natural to ask whether other algebras admit a similar linear extension.
We show that this is indeed the case for all Nakayama algebras. Conversely, we show that
finite-dimensional algebras with non-acyclic and connected quiver admitting such a linear
extension are already cyclic Nakayama algebras.

1 Introduction

Let A be a basic, finite-dimensional k-algebra over a field k. If k is algebraically closed
and A has finite global dimension, then the bounded derived category D?(modA) of A
has Auslander—Reiten triangles by [Hap88, Theorem 4.6], and hence a Serre functor S
by [RVdBO02, Theorem I1.2.4]. It is well-known that 7 := S[—1] is then a triangulated
functor which induces the Cozeter transformation ®, that is a linear endomorphism of the
Grothendieck group Ko(D¥(modA)) = Ko(modA), see e.g. [Hap88, Section I11.1.2], with
®[X] = [7X] for X € D’(mod A).

The situation is more difficult for the category mod A of finitely generated A-modules.
The Auslander—Reiten translation 74 on mod A does not need to be a functor. However,
inspired by the situation for hereditary algebras one can define the following.

Definition 1.1. An endomorphism ® € Endyz(Ko(mod A)) with ®[M] = [r4M] for all non-
projective indecomposable A-modules M is called 7-map for A. Similarly, an endomor-
phism @ € Endz(Ko(modA)) with ®[M] = [r;'M] for all non-injective indecomposable
A-modules M is called 77'-map for A.

It is natural to ask which algebras do admit a 7-map. Recall the following.

Definition 1.2. A finite-dimensional k-algebra A is called Nakayama algebra if the inde-
composable projective and indecomposable injective A-modules are uniserial. A Nakayama,
algebra is called cyclic, if it has no projective and no injective simple modules.
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We have the following examples of algebras admitting a 7-map.

1. If @ is an acyclic quiver and k@ is its (hereditary) quiver algebra then k@ has a
T-map given by the Coxeter transformation, see [ARS95, Proposition VIII.2.2(b)].

2. For a Nakayama algebra A there is a unique ® € Endz(Ko(modA)) with

B[s] = [T4S] for S € modA simple and non-projective,
B Tg for S € mod A simple and projective,

where zg is an arbitrary, fixed element in Ko(modA) for each simple projective A-
module S. This map ® is a 7-map by Proposition 4.7.

Notice, a 7-map can look very different from the Coxeter transformation. For example

the algebra A :=k@/I, where @ is the quiver

. # .
and I := (af), is a Nakayama algebra without simple projective modules and hence has
a unique 7-map P, by Proposition 4.7. This map transposes the two simple A-modules.
On the other hand, the Cartan matrix C of A is symmetric and hence the Coxeter matrix
C'C~! of A is the identity matrix. So, the Coxeter transformation of A is the identity
map on Ko(modA).

We suspect that the class of algebras which have a 7-map admits a classification.
Because of very different behaviour with regards to the existence of a 7-map, we want to
treat algebras with an acyclic Ext!-quiver (see Definition 2.2) separately from those with
a non-acyclic Ext!-quiver. This paper is mainly concerned with algebras which admit a
7-map and have a non-acyclic Ext'-quiver. We show the following.

Theorem A (Theorem 4.1). Suppose the Ext!-quiver of A is connected and non-acyclic.
Then A has a T-map if and only if A is a cyclic Nakayama algebra.

In the language of quotients of path algebras Theorem A can be reformulated as follows.

Corollary B (Corollary 4.2). Let k be an algebraically closed field. Suppose A :=kQ/I,
where Q) is a connected and non-acyclic quiver and I <<{kQ is an admissible ideal. Then
A has a T-map if and only if A is a cyclic Nakayama algebra.

This shows that for an algebra with a non-acyclic Ext!-quiver the existence of a 7-map
restricts the shape of the underlying quiver significantly. This is not the case for algebras
with an acyclic Ext!-quiver as indeed all hereditary algebras admit a 7-map.

2 Preliminaries and Notation

For morphisms f: X — X’ and g: X’ — X" we write ¢gf for the composite gof: X — X",
Similarly, for functors F': C — C’ and G: C' — C"” we write GF for the composite functor
GoF:C — C". For a category C we denote by indC the full subcategory of indecomposable
objects in C. We fix a field k, which is not necessarily algebraically closed.
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For arbitrary finite-dimensional k-algebras A and B we refer to right A-modules as
A-modules and to right A°P @, B-modules as A-B-bimodules. We denote by mod A the cat-
egory of finitely generated A-modules. We write projA and injA for the full subcategories
of modA consisting of projective and injective A-modules, respectively. For P € projA
we denote by simp P the isomorphism classes of simple quotients of P. Abusing notation,
we view the elements of simp P as simple A-modules by picking a representative. We de-
note the k-duality Homy(—, k) by D and write v4(—) := D Hom4(—, A): mod A — mod A
for the Nakayama functor, v;'(—) := Homgor(D(—), A): mod A — mod A for the inverse
Nakayama functor as well as 74 and Tgl for the Auslander—Reiten translations on mod A.
We want to point out that the restriction v4: projA — injA is inverse to the restriction
val:injA — projA. However, the unrestricted functors v4 and v;! are generally not
mutually inverse equivalences on mod A. We refer the reader to [ARS95, Chapter IV] for
a more detailed exposition.

For a simple module S € modA and an arbitrary module M € modA we denote by
[M : S] how often S appears as a composition factor in any composition series of M. By
the Jordan—Hoélder theorem this is independent of the chosen composition series. Recall
that [M : S] # 0 if and only if Hom4 (P, M) # 0 where P is a projective cover of S, see for
example [ARS95, Exercise II.1(a)]. Compare also [ASS06, Corollary II1.3.6] for the case
where k is algebraically closed. The following result is folklore, see e.g. [Iwa79, Lemma 1].

Lemma 2.1. Let --- % P 2N Py 5 M be an augmented minimal projective resolution
of some A-module M. Then we have Ext’y(M,S) = Homa(P;,S) for all i € N and all
simple A-modules S.

Proof. By the definition of (augmented) minimal projective resolutions the morphisms
€: Py - M and P, — Imd; for ¢ > 1 are projective covers and hence the submodules
Kere C Py and Kerd; C P; are superfluous. By exactness, the submodules Imd; C P;_4
for ¢ > 1 are superfluous and hence Im d; C rad P;_1 for ¢ > 1. On the other hand, for any
N € modA the submodule rad N C N can be characterized as the intersection of all kernels
of morphisms from N to simple A-modules. Therefore, Hom 4(d;, S) vanishes for any given
simple module S and all i > 1. This means that applying Hom 4(—, S) to the unaugmented
complex -+ — P — Py =: P, yields a complex Hom 4 (P, S) with zero differentials and as
a result of this we obtain Exty (M, S) = H  Homa(Ps, S) = Homy4(P;, S) for alli € N. [

Throughout this paper we assume that A is a basic, finite-dimensional k-algebra and
that e € A is an idempotent. We write I'. := (1—e)A(1—e) for the idempotent subalgebra
obtained from A by deleting e. By projectivisation, cf. [ARS95, Proposition I1.2.1], the
functor Hom((1 — e)A, —): add(1 — e)A — projT’. is an equivalence and maps the basic
object (1 —e)A to I'e, showing that I'. is also a basic finite-dimensional k-algebra. Recall
that the simple I'.-modules are in correspondence with the modules in simp(1 — e)A, see
Lemma 2.4(7). We define the two functors

F(—):=—®4 A(1l —e): modA — modI', and
Ge(—) :=—@r, (1—e)A: modl'. — mod A.

Notice that A(1—e) is a projective A°P-module. Hence, —® 4 A(1—e) = Homu((1—e€)A, —),
see Lemma 2.4(4). This means that F, is right adjoint to G by Tensor-Hom adjunction.
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If k is algebraically closed then it is well-known that we have an isomorphism A =2 kQ /I
where @) is a quiver and I C k@ is an admissible ideal. However, as we do normally not
assume k to be algebraically closed, we define the following as a replacement.

Definition 2.2. The Ext!-quiver Q = (Qo, Q1) of A is the quiver with
1. vertices oy = simpA and
2. arrows Q1 = {S — S| S, 5 € Qg and Ext(S,5") #0 }.

Notice, the Ext!-quiver of A can have 1-cycles, that is loops. Furthermore, it has precisely
one arrow from S to S’ if S’ has non-trivial extensions by S and no arrow from S to S’
otherwise. For an admissible quotient of a path algebra the Ext!'-quiver relates to the
underlying quiver of the path algebra as follows.

Remark 2.3. Suppose k is algebraically closed. Let @ be a quiver and I < k@ be an
admissible ideal. Then by [ASS06, Proposition II1.2.12(a)] the Ext!-quiver of kQ/I is
obtained from @ by replacing all vertices with their corresponding simple k@ /I-modules
and by identifying parallel arrows. In particular, acyclicity and connectedness hold for @)
if and only if they hold for the Ext!-quiver of kQ/I.

Recall that a vertex of a quiver is called source vertex if there are no arrows ending in it.
Dually a vertex is called sink vertez if there is no arrow starting in it. Notice, this does
not imply that there is any arrow starting in a source vertex or ending in a sink vertex.
Indeed, a vertex is isolated if and only if it is both a source and a sink vertex.

For n = 1 we define C}, to be a single vertex with a loop attached to it. For n > 2 we
denote the oriented cycle on n vertices

1
n /).\ 2
[ \
n—1e e3

by C,,. For quivers Q" and Q" we denote the disjoint union of Q" and Q” by Q' LU Q". If
Q = Q' UQ"” and Q' is connected, then we call Q" a component of Q.
For a basic algebra A and a decomposition 1 = e +- - -+e,, into primitive idempotents,
the A-modules e¢;A/rade; A for 1 < i <n form a full system of representatives of simp A.
For convenience, we recall some well-known facts about F, and G.. These functors
have been studied for example in [Aus74, Section 5 and 6], [Gre07, Section 6.2] and [Psal4].

Lemma 2.4. The following statements hold.
1. There is an equivalence add (1 — e)A < proj[e induced by F, and G.
2. The functor Fe is exact. If (1 —e)Ae € projI'%P? then G. is exact.
3. The functor Fe is left inverse to G that is FoG¢ = Idmodr. -

4. We have F.(—) = Homu((1 —e)A, —).
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5. The functor F, is right adjoint to Ge.

6. The functor G preserves augmented (minimal) projective presentations. Hence, G.
preserves the properties of being non-projective and being indecomposable.

Let 1 —e=e1+ -+ ey be a decomposition into primitive idempotents in I'e C A.

7. We have F.(e;A/rade;A) = e;Ie/rade;le for 1 < i < n. Hence, F, induces a
bijection between simp(1 —e)A and simpT..

8. If (1 —e)Ae = 0 then Ge(e;I'e/rade;I'e) = e;A/rade; A for 1 < i < n. Hence, G,
induces a bijection between simpIl'e and simp(1 —e)A.

9. If (1 — e)Ae = 0 then Exty (S, S') & Ext (Ge(S), Ge(S)) for S, 8" € simpTe.

Proof. Ttem (1) follows from projectivisation, cf. [ARS95, Proposition I1.2.1]. Item (2)
is a consequence of A(1 —e) € projA°® and (1 —e)A =2 T'c @ (1 — e)Ae as I'.--modules,
implying that (1—e)A € projI, if and only if (1 —e)Ae € projTc. Item (3) follows, because
(1-e)A®4 A(1 —e) =T, holds as I'.-I'c-bimodules. Item (4) follows from

F(-)=—®4A(l—e)= —®4 Homx((1 —e)A, A) 2 Homx((1 —e)A, —)

because A(1 — e) € projA°P, see [ARS95, Proposition 11.4.4] for the last equation. Then
(5) follows from (4) using Tensor-Hom adjunction.

To show (6) notice first that G.(—) = — ®r, (1 — e)A is right exact. Hence, G, maps
augmented projective presentations to augmented projective presentations using (1).

We show that G, preserves minimality. A projective presentation f: P, — Py is
minimal if and only if the two term complex f: P — Py has no non-trivial direct summand
of the form f': P — P} with f’ being a split epimorphism, cf. [Aus74, Corollary 4.10].
Since equivalences preserve direct summands and split epimorphisms, it follows from (1)
that G, preserves minimal projective resolutions.

A module with a minimal projective presentation f: P; — Py is non-projective if and
only if P, is non-zero, and indecomposable if and only if f: P, — Py is indecomposable
as a 2-term complex. Both properties are preserved by G, by (1) and the first part of (6).

We show (7). Let P — ¢;A — e;A/rade; A — 0 be an augmented minimal projective
presentation. Since F, is exact there is an exact sequence

F.(P) — F.(e;A) — Fe(e;A/rade;A) — 0 (2.1)

in modI'e and F,(e;A) = ¢;I'c is an indecomposable projective I'.-module. Furthermore,
F.(e;A/rade;A) is simple by [Aus74, Corollary 6.3d)] and therefore the sequence (2.1)
implies F,(e;A/rade;A) = tope;Te = e;,1c/ rad e;T .

We show (8). Assume (1 — e)Ae = 0 and consider again the exact sequence arising as
n (2.1). We have Homy(eA, e;A) C Homy(eA, (1 —e)A) = (1 — e)Ae = 0, that is every
map from an object in addeA to e;A is trivial. Then P € add(1 — e)A, by minimality
of the chosen projective resolution of e;A/rade;A. Hence, F.(P) is projective and (2.1)
is an augmented projective presentation of F.(e;A/rade;A) = e;I'c/rade;I'e. Applying
the functor Ge to (2.1) shows that G.F.(P) — GeFe(e;A) is a projective presentation
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of Ge(e;I'e/rade;I'.), by (6). However, as ;A and P are in add(1 — e)A this projective
presentation is equivalent to P — e; A by (1) and hence G.(e;I./rade;I'e) = e; A/ rad e; A.

We show (9). Suppose P — Py — S — 0 is an augmented minimal projective pre-
sentation of the simple I'.-module S. Then G¢(Pi) = Ge(Py) — Ge(S) — 0 is an aug-
mented minimal projective presentation of G¢(S) by (6). We know that G.(S’) is a sim-
ple A-module as S’ is a simple I'.-module, using (8). Applying Lemma 2.1 we obtain
Exti (S, 5") & Homr, (P1, S') and Ext} (Ge(S), Ge(S")) & Homa (Ge(P1), Ge(S")). By (3)
and (5) we have Hom(Ge(Py),Ge(S")) = Homp, (Py,S’). Finally, combining all of the
above equations we obtain Extf, (S, 5") = Ext}y(Ge(S), Ge(9")). O

Next, we want to recall how the Ext!-quiver of A and T, are related if (1 — e)Ae = 0.

Lemma 2.5. Let Q4 be the Ext!-quiver of A and Qr, be the Ext!-quiver of T.. Suppose
that (1 — e)Ae = 0. Then the morphism of quivers Qr, — Q4 mapping

1. a vertex S to the vertex G.(S) and
2. an arrow S — S’ to the arrow G.(S) — G.(5")
is the inclusion of the full subquiver of Q o having the elements of simp(1—e)A as vertices.

Proof. By Lemma 2.4(8) the functor G, induces a bijection between the vertices of Qr,
and the vertices of @4 which are in simp(l — e)A. By Definition 2.2 and Lemma 2.4(9)
there is an arrow S — S’ in Qr, if and only if there is an arrow G.(S) = G¢(S") in Q4. O

Lemma 2.6. We have ExtY(top M,S) # 0 for any A-module M and any non-trivial
direct summand S of top(rad M).

Proof. Consider the commutative diagram with exact rows

O%radM%M%topM%O

|
4~

where ¢ is a projection onto the direct summand S and the lower row is obtained by a
pushout from the upper row. We have Im f' = Im f'g = Im¢'f = ¢'(rad M) C rad M’
using that g is epic. If the lower row was a split sequence then M’ would be semisimple
and hence rad M’ = 0 implying Im f/ = 0. However, Im f’ = S is non-zero, so the lower
sequence defines a non-trivial element in Extl (top M, S). O

The Ext!-quiver contains information about the composition series of projective modules.

Lemma 2.7. Let S,S’ € simpA and P’ — S’ be a projective cover. If there is k € N so
that S € add(top(rad® P’)) then there is an oriented path of length k from S’ to S in the
Ext!-quiver Q of A. So, all composition factors S of P’ admit a path from S’ to S in Q.

Proof. If S is a composition factor of P’ then S is a direct summand of top(rad® P’) for
some k > 0, so the second part of the lemma follows from the first part.

We use induction on k£ € N to prove the first part of the lemma. If £ = 0 then we have
S € add(top P’') and so S = S’. Hence, the constant path at S” gives the desired path of
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length 0. For the induction step suppose S is a simple summand of top(radk P’) for some
k > 1. Then Extl(top(rad®*~ P’),S) # 0, by Lemma 2.6. Therefore, there is a simple
summand S” of top(rad*~! P;) with Ext}(S”,S) # 0. Hence, there is an arrow from S”
to S in @ and by induction hypothesis there is an oriented path of length & — 1 from S’
to S” in . Concatenation gives a path of length k from S’ to S in Q. O

In particular, connectedness of ) corresponds to indecomposability of A as an algebra,
and projective and injective simple modules correspond to sink and source vertices of Q).

Remark 2.8. A component C of the Ext!-quiver Q of A induces a central idempotent e
and an idempotent subalgebra I'c := I'1_.. Indeed, let eA be the projective cover of the
direct sum of all vertices in C. Any vertex S € C does not appear in any composition
series of (1 — e)A, by Lemma 2.7. Therefore, Hom4(eA, (1 —e)A) = 0 and similarly one
can show, Homu((1 —e)A,eA) = 0. Hence, A = Enda((1 —e)A®ed) =T, xI'1_, as
k-algebras, showing that e € A is a central.

Remark 2.9. Suppose S is a sink vertex of ). Let P — S be a projective cover. Lemma 2.7
implies rad P = 0 as it has no composition factors. Hence, S = P is projective. On the
other hand, a non-sink vertex in () has non-trivial extensions and is hence non-projective.
We see that the projective simple A-modules are precisely the sink vertices of ). Using
k-duality we see that source vertices in () are precisely the injective simple A-modules.

Using Remark 2.8 we can easily extend the following result to algebras A where only some
of the simple A-modules have 74-orbits consisting of simple modules only.

Theorem 2.10 ([ARS95, Theorem IV.2.10]). Suppose all modules in the Ta-orbits of
simple A-modules are simple themselves. Then A is a Nakayama algebra.

Corollary 2.11. Suppose simp(1 — e)A is a union of T4-orbits. Then we have a decom-
position A =T, x I'1_. where 'y is a Nakayama algebra.

Proof. Let S € simp(1 — e)A and Ext}(S,S") # 0 for some simple module S’ € mod A.
There is a non-split short exact sequence 0 — S — M’ — S — 0. In particular, S ¢ projA
and we have an Auslander—Reiten sequence 0 — 745 - M - S —- 0. As M — Sisa
right almost split morphism we obtain the dashed morphism of the diagram

0 S’ M’ S 0

0 —— 745 M S 0

using that M’ — S is not a split epimorphism and that M’ is indecomposable. But because
M’ and M must be uniserial of length 2 the dashed morphism must be an isomorphism and
therefore S” = 745 holds. Hence, Ext} (S, S’) # 0 can hold only if S” € simp(1—e)A. In the
same way we can show that Ext}(S”,S) # 0 for S € simp(1—e)A and S” € simp A implies
S € simp(1 — e)A. But the Ext!-quiver of A is then disconnected and A =T, x I';_, by
Remark 2.8 for a central idempotent e. Using for example Proposition 3.2 one can show
that 70, = F,.74G.. This shows that all I'.--modules in the 7_-orbits of simple I'.--modules
are simple using Lemma 2.4(7) and (8). Now, Theorem 2.10 applied to I'c shows that I,
is a Nakayama algebra. O
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Next, recall the following well-known extension of [ARS95, Proposition I1.4.4(a)].
Lemma 2.12. The family of morphisms
Yyn: N ®aHomy (M, A) — Homy (M, N)
n® f e (m—nf(m))
for M € modA and N € mod A, defines a natural transformation
Y: —9 ®4 Homy(—1,A) — Homag(—1, —2)
of functors mod A x mod A — modk. Furthermore,

1. if N4 is an B-A-bimodule then 1Yy n is also a B°?-module morphism from pN ® 4
Hom (M, A) to Homs (M, gN) for any M € modA and

2. if Ny € projA then ¥nr N is an isomorphism for all M € modA.

In particular, if the conditions of (1) and (2) are satisfied then there is natural isomorphism
¢: pN ® 4 Homy(—, A) — Homu(—, gN) of functors mod A — mod B°P.

Proof. By [ARS95, Proposition 11.4.4(a)] the family of morphisms 1) is a natural trans-
formation. Item (1) follows since (Yar,n(bn, f))(m) = bnf(m) = (bYm n(n, f))(m) for
méeM,ne N,be Band f € Homa(M, A).

The morphism a7 4 is the canonical isomorphism between A ®4 Homa(M, A) and
Hom 4 (M, A), so (2) holds for Ng = Ay4. Since 1 is natural and both —o ® 4 Hom4(—1, A)
and Hom 4 (—1, —2) are additive in —go, this implies (2) for N4 € add A = proj A.

For any B-A-bimodule p N4 which is projective as an A-module the natural transfor-
mation ¢: pN ®4 Hom(—, A) = Homy(—, pN) defined by ¢nr := ¥u, v for M € mod A
is a natural isomorphism by (1) and (2) since a morphism of B°P-modules is an isomor-
phism if and only if it is an isomorphism of k-modules. This shows the last part of the
statement. O

Finally, recall the following from linear algebra.

Lemma 2.13. Let X, X' € M, (N) be matrices satisfying X X' = 1,,xn. Then X and X’
are permutation matrices (cf. e.g. [Ser02, Section 1.1.2]).

Proof. In the ring M, (Q) D M,(N) we have X’ = X! by [Ser02, Proposition 2.2.1].
Hence, X'X = 1,x, holds in M, (N), so X and X’ define bijective maps from N" to N™.
They map N\ {0} into N"\ {0} and hence form semigroup automorphisms of (N"\ {0}, +).
The only elements of (N™\ {0}, +) that are not the sum of any two other elements are the
standard basis vectors. But then X and X’ have to permute those elements. O

3 Core lemmas

In this Section we want to build the core lemmas for our classification result. The main
results of this section are the formula of Proposition 3.2 showing how to calculate 7, using
T4 as well as Lemma 3.10.

We want to show that 7-maps are inherited by idempotent subalgebras arising from
the removal of injective simple modules.
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Lemma 3.1. There is a natural isomorphism FevaGe = vr, .

Proof. We have F.(—) = Homy((1 — e)A, —) by Lemma 2.4(4) and therefore
F.D(—) 2 Hom4((1 — e)A, Homy(—,k)) = Homg((1 —e)A®4 — k) =D((1 —e)A®4 —)
by Tensor-Hom adjunction. This, Lemma 2.12 and Tensor-Hom adjunction give a sequence

F.(DHoma(— @r, (1 —e)A, A)) = D((1 — €)A ©4 Homa(— ®p, (1 —€)A, A))
= DHomy(—®r, (1 —e)A, (1 —e)A)
= DHomr, (—, Homa((1 —€)A, (1 —e)A))

of natural isomorphisms, where the first functor is Frrv4G. and the last functor is naturally
isomorphic to vr, as ' 2 Homu((1 — e)A, (1 — e)A). O

Proposition 3.2. There is an isomorphism 0, M = Fe1AGe(M) for M € modT..

Proof. Let P - Py — M — 0 be an augmented minimal projective presentation.
Lemma 2.4(6) implies that Ge(P1) — Ge(Po) = Ge(M) — 0 is an augmented minimal
projective presentation of G.(M) € mod A. Applying v4 yields an exact sequence

0= TAG(M) = vAG(Py) = vAGe(Py) = vaGe(M) — 0
which yields an exact sequence
0— FeTAGe(M) — VFEP1 — VFGPO — VFGM —0

upon applying the exact functor F, and using Lemma 3.1 for the three terms on the right.
But, because P; — Py — M — 0 was an augmented minimal projective presentation we
have FetAGe(M) = 0, M. O

Corollary 3.3. If A has a T-map and (1 — e)Ae € projI'% then I'e has a T-map.

Proof. Let ®4: Ko(modA) — Ko(modA) be a 7-map of A. Since F, and G. are exact
by Lemma 2.4(2), they induce linear maps F := Ko(Fe): Ko(modA) — Ko(modT'.) and
G: = Ko(Ge): Ko(modI'e) — Ko(modA), respectively. Proposition 3.2 now implies that
&r, = FP 4G} is a T-map for I'e. Indeed, for M € indmodI'. non-projective

Op, [M] = FEQAGE[M] = FEPA[Ge(M)] = FE[TAGe(M)] = [FeTaGe(M)] = [rr, M]
holds, because G.(M) € indmod A is non-projective by Lemma 2.4(6). O
Corollary 3.4. If A has a T-map and e € A is a central idempotent then I'c has a T-map.

Proof. We have (1 — e)Ae = 0 since e is a central idempotent, so (1 — e)Ae € modI'% is
projective. The result follows from Corollary 3.3. 0

Remark 3.5. If D(Ae) is simple then the requirements of Corollary 3.3 are satisfied. Indeed,
the A°P-module Ae is not a direct summand of A(1 — e), as A°P is basic. But, Ae is a
simple and projective A°P-module. Hence, 0 = Hom 400 (A(1 — €), Ae) = (1 — €) Ae.
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If A has simple injective modules, then Remark 3.5 and Corollary 3.3 allow us to study
a 7-map on A by studying a 7-map on an idempotent subalgebra. The following Lemma
and Remark are useful as they allow us the same reduction, if A has no injective simple
modules but at least one projective simple module.

Lemma 3.6. Suppose A has a T-map ®. If A has no simple injective modules then ® has
an inverse ®'. Furthermore, ® is a 7=*-map for A.

Proof. Let ® be a 7-map for A. Since modA has no injective simple modules and
since Kg(modA) is free on the simple A-modules, we can define a Z-linear morphism
P’ Ko(modA) — Ko(mod A) through ®'[S] = [r;*S] for S € mod A simple. Further, since
Tng is not projective and indecomposable for S € mod A simple and as ® is a T-map,
we have ®P/([S]) = [S] for S € modA simple. This means that ® is a right inverse
for @, since Ko(modA) is the free abelian group on the simple A-modules. Notice that
Endyz(Ko(modA)) is a subring of a matrix ring over Q and as a result ® and &’ are indeed
inverse to each other by [Ser02, Proposition 2.2.1].

We claim that ®'[M] = [r;'M] holds for any M € indmod A which is non-injective.
Indeed if M € indmod A is non-injective, then TZIM is not projective and indecomposable.
Therefore, we have ®[r;'M] = [ra7;'M] = [M], using that ® is a 7-map. Finally,
applying @’ to both sides, we obtain that [r;'M] = ®'[M] holds. O

Remark 3.7. Notice, we have DraopD(M) = 7'M for any M € modA. Since the k-
dualities are exact, this implies that A°P has a 7-map ®°P if and only if A has 7~'-map
P’ := Ko(D)P°PK((D). Hence, Lemma 3.6 shows that if A has a 7-map and no injective
simple modules, then A°P has a 7-map as well.

Finally, we want to investigate how the Auslander—Reiten translation behaves on modules
with a simple socle and a first cosyzygy with decomposable socle.

Lemma 3.8. Suppose A has a T-map ®. If M € indmod A satisfies ®[M] # [N] for every
N € mod A then any submodule of M is projective.

Proof. It suffices to show the lemma for all indecomposable submodules My C M. First,
if Moy = M then ®[My] # [raMy] and hence My is projective.

If My € M let M/My = My & --- @ My, be a decomposition with My,..., M €
indmodA. For 1 <4 < k the modules M; cannot be projective as they are proper quotients
of the indecomposable module M. We have [M] = [My] + - - - + [Mj] in Ko(mod A). If My

is also not projective then we have
O[M] = O[Mo] + - -+ P[My] = [TaMo| + -+ + [TaMy] = [TaMo & - - - B T4 My]
in Kg(modA) as ® is a 7-map, showing the lemma by contraposition. O

Lemma 3.9. Let 0 - M — I i> I; be an augmented minimal injective copresentation
of an A-module M. Suppose Iy is indecomposable and I = I} & I] is a non-trivial
decomposition yielding a decomposition f = [f', f"|'. Then there is an exact sequence

0—-M— M — I = Cok f — Cok f' — 0 (3.1)
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and an exact sequence
0= v'M = v M - v — 7'M — 7'M — 0 (3.2)
with M" = Ker(f"). Further, M and M’ are indecomposable non-injective with M % M’'.

Proof. We can draw the undashed arrows of the commutative diagram in Diagram 3.1
where the row 0 — I{ — I} — I{ — 0 is the split short exact sequence defined through

0 0
| |
0------- > M - » M-
| | |
00— I Iy 4‘> 0
l ——————————— frmmmmmeee lf
0 I I I 0

Diagram 3.1: Exact sequences induced by the decomposition Iy = I & I.

the direct sum decomposition Iy = I @ I{ and M’ is the kernel of f’. The snake lemma
shows that the dashed sequence in Diagram 3.1 is exact, which yields the desired sequence
(3.1).

That f: Ip — I; is a minimal injective presentation means that the inclusions M — Iy
and Im f — I; are essential extensions. Now, the inclusion M’ — I is an essential
extension as the composite M — M’ — I, is an essential extension and the inclusion
Im f — I} is an essential extension as the composite Im f — Im f' & Im [’ — I} & I] is
an essential extension. Hence, f': Iy — I is minimal injective copresentation of M’. In
particular, M and M’ are indecomposable as I is so and both M and M’ are non-injective
as they have non-trivial minimal injective copresentations. Additionally, M 2% M’ as M
and M’ have different minimal injective copresentations.

We can apply the inverse Nakayama functor to the upper three rows of Diagram 3.1
and obtain a commutative diagram in Diagram 3.2 where the two rightmost columns are
exact by the definition of 7';1 and the two middle rows are exact because functors preserve
split exact sequences. The dashed sequence in Diagram 3.2 is then exact by the snake
lemma. This is the sequence (3.2). O

Lemma 3.10. Suppose that A has a T-map ®. Let 0 — M — Iy i> I, be an augmented
minimal injective copresentation of an A-module M. If Iy is indecomposable and there is
a non-trivial decomposition Iy = I1 & I{, where I{ is indecomposable, then any submodule
of v I} is projective.
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0 0
| |
0 ---mmm- > Ut M - y v M-

<y VZI[{/ 77777 N 7_141]\4 77777 N TAIM/ 77777 y 0
0 0 0

Diagram 3.2: Exact sequences induced by applying ygl to Diagram 3.1.

Proof. Lemma 3.9 applied to the decomposition yields a monomorphism g: M — M’
coming from (3.1) and an exact sequence

vl = ML M = 0 (3.3)

coming from (3.2). Notice, M and M’ are indecomposable, non-injective and not isomor-
phic by Lemma 3.9 and hence TglM and Tle " are indecomposable, non-projective and
not isomorphic. In particular, Cok g # 0 and Ker g’ # 0.

We have [M] = [M'] — [Cok g] and [r;*M] = [Ker ¢'] + [r;*M"]. Applying the 7-map
® to the latter equation yields [M] = ®[Ker¢'| + [M']. Hence, ®[Kerg'] = —[Cokg]. If
there was N € mod A such that ®[Ker ¢'] = [N] then 0 = [Cok g & N], which is absurd.

As Z/A_IIf is an indecomposable projective module and Ker ¢’ # 0, the sequence (3.3)
gives rise to a projective cover v IY — Kerg'. But this implies that Ker g’ is indecom-
posable, as v, I/ is so. Hence, any submodule of Kerg' is projective, by Lemma 3.8.
But then Ker ¢’ is also projective and therefore isomorphic to its projective cover Vgll 4
showing the lemma as any submodule of Ker ¢’ is projective. O

4 Main results

4.1 Algebras with connected and non-acyclic Ext'-quiver admitting a
T-map

In this Section we want to prove our main result, a classification of finite-dimensional
k-algebras with connected and non-acyclic Ext'-quiver admitting a 7-map.

Theorem 4.1. Suppose the Ext!-quiver of A is connected and non-acyclic. Then A has
a T-map if and only if A is a cyclic Nakayama algebra.

The proof of Theorem 4.1 is split up. In Theorem 4.6 we show that all algebras with a con-
nected and non-acyclic Ext!-quiver admitting a 7-map are cyclic Nakayama algebras and
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in Proposition 4.7 we show that all Nakayama algebras admit a 7-map. Using Remark 2.3
we can reformulate this as the following result for quotients of path algebras.

Corollary 4.2. Let k be an algebraically closed field. Suppose A :=kQ/I, where Q is a
connected and non-acyclic quiver and I <kQ is an admissible ideal. Then A has a T-map
if and only if A is a cyclic Nakayama algebra.

The key to Theorem 4.1 lies in Lemma 4.3 and Lemma 4.4.

Lemma 4.3. Suppose A admits a T-map ®. If the Ext!-quiver Q of A has no source and
no sink vertices then A is a cyclic Nokayama algebra.

Proof. Since there are no source and sink vertices in ) there are no simple injective and no
simple projective modules in mod A, by Remark 2.9. Then A has a 7~'-map @ which is the
inverse of ® by Lemma 3.6. Suppose S1,...,.S, are the simple A-modules. Fix the basis A
of Ko(mod A) given by [S1],...,[Sp]. Then the matrix representation of ® with respect to
2 has the dimension vectors of 7451, ...,74.5, as columns and the matrix representation
of ® with respect 4 has the dimension vectors of 7215’1, ey TZISH as columns. But then,
by Lemma 2.13, the maps ® and ® permute the elements of 4. Hence, 74 permutes the
simple A-modules and A is a cyclic Nakayama algebra by Theorem 2.10. O

Lemma 4.4. Suppose that

1. the Ext!-quiver Q4 of A is connected,

2. there is a source vertex S’ := D(Ae) in Q4 for some idempotent e € A and

3. the Ext!-quiver Qr. of I'c has a component isomorphic to Cy, for some m € N.
Then A does not admit a T-map.

Proof. Suppose to the contrary that A admits a 7-map ®. We may identify C,, with a
component of Qr, and, by Lemma 2.5, we can identify Qr_ with the full subquiver of Q4
containing all vertices except S’. As Q4 is connected and as C, is a component of Qr,
there must be an arrow S’ — S in Q4 ending at some S € C,,. There is a vertex S” € C,,
and an arrow S” — S in C,, C Q4.

We have Ext!{ (5", S) # 0 and Ext!(S”,S) # 0. Let 0 — S — Iy — I; be an augmented
minimal injective copresentation of S. We have Hom4 (S, I1) # 0 and Hom 4(S”, I;) # 0,
by [Iwa79, Lemma 1] or the dual of Lemma 2.1. Since S" and S” are simple, this implies
that S” and S” are submodules of I;. Since I is injective, there is a non-trivial decompo-
sition Iy = I{ & I{, where I has the injective envelope of S’ as a direct summand and I{
is the injective envelope of S”. Notice, v;'I{ is indecomposable and hence soc(v'I{) is
projective by Lemma 3.10.

But, v I is the projective cover of S”. As there is no path in Q4 from S” to any
simple A-module not in Cy,, we obtain that all composition factors of v, I} lie in Cy,, by
Lemma 2.7. Hence, all composition factors of VEII{’ are non-projective, by Remark 2.9.
This includes all the direct summands of soc(uZII{’ ) which is a contradiction. O
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Remark 4.5. Suppose the Ext!-quiver @ of a Nakayama algebra A has an oriented cycle
and is connected. For a fixed simple A-module S there exists at most one other simple A-
module " with Ext} (S, 5") # 0, otherwise the projective cover of S would not be uniserial.
Dually, there exists at most one other simple A-module S” with Ext}(S”,S) # 0. Hence,
there starts and ends at most one arrow in each vertex of (). Because () is connected it
must already be isomorphic to its oriented cycle.

Theorem 4.6. Suppose A admits a T-map. If the Ext'-quiver Q4 of A is connected and
has a subquiver isomorphic to Cy, for some m > 1 then A is a cyclic Nakayama algebra.

Proof. We show the theorem by induction on the number n of vertices of Q4. For n =1
the Extl-quiver Q4 of A can only contain a cycle if Q4 = C;. Hence, A is a cyclic
Nakayama algebra by Lemma 4.3. Now, assume that Q) 4 has n vertices and the theorem
holds for all algebras with less than n vertices in its Ext!-quiver.

We show that A cannot have any injective simple module. Suppose A has an injective
simple module S” = D(Ae). Then we have (1 — e)Ae = 0 by Remark 3.5 and I'. has a
7-map by Corollary 3.3. Let Qr, be the Ext!-quiver of T'.. Then Qr, is obtained from @) 4
by removing the source vertex S’ and the arrows incident to it, by Lemma 2.5. Notice,
Qr, contains an oriented cycle as Q4 did so. Hence, there is a component C of Qr,
which contains this oriented cycle. This component induces an idempotent subalgebra
I'c corresponding to a central idempotent, by Remark 2.8. Then I'c admits a 7-map, by
Corollary 3.4. Furthermore, C' has fewer than n vertices. Hence, I'c must be a Nakayama
algebra by induction hypothesis. Therefore, C is a component of Qr, which is isomorphic
to an oriented cycle C,, for some m > 1, by Remark 4.5. Applying Lemma 4.4 yields
that A does not admit a 7-map. Therefore, this case cannot occur and A cannot have any
injective simple modules.

If A has no injective simple modules but projective simple modules, then A°P has a 7-
map by Remark 3.7 and, by k-duality, the Ext!-quiver of A°P is Q%, which has n vertices
and an oriented cycle. But A°P then has injective simple modules, which cannot happen
by the above.

Therefore, A cannot have any injective or projective simple modules. But then A is a
cyclic Nakayama algebra by Lemma 4.3. O

Finally, we show that every Nakayama algebra admits a 7-map.

Proposition 4.7. Let A be a Nakayama algebra and fiz xg € Ko(modA) for each simple
projective module S € modA. Then the unique morphism ® € Endz(Ko(modA)) with

(4.1)

o[8] = [TAS] for S € modA simple and non-projective,
xrg for S € modA simple and projective,

is a T-map for A. If A has no projective simple modules then A has a unique T-map.

Proof. every module M € indmodA is uniserial by [ARS95, Theorem VI.2.1] and hence
of the form P/rad! P for P € indprojA and I € N the Loewy length of M. Let ® be the
unique Z-linear endomorphism of Ko(mod A) defined through (4.1). We claim by induction
on [ € N that [r4M] = ®[M] for all non-projective M € indmod A of Loewy length I.
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For [ = 1 this follows from the definition of ®, as an indecomposable module of Loewy
length 1 is simple. For the induction step suppose I > 2. We have a short exact sequence

0—radM — M — M/rad M — 0. (4.2)

Write M = P/rad' P for some P € indprojA. Notice, rad'P # 0 because M = P/rad' P
is non-projective by assumption. Therefore, rad M = rad P/rale is non-projective and
uniserial as a non-trivial quotient of the uniserial module rad P. Similarly, M /rad M is
non-projective and simple.

We can now calculate the Auslander—Reiten translates of the modules in (4.2). Because
rad P/ rad"*! P is uniserial of Loewy length | we have M’ := rad P/ rad!*! P = P’/rad' P’
for some P’ € indprojA. Applying [ARS95, Proposition IV.2.6(c)] and the third isomor-
phism theorem for modules yields

74(M/rad M) = 74(P/ rad P) = rad P/rad® P = M’/ rad M,
TAM = 74(P/rad' P) = rad P/ rad*' P = M’ and
Ta(rad M) = 74 (M'/rad"™t M) = 74(P'/rad' ™! P') = rad P'/rad! P’ = rad M'.

But those Auslander—Reiten translates also fit into a short exact sequence
0—radM — M — M'/rad M' — 0
which shows
[TaM] = [M'] = [rad M'] + [M'/ rad M'] = [ra(rad M)] + [r4(M/rad M)]
which is by the induction hypothesis equal to
®lrad M| + ®[M/rad M| = ®([rad M| + [M/rad M]) = ®[M].

This completes the induction step.
Finally, if A has no projective simple module, then each 7-map ® satisfies ®[S] = [745]
for each simple module S € mod A. Hence, the 7-map is uniquely determined. ]

5 Algebras not covered by this paper

There are examples of algebras which admit a 7-map but are neither hereditary nor
Nakayama algebras. Such algebras can arise from certain kinds of gluings of Nakayama
algebras to hereditary algebras. For instance the two algebras of the form k@/ rad? kQ

where @ is
3 1 2
L) e —— o
1 2 / \ 3
e —— o or [ ]
\ 3’ 2'/
L) [ ]

both admit a 7-map, even though they are neither Nakayama algebras nor hereditary
themselves. That these algebras indeed admit 7-maps can be read of their Auslander—
Reiten quivers which are given by
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Notice, the Auslander—Reiten quiver arises in both cases as the gluing of the Auslander—
Reiten quiver of a hereditary algebra and an acyclic Nakayama algebra.

One can ask the question whether all algebras which admit a 7-map and have an
acyclic Ext!-quiver can be constructed by a similar gluing construction. We want to put
this question for further research.
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