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Abstract

This thesis is about constructions of canonical metrics in complex non-Kähler geome-
try, focusing in particular on balanced metrics satisfying special hermitian curvature con-
ditions.

More specifically, we adapt gluing strategies from Kähler geometry to obtain families
of balanced metrics with special curvature properties, with particular relevance for the con-
structions of solutions of the Hull-Strominger system and the geometrization of balanced
classes. More specifically, we show that: crepant resolutions of orbifolds with isolated sin-
gularities admitting singular Chern-Ricci flat balanced metrics can also be endowed with
Chern-Ricci flat balanced metrics; small resolutions of smoothable Calabi-Yau singular
threefolds with a finite family of Ordinary Double Points admit an approximately Chern-
Ricci flat balanced metric; the blowup at a finite family of points of a compact Chern-Ricci
flat balanced manifold always admits Chern-scalar constant balanced metrics. In all three
cases we have a control on the Bott-Chern cohomology class of metrics constructed.

Furthermore, we use representation theory techniques to construct special balanced
metrics on the class of real simple Lie groups of inner type, as well as on the correspond-
ing compact homogeneous spaces, on which we obtain that the metrics constructed are
Chern-scalar with non-vanishing Chern-Ricci tensor, providing a family of compact com-
plex manifolds with vanishing first Chern class and non-vanishing first Bott-Chern class.
Moreover, we show that for this class of homogeneous spaces the Fino-Vezzoni conjecture
holds.
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Abstract

Denne afhandling omhandler konstruktioner af kanoniske metrikker i kompleks ikke-
Kähler geometri med særligt fokus på balancerede metrikker, der opfylder specielle her-
mitiske krumningsbetingelser.

Mere specifikt tilpasser vi limningsstrategier fra Kähler geometri til at opnå familier af
balancerede metrikker med specielle krumningsegenskaber med særlig relevans for kon-
struktioner af løsninger til Hull-Strominger systemet og geometriseringen af balancerede
klasser. Mere specifikt viser vi at: ikke-afvigende opløsninger af orbifolde med isolerede
singulariteter, som tillader singulære Chern-Ricci-flad balancerede metrikker, også kan
udstyres med Chern-Ricci-flad balancerede metrikker; små opløsninger af smoothable
Calabi-Yau singulære 3-flader med en endelig familie af ordinære dobbeltpunkter tillader
en approksimativ Chern-Ricci-flad balanceret metrik; blowuppet i en endelig familie af
punkter på en kompakt Chern-Ricci-flad balanceret mangfoldighed tillader altid Chern-
skalar-konstant balancerede metrikker. I alle tre tilfælde har vi kontrol over Bott-Chern
cohomologiklassen for de konstruerede metrikker.

Ydermere anvender vi teknikker fra representationsteori til at konstruere specielle bal-
ancerede metrikker på klassen af reelle simple Lie-grupper af indre type og desuden på
de tilhørende kompakte homogene rum, hvorpå vi opnår at de konstruerede metrikker
er Chern-skalar med ikke-forsvindende Chern-Ricci-tensor, hvilket giver en familie af
kompakte komplekse mangfoldigheder med forsvindende første Chern-klasse og ikke-
forsvindende første Bott-Chern-klasse. Desuden viser vi at for denne klasse af homogene
rum er Fino-Vezzoni-formodningen sand.
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Introduction

With the ultimate aim of geometrizing and classifying, one of the most studied prob-
lems in complex geometry is the existence of hermitian metrics that can be regarded as
canonical. Through the years, the Kähler case is the one that has been studied and under-
stood the most. However, in the last decades the interest towards the non-Kähler world
has been increasing more and more, leading to the search for special metrics also in this
particular context. While in the Kähler case special metrics arise naturally, the non-Kähler
scenario is too wild to guide us directly towards some central notion of special metric. Nev-
ertheless, one can have indications on the path to follow by watching the Kähler world.
More specifically, given an n-dimensional complex manifold (M,J), if it is Kähler the ob-
vious class of special (on a first level) metrics is given exactly by Kähler metrics - which
we recall being hermitian metrics h whose fundamental form ω := h(J ·, ·) is d-closed. In
addition, this condition can also be combined with the notion of Einstein metric (thanks to
the properties of Kähler metrics) from the general riemannian case, giving rise to the no-
tion of Kähler-Einstein metrics, which are universally regarded as the "most canonical" in
the Kähler world. Likewise, other notions of special Kähler metrics have been introduced
and studied (some of them are still central in the study of Kähler geometry), like constant
scalar curvature Kähler (cscK) metrics, or the more general class of extremal Kähler met-
rics (introduced by Calabi in [C]), however they all share the fact that they are giving a
curvature condition on the metric, thus this suggests that when searching for special met-
rics in the non-Kähler case we shall ask for these metrics to be special under two aspects:
the cohomological one (satisfying a condition possibly generalizing the Kähler one) and
the curvature one.

Regarding the cohomological aspect, several conditions have been introduced that gen-
eralize the Kähler one, and one of the most studied is given by dωn−1 = 0, identifying the
class of balanced metrics (originally introduced by Michelsohn [M], and also considered
by Gauduchon in [Ga1] as semi-Kähler metrics), which is the class of metrics we are in-
terested in working with. Balanced metrics carry many interesting properties such as the
coincidence between the Hodge laplacian and the Dolbeault laplacian on scalar functions
(showed by Gauduchon in [Ga1]), and the class of balanced manifolds (i.e. manifolds ad-
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INTRODUCTION 7

mitting balanced metrics) was shown to be closed under holomorphic submersions proved
in [M] (showing a sort of duality between the Kähler condition and the balanced condi-
tion). Also in [M], Michelsohn proved a characterization of balanced metrics in terms of
currents, which leads to the celebrated result from Alessandrini and Bassanelli (see [AB1])
showing that the class of compact balanced manifolds is closed under proper modifications
(condition not satisfied by the class of Kähler manifolds). Moreover, balanced metrics
ended up being central in many interesting currently open problems, such as the conjecture
from Fino and Vezzoni (see [FV]), regarding the coexistence of balanced and pluriclosed
metrics - described by the condition ∂∂ω = 0 - on compact non-Kähler manifolds, and the
Gauduchon conjecture for balanced metrics (see [Tos] and [STW], in which was solved
in its original version for Gauduchon metrics - identified by the condition ∂∂ωn−1 = 0,
which weakens the balanced condition - posed by Gauduchon). Moving instead on the cur-
vature aspect, there are several known notions of special metrics in the non-Kähler world
such as Chern-Ricci flat metrics, Bismut-Ricci flat metrics (which in the balanced case are
equivalent to Chern-Ricci flat metrics, see [AI]), Chern-Einstein metrics and many more.
As we will see, a class of metrics on which we will be focusing is the one of Chern-Ricci
flat balanced metrics. Our interest towards said metrics comes actually from the realm
of Calabi-Yau geometry. Indeed, for a not necessarily Kähler Calabi-Yau manifold (i.e. a
complex manifold endowed with a holomorphic volume form) it was introduced by Hull
and Strominger (respectively in [Hu] and [S]) a system coming from heterotic superstring
theory known as the Hull-Strominger system whose solutions have proved to be extremely
hard to construct (see [GF] for a full presentation of the system and some known solu-
tions, together with several other references such as [AGF], [FuY], [LY3], [P], [TY] and
the very recent [CPY2], [FeY] for the invariant case, [PPZ] for a flow approach, and the re-
cent moment map picture from [GFGM]). The problem of solving this system, apart from
its physical meaning, carries great geometric interest, since it generalizes the Calabi-Yau
condition to the non-Kähler framework, and it holds a central role in the geometrization
conjecture for compact Calabi-Yau threefolds known as Reid’s Fantasy (see [R]). This last
conjecture, in particular, states that all compact Kähler Calabi-Yau threefolds can be con-
nected through a finite number of conifold transitions (introduced by Clemens and Fried-
man, see [F]). These framework motivates further our interest towards Chern-Ricci flat
balanced metrics, since it is directly related to one of the equation of the Hull-Strominger
system, namely the conformally balanced equation, which on a compact Calabi-Yau man-
ifold (X,Ω) - where Ω is the holomorphic volume form - is an equation for hermitian
metrics ω given by d(||Ω||ωωn−1) = 0 which is clearly satisfied by balanced Chern-Ricci
flat hermitian metrics.

The main goal of this thesis is to construct examples of balanced metrics satisfying
some curvature conditions, in the attempt of constructing good candidate canonical met-
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rics for the non-Kähler setting. The approach focuses on the use of gluing techniques -
which, as far as we know, were never used before in the non-Kähler setting to combine
cohomological and curvature conditions (in [FLY] a gluing approach was used to construct
balanced metrics on conifold transitions) - and through symmetries in the homogeneous
case.

Regarding the gluing approach, our first result - which constitutes the main theorem of
the paper [GS] - is a construction for Chern-Ricci flat balanced metrics on the crepant res-
olutions of certain non-Kähler Calabi-Yau orbifolds endowed with a singular Chern-Ricci
flat balanced metric, hence an adaptation to the balanced setting of the Kümmer construc-
tion from Biquard and Minerbe in [BM]. The statement of this result is the following, and
it is proved in Chapter 2.

Theorem (2.0.1). Let (M̃, ω̃) be an n-dimensional non-Kähler Calabi-Yau orbifold with
a finite family of isolated singularities, endowed with ω̃ a singular Chern-Ricci flat bal-
anced metric, and let M be a crepant resolution of M̃ . Then M admits a Chern-Ricci flat
balanced metric ω̂ such that

[ω̂n−1] = [ω̃n−1] + (−1)n−1ε(2n−2)(

kj∑
i=1

k∑
j=1

aijPD[Ei
j])

n−1,

where PD[Ei
j] denotes the Poincaré dual of the class [Ei

j].

This results hence produces many new examples of Chern-Ricci flat balanced metrics
and shows that under crepant resolutions they behave as Kähler Ricci-flat metrics; also,
our result takes a first step towards solving the problem proposed by Becker, Tseng and
Yau in (Section 6 of) [BTY], about extending orbifold solutions of the Hull-Strominger
system through crepant resolutions. A natural question that arises from this construction,
in the setting of the Hull-Strominger system and Reid’s Fantasy, is if this strategy can be
adapted to the case of singular threefolds with a finite family of ordinary double points
aiming (in some sense) towards "reversing the arrow" in the construction done by Fu, Li
and Yau in [FLY] and Collins, Picard and Yau in [CPY1]. Our strategy in this scenario
unfortunately carries a complication that is hidden in the asymptotic behaviour of the
standard Calabi-Yau metric ωco,a (introduced by Candelas and de la Ossa, see [CO]) on
the small resolution of the standard conifold. We are however able to achieve some partial
result, which is also part of [GS], and its proof is presented in Chapter 3, together with the
difficulties arising in the gluing approach, along with a discussion on a gluing attempt to
understand if the metric produced in the result below might make the holomorphic tangent
bundle into a slope-stable bundle. The result is the following.
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Proposition (3.0.1). Let (M̃, ω̃) be a smoothable projective Kähler Calabi-Yau nodal
threefold (with ω̃ a singular Calabi-Yau metric), and let M be a compact (not necessarily
Kähler) small resolution of M̃ . Then M admits a balanced approximately Chern-Ricci flat
metric ω such that

[ω2] = [ω̃2] + ε4[P1].

Hence, despite not being able to produce a Chern-Ricci flat balanced metric, we con-
struct a very explicit family of balanced metrics that are approximately Kähler and approx-
imately Chern-Ricci flat, which can be extremely helpful to study the Hull-Strominger
system on the considered small resolutions.

The third and last gluing result is instead focused on Chern-scalar constant balanced
metrics, as an attempt to extend to the balanced case the celebrated result from Arezzo and
Pacard (see [AP] and [Sz]); it is a joint work with Elia Fusi and its proof is given in Chap-
ter 4. Our interest towards constructing metrics with this curvature property comes from
their importance in the Kähler setting, where they have been central in the last decades,
fueled by the famous Yau-Tian-Donaldson conjecture. The statement of the theorem is the
following.

Theorem (4.0.1). Let M be a compact complex manifold of dimension n, endowed with
ω̃ a Chern-Ricci flat balanced metric. Then, the blowup M̂ at a point x ∈ M admits
Chern-scalar constant balanced metric ω̂ such that

[ωn−1]BC = [ω̃n−1]BC + (−1)n−1ε(2n−2)[Pn−1].

Moving instead to the homogeneous realm, our work focuses on searching for bal-
anced metrics in the class of semisimple real non-compact Lie groups and on their com-
pact (non-Kähler) quotients by a cocompact lattice, and it is joint work with Fabio Podestà,
and it is all contained in the paper [GiPo]. The reason why we focus on the non-compact
semisimple case is because, while it appears that, despite invariant complex structures on
semisimple (reductive) Lie algebras being fully classified in [Sn] (after the special case of
compact Lie algebras had been considered by Samelson ( [Sam]) and later in [Pi]), they
have never been deeply investigated from this point of view. In contrast, the case where the
Lie group is compact is fully understood, as in this case it is very well known that every
invariant complex structure can be deformed to an invariant one for which the opposite
of the Cartan-Killing form is a pluriclosed Hermitian metric h, i.e. it satisfies ∂∂ωh = 0.
Moreover it has been proved in [FGV] that a compact semisimple Lie group does not carry
any balanced metric at all, in accordance with the conjecture from Fino and Vezzoni. More
specifically, in this work we have focused on a large class of simple non-compact real Lie
algebras go of even dimension, namely those which are of inner type, i.e. when the maxi-
mal compactly embedded subalgebra k in a Cartan decomposition of go contains a Cartan
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subalgebra. In these algebras we construct standard invariant complex structures ( named
regular in [Sn]) and write down the balanced condition for invariant Hermitian metrics.
A careful analysis of the resulting equation together with some general argument on root
systems allows us to show the existence of a suitable invariant complex structure and a
corresponding Hermitian metric satisfying the balanced equation, and having vanishing
Chern-scalar curvature. Our result is the following.

Theorem (5.0.1). Every non-compact simple Lie group Go of even dimension and of inner
type admits an invariant complex structure J and ω an invariant balanced J-Hermitian
metric. Moreover, if Γ is a cocompact lattice, the quotientM = Γ\Go inherits the balanced
structure.

The existence of cocompact lattices is guaranteed by Borel’s Theorem, stating that
every semisimple Lie group Go admits a cocompact lattice Γ. As a consequence of the
theorem and with some further work we also obtain the following proposition.

Proposition (5.0.2). Let Go be a non-compact simple group of even dimension and of
inner type together with a co-compact lattice Γ ⊂ Go. If M = Γ\Go is endowed with a
standard complex structure and a Hermitian balanced metric h, then the Chern Ricci form
ρ of h never vanishes and the Kodaira dimension κ(M) = −∞.

We note here that the resulting metrics come in families and moreover the same kind
of arguments can be applied to show the existence of balanced structures on quotients
Go/S, where Go is any simple non-compact Lie group of inner type of any dimension
and S is a suitable abelian closed subgroup. It is also significant to highlight that, as a
consequence of the theorem, we obtain that the compact quotients constructed have non-
vanishing firs Bott-Chern class, hence giving a nice class of spaces such that c1(M) = 0
but cBC1 (M) ̸= 0.

Our second result concerns the non-existence of pluriclosed metrics on the compact
quotients of the complex manifolds we have constructed in Theorem 5.0.1. Namely, we
prove the following

Theorem (5.0.3). Let Go be a non-compact simple even-dimensional Lie group of inner
type endowed with the invariant complex structure J as in Theorem 5.0.1. If Γ is a co-
compact lattice of Go, then the complex manifold (M, J) with M = Γ\Go does not carry
any pluriclosed metric.

This result is in accordance with the above mentioned conjecture by Fino and Vezzoni,
that has been already verified in several cases, and in some sense reflects a kind of dual-
ity between the compact and non-compact case, switching the existence of balanced and
pluriclosed Hermitian metrics.
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Structure of the thesis
In Chapter 1, we give a general discussion on canonical metrics in complex geometry.

In particular, after briefly describing the Kähler case, we see how the it suggests the ap-
proach in the non-Kähler setting, and recall some of the main families of special metrics
in non-Kähler geometry and their interactions, focusing in particular on balanced met-
rics. We also shortly recall the Hitchin-Kobayashi correspondence in the non-Kähler case,
and conclude with a discussion on the Hull-Strominger system, involving several concepts
introduced through the chapter.

In Chapter 2, after giving examples, we present the first step of our work, consisting of
the construction of a balanced metric on the crepant resolution. More specifically we wish
to work on orbifolds M̃ whose singular set is made of a finite number of isolated singular-
ities admitting crepant resolutions, and are endowed with a balanced Chern-Ricci flat sin-
gular metric ω̃. Then, performing a cut-off on the singular metric to the flat one around the
singularities, together with what it is known on orbifold singularities (i.e. Joyce’s theory
on ALE spaces) and its crepant resolutions to build, with a gluing construction (inspired
by, for example, [AP], [BM] and [J]), Chern-Ricci flat balanced metrics on the crepant res-
olutions of the orbifold. The strategy of the proof consists of two main steps: (1) a metric
"rough" gluing between the singular Chern-Ricci flat balanced metric ω̃ with the (rescaled)
Joyce’s ALE metrics ωALE (that are Kähler Calabi-Yau metrics on the crepant resolution
of the singularity model, see [J]), and (2) an Implicit Function Theorem deformation ar-
gument, where the deformation preserves the balanced class (introduced in [FWW], here
chosen with a particular ansatz) and all the analysis is performed in suitable weighted
Hölder spaces, in order to obtain the proof of Theorem 2.0.1. By the way, the choice of
the deformation shows also that on this class of manifolds a Calabi-Yau-type Theorem for
balanced metrics holds for some classes in the balanced cone.

In Chapter 3, we take a look at the case of Ordinary Double Points on threefolds, walk
through the gluing process from Chapter 1 to produce again an approximately Chern-Ricci
flat balanced metrics, obtain Proposition 3.0.1, and discuss the difficulties that arise if we
try to repeat the deformation argument in this case. We also describe an attempt to adapt
Collins-Picard-Yau’s approach in [CPY1] to obtain Hermite-Einstein metrics with respect
to the approximately Chern-Ricci flat balanced through a gluing process, but we again
meet difficulties related to the ones found to construct Chern-Ricci flat balanced metrics.

In Chapter 4, we consider the case of blowups of Chern-Ricci flat balanced metrics, and
show Theorem 4.0.1, repeating the strategy in Chapter 2 with the necessary adaptations -
mostly with the substitution of Joyce’s ALE metrics with the Burns-Simanca metric on the
bubble - that they always admit Chern-scalar constant balanced metrics.

Finally, in Chapter 5, we first review basic facts on simple real non-compact Lie al-
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gebras with invariant complex structures and we consider a class of invariant Hermitian
metrics for which we write down the balanced condition in terms of roots. Then we prove
our main result, namely Theorem 5.0.1, in several stages: ee first rewrite the balanced
equation in terms of simple roots and then the key Lemma 5.2.2 allows us to select an in-
variant complex structure so that the relative balanced equation admits solutions. We then
move on to prove Theorem 5.0.3 by using the properties of the Weyl basis for root spaces,
and conclude by proving Proposition 5.0.2.



Chapter 1

Canonical metrics in complex geometry

As highlighted in the introduction, the study of special metrics in geometry has al-
ways been at the center of the research in the field, as said metrics arise as a natural tool
to geometrize classes of manifolds by helping describe their moduli spaces. In complex
geometry, the class of manifolds that have been most investigated in this direction is the
class of Kähler manifolds, for which many important and deep results have been obtained
through the years. Hence, in this preliminary chapter, we shall first recall what is known
in the Kähler case, and then move on to the non-Kähler case, describing how the many
results from the Kähler world have somehow inspired and guided towards the definitions,
the results and the conjectures that are currently the most studied in non-Kähler geometry,
focusing in particular on the ones on which the work of this thesis builds on.

Throughout this chapter, (M,J, ω) will be an n-dimensional complex manifold with
J an integrable almost-complex structure and ω (the fundamental form associated to g) a
hermitian metric.

1.1 Kähler geometry
We shall start with a definition.

Definition 1.1.1. The metric ω is said to be Kähler if it holds dω = 0.

The reason why this metrics have been studied so much through time is clear by the
many interesting characterizations that they have, which portray them as metrics with re-
ally special properties. For the various basic results and properties we will recall in this
section, the references will always be [Bes] and [Sz], unless differently stated.

The first characterization can be given without recalling any other object, stating that
in each point, a Kähler metric osculates the flat metric at second order.

13
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Proposition 1.1.2. The metric ω is Kähler if and only if for every p ∈ M there exist
coordinates zi centered at p such that

gjk̄(z) = δjk̄ +O(|z|2),

where O(|z|2) denotes a function decaying to zero at least quadratically.

The special coordinates are usually called geodesic coordinates or normal coordinates,
and happen to be very useful for computations and gluing constructions.

In order to give another significant characterization, we shall denote with ∇ch the
Chern connection of associated to ω for (M,J). Then we can recall:

Proposition 1.1.3. A metric ω is Kähler if and only if ∇ch ≡ ∇LC , where ∇LC is the
Levi-Civita connection of ω, i.e. if and only if ∇ch has vanishing torsion tensor.

This result essentially tells us that the hermitian and riemannian geometry of Kähler
manifolds coincide, hence revealing a deeper interaction between the complex structure
and the riemannian structure. In particular, it shows a compatibility of the riemannian cur-
vature tensor with the complex structure, and hence tells us that it is still highly interesting
in the Kähler setting to study the properties of said tensor the same way is done in rieman-
nian geometry. One particular problem becomes then natural to be considered in Kähler ge-
ometry, that is the search for Einstein metrics, that in Kähler geometry are usually referred
as Kähler-Einstein metrics. Kähler-Einstein metrics have been central in Kähler geometry,
as they proved to be really a class of special metrics in the sense we discussed, thanks to
the following celebrated results, which were originally proved in [A], [Y], [CDS], [Ti1].

Theorem 1.1.4 (Aubin-Yau, Calabi-Yau, Chen-Donaldson-Sun, Tian). Let M be a com-
pact Kähler manifold and let c1(M) be its first Chern class. Then

(i) if c1(M) < 0 we can always find a Kähler-Einstein metric in c1(M);

(ii) if c1(M) = 0 we can always find a Kähler Ricci-flat (which is Kähler-Einstein)
metric in c1(M);

(iii) if c1(M) > 0, M admits Kähler-Einstein metrics if and only if (M,−KM) is K-
polystable.

For the proof of (i) and (ii), the main idea (given by Calabi, which he used to prove
uniqueness of Kähler-Einstein metrics in each given Kähler class) is to rephrase the prob-
lem as a complex Monge-Ampère equation, and this can be achieved using a highly signif-
icant consequence of the existence of Kähler metrics, known as the ∂∂-Lemma.
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Lemma 1.1.5. On (M,ω) a compact Kähler manifold, every d-exact form is also ∂∂-exact.

This Lemma ensures us that each Kähler class is parametrized by real valued smooth
scalar functions, hence searching solutions to a differential equation inside a Kähler class
can be reduced to a differential equation for scalar functions instead of tensors. As a final
note, it is important to highlight the fact that the ∂∂-Lemma is not a characterization of
the existence of Kähler metrics, and it was shown that there exist spaces on which the
∂∂-Lemma holds, but do not admit Kähler metrics (see [An], Section 2.1.3). Despite this
fact, non-Kähler manifolds on which the ∂∂-Lemma holds are quite rare, and as of today
their existence does not correspond to the existence of a class of metrics with some special
property, hence when we will focus on studying certain classes of non-Kähler metrics, we
will not have the Lemma available, hence we will have to deal with the complications dued
to its absence.

Regarding instead part (iii), the problem was originally referred to as the Yau-Tian-
Donaldson conjecture, which was initially suggested by Yau, who conjectured the ex-
istence of an algebro-geometric stability condition for Kähler-Eisntein metrics to exist
in the case of Fano manifolds; as a response, Tian introduced the concept of K-stability
(in [Ti]) based on Mabuchi’s K-energy functional, which was later reformulated by Don-
aldson (in [D1]) in a purely algebro-geometric way. While this original statement of the
conjecture has been solved (by Chen, Donaldson and Sun in [CDS] and independently by
Tian in [Ti1]), the conjecture has been extended to the case of constant scalar curvature
Kähler (cscK) metrics, and of today it represents one of the main research topics in Kähler
geometry.

Conjecture 1.1.6 (Yau-Tian-Donaldson). A smooth polarised variety (M,L) admits cscK
metrics in c1(L) if and only if it is K-polystable.

It is signifcant to add that cscK metric are actually a particular case (the same as
Kähler-Einstein metrics are a particular case of cscK metrics) of a larger family of metrics
satisfying a curvature condition, known as extremal Kähler metrics, introduced by Calabi
in [C], as critical points of the Calabi functional.

We will now move on to the non-Kähler setting, and we will see how the Kähler setting
that we briefly presented above, guides the research for canonical metrics.

1.2 Special non-Kähler metrics
In the non-Kähler world, the first challenge encountered is to establish how to identify

a metric as special. While there is no (apparently) natural choice for such metrics, if we
look at the Kähler case we can make out some properties that special metrics should have;



CHAPTER 1. CANONICAL METRICS IN COMPLEX GEOMETRY 16

in particular, we can conclude that a metric, in order to be a good candidate special metric,
needs to satisfy

• a cohomological condition (e.g. the Kähler condition), and

• a curvature condition (e.g. the Einstein condition).

1.2.1 Cohomological conditions
If we focus first on the cohomological aspect, it is natural to search for a condition that

is always satisfied by Kähler metrics, hence a generalization of the Kähler condition. In
this direction, many notions have been introduced through the years, thus we shall recall a
few of the more interesting ones.

Definition 1.2.1. A metric ω is called

• balanced if dωn−1 = 0 (introduced in [M]) ;

• Gauduchon if ∂∂ωn−1 = 0 (introduced in [Ga2]);

• pluriclosed or strong Kähler with torsion (SKT) if ∂∂ω = 0 (introduced in [Bi]);

• astheno-Kähler if ∂∂ωn−2 = 0 (introduced in [JY]);

• locally conformally Kähler (LCK) if for all p ∈M , it exists a neighborhoodUp ⊆M
of p and f : Up → R smooth such that ω = efη, with η a Kähler metric on Up
(introduced in [Lib1] and [Lib2]).

The main reason why so many notions popped out through the years, is that many
of these generalize independently the Kähler condition, in the sense that combining this
conditions on a metric (or on a manifold) might force the metric (or the manifold) to be
Kähler, hence we shall spend some time to discuss what is known about the relations
between the above conditions. First of all:
Remark 1.2.2. It is straighforward to notice that every balanced metric is Gauduchon.
As a consequence, Gauduchon’s Théorème de l’excentricité nulle, tells us that in each
conformal class, if a balanced metric exists, it is unique up to homoteties.

Now, in order to further compare this metrics, we shall recall the following definition:

Definition 1.2.3. We call torsion 1-form of the metric ω the 1-form

θω := Λωdω,

or equivalently, the 1-form satisfying the equation

dωn−1 = θω ∧ ωn−1.
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Remark 1.2.4. The torsion 1-form’s definition immediately yields the following two ex-
plicit expressions

θ = Λωdω = Jd∗ω.

The torsion 1-form is useful for the following characterization, from which is once
again clear the implication between the two.

Proposition 1.2.5. A metric ω is

• Gauduchon if and only if θω is co-closed;

• balanced if and only if θω vanishes.

This characterization is also useful to compare balanced metrics with LCK metrics,
indeed the latter have a similar characterization that is

Proposition 1.2.6. The metric ω is LCK if and only if it exists a closed 1-form θ such that

dω = θ ∧ ω.

The form θ is called Lee form.

While it may seem confusing the choice of the letter θ to indicate also the Lee form,
it is actually natural as the two objects coincide (up to a constant factor) when they both
exist. Hence it easily follows that

Proposition 1.2.7. If a metric ω is both balanced and LCK, then it is Kähler.

There is also a very similar statement about balanced and SKT metrics, which instead
has a more delicate proof, that is

Proposition 1.2.8 ( [AI]). Let ω be a hermitian metric on an n-dimensional complex man-
ifold. Then it holds

(i) ⟨i∂∂ω, ω2⟩ω = |θ|2ω − |∂ω|2ω + d∗θ;

(ii) |θ ∧ ω|2ω = (n− 1)|θ|2ω

In particular, it follows that

• if ω is both balanced and pluriclosed, then ω is Kähler;

• if ω is both SKT and LCK, and n ≥ 3, then ω is Kähler.
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Proof. (i) Since in our work in the following chapters we will be using the formula
only in the balanced case, we shall prove it for ω balanced, making the computation
much more straightforward (the following proof was done by Popovici in [Pop]).
Indeed, it is easy to notice that

⟨i∂∂ω, ω2⟩ω
ωn

n!
= −i∂ω ∧ ∂ω ∧ ωn−3

(n− 3)!
.

Moreover, when ω is balanced, Remark 1.2.4 and Proposition 1.2.5 tell us that ∂ω is
a primitive form, hence the formula for the Hodge-star operator of primitive forms
(see [Vo]) gives us that

∗∂ω = i∂ω ∧ ωn−3

(n− 3)!
,

from which combined with the previous formula gives

⟨i∂∂ω, ω2⟩ω = −|∂ω|2ω.

(ii) Using the representation of sl(2,C) on the algebra of complex differential forms,
and the fact that Λω vanishes on 1-forms, we get

|θ ∧ ω|2ω = ⟨Lθ, Lθ⟩ω = ⟨ΛωLθ, θ⟩θ = (n− 1)|θ|2.

This type of results, and the many constructions of these metrics in the literature, nat-
urally lead to extend the compatibility problem to the complex structure, that is: given a
complex manifold (M,J) not admitting Kähler metrics, can we find two metrics - com-
patible with J - each one satisfying some special cohomological property? This type of
problems have been central in non-Kähler geometry, as they could lead to a much better
understanding of the non-Kähler world, leading to some sort of orthogonal decomposi-
tion of said world, hence they are extremely interesting. A very recent result in this sense
involves a special subclass of LCK manifolds introduced in [V].

Definition 1.2.9. An LCK metric is called Vaisman if its Lee form is Levi-Civita parallel.

Then it holds:

Theorem 1.2.10 (Angella, Otiman [AO]). A compact Vaisman manifold admitting SKT
metrics or astheno-Kähler metrics or balanced metrics admits also Kähler metrics.

This type of results however tend to be quite hard to achieve, and one of the most
interesting compatibility problem is still open (originally proposed in [FV]), that is
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Conjecture 1.2.11 (Fino, Vezzoni). A compact complex manifold admitting a balanced
metric and a SKT metric admits also Kähler metrics.

Many examples constructed in the literature have been proved to satisfy the conjec-
ture (in Chapter 5 we will show that it holds true for the class of balanced manifolds we
have constructed with Podestà), however the result is still far from being proved, even in
restricted classes of compact complex manifolds.

As opposed to this results, it was also shown that some of the above conditions can
coexist on a compact complex manifold, thus we shall summarize a few of them in the
following remark.

Remark 1.2.12. It exists a compact complex manifold (M,J) without Kähler metrics,
admitting

• SKT metrics and Gauduchon metrics, which can also be satisfied at the same time
by only one metric, for example every SKT left-invariant metric is also Gauduchon;

• balanced metrics and astheno-Kähler metrics, such as in [FGV] and [LU];

• SKT metrics and LCK metrics, for example the Inoue-Bombieri surface; it is how-
ever expected (see Remark 3.2.1 in [O]) that in dimension at least three, the existence
of this two type of metrics forces the existence of Kähler metrics.

It is thus clear how wild the non-Kähler world appears, and how difficult it is to estab-
lish which class of metrics might be the "best metrics".

1.2.2 Curvature conditions
As anticipated at the beginning of the section, the second class of conditions that can

help identify a metric as special are curvature conditions. However, the non-Kähler setting
presents itself immediately with a complication: there is no canonical choice of connection
as in the Kähler case; indeed we can find a full line of connections compatible with both
the metric and the complex structure, usually referred to as canonical 1-parameter family
of hermitian connections, and said connections are sometimes called Gauduchon connec-
tions, as they were introduced by Gauduchon in [Ga4]. The definition is the following.

Definition 1.2.13. The canonical 1-parameter family of hermitian connections on (M,J, ω)
is given by

∇t := ∇ch +
t− 1

4
(dcω +M(dcω)) , t ∈ R,

where M is the involution M(B)(X, Y, Z) := B(X, JY, JZ).
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While it is clear that if ω is Kähler, then this line reduces to a point, consisting of the
Levi-Civita connection, when the metric is not Kähler, all this connections are different
choices that extend the Kähler case to the non-Kähler setting. Thus, a natural question to
ask is whether there is a best choice of connection for an established cohmologically spe-
cial class of metrics. As we will see, our focus will be centered on balanced metrics, and
when it comes to these metrics, the connection that is usually considered is the Chern con-
nection (corresponding to t = 0), and sometimes also the Strominger-Bismut connection
(corresponding to t = −1).

We shall now spend a little bit of time recalling what is known about the curvature
tensor of the Chern connection, in order to establish what conditions appear as effective to
identify a canonical metric.

The first thing to recall is that the Chern connection is identified by the torsion being
of type (1, 1), hence not necessarily zero, thus, when the metric is not Kähler we lose
the symmetries that the vanishing of the torsion gives, and hence there are four possible
ways to trace the Chern curvature tensor Θ. However, we will focus just on two out of the
three, since they are the ones that actually have a significant geometric meaning. Following
[ACS2], we recall

Definition 1.2.14. If Θ = Θij̄kl̄ is the Chern curvature tensor of ω, we call

• first Chern-Ricci form (or just Chern-Ricci form) the trace taken on the third and
fourth indices, i.e.

Ricch(ω)
loc.
:= gkl̄Θij̄kl̄,

which extends globally;

• second Chern-Ricci form the trace taken on the first and second indices i.e.

S(ω)
loc.
:= gij̄Θij̄kl̄,

which also extends globally.

Remark 1.2.15. The first Chern-Ricci form is always closed and represents the first Bott-
Chern class of the manifold, hence it presents itself as the "nearest" generalization of
the Kähler-Ricci form to the non-Kähler setting, which is the reason why we just refer
to it as Chern-Ricci form. However, we will see that also the second Chern-Ricci form
carries important geometric information, but more related to the bundle geometry of the
holomorphic tangent bundle, which we shall discuss in the next section.

This definitions lead naturally to a rephrasing, in terms of the Chern connection, of the
Einstein metrics problem, hence we can define:
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Definition 1.2.16. A metric ω is called

• Chern-Einstein if Ricch(ω) = λω for some λ ∈ R;

• Hermite-Einstein if S(ω) = λω for some λ ∈ R.

Remark 1.2.17. Since the Chern-Ricci form is closed, it is clear that a Chern-Einstein
metric with λ ̸= 0 is Kähler, thus the only Chern-Einstein metrics that are significant in
non-Kähler geometry are the Chern-Ricci flat ones. A natural generalization could be to
consider a weakened version of Chern-Einstein metrics, where λ is a real valued function,
but Angella, Calamai and Spotti showed in [ACS2] that every weak Chern-Einstein metric
with λ not identically zero is conformal to a Kähler metric, showing that even with this
generalization, the only significant case remains the Chern-Ricci flat one.

The search for Chern-Ricci flat metrics has been quite active, and results in this direc-
tion where obtained for example by Tosatti and Weinkove in [TW], and by Székelyhidi,
Tosatti and Weinkove in [STW], where they where able to obtain Chern-Ricci flat Gaudu-
chon metrics on any compact complex manifold with vanishing first Bott-Chern class, i.e.
metrics that satisfy both a cohomological condition and a curvature condition, hence met-
rics that present as "candidate" canonical non-Kähler metrics. As we will see in the next
chapter, our interest will be centered on Chern-Ricci flat balanced metrics, which satisfy
a stronger cohomological constraint, and hence give a better hope of having a finite di-
mensional moduli space (which Chern-Ricci flat Gauduchon metrics don’t have), together
with the relation to the Hull-Strominger system, which we shall discuss in the last section
of this chapter.

As it happens in Kähler geometry, it is also interesting to consider a notion of scalar
curvature, and luckily, there is a natural one since tracing both the Chern-Ricci forms lead
to the same scalar function, hence

Definition 1.2.18. The Chern scalar curvature of a metric ω is

sch(ω)
loc.
:= gij̄gkl̄Θij̄kl̄,

and extends globally. It can also be written globally as

sch(ω) =
Ricch(ω) ∧ ωn−1

ωn
.

Thus, since csck metrics are central in the study of canonical metrics in Kähler ge-
ometry (as we recalled in the first section , we are interested in combining this curvature
condition together with a cohomological one.
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While the problem of prescribing the Chern scalar curvature has been studied with
significant results in [ACS1] and [Fus], its combination with a cohomological condition
does not have a very wide literature (a partial result in this sense was obtained by Shen
in [Sh], with metrics satisfying a condition strenghtening the SKT one), hence in Chapter 3
and Chapter 5 we will present two constructions to obtain families of Chern scalar constant
metrics which are also balanced.

1.3 Holomorphic vector bundles
As anticipated in the previous section, we will extend our discussion about canonical

metrics to vector bundles, and our main reference will be [LT]. This case appears as inter-
esting and natural when studying canonical metrics on manifolds, for example, as hinted
at in the previous section, second Chern-Einstein metrics correspond actually to Hermite-
Einstein metrics on the holomorphic tangent bundle. One further topic where metrics on
bundles are crucial, is the study of the Hull-Strominger system, which - as we will see
in the final section of this chapter - is a system of equations aiming to produce canonical
metrics on non-Kähler Calabi-Yau manifolds, generalizing the Kähler Calabi-Yau setting.
With this in mind, shall now recall some interesting facts about these bundles and their
canonical metrics.

In this section, (E, ∂E) will be a holomorphic vector bundle on a hermitian manifold
(M,J, ω), endowed with a hermitian bundle metric h.

Definition 1.3.1. A metric h on E is said to be Hermite-Einstein with respect to ω if
ΛωFh = cIdE , with c ∈ R, where Fh is the curvature of the Chern connection of h.

Remark 1.3.2. It is clear that if we choose E = TM with the standard holomorphic
structure we get exactly the definition of second Chern-Einstein.

Remark 1.3.3. As for the Chern-Einstein problem, it is natural to consider a weaker version
of the Hermite-Einstein equation, choosing c to be a real valued function. However, it is
easily seen that if a weak Hermite-Einstein metric exists, then it is conformal to an actual
Hermite-Einstein metric, thus it is only interesting to focus on the latter ones.

Remark 1.3.4. The constant c in the Hermite-Einstein equation, known as Einstein con-
stant, is prescribed by the Hermite-Einstein equation itself, since it always holds

c =
2πn

∫
M

tr(iFh) ∧ ωn−1

rank(E) · V olω(M)
.

In particular,
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• if ω is Gauduchon, c only depends on c1(E) and the metric ω;

• if ω is Kähler, c only depends on c1(E) and [ω], i.e. its purely cohomological.

The Hermite-Einstein equation can also be rephrased in a gauge-theoretical way, start-
ing from the following definition.

Definition 1.3.5. A connection ∇ on E is called Hermitian-Yang-Mills if it satisfies

F 0,2
∇ ≡, 0

ΛωF∇ = cIdE.

With this notion, we can produce a new equation for a given hermitian bundle (E, h, ∂E),
which can be shown to be equivalent to the Hermite-Einstein equation, that is

ΛωFf ·∂E = cIdE,

for f ∈ G, the complex gauge group of E, where Ff ·∂E denotes the curvature of the Chern
connection of h with respect to the compatible complex structure f · ∂E := f−1 ◦ ∂E ◦ f .
To be more specific with the equivalence, what can be shown is that for a given hermitian
bundle (E, ∂E, h) we can find a Hermite-Einstein metric h′ if and only if we can find f ∈ G
such that the Chern connection of (h, f ·∂E) is Hermitan-Yang-Mills. It is thus common to
mix the terminology and talk about Hermite-Einstein connections or Hermite-Yang-Mills
metrics.

The existence of these metrics on holomorphic vector bundles has been thoroughly
studied in the past decades, and was at the center of a conjecture known as Hitchin-
Kobayashi correspondence, stated in the early ’80s and ispired by the result for Riemann
surfaces of Narasimhan-Seshadri (in [NaSe]) and proved after a few years by Donaldson
(in [D]) and Uhlenbeck-Yau (in [UY]) in the Kähler case, and later extended to the gen-
eral non-Kähler case by Buchdahl (in [Bu]) and Li-Yau (in [LY2]). Said correspondence,
relates the existence of Hermite-Einstein metrics to an algebro-geometric property, called
slope stability, introduced by Mumford in [Mu]. This notion was originally given only for
bundles whose bases are Kähler manifolds (and the conjecture itself was stated originally
for the Kähler case), but it was noted that it can be extended for any manifold endowed
with a Gauduchon metric, which we can now recall.

Definition 1.3.6. For (M,ω) with ω Gauduchon, we define the [ωn−1]A-slope of a torsion-
free coherent sheaf F the quantity

µ[ωn−1]A(F) =
c1(E) · [ωn−1]A

rank(F)
.

We then say that a bundle E on M is
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• [ωn−1]A-slope semistable if for every subsheaf F ⊆ E it holds

µ[ωn−1]A(F) ≤ µ[ωn−1]A(E);

• [ωn−1]A-slope stable if for every subsheaf F ⊆ E it holds

µ[ωn−1]A(F) < µ[ωn−1]A(E);

• [ωn−1]A-polystable if
E =

⊕
i

Ei,

with Ei stable and µ[ωn−1]A(Ei) = µ[ωn−1]A(Ej) for all i, j.

This extended definition allowed to extend the conjecture to the non-Kähler setting.
Moreover, it holds

Lemma 1.3.7 (Lemma 2.1.5 from [LT]). If the bundle E on (M,ω) admits a Hermite-
Einstein metric with respect to ω, then it admits a Hermite-Einstein metric with respect to
any metric conformal to ω.

Thus, thanks to the fact that every conformal class admits a Gauduchon metric, the
Hitchin-Kobayashi correspondence makes sense for any compact complex manifold, which
- as mentioned - was proved in this general setting by Li and Yau in [LY2].

Such a result is, in analogy with the existence theorems for Kähler-Einstein metrics,
exactly the type of result highlighting the power that canonical metrics have when it comes
to classification, as the Hitchin-Kobayashi correspondence has been a crucial tool in the
study of moduli spaces of holomorphic vecotor bundles over Kähler manifolds. However,
Hermite-Einstein metrics are not only significant in Kähler geometry, but are also central
in problems for non-Kähler geometry, one of which is the Hull-Strominger system, which
- as anticipated - we will discuss about in the final section of this chapter.

1.4 Balanced metrics
As previously stated, the class of cohomologically special metrics we are mostly inter-

ested in are balanced metrics, hence in this section we shall recall some important results
related to this class of metrics, as well as aspects that are highly significant to the research
work in this thesis. We shall also discuss some open problems involving balanced met-
rics, in order to motivate our interest towards this class of metrics and their importance in
complex non-Kähler geometry.

The first property we will recall is the following characterization from [Ga1].



CHAPTER 1. CANONICAL METRICS IN COMPLEX GEOMETRY 25

Proposition 1.4.1 (Gauduchon). Let (M,ω) be a compact hermitian manifold. Then ω is
balanced if and only if on scalar functions holds

1

2
∆ω = ω = ω,

where ∆ω and ω are respectively the Hodge laplacian and the Dolbeault laplacian of ω.

This condition is extremely important, as it tells us that, despite the absence of a Kähler
metric allowing us to have the perfect environment to perform analysis on the manifold,
balanced metrics are still sufficiently special to allow us to do analysis with scalar functions
exactly as in the Kähler case (in the following chapters, we will widely use this property).
This fact in particular gave hope that many results from Kähler geometry achieved through
geometric analysis techniques could be obtained also in the balanced setting. Among the
others, it stands out Yau’s Theorem and its extended version to Gauduchon metrics from
Székelyhidi, Tosatti and Weinkove, which was explicitly proposed in [Tos] and it is still
an open problem.

Conjecture 1.4.2 (Székelyhidi, Tosatti, Weinkove). Let (M,ω) be a compact balanced
manifold and let Ψ ∈ CBC

1 (M). Then, it exists a balanced metric ωn−1
Ψ ∈ [ωn−1]BC such

that Ricch(ωΨ) = Ψ.

In the case where cBC1 (M) vanishes, this result goes in the direction of geometrizing
the balanced class through finding a canonical metric in said class, identified by some
curvature condition. However, it is still unknown if Chern-Ricci flat balanced metrics could
be unique, or at least have finite dimensional moduli space, in a given balanced class.
Hence the conjecture itself lies in a wider question that is

Question 1.4.3. Can we find a condition on the Chern curvature identifying uniquely a
canonical metric in a given balanced class?

Once again, this problem is still far from being solved, and it is one of the reasons
why balanced metrics appear as so interesting; in particular the cBC1 (M) = 0 appears as
particularly interesting in relation to the Hull-Strominger system.

Still regarding analytical aspects, there is also a characterization of the existence of
balanced metrics in cohomological/geometric measure theory terms, from [M].

Theorem 1.4.4 (Michelsohn). A compact complex manifold M is balanced if and only if
is homologically balanced, i.e. every non-zero d-closed (n − 1, n − 1)-current represents
a non-zero class in H2n−2(M,R).

Among the consequences of this theorem, the most significant one is the celebrated
result by Alessandrini and Bassanelli in [AB1] and [AB2], that is:
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Theorem 1.4.5 (Alessandrini, Bassanelli). The class of compact balanced manifolds is
closed under proper modifications.

In particular this shows that this weakening of the Kähler condition makes us gain this
closure of the class, that instead does not hold for compact Kähler manifolds, thanks to a
counterexample from Hironaka in [Hi].

If we now go back to the balanced condition in its original form, we can conclude this
section seeing that, thanks to the properties of the Hodge-∗ operator, it is easily seen that
balanced condition for a metric ω is equivalent to

d∗ω = 0

i.e. ω is co-closed. This suggests that the balanced condition might be - in some sense -
dual to the Kähler condition. An example of this behaviour is in the following result from
[M], showing that, while Kähler metrics are induced on submanifolds, balanced metrics
are induced through submersions.

Proposition 1.4.6 (Michelsohn). Let M and N be compact complex manifolds.

(i) If M and N are balanced, then M ×N is also balanced.

(ii) If exists f : M → N a holomorphic submersion and M is balanced, then also N is
balanced.

It is thus interesting to keep investigating balanced metrics in order to search for more
results that could confirm further this duality relation with the Kähler condition.

1.5 The Hull-Strominger system
We will now conclude this preliminary chapter recalling the Hull-Strominger system

with a brief discussion about its meaning when it comes to canonical metrics, and its role
in motivating part of our research work. The main reference for this section are going to
be the notes [GF] from Garcia-Fernandez.

The realm in which the system lives is the one of not necessarily Kähler Calabi-Yau
manifolds (a relaxed version without this restriction was recently introduced by Gonzalez-
Molina and Garcia-Fernandez in [GFGM1] as coupled Hermitian-Einstein system), hence
we will first recall what we mean by this

Definition 1.5.1. A complex manifold M of dimension n is said to be Calabi-Yau if it
admits a non-vanishing holomorphic global section Ω of the canonical bundle KM . The
(n, 0)-form Ω is called holomorphic volume form.
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It is clear that, thanks to Yau’s theorem, whenever the manifold is Kähler, this guar-
antees the existence of Kähler Ricci-flat metrics, and hence the classical notion of Kähler
Calabi-Yau manifold.

Let us now give a remark about what immediate consequences we have from the ex-
istence of the holomorphic volume, showing us in particular that it is natural to study
Chern-Ricci flat metrics on these spaces.

Remark 1.5.2. If (M,Ω) is a compact Calabi-Yau manifold, and ω is hermitian metric on
M , it holds

||Ω||2ω
ωn

n!
= (−1)n(n−1)/2inΩ ∧ Ω.

This relation is extremely significant, as it implies that log ||Ω||ω is a global ∂∂-potential
for the Chern-Ricci form, from which it immediately follows that

• every Calabi-Yau manifold has cBC1 (M) = 0;

• every hermitian metric ω is conformal to a Chern-Ricci flat metric, given by ω′ :=

||Ω||2/nω ω.

We can now move on and recall the equations of the system.

Definition 1.5.3. Given a Calabi-Yau manifold (M,Ω) and a holomorphic vector bundle
E on M , we say that the triple (ω, h, ∂T ) is a solution of the Hull-Strominger system if it
satisfies

ΛωFh = 0, F 0,2
h = 0 (1.1)

ΛωR = 0, (1.2)

d∗ω − dc log ||Ω||ω = 0, (1.3)

ddcω − α(trR ∧R− trFh ∧ Fh) = 0, (1.4)

where, α is a non-vanishing constant, ω is a hermitian metric on M , h is a hermitian
metric along the fibers of E, ∂T is a holomorphic structure on the tangent bundle of M ,
and R is the Chern curvature tensor of ω with respect to ∂T .

Remark 1.5.4. Notice that if we choose (E, h) to be the holomorphic tangent bundle with
the metric ω, and take ω a Kähler Ricci-flat metric, we notice that this satisfies the system,
thus being a solution of the Strominger system is a condition that generalizes being Käh-
ler Calabi-Yau, making solutions to the system a promising candidate class of canonical
metrics for non-Kähler Calabi-Yau manifolds.
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In order to understand the link between the system and balanced metrics, we shall recall
a result from Li and Yau in [LY1] (and also Gauntlett, Martelli and Waldram in [GMW]).
In this result they show that Equation (1.5.3) is equivalent to a simpler equation involving
balanced metrics, known as conformally balanced equation.

Proposition 1.5.5. The dilatino equation is equivalent to the conformally balanced equa-
tion, i.e.

d
(
||Ω||ωωn−1

)
= 0. (1.5)

Thus a Calabi-Yau manifold that admits solutions of the dilatino equation has to be
necessarily a balanced manifold, whence solutions to the Hull-Strominger system can be
searched on the restricted class of balanced manifolds.

Remark 1.5.6. Actually Equation (1.5) allows us to show that every Calabi-Yau balanced
manifold (M,Ω), dimCM ≥ 3, always admits solutions to the dilatino equation; we can
indeed show even more, that is: every balanced metric η is conformal to a solution of
Equation (1.5), given by η′ = ||Ω||−2/(n−2)

η η.

Remark 1.5.7. Combining Equation (1.5) with Remark 1.5.2, we immediately see that
a balanced Chern-Ricci flat metric is always a solution of the dilatino equation. Hence,
the system fuels the interest towards this class of metrics, presenting them as possible
candidate canonical metrics.

Moreover, Equation (1.5) shows also that a solution ω to the dilatino equation gives a
standard choice of a balanced class τ , given by

τ :=
[
||Ω||ωωn−1

]
∈ Hn−1,n−1

BC (M,R).

This, combined with Equation (1.2), in light of the Hitchin-Kobayashi correspondence,
gives us also a necessary condition on the bundle E, that is the τ - slope polystability,
together with c1(E) · τ = 0. And necessary conditions are not over, since Equation (1.5.3),
known as the Bianchi identity, or anomaly cancellation equation, implies that necessarily

ch2(E) = ch2(M) ∈ H2,2
BC(M,R), (1.6)

where ch2 denotes the second Chern character.
We shall remark that this necessary conditions were also conjectured to be sufficient,

in the case of threefolds, by Yau in [Y1]:

Conjecture 1.5.8. Let (M,Ω) be a compact Calabi-Yau threefold endowed with a bal-
anced class τ , and let E be a holomorphic vector bundle satisfying c1(E) · τ = 0 and
(1.6). Then, if E is τ -stable then (M,Ω, E) admits a solution to the Hull-Strominger sys-
tem.
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The conjecture is not even completely clear when M is Kähler; indeed, when τ is the
square of a Kähler class, it was shown by Andreas and Garcia-Fernandez in [AGF] that
the conjecture holds, and the result was recently strenghtened by Collins, Picard and Yau
in [CPY2], where they showed that it holds while preserving the balanced class. However,
Fu and Xiao in [FX] showed that a balanced class needs not to be the square of a Kähler
class, hence the conjecture remains open in this case, as well as in the case of non-Kähler
manifolds.

In the direction of this conjecture, in [GF] it was proposed an intermediate step:

Question 1.5.9 (Garcia-Fernandez). Given M a compact complex manifold, τ a balanced
class and ρ a real ∂∂-exact (2, 2)-form. Is there a balanced metric in τ such that ∂∂ω = ρ?

In light of Proposition 1.2.8, it is clear that we can not expect an affirmative answer
in the general non-Kähler setting, however one can hope to identify a favorable condition
that allows to answer positively to the question. Such an answer would be of great support
for Yau’s conjecture, and thus it keeps high the interest towards the study of balanced
manifolds.

We will now end this section (and this preliminary chapter) by presenting an example
of a non-Kähler solution of the system constructed by Fu and Yau in [FuY], which will be
significant for our work in the next chapter. This solution forgets about Equation (1.5.3),
and substitutes it by imposing the standard holomorphic structure on the tangent bun-
dle, making the connection the standard Chern connection of the metric; this assumption
clashes with the physical meaning of the system, but makes the problem more accessible,
and hence a useful assumption to obtain preliminary (partial) solutions to the full system.
Example 1.5.10 (Fu-Yau). The spaces on which this solutions are construct are the total
spaces of a class of torus bundles over K3 surfaces, initially constructed by Goldstein and
Prokushkin in [GP] as examples of threefolds not admitting Kähler metrics. We then start
with (S, ωK3) a K3 surfaces endowed with ωK3 a Kähler Calabi-Yau metric and ΩK3 a
holomorphic volume form, and consider ω1, ω2 anti-slef-dual (1, 1)-forms such that

[ωi/2π] ∈ H2(S,Z).

We then take X the total space of the fibered product of the U(1) bundles identified by the
cohomology classes of ω1 and ω2, and set θ a connection on X such that iFθ = ω1 + ω2.
With this ingredients, we get that

Ω := ΩK3 ∧ θ

defines a holomorphic volume for X , and the metric

ω := p∗ωK3 +
i

2
θ ∧ θ
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is a Chern-Ricci flat balanced metric. From here, we can obtain a family of balanced
metrics with the rescaling

ωu := p∗(euωK3) +
i

2
θ ∧ θ, (1.7)

where p is the fibration map. Now, if E is a degree-zero holomorphic vector bundle on
S endowed with hS a Hermite-Einstein metric with respect to ωK3, then p∗E is again a
degree-zero holomorphic vector bundle over X , endowed with p∗hS a Hermite-Einstein
metric with respect to ωu. Hence, for what we have observed about the equations involved,
the system reduces to just the Bianchi identity, which - when studied on the family ωu -
reduces to the following Monge-Ampère equation:

ddc(euωK3 − αe−uρ) +
1

2
ddcu ∧ ddcu = µ

ω2
K3

2
,

where ρ is a smooth real (1, 1)-form on S, independent of u, such that

µω2
K3 = (|ω1|2 + |ω2|2)ω2

K3 + α(trFh ∧ Fh − trRK3 ∧RK3,

where RK3 is the Chern curvature of ωK3. Solutions to Equation (1.7) (and hence to the
system) are then given by the following result from [FuY]:

Theorem 1.5.11 (Fu-Yau). Equation (1.7) has solutions for α > 0, provided that

0 =

∫
S

µω2
K3 =

∫
S

(|ω1|2 + |ω2|2)ω2
K3 − 8π2α(24− c2(E)).



Chapter 2

Orbifolds and Chern-Ricci flat balanced
metrics

In this Chapter we will discuss the paper A Kümmer construction for Chern-Ricci flat
balanced metrics (see [GS]), from a joint work with Cristiano Spotti. The aim lying behind
this work is to produce special non-Kähler metrics on spaces that are relevant for the Hull-
Strominger system, obtaining partial solutions to said system. The main Theorem we will
prove in this section is the following.

Theorem 2.0.1. Let (M̃, ω̃) be an n-dimensional non-Kähler Calabi-Yau orbifold with
a finite family of isolated singularities, endowed with ω̃ a singular Chern-Ricci flat bal-
anced metric, and let M be a crepant resolution of M̃ . Then M admits a Chern-Ricci flat
balanced metric ω̂ such that

[ω̂n−1] = [ω̃n−1] + (−1)n−1ε(2n−2)(

kj∑
i=1

k∑
j=1

aijPD[Ei
j])

n−1,

where PD[Ei
j] denotes the Poincaré dual of the class [Ei

j].

2.1 The pre-gluing metric
Following several known gluing constructions from the literature (such as [AP], [BM],

[J] and many others), our gluing process will be made of two main parts: the construction
of a pre-gluing metric (which will be done in this section) obtained from a rough cut-off
procedure providing an approximate solution to the problem, and a perturbative argument
to obtain a genuine solution.

The goal of this section will be to prove the following:

31
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Proposition 2.1.1. Let M̃ be a Calabi-Yau orbifold with a finite family of isolated singu-
larities, endowed with a Chern-Ricci flat balanced singular metric ω̃, and suppose that
it admits M a crepant resolution. Then M admits ω an approximately Chern-Ricci flat
balanced metric.

2.1.1 Chern-Ricci flat balanced orbifolds and their crepant resolu-
tions

Before discussing the construction, we shall establish some notations for the reminder
of the paper, and also use the occasion to briefly recall some known results from literature
to understand better the framework we will be working in.

Throughout the paper we will denote with M̃ an n-dimensional non-Kähler Calabi-
Yau orbifold, i.e. a complex orbifold endowed with a holomorphic volume form Ω̃, with a
finite family of isolated singularities, such that it admits a crepant resolution M .

Remark 2.1.2. A necessary condition for an orbifold to admit crepant resolutions is that
the isotropy groups corresponding to the singularities are subgroups of SL(n,C), and for
n = 3 it is also sufficient (see [J]), making it a useful criterion to search for examples.

Remark 2.1.3. The exceptional set of a crepant resolution of an orbifold singularity is
always divisiorial, i.e. in codimension 1. Indeed, it is known that orbifold singularities are
"mild", meaning that (see for example [KM]) every orbifold is normal and Q-factorial. But
the existence of a (quasi-projective) small resolution would imply that the orbifold is not
Q-factorial, i.e. a contradiction.

We will also assume that M̃ is equipped with a singular balanced Chern-Ricci flat
metric ω̃, and thus it is worth giving examples of spaces that satisfy our assumptions, in
order to ensure that we are working on an actually existing class of spaces.

Example 2.1.4. A first, trivial example is the one of quotients of tori with isolated orbifold
singularities of the form C3/Z3. In these cases, we know that the quotient is equipped with
a singular Kähler Calabi-Yau metric, and D. Joyce (in [J], for example) has shown that
also their crepant resolutions admit Kähler Calabi-Yau metrics, which can be obtained via
gluing construction in the same fashion as the one we are about to present. However, since
every Kähler Ricci-flat metric is also balanced Chern-Ricci flat, we can still consider these
spaces in our class, and - as we will se ahead - our construction does not ensure that the
Chern-Ricci flat balanced metric obtained need to coincide with the Kähler Calabi-Yau,
since the cohomology class preserved is going to be the balanced one, on which there are
no known uniqueness results.

A possible variation on this argument could be to apply the (orbifold version of) the
result of Tosatti and Weinkove in [TW1], which ensures us that we can find a Chern-Ricci
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flat balanced metric on the singular quotient of the torus, and thus provides a suitable
metric for our construction.

Example 2.1.5. A more interesting example can be obtained on torus bundles on some
algebraic K3 surfaces. Indeed, Goldstein and Prokushkin produced in [GP] a family of
T 2 bundles on K3 surfaces that do not admit Kähler metrics; and they showed that these
threefolds can be endowed with a balanced Chern-Ricci flat metric of the form

η = π∗ηK3 +
i

2
θ ∧ θ,

where ηK3 is the Calabi-Yau metric on theK3, and θ is a (1, 0)-form arising from the duals
of the horizontal lift of the coordinate vector fields on the K3. These bundles X inherit
also a non-Kähler Calabi-Yau structure, i.e. a holomorphic volume form given by

Ω = ΩK3 ∧ θ.

Now, while these are the building blocks of the Fu and Yau solutions for the Hull-Strominger
system (see [FuY]), Becker, Tseng and Yau constructed (in [BTY], Section 6) a Z3 action
on a subclass of the aformentioned torus bundles for some special choices of algebraic
K3’s, of the form

ρ : (z0, z1, z2, z3, z4, z) −→ (ζ2z0, ζ
2z1, ζz2, z3, z4, ζ

2z),

with ζ a cubic root of unity different from 1, and where the zis are the homogeneous
coordinates of the P3 in which the K3 lies, and z is the fiber coordinate. This action,
despite not preserving the Calabi-Yau structures of the base and the fibres, it preserves Ω,
together with the Chern-Ricci flat balanced metric η, producing an orbifold with 9 isolated
singularities of the form C3/Z3, i.e. exactly from the family of orbifolds we are interested
in working with.

Example 2.1.6. A further example comes from an action of Z4 on the Iwasawa manifold,
constructed by Sferruzza and Tomassini in [ST]. In said paper they showed that the action
of Z4 = ⟨σ⟩ on C3, where

σ(z1, z2, z3) := (iz1, iz2,−z3),

descends to the quotient corresponding the (standard) Iwasawa manifold, producing 16
isolated singular points. Moreover, if we recall the standard coframe of invariant (with
respect to the Heisenberg group operation) 1-forms

φ1 := dz1, φ2 := dz2, φ3 := dz3 − z2dz1,
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this can be used to construct a balanced metric

ω :=
i

2
(φ1 ∧ φ1̄ + φ2 ∧ φ2̄ + φ3 ∧ φ3̄),

which descends to a Chern-Ricci flat balanced metric on the Iwasawa manifold, and is
clearly invariant through σ, as well as the standard holomorphic volume of C3. Thus the
quotient of the Iwasawa manifold through this action gives again an orbifold satisfying our
hypotheses.

Our aim is to work on the crepant resolution M , and obtain via a gluing construction
(using Joyce’s ALE metrics on the bubble, see [J]) a family of Chern-Ricci flat balanced
metrics from (M̃, ω̃). In the following we will focus on the construction of the pre-gluing
metric on M , that will be an approximately Chern-Ricci flat balanced metric. To make the
presentation more clear, we will divide the process into three natural steps, and for sim-
plicity assume that M̃ has just one singularity (the process obviously applies analogously
to the case in which the singularities are any finite number). We are also going to compute
explicitly a holomorphic volume form for M (starting from the one on M̃ ), since such
form is a crucial ingredient for the deformation argument in the following section, as it
can be used to obtain a global expression for the Chern-Ricci potential.

2.1.2 Pre-gluing - Step 1
We first glue together the metric ω̃ with the flat metric ωo centered at the singularity

so that the resulting metric is balanced. This follows actually from the following remark,
which holds for any balanced manifold and recovers a weaker version of the strategy used
with normal coordinates in the Kähler case.

Lemma 2.1.7. Given (X, η) an n-dimensional balanced orbifold with isolated singulari-
ties, for every x ∈ X it exists a sufficiently small ε > 0, coordinates z centered at x and a
balanced metric ηε such that

ηε =

{
ωo if |z| < ε

η if |z| > 2ε
,

where ωo is the flat metric around x, and such that |ηε|ωo < cε on {ε ≤ |z| ≤ 2ε}.

Proof. If (X, η) is an n-dimensional balanced orbifold and we fix any point x ∈ M , we
can choose coordinates z around x such that, in a sufficiently small neighborhood of the
point, it holds

η = ωo +O(|z|),
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where ωo is the flat metric in a neighborhood of x in the coordinates z. But now this means
that if we take the n− 1 power we obtain

ηn−1 = ωn−1
o + α,

where α is a closed (n − 1, n − 1)-form (thanks to the facts that η is balanced and ωo is
Kähler) such that α = O(|z|). Thus if we restrict to a simply connected neighborhood of
x, it exists a form β such that

α = dβ,

and it can be chosen to be such that β = O(|z|2), since if we decompose β = βl + βq,
where βl is the component depending at most linearly on |z| and βq is the quadratic one,
the fact that α = O(|z|) forces dβl = O(|z|) which holds if and only if dβl = 0, thus we
can always choose β = βq.

Hence, if we introduce a cut-off function

χ(y) :=


0 if y ≤ 1

non decreasing if 1 < y < 2

1 if y ≥ 2

and call r(z) := |z| the (flat) distance from x, we can take χε(y) := χ(y/ε) and define

ηn−1
ε := ωn−1

o + d(χε(r)β).

Here, the notation ηn−1
ε makes sense thanks to [M], since on the gluing region holds

|d(χε(r)β)| ≤ |dχε||β|+ |χε||dβ| ≤ cε,

ensuring that ηn−1
ε > 0. Thus we have obtained a balanced metric ηε on X \ {x} which is

exactly flat in a neighborhood of x. The same argument applies to the orbifold points after
taking a cover chart.

We shall notice that, by proving the above lemma, we have showed en passant an
Alessandrini-Bassanelli type of result, that is:

Proposition 2.1.8. The class of balanced (not necessarily compact) manifolds is closed
under blowups at finite families of isolated points.

Thus we can start from our Chern-Ricci flat balanced metric ω̃ on M̃ and obtain the
corresponding cut-off metric ω̃ε in a neighborhood of the orbifold singularity x by chosing
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coordinates z on the orbifold cover chart. For our construction, it will however be more
convenient to slightly vary the cut-off function and, for p > 0, choose

χε,p(y) := χ(y/εp)

so that the gluing region for ω̃ε becomes {εp < r < 2εp}. Also, using again the results
in [M], we can notice that, even though we are cutting at the level of (n− 1, n− 1)-forms,
we have that on the gluing region the metric keeps being close to the flat metric, indeed:

Remark 2.1.9. Notice that we can choose a basis {ej} of 1-forms diagonalizing simulta-
neously ωo (we can actually assume it to be the identity) and ω̃ε; this means that also ωn−1

o

and ω̃n−1
ε are diagonal (in the sense of (n − 1, n − 1)-forms, implying that also the term

O(r) is necessarily diagonal with respect to this basis. Thus we can write

ω̃n−1
ε =

n∑
j=1

(1 +O(r)) ̂ej ∧ Jej

and applying Michelson’s result with Λj = 1 + O(r), we obtain ω̃ε =
∑n

j=1 λjej ∧ Jej ,
with

λj =
((1 +O(r)) · · · (1 +O(r)))

1
n−1

1 +O(r)
= 1 +O(r),

which implies, again thanks to Michelson’s theorem

ω =
n∑
j=1

(1 +O(r)) ej ∧ Jej = ωo +O(r),

showing also that dω has uniformly bounded norm.

2.1.3 Pre-gluing - Step 2
In this second step we instead perform the gluing between Joyce’s Kähler-Ricci flat

ALE metric ωALE and the flat metric ωo of Cn, on the crepant resolution X̂ of the singular
model Cn/G, and we will actually be able to do it without losing the Kähler condition. To
do this we recall that away from the singularity holds

ωALE = ωo + Ai∂∂(r2−2n + o(r2−2n)),

where A > 0 is a constant and r is the (flat) distance from the singularity. This suggests
introducing a large parameter R and a smooth cut-off function χR(x) := χ2(x/R) on
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[0,+∞) such that

χ2(y) :=


1 if y ≤ 1

4
,

Non increasing if 1
4
< y < 1

2
,

0 if y ≥ 1
4
,

from which we introduce the family of closed (1, 1)-forms

ωR = ωo + i∂∂(χR(r)(r
2−2n + o(r2−2n)).

Once again, on the gluing region GR := {R
4
≤ r ≤ R

2
} we have

|ωR − ωo|ωo ≤ |i∂∂(χR(r)(r2−2n + o(r2−2n))|ωo ≤ cR−2n ≤ cr−2n,

which clearly implies the positivity of ωR also on GR (as long as R is chosen to be suffi-
ciently large) ensuring that ωR is a Kähler metric on X̂ which is exactly flat outside of a
compact set.

2.1.4 Pre-gluing - Step 3
In this third and last step we want to glue together the metrics ω̃ε from Step 1 with the

metric ωR from Step 2 by matching isometrically the exactly conical regions. In order to
do this we are going to need to rescale by a constant λ > 0 the metric on X̂ , and we will
now see that this constant is a geometric constant, since it is dictated by the geometries of
the two metrics we are gluing together.

In what follows we will denote with z the coordinates on Mreg nearby the singularity
and with ζ the coordinates on X̂ , both given by the identification with the singularity
model Cn/G. We then consider the regions

CR := {R/4 ≤ r(ζ) ≤ 2R} ⊆ X̂ and Cε := {εp/4 ≤ r(z) ≤ 2εp} ⊆Mreg

and define a biholomorphism between them by imposing

ζ =

(
R

εp

)
z.

From this expression we have that on the identified region the following identity holds

r(ζ) = r

((
R

εp

)
z

)
=
R

εp
r(z)
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which yields λ = λ(ε, R) :=
(
εp

R

)2. From this follows λr2(ζ) = r2(z), and thus on the
identified conical regions C ′

R := {R ≤ r(ζ) ≤ 2R} ≃ {εp ≤ r(z) ≤ 2εp} =: C ′
ε holds

λωo(ζ) = ωo(z), and consequently λωε,R = ω̃ε.

Hence, λ is the needed rescaling factor, which allows us to define the glued family of
balanced metrics on the crepant resolution M as

ωε,R :=


λωR on r(ζ) ≤ R,

ωo on εp ≤ r(z) ≤ 2εp,

ω̃ε on r(z) ≥ 2εp.

Remark 2.1.10. Notice that this first construction implies an Alessandrini-Bassanelli type
result (see [AB1]) since it shows that any compact complex manifold bimeromorphic to a
balanced orbifold with isolated singularities is also balanced.

In order to understand better the geometry of this new family of metrics, we shall obtain
again some estimates on its distance from the flat metric on the gluing region, and since
inside said region there is also an exactly flat part - whose geometry is also understood -
which separates the two gluing regions from the first two steps, we can just estimate the
distance separately on the two regions from the previous steps and then take the maximum.

Clearly, the metric is unaltered on the gluing region from Step 1, thus we still have on
Gε that

|∇k
ωo(ω − ωo)|ωo ≤ cr1−k,

for all k ≥ 0.
On the other hand, since in this step we had to rescale the metric on X̂ , we have to

check how it has affected the distance from the cone. To have clearer estimates, we will
express also this one in terms of the small coordinates z, and we will relate the parame-
ters R and ε by chosing R = ε−q, with q > 0. We first notice that on GR (actually the
corresponding region through the biholomorphism) it holds

⟨ωε,R − ωo, ωε,R − ωo⟩ωo(z) = λ−2⟨λ(ωR − ωo), λ(ωR − ωo)⟩ωo(ζ)
= ⟨ωR − ωo, ωR − ωo⟩ωo(ζ)

implying that |ωε,R − ωo|ωo(z) = |ωR − ωo|ωo(ζ). From here, we can recall the estimate
done in Step 2 and obtain

|ωε,R − ωo|ωo(z) ≤|ωR − ωo|ωo(ζ)
≤ cr−2n(ζ) = cε2nq ≤ cr2nq/p(z).
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which implies, on the whole gluing region, that for all k ≥ 0 holds

|∇k
ωo(ωε,R − ωo)|ωo ≤ crm−k,

where m = min{1, 2nq/p}.

2.1.5 The Chern-Ricci potential
In order to use this description of the metrics to estimate the Chern-Ricci potential on

the gluing region we are also going to need to understand how the holomorphic volume
form of the resolution is related to the holomorphic volume of our background Calabi-Yau
orbifold.

Before doing it we start by fixing some notation. Denote

• with Ω̃ the holomorphic volume of Mreg such that

ω̃3 = iΩ̃ ∧ Ω̃;

• with Ω̂ the rescaled holomorphic volume of the singularity model Cn/G (and its
crepant resolution X̂) in order to match the metric rescaling, i.e. Ω̂ := λ3/2Ωo where

(ωALE)
3 = iΩo ∧ Ωo.

Now, in a neighborhood of the singularity it exists a holomorphic function h such that

Ω̃ = hΩ0.

On the other hand, under the rescaling biholomorphism that glues X̂ to M \ {x}, we
identify the Ωo around the singularity with Ω̂, thus we can read h as a holomorphic function
on the singularity model, and hence holomorphically extend it to a holomorphic function
on the whole X̂ , and thus we can glue together hΩ̂ with Ω̃ to obtain Ω a holomorphic
volume for M .

We can also obtain information on h by noticing that, since ω̃ is asymptotic to ωo
around the singularity, we obtain that around x it holds

(1 +O(|z|))ω3
o = ω̃3 = iΩ̃ ∧ Ω̃ = |h|2iΩo ∧ Ωo = |h|2ω3

o

from which follows
|h| = 1 +O(r),

from which, by continuity, we have that |h|2 ≡ 1 on the exceptional part.
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Thus we can define a global Chern-Ricci potential as

f = fp,q,ε := log

(
iΩ̂ ∧ Ω̂

ω3

)
.

and conclude this section by describing the behaviour of f in all the regions of M , to show
that it is suitable to apply a deformation argument similar to the one done in [BM]. We
have

• on {r(z) > 2εp} hold ω = ω̃ and Ω = Ω̃, thus f ≡ 0;

• on {εp ≤ r(z) ≤ 2εp} hold ω = ωo + O(r) and Ω ∧ Ω = Ω0 ∧ Ω0 + O(r), from
which we have

f = log

(
ω3
o +O(r)

Ω0 ∧ Ω0 +O(r)

)
= log(1 +O(r)) = O(r);

• on {1
2
εp ≤ r(z) ≤ εp} hold ω = ωo and Ω ∧ Ω = i(1 + O(r))Ω0 ∧ Ω0, from which

follows f = O(r);

• on {1
4
εp/2 ≤ r(z) ≤ 1

2
εp} hold ω = ωo +O(r2nq/p) and Ω ∧ Ω = Ω0 ∧ Ω0 +O(r),

implying f = O(rm);

• on {r(z) < εp/2} hold ω3 = iΩo ∧ Ωo and Ω ∧ Ω = i(1 + O(r))Ω0 ∧ Ω0, giving
once again f = O(r).

Thus we can write globally (on M ) that

|f | ≤ crm,

ensuring that the metric ω is an approximately Chern-Ricci flat balanced metric (as wanted
in Proposition 2.1.1), hence a suitable one to perform our gluing construction.

2.2 The deformation argument
In this section we will see that what was built in the previous section are exactly the

ingredients we need to introduce a deformation argument in the same fashion as [BM],
in order to obtain a balanced Chern-Ricci flat metric on our crepant resolution M . We
will also analyze the cohomology class of the metric obtained and see why said metric is
interested in the framework of the Hull-Strominger system.



CHAPTER 2. ORBIFOLDS AND CHERN-RICCI FLAT BALANCED METRICS 41

2.2.1 The strategy
We will now set up the problem for this section. First of all we recall the deformation

of the metric that preserves the balanced condition introduced in [FWW] (here taken with
a particular ansatz):

ωn−1
ψ := ωn−1 + i∂∂(ψωn−2), ψ ∈ C∞(M,R) such that ωn−1

ψ > 0.

Thus the problem we are interested in solving, following what was done in [BM], is the
balanced Monge-Ampère type equation

ωnψ = efωn (2.1)

for ψ ∈ C∞(M,R) such that ωn−1
ψ > 0.

Remark 2.2.1. The equation introduced above makes sense, because, as we’ve seen, f =
O(rm), thus ef = 1+O(rm), meaning that efωn is nearby ωn itself, hence it makes sense
to try to obtain it as a small deformation of ω.

For practicality, it is useful to reformulate our equation as an operator on the space of
smooth functions, thus we introduce F : C∞(M,R) → C∞(M,R) as

F (ψ) = Fε(ψ) :=
ωnψ
ωn

− ef .

Our aim is then to solve the equation F (ψ) = 0 - which is equivalent to (2.1) - through
a fixed point argument, hence the first step to take towards this argument is to compute
the linearization at 0 of the operator F . To do this we shall introduce the notation ω′

0 :=
d
dt |t=0

ωtu, where ωtu is the curve corresponding to the tangent vector u ∈ C∞(M,R), and
compute the derivative at zero of ωntu in two different ways:

d

dt |t=0

ωntu = nωn−1 ∧ ω′
0;

d

dt |t=0

ωntu = i∂∂(uωn−2) ∧ ω + ωn−1 ∧ ω′
0.

Even though none of these two expressions are explicit, we can put them together to obtain
an explicit one for the linearization, that is

Lu := Lεu = d0F (u) =
n

n− 1

i∂∂(uωn−2) ∧ ω
ωn

.

Here we can work through a few computations to get a clearer (an much more understand-
able) expression for the operator.
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Lemma 2.2.2. The linearized operator L can be written as

Lu =
1

n− 1

(
∆ωu−

1

n− 1
|∂ω|2ωu

)
(2.2)

for all u ∈ C∞(M).

Proof. For all n ≥ 3 it holds

i∂∂(uωn−2) =i∂(∂u ∧ ωn−2 + (n− 2)u∂ω ∧ ωn−3)

=i∂∂u ∧ ωn−2 − (n− 2)i∂u ∧ ∂ω ∧ ωn−3 + (n− 2)i∂u ∧ ∂ω ∧ ωn−3

+ (n− 2)ui∂∂ω ∧ ωn−3 − (n− 2)(n− 3)ui∂ω ∧ ∂ω ∧ ωn−4,

and since the balanced condition dωn−1 = 0 implies ∂ω ∧ ωn−2 = 0, we get

i∂∂(uωn−2) ∧ ω
= i∂∂u ∧ ωn−1 + (n− 2)ui∂∂ω ∧ ωn−2 − (n− 2)(n− 3)ui∂ω ∧ ∂ω ∧ ωn−3

=
1

n
(∆ωu)ω

n + (n− 2)u(i∂∂ω ∧ ωn−2 − (n− 3)i∂ω ∧ ∂ω ∧ ωn−3).

Now, applying the operator ∂ to the identity ∂ω ∧ ωn−2 = 0, we get

0 = i∂∂ω ∧ ωn−2 − (n− 2)i∂ω ∧ ∂ω ∧ ωn−3,

that is
i∂∂ω ∧ ωn−2 = (n− 2)i∂ω ∧ ∂ω ∧ ωn−3,

giving us

i∂∂(uωn−2) ∧ ω =
1

n
(∆ωu)ω

n + (n− 2)ui∂ω ∧ ∂ω ∧ ωn−3.

On the other hand, we can recall Proposition 1.2.8, which in the balanced case gives us

−|∂ω|2ω
ωn

n!
= i∂ω ∧ ∂ω ∧ ωn−3

(n− 3)!
,

from which we finally obtain the linearized balanced Monge-Ampère type operator

Lu =
1

n− 1

(
∆ωu−

1

n− 1
|∂ω|2ωu

)
,

and we can clearly notice that it is bounded (using Remark 2.1.9) and L2-self adjoint.
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Proposition 2.2.3. The linear operator L introduced above has vanishing kernel on any
n-dimensional (n ≥ 3) compact balanced manifold (X, η), with η not Kähler.

Proof. If u ∈ Ker L, then also uLu = 0, which integrated on X gives us (using the
balanced condition)

0 =

∫
M

(
−u∆ηu+

1

n− 1
|∂η|2ηu2

)
ηn =

∫
M

(
|∇ηu|2 +

1

n− 1
|∂η|2ηu2

)
ηn,

from which necessarily {
|∇ηu| ≡ 0

|∂η|2ηu2 ≡ 0
⇔

{
u ≡ c ∈ R
c2|∂η|2η ≡ 0,

which implies, thanks to ∂η ̸= 0, that c = 0, and hence u ≡ 0, i.e. L has vanishing
kernel.

Notice that the fact that the metric is not Kähler is crucial for the proof, since the
non-vanishing of ∂η ensures that the constants do not lie in the kernel of the operator.

2.2.2 Weighted analysis
Our aim is now to study the invertibility of the linear operator L, and we wish to do this

in suitable weighted functional spaces. In order to introduce said spaces we shall start by
introducing a weight function useful in our situation, and for simplicity we may assume
that the neighbourhood of x on which the z coordinates are defined contains the region
{r(z) ≤ 1} (this is true up to a rescaling). Define then

ρ = ρε(z) :=



εp+q on r(z) ≤ εp+q,

non decreasing on εp+q ≤ r(z) ≤ 2εp+q,

r(z) on 2εp+q ≤ r(z) ≤ 1/2,

non decreasing on 1/2 ≤ r(z) ≤ 1,

1 on r(z) ≥ 1,

Using this weight function we can introduce the weighted Hölder norm and its correspond-
ing weighted Hölder spaces Ck,α

ε,b (M), where k ≥ 0, α ∈ (0, 1) is the Hölder constant,
b ∈ R is the weight and ε indicates the dependence on the metric ω obtained by the gluing



CHAPTER 2. ORBIFOLDS AND CHERN-RICCI FLAT BALANCED METRICS 44

construction done above. We define

||u||Ck,αε,b (M) :=
k∑
i=0

sup
M

|ρb+i∇i
εu|ω

+ sup
dε(x,y)<injε

∣∣∣∣min
(
ρb+k+α(x), ρb+k+α(y)

) ∇k
εu(x)−∇k

εu(y)

dε(x, y)α

∣∣∣∣
ω

,

where injε is the injectivity radius of the metric ω, and thus interpretF (andL) as operators
defined as F : C2,α

ε,b (M) → C0,α
ε,b+2(M).

Following then the literature, we first wish to prove the following estimate.

Lemma 2.2.4. With the same notations as above, for every b ∈ (0, n − 1) it exists c > 0
(independent of ε) such that for sufficiently small ε it holds

||u||C2,α
ε,b

≤ c||Lu||C0,α
ε,b+2

,

for all u ∈ C2,α
ε,b .

Proof. Suppose by contradiction that the above inequality does not hold. This means that
for all k ∈ N we can find εk > 0 and uk ∈ C2,α

εk,b
such that εk → 0 as k → 0, ||uk||C2,α

εk,b
= 1

and
||Luk||C0,α

εk,b+2
<

1

k
. (2.3)

In the first place we analyze what happens on Mreg, i.e. away from the exceptional part.
The properties of the sequence {uk}k∈N guarantee us that we can apply Arzela-Ascoli’s
Theorem, and hence up to subsequences we may assume uk → u∞ uniformly on compact
subsets of Mreg in the sense of C0,α

b , with respect to ω̃. Moreover, since for any compact
set K ⊆ Mreg there exists nK ∈ N such that for all k ≥ nK on K it holds ω = ω̃, and
hence ∇ω = ∇ω̃, we actually have C2,α

b -convergence (again uniformly on compact subsets
of Mreg). We shall then prove that u∞ is necessarily identically zero on the whole Mreg.
Indeed, take δ > 0 and Bδ a ball of radius δ around the singularity, and notice that, calling
Mδ :=M \Bδ, we get

0 = −
∫
Mδ

u∞L∞u∞ω̃
n =

∫
Mδ

(
−u∞∆ω̃u∞ +

1

n− 1
|dω̃|2ω̃u2∞

)
ω̃n, (2.4)

and since ω̃ is balanced it holds

d(i∂u∞ ∧ (u∞ω̃
n−1)) = u∞i∂∂u∞ ∧ ω̃n−1 + i∂u∞ ∧ ∂u∞ ∧ ω̃n−1,
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which combined with (2.4) gives

0 =

∫
∂Bδ

u∞i∂u∞ ∧ ω̃n−1 +

∫
Mδ

(
|∇ω̃u∞|2 + 1

n− 1
|dω̃|2ω̃u2∞

)
ω̃n. (2.5)

But if we call dV̂ the volume form induced by the flat metric, we get∣∣∣∣∫
∂Bδ

u∞i∂u∞ ∧ ω̃n−1

∣∣∣∣ ≤ c

∫
∂Bδ

|u∞|ω|∂u∞|ωdV̂ ≤ cδ2(n−1−b),

thus choosing b < n− 1 and taking the limit for δ → 0 in (2.5), we get u ≡ 0 on Mreg by
repeating what was done in Remark 2.2.3.

Let now Mc := {r(z) ≥ 1/2} ⊆ Mreg be a compact set on which we know that
uk → 0 uniformly in C2,α

b . To obtain a contradiction we want to prove that {uk}k∈N admits
a subsequence uniformly convergent to zero in C2,α

b also on A := {r(z) < 1/2}.
In order to work in this region, it is simpler to shift to the "large" coordinates ζ , i.e. the

coordinates on the crepant resolution X̂ away from the exceptional part. It is then useful
to recall the relations

ζ = ε−(p+q)z and r(z) = εp+qr(ζ),

from which we can write down the explicit identification{
r(z) <

1

2

}
= A ≃ Ã = Ãε =

{
r(ζ) <

1

2
ε−(p+q)

}
⊆ X̂;

this last set Ã is the one we will be working on.
The first thing to do is rewrite the weight function in terms of this coordinates on Ã,

resulting in

ρ =


εp+q on r(ζ) ≤ 1,

non decreasing on 1 ≤ r(ζ) ≤ 2,

εp+qr(ζ) on 2 ≤ r(ζ) ≤ 1/2ε−(p+q).

Notice that the entire gluing region of the metric (from the previous step) is entirely con-
tained inside the third region, i.e. {2 ≤ r(ζ) ≤ 1/2ε−(p+q)}.

We now go back to our sequence {uk}k∈N. Since ||uk||C2,α
εk,b

= 1 for all k ∈ N, we have

in particular that on all Ãk := Ãεk holds

|ρbuk| ≤ c.
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Introducing then the new sequence

Uk := ε
b(p+q)
k uk,

the above weighted estimates for uk imply the following ones for this new sequence:
|Uk| ≤ c on r(ζ) ≤ 1,

|Uk| ≤ c on 1 ≤ r(ζ) ≤ 2,

|Uk| ≤ cr−b(ζ) on 2 ≤ r(ζ) ≤ 1/2ε
−(p+q)
k .

These estimates for Uk suggest us to introduce a new weight function ρ̃ = ρ̃k on Ãk given
by

ρ̃(ζ) =


1 on r(ζ) ≤ 1,

non decreasing on 1 ≤ r(ζ) ≤ 2,

r(ζ) on 2 ≤ r(ζ) ≤ 1/2ε
−(p+q)
k ,

,

with which we get that
|ρ̃bUk| ≤ c, (2.6)

and analogous weighted estimates also for ∇Uk and ∇2Uk, hence again by Ascoli-Arzelà
theorem we have that Uk → U∞ uniformly on compact sets of X̂ (since Ãk → X̂) in
the sense of C̃2,α

b = C2,α
b (ρ̃), where this last space is the weighted Hölder space on X̂

identified by the weight ρ̃ and the metric ωALE .
On the other hand, on any compact subset of X̂ , for sufficiently large k it holds

ρb+2Luk = ρ̃b+2∆ωALEUk, (2.7)

and since 1
k
> ||L̃uk||C0,α

εk,b+2
, taking the limit in (2.7) we obtain that U∞ is harmonic with

respect to the ALE metric ωALE . Moreover, taking the limit in (2.6) ensures us that U∞

decays at infinity, from which follows that U∞ ≡ 0 on the whole X̂ , and thus Uk
C̃2,α
b→ 0

uniformly on compact sets of X̂ .
If we are now able to prove that Uk admits a subsequence converging uniformly to zero

on the whole X̂ in the sense C̃0
b we get our contradiction, and we are done. Indeed, if Uk

C̃0
b→

0 uniformly (up to subsequences) on X̂ , then scaled Schauder estimates imply that also

Uk
C̃2,α
b→ 0 uniformly, which is the same as saying uk

C2,α
εk,b→ 0 uniformly on {r(z) < 1/2}.

Thus {uk}k∈N up to subsequences is uniformly convergent to zero on the whole manifold
M , which is a contradiction with the fact that ||uk||C2,α

εk,b
= 1 for all k ∈ N.
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Now we will prove that the said uniformly convergent subsequence exists. If by contra-
diction this was not the case, since we have the uniform convergence on compact sets, we
would be able to find δ > 0 and {xk}k∈N ⊆ X̂ , xk ∈ Ãk, such thatRk := r(ζ(xk)) → +∞
and Rb

kUk(xk) ≥ δ for all k ∈ N, and since Rk → +∞, we can actually assume ρ̃ ≡ r on
the points of the sequence, from which we get that for all k ∈ N holds

Rb
k|Uk(xk)| ≥ δ. (2.8)

Naming then rk := r(z(xk)), recalling the relation between the two coordinates we have
1
2
≥ rk = εp+qk Rk, thus up to subsequences we can end up into two cases:

(i) if rk → l > 0, then xk → x∞, and since uk is uniformly convergent on compact sets
on Mreg, we get that uk(xk) is bounded, giving

0 < δ ≤ Rb
kUk(xk) = (Rkε

p+q
k )buk(xk) = rbkuk(xk) −→

k→∞
0,

which is a contradiction;

(ii) if rk → 0, let X∗ := X̂ \ E the singularity model and X ′ a copy of X∗, and we
consider the biholomorphisms σk : Bk → A \ {0}, given by

σk(z
′) := rnz

′,

where Bk := {0 < r(z′) <
r−1
k

2
} ⊆ X ′. Then, if we endow Bk with the metric

θk := r−2
k σ∗

kω,

it is easy to notice that the couple (Bk, θk) converges to (X ′, ωflat), i.e. the standard
singularity model. If we then introduce the functions

wk := rbkσ
∗
kuk

on Bk, we notice that the pullback of the weight function ρ gives

ρ′(z′) = σ∗
kρ(z

′) =


εp+qk on r(z′) < R−1

k ,

non decreasing on R−1
k ≤ r(z′) ≤ 2R−1

k ,

rkr(z
′) on 2R−1

k ≤ r(z′) <
r−1
k

2
,

from which we get (pulling back the inequality ρb|uk| ≤ 1)

rb(z′)wk(z
′) ≤ 1 (2.9)
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on each z′ ∈ X (assuming k to be sufficiently large). Hence, this shows that for
any compact K ⊆ X ′, we can choose k ∈ N to be sufficiently large in order to
have K ⊆ Bk and ρ′(z′) = rkr(z

′) on the whole K, and get that wk is uniformly
bounded on K; and since this works for any compact K ⊆ X ′, we obtain that - up
to subsequences - {wk}k∈N converges uniformly on compact sets of X ′ to a function
w∞, and from (2.9) we get that w∞ is decaying at infinity. Moreover, recalling that
Rb
kUk(xk) ≥ δ for all k ∈ N, if we introduce the sequence yk := σ−1

k (xk), it
is straighforward to notice that from its definition follows that wk(yk) ≥ δ and
||yk||θk = 1 for all k ∈ N, thus implying that - up to subsequences - yk → y∞ ∈ X ′,
and hence

w∞(y∞) > 0. (2.10)

Now, if we recall the definition of the operator L and take the pullback with respect
to σk of ρb+2Luk, it is immediate to see that on every compact K ⊆ X ′ we get

σ∗
k

(
ρb+2Luk

)
=

n

n− 1
rb+2(z′)

(
i∂∂wk ∧ θn−1

k

θnk
+ |dθk|2θkwk

)
=

n

n− 1
rb+2(z′)∆θkwk + |dθk|2θkwk,

(2.11)

from which we have, taking the limit as k → +∞, that

∆ωflatw∞ ≡ 0 on X ′,

i.e., w∞ is harmonic on X ′ with respect to the flat metric. Thus, since it decays at
infinity, we obtain w∞ ≡ 0, which is a contradiction as (2.10) holds.

Thus the proof is complete.

As a direct consequence we get

Lemma 2.2.5. The operator L : C2,α
ε,b (M) → C0,α

ε,b+2(M) defined above is a linear isomor-
phism for every b ∈ (0, n− 1).

Proof. Notice that L is elliptic and shares its index with the laplacian, which is zero.
Moreover, by Proposition 2.2.3 we have that L is injective, thus we automatically get that
L is also surjective and - from 2.2.4 - has bounded inverse, thus L is a isomorphism.

With this result we can now show how to reformulate the original equation as a fixed
point problem.

In order to do this we shall consider the expansion

F (ψ) = F (0) + L(ψ) +Q(ψ),
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and thus rewrite the balanced Monge-Ampère type equation as

F (0) + L(ψ) +Q(ψ) = 0,

and using now Lemma 2.2.5, we get that our equation is therefore equivalent to

ψ = L−1(−F (0)−Q(ψ)) =: N(ψ), (2.12)

i.e. the search for a fixed point for the operator N : C2,α
ε,b (M) → C2,α

ε,b (M). To do this, we
will have to identify the open set on which we wish to apply Banach’s Lemma, and show
that on said open set, the operator N can be restricted and gives rise to a contraction.

The first thing to do is the following remark.

Remark 2.2.6. If C, τ > 0, and φ is a function on M such that ||φ||C2,α
ε,−2

≤ Cετ , thanks to
Remark 2.2.2 it is straightforward to see that

||i∂∂(φω)||C0,α
ε,0

≤ ||φ||C2,α
ε,−2

≤ Cετ ,

thus we are guaranteed that, choosing ε to be sufficiently small, ωn−1
φ > 0, and thus its

(n−1) root ωφ exists and is a balanced metric. Moreover, we can apply again the argument
used in Remark 2.1.9, and obtain that if ||φ||C2,α

ε,−2
≤ Cετ , then

|ωφ − ω|ω ≤ c||φ||C2,α
ε,−2

≤ cετ ,

which also implies that ωφ → ω, as ε→ 0.

Thanks to this remark, we have a suggestion on how to choose the open set on which
apply Banach’s Lemma, hence we introduce

Uτ := {φ ∈ C2,α
ε,b | ||φ||C2,α

ε,b
< c̃ε(p+q)(b+2)+τ} ⊆ C2,α

ε,b ,

and we notice that for every φ ∈ Uτ it holds ||φ||C2,α
ε,−2

≤ Cετ , with C independent of φ
and ε.

We will now prove that on Uτ , the operator N is a contraction. In particular, given
φ1, φ2 ∈ Uτ , we want to estimate

N(φ1)−N(φ2) = L−1((Q̂(φ2)− Q̂(φ1))).

To do so, we notice that by the Mean Value Theorem we can find t ∈ [0, 1] such that

Q(φ1)−Q(φ2) = dQν(φ1 − φ2) = (Lν − L)(φ1 − φ2),
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where ν = tφ1 + (1 − t)φ2 ∈ Uτ , and Lν is the linearization of F at ν. With the same
strategy used to compute L we can easily obtain an expression for Lν , and thus get

(Lν − L)(φ1 − φ2) =
n

n− 1

(ων − ω) ∧ i∂∂((φ1 − φ2)ω
n−2)

ωn
.

From here, taking the norms with respect to ω, we can use the fact that ν ∈ Uτ together
with Remark 2.2.6, to obtain

|(Lν − L)(φ1 − φ2)| ≤ c|ων − ω|ω|i∂∂((φ1 − φ2)ω
n−2)|ω ≤ cετ |i∂∂((φ1 − φ2)ω

n−2)|ω,

and thus, by multiplying the inequality with ρb+2, get

||Q(φ1)−Q(φ2)||C0,α
b+2,ε

≤ cετ ||φ1 − φ2||C2,α
ε,b
, (2.13)

hence, choosing ε sufficiently small ensures us that N is a contraction on Uτ .
We are left with proving that N(Uτ ) ⊆ Uτ . To do this we shall assume that pm− q(b+

2) > τ > 0 (which can easily be done), and see that for every φ ∈ Uτ , thanks to estimate
(2.13) and Lemma 2.2.4, we have

||N(φ)|||C2,α
ε,b

≤||N(φ)−N(0)|||C2,α
ε,b

+ ||N(0)|||C2,α
ε,b

≤cετ ||φ|||C2,α
ε,b

+ ||L−1(1− ef )|||C2,α
ε,b

≤cετ ||φ|||C2,α
ε,b

+ ||f ||C0,α
ε,b+2

≤c(ε(p+q)(b+2)+2τ + εp(b+2)+pm)

≤cεmin{τ,pm−q(b+2)−τ}ε(p+q)(b+2)+τ

≤c̃ε(p+q)(b+2)+τ ,

implying that N(U) ⊆ U .
This shows that everything is into place to apply Banach’s Lemma on the open set U

and obtain ω̂ a Chern-Ricci flat balanced metric ω̂ on M , thus proving Theorem 2.0.1.
Remark 2.2.6 also implies:

Corollary 2.2.7. The couple (M, ω̂) Gromov-Hausdorff converges to the singular Calabi-
Yau metric on Mreg and, up to rescaling, to Joyce’s ALE metrics nearby the exceptional
curve.

We conclude this part with a few remarks.
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Remark 2.2.8. In light of Remark 2.1.3, Stokes’ Theorem shows that - with the deforma-
tion given by the balanced Monge-Ampère type equation - the volume of the exceptional
divisors remains the same as the one of the pre-gluing metric, i.e. the (scaled) volume of
the ALE metric.

Remark 2.2.9. Thanks to what is known about Joyce’s ALE metrics, if we have k ∈ N
orbifold singularities and we call Ei

j , i = 1, ..., kj the exceptional divisors corresponding
to the resolution of the j-th singularity, for j = 1, ..., k, from our construction we can
conclude (in the same way as in [BM]) that

[ωn−1] = [ω̂n−1] = [ω̃n−1] + (−1)n−1ε(2n−2)(

kj∑
i=1

k∑
j=1

aijPD[Ei
j])

n−1,

where PD[Ei
j] denotes the Poincaré dual of the class [Ei

j].

Thus completing the proof of Theorem 2.0.1.

Remark 2.2.10. It is known that for a manifold which is Calabi-Yau with holomorphic
volume Ω, the existence of a Chern-Ricci flat balanced metric implies that Ω is parallel
with respect to the Bismut connection associated to said metric. Among the other things,
this implies that the restricted holonomy of the Bismut connection of Chern-Ricci flat
balanced metrics is contained in SU(n).

Remark 2.2.11. Even though this construction is done to address a non-Kähler situation,
it can also be applied when M̃ is instead Kähler (Ricci flat). In this case we know from
Joyce’s theorem that M admits a Kähler Calabi-Yau metric ω1, hence together with the
balanced class induced by our Chern-Ricci flat balanced metric ω̂ we also have the one
induced by ω1. This two balanced classes need not be the same, however, even if they are
to coincide, there is no uniqueness result that would guarantee that the two metrics have
to be the same; moreover, the deformation we used in our construction does not cover the
whole balanced class, hence in this case we are not even guaranteed that the two metrics
are linked by our chosen deformation.

As a conclusion of this chapter, if we view the metric constructed in the system’s
scenario, we can make the following final remark in which we explain our ideas on how
to expand our construction in this direction.

Remark 2.2.12. Given β̂ a Chern-Ricci flat balanced metric on a Calabi-Yau threefold
(Y,Ψ), it holds

||Ψ||β̂ ≡ const.,

showing that our metric ω̂ gives a solution of the conformally balanced/dilatino equation
on our crepant resolutions (M,Ω). Thus our construction gives us two solutions of the
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dilatino equation on (M,Ω), that are ω̂ and ω′ := ||Ω̂||−2
ω ω, where this last one is the

dilatino equation solution associated to the balanced metric ω obtained in the first part
of the gluing construction. From here, thanks to the fact that this metrics are nearby a
Kähler Ricci-flat metric, an idea could be to try and adapt stretegies as in [CPY1] or
[DS] to construct a Hermite-Einstein metric on the tangent bundle with respect to the
above metrics, and eventually from there try and extend it to a whole solution of the Hull-
Strominger system, using - for example - some version of the approach of [AGF].

Other possible paths could instead be related to examples 2.1.5 and 2.1.6, on which it
could be interesting to see if, again through a gluing process, if it is possible to construct
new non-Kähler solutions to the Hull-Strominger system.



Chapter 3

Small resolutions of ordinary double
points

As anticipated in the introduction, it is natural to ask weather or not the construction
from the previous chapter can be adapted to the case of ordinary double points on three-
folds, in order to fit our result in the conifold transition framework. Unfortunately issues
show up, hence in the following we shall - after recalling the ingredients on Ordinary Dou-
ble Points on threefolds - walk through our construction and see what continues to hold,
see what fails and discuss ideas on how to eventually solve the issues. The partial result
we obtained is the following.

Proposition 3.0.1. Let (M̃, ω̃) be a smoothable projective Kähler Calabi-Yau nodal three-
fold (with ω̃ a singular Calabi-Yau metric), and let M be a compact (not necessarily Käh-
ler) small resolution of M̃ . Then M admits a balanced approximately Chern-Ricci flat
metric ω such that

[ω2] = [ω̃2] + ε4[P1].

We will also discuss some ideas related to the slope stability of the holomorphic tan-
gent bundle of this manifolds, in particular the idea of implementing Collins-Picard-Yau’s
method from [CPY1] to "reverse the arrow" from their work in order to construct Hermite-
Einstein metrics on said bundle, and see that the same difficulty as for Chern-Ricci flat
balanced metrics occurs. The following is joint work with Cristiano Spotti, and it is an
extended version of the discussion in Section 4 of [GS].

53
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3.1 Geometry and Topology of the small resolutions
The type of singularity adressed in this case is the one of Ordinary Double Points on

threefolds (which are the most common kind of singularities), and are described by the
local model

X := {z21 + z22 + z23 + z24 = 0} ⊆ C4,

which is known as the 3-dimensional standard conifold, whose only singular point is the
origin. Then we have:

Definition 3.1.1. A singular point p in a singular threefold Y is called ordinary double
point (ODP) if we can find a neighborhood p ∈ U ⊆ M and a neighborhood 0 ∈ V ⊆ X
such that U and V are biholomorphic through a map that sends p to 0.

These singularities arise naturally on threefolds when collapsing (−1,−1)-curves, i.e.
rational curves biholomorphic to P1 whose normal bundle is isomorphic to OP1(−1)⊕2,
and actually this procedure to obtain ODPs covers all the possibilities on threefolds. In-
deed, the standard conifold can be constructed in several ways, one of which is the follow-
ing: consider the rank 2 bundle OP1(−1)⊕2 on P1 and notice that the map

([X1 : X2], (w1, w2)) 7→ (w1X1, w1X2, w2X1, w2X2)

maps OP1(−1)⊕2 onto X - since X through a change of coordinates is biholomorphic
to the set {W1W2 − W3W4 = 0} - sending the zero section onto the origin. Moreover
this map restricted to OP1(−1)⊕2 \ P1 (where P1 is meant as the zero section) gives a
biholomorphism with X \ {0}, proving our previous statement. This shows us that these
singularities always admit small resolutions (with P1 as the exceptional curve) biholomor-
phic to X̂ := OP1(−1)⊕2, and it can be shown that a singular threefold with n ordinary
double points admits exactly 2n small resolutions of this type (every singularity can be
resolved with a curve in two distinct bimeromorphic ways).

Regarding instead the metric aspect of this singularities, the standard conifold X is
naturally endowed with a conical structure. Indeed, we can introduce the function on C4

r(z) := ||z||
2
3 ,

which restricted to X yields the conical distance to the singularity, and can be used to
define the metric

ωco,0 :=
3

2
i∂∂r2,

on the smooth part of X , which is clearly Kähler. Moreover, it can be seen that ωco,0 is
actually also Ricci flat, as well as a cone metric over the link L := {r = 1} ⊆ X which
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can be written as
gco,0 =

3

2
(dr2 + r2gL),

with gL a Sasaki-Einstein metric on the link L.
This metric structure of the standard conifold, with some further work, yields also

a Kähler Calabi-Yau structure on the small resolution. In fact, Candelas and de la Ossa
(see [CO]) constructed a family of metrics, depending on the parameter a > 0, of the form

ωco,a := i∂∂fa(r
3) + 4a2π∗

P1ωFS,

where ωFS is the Fubini-Study metric on P1, and fa is smooth function satisfying the ODE

(xf ′
a(x))

3 + 6a2(xf ′
a(x))

2 = x2, fa(x) ≥ 0,

on [0,+∞), which immediately gives fa(x) = a2f1(x/a
3). Here the function r is simply

the conical distance from the singularity re-read on the resolution, hence portraying the
conical distance from the exceptional curve. Moreover, this family of metrics is such that
as a → 0 the metrics ωco,a converges, away from the exceptional curve, to the standard
cone metric ωco,0, and it is also asymptotic (at infinity) to the cone metric ωco,0, and these
facts can be seen explicitly with the following expansion from [CPY1].

Lemma 3.1.2. For xg1, the function f1(x) has a convergent expansion

f1(x) =
3

2
x

2
3 − 2 log(x) +

+∞∑
n=0

cnx
− 2n

3 .

We shall now establish the notation and some assumptions useful to describe the gluing
attempt, as well as show that the problem makes sense in the non-Kähler setting we are
interested in.

First of all, we lay out the details of the setting and take M̃ a smoothable Kähler
Calabi-Yau singular threefold obtained from the contraction of a finite family of disjoint
(−1,−1)-curves in a compact complex threefold (thus the singular set of M̃ is made of a
finite number of Ordinary Double Points) - hence with the regular partMreg of M̃ equipped
with ω̃ a Kähler Calabi-Yau metric - and M a compact small resolution of M̃ .
Remark 3.1.3. The reason why we have much stronger assumptions with respect to the
orbifold case, is because for this type of singularities we are not aware of a version of
Lemma 2.1.7, thus we need a condition to be able to smoothly cut-off the singular metric
at the standard model around the singularity (given in this case by the standard cone metric
ωco,0), and such condition is given exactly by the smoothability assumption, which allows
us to apply the following result from Hein and Sun (Theorem 1.4 and Lemma A.1 from
[HS]), which can be simplified for our purpose with the following statement (here written
only for threefolds):
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Theorem 3.1.4 (Hein-Sun). Let M̃ be a smoothable singular threefold whose singular set
is a finite family of ODPs endowed with a Kähler Calabi-Yau metric ω̃ on its smooth
part Mreg. Then for every singular point p ∈ M̃ \Mreg there exist a constant λ0 > 0,
neighborhoods p ∈ Up ⊆ M̃ and 0 ∈ Vp ⊆ X , and a biholomorphism P : Vp \ {0} →
Up \ {p} such that

P ∗ω̃ − ωco,0 = i∂∂φ, for some φ ∈ C∞
2+λ0

,

where r is the conical distance from the singularities and C∞
2+λ0

is the space of smooth
functions with decay rate at zero of 2 + λ0 (i.e. an f ∈ C∞

2+λ0
is a smooth function such

that nearby zero it holds |∇kf | ≤ cr2+λ0−k for all k ≥ 0).

Anyway, what follows actually works if we replace the assumption above with: ω̃ a
singular Chern-Ricci flat balanced metric such that in a neighborhood of each singularity
is asymptotic to the standard cone metric ωco,0.

Now, since our work aims to face the case of compact non-Kähler small resolutions
of said M̃ , before describing the gluing attempt it is significant to show that this kind of
resolutions are actually a very common situation.

Remark 3.1.5. Thanks to a result from Cheltsov (see [Ch]) we know that a hypersurface
M̃ in P4 of degree d with only isolated ODPs is factorial when M̃ has at most (d− 1)2− 1
singularities, thus is in particular Q-factorial. We can then apply the work from Namikawa
and Steenbrink (see [NS]) to obtain that M̃ is smoothable, and hence, thanks to the results
from Friedman (see [F]) we have that any small resolution M of M̃ with exceptional
curves C1, ..., Ck, Ci ≃ P1, satisfies necessarily a condition

k∑
i=1

λi[Ci] = 0 in H2(M,R), where each λi ̸= 0,

which immediately implies that if M̃ has only one ODP, then M can’t be Kähler because
it contains a homologically trivial curve (note that the generic quintic threefold has ex-
actly one node, and is smoothable since it is a hypersurface in the projective space, hence
satisfies this situation).

Moreover, Werner proved in [W] that M is projective if and only if all Cis are homo-
logically non-trivial, and since M is Moishezon, projectivity is equivalent to Kählerness.
Thus the class of examples above lies in a larger one, since every small resolution with at
least a homologically trivial exceptional curve is non-Kähler.

Before discussing the construction, if we momentarily drop the curvature condition,
it is straightforward from literature to conclude the existence of balanced metrics on the
small resolution. Indeed:
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Remark 3.1.6. Thanks to the results from Hironaka and Alessandrini-Bassanelli ( [Hi]
and [AB3]), we already know that such small resolutions admit balanced metrics, since
blowing up the singularites produces a smooth Kähler threefold which is birational to the
small resolution. This fact also shows that for the non-Kähler small resolutions we are
considering, the Fino-Vezzoni conjecture (see [FV], Problem 3) holds true, since M is
Moishezon, and thus we can apply Theorems B and C from [CRS] to obtain that M does
not admit SKT metrics.

3.2 Gluing attempt and possible solutions
We will now present the gluing attempt. Since the proofs are essentially the same as

the ones performed in Chapter 2, we will just avoid them and only state the results. Again
for simplicity we will just work with one singularity.

The first thing to do is to produce a pre-gluing metric, and in the same fashion as we
have done in Chapter 2, we do this in three steps.

(1) First, we glue the background singular metric ω̃ to the standard cone metric around
the singularity. To do so, we take a cut-off function χε as in Step 1 from Chapter 2,
and use Theorem 3.1.4. Indeed, if we take p > 0 and ε > 0 sufficiently small, so
that on the region {0 < r ≤ 2εp} ⊆ X exists a constant λ0 > 0 and is defined a
function φ ∈ C∞

2+λ0
such that

ω̃ = ωco,0 + i∂∂φ,

we can define the smooth real (1, 1)-form

ω̃ε := ωco,0 + i∂∂(χε(r)φ),

which for ε sufficiently small defines a Kähler metric on Mreg which is exactly
conical around the singularity.

(2) Now, we work on the small resolution of the conifold X̃ and glue the Candelas-de
la Ossa metric ωco,a to the standard cone metric, away from the exceptional curve,
and since it’s not possible to do it preserving the Kähler condition, we will do it
maintaining the balanced one. This can be done thanks to the fact that the Candelas-
de la Ossa metric is not exact at infinity, but its square is so, since it holds

ω2
co,a =

(
i∂∂

(
3

2
r2 + a2ψa(r)

))2

+ 2a2i∂∂
(
fa(r

3) ∧ π∗ωFS
)
.
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Thus if we introduce a cut-off function χR as in Step 2 above, we can define the
family of closed (2, 2)-forms

ω2
a,R =

(
i∂∂

(
3

2
r2 + a2χR(r)ψa(r)

))2

+ 2a2i∂∂
(
χR(r)fa(r

3)
)
∧ π∗ωFS,

which correspond to balanced metrics for sufficiently large R > 0.

(3) As in Step 3 from Chapter 2, we suitably rescale the metrics ωa,R on the bubble with
a geometric parameter λ and match the two pieces on their exactly conical regions,
and hence define

ω = ωε,R :=


λωa,R on r(ζ) ≤ R,

ωco,0 on εp ≤ r(z) ≤ 2εp,

ωε on r(z) ≥ 2εp.

At this stage, as done above, we can just unify the parameters ε and R, and choose R :=
ε−q, with q > 0, and using Remark 2.1.9 we can see that on the gluing region {1

2
εp < r ≤

2εp} holds
ω = ωco,0 +O(rλ0) +O(r2q/p log r).

Moreover, we can also here match the holomorphic volumes of the singular threefold and
of the small resolution to obtain an (almost) explicit holomorphic volume Ω for M , which
can be used again to define the global Chern-Ricci potential

f = fp,q,ε := log

(
iΩ̂ ∧ Ω̂

ω3

)
,

and obtain that globally on M holds

|f | = O(rλ0) +O(r2q/p log r),

i.e. a small Chern-Ricci potential.

Remark 3.2.1. As in Remark 2.2.12, the existence of this metric gives us immediately a
solution to the dilatino equation, that is the metric ω′ := ||Ω̂||−2

ω ω, which is still quite
explicit, thus again a potentially interesting starting point for the construction of a solution
to the Hull-Strominger system.

Let us now analyze then the cohomology class naturally associated to the metric ω just
obtained, i.e. the (2, 2)-class

[ω2] ∈ H2,2
dR (M).
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If we introduce two cut off functions θ1, θ2 : [0,+∞) → [0, 1] defined as follows:

θ1(x) :=


1 if x ≤ 1

8
ε−q

non increasing if 1
8
ε−q ≤ x ≤ 1

4
ε−q

0 if x ≥ 1
4
ε−q

and

θ2(x) :=


0 if x ≤ 8ε−q

non decreasing if 8ε−q ≤ x ≤ 16ε−q

1 if x ≥ 16ε−q;

and since for sufficiently small ε we have that ω is exact on K := {1
8
ε−q ≤ r(ζ) ≤ 8ε−q},

it exists a 3-form β such that
ω2 = dβ on K.

Introduce then the form

Ωc := d(θ1(r(ζ)) + θ2(r(ζ)))β),

which is a smooth compactly supported form. Moreover, the form

β − (θ1(r) + θ2(r))β

can be extended as zero to the whole M , thanks to the definition of the cut-offs, and thus
get that

[ω2] = [Ωc],

i.e. the class [ω2] admits a compactly supported representative. In addition, the two cut-offs
introduced also allow us to decompose Ωc = Ω′

c + Ω′′
c , such that on K hold

Ω′
c = d(θ1(r)β) and Ω′′

c = d(θ2(r)β),

and both Ω′
c and Ω′′

c are compactly supported and closed; in particular said compact sup-
ports are respectively contained in X̂ and Mreg (via the obvious identifications), and from
their definition it is straightforward to see that

[Ω′
c] = ε4(p+q)[ω2

co,a] ∈ H4
c (X̂)

and
[Ω′′

c ] = [ω̃2] ∈ H4
c (Mreg),
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where Hc denotes the compactly supported cohomology group. Also, recalling that X̂ ≃
OP1(−1)⊕2, it is clear that X̂ is homotopically equivalent to P1; hence applying Poincaré
duality we get

H4
c (X̂) ≃ Hc

2(X̂) ≃ Hc
2(P1) = H2(P1) = ⟨[P1]⟩,

which means that the non-zero class [ω2
co,a], up to multiplicative constants, is the Poincaré

dual of the generator of H2(P1) (thus we can "confuse" them with each other), and thus
we can write

[ω2] = [ω̃2] + ε4(p+q)[P1] in H2,2
dR (M).

Finally, we also notice that ∫
P1

ω = ε2(p+q)
∫
P1

ωco,a −→
ε→0

0,

hence the balanced class [ω2], as ε → 0, converges to a nef class, i.e. to the boundary of
the balanced cone. This completes the proof of Proposition 3.0.1.

From what was proven above, the pre-gluing metric ω appears as suitable for a defor-
mation argument, but unfortunately it is exactly here where the issue lies, and descends
from the asymptotic behaviour of the Candelas-de la Ossa metrics.

Indeed, we can again consider the balanced Monge-Ampère type equation (2.1), ob-
tained with our ansatz for the Fu-Wang-Wu balanced deformation, and obtain the corre-
sponding operator F and its linearization at zeroL (we use the same names of the operators
used above since their expressions are unchanged). At this point, considering analogous
weighted Hölder spaces as the ones used in the previous chapter, and a variation of F (fol-
lowing an argument of [Sz]) given by F̃ (ψ) :=

ωnψ
ωn

− ef−evxψ we obtain, with essentially
the same proof, the invertibility of the corresponding linearization L̃ and an estimate for
its inverse (as in Lemma 2.2.4), i.e.

Lemma 3.2.2. For every b ∈ (0, 2) it exists c > 0 (independent of ε) such that for suffi-
ciently small ε the operator L̃ is invertible and it holds

||u||C2,α
ε,b

≤ c||L̃u||C0,α
ε,b+2

,

for all u ∈ C2,α
ε,b .

From here, we see that we can again turn the equation F̃ (ψ) = 0 (which still produces
Chern-Ricci flat balanced metrics) into a fixed point problem. In order to do this we shall
introduce the operators F̂ , E,G : C2,α

ε,b (M) → C0,α
ε,b+2(M) defined as

F̂ (ψ) :=
ω3
ψ

ω3
, E(ψ) := ef+evx(ψ) and G(ψ) = efevx(ψ),
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from which we can write
F̃ = F̂ − E.

Now, we can consider the expansion

F̂ (ψ) = F̂ (0) + L(ψ) + Q̂(ψ),

and thus rewrite F̃ (0) = 0 as

F̂ (0) + L(ψ) + Q̂(ψ)− E(ψ) = 0.

Here, we notice that L̃ = L−G, thus we can rewrite F̃ (0) = 0 once more and get

F̂ (0) + L̃(ψ) + Q̂(ψ) +G(ψ)− E(ψ) = 0,

and using the above Lemma, we get that the balanced Monge-Ampère type equation is
therefore equivalent to

ψ = L̃−1(E(ψ)−G(ψ)− F̂ (0)− Q̂(ψ)) =: N(ψ), (3.1)

i.e. the search for a fixed point for the operator N : C2,α
ε,b (M) → C2,α

ε,b (M).
At this stage, analogously as above it is easy to check that on a suitable open set Uτ ,

with τ > 0, given by

Uτ := {φ ∈ C2,α
ε,b | ||φ||C2,α

ε,b
< c̃ε(p+q)(b+2)+τ} ⊆ C2,α

ε,b ,

it holds that N is a contraction operator. Unfortunately, it is impossible to consistently
choose p, q and τ to repeat the above proof and obtain that

N(Uτ ) ⊆ Uτ ,

and this is caused by the asymptotic quadratic decay to the cone of the Candelas-de la Ossa
metrics (unusual for Calabi-Yau metrics), making the norm ||F (0)||C0,α

ε,b+2
too large. Actu-

ally, what happens is that this quadratic decay is exactly the threshold for this argument to
work, since if said decay was (arbitrarily) more than quadratic, the argument would have
worked without issues.

Analyzing further the Candelas-de la Ossa metrics, one can see that if we just consider
the cut-off metrics ωa,R on the small resolution X̂ , these are exactly conical at infinity,
thus a deformation argument as the one performed above could lead to Chern-Ricci flat
balanced metrics with faster decay to the cone, but unfortunately the metric ωa,R cannot
be used to do this as the "initial error" given by the Chern-Ricci potential of said metric
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turns out to be blowing up with repsect to the weighted Hölder norm, suggesting that there
might not be any Chern-Ricci flat balanced metrics in a neighborhood of the Candelas-de
la Ossa metrics.

Hence, a possibility that we wish to explore in order to solve this issue, is to understand
if it’s possible to obtain Chern-Ricci flat balanced metrics on X̂ which have fast decay but
are not necessarily near to the Candelas-de la Ossa metrics, and the approach we think
might be interesting to use is to try and obtain a balanced version of Conlon-Hein’s result
(see [CH]) starting from the metric ωa,R, which would immediately produce the missing
ingredient to complete the above failed gluing construction.

Obviously such a problem comes with several challenges on the analytic side, as the
balanced setting and the definition of the balanced Monge-Ampère type equation do not
allow many of the tools typically to obtain Yau’s estimates such as the Moser iteration
technique, and the non-compact (even though weighted) setting makes it also hard to ap-
ply other inequalities that are typically used in non-Kähler settings such as the Cherrier
inequality (see [TW1]).

Another possible interesting path to take could be to try and understand if the balanced
class induced by the metric ω could be a polystable class for the holomorphic tangent bun-
dle. This, thanks to the Hitchin-Kobayashi correspondence, would lead us to the existence
of Hermite-Einstein metrics on said bundle, and thus add a block in the construction of a
solution to the Hull-Strominger system.

3.3 Stability of the holomorphic tangent bundle
In the framework of the Hull-Strominger system, it is also a natural question to ask

if the metric obtained in Proposition 2.0.1 from the previous section defines a balanced
class making the holomorphic tangent bundle a polystable bundle. Following the strategy
in [CPY1], one can attempt to obtain the polystability through a gluing procedure, thanks
to the fact that both X̂ and the singular manifold M̃ are endowed with Hermite-Einstein
metrics with suitable asymptotic behaviour. We will however see that the issue appearing
in the previous section is again preventing us from concluding the gluing procedure, thus
in the following we will discuss the steps that work and why we are not able to conclude.
This time, as a difference with the previous section, we shall provide the details of the
proofs, as they differ in some aspects since we are working with endomorphisms of the
tangent bundle and not just functions.

Let us then set up the problem as in [CPY1]. Given ω the pregluing metric on the small
resolution M from Proposition 2.0.1, and indicating with H the metric induced by ω on
the holomorphic tangent bundle T 1,0M , our aim is to deform H into a Hermite-Einstein
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metric, with respect to the balanced class [ω2].
In order to achieve this, we shall follow the steps taken in Section 6 from [CPY1] and

adapt them to our case (which will turn out to be slightly more simple).
Consider the Banach space

H := {u ∈ Γ(End T 1,0M) | u† = u},

where † indicates the adjoint with respect to H , i.e. with respect to the L2-product induced
by (ω,H) that is

⟨u, v⟩(ω,H) :=

∫
M

(u, v)Hω
3,

where (_, _)H is the scalar product induced by H on the fibers of T 1,0M .
Consider then the operator F = Fε : H → H given by

F(u) := eu/2 (iΛωFHu) e
−u/2,

where Hu := Heu, for all u ∈ H. Moreover, it is straightforward to notice that it holds the
orthogonal decomposition

H = W ⊕ CId,

where

W =

{
u ∈ H |

∫
M

(Tru)ω3 = 0

}
,

and thanks to the facts that c1 = 0 and F(u)† = F(u), we get (as seen in [CPY1]) that F
restricts to

F : W → W .

Now, our final aim is to find a Hermite-Einstein metric on T 1,0M with respect to ω, and
this can be achieved by finding u ∈ W such that F(u) = 0. To approach this last problem
as done by Collins-Picard-Yau, we notice that if we call L the linearization of F at 0 and
Qits corresponding quadratic part, we obtain the expansion

F(u) = F(0) + Lu+Q(u). (3.2)

In particular, if we are able to prove that L is an isomorphism, the equation F(u) = 0,
thanks to (3.1.2), becomes equivalent to solving the fixed point problem

M(u) = u,

where
M(u) := L−1 (−F(0)−Q(u)) . (3.3)



CHAPTER 3. SMALL RESOLUTIONS OF ORDINARY DOUBLE POINTS 64

Hence the plan to attack the problem is to first show that L is actually an isomorphism, and
then conclude by showing that M is a contraction (in order to apply Banach’s Lemma.

Before we start developing the two steps of the proof, it is significant to make the
following remark to justify a technical assumption that we will be making in our proof, that
is the simplicity of the holomorphic tangent bundle of M , that is the global holomorphic
sections of the bundle End(T 1,0M) are only scalar multiples of the identity.

Remark 3.3.1. It is known that a singular threefold M̃ of the type we are considering with
n ordinary double points admits 2n small resolutions, which are all bimeromorphic with
each other through a birational transformation known as Atiyah flop. Moreover, in [CPY1]
it was shown that whenever the small resolution is Kähler, than the bundle T 1,0M is simple.
We can however take this a little step further and show that simplicity is preserved through
flops, meaning that if one of the small resolutions has simple holomorphic tangent bundle,
then all the other small resolutions also have simple holomorphic tangent bundle. Indeed,
if we take M,M ′ small resolutions of M̃ with M ′ such that T 1,0M ′ simple, then if we take
σ a holomorphic global section of End(T 1,0M) and call Mreg ⊆ M̃ the regular part, we
can consider the restriction

σ̃ := σ|T1,0Mreg
: T 1,0Mreg → T 1,0Mreg,

which keeps being holomorphic. But we can now apply Hartogs’ Theorem and extend
σ̃ holomorphically to a global holomorphic section σ̂ of End(T 1,0M ′), and thus use the
simplicity of T 1,0M ′ to get that σ̂ = cI for some c ∈ C. Hence, the restriction of the
holomorphic section σ to the open subset T 1,0Mreg is identically of the form cI , thus
necessarily also σ = cI , that is T 1,0M is simple.

The above remark in particular shows that whenever our M̃ admits a Kähler small
resolution, then all its small resolutions (Kähler and non-Kähler) have simple holomorphic
tangent bundle, guaranteeing that (thanks also to Remark 3.1.5) assuming the simplicity
of the holomorphic tangent bundle of M covers a very large class of cases (actually the
most common ones).

The first thing to do is to compute the linearization of F , and we can do it by reusing
the computations on [CPY1] which give us

dFu(v) =− eu/2
(
gjk̄∂k̄∇Hu

j (eu(d exp)u(v))
)
e−u/2

+ (d exp1/2)u(v)(iΛωFHu)e
−u/2 + eu/2(iΛωFHu)(d exp

−1/2)u(v),
(3.4)

which evaluated in u = 0 gives

Lv = −gjk̄∂k̄∇H
j v −

1

2
[iΛωFH , v].
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In order to study the invertibility of this operator, we shall shift to work in weighted Hölder
spaces (as done in [GS]), for which we recall the norm, for all α ∈ (0, 1), is given by, for
u ∈ Γk,αε,b (End(T

1,0M))

||u||Γk,αε,b (End(T 1,0M)) :=
k∑
i=0

sup
M

|ρb+i∇i
εu|ω

+ sup
dε(x,y)<injε

∣∣∣∣min
(
ρb+k+α(x), ρb+k+α(y)

) ∇k
εu(x)−∇k

εu(y)

dε(x, y)α

∣∣∣∣
ω

,

where injε is the injectivity radius of the metric ω, ∇ε denotes the Chern connection
associated to H , and the weight function ρ is given by

ρ = ρε(z) :=



εp+q on r(z) ≤ εp+q,

non decreasing on εp+q ≤ r(z) ≤ 2εp+q,

r(z) on 2εp+q ≤ r(z) ≤ 1/2,

non decreasing on 1/2 ≤ r(z) ≤ 1,

1 on r(z) ≥ 1.

The functional space we will be working with is going to be Γk,αε,b (W) := Γk,αε,b (End(T
1,0M))∩

W (the subscript ε in the definition of the space is to enhance the dependence on the met-
rics ω and H , which both depend on the parameter ε).

Our aim is to prove the following.

Lemma 3.3.2. If T 1,0M is simple, there exists c > 0 such that for sufficiently small ε it
holds

||v||Γ2,α
ε,b (W) ≤ c||Lv||Γ0,α

ε,b+2(W),

for all v ∈ Γ2,α
ε,b (W).

Proof. Suppose by contradiction that such c > 0 does not exist, then we can find sequences
{εn}n∈N and {vn}n∈N ⊆ Γk,αε,b (W) such that

||vn||Γ2,α
ε,b (W) = 1 and ||Lvn||Γ0,α

ε,b+2(W) (3.5)

for all n ∈ N, and εn → 0 as n→ +∞.
Consider then K ⊆ Mreg compact and notice that for sufficiently large n ∈ N, ω = ω̃

on K, that is ω is Kähler Ricci-flat, implying that ΛωFH ≡ 0, and hence (3.5) gives

||gjk̄∂k̄∇H
j vn||Γ0,α

ε,b+2(W) −→
n→+∞

0. (3.6)
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Applying then Ascoli-Arzelà’s Theorem, we get that - up to subsequences - our {vn}n∈N
is uniformly convergent on compact sets of Mreg in the C2,α

b sense. In particular, calling
v0 the limit, (3.6) implies

gjk̄∂k̄∇H̃
j v0 = 0 (3.7)

on every compact set of Mreg (here H̃ denotes the metric on the tangent bundle induced
by ω̃). Also, it is clear that v†0 = v0 (here † denotes the adjoint with respect to H̃). Now,
from (3.7) it follows (equally as seen in [CPY1])

∆ω̃|v0|2H̃ = |∇v0|2H̃ . (3.8)

In order to obtain a contradiction, our final aim is to show that vn → 0 on the whole M .
Our first step towards this is to prove that ∇v0 ≡ 0, i.e. v0 is holomorphic on Mreg. To do
this, for all δ > 0 we introduce χδ a smooth cut-off function such that

χδ =


0 on r < δ

2

non decreasing on δ
2
< r < δ

1 on r > δ

and such that |∆ω̃χδ| ≤ cδ−2.
Then for small δ, introducing Bδ := {x ∈Mreg | d(P1, x) < δ}, Mδ :=Mreg \Bδ, we

have

2

∫
Mδ

|∇H̃v0|
2ω̃3 ≤ 2

∫
Mreg

χδ|∇H̃v0|
2ω̃3 =

∫
Mreg

χδ∆|v0|2H̃ ω̃
3

=

∫
Mreg

|v0|2H̃∆ω̃χδω̃
3 =

∫
{δ/2<r<δ}

|v0|2H̃∆ω̃χδω̃
3

≤
∫
{δ/2<r<δ}

|v0|2H̃ |∆ω̃χδ|ω̃3 ≤ cδ−2

∫
{δ/2<r<δ}

|v0|2H̃ ω̃
3

≤ cδ−2

∫
{δ/2<r<δ}

|v0|2H̃ω
3
co,0 ≤ cδ−2b−2

∫
{δ/2<r<δ}

ω3
co,0 ≤ cδ4−2b.

Thus, assuming b < 2 and taking the limit as δ → 0 we obtain∫
Mreg

|∇v0|2H̃ ω̃
3 = 0,

that is ∇v0 ≡ 0 on Mreg, i.e. v0 is holomorphic on Mreg. Moreover, by Hartogs’ Theorem
we have that v0 extends holomorphically to the whole M .
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On the other hand, by hypothesis it holds∫
M

(Trvn)ω3 = 0

for all n ∈ N. Hence, for sufficiently small γ > 0 (with Mγ defined as above) and large
n ∈ N, it holds ∫

Mγ

(Trvn)ω3 =

∫
Mγ

(Trvn)ω̃3 −→
n→∞

∫
Mγ

(Trv0)ω̃3.

But we also have ∣∣∣∣∣
∫
Mγ

(Trvn)ω3

∣∣∣∣∣ =
∣∣∣∣∣
∫
Bγ

(Trvn)ω3

∣∣∣∣∣ ≤
∫
Bγ

|Trvn|ω3

≤ cγ−b
∫
Bγ

ω3 ≤ cγ6−b −→
γ→0

0.

Moreover ∣∣∣∣∣
∫
Mγ

(Trv0)ω̃3

∣∣∣∣∣ −→γ→0

∣∣∣∣∣
∫
Mreg

(Trv0)ω̃3

∣∣∣∣∣ ,
and hence ∫

Mreg

(Trv0)ω̃3 = 0.

But now this last information, combined with the holomorphicity of v0 on the whole M
and the hypothesis of simplicity for the tangent bundles implies necessarily that v0 ≡ 0 on
M . We will now work from here to get a contradiction.

From the weighted Schauder estimates, from (3.5) we get that for all n ∈ N holds

c(||vn||Γ2,α
ε,b (W) +

1

n
) ≥ 1,

that is, it exists ν ′ > 0 such that

||vn||Γ2,α
ε,b (W) ≥ ν ′

for all n ∈ N. It follows that it exists ν ′ > ν > 0 and a sequence {xn}n∈N ⊆M such that

ρb(xn)|vn(xn)|H ≥ ν (3.9)

for all n ∈ N. We then have two possibilities.
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If
lim inf
n→+∞

rn > 0,

where rn := r(z(xn)), then - up to subsequences - we can assume xn → x∞ together with
r(z(x∞)) > 0, in particular it follows that for sufficiently large n ∈ N we get ρ(xn) =
r(xn), from which

|v0(x∞)|H̃ ≥ νr(z(x∞))−b > 0,

i.e. a contradiction, since v0 ≡ 0.
If instead it holds

lim inf
n→+∞

rn = 0,

again up to subsequences we can assume rn → 0. Re-reading this scenario in the ζ coor-
dinates leads to two further subcases.

(i) If r(ζ(xn)) is bounded, up to subsequences we can assume r(ζ(xn)) → r̃ ≥ 0. In
this case we can repeat the strategy we adopted in [GS] (also previously adopted
in [BM]), and notice that reading ρ, {vn}n∈N and {xn}n∈N in the ζ coordinates on
X̂ , gives us that xn → x∞ ∈ {r(ζ) ≥ L} ⊆ X̂ , for some L > 0. Moreover, the
bound on the weighted norms of the vns imply that the sequence Vn := εbnvn is - once
again up to subsequences - uniformly convergent on compact sets of X̂ (thanks to
Ascoli-Arzelà’s Theorem) to some V∞, from which we get

0 < ν ≤ |ρb(xn)vn(xn)|Hco,1 ≤ |rb(ζ(xn))Vn(xn)|Hco,1 ,

where Hco,1 is the metric induced on the tangent bundle by the Candelas-de la Ossa
metric ωco,1. Taking then the limit as n→ +∞ in this last inequality gives us

0 < ν ≤ rb(ζ(x∞))|V∞(x∞)|Hco,1 . (3.10)

But if we recall the definition of L, and the fact that

ρb+2Lvn −→
n→+∞

0,

we have
ρb+2Lvn → ρ̃b+2gjk̄∂k̄∇

Hco,1
j V∞,

where ρ̃ is the weight function on X̂ given by

ρ̃(ζ) =


1 on r(ζ) ≤ 1,

non decreasing on 1 ≤ r(ζ) ≤ 2,

r(ζ) on 2 ≤ r(ζ) ≤ 1/2ε−1
n ,

.
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This gives again that ∆ωco,1 |V∞|2Hco,1 = |∇V∞|2Hco,1 , implying in particular that
|V∞|2Hco,1 is subharmonic and obviously non-negative. This last two facts, combined
with the facts that |V∞|2Hco,1 ≤ cr−2b and ωco,1 is asymptotically conical, imply - ap-
plying an asymptotically conical version of Lemma 6.9 from [CPY1] - that V∞ ≡ 0,
hence a contradiction since (2.13) holds.

(ii) If instead r(ζ(xn)) is unbounded, we can assume r(ζ(xn)) → +∞, which in partic-
ular implies ρ(xn) = r(xn), and thus from (3.9) we get

rb(xn)|vn(xn)|H ≥ ν for all n ∈ N. (3.11)

Consider then the regionA∗ := {0 < r(z) < 1
2
}, and the family of biholomorphisms

σn : Cn → A∗

given by σn(z′) := r
3/2
n z′, where Cn := {0 < r(z′) < r−1

n

2
} ⊆ X̂ . We can then

introduce on Cn the metrics ηn := r−2
n σ∗

nω and the sequence yn := σ−1
n (xn) ∈ Cn,

and notice that
r(yn) = 1 for all n ∈ N,

giving us in particular that yn → y∞ ∈ X̂ up to subsequences.

On the other hand we can introduce the sequence of bundle endomorphisms

Wn := rbnσ
∗
nvn

and notice that (3.11) implies that

|wn(yn)|ηn = rb(z′(yn))|wn(yn)|ηn ≥ ν for all n ∈ N. (3.12)

Moreover, using again Ascoli-Arzelà’s Theorem we can assume Wn → W∞ uni-
formly on compact sets of X (since Cn → X̂). Thus, noticing that ηn → ωco,0 as
n→ ∞, taking the limit in (3.12) gives

|W∞(y∞))|ωco,0 ≥ ν > 0. (3.13)

On the other hand, taking the pullback

σ∗
n

(
ρb+2Lvn

)
we obtain (on any K ⊆ X̂ compact subset)

σ∗
n

(
ρb+2Lvn

)
= σ∗

n(ρ
b+2)

(
σ∗
n(g

jk̄)∂k̄∇
σ∗
nH
j (σ∗

nvn)−
1

2
[Λσ∗

nωFσ∗
nH , σ

∗
nvn]

)
= rb+2

(
ηjk̄n ∂k̄∇

σ∗
nH
j Wn −

1

2
[ΛηnFr−2

n σ∗
nH
,Wn]

)
,
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which after taking the limit as n→ +∞, implies once again

∆ωco,0|W∞|2Hco,0 = |∇W∞|2Hco,0 .

In particular we have that |W∞|2Hco,0 is subharmonic and non-negative, and thanks to
the weighted estimates we have in the hypothesis, it also satisfies

|W∞|2Hco,0 ≤ cr−2b,

hence applying Lemma 6.9 from [CPY1] we get W∞ ≡ 0, which is a contradiction
since (3.13) holds.

Thus the estimate holds necessarily.

From this we can easily obtain the invertibility of L.

Theorem 3.3.3. The linear operator L : Γ2,α
ε,b (W) → Γ0,α

ε,b+2(W) defined above is an
isomorphism.

Proof. As seen in Lemma 3.3.2 we have that L is injective. Moreover, it is straightforward
to notice that L is elliptic and shares its principal symbol with the laplacian, thus it is also
surjective. Hence it admits an inverse L−1 which is still continuous thanks to the estimate
from Lemma 3.3.2.

At this stage, the natural choiche of a neighborhood of zero to study M on is resem-
bling the choice done in the previous section, that is

Uτ :=
{
u ∈ Γ2,α

ε,b (W) | ||u||Γ2,α
ε,b (W) ≤ c̃εb+2+τ

}
⊆ Γ2,α

ε,b (W).

As it happened previously, we are once again able to show that M contracts distances on
this neighborhood, but we cannot show that Uτ is preserved by M, and the problem is
again related to the "inital error" of the pregluing metric, as it happens that

||N (0)||Γ2,α
ε,b (W) ≤ c||F(0)||Γ0,α

ε,b+2(W) ≤ cεb(ελ0) + ε2q log ε),

which is not enough to conclude that M(Uτ ) ⊆ Uτ .
It however remains of central interest to try and understand if [ω2] makes the holo-

morphic tangent bundle into a slope stable bundle, as it is the balanced class naturally
associated to a solution of the dilatino equation, hence we plan to explore alternative ap-
proaches to try and obtain this property for the bundle.



Chapter 4

Blowing up Chern-Ricci flat balanced
manifolds

In this chapter I will be presenting a result obtained with Elia Fusi. It consists of another
gluing construction in the balanced case, this time aimed to the construction of Chern-
scalar constant balanced metrics, in an attempt of extending the result from Arezzo and
Pacard in [AP] to the balanced case. The statement follows.

Theorem 4.0.1. Let M be a compact complex manifold of dimension n, endowed with
ω̃ a Chern-Ricci flat balanced metric. Then, the blowup M̂ at a point x ∈ M admits
Chern-scalar constant balanced metric ω̂ such that

[ωn−1]BC = [ω̃n−1]BC + (−1)n−1ε(2n−2)[Pn−1].

As we will see, at the moment the construction only works assuming that the base
manifold is Chern-Ricci flat, but we are currently working towards extending it to the
general Chern-scalar constant balanced case.

4.1 The approximate solution
Let M be a compact complex manifold of dimension n ≥ 3, endowed with ω̃ a Chern-

scalar constant balanced metric, and let M̂ be the blowup at a point x ∈ M . Our aim is to
obtain a Chern-scalar constant balanced metric on M̂ , and the first step towards this will
be to construct an approximate solution. In order to do this, we shall implement a cut-off
argument (as in [GS]) followed by a description of the behaviour of the newly obtained
metric in the gluing region, to ensure that the metric is indeed an approximate solution.

71
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4.1.1 Cutting off
In order to produce the metric we want, we shall first establish which are the ingredi-

ents we will use. One of the main components of our argument is the Burns-Simanca met-
ric ωBS , introduced by Burns and Simanca (see [LeB] and [Sim]), which is a scalar-flat,
asymptotically flat Kähler metric on Bl0Cn, already used successfully in gluing construc-
tions of cscK metrics on blow-ups by Arezzo and Pacard in [AP] (see also [Sz]). Hence,
we want to glue together the background metric ω̃ with ωBS on a flat region, and in order
to do this, our second main ingredient will be the balanced property. Let us then start to
describe this gluing process by seeing how the balanced property intervenes, and this can
be done recalling Lemma 2.1.7. Thus, starting from ω̃, we can obtain the corresponding
ω̃ε, which is exactly flat in a neighborhood of x.

On the other hand, we can consider coordinates ζ on X̂ := Blx(Cn) \ CPn−1 =
Cn \ {0} =: X \ {0}, and a cut-off function

ψ(y) :=


1 if y ≤ 1

4
,

Non increasing if 1
4
< y < 1

2
,

0 if y ≥ 1
4
,

which, for all q > 0, can be rescaled to

ψε(y) := ψ(εqy).

This rescaling, makes the cut-off happen far away from the exceptional divisor, hence in
the asymptotically flat part. Hence, thanks to the fact that the Burns-Simanca metric, away
from the exceptional divisor, has the following expansion

ωBS = i∂∂(|ζ|2 + γ(|ζ|)),

with γ(|ζ|) = O(|ζ|4−2n), we can introduce the family of closed (1, 1)-forms

ωBS,ε := i∂∂(|ζ|2 + ψε(|ζ|)γ(|ζ|)),

and easily see that, on the cut-off region {1
4
ε−q ≤ |ζ| ≤ 1

2
ε−q}, it holds

ωBS,ε = ωo +O(|ζ|2−2n), (4.1)

where now ωo denotes the flat metric on Cn\{0} induced by the coordinates ζ , from which
it follows that, for sufficiently small ε, ωBS,ε is an asymptotically exactly flat Kähler metric
on X̂ .
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If we then consider the biholomorphism

z = εp+qζ,

this gives the identification{
1

4
ε−q ≤ |ζ| ≤ 2ε−q

}
≡
{
1

4
εp ≤ |z| ≤ 2εp

}
with we wich we can topologically realize M̂ , and also obtain that

|z|2 = ε2(p+q)|ζ|2,

which tells that on M̂ , the metrics ε2(p+q)ωBS,ε and ω′
ε coincide (with the flat metric), on

the region {
1

2
ε−q ≤ |ζ| ≤ ε−q

}
≡
{
1

2
εp ≤ |z| ≤ εp

}
,

hence allowing us to glue ω̃ε and ε2(p+q)ωBS,ε to a global balanced metric ω on M̂ .

4.1.2 Behaviour of the new metric
We will now describe the behaviour of ω, and make sure that it is the approximate

solution we were searching for.
First of all, it is clear that the metric is unaltered on {εp ≤ |z| ≤ 2εp}, on which we

still have
|∇k

ωo(ω − ωo)|ωo ≤ c|z|1−k,

for all k ≥ 0.
On the other hand, since to obtain ω we had to rescale the metric ωBS,ε on X̂ , we have

to check how it has affected the distance from the flat metric. To have clearer estimates, we
will express also this one in terms of the "small" coordinates z. The main thing to observe,
is that on {1

4
ε−q ≤ |ζ| ≤ 1

2
ε−q} it holds

⟨ω − ωo, ω − ωo⟩ωo(z) = ε−4(p+q)⟨ε2(p+q)(ωBS,ε − ωo), ε
2(p+q)(ωBS,ε − ωo)⟩ωo(ζ)

= ⟨ωBS,ε − ωo, ωBS,ε − ωo⟩ωo(ζ)

implying that |ω − ωo|ωo(z) = |ωBS,ε − ωo|ωo(ζ). From here, we can recall the expansion
(4.1) and obtain

|ω − ωo|ωo(z) ≤|ωBS,ε − ωo|ωo(ζ) ≤ c|ζ|2−2n ≤ cε(2n−2)q ≤ c|z|(2n−2)q/p ,



CHAPTER 4. BLOWING UP CHERN-RICCI FLAT BALANCED MANIFOLDS 74

which implies, on the whole gluing region, that, for all k ≥ 0, holds

|∇k
ωo(ω − ωo)|ωo ≤ crm−k,

where m = min{1, (2n − 2)q/p}, showing again that ω is indeed a metric on M̂ :=
Blx(M). Moreover, the closeness between the metric ω and the flat metric ω shows us that
ω is suitable to perform analysis with, and hence we can try to search for a Chern-scalar
constant balanced metric through a deformation argument.

As a final note, we can see that as in the Kähler case, we have information on the scalar
curvature of the metrics we wish to construct. Also, for simplicity, from now on we shall
assume p+ q = 1.

Remark 4.1.1. As for the first Chern class of Kähler manifolds, we have that blowing up a
point on a non Kähler metric yields

cBC1 (M̂) = cBC1 (M) + (n− 1)[Pn−1],

where here we denoted with [Pn−1] the Poincarè dual of the (2n − 2)-homology class
defined by the exceptional divisor.

On the other hand, the construction of the metric ω explained above, gives that

[ωn−1]BC = [ω̃n−1]BC + [ε2ωBS]
n−1,

and since [ωBS] = −[Pn−1], we get

[ωn−1]BC = [ω̃n−1]BC + (−1)n−1ε2n−2[Pn−1].

As highligthed in [ACS1, Proposition 2.6], the value of the Chern scalar curvature of ω
must be equal to the Gauduchon degree of the conformal class of ω, Γ({ω}), introduced
in [Ga3, I.17]. Thus, as it holds

sch(ω) = Γ({ω}) =
∫
M̂

nRicch(ω) ∧ ωn−1 = cBC1 (M̂)[ωn−1]BC , (4.2)

it follows that

sch(ω) =n(cBC1 (M) + (n− 1)[Pn−1])([ω̃n−1]BC + (−1)n−1ε2n−2[Pn−1])

=sch(ω̃)− n(n− 1)ε2n−2.
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4.2 Setting up the equation
We now wish to obtain a Chern-scalar constant balanced metric starting from the ap-

proximate solution, and as done in [BM], [AP], [Sz] and many others, we plan to do it
through a deformation argument. In particular, since we wish to work inside the balanced
class of ω, we will consider the balanced deformation introduced by [FWW], with the
ansatz considered in [GS], that is

ωn−1
φ := ωn−1 + i∂∂(φωn−2), φ ∈ C∞(M,R) such that ωn−1

φ > 0.

Thus the problem we are interested in solving, following what was done in [Sz], is the
equation

sch(ωφ) = const. (4.3)

for φ ∈ C∞(M,R) such that ωn−1
φ > 0. Now, as observed in Remark 4.1.1, we can expect

the solution to have a scalar Chern curvature near to the one of the background metric,
thus we can rephrase equation (4.3) with

S(φ) := sch(ωφ)− sch(ω̃) = c (4.4)

for φ ∈ C∞(M,R) and c ∈ R. Moreover, we can get rid of the unknown constant by
rewriting the equation as

S̃(ψ) := sch(ωφ)− sch(ω̃)−
∫
M̂

φωn = 0. (4.5)

This last version of the equation encodes the unknown constant from equation (4.4), and
we will see that it will help us in obtaining the invertibility of the linearized operator of S̃.
The interest in this linearized operator, is that we wish to solve the problem of equation
(4.5) with Banach’s Lemma in a neighborhood of zero, hence our next step will be to
obtain the linearization at 0 of S̃.

4.2.1 Computation of the linearized operator
We thus want to obtain an explicit expression for the operator L(u) := d0s

ch(u) =
d
dt
|t=0s

ch(ωt,u), where ωt,u is an arbitrary curve of Hermitian metrics, lying in [ωn−1]BC ,
such that ω0,u = ω and ω′

t,u(0) = u. In order to do this, first of all, we recall that equation
(4.2), gives us

sch(ω)ωn = nRicch(ω) ∧ ωn−1 . (4.6)
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Then, using ωn−1
t,u = ωn−1 + ti∂∂̄(uωn−2) and differentiating at t = 0 the relation above,

we have that

L(u)ωn + sch(ω)
d

dt
|t=0ω

n
t,u = n

d

dt
|t=0Ric

ch(ωt,u) ∧ ωn−1 + nRicch(ω) ∧ i∂∂̄(uωn−2) .

(4.7)
Following then the computations and notations in Chapter 2 (i.e. the ones in [GS]), we
have that

d

dt
|t=0ω

n
t,u =L(u)ωn =

n

n− 1
i∂∂̄(uωn−2) ∧ ω ,

d

dt
|t=0Ric

ch(ωt,u) = − i∂∂̄L(u) .

(4.8)

Then, using (4.8) in (4.7), we obtain

L(u) = −∆ωL(u) + n
i∂∂̄(uωn−2) ∧

(
Ricch(ω)− 1

n−1
sch(ω)ω

)
ωn

. (4.9)

Remark 4.2.1. If we restrict L to Mx := M \ {x} and assume ω̃ to be balanced with
constant Chern-scalar curvature case, if u ∈ kerL then,∫

Mx

sch(ω)|dω|2uω
n

n!
= 0 .

Indeed, as long as b < 2n− 4 we have that∫
Mx

∆ωLu
ωn

n!
= 0 ,

∫
Mx

i∂∂̄(uωn−2 ∧Ricch(ω)) = 0 ,

while
n

n− 1

∫
Mx

sch(ω)i∂∂̄(uωn−2) ∧ ω =

∫
Mx

sch(ω)L(u)
ωn

n!

=
sch(ω)

n− 1

∫
Mx

|dω|2uω
n

n!

Then,

0 =

∫
Mx

Luω
n

n!
=

1

n− 1

∫
Mx

sch(ω)|dω|2uω
n

n!
,

giving us the claim.

The next step will be to understand more about the linearization at 0 of S̃, which clearly
is given by

L̃u := d0S̃u = Lu+
∫
M̂

uωn.
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4.2.2 Inverting the linearized operator
We will now focus on obtaining the invertibility of the operator L̃. However, we need

this invertibility to be uniform with respect to ε, so that, once we reformulate the equation
as a fixed point problem, we will be able to solve it. Hence, in order to do this, we shall
introduce suitable weighted spaces, once again following [BM], as done in the previous
chapters. We then define (we can always assume up to rescaling that the open set on which
the z coordinates are defined contains the region {|z| ≤ 1})

ρ = ρε(z) :=



ε on r(z) ≤ ε,

non decreasing on ε ≤ r(z) ≤ 2ε,

r(z) on 2ε ≤ r(z) ≤ 1/2,

non decreasing on 1/2 ≤ r(z) ≤ 1,

1 on r(z) ≥ 1,

We then introduce, for all b ∈ R, the weighted Hölder norm as

||u||Ck,αε,b (M) :=
k∑
i=0

sup
M

|ρb+i∇i
εu|ω

+ sup
dε(x,y)<injε

∣∣∣∣min
(
ρb+k+α(x), ρb+k+α(y)

) ∇k
εu(x)−∇k

εu(y)

dε(x, y)α

∣∣∣∣
ω

,

where injε is the injectivity radius of the metric ω; and consequently define the corre-
sponding weighted Hölder spaces Ck,α

ε,b (M), where k ≥ 0, α ∈ (0, 1) is the Hölder con-
stant, and ε indicates the dependence on the pre-gluing metric ω obtained above. Hence
we can interpret S̃ as

S̃ : C4,α
ε,b (M̂) → C0,α

ε,b+4(M̂),

and obtain the following result (we will keep following the strategy in [BM]), which will
imply the uniform invertibility of the linearized operator. In order to be able to complete
the proof, we will assume from now on that the background metric ω̃ is Chern-Ricci flat.

Theorem 4.2.2. For any b ∈ (0, n−1), there exists C > 0 such that, for all u ∈ C4,α
b,ε (M̂),

we have
∥u∥C4,α

b,ε (M̂) ≤ C∥L̃u∥C0,α
b+4,ε(M̂) .

Proof. Suppose by contradiction that statement does not hold. Hence, we can find se-
quences {εk}k∈N ⊆ R>0 and {uk}k∈N ⊆ C4,α

εk,b
(M̂) such that

εk −→
k→+∞

0 , ||uk||C4,α
εk,b

= 1 , ∀ k ∈ N , (4.10)
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and
||L̃uk||C0,α

εk,b+4
<

1

k
∀ k ∈ N. (4.11)

We will focus first on Mx. By applying Ascoli-Arzelà’s Theorem, we have that uk → u∞
uniformly on compact subsets of Mx in the sense of C4,α

b , with respect to the background
metric ω̃. This implies in particular that on any compact subset of Mx, thanks to the fact
that ω̃ is a Chern-Ricci flat balanced metric, it holds

Luk → ∆ω̃(Lω̃u∞), (4.12)

i.e. Luk converges uniformly on compact sets to a continuous function on Mx. If we then
fix a point y ∈Mx, in the region where ρ ≡ 1, condition (4.11) implies that

L̃uk(y) → 0,

which, combined with equation (4.12), implies that the real sequence
∫
M̂
ukω

n has finite
limit, hence by Lebesgue’s Theorem we get∫

M̂

ukω
n →

∫
Mx

u∞ω̃
n. (4.13)

If we now integrate L̃uk onMx, using equations (4.12) and (4.13) and assuming b < 2n−4,
we obtain

0 =

∫
Mx

L̃u∞ω̃n =

∫
Mx

∆ω̃(Lω̃u∞)ω̃n + V olω̃(M)

∫
Mx

u∞ω̃
n = V olω̃(M)

∫
Mx

u∞ω̃
n,

(4.14)
hence

∫
Mx

u∞ω̃
n = 0, and thus

∆ω̃(Lω̃u∞) = 0,

from which follows that u∞ is such that Lu∞ ≡ c ∈ R. Following then [GS], if we
integrate on Mx the equation 0 = u∞Lω̃u∞ = cu∞, and assume b < n− 1, we get

0 =

∫
Mx

(
−u∞∆ω̃u∞ +

1

n− 1
|dω̃|2ω̃u2∞

)
ω̃n

=

∫
Mx

(
|∇ω̃u∞|2 + 1

n− 1
|dω̃|2ω̃u2∞

)
ω̃n = c

∫
Mx

u∞ω̃
n = 0,

(4.15)

implying that u∞ is constant, which paired with
∫
Mx

u∞ω̃
n = 0, gives us that u∞ ≡ 0 on

Mx.
We thus fix the compact set Mc := M \ {|z| < 1/2}, and focus on A := {|z| < 1/2},

on which we wish to obtain uniform convergence to zero. For convenience, we shall shift
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to the "large" coordinates ζ , i.e. the coordinates on the blow-up X̂ defined outside the
exceptional divisor. Recalling then that

ζ = ε−1z and |z| = ε|ζ|,

we have the identification

A ≃ Ã = Ãε :=

{
|ζ| < 1

2
ε−1

}
⊆ X̂,

and the last description will be the one we will use.
First of all, we shall rewrite ρ with respect to ζ on Ã, giving

ρ =


ε on |ζ| ≤ 1,

non decreasing on 1 ≤ |ζ| ≤ 2,

ε|ζ| on 2 ≤ |ζ| ≤ 1/2ε−1.

It follows that, if we go back to {uk}k∈N and recall (4.10), we have in particular that on all
Ãk := Ãεk it holds

|ρbuk| ≤ c.

This suggests us to introduce the new sequence

Uk := εbkuk,

and using again (4.10), we obtain
|Uk| ≤ c on |ζ| ≤ 1,

|Uk| ≤ c on 1 ≤ |ζ| ≤ 2,

|Uk| ≤ c|z|−b(ζ) on 2 ≤ |ζ| ≤ 1/2ε−1
k ,

and the same for its derivatives up to the fourth degree. These estimates for Uk bring us to
consider a new weight function ρ̃ = ρ̃k on Ãk given by

ρ̃(ζ) =


1 on |ζ| ≤ 1,

non decreasing on 1 ≤ |ζ| ≤ 2,

|ζ| on 2 ≤ |ζ| ≤ 1/2ε−1
k ,

,

with which we get that
|ρ̃bUk| ≤ c, (4.16)
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and estimates also for ∇mUk, m = 1, ..., 4, hence again by Ascoli-Arzelà’s Theorem we
have that Uk → U∞ uniformly on compact sets of X̂ (since Ãk → X̂) in the sense of
C̃4,α
b = C4,α

b (ρ̃), where this last space is the weighted Hölder space on X̂ given by the
weight ρ̃ and the metric ωBS .

On the other hand, on any compact subset of X̂ , for sufficiently large k it holds

ρb+4Luk = − 1

n− 1
ρ̃b+4D∗DUk, (4.17)

where D∗D is the Lichnerowitz operator corresponding to ωBS . Thus, since it holds 1
k
>

||L̃uk||C0,α
εk,b+4

, taking the limit in (4.17) we obtain that U∞ is in the kernel of D∗D with
respect to the Burns-Simanca metric ωBS , and thus, applying Proposition 8.10 from [Sz],
we get that U∞ is necessarily constant, which needs to be zero as U∞ decays at infinity

(from inequality (4.16)), hence Uk
C̃4,α
b−→ 0 uniformly on compact sets of X̂ .

In order to conclude, we will show that Uk admits a subsequence uniformly conver-
gent to zero on the whole X̂ in the sense C̃0

b . This, combined with the scaled Schauder

estimates, will imply that also Uk
C̃4,α
b→ 0 uniformly. On the other hand, this is equivalent

to uk → 0 uniformly on {|z| < 1/2} in C4,α
ε,b . Together with the fact that uk converges

uniformly to zero on Mc, it gives a contradiction with the fact that ||uk||C4,α
ε,b

= 1 for all
k ∈ N.

The final step of the proof will be to show that such subsequence necessarily exists.
Indeed, if we assume by contradiction that such subsequence does not exist, then we can
find a sequence {xn}n∈N ⊆ X̂ and a δ > 0 such that

Rk := |ζ(xk)| → +∞ (4.18)

and
ρb(xk)|Uk(xk)| ≥ δ ∀k ≥ 0, (4.19)

where this last condition can be rewritten (up to choosing sufficiently large k) as

Rb
k|Uk(xk)| ≥ δ ∀k ≥ 0. (4.20)

If we then define rk := |z(xk)|, we have that rk = εkRk for all k ∈ N, from which (up to
subsequences) we see that we can only fall into two cases:

• if limk→+∞ rk = r > 0, then it means that we can assume xk → x∞, which com-
bined with the uniform convergence to zero on compact sets (ofMx) of the sequence
{uk}k∈N gives

0 < δ ≤ Rb
k|Uk(xk)| = rbkuk(xk) → 0,

i.e. a contradiction;
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• if instead limk→+∞ rk = 0, we take X ′ a copy of X , and for all k ≥ 0 we introduce
the holomorphic maps

σk : Bk → A∗ := A \ {0},
given by σk(z′) = rkz

′, where Bk := {0 < |z′| < rk/2} ⊆ X ′, over which we can
define the metrics

θk := r−2
k σ∗

kω,

and easily observe that (Bk, θk) → (X ′, ωo), where ωo here denotes the flat metric
induced by the coordinates z′. Then it is natural to consider the functions on each
Bk given by

Wk := rbkσ
∗
kuk , ∀k ∈ N,

and the pullback weight function

ρ′(z′) = σ∗
kρ(z

′) =


εk on |z′| ≤ R−1

k

non increasing on R−1
k < |z′| < 2R−1

k

rk|z′| on 2R−1
k ≤ |z′| < 1

2
r−1
k .

(4.21)

Now, if we pullback (4.10) with σk, we immediately obtain that {Wk}k∈N is a se-
quence that is uniformly bounded on compact sets in the C4,α

b sense, thus by Ascoli-
Arzela’s Theorem we can assume thatWk → W∞, and still from pulling back (4.10)
obtain that W∞ is a C4,α-function on X ′ decaying to infinity. Moreover, analyzing
the pieces of the pullback

σ∗
k(Luk) = σ∗

k(∆ω(Luk) +
ni∂∂(ukω

n−2) ∧ (Ricch(ω)− 1
n−1

sch(ω)

ωn
)

we can see that

– σ∗
k∆ω(Luk) = r

−(b+4)
k ∆θkLθkWk, where Lθk is the operator L with θk substi-

tuting ω;

– σ∗
k(Ricch(ω)− 1

n−1
sch(ω)) = Ricch(θk)− 1

n−1
sch(θk);

– σ∗
k(i∂∂(ukω

n−2) = r
−(b+4)
k i∂∂(Wkθ

n−2
k ),

hence, pulling back with σk inequality (4.11) and taking the limit in k, we obtain that
W∞ is biharmonic on X ′; and pulling back (4.10) and recalling (4.21), we obtain
that W∞ decays at infinity, implying necessarily that W∞ ≡ 0 on X ′. On the other
hand, if we define the sequence yk := σ−1

k (xk) ∈ X ′, it is straighforward to see that
|yk| = 1 for all k ∈ N, hence it can be assumed to be convergent to some y∞, which
combined with the limit of pullback through σk of (4.20), implies W∞(y∞) > 0, i.e.
a contradicition with the fact that W∞ ≡ 0.
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Hence the thesis is proven.

As a consequence we easily obtain the uniform invertibility.

Lemma 4.2.3. The operator

L̃ : C4,α
ε,b (M̂) → C0,α

ε,b+4(M̂)

is an isomorphism for b ∈ (0, n− 1).

Proof. Thanks to Theorem (4.2.2), we have that L̃ is injective. Moreover, L̃ is clearly
elliptic and it has the same index of ∆2

ω which is 0. This automatically guarantees the
claim.

Remark 4.2.4. If we compare this result with the Kähler case, we notice that our proof
of the invertibility of (the limit of) L̃ on Mx, imposes the condition b < n − 1, which is
stronger then b < 2n− 4 which appears in the Kähler case (see Proposition 8.10 in [Sz]).
Our additional restriction comes from the integration by parts needed to obtain the identity
(4.15), showing that this stronger condition is consequence of the non-Kähler nature of the
problem.

4.3 The fixed point problem
We can now reformulate (4.5) as a fixed point problem. In order to do so, we consider

the expansion
sch(ωu) = sch(ω) + Lu+Q(u) ,

where Q is the quadratic part of sch(ωu). Then, (4.5) can be rewritten as

sch(ω) + L̃u+Q(u) = 0 .

Now, using (4.2.3), we obtain that

N (u) := −L̃−1(sch(ω) +Q(u)) = u . (4.22)

So, in order to find a solution to (4.5), we need to show that

N : C4,α
b,ε (M̂) → C4,α

b,ε (M̂)

is a contraction on a suitable open neighborhood of zero in C4,α
b,ε .
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4.3.1 Determining the open set
In order to determine this open set, we observe that, if ∥φ∥C4,α

−2,ε
≤ Cετ for some

C, τ > 0, then,

∥i∂∂̄(φωn−2)∥C2,α
0,ε

≤ C∥φωn−2∥C4,α
−2,ε

≤ C∥φ∥C4,α
−2,ε

≤ Cετ , (4.23)

where the second inequality is due to the fact that ∥ωn−2∥C4,α
0,ε

≤ C. Up to choosing ε
sufficiently small, this guarantees that ωn−1

φ > 0, hence provides a balanced metric, thanks
to [M], as well as

∥ωn−1
φ − ωn−1∥C2,α

0,ε
= ∥i∂∂̄(φωn−2)∥C2,α

0,ε
≤ Cετ . (4.24)

Moreover, arguing as in Remark 2.8 in [GS], we can fix a point y ∈ M̂ and consider
holomorphic coordinates so that, in y, ω is the identity and ωφ is diagonal with eigenvalues
λi. On the other hand, ωn−1 will be again the "identity" and ωn−1

φ will have eigeinvalues
Λi. But, thanks to (4.24), we know that

Λi = 1 +O(ετ ) ,

which implies that λi =
(∏

j ̸=i Λj

) 1
n−1

= 1+O(ετ ) . This last fact readily guarantees that

∥ωφ − ω∥C2,α
0,ε

≤ Cετ , (4.25)

which in particular gives that ωφ → ω as ε→ 0. As in [GS], we then consider the open set

Uτ := {φ ∈ C4,α
b,ε (M̂) | ∥φ∥C4,α

b,ε
≤ Cεb+2+τ} ,

and we note that, if φ ∈ Uτ , then

∥φ∥C4,α
−2,ε

≤ ε−(b+2)∥φ∥C4,α
b,ε

≤ Cετ , (4.26)

where the first inequality is due to the fact that ∥φ∥Ck,αa,ε ≤ ε−b+a∥φ∥Ck,αb,ε , for any k ≥ 0,
a ≤ b, thanks to the definition of our weight. This inequality guarantees also that every
ψ ∈ Uτ , is not only small in the weighted sense, but it is so also in the standard sense,
ensuring that our setting for the problem makes sense in this set.

We are thus left with the estimates to obtain that N preserves Uτ and is a contraction
on it.
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4.3.2 Estimates
We first show that N contracts distances on Uτ , which thanks to Theorem 4.2.3 reduces

to showing that Q contracts distances. Thus, fixed φ1, φ2 ∈ Uτ , the Mean value Theorem
guarantees that there exists t ∈ [0, 1] such that, defined χ := tφ1+(1−t)φ2 (which clearly
is also contained in Uτ ), we have

Q(φ1)−Q(φ2) = dχQ(φ1 − φ2) = (Lχ − L)(φ1 − φ2) .

We now need to compute Lχ, i.e. the differential dχS. As done before, we define ωχ,u(s) :=
ωχ + si∂∂̄(uωn−2), then,

Lχ(u) =
d

ds
|s=0s

ch(ωχ,u(s)) .

But, differentiating again (4.6), we obtain that

Lχ(u)ωnχ =n
d

ds
|s=0Ric

ch(ωχ,u(s)) ∧ ωn−1
χ

+ nRicch(ωχ) ∧
d

ds
|s=0ω

n−1
χ (s)− sch(ωχ)

d

ds
|s=0ωχ,u(s)

n .

As done before, we have

d

ds
|s=0ωχ,u(s)

n−1 = i∂∂̄(uωn−1) ,

d

ds
|s=0ωχ,u(s)

n =
n

n− 1
i∂∂̄(uωn−2) ∧ ωχ ,

d

ds
|s=0Ric

ch(ωχ,u(s)) = − i∂∂̄
d

ds
|s=0 log(ωχ,u(s)

n) = −i∂∂̄

(
d
ds
|s=0ωχ,u(s)

n

ωnχ

)

= − i∂∂̄

(
i∂∂̄(uωn−2) ∧ ωχ

ωnχ

)
.

(4.27)

Then, defining

Lχ(u) =
n

n− 1

i∂∂̄(uωn−2) ∧ ωχ
ωnχ

we have that

Lχ(u) = −∆ωχLχ(u) +
ni∂∂̄(uωn−2) ∧ (Ricch(ωχ)− 1

n−1
sch(ωχ)ωχ)

ωnχ
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Before going through the estimates, we need to explore the relation between the differen-
tial operators we are working with. First of all, we define the function

g(χ) =
ωn

ωnχ
,

then, for any function v at least C2, we have

∆ωχv =
ni∂∂̄v ∧ ωnχ − 1

ωnχ
= g(χ)

(
∆ωv +

ni∂∂̄v ∧ i∂∂̄(χωn−2)

ωn

)
, (4.28)

which gives us that

∆ωχv −∆ωv = (g(χ)− 1)∆ωv + g(χ)

(
ni∂∂̄v ∧ i∂∂̄(χωn−2)

ωn

)
.

For the sake of simplicity, we will denote

E(v) := g(χ)

(
ni∂∂̄v ∧ i∂∂̄(χωn−2)

ωn

)
so that (4.28) can be rewritten as

∆ωχv = g(χ)∆ωv + E(v) . (4.29)

Moreover, we define

G(v) :=
i∂∂̄(vωn−2) ∧ (Ricch(ωχ)− 1

n−1
sch(ωχ)ωχ)

ωnχ

−
i∂∂̄(vωn−2) ∧ (Ricch(ω)− 1

n−1
sch(ω)ω)

ωn

=
i∂∂̄(vωn−2) ∧

(
g(χ)Ricch(ωχ)−Ricch(ω)− 1

n−1
(g(χ)sch(ωχ)ωχ − sch(ω)ω)

)
ωn

.

Then, using (4.29) and these new notations, we have

(Lχ − L)(v) = − (g(χ)∆ωLχ(v)−∆ωLu) + E(Lχv) +G(v)

= − g(χ)∆ω(Lχ − L)v − (g(χ)− 1)∆ωLv + E(Lχv) +G(v) .
(4.30)

We will then breakdown the estimates in a series of smaller lemmas which will be used to
conclude.
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Lemma 4.3.1. Considering χ as above,

∥g(χ)− 1∥C2,α
0,ε

≤ Cετ , ∥g(χ)∥C2,α
0,ε

≤ 1 + Cετ . (4.31)

Proof. Obviously, it is sufficient to prove the first inequality, since the second one can be
recovered by that one using the triangle inequality and the fact that ∥1∥C2,α

0,ε
= 1 . In order

to prove the first one, we observe that

ωn − ωnχ =ωn−1
χ ∧ (ω − ωχ) + ω ∧ (ωn−1 − ωn−1

χ )

=ωn−1 ∧ (ω − ωχ) + i∂∂̄(χωn−2) ∧ (ω − ωχ) + ω ∧ (ωn−1 − ωn−1
χ ) .

Now, from this, we have

∥ωn − ωnχ∥C2,α
0,ε

≤C∥ω − ωχ∥C2,α
0,ε

+ C∥i∂∂̄(χωn−2)∥C2,α
0,ε

∥ω − ωχ∥C2,α
0,ε

+ C∥ωn−1 − ωn−1
χ ∥C2,α

0,ε

≤Cετ

where the last inequality is due to the (4.23), (4.24), (4.25). This last inequality readily
implies that

ωn = ωnχ +O(ετ ) ,

which gives us the claim.

Lemma 4.3.2. For ε sufficiently small, we have that, for any v ∈ C2,α
b,ε ,

∥E(v)∥C0,α
b+2,ε

≤ Cετ∥v∥C2,α
b,ε
.

Proof. Recalling the definition of E, we can conclude that

∥E(v)∥C0,α
b+2,ε

≤C∥g(χ)∥C0,α
0,ε

∥i∂∂̄v∥C0,α
b+2,ε

∥i∂∂̄(χωn−2)∥C0,α
0,ε

≤C∥g(χ)∥C0,α
0,ε

∥i∂∂̄v∥C0,α
b+2,ε

∥i∂∂̄(χωn−2)∥C2,α
0,ε
.

But, now, using (4.31) and (4.23), we have that

∥E(v)∥C0,α
b+2,ε

≤ C(1 + ετ )ετ∥v∥C2,α
b,ε

≤ Cετ∥v∥C2,α
b,ε
.
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Before showing the next Lemma, we notice that for any v at least C2, it holds

Lχv − Lv =
n

n− 1

(
i∂∂̄(vωn−2) ∧ ωχ

ωnχ
− i∂∂̄(vωn−2) ∧ ω

ωn

)
=

n

n− 1

(
g(χ)

(
i∂∂̄(vωn−2) ∧ ωχ

ωn

)
− i∂∂̄(vωn−2) ∧ ω

ωn

)
=

n

n− 1

(
g(χ)

(
i∂∂̄(vωn−2) ∧ ωχ

ωn

)
+ (g(χ)− 1)Lv)

)
.

(4.32)

Lemma 4.3.3. For ε sufficiently small, for any v ∈ C4,α
b,ε , we have that

∥Lχv − Lv∥C2,α
b+2,ε

≤ Cετ∥v∥C4,α
b,ε
.

Proof. Thanks to (4.32), we can obtain that

∥Lχv − Lv∥C2,α
b+2,ε

≤C
(
∥g(χ)∥C2,α

0,ε
∥ωχ − ω∥C2,α

0,ε
∥i∂∂̄(vωn−2)∥C2,α

b+2,ε

+∥g(χ)− 1∥C2,α
0,ε

∥Lv∥C2,α
0,ε

)
≤C

(
∥g(χ)∥C2,α

0,ε
∥ωχ − ω∥C2,α

0,ε
∥v∥C4,α

b,ε
+ ∥g(χ)− 1∥C2,α

0,ε
∥Lv∥C2,α

0,ε

)
.

Now, we can use (4.31), (4.25) and the continuity of L : C4,α
b,ε → C2,α

b+2,ε to obtain that

∥Lχv − Lv∥C2,α
b+2,ε

≤ C((1 + ετ )ετ )∥v∥C4,α
b,ε

+ ετ∥v∥C4,α
b,ε

) ≤ Cετ∥v∥C4,α
b,ε
,

concluding the proof.

It remains to analize G(v). In order to do so, we need two more estimates.

Lemma 4.3.4. For ε sufficiently small,

∥g(χ)Ricch(ωχ)−Ricch(ω)∥C0,α
2,ε

≤ Cετ , ∥g(χ)sch(ωχ)ωχ − sch(ω)ω∥C0,α
2,ε

≤ Cετ .

Proof. We have that

g(χ)Ricch(ωχ)−Ricch(ω) = g(χ)(Ricch(ωχ)−Ricch(ω)) + (g(χ)− 1)Ricch(ω)

= g(χ)i∂∂̄ log(g(χ)) + (g(χ)− 1)Ricch(ω)

On the other hand, we have

∥Ricch(ω)∥C0,α
2,ε

≤ C , ∥sch(ω)∥C0,α
2,ε

≤ C . (4.33)
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Indeed, we know that ω = ω0 +O(|z|m) and then ωn = ωn0 +O(|z|m) which implies that

Ricch(ω) = O(|z|m−2) , sch(ω) = O(|z|m−2)

implying that
ρ2Ricch(ω) = O(|z|m) , ρ2sch(ω) = O(|z|m)

giving us the claim. Now,

∥g(χ)Ricch(ωχ)−Ricch(ω)∥C0,α
2,ε

≤∥g(χ)∥C0,α
0,ε

∥i∂∂̄ log g(χ)∥C0,α
2,ε

+ ∥g(χ)− 1∥C0,α
0,ε

∥Ricch∥C0,α
2,ε

≤C(1 + ετ )∥log g(χ)∥C2,α
0,ε

+ Cετ .

(4.34)

But if we now recall inequalities (4.31), we can use the Taylor expansion and obtain
from (4.34) the first claim. As for the second one, we observe that

g(χ)sch(ωχ)ωχ − sch(ω)ω =g(χ)(sch(ωχ)− sch(ω))ωχ + g(χ)sch(ω)(ωχ − ω)

+ (g(χ)− 1)sch(ω)ω.

Moreover, using (4.31), (4.25) and (4.33), we have that

∥g(χ)sch(ωχ)ωχ − sch(ω)ω∥C0,α
2,ε

≤C(1 + ετ )∥(sch(ωχ)− sch(ω))ωχ∥C0,α
2,ε

+ C(1 + ετ )ετ + Cετ

≤Cετ + C(1 + ετ )∥sch(ωχ)− sch(ω)∥C0,α
2,ε

∥ωχ∥C0,α
0,ε
.

(4.35)
Again, using (4.25), we have that

∥ωχ∥C0,α
0,ε

≤ ∥ω∥C0,α
0,ε

+ ∥ωχ − ω∥C0,α
0,ε

≤ C(1 + ετ ) ,

which put into (4.35) gives that

∥g(χ)sch(ωχ)ωχ − sch(ω)ω∥C0,α
2,ε

≤ Cετ + C(1 + ετ )2∥sch(ωχ)− sch(ω)∥C0,α
2,ε

(4.36)
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On the other hand, we have

sch(ωχ)− sch(ω) =
nRicch(ωχ) ∧ ωn−1

χ

ωnχ
− sch(ω)

=
nRicch(ωχ) ∧ ωn−1

ωnχ
+
nRicch(ωχ) ∧ i∂∂̄(χωn−2)

ωnχ
− sch(ω)

= (g(χ)− 1)sch(ω) + g(χ)
ni∂∂̄ log g(χ) ∧ ωn−1

ωn

+ g(χ)
nRicch(ωχ) ∧ i∂∂̄(χωn−2)

ωn

=(g(χ)− 1)sch(ω) + g(χ)∆ω log(g(χ))

+ g(χ)
nRicch(ωχ) ∧ i∂∂̄(χωn−2)

ωn
,

and then, using again (4.31) and (4.33)

∥sch(ωχ)− sch(ω)∥C0,α
2,ε

≤Cετ + C(1 + ετ )ετ

+ C(1 + ετ )∥Ricch(ωχ) ∧ i∂∂̄(χωn−2))∥C0,α
2,ε

≤Cετ + C(1 + ετ )∥Ricch(ωχ)∥C0,α
2,ε

∥i∂∂̄(χωn−2)∥C0,α
0,ε
.

But, we have

∥Ricch(ωχ)∥C0,α
2,ε

≤∥Ricch(ω)∥C0,α
2,ε

+ ∥i∂∂̄ log g(χ)∥C0,α
2,ε

≤ C(1 + ετ )

∥i∂∂̄(χωn−2)∥C0,α
0,ε

≤∥χωn−2∥C2,α
−2,ε

≤ C∥χ∥C4,α
−2,ε

≤ Cετ
(4.37)

where the last inequality is due to (4.26). Putting (4.37) into (4.36), we have the claim.

Thus, using Lemma (4.3.4), we can conclude that

∥G(v)∥C0,α
b+4,ε

≤ C∥∂∂̄(vωn−2)∥C0,α
b+2

∥∥∥∥g(χ)Ricch(ωχ)−Ricch(ω)− g(χ)sch(ωχ)ωχ − sch(ω)ω

n− 1

∥∥∥∥
C0,α

2,α

≤ Cετ∥v∥C4,α
b,ε

(4.38)
We are finally ready to prove that N is a contraction operator on Uτ .
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Proposition 4.3.5. For ε sufficiently small and b < n− 1, the operator N is a contraction
and N (Uτ ) ⊆ Uτ .

Proof. Consider v = φ1 − φ2 as above,

∥N (φ1)−N (φ2)∥C4,α
b,ε

≤ C∥(Lχ − L)v∥C0,α
b+4,ε

.

Using (4.30), (4.31), Lemma (4.3.3), Lemma (4.3.2) and (4.38) and the continuity of
∆ω : C

4,α
b,ε → C2,α

b+2 and that of L : C2,α
b+2,ε → C0,α

b+4,ε, we have

∥(Lχ − L)v∥C0,α
b+4,ε

≤ Cετ∥v∥C4,α
b,ε

which, after choosing ε sufficiently small, guarantees that N is a contraction. Now fix
φ ∈ Uτ , we have that

∥N (φ)∥C4,α
b,ε

≤∥N (0)∥C4,α
b,ε

+ ∥N (φ)−N (0)∥C4,α
b,ε

≤ ∥N (0)∥C4,α
b,ε

+ Cετ∥φ∥C4,α
b,ε

≤∥N (0)∥C4,α
b,ε

+ Cε2τ+b+2 ≤ ∥L̃−1(sch(ω))∥C4,α
b,ε

+ Cε2τ+b+2

≤C∥sch(ω)∥C0,α
b+4,ε

+ Cε2τ+b+2 .

On the other hand,
∥sch(ω)∥C0,α

b+4,ε
≤ Cεp(m+b+2) ,

from which follows

∥N (φ)∥C4,α
b,ε

≤ Cεp(m+b+2) + Cε2τ+b+2 ≤ Cεmin{τ,pm−q(b+2)−τ}ετ+b+2 .

It is then sufficient to notice that τ can be chosen such that pm− (1− p)(b+ 2) > τ > 0,
giving us the claim the claim.

Hence Theorem 4.0.1 is proven.
As anticipated, our plan is to extend the proof to the whole Chern-scalar constant

balanced case, and we are currently in the process to overcome the analyitical difficulties
arising from the non-Kähler setting.



Chapter 5

Real semisimple Lie groups and
balanced metrics

Despite our work has been mostly focusing on gluing constructions, another very com-
mon technique to search for special metrics is the use of symmetries. The work in this last
chapter is joint work with Fabio Podestà and it can be found in [GiPo]. The paper lies
in the realm of Lie groups and homogeneous spaces, and consists of a construction of a
class of spaces admitting balanced metrics, and satisfying some curvature and topological
constraints. The main statements are the following.

Theorem 5.0.1. Every non-compact simple Lie group Go of even dimension and of inner
type admits an invariant complex structure J and ω an invariant balanced J-Hermitian
metric. Moreover, if Γ is a cocompact lattice, the quotientM = Γ\Go inherits the balanced
structure.

Proposition 5.0.2. Let Go be a non-compact simple group of even dimension and of inner
type together with a co-compact lattice Γ ⊂ Go. If M = Γ\Go is endowed with a standard
complex structure and a Hermitian balanced metric h, then the Chern Ricci form ρ of h
never vanishes and the Kodaira dimension κ(M) = −∞.

By the end, we will notice that the spaces obtained form a quite wide class of complex
manifolds admitting balanced metrics, which have vanishing first Chern class but non-
vanishing first Bott-Chern class, showing again how the absence of the ∂∂-lemma in the
non-Kähler world makes things a lot more unpredictable.

We will also see that the class of spaces constructed do not admit any SKT metric,
providing a new class of spaces in which the Fino-Vezzoni conjecture holds. In particular
we obtained:

91
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Theorem 5.0.3. Let Go be a non-compact simple even-dimensional Lie group of inner type
endowed with the invariant complex structure J as in Theorem 5.0.1. If Γ is a co-compact
lattice of Go, then the complex manifold (M, J) with M = Γ\Go does not carry any
pluriclosed metric.

5.1 Preliminaries
Let go be a real simple 2n-dimensional Lie algebra and let Go be a connected Lie group

with Lie algebra go. It is well known that either the complexification gco is a complex simple
Lie algebra (and in this case go is called absolutely simple) or go is the realification gR of
a complex simple Lie algebra g (see e.g. [He]).

When go is even dimensional, it is known ( [Mo], see also [Sas]) that go admits an
invariant complex structure, namely an endomorphism J ∈ End (go) with J2 = −Id
which extends by left translation to an almost complex structure on Go with vanishing
Nijenhuis tensor. This last condition can be written at the level of the Lie algebra gco as

gco = g1,0o ⊕ g0,1o , [g1,0o , g1,0o ] ⊆ g1,0o ,

where g1,0o , g0,1o are the +i,−i-eigenspace of J on gco respectively.
When Go is non-compact, a result due to Borel ( [Bo]), guarantees the existence of a

discrete, torsion-free cocompact lattice Γ ⊂ Go so that M := Γ\Go is compact and the
left-invariant complex structure J on Go descends to a complex structure J on M.

When Go is compact and even-dimensional, i.e. go is of compact type, we recall that the
existence of an invariant complex structure was already established by Samelson ( [Sam]),
while in [Pi] it was shown that every invariant complex structure on Go is obtained by
means of Samelson’s construction.

If we now consider an even-dimensional simple Lie group Go and a compact quotient
M endowed with an invariant complex structure J, we are interested in the existence of
special Hermitian metrics h. The following proposition states a known fact, namely the
non-existence of (invariant) Kähler structures.

Proposition 5.1.1. Let Go be a semisimple Lie group endowed with a left invariant com-
plex structure J and let Γ ⊂ Go be a cocompact lattice so that M = Γ\Go is compact.
Then the group Go does not admit any invariant Kähler metric and M is not Kähler.

Proof. The first assertion is contained in [Chu], but we give here an elementary proof. If ω
is an invariant symplectic form on go, then the closedness condition dω = 0 can be written
as follows for x, y, z ∈ go

ω([x, y], z) + ω([z, x], y) + ω([y, z], x) = 0. (5.1)
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If B denotes the non-degenerate Cartan-Killing form of go, then we can define the endo-
morphism F ∈ End (go) by B(Fx, y) = ω(x, y) (x, y ∈ s) so that using the biinvariance
of B, (5.1) can be written as

B(F ([x, y]), z)−B([Fx, y], z)−B([x, Fy], z) = 0,

hence F turns out to be a derivation of go. As go is semisimple, there exists a unique u ∈ go
with F = ad(u), so that for x, y ∈ go, ω(x, y) = B([u, x], y) and therefore u ∈ kerω, a
contradiction.

We now suppose that the compact complex manifold M has a Kähler metric with Käh-
ler form ω. Using ω and a symmetrization procedure that goes back to [Bel], we now con-
struct an invariant Kähler form on Go, obtaining a contradiction. We fix a basis x1, ..., x2n
of go and we extend each vector as a left invariant vector fields on Go; these vector fields
can be projected down to M as vector fields x∗1, . . . , x

∗
2n that span the tangent space TM

at each point. As Go is semisimple, we can find a biinvariant volume form dµ, that also
descends to a volume form on M. We now define a left-invariant non-degenerate 2-form
ϕ on Go by setting

ϕe(xi, xj) :=

∫
M

ω(x∗i , x
∗
j) dµ.

As ϕ is left invariant and ω is closed, we have for i, j, k = 1, . . . , 2n

3 dϕ(xi, xj, xk) = −
∑

cyclic (i,j,k)

ϕ([xi, xj], xk) = −
∫
M

∑
cyclic (i,j,k)

ω([x∗i , x
∗
j ], x

∗
k) dµ

= −
∫
M

∑
cyclic (i,j,k)

x∗iω(x
∗
j , x

∗
k) dµ.

As Lx∗i dµ = 0 for every i, we have∫
M

x∗iω(x
∗
j , x

∗
k) dµ =

∫
M

Lx∗i (ω(x
∗
j , x

∗
k) dµ) = 0

by Stokes’ theorem and therefore we obtain that dϕ = 0, hence ϕ is invariant and sym-
plectic, a contradiction.

Therefore we are interested in the existence of special Hermitian metrics on the com-
plex manifold (M, J), in particular balanced and pluriclosed metrics, when the group Go

is of non-compact type.
The case of a simple Lie algebra go which is the realification of a complex simple Lie

algebra g can be easily treated and will be dealt with in subsection 5.1.3.
We will now focus on some subclasses of simple real algebras, namely those which are

absolutely simple and of inner type.
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5.1.1 Simple Lie algebras of inner type
Let go be an absolutely simple real algebra (i.e. gco is a simple Lie algebra) of non-

compact type. It is well-known that go admits a Cartan decompositon

go = k+ p,

where k is a maximal compactly embedded subalgebra and

[k, p] ⊆ p, [p, p] ⊆ k,

so that (go, k) is a symmetric pair. Moreover the algebra go is said to be of inner type when
the symmetric pair (go, k) is of inner type, i.e. when a Cartan subalgebra t of k is a Cartan
subalgebra of go or equivalently its complexification tc is a Cartan subalgebra of gco. Using
the notation as in [He], p. 126, we obtain the list of all inner symmetric pairs (go, k) of
non-compact type with go simple and even dimensional (Table 1).

Type g k conditions

A su(p, q) su(p) + su(q) + R p ≥ q ≥ 1, p+ q odd

B so(2p+ 1, 2q) so(2p+ 1) + so(2q) p ≥ 0, q ≥ 1, p+ q even

C sp(2n,R) su(2n) + R n ≥ 1

C sp(p, q) sp(p) + sp(q) p, q ≥ 1, p+ q even

D so(4n)∗ su(2n) + R n ≥ 2

D so(2p, 2q) so(2p) + so(2q) p, q ≥ 1, p+ q even ≥ 4

G g2(2) su(2) + su(2)

F f4(−20) so(9)

F f4(4) su(2) + sp(3)

E e6(2) su(2) + su(6)

E e6(−14) so(10) + R
E e8(8) so(16)

E e8(−24) su(2) + e7

Table 5.1: Inner symmetric pairs (g, k) of non-compact type with g simple and even di-
mensional.

5.1.2 Invariant complex structures
In this section we will describe how to construct invariant complex structures on even-

dimensional absolutely simple non-compact Lie algebras go of inner type.
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We fix a maximal abelian subalgebra t ⊆ k, so that h := tc is a Cartan subalgebra of
g := gco. Note that if go is even dimensional , the same holds for t. The corresponding root
system is denoted by R and we have the following decompositions

kc = tc ⊕
⊕
α∈Rk

gα, pc =
⊕
α∈Rp

gα,

where gα denotes the root space relative to α ∈ R. A root α will be called compact
(resp. non-compact), when gα ⊆ kc (resp. gα ⊆ pc) and the set of all compact (resp. non-
compact) roots is denoted by Rk (resp. Rp). It is a standard fact that u := k + ip ⊆ g is a
compact real form of g and that we can choose the standard Weyl basis {Eα}α∈R of root
spaces so that

τ(Eα) = −E−α, B(Eα, E−α) = 1, [Eα, E−α] = Hα

where τ denotes the anticomplex involution defining u, B is the Cartan Killing form of g
and Hα is the B-dual of α (see e.g. [He]). If σ is the involutive anticomplex map defining
go, we then have that

σ(Eα) = −E−α, α ∈ Rk,

σ(Eα) = E−α, α ∈ Rp.

If we fix an ordering , namely a splittingR = R+∪R− withR− = −R+ and (R++R+)∩
R ⊆ R+, we can define a subalgebra

q := h1 ⊕
⊕
α∈R+

gα,

where h1 ⊂ h is a subspace so that h1 ⊕ σ(h1) = h. The subalgebra q ⊂ g defined in this
way satisfies

g = q⊕ σ(q)

and therefore it defines a complex structure J on go with the property that q = g10o . This
complex structure depends on the arbitrary choice of h1, i.e. on the arbitrary choice of a
complex structure on t.

We remark that the complex structure J enjoys the further property of being ad(t)-
invariant, namely

[ad(x), J] = 0, x ∈ t.

Therefore if Go is a Lie group with Lie algebra go, then J extends to a left-invariant com-
plex structure on Go and it will be also right-invariant with respect to right translations
by elements h ∈ T := exp(t) (note that T might be non-compact, unless Go has finite
center).

We will call such an invariant complex structure standard.
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Remark 5.1.2. In [Sn] the class of (simple) real Lie algebras of inner type is called “Class
I” and it is then proved that every invariant complex structure in these algebras are stan-
dard, with respect to a suitable choice of a Cartan subalgebra (such complex structures are
called regular in [Sn]).

5.1.3 Invariant metrics and the balanced condition
Let M be a compact complex manifold of the form Γ\Go, endowed with a complex

structure J which is induced by a standard invariant complex structure J on Go, as in the
previous section. It is clear that any left invariant J-Hermitian metric h on Go induces an
Hermitian metric h̄ on M and h̄ is balanced or pluriclosed if and only if h is so. For the
converse, we prove the following

Proposition 5.1.3. If (M, J) admits a balanced (pluriclosed) Hermitian metric, there ex-
ists a left invariant and right T-invariant Hermitian metric on Go which is balanced (pluri-
closed resp.).

Proof. Suppose we have a balanced metric h on M with associated fundamental form ω.
Then using the same notation and arguments as in the proof of Prop.5.1.1, we define a
left-invariant positive (n− 1, n− 1)-form ϕ on Go as follows

ϕe(xi1 , . . . , xi2n−2) :=

∫
M

ωn−1(x∗i1 , . . . , x
∗
i2n−2

) dµ.

As dωn−1 = 0, we obtain that also dϕ = 0. Therefore, we can find an unique (1, 1)-form
ω̂ so that ω̂n−1 = ϕ (see [M]) and the metric given by ω̂ is balanced. As ϕ is left invariant,
so is ω̂ by uniqueness. Now, the group Ad(T) is compact and using a standard avaraging
process we can make ϕe also Ad(T)-invariant. This means that ϕ is also invariant under
right T-translations. Again, by the uniqueness, the same will hold true for ω̂.

As for the pluriclosed condition, the lifted metric from M to Go is clearly pluriclosed
and can be made T -invariant by a standard averaging.

Remark 5.1.4. We can now deal with the case when go is the realification of a simple Lie
algebra g. In this case the complex structure J commutes with ad(go) and go = u + iu is
a Cartan decomposition, where u is a compact real form of g. Let Go be a real group with
algebra go and let U be the compact subgroup with algebra u. Then the metric h which
coincides with −B on u, with B on iu and such that h(u, iu) = 0 is a Hermitian metric
which is balanced. Indeed, h is Ad(U)-invariant and therefore the corresponding δω is
Ad(U)-invariant 1-form, hence it vanishes identically. This is consistent with the fact that
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complex parallelizable manifolds carry balanced metrics as they carry Chern-flat metrics,
as noted in [Ga1], p. 121 (see also [AG], [Gr]).

On the other hand, Go admits no invariant pluriclosed metric. Indeed, any such metric
h can be avaraged to produce an Ad(U)-invariant pluriclosed metric, which would be
balanced by the previous argument. This is not possible, as a metric which is balanced and
pluriclosed at the same time has to be Kähler (see e.g. [AI]), contrary to Prop 5.1.1.

We now focus on the case where go is absolutely simple of inner type, endowed with an
invariant standard complex structure. We fix a Cartan subalgebra t ⊆ k with corresponding
root system R = Rk ∪ Rp as in section 5.1.1 and we consider an ordering R = R+ ∪ R−

giving an invariant complex structure Jo on go/t. We extend Jo to an invariant complex
structure J on go.

We also fix a basis of a complement of t in go

vα :=
1√
2
(Eα − E−α), wα :=

i√
2
(Eα + E−α), α ∈ R+

k ,

vα :=
1√
2
(Eα + E−α), wα :=

i√
2
(Eα − E−α), α ∈ R+

p ,

so that vα, wα ∈ go for every α ∈ R+ and moreover

Jvα = wα, Jwα = −vα,
[H, vα] = −iα(H)wα, H ∈ h,

[vα, wα] = iHα, α ∈ R+
k ,

[vα, wα] = −iHα, α ∈ R+
p .

We now construct invariant Hermitian metrics h on go. First, we define h on t by
choosing a J-Hermitian metric ht on t. If we set mα := Span{vα, wα}α∈R+ , we define for
α ̸= β ∈ R+

h(t,mα) = 0, h(mα,mβ) = 0,

h(vα, vα) = h(wα, wα) = h2α, h(vα, wα) = 0

for hα ∈ R+.
In particular we are interested in constructing balanced Hermitian metrics, namely

Hermitian metrics whose associated (1, 1)-form ω = h(·, J·) satisfies dωn−1 = 0 or equiv-
alently δω = 0, where δ denotes the codifferential.

We use the standard expression of the codifferential in terms of the Levi Civita con-
nection ∇ of h (see e.g. [Bes], p.34)

δω(x) = −Tr∇·ω(·, x) = −
2n∑
i=1

∇eiω(ei, x) =
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=
2n∑
i=1

(ω(∇eiei, x) + ω(ei,∇eix)) ,

where {ei} is an orthonormal basis of go w.r.t. h. Note that both h and J are ad(t)-invariant
and therefore δω is ad(t)-invariant too. This last fact implies that δω vanishes identically
if and only if δω(x) = 0 for every x ∈ t.

We have the following expression for the Levi Civita connection, namely for x, y, z ∈
go

2h(∇xy, z) = h([x, y], z) + h([z, x], y) + h([z, y], x).

Then for every x ∈ t, y ∈ go

h(∇yy, x) = h([x, y], y) = 0.

Therefore for x ∈ t we have

δω(x) =
∑
i

ω(ei,∇eix) = −
∑
i

h(Jei,∇eix) = (5.2)

= −1

2
(h([ei, x], Jei) + h([Jei, ei], x) + h([Jei, x], ei)) .

We now observe that J is ad(t)-invariant and hence h([Jei, x], ei) = −h([ei, x], Jei) for
every i = 1, . . . , 2n, so that (5.2) can be written as

−δω(x) = 1

2

∑
i

h([Jei, ei], x) =

=
1

2
· 2

∑
α∈R+

k

1

h2α
h([wα, vα], x) +

∑
α∈R+

p

1

h2α
h([wα, vα], x)

 =

=
∑
α∈R+

k

1

h2α
h(−iHα, x) +

∑
α∈R+

p

1

h2α
h(iHα, x),

whence δω|t = 0 if and only if

−
∑
α∈R+

k

1

h2α
Hα +

∑
α∈R+

p

1

h2α
Hα = 0.

Summing up, the metric h is balanced when the following equation is satisfied∑
α∈R+

k

1

h2α
α =

∑
α∈R+

p

1

h2α
α. (5.3)

Note that this does not depend on the choice of the metric along the toral part t.
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5.2 Proof of the main result
In this section we will prove our main result Theorem 5.0.1.
We keep the same notation as in the previous sections and we start noting that equation

(5.3) involves the unknowns {hα}α∈R+ and also a choice of positive roots, i.e. an ordering
or equivalenty a complex structure on go. We will always fix a complex structure on t once
for all. It is known that giving an ordering on the root system R is equivalent to the choice
of a system of simple roots Π and that two systems of simple roots are conjugate under
the action of the Weyl group W . We may fix a system of simple roots Π = {α1, . . . , αr}
and put Π = Πc ∪ Πnc, where Πc/nc denotes the set of simple roots which are compact or
noncompact. We set Πc = {ϕ1, . . . , ϕk}, Πnc = {ψ1, . . . , ψl}, k+ l = r = rank(go). Each
root α ∈ R+ can be written as

α =
k∑
i=1

ni(α)ϕi +
l∑

j=1

mj(α)ψj

for ni(α),mj(α) ∈ N nonnegative integers. If we set gα := 1
h2α

and gj := gϕj , hj := gψj ,
equation (5.3) can be written as

∑
α∈R+

k ,α ̸∈Π

gα

(
k∑
j=1

nj(α)ϕj +
l∑

j=1

mj(α)ψj

)
+

k∑
j=1

gjϕj =

=
∑

α∈R+
p ,α ̸∈Π

gα

(
k∑
j=1

nj(α)ϕj +
l∑

j=1

mj(α)ψj

)
+

l∑
j=1

hjψj,

and therefore
gj =

∑
α∈R+

p , α ̸∈Π

gαnj(α) −
∑

α∈R+
k , α ̸∈Π

gαnj(α), j = 1, . . . , k,

hj =
∑

α∈R+
k , α ̸∈Π

gαmj(α) −
∑

α∈R+
p , α ̸∈Π

gαmj(α), j = 1, . . . , l.
(5.4)

Remark 5.2.1. If we consider for instance the case go = su(p, q) (p + q even, p, q ≥
2) and the standard system of simple roots Π = {ϵ1 − ϵ2, ϵ2 − ϵ3, . . . , ϵp−1 − ϵp, ϵp −
ϵp+1, . . . , ϵp+q−1 − ϵp+q} of sl(p+ q,C), then Πnc = {ϵp− ϵp+1} and Πc gives a system of
simple roots for the semisimple part kss of k. This means that every root α ∈ R+

k , α ̸∈ Π
is a linear combination of roots in Πc and therefore the right hand side of the last equation
in (5.4) is nonpositive, so that (5.4) has no solution. This shows that the choice of the
invariant complex structure might not be straightforward.
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The following lemma provides key tools in our argument.

Lemma 5.2.2. For each symmetric pair (go, k) as in Table 1, (go, k) ̸∼= (so(1, 2n), so(2n))
and given a Cartan subalgebra t ⊆ k with corresponding root system R, there exists an
ordering of the roots, hence a system of simple roots Π, such that

∀ψ ∈ Πnc ∃ψ′ ∈ Πnc with ψ + ψ′ ∈ R. (5.5)

This implies that, if Πnc = {ψ1, . . . , ψl}, then for every ψj ∈ Πnc there exists α ∈ R+
k

with mj(α) ̸= 0 and α ∈ Span{Πnc}.

Remark Note that sp(1, 1) ∼= so(1, 4) is also not admissible in the above Lemma. In
general, for go = so(1, 2n) we have the standard system Π = {ϵi−ϵi+1, ϵn, i = 1, . . . , n−
1} with Πnc = {ϵn}. As Rc consists precisely of all the short roots, it is clear that for any
element σ of the Weyl group W ∼= Zn2 ⋉ Sn we have that σ(Π)nc consists of one element.
We will deal with this case later on.

Proof. We first deal with the classical case. We start with the standard system of simple
roots Π, following the notation as in [He]. It is immediate to check that in this case Πnc

consists of a single root ψ.
Assume first to be in the case where ψ is a short root. Let Λ be the set of all simple

roots which are connected to ψ in the Dynkin diagram relative to Π. If s ∈ W denotes the
reflection around ψ, then s leaves every element Π \ Λ pointwise fixed. We observe that
Λ consists of either at most three short roots or it contains a long root. In the first case,
s(Λ) = {ψ + λ| λ ∈ Λ} ⊆ Rp so that s(Π)nc = {−ψ, s(Λ)} and therefore the system of
simple roots s(Π) satisfies (5.5). If Λ contains a long root, then it also contains a short root,
unless (go, k) = (so(2, 3),R+ so(3)), that is isomorphic to (sp(2), u(2)); this case will be
dealt with in the second part of the proof. Therefore Λ = {ϕ1, ϕ2} with ϕ1 short and ϕ2

long. Again the reflection s around ψ gives s(ϕ1) = ψ + ϕ1 and s(ϕ2) = ϕ2 + 2ψ ∈ Rk

or s(ϕ2) = ψ + ϕ2 ∈ Rp. This implies that the system of simple roots s(Π) has s(Π)nc =
{−ψ, ψ + ϕ1} or {−ψ, ψ + ϕ1, ψ + ϕ2} and in both cases it satisfies (5.5).

We are then left with the case where ψ is a long root, namely the case where go =
sp(2n,R) and k = u(2n). A standard system of simple roots is given by Π = {ϵ1 −
ϵ2, ϵ2 − ϵ3, . . . , ϵ2n−1 − ϵ2n, 2ϵ2n} and Πnc = {ψ = 2ϵ2n}. Again using sβ , we see that
sβ(Π)nc = {−2ϵ2n, ϵ2n−1 + ϵ2n} so that condition (5.5) is satisfied.

We may now deal with the exceptional cases. Starting with the standard system of
simple roots Π, we list the set Πnc, that turns out to consist of a single root β. For each
case, using the symmetry sβ we obtain the system of simple roots Π′ := sβ(Π) that satisfies
condition (5.5).
(1) (go, k) = (g2, su(2) + su(2)). Here Π = {α, β}, with β long. We have Πnc = {β} and
Π′ = {−β, α + β}.
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(2) (go, k) = (f4(−20), so(9)). According to [He], the standard system of simple roots is
Π = {α1 = ϵ2 − ϵ3, α2 = ϵ3 − ϵ4, α3 = ϵ4, α4 =

1
2
(e1 − ϵ2 − ϵ3 − ϵ4)} so that Πnc = {α4}

and therefore Π′
nc = {−α4, α4 + α3}.

(3) (go, k) = (f4(4), su(2)+sp(3)). In this case Πnc = {α1} and therefore Π′
nc = {−α1, α1+

α2}.
(4) (go, k) = (e8(8), so(16)). For e8 we have the standard system of simple roots

α1 =
1

2
(ϵ1 + ϵ8)−

1

2
(ϵ2 + ϵ3 + ϵ4 + ϵ5 + ϵ6 + ϵ7), α2 = ϵ1 + ϵ2,

αj = ϵj−1 − ϵj−2, j = 3, . . . , 8.

Then Πnc = {α1} and Π′
nc = {−α1, α1 + α3}.

(5) (go, k) = (e8(−24), su(2) + e7). Keeping the same notation for simple roots as above,
we have Πnc = {α8} and Π′

nc = {−α8, α8 + α7}.
(6) (go, k) = (e6(2), su(2) + su(6)). As the system root system Π can be taken to be

composed of the simple roots {α1, . . . , α6} of e8, we have Πnc = {α2} and Π′
nc =

{−α2, α2 + α4}.
(7) (go, k) = (e6(−14),R+ so(10)). We have Πnc = {α1} and Π′

nc = {−α1, α1 +α3}.

Lemma 5.2.3. For every system of simple roots Π = Πc∪Πnc with Πc = {ϕ1, . . . , ϕk} we
have

∀ j = 1, . . . , k, ∃ α ∈ R+
p , α ̸∈ Π : nj(α) ̸= 0,

where nj(α) denotes the coordinate of α along the root ϕj .

Proof. We start noting that the centralizer Ckc(p
c) = Ck(p)

c = {0}. It then follows that
[Eϕj , p

c] ̸= {0}, hence there exists γ ∈ Rp with [Eϕj , Eγ] ̸= 0, i.e. ϕj + γ ∈ Rp. Now,
if γ > 0, then α := ϕj + γ ∈ R+

p \ Π and nj(α) ≥ 1. Suppose now γ < 0. We write
γ = cjϕj +

∑
θ∈Π\ϕj cθθ for some nonpositive integers cj, cθ. As γ ̸= −ϕj , there exists at

least one negative coefficient cθ < 0, for some θ ∈ Π, θ ̸= ϕj . Therefore the root γ + ϕj
must be negative and 1 + cj ≤ 0, i.e. α := −γ ∈ R+

p \ Π and nj(α) = −cj ≥ 1.

We now fix a system of simple roots Π as in Lemma 5.2.2. In order to solve the cor-
responding system of equations (5.4) for the positive unknowns {gi, hj, gα}, we will show
how to choose the positive values {gα}α∈R+\Π in such a way to guarantee that the constants
{gi, hj}, defined to satisfy (5.4), are positive.

We set

Σk := {α ∈ R+
k | α ̸∈ Π, α ∈ Span{Πnc}}, Ak = (R+

k \ Πc) \ Σk.
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Then the system of equations (5.4) can be written as
gj =

∑
α∈R+

p , α ̸∈Π

gαnj(α)−
∑
α∈Ak

gαnj(α), j = 1, . . . , k, (1)

hj =
∑

α∈R+
k , α ̸∈Π

gαmj(α)−
∑

α∈R+
p , α ̸∈Π

gαmj(α), j = 1, . . . , l. (2)
(5.6)

We start assigning gα = 1 for every α ∈ Ak.
Then, for every j = 1, . . . , k, we use Lemma 5.2.3 selecting a root α ∈ R+

p with
nj(α) ̸= 0, α ̸∈ Π. This root α, which depends on j, contributes to the first sum in the
right hand side of equation (1) in (5.6) and the value gα can be chosen big enough so
that gj is strictly positive. Summing up, we can assign values {gα}α∈R+

p \Πnc so that all gj ,
j = 1, . . . , k can be defined as in (5.6), (1), and are strictly positive.

We now turn to equation (5.6)-(2), which can now be written as

hj =
∑
α∈Σk

gαmj(α) +
∑
α∈Ak

mj(α)−
∑

α∈R+
p , α ̸∈Π

gαmj(α), (5.7)

where in the right hand side the last two sums have a fixed value. Now, by Lemma 5.2.2,
we know that for every j = 1, . . . , l, we can find α ∈ Σk with mj(α) ̸= 0. These roots can
be used to choose the coefficients {gβ}β∈Σk

big enough to guarantee that hj , when defined
to satisfy (5.7), is strictly positive.

In order to complete the proof of our main result Theorem 5.0.1, we are left with
the case (go, k) = (so(1, 2n), so(2n)) with standard system of simple roots Π = {ϵi −
ϵi+1, ϵn, i = 1, . . . , n− 1}, Πnc = {ϵn}. We see that

R+
k = {ϵi ± ϵj, i < j}, Rp = {ϵ1, . . . , ϵn}.

Now, we use equation (5.3) and search for positive real numbers {x, y, zi, i = 1, . . . , n}
so that

x ·
∑
i<y

ϵi − ϵj + y ·
∑
i<j

ϵi + ej =
n∑
i=1

ziϵi,

i.e.
n∑
i=1

[(x+ y)(n− i) + (x− y)(i− 1)]ϵi =
n∑
i=1

ziϵi.

It is clear that the above equation has positive solutions by simply choosing x > y > 0.
This concludes the proof of Theorem 5.0.1.
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Remark 5.2.4. We can consider the metric ho which coincides with −B on the compact
part k, with B on p and such that ho(k, p) = 0. This metric is easily seen to depend only
on go and not on the Cartan decomposition go = k + p. We could then ask whether there
exists a suitable complex structure such that the metric ho turns out to be balanced. The
resulting equation has been already treated in [APo] and has a solution if and only if
go = su(p, p+ 1) ∼= su(p+ 1, p) for p ≥ 1.

5.3 Non-existence of pluriclosed metrics
In this section we prove our result Theorem 5.0.3 concerning the non-existence of

pluriclosed metrics on the compact quotients M we have constructed in the previous sec-
tions and we will keep the same notation used above.

Suppose now that h is a pluriclosed metric on M = Γ\Go. Then we can obtain a
pluriclosed invariant metric h on Go which is also invariant under right T-translations. It
follows that on g we have

h(gα, gβ) = 0 if β ̸= −α.

In order to write down the condition ddcω = 0, where ω is the fundamental form of h, we
recall the standard formula for the differential of invariant forms (see e.g. [He], p.136). If
ϕ is any invariant k-form on Go or equivalently on go, then for every vo, . . . , vk in go

(k + 1) · dϕ(vo, . . . , vk) =
∑
i<j

(−1)i+jϕ([vi, vj], vo, . . . , v̂i, . . . , v̂j . . . , vk).

We set ϕ := dcω and compute dϕ(Eα, E−α, Eβ, E−β) for α, β ∈ R+. We have

4 dϕ(Eα, E−α, Eβ, E−β) = −ϕ(Hα, Eβ, E−β) + ϕ(NαβEα+β, E−α, E−β)

−ϕ(Nα,−βEα−β, E−α, Eβ)− ϕ(N−α,βEβ−α, Eα, E−β) + ϕ(N−α,−βE−α−βEα, Eβ)

−ϕ(Hβ, Eα, E−α),

where we use the standard notation [Eγ, Eϵ] = Nγ,ϵEγ+ϵ for every γ, ϵ ∈ R. Using the
known identities for the Weyl basis (see [He], p. 172,176), we can write that

4 dϕ(Eα, E−α, Eβ, E−β) = −ϕ(Hα, Eβ, E−β)− ϕ(Hβ, Eα, E−α)

+2ϕ(NαβEα+β, E−α, E−β)− 2ϕ(Nα,−βEα−β, E−α, Eβ).
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We also introduce the notation JEγ = iϵγEγ for every γ ∈ R, where ϵγ = ±1 according
to γ ∈ R±. Then

4 ddcω(Eα, E−α, Eβ, E−β) = −dω(JHα, Eβ, E−β)− dω(JHβ, Eα, E−α)

−2iNα,βdω(Eα+β, E−α, E−β)− 2iNα,−βϵα−βdω(Eα−β, E−α, Eβ).

Now we easily compute

3 dω(JHα, Eβ, E−β) = −ω(Hβ, JHα)

and

3 dω(Eα+β, E−α, E−β) = Nα,β(ω(Eα, E−α) + ω(Eβ, E−β)− ω(Eα+β, E−α−β)),

where we have used the fact that Nα,β = Nα+β,−β = −Nα+β,−α (see [He], p. 172). Simi-
larly,

3 dω(Eα−β, E−α, Eβ) = Nα,−β(−ω(Eβ, E−β) + ω(Eα, E−α)− ω(Eα−β, Eβ−α)).

Summing up we have

12 ddcω(Eα, E−α, Eβ, E−β) = −2ω(JHα, Hβ)

−2iN2
α,β(ω(Eα, E−α) + ω(Eβ, E−β)− ω(Eα+β, E−α−β)) (5.8)

−2iN2
α,−βϵα−β(−ω(Eβ, E−β) + ω(Eα, E−α)− ω(Eα−β, Eβ−α)).

If we now set aα := h(Eα, E−α), the pluriclosed condition and (5.8) imply that

0 = −h(Hα, Hβ)− iN2
α,β(−iaα − iaβ + iaα+β)

−iN2
α,−βϵα−β(−iϵβ−αaα−β + iaβ − iaα),

hence

h(Hα, Hβ) = N2
α,β(aα+β − aα − aβ) +N2

α,−βϵα−β(ϵα−βaα−β + aβ − aα). (5.9)

We recall that

aα = h(Eα, E−α) = −h(vα, vα) < 0, α ∈ R+
k ,

aα = h(Eα, E−α) = h(vα, vα) > 0, α ∈ R+
p ,

h(Hα, Hβ) = −h(iHα, iHβ) ∈ R, h(Hα, Hα) < 0.

Now, we note that the existence of the complex structure J, which we constructed
in section 5.2, relies on Lemma 5.2.2. In particular, when go ̸= so(1, 2n), we have the
existence of two simple roots ψ1, ψ2 ∈ Πnc with ψ1 +ψ2 = ϕ ∈ Rk. The following lemma
is elementary.



CHAPTER 5. REAL SEMISIMPLE LIE GROUPS AND BALANCED METRICS 105

Lemma 5.3.1. Either ψ1 + 2ψ2 ̸∈ R or ψ2 + 2ψ1 ̸∈ R.

Proof. As ψ1, ψ2 are simple, we have ±(ψ1 − ψ2) ̸∈ R. Now, ψi + nψj ∈ R if and only
if 0 ≤ n ≤ qj with qj = −2 ⟨ψ1,ψ2⟩

||ψj ||2 ∈ N for i ̸= j. It is then clear that q1, q2 ≥ 2 is
impossible, as ψ1 ̸= ψ2 implies q1 · q2 < 4.

Suppose then that ϕ + ψ1 = ψ2 + 2ψ1 ̸∈ R. We now apply (5.9) with two possible
choices for α, β, namely:

(1) α = ψ1, β = ψ2. Then

h(Hψ1 , Hψ2) = N2
ψ1,ψ2

(aϕ − aψ1 − aψ2).

(2) α = ϕ, β = ψ1. Then

h(Hϕ, Hψ2) = N2
ϕ,−ψ1

(aψ2 + aψ1 − aϕ).

Subtracting (1) from (2) we get

h(Hψ2 , Hψ2) =
(
N2
ϕ,−ψ1

+N2
ψ1,ψ2

)
(aψ2 + aψ1 − aϕ).

This is a contradiction, as h(Hψ2 , Hψ2) < 0, while aψi > 0 for i = 1, 2 and aϕ < 0.
We are left with the case go = so(1, 2n), that we have dealt with separately in section

5.2. In this case the complex structure J is defined by the standard system of positive
roots, namely R+ = {ϵi ± ϵj, ϵi, 1 ≤ i ̸= j ≤ n}. In particular R+

k = {ϵi ± ϵj}i ̸=j
and R+

p = {ϵi}i=1,...,n. We now consider ψi = ϵi, i = 1, 2, ϕ1 = ψ1 + ψ2 ∈ R+
k and

ϕ2 = ψ1 − ψ2 ∈ R+
k . We apply (5.9) in two different ways:

(1) α = ψ1, β = ψ2. Then

h(Hψ1 , Hψ2) = N2
ψ1,ψ2

(aϕ − aψ1 − aψ2) +N2
ψ1,−ψ2

(aϕ2 + aψ2 − aψ1).

(2) α = ϕ1, β = ψ2. Note that ϕ1 + ψ1 ̸∈ R. Then

h(Hϕ1 , Hψ1) = N2
ϕ1,−ψ1

(aψ2 + aψ1 − aϕ1).

Therefore

h(Hψ1 , Hψ1) = (N2
ϕ1,−ψ1

+N2
ψ1,ψ2

)(aψ2 + aψ1 − aϕ1) +N2
ψ1,−ψ2

(aψ1 − aϕ2 − aψ2)

We now recall that, if γ, δ ∈ R, then N2
γ,δ =

q(1−p)
2

||γ||2, where δ + nγ, p ≤ n ≤ q, is the
γ-series containing δ (see [He], p.176). We then immediately see that N2

ψ1,ψ2
= N2

ψ1,−ψ2

and noting furthermore that N2
ϕ1,−ψ1

= N2
ψ1,ψ2

, we can write

h(Hψ1 , Hψ1) = N2
ψ1,ψ2

(aψ2 + 3aψ1 − 2aϕ1 − aϕ2),

hence the contradiction h(Hψ1 , Hψ1) > 0. This concludes the proof of Theorem 5.0.3.
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5.4 Geometric properties
In this last section, we collect some properties of the complex Hermitian manifolds we

have constructed in the previous section, to obtain a the proof of Proposition 5.0.2.

Proof. We consider a standard complex structure J on a manifold M = Γ\Go. We denote
by D the Chern connection relative to a Hermitian metric h which is induced by an invari-
ant metric on Go, again denoted by h. We can moreover suppose that h is invariant by the
right T-translations.

If x ∈ go we define the endomorphism Dx ∈ End (go) as follows: given y ∈ go, we
extend x, y as left invariant vector fields x∗, y∗ on Go and we put Dxy := Dx∗y

∗|e. Clearly
Dx ∈ so(go, h) and [Dx, J] = 0. Moreover

Dxy = [x, y]10, ∀x ∈ g01o , y ∈ g10o , (5.10)

that follows from the fact that T 1,1 = 0, where T is torsion of D.
If R denote the curvature of the Chern connection, where Rxy = [Dx, Dy]−D[x,y], we

are interested in the first Ricci form ρ given by

ρ(x, y) = −1

2
Tr(J ◦Rxy).

As the complex structure and the metric are both invariant under the adjoint action of the
group T = exp(t), we see that

ρ(t, Eα) = 0, ∀α ∈ R,

ρ(Eα, Eβ) ̸= 0 implies β = −α, α, β ∈ R.

Therefore we can compute

ρ(Eα, E−α) =
1

2
Tr(JDHα).

Lemma 5.4.1. For every x ∈ h
Dx = ad(x).

Proof. We use similar arguments as in [Po]. It will suffice to consider the case where
x ∈ h10; then for every α ∈ R+ we have

DxE−α = [x,E−α]
01 = [x,E−α], Dxh

01 = 0
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by (5.10). Then if β ∈ R+ we have

h(DxEα, E−β) = −h(Eα, DxE−β) = −β(x)h(Eα, E−β) = 0 if α ̸= β,

so that DxEα = α(x)Eα = [x,Eα] (mod h). As h(DxEα, h
01) = −h(Eα, Dxh

01) = 0,
we conclude that

DxEα = [x,Eα].

Finally, h(Dxh
10, h01) = 0 and h(Dxh

10, E−α) = −h(h10, [x,E−α]) = 0, so that Dxh =
0 = [x, h].

It follows that
ρ(h, h) = 0

and

ρ(Eα, E−α) =
1

2

2
∑
β∈R+

iβ(Hα)

 = B(Hα, δ), (5.11)

where
δ =

∑
β∈R+

iHβ ∈ t ̸= 0,

hence ρ never vanishes.
We now show that the tensor powers K⊗m

M are holomorphically non trivial for ev-
ery m ≥ 1. Indeed, the metric h induces a Hermitian metric on the line bundles K⊗m

M
with curvature form mρ. If Ω is a nowhere vanishing holomorphic section of K⊗m

M , then
mρ = −i∂∂ log(||Ω||2). If we denote bŷ the result of the symmetrization process, which
commutes with the operators ∂ and ∂, we obtain on Go that ρ̂ = −i∂∂ ̂log(||Ω||2) = 0. As
ρ is invariant, ρ̂ = ρ = 0 and we get a contradiction as δ ̸= 0.

The claim κ(M) = −∞ now follows from Thm. 1.4 in [Ya].

Remark 5.4.2. We note that the manifold M is parallelizable and therefore c1(M) = 0,
hence the Chern Ricci form ρ is exact. Moreover the Chern scalar curvature sCh vanishes
identically, as it can be deduced from the expression (5.11) of ρ or in a simpler way* since
dωn−1 = 0 and

0 =

∫
M

ρ ∧ ωn−1 =
1

n

∫
M

sChωn = sCh
∫
M

ωn.

We also remark here that the balanced condition implies that the two scalar curvatures that
one can obtain tracing the Chern curvature tensor coincide (see [Ga3], p. 501).

We finally note that also for a compact group K endowed with an invariant complex
structure we have hn,0(K) = 0, see [Pi], Prop. 3.7.

*We are indebted to an anonymous referee for this remark
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