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Preface

This dissertation marks the end of my studies as a PhD student at the Department of
Mathematics, Aarhus University. It was written under supervision from Professor
Asger Hobolth in the period from January 2020 to September 2024.

The dissertation consist of an introductory review of the field and the following
five self-contained papers:

Paper A A sampling algorithm to compute the set of feasible solutions for
non-negative matrix factorization with an arbitrary rank
SIAM Journal on Matrix Analysis and Applications (Volume 43)

Paper B Model selection and robust inference of mutational signatures using
Negative Binomial non-negative matrix factorization
BMC bioinformatics (Volume 24)

Paper C Flexible model-based non-negative matrix factorization with applica-
tion to mutational signatures
Statistical Applications in Genetics and Molecylar Biology (Volume 23)

Paper D Integration of opportunities and parametrized signatures to improve
mutational signatures estimation
Paper draft

Paper E A simple extension of non-negative matrix factorization to find struc-
tures and spatially variable genes in multiple tissues
Paper draft

The first three papers are included in the published format of their respective
journals, while the last two are paper drafts that are with-in the final stages before
submission.

Paper A and C are joint work with Asger Hobolth, where I contributed exten-
sively to the research, analysis and writing of these two papers. Paper B and D
were written jointly with Marta Pelizzola and Asger Hobolth, where Marta Pelizzola
and I contributed equally to the research, analysis and writing of these two papers.
Additionally, Lasse Maretty contributed with biological insights and data curation
for Paper B and D. In accordance with GSNS rules, most of Paper A and prelimi-
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nary results of Paper B and C were used in my progress report for the qualifying
examination in January 2022.

The last Paper E is a result of my research stay in autumn 2023, where I visited
Professor Barbara Engelhardt at Gladstone Institutes in San Francisco, USA. It was
written in collaboration with Barbara Engelhardt, where I undertook the majority of
the research, analysis and writing.

The first chapter of the dissertation introduces the field of Non-negative Matrix
Factorization (NMF) and its many statistical properties and challenges with a par-
ticular focus on applications to cancer genomics. It explains the current literature
and how the five papers above contribute to the field. Paper A-D are all based on
applications to mutational counts in cancer tumors, where Paper E uses applications
to gene expression of cells in tissue slices.

Be aware that the notation of NMF in the introductory chapter is equivalent to
the one found in Paper B, D and E, but Paper C deviates slightly and Paper A has
its own separate notation. However, each paper explains its respective notation,
leading to some repetitions between many of the papers, but also helps to avoid
confusion for the papers where the notation deviates.

⋆ ⋆ ⋆

My PhD studies have been a long and rewarding journey, filled with both
obstacles and triumphs along the way. It has been joyful thanks to the many fantastic
people I have met along the way and the end has only been reached thanks to the
invaluable support of many different people.

First of all I am grateful to my supervisor Asger Hobolth, who gave me the offer
and opportunity to pursue a PhD degree. I appreciate our numerous discussions,
your guidance and the endless positive support that you met me with in my many
frustrations during my PhD studies. After our meetings I have always felt energized
and filled with new ideas to move forward.

I also owe special thanks to Marta Pelizzola for choosing to come to Aarhus
University from Vienna at a time when a new collaborator was essential in keeping
me motivated and lifting my spirits. I highly appreciate all the great moments we
have shared and our many technical discussion during my studies.

In the autumn of 2023 I visited Professor Barbara Engelhardt and her group, the
beehive, in San Francisco, which is split between Stanford University and Gladstone
Institutes. I am grateful to Barbara for allowing me to visit and for her support,
both in research and financially, during my stay. I would especially like to thank
Gladstone Institutes and her group there for being extremely welcoming and for
involving me in their social and scientific activities.

All my colleagues at the department of mathematics also deserve a huge thanks
for creating a great working environment. In particular I would like to thank Lota
Copic, Jacob Thøstesen, Kenneth Borup, Helene Hauschultz, Rikke Eriksen and
Anton Tiepner for cake breaks, friday beers and great discussion that gave me



renewed energy for my studies. This also includes Emil Dare, with whom I am
happy to have shared all my years of study. I appreciate that you always checked in
on me to ensure my spirits were high and that I never missed my daily dose of cake.
I also thank Lars Madsen for his help in typesetting this thesis in LATEX, which has
greatly improved its appearance.

Finally, my family and friends deserve a huge thanks for their constant support
and their questions and efforts in trying to understand my studies. Here, an ex-
traordinary attention needs to be given to my husband Jeppe for being my biggest
cheerleader and rock to get me through these studies. A significant part of my
studies has included programming, and here he has been invaluable in various
ways to improve my coding skills and prevented my computer from being thrown
out the window during many frustrating moments. This PhD would surely not
have been possible without your support.

Ragnhild Laursen
Aarhus, September 2024
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Abstract

Non-negative Matrix Factorization (NMF) is one of the most popular methods used
to analyze high-dimensional count data. It is used in various fields of research, and
this dissertation serves as a guideline for analyzing count data with NMF, with a
particular focus on its applications to mutational counts from tumors in cancer. The
statistical properties and challenges of NMF are explained, along with proposed
solutions.

In broad terms, NMF reduces high-dimensional count data into a factorization of
two smaller non-negative matrices, with the goal of retaining the essential informa-
tion in the data. To achieve this, several challenges of NMF need to be considered.
These include the possible non-uniqueness of the factorization, the effects of the
underlying distributional assumptions, how to choose the rank of the factorization,
and how to regularize the results. These challenges and their interconnections are
elaborated upon in the introduction of this dissertation, where Paper A-D explore
solutions to these issues, with a particular focus on applications to mutational counts
in cancer. The final paper discusses the application of NMF to spatial count data,
where the locations of the observations are known. This is relevant to spatial tran-
scriptomics data, where both the location and gene expression of single cells are
known within tissue slices.

Although all the applications discussed focus on cancer genomics data, this
dissertation should equip the reader to use NMF to analyze any type of count data
and obtain an interpretable and robust factorization.
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Resumé

Ikke-Negativ Matrix Faktorisering (NMF) er en af de mest populære metoder, der
anvendes til at analysere høj-dimensionelle tælledata. Det bruges i forskellige forsk-
ningsfelter, og denne afhandling fungerer som en vejledning til analyse af tælledata
med NMF, med særligt fokus på anvendelsen til mutationsdata fra kræft. De sta-
tistiske egenskaber og udfordringer ved NMF forklares, sammen med foreslåede
løsninger.

I brede træk reducerer NMF høj-dimensionelle tælledata til en faktorisering af to
mindre ikke-negative matricer med det formål at bevare den væsentlige information
i dataene. For at opnå dette skal flere udfordringer ved NMF overvejes. Disse inklu-
derer den mulige ikke-entydighed af faktoriseringen, effekten af de underliggende
fordelingsantagelser, hvordan man vælger rangen af faktoriseringen, samt hvordan
man regulerer resultaterne. Disse udfordringer og deres sammenhænge uddybes i
introduktionen af denne afhandling, hvor artiklerne A-D undersøger løsninger på
disse problemer med særligt fokus på anvendelsen til mutationsdata fra kræft. Den
sidste artikel diskuterer anvendelsen af NMF på rumlige tælledata, hvor observatio-
nernes placeringer er kendt. Dette er relevant for rumlig transkriptomisk data, hvor
både placeringen og genudtrykket af enkelte celler er kendt i vævssnit.

Selvom alle de diskuterede anvendelser fokuserer på kræft genomisk data, bør
denne afhandling give læseren de nødvendige værktøjer til at bruge NMF til at
analysere enhver form for tælledata og opnå en fortolkelig og robust faktorisering.
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Introduction

In recent years, the field of machine learning has become increasingly popular
by enabling data-driven predictions and decision-making in a wide variety of
fields. At its core, it relies on principles from statistical modeling, which has a long
history in understanding relationships between variables and quantifing uncertainty.
While statistical models focus on inference and understanding, machine learning
emphasizes predictive accuracy and optimization.

However, in the rush to develop new machine learning algorithms, the statisti-
cal foundations that emphasize model validation, uncertainty quantification, and
interpretability are often overlooked. This oversight can lead to overfitting, lack of
model transparency, and unreliable predictions.

Recognizing the interplay between statistical modeling and machine learning is
crucial. By combining machine learning techniques with solid statistical principles,
we can develop models that are not only powerful but also interpretable, reliable,
and generalizable. As the size of datasets are only getting larger and larger it
is important to balance statistical insight with computational power to advance
effective data analysis.

There exist many different machine learning methods to simplify large datasets,
while retaining the essential information. One of the most popular methods is
Principal Component Analysis (PCA), which arises from the principal components
of a singular value decomposition. The method reduces a high-dimensional data
matrix into the factorization of two smaller matrices, where the components are
orthogonal to each other.

The method is powerful and efficient for many dimensionality reduction tasks,
but it is hard to interpret on the recovered factorization because the entries can be
both negative and positive. Another disadvantage of PCA is that it is minimizing the
squared distance making it very sensitive to outliers if the data is not standardized.
The issue arises because the underlying statistical model assumes the data follows a
normal distribution, which is rarely validated.

Non-negative Matrix Factorization (NMF) is closely related to PCA, but is highly
advantageous for handling count data. One of the main differences is that it imposes
the constraint that all elements in the data and the extracted factor matrices must
be non-negative. This non-negativity constraint ensures that the decomposed com-
ponents are additive and non-subtractive, which aligns well with many real-world
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Introduction

scenarios where negative values might not make sense.
Additionally the non-negative constraint leads to naturally more sparse compo-

nents, which will give a more part based representation of the data (Lee and Seung,
2001). Another difference from PCA is that the components extracted in NMF are
not required to be orthogonal. This allows the factorization to more freely capture
the patterns and structures within the data. However, this flexibility also sometimes
present a challenge, as it can lead to multiple solutions for the same dataset, making
the factorization non-unique.

Another advantage of NMF is its ability to adapt to different types of distribu-
tions, allowing for more accurate modeling of noise in the data and eliminating
the need for standardizing. A shared challenge of both PCA and NMF is the need
to determine the number of principal components or lower dimensional rank to
retrieve the smaller simplified factorization of the data. As this is often chosen based
on the noise explained in the data it is especially advantageous that NMF can adjust
to model the noise correctly. All these properties ensures the key advantage of NMF,
which is interpretability.

The interpretability of NMF has made its use advantageous in many different
fields. It has a long history in chemometrics, under the name self modeling curve
resolution (Lawton and Sylvestre, 1971), and was later studied for environmental
data, under the name positive matrix factorization (Paatero and Tapper, 1994). The
method first became widely known under the name non-negative matrix factorization
after Lee and Seung (1999) derived simple update rules to approximate the factoriza-
tion. In Lee and Seung (2001) they also show its advantage in creating parts-based
representations for images, which highly increased the interest in the method. In
genomics, NMF was first applied to the gene expression of cells in Brunet et al.
(2004) and later applied to mutational counts from cancer tumors in Alexandrov
et al. (2013a).

In this thesis we will focus on the applications of NMF to mutational counts in
cancer tumors (Figure 1a), where the mutational counts from a single patient is called
a mutational catalogue. A mutational catalogue is constructed by comparing a tumor
genome and a reference genome to count the mutations that has occurred. Each
mutation type is defined by the nucleotide bases-—-Adenine, Thymine, Guanine,
and Cytosine—that make up the genome, which are denoted by A, C, G and T.
A specific mutation type refers to a base substitution, in which one of the four
bases—A, C, G, or T—is replaced by one of the other three.

Naturally, there are 4 · 3 = 12 possible base substitutions, but the genome is
double-stranded and symmetric. Since an A on one strand always pairs with a T
on the opposite strand, and similarly, G pairs with C, a change from C to A on one
strand is equivalent to a change from G to T on the opposite strand. As a result, it
is common in the literature to focus only on the following six base substitutions:
C > A, C > G, C > T, T > A, T > C and T > G.

A mutation type is denoted by the base substitution and the immediate flanking
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nucleotide bases to the left and right(Figure 1b). An example of a mutation type
is A[C > A]T, which indicates that a C changed to an A, where the immediate
base flanking to the left was A and to the immediate right was a C. When more
flanking bases are considered the context will simply be extended on both sides as
TA[C > A]TC for two immediate flanking bases.

This means the total number of mutation types is M = 6 · 42 f , where f denotes
the number of flanking bases considered to each side of the base substitution. In the
literature it is common only to consider one flanking nucleotide base to each side
such that M = 96 (Alexandrov et al., 2013b, 2020), but there has evolved an interest
in considering larger context as these can contain important contextual information
(Shiraishi et al., 2015; Krawczak et al., 1998).

Mutational counts are of interest in the analysis of cancer, as it is commonly
known that the main driver of cancer is due to somatic mutations in the genome.
Mutational catalogues has therefore been collected by many different consortia
including The ICGC/TCGA Pan-Cancer Analysis of Whole Genomes Consortium
(PCAWG) (2020) that collected 2,658 whole cancer genomes from 38 different cancer
types.

To analyze the mutational counts it is assumed that each mutational catalogue
arise from a mixture of a certain number of mutational processes. We assume that
these mutational processes are distinct, such that each process leaves a different
characteristic mark on the cancer genome.

These mutational processes are often represented as probability vectors over the
different mutation types, where they are referred to as mutational signatures. This
makes NMF superior to analyze this type of data, because it consists of counts i.e.
non-negative and that these counts is assumed to arise from a positive exposure to

Data
Mutation types

A[C > A]A A[C > A]C A[C > A]G · · · T [T > G]T

P
at
ie
n
ts

1



24 19 2 · · · 9



2 29 30 0 · · · 14
3 25 18 4 · · · 23
...

...
...

...
...

N 114 39 7 · · · 50

Weights/Exposures

1 · · · K
1



331 · · · 909



2 134 · · · 1426
3 652 · · · 1277
...

...
. . .

...
N 66985 · · · 378

Mutational Signatures

A[C > A]A A[C > A]C A[C > A]G · · · T [T > G]T

1



0.0016 0.0005 0.0001 · · · 0.0007

...

...
...

...
...

K 0.0218 0.0181 0.0024 · · · 0.0132≈

(a)

(b)

Figure 1: Overview of non-negative matrix factorization for mutational counts.
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1. Non-negative Matrix Factorization (NMF)

different mutation signatures (Figure 1a).
The first analysis of mutational counts using NMF in Alexandrov et al. (2013a)

laid the foundations for mutational signatures in the Catalogue Of Somatic Muta-
tions In Cancer (COSMIC) (Sondka et al., 2024), which has been further expanded
by many subsequent papers (Alexandrov et al., 2015, 2016, 2020).

COSMIC is a database of somatic variants in cancer, which include a large
catalogue of around one hundred different mutational signatures, that has been
recovered by analyzing mutational counts from different cancers using NMF. Some
of these mutational signatures confirm already known biological aetiology such as
UV-light(Shibai et al., 2017) and tobacco(Alexandrov et al., 2016), but for many of
them the aetiology is still unknown.

The mutational signatures are used to get new insights into the drivers of cancer
and the differences and similarities between different cancers. They also help decide
in better treatment for patients by dividing them into different groups based on their
exposure to certain mutational signatures (Caruso et al., 2017; Zhang et al., 2021). It
is therefore highly important that the retrieved mutational signatures are robust and
reliable.

To ensure that NMF accurately reveals the true underlying structures of the data,
several statistical properties must be addressed. In the following sections, these
properties and extensions of standard NMF will be discussed, with a particular
focus on my contributions to the field. The first section introduces the notation
used in NMF and sections two through five will explore the following properties
of NMF: Non-uniqueness, distributional assumption, choosing the rank and reg-
ularization. Section six and seven explain different extensions of NMF, where the
model is adjusted for specific types of data. Section six explains the inclusion of
mutational opportunities in the analyses of mutational counts and section seven
explain the inclusion of a known location for the observations in the application of
gene expression of cells. And the last section covers some of the general important
points about the computational implementation of NMF.

1 Non-negative Matrix Factorization (NMF)

Let V be a non-negative data matrix of dimension N × M, then NMF aims to
approximate it by the product of two non-negative matrices in the following way

V ≈WH (1)

where the matrices W and H only consist of non-negative entries and has dimensions
N × K and K×M, respectively. Usually, the rank K is chosen magnitudes smaller
than N and M to construct a low dimensional representation of the data V.

For mutational counts each of the N rows of V represents a mutational catalogue
from a patient over the counts of M different mutation types (Figure 1a). The rows
of the matrix H consist of K mutational signatures, which consist of probability
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vectors over the different mutation types. Each row in W represent the exposure or
weight of the different mutational signatures for a certain patient.

2 Non-uniqueness

Apart from the non-negative constraint of the entries in the factorization, there is
no further restrictions applied to NMF. This flexibility means that possibly several
solutions can exist for the same dataset, making the factorization non-unique.

In fact there exist many invertible matrices A ∈ RK×K, such that

W̃ = WA−1 ≥ 0 and H̃ = AH ≥ 0. (2)

Here, W̃ and H̃ are a new solution with non-negative entries that give exactly
the same approximation, W̃H̃ = WH, of the data V.

Trivial solutions for A is a positive diagonal matrix that scales the entries in
W and H or a permutation matrix that re-orders the columns in W and rows in H.
The scaling can be prevented by the extra assumption that the columns in W or
the rows in H need to sum to a specific value. For mutational counts it is usually
assumed that the rows in H has to sum to one, as this makes the rows represent
probability vectors over the different mutation types. The re-ordering is usually
solved by matching the rows and columns of different solutions using any type of
metric like cosine similarity.

2.1 Requirements for a unique factorization

It is common practice to say that an NMF solution is unique if the only possible
solution for A is a scaled permutation matrix (Donoho and Stodden, 2003; Laurberg
et al., 2008), which we will also use in the following. Though, in many cases other
solutions for A exist than a scaled permutation matrix. The extent of this problem
is highly influenced by the sparseness of both W and H. It has been proven by
Donoho and Stodden (2003) that the factorization is indeed unique if both W and
H includes a K-dimensional diagonal matrix after permutation of the rows in W
and columns in H. This is however rarely fulfilled in reality as this requires there
exist rows in the data that are only approximated by a single signature, but each
row is often approximated by a combination of several signatures. Recently, in Gillis
and Rajkó (2023) they constructed weaker conditions to identify partial uniqueness.
They showed that certain columns of W and/or rows of H are unique if the matrices
fulfill certain sparsity structures. There is still more to explore in this area as the
literature often emphasize how these requirements are more strict than necessary
for a factorization to be unique. One could also imagine that certain requirements
of the matrices could give certain bounds to how much the factors W and H can
change.
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2.2 Finding the set of feasible solutions

In the many cases where a factorization does not fulfill the established requirements
for uniqueness, one need to uncover the extend of the problem by finding the
possible Set of Feasible Solutions (SFS) for A in (2).

If K = 1 the factorization is simply a positive linear regression and A is only a
scalar, which clearly makes the solution unique apart from scaling. In the case of
K = 2 there exist simple analytical calculation to find the SFS for A as the matrix
and its inverse has a simple form. Here, we can write A and A−1 in the following
way

A =

(
1− a a

b 1− b

)
⇒ A−1 =

1
1− a− b

(
1− b −a
−b 1− a

)
.

The rows of A has to sum to one to maintain the same scaling of the matrices, which
only leaves two unknown parameters a and b. The bounds for a and b are found by
rewriting the inequalities in (2). After assuming that a + b < 1 the bounds are given
by the following lower bounds

amin = max
m

{
H1m

H1m − H2m

∣∣∣∣H2m > H1m

}
≤ 0

bmin = max
m

{
H2m

H2m − H1m

∣∣∣∣H2m < H1m

}
≤ 0

(3)

from the inequalities of H̃ in (2) and following upper bounds

amax = min
n

{
Wn1

Wn1 + Wn2

}
≥ 0

bmax = min
n

{
Wn2

Wn2 + Wn2

}
≥ 0

(4)

from the the inequalities of W̃. This means the feasible values are a ∈ [amin, amax]

and b ∈ [bmin, bmax]. Notice, that the solution is unique when the matrices W and
H include a diagonal matrix as this means amin = amax = bmin = bmax = 0. The
assumption of a + b < 1 is fullfilled automatically, as the matrix A would otherwise
permute the rows and columns of the factorization. The calculations of these bounds
can both be found in Moussaoui et al. (2005) and Laursen and Hobolth (2022).

Clearly, the SFS for A is simple to uncover for K = 2, but already with K =

3 it becomes very computationally intensive(Borgen and Kowalski, 1985) and it
has only been possible to solve analytically up to K = 4 (Henry and Kim, 1990).
In higher dimension the number of hyper planes will increase extensively and
there is no closed form solution for the bounds of the entries in A. This makes it
computationally heavy to identify the bounds and others have therefore tried to
approximate the SFS numerically (Sawall et al., 2013; Sawall and Neymeyr, 2017).
In Sawall et al. (2013) they introduce a polygon inflation algorithm to approximate
the SFS for K = 3. In this case the SFS can be represented in a 2D plane and from an
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original solution the whole SFS is identified by inflating polygons with an increasing
number of vertices. For K = 4 another ray casting algorithm is proposed in Sawall
and Neymeyr (2017). This method cast rays from origo and identify which rays that
intersect with the SFS and in particular which part of the rays that intersect with the
SFS.

Sampling algorithm (Paper A)

The current methods were very computational expensive and did not apply to K
above four, but often K is chosen in the range between 5 to 20 for mutational counts.
To uncover the extend of the non-uniqueness problem for mutational counts we
therefore developed a new algorithm described in Paper A (Laursen and Hobolth,
2022) to find the SFS. This is a sampling algorithm that can find the SFS for an
arbitrary K and much faster than previous methods. This algorithm is highly
inspired by Gibbs sampling, as the SFS is iteratively found for each signature while
the other signatures are fixed and then a new feasible value for the signature is
sampled.

The algorithm wants to take advantage of the simple calculations for K = 2 and
therefore restrict A in (2) to have the following form

(
Aij(λ)

)
uv =





1− λ if u = v = i

1 if u = v ̸= i

λ if u = i, v = j

0 otherwise.

(5)

that depends on i, j and λ, where i ̸= j. The transformation in (5) will change
signature i to a convex combination of itself and signature j with the scale λ. Notice,
that only two entries are different from the identity matrix and if λ = 0, then
it is simply the identity matrix. The inverse matrix has a simple form as well,
A−1

ij (λ) = Aij
(
− λ

1−λ

)
, which makes it simple to find the SFS for λ. The range of

feasible solutions for λ, such that both WA−1
ij (λ) and Aij(λ)H are non-negative, are

similar to the range of a and b in (3) and (4). In this case, λ is bounded by

λmin(i, j) = max
m

{
Him

Him − Hjm

∣∣∣∣Hjm > Him

}
≤ 0

λmax(i, j) = min
n

{
Wni

Wni + Wnj

}
≥ 0

(6)

Given a solution V̂ = WH, where W, H ≥ 0 and the rows of H sum to one,
our sampling algorithm will find the SFS by repeatedly; sampling two random
signatures i and j, find the range [λmin, λmax], sample a random value λ in this range,
change W to WA−1

ij (λ) and H to Aij(λ)H and save each of these new solutions.
After repeating this multiple times it will leave a whole range of possible solutions
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for each entry of W and H and the algorithm is stopped when this range does
not expand any further. The SFS for each entry is then constructed as the interval
between the minimum and maximum value recovered.

Results of the algorithm on mutational count data and comparisons to the
polygon inflation algorithm are seen in Paper A. It also includes a more detailed
explanation of the algorithm, running times and further details on how to recover
the SFS.

I would like to note that the notation in Paper A is different to the notation
presented here and in the rest of my papers. In Paper A we follow the notation of
Alexandrov et al. (2013a) as it is the first and most popular paper to use non-negative
matrix factorization for mutational counts and we want to make this field aware of
the non-uniqueness problem. This notation is transposing the data matrix, such that
the columns represent the patients and the rows represent different mutation types.
Furthermore, the matrices and dimensions are denoted by different letters.

Perspectives

After applying our algorithm to various solutions from mutational count data, we
concluded that the SFS is relatively small in this field, but still noteworthy in some
cases. The SFS is often small for solutions from mutational counts because the
data is relatively sparse and becomes even more so when the number of flanking
nucleotides for the mutation types is increased.

We know that it is a more extensive issue for datasets in chemometrics and
could potentially also be an issue with many other datasets. And here our sampling
algorithm provide an easy and superior tool to check the non-uniqueness of a
factorization with an arbitrary high rank.

Being aware of the potential issue is essential when recovering a factorization of
a dataset with NMF. In particular we observed that the more similar or flat some of
the signatures are across different features, the larger the SFS will be.

3 Distributional assumption

An often forgotten fact in machine learning is that behind the choice of the loss
function, there is an underlying assumption about the distribution of the data.
Checking whether the assumed distribution is a good fit for the data is unfortunately
an often neglected task. For NMF this can result in wrong estimations of the
factorization as the estimation of W and H is directly dependent on the chosen cost
function.

As with many other methods, the most popular cost function for NMF is to
minimize the squared Euclidean distance between the entries in the data matrix
V and the approximation WH, also referred to as the Frobenius norm. This cost
function assumes that the data follows a normal distribution. However, for NMF,
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we know the data is non-negative and often contains only integer values, as seen for
mutational counts. Therefore, another popular and more sensible assumption is the
Poisson distribution.

3.1 Poisson NMF

For the Poisson distribution we assume the following:

Vnm ∼ Po((WH)nm) n = 1, . . . , N m = 1, . . . , M (7)

which is equivalent to minimizing the Generalized Kullback-Leibler (GKL) diver-
gence

dPo(V||WH) =
N

∑
n=1

M

∑
m=1
{VnmlogVnm −Vnmlog((WH)nm)−Vnm + (WH)nm} , (8)

as it is equal to the negative log-likelihood of the Poisson distribution, up to an
additive constant only dependent on V. Further derivations of this is seen in Paper
A and C. The estimation of W and H under both the Frobenious norm and the GKL
divergence was first introduced by Lee and Seung (1999, 2001), who was the first to
construct multiplicative updates to estimate W and H.

An iterative procedure is necessary to find the estimate of W and H because a
cost function like in (8) only is convex if either W or H is fixed. In Lee and Seung
(2001) they introduce the following updates to minimize the GKL in (8)

W ←W ⊗
(

V
WH

HT
)

H ← H ⊗
(

WT V
WH

)
H ← H

H1M×M

, (9)

where 1M×M is an M×M matrix only containing ones, and ⊗ and is entry wise
multiplication and division, respectively. Notice, that the last update of H simply
normalizes the rows to sum to one.

After initializing W and H by random non-negative entries, the updates are
iterated until convergence of the cost function in (8). These updates ensures that
the entries in W and H remain positive and the cost function is decreasing with
each iteration, if all the initialized values in W and H are positive. In Lee and Seung
(1999) they recover the updates from an MM-algorithm, but equivalent updates are
obtained with an EM-algorithm, which is shown in the methods of Paper C.

The non-convexity of the divergence in (8) means that the updates in (9) only
ensure a local minimum is found. To increase the chance of a global minimum, it is
common to initialize the algorithm multiple times. Initialization, convergence and
other details on the implementation of the algorithm is further elaborated in Section
8.

The updates in (9) have been broadly used and the Lee and Seung (2001) paper,
that includes the multiplicative updates to minimize both the GKL in (8) and the
Frobenius norm, has been cited over 16.000 times.
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A more recent discovery is that the Poisson distribution is over-dispersed for
many datasets. It is because the variance is fixed to be equal to the mean, which
makes it sensitive to high dispersion or outliers in the data. A natural way to extend
the Poisson distribution to include more variability is to use the Poisson-gamma
distribution, which is equivalent to the Negative Binomial distribution shown in
Pelizzola et al. (2023).

3.2 Negative Binomial NMF

For the Negative Binomial distribution the mean and variance has the following
form

E[Vnm] = (WH)nm and Var(Vnm) = (WH)nm

(
1 +

(WH)nm

α

)
. (10)

The extra parameter α will control the level of dispersion, where low values corre-
spond to a high dispersion and α → ∞ will converge to the Poisson distribution,
where the variance is equal to the mean. The negative log-likehood of the Negative
Binomial distribution is equal to the following divergence

dNB(V||WH) =
N

∑
n=1

M

∑
m=1

{
Vnm log

(
Vnm

(WH)nm

)
− (α + Vnm) log

(
α + Vnm

α + (WH)nm

)}
,

(11)

up to an additive constant that only depends on V and α. The derivation are further
described in the methods of Paper B. As expected the limit case for α → ∞ is the
GKL in (8). The multiplicative updates to minimize (11) is given by

W ←W ⊗
V

WH HT

α+V
α+WH HT

H ← H ⊗ WT V
WH

WT α+V
α+WH

H ← H
H1M×M

, (12)

Notice, that both in (9) and (12) the updates of W and H are controlled by the
fraction V

WH that tells whether the approximated entries are too high or too low.
The difference in (12) is the additional division by a term that depends on α. If
there is an entry Vnm that is much smaller than α, this division has little effect,
as
(

α+V
α+WH

)
nm ≈ 1. On the other hand, if Vnm is much larger than both α and

(WH)nm, then
(

α+V
α+WH

)
nm > 1, which scales down the update, preventing excessive

adjustment to this potential outlier.
These updates in (12) were first introduced and derived by Gouvert et al. (2020)

and have later been applied to mutational counts in Lyu et al. (2020) and Pelizzola
et al. (2023).

Patient specific dispersion (Paper B)

In Paper B (Pelizzola et al. (2023)) we make a comparison, on mutational count data,
between assuming the Negative Binomial and the Poisson distribution. We argue
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why the Negative Binomial model makes sense for mutational counts biologically
and supports the hypothesis with residual plots of different datasets that clearly
show overdispersion in the Poisson model.

In Gouvert et al. (2020) they choose the dispersion, α, from a grid search of the
three values 1, 10, and 100, but we suggest to estimate α as the Maximum Likelihood
Estimate (MLE) of the Negative Binomial, where WH is fixed to the estimates from
Poisson NMF (full details in methods of Paper B). This makes it possible for a
much more precise estimate of the dispersion. Another main contribution is that we
observe a high difference in dispersion between patients and therefore introduce a
Negative Binomial NMF, where there is a patient specific dispersion. In this model
the variance is given by

Var(Vnm) = (WH)nm

(
1 +

(WH)nm

αn

)
, (13)

such that there is a dispersion parameter for each patient, α1, . . . , αN , that needs to
be estimated. It is possible to have this very fine grained distinction of the dispersion
between patients now that we have developed a precise estimation procedure of the
dispersion. Under the model with patient specific dispersion we have derived new
updates, which are very similar to the updates in (12). These are given by

Wnk ←Wnk
∑M

m=1
Vnm

(WH)nm
Hkm

∑M
m=1

Vnm+αn
(WH)nm+αn

Hkm
Hkm ← Hkm

∑N
n=1

Vnm
(WH)nm

Wnk

∑N
n=1

Vnm+αn
(WH)nm+αn

Wnk
, (14)

which simply adds different values of α for each patient compared to the updates in
(12).

Perspectives

It is hard to construct a quantile plot for the NMF models because as seen in (7)
and (10), there is only one observation for each mean. We therefore validated the
different models from the residual plots. The method that we used in Paper B to
argue for the Negative Binomial distribution is to plot the residuals against the
mean and show the 95% confidence region of the residuals under the different
distributions. Here, if the residuals increase with the mean the normal distribution
is rejected and if large parts of the data also lie outside of the confidence region for
the Poisson distribution one should use the Negative Binomial distribution.

One of the really crucial issues with assuming a wrong distribution for the data
is the estimation of the rank K. If the chosen model is overdispersed there will be an
overestimation in the rank K as extra signatures are needed to explain the additional
dispersion in the model. This was also one of the main points in Paper B, where we
also developed a new computational method called SigMoS. This method is robust
to estimating the true rank even when the underlying model is misspecified. The
estimation of the rank K and our method SigMoS is further elaborated in the next
section.
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4 Choosing the rank

In NMF, the rank K is a critical hyperparameter that determines the quality and
interpretability of the factorization. A too high rank will lead to overfitting, which
will lose the interpretability of the factors, but a too low rank can give a poor
accuracy of the data and the factors can lack important information. Choosing the
rank for any dataset is a challenging and recurrent problem. The noise in a dataset
makes it difficult to find the true lower dimensional rank.

4.1 Information Criteria

Some of the classical statistical methods to find the correct model for a dataset are
Akaike Information Criterion (AIC) or Bayesian Information Criteria (BIC). These
two information criteria are based on the log-likelihood and are highly related. They
both penalize the log-likelihood by the number of parameters in the model, but the
penalty term is larger for BIC than for AIC. The BIC is given by

BIC = −2ℓ+ ln(nobs)nprm (15)

where ℓ is the estimated log-likelihood value, nobs is the number of observations and
nprm the number of parameters to be estimated. For AIC the term ln(nobs) is simply
replaced by the scalar 2, which means the penalty term is higher for the BIC already
with more than 7 observations.

Some of the methods used to estimate the rank of NMF for mutational counts
are also based on BIC (Fischer et al., 2013; Rosales et al., 2017). In Fischer et al.
(2013) they use the BIC directly, where the number of observations is the number of
patients N and the number of parameters is K ·M(i.e. the number of entries in the
signature matrix H). The optimal rank is then chosen as the K that gave the smallest
BIC. In Rosales et al. (2017) they are using a more bayesian approach to estimate W
and H, which means they have a sequence of estimates of W and H for a specific
rank K. They therefore calculate a median BIC for each possible rank K and choose
the minimum median BIC as the optimal K. To calculate the BIC they choose the
number of observations as the number of patients N as in Fischer et al. (2013), but
the number of parameters nprm is defined as K · (N + M) i.e. the number of entries
in both W and H. Together with the method presented in Rosales et al. (2017) they
also made an R package available called SigneR to estimate the rank and calculate
the NMF factorization.

In Paper B and C we set nprm similar to Rosales et al. (2017) as the entries in both
W and H, but the number of observations is chosen as the number of positive entries
in the data matrix. We found that only using N as the number of observations was
not representative of the large data matrix of observations and found the number
of positive entries more representative. It is therefore not consistent how the BIC is
calculated, which is an issue for consistency and comparison.

12



Introduction

One of the other issues with using the AIC or BIC is that it depends a lot
on the assumed distribution through the likelihood. If a model is misspecified
and overdispersed these information criteria will select additional signatures to
compensate for this overdispersion in the model. The AIC and BIC are therefore
heavily dependent on a right distributional assumption of the data. This is illustrated
in Paper B (Pelizzola et al., 2023), where the rank K is heavily overestimated for
both AIC and BIC, when the true distribution is Negative Binomial but the Poisson
distribution is assumed.

4.2 Cross-validation

Cross-validation is another model selection procedure that is widely applied in
supervised settings, such as regression and classification. It is often shown to have a
better performance compared to other model selection procedures including AIC
and BIC (Gelman et al., 2014; Bro et al., 2008).

Though, implementing the setup into an unsupervised setting, such as PCA or
NMF, is a more challenging task. The simple idea of cross-validation is to split the
data into multiple subsets and train multiple models on the data, where each of the
subsets are left out, and then validate the trained model on the held out subset. The
data used for training is referred to as the training set and the held out subset is
called the test set.

A first thought would be to hold out rows or columns of the data V to train a
model, but that would remove corresponding rows of W or columns of H making it
hard to validate. Because the trained model cannot validate the held out rows or
columns alone.

Instead many methods are holding out a random set of entries in the data matrix,
such that none of the rows or column in V are completely excluded. This idea was
introduced by Wold (1978) to identify the dimension of PCA. One of the issues
with completely excluding entries of V is that the multiplicative updates will be
more complex and therefore more time consuming. A critical review of different
cross-validation methods for PCA are found in Bro et al. (2008). They highlight two
methods as being best for estimating the rank of component analysis. The first is an
improved version of Wold (1978), where they exclude random elements of the data.
The other method comes from a package called ”Eigenvector” Wise et al. (2007),
where they exclude rows of the data and then each variable in the left out samples is
predicted based on the model and the samples excluding that one variable.

For NMF analysis on mutational counts Lal et al. (2021) proposed a cross-
validation method, where they do not have missing data, but instead replace certain
entries of the data by zero. These entries are then simultaneously updated by the
estimate of the factorization while the factors are estimated. The error of the esti-
mates of these ”zero replaced” entries are then evaluated and used to determine
the correct rank. The method in Lal et al. (2021) is implemented as a package
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called SparseSignatures, which both can estimate the rank and create sparse NMF
solutions.

SigMoS (Paper B)

In Paper B (Pelizzola et al., 2023) we developed a new method, SigMoS, to estimate
the underlying rank of a dataset with inspiration from cross-validation to utilize its
efficiency. Our method is also implemented as an R packages called SigMoS.

Our method first estimate the factors W and H from the full data and then the
number of patients N is split into ten random subsets. Afterwards factors Wtrain and
Htrain are estimated for the training datasets, where each subset of patients are left
out. The left out patients are then estimated based on the matrix product between
W from the full data and Htrain from the training data. The minimum mean error of
the ten left out subsets then determine the optimal rank K.

The idea behind this method is that when the optimal rank is chosen, then the
estimated signatures from the full data and the training data will be similar. A
matrix product between the weights of the full model W and the signatures of the
training data Htrain should therefore give a good estimate of the left out patients
when the optimal rank is chosen. The method is described in further detail in Paper
B.

4.3 Alternative methods

Another approach to find the optimal rank, that has also been applied in cancer ge-
nomics is stability analysis. In Alexandrov et al. (2013a) they investigate how stable
the solution of the signatures in H is to different bootstrap samples of the original
data. The reproducibility of the signatures was evaluated by the silhouette width of
all the solutions of H from the different bootstrap samples. This reproducibility is
getting worse as K increases, while the cost function will decrease. The optimal K
is chosen at a point, where the reproducibility is high and the cost function is low.
This method is implemented in a package called SignatureAnalyzer, that can also
recover the mutational signatures from mutational counts using NMF.

Sometimes the optimal K is only determined from the cost function, at the place
where the cost function plateaus. This is also referred to as the elbow method and
is implemented as the model selection procedure in a package called sigfit (Gori
and Baez-Ortega, 2018), that again also can analyze mutational counts with NMF to
find mutational signatures.

In (Shiraishi et al., 2015) they use another method based on splitting. This means
the K is chosen such that no two signatures (i.e. rows) in H have a strong correlation.
The idea behind this method is that when K is too large then a signature would start
to split into two, creating almost identical signatures.
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Perspectives

One of the main advantages of our SigMoS package is that it performs well under
model misspecifications compared to AIC, BIC and other packages including SigneR,
SparseSignatures, SignatureAnalyzer and sigfit. In Paper B we show that our
method performed significantly better than other packages when data was simulated
under the Negative Binomial model, which is because the other pacakages in the
literature assume the underlying distribution is Poisson, which is not always the
case.

Even though cross-validation and stability methods is significantly more accurate
in estimating the rank of the factorization they are more computationally heavy.
This is because they estimate a model for the data several times for a fixed K, where
different parts of the data are left out or bootstrap samples are created. On the other
hand for AIC or BIC only one model needs to be estimated for each K. In Paper B
we see that the information criteria, in particular BIC, performs well when the right
distribution is assumed. One could therefore argue that our SigMoS method is good
when the true underlying distribution is unknown, but when the true distribution
is known it can be computationally advantageous to use BIC. If a dataset is very
computationally heavy and the distribution of the noise is unknown, it is also
sometimes necessary to use the more simple model selection procedures such as the
elbow method.

5 Regularization

All the entries in the factors W and H are free parameters that need to be estimated,
which is causing the non-uniqueness problem elaborated on in Section 2. The large
amount of free parameters also make the factorization less stable. A natural thought
is therefore to regularize or impose extra constraints on the factors such that the
parameters are less free.

5.1 Sparseness constraints of factors

Even though the non-negative constraint of NMF naturally imposes more sparse
factors, there has been a high interest in adding additional sparseness constraints
to the factors (Hoyer, 2004; Pascual-Montano et al., 2006; Pauca et al., 2006). In
particular it has been implemented in cancer genomics for both gene expression data
(Kim and Park, 2007) and mutational counts (Lal et al., 2021). The most common
way to enforce sparseness is to use LASSO, where an extra regularization term is
added to the cost function (Lal et al., 2021; Pauca et al., 2006).

For mutational counts, it is particularly beneficial to enforce additional sparsity
on the weight matrix W to categorize patients into distinct groups. When analyzing
several cancer types at once some signatures should only be present for certain
cancers (Alexandrov et al., 2020). Or when analyzing patients with the same cancer
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there is a high interest in splitting the patients into different treatment groups.
Examples of this is seen in Zhang et al. (2021), where they want to split lung cancer
patients into different subgroups, based on the exposures of a specific signature, to
enhance the development of personalized medicine.

Another approach to enforcing sparser signatures is to use convex NMF, which
adds the constraint that the signatures must be convex combinations of the data
matrix V. An interesting obsevation in Ding et al. (2008) is that k-means can be
viewed as a special case of convex NMF, highlighting its suitability for clustering
tasks.

5.2 Parametrizing entries in the factors

In the analysis of mutational counts there is another way to restrict the entries in the
signature matrix H by the natural connection between the features.

Recall from Figure 1b, that the features for mutational count data are given by
different mutation types. These include information on the base substitution which
can take six different values and its flanking nucleotides, which can be one of the four
A, C, G and T. The number of flanking nucleotides included in the mutation types
differ, but the most common is only to include the immediate flanking nucleotides,
which leaves 4 · 6 · 4 = 96 different features of mutation types.

Notice, that in this case there will be 16 different mutation types with the same
base substitution. It would be natural to think that the mutation rate is connected
for mutation types with the same base substitution, but possibly also for mutation
types where the same nucleotide is flanking to the left or right. An idea proposed
in Shiraishi et al. (2015) is therefore to view the base substitution and each of the
flanking nucleotides as separate factor variables, that has 6 or 4 possible levels. We
denote the base substitution as the factor variable B with six levels and the first left
and right flanking nucleotide as the factor variable L1 and R1 with four levels as
shown in Figure 1b. The model proposed in Shiraishi et al. (2015) then restrict each
signature row in H with the following log additive factor model

log(hℓbr) = βB
b + βL1

ℓ + βR1
r − C (16)

where hℓbr represents an entry of a row in H, where ℓ, r = 1, . . . , 4 and b =

1, . . . , 6, and the constant C assures that the rows of H sum to one. Here, the constant
is given by

C = log

(
∑
ℓbr

exp
(

βB
b + βL1

ℓ + βR1
r

))
.

The model in (16) is a simple model with only 12 parameters compared to the
standard, where there is a parameter for each of the 96 mutation types. The standard
model is equivalent to including all interaction terms between these different factors.
This simple model in (16) includes 12 free parameters because there is 6+ 4+ 4 = 14
different variables, but two of these will be confounding in the factor model.
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In Shiraishi et al. (2015) they showed that the more simple parametrization was
especially beneficial when more flanking nucleotides was considered. In the paper
they considered a dataset with two flanking nucleotides, which has M = 6 · 44 =

1536 mutation types. Using a simple additive model similar to (16) they could
reduce the number of parameters to 6 + 4 · 4− 4 = 18, as there is four confounding
variables in this case. They showed that this large reduction in the number of
parameters gave more robust signatures, that had a high reproducibility when the
data was down-sampled. A disadvantage of the simple model from Shiraishi et al.
(2015) is that it gives a much worse fit to the data compared to the standard model,
which made us propose a middle ground between the standard and simple model
in Laursen et al. (2024).

Flexible parametrization (Paper C)

In Paper C (Laursen et al., 2024) we sought to find the middle ground between the
very simple model constructed in Shiraishi et al. (2015) and the standard NMF model
for mutational counts in Alexandrov et al. (2013a). We also wanted to construct a
more flexible model where one could specify the appropriate parametrization of the
features and where each signature could have its own parametrization.

Recognizing that the model in Shiraishi et al. (2015) is simply multinomial logistic
regression made it possible to construct a more general setup where each row in H
was modeled in the following way:

log(Hk) = Xkβk − C. (17)

where Hk represents the kth row of H and the constant C assures that the rows in
H sum to one and is given by log

(
∑M

m=1 exp(Xkβk)m

)
. Here, the parametrization can

be arbitrarily chosen through the design matrix X. This makes it possible to have
any parametrization of the signatures including the simple model from Shiraishi
et al. (2015) and the standard model in Alexandrov et al. (2013a). In particular we
introduced the following parametrization:

log(hℓbr) = βB
b + βL×B

ℓb + βB×R
br − C, (18)

where the interaction between the neighboring features is included. We found
this parametrization more biologically plausible and showed that it both had the
robustness of the simple parametrized signatures in Shiraishi et al. (2015), while still
maintaining the good fit of the data as the standard model.

The parametrization of the mutational signatures in H are imposed by adding an
extra update step to (9), that ensure the rows follow the predefined parametrization.
Given a list of design matrices X1, . . . , XK for each signature, the update of H in (9)
is replaced by updating each row Hk in the following way:
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1. Calculate the original update of Hk from (9) as

yk = Hk ⊗
(

WT
k

V
WH

)

2. Estimate the Poisson regression

log(yk) = Xkβk

by finding the parameter vector β̂k.

3. Update the row Hk following this parametrization

Hk ←
exp(Xk β̂k)

1′ exp(Xk β̂k)

(19)

Notice, that Poisson regression is preformed instead of multinomial logistic
regression and then the estimates are simply scaled to sum to one afterwards. This
is known as the ’Poisson trick’ Lee et al. (2017), which is further described in Paper
C.

Perspectives

In Paper C we compare different parametrizations on three different datasets, where
two of them have one flanking nucleotide with M = 96 and a last dataset that is
equivalent to the one in Shiraishi et al. (2015) with two flanking nucleotides at each
side i.e. M = 1536. We show that our more flexible model is a good middle ground
that both gives robust signatures, while maintaining a good fit to data. To support
the extension of different parametrizations for each signatures, we recovered the
top factor variables that best explain the different mutational signatures. Here, we
saw that some include three way interaction, but others mainly include two-way
interactions and a few of the mutational signatures can be explained by the simple
additive model, which supports that different parametrizations is beneficial.

In Paper C we introduced our parametrized NMF model for poisson NMF, but it
can be easily extended to any NMF updates by changing step 1 in (19). For example
in Paper D the procedure in (19) is implemented for the Negative Binomial NMF
updates.

6 Opportunities

In the analysis of data it is important to consider if certain unwanted bias are
included in data, which could affect the analysis and thereby conclusions. These
bias are sometimes caused by the absence of important covariates, which is the case
for mutational counts.

Recall, that mutational counts are the number of times a certain mutation oc-
curred in a genome. The mutational catalogue for a genome could for example
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include 5 of type A[T > A]G and 50 of type A[T > A]T, which would indicate that
there is a much higher probability of a mutation when a T is flanking to the right
compared to a G. But if there is 10 times as many occurrences of the triplet ATT
compared to ATG in the genome, then that could be the sole explanation of this
difference.

If the four nucleotides in the genome were placed at random with equal prob-
ability, then this would not be an issue, but this is not the case. Indeed there is an
intrinsic system of how the nucleotides are placed in the genome and therefore a
variation in the occurrences of different nucleotide contexts. The occurrence of a
certain nucleotide context in the genome is denoted as the opportunity of the cor-
responding mutation type. The name opportunity arises because it reflects at how
many cites in the genome the mutation type had an opportunity to occur. Failing
to account for these differences in the opportunity can lead to an undesirable bias
towards certain mutation types in the signatures. In the literature there has been
implemented different extensions to the analysis of mutational counts to account for
the difference in the opportunity of the mutation types.

6.1 Background signature

In Shiraishi et al. (2015) and Lal et al. (2021) they include a background signature
in the analysis of mutational counts to account for the intrinsic composition of the
genome. Compared to the factorization in (1) they include an extra term to the
factorization in the following way:

V ≈ w0h0 + WH (20)

where w0 ∈ RN
+ is a column vector of weights for the background signature and

h0 ∈ RM
+ is a row vector including the background signature. Each entry in the

background signature is set as the opportunity for the corresponding mutation type
and then divided by the total to obtain a probability vector. After the background
signature is fixed they estimate the corresponding weights in w0 for each patient.
The matrix product w0h0 is then subtracted from the data V before the estimation
of W and H. The idea is that the background signature can subtract the potential
biases in the data, which are caused by the intrinsic composition of the genome.

6.2 Probabilistic inclusion (Paper D)

Another incorporation of the mutational opportunity is shown in Fischer et al. (2013)
and Paper D. Here, the opportunity is incorporated into the probabilistic model in
the following way:

Vnm ∼ Pois((WH)nmOm), (21)

where Om denotes the opportunity for mutation m. The estimated mutational
signatures in (21) will be adjusted for the opportunity, such that the probabilities
will reflect the actual relative differences in the mutation types.
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In Paper D we further explain the inclusion of opportunities as in (21) and extend
it to the Negative Binomial model, where (WH)nm is again replaced by (WH)nmOm

in the model i.e.

E[Vnm] = (WH)nmOm and Var(Vnm) = (WH)nmOm

(
1 +

(WH)nmOm

α

)
. (22)

The multiplicative updates under the Negative Binomial model in (22) are derived
in Paper D and given by

Wnk ←Wnk
∑M

m=1
Vnm

(WH)nmOm
Hkm

∑M
m=1

Vnm+αn
(WH)nmOm+αn

Hkm
Hkm ← Hkm

∑N
n=1

Vnm
(WH)nmOm

Wnk

∑N
n=1

Vnm+αn
(WH)nmOm+αn

Wnk
(23)

for each entry n = 1, . . . N, k = 1, . . . , K and m = 1, . . . , M. Notice, that the differ-
ence from the updates in (12) is again (WH)nm which is replaced by (WH)nmOm.

Actually, we can note that including opportunities into the model is only a matter
of multiplying a constant. The original factorization in (1) can simply be rewritten
as

V ≈WH = W H




1
O1

0 . . . 0
0 1

O2
. . . 0

...
. . .

...
0 . . . 1

OM




︸ ︷︷ ︸
H̃ signature matrix for the model with opportunities




O1 0 . . . 0
0 O2 . . . 0
...

. . .
...

0 . . . OM




= WH̃O

where O is the diagonal matrix with entries O1, . . . , OM.
This means the optimal estimate of H in the model without opportunities in (1)

simply need to be scaled by a diagonal matrix to include the opportunities. Applying
the updates in (23) is thereby equivalent to applying the original Negative Binomial
updates in (12) and afterwards multiplying H by O−1. The estimation of W and
H does therefore not necessarily have to change under the standard model, as the
opportunities can be incorporated afterwards by scaling. Though, this is not the
case when the signatures are parametrized as explained in (19).

Perspectives

In the parametrized models it will have a high influence if the opportunities is in-
cluded in the multiplicative updates, which is shown in Paper D. The opportunities
will change the landscape of the signatures, which means different and often simpler
models would be able to parametrize the signatures. In Paper D, we demonstrate
that a simple parametrized model provides a better fit for the signatures when
opportunities are included, compared to when they are not. This shows that much
of the variation in the data can be explained by the opportunities, which is also sup-
ported by showing that the opportunities and the mutational counts are positively
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correlated. We show that this correlation increases, when larger contexts, with more
flanking nucleotides are considered.

We also show that for all models including the standard model, the inclusion of
opportunities improves prediction of mutations in new regions, where the opportu-
nity is known. In particular it improves the prediction of mutation types with a very
large or small opportunity, which is also shown in the paper.

7 Spatial data

Another possible extension of NMF is the incorporation of spatial information, which
leverages a known location of each observation in the data matrix. This extension
is of particular interest in genomics, where a new technology from 2015(Chen
et al., 2015), called MERFISH, can now map the location of cells together with their
gene expression in a slice of tissue. This type of data makes it possible to get a
better understanding of the structures in tissue(Velten and Stegle, 2023). In cancer
genomics it is highly beneficial to further understand the biological processes in
and around a tumor. Here, these new technologies make it possible to identify
inflammation and anti-tumor regions of cancer tumors Pelka et al. (2021).

In this context, the data matrix V contains gene expression counts, where the N
rows correspond to different cells and the M columns represent different genes. The
rows of H represent distinct gene signatures, that often consist of gene markers for
a certain cell type. The rows of W are the weight or activity of the different gene
signatures for each cell, which are often sparse because many of the gene signature
are cell type specific.

Gene expression data on its own has been available for decades and was already
analyzed with NMF in Brunet et al. (2004), but the recent addition to this data is the
known location of each cell in the tissue. This contributes an additional data matrix
X ∈ RN×2 that tells the location of each cell in a tissue slice. Sometimes several
slices are created from the same tissue making the location available in 3D and not
only 2D.

The goal is to incorporate the location into the model to recover spatial gene
signatures, structures and interesting multicellular neighborhoods in tissue. Within
the last few years there has been developed a large range of different methods to
model spatial genomics data (Li and Zhou, 2022; Zhao et al., 2021; Hu et al., 2021;
Chen et al., 2020; Yuan et al., 2022; Yuan, 2024; Dong and Zhang, 2022), including
some that builds on extensions of NMF (Ma and Zhou, 2022; Townes and Engelhardt,
2023; Chidester et al., 2023).

7.1 Extension of NMF to model spatial data

The extension of NMF to model spatial data adds an additional constraint to the
columns of W, as they represent the activity landscape of gene signatures over the
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cells in the tissue. The shared goal is to make weights of neighboring cells more
correlated.

The methods in Ma and Zhou (2022) and Chidester et al. (2023) essentially add a
Markov Random Field (MRF) assumption to the columns of W. The difference is
that in Ma and Zhou (2022) they use a gaussian MRF, but in Chidester et al. (2023)
it is a simple MRF as each cell only depends on the nearest neighbor and not on
a neighborhood determined from a Gaussian kernel. In Townes and Engelhardt
(2023) they add a Gaussian prior to the columns of W, where the correlation matrix
is defined from a Gaussian kernel as in Ma and Zhou (2022).

For the MRF it is assumed that each entry in W can be determined by its neigh-
bors, which means each entry in W is adjusted as an average if its neighbors. For
the Gaussian prior the entries in W is sampled from a multivariate normal with the
specified correlation structure.

In Ma and Zhou (2022) they have derived update rules, but only in for updating
W, as they assume the gene signatures in H are known. In both Chidester et al. (2023)
and Ma and Zhou (2022) they use gradient decent to optimize a posterior likelihood.
Gradient decent is really time consuming compared to deriving multiplicative
updates and especially in Townes and Engelhardt (2023) that has the bottleneck of
having to inverse the correlation matrix of dimension N.

The number of cells N are between thousands to a million in one slice and M
can be any subset of the 30.000 known genes. The data is therefore significantly
larger than the mutational counts data, where N is usually in the hundreds and
M is typically 96. This means the computational aspect needs to be more highly
considered for this type of data in the development of new methods. It is important
to balance the statistical insights with computational power to make sure that the
model and analysis can be obtained for the data in reasonable time.

The other methods that model spatial genomics data (Li and Zhou, 2022; Zhao
et al., 2021; Hu et al., 2021; Chen et al., 2020; Yuan et al., 2022; Yuan, 2024; Dong
and Zhang, 2022) are based on extensions of PCA or graph neural networks, which
are often faster than NMF but most of them only cluster the tissue, where the
underlying interpretation of the clusters are unknown and need to be found from
different post processing steps. The unique ability of NMF to produce directly
interpretable results makes it especially compelling to explore methods that extend
NMF to model high-dimensional spatial data, which was the motivation for Paper
E.

Neighborhood NMF (Paper E)

In Paper E we have developed a new method that is computationally efficient while
maintaining the interpretability of the results. This is possible because we are using
the fast multiplicative updates instead gradient decent.

We are also incorporating the spatial information in a very simple, but intuitive
way that adds an additional fast multiplicative update. This makes our method
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feasible to run on million of cells, while preserving the gene expression of each cell
and not bagging cells together or analyzing a reduced set of metagenes constructed
from PCA like many other methods in the literature (Li and Zhou, 2022; Chen et al.,
2020; Yuan, 2024).

Our algorithm combines the multiplicative updates from Lee and Seung (2001)
together with a Gaussian smoothing step, such that the updates are as follows:

H ← rnorm
(

H ⊗
(

WT V
WH

))
(24)

W ←W ⊗
(

V
WH

HT
)

(25)

W ← rnorm(Sϕ(X))W (26)

where Sϕ(X) is the Gaussian kernel given by

(Sϕ(X))ij = exp

(
−||xi − xj||22

ϕ2

)
.

Here, ϕ determine the length scale of how large a neighborhood to correlate to
and xi is the two or three dimensional coordinates of cell i. The function rnorm(·)
defines a matrix transformation that row normalizes. This means rnorm(Sϕ(X)) is a
normalized version of Sϕ(X), where the rows sum to one to ensure a neighborhood
average and H are normalized as seen in the usual Poisson updates in (9).

The additional update in (26) is not derived to minimize a specific cost function.
Instead it is inspired by the statistical rule, that given a vector of independent
standard normal distributions Z ∈ RN , then the vector Sϕ(X)Z will have covariance
Sϕ(X)Sϕ(X)T = Sϕ(X)2. And because (Sϕ(X))ij is positive for neighboring cells
i and j, we also know that the correlation is increased between neighbors. The
normalization of the rows of Sϕ(X) is necessary to assure that the mean value of the
entries in W is not changed.

All in all the updates (24) and (25) will minimize the GKL, while the last update
(26) will increase the correlation in W between neighboring cells.

Perspectives

The huge advantage of the updates for NNMF in Paper E is that they are simple,
intuitive and performs well on real data compared to other methods in the literature.
The other methods that are extending NMF use the very time consuming gradient
decent, as the models are too complex to derive multiplicative updates. This means
they do not apply to the increasing amount larger datasets with up to a million cells
or multiple tissues.

In Paper E, NNMF is applied to three different datasets, where one of these
include a dataset of two slices with almost two million cells in total. This shows
its ability to apply to very high-dimensional data. It can also be seen from the
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results that the method gives a more detailed distinction of smaller structures in
the tissue compared to other methods that are bagging cells and not preserving the
information of each cell. Additionally, the method is compared to two of the best
performing methods in the literature (Li and Zhou, 2022; Yuan, 2024). Here, NNMF
runs several times faster than the method that produce comparable results and the
other method is faster than NNMF, but performs significantly worse in the results.
Results and further details on the method can be found in Paper E.

8 Computational implementation

During the implementation of different algorithms for NMF I have faced a lot of
non-statistical challenges. Some of the most important and crucial ones to be aware
of is mentioned below.

8.1 Floating point precision

In some cases the entries of W and H reach zero in the estimation, even though the
theory states that this is impossible if they are initialized by positive entries (Lee and
Seung, 1999). This is caused by a common issue in programming, which is floating
point precision. A floating number has a limit in the number of decimals saved,
which means very small decimal numbers in W or H are rounded to zero. This can
result in division by zero in the multiplicative updates, which causes an error in the
estimation. In our implementations we have solved this by adding a lower limit of
1e−10 to the entries of W and H during estimation.

8.2 Initialization

As mentioned in section 3 the updates for W and H from one initialization only
assures a local minimum. It is therefore important to initialize the updates multiple
times to increase the chance of finding the global minimum. The algorithms for NMF
are only suboptimal, as there is no guarantee of recovering the global minimum.
However, we assume the global minimum is reached when the solution is consistent
across runs.

Sometimes a very large number of initializations need to be given to retrieve the
global minimum. This is for example the case for the flexible parametric model in
Paper C, which often required at least 100 random initialization to make sure that it
recovered the global minimum. It requires an extensive amount of computational
power to run the algorithm to convergence 100 times, so often other approaches are
used to circumvent this.

In Biernacki et al. (2003) they test a lot of different ways of initializing an EM-
algorithm to recover the highest likelihood. They show that the most efficient way
is to initialize a very large number of times for a few iterations, and then only run
the best one until convergence.
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This procedure was implemented for the parametric NMF algorithm in Paper
C, where we initialized the algorithm 100 times. For each initialization we ran
50 iterations, and then we selected the best performing initialization to run until
convergence.

Another way to get consistent results is to be more accurate in the initialization.
In Paper E we initialize standard NMF multiple times and iterate each 50 times.
Neighborhood NMF is then initialized by the best factorization from the standard
model. This initialization procedure is often referred to as a warm start, which is
popular in machine learning. The idea is to create a more sensible initialization of
an algorithm to make convergence faster.

8.3 Stopping criteria

The stopping criteria of the iterative updates are most commonly chosen based on
the convergence of the cost function. Such that the algorithm is assumed to have
converged and stopped, when the cost function changes less than ϵ.

As the algorithms for NMF often has a slow convergence in the end it is essential
to chose ϵ such that an optimal solution is recovered, but also avoid that it runs
forever with minimal change in the cost. The value of the cost function can deviate
extensively between different datasets, which can make it hard to recover a shared
optimal threshold. In our implementations we therefore divide the difference in
the cost function by the current value to look at the relative decrease in the cost
function. Then we instead stop the algorithm, when this relative difference changes
less than ϵ. This makes it easier to construct a common value for ϵ, which we often
set between 1e−5 to 1e−10.

In all our implementations we have also added an additional stopping criteria of
a maximum number of iteration to make sure they do not continue forever. This is
set to 10.000 for most of the papers, except for paper E where it is set to 500 iterations.

8.4 Boosting R Performance

All the algorithms and packages from the included papers were constructed in R,
which is one of the most popular language for statistical computing. Even though it
is very intuitive to use it has a disadvantage in its computational speed. One way to
minimize this disadvantage of R is to utilize its Foreign Function Interface with C++
using the package Rcpp. This enables the user to easily and with minimal overhead
make function calls to compiled C++ code. Writing code in C++ enables manual
memory management and allows the user to write more performant code. For all
our implementations we have moved the core iterations into C++ to greatly speed
up the estimation. Below, the publicly available packages and repositories from the
included papers are listed. Further details and documentations can be found on the
respective links.
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Public packages

SFS : www.github.com/ragnhildlaursen/SFS (Paper A)
SigMoS : www.github.com/MartaPelizzola/SigMoS (Paper B)
NNMF : www.github.com/ragnhildlaursen/NNMF (Paper E)

Public repositories

Paper A : www.github.com/ragnhildlaursen/sampleSFS_paper

Paper C : www.github.com/ragnhildlaursen/paramNMF_ms
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Abstract. Nonnegative matrix factorization (NMF) is a useful method to extract features
from multivariate data, but an important and sometimes neglected concern is that NMF can result
in nonunique solutions. Often, there exist a set of feasible solutions (SFS), which makes it more
difficult to interpret the factorization. This problem is especially ignored in cancer genomics, where
NMF is used to infer information about the mutational processes present in the evolution of cancer.
In this paper the extent of nonuniqueness is investigated for two mutational counts data, and a new
sampling algorithm that can find the SFS is introduced. Our sampling algorithm is easy to implement
and applies to an arbitrary rank of NMF. This is in contrast to state of the art, where the NMF rank
must be smaller than or equal to four. For lower ranks we show that our algorithm performs similar
to the polygon inflation algorithm that is developed in relation to chemometrics. Furthermore, we
show how the size of the SFS can have a high influence on the appearing variability of a solution. Our
sampling algorithm is implemented in the R package SFS (https://github.com/ragnhildlaursen/SFS).

Key words. identifiability, mutational processes, nonnegative matrix factorization (NMF),
sampling, uniqueness
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1. Introduction. The applications of nonnegative matrix factorization (NMF)
are many, and one of them is in pure component analysis for analytical chemistry. In
this field, it is a big obstacle that the solution from NMF is nonunique, such that there
exist a set of feasible solutions (SFS) and not only one. As a consequence, there exists
a vast literature in chemometrics on finding the SFS, both for general applications
of NMF and more specific applications to chemical data [3, 7, 14, 21]. Having a
nonunique solution to NMF makes it problematic to interpret the factorization. NMF
is an unsupervised learning method that factorizes a nonnegative data matrix M \in 
\BbbR K\times G

+ into two nonnegative matrices P \in \BbbR K\times N
+ and E \in \BbbR N\times G

+ [15]. The rank N
is usually chosen much smaller than K and G. This means the factorization is an
approximation

M \approx PE.

In the remainder of this paper we assume that such an approximation is found; we
refer to section 5 for a discussion of this issue. All the entries in P and E are free
parameters that need to be estimated. The problem with the factorization is the large
amount of free parameters such that other solutions can be constructed by finding
invertible matrices A \in \BbbR N\times N that fulfill

(1.1) \~P = PA \geq 0 \~E = A - 1E \geq 0.

Then the product of \~P and \~E gives the exact same approximation of M as the
product of P and E. Trivial ambiguities exist when A is either a diagonal matrix
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or a permutation matrix, which scales or reorders the columns in P and rows in
E. These ambiguities are always possible, so it is standard to define P and E as a
unique solution to NMF if the only possible ambiguities are scaling and/or reordering
[4, 11, 13, 17]. Here, the SFS for P and E are defined as

\scrM (P ) =
\Bigl\{ 
\~P \in \BbbR K\times N

+

\bigm| \bigm| \bigm| \exists invertible A \in \BbbR N\times N : \~P = PA \geq 0 and \~E = A - 1E \geq 0
\Bigr\} 
,

\scrM (E) =
\Bigl\{ 
\~E \in \BbbR N\times G

+

\bigm| \bigm| \bigm| \exists invertible A \in \BbbR N\times N : \~P = PA \geq 0 and \~E = A - 1E \geq 0
\Bigr\} 
,

(1.2)

where A is normalized such that the columns of \~P = PA sum to one, as this removes
the scaling ambiguity. This can be shown as follows:

K\sum 

j=1

\~Pjn =
K\sum 

j=1

\Biggl\{ 
N\sum 

i=1

PjiAin

\Biggr\} 
=

N\sum 

i=1

Ain

K\sum 

j=1

Pji

\underbrace{}  \underbrace{}  
=1

=
N\sum 

i=1

Ain

for each n = 1, . . . , N and therefore constructing A such that the columns sum to
one would automatically ensure the columns of \~P to sum to one, such that the whole
SFS, ( \~P , \~E), have the same scaling. The problem of reordering of the entries can be
solved by ordering by cosine similarity.

In chemometrics, the SFS for a given NMF solution has been investigated since
1971, where Lawton and Sylvester [14] first introduced the analytical calculation for
finding the SFS for rank two, i.e., N = 2. A vast literature has later evolved on finding
the SFS for a higher rank, N \geq 3, both by analytical calculations and with numerical
algorithms [3, 7, 10, 18] . The analytical calculations of the SFS have been extended
to ranks of three and four [3, 10] but require a significant amount of calculations when
the size of K and G are large, as it increases the number of inequalities in (1.1). For
a higher rank, the polygon inflation algorithm [21] and the ray casting algorithm [22]
are numerical methods for approximating the SFS. We refer to [9] for a review of
methods for determining the SFS. Here, we will focus on the recent polygon inflation
algorithm [21] to compare with our new sampling algorithm. Our sampling algorithm
has the advantage of being able to compute the SFS for an arbitrary rank of the
factorization, which is needed for many NMF applications. In particular we will focus
on applications in cancer genomics, where NMF is used to infer information about
the mutational processes in cancer evolution.

In the field of cancer genomics, the assumption is that all the mutations in a
cancer genome come from a spectrum of N mutational process that each have their
own effect on the cancer genome. The overall goal is to identify these mutational
processes and use it to enhance the understanding of cancer evolution [19]. A popular
method to infer information on the mutational processes from a matrix of mutational
counts is NMF. Here, M is a K \times G matrix of mutational counts. The G columns
of dimension K \times 1 represent the mutational catalog for each genome, which are
found from sequencing a cancer genome. The number of different mutation types,
K, in the data sets is 96 as they include the 6 base substitutions C>A, C>G, C>T,
T>A, T>C, T>G, and the immediate 3\prime and 5\prime neighboring bases, i.e., 6 \cdot 4 \cdot 4 = 96
different mutation types. To recover the mutational processes from the mutational
catalogs, we assume that each mutational catalog is a positive linear combination of
a certain number of mutational processes, N . This means approximating M by the
factorization of two nonnegative matrices P and E of dimension K \times N and N \times G,

1. Introduction
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Fig. 1. The signatures and exposures for the Lung A. cancer data, when assuming five muta-
tional processes. In (A) the signatures are depicted, with the SFS marked in red from the minimum
feasible value to the maximum feasible value. In (B) the normalized exposures are depicted, where
the SFS is again marked in red. The signatures are arranged according to their total exposure, i.e.,\sum G

g=1 Eng in decreasing order.

respectively, such that M \approx PE. The matrix P represents the N signatures for the
mutational processes and the matrix E represents their exposures for each mutational
catalog. The size of N is usually chosen magnitudes smaller than K and G, which
makes P and E a low-dimensional representation of M describing its main features.

Through this paper we refer to two different data sets of mutations in whole
genomes. One of them is the 21 Breast cancer genomes, which is a commonly known
and analyzed data set in relation to mutational processes in cancer genomics [2, 5, 20],
which we refer to as the Breast cancer data. The data is a matrix of dimension 96\times 21
consisting of the mutational counts for the 96 different mutation types in 21 different
breast cancer genomes. The other data set consists of the mutational counts from
24 patients having Lung Adenocarcinoma cancer taken from [1]. The data set is
referred to as the Lung A. cancer data and is a 96\times 24 matrix of mutational counts.
The Lung A. cancer data is chosen because it has a large SFS, even for large sizes
of N . The SFS found with our sampling algorithm for the Lung A. cancer when
assuming five mutational processes is depicted in Figure 1. The red bars illustrate
the SFS from the minimum feasible value to the maximum feasible value for each
of the different entries. In Figure 1 we observe that the range of the SFS varies
over the different mutation types and patients, as the changes are very dependent
on the structure of one another. The code and data for this paper is available at
https://github.com/ragnhildlaursen/sampleSFS paper.

The paper is structured as follows. In section 2 we introduce and explain our
sampling algorithm. In section 3 we apply our algorithm on the Breast and Lung A.
cancer data and compare it to the polygon inflation algorithm. Section 4 is a further
analysis of the optimal choice of parameters as well as running time of our sampling
algorithm. In section 5, we at last cover the problem of identifiability of P and E in
relation to initialization for the updates made by Lee and Seung [15] and noise in the
data. These identifiability problems are compared to the influence of the SFS. The
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paper ends with concluding remarks regarding our sampling algorithm, choice of rank
N , and the lack of uniqueness of the matrix factorization.

2. The sampling algorithm. Recall that our starting point is two nonnegative
matrices P \in \BbbR K\times N

+ and E \in \BbbR N\times G
+ that approximate our data M \in \BbbR K\times G

+ and that
we want to find the SFS in (1.2) for both P and E. The general idea of our algorithm is
to use the simple analytical calculation for rank two and adapt it to higher dimensions
through sampling. First, the SFS is described in the simple setting of N = 2 to ease
the understanding of the general setting.

2.1. SFS for \bfitN = 2. For the case of a rank two factorization, the SFS for P
and E can be found in a closed form. The calculations we make here are similar to the
ones found in [17], but here we find the SFS for one column of P at a time. Assume
we would like to find the SFS for the first column of P . Then we set

(2.1) A12(\lambda ) =

\biggl( 
1 - \lambda 0
\lambda 1

\biggr) 
.

The inverse A - 1
12 (\lambda ) is simple as well and can be directly expressed in terms of the

original matrix as

(2.2) A - 1
12 (\lambda ) =

1

1 - \lambda 

\biggl( 
1 0
 - \lambda 1 - \lambda 

\biggr) 
=

\biggl( 
1 + \lambda 

1 - \lambda 0

 - \lambda 
1 - \lambda 1

\biggr) 
= A12

\biggl( 
 - \lambda 

1 - \lambda 

\biggr) 
.

The simple inverse eases both the calculations and computation time for the algorithm.
The feasible values of \lambda must fulfill that all entries of \~P = PA12(\lambda ) and \~E = A - 1

12 (\lambda )E
remain nonnegative, which can be formulated as
(2.3)

0 \leq PA12(\lambda ) =

\left( 
  

P11(1 - \lambda ) + P12\lambda P12

...
...

PK1(1 - \lambda ) + PK2\lambda PK2

\right) 
  =

\left( 
  

P11  - \lambda (P11  - P12) P12

...
...

PK1  - \lambda (PK1  - PK2) PK2

\right) 
  

and

0 \leq A - 1
12 (\lambda )E =

1

1 - \lambda 

\biggl( 
E11 . . . E1G

 - E11\lambda + E21(1 - \lambda ) . . .  - E1G\lambda + E2G(1 - \lambda )

\biggr) 

=
1

1 - \lambda 

\biggl( 
E11 . . . E1G

E21  - \lambda (E11 + E21) . . . E2G  - \lambda (E1G + E2G)

\biggr) 
.

(2.4)

A general requirement is \lambda < 1 to assure the entries in (2.4) remain nonnegative. The
entries in (2.4) result in an additional upper bound for \lambda given by

(2.5) \Lambda 12 = min
g=1,...G

\biggl\{ 
E2g

E1g + E2g

\bigm| \bigm| \bigm| \bigm| E1g + E2g > 0

\biggr\} 
\geq 0.

In (2.3), the requirement of \lambda < 1 assures Pk1  - \lambda (Pk1  - Pk2) \geq 0 for all k where
Pk1 \geq Pk2. For the other case where Pk2 > Pk1 we get the following lower bound for
\lambda 

(2.6) \Lambda 12 = max
k=1,...,K

\biggl\{ 
Pk1

Pk1  - Pk2

\bigm| \bigm| \bigm| \bigm| Pk2 > Pk1

\biggr\} 
\leq 0.

This means that all \lambda \in [\Lambda 12,\Lambda 12] give feasible solutions for the first column of P ,
while the second column is fixed. The bounds of \lambda for the second column of P will

2. The sampling algorithm
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be similar, but where 1 and 2 are simply switched in (2.5) and (2.6). In this simple
setting, the individual feasible intervals of [\Lambda 12,\Lambda 12] and [\Lambda 21,\Lambda 21] give the whole SFS
for both P and E. In the case of a rank higher than two the analytical calculations
for the SFS are substantially more complicated. Calculations for N equal to 3 can be
seen in [3, 10].

2.2. Sampling the SFS for an arbitrary rank. Our algorithm uses the ana-
lytical calculations for N = 2 above and is inspired by Gibbs sampling [6]. The idea
is to change each column of P with an affine combination of another column chosen
by random sampling. This is done sequentially for each column of P while updating
E correspondingly such that the matrix product remains the same. For the approach
we define a general transformation matrix Aij(\lambda ), of dimension N \times N , similar to the
one in (2.1):

(2.7)
\bigl( 
Aij(\lambda )

\bigr) 
uv

=

\left\{ 
    
    

1 - \lambda if u = v = i,

1 if u = v \not = i,

\lambda if u = j, v = i,

0, otherwise.

The transformation Aij(\lambda ) changes column Pi to an affine combination of column Pi

and Pj , where j \not = i. Let \Lambda ij denote the feasible interval for \lambda given a solution P
and E, such that PAij(\lambda ) \geq 0 and A - 1

ij (\lambda )E \geq 0. The endpoints of this interval are
similar to the ones in (2.5) and (2.6), i.e., a function of column i and j in P and row
i and j in E

\Lambda ij = f(P,E, i, j) := max
k

\biggl\{ 
Pki

Pki  - Pkj

\bigm| \bigm| \bigm| \bigm| Pkj > Pki

\biggr\} 
\leq 0,

\Lambda ij = f(P,E, i, j) :=,min
g

\biggl\{ 
Ejg

Eig + Ejg

\bigm| \bigm| \bigm| \bigm| Eig + Ejg > 0

\biggr\} 
\geq 0

(2.8)

such that \Lambda ij = f(P,E, i, j) = [\Lambda ij ,\Lambda ij ].

2.3. Sampling a value \bfitlambda in \Lambda \bfiti \bfitj . The most simple way to choose \lambda is uniformly
at random in the interval \Lambda ij , but this choice often gives a slow convergence. The
endpoints of the interval often lead to larger changes in P and E and are therefore more
favorable. The choice of \lambda \in \Lambda ij is chosen as a shifted symmetric beta distribution
with equal shape parameters denoted by \beta . Setting \beta = 1 results in a uniform choice,
and setting \beta < 1 gives a higher probability at the endpoints. The different choices of \beta 
are further described in subsection 4.1 but for now we fix \beta = 0.5. Sampling \lambda \in \Lambda ij

is done by sampling x from a regular beta distribution with the shape parameters
equals to \beta and then setting \lambda = x \cdot \Lambda ij + (1  - x) \cdot \Lambda ij . After sampling a \lambda \in \Lambda ij ,

the matrices P and E are updated to Pnew = PAij(\lambda ) and Enew = A - 1
ij (\lambda )E. In one

iteration, this is done sequentially for i = 1, . . . , N , where there is chosen a random
j \not = i to mix with for each i.

2.4. Defining the size of the SFS and the stopping criteria. After each
iteration the values of P and E are saved, so after \scrS iterations we have the following
samples from the SFS for both P and E:

P\scrS = \{ P 0, P 1, . . . , P\scrS \} ,
E\scrS = \{ E0, E1, . . . , E\scrS \} .
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This means every entry in P and E have \scrS samples besides the initial solution
(P 0, E0). We often observe that for some entries all samples are equivalent and for
others they spread across an interval. Each new sample is created as an affine com-
bination of the previous sample including itself, which means all the values between
two samples in the interval will be feasible as well. The SFS for each entry is there-
fore defined as the interval between the minimum and the maximum value of these \scrS 
samples. Similar to the polygon inflation algorithm [21], our algorithm also assumes
that the SFS consists of connected sets as the samples are affine combinations of one
another. This assumption has not appeared to restrict the SFS for any of the data
sets we have used, but in theory the solution could have a larger SFS than what is
found by our algorithm. We define the size of P\scrS as the average change of each entry
across the full sample:

(2.9) avg\langle P\scrS \rangle = 1

K \cdot N
N\sum 

n=1

K\sum 

k=1

\biggl\{ 
max

s=0,1,...,\scrS 
P s
kn  - min

s=0,1,...,\scrS 
P s
kn

\biggr\} 
.

To assure that the algorithm stops at the right time, the size of the SFS is calculated
after each \scrT iterations, which we have chosen to fix at \scrT = 1000. The algorithm is
stopped when the size of the SFS has changed less than \epsilon within these \scrT iterations

avg\langle P\scrS \rangle  - avg\langle P\scrS  - \scrT \rangle < \epsilon ,

where we set \epsilon = 10 - 10. This assures that our algorithm continues until convergence
and stops when no more changes are available. One could add a similar stopping
criteria for E\scrS , but in our experiments we found the proposed criteria satisfactory
to find the whole SFS for both P and E. The sampling algorithm is summarized in
Algorithm 3.1.

3. Applications and comparison with polygon inflation algorithm. In
this section results from the sampling algorithm are compared with the polygon infla-
tion algorithm. The comparison is made for both the Breast and Lung A. cancer data,
when assuming three mutational processes. The results from our sampling algorithm
are illustrated in Figure 2 with the representation defined in (1.2). Before making
the comparison we have to define another representation of the SFS that is more
commonly used in chemometrics [3, 7, 10, 18, 21] and in particular for the polygon
inflation algorithm. After introducing this representation, the assumption of three
mutational processes for the comparison is more easily justified.

3.1. Singular value decomposition to represent the SFS. In chemometrics
it is common to define the SFS relative to the singular value decomposition (SVD).
Note, any matrix PE \in \BbbR K\times G

+ of rank N can be decomposed into

PE = U\Sigma V \prime ,

where U \in \BbbR K\times N and V \in \BbbR G\times N are the N eigenvectors for PE(PE)\prime and (PE)\prime PE,
respectively, and \Sigma \in \BbbR N\times N is the diagonal matrix of singular values. The factor-
ization into U and \Sigma V \prime consist of both positive and negative entries but can be
transformed by a matrix T \in \BbbR N\times N such that UT \geq 0 and T - 1\Sigma V \prime \geq 0 [16]. To
remove the scaling ambiguities of the factorization, the columns of T are normalized
and defined by

3. Applications and comparison with polygon inflation algorithm
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Fig. 2. The signatures and exposures for the Breast and Lung A. cancer data, when assuming
three mutational processes. In (A) the signatures are depicted, with the SFS marked in red from
the minimum feasible value to the maximum feasible value. In (B) the normalized exposures are
depicted, and the SFS is again marked in red. The signatures are arranged according to their total
exposure, i.e.,

\sum G
g=1 Eng in decreasing order.

(3.1) T =

\left( 
    

1 1 \cdot \cdot \cdot 1
\alpha 1 w1,1 \cdot \cdot \cdot w1,N - 1

...
...

. . .
...

\alpha N - 1 wN - 1,1 \cdot \cdot \cdot wN - 1,N - 1

\right) 
    =

\biggl( 
1 e\prime 

\alpha W

\biggr) 
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Algorithm 3.1 Finding the SFS given an initial solution ( \^P , \^E).

1: Initialize P 0 = \^P and E0 = \^E
2: for s = 1, 2, . . . do
3: P1 \leftarrow P s - 1

4: E1 \leftarrow Es - 1

5: for i = 1, . . . , N do
6: j \leftarrow random element of \{ 1, . . . , N\} \setminus \{ i\} 
7: \Lambda ij = f(Pi, Ei, i, j)
8: x\leftarrow Beta(\beta , \beta )
9: \lambda = x \cdot \Lambda ij + (1 - x) \cdot \Lambda ij

10: Pi+1 = PiAij(\lambda )
11: Ei+1 = Aij( - \lambda 

1 - \lambda )Ei

12: end for
13: P s = PN+1

14: Es = EN+1

15: end for if avg\langle Ps\rangle  - avg\langle Ps - \scrT \rangle < \epsilon 

such that \alpha = (\alpha 1, . . . , \alpha N - 1)
\prime \in \BbbR (N - 1), W \in \BbbR (N - 1)\times (N - 1), and e\prime = (1, . . . , 1) \in 

\BbbR (N - 1). The scaling of the columns are made such that the first entry of each column
is 1. Here, the SFS is defined by

\scrM SV D(P ) =
\Bigl\{ 
\alpha \in \BbbR (N - 1)

\bigm| \bigm| \bigm| \exists W \in \BbbR (N - 1)\times (N - 1) : UT \geq 0 and T - 1\Sigma V \prime \geq 0
\Bigr\} 
,

\scrM SV D(E) =
\Bigl\{ 
\alpha \in \BbbR (N - 1)

\bigm| \bigm| \bigm| \exists W \in \BbbR (N - 1)\times (N - 1) : U(T \prime ) - 1 \geq 0 and T \prime \Sigma V \prime \geq 0
\Bigr\} 
,

(3.2)

which is similar to the definition in [18, 21], where a detailed description of this
construction can be seen. As the set in (3.2) is defined in terms of \alpha \in \BbbR (N - 1), we
choose to assume N = 3 such that the SFS can be visualized in two dimensions. A
big advantage of \scrM SV D is that it removes the problem of reordering columns and
rows as it only focuses on possible transformations of the SVD of PE and not the
actual values of P and E. The connection between the definition in (3.2) and the one
from (1.2) is mostly different normalizations of P and E. Constructing an invertible
T with columns consisting of different \alpha \in \scrM SV D(P ) gives

PE = U\Sigma V \prime = UTD - 1
1\underbrace{}  \underbrace{}  

\~P

D1T
 - 1\Sigma V \prime 

\underbrace{}  \underbrace{}  
\~E

,

where \~P \in \scrM (P ), \~E \in \scrM (E), and D1 = diag(e\prime UT ) \in \BbbR N\times N . The diagonal matrix
D1 scales the matrices such that \~P has columns summing to one. Given \~P \in \scrM (P ),
the values of \alpha can be found in the columns of

T = U \prime \~PD - 1
2

as the eigenvectors in U are orthonormal and D2 = diag(e1U
\prime \~P ) \in \BbbR N\times N , where

e1 = (1, 0, . . . , 0). The diagonal matrix D2 assures that the first row of T consists of
ones as in (3.1).

The set in (1.2) is easier to interpret as this visually shows the direct possible
changes on P and E, but the one in (3.2) gives a more simple visualization of the SFS
and is better for comparison to the polygon inflation algorithm.

3. Applications and comparison with polygon inflation algorithm
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3.2. Polygon inflation algorithm. The polygon inflation algorithm is an algo-
rithm used to approximate the SFS. The algorithm is introduced in [21] and a further
analysis and proofs are made in [18]. The algorithm assumes the set\scrM SV D for both
P and E, at most, consists of N separated whole free subsets or one connected set.
In the examples in Figure 3 they all have three separated whole free subsets, such
that all the points within the polygons are feasible solutions. Having, at most, N
whole free subset or one connected set is also an assumption made for the sampling
algorithm to find the whole SFS.

Breast Cancer

(a) \scrM SV D(P ) (b) \scrM SV D(E)

Lung A. Cancer

(c) \scrM SV D(P ) (d) \scrM SV D(E)

Fig. 3. The SFS for the Breast and Lung A. cancer data in the \scrM SV D representation, where
the gray dots show the results of all the iterations from the sampling algorithm and the black dots
highlight the results from the last 500 samples. The colored polygons are the SFS found from the
polygon inflation algorithm. Coloring of the three signatures is in accordance with Figure 2.
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The idea of the polygon inflation algorithm is to approximate the subsets of the
SFS in terms of the representation in (3.2) by inflating an initial solution in\scrM SV D

to the boundaries which creates a polygon. The algorithm continues to inflate the
edges of the polygon with new vertices on the boundary of the SFS until the area
stops increasing.

In the package FAC-PACK (http://www.math.uni-rostock.de/facpack/) they have
applied the algorithm for rank three and four. The results from the polygon inflation
algorithm and sampling algorithm with rank three are seen in Figure 3, where the gray
and black dots illustrate the samples from the sampling algorithm, and the colored
polygons are the SFS found from the polygon inflation algorithm. Note the colored
lines of the different areas in Figure 3 correspond to the signature with the same strip
colors in Figure 2. The sampling algorithm proposed here clearly gives similar results
as the polygon inflation algorithm, which has been the case for all examples we have
tried. The SFS for E is also completely found, even though the stopping criteria
and sampling is made in relation to the signature matrix P . The matrix used as a
reference is therefore unimportant in terms of finding the SFS for both P and E.

Curious observation is that the size of the areas in Figure 3 are hard to directly
transfer to the size of the changes in different entries in Figure 2, although the rep-
resentation in Figure 3 gives a more simple visualization of the SFS. The advantages
of our sampling algorithm compared to the polygon inflation algorithm are that it
is easier to implement and can scale to an arbitrary dimension of N , as shown in
Figure 5. This is especially important for cancer genomics where the number of mu-
tational processes varies a lot depending on, e.g., the number of samples and number
of cancer types. Potentially, this could also be advantageous in other fields, where
NMF is applied with higher rank of N .

4. Further analysis of the sampling algorithm for arbitrary rank. Here
we will discuss the choice of the parameter \beta and the running time of the sampling
algorithm. The sampling algorithm is applied to an assumed rank between 2 and 10,
which makes it possible also to comment on how the size of the SFS and computation
time is influenced by an increase in the rank.

4.1. Influence of tuning parameter \bfitbeta and rank \bfitN . The influence of the
parameter \beta is found by running the sampling algorithm multiple times for \beta \in 
\{ 0.1, 0.5, 1\} on the Breast and Lung A. cancer data. We test for \beta = 1 which is
equivalent to choosing \lambda uniformly at random and also for \beta = 0.1 that mainly samples
at the endpoints. At last we also include \beta = 0.5 that is something in-between the two
cases. An illustration of 1000 samples from the algorithm with \beta \in \{ 0.1, 0.5, 1\} is seen
in Figure 4. Visually we observe from Figure 4 that \beta = 0.5 strikes a good balance
between sampling many points close to the edges and at the same time covering the
full region of the SFS.

In Figure 5, the size of the SFS, avg\langle P\scrS \rangle , is depicted as a function of N , i.e.,
the number of assumed mutational processes. The size of the SFS for the Breast
cancer data is close to zero for five mutational processes and above. Even be-
low five mutational processes the average variations of the entries seem to be fairly
small.

On the contrary the size of the SFS for the Lung A. cancer is increasing with
the number of signatures. The increase of the SFS when N is equal to five instead of
three can be seen by comparing Figure 1 and Figure 2(b), where there are more red
areas with N equal to five than with three. Here, it is clear that an increase in the
number of mutational processes does not necessarily decrease the size of the SFS. The

4. Further analysis of the sampling algorithm for arbitrary rank
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Fig. 4. Sampling 1000 points in the SFS \scrM SV D(P ) for different choices of \beta . Here, the results
are illustrated on the second signature of Lung A. cancer in Figure 3.
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Fig. 5. The size of the SFS for different number of assumed mutational processes, i.e., N .
Each point is based on the results of running the sampling algorithm 50 times for each choice of \beta 
and N . The error bars show the percentile 0.25 and 0.75 of the 50 different runs.

0.0010

0.0015

0.0020

0.0025

32 256 2048 16384
Iterations

Approximation of SFS, N = 3

0.000

0.002

0.004

64 1024 16384
Iterations

N = 5

0.0000

0.0025

0.0050

0.0075

0.0100

64 1024 16384
Iterations

N = 7

beta 0.1 0.5 1

Fig. 6. Approximation for the size of the SFS on the Lung cancer data. The approximation
is shown on a logarithmic scale for different numbers of assumed mutational processes, N , and
different \beta .

values avg\langle P\scrS \rangle on the y-axis can appear small, but remember from the definition in
(2.9) that we divide our sum by K \cdot N .

The choice of \beta and N seem to have an influence on both the stability
and final size of avg\langle P\scrS \rangle , which can be seen in Figure 6. For five mutational processes
and below, the smallest \beta = 0.1 performs best, and for more than five mutational pro-
cesses \beta = 0.5 is preferable. Sampling \lambda \in \Lambda ij uniformly, i.e., \beta = 1 separates the
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Fig. 7. The number of iterations and time needed to compute the SFS for different number of
mutational processes, where the algorithm was repeated 50 times. In the figures above, the average
is reported together with the quantiles 0.05 and 0.95.

sample equally across the area, which gives a very low probability of sampling in the
endpoints and thereby gives a smaller size of the SFS, which is clearly seen in both
Figure 5 and 6. On the contrary, sampling \lambda \in \Lambda ij with a lot of weight on the end-
points, i.e., \beta = 0.1 excludes sampling of points in the center. This works well for a
small number of mutational processes, but when the number of mutational processes
increases and they can be mixed more across each other it can be hard to reach certain
areas of the SFS that requires sampling from the center at some point. This means
\beta = 0.1 gives a large volatility of the size of the SFS for a larger number of mutational
processes. One could also argue to sample \beta from a predefined distribution when N
exceeds five.

4.2. Running time. Our sampling algorithm is not only simple to implement,
but is also very fast even for higher ranks of the factorization. In Figure 7, the average
number of iterations and computation time (using a regular laptop with Intel Core
i7-8565U CPU @ 1.80 GHz and 16 GB RAM) is shown on the two cancer data sets
for different sizes of N , where the algorithm was repeated 50 times for each choice of
N . In general the computation time is highly influenced by the size of the SFS and
the rank N .

5. Taking advantage of random initialization. The identification of P and
E is not only influenced by the size of SFS but will also be influenced by noise in data
and the initialization of the algorithm by Lee and Seung [15]. Here, we will cover
the influence of these aspects and compare it to the SFS. We investigate how random
initialization can be used to determine the global minimum and to explore the size of
the SFS.

In cancer genomics the most natural assumption is that each mutational count is
drawn from a Poisson distribution

(5.1) Mkg \sim Pois
\bigl( 
(PE)kg

\bigr) 
.

Under this assumption, a natural way to estimate P and E is to maximize the log-
likelihood function

\ell (P,E;M) =
K\sum 

k=1

G\sum 

g=1

Mkg log ((PE)kg) - (PE)kg  - log (Mkg!)(5.2)

=  - D(M | PE) + C,(5.3)

5. Taking advantage of random initialization
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where

(5.4) D(M | PE) =
K\sum 

k=1

G\sum 

g=1

Mkg log

\biggl( 
Mkg

(PE)kg

\biggr) 
 - Mkg + (PE)kg

is the generalized Kullback--Leibler divergence and C is a constant only dependent
on M . Hence, maximizing the likelihood function is equivalent to minimizing the
generalized Kullback--Leibler divergence D(M | PE). This is the divergence appearing
in Lee and Seung [15], which is decreased through each update. The objective function
is convex in P or E but not in both variables together. As mentioned in Lee and Seung
[15], the update rules can therefore not ensure a global minimum, but only a local
minimum.

5.1. Finding the global minimum. In [24] they prove that it is NP-hard to
solve NMF to optimality. The Lee--Seung updates are an example of the majorize-
minimize (MM) algorithm, and [12] provides a simple proof of the update rules. We
suggest the standard procedure of running the MM algorithm multiple times with
different initializations in order to find the global minimum.

In this paper we have performed at least five random initializations when finding
an NMF solution. The influence of an increase in the number of initializations can be
seen in Figure 8(a), which shows how just a few initializations will stabilize the reached
minimum to a large extent. As the minimum stops changing we assume to have found
the global minimum. Even though the algorithm reaches the same minimum we will
still observe variability in the estimates of P and E, when they have a variability in
the SFS. Different random initializations with the same minimum of D(M | PE) will
still give different results in the SFS, which is illustrated in Figure 8(b). In Figure 8(b)
it is clear how the initial solutions are more keen to reaching certain parts of the SFS
apposed to others.

5.2. Finding more than \bfitN subsets of the SFS. Although we have seen
no practical applications with more than N subsets, it is possible. In this rare case
our sampling algorithm would fail to find the whole SFS. Here we have proposed
a useful supplementary method to help find the additional subsets that are seen in
the constructed example from [13]. This method is to use random initializations, as
described above. In Example 3 of [13] they show that determining the matrices P
and E in the following way:

E =

\left( 
 
0.7 1 1 0.7 0 0
1 0.7 0 0 0.7 1
0 0 0.7 1 1 0.7

\right) 
 ,(5.5)

P = ET ,(5.6)

M = PE,(5.7)

where N = 3 gives six subsets for the SFS of M . Here, our algorithm would fail to
recover the whole SFS and only find three of the six subsets. This is because the
algorithm starts from a single initial solution and can only recover the subsets of
the SFS that includes this initial solution. However, different random initializations
with the same minimum may end up in different parts of the SFS and thereby also
different subsets. Running the sampling algorithm from these different subsets would
help recover all parts of the SFS in this special case. In Figure 9 the gray area
shows the SFS, and the black crosses show the reached solutions from 20 random
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(b) Final result from random initializations in \scrM SV D(P )

Fig. 8. Results from different initializations. In (a), the average of the minimum D(M | PE) for
a certain number of initializations is depicted together with error bars that show the quantiles 0.05
and 0.95. The average and quantiles are based on 100 runs. The reached minimum of D(M | PE) is
1943 and 11736 for Breast and Lung cancer, repectively. In (b), the results from the 100 different
runs with ten initializations are shown in \scrM SV D(P ) relative to the solution found previously in
Figure 3(a).

initializations. The solutions from random initialization reach all six subsets just
after these 20 random initialization, but we cannot be sure of the reliability of this
method. Incorporating more initial solutions does not guarantee that we have found
the whole SFS but could possibly help to recover more of the SFS.

5.3. Noise in the data. Noise in the data obviously has an influence on the
identification of P and E and their true rank. Sometimes the rank is determined
based on the variance in P and E, but this can be a very unreliable method if the
factorization has a large SFS. A large SFS can make variance of P and E appear much
larger than it actually is. We will illustrate this on the Breast cancer data assuming
three mutational processes. Assume we have found a global minimum factorization
\^P \^E \in \BbbR 96\times 21

+ that approximates the Breast cancer data M \in \BbbN 96\times 21
0 . The influence

of variance is now illustrated through parametric bootstrapping using the assumption
in (5.1). Specifically, we create 100 bootstrap samples

M\ast b \sim Pois( \^P \^E)

for b = 1, . . . , 100. The NMF algorithm from Lee and Seung [15] is then run on
(M\ast 1, . . .M\ast 100) for both 10 different random initializations that will reach different
parts of the SFS and the same 10 initializations that should reach the same part of the

5. Taking advantage of random initialization
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Fig. 9. Example 3 from [13], where there are six subsets. The black crosses show the results
from 20 random initializations of the NMF algorithm, and the gray area shows the SFS found from
the sampling algorithm by starting in the 20 different initializations. Notice, all the initializations
obtain D(V | WH) = 0.

−1

0

1

2

0 1 2 3 4
α1

α 2

(a) Random initialization

−1

0

1

2

0 1 2 3 4
α1

α 2

(b) Same initialization

Fig. 10. Visualization of the identification problem due to variance, where (a) shows the results
from random initialization and (b) shows the results using the same ten initialization for each
sample. Both show the global minimum from 100 bootstrap samples.

SFS, which is illustrated in Figure 10. We clearly see how the appearing variability
of the results is influenced by the SFS through random initialization.

A large variance could therefore appear as a low reproducibility of the signatures
but is actually just a result of the SFS. Remember, having a large SFS does not make
the assumed number of mutational processes less correct but is instead a result of the
structure of the signatures and exposures.

6. Conclusion. We have introduced a novel sampling algorithm that can find
the SFS for an arbitrary rank of NMF. The algorithm is based on the solution for
two dimensions together with random sampling to explore the possible changes of the
initial solution. The algorithm gives good approximation of the SFS for rank three
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compared to current algorithms, most notably the polygon inflation algorithm. For
higher ranks we do not know how well the sampling algorithm actually approximates
the SFS, as we have no reference for ranks above four.

The problem of nonuniqueness for NMF in relation to mutational counts have also
been highlighted here. The size of the SFS is shown to depend strongly on the specific
data set at hand and the assumed number of mutational processes. Furthermore, the
importance of several initializations is emphasized together with the important fact
of how a large variance in a signature could potentially be caused by the SFS.

An important aspect of NMF is to determine the true rank of the factorization,
and despite a detailed geometric understanding [8] it remains a challenging problem.
In cancer genomics there have both been introduced methods based on the Bayesian
information criteria (BIC) [5, 20] and another method that both includes the variabil-
ity of the signatures and how well P and E approximates M [2]. The latter procedure
could be problematic, as there could appear large variations due to the size of the SFS.
One method to remove the problem of nonuniqueness of the solution is to decrease
the variability of the signatures through fewer parameters. This was implemented in
a simple form in [23].

Our sampling algorithm is very simple to implement and fast, which makes it easy
to check whether an NMF solution is unique or not. This article has enlightened the
problem of nonuniqueness of the NMF and at the same time showed a simple way to
check this uncovered problem. It is important to remember that the size of the SFS
is not a tool to determine the correct choice of N but instead a way to find all the
solutions that give the same global minimum approximation of the data. Variability
in the SFS is not the result of a poor factorization but instead a lack of uniqueness
of the matrix factorization.

Our sampling algorithm can approximate the SFS, and for the NMF rank 3 prob-
lem we have empirical evidence that we find a similar SFS as for the polygon inflation
algorithm. It could be important to show rigorous mathematical results about the
ability of our sampling algorithm to recover the full SFS, but that is a topic for future
research.
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Abstract 

Background:  The spectrum of mutations in a collection of cancer genomes can be 
described by a mixture of a few mutational signatures. The mutational signatures can 
be found using non-negative matrix factorization (NMF). To extract the mutational 
signatures we have to assume a distribution for the observed mutational counts and 
a number of mutational signatures. In most applications, the mutational counts are 
assumed to be Poisson distributed, and the rank is chosen by comparing the fit of 
several models with the same underlying distribution and different values for the rank 
using classical model selection procedures. However, the counts are often overdis-
persed, and thus the Negative Binomial distribution is more appropriate.

Results:  We propose a Negative Binomial NMF with a patient specific dispersion 
parameter to capture the variation across patients and derive the corresponding 
update rules for parameter estimation. We also introduce a novel model selection 
procedure inspired by cross-validation to determine the number of signatures. Using 
simulations, we study the influence of the distributional assumption on our method 
together with other classical model selection procedures. We also present a simulation 
study with a method comparison where we show that state-of-the-art methods are 
highly overestimating the number of signatures when overdispersion is present. We 
apply our proposed analysis on a wide range of simulated data and on two real data 
sets from breast and prostate cancer patients. On the real data we describe a residual 
analysis to investigate and validate the model choice.

Conclusions:  With our results on simulated and real data we show that our model 
selection procedure is more robust at determining the correct number of signatures 
under model misspecification. We also show that our model selection procedure is 
more accurate than the available methods in the literature for finding the true num-
ber of signatures. Lastly, the residual analysis clearly emphasizes the overdispersion in 
the mutational count data. The code for our model selection procedure and Negative 
Binomial NMF is available in the R package SigMoS and can be found at https://​github.​
com/​Marta​Peliz​zola/​SigMoS.
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Introduction
Somatic mutations occur relatively often in the human genome and are mostly neutral. 
However, the accumulation of harmful mutations in a genome can lead to cancer. The sum-
mary of somatic mutations observed in a tumor is called a mutational profile and can often 
be associated with factors such as aging [1], UV light [2] or tobacco smoking [3]. A muta-
tional profile is thus a mixture of mutational processes that are represented by mutational 
signatures. Several signatures have been identified from the mutational profiles and associ-
ated with different cancer types [4, 5]. The importance of mutational signatures thus lies in 
their association with the mutational processes causing cancer. Having more insights into 
the causes of cancer is a prerequisite for better understanding the role that genetics plays in 
the development of the disease and eventually also for discovering potential treatment.

A common strategy to derive the mutational signatures is non-negative matrix factori-
zation [6–8]. Different approaches to estimate the signature and the exposure matrices 
from mutational count data have been extensively described in [9, 10].

Non-negative matrix factorization (NMF) is a factorization of a given matrix 
V ∈ N

N×M
0  into the product of two non-negative matrices W ∈ RN×K

+  and H ∈ R
K×M
+  

such that

The rank K of the lower-dimensional matrices W and H is much smaller than N and M.
In cancer genomics, the mutational matrix V contains the mutational counts for differ-

ent patients, also referred to as mutational profiles. The number of rows N is the number 
of patients and the number of columns M is the number of different mutation types. In 
this paper we use the single-base-substitution-96 mutational context [11] where M = 96 
(corresponding to the 6 base mutations when assuming strand symmetry times the 4 
flanking nucleotides on each side, i.e. 4 · 6 · 4 = 96 ). The matrix H consists of K muta-
tional signatures defined by probability vectors over the different mutation types. In 
the matrix W, each row contains the weights of the signatures for the corresponding 
patient. In this context, the weights are usually referred to as the exposures of the differ-
ent signatures.

To estimate W and H we need to choose a model and a rank K for the data V. These 
two decisions are highly related as the optimal rank of the data V is often chosen by com-
paring the fit under a certain model for many different values of K. The optimal K is then 
found using a model selection procedure such as Akaike Information Criterion (AIC), 
Bayesian Information Criterion (BIC) or similar approaches described in “Estimating the 
number of signatures” section. Most methods used in the literature [6, 12, 13] for choos-
ing the rank are based on the likelihood value, which depends on the assumed model. 
For mutational counts the usual model assumption is the Poisson distribution [6]

where W and H are estimated using the algorithm from [14] that minimizes the gen-
eralized Kullback–Leibler divergence. The algorithm is equivalent to maximum likeli-
hood estimation, as the negative log-likelihood function for the Poisson model is equal 
to the generalized Kullback–Leibler up to an additive constant. We observe that this 
model assumption is often inadequate. In particular, we observe overdispersion in the 

V ≈ WH .

(1)Vnm ∼ Po((WH)nm),

1. Introduction
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mutational counts, i.e. a situation where the variance in the data is greater than what is 
expected under the assumed model. This is a well known issue when modeling count 
data in biology [15].

We therefore suggest using a model where the mutational counts follow a Negative Bino-
mial distribution that has an additional parameter to explain the overdispersion in the data. 
In recent years, this model is becoming more popular to model the dispersion in muta-
tional counts [16, 17]. The Negative Binomial NMF is discussed in [18], where it is applied 
to recommender systems, and it has recently been used in the context of cancer mutations 
in [19–21]. In Lyu  et  al.  [20] a supervised Negative Binomial NMF model is applied to 
mutational counts from different cancers which uses cancer types as metadata. Their aim 
is to obtain signatures with a clear etiology, which could be used to classify different cancer 
types. Vöhringer et al. [21] extends the analysis by including several genomic features and 
uses tensors instead of the mutational count matrix to account for the different features. 
Lastly, [19] applies Bayesian inference to extract mutational signatures and provide differ-
ent probabilistic models for the signatures. Among the models implemented in this method 
also the Negative Binomial model is considered as a natural extension of the Poisson model.

For mutational count data, we extend the Negative Binomial NMF model by including 
patient specific dispersion which has not been included in the aforementioned works 
using the Negative Binomial model. The extended model is referred to as NBN-NMF, 
where N is the number of dispersion parameters (equivalent to the number of patients). 
We investigate when and why NBN-NMF is more suitable for mutational counts than the 
usual Poisson NMF (Po-NMF). In particular we evaluate the goodness of fit for muta-
tional counts using a residual-based approach. Despite the recent efforts, we still believe, 
as it has also been mentioned in [22], that a great amount of research has been focusing 
on improving the performance of NMF algorithms given an underlying model and less 
attention has been directed to the choice of the underlying model given the data and 
application.

Since the number of signatures depends on the chosen distributional assump-
tion, we suggest using NBN-NMF and we also propose a novel model selection 
framework to choose the number of signatures. We show that our model selection 
procedure is more robust toward inappropriate model assumptions compared to clas-
sical methods (AIC and BIC) and other methods currently used in the literature such 
as SigProfilerExtractor [23], SparseSignatures [8], SigneR [13], sigfit 
[19], and SignatureAnalyzer [24]. We use both simulated and real data to validate 
our proposed model selection procedure against other methods. We chose one classical 
data set and analyze it in “Breast cancer data” section and a larger data set from prostate 
cancer (Fig. 5). The latter is a subset of the available data from the Pan-Cancer Analysis 
of Whole Genomes (PCAWG) database [25], thus it corresponds to one of the largest 
available data sets for a single cancer type.

In comparison to the results published in [20] and in [21], our work is not exploiting 
the information coming from different cancer types or from different genomic features. 
However, we provide a patient specific dispersion component to account for the high 
variance between patients and derive the update steps for parameter estimation in the 
NBN-NMF. Furthermore, we propose a model selection procedure which proves to be 
robust to model misspecification.
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We have implemented our methods in the R package SigMoS (Signatures Model Selec-
tion) that includes NBN-NMF and the model selection procedure. The R package is 
available at https://​github.​com/​Marta​Peliz​zola/​SigMoS. The package also contains the 
simulated and real data used in this paper.

Results
In this section we describe the results of our approach on both simulated and real 
data. Details on the method are provided in “Methods” section. In short, we propose a 
Negative Binomial model applied to mutational count data with a patient specific dis-
persion coefficient. The matrices W and H are estimated with a majorization–minimiza-
tion (MM) procedure, and we propose to use Negative Binomial maximum likelihood 
estimation (MLE) for estimating the dispersion parameters. Additionally, we introduce 
a new algorithm based on cross-validation to estimate the number of signatures for a 
given data set.

For simulated data we present a study on Negative Binomial simulated data with dif-
ferent levels of dispersion where results from AIC, BIC, SigProfilerExtractor 
[23], SparseSignatures [8], SigneR [13], sigfit [19] and SignatureAnalyzer 
[24] are compared with our proposed model selection procedure. These results are dis-
cussed in “Simulation study” section, where we show that our method performs well 
and is robust to model misspecification. Our method is applied to the 21 breast can-
cer patients from [6] in “Breast cancer data” section, and to 286 prostate cancer patients 
from [25] in “Prostate cancer data” section. The goodness of fit of the different models 
are evaluated using a residual analysis that shows a clear overdispersion with the Poisson 
model. The use of residual plots to evaluate the goodness of fit is a common strategy in 
statistics; some examples can be found in [26, 27].

Simulation study

We simulated our data following the procedure of [8] using the signatures from [5]. We 
simulated 100 data sets for each scenario and varied the number of patients, the num-
ber of signatures and the model for the noise in the mutational count data. We consid-
ered 20, 100 and 300 patients and either 5 or 10 signatures following [28] which states 
that the number of common signatures in each organ is usually between 5 and 10. For 
each simulation run we use signature 1 and 5 from [5], as they have been shown to be 
shared across all cancer types, and then we sample at random three or eight additional 
signatures from this set. The exposures are simulated from a Negative Binomial model 
with mean 6000 and dispersion parameter 1.5 as in [8]. This choice is based on estimates 
from the real data in [29]. The mutational count data is then generated as the product of 
the exposure and signature matrix. Lastly, Poisson noise, Negative Binomial noise with 
dispersion parameter α ∈ {10, 200} or uniformly sampled in [10, 500] are added to the 
mutational counts. The values of the patient specific dispersion are inspired from the 
data set in “Breast cancer data” section. A lower α is associated with higher dispersion, 
however the actual level of dispersion associated to a given α value depends on the abso-
lute mutational counts as can be seen from the variance in Eq.  (5). Therefore it is not 
possible to directly compare these values with the ones estimated for the real data.

2. Results
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Simulation results

The effect of the model assumption on the estimated number of signatures using AIC, 
BIC (see Eqs.  (14) and  (15)) and SigMoS as model selection procedures is shown in 
Fig. 1. Figure 1a summarizes results for all simulation studies and for each study. This 
figure displays the proportion of scenarios where the true number of signatures is cor-
rectly estimated from the different methods: the darker the green color the higher is this 
proportion. This shows that our proposed approach is estimating the number of signa-
tures accurately and is much more robust to model misspecifications compared to AIC 
and BIC. For example, when the true model has a small dispersion of α = 200 and the 
Poisson model is assumed, the difference between the performance of SigMoS and of 
AIC and BIC is already substantial. Here, AIC and BIC are never estimating the true 
number of signatures correctly, whereas our SigMoS procedure estimates the correct 
number of signatures in most cases ( ≥ 85% ). The table also shows that the higher the 
dispersion in the model, the harder it is to estimate the true number of signatures even 
when the correct model is specified.

Fig. 1  Results from AIC, BIC, and SigMoS based on Po-NMF and NBN-NMF using simulated data. Each 
method is applied on different simulated data sets for four different types of noise: Poisson and Negative 
Binomial with dispersion parameter α = 10, 200 and α ∼ U(10, 500) . a The proportion of simulation runs 
where the number of signatures is correctly estimated. The true number of signatures varies in {5, 10} and the 
number of patients in {20, 100, 300} . The rectangular boxes highlight the results shown in b. The results are 
based on 100 simulation runs for scenarios with 20 and 100 patients and on 20 simulation runs for scenarios 
with 300 patients. b The estimated number of signatures in the range from 2 to 20 for 100 patients, where the 
true number of signatures is five

Paper B

59



Page 6 of 24Pelizzola et al. BMC Bioinformatics          (2023) 24:187 

Figure  1b depicts the actual estimated number of signatures in the range from 2 to 
20 for the 100 data sets with 5 signatures and 100 patients. This clearly shows that the 
higher the overdispersion in the model, the more is the number of signatures overesti-
mated. Assuming Poisson in the case of α = 200 we see that AIC is already overestimat-
ing the number of signatures. Here, these additional signatures are needed to explain the 
noise that is not accounted for by the Poisson model. Having an even higher overdisper-
sion makes both AIC and BIC highly overestimate the number of signatures to a value 
that is plausibly much higher than 20. Even high overdispersion does not influence our 
SigMoS procedure in the same way and our approach is still estimating the true number 
of signatures for a large proportion of the scenarios. Assuming the Negative Binomial 
model all of the three methods have a really high performance, as the Negative Binomial 
accounts for both low and high dispersion.

In the simulation study from Fig.  1b we also consider the accuracy of the MLE for 
the α value in the two scenarios where each patient has the same α . Our approach esti-
mates the true α with high accuracy when the dispersion is high i.e.   α̂ ∈ [9.21, 11.78] 
for α = 10 , α is slightly overestimated when the dispersion is low: for α = 200 we find 
α̂ ∈ [225.8, 292.7] . However, according to Fig. 1b this small bias does not affect the per-
formance of our model selection procedure.

Method comparison

Several methods have been proposed in the literature for estimating the number of signa-
tures in cancer data. In the following we present the results of a comparison between our 
method and four commonly used methods in the literature: SigProfilerExtractor 
[23], SparseSignatures [8], SignatureAnalyzer [24], sigfit [19], and SigneR 
[13]. SigProfilerExtractor [23] extracts mutational signatures by applying NMF 
to 100 normalized Poisson resampled input matrices for different values for the number 
of signatures. The number of mutational signatures is then estimated by evaluating the 
stability of mutational signatures and choosing the solution with the lowest number of 
signatures among the stable solutions that describe the data well. SparseSignatures 
[8] provides an alternative cross-validation approach where the test set is defined by set-
ting 1% of the entries in the count matrix to 0. Then NMF is iteratively applied to the 
modified count matrix and the entries are updated at each iteration. The resulting signa-
ture and exposure matrices are used to predict the entries of the matrix corresponding 
to the test set. SignatureAnalyzer [24], on the other hand, proposes a procedure 
where a Bayesian model is used and maximum a posteriori estimates are found with a 
majorize-minimization algorithm. sigfit [19] presents an R package providing dif-
ferent options for extracting and refitting signatures and exposures by Bayesian infer-
ence under different models. They propose a framework where a Multinomial, Normal, 
Poisson or Negative Binomial model (with mutation type specific dispersion parameter) 
can be used. The number of signatures is estimated using the elbow method by looking 
at changes in the accuracy of re-estimating the data with the extracted signatures and 
exposures. In our comparison we use the Poisson and Negative Binomial models within 
the sigfit package and refer to them as sigfit- Po and sigfit- NB . Lastly, with 
SigneR [13] an empirical Bayesian approach based on BIC is used to estimate the num-
ber of mutational signatures.

2. Results
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For our method comparison, we run all methods on the simulated data from Fig. 1b. 
For each method and simulation setup we only allow the number of signatures to vary 
from two to eight due to the long running time of some of these methods.

Figure 2 shows that, when Poisson data are simulated almost all methods have a very 
good performance and can recover the true number of signatures in most of the simula-
tions. The poor performance of SparseSignatures could be affected by not having a 
fixed background signature. Indeed, the improved performance of SparseSignatures 
when a background signature is included has also been shown in [8]. sigfit- Po is 
based on a more heuristic method and tends to underestimate the true number of sig-
natures. When Negative Binomial noise is added to the simulated data with a moder-
ate dispersion ( α = 200 ), sigfit- Po , SignatureAnalyzer and SigneR have low 
power emphasizing the importance of correctly specifying the distribution for these 
methods, whereas our proposed approach (regardless of the distributional assump-
tion), sigfit- NB , SigProfilerExtractor and SparseSignatures maintain 
good power. For patient specific dispersion also the power of SparseSignatures and 
SigProfilerExtractor decreases. Lastly, the power of sigfit- NB decreases for 
high dispersion ( α = 10 ): here the distributional assumptions are correctly specified, 
however this is a heuristic approach to estimate the number of signatures which tends 
to be less precise than SigMoS. Indeed, good performance is achieved with our proposed 
approach even under high dispersion if the correct distribution is assumed. These results 
demonstrate that SigMoS is accurate for detecting the correct number of signatures and 
it performs well also in situations with overdispersion compared to other methods.

For this set of simulations we also checked the quality of the estimated signa-
tures. We sampled 10 runs for each scenario from Fig.  2 and calculated the cosine 
similarity between the estimated signatures and the true ones used for simula-
tions. The results for all methods are shown in Fig.  3 where we display the average 
cosine similarity over 10 runs for each method and each scenario. For this study we 
fixed the number of signatures to five for all methods, which may favour methods 
such as SignatureAnalyzer , sigfit or SigneR that usually overestimate the 
number of signatures. Nonetheless, these results also show that SigMoS combined 
with the Negative Binomial model and sigfit- NB are the methods that are able to 
retain the highest accuracy also with high levels of overdispersion (namely α = 10 ). 
SigProfilerExtractor and SigneR also show good accuracy especially when 
the overdispersion is low and under the Poisson model. These results, combined with 

Fig. 2  Method comparison using simulated data. Each method is applied on the data sets from Fig. 1b and, 
for each data set, the value of the estimated number of signatures is kept. We test values for the number of 
signatures from two to eight for Poisson noise and Negative Binomial noise with α = {10, 200} , and a patient 
specific dispersion parameter α ∼ U(10, 500)
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those in Fig. 2, show that for real data where the variance may be higher than the one 
accounted for under the Poisson model, using a Negative Binomial model is essential. 
Indeed, this distributional assumption leads to high accuracy in the estimated signa-
tures and SigMoS combined with the Negative Binomial model is able to maintain 
high accuracy and also correctly infer the true number of signatures.

We additionally compared our method to an independent set of simulated data 
from [30]. Here, the authors propose an alternative cross-validation procedure 
for estimating the number of signatures and describe a method comparison where 
SigProfilerExtractor , SignatureAnalyzer and SigneR are included. We 
considered their 20 simulated data sets comprising of 200 patients and 9 signatures 
each and we run SigMoS under both the Negative Binomial and the Poisson model. 
The signatures used for this set of simulations have been taken from the PCAWG 

Fig. 3  Quality of estimated signatures using simulated data. Each method is applied on 10 randomly 
sampled data sets from Fig. 1b and, for each data set, the value of the estimated number of signatures is fixed 
to 5. We show the quality of the estimated signatures measured by cosine similarity for all methods with 
Poisson noise and Negative Binomial noise with α = 10, 200 , and a patient specific dispersion parameter 
α ∼ U(10, 500)
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breast cancer study [4] where two pairs of signatures are highly similar, namely sig-
natures SBS1 and SBS5 as well as SBS2 and SBS13, and their exposures have been 
resampled jointly when generating the data. It is not surprising that our method often 
estimates less than 9 signatures (7 or 8 signatures are reconstructed in most of the 
scenarios). We compared these results to the ones in [30] where a method based on 
cross-validation is proposed to estimate the number of signatures. Here, an exten-
sive method comparison is available showing the accuracy in estimating the true sig-
natures. We provide similar results in Additional file  1: Figs.  S1 and  S2 where our 
method is run with Po-NMF and NBN-NMF. Comparing these results to Fig.  S9 in 
[30], we can see that most methods tend to estimate less than 9 signatures and that 
the accuracy of the signatures estimated by SigMoS is always higher or comparable to 
the ones estimated by the other methods.

These results indicate that our proposed approach is robust to different simulation set 
ups, has very good performance on a wide range of scenarios, and provides more accu-
rate estimates of the underlying number of signatures and of the actual mutational sig-
natures when compared to other methods available in the literature, suggesting that it 
will also be robust when applied to real data. Computational cost results for our method 
in terms of memory usage and time until convergence as a function of the number of 
patients are available in Additional file 1: Section S2. SigMoS runs on a standard laptop 
with Intel Core i7 processor in less than a few minutes and uses less than 25 gigabase of 
memory for data sets with up to 500 patients and 5 signatures. Both memory consump-
tion and running time increase linearly with the number of patients, but even large data 
sets can be run fairly quickly on a standard laptop (for 1000 patients SigMoS used up to 
100 GB and the running time went up to 7 min for the slowest scenarios).

Breast cancer data

This data set consists of the mutational counts from the 21 breast cancer patients that 
has previously been described and analyzed in several papers [6, 7, 12]. The data can be 
found through the link ftp://​ftp.​sanger.​ac.​uk/​pub/​cancer/​Alexa​ndrov​EtAl from [11] and 
have been extensively analyzed in [4].

In Fig. 4a, we have applied SigMoS and BIC to choose the number of signatures for 
both Po-NMF and NBN-NMF. We have included the BIC to compare with the SigMoS 
method as it provides similar results to the state-of-the-art methods. SigMoS indicates 
to use three signatures for both methods. This is in line with the results of our simula-
tion study, where we show that our model selection is robust to model misspecification. 
According to BIC, six signatures are needed for Po-NMF whereas only three signatures 
should be used with NBN-NMF which emphasizes the importance of a correct model 
choice when using BIC. In this framework and in “Prostate cancer data” section we com-
pared SigMoS to BIC, as Fig. 1 shows that this is more robust than AIC. BIC is also often 
used as model selection criteria in the analysis of real data sets in the literature. We refer 
to “Method comparison” section for comparisons with other state-of-the-art methods.

For three signatures we show in Fig.  4b the corresponding raw residuals 
Rnm = Vnm − (WH)nm to determine the best fitting model. The residuals are plotted 
against the expected mean (WH)nm , as the variance in both the Poisson and Negative 
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Binomial model depends on this value. The colored lines in the residual plots corre-
spond to ±2σ for the Poisson and the Negative Binomial distribution, respectively. The 
variance σ 2 can be derived from Eq. (5) for the Negative Binomial model and is equal to 
the mean for the Poisson model.

For Po-NMF we observe a clear overdispersion in the residuals, which suggests to use 
a Negative Binomial model. In the residual plot for the NBN-NMF we see that the resid-
uals have a much better fit to the variance structure, which is indicated by the colored 
lines. The quantile lines in the lower panel with normalized residuals again show that the 
quantiles from the NBN-NMF are much closer to the theoretical ones, suggesting that 
the Negative Binomial model is better suited for this data. The patient specific dispersion 
is very diverse in this data as the α values for the first 20 patients are between 16 (very 
high dispersion) and 550 (moderate dispersion) and the last patient has α21 = 26083.

We compare the signatures found by our method to the available signatures in the 
COSMIC database [5] downloaded from  https://​cancer.​sanger.​ac.​uk/​cosmic. We find 
that our three reconstructed signatures are similar to signatures SBS1, SBS2, SBS3. 

Assumed models

Model selection procedure Po-NMF NBN-NMF

SigMoS 3 3

BIC 6 3

(a) Estimated number of signatures.
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(b) Model fit: residual analysis.
Fig. 4  Results for Po-NMF and NBN-NMF applied to a data set with 21 breast cancer patients. a The optimal 
number of signatures estimated from SigMoS and BIC when using Po-NMF and NBN-NMF. b The residual plots 
for Po-NMF and NBN-NMF when assuming the estimated number of signatures from SigMoS i.e. 3 signatures 
in both cases. The lines in the top plot correspond to two times the expected variance under the chosen 
distributional assumption. As the NBN-NMF holds 21 different expected variances, we have chosen to plot the 
median, minimum and maximum variance among the 21. The second plots show the normalized residuals. 
The vertical blue and red lines depict the theoretical quantiles and the gray lines show the observed 
quantiles
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The corresponding cosine similarities are reported in Table 1 and show high similarity 
between our reconstructed signatures and the ones from the COSMIC database espe-
cially for SBS2 and SBS3. Indeed, a cosine similarity of 0.8 has been used as threshold 
in [31] to group similar signatures, suggesting that SigMoS is able to identify relevant 
signatures in the COSMIC database. According to the results in [4] SBS1 and SBS2 are 
found across most cancer types and a large proportion of breast cancer samples showing 
these two signatures has been found. SBS3 has also been found in a large proportion of 
breast cancer samples and it also has high mutational burden in breast cancer tumors. 
SBS3 has also been associated to the BRCA1/2 mutation [4]. The validation of our sig-
natures with the COSMIC database shows that in this case SigMoS can correctly infer 
signatures that have been proved to be strongly associated with breast cancer.

Prostate cancer data

We also considered a more recent data set from the Pan-Cancer Analysis of Whole 
Genomes (PCAWG) database [25] where 2782 patients from different cancer types are 
available. The mutational counts from the full PCAWG database can be found at https://​
www.​synap​se.​org/#​!Synap​se:​syn11​726620. From this data set, we extracted mutational 
counts for all the 286 prostate cancer patients and used them directly for our analysis.

We chose again both the Poisson and Negative Binomial as underlying distributions 
for the NMF and in both cases we applied SigMoS for determining the number of sig-
natures. We present the results in Fig. 5. Figure 5a shows again that our model selection 
procedure is more stable under model misspecification compared to BIC: the estimated 
number of signatures is changing from 9 to 4 between the two model assumptions for 
BIC, but only from 6 to 5 for SigMoS. As for Fig. 4b, the residuals in Fig. 5b show that 
the NBN-NMF model provides a much better fit to the data than the Po-NMF. The esti-
mated values for the patient specific dispersion are αn ∈ [1.4, 4279] with a median of 140 
(corresponding to a quite large dispersion).

As for the previous section we compare our reconstructed signatures with the ones 
in the COSMIC database. Table 2 shows the cosine similarity between the signatures 
extracted by SigMoS and the most similar ones from the COSMIC repository. Here, 
NBN-NMF provides much better results in terms of signatures estimation showing 
the importance of accounting for overdispersion. Indeed, NBN-NMF finds signatures 
SBS1, SBS5, SBS8, SBS18, SBS37. These signatures are all largely present in prostate 
cancer either for their presence in many prostate tumor samples or for their contribu-
tion in terms of number of mutations per tumor or for both reasons combined. On 
the contrary, signatures SBS6 and SBS36 are not found in prostate cancer, showing 
that NBN-NMF is more accurate.

Table 1  Cosine similarity for the breast cancer data set between the signatures extracted by SigMoS 
and the ones in the COSMIC database

The COSMIC signature with the highest cosine similarity is shown for each signature estimated by SigMoS

SBS1 SBS2 SBS3

Po-NMF 0.65 0.76 0.79

NBN-NMF 0.62 0.76 0.80
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Assumed models
Model selection procedure Po-NMF NBN-NMF

SigMoS 6 5
BIC 9 4

(a) Estimated number of signatures.
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(b) Model fit: residual analysis.
Fig. 5  Results for Po-NMF and NBN-NMF applied to a data set with 286 prostate cancer patients from the 
PCAWG database [25]. a The optimal number of signatures estimated from SigMoS and BIC when using 
Po-NMF and NBN-NMF. b The residual plots for Po-NMF and NBN-NMF when assuming the estimated number 
of signatures from SigMoS i.e. 5 and 6 signatures. The lines in the first plot correspond to two times the 
expected variance under the chosen distributional assumption. For NBN-NMF, the colored lines in the top 
plot show the median, minimum and maximum variance among the patients. The bottom plots show the 
normalized residuals. The vertical blue and red lines depict the theoretical quantiles and the gray lines the 
observed quantiles

Table 2  Cosine similarity for the Prostate cancer data set between the signatures extracted by 
SigMoS and the ones in the COSMIC database

The COSMIC signature with the highest cosine similarity is shown for each signature estimated by SigMoS. Signatures found 
in many prostate samples or having high mutation counts on prostate samples are highlighted in colour in the table

Discussion
Mutational profiles from cancer patients are a widely used source of information and 
NMF is often applied to these data in order to identify signatures associated with cancer 
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types. We propose a new approach to perform the analysis and signature extraction 
from mutational count data where we emphasize the importance of validating the model 
using residual analysis, and we propose a robust model selection procedure.

We use the Negative Binomial model as an alternative to the commonly used Poisson 
model as the Negative Binomial can account for the high dispersion in the data. As a fur-
ther extension of this model, we allow the Negative Binomial to have a patient specific 
variability component to account for heterogeneous variance across patients.

We propose a model selection approach for choosing the number of signatures. As we 
show in “Simulation study” section this method works well with both Negative Binomial 
and Poisson data, and it is a robust procedure for choosing the number of signatures. 
We note that the choice of the divergence measure for the cost function in Algorithm 2 
is not trivial and may favor one or the other model and thus a comparison of the costs 
between different NMF methods is not possible. For example, in our framework, we use 
the Kullback–Leibler divergence which would favor the Poisson model. This means that 
a direct comparison between the cost values for Po-NMF and NBN-NMF is not feasible. 
To check the goodness of fit and choose between the Poisson model and the Negative 
Binomial model we propose to use the residuals instead.

In Additional file 1: Section S4, we investigated the role of the cost function in our model 
selection by including the Frobenius norm and Itakura–Saito (IS) [32] divergence measure 
from [33], where the authors propose a fast implementation of the NMF algorithm with gen-
eral Bregman divergence. In this investigation the cost function did not influence the optimal 
number of signatures. The only difference was how the cost values differed among the NMF 
methods, as each cost function favored the models differently. Therefore we chose to use the 
Kullback–Leibler divergence and compared the methods with the residual analysis.

Less signatures are found when accounting for overdispersion with the Negative Bino-
mial model. Indeed, there is no need to have additional signatures explaining noise, which 
we assume is the case for the Poisson model. We show that the Negative Binomial model is 
more suitable and therefore believe the corresponding signatures are more accurate. This 
can be helpful when working with mutational profiles for being able to better associate sig-
natures with cancer types and for a clearer interpretation of the signatures when analyz-
ing mutational count data. For example, the recent results in [28] use a large data set with 
several different cancer types and show that there exists a set of common signatures that 
is shared across organs and a set of rare signatures that are only found with a sufficiently 
large sample size. To recover the common signatures the patients with unusual mutational 
profiles were excluded as they are introducing additional variance in the signature estima-
tion procedure. We speculate that changing the Poisson assumption in this approach with 
the Negative Binomial distribution could provide a simpler and more robust way to extract 
common signatures. Indeed, the Negative Binomial model allows for more variability in the 
data and our simulation results and residual plots in “Results” section show that the Nega-
tive Binomial distribution is beneficial for stable signature estimation. In this work we have 
focused on single base substitutions, but the Negative Binomial NMF can be highly ben-
eficial also for analyzing indels or other variant types. In [4] they discuss that mutational 
matrices corresponding to indels harbor more variation which means that more flexible 
models than the Poisson are needed in this situation.
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The workflow for analyzing the data, and the procedures in Algorithms 1 and 2 are avail-
able in the R package SigMoS at https://​github.​com/​Marta​Peliz​zola/​SigMoS.

Methods
This section is structured as follows: in “Negative Binomial model for mutational counts” 
section we describe the Negative Binomial model applied to mutational count data. Then 
we propose an extension where a patient specific dispersion coefficient is used. The majori-
zation–minimization (MM) procedure for patient specific dispersion {α1, . . . ,αN } can be 
found in “Patient specific NBN-NMF” section. In our application, we propose to use Nega-
tive Binomial maximum likelihood estimation (MLE) for α and {αn : 1 ≤ n ≤ N } instead of 
the grid search adopted in [18]. The pseudocode shown in the initial steps of Algorithm 1 
describes this approach for patient specific dispersion. For shared dispersion among all 
patients and mutation types we simply set α = α1 = · · · = αN in Algorithm 1. Lastly, in 
“Estimating the number of signatures” section we describe our proposed algorithm to esti-
mate the number of signatures.

Negative Binomial model for mutational counts

In this section we argue why the Negative Binomial model in [18] is a natural model for the 
number of somatic mutations in a cancer patient. We start by illustrating the equivalence 
of the Negative Binomial to the more natural Beta-Binomial model as a motivation for our 
model choice.

Assume a certain mutation type can occur in τ triplets along the genome with a probabil-
ity p. Then it is natural to model the mutational counts with a binomial distribution [34, 35]

However, [36] observed that the probability of a mutation varies along the genome and is 
correlated with both expression levels and DNA replication timing. We therefore intro-
duce the Beta-Binomial model

where the beta prior on the probability p models the heterogeneity of the probability of 
a mutation for the different mutation types due to the high variance along the genome. 
As p follows a Beta distribution, its expected value is E[p] = α/(α + β) . For mutational 
counts, the number of triplets τ is extremely large and the probability of mutation p 
is very small. In the data described in [36] there are typically between 1 and 10 muta-
tions per megabase with an average of 4 mutations per megabase ( τ ≈ 106 ). This means 
E[p] = α/(α + β) ≈ 4 · 10−6 and thus, for mutational counts in cancer genomes we have 
that β >> α . As τ is large and p is small, the Binomial model is very well approximated 
by the Poisson model Bin(τ , p) ⋍ Pois(τp) . This distributional equivalence of Poisson 
and Binomial when τ is large and p is small is well known. This also means that the mod-
els (1) and (2) are approximately equivalent with τp = (WH)nm.

The Beta and Gamma distributions are also approximately equivalent in our setting. 
Indeed, as β >> α , the Beta density can be approximated by the Gamma density in the 
following way

(2)Vnm ∼ Bin(τ , p).

(3)
Vnm|p ∼ Bin(τ , p)

p ∼ Beta(α,β),

4. Methods
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Therefore, for mutational counts, the model in (3) is equivalent to

Since the Negative Binomial model is a Gamma–Poisson model we can also write the 
model as

where the last parametrization is equivalent to the one in [18]. In the first distributional 
equivalence we use E[p] ≈ α

β
 and in the second we use τE[p] = (WH)nm . Compared to 

the Beta-Binomial model, the Negative Binomial model has one fewer parameter and is 
analytically more tractable. The mean and variance of this model are given by

When α → ∞ above, the Negative Binomial model converges to the more commonly 
used Poisson model as Var(Vnm) ↓ (WH)nm . As shown in this section, the Negative 
Binomial model can be seen both as an extension of the Poisson model and as equivalent 
to the Beta-Binomial model. Thus, we opted to implement a Negative Binomial NMF 
model for mutational count data. More details on the approximation of the Negative 
Binomial to the Beta-Binomial distribution can also be found in [37].

Patient specific NBN‑NMF

In this section we describe our patient specific Negative Binomial non-negative matrix 
factorization NBN-NMF model and the corresponding estimation procedure.

Gouvert et al. [18], Lyu et al. [20] and Vöhringer et al. [21] present a Negative Binomial 
model where α is shared across all observations. However, the probability of a muta-
tion in (3) is highly variable across patients (see e.g. mutational burden in [28] and our 
discussion in “Breast cancer data” section), thus we extend the Negative Binomial NMF 
model from [18] by allowing patient specific dispersion. We noticed that the variability 
among different patients is usually much higher than the one among different mutation 
types, thus we decided to focus on patient specific dispersion.

The entries in V are modeled as

where αn is the dispersion coefficient of each patient, and the corresponding Gamma–
Poisson hierarchical model can be rewritten as:

pα−1(1− p)β−1

B(α,β)
=

pα−1

Ŵ(α)
(β − 1+ α)(β − 1+ (α − 1)) · · · (β − 1)(1− p)β−1

≈
pα−1

Ŵ(α)
βα(e−p)β .

(4)
Vnm|p ∼ Po(τp)

p ∼ Gamma(α,β).

Vnm ∼ NB α,
τ

β + τ
⋍ NB α,

τE[p]

α + τE[p]
⋍ NB α,

(WH)nm

α + (WH)nm
,

(5)E[Vnm] = (WH)nm and Var(Vnm) = (WH)nm

(

1+
(WH)nm

α

)

.

Vnm ∼ NB

(

αn,
(WHT )nm

αn + (WHT )nm

)

,
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Here anm is the parameter responsible for the variability in the Negative Binomial model. 
Note that E[anm] = 1 and Var(anm) = 1/αn.

Now we can write the Negative Binomial log-likelihood function with patent specific 
αn

and recognize the negative of the log-likelihood function as proportional to the follow-
ing divergence:

assuming fixed α1, . . . ,αN . This is a divergence measure as dN (V ||WH) = 0 when 
V = WH and dN (V ||WH) > 0 for V  = WH . We can show this by defining 
g(t) = (Vnm + t) log ((Vnm + t)/((WH)nm + t)) and realize dN (V ||WH) = g(0)− g(α) ≥ 0 

because g ′(t) ≤ 0 with equality only when V = WH . The term log
(

αn + Vnm − 1
αn

)

 in 

the likelihood is a constant we can remove and then we have added the constants 
Vnm log(Vnm) , αn log(αn) and (Vnm + αn) log(Vnm + αn).

Following the steps in [18], we will update W and H one at a time, while the other is 
assumed fixed. We will show the procedure for updating H using a fixed W and its cur-
rent value Ht . First we construct a majorizing function G(H ,Ht) for dN (V ||WH) with 
the constraint that G(H ,H) = dN (V ||WH) . The first term in Eq.  (8) can be majorized 
using Jensen’s inequality leading to

where βk = WnkH
t
km/

∑K
k=1WnkH

t
km . The second term can be majorized with the tan-

gent line using the concavity property of the logarithm:

(6)
Vnm|anm ∼ Po(anm(WH)nm)

anm ∼ Gamma(αn,αn).

(7)
ℓ(W ,H;V ) =

N
∑

n=1

M
∑

m=1

{

log

(

αn + Vnm − 1
αn

)

+ Vnm log

(

(WH)nm

αn + (WH)nm

)

+ αn log

(

1−
(WH)nm

αn + (WH)nm

)}

,

(8)

dN (V ||WH) =

N
∑

n=1

{

M
∑

m=1

Vnm log

(

Vnm

(WH)nm

)

− (αn + Vnm) log

(

αn + Vnm

αn + (WH)nm

)

}

(9)

dN (V ||WH) =

N
∑

n=1

M
∑

m=1

{

{Vnm log

(

Vnm
∑K

k=1WnkHkm

)

− (αn + Vnm) log

(

αn + Vnm

αn +
∑K

k=1WnkHkm

)

}

≤

N
∑

n=1

M
∑

m=1

{

Vnm logVnm − Vnm

K
∑

k=1

βk log
WnkHkm

βk

+ (αn + Vnm) log

(

αn +
∑K

k=1WnkHkm

αn + Vnm

)

}
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Lastly, we need to show that G(H ,H) = dN (V ||WH) . This follows from

Having defined the majorizing function G(H ,Ht) in Eq. (10), we can derive the following 
multiplicative update for H:

Similar calculations can be carried out for W to obtain the following update:

(10)

dN (V ||WH) =

N
∑

n=1

M
∑

m=1

{

Vnm logVnm − Vnm

K
∑

k=1

βk log
WnkHkm

βk

+ (αn + Vnm) log

(

αn +
∑K

k=1WnkHkm

αn + Vnm

)

}

≤

N
∑

n=1

M
∑

m=1

{

Vnm logVnm − Vnm

K
∑

k=1

βk log
WnkHkm

βk

+ (αn + Vnm) log

(

αn + (WHt)nm

αn + Vnm

)

+
Wnm

αn + (WHt)nm
(Hnm −Ht

nm)

}

= G(H ,Ht).

(11)

G(H ,H) =

N
∑

n=1

M
∑

m=1

{

Vnm logVnm − Vnm

K
∑

k=1

βk log
WnkHkm

βk

+ (αn + Vnm) log

(

αn + (WH)nm

αn + Vnm

)

+
Wnm

αn + (WH)nm
(Hnm −Hnm)

}

=

N
∑

n=1

M
∑

m=1

{

Vnm logVnm − Vnm

K
∑

k=1

WnkHkm
∑K

k=1WnkHkm

log
WnkHkm

WnkHkm
∑K

k=1 WnkHkm

− (αn + Vnm) log

(

αn + Vnm

αn +
∑K

k=1WnkHkm

)

}

=

N
∑

n=1

M
∑

m=1

{

Vnm logVnm − Vnm · 1 · log

(

K
∑

k=1

WnkHkm

)

− (αn + Vnm) log

(

αn + Vnm

αn +
∑K

k=1WnkHkm

)

}

=

N
∑

n=1

M
∑

m=1

{

Vnm log

(

Vnm
∑K

k=1WnkHkm

)

− (αn + Vnm) log

(

αn + Vnm

αn +
∑K

k=1WnkHkm

)

}

= dN (V ||WH).

(12)Ht+1
km = Ht

km

∑N
n=1

Vnm

(WHt )nm
Wnk

∑N
n=1

Vnm+αn
(WHt )nm+αn

Wnk

.
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It is straightforward to see that when αn = α for all n = 1, . . . ,N  then the updates for W 
and H equal those in [18]. Additionally, as shown in [18] when α → ∞ the updates of 
the Po-NMF [14] are recovered.

In our application, we find maximum likelihood estimates (MLEs) of α1, . . . ,αN based 
on the Negative Binomial likelihood using Newton–Raphson together with the esti-
mate of WH from Po-NMF. We opted for this more precise estimation procedure for 
α1, . . . ,αN instead of the grid search approach used in [18]. Final estimates of W and H 
are then found by minimizing the divergence in Eq. (8) by the iterative majorize-mini-
mization procedure. The NBN-NMF procedure is described in Algorithm 1 below. The 
model in [18, 20] is similar except α1 = · · · = αN = α.

It is well known that NMF can result in non-unique solutions [38]. Following these 
findings on the non-uniqueness and the effect of different initializations, all our results 
are based on five random initializations for each NMF solution.

Estimating the number of signatures

Estimating the number of signatures is a difficult problem when using NMF. More gen-
erally, estimating the number of components for mixture models or the number of clus-
ters is a well known challenge in applied statistics.

Examples of the complexity of this problem can be found in the K-means clustering 
algorithm and in Gaussian mixture models where the number of clusters K has to be 
provided for the methods. A detailed description of these challenges can be found in 
[39]. Estimating the number of components is also a critical issue for mixed membership 
models. Some examples can be found in [40, 41].

Classical procedures to perform model selection are the AIC

(13)Wt+1
nk = Wt

nk

∑M
m=1

Vnm

(WtH)nm
Hkm

∑M
m=1

Vnm+αn
(WtH)nm+αn

Hkm

.

(14)AIC = −2 ln L+ 2nprm

4. Methods

72



Page 19 of 24Pelizzola et al. BMC Bioinformatics          (2023) 24:187 	

and the Bayesian Information Criterion (BIC)

where ln L is the estimated log-likelihood value, nobs is the number of observations and 
nprm the number of parameters to be estimated. The two criteria attempt to balance the 
fit to the data (measured by −2 ln L ) and the complexity of the model (measured by the 
scaled number of free parameters). We have nobs = N where N is the number of patients, 
so ln(nobs) > 2 if N ≥ 8 , which means that in our context the number of parameters has 
a higher influence for BIC compared to AIC because real data sets always have at least 
tens of patients. Additionally, the structure of the mutational matrix V can lead to two 
different strategies for choosing nobs when BIC is used. Indeed, the number of observa-
tions in this context can be set as the total number of counts (i.e.  N ·M ) or as the num-
ber of patients N, leading to an ambiguity in the definition of this criterion. Verity and 
Nichols [41] also presents results on the performance of AIC and BIC, where the power 
is especially low for BIC. AIC provides higher stability in the scenario from [41], how-
ever it does not seem suitable in our situation due to a small penalty term.

A very popular model selection procedure is cross-validation. In Gelman  et  al.  [42] 
they compare various model selection methods including AIC and cross-validation. 
Here, the authors recommend to use cross-validation as they demonstrate that the other 
methods fail in some circumstances. In Luo et al. [43] they also show that cross-valida-
tion has better performance than the other considered methods, including AIC and BIC. 
Both papers evaluate the predictive fit to compare different methods.

Model selection for NMF

For NMF we propose an approach for estimating the rank which is highly inspired by 
cross-validation. As for classical cross-validation we split the patients in V in a training 
and a test set multiple times.

Since all the parameters in the model i.e. W and H are free parameters it means that 
the exposures for the patients in the test set are unknown from the estimation of the 
training set. The patients in the training set give an estimation of the signatures and the 
exposures of the patients in the training set. One could argue to fix the signatures from 
the training set and re-estimate exposures for the test set, but we observed that this lead 
to an overestimation of the test set.

Instead we have chosen to fix the exposures to the ones estimated from the full data. 
This means our evaluation on the test set is a combination of estimated signatures from 
the training set and exposures from the full data. The idea is to exploit the fact that 
the signature matrix should be robust to changes in the patients included in the train-
ing set. If the estimated signatures are truly explaining the main patterns in the data, 
then we expect the signatures obtained from the training set to be similar to the ones 
from the full data. Therefore the product of the exposures from the full data and the 
signatures from the training set should give a good approximation of the test set, if the 
number of signatures is appropriate. We tested this assumption on a real data set with 
hypermutated patients which may lead to patient specific signatures in Additional file 1: 

(15)BIC = −2 ln L+ ln(nobs)nprm
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Section S3 and we find that our method is robust to the removal of the hypermutated 
patient.

Inputs for the procedure are the data V, an NMF method, the number of signatures 
K, the number of splits into training and test J and the cost function. We evaluate the 
model for a range of values of K and then select the model with the lowest cost. The 
NMF methods we are using here are either Po-NMF from [14] or NBN-NMF in Algo-
rithm 1, but any NMF method could be applied.

A visualization of our model selection algorithm can be found in Fig. 6. First, we con-
sider the full mutational matrix V and we apply the chosen NMF algorithm to obtain an 
estimate for both W and H. Afterwards, for each iteration, we sample 90% of the patients 
randomly to create the training set and determine the remaining 10% as our test set. We 
then apply the chosen NMF method to the mutational counts of the training set obtain-
ing an estimate Wtrain and Htrain.

Now, as for classical cross-validation, we want to evaluate our model on the test 
set. To evaluate the model here, we use the full data: indeed, we multiply the expo-
sures relative to the patients in the test set estimated on the full data Wj

test times the 
corresponding signatures estimated from the training set Hj

train . As the order of the 
estimated signatures from the full data can be different to the one in the training 
set we reorder the exposures in Wj

test with respect to the signatures in Hj
train . We 

determine the order by calculating the cosine similarity between the signatures in 
H

j
train and those in H. We use the prediction of the test data to evaluate the model 

computing the distance between the true data V j
test and their prediction V j

predictwith 
a suitable cost function. This procedure is iterated J times leading to J cost values cj , 
j = 1, . . . , J  . The median of these values is calculated for each number of signatures 
K. We call this procedure SigMoS and summarize it in Algorithm 2. The optimal K 
is the one with the lowest cost. We use the generalized Kullback–Leibler divergence 
as a cost function and discuss the choice of cost function in “Discussion” section. We 
compare the influence of the model choice for our procedure to AIC and BIC. We 
also compare to SigProfilerExtractor , SignatureAnalyzer , SigneR and 
SparseSignatures as these are recently introduced methods in the literature and 
examine the results from this comparison in “Simulation study” section.
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Code for method comparison

For SigProfilerExtractor we used the SigProfilerExtractor Python 
package with minimum_signatures equal to two, maximum_signatures equal 
to eight and opportunity_genome equal to “GRCh37”. For SparseSignatures 
we use the function nmfLassoCV with normalize_counts being set to FALSE and 
lambda_values_alpha and lambda_values_beta to zero. All the other parameters are 
set to their default values. When applying SignatureAnalyzer we used the following com-
mand python SignatureAnalyzer- GPU.py - - data f - - prior_on_W L1 
- - prior_on_H L2- - output_dir d - - max_iter 1000000 - - tolerance 1e− 7 
- - K0 8 . For SigneR we used the default options.

Supplementary Information
The online version contains supplementary material available at https://​doi.​org/​10.​1186/​s12859-​023-​05304-1.

Additional file 1. Supplementary material.
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Supplementary material1

S1 Results from simulated data in [30]2

In this section we provide results from applying SigMoS to the data in [30]. Figures3

S1 and S2 show the ability of SigMoS to recover the true mutational signatures4

using Po-NMF and NBN-NMF respectively.

Figure S1 Method comparison using simulated data from [30]. Each method is applied on 20
data sets. For each data set the cosine similarity between the true signatures and the signatures
estimated by SigMoS with Po-NMF is displayed. The height of the bars represent the mean of the
20 datasets and the yellow lines represent the standard deviation.

5

Figure S2 Method comparison using simulated data from [30]. Each method is applied on 20
data sets. For each data set the cosine similarity between the true signatures and the signatures
estimated by SigMoS with NBN-NMF is displayed. The height of the bars represent the mean of
the 20 datasets and the yellow lines represent the standard deviation.

79



Page 2 of 7

S2 Computational cost for SigMoS with Po-NMF and NBN-NMF6

In this section we present results on the memory consumption and running time7

for SigMoS using Po-NMF and NBN-NMF as a function of the number of patients.8

We simulated data following the model in Section 2.1 and varying the number of9

patients in {20, 50, 100, 150, 200, 500, 1000}. For each of these scenarios we run 2010

simulations with 5 signatures. SigMoS is running in parallel for J = 100 iterations of11

the model selection algorithm (see Figure 6). The memory consumption can thus be12

decreased by a fraction a in exchange for an increase in time by the corresponding13

multiplicative factor a. All analysis have been conducted on a standard laptop with14

Intel Core i7 processor.15

Figure S3 Memory consumption in gigabytes (GB) and running time in seconds (s) for SigMoS
with Po-NMF with 5 signatures as a function of the number of patients. The tolerance for
convergence is set to 10−5 and 100 iterations of cross-validation are performed. The boxplots
show results for 20 runs of SigMoS for each number of patients.

Figure S4 Memory consumption in gigabytes (GB) and running time in seconds (s) for SigMoS
with NBN-NMF with 5 signatures as a function of the number of patients. The tolerance for
convergence is set to 10−5 and 100 iterations of cross-validation are performed. The boxplots
show results for 20 runs of SigMoS for each number of patients.
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S3 Influence of hypermutated patients16

We considered the real data set from [6] and applied both SigMoS with Po-NMF17

and with NBN-NMF. First, we applied both methods to the 21 patients included18

in the data, and then we applied the same methods excluding the hypermutated19

patient (the last patient in the data). Figures S5 and S6 show the estimated mu-20

tational signatures from the Poisson and Negative Binomial models, respectively,21

and the normalized mutational profile of the hypermutated patient. The correla-22

tion between the profile of the hypermutated patients and the extracted signatures23

is (0.3002, 0.9999, 0.3203) with Po-NMF and (0.2135, 0.9999, 0.2013) under the24

Negative Binomial model.

Figure S5 Signatures extracted from SigMoS with Po-NMF using the 21 breast cancer patients
from [6] and mutational profile of the hypermutated patient in this data set.

25

When removing the hypermutated patient and running SigMoS again we obtain26

very similar signatures. The correlation between the hypermutated patient and the27

signatures indeed is (0.2453, 0.9894, 0.3095) under the Poisson model and (0.2755,28

0.9903, 0.2906) with NBN-NMF. This shows that the estimation of the signatures29

with SigMoS is not affected by the hypermutated patient and that our method is30

robust in this setting. It appears that the mutations of the hypermutated patient31

indeed originate from signature S2 that is shared among other patients as well. Thus32

our assumptions in the SigMoS method are not violated and the signatures can be33

correctly estimated also in this scenario.34
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Figure S6 Signatures extracted from SigMoS with NBN-NMF using the 21 breast cancer patients
from [6] and mutational profile of the hypermutated patient in this data set.

Figures S7 and S8 show the extracted exposures with Po-NMF and NBN-NMF35

respectively. The top panels show results with all patients and the lower panels36

show results when the hypermutated patient is removed. This also emphasizes that37

the exposures to the reconstructed signatures are very similar (note the difference38

in the y-axis scale) in the two settings, suggesting a robust signature extraction.39
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Figure S7 Exposures extracted from SigMoS with Po-NMF using the 21 breast cancer patients
from [6] (top panel) and excluding the hypermutated patient (bottom panel). The horizontal
black line in the top panel corresponds to an intensity equal to 8000 for comparison with the lower
panel.

Paper B

83



Page 6 of 7

Figure S8 Exposures extracted from SigMoS with NBN-NMF using the 21 breast cancer patients
from [6] (top panel) and excluding the hypermutated patient (bottom panel). The horizontal
black line in the top panel corresponds to an intensity equal to 8000 for comparison with the lower
panel.
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S4 Influence of the choice of the cost function on SigMoS40

We note that the choice of the divergence measure for the cost function in Al-41

gorithm 2 is not trivial and may favor one or the other model. For example,42

in our framework, we may be biased towards the Poisson model when using the43

Kullback-Leibler (KL) divergence. Here, we test the influence of the choice of the44

cost functions in the SigMoS procedure. We consider the Itakura-Saito (IS) [32]45

divergence and the Frobenius norm as alternative cost functions for our proposed46

cross-validation algorithm. Both cost functions are also implemented in the SigMoS47

R package.48

The KL divergence is given by equation (8) with α1 = · · · = αN = 0. Using

the same notation as in Algorithm 2 with B = V j
test and B0 = Hj

trainW
j
test the IS

divergence can be expressed as:

dIS(B,B0) =

N∑

n=1

M∑

m=1

{
Bnm

B0
nm

− log
Bnm

B0
nm

}
.

And the Frobenius norm is given by:

dFB(B,B0) =

N∑

n=1

M∑

m=1

(Bnm −B0
nm)2.

Figure S9 Cost function analysis. The cost from SigMoS as a function of the number of
signatures. SigMoS is applied to 21 breast cancer patients from Section 2.2 using the Frobenius
norm, the Itakura-Saito and the Kullback-Leibler divergence as cost functions for both Po-NMF
and NBN-NMF.

49

We test our model selection procedure with the KL, IS and the Frobenius norm.50

We test the influence of the choice of the cost function on the same data described51

in Section 2.2 corresponding to the 21 breast cancer patients in [6]. The results52

of this analysis are shown in Figure S9 and demonstrate that our model selection53

framework is robust to different choices of the cost function. However, we observe54

that the minimum is more pronounced when using the KL divergence.55
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Abstract: Somaticmutations in cancer can be viewed as amixture distribution of severalmutational signatures,

which can be inferred using non-negative matrix factorization (NMF). Mutational signatures have previously

been parametrized using either simple mono-nucleotide interaction models or general tri-nucleotide interac-

tion models. We describe a flexible and novel framework for identifying biologically plausible parametriza-

tions of mutational signatures, and in particular for estimating di-nucleotide interaction models. Our novel

estimation procedure is based on the expectation–maximization (EM) algorithm and regression in the log-

linear quasi–Poisson model. We show that di-nucleotide interaction signatures are statistically stable and suffi-

ciently complex to fit themutational patterns. Di-nucleotide interaction signatures often strike the right balance

between appropriately fitting the data and avoiding over-fitting. They provide a better fit to data and are bio-

logically more plausible than mono-nucleotide interaction signatures, and the parametrization is more stable

than the parameter-rich tri-nucleotide interaction signatures. We illustrate our framework in a large simulation

study where we compare to state of the art methods, and show results for three data sets of somatic mutation

counts from patients with cancer in the breast, Liver and urinary tract.

Keywords: cancer genomics; expectation-maximization (EM) algorithm; interaction terms; mutational signa-

tures; non-negative matrix factorization (NMF); Poisson regression

JEL Classification: Primary: 62; Secondary: 62F10; 62F30; 62H12; 62P10; 68T05; 92B20

1 Introduction

Themutation rate at a particular site in the genome often depends on both the left and right flanking nucleotides.

Hwang and Green (2004) analysed a 1.7 mega-base alignment of 19 mammalian species, and perhaps the most

striking observation was amuch elevatedmutation rate for C > T mutations when the right flanking nucleotide

is a G. The elevated rate reflects deamination of methyl cytosine. The CG-methylation-deamination process was

the main focus in the neighbour-dependent models described in Arndt et al. (2003) and Hobolth (2008). Further-

more, longer contextual patterns have recently been shown to impact the mutation rates induced by ultraviolet

light (Lindberg et al. 2019).

Analyses of somatic mutations in cancer patients have increased our basic understanding of themutational

processes operating in human cancer (Alexandrov et al. 2020). For example, mutational signatures from tobacco
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smoking (Alexandrov et al. 2016) and UV-light (e.g. Shen et al. 2020) have been identified. Furthermore, muta-

tional signatures can be used as biomarkers for drug sensitivity (Levatić et al. 2022) and deciding the diagnosis

and treatment of cancer patients (Nik-Zainal and Morganella 2017). A simple parametrization of mutational

signatures is essential to achieve statistically stable estimation, easier interpretation of signatures, and the

possibility of including more flanking nucleotides than just the nearest neighbors.

Our method is a flexible framework for parametrizing mutational signatures by biologically plausible

interaction terms. The frameworkmakes it possible to greatly reduce the number of parameterswhile still main-

taining a good fit to the data. The mutational signatures from Alexandrov et al. (2013) and Shiraishi et al. (2015)

constitute two extremes in our framework. We view signatures as a composition of interactions between the

mutation typeM and the left and right flanking nucleotides L and R as shown in Figure 1.

In this context, the general model from Alexandrov et al. (2013) with 96 mutation types includes all tri-

nucleotide interaction terms, and the independence model from Shiraishi et al. (2015) has no interaction terms

between themutation and the flanking nucleotides i.e. mono-nucleotide interaction terms. Using classical factor

analysis notation we can write the general model as L ×M × R and the mono-nucleotide model as L+M + R.

We propose a model that reaches the middle-ground between the complex model of Alexandrov et al. (2013)

and the simple model of Shiraishi et al. (2015). Our model includes di-nucleotide interaction terms between the

mutation type and flanking nucleotides and can be written L ×M +M × R. We also investigate combinations

of the parametrizations for mutational signatures. Our novel and flexible estimating procedure is based on the

EM-algorithm and a quasi-Poisson log-linear model for optimizing the free parameters.

In a simulation study with changing number of signatures and patients we show that the di-nucleotide

model strikes a good balance between maintaining a good fit to the data and reconstruction of the underlying

true signatures. We also compare our framework to state of the art methods for 96 mutation types with one

flanking nucleotide as well as 1536 mutation types with two flanking nucleotides. We find that the di-nucleotide

model reconstructs the true signatures verywell, and compares favorable to three othermethods formutational

signature extraction; signeR (Rosales et al. 2017), SparseSignatures (Lal et al. 2021a) and sigfit (Gori and
Baez-Ortega 2018).

We also analyze three data sets of somatic mutations in cancer patients. The first data set is from breast

cancer patients with 96mutation types. We analyze the 214 breast cancer patients from Alexandrov et al. (2020),

and we refer to this data set as BRCA. We show that many of the recovered signatures can be parametrized by

the simpler di-nucleotide or even mono-nucleotide parametrization. In a bootstrap and downsampling exper-

iment we also show how simpler parametrizations give a better reconstruction of both the exposures and the

signatures.

The second data set is from 260 Liver cancer patients with 96 mutation types from Alexandrov et al.

(2020). For this data set we again see that many of the recovered signatures can be explained by much simpler

parametrizations. The signatures found for the di-nucleotidemodel is alsomore similar to the COSMIC signatures

identified for Liver cancer in Alexandrov et al. (2020) compared to the mono- and tri-nucleotide models.

Figure 1: Graphical illustration of the parametrization of the mutation types. (a) The natural features for the mutation types are the left

nucleotide L, right nucleotide R, and the base mutation M. (b) The three parametrizations we are analyzing in this paper for mutation

types with one flanking nucleotide at each side.

1. Introduction
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The third data set is fromurothelial carcinomaof the upper urinary tract (Hoang et al. 2013) from26 patients

with 1536 mutation types. These mutation types include two flanking nucleotides to each side of the base muta-

tion. This data was also analysed by Shiraishi et al. (2015), and we refer to the data as UCUT. We find that the

di-nucleotide interaction models fit the data substantially better than the mono-nucleotide models and are

statistically much more stable than the full penta-nucleotide model.

In general, our analyses validate the relevance of our flexible framework for mutational signatures. The di-

nucleotide signatures provide a better fit to the data and are biologically more plausible than mono-nucleotide

signatures, and the parametrization ismore stable than the parameter-rich higher-order signatures that include

all interaction terms.

Our paper is organized as follows. In Section 2 we describe non-negative matrix factorization and

parametrization of amutational signature in terms of interactions between the nucleotides in themutation type.

Section 3 includes a simulation study and analyzes of the BRCA, Liver and UCUT data sets. Maximum likelihood

estimation is carried out using a novel combination of the expectation-maximization algorithm (Dempster et al.

1977) and regression in the quasi-Poisson model (e.g. McCullagh and Nelder 1989), and is described in detail in

Section 4. The paper ends with a general discussion about parametrization and model selection for mutational

signatures (Section 5). The data and code for reproducing the results and figures are available at https://github

.com/ragnhildlaursen/paramNMF_ms.

2 Determining the mutational signatures

Mutational signatures are derived from mutational counts using an unsupervised method called non-negative

matrix factorization (NMF). In this section we first explain NMF in general terms and afterwards how parame-

terization of the mutational signatures is included in the framework.

2.1 Non-negative matrix factorization

Given a datamatrixV ∈ ℕN×T
+ , themain aim of non-negativematrix factorization (NMF) is to find a factorization

WH, where the product of the non-negative exposure (sometimes also called weight or loading) matrix W ∈
ℝN×K
+ and the non-negative signature matrix H ∈ ℝK×T

+ provide a good approximation of the data matrix, i.e.

V ≈ WH. (1)

In our application N is the number of cancer patients, T is the number of mutation types, and each entry

V
nt
is the total number of somatic cancer mutations of type t in patient n. The non-negative weight matrixW is

of size N × K, and the non-negative mutational signature matrix H is of size K × T . Each of the K signatures is

a discrete probability distribution of length T , i.e. has T − 1 free non-negative parameters that sum to at most

one. The rank K of the factorization is most often one or more magnitudes smaller than the minimum of N and

T . For the BRCA data set, for example, we have the number of signatures K around 6–10, number of patients

N = 214, and number of mutation types T = 96.

In general, the number of observations is N × T and the number of free parameters is N × K for the weight

matrix and K × (T − 1) for the signature matrix. With N = 214 patients and K = 8 signatures the number of

observations N × T = 214 × 96 = 20, 544 are estimated using N × K + K × (T − 1) = 214 × 8+ 8 × 95 = 1712+
760 = 2472 free parameters. Thus, in general, this approach has a large number of free parameters compared to

the size of the data matrix. These considerations suggest that parametrizing a mutational signature is fruitful.

2.2 Parametrization of a mutational signature

We parametrize each mutational signature h = (h1, . . . , hT ) by the mutation type as a function of the base muta-
tionM, the flanking left base L and the flanking right base R as shown in Figure 1(a). The number of mutations is

12 without strand-symmetry, and 6 with strand-symmetry. Each flanking nucleotide can be one of the four types

Paper C

91



4 — R. Laursen et al.: Flexible model-based non-negative matrix factorization

A, C,G or T . The different factors are thus the left neighbour L (4 categories), the right neighbour R (4 categories),
and the mutation typeM (6 or 12 categories). In all of the following we assume strand-symmetry, so thatM has

6 categories.

We model the mutational signatures with a log-linear parametrization given by

h
t
= exp

(
(X𝛽)

t

)
T∑
t=1

exp
(
(X𝛽)

t

) , t = 1,… , T, (2)

where X has dimension T × S and is the design matrix that describe the common factors among the different

mutation types and 𝛽 ∈ ℝS is a vector of S parameters for the different factors. This framework thereforemakes

it possible to choose any type of parametrization for the signatures through the designmatrix X. In Section 2.2.1

we consider parametrizations for 96 mutation types (one flanking nucleotide at each side of the mutation). We

consider the general tri-nucleotide interaction model L ×M × R, the simple mono-nucleotide model L+M + R

and the di-nucleotide interaction model L ×M +M × R. In Section 2.2.2 we consider parametrizations for 1536

mutation types (two flanking nucleotides at each side of themutation).We consider the general penta-nucleotide

interaction model L2 × L1 × R × R1 × R2, the simple mono-nucleotide model L2 + L1 +M + R1 + R2, and a suite

of models in-between such as the full di-nucleotide interaction model L2 × L1 + L1 ×M +M × R1 + R1 × R2. We

explain in detail the parametrizations and corresponding design matrix in the next two subsections.

2.2.1 One flanking nucleotide at each side of the mutation

A summary of the three parametrizations for mutational signatures with 96 mutation types is provided in

Figure 1(b). We consider parametrizations with no interaction between nucleotides (mono-nucleotide signa-

tures), interaction between neighboring nucleotides (di-nucleotide signatures) and general interaction (tri-

nucleotide signatures).

Themutational signature hwith one flanking nucleotide at each side is a vector of length T = 4 × 6 × 4 = 96

indexed by 𝓁mr. Following classical factorial analysis of variance we specify the general tri-nucleotide interac-
tion model from Alexandrov et al. (2013) by L ×M × R. The model can be written as

h𝓁mr =
exp

(
𝛽L×M×R
𝓁mr

)
∑
𝓁∈L

∑
m∈M

∑
r∈R

exp
(
𝛽L×M×R
𝓁mr

) , (3)

wherem describes the six base mutation, and 𝓁 and r describe the four possible flanking nucleotides to the left

or right of the base mutation. This gives S = T = 4 × 6 × 4 = 96 different parameters in the 𝛽 vector and X = I
T

is the T × T identity matrix in the general formulation (2).

The mono-nucleotide interaction model L+M + R of Shiraishi et al. (2015) takes the form

h𝓁mr =
exp

(
𝛽M
m
+ 𝛽L𝓁 + 𝛽R

r

)
∑
𝓁∈L

∑
m∈M

∑
r∈R

exp
(
𝛽M
m
+ 𝛽L𝓁 + 𝛽R

r

) . (4)

In order to avoid confoundingwe define𝛽R
A
= 𝛽L

A
= 0. Therefore,we have S = 6+ 4+ 4− 2 = 12 remaining

parameters in the 𝛽 vector, which is a substantial reduction from the original model with 96 parameters. The

corresponding 96 × 12 design matrix X takes the form
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(5)

We propose the di-nucleotide interaction signature L ×M +M × R given by

h𝓁mr =
exp

(
𝛽M
m
+ 𝛽L×M𝓁m + 𝛽M×R

mr

)
∑
𝓁∈L

∑
m∈M

∑
r∈R

exp
(
𝛽M
m
+ 𝛽L×M𝓁m + 𝛽M×R

mr

) . (6)

In order to avoid confounding we define 𝛽L×M
Am

= 𝛽M×R
mA

= 0 for all the six possible basemutationsm ∈ {C >
A, C > G, C > T, T > A, T > C, T > G}. This signature therefore has a total of S = 4 × 6+ 4 × 6− 6 = 42 param-

eters and is a biologically plausible alternative between the simple mono-nucleotide multiplicative signature of

Shiraishi et al. (2015) and the complex tri-nucleotide interaction signature of Alexandrov et al. (2013). From the

mutational pattern of spontaneous cytosine deamination in CpG contexts, we know that some processes are

dependent on only one neighbouring nucleotide (Arndt et al. 2003). Results for the models with one flanking

nucleotide at each side of the mutation are shown for the breast and Liver cancer patients in Section 3.2 and 3.3,

respectively.

2.2.2 Two flanking nucleotides at each side of the mutation

In Table 1 and Figure 2 we give an overview of the factorizations with two flanking nucleotides at each side and

how they are nested in each other.

Shiraishi et al. (2015) considers higher-order context dependencies where the mutation types include four

flanking bases, which gives five different factors L2, L1,M,R1 andR2. The number ofmutation types in this case is
T = 42 × 6 × 42 = 6 × 44 = 1536 and the number of parameters in themono-nucleotidemodel with two flanking

neighbours on each side of the mutation is 3+ 3+ 6+ 3+ 3 = 6+ 3 × (2 × 2) = 18.

Table 1: Parametrizations of a mutational signature with two flanking nucleotides at each side. We consider two categories of

di-nucleotide interaction models. The first category has interaction between the flanking nucleotide and the mutation. The second

category has interaction between the two nearest neighbours.

Signature Factorization Number of parameters

Mono-nucleotide L2 + L1 + M + R1 + R2 6+ 3 × 4= 18

Di-nucleotide L2 × L1 + L1 × M + M × R1 + R1 × R2 42+ 12 × 2= 66

Tri-nucleotide L1 × M × R1 6 × 42 = 96

Penta-nucleotide L2 × L1 × M × R1 × R2 6 × 44 = 1536

Di- and mono-nucleotide L2 + L1 × M + M × R1 + R2 42+ 3 × 2= 48

Tri- and mono-nucleotide L2 + L1 × M × R1 + R2 96+ 3 × 2= 102

Tri- and di-nucleotide L2 × L1 + L1 × M × R1 + R1 × R2 96+ 12 × 2= 120
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Figure 2: Factor diagram for the signatures used for the UCUT data set. The diagram shows the number of parameters for each

signature and how the signatures are nested in each other.

Our framework is very flexible, and we are able to analyse combinations of mono-, di- and tri-nucleotide

interaction terms within a signature. For example, we consider the signatures L2 + L1 ×M +M × R1 + R2, L2 +
L1 ×M × R1 + R2, and L2 × L1 + L1 ×M × R1 + R1 × R2. These three signatures are combinations of mono-, di-

and tri-nucleotide interactions. Results for applying these models to the UCUT data are provided in Section 3.4.

3 Results

This section includes a simulation study to compare the different parametrizations and afterwards an analy-

sis of three real data sets. In the simulation study we vary both the number of signatures and the number of

patients. For the real data sets we analyze two of the largest PCAWG tumor data sets: the BRCA data set and the

Liver cancer data set. We compare the retrieved signatures with the identified COSMIC signatures from Alexan-

drov et al. (2020). The third real data set includes two flanking nucleotides in the mutation type and is the same

data analyzed in Shiraishi et al. (2015). We determine the optimal number of signatures, compare and eval-

uate the various parametrizations, and use parametric bootstrap and downsampling to investigate statistical

robustness and stability of the signatures.

The most appropriate statistical model can be determined by several methods that are balancing between

a good fit to the data and avoiding over-fitting, and the choice depends on the application of the model (e.g.

Shmueli 2010). In this paper we use the Bayesian Information Criterion (BIC) given by

BIC = nprm log nobs − 2𝓁(W ,H;V) ≡ nprm log nobs + 2GKL,

where nprm is the number of parameters, nobs is the number of observations, 𝓁(W ,H; V) is the log-likelihood
function from (8), GKL is the generalized Kullback–Leibler divergence from (9), and≡means that the statement

is true up to an additive constant. Appropriate models have a small BIC because they represent a good balance

between model complexity (measured in terms of the number of parameters) and goodness of fit (measured in

terms of the negative log-likelihood).

3.1 Simulation study

In this simulation studyweare simulating signatures having the di-nucleotide parametrization. The exposure for

the different signatures are simulated using a negative binomial model with mean 1000 and dispersion param-

eter 1.5 following Lal et al. (2021a). The data sets are then constructed as the matrix product of the exposures

and the signatures. At last Poisson noise has been added to all the data sets. In Figure 3 we are both changing

the number of signatures and the number of patients included in the dataset. We observe that if the true muta-

tional signatures are di-nucleotide interaction signatures, then the di-nucleotide model is always superior to the

simple mono-nucleotide or general tri-nucleotide model for any number of signatures or patients. Additionally

we observe that the di-nucleotide model maintain a good fit to data even though the number of parameters is

greatly reduced.

In Figure 4 we compare our method to other state of the art methods that has also been implemented

in R. This includes signeR (Rosales et al. 2017), SparseSignatures (Lal et al. 2021a) and sigfit (Gori and

3. Results
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Figure 3: Simulating di-nucleotide signatures creating 100 different data sets for different number of patients and signatures. The figure

both shows the reconstruction of the signatures through the average cosine similarity and the fit to data through the Generalized

Kullback–Leibler divergence (GKL). The number of patients is fixed to 100, when the number of signatures varies (left) and the number of

signatures is fixed to 15, when the number of patients varies (right).

Figure 4: Comparing different methods for 10 datasets of 100 patients for 5 and 15 signatures. The methods SigneR, SparseSignatures
and sigfit are run with their default implementaions. The two figures show the results for tri-nucleotide mutation types with only one

flanking nucleotide (left) and the results for the penta-nucleotide mutation types with two flanking nucleotides (right).

Baez-Ortega 2018). We compare these methods with the three models from our framework; the mono- and

di-nucleotide parametrization and the regular NMF with no parametrization. The regular NMF is called tri-

nucleotide when the mutation types has one flanking nucleotide and penta-nucleotide when the mutation type

has two flanking nucleotides. We have only conducted this for 10 datasets with 5 or 15 signatures as many of

the methods are very time consuming. Again we can clearly see that when the true mutational signatures are

di-nucleotide signatures the di-nucleotide model has the best performance among all the methods.

3.2 Analysis of BRCA

Recall that the breast cancer data set has T = 96 mutation types and N = 214. The number of observations for

the data set is nobs = T × N = 96 × 214 = 20, 544.

Paper C

95



8 — R. Laursen et al.: Flexible model-based non-negative matrix factorization

Figure 5: The Bayesian Information Criterion (BIC) for different number of signatures K for the BRCA dataset. The BIC is minimized for K

= 14, K = 9 and K = 8 when all signatures are either mono-, di- or tri-nucleotide (dark red, yellow and blue curves). The BIC is minimized

for K = 8 when the parametrization of signatures is free (dark curve). The top shows the optimal mixture of signature parametrizations

for each number of signatures K . For example, the optimal mixture for K = 8 signatures consists of 1 mono-nucleotide, 5 di-nucleotide

and 2 tri-nucleotide signatures.

3.2.1 Choosing the number of signatures and parametrization

In Figure 5 we plot the BIC for different types of parameterizations. We plot the BIC for models where all signa-

tures are eithermono-, di- or tri-nucleotide parametrizations, but also the optimalmixture,where each signature

can be any of the three parametrizations from Figure 1(b). The mono-nucleotide model has an optimal number

of signatures at K = 14, which is much higher than the K = 8 signatures that are optimal for both the mixture

model and the exclusive tri-nucleotide model. The optimal number of signatures is K = 9 when all signatures

are of the di-nucleotide type. Even though there are much fewer parameters in the mixture model compared to

the exclusive tri-nucleotidemodel, the optimal number of signatures is identical. In the analysis of the signatures

we therefore choose to fix the number of signatures at K = 8.

We allow a flexible parametrization of type L ×M × R, L ×M +M × R, and L+M + R for each of theK = 8

signatures. We could investigate 38 = 6561 models, but the models are only identifiable up to permutation (see

the beginning of Section 4); this results in 45 different models. For the 45 models, Figure 6 shows the General-

ized Kullback–Leibler divergence (GKL) and the Bayesian Information Criterion (BIC). The models are ordered

according to the number of free parameters. The EM-algorithm can get stuck in local maxima of the likelihood

function, so we start the algorithm by running 100 different initializations for 500 iterations and identify the

maximum. From that maximum we then continue iterating until convergence. This procedure of starting the

algorithmmultiple times and running for a few iterations is recommended by Biernacki et al. (2003) who tested

many different ways of running the EM-algorithm to escape local maxima and identify the global maximum

likelihood value.

We observe a steep decrease in GKL when the mono-nucleotide assumption is relaxed, and one or more

signatures are allowed to contain di-nucleotide or even tri-nucleotide interactions. This indicates that only apply-

ing mono-nucleotide signatures is biologically too restrictive. The mixture model with the smallest BIC (Mix in

Figure 6) has one mono-nucleotide signature, five di-nucleotide signatures and two tri-nucleotide interaction
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Figure 6: Fit to mutational count data from 214 breast cancer patients for all possible interaction models. The generalized

Kullback–Leibler (GKL) and Bayesian Information Criterion (BIC) for all 45 models with K = 8 signatures. The models are ordered

according to the total number of parameters for the 8 signatures; e.g. 8 × 12= 96 for the sole mono-nucleotide model and 8 × 96= 768

for the sole tri-nucleotide model. The model with the smallest BIC is indicated, and consists of two tri-nucleotide signatures, five

di-nucleotide signatures and one mono-nucleotide signature.

signature. The fit to the data is too poor for the independent model, and the general model has too many free

parameters. This is even more evident when we look at the robustness of the signatures; this is the topic for the

next section.

3.2.2 Model validation and stability of signatures

In Figure 7, we show the eight signatures for the four different models marked in Figure 6. Each row corre-

sponds to a model, and the signatures are matched for comparison. For the mixture model the parametrization

is ordered according to Figure 6, whichmeans signature 1 has amono-nucleotide parametrization, signature 2 to

6 have a di-nucleotide parametrization and the last two have a tri-nucleotide parametrization. We observe that

the signatures are very similar across the mixture, di- and tri-nucleotide models, whereas the mono-nucleotide

model differs more from the others.

We validated the inferred signatures by matching to the signatures from version 3 of the Catalogue Of

Somatic Mutations In Cancer (COSMIC) database (https://cancer.sanger.ac.uk/cosmic) with the highest cosine

similarity. Notice that signature 4 is matched with SBS39 for the mono- and di-nucleotide parametrization and

with SBS3 for the mixture and tri-nucleotide parametrization. All the models have a cosine similarity above 0.8

to the COSMIC signatures except the mono-nucleotide model for signature 1, 5 and 8. All of the COSMIC signa-

tures we have matched is equivalent to the ones recovered for the same breast cancer data in Alexandrov et al.

(2020). This includes all the six signatures (SBS1, SBS2, SBS3, SBS5, SBS13 and SBS18) that was included in more

than half of the tumors.

This indicates that many of the COSMIC signatures can be parametrized by a much simpler di-nucleotide

parametrization and a few can even be explained by mono-nucleotide parametrization. The ten most impor-

tant interactions for these eight COSMIC signatures are shown in Figure 8. The top interactions are found with

forward selection, where we include the interaction making the largest increase in the cosine similarity to

the underlying true signature. The coefficient for each interaction is determined as the average over all the
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Figure 8: The top interactions for the eight COSMIC signatures found for the BRCA dataset. The top interactions are found with forward

selection from the interaction making the largest increase in the cosine similarity to the COSMIC signature.

mutation types including that specific interaction. The figure again supports that many of the most important

interactions are mono- or di-nucleotide interactions. This figure also supports the results for the mixture model,

where SBS8 is parametrized with the mono-nucleotide model as the top seven interactions are from the mono-

nucleotide model. Similarily the mixture model parametrized SBS17b and SBS18 with the tri-nucleotide model,

which is shown by the many top tri-nucleotide interactions. The rest of the signatures were parametrized by the

di-nucleotide model, which are mostly driven by one or two important di-nucleotide interactions.

In order to investigate the statistical stability of the signatures we use parametric bootstrap. For a given

model with an estimate of the count matrix ŴĤ we simulate 50 data sets from the Poisson model (7). For each

of the simulated data sets we re-estimate the exposures and signatures and use cosine similarity to investigate

how close the re-estimated signatures are to the true signatures under the specific model. In Figure 9 we show

the cosine similarity for reconstructing the signatures from the parametric bootstrap procedure.

The mono-nucleotide model has very stable signatures as the cosine similarity is consistently high, but the

signatures are also rather different from the signatures in the other models, and they are giving a substantially

worse fit to the data. In contrast, the exclusive tri-nucleotide model generally provides a good fit to the data,

but due to the many parameters in the model, the bootstrap variability is generally higher than for the other

Figure 9: The cosine similarity for reconstructing the signatures with parametric bootstrapping for the BRCA data.
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Figure 10: The mean cosine similarity between the recovered exposures from down-sampled BRCA data compared to the exposures

from the original BRCA data.

models. Our new exclusive di-nucleotide model andmixture model reach the middle ground between these two

extremes. The mixture model shows more bootstrap variability than the di-nucleotide model, but the mixture

model also gives a better fit to the data.

Finally, we use down-sampling to investigate the stability of the exposures for the different parametriza-

tions of the signatures. We again compare the four different models Mono (8 mono-nucleotide interaction

signatures), Di (8 di-nucleotide interaction signatures), Tri (8 tri-nucleotide interaction signatures) and Mix

(1mono-nucleotide, 5 di-nucleotide and 2 tri-nucleotide interaction signatures).We fix the eight signatures to the

values obtained from the full data and down-sample to 1 percent, 2 percent or 5 percent of the total originalmuta-

tion counts.We repeat the downsampling 50 times. In each experimentwe then re-estimate the exposures for the

eight signatures of the four interaction models by minimizing the generalized Kullback–Leibler divergence. In

Figure 10 we show the mean cosine similarity between the original and re-estimated exposures from the down-

sampled data for the four differentmodels.We observe that the exposures for the di-nucleotidemodel are better

recovered than the exposures for the tri-nucleotide model. In general, we observe that a simpler parametriza-

tion gives a more robust estimation of the exposures. This feature could be important if the exposures are used

in the clinic for deciding upon diagnosis or treatment of cancer patients.

3.3 Analysis of Liver data

In this section we analyse 260 Liver cancer patients from the PCAWG tumors with the three models, where

all the signatures are parametrized with either mono-, di- or tri-nucleotide interactions. The results for these

models are shown in Figure 11 together with the mixture model, where each signature can by any of the three

parametrizations. When running all the possible mixture models for different number of signatures we see that

the models with the smallest BIC include both di-nucleotide signatures and even mono-nucleotide signatures

(Figure 11(a)). In addition, we see in Figure 11(b) that the di-nucleotide and mixture model are identifying more

of the COSMIC signatures that were found for Liver cancer in Alexandrov et al. (2020). The top interaction effects

for many of these COSMIC signatures also includemanymono- or di-nucleotide interactions, which again shows

that simpler parametrizations can be used to explain many COSMIC signatures (Figure 11(c)).

3.4 Analysis of UCUT data

The UCUT data contains information about the two flanking bases at each side. The UCUT count matrix has

T = 6 × 44 = 1536 mutation types and N = 26 patients. The data consists of 14.715 somatic mutations, and the

number of non-zero entries in the count matrix is nobs = 5260.
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Figure 11: Analysis of the Liver data set. (a) The bayesian information criteria (BIC) for changing number of signatures K . This is shown

for four different models; the red, orange and blue lines are where all the signatures are parametrized with mono-, di-og tri-nucleotide

signatures, respectively. The grey line shows the BIC for the optimal mixture of the three different parametrisations. In the top it is

shown how many of the signatures that are parametrized with each of the three different parametrizations. (b) Fixing the number of

signatures at 12, the figure shows the match to the COSMIC signatures identified for Liver cancer in Alexandrov et al. (2020). The

number is the cosine similarity and it is only shown if the value was above 0.75. (c) The top ten interactions for the COSMIC signatures

recovered for the Liver data set. The top interactions are found with forward selection from the interaction making the largest increase in

the cosine similarity to the COSMIC signature.

3.5 Choosing the number of signatures and parametrization

For the UCUTwith two flanking nucleotides at each side of themutation we have also found the optimal number

of signatures for different number of parametrizations in Figure 12. Recall the possible parametrizations from

Table 1. Three parametrizations are not included in the plot because theywere never part of the optimalmixture.

We also decided to remove the full penta-nucleotidemodel from the plot because the BICwas extremely high due

to the many parameters. The optimal number of signatures for the penta-nucleotide model was therefore also

only one signature. Again, we see that a simpler parametrization gives a higher optimal number of signatures

to model the data. We chose to fix the number of signatures at K = 2 to follow Shiraishi et al. (2015) and this is

also the optimal number of signatures for the di-nucleotide model.

We firstly consider the seven models shown in Table 2, where both signatures have the same parametriza-

tion. The table summarizes the number of parameters nprm, model complexity nprm log nobs, model fit GKL, and

the differences between the model selection measure BIC and the smallest obtained BIC.

The penta-nucleotide interaction signature L2 × L1 ×M × R1 × R2 has 1536 parameters (recall Table 1), and

this many parameters inevitably results in over-fitting for the UCUT data set. This model is included as a
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Figure 12: The Bayesian Information Criterion (BIC) for different number of signatures K to find the optimal number of signatures for

the UCUT dataset. The top shows the optimal mixture of signature parametrizations for each number of signatures K .

Table 2: Summary statistics for the seven basic models for the UCUT data where both signatures have the same parametrization. The

models are ordered according to their GKL value. The number of signatures is K = 2 and the number of observations is nobs = 5260. At

last the mixture model with the smallest BIC is also depict, which all the other BIC values are compared to.

Model for the

two signatures

Number of

parameters nprm

Model complexity

nprm log nobs

Fit to

data GKL

Model selection

△BIC

L2 + L1 + M + R1 + R2 2 × 18= 36 308 10,422 2116

L1 × M × R1 2 × 96= 192 1645 10,182 2972

L2 + L1 × M + M × R1 + R2 2 × 48= 96 823 9788 1363

L2 + L1 × M × R1 + R2 2 × 102= 204 1748 9438 1588

L2 × L1 + L1 × M + M × R1 + R1 × R2 (a) 2 × 66= 132 1131 9008 111

L2 × L1 + L1 × M × R1 + R1 × R2 (b) 2 × 120= 240 2056 8658 336

L2 × L1 × M × R1 × R2 2 × 1536= 3072 26,321 6982 21,249

Mixture of signature (a) and (b) 120+ 66= 186 1594 8721 0

control to show that the full parametrization gives an extremely high BIC value compared to the other mod-

els. A parametrization with much fewer parameters is needed for inferring robust signatures, and the mono-

nucleotide interaction signatures L2 + L1 +M + R1 + R2 from Shiraishi et al. (2015) was originally developed for

this purpose. Here, we also consider a di-nucleotide signature of the type L2 × L1 + L1 ×M +M × R1 + R1 × R2,

and three signatures that have a combination of interaction terms L2 + L1 ×M +M × R1 + R2, L2 + L1 ×M ×
R1 + R2 and L2 × L1 + L1 ×M × R1 + R1 × R2. Finally, we include the tri-nucleotide signature L1 ×M × R1 to

investigate whether the two immediate flanking nucleotides are sufficient for explaining the probability of a

somatic cancer mutation.

We observe that two immediate flanking nucleotides (one at each side) are not sufficient for explaining the

mutation patterns: the L1 ×M × R1 model has the same poor fit to data as the mono-nucleotide model despite

having more than five times as many parameters. The four models L2 + L1 ×M +M × R1 + R2, L2 + L1 ×M ×
R1 + R2, L2 × L1 + L1 ×M +M × R1 + R1 × R2 and L2 × L1 + L1 ×M × R1 + R1 × R2 all show a relatively good fit
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to the data, but the L2 + L1 ×M × R1 + R2 model is penalized for the many parameters. Finally, the L2 × L1 +
L1 ×M +M × R1 + R1 × R2 and L2 × L1 + L1 ×M × R1 + R1 × R2 model have a superior fit to the data compared

to the other models, and does not contain too many parameters. We note that these two models are the only

models with di-nucleotide interaction between the two left flanking nucleotides (both models contain the term

L2 × L1) and the two right flanking nucleotides (the term R1 × R2), and conclude that these interaction terms are

important for quantifying the probability of a somatic mutation in this cancer type.

We also consider parametrizations of the signature matrix where the two signatures have different

parametrizations. The GKL and BIC for 16 different combinations of the seven parmetrizations is summarized in

Figure 13. Here, we have ordered the models by the GKL value as this automatically groups the different signa-

ture parametrizations. We have only included the penta-nucleotide signature once at last, as it gives extremely

high BIC values due to the many parameters in the model.

Similar to our finding for the BRCA data set, we observe that two mono-nucleotide signatures L2 + L1 +
M + R1 + R2 give a poor fit to the data. We emphasize that two tri-nucleotide signatures L1 ×M × R1 or a mix-

ture of the two all have a poor fit to the data, which means the information about the flanking nucleotides

two positions away from the mutation is important. We find that a mixture between the two parametriza-

tions L2 × L1 + L1 ×M +M × R1 + R1 × R2 and L2 × L1 + L1 ×M × R1 + R1 × R2 fits the data very well despite

the rather few parameters; this mixture model has the smallest BIC value.

In Figure 14 the two signatures are visualized for the Mono, Di, Mix and Penta model. For the mixture

model, signature 1 is described by the tri- and di-nucleotide interactions and signature 2 only by the di-nucleotide

interactions. In the original study in Hoang et al. (2013) they identify signature 1 as a novel mutation signature

that predominantly contains T > A substitutions at CpTpG site caused by aristolocthic acids. This is also reflected

in Figure 15, where the top interaction is the CpTpG site. This single tri-nucleotide interaction is the likely the

reason why the best parametrization for the signature includes tri-nucleotide interactions.

3.5.1 Model comparisons and stability of signatures

The cosine similarities for reconstructing the signatures from parametric bootstrap show that the penta-

nucleotide signatures are much worse at reconstructing the same signatures (Figure 16). Again, this indicates

Figure 13: The Generalized Kullback–Leibler for 16 models with two signatures for the UCUT data set. The models are ordered according

to GKL values, which also order the models by the first signature.
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Figure 14: Inferred signatures for the UCUT data set. Comparison of the two signatures for the Mono, Di, Mix and Penta models.

Figure 15: The top ten interactions that is increasing the cosine similarity to the retreived signatures.

Figure 16: The cosine similarity for reconstructing the signatures with parametric bootstrap for the UCUT data.
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the problem with too many parameters in the model. On the other hand, the model with two di-nucleotide sig-

natures and the mixture model is almost as stable as the mono-nucleotide signatures, but gives a much better

fit to data.

These findings demonstrate the relevance of our flexible framework for mutational signatures. The di-

nucleotide signatures provide a better fit to the data and are biologically more plausible than mono-nucleotide

signatures, and the parametrization is more stable than the parameter-rich signatures with interaction terms

higher than or equal to three. The ability to allow a combination of signatures is also advantageous.

4 Methods

In this sectionwe describe the EM-algorithm for estimating the parameters in non-negativematrix factorization.We first describe the

EM-algorithm for the traditional model where the only constraints on the exposure matrixW and signature matrix H in the matrix

factorization are that the entries must be non-negative (e.g. Cemgil 2009). Second, we extend the EM-algorithm to the situation where

the signatures are parametrized according to (2).

For mutational count data it is natural to assume that each entry is Poisson distributed

V
nt
∼ Pois

(
(WH)

nt

)
, n = 1,…N, t = 1,… , T. (7)

The data log-likelihood is then, up to an additive constant, given by

𝓁(W ,H;V) =
N∑
n=1

T∑
t=1

{
V
nt
log

(
(WH)

nt

)
− (WH)

nt

}
, (8)

and we determineW and H by maximizing the data log-likelihood. The details are provided in Section 4. Maximization of the data

log-likelihood is identical to minimizing the generalized Kullback–Leibler (GKL) divergence

GKL = GKL(W ,H;V) =
N∑
n=1

T∑
t=1

{
V
nt
logV

nt
− V

nt
log

(
(WH)

nt

)
− V

nt
+ (WH)

nt

}
. (9)

This follows as the negative data log-likelihood is proportional to the GKL up to an additive constant. The factorization is clearly

not unique up to permutation and scaling. Indeed, ifW and H are non-negative and A is a K × K permutation matrix, we have that

WA and A
−1
H are non-negative and WH = W(AA−1)H = (WA)(A−1

H). The permutation issue is taken into account by a potential

re-ordering of the mutational signatures and their corresponding weights. If A is a diagonal matrix with positive entries we also

have thatWA and A−1
H are non-negative andWH = (WA)(A−1

H). The scaling issue can be solved by normalizing the signatures in

H such that they sum to one, i.e. by choosing A = diag(d1,… , d
K
) as the diagonal matrix with entries d

k
= ∑T

t=1 Hkt
, k = 1,… ,K, on

the diagonal. We refer to Laursen and Hobolth (2022) for a general discussion of the NMF non-uniqueness problem and a general

procedure to determine the set of feasible solutions.

The data log-likelihood (8) is analytically intractable, but we can view the problem as amissing data problemwhere themissing

information is the assignment of each mutation to a signature. If this information was available, then a likelihood analysis would be

easy, and therefore the EM-algorithm (Dempster et al. 1977) applies.

4.1 EM-algorithm for traditional non-negative matrix factorization

Given a data matrix V ∈ ℕN×T
+ the aim of NMF is to find a non-negative factorizationWH, whereW ∈ ℝN×K

+ and H ∈ ℝK×T
+ approxi-

mates of our data V i.e. V ≈ WH. The rank K of the factorization is often chosen magnitudes smaller than the minimum of N and T .

A larger K obviously gives a better fit, but would potentially overfit the data. In traditional NMF all the entries inW and H are free

parameters that need to be estimated. Later we will reduce the number of free parameters in H, but first we describe the traditional

estimation ofW and H.

A challenge with the likelihood function in (8) is that it is only convex in eitherW or H, but not in both matrices together. This

meanswe cannot find a closed form solution for themaximum likelihood estimates ofW andH, and insteadwe use the EM-algorithm.

For the EM-algorithm we introduce the latent variables

Z
nkt

∼ Pois(W
nk
H
kt
)

which is the mutational count from each of the K signatures for each observation, such that the total number of mutations for a

cancer patient n of a certain type t is given by

V
nt
=

K∑
k=1

Z
nkt

∼ Pois((WH)
nt
).
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The complete log-likelihood is given by

𝓁(W ,H; Z) =
N∑
n=1

T∑
t=1

K∑
k=1

{Znkt log(Wnk
H
kt
)−W

nk
H
kt
− log(Z

nkt
!)} (10)

≡ K∑
k=1

T∑
t=1

(
N∑
n=1

Z
nkt

)
log(H

kt
)+

K∑
k=1

N∑
n=1

{(
T∑
t=1

Z
nkt

)
log(W

nk
)−W

nk

}
(11)

where we use that signatures are probability distributions that sum to one,
∑T

t=1Hkt
= 1, and ≡means that the statement is true up

to the additive constant
∑N

n=1
∑T

t=1
∑K

k=1 log(Znkm!).
E-step: For fixed valuesWi and Hi this step finds the expected value of the latent variables {Z

nkt
} conditional on the data V .

The distribution of {Z
nkt
} conditional on their sum is given by the multinomial distribution

(Z
n1t,… , Z

nKt
)||Vnt=

K∑
k=1

Z
nkt

∼ Multi

(
V
nt
, 1

(WH)
nt

(
W

n1H1t,… ,W
nK
H
Kt

))
,

which implies that

𝔼
W
i ,Hi [Znkt|V] = 𝔼

W
i ,Hi [Znkt|Vnt] = V

nt

W
i

nk
H
i

kt

(Wi
H
i)
nt

.

Replacing {Z
nkt
} with their expected values 𝔼

W
i ,Hi [Znkt|V] gives the expected complete log-likelihood

Q(W ,H|Wi,Hi) =
K∑
k=1

T∑
t=1

(
N∑
n=1

𝔼
W
i ,Hi [Znkt|V]

)
log(H

kt
) (12)

+
K∑
k=1

N∑
n=1

{(
T∑
t=1

𝔼
W
i ,Hi [Znkt|V]

)
log(W

nk
)−W

nk

}
(13)

M-step: The first term of the expected complete log-likelihood (12) is recognised as K independent multinomial log-likelihood

functions and the second term (13) is recognised as N × K Poisson log-likelihoods. Maximum of the expected complete log-likelihood

with respect toW and H is therefore given by

H
i+1
kt

=

N∑
n=1

𝔼
W
i ,Hi [Znkt|V]

T∑
t=1

N∑
n
′=1

𝔼
W
i ,Hi

[
Z
n
′
kt
|V]

=

N∑
n=1

V
nt

W
i

nk
H
i

kt

(Wi
H
i )nt

T∑
t=1

N∑
n
′=1

V
n
′
t

W
i

n
′
k
H
i

kt

(Wi
H
i )
n
′
t

(14)

and

W
i+1
nk

=
T∑
t=1

𝔼
W
i ,Hi [Znkt|V] =

T∑
t=1

V
nt

W
i

nk
H
i

kt

(Wi
H
i)
nt

. (15)

The expected value of {Z
nkt
} from the E-step is also inserted, whichmeans these updates include both steps of the EM-algorithm

to find the optimal estimatesW andH. The entire EM-algorithmwith initialization and stopping criteria to obtain the optimal param-

eters is summarized in Algorithm 1. The updates are written in vector form for H and matrix form forW . Note that⊗ and division

means entry wise multiplication and division, the vector 1 is of length T and consists only of ones,W
k
is the k’th column ofW , and

H
k
is the k’th row of H. We stop the EM-algorithm when the data log-likelihood after a full update of W and H is smaller than a

threshold 𝜖.
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(16)

4.2 EM-algorithm for parametric non-negative matrix factorization

Another parametrization of the signatures H1,…H
K
requires a change in update (14) which was based on maximizing (12). The

parametrization of the signatures are given by the design matrices X1,…X
K
. Recall that the number of mutations from a specific

signature for each observation is given by the latent variables {Z
nkt
}. We observe that we again have K independent multinomial

log-likelihood terms that we can maximize separately. Define

Y
i

kt
=

N∑
n=1

𝔼
W
i ,Hi [Znkt|V],

which is the expected number of mutations at the i’th iteration for signature k of type t. We now suppress the superscript i and

subscript k by introducing the simple notation y
t
= Y

i

kt
and h

t
= H

kt
. In parallel to (12) we need to maximize

T∑
t=1

y
t
log(h

t
)

with respect to 𝛽 where we set
h
t
= exp((X𝛽)

t
)

T∑
t=1

exp((X𝛽)
t
)

, (17)

and again we have suppressed the dependency on k in both X and 𝛽 . Instead of estimating 𝛽 in this model, we use the ’Poisson Trick’
(see e.g. Lee et al. 2017 or Section 6.4 in McCullagh and Nelder 1989). The ’Poisson Trick’ means that the log-linear Poisson model

log(y
t
) = (X𝛽)

t
, t = 1,… , T, (18)

is equivalent to the multinomial response model with probabilities given by (17). We therefore determine the maximum likelihood

estimate of 𝛽 by fitting the log-linear Poisson model instead of the multinomial response model. The full EM-algorithm is presented

in matrix form in Algorithm 2.
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(19)

Estimation of 𝛽 in (18) is obtained by fitting the log-linear Poisson model using the Newton-Raphson method, and for clarity we
provide the details. The log-likelihood function for the Poisson model with design matrix X of dimension T × S, parameter vector 𝛽
of length S and data vector y = (y1,… , y

T
) of length T is given by

𝓁(𝛽; y,X) ≡ T∑
t=1

{
y
t
(X𝛽)

t
− exp

(
(X𝛽)

t

)}
.

A closed form solution for the maximum likelihood estimate is in general not available, but we can use the Newton-Raphson

method. The gradient and the Hessian of the log-likelihood function are

𝜕𝓁
𝜕𝛽 = X

′{y− exp(X𝛽)} and
𝜕2𝓁

𝜕𝛽′𝜕𝛽 = −X′
AX,

where A = A(𝛽) is a diagonal matrix of dimension T × T with exp
(∑S

s=1Xts𝛽s
)
, t = 1,… , T , on the diagonal. The Newton-Raphson

update is given by

𝛽 i+1 = 𝛽 i + (X′
A
i
X)−1X′{

y− exp(X𝛽 i)
}
,

where Ai = A(𝛽 i), which can be re-written as

𝛽 i+1 = (X′
A
i
X)−1X′

A
i
[
X𝛽 i + (Ai)−1{y− exp(X𝛽 i)}

]

= (X′
A
i
X)−1X′

A
i𝜐i,

where

𝜐i = X𝛽 i + (Ai)−1
{
y− exp(X𝛽 i)

}
.

This means that the update is the solution to the weighted least square problem

𝛽 i+1 = argmin
𝛽

‖(Ai)1∕2(𝜐− X𝛽 i)‖2.

In our implementation in R we call the built-in method to solve the weighted least squares problem.

To accelerate the EM-algorithm we have both made a version that uses the R package SQUAREM (Du and Varadhan 2020)

and another version implemented in C++. To escape local minimum of the divergence function we typically start the algorithm

100 or even 500 times and run each of them for 100 or 500 iterations before we identify a minimum, which was recommended in

Biernacki et al. (2003). We then let the identified minimum iterate until convergence.
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5 Discussion

We have presented new biologically plausible parametrizations of mutational signatures. The parametrization

is based on interaction terms between neighbouring nucleotides. In general we find that the di-nucleotide inter-

action signature strikes a good balance between a satisfactory fit to our data and statistically stable and robust

signatures. Importantly, our framework also allows a mixture of parametrizations for the signature matrix in

non-negativematrix factorization. Thismakes the parametrization of the signaturematrix very flexible because

we allow each signature to have its own parametrization.We also identify themost important interaction effects

for many of the COSMIC signatures, which in many cases is mono- or di-nucleotide interactions. Specifically we

show the exact interactions that is driving the signatures.

Our main goal has been statistical robustness and interpretation of the signatures, and this is achieved by

biologically plausible constraints on the parameters:we alloweach signature to containmono-, di-, tri-nucleotide

or higher-order interaction terms. An alternative to the constraints imposed by interaction terms is to impose

sparseness on the signatures in the spirit of Lal et al. (2021a). We believe that robust signatures obtained via con-

straints on the interaction terms is biologically more plausible than robust signatures obtained via sparseness

constraints.

In general the number of mutation types is T = 6 × 42n when n bases are considered upstream and down-

streamof themutated site. Thenumber ofmutation typesT (and signature parameters in the generalmodel) thus

increases exponentiallywith the number of neighbouring nucleotides. There are 6+ 3 × (2n) = 6(1+ n) parame-

ters in themono-nucleotidemodel, i.e. a linear increase in the number of parameters. In this paperwe introduce

di-nucleotidemodels that include interactions between neighbors given by L1 ×M +M × R1 +
∑n−1

i=1 (Li+1 × L
i
+

R
i
× R

i+1). This model results in 42+ 12 × 2 × (n− 1) = 6(3+ 4n) parameters. Thus, our di-nucleotide signatures

are also linear in the number of flanking nucleotides.

We have focused on finding a single parametrization for each signature where interpretation is easy. This is

useful when the aim is to recover the true underlying biological mechanisms that cause the various signatures

(e.g. UV-light or tobacco smoking). Model averaging over different parametrizations for a signature would make

sense if the goal is a statistically robust signature where interpretation is less important (e.g. classification of

a genomic region based on the mutation profiles). The BIC values are rather similar for many of the models,

suggesting thatmodel averaging could be useful. Another extension of ourmodelwould be to change the poisson

assumption of the data to the negative binomial model, as it has been shown to be better suited for mutational

counts (Pelizzola et al. 2023).

Ourflexible framework also allows inclusion of other factors known tohave an impact on somaticmutations

such as replication timing (Woo and Li 2012), expression level (Lawrence et al. 2013) or general conservation of

the position when compared to other species (Bertl et al. 2018). Epigenetic data could be included in our model

as an independent feature.
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Abstract

Mutational signatures describe the pattern of mutations over the different mutation
types. Each mutation type is determined by a base substitution and the flanking
nucleotides to the left and right of that base substitution. Due to the widespread
interest in mutational signatures, several efforts have been put in developing meth-
ods for robust and stable signature estimation. Here, we combine different extension
of the standard method to estimate mutational signatures. This includes using the
negative binomial model, parametrizing the signatures and add opportunities to
the analysis. We show that combining these extensions give more robust mutational
signatures. In particular we highlight the importance of including mutational oppor-
tunities and parametrizing the signatures when mutation types describe an extended
sequence context, with two and three flanking nucleotides to each side of the base
substitution. Lastly, we also show that opportunities highly increases the predictive
power for unknown data.

Keywords: cancer genomics, mutational signatures, parametrizing, opportuni-
ties, Negative Binomial, non-negative matrix factorization.

1 Introduction

Mutations observed in cancer genomes are known to be generated by combinations
of different mutational processes acting on the genome. The collection of mutations
observed in one cancer patient is often referred to as the mutational catalogue of
the patient. In this context, mutations are usually defined taking into account the
base substitution and its right and left flanking nucleotides, i.e. using the single-
base-substitution-96 (SBS-96) mutational context (Alexandrov et al., 2013a).

Nowadays the genome of numerous cancer patients is sequenced and their mu-
tational catalogues are available in public datasets such as the Pan-Cancer Analysis
of Whole Genomes (PCAWG) database (Campbell et al., 2020). From these large
collections of sequenced data from patients it is possible to obtain mutational sig-
natures. These are probability vectors over the possible mutation types and each
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describe the pattern of a mutational process operative in the cancer genomes. Can-
cer is mostly driven by few mutations in the genome, thus mutational signatures
are highly important for distinguishing driver mutations from other processes tak-
ing place in the genome. A thorough understanding of mutational signatures and
their associations with DNA repair deficiencies or exposures to certain agents can
therefore play a key role for defining treatments for cancer patients (Caruso et al.,
2017) or developing prevention strategies (Zhang et al., 2021). Well known exam-
ples of mutational processes leaving distinctive signatures are e.g. aging (Risques
and Kennedy, 2018), UV light (Shibai et al., 2017) or tobacco smoking (Alexandrov
et al., 2016). Other examples and aetiologies of different mutational signatures can
be found in Tate et al. (2019).

Mutational signatures are usually identified using non-negative matrix factoriza-
tion (NMF) (Alexandrov et al., 2013b; Lyu et al., 2020; Lal et al., 2021; Pelizzola
et al., 2023). NMF takes as input a matrix of mutational profiles for different patients
and factorizes it into the product of two non-negative matrices. In our framework,
these are a matrix of mutational signatures and a matrix of weights representing
the contribution of each signature to the total mutation counts of the different pa-
tients. Different approaches to estimate the signatures from mutational count data
are reviewed in (Baez-Ortega and Gori, 2017; Omichessan et al., 2019).

The mutation rate varies along the genome and depends on the sequence context
around each site (Lindberg et al., 2019; Dietlein et al., 2020; Bethune et al., 2022).
Thus, it is essential to include the sequence context information around the base
substitution when defining mutation types for the inference of mutational signatures.
The SBS-96 mutational context has been commonly used in the literature to define
the mutation types for the mutational count matrix used as input in NMF. This
definition can be extended by including two, three or more flanking nucleotides at
each side of the base substitution to better capture the information carried out by
the sequence context of each mutation.

Extending the sequencing context used to define the mutation type leads to
a much larger number of parameters than with the SBS-96 context which leads
to more sparse data sets. Furthermore, sets of nucleotide sequences occur with
very heterogeneous rates along the genome, which leaves different opportunities
for the mutation types to occur. The opportunity of a mutation type describes the
number of sites in the genome where that specific mutation type can occur. A higher
opportunity for a specific mutation type gives a higher probability of observing a
mutation from that type.

The disparity in opportunities for different mutation types can be observed in
the SBS-96 context, but becomes even more pronounced when looking at extended
sequence contexts with two or three flanking nucleotides at each side. If the informa-
tion contained in the opportunities is incorporated in the framework for estimating
mutational signatures, the inferred signatures can be generalized regardless of the
considered sequence composition (e.g. between whole genome and exome sequenc-
ing). Furthermore, by taking into account the sequence context in a genome, we
obtain a more accurate estimation of the relative contribution of the different mu-
tational processes.

Recent work has shown that a Negative Binomial model is better suited for

2
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Figure 1: A graphical representation of the methods incorporated in the model to
obtain robust mutational signatures. It includes the negative binomial distributional
assumption of the counts, a parametrization of the signatures and the inclusion of
the opportunity for each mutation type.

modeling mutational counts data (Lyu et al., 2020; Pelizzola et al., 2023). However,
mutational opportunities have not been included in Negative Binomial NMF mod-
els to estimate mutational signatures and their importance in extended sequence
contexts still needs to be explored. Ignoring opportunities in NMF can lead to an
overestimation of the relative contribution of certain types of mutations to the over-
all mutational burden of the cancer genome. This can in turn lead to inaccurate
conclusions about the underlying mutational processes. Mutational opportunities
have already been used in Fischer et al. (2013) and Gori and Baez-Ortega (2018) in
connection to the classical Poisson model in the SBS-96 sequence context.

In this paper, we combine different extensions of standard NMF to estimate more
robust mutational signatures. Firstly, we use the Negative Binomial distribution for
the NMF framework to account for overdispersion in the data. Then, we derive
new update rules for NMF where we include the mutational opportunities in the
model directly. At last, we considerably reduce the number of parameters in the
model by parametrizing the mutational signatures as described in Laursen et al.
(2024). This leads to more robust and stable signatures and avoids overfitting. Our
model thereby combines Negative Binomial NMF, opportunities and parametrized
signatures and shows its importance in estimating mutational signatures when more
than one flanking nucleotide is used to define the sequence context. A graphical
representation of our approach is shown in Figure 1 and further elaborated in Section
2.

The paper is structured in the following way: Section 2 starts by introducing
the mathematical details of NMF and then Sections 2.2 and 2.3 describe our model
with opportunities and parametrization, respectively. In Section 3, we show that
the combination of a Negative Binomial NMF model with the opportunities and

3
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parametrized signatures leads to robust signature estimation and generalizes well to
unseen data. In order to show this, we consider two data sets from the PCAWG
database (Campbell et al., 2020). Results on the breast cancer data set are discussed
in Section 3.1 and results on the liver cancer data set are summarized in Section
3.2. The R implementation of our proposed method and the code for reproducing
our results are available at https://github.com/ragnhildlaursen/ParOpp.

2 Methods

Consider a mutational count data set V ∈ NN×M
0 where N is the number of patients

and M is the number of mutation types. Mutational signatures are commonly
derived by NMF (Lee and Seung, 1999) which factorizes V into the product of two
non-negative matrices W ∈ RN×K

+ and H ∈ RK×M
+ such that

V ≈WH.

In cancer genomics, the rows in H represent the mutational signatures defined by
probability vectors over the different mutation types, i.e. H is normalized such that
its rows sum to one. The matrix W includes the exposures, where each row contains
the exposure of each mutational signature for the corresponding patient.

In the SBS-96 mutational context (Alexandrov et al., 2013a) M = 96, corre-
sponding to the 6 base mutations when assuming strand symmetry times the 4
flanking nucleotides on each side, i.e. 4 · 6 · 4 = 96. As we want to go beyond this
definition we consider also M = 1536 and M = 24576, where sequence contexts of
length 5 and 7 are used, respectively. Here, the number of parameters in our model
clearly increases considerably. The classical model used when estimating mutational
signatures has been proposed in Lee and Seung (1999) and first applied to muta-
tional count data in Alexandrov et al. (2013a), where the data is assumed to follow
a Poisson distribution:

Vnm ∼ Pois((WH)nm). (1)

In order to estimate W and H, we need to minimize the Kullback-Leibler divergence
(GKL) :

dPo(V ||WH) =

N∑

n=1

M∑

m=1

{VnmlogVnm − Vnmlog((WH)nm)− Vnm + (WH)nm} , (2)

which is proportional to the Poisson likelihood.
Recently, Gori and Baez-Ortega (2018), Lyu et al. (2020), Vöhringer et al. (2021)

and Pelizzola et al. (2023) proposed an alternative model based on the Negative
Binomial distribution to account for overdispersion in the mutational counts. We
introduce this model in Section 2.1 and extend it in Sections 2.2 and 2.3.
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2.1 Negative Binomial NMF

This section summarizes the Negative Binomial NMF (NB-NMF) model with a
patient specific dispersion coeffiecient. Here,

Vnm ∼ NB

(
αn,

(WH)nm
αn + (WH)nm

)
,

where the mean and variance are given by

E[Vnm] = (WH)nm and V[Vnm] = (WH)nm

(
1 +

(WH)nm
αn

)
.

The paramter αn is the dispersion coefficient for each patient. Small values of αn

correspond to high dispersion in the data. On the contrary, when αn → ∞, the
Negative Binomial model converges to the more commonly used Poisson model in
Equation (1).

It can be shown that the Negative Binomial likelihood is proportional to the
following divergence:

dNB(V ||WH) =
∑N

n=1

{∑M
m=1 Vnm log

(
Vnm

(WH)nm

)
− (αn + Vnm) log

(
αn+Vnm

αn+(WH)nm

)}
. (3)

Estimation of W and H are derived using a Majorization-Minimization (MM)
algorithm on this divergence measure. Here, we propose to further extend the NB-
NMF for extracting mutational signatures by including mutational opportunities in
the model and parametrizing the mutational signatures especially for large muta-
tional contexts.

2.2 NB-NMF with opportunities

Mutational opportunities correspond to the fraction of sites in the genome where
a mutation type can occur. In Figure 2 the mutational opportunity for each mu-
tation type is plotted against the mean number of mutations per patient for the
corresponding mutation type. Patients from the breast and liver cancer data sets
in (Campbell et al., 2020) are used in this figure and each panel refers to one of the
different mutational contexts. Figure 2 demonstrates that the correlation between
the observed counts and the opportunities increases when moving from the classi-
cal SBS-96 context to larger context sizes. Thus, accounting for the opportunities
is needed when modeling the mutational counts and even more for the extended
nucleotide contexts. Signature reconstruction from mutational count data with op-
portunities will provide a more accurate estimation of the relative contributions of
different mutational processes.

To incorporate opportunities into the model we first view the mutational counts
as coming from a binomial distribution as seen in Weinhold et al. (2014); Lochovsky
et al. (2015).

Vnm ∼ Bin(Om, pnm). (4)

Here, we can think of the opportunity Om as the number of possible sites for a
mutation to occur and pnm as the probability of success that a mutation does occur
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Figure 2: The average mutational count across patients for each mutation type
is plotted against the corresponding mutational opportunities for the BRCA (top
panel) and liver cancer (bottom panel) patients in (Campbell et al., 2020). The
mutational contexts with 1 (left), 2 (middle) and 3 (right) flanking nucleotides on
each side are shown for each cancer type.

of type m for patient n. If m = A[T > C]G, then Om would be the number of times
the triplet ATG is observed in a genome and pnm would denote the probability that
this specific mutation occurs at the sites ATG in patient n.

Since Om is large and pnm is small, we can approximate this model with the
Poisson model where

Bin(Om, pnm) ≃ Pois(pnmOm) = Pois((WH)nmOm). (5)

As Om is fixed we can write pnm as the factorization (WH)nm that needs to be
estimated. This is an extension of the model presented in Equation (1), where
(WH)nm is replaced by WHnmOm. The Poisson model can be further extended to
the Negative Binomial model by allowing additional dispersion in the model.

The Negative Binomial model including opportunities has the following mean
and variance:

E[Vnm] = (WH)nmOm and V[Vnm] = (WH)nmOm

(
1 +

(WH)nmOm

αn

)
.

where αn is the dispersion coefficient for each patient as before and Om is the
opportunity for mutation type m.

Under this model, we would like the maximize the following Negative Binomial
log-likelihood function

ℓ(W,H;V ) =
∑N

n=1

∑M
m=1

{
log
(
αn+Vnm−1

αn

)
+ Vnm log

(
(WH)nmOm

αn+(WH)nmOm

)
+ αn log

(
1− (WH)nmOm

αn+(WH)nmOm

)}

which is equivalent to minimizing the following divergence measure:

dNBO(V ||WH) =
∑N

n=1

{∑M
m=1 Vnm log

(
Vnm

(WH)nmOm

)
− (αn + Vnm) log

(
αn+Vnm

αn+(WH)nmOm

)}
.

Notice, that this is almost equivalent to the divergence in (3), where (WH)nm is
simply replaced by (WH)nmOm. To derive the updates for W and H we use the
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MM algorithm and follow the same rationale as Gouvert et al. (2020) and Pelizzola
et al. (2023).

The resulting multiplicative updates for Hkm and Wnk when including opportu-
nities are as follows:

Ht+1
km = Ht

km

∑N
n=1

Vnm
(WHt)nmOm

Wnk
∑N

n=1
Vnm+αn

(WHt)nmOm+αn
Wnk

. (6)

and

W t+1
nk = W t

nk

∑M
m=1

Vnm
(W tH)nmOm

Hkm
∑M

m=1
Vnm+αn

(W tH)nmOm+αn
Hkm

. (7)

The complete derivations leading to these updates are found in Appendix A.

2.3 NB-NMF with opportunities and parametrized signatures

Opportunities are particularly important when working with extended context, where
more flanking nucleotides to the base mutation is included as emphasized in Figure 2.
Here, the number of sites for different groups of nucleotides becomes more and more
heterogeneous. Laursen et al. (2024) have described a framework to parametrize
mutational signatures for an arbitrary large nucleotide context to avoid overfitting
and obtain a more stable set of signatures, which are also easier to intepret. The
signatures are parametrized by the natural features of the mutation type, which con-
siders the base substitution and each of the flaking nucleotides as separate variables.
We are incorporating this framework into the NB-NMF model with opportunities
to avoid overfitting the data and obtain more robust signatures.

We consider three main models for the signatures: the standard model from
Alexandrov et al. (2013a), the additive model from Shiraishi et al. (2015) and the
interaction model included in (Laursen et al., 2024). The models are illustrated
in Figure 1 when one flanking nucleotide is included. In the standard model all
interactions between nucleotides are included. Let f be the number of flanking
nucleotides considered to each side of the base mutation. In the standard model, the
number of parameters is D = 6 ·42f , which means it increases exponentially with the
number of flanking nucleotides. The additive model does not include any interaction
term and the number of parameters can be calculated as a linear function of the
number of flanking nucleotides: D = 6+2f ·(4−1) = 6+6f . Lastly, in the interaction
model the number of parameters is larger than for the additive model as interactions
for neighboring nucleotides are considered. Though, the number of parameters still
remain linear in the number of flanking nucleotides: D = 6 ·3+2f(3 ·4) = 18+24f .
All three models can be incorporated into the framework of Laursen et al. (2024),
where each mutational signature is parametrized using the log-linear link function

Hk = Hk(βk) =
1

Ck
exp(Xkβk),

where Ck = 1′ exp(Xkβk) is a normalizing constant and Xk has dimension M ×D,
where M is the number of mutation types and D is the number of parameters in the
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parametrization. The entries inXk are fixed dependent on the specified parametriza-
tion of the mutation types. The values in βk are estimated using quasi-poisson
regression. More details on parametrizing mutational signatures are available in
Laursen et al. (2024).

Algorithm 1 in Appendix B shows the estimation of the factorization under
the Negative Binomial model including both parametrization and opportunities.
For each iteration t we do the following: Update the mutational signatures under
the NB-NMF model with opportunities in (6), fit a log-linear Poisson model to
the signatures, update the signatures according to the estimated β̂k and specified
parametrization of the design matrix Xk and lastly update the exposure matrix W
with the update rule from the NB-NMF model with opportunities in (7).

3 Results

In this section we illustrate the results of the NB-NMF model with opportunities
and parametrization for two data sets from the PCAWG database (Campbell et
al., 2020). In this database 2782 patients from different cancer types are available
and the mutational counts can be found at https://www.synapse.org/#!Synapse:
syn11726620. We consider a data set of breast cancer patients in Section 3.1 and
one of liver cancer patients in Section 3.2. For both examples we show how the
inclusion of opportunities and the parametrization improves the model for different
number of signatures and parametrizations. Lastly, for the breast cancer data set
we illustrate that using the opportunities greatly increases the predictive power of
the model. These results can be found in Section 3.1.2.

In our results, we express the cost in estimating the data in terms of the general-
ized Kullback Leibler (GKL) divergence (see Equation (2)) and we use the Bayesian
Information Criterion (BIC)

BIC = −2 lnL+ ln(nobs)nprm (8)

to determine which models are more appropriate under the different scenarios. Here
lnL is the log-likelihood from the Negative Binomial model, nobs is number of ob-
servations and nprm the number of parameters to be estimated. A model is thus
penalized if it does not have good fit and/or if it has a large number of parameters.
Models achieving a good balance between the fit and the number of parameters will
result in the best BIC values.

3.1 Results on the breast cancer data set

In this section we extract mutational counts for the 120 breast cancer patients from
the PCAWG database and use them for our analysis.

The results in Figure 3 show the BIC against the number of signatures used
for estimation. These results show that the additive (Shiraishi et al., 2015) and
the interaction models can achieve a good fit to data while keeping the number of
parameters low. Additionally, for the parametrized models, including the opportu-
nities (solid lines) returns lower BIC values. This is especially true for the penta
and hepta-nucleotide contexts, where the difference between the cost of the models
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Figure 3: The influence of parametrizing and including opportunities on the BRCA
data set. The BIC in log-scale plotted against the number of signatures.

with and without opportunities becomes larger. These results also emphasize that
the inclusion of the opportunities is essential in larger contexts as the BIC for the
standard model shows consistent overfitting of this model to the data.
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Figure 4: Distribution of the dispersion index V[Vnm]
E[Vnm] for the NB-NMF model with

four signatures.

When modeling data in a penta-nucleotide or hepta-nucleotide context the num-
ber of parameters becomes large very quickly with the standard model, whereas an
additive or interaction parametrization can keep the number of parameters under
control and still provide a very good fit.

Figure 4 shows the distribution of the dispersion index given by

V[Vnm]

E[Vnm]
= 1 +

(WH)nmOm

αn
. (9)

It is illustrated for the different sizes of nucleotide context from Figure 3 in the
scenario where four signatures is assumed. This dispersion index in (9) is exactly the
value that scales up the variance in the negative binomial distribution compared to
the Poisson distribution. In Figure 4 we see that the dispersion index is persistently
larger than one, which support that the negative binomial model are more suited
for mutational counts. Though, the dispersion index is decreasing with the larger
context, which could be caused by the natural lower counts for each mutation type.

The procedure to estimate the dispersion parameters α is equivalent to the one
outlined in Pelizzola et al. (2023) with the inclusion of the opportunities. We obtain
maximum likelihood estimates of α based on the Negative Binomial likelihood using
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(a) Without opportunities

(b) With opportunities

Figure 5: Cosine similarity between the constructed signatures from the additive,
interaction and standard model without (a) and with (b) opportunities to the COS-
MIC signatures for the SBS-96 context.

the Newton-Raphson method with the estimate of WH from the Poisson NMF with
opportunities.

In Figure 5 we have visualized the signatures for rank four for the three different
parametrizations, with and without opportunities. These are compared to the results
presented in Alexandrov et al. (2020) which also suggest that there are mainly 4
active signatures in breast cancer patients, namely SBS1, SBS2, SBS5, and SBS13.
Furthermore, SBS3 and SBS18 are also moderately present in breast cancer patients.

We identified the most similar signatures from the Catalogue Of Somatic Mu-
tations In Cancer (COSMIC) version 3. Figure 5 shows the estimated signatures
from the different models together with the cosine similarities to the most similar
COSMIC signatures. The signatures from the COSMIC database are available at
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https://cancer.sanger.ac.uk/cosmic.
We show results without the inclusion of opportunities in Figure 5(a). Here, the

interaction and standard models can reconstruct major signatures of breast cancer
patients with high accuracy: the interaction model can reconstruct SBS1, SBS2,
SBS5, and SBS13, whereas under the standard model SBS3 is reconstructed instead
of SBS5. The average cosine similarity of the standard model (0.86) is larger than
the one for the interaction model (0.77). The additive model is not able to estimate
the four major signatures of breast cancer patients and has lower cosine similarity
in this scenario.

On the contrary, when opportunities are included the cosine similarity between
the estimated signatures from both parametrized models with opportunities is much
higher. All three models reconstruct signatures SBS1, SBS2, and SBS13 with high
cosine similarity. Considering these three signatures, the average cosine similarity
for the additive model is 0.94, for the interaction model is 0.91, and for the standard
model is 0.88. This shows that the parametrized models with opportunities can
achieve very high accuracy in reconstructing signatures with a much simpler model.
The last signature is poorly reconstructed for all scenarios under a model with
opportunities: indeed, the estimation of flat signatures such as SBS5 in this case
becomes harder and thus the accuracy is much lower here. A combination of the
different parametrizations for the mutational signatures as suggested in Laursen
et al. (2024) seems to be an effective way to decrease the number of parameters and
maintaining high accuracy.

3.1.1 Estimation with and without opportunities

To further understand in which cases the opportunities improve the estimation of
the data we have included Figure 6. This figure shows the difference in the poisson
likehood of the approximation of the data with and without opportunities. Each
point illustrate the average difference for a specific mutation type as a function of its
corresponding opportunity. It shows that the model with opportunities gives better
prediction of data points with a high opportunity in the Penta and Hepta context.

In both Figure 3 and 6 there seem to be no difference between the standard
model with and without opportunities. This is due to equivalence in the model
estimation besides the scaling of the opportunities. As the mean is simply scaled in
the model with opportunities it would be possible to obtain the same estimation by
scaling the mean parameter afterwards.

The greater difference observed in the parametrized models for models with and
without opportunities arises from the fact that these models involve parametrizing
the signatures during estimation. Including opportunities will change the signature
vectors that are being parametrized in the estimation. In Figure 2 it is shown
that the opportunities are correlated with the mutational count and it is therefore
expected to reduce variability in the signatures. As a result, it becomes easier to
parametrize the signatures when opportunities are considered, leading to improved
estimation in this case.
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Figure 6: The difference in the Poisson likelihood between the approximations of
the data with and without opportunities, such that positive values means better
prediction with opportunities. Each point represent the results for a mutation type
as a function of its corresponding opportunity. The red line illustrate the zero line
and the blue line is a generalization of a moving average estimated using the LOESS
method.

3.1.2 Increase in predictive power

In this section we use our estimated signatures to predict new data. We show that
if the signatures are estimated with opportunities then the fit to the new data is
better. Furthermore, simple models such as the additive and interaction models
provide better prediction of new data as they avoid overfitting to the training data.

For our analysis we partitioned the genome into ten subsets to create ten data
sets to be used for prediction. Each mutation is randomly assigned to one of the ten
subsets. We then performed 10-fold cross-validation where the mutational signatures
are estimated from a training set, where one of the ten data sets are left out and
then prediction is preformed on the left out test set.

Figure 7 shows the results of this analysis for the Tri-, Penta- and Hepta-
nucleotide contexts. Parametrizing the signatures will provide better estimation
in larger context with 5 or 7 nucleotides, where we also see that the standard model
are being overparametrized as the error is increasing with the number of signatures.

3.2 Results on the liver cancer data set

We consider here a data set with 260 liver cancer patients from the PCAWG database.
Similar conclusions can be drawn also for this dataset. Here we only show results
for the hepta-nucleotide context.

Figure 3.2 shows results on the influence of parametrizing and including the
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Figure 7: The influence of parametrizing and including opportunities on predicting
the mutational counts in the BRCA data set.

Figure 8: Results for the liver cancer data set for the hepta-nucleotide context. The
influence of parametrizing and including opportunities in reconstructing the original
data on the left and in predicting on unseen data on the right. The GKL divergence
plotted against the number of signatures.

opportunities in estimating the original data and in predicting on unseen data where
the GKL divergence is plotted as a function of the number of signatures. With
these results we show that parametrizing the signatures is a satisfactory compromise
between decreasing the number of parameters and retaining good performance of
the method. Decreasing the number of parameters is essential when looking at the
hepta-nucleotide context and in this context including the opportunities provides
again lower GKL in the parametrized models. We also obtained similar results on
the prediction on unseen data as those discussed in section 3.1.2, and we can show
again that parametrized model with opportunities provide much better prediction
on unseen data. The signatures estimated by these models are more robust than the
one estimated by the standard NMF model and generalize better to unseen data.

4 Discussion

The mutation rate in a genome is heavily influenced by its sequence context and
the count of each context in the genome. This is referred to as the opportunity
of a mutation type and is often overlooked when analyzing mutational count data.
Understanding mutational patterns requires considering the opportunity, as it pro-
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vides additional insights into the underlying processes leading to mutations. In light
of this, we propose an extension of Non-negative Matrix Factorization tailored to
provide robust signatures in extended sequence contexts.

Our approach integrates mutational opportunities into the negative binomial
model, enabling more accurate estimation of exposures and signatures while ac-
counting for the heterogeneous values of opportunities within extended sequence
contexts. We augment this with a parameterization technique, as introduced by
(Laursen et al., 2024), aimed at reducing overfitting by minimizing the number of
parameters. This combined model demonstrates the necessity of incorporating mu-
tational opportunities and parametrizing the signatures for effective performance in
extended nucleotide contexts.

The incorporation of mutational opportunities offers a significant advantage,
particularly in scenarios with limited data availability. For instance, in cases where
only exome sequencing is feasible due to resource constraints, less data is avail-
able to estimate mutational signatures compared to whole genome sequencing. Our
method ensures robust signatures from exome sequencing data capable of fitting
whole genome sequencing data as well.

Moreover, considering extended sequence contexts and incorporating mutational
opportunities facilitates investigating the reasons behind the excess of certain types
of mutations. These discrepancies can be attributed to various factors such as dam-
age repair mechanisms. By accurately measuring overrepresented mutations, our
approach enables the study of these mechanisms in greater detail. Furthermore,
the inclusion of mutational opportunities is crucial for estimating signatures from
indels data, as deletions and insertions often occur in certain repeats of the genome
(Streisinger et al., 1966).

Developing models that yield robust signatures is essential to predict accurate
exposure for new data and interpreting signatures clearly. Our utilization of muta-
tional opportunities and parametrization represents a methodological enhancement,
providing a new tool for extracting more stable mutational signatures.
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Appendices

A Derivation of NB-NMF multiplicative updates with
opportunities

For the MM algorithm, we construct a majorizing functionG(H,Ht) for dNBO(V ||WH)
with the constraint that G(H,H) = dNBO(V ||WH). Using Jensen’s inequality and

replacing log
(

αn+Vnm

αn+
∑K

k=1 WnkHkmOm

)
with the tangent line in Ht because of the con-

cavity property of the logarithm we obtain:
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dNBO(V ||WH) =

N∑

n=1

M∑

m=1

Vnm log
(

Vnm∑K
k=1 WnkHkmOm

)

− (αn + Vnm) log
(

αn+Vnm

αn+
∑K

k=1 WnkHkmOm

)

≤
N∑

n=1

M∑

m=1

Vnm log Vnm − Vnm

K∑

k=1

γk log
(
WnkHkmOm

γk

)

+ (αn + Vnm)

[
log
(
αn+(WHt)nmOm

αn+Vnm

)

+ Wnk
αn+(WHt)nmOm

(Hkm −Ht
km)Om

]

= G(H,Ht).

(10)

where γk = WnkH
t
kmOm/

∑K
k=1 WnkH

t
kmOm. Lastly, it can easily be shown that

G(H,H) = dNBO(V ||WH) as follows:

G(H,H) =
n∑

n=1

M∑

m=1

Vnm log Vnm

− Vnm

K∑

k=1

WnkHkmOm∑K
k=1 WnkHkmOm

log


 WnkHkmOm(

WnkHkmOm∑K
k=1

WnkHkmOm

)




− (αn + Vnm) log
(

αn+Vnm

αn+
∑K

k=1 WnkHkmOm

)

=

N∑

n=1

M∑

m=1

Vnm log
(

Vnm∑K
k=1 WnkHkmOm

)

− (αn + Vnm) log
(

αn+Vnm

αn+
∑K

k=1 WnkHkmOm

)

= dNBO(V ||WH)

(11)

Having defined the majorizing function G(H,Ht) in (10) we can derive the mul-
tiplicative updates for Hkm and Wnk which leads to the update rules in (6) and
(7)
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B Parametric NMF with opportunities

Algorithm 1: Parametric NMF with opportunities.

Given data matrix V , rank K, design matrices X1, . . . , XK , opportunity
vector O = (O1, . . . , OM ) and threshold ϵ.

Estimate dispersion parameters:
Get WPo, HPo by applying poisson NMF updates to V with K signatures
Estimate α1, . . . , αN by Negative Binomial MLE using WPo, HPo and V

Initialize W 1 and H1 with random entries.
for t = 1, 2, 3, . . . do

for k = 1, . . . ,K do
Update each signature

Ht
k = Ht

k ⊗
(
(W t

k)
′ V
W tHt

)
1
O(

(W t
k)

′ V+αn
W tHtO+αn

)

Fit the log-linear Poisson regression

log(Ht
k) = Xkβ

t
k (12)

for estimating βt
k and set

Ht+1
k (β̂t

k) =
exp(Xkβ̂

t
k)

1′ exp(Xkβ̂
t
k)

end
Update exposures

W t+1 = W t ⊗

(
V

W tHt(β̂t)
(Ht(β̂t))′

)

(
V+αn

W tHt(β̂t)O+αn
(Ht(β̂t))′

)
1
O

stop if ℓ(W t+1,Ht+1(β̂t);Z)−ℓ(W t,Ht(β̂t−1);Z)

ℓ(W t+1,Ht+1(β̂t);Z)
< ϵ

end
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D. A., Alexandrov, L. B., Chanock, S. J., Wedge, D. C., and Landi, M. T. (2021).
Genomic and evolutionary classification of lung cancer in never smokers. Nature
Genetics, 53(9):1348–1359.

19

Paper D

131





Paper E

A simple extension of non-negative matrix factorization to
find structures and spatially variable genes in multiple tissues

by Ragnhild Laursen and Barbara E Engelhardt

Paper draft

133





A simple extension of non-negative matrix factorization

to find structures and spatially variable genes in multiple

tissues

Ragnhild Laursen1∗and Barbara E Engelhardt2,3

1Department of Mathematics, Aarhus University, Denmark 2 Gladstone Institutes, San

Francisco, CA, United States 4 Department of Biomedical Data Science, Stanford

University, Stanford, USA

Abstract

The gene programs within different cell types will be correlated in cellular

neighborhoods due to shared signaling environments. Methods to identifying

these spatial gene programs may be powerful, but currently do not scale to

existing data sets; approximations including sparse selection of cells or bagging

together genes by using principal components as the cellular features reduce

the precision of these complex programs. To better identify these multi-cellular

microenvironments with shared gene programs for large-scale spatial genomics

data, we developed a method that combines nonnegative matrix factorization

(NMF) with Gaussian smoothing across cells in space. Our method, neighbor-

hood NMF, identifies anti-tumor hubs and other known and unknown localized

interactions among diverse cell types. Our spatially-aware dimension reduction

method has many advantages over currently available methods, including the

ability to run on very large scale data with thousands of features, including mul-

tiple tissue samples, with around a million cells at once. In three diverse spatial

gene expression data sets, we benchmark our method against related methods

and expert-annotated samples. We identify known and new structures in the

tissue and other microenviroments, including anti-tumor hubs and inflamma-

tory hubs, and we illustrate the important information gained from using the

highest resolution experimental data for analyses.

Keywords: Non-negative matrix factorization (NMF), Gaussian smooth-

ing, spatial hubs, Merfish

1 Introduction

There is an evolving interest in understanding the different tissue structures and

microenviroments in human tissues, which often consists of many different genes

and cell types working together to create location-specific functions and processes.

Recently, various experimental technologies have been developed to analyze spatial

∗Email: ragnhild@math.au.dk
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transcriptomics, where each observation both include a gene expression profile and

a corresponding spatial location in the tissue [9, 1, 14]. These new technologies

have made it possible to enhance our understanding of tissue structure and localized

functions. Together with the development of the technology and associated spatial

transcriptomics data sets, there has been a need to develop computational methods

to analyze these types of data, in particular, to include the spatial information of each

observation into the gene expression analyses. If the spatial information is ignored

in the analysis, one can often only identify the different cell types in the tissue

just as for disassociated single cell sequencing assays; the inclusion of the spatial

information allows recovery of multi-cellular tissue structures and neighborhoods.

Current methods to analyze spatial transcriptomics data can roughly be split into

two groups. One group of methods uses graph neural network models (GNNs)

[6, 16, 5, 4] and the other group of methods uses probabilistic graphical models

(PGMs) [19, 2, 8, 3, 17, 15]. The GNNs often have much faster computational time

and therefore scale better to larger datasets, where the PGMs are more robust and

interpretable. Many of the PGMs bag cells together, where each observation (e.g.,

cell at a single location) is an average of its own gene expression levels and the

expression levels of its nearest neighbors. This means that much of the information

from each individual cell is lost, including cell type information. Moreover, to reduce

the computational time of current methods, genes are often consolidated into meta

genes (or eigengenes) using PCA or another dimension reduction technique, which

makes it difficult to recover distinct gene programs active in different parts of a

tissue. Thus, a gap exists in developing a rigorous probabilistic model that will

scale to existing data without resorting to approximations and data simplifications.

Here, we introduce a new method, neighborhood nonnegative matrix factorization

(NNMF), that preserves the information of each cell and its complete gene expression

profile, while remaining computationally tractable. This is possible because the

spatial information of each cell is incorporated into the fast multiplicative updates

of nonnegative matrix factorization (NMF) as an additional multiplicative update

step. The method scales to millions of cells because of the simplicity of the estimation

procedure, which only consist of multiplicative updates. The increasing scale of

large spatial datasets including millions of cells, thousands of markers, and multiple

samples makes tractable methods necessary, but it is important to maintain the

complexity of the biology and the intepretability of the results. We show that

NNMF preserves the gene expression for every cell during analysis, which makes

it possible to identify the gene signatures active in each cell; moreover, we show

that spatially-associated genes, tissue microenvironments, and shared neighborhoods

across samples are naturally recovered without additional post processing steps.

2
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Figure 1: Overview of Neighborhood NMF

1.1 Overview of neighborhood nonnegative matrix factorization

(NNMF)

Our method, neighborhood nonnegative matrix factorization (NNMF), is a simple

and fast method that gives interpretable results for spatial genomics data. We ex-

plain the method for spatial single-cell transcriptomics data, but it can be applied

to any type of data with a count vector and an associated 1D, 2D, 3D, or 4D loca-

tion for each vector, including time-series single-cell RNA-sequencing data. NNMF

decomposes a count matrix—here a matrix V of M gene transcript counts for each

of N cells—into an N ×K weight matrix W , and a K×M gene signature matrix H

as shown in Figure 1. The dimension K is the assumed number of gene signatures

active in the data, which is chosen magnitudes smaller than both M and N . We

can interpret the rows of H to show which genes contribute to each of the K signa-

tures and the columns of W as the signature weight across cells. The term signature

therefore both refer to a specific set of genes and an associated weight across cells.

The signatures are recovered by combining the NMF multiplicative updates used to

fit the underlying probabilistic Poisson model together with gaussian smoothing.

In NNMF, Gaussian smoothing through those multiplicative updates incorporates

the location of the cells to encourage the gene weights to be correlated between

neighboring cells (Figure 1; full details in Methods). With these smoothed signa-

tures, we then run K-means clustering to label cells with similar signatures; if we

only used the top ranked signature to label each cell, we would instead identify cells

with one shared predominant gene signature, possibly marking a single cell type

instead of a heterogeneous region with a collective function.

An advantage of our method is that we do not bag cells together, but maintain the

distinct gene expression profile for each cell during the analysis, even when that

profile contains a large number of zeros. Moreover, we do not subset the cells during

fitting, but we fit each cell in these large datasets. NNMF outputs a predetermined
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number of gene signatures and their corresponding weights for each of the cells

individually. Because we use probabilistic graphical models, we are able to identify

the genes that compose each of the signatures and corresponding clusters, allowing

us to give them meaningful labels. The gene signatures represent spatially variable

gene programs that are active in different tissue regions. The factor matrix can be

clustered and studied to identify regions of interest, including microenvironments

and other cellular collectives.

2 Results

To show the behavior and performance of our method, we applied it to three spatial

transcriptomics data sets, which are summarized in Figure 2A. The 10x Visium

human brain data is useful to show how NNMF can be applied to multiple tissue

samples and to compare results from our method against other related methods, and

also against expert labels on the tissue itself. In the MERFISH mouse brain data the

observations are single cells with annotated celltypes. This makes it possible to study

how the celltypes are structured in the different spatial structures. Additionally

this data set can also show how NNMF scales to large numbers of cells in three

dimensions. The MERFISH human colorectal cancer data shows how NNMF scales

to large numbers of cells across multiple samples and identifies known and new

tumor-immune microenvironments in these samples.

A
Running time in minutes

Dataset # Cells # Genes # Slices NNMF BASS MENDER

DLPFC 14,364 6482 4 7 22 2

mouseMERFISH 50,627 154 8 4 81 1.5

ColonCancer 1,858,418 500 2 426 (≈ 7 hours) - -

B
Method Framework Program Multiple samples Gene signatures

NNMF NMF + GP smoothing R ✓ ✓
NSF NMF + GP prior + inducing points Python - ✓
BayesSpace PCA reduced data (eigengenes) + PGM R - -

Spatial LDA Bag of cells + LDA Python - ✓
BASS Bag of cells + PCA reduced data + Leiden clustering R ✓ -

SpiceMix NMF + HMRF Python - ✓
SOTIP Bag of cells + PCA reduced data + Leiden clustering Python ✓ -

SpaGCN GNN Python (✓) -

MENDER GNN Python ✓ -

CytoCommunity GNN Python ✓ -

STAGATE GNN Python ✓ -

Figure 2: A) Overview of datasets and computational time. B) Overview

of spatially-aware dimension reduction methods. NMF: nonnegative matrix

factorization; GP: Gaussian process; PCA: principal components analysis; HMRF:

hidden Markov random field; PGM: probabilistic graphical model; GNN: graph

neural network. Multiple samples: does the method handle multiple samples? Gene

signatures: are gene signatures recovered from the method?
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There already exist a number of methods in the literature to analyze spatial tran-

scriptomics data and to understand how our method stands out compared to the

current literature we created a general overview of the current methods in Table 2B.

Notice, that very few of the PGMs are able to run on multiple tissues at once,

except for BASS and SOTIP. Though, these two methods both are bagging cells

together and reducing the feature space of genes with PCA before identifying tissue

structures. This means the expression of each specific gene is lost and need to be

recovered by different post processing steps. So to our knowledge there are currently

no other methods that runs on multiple sample and identify gene signatures.

We chose to compare our method to BASS and MENDER, which can both run on

multiple samples. A further benchmarking of current methods in the literature can

be found in [18], where they are comparing 14 different methods including BASS [8].

In [18] they are benchmarking on the same first two datasets included below, where

BASS is among the best performing. MENDER [16] is one of the most recently

developed methods that are highlighting speed and scalability, which is also one of

the main advantages of our method. Another interesting thing to note is that most

methods are implemented in Python, where our method stands out as one of the

few that are available in R. And in particular the only package in R together with

BASS that can run on multiple samples. As shown in [12] there is two times as

many downstream analysis for spatial transcriptomics conducted in R compared to

Python, which makes it essential to produce more and efficient packages for R as

well.

In Table 2A there is a summary of the datasets included in this paper together with

the running times of NNMF, BASS and MENDER. Our method is clearly faster

than BASS, but MENDER is the fastest. Notice, that the NNMF method is much

faster one the second dataset compared to the first even though there are many

more observation, but this is because the number of genes are greatly reduced. As

our method preserves the gene expression of each cell the running times will both

depend on the number of cells and the number of genes included in the dataset.

MENDER is also faster on the second dataset because the celltypes are known and

it therefore only clusters based on the celltype annotations. As BASS is using a

PCA reduction of the genes the speed mostly depend on the number of cells in the

data, which is why the time approximately scales with the number of cells. In the

following sections is shown results from NNMF on the three datasets decribed in

Table 2A together with the results of BASS and MENDER for the first two datasets.

2.1 10x Visium data from human brain

The first data set we analyzed is the spatial transcriptomics dataset from the human

dorsolateral prefrontal cortex (DLPFC) [10] created using the 10x Visium technol-

ogy. Each observation represents a spot in a grid of the tissue, so each observation
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may include multiple cells of different types. The dataset is commonly used to ver-

ify the performance of de novo tissue structure labeling and is included in most of

the papers accompanying the related methods in Table 2. Here, we analyzed the

four tissues 151673− 151676. We filtered out genes that was expressed in less than

ten percent of the samples, which kept 6482 of the 33538 genes. We did apply our

method to the data including all the genes, but this took much longer to run as

our method preserves the information of all the genes in the data. The results in

Figure 3A show that the reduction in the number of genes had no effect on the

recovered tissue structures, which aligns well with the annotations.

In Figure 3A the results from applying NNMF to the DLPFC data is compared

to results from BASS and MENDER. Specifically, we clustered the NNMF weights

for the signatures resulting from running NNMF with rank 10 using K-means with

K = 7, and we labeled each of the clusters with a single color. BASS uses cell

bagging with eigengenes and Leiden clustering to identify the regions. MENDER

uses a graph neural network. We found that NNMF replicated the results in the

expert-annotated samples about as well as BASS, but in much less time. We found

that MENDER was not able to annotate the samples well at all, besides the outer-

and inner-most layers, despite the speed advantage. These results suggest that our

approach identifies meaningful functional signatures and is competitive with the best

existing methods.

Next, we wanted to study the cluster composition for the K-means clustering of

our NNMF signatures (Figure 3B). Five of the seven the clusters include primarily

a single signature (clusters 3-7); the remaining two clusters contain two or three

approximately equally weighted primary signatures. Conversely, we see that the

signatures 2, 4, 5 and 7 are spread across several clusters. The rest of the signatures

are also mainly enriched in a single cluster, which shows that some of the signatures

itself also recover the structure in the tissue. But because some of the signatures

are present in several clusters it is essential to cluster the signatures to identify

the cellular collectives with similar sets of gene signatures, possibly with different

proportions.

We next studied the gene signatures themselves to determine how they were repre-

sented across the sample. While most of these gene signatures appear to capture

cellular processes specific to a single region of the sample, the remainder(signatures

2, 4 and 7) of the signatures capture more general, diffuse processes that span regions

of the sample, suggesting that these signatures are not region specific (Figure 3C).

They appear to be present in cells across the entire sample except possibly the in-

nermost layer. With the weights normalized, the gene signature with the largest

value is less spatially consistent than the clustered annotation. These results sug-

gest that gene signatures from NNMF on their own are not easily interpretable as

region annotations.
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A

B

C

D

Figure 3: Results on the human dorsolateral prefrontal cortex (DLPFC)

data. A) Annotations for (columns) each of the four samples for (rows) expert

annotations, NNMF clusters, BASS, and MENDER. B) NNMF signature enrichment

in each of the seven clusters annotated in A. C) NNMF signature weights for a single

sample. D) NNMF signatures with the top ten genes for each signature; colors

represent weight drop off relative to max weight.
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We next studied the genes with the ten largest weights for each gene signature (Fig-

ure 3D). These are identified by first scaling the original gene weights and afterwards

identifying the top ten genes. The scaling is applied to identify more unique genes in

the signatures similar to TF-IDF, which is further described in the Method section.

The color gradient in Figure 3D indicate the log of the original weight of the specific

gene.

With this key, we can understand what cellular processes these gene signatures cap-

ture. For example, signature 3, including MALAT1 and CXCL14 captures neuroin-

flamation. NMF and its parts-based decomposition appears useful for identifying

sets of genes jointly participating in functional processes in subsets of cells. These

ranked gene lists give us good insight into the cellular process documented in these

gene signatures.

2.2 MERFISH data of mouse brain

The second dataset consists of eight adjacent tissue sections of the posterior part

of the mouse hypothalamus from bregma -0.29mm to 0.06mm (Figure 4A). The

dataset comes from the first animal in a prior analysis [11], which was created using

the MERFISH technology. We refer the the dataset as mouseMERFISH. For this

technology each observation represents a single cell, and the observations are not

on a grid as in the prior data. As the tissue sections are located adjacent to one

another, we chose to analyze the slices in three dimensions. Each tissue section was

aligned by the their minimum location on the x axis and maximum location on the

y axis, and the Bregma is included as a z coordinate by multiplying it by 1000 to

match the same µm scale as in each slice (Figure 4C).

The results from applying NNMF to the 3D mouseMERFISH dataset can be seen

in Figure 4B and C. The results are constructed similar to the dataset above, but

here we ran NNMF with rank 15 and afterwards used K-means with K = 10.

We also recovered the results of BASS and MENDER in Figure 4D, for which we

also assumed ten clusters. Comparing the results of the different methods to the

illustrations in Figure 4A we see that NNMF is better at capturing the two parts

of the periventricular nucleus and the circles on the top compared to BASS and

MENDER. Both in Figure 4B and C it shows how the different clusters are changing

and connected through the slices.

To further understand the different clusters we can take a look at the underlying

gene signatures in Figure 4E together with their connection to the clusters described

in Figure 4F. From Figure 4F we can see that many of the clusters mainly include

a single signature except for clusters 4, 5 and 7, which are a combination of many

different signatures. From Figure 4H, that shows the weights of the first four signa-

tures, it is clear to see how some gene signatures (2 and 4) have a clear boundary

of specific subsets where they are active, where signature 3 has more of a smooth
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A B
C

D

E

F

G

H

Figure 4: Results on the mouse hypothalamic preoptic region data generated using the

MERFISH technology. Results are shown for the posterior eight slices from bregma -0.29 to 0.06. A)

Illustration of mouse hypothalamic nuclei at different bregma from the original study [11]. The imaged

regions are colored according to the legend on the right. The nuclei abbrevations in the legend are further

described in the original study. B) The ten NNMF clusters that are constructed after running k-means on

the resulting 15 signature weights. C) The 3D alignment of the different slices, where the scale are equal

in all dimensions. D) The resulting clusters from BASS and MENDER from assuming ten clusters. E)

The weighted top ten genes of the different signatures colored by their original weight in the corresponding

signatures. F) The enrichment of the NNMF signatures (E) in the different NMF clusters (B). G) The

fold enrichment of cell types in the different NNMF clusters (B). H) The weights for signature 1-4 over the

different tissue slices, where yellow illustrates high values and dark blue low values.
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boundary and signature 1 is spread over the whole tissue. We see that the clus-

ters 1 and 2, which capture the periventricular nucleus are completely enriched by

signature 4, including Mlc1 which suggest to be an integral membrane transporter.

We also see from Figure 4G that especially cluster two have a high enrichment of

ependymal and mature celltypes which aligns with the results found in [11].

2.3 MERFISH data of colon cancer

The last data set is also constructed using the MERFISH technology and includes

expression of 500 genes in ≈1.9 million cells spread over two slices from two different

tissues of colon cancer. Results on these data highlight the ability of NNMF to scale

to a large numbers of cells across multiple samples with shared structures. The

clusters shown in Figure 5A are found from running NNMF with 20 signatures and

afterwards applying k-means with K = 10 on the weights of the signatures to find

NNMF clusters annotated in the ten different colors.

For example signature 12 is an inflammatory region, because the top genes include

FOS, IL1B and PTGS2 (Figure 5D). The region of the signature are shown in

Figure 5E and from Figure 5B and C it shows that this region is highly enriched by

mastrocytes, fibroblast and monocytes.

Signature 5 is also interesting because the top gene is VEGFA, which is usually

upregulated in many known tumors. It is a member of the PDGF/VEGF growth

factor family, and induces proliferation and migration of vascular endothelial cells.

Signature 10 and 17 are enriched in the same cluster 1 (Figure 5B), that are enriched

by a combination of many different celltypes (Figure 5C) including T-cells. This

suggest that cluster 1 is an anti-tumor region in the tissue.

3 Method

Nonnegative matrix factorization (NMF) takes a nonnegative data matrix V of di-

mension N ×M and represents it by two smaller matrices of a much lower rank

K << min(N,M), such that

V ≈WH

where W and H has dimension N ×K and K ×M , respectively.

In the setting of spatially resolved transcriptomics data, then the V contains the

gene expression counts of the different cells, which means N is the different cells and

M is the number of genes. Each row in the matrix W will represent the weights for

the different gene signatures for a specific cell and the rows in H will represent the

different gene signatures, which are distributions over the genes. We therefore let

the rows of H sum to one, which will remove the scaling ambiguity of NMF.
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A

B C

D

E

Figure 5: Results for two colon cancer tissue samples. A) Ten clusters con-

structed from applying k-means to the retrieved NNMF signature weights. B) The

enrichment of the NNMF signatures (D) in the different NNMF clusters (A). C)

The fold enrichment of celltypes in the NNMF clusters (A). D) The top 15 genes of

the 20 retrieved signatures from NNMF. E) The signature weights over both tissues

for the signatures 5, 10, 12 and 17.
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As the matrix consist of counts it is natural to assume a Poisson distribution for

the entries of the matrix. The Poisson assumption is equivalent to recovering the

factorization by minimizing the generalized kullback leibler (GKL), which is given

by

D(V ||WH) =
N∑

n=1

M∑

m=1

{VnmlogVnm − Vnmlog((WH)nm)− Vnm + (WH)nm} . (1)

Besides the gene counts each cell also have a location, which can be written as a

matrix X ∈ RN×d. The dimension d is typically 2 or 3. The goal is to make close

cells share similar signatures to identify spatial microenvironments and structures

in the tissue. This means we want a high correlation of the weights for near by cells,

which can be described in terms of a Gaussian kernel function

cor(Wi,:,Wj,:) ≈ exp(−||xi − xj ||22
ϕ2

) = (Sϕ(X))ij ,

where xi represents the location of cell i and ϕ is the length scale. The equation

says the closer two cells are, the closer should the weights be i.e. higher correlation.

Specifically, the matrix Sϕ(X) represents the desired neighborhood correlation of

the weights for the cells. The goal is to minimize the error function in (1), while

imposing higher correlation of the weights for nearby cells. This is attained by

adding Gaussian smoothing to the standard NMF multiplicative updates [7]. The

updates for our method NNMF are therefore given by

H ← rnorm

(
H ⊗

(
W T V

WH

))
(2)

W ←W ⊗
(

V

WH
HT

)
(3)

W ← rnorm(Sϕ(X))W (4)

where rnorm(·) define a matrix transformation that row normalize. This means

rnorm(Sϕ(X)) is a normalized version of Sϕ(X), where the rows sum to one to

assure a neighborhood average. Here, the updates (2) and (3) are the standard

NMF multiplicative updates under the Poisson model, where (4) is the additional

update that incorporate the information of neighboring cells.

The simple extension of the standard updates comes from the fact that given a

multivariate normal Z ∈ RN , where the covariance is the identity IN we know

that Sϕ(X)Z has covariance Sϕ(X)INSϕ(X)T = Sϕ(X)2. As the kernel Sϕ(X)

contain higher values for neighboring points we thereby know that the correlation

will increase for neighboring points. In the middle of Figure 1 the effects of smoothing

W once is illustrated, where it is clear that the neighboring correlation is increased.

The following update of the gene signatures H will now correct for these spatial

changes in W to construct more spatial gene signatures. The next update of W
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will then update W correpondingly to minimize the GKL and again followed by

a smoothing update to assure spatial weights. The results of these updates are

therefore spatial weights W and corresponding gene signatures, that recovers the

spatial gene structures in the tissue. To recover the NNMF clusters standard k-

means is applied to the weights.

3.1 Initialization

As the multiplicative updates only assure a local minimum it is standard to initialize

multiple times to increase the chance of a global minimum, which is also applied

here. We initialize with a warm start by run standard NMF [7] 50-100 iterations

for a set of initializations and choose the factorization with the smallest GKL to

initialize NNMF. The number of initializations depends on the size of the dataset,

but we use a minimum of 3 initializations.

3.2 Length scale

The length scale ϕ is estimated from the data by a grid search to find the size

of neighborhood that best predict each of the cells. For a given vector (ϕi)
p
i=1 of

potential length scales the prediction error of each point based on the neighborhood

is calculated in the following way

Errori =
∑

n,m

(V − rnorm(SN (ϕi)− IN )V )nm.

The optimal lengthscale is then chosen as the ϕi that had the corresponding smallest

error value Errori. This length scale is then fixed through the analysis.

3.3 Multiple slices and batching of large datasets

A feature of the package that makes it possible to run on multiple slices or very

large slices is that one can specify a batch grouping of the dataset. In this case our

method only calculates a neighborhood correlation Sb
N (ϕ) for each batch b, which

makes it possible to run on multiple slices and larger datasets. This also means that

the update step in (4) is preformed as a for loop over each batch b separately in the

following way:

W b ← rnorm(Sb
N (ϕ))W b (5)

where W b represent the weights of W that correspond to the observations in batch

b.

In the case of multiple separate slices then the batch groups would specify which

slice the different observations belong to. When separate slices do not have any

spatial interaction it also makes sense only to calculate a neighborhood correlation
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Figure 6: Illustration of batches with 20,000 cells constructed by the groupondist()

function for the two colon cancer samples. Each color will represent a batch of cells.

matrix Sϕ(X) for each slice. The batches of the first DLPFC dataset was therefore

simply the four different slices 151673 - 151676.

In the mouse MERFISH data set the different slices actually did have spatial in-

teraction and it therefore made sense to consider it as one large dataset in three

dimensions. Though, calculating Sϕ(X) for all the 50, 627 cells together would re-

quire to calculate and save a matrix of 50, 6272 = 2, 563, 093, 129 entries, so instead

we decided to split the data into two batches. One batch of slices for bregma above

-0.1 and another for the rest below -0.1, such that four slices were included in both.

This left 24, 594 and 26, 033 cells in each batch, respectively. This meant the total

number of entries in S<0.1
N (ϕ) and S>0.1

N (ϕ) that now needed to be calculated and

saved instead were 24, 5942 + 26, 0332 = 1, 282, 581, 925 which is around half of the

size as having all the data together in one batch.

There is many ways to choose these batches and we have also created a function

groupondist() that creates batches of observations close in space. This function was

used on the two colon cancer samples to split the samples into batches of size 20,000

as these two slices include 840,405 and 1,018,013 cells, respectively. An example

of batches is shown in Figure 6, where each color represent a batch of 20,000 cells.

Notice that batches have different sizes because the density of cells differ over the

tissue. The batches are constructed by recursively choosing a random cell in the

tissue not already included in a batch and creating a new batch of its 20,000 nearest

cells not already included in a batch, which of course also will include that cell itself.

This is continued until the remaining cells are less than 20,000, which will be the

last batch in the tissue.

The size of the batches can be determined by the user and should be made as large

as possible where your server is able to save the matrices in memory. Even though

the optimal solution would be to have all the cells together in one batch the option of

batching makes it possible to incorporate spatial information to the many datasets

that are evolving with millions of cells in each slice.

3.4 Computational efficiency

Besides the batching described above to reduce the memory usage, there is several

things that makes our algorithm computationally powerfull. First of all it utilizes the
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fast multiplicative updates from [7] and the spatial correlation matrix is incorporated

without having to take the inverse, which is otherwise often required for spatial

deconvolution [15]. This means that all the updates in our algorithm are vectorized

to large matrix operations, which makes it highly efficient. To further improve the

speed of our R package NNMF we have used Rcpp to implement the core algorithm

in C++. All of these things combined makes our algorithm scalable to datasets of

millions of cells.

3.5 Weighting of genes

Instead of simply showing the genes with the highest values in each of the gene

signatures as the top genes we are weighting them to recover unique genes in the

different gene signatures in a similar spirit to TF-IDF. Our weighting scheme is very

similar to the one used in [13]. Given a signature k and a gene i, the new weighted

signature value is given by:

Wnew
ki = Wki · log

(
1 +

Wki

maxj ̸=k Wji

)

This weighting will scale up a the weight of a gene if it is uniquely expressed in a

single gene signature and in a similar way scale down the weights of genes that are

expressed in several gene signatures.

3.6 Avoiding celltype bias

Before our analyses we normalize the gene expression count for each cell to be the

median gene count across cells to avoid a bias towards certain celltypes. There are

a huge difference in the size of different celltypes, which influence the gene count for

different celltype. To avoid a bias in which cells that are fitted we therefore chose

to normalize each cell to have the same gene count.

4 Discussion

Our method NNMF can analyze spatial transcriptomics data of million of cells to re-

cover spatial gene signatures of tissue structure and multicellular microenviroments.

The method only relies on the gene expression count matrix and the associated loca-

tions of each cell and is implemented as an R package that can be downloaded from

github.com/ragnhildlaursen/NNMF. The method applies to multiple samples and

millions of cells because the model is a simple extension of the fast multiplicative

NMF updates from [7].

NNMF gives intepretable results of data as it preserves the gene expression of each

individual cell, contrary to most method (including BASS and MENDER) in the

literature today that are either bagging cells together or reducing the genes to a
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fewer number of eigengenes or metagenes with PCA. To our knowledge NNMF is

the only method that can run on multiple slices and millions of cells while preserving

the gene expression of each individual cell. This makes it possible to recover the

specific groups of genes that are active in the different part of the tissue and recover

the activity of the different gene signatures for each cell individually.

After running k-means on the weights of the gene signatures we recover NNMF

clusters that recover tissue structures comparable to other methods in the literature

such as BASS or MENDER. Some of the gene signatures are only enriched in single

structures of the tissue, where others are active over the whole tissue.
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