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Abstract

The satisfiability problem (SAT) is one of the most mathematically fundamen-
tal decision problems, that serves as a central model for studying complexity of
high-dimensional discrete structures. Formally, SAT asks whether a collection of
Boolean constraints (disjunctive clauses) can be satisfied simultaneously. The SAT
problem is intractable in the worst case, and much research goes into understand-
ing which structural phenomena make the problem computationally hard.

To understand this, researchers have focused on average-case behavior
through the random k-SAT model, where m ∼ αn clauses of size k are sampled
uniformly at random over n Boolean variables. This model is believed to exhibit
rich structural phenomena, the most prominent being the satisfiability threshold
conjecture, which claims a sharp phase transition at a critical clause-to-variable
ratio.

This dissertation investigates the probabilistic effects of fixing variables in ran-
dom SAT formulas, which is motivated both by theory and the practical role of
partial assignments in SAT solving. We show that fixing variables smooths the
satisfiability curve, which contrasts the expected sharp threshold of the standard
model. The number of variables required to induce smoothing scales as n1/2 for
random 2-SAT below the satisfiability threshold, as n2/3 for random 3-SAT below
density α = 3.145, and (weakly) as n1/3 at the critical point of random 2-SAT.
These results highlight sharp structural differences between 2- and 3-SAT, and
between subcritical and critical 2-SAT.

Building on this, we define threshold functions πk describing the asymptotic
probability of satisfiability under partial assignments. We derive closed-form ex-
pressions for k = 2 and k = 3, with an unresolved gap in the 3-SAT case near
the conjectured phase transition. Using analytic continuation, we prove that π2
is regular (smooth and continuous), while π3 is necessarily irregular. Thus, this
rigorously separates the inherent structure of 2-SAT and 3-SAT. Simulations and
an analysis of the related 3-XORSAT model further support that the irregularity
in 3-SAT occurs at its conjectured satisfiability threshold.

Finally, from an algorithmic perspective, we study how fixing strategies affect
satisfiability. Comparing random fixing with a majority rule policy that maximizes
immediate clause satisfaction, we again obtain closed-form asymptotic probabili-
ties, showing that informed fixing significantly improves performance.
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Resume

Satisfiability-problemet (SAT) er et af de mest grundlæggende matematiske beslut-
ningsproblemer, som ofte bruges som enmodel til at studere kompleksitet af højdi-
mensionale diskrete strukturer. Formelt spørger SAT, om en mængde boolske re-
striktioner (disjunktive klausuler) kan opfyldes samtidigt. SAT problemet er NP-
komplet i værste fald, og meget forskning forsøger at afdække, hvilke strukturelle
fænomener, der medfører denne beregningsmæssige kompleksitet.

For at skabe en dybere forståelse for dette, betragter man ofte random k-
SAT-modellen, hvor m ∼ αn uafhængige klausuler af størrelse k vælges uniformt
blandt n variable. Man formoder at denne model udviser en række strukturelle
fænomener, hvoraf det mest velkendte er satisfiability threshold-formodningen,
der postulerer en skarp faseovergang ved et kritisk klausul-til-variabel-forhold.

Vi undersøger hvilke sandsynlighedsteoretiske konsekvenser det har at
fastlægge variable i random SAT-formler. Dette er motiveret både af teori og af den
praktiske rolle som variabel-fastlæggelse har i SAT-solvere. Vi viser at variabel-
fastlæggelse udglatter satisfiability-kurven, der før havde en skarp faseovergang.
Ydermere viser vi, at antallet af variable, der skal fastlægges for at frembringe
denne udglatning skalerer somn1/2 for random 2-SAT, somn2/3 for random 3-SAT,
når α < 3.145, og (svagt) som n1/3 ved det kritiske punkt for 2-SAT. Resultaterne
viser dermed tydelige strukturelle forskelle mellem de betragtede modeller.

Hernæst defineres tærskelfunktionerne πk , der beskriver den asymptotiske
sandsynlighed for, at en formel med fastlagte variable, er løselig. Vi udleder
lukkede udtryk for tilfældende k = 2 og k = 3, men i 3-SAT-tilfældet er kurven
stadig ukendt for α-værdier tæt på den formodede faseovergang. Vi kan dog ved
hjælp af kompleks funktionsteori konkludere, atπ2 er regulær (glat og kontinuert),
mens π3 nødvendigvis er irregulær. Dermed adskiller 2- og 3-SAT sig fundamen-
talt. Simuleringer af tærskelfunktionerne samt en analyse af den beslægtede 3-
XORSAT-model underbygger yderligere, at irregulariteten i 3-SAT indtræffer ved
den formodede satisfiability-faseovergang.

Til sidst undersøges det, hvordan forskellige strategier for variabel-fastlægning
påvirker den samlede løselighed af random SAT formler. Vi sammenligner til-
fældig fastlægningmed en strategi, hvor variable fastlægges således, at flest mulige
klausuler straks opfyldes. Også her kan vi udlede lukkede udtryk for sandsyn-
lighederne, hvilket giver præcise resultater for, hvordan informeret variabel-
fastlæggelse markant øger sandsynligheden for, at en delvis løsning kan udvides
til en fuldstændig løsning.
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1Introduction

1.1 The Satisfiability Problem

The satisfiability problem, also referred to as the SAT problem, is a foundational
problem that lies in the intersection between theoretical computer science and
mathematical logic. It concerns the existence of solutions to general Boolean for-
mulas which correspond to finding solutions to discrete logical expressions. To
be more precise, the satisfiability problem asks a simple question: Given a logical
formula ϕ built from Boolean variables, i.e. variables taking the values true and
false, is there a way to assign the values of those variables such that the entire
formula evaluates to true? If so, we write ϕ ∈ SAT.

Thus, a logical formula consists of a set of Boolean variables x1,x2, . . . ,xn each
of which takes values in B := {true,false}. The logical formula is then formed
using logical operators like negation (¬), conjunction (∧), disjunction (∨), impli-
cations (⇒), etc. Therefore, a logical formula could take the form

(x1 ∨ x2)∧ (¬x1 ∨¬x2)∧ (x1⇒ x2), (x ∈B2).

The above expression states that either x1 or x2 should be true, either x1 or x2
should be false, and if x1 is true then x2 has to be true as well. The only variable
assignment satisfying this is x1 = false, and x2 = true.

1.1.1 CNF and Standard Formulations

Both in practice and theory, SAT is usually studied using formulas in a specific
form called conjunctive normal form, abbreviated CNF. In this work, we only con-
sider Boolean formulas in this general form. A CNF formula is a conjunction, i.e.
the logical AND of clauses, where each clause is a disjunction, i.e. the logical OR of
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2 Chapter 1 · Introduction

literals, and a literal is either a variable or its negation. For example:

(x1 ∨¬x2)∧ (x2 ∨¬x2 ∨¬x3)∧ (x2 ∨¬x4), (x ∈B4),

is a CNF formula with three clauses and four variables. Every Boolean formula
can be converted into an equivalent formula in CNF, see Prop. 1.5 in [Men09].
Thus, the SAT problem with formulas written in CNF remains as general as the
original formulation of the problem, and this formulation of the problem is simpler
to study mathematically and algorithmically. A sub-class of problems that is often
considered in theory are problems where clauses are restricted to have a certain
length k. This problem is then referred to as the k-SAT problem.

1.1.2 Computational complexity and NP-completeness

The satisfiability problem holds a central role in computational complexity theory
due to its role as the first problem proven to be NP-complete, [Coo71]. This result
laid the foundation for the theory of NP-completeness, which classifies problems
based on their inherent computational difficulty.

The class NP consists of all decision problems for which a solution, if given,
can be verified in polynomial time. A problem is NP-complete if it is in NP and is
also as hard as any other problem in NP, meaning that every problem in this class
can be reduced to it in polynomial time.

As SAT is NP-complete it is considered one of the "hardest" problems in NP. If
one could find a polynomial-time algorithm to solve SAT, it would imply that every
problem in NP can also be solved in polynomial time, leading to the conclusion
that P = NP . However, despite decades of research, no such algorithm has been
found, and P , NP remains one of the most important and unresolved questions
in mathematics and computer science.

The standing conjecture is that P ,NP which would imply that the computa-
tional effort required to solve SAT grows exponentially with the size of the input.
This exponential blow-up is what makes SAT and other NP-complete problems
fundamentally hard.

Although the general SAT problem is in NP, there are subclasses that differ
significantly in complexity. One notable exception is 2-CNF formulas, which can
be solved in polynomial time. However, for every k ≥ 3, the k-SAT problem is
NP-complete. Since all NP-complete problems are equivalent in terms of com-
putational difficulty (up to polynomial factors), much of the theoretical research
has focused on 3-CNF formulas as a canonical representative of NP-completeness.
Consequently, there is considerable interest in understanding the structural and
computational differences that make 2-SAT easily solvable while 3-SAT is believed
to be hard. In addition, much research is devoted to identifying which instances of
3-SAT are hard, and what structural properties make them hard. In this thesis, we
contribute towards answering these questions.
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1.1.3 Practical Applications of SAT

Despite being a theoretically hard problem, SAT has proven to be very useful in
practice. Over the past few decades, significant progress has been made in de-
signing algorithms that can efficiently determine the satisfiability of large CNF
formulas in many real-world cases. Therefore, SAT is widely used in a variety of
domains, including:

• Hardware and Software Verification: Ensuring that digital circuits or
programs behave correctly on all possible inputs can be translated into a
SAT problem.

• Artificial intelligence and planning: Many constraint satisfaction and
planning problems can be encoded as SAT instances.

• Combinatorial problems: Problems such as scheduling, resource alloca-
tion, and puzzle solving can often be reformulated as a SAT problem.

For references, see e.g. [GGW06; Mar08; Knu15]. The practical success of SAT
solvers demonstrates that while the worst-case complexity of SAT is high, many
instances arising in practice are solvable in reasonable time. This paradox is a
key area of ongoing research, aiming to better understand the boundary between
tractable and intractable SAT instances.

1.1.4 The Random Satisfiability Problem

The gap between the theoretical hardness of SAT on one side and the practical
efficiency of modern SAT solvers on the other side has led researchers to de-
velop models that capture typical-case behavior rather than worst-case complexity
(see [Gol79; FP83; CKT91; SML96]). This led to the development of the random SAT
model, which shifts the focus to average-case complexity and permits the deriva-
tion of statistical properties of SAT instances.

In the random SAT framework, Boolean formulas are generated according to a
specified probability distribution. The most widely studied variant is the random
k-SAT model, where each formula has a fixed number of variables n and a number
of clauses m, that are sampled independently. Each clause is formed by selecting
k literals uniformly at random. Whether the literals are sampled with or without
replacement varies across formulations, but this detail typically does not affect the
asymptotic behavior in most analyses. In Articles A to C we consider the model,
where each clause consists of distinct variables, whereas Article D considers the
model where all literals are sampled independently, and thus clauseswith duplicate
variables can occur.

In the random k-SATmodel, it has especially been studied how the satisfiability
of a sampled formula depends on the clause-to-variable ratio α = m/n. Empirical
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and theoretical investigations indicate that as this ratio α increases the probability
that a random formula is satisfiable drops from one to zero, and asymptotically in
n this threshold is sharp. This conjecture was originally stated in [CR92], where
this phenomena was also proven for k = 2, and it was further established that the
2-SAT satisfiability threshold appears at α = 1, see [CR92],[Goe96]. Very recently,
the satisfiability conjecture was also established for all k ≥ k0, where k0 is a large
and unknown constant, see [DSS22]. However, for all remaining values of k the
existence of the satisfiability threshold is a standing conjecture. A step towards
proving this conjecture was established by Friedgut. His result states that if a
limiting probability curve exists, then it will be sharp:

Theorem 1.1 (Friedgut, [Fri99]). Let k ≥ 2. There exists a sequence {ak(n)}∞n=1 such
that for every ε > 0 it holds that:

• If Φ is a random CNF formula with n variables and m(n) = ⌊(ak(n) − ε)n⌋
clauses, then

lim
n→∞

P(Φ ∈ SAT) = 1,

• If Φ is a random CNF formula with n variables and m(n) = ⌊(ak(n) + ε)n⌋
clauses, then

lim
n→∞

P(Φ ∈ SAT) = 0.

The study of the random SATmodel has further led to insights about the inter-
nal structure of the solution space. For instance, in certain regimes, it is believed
that satisfying assignments tend to cluster into exponentially many disconnected
components, a phenomenon that mirrors behaviors seen in statistical physics, par-
ticularly in spin glass theory. This connection has inspired the use of tools from
statistical physics, such as replica symmetry breaking and the cavity method, to
analyze the geometry and complexity of solution spaces in random SAT. For more
information, see e.g. [BCM02], [MM09] and references therein.

1.2 Fixing Variables in Satisfiability Problems

The work of this thesis is concerned with the probabilistic effects of fixing a subset
of the input variables in random satisfiability formulas. More precisely, it is studied
how the assignment of Boolean values to a small subset of the input variables,
either chosen uniformly at random or according to specific heuristics, impacts the
overall satisfiability of the formula. This idea is motivated by both practical and
theoretical considerations.

On the practical side, many modern SAT solvers rely on early decisions, which
correspond to partial assignments of the input variables, and the success of these
solvers often depends on how those decisions reduce the problem’s complexity.
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Moreover, fixing variables is closely connected to having clauses of length one, also
referred to as unit clauses. These clauses will often appear during the SAT solving
process. A sub-routine in most modern SAT solvers, called the unit propagation
procedure, exploits these unit clauses and that they directly determine the value
of specific variables, effectively fixing them. Fixing these variables simplifies the
formula, potentially generating new unit clauses and triggering a cascading effect
of further variable assignments. Understanding the probabilistic impact of vari-
able fixing can therefore provide valuable algorithmic insights. Besides appearing
during the SAT solving process, unit clauses also often arise in real-world appli-
cations where some variables are known in advance or constrained by external
factors. Thus, this underscores the practical significance of understanding vari-
able fixing. For more information on the practical implications of variable fixing
see e.g. [Knu15] p. 31, 39, and 62.

From a theoretical perspective, variable fixing provides a useful tool for ana-
lyzing the hardness of SAT instances. According to the satisfiability conjecture,
most random k-CNF formulas are either asymptotically satisfiable or asymptoti-
cally unsatisfiable as the number of variables tends to infinity, exhibiting a sharp
threshold at a critical clause-to-variable ratio. However, this sharp threshold be-
havior disappears when a subset of variables is fixed in random k-SAT. By fixing a
carefully selected fraction of the input variables, the satisfiability probability tran-
sitions smoothly from near zero to near one as the clause-to-variable ratio varies.
This is the main result of Article B.

The number of variables that must be fixed to induce such a smooth transi-
tion reveals important information about the underlying dependency structure of
the variables of the formula. It also sheds light on how the geometry of the solu-
tion space changes with varying clause lengths and clause-to-variable densities. In
particular, this highlights how different levels of local constraints influence global
satisfiability, and how contradictions begin to emerge as an increasing fraction of
variables is fixed.

1.2.1 Degrees of freedom in random satisfiability problems

Let Φ be a random CNF formula with n variables and m clauses. We consider a
subset L ⊆ ±[n] := {−n, . . . ,−1,1, . . . ,n}, which consists of |L| = f (n) elements.
Moreover, we choose this set such that if ℓ ∈ L then −ℓ < L, and we say that this
set is consistent. We will now fix the variables dictated by L by having xv = true

if v ∈ L and xv = false if −v ∈ L. For x ∈Bn, we let xL ∈Bn be the vector where
the v’th entry is given by (xL)v = true when v ∈ L, (xL)v = false, when −v ∈ L,
and (xL)v = xv otherwise. Then we define the CNF formula with fixed variables as

ΦL(x) = Φ(xL), (x ∈Bn). (1.2.1)
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Now, the previous considerations concerning fixing of variables in random
CNF formulas lead us to the following definition:

Definition 1.2 (Degrees of freedom in the random k-SAT problem). Let Φ be a
random k-CNF formula with n variables, and m = m(n) clauses. Then Φ is said
to have f⋆ = f⋆(n) degrees of freedom if for all f = f (n), and all consistent (non-
random) subsets L ⊆ ±[n], with |L| = f , it is the case that f⋆ is a threshold in f for
the satisfiability of ΦL, i.e. if

lim
n→∞

P(ΦL ∈ SAT) =

1, when f /f∗→ 0,

0, when f /f∗→∞.
(1.2.2)

The main result of Article B states that the random 2-SAT problem sampled
strictly below the satisfiability threshold (referred to as a subcritical formula) has
degrees of freedom scaling as n1/2. In contrast, for random 3-SAT instances with
a clause-to-variable ratio below 3.145 the degrees of freedom scale as n2/3. Thus,
the degrees of freedom depend heavily on the clause size. This difference indicates
that variables in random 2-SAT instances are more tightly constrained and exhibit
stronger dependencies than those in random 3-CNF formulas.

For structures that exhibit phase transitions, the critical point, where the sharp
transition occurs, is often of particular interest. However, analyzing such critical
formulas is typically more challenging, as structural complexity tends to peak near
the threshold. In Article C, 2-SAT is analyzed at the critical ratio, and the degrees
of freedom are found in a weak sense, see the following definition:

Definition 1.3 (Weak degrees of freedom in the random k-SAT problem). Let Φ
be a random k-CNF formula with n variables, andm =m(n) clauses. Then Φ is said
to have f⋆ = f⋆(n) degrees of freedom weakly if for all f = f (n), and all consistent
(non-random) subsets L ⊆ ±[n], with |L| = f it is the case that f⋆ is a weak threshold
in f for the satisfiability of ΦL, that is for any ε > 0 we have that

(1) Whenever f /f⋆ ≤ n−ε, then

liminf
n→∞

P(ΦL ∈ SAT) = liminf
n→∞

P(Φ ∈ SAT) > 0.

(2) Whenever f /f⋆ ≥ nε, then

lim
n→∞

P(ΦL ∈ SAT) = 0.

The main result of Article C shows that a random 2-CNF formula with n vari-
ables and n clauses, i.e. sampled precisely at the point of phase transition, has
degrees of freedom (in a weak sense) that scale as n1/3. This marks a sharp change
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in the structure of the solution space and in the variable dependency at criticality
compared to at the subcritical regime.

Although this change in structure has been proven only for random 2-SAT
(which is computationally easy), this might still provide valuable insights to why
computational hardness of problems often increases tremendously close to the (ex-
pected) phase transition, as seen on fig. 1.1. The sudden reduction in degrees of
freedom suggests that at the critical point even fixing only very few variables can
have global effects, which might explain why solving random formulas becomes
much harder close to the point of criticality.

Combining the results of Article B and Article C we get the below theorem.

Theorem 1.4. Let Φ be a random k-CNF formula with n variables and m ∼ αn
clauses.

• If k = 2, and α ∈ (0,1), then the degrees of freedom of Φ scale as n1/2.

• If k = 3, and α ∈ (0,3.145), then the degrees of freedom of Φ scale as n2/3.

• If k = 2 and α = 1 then the weak degrees of freedom of Φ scale as n1/3.

Figure 1.1: Left: Fig. 2 from [SML96] showing median “hardness” as a function of
clause-to-variable density for random 3-SAT. Right: Fig. 4 from [SML96] showing
the corresponding empirical probability of satisfiability.

1.3 Phase Transition Curves

As previously mentioned, a key property of the random k-SAT problem is its con-
jectured sharp phase transition when the clause-to-variable ratio surpasses a criti-
cal value. For k = 2, this phase transition has been rigorously proven. However, for
k ≥ 3 it remains an open conjecture that is only supported by empirical evidence
and heuristic arguments.
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1.3.1 Phase Transitions in Mixed SAT Problems

Random mixed CNF formulas, i.e. those involving clauses of varying lengths, have
also received attention in the literature. In [Ach+01], the authors study a mixed
2- and 3-SAT model. They show that adding (2/3)n independent, and uniformly
distributed random 3-clauses to a random 2-CNF formula does not affect its satis-
fiability w.h.p. Furthermore, they prove that if a limiting satisfiability curve exists,
it must exhibit a sharp threshold behavior, i.e. a result like Theorem 1.1 also applies
here.

In contrast, a different phenomenon arises when 1-clauses are added to a ran-
dom k-CNF formula. Here, the presence of unit clauses smooths the satisfiability
curve, making the transition more gradual rather than abrupt. A more compre-
hensive overview of results on mixed CNF formulas, along with the theoretical
foundations and remaining open questions, is provided in the survey paper Arti-
cle A. In Article B we provide the exact limiting probability curve for mixed 1- and
k-SAT, k = 2,3:

Theorem 1.5. Let Φ1 be a random 1-CNF formula with n variables and ∼ βn1/2
clauses for some β > 0. Let Φk be a random k-CNF formula with n variables and
∼ αn clauses, for some α > 0. Let Φ1 ∧Φk denote the mixed CNF formula.

• If k = 2, and α ∈ (0,1) then limn→∞P(Φ1 ∧Φ2 ∈ SAT) = e−(β/2)
2(1−α)−1 .

• If k = 3, and α ∈ (0,3.145) then limn→∞P(Φ1 ∧Φ3 ∈ SAT) = e−(β/2)
2
.

Note that in the case k = 2, the limiting probability curve is smooth and de-
pends jointly on the number of both 1- and 2-clauses present. In contrast, for k = 3
the limiting probability curve depends only on the amount of 1-clauses. Conse-
quently, adding or removing (some) 3-clauses has no effect on the overall satisfi-
ability of the formula. This illustrates that random mixed 1- and 2-SAT behaves
fundamentally differently from random mixed 1- and 3-SAT.

1.3.2 Smooth Phase Transitions when Fixing Variables

The main difference between fixing variables and adding unit clauses is whether
or not we allow contradictions initially. Consequently, Theorem 1.5 can be refor-
mulated such that variable fixing is considered instead. Therefore, Article B also
establishes the following theorem:

Theorem 1.6. Let Φ be a random k-CNF formula with n variables and m ∼ αn
clauses. Let L ⊆ ±[n] be a consistent set with |L| = f = f (n). Let also γ ∈ (0,∞).

• If k = 2, α ∈ (0,1), and f
√
m/n→ γ , then

lim
n→∞

P(ΦL ∈ SAT) = e−(γ/2)
2(1−α)−1 .
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• If k = 3, α ∈ (0,3.145), and f m1/3/n→ γ , then

lim
n→∞

P(ΦL ∈ SAT) = e−(γ/2)
3
.

Thus, fixing variables smooths the phase transition curve, making it vary grad-
ually between zero and one rather than exhibiting a sharp threshold. This reflects
a more gradual structural change as the clause-to-variable ratio slowly approaches
the (expected) phase transition. Moreover, for both k = 2 and k = 3, the limiting
probability curve depends on the number of unit clauses as well as the number of
k-clauses (since γ depends on both α and β). When k = 3 this stands in contrast to
the case of mixed formulas. The difference arises because, in mixed 1- and 3-SAT,
the limiting probability is determined solely by whether the unit clauses contradict
each other, whereas under variable fixing it instead equals the probability that the
forced variable assignments cause a 3-clause to be immediately unsatisfiable.

1.3.3 Simulations

To examine whether theory and practice align, random CNF formulas have been
generated, where a subset of input variables are fixed. Using the SAT solving algo-
rithmMiniSAT22, available through the Python package [IMM18], the proportion
of such formulas that are satisfiable was computed. The simulations were carried
out for k = 2 and k = 3 across varying values of n, m, and f , and the results are
shown in fig. 1.2.

From the plot, we note that the probability converges faster for random 2-SAT
than for random 3-SAT. Furthermore, the rate of convergence decreases noticeably
as the system approaches the (expected) phase transition point, which for 2-SAT
is at α = 1 and for 3-SAT is conjectured to be at α ≈ 4.267, [KS94].

1.4 Regularity of Random SAT

It turns out that Theorem 1.6 not only provides valuable insights into the effects of
fixing variables, but it also reveals a striking structural difference between 2-SAT
and 3-SAT that, to the best of our knowledge, has not been rigorously established
before.

1.4.1 The Threshold Function

Theorem 1.6 implies that we can define a threshold function for a random k-CNF
formula. For k = 2,3, and α > 0 we can let Φ be a random k-CNF formula with n
variables andm clauses, wherem ∼ αn. If we further let L ⊆ ±[n]with |L| = f (n),
where f /n1−1/k→ β, then we can define the following threshold function:

πk(α,β) = lim
n→∞

P(ΦL ∈ SAT),
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Figure 1.2: Simulations of the satisfiability of random 2- and 3-SAT problems with
fixed variables. Each datapoint (40 for each curve) is made from 2000 simulations.
The figure is also included in Article B.

when the limit exists and depends only on α and β, and we let πk(α,β) = 0 in the
remaining cases. Theorem 1.6 implies that

π2(α,β) = e
−(β/2)2 α

1−α , when 0 < α < 1,

π3(α,β) = e
−(β/2)3α , when 0 < α < 3.145.

(1.4.1)

The proven 2-SAT satisfiability threshold implies that π2(α,β) = 0 when α > 1.
Moreover, in the article [Día+09] they prove that when α > 4.4898 in random 3-
SAT, then the formula is asymptotically unsatisfiable, and this is currently the best
upper bound. Consequently, for such α it is the case that π3(α,β) = 0. Using this
and eq. (1.4.1) the functions π2 and π3 can be plotted for some values of α and β.
These plots can be seen on fig. 1.3.

Note thatπ3(α,β) is known for allα’s except the ones belonging to the interval
[3.145,4.4898]. This explains the gap in the plot at the right of fig. 1.3. What
happens for α belonging to the interval [3.145,4.4898] remains an open question,
and there are several different possibilities for what could happen.
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Figure 1.3: The threshold functions corresponding to the degrees of freedom in the
random 2-SAT and 3-SAT problems. This figure is also included in Article B.

For the random 2-SAT problem, we see that the threshold function is con-
tinuous and even smooth for α ∈ (0,1). When for any fixed β > 0, the thresh-
old function for a random k-SAT problem is smooth for α ∈ (0,αsupp(k)), with
αsupp(k) := inf{α : πk(α,β) = 0}, and continuous for all α > 0, we refer to it as a
regular threshold function. It is remarkable that even though the threshold func-
tion for the random 3-SAT problem is not fully known, we can conclude that it is
not regular. This follows from the identity theorem for analytic functions. This is
remarkable as nothing was previously proven mathematically for any α belonging
to the interval [3.52,4.49], see [HS03; KKL06; Día+09].

We have concluded, that there must be some irregularity in the curve π3(α,β)
over the interval α ∈ [3.145,4.4898]. This suggests a fundamental shift in the
structure of the solution space of random 3-CNF formulas as α varies smoothly
close to the expected phase transition, and this irregularity is not seen for random
2-SAT. These considerations correspond to the following corollary:

Corollary 1.7. For the random 2-SAT problem, the threshold function π2(α,β) is
regular, while for the random 3-SAT problem it is irregular, i.e. it cannot be both
analytic for α ∈ (0,αsupp(3)) and continuous for all α > 0.

The above corollary rigorously separates random 2-SAT and random 3-SAT
showing that the problems belong to different universality classes with respect to
their phase transitions, and thus the 3-SAT problem is provably more irregular
than the 2-SAT problem. This irregularity may help explain why computational
hardness peaks near the expected satisfiability threshold in random 3-SAT, and
why 2- and 3-SAT problems differ so fundamentally in computational complexity.
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1.4.2 The Backbone of Random SAT

For decades, researchers have sought to understand the structural differences be-
tween computationally easy and hard problems. One influential line of work,
inspired by statistical physics, compares random SAT instances to spin systems,
where sharp phase transitions are known to occur.

This analogy led to the introduction of the so-called backbone of random SAT,
an order parameter that captures structural rigidity in satisfying assignments. The
backbone is defined as the set of variables that take the same value in all assign-
ments satisfying themaximumpossible number of clauses. Such variables are often
referred to as frozen variables. For many years, the backbone has served as a key
tool for understanding the behavior of random SAT (see, e.g., [Mon+99]).

Using non-rigorous but powerful methods from statistical physics (e.g., replica
symmetry breaking and the cavity method), physicists have suggested that in ran-
dom 2-SAT the backbone grows continuously as the clause density α increases,
whereas in random 3-SAT the backbone exhibits a discontinuous jump at the con-
jectured satisfiability threshold. Moreover, estimates of the backbone density for
random 3-SAT vary widely (from roughly 0.4 to 0.94) depending on the method
of analysis (see [Mon+99]). A major difficulty in estimating the backbone lies in
its definition: determining it requires finding assignments that maximize the num-
ber of satisfied clauses, an NP-hard task that is even harder than finding a single
satisfying assignment (which is “only” in NP).

When Article B introduces the fixing of variables, this can be viewed as a re-
lated but distinct order parameter, in some sense dual to the backbone. Unlike
the backbone, however, this new order parameter admits a mathematically rigor-
ous closed-form characterization for both k = 2 and k = 3, where also regularity
has been established for random 2-SAT, and irregularity has been established for
random 3-SAT.

1.4.3 The Gap in the 3-SAT Threshold Function

Corollary 1.7 implies that the threshold function for 3-SAT, π3, exhibits a break in
regularity for some α within the interval [3.145,4.4898]. This break can happen
in several ways. The most natural conjecture, supported by the backbone predic-
tions from statistical physics (and consistent with our own view), is that the break
occurs precisely at the satisfiability threshold, believed to be at α ≈ 4.267 [KS94].
If this is the case, then π3 would have the strongest possible form of irregularity.
Alternatively, assuming the 3-SAT satisfiability threshold exists, the break could
occur at a lower value of α, either as a loss of smoothness or continuity. Besides
the satisfiability transition itself, other sharp structural transitions in the solution
space are believed to take place, such as condensation and freezing. These transi-
tions are linked to drastic changes in the geometry and connectivity of the solution
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space, and it is also possible that the irregularity in π3 arises at one of these critical
densities rather than at the satisfiability threshold.

To gain insight into this open interval where π3 is unknown, we carried out
numerical experiments using the Backtracking Survey Propagation (SP) algorithm
introduced in [MPR16] and implemented in [MM20]. Since SP is incomplete, the
resulting satisfiability curves may underestimate the true probabilities. Our sim-
ulations were performed for instance sizes up to n = 100.000, and we generated
satisfiability curves both for plain random 3-SAT and for 3-SAT with fixed vari-
ables, as seen on fig. 1.4.

Although π3 remains undetermined for α ∈ [3.145,4.4898], the simulations
suggest that the threshold curve is smooth all the way up to at least α ≈ 4 (when
β = 1). Interestingly, when variables are fixed, the convergence rate of the satisfi-
ability curve slows dramatically starting from around α = 3, whereas for standard
3-SAT the convergence to a sharp drop in satisfiability occurs much more quickly.
We do not currently have a conjecture for why this is the case.

1.4.4 Threshold Function for Random 3-XORSAT

An alternative way of supporting the conjecture that random 3-SAT exhibits a
discontinuity at its phase transition is to establish the corresponding result for a
closely related model. Therefore, we consider the random 3-XORSAT modelΦXOR

with m ∼ αn clauses over n Boolean variables. Here, each clause consists of three
variables sampled uniformly at random from [n], along with a uniformly random
boolean value. Then each constraint is the logical xor of the variables that has
to equal the sampled boolean value. Thus, ΦXOR corresponds to a system of m
linear equations in n variables over the field F2, with each equation involving
exactly three nonzero coefficients. The goal is to determine whether there exists
an assignment satisfying all equations.

Compared to random 3-SAT, the random 3-XORSAT model is better under-
stood (see [DM02a; AM15; Ibr+15a; PS16; Ayr+20; Coj+24]). In particular, it has
been rigorously established that 3-XORSAT has a sharp satisfiability threshold.
This is noteworthy since random 3-SAT and 3-XORSAT are believed to sharemany
structural similarities. For example, 3-XORSAT has been shown to undergo a clus-
tering phase transition [Ibr+15b], a phenomenon also conjectured to occur in ran-
dom 3-SAT [MPR16].

Let L ⊆ ±[n] with |L| ∼ βn2/3 and consider the formula with fixed variables
ΦXOR
L defined as in eq. (1.2.1). In Project E, we provide calculations suggesting that

πXOR
3 (α,β)B lim

n→∞
P(ΦXOR

L ∈ SAT) = e−β
3α/2. (1.4.2)

for α up until the phase transition at α ≈ 0.928, [DM02b]. These preliminary
results indicate that 3-SAT and 3-XORSAT exhibit similar behavior when partial
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Figure 1.4: Top: Empirical probability of satisfiability for random 3-SAT as a func-
tion of α. Bottom: Empirical estimates of π3(α,1) as a function of α. Each data
point in each curve is based on 1.000 samples.

assignments are introduced, and thus strengthens the conjecture that the irregu-
larity of 3-SAT appears at its conjectured phase transition.

As a first step, we aim to establish that the asymptotic probability of ΦXOR
L

being satisfiable equals zero only when the clause-to-variable ratio exceeds the
satisfiability threshold. While the proof is not yet complete, the ongoing calcula-
tions supporting this claim are presented in Project E.
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1.5 Algorithms for Solving Satisfiability Problems

As previously discussed, the concept of variable fixing is closely connected to SAT
solving. This relationship is affirmed in Knuth’s book [Knu15], where he states:
“Algorithms for SAT usually deal exclusively with consistent partial assignments;
the goal is to convert them to consistent total assignments, by gradually eliminat-
ing the unknown values.” Algorithms that gradually fix variables are commonly
referred to as DPLL algorithms. These methods exploit unit clauses that emerge
during the solving process, which in turn trigger further variable assignments.
Even modern SAT solvers, such as state-of-the-art conflict-driven clause learning
(CDCL) solvers, rely heavily on variable fixing (see [Knu15], p. 62). Consequently,
understanding how this mechanism affects SAT solving is essential. Conceptu-
ally, variable fixing corresponds to a systematic traversal of the search tree of the
problem, see fig. 1.5. If variables are fixed without taking the structure of the CNF
formula into account, then in the case of random 2-SAT, contradictions arise after
asymptotically on the order of n1/2 variables have been fixed. For random 3-SAT,
contradictions will appear after n2/3 variables are fixed asymptotically. This was
the result of Theorem 1.4

1.5.1 Fixing Variables According to Majority Rule Policy

In Article D we consider what happens when variables are fixed dependently on
the CNF formula in consideration. To be more precise we decide which variables
to fix independently of the random formula, and then the signs are chosen de-
pendently such that the maximum number of clauses become satisfied from these
initial variable assignments.

Let Φ be a random CNF formula over n variables. For each v ∈ [n], let the
random variables A+

v and A−v denote the number of times the literals v and −v,
respectively, appear in Φ . Given a subset L ⊆ [n], we then fix the variables corre-
sponding to the set:

LMR :=
{
S · v : v ∈ L,S = sgn(A+

v −A−v )
}
, (1.5.1)

where we define sgn(0) := 1. By definition, we get that LMR is consistent, and
unlike previously, this set depends on the random formula Φ . When variables are
fixed according to this set, we refer to the strategy as the majority rule policy. The
main result of Article D is the following:
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Figure 1.5: Traversing f nodes in the search tree and thus only considering as-
signments x ∈ Bn on one of the sub-trees branching out at xf . The figure is also
included in Article B.

Theorem 1.8. Let k = 2 or k = 3. If k = 2 let α ∈ (0,1), and if k = 3, let
α ∈ (0,3.145). Moreover, let β ∈ (0,∞). Let Φ be a random k-CNF formula with
n variables and m ∼ αn clauses, and let L ⊆ [n] be a non-random set such that
|L|/n1−1/k→ β. Then

lim
n→∞

P(ΦLMR
∈ SAT) =

exp
(
−
(
β
2

)2 α
1−α

[
1− e−2α(I0 + I1)(2α)

]2)
, if k = 2,

exp
(
−
(
β
2

)3
α
[
1− e−3α(I0 + I1)(3α)

]3)
, if k = 3,

where I0 and I1 are modified Bessel functions of the first kind.

The above theorem gives the exact limiting probability that a random CNF
formula in which variables are fixed according to the majority rule policy, is satis-
fiable.
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1.5.2 Comparison of strategies

As theorem 1.6 gives the exact limiting probability of a formula being satisfiable
when variables are fixed independently of the CNF formula, while theorem 1.8 es-
tablishes this limit when the majority rule policy is used, this allows us to compare
the two policies. Define

µz := e
−z(I0(z) + I1(z)) =

1
π

∫ π

0
ez(cos(t)−1)(cos(t))dt, (1.5.2)

where the second equality stems from the integral representations of the modified
Bessel functions of the first kind. In Article D we also have the following corollary:

Corollary 1.9. Let k = 2 or k = 3. If k = 2 let α ∈ (0,1), and if k = 3, let α ∈
(0,3.145). Moreover, let β ∈ (0,∞). Let Φ be a random k-CNF formula with n
variables and m ∼ αn clauses. Let L0 ⊆ ±[n] be a non-random consistent set with
|L0|/n1−1/k→ β0 and letL ⊆ [n], with |L|/n1−1/k→ βMR. Let finallyLMR be defined
from L and Φ as defined in eq. (1.5.1). Then

P(ΦL0 ∈ SAT) ∼ P(ΦLMR
∈ SAT)

if and only if
βMR = (1−µkα)−1β0.

By computing the values of µz numerically, we can quantify how many more
variables can be fixed under the majority rule policy compared to fixing variables
arbitrarily, while maintaining the same asymptotic probability that the random
formula remains satisfiable. For random 2-SAT, we find that (1 − µ2)−1 ≈ 2.09,
indicating that the majority rule allows us to fix more than twice as many vari-
ables. In the case of random 3-SAT, we obtain (1−µ3·3.145)−1 ≈ 1.34, meaning the
majority rule permits fixing roughly one-third more variables than without any
policy.
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2Proof Sketches

2.1 General Proof Idea

The proofs of especially Article B and C are long and technical. This chapter aims
to outline the overall proof strategy without delving into the detailed technical-
ities. All articles are based on the same decomposition of the probability under
consideration. In this subsection, we introduce the main setup and define the core
elements that are used consistently throughout the articles.

2.1.1 Notation

In the following proof sketches we adopt the following notation. For n ∈ N, let
[n] := {1,2, . . . ,n} and [n]0 := {0,1, . . . ,n}. For a set A ⊆ Z, define −A := {−a : a ∈
A}, ±A := A∪ (−A), and Aabs := {|a| : a ∈ A}. We write |A| for the cardinality of A.
We also let B := {true,false} and Kh := {1,2, . . . ,h,⋆}. Finally, note that when a
random CNF formula is said to have a non-integer number of clauses or variables,
it is understood that these quantities are rounded down to the nearest integer.

2.1.2 The random SAT model

In the following, we consider k-CNF formulas with n variables and m clauses for
some k,n,m ∈N. We start by noting that a literal can be seen as a mapping that
for an x ∈Bn either maps x 7→ xv or x 7→ ¬xv , for some v ∈ [n]. Thus, the literal is
either a projectionmapping or the composition of a negation and a projection. This
implies that an alternative way of representing literals is by an integer ℓ ∈ ±[n],
where if ℓ > 0 we have ℓ(x) = xℓ and if ℓ < 0, then ℓ(x) = ¬x|ℓ|. Thus, a k-CNF
formula ϕ can be defined from a set of integers ℓj,i ∈ ±[n], j ∈ [m], i ∈ [k], where

21
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the vector (ℓj,1, . . . , ℓj,k), j ∈ [m], belongs to the set

Dk = {(ℓ1, . . . , ℓk) ∈ (±[n])k : |ℓ1| < · · · < |ℓk |}. (2.1.1)

Then ϕ is the Boolean function

ϕ =
∧
j∈[m]

(
ℓj,1 ∨ · · · ∨ ℓj,k

)
.

We can now proceed by considering the random case. A random k-CNF formula
Φ with n variables and m clauses is defined from a set of random literals Lj,i ,
j ∈ [m], i ∈ [k], where the random vectors (Lj,1, . . . ,Lj,k), j ∈ [m] are independent
and uniformly distributed over the set Dk . We denote this model Fk(n,m). The
variables of the random function will be denoted Vj,i = |Lj,i |.

2.1.3 Fixing variables and the unit propagation algorithm

The articles included in this thesis are concerned with variable fixing in random
CNF formulas. In this section, we formalize this procedure mathematically. For a
(non-random) k-CNF formula ϕ with n variables andm clauses defined by the lit-
erals ℓj,i , j ∈ [m], i ∈ [k], and a consistent set L ⊆ ±[n], with |L| = f , we define the
formula with fixed variables ϕL in correspondence with eq. (1.2.1). Furthermore,
we write

ϕL =
m∧
j=1

(ℓj,1 ∨ · · · ∨ ℓj,k)L,

where a clause with fixed variables (ℓj,1 ∨ · · · ∨ ℓj,k)L, j ∈ [m], belongs to one of
k +2 sets depending on how the literals of the clause are affected by the fixing of
variables. For h ∈ [k]0 we have:

• If (k − h) literals of a clause are fixed to being false and the remaining h
literals are not fixed then the clause is said to be an h-clause

We let Ch be the set consisting of the j’s for which the j’th clause is an h-clause.
Moreover, a 0-clause is also referred to as an unsatisfied clause. Note that for j ∈ Ch
we have that for all x ∈Bn it is the case that

(ℓj,1 ∨ · · · ∨ ℓj,h)L(x) = (ℓj,ij1 ∨ · · · ∨ ℓj,ijh )(x), (2.1.2)

where ℓj,i1 , . . . , ℓj,ih are the literals that are not affected by the fixing of variables.
Thus, if j belongs to Ch, then the given clause with fixed variables corresponds to
a clause of size h. Now, the last subset of clauses is defined as

• If at least one literal of a clause is fixed to being true then the clause is said
to be satisfied.
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We let C⋆ consist of the j’s for which the j’th clause is a satisfied clause, and we
note that if j ∈ C⋆ then for all x ∈Bn it is the case that

(ℓj,1 ∨ · · · ∨ ℓj,k)L(x) = true.

Using the above defined elements, we can let

Mh = |Ch|, h ∈ Kk , (2.1.3)

and further for h ∈ [k] we can let

ϕh :=
∧
j∈Ch

(
ℓj,ij1 ∨ · · · ∨ ℓj,ijh

)
. (2.1.4)

Note that all of the above literals will belong to the set ±([n]\Labs). Thus, ϕh can
be seen as a h-CNF formula with n − f variables and Mh clauses. Moreover, the
above considerations imply that

ϕL ∈ SAT ⇔ M0 = 0 and
(∧

h∈[k]
ϕh

)
∈ SAT. (2.1.5)

We will now look further into when the last CNF formula in (2.1.5) is satisfiable.
Note that ∧h∈[k]ϕh is a mixed CNF formula, where also unit-clauses are present.
Thus, letting L(ϕ1) = {ℓj,ij1 }j∈C1 , when ϕ1 ∈ SAT, and deleting duplicate variables
when ϕ1 < SAT, we have a consistent set, and

ϕL ∈ SAT ⇔ M0 = 0, ϕ1 ∈ SAT and
(∧

h∈[2,k]
ϕh

)
L(ϕ1)

∈ SAT.

(2.1.6)

The above decomposition is a key tool in all articles and projects included in this
dissertation. Moreover, it is exploited that the just described procedure can now
be applied to the last term of eq. (2.1.6), and hereby our fixing of variables becomes
recursive. A lot of work in the articles B and C and project E goes into controlling
this process.

In the following, we will only consider the random case, where we initially
have a random k-CNF formula Φ . All of the above considerations then still apply,
and the inferred notation will also be used in this random case.

2.1.4 Decomposition of the probability

Consider a random k-CNF formula Φ with n variables and m clauses, i.e. Φ ∼
Fk(n,m). Let L ⊆ ±[n] be a consistent set with |L| = f . We will analyze the unit
propagation procedure that starts when the variables dictated by L are fixed in Φ .
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Initial round: LetM(1)
h for h ∈ Kk be the random variables defined in eq. (2.1.3).

Moreover, let Φ (1)
h , h ∈ [k] be the random formulas corresponding to the defini-

tions in eq. (2.1.4). Finally, let L(1) be the set defined from Φ
(1)
1 , also as defined in

section 2.1.3. The decomposition in eq. (2.1.6) implies that

P

(
ΦL ∈ SAT

)
= P

(
M

(1)
0 = 0, Φ (1)

1 ∈ SAT, (Φ
(1)
2 ∧ · · · ∧Φ

(1)
k )L(1) ∈ SAT

)
. (2.1.7)

As the clauses of Φ are independent, the events on the right of eq. (2.1.7) are only
dependent through the random vector (M(1)

h )h∈Kk . In the different cases that are
considered in the different articles, we find that the entries of this random vec-
tor concentrate around their means which implies that the events at the right of
eq. (2.1.7) are asymptotically independent. Thus

P(ΦL ∈ SAT) ≈ P

(
M

(1)
0 = 0

)
P

(
Φ

(1)
1 ∈ SAT

)
P

(
(Φ (1)

2 ∧ · · · ∧Φ
(1)
k )L(1) ∈ SAT

)
,
(2.1.8)

where the equality holds up to some error term.
Subsequent rounds: The procedure of the initial round can now be repeated in

a recursive way. We replace Φ with (Φ (1)
2 ∧ · · · ∧Φ

(1)
k ), and L with L(1), hereby

producing new random elements (M(2)
h )h∈Kk , Φ

(2)
h , h ∈ [k], and L(2). We then

continue recursively, and in this way elements (M(r)
h )h∈Kk , Φ

(r)
h , h ∈ [k], and L(r)

are produced for each r ∈ [R], where R is an integer that will be specified later on.
The decomposition in eq. (2.1.8) is now repeated by which we get

P(ΦL ∈ SAT) ≈ P

(
(Φ (R)

2 ∧ · · · ∧Φ
(R)
k )L(R) ∈ SAT

) R∏
r=1

P

(
M

(r)
0 = 0

)
P

(
Φ

(r)
1 ∈ SAT

)
,

(2.1.9)
again up to some error term. The primary challenge in Article B and C lies in
controlling the size of the error terms produced during this unit propagation pro-
cedure, and in ensuring that their total contribution vanishes as n → ∞. These
technical details, however, will be omitted in the forthcoming proof sketches.

To evaluate the terms in the decomposition in eq. (2.1.9), we first need a few
technical lemmas. The first lemma characterizes the distribution of the random
vector (Mh)h∈Kk .

Lemma 2.10. Let Φ be a random k-CNF formula with n variables and m clauses,
and let L be a consistent set with |L| = f . Let (Mh)h∈Kk be the random vector defined
in eq. (2.1.3). Then

(Mh)h∈Kk ∼ Binomial(m,p),
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where p = (ph)h∈Kk ,
∑
h∈Kk ph = 1, and for h ∈ [k]0

ph =
(
k
h

) h−1∏
i=0

n− f − i
n− i

k−h−1∏
i=0

f − i
2(n− h− i)

.

Proof. The above lemma follows directly from the i.i.d. structure of the clauses,
together with an evaluation of the terms P(j ∈ Ch) for h ∈ Kk .

The next lemma establishes the conditional distribution of the random func-
tions Φh, h ∈ [k], see (eq. (2.1.4)), given the vector (Mh)h∈Kk .

Lemma 2.11. Let Φ be a random k-CNF formula with n variables and m clauses,
and let L be a consistent set with |L| = f . Define the random elements (Mh)h∈Kk , and
Φh, h ∈ [k] in correspondence with eqs. (2.1.3) and (2.1.4). Then for h ∈ [k]

Φh|(Mh)h∈Kk ∼ Fh(n− f ,Mh),

(up to a renaming of the variables), and the random functions are conditionally inde-
pendent given (Mh)h∈Kk .

Proof. This lemma again follows from the i.i.d. structure of the clauses, and by
computing the conditional probabilities P(Lj,i1 = ℓ1, . . . ,Lj,ih = ℓh | j ∈ Ch) for
j ∈ [m], h ∈ [k], and ℓ1, . . . , ℓh ∈ ±[n].

By recursively using Lemma 2.10 and 2.11, we get that the random vectors
(M(r)

h )h∈Kk , for r ∈ [R], are multinomially distributed with both the number pa-
rameter and the probability parameter being random variables. In the following
proof sketches, we will approximate these random variables with their mean and
ignore their randomness. This will yield the right result, as the fluctuations of the
random variables are negligible as n→∞. Likewise, Lemma 2.11 shows that the
function Φ

(r)
h is a random h-CNF formula, for h ∈ [k] and r ∈ [R], with a random

number of variables and a random number of clauses, but this randomness will
also be disregarded in the proof sketches.

Now lastly, when all the distributions of the random elements are known, we
will need a last technical lemma that finally allows us to evaluate the terms of
eq. (2.1.9).

Lemma 2.12. Let X ∼ Binomial(m,p), and Φ ∼ F1(n,f ), with m ∼ αn, f ∼
β(n)
√
n, and p ∼ γ(n)n−1 for β =O(1), γ =O(1). Then

P(X = 0) ∼ exp(−αγ(n)), and P(Φ ∈ SAT) ∼ exp(−β(n)2/4).

Proof. This lemma can be proven by combinatorial arguments, and standard ap-
proximation arguments.



26 Chapter 2 · Proof Sketches

The main remaining part of the proofs in Articles B and C is to control the sizes
of the entries of the random vectors (M(r)

h )h∈Kk during the rounds in which a sig-
nificant number of unit clauses is still present, and when these sizes are estimated
the probabilities of the decomposition (2.1.9) can be calculated.

2.2 Proof Sketch for Article B

In Article B both random 2- and 3-CNF formulas are considered. Firstly, in the
case k = 2, we consider Φ ∼ F2(n,m), with m ∼ αn, for some α ∈ (0,1), and for a
consistent set L ⊆ ±[n] with |L| ∼ β

√
n, for some β > 0, we will establish that

lim
n→∞

P(ΦL ∈ SAT) = exp
(
−

αβ2

4(1−α)

)
. (2.2.1)

This will imply that a subcritical random 2-CNF formula has degrees of freedom
on the order of

√
n. Next, we consider the case k = 3 where Φ ∼ F3(n,m), with

m ∼ αn, for some α ∈ (0,3.145), and we let L ⊆ ±[n] be consistent, with |L| ∼
βn2/3 for some β > 0. We will establish that in this setup

lim
n→∞

P(ΦL ∈ SAT) = exp
(
−
αβ3

8

)
. (2.2.2)

This implies that the random 3-CNF formula has degrees of freedom on the order
of n2/3.

2.2.1 Random 2-SAT

We first consider the case k = 2. Let the number of rounds R = Θ(logn). Firstly,
we will need to bound the size of the random vector (M(r)

h )h∈K2
for each r ∈ [R].

We have the following lemma:

Lemma 2.13. Let for every r ∈ [R]

f
(r)
± = αrf ± rαrn3/8, m(r) =m− 3(f +n3/8)

r∑
s=1

αs.

With notation continued from above, we have that f (r)− ≤ M
(r)
1 ≤ f

(r)
+ , and m(r) ≤

M
(r)
2 ≤ m for all r ∈ [R] w.h.p. In particular, we have that M(r)

1 ∼ αrβ
√
n, and

M
(r)
2 ∼ αn for all r ∈ [R] w.h.p.

Proof. The proof is highly technical and contains long and tedious calculations,
as the terms of the decomposition in eq. (2.1.9) need to be carefully monitored in
order for the total error to approach zero. The details are skipped in this proof
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sketch. We proceed by induction on r . Assume thatM(r−1)
1 ∼ αr−1β

√
n,M(r−1)

2 ∼
αn, and Φ

(r−1)
2 ∼ F2(n,αn). By Lemma 2.11,M(r)

1 follows a binomial distribution
with number parameter M(r−1)

2 ∼ αn, and probability parameter that is on the
order of M(r−1)

1 /n ∼ αr−1βn−1/2, see Lemma 2.10. Hence, E[M(r)
1 ] ∼ αrf , and

via a Chernoff bound we can boundM(r)
1 by E[M(r)

1 ] ± f (r)± w.h.p. For the binary
clauses, note that

∑
h∈{0,1,⋆}M

(r−1)
h is also binomially distributed, with parameters

given by Lemma 2.10. Another Chernoff bound then gives that
∑
h∈{0,1,⋆}M

(r−1)
h ≤

3(f +n3/8)
∑r
s=1α

s w.h.p. and this implies the bound onM(r)
2 . Finally, Lemma 2.11

yields Φ (r)
2 ∼ F2(n,αn).

Combining Lemma 2.10, 2.11, and 2.13, we get that for each r ∈ [R]

M
(r)
0 ∼ Binomial

(
αn, (αr−1β)2/4n

)
, and Φ

(r)
1 ∼ F1(n,α

rβ
√
n).

Thus, using Lemma 2.12, we get that

P(M(r)
0 = 0) ∼ exp

(
−
α2r−1β2

4

)
, and P

(
Φ

(r)
1 ∈ SAT

)
∼ exp

(
−
α2rβ2

4

)
.

Inserting the above in eq. (2.1.9) we get

P(Φ ∈ SAT) ∼ P

(
(Φ (R)

2 )L(R) ∈ SAT
)
exp

(
−

αβ2

4(1−α)

)
.

Thus, we will only need to consider the remaining 2-CNF formula. By Lemma
2.13, we have Φ (R)

2 ∼ F2(n,αn) and using the definition of R, we further get that
M

(R)
1 = o(

√
n). Using an argument analogous to the snakes-and-snares method

employed in the proof of the random 2-SAT satisfiability threshold, see [Knu15]
p. 52, one can show that (Φ (R)

2 )L(R) is satisfiable w.h.p. This completes the proof of
eq. (2.2.1).

2.2.2 Random 3-SAT

Next we consider the case k = 3. Note that in a 3-clause, two literals must be fixed
for the clause to become a unit-clause that triggers further variable fixings. Con-
sequently, the unit propagation procedure terminates more quickly in this model.

In this setting, we let the number of rounds R = 3. By Lemma 2.10, M(1)
0 ∼

Binomial(αn,β3/(8n)), andM(1)
1 = O(n1/3) w.h.p. Thus, Φ (1)

1 is a random 1-CNF
formula with O(n1/3) clauses, see Lemma 2.11. Lemma 2.12 gives that

P(M(1)
0 = 0) ∼ exp

(
−
αβ3

8

)
, and P(Φ (1)

1 ∈ SAT) ∼ 1.
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Also |L(1)| = O(n1/3), and Φ
(1)
2 and Φ

(1)
3 are random CNF formulas with O(n2/3)

and Θ(αn) clauses, respectively, see Lemma 2.11. The process of fixing variables
can be continued in this setup, where we find the number of different clauses pro-
duced in each round by considering the 2- and 3-CNF formula separately. During
this process, we find, using Lemma 2.10 to 2.12, that no empty clauses are gener-
ated w.h.p., and all the produced 1-CNF formulas are satisfiable w.h.p. In the third
round it is further found thatL(R) = ∅w.h.p. Thus, we are left with considering the
formula Φ (3)

2 ∧Φ
(3)
3 , which is asymptotically satisfiable by Theorem 2 in [Ach00].

Thus, eq. (2.2.2) is established.

2.3 Proof Sketch for Article C

Let Φ be a critical 2-CNF formula, i.e. Φ ∼ F2(n,n). Let further L ⊆ ±[n] be
a consistent set with |L| = f . We consider the formula with fixed variables ΦL.
Firstly, we will establish that

lim
n→∞

P(ΦL ∈ SAT) = 0, (2.3.1)

when f = nq with q = 1/3 + ε for some ε > 0. This will imply the result for a
general f =Ω(n1/3+ε) as the probability in consideration is monotone in f . Next,
we will establish that when f = nq with q = 1/3− ε, for some ε > 0, then

liminf
n→∞

P(ΦL ∈ SAT) ≥ liminf
n→∞

P(Φ ∈ SAT). (2.3.2)

As P(ΦL ∈ SAT) is decreasing in f this will imply an equality in eq. (2.3.2), which
is our claim. The monotonicity of f further implies the result for general f =
O(n1/3−ε).

2.3.1 Fixing variables makes formula unsatisfiable

First, let f = nq, with q = 1/3 + ε for some ε > 0. Let R = n1−2q logn. We will
upper bound the terms of the decomposition in (2.1.9). To do so, we will establish
that the sequence (M(r)

1 )r∈[R] remains on the order of nq.

Lemma 2.14. With the notation from above, there exist constants c,C > 0 such that

lim
n→∞

P

(
M

(r)
1 ∈ [cn

q,Cnq] ∀r ∈ [R]
)
= 1.

Proof. Careful calculations using Lemma 2.10 and Lemma 2.11 give thatE[M(r)
1 ] =

Θ(nq) and V (M(r)
1 ) = O(n1−q) for all r ∈ [R]. This along with Chebyshev’s in-

equality imply that for any q1 ∈ (
1−q
2 ,q) we have that

P

(
|M(R)

1 −E[M
(R)
1 ]| > nq1

)
≤

V (M(R)
1 )

n2q1
= n1−q−2q1 → 0, as n→∞.
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Thus,M(R)
1 =Θ(nq)w.h.p., and there exist constantsC,c > 0 and δ > 0 small, such

that

lim
n→∞

P(M(R)
1 ∈ [(c+ δ)n

q, (C − δ)nq]) = 1. (2.3.3)

To establish a bound uniformly for all r ∈ [R]we argue by contradiction. Assuming
that limn→∞P(∃r ∈ [R] : M(r)

1 < [cn
q,Cnq]) > 0, and then conditioning on this

event, it can be found that the asymptotic conditional probability thatM(R)
1 belongs

to [(c+δ)nq, (C−δ)nq] is strictly less than one. This contradicts eq. (2.3.3) and thus
establishes the lemma.

Now, by a recursive argument using Lemma 2.10, 2.11, and 2.14, we get that
M

(r)
0 is binomially distributed, with number parameter asymptotically equivalent

to n, and probability parameter greater than c2n2(q−1)/4 uniformly for all r ∈ [R].
Then, using Lemma 2.12 and the definition of R we get

P(ΦL ∈ SAT) ≤
R∏
r=1

P(M(r)
0 = 0) ≤ exp

(
−R (cnq)2

4n

)
= exp

(
− 1

4c
2 logn

)
,

and the last term above approaches zero as n → ∞. Thus, we have established
eq. (2.3.1).

2.3.2 Fixing of variables does not affect satisfiability

Next, we will establish eq. (2.3.2), where we remember that f = nq with q =
1/3− ε. Let R = n1−2q log−3n. We again need to control the size of the sequence
(M(r)

1 )r∈[R].

Lemma 2.15. With the already inferred notation we have that

(a) lim
n→∞

P(M(r)
1 ≤ n

q logn ∀r ∈ [R]) = 1, (b) lim
n→∞

P(M(R)
1 = 0) = 1.

Proof. (a): Using Lemma 2.10 it can be found that for each r ∈ [R] we have that
E[M(r)

1 |M
(r−1)
1 , . . . ,M

(1)
1 ] ≤ M

(r−1)
1 . Thus, the sequence (M(r)

1 )r∈[R] is a super-
martingale. Consider the stopping time

τ =min{r ∈ [R] :M(r)
1 = 0 orM(r)

1 ≥ n
q logn}.

The optional stopping theorem (see e.g. Thm. 28, Chapter V in [DM11]) gives that

nq = E[M(0)
1 ] ≥ E[M(τ)

1 ] ≥ 0 ·P(M(τ)
1 = 0) +nq logn ·P(M(τ)

1 ≥ n
q logn).
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Rearranging the above terms, we see that M(τ)
1 = 0 w.h.p. which in turn implies

that the sequence (M(r)
1 )r∈[R] will be in the absorbing state zero before exceeding

nq logn w.h.p.
(b): The sequence (M(r)

1 )r∈[R] can be approximated by a critical Galton-Watson
tree with Poisson offspring. Using standard results for such processes (see e.g.
Chapter II in [ANN04]) along with our definition of R, gives that P(M(R)

1 = 0) ∼
exp(−n3q−1 log−3n). Thus, the probability approaches one as desired.

Lemma 2.15 (a) along with Lemma 2.10 and 2.11, can be used to establish that
Φ

(R)
2 ∼ F2(n,n) and (b) of Lemma 2.15 implies that L(R) = ∅ w.h.p. Moreover, by

Lemma 2.15 it holds that Φ (r)
1 has on the order of n variables and less than nq logn

clauses for all r ∈ [R], and also using Lemma 2.10 we get thatM(r)
0 is multinomially

distributed with number parameter n and probability parameter upper bounded by
n2(q−1) log2n/4 for all r ∈ [R]. Thus, Lemma 2.12 implies

P(ΦL ∈ SAT) ≥ P(Φ ∈ SAT)
R∏
r=1

exp
(
− (nq logn)2

4n

)
exp

(
− (nq logn)2

4n

)
= P(Φ ∈ SAT)exp

(
− 2

logn

)
.

Taking the limit, we obtain eq. (2.3.2). It is worth noting that the exact computa-
tions involve conditional expectations, and as a result, Fatou’s Lemma is applied,
leading to the conclusion only being true with limit inferior.

2.4 Proof Sketch for Article D

Since this setup differs slightly from the previous proofs, we begin by specifying
the new framework. We then estimate the sizes of the relevant random quantities,
and finally use these estimates to evaluate the probabilities of interest.

2.4.1 General setup

For the proof of Article D we consider a different random SAT model, the need for
which will become clear later. Let Φ be a random k-CNF formula on n variables
withm clauses specified by literals Lj,i , where j ∈ [m] and i ∈ [k]. We assume that
the literals are i.i.d. and uniformly distributed on ±[n], and we denote this model
by Gk(n,m).

For each v ∈ [n], define the random variables

A+
v =

∣∣∣{(j, i) ∈ [m]× [k] : Lj,i = v}
∣∣∣, A−v =

∣∣∣{(j, i) ∈ [m]× [k] : Lj,i = −v}
∣∣∣. (2.4.1)
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Let L ⊆ [n] denote the set of variables that we want to fix. For each v ∈ L we
assign a value to xv so as to maximize the number of satisfied clauses. Concretely,
we let xv = true if sgn(A+

v −A−v ) ≥ 0 and let xv = false otherwise.
That is, we fix the variables in the set

LMR = {s · v : v ∈ L, s = sgn(A+
v −A−v ) }, (2.4.2)

where sgn(0) := 1. We will establish that

lim
n→∞

P

(
ΦLMR

∈ SAT
)
=


exp

(
−
(
β
2

)2 α
1−α

[
1− e−2α(I0 + I1)(2α)

]2)
, if k = 2,

exp
(
−
(
β
2

)3
α
[
1− e−3α(I0 + I1)(3α)

]3)
, if k = 3,

(2.4.3)
where I0 and I1 denote modified Bessel functions of the first kind.

In what follows, we defineMh for h ∈ Kk andΦh for h ∈ [k], in accordance with
(2.1.3) and (2.1.4), respectively. We also define the random set L(1) from Φ (1), as
described in Section 2.1.3. For each h ∈ [k], the random functionΦh is a random h-
CNF formula (see Lemma 2.11). However, the vector (Mh)h∈Kk is not multinomially
distributed, since whether a literal of a clause is fixed to true or false depends on
the literals of the other clauses.

2.4.2 Bounding the random variables

For each v ∈ [n], define Av = A+
v + A

−
v and Âv = min{A+

v ,A
−
v }. Note that Av ∼

Binomial(m ·k,1/n), and Âv | Av ∼min{X, Av−X}, whereX ∼ Binomial(Av ,1/2).
Using this and standard calculations then give

E[Âv] ∼ 1
2kα

(
1−µkα

)
,

where

µz := e
−z(I0(z) + I1(z)) =

1
π

∫ π

0
ez(cos t−1)

(
cos t +1

)
dt.

Moreover E[Â2
v] = O(1), and for v1 , v2 we have Cov(Âv1 , Âv2) < 0. Now define

ÂL =
∑
v∈L Âv . From the above observations we obtain

E[ÂL] ∼ kαβn1−1/k , Var(ÂL) =O
(
n1−1/k

)
. (2.4.4)

Thus, by Chebyshev’s inequality, it follows that ÂL ∼ E[ÂL] w.h.p. Similarly,
we let AL =

∑
v∈LAv , and then similar (but simpler) calculations give that AL ∼

E[AL] ∼ kαβn1−1/k .
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2.4.3 Calculating limiting probability

We first consider the case k = 2, where the number of clauses m ∼ αn with α ∈
(0,1). The decomposition in eq. (2.1.9) can also be applied here, by which we get

P(ΦLMR
∈ SAT) = P(M0 = 0)P(Φ1 ∈ SAT)P((Φ2)L(1) ∈ SAT),

up to an unspecified error term. Using the fact that the literals of Φ are i.i.d., the
probability P(M0 = 0) can be computed by conditioning on ÂL and calculating
the probability that these literals fixed to false end up in distinct clauses. Hereby
we find

P(M0 = 0 | ÂL) =
ÂL−1∏
h=0

(
1− h

2m− h

)
∼ exp

(
− (ÂL)

2

4m

)
∼ exp

(
−14αβ

2(1−µ2α)2
)
.

(2.4.5)
where we lastly used that ÂL ∼ E[ÂL] w.h.p., where this last term is known from
eq. (2.4.4).

Combining (2.4.4) with Markov’s inequality it can be established that M1 ∼
E[ÂL], and as Φ1 is a random 1-CNF formula Lemma 2.12 gives that

lim
n→∞

P(Φ1 ∈ SAT) = exp
(
−14α

2β2(1−µ2α)2
)
. (2.4.6)

Moreover, Markov’s inequality implies that M2 ∼ αn, and thus Φ2 ∼ G2(n,αn).
Moreover, |L(1)| ∼M1 ∼ E[ÂL], where this last term is calculated in (2.4.4). Thus,
the main theorem of Article B, see eq. (2.2.1) implies that

lim
n→∞

P((Φ2)L(1) ∈ SAT) = exp
(
−14α

3β2(1−µ2α)2(1−α)−1
)
. (2.4.7)

Combining eqs. (2.4.5) to (2.4.7) implies eq. (2.4.3) in the case k = 2.
The same calculations can be made in the case k = 3, where we let m ∼ αn

with α ∈ (0,3.145). We have the decomposition from eq. (2.1.9)

P(ΦLMR
∈ SAT) = P(M0 = 0)P(Φ1 ∈ SAT)P((Φ2 ∧Φ3)L(1) ∈ SAT).

Markov’s inequality implies that M1 = O(n1/3 logn), M2 = O(n2/3 logn), and
M3 ∼ αn. Thus, the last two terms of the decomposition are asymptotically equiv-
alent to one. The term P(M0 = 0) becomes slightly more tedious when k = 3,
as multiple of the ÂL literals fixed to being false can end up in the same clause
without creating an unsatisfied clause. Let M† denote the number of clauses for
which all literals are fixed to either true or false. The i.i.d. structure of the literals
of Φ implies that

P(M0 = 0 |M†,AL, ÂL) =
M†∏
i=1

(
1−

3∏
h=1

ÂL − (3i − h)
AL − (3i − h)

)
.
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Now, M† has a binomial distribution, why we can average over this random
variable. Furthermore, in section 2.4.2 we found that both AL ∼ E[AL] and
ÂL ∼ E[ÂL] w.h.p., why these random variables can be estimated by their means,
see section 2.4.2. Hereby, we get

lim
n→∞

P(M0 = 0) = exp
(
−14αβ

2(1−µ2α)2
)
,

and thus, we obtain eq. (2.4.3) in the case k = 3.

2.5 Proof Sketch for Project E

In this project, we study the random 3-XORSAT model with n variables and m ∼
αn clauses, where α > 0. A random formula ΦXOR is defined by a collection of
clauses C1, . . . ,Cm. Each clause Cj is specified by three i.i.d. uniformly chosen
randomvariablesVj,1,Vj,2,Vj,3 ∈ [n] and an independent uniform randomvariable
Sj ∈B. The clause Cj then corresponds to the random constraint

xVj,1 ⊕ xVj,2 ⊕ xVj,3 = Sj , (x ∈Bn),

and we let ΦXOR = C1∧· · ·∧Cm. Let L ⊆ ±[n] be a consistent set with |L| ∼ βn2/3
for some β > 0. Extending the idea of fixing input variables to this setting, we
define the restricted formula ΦXOR

L in analogy with eq. (1.2.1). Our goal is to prove
the following result:

e−β
3α/2 ≥ limsup

n→∞
P(ΦXOR

L ∈ SAT)

≥ liminf
n→∞

P(ΦXOR
L ∈ SAT) ≥ e−β

3α/2 liminf
n→∞

P(Φ2 ∧Φ3 ∈ SAT),
(2.5.1)

where Φ2 denotes a random 2-XORSAT formula with n variables and O(n2/3) 2-
XOR-clauses, and Φ3 denotes a random 3-XORSAT formula with n variables and
m 3-XOR-clauses.

Thus, to identify the threshold function for ΦXOR, it is necessary to study a
mixed formula containing both 2- and 3-XOR clauses, where the amount of 2-
XOR-clauses is small. Our calculations support the conjecture that such a mixed
formula remains satisfiable with asymptotic probability bounded away from zero,
up to the satisfiability threshold of pure 3-XORSAT.

Fixing a variable in a XOR-clause Cj behaves as follows: assigning the vari-
able to false corresponds to deleting it, while assigning it to true corresponds
to deleting it and simultaneously flipping the sign Sj . In either case, the result is
a standard random 2-XOR-clause. Thus, variable fixing affects XOR-clauses dif-
ferently than disjunctive clauses, but analogues of Lemmas 2.10 and 2.11 remain
valid. Moreover, we again obtain the decomposition of eq. (2.1.9), and from this
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point onward the proof of eq. (2.5.1) proceeds in close analogy with the argument
for random 3-SAT in Article B.

Finally, the preliminary calculations suggesting that the mixed 2- and 3-
XORSAT formula becomes over-constrained only when the number of 3-XOR-
clauses exceeds the critical threshold of the pure 3-XORSAT model are largely
inspired by the proof of the 3-XORSAT threshold in [DM02]. We provide some
of the calculations, but essential parts of the argument remain unproven and are
therefore only conjectural.
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Abstract: In this short paper we present a survey of some results concerning
the random SAT problems. To elaborate, the Boolean Satisfiability (SAT) Problem
refers to the problem of determining whether a given set ofm Boolean constraints
over n variables can be simultaneously satisfied, i.e. all evaluate to 1 under some
interpretation of the variables in {±1}. If we choose the m constraints i.i.d. uni-
formly at random among the set of disjunctive clauses of length k, then the prob-
lem is known as the random k-SAT problem. It is conjectured that this problem
undergoes a structural phase transition; takingm = αn for α > 0, it is believed that
the probability of there existing a satisfying assignment tends in the large n limit
to 1 if α < αsat(k), and to 0 if α > αsat(k), for some critical value αsat(k) depending
on k. We review some of the progress made towards proving this and consider sim-
ilar conjectures and results for the more general case where the clauses are chosen
with varying lengths, i.e. for the so-called random mixed SAT problems.
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A.1 Introduction

The present paper presents a survey of conjectures and results on the phase transi-
tions for the random SAT problems with a focus on mixed formulas. The Boolean
Satisfiability Problem (abbreviated: the SAT problem) lies at the heart of the fa-
mous P vs. NP Millennium Prize Problem. Indeed, the existence of a polynomial
time algorithm for deciding satisfiability is equivalent to P = NP (see [Coo71]).
In addition to the theoretical importance of the problem, the SAT problem also
holds tremendous practical relevance as it arises in many applied contexts, such as
in artificial intelligence, electronic design automation, bioinformatics, and more;
see [Mar08]. Motivated mainly by these practical aspects, much work has since
the ’90s been put into finding optimized algorithms for solving the SAT problem
that performmuch better than previously thought possible (cf. the P ,NP conjec-
ture). The apparent discrepancy in the difficulty of solving SAT problem instances
has motivated the study of the typical structure of the SAT problem, and we will
discuss this approach further in the following.

A.2 Preliminaries

The SAT problem askswhether a Boolean function f : {±1}n→ {±1} on conjunctive
normal form (abbreviated CNF) can attain the value 1; in the affirmative case, f is
said to be satisfiable. CNF means that f is written as a conjunction of disjunctions,
or more precisely that f = C1 ∧ · · · ∧Cm, where ∧ denotes logical and, and where
each of the functions Cj : {±1}n → {±1} is a disjunctive clause, i.e. given as the
logical or of k variables or their negation. The number k is called the length of
the clause Cj , and if for some k all clauses C1, . . . ,Cm have length at most k, we
say that C1 ∧ · · · ∧Cm is a k-CNF representation. When only considering k-CNF
representations for fixed k, the problem is known as the k-SAT problem. For k = 3,
n = 7, and m = 4 one could for instance consider the 3-CNF formula

f (x) = (x1 ∨¬x3 ∨ x4)∧ (¬x2 ∨ x3)∧ (¬x1 ∨ x6 ∨¬x7)∧ x7.

To analyze the typical structure of the k-SAT problems we introduce the fol-
lowing probability distribution over the space of k-CNF formulas referred to as the
random k-SAT model Fk .

Definition A.1. For positive integers k,n,m, we define Fk(n,m) to be the random
k-CNF formula in n variables obtained as the conjunction of m i.i.d. random clauses
C1, . . . ,Cm. Each clause Cj is the disjunction of k literals, chosen by first selecting k
distinct variables uniformly at random, and then independently negating variables
with probability 1/2.



CONJECTURES 39

The random k-SAT model is often the one considered in the theoretical litera-
ture because of its simple structure. There is however more practical pertinence in
analyzing mixedmodels for random satisfiability; for instance, Gent andWalsh ob-
served in [GW94] that satisfiability problems stemming from the industries most
often are mixed (in the sense that the clauses are of varying lengths) and have a
very different structure from that of Fk . As a starting point we consider for distinct
positive integers k1 and k2 the random mixed k1- and k2-SAT model Fk1,k2 . In this
survey we focus on F1,2 and F2,3.

Definition A.2. For all positive integers k1, k2,n,m1,m2 we define

Fk1,k2(n,m1,m2)

to be the conjunction of Fk1(n,m1) and Fk2(n,m2) defined above.

A.3 Conjectures

For almost a decade it was unclear how to produce formulas for which deciding
satisfiability is hard. In ’91, Cheeseman et al. publish the empirical study [CKT91]
in which they produced hard satisfiability problems by transforming hard graph
coloring problems (and the resulting CNF formulas are mixed). Soon after, Selman
et al. found in [SML96] a way to directly produce hard instances using the random
3-SAT model F3(n,m). By considering the parameter α =m/n, the clause density,
they observed a spike in computational hardness in instances with clause density
close to 4.3. This is shown on the left in Figure A.6. Next, they observed that
the empirical probability of an F3(n,αn) instance being satisfiable, when α varies
from 0 to∞, drops rapidly from 1 to 0 at around the same point α ≈ 4.3.

Figure A.6: Left: Fig. 2 from [SML96] showing median “hardness” as a function
of α for the model F3(n,αn) where n = 20,40,50. Right: Fig. 4 from [SML96]
showing the empirical probability of satisfiability for F3(50,50α) as a function of
α.

A sudden structural shift like the one suggested in Figure A.6when a parameter
passes a single critical value is called a (sharp) phase transition, and in 1992 it was
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famously conjectured by Chvátal and Reed in their paper [CR92] that the random
k-SAT problem exhibits such a phenomenon (and proved in the same paper for the
case k = 2; see current results in the next section):

Conjecture A.3 ([CR92]). For all k ≥ 2 there exists a value αsat(k) > 0 separating
the with high probability (w.h.p.) satisfiable instances of Fk(n,αn) from the w.h.p.
unsatisfiable ones, i.e.

lim
n→∞

P(Fk(n,αn) is satisfiable) =

1, if α < αsat(k),
0, if α > αsat(k).

Selman et al. [SML96] observed that there seems to be a close connection be-
tween the critical point of satisfiability αsat(k) (if it exists) and the point where one
finds hard instances of deciding satisfiability, and in the decades following com-
menced an intense research effort dedicated to proving Conjecture A.3, and this
effort is still ongoing today. In what remains of this paper, wewill give an overview
of the current status of progress towards Conjecture A.3 and similar conjectures
for random mixed models for satisfiability.

For the random mixed 1- and 2-SAT problem, no prior conjectures were put
up (and the case k = 1 is missing from Conjecture A.3) apart from the following
result shown in [Bol+01] hinting at some larger theorem.

Lemma A.4 ([Bol+01]). For all d > 0 it holds that

lim
n→∞

P(F1,2(n, log(n)
d ,αn) is satisfiable) =

1, if α < αsat(2),
0, if α > αsat(2).

The above result says that one can effectively ignore any polynomial in log(n)
1-clauses in the random 2-SAT problem when n → ∞. An obvious question is
then how many more 1-clauses can be added before they become too numerous to
be ignored.

For the F2,3(n,α2n,α3n) model, it was conjectured in [Mon+96] that when
fixing the proportion p of 3-clauses in the mix, i.e. fixing p = α3/(α2 + α3), then
there again exists a critical point separating the w.h.p. satisfiable formulas from
the w.h.p. unsatisfiable ones.

Conjecture A.5 ([Mon+96]). For every p ∈ [0,1] there exists a value αsat(2+p) > 0
such that for all α2,α3 > 0 satisfying α3/(α2 +α3) = p it holds that

lim
n→∞

P(F2,3(n,α2n,α3n) is satisfiable) =

1, if α < αsat(2 + p),
0, if α > αsat(2 + p),

where α = α2 + α3. Furthermore, for p < 0.413 . . . it holds that αsat(2 + p) =
αsat(2)/(1− p), and this does not hold for p ≥ 0.413 . . ..
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Notice in the last part of Conjecture A.5 that α < αsat(2)/(1− p) if and only if
α2 < αsat(2), which amounts to saying that if the proportion of 3-clauses is low
enough in F2,3(n,α2n,α3n), then they can be ignored, and the problem behaves
asymptotically as the F2(n,α2n) subformula. More concretely, one can add 0.703n
random 3-clauses to F2(n,α2n) for allα2 < αsat(2) and still have a w.h.p. satisfiable
formula.

A.4 Results

Some serious progress has been made towards proving Conjecture A.3.

Theorem A.6 ([CR92],[Goe96],[DSS22]). Conjecture A.3 holds for k = 2 with
αsat(2) = 1. Furthermore, there exists a positive integer k0 such that Conjecture A.3
holds for all k ≥ k0.

The first part of Theorem A.6 was proved in the early ’90s simultaneously by
Chvátal and Reed [CR92] and by Andreas Goerdt [Goe96]. More is now known
about the random 2-SAT problem; see [Bol+01]. The second part of the Theo-
rem A.6 was recently proved by Jian Ding, Allan Sly, and Nike Sun in [DSS22]. For
the remaining k there are upper and lower bounds on αsat(k) (if they exist) leaving
only a gap of constant size (see [DSS22] and references therein).

In regards to Conjecture A.5 we have the following.

Theorem A.7 ([Ach+01]). Conjecture A.5 holds for all p ≤ 2/5.

Achlioptas et al. also give upper and lower bounds for αsat(2 + p) for the re-
maining p > 2/5 in [Ach+01].

Lastly, the random mixed 1- and 2-SAT problem has been completely solved
by Andreas Basse-O’Connor, Tobias Overgaard, and Mette Skjøtt in [BOS25], thus
”completing” Lemma A.4:

Theorem A.8 ([BOS25]). For all α1 > 0, α2 ∈ [0,1), and q > 0 it holds that

lim
n→∞

P(F1,2(n,α1n
q,α2n) is satisfiable) =


1, if q < 1/2,

exp
(
−α2

1
4(1−α2)

)
, if q = 1/2,

0, if q > 1/2.

Theorem A.8 states that one can add up to an order of
√
n random 1-clauses to

F2(n,α2n) for all α2 < 1 and still have a w.h.p. satisfiable formula. Conditioning
on the event that no 1-clauses contradict each other only effects Theorem A.8 in
the case q = 1/2 where a different limiting value is given. The case α2 = 0 shows
that Conjecture A.3 does not hold for k = 1, firstly since one should consider in
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the order of
√
n 1-clauses as opposed to order n, and secondly since the random

1-SAT problem does not even undergo a phase transition but instead has a smooth
limiting probability of satisfiability.
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Abstract: We consider the random k-SAT problem with n variables, m = m(n)
clauses, and clause density α B limn→∞m/n for k = 2,3. It is known that if α is
small enough, then the random k-SAT problem admits a solution with high prob-
ability, which we interpret as the problem being under-constrained. In this paper,
we quantify exactly how under-constrained the random k-SAT problems are by
determining their degrees of freedom, which we define as the threshold for the
number of variables we can fix to an arbitrary value before the problem no longer
is solvable with high probability. Our main result shows that the random 2-SAT
and 3-SAT problems have n/m1/2 and n/m1/3 degrees of freedom, respectively. We
also explicitly compute the corresponding threshold functions. Our result shows
that the threshold function for the random 2-SAT problem is regular, while it is
non-regular for the random 3-SAT problem. By regular, we mean continuous and
analytic on the interior of its support. This result shows that the random 3-SAT
problem is more sensitive to small changes in the clause densityα than the random
2-SAT problem.
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B.1 Introduction

B.1.1 Background

For more than half a century, the Boolean k-satisfiability (k-SAT) problem has en-
joyed continued interest in the field of computer science. The 3-SAT problem was
one of the five originalNP -complete problems fromCooks seminal paper [Coo71],
viz. P = NP is equivalent to the existence of a polynomial-time algorithm for
solving 3-SAT problem instances. The 3-SAT problem thus lies at the heart of
the famous P vs. NP problem. Similarly, the 2-SAT problem lies at the heart
of the important L vs. NL problem, as L = NL is equivalent to the existence
of a logarithmic-space algorithm for solving 2-SAT problem instances (Thm. 16.3
in [Pap94]), that is, the 2-SAT problem is NL-complete. The k-SAT problem has
also turned out to have great practical significance in artificial intelligence, bioin-
formatics, hardware verification, and more (see [GGW06; Mar08]).

In applications, there seemed to be a major gap between the theoretical bounds
for the runtime of SAT solving algorithms and the comparatively fast performance
of SAT solvers (see [Goe96a; FP83; CKT91; SML96]). Thus, the study of the random
k-SAT problem arose, motivated by an interest in understanding the typical struc-
ture of a SAT problem instance (compared to the hitherto worst-case analysis) and
understandingwhere to find the “hard” SAT problems. The random k-SAT problem
has for the last three decades remained highly relevant in the fields of probability
theory and statistical physics (see [Knu15; DSS22] and references therein).

The random k-SAT problem Φ—also called a random k-CNF formula—with m
clauses and n variables is obtained by taking m i.i.d. random disjunctive clauses
C1, . . . ,Cm of length k, i.e. of the form C(x) = s1xv1 ∨ · · ·∨ skxvk , where s1, . . . , sk ∈
{−1,1}, and where v1, . . . , vk ∈ [n] B {1, . . . ,n} are pairwise distinct. Each Cj is
chosen uniformly at random among the 2k

(n
k

)
possibilities. ThenΦ is the conjunc-

tion/minimum of these, Φ B C1 ∧ · · · ∧Cm. The problem is to determine whether
there exists an assignment x = (x1, . . . ,xn) ∈ {−1,1}n such that Φ(x) = 1, i.e. such
that all the clauses are simultaneously “satisfied”. We call such an x a solution
to Φ , and in the affirmative case, we say that Φ is satisfiable and write Φ ∈ SAT.
We will consider the random k-SAT problem asymptotically, so in the following,
the random k-SAT problem/a random k-CNF formula with m = m(n) clauses and
n variables refers to a sequence of random k-CNF formulas, where the n’th term is
a random k-CNF formula with m(n) clauses and n variables as described above.

In 1992 it was conjectured in [CR92] that for every k ≥ 2 there exists a critical
value αc(k) > 0, such that if Φ is a random k-CNF formula with m =m(n) clauses
and n variables, where m/n→ α as n→∞, then

lim
n→∞

P(Φ ∈ SAT) =

1, if α < αc(k),
0, if α > αc(k),

(B.1.1)
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that is, the satisfiability of the random k-SAT problem is conjectured to undergo a
phase transition as α, the clause density, crosses a critical threshold αc(k). In the
regime α < αc(k) in (B.1.1), where the problem is satisfiable with high probability
(w.h.p.), we will call the random k-SAT problem under-constrained.

In the present paper, we focus on the random 2-SAT and 3-SAT problems. In
regards to the former, the satisfiability conjecture (B.1.1) was proved independently
in [CR92] and [Goe96b], where it was shown that αc(2) = 1. Much more has
since been discovered about the random 2-SAT problem, and overall it remains
an interesting and actively researched problem; see for instance [Goe99; Ver99;
Bol+01; Ach+21; Cha+24].

Conjecture (B.1.1) has recently been proved for all k ≥ k0 in the monumental
work [DSS22], where k0 is a large unknown constant, but for k = 3 the problem
remains elusive. Thus, the sharp satisfiability threshold for the random 3-SAT
problem is still an important open question. However, much research activity has
been directed towards overcoming this challenge, and increasingly tighter bounds
on which α’s result in asymptotic satisfiability or unsatisfiability have been pro-
duced throughout the years (see [FP83; Fra84; BFU93; EF95; Kam+95; FS96; DB97;
Kir+98; Zit99; Fri99; Ach00; JSV00; AS00; DBM02; HS03; KKL06; Kap+07; Día+09]),
showing for example that the random 3-SAT problem is under-constrained when
α < 3.52.

B.1.2 Main result

Let Φ be an under-constrained random 2- or 3-CNF formula. We pose and aim
to answer the following question: how under-constrained is Φ? Our proposed
solution is based on the following idea: there are too many degrees of freedom in
the variables x1, . . . ,xn compared to the number of clauses in Φ , so fix a number,
say f = f (n), of the variables x1, . . . ,xn, each to either 1 or −1. Does there still
w.h.p. exist a solution toΦ in this restricted search space? Presumably, if f is large
enough, the answer will be no. We will represent the “under-constrainedness”
of Φ as the critical mass of the number f of variables needed to be fixed before Φ
becomes unsatisfiable w.h.p., and we call this number the degrees of freedom in Φ .
This is an analogue concept to the nullity, i.e. the size of the kernel/null space,
of a (random) matrix; it is the number of variables we can “freely” fix before the
corresponding system of equations no longer has a solution (w.h.p.)

We say that a subset L of ±[n] B {−n, . . . ,−1,1, . . . ,n} is consistent if, for all
v ∈ [n], at most one of v and −v is in L. Here, v ∈ L represents fixing xv to 1 and
−v ∈ L represents fixing xv to −1 for each v ∈ [n]. Let ΦL denote the formula Φ
with these restrictions to its domain.

Definition B.1 (Degrees of freedom in the random k-SAT problem). The random
k-SAT problem Φ with m = m(n) clauses and n variables has f∗ = f∗(n) degrees of
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freedom if, for all f = f (n) and all consistent (non-random) subsets L ⊆ ±[n] with
|L| = f , it holds that f∗ is a threshold in f for the satisfiability of ΦL, that is, if

lim
n→∞

P(ΦL ∈ SAT) =

1, when f /f∗→ 0,

0, when f /f∗→∞.
(B.1.2)

The concept of a threshold hearkens back to the seminal paper [ER60] by Erdős
and Rényi. In Theorem B.2 below, we find a threshold f∗, which we also show is
unique up to asymptotic order, in the cases k = 2,3. Furthermore, we find an
explicit expression for the threshold function

lim
n→∞

P(ΦL ∈ SAT) (B.1.3)

when 0 < limn→∞(f /f∗) <∞. In the following, we interpret e−∞ B 0.

Theorem B.2. Let Φ be a random k-CNF formula with m = m(n) clauses and n
variables such that m → ∞ and m/n → α. Let L ⊆ ±[n] be a consistent set with
f = f (n) elements. Let finally γ ∈ [0,∞].

• If k = 2 :, α ∈ [0,1) and f
√
m/n→ γ , then

lim
n→∞

P(ΦL ∈ SAT) = e−(γ/2)
2(1−α)−1 .

In particular, the random 2-SAT problem with m clauses and n variables has
n/
√
m degrees of freedom for clause density α < 1.

• If k = 3, α ∈ [0,3.145), and f m1/3/n→ γ , then

lim
n→∞

P(ΦL ∈ SAT) = e−(γ/2)
3
.

In particular, the random 3-SAT problem with m clauses and n variables has
n/m1/3 degrees of freedom for clause density α < 3.145.

Remark B.3. In both cases k = 2,3 in Theorem B.2, there are two distinct scenarios:

• The case α = 0: Theorem B.2 in particular applies to the “ultra” under-
constrained case not traditionally studied in the literature, showing precisely
how the number of constraints in a random 2- or 3-CNF formula affects the
number of degrees of freedom. As an example, the random 2-SAT problem
with n variables and only log(n) clauses has n/

√
log(n) degrees of freedom.

• The case α > 0: In this case, the random k-SAT problem withm ∼ αn clauses
and n variables has n1−1/k degrees of freedom when α ∈ (0,1) respectively
0α ∈ (0,3.145) for k = 2,3. Furthermore, the threshold functions are given by
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e−(β/2)
2α(1−α)−1 and e−(β/2)

3α when f /n1−1/k → β for some 0 ≤ β ≤ ∞. This
statement is equivalent to Theorem B.2 and follows directly from the asymptotic
equivalence m ∼ αn. An advantage of the parameter β is that it only depends
on f , where γ depends on both m and f ; indeed, γ = βα1/k .

Figure B.7: Finite size sampling of the threshold functions corresponding to the
degrees of freedom in the random 2- and 3-SAT problems. Each datapoint (40 for
each curve) is comprised of 2000 simulations.

Figure B.7 shows finite size sampling of the threshold functions from Theo-
rem B.2 for fixed values of α. The simulations suggest that the convergence is
faster for smaller values of α.

Remark B.4. We now prove uniqueness modulo asymptotic order of the degrees of
freedom for the random k-SAT problem, k = 2,3. Let Φ be a random k-CNF for-
mula with m = m(n) clauses and n variables, m/n → α, where α < 1 if k = 2
or α < 3.145 if k = 3, and let L ⊆ ±[n] be consistent. We have seen in Theo-
rem B.2 that f∗ = n/m1/k is a threshold in |L| for the satisfiability of ΦL, cf. (B.1.2).
Assume that g∗ = g∗(n) is another such threshold. Then, taking |L| = f∗, we get
0 < limn→∞P(ΦL ∈ SAT) < 1 from Theorem B.2. Hence, we cannot have f∗/g∗→ 0
or f∗/g∗ → ∞ by (B.1.2), as this would imply limn→∞P(ΦL ∈ SAT) = 1 or
limn→∞P(ΦL ∈ SAT) = 0, respectively. Furthermore, by considering sub-sequences,
we cannot even have liminfn→∞(f∗/g∗) = 0 or limsupn→∞(f∗/g∗) =∞, that is, f∗
and g∗ are of the same asymptotic order.
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We see that the threshold functions e−(γ/2)2(1−α)−1 and e−(γ/2)3 are real analytic
functions in γ that are bounded away from 0 and 1 (when γ ∈ (0,∞)), and thus the
threshold f∗ in (B.1.2) is not sharp. A sharp threshold would correspond to a step
function from 1 to 0 at some critical value γc, which is not what we find. Hence,
this is a markedly different type of threshold compared to the sharp threshold seen
for example in the Boolean satisfiability conjecture (B.1.1) (still only conjecture for
k = 3 but proved for k = 2).

Returning again to our original question, we now have a way to quantify
under-constraindness in the random k-SAT problem. Let us compare the random
2-SAT and 3-SAT problems: intuitively, clauses of length 3 (ternary clauses) are
“less constraining” than clauses of length 2 (binary clauses). Indeed, the degrees
of freedom also reflect this; letΦ be a random 3-CNF formula with n variables and
m ∼ αn clauses, where α ∈ (0,3.145). Then from Theorem B.2 it follows that Φ
has n2/3 degrees of freedom, which is the same as a random 2-CNF formula with
n variables and only Θ(n2/3) clauses!

To the best of our knowledge, Theorem B.2 is the first result of its kind. We
believe that degrees of freedom will become an important concept in the analysis
of random constraint satisfaction problems.

B.1.3 The search tree

When searching for a solution to a given k-SAT instance, a common approach is
to fix the value of x1 (e.g., set x1 = 1). If this assignment does not violate any
clauses, we then proceed to fix x2 (e.g., set x2 = −1). By continuing this process,
we generate a search tree, as illustrated in Figure B.8. The degrees of freedom f∗
for the random k-SAT problem can be thought of as the maximum depth in the
search tree that can be reachedwithout violating the k-SAT instance, thus avoiding
backtracking. According to Theorem B.2, for the random 2-SAT problem with
α < 1, this maximum depth is n/

√
m, while for the random 3-SAT problem with

α < 3.145, the maximum depth is n/m1/3. To the best of our knowledge, this is
one of the first results quantifying the additional flexibility in solving the random
3-SAT problem compared to the random 2-SAT problem.

B.1.4 Mixed SAT problems

As an almost immediate consequence of Theorem B.2, we get the following charac-
terization of asymptotic satisfiability in the random mixed 1- and k-SAT problem
when k = 2,3.

Theorem B.5. Let Φk be a random k-CNF formula with m = m(n) clauses and n
variables, where m/n→ α, and let Φ1 be a random 1-CNF formula with f = f (n)
clauses and n variables, where f /

√
n→ β for some β ∈ [0,∞], such that Φk and Φ1

are independent.
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Figure B.8: Going down f steps into the search tree and thus only considering
assignments x ∈ {−1,1}n on one of the sub-trees branching out at xf +1.

• If k = 2, and α ∈ [0,1), then limn→∞P(Φ2 ∧Φ1 ∈ SAT) = e−(β/2)
2(1−α)−1 .

• If k = 3, and α ∈ [0,3.145), then limn→∞P(Φ3 ∧Φ1 ∈ SAT) = e−(β/2)
2
.

In Knuth’s book on Boolean satisfiability [Knu15], he writes: “unit clauses
aren’t rare: Far from it. Experience shows that they’re almost ubiquitous in prac-
tice, so that the actual search trees often involve only dozens of branch nodes
instead of thousands or millions.” In Theorem B.5, we analyze the effect of adding
these ubiquitous unit clauses to the random 2-SAT and 3-SAT problems.

For the random 2-SAT problem, the “missing” factor between the threshold
functions in Theorem B.5 and Theorem B.2 is exactly the probability that the ran-
domunit clauses comprisingΦ1 cause a contradiction, i.e. the probability that there
exists some v ∈ [n] such that both xv and −xv are clauses in Φ1. If we condition
on this event not occurring, then we reclaim the original limit e−(β/2)2α(1−α)−1 from
Theorem B.2 (see Remark B.3). And indeed, taking α = 0 in Theorem B.5 gives the
following result: if Φ1 is a random 1-CNF formula with n variables and f clauses



52 Article B · On the regularity of random 2-SAT and 3-SAT

where f /
√
n→ β, then

lim
n→∞

P(Φ1 ∈ SAT) = e−(β/2)
2
. (B.1.4)

This limit is again an analytic function in β (a Gaussian, even), and thus the random
1-SAT problem does not exhibit a phase transition/sharp threshold in satisfiability.
We also see that the relevant parameter to consider in this problem is not the usual
clause density α, but rather β, the ratio of clauses to the square root of the num-
ber of variables. That α is the wrong parameter is no surprise; Chvátal and Reed
had naturally realized this and excluded the random 1-SAT problem from Con-
jecture (B.1.1), and Gent and Walsh even outright state in [GW94] that a random
1-CNF formula with n variables and clause density α > 0 is always unsatisfiable
with high probability. Despite this, we believe that this paper is the first to identify
the correct parameter β and with it completely characterize the random mixed 1-
and 2-SAT problem in Theorem B.5.

Theorem B.5 shows that the randommixed 1- and 2-SAT problem behaves like
the random 1-SAT problem, in that the limiting probability of satisfiability does not
have a sharp threshold, but instead varies smoothly in the parameters α and β,
and even the slightest change to either of these affects this limit. The addition
of β
√
n random unit clauses has thus “smoothed out” the phase transition of the

random 2-SAT problem seen in (B.1.1).
Another property of the random mixed 1- and 2-SAT problem is that we are

able to “exchange” unit clauses for binary clauses—or the other way around—
without changing the limiting probability of the mixed formula being satisfiable.
Indeed, if Φ is again a random CNF formula with β

√
n unit clauses and αn bi-

nary clauses, and we want to exchange, say, half of the unit clauses, so that Φ is
left with (β/2)

√
n of these, then to compensate we need to add 3n random binary

clauses and then remove three-quarters of this new total, so that Φ ends up with
((3+α)/4)n binary clauses. Doing this exchange, the limiting probability thatΦ is
satisfiable will remain the same. More generally, if we want to exchange fromΦ to
a random mixed CNF-formula Φ ′ with β′

√
n unit clauses and α′n binary clauses,

then Φ and Φ ′ have the same asymptotic satisfiability as long as(
β′

β

)2
=
1−α′

1−α
. (B.1.5)

This is a very distinct situation from the randommixed 1- and 3-SAT problem,
detailed in the second part of Theorem B.5. Indeed, we see from Theorem B.5 that
one can add up to 3.145n random 3-clauses to any random 1-CNF formula without
changing the asymptotic probability of satisfiability (compare Theorem B.5 case
k = 3with (B.1.4)). Hence, the “exchange rate” between 1- and 3-clauses is infinite,
since we are able to add these < 3.145n random 3-clauses “for free”.
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In regards to exchange rate, the random mixed 1- and 3-SAT problem shows
more similarity with the random mixed 2- and 3-SAT problem, which was first
studied in the physics literature [Mon+96; MZ98; Mon+99; BMW00] and later
given a rigorous treatment in [Ach+01] (slightly improved upon in [ZG13]). Here
it was established that one can add at least (2/3)n random 3-clauses, but no more
than 2.17n, to any under-constrained random 2-CNF formula and have the re-
sulting formula remain under-constrained. Again, the exchange rate between 2-
and 3-clauses is infinite, and the smaller clauses completely dominate the prob-
lem. That is, the asymptotic satisfiability is determined completely by the random
2-CNF sub-formula, just as we saw that the asymptotic satisfiability of a random
mixed 1- and 3-CNF formula is determined by the random 1-CNF sub-formula (see
Chapter 10 of [BHM21] for a further discussion on exchange rate).

Returning finally to the random mixed 1- and 2-SAT problem again, we note
that this problem is not only interesting in its own right, but it is also sometimes
useful for proofs. Indeed, in the paper [Ach00], the following result is used: if Φ
is a random CNF formula with n variables, αn binary clauses, and any polynomial
in log(n) unit clauses, then Φ is under-constrained in the usual region α < 1. Our
Theorem B.5 is obviously a direct strengthening of this, since we show that one
can take nq for any q < 1/2 (actually anything in o(

√
n)) in place of the polynomial

in log(n) unit clauses and still get the same result. Theorem B.5 also shows that
this is optimal, in the sense that adding nq independent random unit clauses to
an under-constrained random 2-CNF formula spoils the asymptotic satisfiability
when q ≥ 1/2.

B.1.5 The threshold functions

For k = 2,3, α > 0 and β ∈ [0,∞), let Φ be a random k-CNF formula with m ∼
αn clauses and n variables. We recall that Φ has n1−1/k degrees of freedom. Let
L ⊆ ±[n] be consistent with |L| = f = f (n), where f /n1−1/k → β. We denote the
threshold function from (B.1.3) by

πk(α,β)B lim
n→∞

P(ΦL ∈ SAT),

when this limit exists (and only depends on α and β), and define πk(α,β) B 0
otherwise. From Theorem B.2, we have that π2(α,β) = e−(β/2)

2α(1−α)−1 when α ∈
(0,1) and π3(α,β) = e−(β/2)

3α when α ∈ (0,3.145). The graphs of π2 and π3 are
plotted in Figure B.9.

We define αsupp(k) B inf{α : πk(α,β) = 0}, i.e. the right endpoint of
supp(πk(·,β)). Now, if Φ is unsatisfiable w.h.p., then πk(α,β) = 0 for all β ≥ 0,
so we get αsupp(3) ≤ 4.4898 from [Día+09], as this is the current best upper
bound on αc(3). Therefore, the value of the threshold function π3(α,β) is known
for α < 3.145 (from our Theorem B.2) and for α > 4.4898, which explains the
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Figure B.9: The threshold functions corresponding to the degrees of freedom in
the random 2-SAT and 3-SAT problems.

“gap” in the graph in Figure B.9 r.h.s. For the random 2-SAT problem, we have
αsupp(2) = αc(2) = 1 from [CR92] and Theorem B.2.

What happens in this gap α ∈ [3.145,4.4898] remains an open problem with
several potential scenarios possible. For the random 2-SAT problem, we see that
fixing f ∼ β

√
n variables (β > 0) has “smoothed out” the sharp satisfiability thresh-

old at αc(2) = 1 (this sharp threshold is visible at β = 0). That is, the threshold
function π2(α,β) is continuous, and even C∞ (smooth), in α on the entire domain
α > 0, since e−(β/2)2α(1−α)−1 , and its derivatives of all orders in α, tend towards 0
as α→ 1. On the other hand, e−(β/2)3α does not tend towards 0 as α→ αsupp(3)
(whatever αsupp(3) might be). From these observations and Theorem B.2, we im-
mediately get the following conclusion.

Corollary B.6. Let β > 0 be given. For the random 2-SAT problem, the threshold
function π2(α,β) is analytic for α ∈ (0,αsupp(2)) and continuous (smooth, even) for
all α > 0. For the random 3-SAT problem, the threshold function π3(α,β) is analytic
forα ∈ (0,3.145), but it cannot be both analytic forα ∈ (0,αsupp(3)) and continuous
for all α > 0.

Proof. Because of the identity theorem for analytic functions, if π3(α,β) is real
analytic for α ∈ (0,αsupp(3)), then necessarily π3(α,β) = e−(β/2)

3α for all α ∈
(0,αsupp(3)), which precludes continuity at αsupp(3).

Corollary B.6 shows a significant distinction between the random 2-SAT and
3-SAT problems. While the threshold function for random 2-SAT is regular—
continuous and analytic on the interior of its support—the threshold function for
random 3-SAT is non-regular. Consequently, the random 3-SAT problem is par-
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ticularly sensitive to variations in the clause density α compared to the random
2-SAT problem.

B.1.6 Structure

The structure of the remainder of the paper is as follows: in Section B.2 we give
a sketch of the proof of Theorem B.2, where we explain the main steps and diffi-
culties. In Section B.3 we review the necessary preliminaries for a complete proof
of Theorems B.2 and B.5, and in Section B.4 we give the full proof, starting with a
number of smaller results required for later.

B.2 Sketch of proof

We begin by outlining a proof of Theorem B.2 in the case k = 2 when α > 0.
The proof relies on the following two special cases: namely (B.1.4), the random
1-SAT problem, a special case of Theorem B.5, and Theorem B.2 in the “subcrit-
ical” case where β = 0. The latter says that fixing o(

√
n) variables in an under-

constrained random 2-CNF formula still yields a w.h.p. satisfiable formula, and
we prove this using a novel variation on the classic “snakes and snares” proof of
αc(2) = 1 from [CR92; Goe96b; Knu15]. The former, i.e. (B.1.4), is proved through
a direct counting argument.

The idea of the proof is now as follows: let Φ = C1 ∧ · · · ∧Cm be a random 2-
CNF formula with n variables and m = m(n) clauses, where m/n→ α, α ∈ (0,1),
and let L ⊆ ±[n] be consistent with |L| = f = f (n), where f /

√
n → β, and we

assume without loss of generality that β ∈ (0,∞). Now, a critical observation is the
following: each of the clauses Cj experiences one of four fates when the variables
dictated by L are fixed:

0. it becomes a 0-clause, i.e. is unsatisfied, and thus precludes the satisfiability
of ΦL,

1. it becomes a 1-clause and thus dictates the value of a new variable,

2. it remains unaltered as a 2-clause,

⋆. it becomes a ⋆-clause, i.e. is satisfied, and thus no longer affects the satisfia-
bility of ΦL.

The core of the proof is understanding and carefully controlling howmany clauses
land in each of the four cases above, and especially important are cases 0 and 1.
Denote by C(1)1 the set of j ∈ [m] for which Cj falls into case 1. The unit clauses
corresponding to C(1)1 form a 1-CNF formulaΦ (1)

1 =min{Cj : j ∈ C
(1)
1 }, which must

be satisfiable forΦL to be satisfiable, and furthermore, they fix the value ofM(1)
1 :=
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|C(1)1 | new variables. Thus, the “remaining” 2-CNF formula (i.e. the conjunction of
the clauses in case 2), call it Φ (1)

2 , undergoes the same “splitting” into 0-, 1-, 2-,
and ⋆-clauses when fixing the variables dictated by Φ

(1)
1 .

Let C(r)h denote the set of j ∈ [m] for which Cj falls into case h ∈ {0,1,2,⋆} in
the r’th round of this iterative process, and let M(r)

h := |C(r)h |. We denote by Φ
(r)
1

and Φ (r)
2 respectively the random 1-CNF and random 2-CNF formula generated in

this round, and let L(r) denote the set of literals forming Φ
(r)
1 . For each r we rely

on the fact that (Φ (r−1)
2 )L(r−1) (or ΦL for r = 1) is satisfiable if and only if

M
(r)
0 = 0, Φ

(r)
1 ∈ SAT, and (Φ (r)

2 )L(r) ∈ SAT.

It turns out that these three events are almost independent (the error vanishes as
n→∞), so

P

(
(Φ (r−1)

2 )L(r−1) ∈ SAT
)
≈ P

(
M

(r)
0 = 0

)
·P

(
Φ

(r)
1 ∈ SAT

)
·P

(
(Φ (r)

2 )L(r) ∈ SAT
)

(B.2.1)
for each r ∈N. Using this approach, the important issue becomes: how large are
M

(r)
0 andM(r)

1 ? This is obviously heavily dependent on the previous “rounds”, but
on average, M(r)

1 is of the order αrβ
√
n. A core part of the proof is showing that

M
(r)
1 concentrates around this mean. Now, we have suppressed the dependence

on n in the notation, but the iterative decomposition (B.2.1) is done for each n ∈N.
The next step of the proof is to diagonalize, taking r dependent on n; specifically,
when r becomes larger than log(n), then αrβ

√
n, and thusM(r)

1 , becomes smaller
than βn1/2+log(α) (where of course log(α) < 0), and at this point the problem shifts
into the subcritical case where the number of variables being fixed is o(

√
n), which

is one of the special cases which we already proved. Indeed, taking RB c log(n),
where c > 0 is some appropriate constant, we use the decomposition (B.2.1)R times
successively to get

P(ΦL ∈ SAT) ≈ P

(
(Φ (R)

2 )L(R) ∈ SAT
) R∏
r=1

P

(
M

(r)
0 = 0

) R∏
r=1

P

(
Φ

(r)
1 ∈ SAT

)
,

and the special case gives us P((Φ (R))L(R) ∈ SAT) → 1, and the other special
case (B.1.4) gives us (because of the concentration phenomenon)

P

(
Φ

(r)
1 ∈ SAT

)
−→ e−

1
4β

2α2r

for each r ∈ [R]. Finally, we are able to show directly that

P

(
M

(r)
0 = 0

)
−→ e−

1
4β

2α2r−1
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for each r ∈ [R], which will then imply (with some additional arguments) that

P(ΦL ∈ SAT) −→ exp
(
−β2

4

∞∑
r=1

αr
)
= exp

(
−β2α

4(1−α)

)
.

We see that each even term in the infinite series comes from the probability that
the appearing unit clauses cause a contradiction among themselves, and each odd
term comes from the probability of the appearance of a 0-clause.

Besides some lemmas and the special cases, the main technical difficulty in
converting the idea above into a proof is the concentration of M(r)

h , in particular
for h = 1. We will find bounds f (r)− , f

(r)
+ such that M(r)

1 stays within [f (r)− , f
(r)
+ ]

w.h.p., and such that both f (r)− , f
(r)
+ ∼ αrβ

√
n. In place of Φ (r)

1 we insert an inde-
pendent random 1-CNF formula with f (r)− resp. f (r)+ clauses, which will lead to an
asymptotic upper resp. lower bound on P(ΦL ∈ SAT). Namely, the idea will be to
choose

f
(r)
± ≈ αrf ± rαrn3/8,

which exactly does the job, as we will see.
Now, if α = 0 (andΦ is still a random 2-CNF formula), then already in the first

“round” r = 1 in the decomposition (B.2.1), the number of 1-clauses generated
|L(1)| is o(

√
n), so the subcritical special case may immediately be invoked.

For the case k = 3 in Theorem B.2, the same strategy may be employed. The
decomposition (B.2.1) still holds, although we now have a randommixed 2- and 3-
CNF formula. Thus, there are more things to keep track of in this case, and we will
not have a proof of the subcritical case handy, making the whole thing slightly
more tedious. On the other hand, we show that w.h.p. there are no more unit
clauses appearing after three rounds, so we avoid infinite series. For this reason,
we are also able to prove Theorem B.2 case k = 3 for all α ∈ [0,3.145) instead of
having α = 0 separate. The threshold function comes from the fact that

P

(
M

(1)
0 = 0

)
−→ e−(β/2)

3α ,

which comes from a direct calculation. Thus, it remains to show that the other
terms of the decomposition (B.2.1) tend towards 1. This is again achieved via the
concentration of the random variablesM(r)

h . We rely on existing literature to show
that the final error term involving a randommixed 2- and 3-CNF formula vanishes.

B.3 Preliminaries

In this section, we will review the necessary preliminary results and notations
for Boolean functions ϕ : {−1,1}n → {−1,1} of n ∈ N variables needed for the
formulation and proof of this paper’s results.
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B.3.1 Boolean functions

For any A ⊆Z we define:

Aabs B {|a| : a ∈ A}, −AB {−a : a ∈ A}, ±AB A∪ (−A),

and |A| for the number of elements in A. For n ∈N we use the notation

[n]B {1,2, . . . ,n}.

We let SAT denote the set of all functions ϕ : B→ {−1,1} with the element 1
contained in the range of ϕ, where B is a non-empty subset of {−1,1}n for any n,
called the satisfiable functions. If x ∈ B is such that ϕ(x) = 1, then ϕ is said to
be satisfied at x. The collection of such x is called the solution space for ϕ and is
denoted

SOL(ϕ)B ϕ−1({1}) = {x ∈ B : ϕ(x) = 1} ⊆ {−1,1}n.

If B is a set of Boolean functions of n variables, then we will say that B is
consistent if it is possible to satisfy all functions in B simultaneously, i.e. if there
exists an x ∈ {−1,1}n such that ϕ(x) = 1 for all ϕ ∈ B. If we define a new Boolean
functionmin(B) : {−1,1}n→ {−1,1} by

min(B)(x)Bmin
ϕ∈B

ϕ(x), (x ∈ {−1,1}n), (B.3.1)

then B is consistent if and only ifmin(B) ∈ SAT.

B.3.2 Literals and fixing variables

A function l : {−1,1}n→ {−1,1} is called a literal if, for some v ∈ [n],

l(x) = xv for all x, or l(x) = −xv for all x.

Each literal (of n variables) corresponds to an element of ±[n] in the following way:
the literal x 7→ xv corresponds to v and x 7→ −xv corresponds to −v. This corre-
spondence is bijective since taking an element l ∈ ±[n] to the literal x 7→ sgn(l)x|l|
is the inverse operation. Thus, the space of literals in n variables is identified with
the set ±[n], and we shall use these two sets interchangeably in the following. So
considering e.g. the number −5 as a literal, we have −5(x) = −x5.

Notice that a literal l is satisfied at x (i.e. l(x) = 1) exactly when x|l| = sgn(l).
It follows for a set of literals L ⊆ ±[n] that, for all x ∈ {−1,1}n,

l(x) = 1 for all l ∈ L ⇐⇒ x|l| = sgn(l) for all l ∈ L,

and hence thatL is consistent if and only if either v < L or−v < L for every v ∈ [n],
or equivalently if at most one of v and−v is amember ofL for every v ∈ [n]. We see
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from this that for a consistent set of literals L, satisfyingmin(L) (at x) amounts to
fixing certain of the variables xv ; more precisely fixing x|l| to sgn(l) for every l ∈ L.
Motivated by this we define for every consistent set of literals L ⊆ ±[n] and every
v ∈ [n] the set

Bv(L)B


{1}, if v ∈ L,
{−1}, if −v ∈ L,
{−1,1}, if v,−v < L,

and we define B(L)B
n×
v=1

Bv(L). (B.3.2)

Then we exactly get SOL(min(L)) = B(L) by the preceding discussion (this iden-
tity will also hold for contradictingL if we extend the definition ofBv(L) to ∅when
both v,−v ∈ L). This again implies that for any Boolean function ϕ : {−1,1}n →
{−1,1} it holds that

ϕ ∧min(L) ∈ SAT ⇐⇒ ϕ|B(L) ∈ SAT,

where ϕ|B(L) is the restriction of ϕ to the set B(L) ⊆ {−1,1}n. Motivated by this,
we define for any Boolean function ϕ : {−1,1}n → {−1,1} and any consistent set
of literals L ⊆ ±[n],

ϕL B ϕ|B(L). (B.3.3)

Thus, ϕL is the function ϕ but with the variables dictated by L fixed. More gen-
erally we get for L ⊆ ±[n] (not necessarily consistent) that

ϕ ∧min(L) ∈ SAT ⇐⇒ min(L) ∈ SAT and ϕL ∈ SAT. (B.3.4)

Example B.7. If ϕ : {−1,1}n → {−1,1} (n ≥ 5 for this example) is again any
Boolean function, and L = {1,−2,4}, we see that L is dictating x1 = 1, x2 = −1,
and x4 = 1, i.e.

B(L) = {1} × {−1} × {−1,1} × {1} × {−1,1}n−4,

giving us
ϕL(x) = ϕ(1,−1,x3,1,x5, . . . ,xn), (x ∈ B(L)).

B.3.3 Clauses and CNF formulas

A function C : {−1,1}n→ {−1,1} is called a (disjunctive) clause if there exist k ∈N
and literals l1, l2, . . . , lk ∈ ±[n] such that

C(x) = l1(x)∨ l2(x)∨ · · · ∨ lk(x) = max
i∈[k]

li(x), (x ∈ {−1,1}n).

The minimum such k is called the length of C, and we call C a k-clause. A 1-clause
is just a literal and is also called a unit clause. Further, by convention we call the



60 Article B · On the regularity of random 2-SAT and 3-SAT

constant function C ≡ −1 a 0-clause, i.e. a clause that is always unsatisfied, and
the constant function C ≡ 1 a ⋆-clause, i.e. a clause that is always satisfied.

If C1,C2, . . . ,Cm are clauses, then the function ϕ : {−1,1}n → {−1,1} defined
by

ϕ(x) = C1(x)∧C2(x)∧ · · · ∧Cm(x) = min
j∈[m]

Cj(x), (x ∈ {−1,1}n), (B.3.5)

is said to be a CNF formula, and the form in (B.3.5) is called a CNF representation
for ϕ (CNF is short for conjunctive normal form). We allow m = 0 which by con-
vention gives ϕ := 1. If each of the clauses C1,C2, . . . ,Cm has length k (ignoring
any ⋆-clauses), then ϕ is called a k-CNF formula, and (B.3.5) is called a k-CNF
representation.

A 1-CNF formula is just a conjunction/minimum of literals, and from any
set of literals L it is of course possible to define a 1-CNF formula ϕ1 by taking
ϕ1 = min(L) as defined in (B.3.1). This operation sends all sets with contradict-
ing literals to the same 1-CNF formula (the constant function x 7→ −1), but when
restricted to the consistent sets of literals, it is one-to-one. Indeed, in this case
SOL(ϕ1) = B(L), and B(L) determines L. Thus, for any satisfiable 1-CNF for-
mula ψ with corresponding set of literals L (i.e. ψ = min(L)) we may and do
write ϕψ instead of ϕL for any ϕ : {−1,1}n→ {−1,1}.

B.3.4 Fixing variables in CNF formulas

Consider first a 2-CNF formula

ϕ = C1 ∧C2 ∧ · · · ∧Cm,

each clause given by the disjunction of two literals: Cj = lj,1∨lj,2, where lj,i ∈ ±[n]
for all j ∈ [m] and i = 1,2, and consider in addition a consistent set of literals
L ⊆ ±[n]. In the formula ϕL, each literal lj,i has a possibility of being fixed, and
this happens exactly when lj,i ∈ ±L. More precisely, if lj,i ∈ L, then (lj,i)L ≡ 1, and
if lj,i ∈ −L, then (lj,i)L ≡ −1, and lastly if lj,i < ±L, then (lj,i)L = lj,i . This yields
the following cases for (Cj )L for each j ∈ [m]:

0. If both literals get fixed to −1, i.e. lj,1, lj,2 ∈ −L, then (Cj )L ≡ −1 can never
be satisfied.

1. If one literal gets fixed to −1, say lj,1 ∈ −L, but the other is not fixed, i.e. lj,2 <
±L, then (Cj )L = −1∨ lj,2 = lj,2, so (Cj )L is the unit clause lj,2. Similarly if
lj,2 ∈ −L and lj,1 < ±L, then (Cj )L = lj,1.

2. If no literal gets fixed, i.e. both lj,1, lj,2 < ±L, then (Cj )L = Cj .

⋆. If one or both literals gets fixed to 1, i.e. lj,1 ∈ L or lj,2 ∈ L, then (Cj )L ≡ 1
is always satisfied.
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We see that each of the clauses (Cj )L either becomes unsatisfiable (case 0), is trans-
formed to a unit clause (case 1), remains intact (case 2), or is immediately satisfied
(case ⋆). Let for h ∈ {0,1,2,⋆}

Ch B {j ∈ [m] : j is in case h}, and Mh := |Ch|, (B.3.6)

where we suppress the dependence on the lj,i ’s and L in the notation. That is,
Ch consists of exactly those j ∈ [m] where Cj becomes a h-clause when fixing the
variables dictated by L, i.e.

j ∈ Ch ⇐⇒ (Cj )L is a h-clause.

We can now split ϕL into parts by defining for each h ∈ {0,1,2,⋆}:

ϕh Bmin
j∈Ch

(Cj )L, (B.3.7)

where min∅ = 1, so that ϕh is a h-CNF formula, and ϕL = ϕ0 ∧ϕ1 ∧ϕ2. Using
the latter and (B.3.4), we find that

ϕL ∈ SAT ⇐⇒ M0 = 0, ϕ1 ∈ SAT, and (ϕ2)ϕ1
∈ SAT. (B.3.8)

This method of “splitting” ϕL into its 0-, 1-, and 2-CNF sub-formulas ϕ0, ϕ1, ϕ2,
along with the corresponding sets C0,C1,C2, and in particular the sizes of these
sets M0,M1,M2, will play a major role in the proof of the main theorem of this
paper.

Consider now a 3-CNF formula ϕ = C1 ∧ · · · ∧Cm. By completely analogous
considerations to the above, we see that each clause falls into one of of the fol-
lowing five cases when fixing the variables dictated by L: becomes unsatisfiable
(case 0), is transformed to a unit clause (case 1), is transformed to a binary clause
(case 2), remains intact (case 3), or is immediately satisfied (case ⋆). Again we may
define Ch, ϕh, and Mh for h ∈ {0,1,2,3,⋆} as in (B.3.6) and (B.3.7), where then
ϕL = ϕ0 ∧ϕ1 ∧ϕ2 ∧ϕ3, and we get that

ϕL ∈ SAT ⇐⇒ M0 = 0, ϕ1 ∈ SAT and (ϕ2 ∧ϕ3)ϕ1
∈ SAT. (B.3.9)

B.3.5 Random CNF formulas

A random k-CNF formulaΦ withm clauses and n variables is obtained by sampling
m i.i.d. random k-clauses C1, . . . ,Cm and taking their conjunction:

Φ B C1 ∧ · · · ∧Cm = min
j∈[m]

Cj .

Each of the Cj ’s is obtained by sampling Vj = (Vj,1, . . . ,Vj,k) uniformly at ran-
dom among all sequences of k pairwise distinct variables from [n], and then sam-
pling fair random signs (i.e. equal to −1 or 1, each with probability 1/2) Sj =
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(Sj,1, . . . ,Sj,k) independently of Vj . This gives random literals Lj,i B Sj,iVj,i and
the random k-clause

Cj B Lj,1 ∨ · · · ∨Lj,k =max
i∈[k]

Lj,i .

If the lengths of the clauses C1, . . . ,Cj are not all chosen to be equal, we say that
Φ is a random mixed CNF formula.

B.4 The proof

B.4.1 Lemmas

In this section, we establish a few technical lemmas needed for the proof of Theo-
rem B.2. We will first show that for a random k-CNF formula Φ and a consistent
set of literals L ⊆ ±[n], the probability that ΦL ∈ SAT only depends on L through
|L|, the number of variables being fixed, and in a non-increasing way.

Lemma B.8. Let Φ be a random (possibly mixed) CNF formula with m clauses and
n variables, and let L,L′ ⊆ ±[n] be two consistent sets of literals.

(i) If |L| = |L′ |, then P(ΦL ∈ SAT) = P(ΦL′ ∈ SAT).

(ii) If |L| ≥ |L′ |, then P(ΦL ∈ SAT) ≤ P(ΦL′ ∈ SAT).

Proof. Let Lj,i = Sj,iVj,i for j ∈ [m] and i ∈ [kj ] be the literals defining Φ . Assume
that |L| = |L′ | and let π : [n] → [n] be a permutation such that π(Labs) = L′abs.
Define θ,θ′ : [n]→ {−1,1}n by putting

θ(v)B

−1, if −v ∈ L,
1, otherwise,

and similarly θ′(v)B

−1, if −v ∈ L′ ,
1, otherwise.

This definition is such that if l ∈ L then θ(|l|) = sgn(l) and similarly for θ′ . Now
define

V ′j,i B π(Vj,i), S ′j,i B Sj,iθ(Vj,i)θ
′(V ′j,i), and L′j,i B S ′j,iV

′
j,i

for all j ∈ [m] and i ∈ [k]. Then by direct calculation we find that the random
vectors (L′j,i)j,i and (Lj,i)j,i have the same distribution, so Φ and Φ ′ have the same
distribution, whereΦ ′ is the randomCNF formula defined from the random literals
L′j,i for j ∈ [m] and i ∈ [kj ]. This implies

P(ΦL′ ∈ SAT) = P(Φ ′L′ ∈ SAT).

We now show that
Φ ′L′ ∈ SAT ⇐⇒ ΦL ∈ SAT.
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This will follow from the fact that (Lj,i)L(x) = (L′j,i)L′ (x
′) for all j ∈ [m], i ∈ [k],

and x ∈ {−1,1}n, where x′ ∈ {−1,1}n is given by x′v = xπ−1(v). There are two cases:

(1) IfVj,i < Labs, thenV ′j,i < L
′
abs, and in this case θ(Vj,i) = θ

′(V ′j,i) = 1, yielding

(L′j,i)L′ (x
′) = S ′j,ix

′
V ′j,i

= Sj,ixπ−1(V ′j,i ) = Sj,ixVj,i = (Lj,i)L(x).

(2) IfVj,i ∈ Labs, thenV ′j,i ∈ L
′
abs, and by constructionwe getBVj,i (L) = {θ(Vj,i)}

and BV ′j,i (L
′) = {θ′(V ′j,i)} (see (B.3.2)). This yields (see (B.3.3))

(L′j,i)L′ (x
′) =S ′j,iθ

′(V ′j,i) = Sj,iθ(Vj,i)θ
′(V ′j,i)

2

=Sj,iθ(Vj,i) = (Lj,i)L(x).

All together we find that

P(ΦL′ ∈ SAT) = P(Φ ′L′ ∈ SAT) = P(ΦL ∈ SAT),

proving (i).
Now for (ii), if |L| ≥ |L′ |, we consider an injection ι : L′ →L. Then it is clear

that ΦL ∈ SAT implies Φι(L′) ∈ SAT (since ι(L′) ⊆ L), and the result follows from
(i) since |ι(L′)| = |L′ |.

The next lemma shows that adding more clauses toΦ only decreases the prob-
ability of satisfiability for ΦL.

Lemma B.9. LetΦ andΦ ′ be random (possibly mixed) CNF formulas withmk resp.
m′k k-clauses for each k and n variables, and letL ⊆ ±[n] be a consistent set of literals.
If mk ≥m′k for each k, then

P(ΦL ∈ SAT) ≤ P(Φ ′L ∈ SAT),

and in particular P(Φ ∈ SAT) ≤ P(Φ ′ ∈ SAT).

Proof. The result follows from a straightforward coupling argument; letC(k)
j be in-

dependent random k-clauses for j,k ∈N (also independent across different values
of k), and define

Ψ Bmin
k∈N

min
j∈[mk]

C
(k)
j , and Ψ ′ Bmin

k∈N
min
j∈[m′k]

C
(k)
j .

ThenΨ has the same distribution asΦ andΨ ′ has the same distribution asΦ ′ , but
it holds by construction that, for every x ∈ {−1,1}n, if Ψ (x) = 1, then Ψ ′(x) = 1,
and thus also ΨL(x) = 1 implies Ψ ′L(x) = 1. This yields

P(ΦL ∈ SAT) = P(ΨL ∈ SAT) ≤ P(Ψ ′L ∈ SAT) = P(Φ ′L ∈ SAT).

The second assertion follows by taking L = ∅.
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This next lemma describes the distribution of (Φ0,Φ1,Φ2) and (Φ0,Φ1,Φ2,Φ3),
the 0-, 1-, 2-CNF (and 3-CNF) subformulas of ΦL defined in (B.3.7), when Φ is a
random 2- or 3-CNF formula.

Lemma B.10. Let k = 2 or k = 3 and let K = {0,1, . . . , k,⋆}. For m,n ∈N and f ∈
N0 with f < n, let Φ be a random k-CNF formula with m clauses and n variables,
and let L = [n] \ [n− f ]. Let (Ch)h∈K , (Mh)h∈K , and (Φh)h∈K be as defined in (B.3.6)
and (B.3.7), so in particular ΦL = Φ0 ∧ · · · ∧Φk .

Then (Mh)h∈K ∼Multinomial(m, (ph)h∈K ), and in the conditional distribution
given (Ch)h∈K , it holds that the Φh’s are independent and that Φh is a random h-CNF
formula with Mh clauses and n − f variables for all h ∈ K . Furthermore, if k = 2,
then

p0 =
f (f − 1)
4n(n− 1)

, p1 =
f (n− f )
n(n− 1)

, p2 =
(n− f )(n− f − 1)

n(n− 1)
,

and if k = 3, then

p0 =
f (f − 1)(f − 2)
8n(n− 1)(n− 2)

, p1 =
3f (f − 1)(n− f )
4n(n− 1)(n− 2)

,

p2 =
3f (n− f )(n− f − 1)
2n(n− 1)(n− 2)

, p3 =
(n− f )(n− f − 1)(n− f − 2)

n(n− 1)(n− 2)
.

Proof. Assume initially that k = 2 and let L = (Lj,i)j∈[m],i∈[2] be the random literals
defining Φ . Notice that [n] \L = [n− f ], and define the sets

A0 B −L×−L, A1 B (−L×±[n− f ])∪ (±[n− f ]×−L),
A2 B ±[n− f ]×±[n− f ], A⋆ B (L×±[n])∪ (±[n]×L).

Notice for each h ∈ K that

Ch =
{
j ∈ [m] : (Lj,1,Lj,2) ∈ Ah

}
,

where the sets Ch are those defined in (B.3.6), and let Mh = |Ch| for h ∈ K . Since
(Ah)h∈K is a partition of ±[n]×±[n], it is clear that (Mh)h∈K follows a multinomial
distribution. Now,

ph =
1
m

E[Mh] =
1
m

E

[ m∑
j=1

1{(Lj,1,Lj,2)∈Ah}

]
= P

(
(L1,1,L1,2) ∈ Ah

)
.

From the known distribution of the random literals (L1,1,L1,2), we find by direct
calculations the values of p0,p1,p2 stipulated.

Put CB (Ch)h∈K . For any lj,i ∈ ±[n], j ∈ [m] and i = 1,2, we immediately find
by independence of the (Lj,1,Lj,2) pairs that

P

(
L = (lj,i)j∈[m],i∈[2]

∣∣∣ C)
=
∏
h∈K

∏
j∈Ch

P

(
(Lj,1,Lj,2) = (lj,1, lj,2)

∣∣∣ (Lj,1,Lj,2) ∈ Ah),
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so the pairs (Lj,1,Lj,2) for j ∈ [m] are conditionally independent given C. We fur-
ther find by direct calculation that for j ∈ C2 and (lj,1, lj,2) ∈ A2 with |lj,1| , |lj,2|,

P

(
(Lj,1,Lj,2) = (lj,1, lj,2)

∣∣∣ (Lj,1,Lj,2) ∈ A2

)
=

1
4n(n− 1)p2

=
1

4(n− f )(n− f − 1)
,

showing that (Lj,1,Lj,2) is uniformly distributed over all pairs of strictly distinct lit-
erals from±[n−f ] given C. Also, (Lj,1,Lj,2) ∈ A2 is “case 2” described above (B.3.6),
so (Lj,i)L = Lj,i for i = 1,2 almost surely given C. Recalling that

Φh(x) = min
j∈Ch

(
(Lj,1)L(x)∨ (Lj,2)L(x)

)
, (x ∈ {−1,1}n),

for h = 0,1,2, it follows that in the conditional distribution given C, Φ2 is in-
deed a random 2-CNF formula (defined from the random literals (Lj,i)j∈C2,i∈[2]).
An analogous argument shows that given C, Φ1 is a random 1-CNF formula. By
independence of the (Lj,1,Lj,2) pairs in the conditional distribution, Φ0, Φ1 and
Φ2 are independent given C.

Completely analogous considerations establish the result for k = 3.

The final lemma in this section concerns the amount of duplicate literals in a
random 1-CNF formula. We show that there are loosely speaking very few du-
plicates if the number of clauses/literals is proportional to the square root of the
number of variables.

Lemma B.11. Let n ∈N and f = f (n) be such that f /
√
n→ β, where β ∈ [0,∞).

Consider i.i.d. random literals L1,L2, . . . ,Lf uniformly distributed on ±[n]. Put LB
{L1, . . . ,Lf }. Then

P

(
|L| < f −w

)
≤

4β2

w

for all w = w(n) when n is large enough.

Proof. Let Vj B |Lj | for each j ∈ [f ], so that Labs = {V1, . . . ,Vf }. Define for each
v ∈ [n]

Nv B
∣∣∣{j ∈ [f ] : Vj = v}∣∣∣.

Then (N1, . . . ,Nn) ∼Multinomial(f , (1/n, . . . ,1/n)), and we see that

|Labs| = f −
∑
v∈[n]

(Nv − 1)1{Nv≥2}.
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We split the sum as follows:∑
v∈[n]

(Nv − 1)1{Nv≥2} =
∑
v∈[n]

(Nv − 1)1{Nv≥3} +
∑
v∈[n]

1{Nv=2}.

Cauchy-Schwarz yields

E[(Nv − 1)1{Nv≥3}] ≤ E[Nv1{Nv≥3}] ≤ E[N2
v ]

1/2
P(Nv ≥ 3)1/2,

where

E[N2
v ] =

f (f − 1)
n2

+
f

n
≤
f 2

n2
+
f

n
≤ 2

f

n
,

where we in the end use that f /n → 0 as n → ∞, so f /n ≤ 1 when n is large
enough, and thus E[N2

v ]
1/2 ≤

√
2f /
√
n when n is large enough. For the second

factor we notice that Nv ≥ 3 if and only if there exists j1 < j2 < j3 such that
Vj1 = Vj2 = Vj3 = v, so that

P(Nv ≥ 3) =
∑

j1<j2<j3

P(Vj1 = Vj2 = Vj3 = v) =
(
f
3

)
1
n3
≤
f 3

n3
,

since the V1, . . . ,Vf are i.i.d. uniformly distributed on [n]. We note for later that,
in particular,

P(Nv ≥ 3 for some v ∈ [n])

≤
∑
v∈[n]

P(Nv ≥ 3) ≤
f 3

n2

=
(
f
√
n

)3 1
√
n
−→ 0

(B.4.1)

as n→∞, so that Nv ≤ 2 for all v ∈ [n] w.h.p. Together this shows that∑
v∈[n]

E[(Nv − 1)1{Nv≥3}] ≤
√
2
f 2

n
=
√
2
(
f
√
n

)2
−→
√
2β2 as n→∞,

so this sum is smaller than 2β2 when n is large enough. For the other sum we note
that, as before, Nv ≥ 2 if and only if there exists j1 < j2 such that Vj1 = Vj2 = v, so
by a similar argument,

E

[∑
v∈[n]

1{Nv=2}

]
=

∑
v∈[n]

P(Nv ≥ 2) ≤
f 2

n
=

(
f
√
n

)2
−→ β2 as n→∞,

so this sum is also smaller than 2β2 when n is large enough. Taken together:

E

[∑
v∈[n]

(Nv − 1)1{Nv≥2}
]
≤ 4β2
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when n is large enough, and thus by Markov’s inequality:

P

(
|Labs| < f −w

)
= P

(∑
v∈[n]

(Nv − 1)1{Nv≥2} > w
)
≤

4β2

w

when n is large enough. As |L| ≥ |Labs|, we are done.

B.4.2 Special cases

We need to prove two special cases of our main result, which we will need for
the proof itself. The characterization of the random 1-SAT problem (B.1.4) is the
first special case which shall actually play an important role in the proof of Theo-
rem B.2.

Lemma B.12 (The random 1-SAT problem). For β ∈ [0,∞], let Φ1 be a random 1-
CNF formula with f = f (n) clauses and n variables, where n→∞ and f /

√
n→ β.

Then
lim
n→∞

P(Φ1 ∈ SAT) = e−(β/2)
2
.

Proof. Assume initially that β < ∞. Let the random literals corresponding to Φ1
be L1,L2, . . . ,Lf , where Sj = sgn(Lj ) and Vj = |Lj |. For each v ∈ [n] we put

Nv B
∣∣∣{j ∈ [f ] : Vj = v}∣∣∣.

Then N B (N1, . . . ,Nn) ∼ Multinomial(f , (1/n, . . . ,1/n)). From (B.4.1) we have
that Nv ≤ 2 for all v ∈ [n] w.h.p., so when writing

P(Φ1 ∈ SAT) =P(Φ1 ∈ SAT,Nv ≥ 3 for some v ∈ [n])
+P(Φ1 ∈ SAT,Nv ≤ 2 for all v ∈ [n]),

we see that the first term vanishes as n→∞, and in regards to the second term
we have:

{Nv ≤ 2 for all v ∈ [n]} =
⋃

η∈{0,1,2}n :
η1+···+ηn=f

{N = η} =
⌊f /2⌋⋃
h=0

⋃
η∈Hh

{N = η},

where

Hh B
{
η ∈ {0,1,2}n : η1 + · · ·+ ηn = f , |{v ∈ [n] : ηv = 2}| = h

}
,

i.e. we have divided the union into sub-unions depending on how many entries of
η are equal to 2, so that η ∈Hh when there are h entries of η equal to 2. Since the
events on the right-hand side are disjoint, we may write

P(Φ1 ∈ SAT,Nv ≤ 2 for all v ∈ [n]) =
⌊f /2⌋∑
h=0

∑
η∈Hh

P(Φ1 ∈ SAT,N = η). (B.4.2)
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Notice that |Hh| =
( n−h
f −2h

)(n
h

)
, corresponding to firstly choosing h entries of η to

equal 2 and then choosing f − 2h of the remaining n − h entries to equal 1 (the
remaining entries will equal 0).

Now, for fixed h ∈ {0,1, . . . ,⌊f /2⌋} and η ∈ Hh we find by definition of N that
N = η if and only if (V1, . . . ,Vf ) = v for some v ∈ [n]f satisfying |{j ∈ [f ] : vj =
v}| = ηv for all v ∈ [n]. Hence,

P(Φ1 ∈ SAT,N = η) =
∑

v∈[n]f :
|{j∈[f ] : vj=v}|=ηv

for all v ∈ [n]

P(Φ1 ∈ SAT,V = v), (B.4.3)

where V B (V1, . . . ,Vf ). Notice now that Φ1 ∈ SAT if and only if there are no
contradictions in the literals L1, . . . ,Lf , i.e. we don’t have Lj1 = −Lj2 for any j1 < j2,
which is to say that Φ1 ∈ SAT if and only if Vj1 = Vj2 implies Sj1 = Sj2 . But since
V and S B (S1, . . . ,Sf ) are independent, we find that:

P(Φ1 ∈ SAT,V = v) =P(Sj1 = Sj2 for all j1 < j2 with vj1 = vj2)P(V = v)

=2−hP(V = v),

since there are exactly h pairs (j1, j2) satisfying j1 < j2 and vj1 = vj2 by choice of η.
Inserting this into (B.4.3) and using the known distribution ofN together with the
fact that exactly h entries of η are 2 and the rest are 1 or 0, we get:

P(Φ1 ∈ SAT,N = η) = 2−hP(N = η) =
f !

4hnf
,

and inserting this further into (B.4.2) yields:

P(Φ1 ∈ SAT,Nv ≤ 2 for all v ∈ [n]) =
⌊f /2⌋∑
h=0

(
n− h
f − 2h

)(
n
h

)
f !

4hnf
(B.4.4)

=
∞∑
h=0

(2h−1∏
i=0

f − i
√
n

)(f −h−1∏
i=0

n− i
n

)
1

4hh!
1[0,⌊f /2⌋](h), (B.4.5)

where we in the second equality simply have rearranged the factors in each term.
For fixed h we see that

lim
n→∞

2h−1∏
i=0

f − i
√
n

=
2h−1∏
i=0

lim
n→∞

(
f
√
n
− i
√
n

)
= β2h,

and also for large enough n (independent of h) we have f /
√
n ≤ β +1, so:

2h−1∏
i=0

f − i
√
n
≤ (β +1)2h. (B.4.6)
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In regards to the other product we use that log(1 + t)/t→ 1 as t→ 0, so that for
any ε ∈ (0,1) we have (1− ϵ)t ≤ log(1 + t) ≤ (1 + ϵ)t whenever t is close enough
to 0. This yields

(1− ϵ)
f −h−1∑
i=0

−i
n
≤
f −h−1∑
i=0

log
(
1− i

n

)
≤ (1 + ϵ)

f −h−1∑
i=0

−i
n

whenever n is large enough, and since

f −h−1∑
i=0

−i
n

=
−1
2
·
f − h− 1
√
n
·
f − h
√
n
−→
−β2

2
as n→∞,

we get by taking ϵ→ 0 that

lim
n→∞

f −h−1∏
i=0

n− i
n

= lim
n→∞

exp
[f −h−1∑
i=0

log
(
1− i

n

)]
= e−

1
2β

2
.

Of course, we also have for all n ∈N

f −h−1∏
i=0

n− i
n
≤ 1. (B.4.7)

Thus, by (B.4.6) and (B.4.7), the h’th term in (B.4.5) is bounded by (β +1)2h/(4hh!)
when n is large enough (independent of h), so by appealing to dominated conver-
gence we get

lim
n→∞

P(Φ1 ∈ SAT) = e−
1
2β

2
∞∑
h=0

β2h

4hh!
= e−

1
4β

2
,

as claimed.
Now, if β =∞, we consider for an arbitrary T > 0 a 1-CNF formula Ψ1 with

⌊T
√
n⌋ clauses and n variables. Since f /

√
n → ∞ as n → ∞, we have for large

enough n that f ≥ ⌊T
√
n⌋, so for such large n we also have by Lemma B.9

P(Φ1 ∈ SAT) ≤ P(Ψ1 ∈ SAT),

and P(Ψ ∈ SAT)→ e−(T /2)
2 as n→∞ by what we have proved thus far. Taking

then T →∞ yields
lim
n→∞

P(Φ1 ∈ SAT) = 0

as desired.
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The second special case which we need to prove separately is the subcritical
case β = 0 in Theorem B.2 case k = 2. To prove this, we employ a new variation
of the classical “snakes and snares” proof of the sharp satisfiability threshold in
the random 2-SAT problem. In this variation, we show that a 2-CNF formula that
has its satisfiability spoiled by fixing some amount of variables must contain a
“cobra”, which we define shortly. We then show that the mean number of cobras
in a random 2-CNF formula vanishes if we fix asymptotically fewer variables than
the square root of the total number of variables, i.e. if β = 0.

Let m,n,N ∈N and L ⊆ ±[n] be a set of literals. Then an L-cobra (of size N )
is a sequence l0, l1, . . . , lN ∈ ±[n] of literals such that

(c1) The variables |l0|, |l1|, . . . , |lN−1| are pairwise distinct,

(c2) |l0| ∈ Labs,

(c3) |lN | ∈ Labs ∪ {|l0|, |l1|, . . . , |lN−1|}.

Let ϕ be a (non-random) 2-CNF formula with n variables andm clauses of the
form ℓj,1∨ℓj,2, j ∈ [m]. We say that ϕ contains the sequence (l0, l1, . . . , lN ) if there
for all t ∈ [N ] exists some j ∈ [m] such that {−lt−1, lt} = {ℓj,1, ℓj,2}.

Lemma B.13. For α ∈ [0,1), let Φ be a random 2-CNF formula with m = m(n)
clauses and n variables, where n→∞ andm/n→ α, and letL ⊆ ±[n] be a consistent
set of literals with |L| = f = f (n), where f /

√
n→ 0 as n→∞. Then it holds that

lim
n→∞

P(ΦL ∈ SAT) = 1.

Proof. Let (Lj,i)j∈[m],i∈[2] denote the random literals defining Φ , and let
C1,C2, . . . ,Cm denote the random clauses ofΦ , i.e.Cj = Lj,1∨Lj,2, and let C

(1)
k , and

M
(1)
k denote the random set and variable defined in (B.3.6) for each k ∈ {0,1,2,⋆}.

Define the corresponding random CNF formulas (cf. (B.3.7))

Φ
(1)
1 B min

j∈C(1)1

(Cj )L, and Φ
(1)
2 B min

j∈C(1)2

(Cj )L = min
j∈C(1)2

Cj .

Define also L(1) B
{
(Cj )L : j ∈ C

(1)
1

}
, the set of random literals in Φ

(1)
1 , i.e. Φ (1)

1 =

min(L(1)). Then by (B.3.8),

ΦL ∈ SAT ⇐⇒ M
(1)
0 = 0, Φ

(1)
1 ∈ SAT, and (Φ (1)

2 )L(1) ∈ SAT.

We now repeat this with (Φ (1)
2 )L(1) in place of ΦL, giving us for each r ∈ N sets

and variables C(r)k ,M(r)
k for k ∈ {0,1,2,⋆} stemming from (Φ (r−1)

2 )L(r−1) , and random
CNF formulas

Φ
(r)
1 Bmin

j∈C(r)1

(Cj )L(r−1) , and Φ
(r)
2 Bmin

j∈C(r)2

(Cj )L(r−1) = min
j∈C(r)2

Cj ,
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and we finally also define L(r) B
{
(Cj )L(r−1) : j ∈ C

(r)
1

}
so that Φ (r)

1 =min(L(r)). We
here take Φ (0) B Φ and L(0) B L. Now, notice that

C(r)2 =
⋃

k∈{0,1,2,⋆}
C(r+1)k

for each r ∈ N, and of course the sets C(r)0 ,C
(r)
1 ,C

(r)
2 ,C

(r)
⋆ are pairwise disjoint. In

particular,M(1)
2 ,M

(2)
2 ,M

(3)
2 , . . . is a decreasing sequence, and thus it must at some

point become constant, i.e. there exists an R ∈N such that M(r)
2 =M(r+1)

2 for all
r ≥ R (this happens precisely the first time M(r)

1 = 0, but this is irrelevant). In
particular we get for r ≥ R that Φ (r)

2 = Φ
(r+1)
2 andM(r+1)

k = 0 for k ∈ {0,1,⋆}, and
thus also L(r+1) = ∅. We are thus able to define

Φ
(∞)
2 (x)B lim

r→∞
Φ

(r)
2 (x) = min

{
Cj(x) : j ∈

⋂
r∈N
C(r)2

}
, (x ∈ {−1,1}n),

which we immediately see has the property Φ
(∞)
2 (x) ≥ Φ(x) for all x, so Φ ∈ SAT

implies Φ (∞)
2 ∈ SAT. Further, we see that when r > R,

(Φ (r)
2 )L(r) = (Φ (∞)

2 )∅ = Φ
(∞)
2 ,

so using (B.3.8) iteratively on (Φ (r)
2 )L(r) for each r ∈N yields

ΦL ∈ SAT ⇐⇒ M
(r)
0 = 0 and Φ

(r)
1 ∈ SAT for all r ∈N, and Φ

(∞)
2 ∈ SAT.

Now define the event

F B
⋃
r∈N

({
M

(r)
0 > 0

}
∪

{
Φ

(r)
1 < SAT

})
,

so that, by the above,

P(ΦL ∈ SAT) = P

(
Fc ∩ {Φ (∞)

2 ∈ SAT}
)
. (B.4.8)

Since Φ is satisfiable w.h.p. [CR92; Goe96b], so is Φ (∞)
2 , and it thus only remains

to prove that Fc also occurs w.h.p., which is the same as proving that P(F)→ 0 as
n→∞.

We first prove that, if F occurs, then Φ contains an L-cobra. We introduce the
“flipping” map ρ : [2]→ [2] given by

ρ(i) = 3− i =

2, if i = 1,
1, if i = 2,

(i ∈ [2]),
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so that for any j ∈ [m] and i ∈ [2] we have Cj = Lj,i ∨ Lj,ρ(i). Assume then that F

occurs, meaning there exists an r ∈N such thatM(r)
0 > 0 or Φ (r)

1 < SAT. Let N
′ be

the smallest such r .
Assume first thatΦ (N ′)

1 < SAT. This means that there exists two clausesCj and
Cj ′ , which at “timepoint” N ′ − 1 are still 2-clauses, but when fixing the variables
dictated by L(N ′−1), they each become 1-clauses that contradict each other. That
is to say, there exists j(1), j ′(1) ∈ [m] and i(1), i′(1) ∈ [2] such that

Lj(1),i(1) = −Lj ′(1),i′(1), and −Lj(1),ρ(i(1)),−Lj ′(1),ρ(i′(1)) ∈ L(N
′−1). (B.4.9)

Now, −Lj(1),ρ(i(1)) being an element in L(N ′−1) means that there exists j(2) ∈ [m]
and i(2) ∈ [2] such that

−Lj(1),ρ(i(1)) = Lj(2),i(2), and −Lj(2),ρ(i(2)) ∈ L(N
′−2).

We continue this recursively, giving sequences j(1), j(2), . . . , j(N ′) ∈ [m] and
i(1), i(2), . . . , i(N ′) ∈ [2] such that

−Lj(t),ρ(i(t)) = Lj(t+1),i(t+1), and −Lj(t+1),ρ(i(t+1)) ∈ L(N
′−(t+1)) (B.4.10)

for all t ∈ [N ′ −1]. In the same way we also get sequences j ′(1), j ′(2), . . . , j ′(N ′) ∈
[m] and i′(1), i′(2), . . . , i′(N ′) ∈ [2] such that

−Lj ′(t),ρ(i′(t)) = Lj ′(t+1),i′(t+1), and −Lj ′(t+1),ρ(i′(t+1)) ∈ L(N
′−(t+1)) (B.4.11)

for all t ∈ [N ′ − 1]. We now define for each t ∈ {0,1, . . . ,N ′ − 1}:

lt B −Lj(N ′−t),ρ(i(N ′−t)).

Then l0 = −Lj(N ′),ρ(i(N ′)) ∈ L(0) = L by (B.4.10), so condition (c2) in the definition
of an L-cobra is satisfied. Now define further for t ∈ {0,1, . . . ,N ′ − 1}:

lN ′+t B −Lj ′(t+1),i′(t+1).

We now verify that the sequence (l0, l1, . . . , l2N ′−1) is “contained” in Φ in the sense
defined above the formulation of Lemma B.13. For t ∈ [N ′ − 1] we have

(−lt−1, lt) =
(
Lj(N ′−t+1),ρ(i(N ′−t+1)),−Lj(N ′−t),ρ(i(N ′−t))

)
=

(
Lj(N ′−t+1),ρ(i(N ′−t+1)),Lj(N ′−t+1),i(N ′−t+1)

)
,

using (B.4.10) in the second equality, as desired. From (B.4.9) we get

(−lN ′−1, lN ′ ) =
(
Lj(1),ρ(i(1)),−Lj ′(1),i′(1)

)
=

(
Lj(1),ρ(i(1)),Lj(1),i(1)

)
,
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and lastly for t ∈ [N ′ − 1]:

(−lN ′+t−1, lN ′+t) =
(
Lj ′(t),i′(t),−Lj ′(t+1),i′(t+1)

)
=

(
Lj ′(t),i′(t),Lj ′(t),ρ(i′(t))

)
,

using this time (B.4.11). Hence, (l0, l1, . . . , l2N ′−1) is contained in Φ . Now, if there
exists a t ∈ [2N ′ − 1] such that |lt | ∈ {|l0|, |l1|, . . . , |lt−1|}, then let N be the smallest
such t. Then (l0, l1, . . . , lN ) is clearly an L-cobra contained in Φ as desired. If not,
then the variables |l0|, |l1|, . . . , |l2N ′−1| are pairwise distinct, and we take N B 2N ′

and define finally
lN B Lj ′(N ′),ρ(i′(N ′)).

It follows immediately from (B.4.11) that −lN ∈ L(0) = L, so of course |lN | ∈ Labs,
and the sequence (l0, l1, . . . , lN ) is thus an L-cobra. It is also contained in Φ since

(−lN−1, lN ) =
(
Lj ′(N ′),i′(N ′),Lj ′(N ′),ρ(i′(N ′))

)
.

This concludes the case where Φ (N ′)
1 < SAT.

Assume now instead that M(N ′)
0 > 0. That is, there exists a clause Cj that at

“timepoint” N ′ − 1 is still a 2-clause, but when fixing the variables dictated by
L(N ′−1), it becomes a 0-clause. More precisely, there exists a j ∈ [m] such that

−Lj,1,−Lj,2 ∈ L(N
′−1).

Taking j(1) B j ′(1) B j and i(1) B 1, i′(1) B 2, this is the second state-
ment in (B.4.9), so again we can find j(2), j ′(2), . . . , j(N ′), j ′(N ′) ∈ [m] and
i(2), i′(2), . . . , i(N ′), i′(N ′) ∈ [2] such that (B.4.10) and (B.4.11) hold. We then define
for t ∈ {0,1, . . . ,N ′ − 1}:

lt B −Lj(N ′−t),ρ(i(N ′−t)), and lN ′+t B Lj ′(t+1),ρ(i′(t+1)),

where we see that the first of the two definitions coincides with what we had in
the case Φ (N ′)

1 < SAT, so we need only verify that

(−lN ′−1, lN ′ ) =
(
Lj(1),ρ(i(1)),Lj ′(1),ρ(i′(1))

)
= (Lj,2,Lj,1),

and, using (B.4.11),

(−lN ′+t−1, lN ′+t) =
(
−Lj ′(t),ρ(i′(t)),Lj ′(t+1),ρ(i′(t+1))

)
=

(
Lj ′(t+1),i′(t+1),Lj ′(t+1),ρ(i′(t+1))

)
,

for all t ∈ [N ′ − 1], so that (l0, l1, . . . , l2N ′−1) is indeed contained in Φ . As be-
fore we also have |l0| ∈ Labs, so if there exists a t ∈ [2N ′ − 1] such that |lt | ∈
{|l0|, |l1|, . . . , |lt−1|}, then we take N to be the smallest such t, and (l0, l1, . . . , lN ) is
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an L-cobra contained in Φ . If there does not exist such a t, then (l0, l1, . . . , l2N ′−1)
does the trick; indeed, we are only missing a verification of (c3), but

−l2N ′−1 = −Lj ′(N ′),ρ(i′(N ′)) ∈ L(0) = L

by (B.4.11), so indeed |l2N ′−1| ∈ Labs as required.
Now let CN denote the set of L-cobras of size N for each N ∈N, and put

Z B
∑
N∈N

∑
l∈CN

1{Φ contains l},

i.e. Z is the number of L-cobras contained in Φ . We have just shown that F ⊆
{Z > 0}, so if we can only show that E[Z]→ 0 as n→∞, then the first moment
method (Markov’s inequality) asserts that

P(F) ≤ P(Z > 0) ≤ E[Z] −→ 0 as n→∞,

thus finishing the proof of Lemma B.13. To calculate the large n limit of E[Z], we
first give an upper bound on |CN |, i.e. the number of L-cobras of sizeN . Since L is
consistent, |Labs| = |L| = f , and so there are f possible choices for |l0| by (c2), and
taking the sign into consideration gives 2f possible choices for l0. Then each of
l1, l2, . . . , lN−1 can be chosen freely as long as |l0|, |l1|, . . . , |lN−1| are pairwise distinct
by (c1), so choosing them one after the other gives 2(n − t) choices for lt , where
t ∈ [N − 1]. Finally, |lN | must be chosen from Labs ∪ {|l0|, |l1|, . . . , |lN−1|} by (c3), so
this gives at the most 2(f +N ) possible choices for lN . All in all, we have

|CN | ≤ 2N+1f (n−1)(n−2) . . . (n−(N −1))(f +N ) ≤ 2N+1nN−1f (f +N ). (B.4.12)

Now, given some l ∈ CN , what is the probability that Φ contains l? Notice that
the sets

{−l0, l1}, {−l1, l2}, . . . , {−lN−1, lN }

are pairwise different by property (c1), and again by (c1), each of the sets contain
exactly two elements (literals), except for possibly the last set {−lN−1, lN }, where
we might have −lN−1 = lN . For any l, l′ ∈ ±[n] and j ∈ [m] we have

P

(
{Lj,1,Lj,2} = {l, l′}

)
=

2/(2n)2 = 1/(2n2), if l , l′ ,
1/(2n)2 = 1/(4n2), if l = l′ ,

but in all cases P
(
{Lj,1,Lj,2} = {l, l′}

)
≤ 1/(2n2). Next we note that, for pairwise

different j1, j2, . . . , jN ∈ [m],

P

(
{Ljt ,1,Ljt ,2} = {−lt−1, lt} for all t ∈ [N ]

)
=

∏
t∈[N ]

P

(
{Ljt ,1,Ljt ,2} = {−lt−1, lt}

)
≤ 1

(2n2)N
,
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and since there are
(m
N

)
choices for j1, j2, . . . , jN and N ! ways to arrange these, we

get the following bound for the probability that Φ contains l:

P(Φ contains l) ≤
(
m
N

)
N !

2Nn2N
. (B.4.13)

Putting (B.4.12) and (B.4.13) together yields

E[Z] =
∑
N∈N

∑
l∈CN

P(Φ contains l)

≤
∑
N∈N

m!2f (f +N )
(m−N )!nN+1

≤
f
√
n

∑
N∈N

2
(
m
n

)N
f +N
√
n
.

We now choose ϵ > 0 small enough that α +ϵ < 1, and sincem/n→ α as n→∞,
we get for large enough n that m/n ≤ α + ϵ. On the other hand, f /

√
n → 0 as

n→∞, so for n large enough we have f /
√
n ≤ 1 ≤N for all N ∈N, so∑

N∈N
2
(
m
n

)N
f +N
√
n
≤

∑
N∈N

4(α + ϵ)NN C κ <∞,

where the first inequality holds when n is large enough, and κ is a fixed number
that does not depend on n, and thus

E[Z] ≤
f
√
n
κ −→ 0 as n→∞,

which was the final thing missing.

We now have all necessary results in place and are thus equipped to prove
Theorem B.2. We prove initially the case k = 2 when α > 0, which is the most
difficult part of the theorem. We proceed by showing that the claimed limit is both
an asymptotic upper- and lower bound on the quantity under consideration.

B.4.3 Lower bound

We now begin our proof of Theorem B.2 in the case k = 2 when α > 0. Thus, Φ is
a random 2-CNF formula with n variables andm ∼ αn clauses for α ∈ (0,1). Also,
L ⊆ ±[n] has |L| = f = f (n), where f /

√
n→ β, β ∈ [0,∞]. The goal is to compute

limn→∞P(ΦL ∈ SAT). In this section, we give a proof of the lower bound

liminf
n→∞

P(ΦL ∈ SAT) ≥ exp
(
−β2α

4(1−α)

)
.



76 Article B · On the regularity of random 2-SAT and 3-SAT

In the case that β =∞, the lower bound liminfn→∞P(ΦL ∈ SAT) ≥ 0 is trivial,
so assume without loss of generality that β <∞. The case β = 0 is Lemma B.13,
so assume also that β > 0. We will prove that

liminf
n→∞

P(ΦL ∈ SAT) ≥ exp
(
−β2(1 + ϵ)α

4[1− (1 + ϵ)α]

)

for all ϵ > 0 small enough so that (1 + ϵ)α < 1. Taking ϵ→ 0 will then yield the
correct lower bound. Thus, let ϵ > 0 be such that (1 + ϵ)α < 1, and define for
convenience αϵ B (1 + ϵ)α.

Let C1, . . . ,Cm be the random 2-clauses defining Φ . By Lemma B.8 we may as-
sume without loss of generality that L = [n]\[n−f ]. Let as before K B {0,1,2,⋆},
and let for each h ∈ K C(1)h andM(1)

h denote the set Ch and variableMh, respectively,
from (B.3.6). Put C B (C(1)h )h∈K . Let further Φ1 and Φ2 be the random functions
defined in (B.3.7), i.e.

Φh B min
j∈C(1)h

(Cj )L, (h = 1,2).

Define finally

n(1) B n− f , f (1) B
⌊
αϵf +αϵn

3/8
⌋
, L(1) B [n(1)] \ [n(1) − f (1)],

(and note that all of n(1), f (1), and L(1) depend on n), and letΦ (1)
1 denote a random

1-CNF formulawith f (1) clauses and n(1) variables, and letΦ (1)
2 denote a random 2-

CNF formula withm clauses and n(1) variables. The exponent 3/8 in the definition
of f (1) could be any number strictly between 1/4 and 1/2, as the proof will show.
With all this in place, we get from (B.3.8) that

P(ΦL ∈ SAT) = P

(
M

(1)
0 = 0, Φ1 ∈ SAT, (Φ2)Φ1

∈ SAT
)

≥ P

(
M

(1)
0 = 0, M(1)

1 ≤ f
(1), Φ1 ∈ SAT, (Φ2)Φ1

∈ SAT
)

= E

[
P

(
Φ1 ∈ SAT, (Φ2)Φ1

∈ SAT
∣∣∣ C)1{M(1)

0 =0, M(1)
1 ≤f (1)}

]
.

By Lemma B.10 Φ1, and Φ2 are independent random 1- and 2-CNF formulas with
M

(1)
1 , and M(1)

2 clauses, respectively, and n(1) variables under P(·|C). Hence, let-
ting B denote the set of all satisfiable 1-CNF formulas withM(1)

1 clauses and n(1)
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variables, we get, on the event {M(1)
1 ≤ f (1)}, that

P

(
Φ1 ∈ SAT, (Φ2)Φ1

∈ SAT
∣∣∣ C)

=
∑
ϕ∈B

P

(
Φ1 = ϕ, (Φ2)ϕ ∈ SAT

∣∣∣ C)
=
∑
ϕ∈B

P

(
Φ1 = ϕ

∣∣∣ C)P(
(Φ2)ϕ ∈ SAT

∣∣∣ C)
≥P

(
Φ1 ∈ SAT

∣∣∣ C)P(
(Φ2)L(1) ∈ SAT

∣∣∣ C)
≥P

(
Φ

(1)
1 ∈ SAT

)
P

(
(Φ (1)

2 )L(1) ∈ SAT
)
,

(B.4.14)

where in the first inequality we have used Lemma B.8(ii) (since |L(1)| = f (1) ≥
M

(1)
1 ), and in the final inequality we used Lemma B.9 with the fact that Φ (1)

1 has
more clauses than Φ1 and Φ

(1)
2 has more clauses than Φ2. Using this, we get

E

[
P

(
Φ1 ∈ SAT, (Φ2)Φ1

∈ SAT
∣∣∣ C)1{M(1)

0 =0 M(1)
1 ≤f (1)}

]
≥P

(
Φ

(1)
1 ∈ SAT

)
P

(
(Φ (1)

2 )L(1) ∈ SAT
)
P

(
M

(1)
1 ≤ f

(1), M
(1)
0 = 0

)
=P

(
Φ

(1)
1 ∈ SAT

)
P

(
(Φ (1)

2 )L(1) ∈ SAT
)
P

(
M

(1)
0 = 0

)
P

(
M

(1)
1 ≤ f

(1)
∣∣∣M(1)

0 = 0
)
.

All together we conclude that

P(ΦL ∈ SAT)

≥P
(
Φ

(1)
1 ∈ SAT

)
P

(
(Φ (1)

2 )L(1) ∈ SAT
)
P

(
M

(1)
0 = 0

)
P

(
M

(1)
1 ≤ f

(1)
∣∣∣M(1)

0 = 0
)
.

(B.4.15)
Notice now that we are in the same situation with (Φ (1)

2 )L(1) as we were with ΦL,
so we can repeat the above procedure. Put

RB
⌊
c log(n)

⌋
, where cB

1
16log(1/αϵ)

> 0.

and define for all r ∈ [R] (where we take f (0) B f ):

n(r) B n(r−1) − f (r−1), f (r) B
⌊
αrϵf + rα

r
ϵn

3/8
⌋
, L(r) B [n(r)] \ [n(r) − f (r)],

and let C(r)h , and M(r)
h denote the set Ch and variable Mh from (B.3.6) with Φ

(r−1)
2

in place of Φ and L(r−1) in place of L for each h ∈ K , and denote finally by Φ
(r)
1 a

random 1-CNF formula with f (r) clauses and n(r) variables, and by Φ
(r)
2 a random

2-CNF formula with m clauses and n(r) variables. Redoing the argument above,
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we get for each r ∈ [R] the following:

P

(
(Φ (r−1)

2 )L(r−1) ∈ SAT
)

≥P
(
Φ

(r)
1 ∈ SAT

)
P

(
(Φ (r)

2 )L(r) ∈ SAT
)
P

(
M

(r)
0 = 0

)
P

(
M

(r)
1 ≤ f

(r)
∣∣∣M(r)

0 = 0
)
,

and by successively applying this inequality R times we obtain:

P(ΦL ∈ SAT) ≥P
(
(Φ (R)

2 )L(R) ∈ SAT
) R∏
r=1

P

(
Φ

(r)
1 ∈ SAT

)
×

×
R∏
r=1

P

(
M

(r)
0 = 0

) R∏
r=1

P

(
M

(r)
1 ≤ f

(r)
∣∣∣M(r)

0 = 0
)
.

(B.4.16)

Hence, the stipulated asymptotic lower bound will follow if we establish the fol-
lowing points:

(L1) limn→∞P

(
(Φ (R)

2 )L(R) ∈ SAT
)
= 1,

(L2) limn→∞
∏R
r=1P

(
Φ

(r)
1 ∈ SAT

)
= exp

(
−β2
4

∑∞
r=1α

2r
ϵ

)
,

(L3) limn→∞
∏R
r=1P

(
M

(r)
0 = 0

)
≥ exp

(
−β2
4

∑∞
r=1α

2r−1
ϵ

)
,

(L4) limn→∞
∏R
r=1P

(
M

(r)
1 ≤ f (r)

∣∣∣M(r)
0 = 0

)
= 1.

It will be useful to note that, according to Lemma B.10, it holds for each n ∈N and
r ∈ [R] that(

M
(r)
0 ,M

(r)
1 ,M

(r)
2 ,M

(r)
⋆

)
∼Multinomial

(
m, (p(r)0 ,p

(r)
1 ,p

(r)
2 ,p

(r)
⋆ )

)
, (B.4.17)

where

p
(r)
0 =

f (r−1)(f (r−1) − 1)
4n(r−1)(n(r−1) − 1)

, p
(r)
1 B

f (r−1)n(r)

n(r−1)(n(r−1) − 1)
, p

(r)
2 B

n(r)(n(r) − 1)
n(r−1)(n(r−1) − 1)

,

and lastly p(r)⋆ = 1− p(r)0 − p
(r)
1 − p

(r)
2 . It will further be useful to note that, for any

fixed r ∈ [R],

lim
n→∞

f (r)
√
n

= αrϵβ. (B.4.18)

Putting then S B supn∈N(n3/8/f ) <∞, we get the upper bound

f (r) ≤ αrϵf + rαrϵn3/8 ≤ αrϵf + Srαrϵf = (1+ Sr)αrϵf (B.4.19)
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for all r ∈ [R]. This yields further the following bound:

∞∑
h=0

f (h) ≤
[ ∞∑
h=0

αhϵ + S
∞∑
h=0

hαhϵ

]
f = Cf , (B.4.20)

where C = (1 + (S − 1)αϵ)/(1 − αϵ)2 < ∞. We get from the definition of n(r)
and (B.4.20) that

n−Cf ≤ n(r) ≤ n (B.4.21)

for all r ∈ [R] and n ∈N, yielding in particular (noticing that also R depends on n)

lim
n→∞

n(r)

n
= 1, and lim

n→∞
n(R)

n
= 1. (B.4.22)

Since c log(n) ≤ R + 1, αϵ < 1 and c = 1/(16log(1/αϵ)), we get the following
bounds on αRϵ :

1
n1/16

= αc log(n)ϵ ≤ αRϵ ≤ α
c log(n)−1
ϵ =

1
αϵn1/16

. (B.4.23)

Using the lower bound, we find for r ∈ [R] that rαrϵn3/8 ≥ αRϵ n3/8 ≥ n5/16 ≥ 1, so

f (r) =
⌊
αrϵf + rα

r
ϵn

3/8
⌋
≥ αrϵf ≥ αRϵ f ≥

f

n1/16
(B.4.24)

for all r ∈ [R] and n ∈N.
Using now the upper bound on αR(n)ϵ from (B.4.23), we conclude using ini-

tially (B.4.19) that

f (R) ≤ (1 + SR)αRϵ f ≤
1+ Sc log(n)

n1/16
·
f

αϵ
,

so that f (R)/
√
n→ 0. Hence, since |L(R)| = f (R) and since Φ (R)

2 is a random 2-CNF
formula with m clauses and n(R) variables, where we have seen that n(R)/n→ 1,
we see that (L1) follows from Lemma B.13.

We now establish (L2). SinceΦ (r)
1 is a random 1-CNF formula with f (r) clauses

and n(r) variables for every r ∈ [R], Lemma B.12 together with (B.4.18) and (B.4.22)
shows that

lim
n→∞

P

(
Φ

(r)
1 ∈ SAT

)
= e−

1
4β

2α2r
ϵ .

Taking the logarithm, we want to conclude that

lim
n→∞

∞∑
r=1

logP
(
Φ

(r)
1 ∈ SAT

)
1[R](r) = −

1
4
β2
∞∑
r=1

α2r
ϵ ,



80 Article B · On the regularity of random 2-SAT and 3-SAT

which we will do by arguing that dominated convergence applies. This requires a
uniform (over large enough n) summable (in r) lower bound on logP(Φ (r)

1 ∈ SAT).
It follows from (B.4.4) in the proof of Lemma B.12 that

P

(
Φ

(r)
1 ∈ SAT

)
≥
⌊f (r)/2⌋∑
h=0

(
n(r) − h
f (r) − 2h

)(
n(r)

h

)
f (r)!

4h(n(r))f (r)

≥
(
n(r)

f (r)

)
f (r)!

(n(r))f (r)
=
f (r)−1∏
h=0

n(r) − h
n(r)

,

where we in the second inequality simply remove all but the first term. Now, from
the classical inequality log(t) ≤ t −1 for all t > 0, we multiply by −1 and evaluate
at t = 1/(1− s), yielding

log(1− s) ≥ s
s − 1

for all s < 1. (B.4.25)

Using this and our inequalities above, we get

logP
(
Φ

(r)
1 ∈ SAT

)
≥
f (r)−1∑
h=0

log
(
1− h

n(r)

)
≥
f (r)−1∑
h=0

h

h−n(r)

≥ 1
f (r) −n(r)

f (r)−1∑
h=0

h =
(f (r) − 1)f (r)

2(f (r) −n(r))
≥
−(f (r))2

2n(r+1)
,

where we have used n(r) − f (r) = n(r+1). From here we apply (B.4.19) and (B.4.21)
to get

(f (r))2

2n(r+1)
≤ (1 + Sr)2α2r

ϵ
f 2

2(n−Cf )
.

Now, since
f 2

2(n−Cf )
=
1
2

(
f
√
n

)2(
n

n−Cf

)
−→

β2

2

as n→∞, we conclude that, when n is large enough, it holds for all r ∈ [R] that

logP
(
Φ

(r)
1 ∈ SAT

)
≥ −β2(1 + Sr)2α2r

ϵ ,

and of course (1 + Sr)2αrϵ→ 0 as r→∞, so S ′ B supr∈N(1 + Sr)2αrϵ <∞, thus

∞∑
r=1

(1 + Sr)2α2r
ϵ ≤ S ′

∞∑
r=1

αrϵ = S
′ αϵ
1−αϵ

<∞, (B.4.26)
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as required.
We now establish (L3). From (B.4.17) it follows thatM(r)

0 ∼ Binomial(m,p(r)0 )
for all r ∈ [R]. Writing

P

(
M

(r)
0 = 0

)
=
(
1− p(r)0

)m
=

((
1−

(
f (r−1)(f (r−1) − 1)

n

)(
n2

n(r−1)(n(r−1) − 1)

)
1
4n

)n)m/n
,

we find, using (B.4.18), (B.4.22), andm/n→ α, that P(M(r)
0 = 0)→ e−

1
4β

2α
2(r−1)
ϵ α as

n→∞. Taking the logarithm, we want to conclude that

lim
n→∞

∞∑
r=1

logP
(
M

(r)
0 = 0

)
1[R](r) = −

1
4
β2α

∞∑
r=1

α
2(r−1)
ϵ ≥ −1

4
β2
∞∑
r=1

α2r−1
ϵ ,

where the inequality follows from α ≤ (1 + ϵ)α = αϵ, and the equality will again
follow from an application of dominated convergence, once we give a uniform
(over large enough n) summable (in r) lower bound on the terms logP(M(r)

0 = 0).
Notice first of all that, using (B.4.20) and (B.4.21),

p
(r)
0 ≤

C2

4

(
f
√
n

)2(
n

n−Cf − 1

)2 1
n
−→ 0 as n→∞,

where the convergence is uniform in r (since the upper bound does not depend
on r). Thus, when n is large enough, p(r)0 ≤ 1/2 for all r ∈ [R]. Next, using
now (B.4.19) and (B.4.21), we find that

mp
(r)
0 ≤

(1 + Sr)2α2r
ϵ

4

(
f
√
n

)2(
n

n−Cf − 1

)2
m
n
,

where of course

lim
n→∞

(
f
√
n

)2(
n

n−Cf − 1

)2
m
n

= β2α ≤ β2αϵ,

so it follows that when n is large enough, it holds for all r ∈ [R] that

mp
(r)
0 ≤

1
2β

2(1 + Sr)2α2r−1
ϵ . (B.4.27)

Thus, when n is large enough to satisfy both (B.4.27) and p(r)0 ≤
1
2 for all r ∈ [R],

we get by using (B.4.25) that

logP
(
M

(r)
0 = 0

)
=m log

(
1− p(r)0

)
≥
mp

(r)
0

p
(r)
0 − 1

≥ −β2(1 + Sr)2α2r−1
ϵ
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holds for all r ∈ [R], where we used p(r)0 ≤
1
2 in the denominator and (B.4.27) in the

numerator, and (B.4.26) shows that this lower bound is summable, proving (L3).
We now establish (L4). Here we will not be able to apply dominated conver-

gence, and it is for this reason that we stop the “splitting” process in (B.4.16) after
R steps/rounds. If we were able to establish (L4) with (symbolically) R =∞, then
we could have completely bypassed a verification of (L1) and thus the need for
Lemma B.13. But alas, we proceed without the comfort of dominated convergence
and with the need for a verification of (L1) and Lemma B.13. Also, points (L1)
through (L3) could all have been verified with α in place of αϵ, and it is only for
this point (L4) that we need the “ϵ-breathing room” thatαϵ provides us over amore
direct calculation using α. Finally, it is at this point that we need the exponent 3/8
in the definition of f (r) to be greater than 1/4, and actually the precise definition
of f (r) comes into play, where only the first order asymptotics of f (r) mattered for
the other points. Thus, point (L4) is by far the most delicate out of the four.

First of all, if we define

ξ Bmax
r∈[R]

P

(
M

(r)
1 > f (r)

∣∣∣M(r)
0 = 0

)
,

then taking the logarithm gives
R∑
r=1

logP
(
M

(r)
1 ≤ f

(r)
∣∣∣M(r)

0 = 0
)
≥ Rmin

r∈[R]
logP

(
M

(r)
1 ≤ f

(r)
∣∣∣M(r)

0 = 0
)

= R log(1− ξ) ≥ R ξ
ξ − 1

≥
c log(n)ξ
ξ − 1

,

where we in the second to last inequality use (B.4.25). Hence, if we can show that
log(n)ξ→ 0 as n→∞, then certainly ξ→ 0 as well, and thus

lim
n→∞

c log(n)ξ
ξ − 1

= 0,

from which (L4) follows. Now, from (B.4.17) we get from known results that in the
conditional distribution givenM(r)

0 = 0,M(r)
1 follows a Binomial distribution with

parameters m and

p
(r)
1|0 B

p
(r)
1

1− p(r)0

=
f (r−1)n(r)

n(r−1)(n(r−1) − 1)− 1
4f

(r−1)(f (r−1) − 1)
.

Now consider for a moment the expression

mn(r)

n(r−1)(n(r−1) − 1)− 1
4f

(r−1)(f (r−1) − 1)

≤ mn

(n−Cf − 1)2 − 1
4 (Cf )

2
−→ α as n→∞,

(B.4.28)
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where we have used (B.4.20) and (B.4.21), and the convergence is uniform in r .
Letting then N (r) ∼ Binomial(m,p(r)1|0) under P, we see that

E[N (r)] =mp(r)1|0 = f
(r−1) mn(r)

n(r−1)(n(r−1) − 1)− 1
4f

(r−1)(f (r−1) − 1)
≤ (1 + ϵ)αf (r−1) = αϵf

(r−1),

(B.4.29)

where the last inequality holds for large enough n independent of r thanks
to (B.4.28). Furthermore, since f (r−1) = ⌊αr−1ϵ f + (r − 1)αr−1ϵ n3/8⌋, we get

αϵf
(r−1) ≤ αrϵf + rαrϵn3/8 −αrϵn3/8,

giving all together
αrϵf + rα

r
ϵn

3/8 ≥ E[N (r)] +αrϵn
3/8, (B.4.30)

uniformly in r for large enough n. Now,

P

(
M

(r)
1 > f (r)

∣∣∣M(r)
0 = 0

)
= P

(
N (r) > f (r)

)
,

and since N (r) takes only integer values, rounding down makes no difference, i.e.

P

(
N (r) > f (r)

)
= P

(
N (r) > αrϵf + rα

r
ϵn

3/8
)
≤ P

(
N (r) > E[N (r)] +αrϵn

3/8
)
,

where we in the inequality have used (B.4.30), so it holds uniformly in r for large
enough n. We will now apply Chernoff’s bound:

P

(
N > E[N ] + δE[N ]

)
≤ e−

1
3δ

2
E[N ], (B.4.31)

when N is binomially distributed and 0 < δ < 1. Taking in our case N =N (r) and

δ =
αrϵn

3/8

E[N (r)]
,

we find that, as long as r ∈ [R], (B.4.21) and (B.4.24) give us

E[N (r)] = f (r−1)
mn(r)

n(r−1)(n(r−1) − 1)− 1
4f

(r−1)(f (r−1) − 1)
≥

f

n1/16
·
m(n−Cf )

n2
,

so using (B.4.23) in addition to the above we get for all r ∈ [R]:

δ =
αrϵn

3/8

E[N (r)]
≤ 1
n1/16

·
√
n
f
· n
m
· n
n−Cf

−→ 0 as n→∞,
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so naturally δ < 1 for all r ∈ [R] for large enough n. Hence, Chernoff’s bound
yields

P

(
N (r) > E[N (r)] +αrϵn

3/8
)
≤ exp

(
−α2r

ϵ n
3/4

3E[N (r)]

)
for all r ∈ [R] when n is large enough. We saw in (B.4.29) that E[N (r)] ≤ f (r−1)
for all r ∈ [R] when n is large enough, and f (r−1) ≤ Cf for all r ∈ [R], n ∈ N

by (B.4.20). On the other hand, α2r
ϵ ≥ α2R

ϵ ≥ n−1/8 for all r ∈ [R] and n ∈ N

by (B.4.23), so taken all together we get when n is large enough:

ξ =max
r∈[R]

P

(
N (r) > f (r)

)
≤max
r∈[R]

exp
(
−α2r

ϵ n
3/4

3E[N (r)]

)
≤ exp

(
−n5/8

3Cf

)
,

and of course n5/8/(3Cf ) is asymptotic to n1/8/(3Cβ) as n→∞, readily yielding
log(n)ξ → 0, completing the proof of (L4) and thus the entire proof of the lower
bound.

B.4.4 Upper bound

We now give a proof of the upper bound

limsup
n→∞

P(ΦL ∈ SAT) ≤ exp
(
−

β2α

4(1−α)

)
.

Taken together with the lower bound, this will complete the proof of the case k = 2
in Theorem B.2 when α > 0. We are still assuming that Φ is a random 2-CNF
formula with m =m(n) clauses and n variables, where n→∞ and m/n→ α, and
that |L| = f = f (n), where f /

√
n→ β. A priori we have α ∈ (0,1) and β ∈ [0,∞],

but the case β = 0 is trivial, so we assume without loss of generality that β > 0. We
will also assume that β <∞, since the case β =∞ follows. Indeed, let for a given
T > 0 Ψ denote a random 2-CNF formula with n variables and ⌊T

√
n⌋ clauses.

Then f ≥ ⌊T
√
n⌋ for large enough n if β =∞, so by Lemma B.9 we get

limsup
n→∞

P(ΦL ∈ SAT) ≤ limsup
n→∞

P(ΨL ∈ SAT) ≤ exp
(
− T 2α
4(1−α)

)
.

Letting T →∞ gives the desired result. Hence, assume β ∈ (0,∞).
The method for proving the upper bound will be similar to the one for the

lower bound. We “reset” the notation from the lower bound and begin anew. Let
ϵ ∈ (0,1) be given. We prove the bound

limsup
n→∞

P(ΦL ∈ SAT) ≤ exp
(
−β2(1− ϵ)α

4[1− (1− ϵ)α]

)
,

from which the desired bound follows by taking ϵ→ 0. Put αϵ B (1− ϵ)α.
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As in the lower bound we assume without loss of generality that L = [n] \
[n − f ] by Lemma B.8. Let K = {0,1,2,⋆}, and decompose ΦL into Φ1 and Φ2

with corresponding random sets C = (C(1)h )h∈K and random variables (M(1)
h )h∈K

according to (B.3.6). Define

n(1) B n− f , f (1) B
⌊
αϵf −αϵn3/8

⌋
, wB

⌊
n1/4

⌋
,

m(1) B
⌈
m− 3α

(
f +n3/8

)⌉
, L(1) B [n(1)] \ [n(1) − (f (1) −w)],

where ⌈·⌉ denotes the ceiling function (rounding up), and letΦ (1)
1 denote a random

1-CNF formula with f (1) clauses and n(1) variables, and let L(1)1 denote the set
of f (1) random literals defining Φ

(1)
1 , and let finally Φ

(1)
2 denote a random 2-CNF

formula with m(1) clauses and n(1) variables.
We get from (B.3.8) that

P(ΦL ∈ SAT) = P

(
M

(1)
0 = 0, Φ1 ∈ SAT, (Φ2)Φ1

∈ SAT
)

≤ P

(
M

(1)
0 = 0, M(1)

1 ≥ f
(1), M

(1)
2 ≥m

(1), Φ1 ∈ SAT, (Φ2)Φ1
∈ SAT

)
+P

(
M

(1)
1 < f (1)

)
+P

(
M

(1)
2 < m(1)

)
.

And

P

(
M

(1)
0 = 0, M(1)

1 ≥ f
(1), M

(1)
2 ≥m

(1), Φ1 ∈ SAT, (Φ2)Φ1
∈ SAT

)
=E

[
P

(
Φ1 ∈ SAT, (Φ2)Φ1

∈ SAT
∣∣∣ C)1{M(1)

0 =0, M(1)
1 ≥f (1), M

(1)
2 ≥m(1)}

]
.

When we in the following considerP(·|C)we will assume that we are on the event
{M(1)

0 = 0, M(1)
1 ≥ f (1), M

(1)
2 ≥ m(1)}. Note that under P(·|C) we have that Φ1

is a random 1-CNF formula with m − f variables and M(1)
1 clauses, while Φ2 is

a random 2-CNF formula with n − f variables and M(1)
2 clauses. Also, the two

random formulas are (conditionally) independent.
The next step of this argument is a bit more involved than in the lower bound,

since here, the number of distinct clauses in Φ1 might be lower thanM(1)
1 owing

to duplicates, and thus, Φ1 might fix fewer than M(1)
1 variables in Φ2. This was

of course also the case in the lower bound, but fixing the maximum number of
variables only reduced the probability of satisfiability even further; here, we must
deal with this issue properly. Let L1 denote the set of random literals defining Φ1,
i.e. Φ1 = min(L1). Notice firstly that, as M(1)

1 ≥ f (1), then Φ1 has more clauses
than Φ

(1)
1 , and hence

P

(
|L1| < f (1) −w

∣∣∣ C) ≤ P

(
|L(1)1 | < f

(1) −w
)
.
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Using this, we have that

P

(
Φ1 ∈ SAT, (Φ2)Φ1

∈ SAT
∣∣∣ C)

≤ P

(
Φ1 ∈ SAT, (Φ2)Φ1

∈ SAT, |L1| ≥ f (1) −w
∣∣∣ C)+P

(
|L(1)1 | < f

(1) −w
)
.

Letting B denote the set of all satisfiable 1-CNF formulas with at least f (1) − w
(distinct) clauses and n(1) variables, we find that

P

(
Φ1 ∈ SAT, (Φ2)Φ1

∈ SAT, |L1| ≥ f (1) −w
∣∣∣ C)

=
∑
ϕ∈B

P

(
Φ1 = ϕ, (Φ2)ϕ ∈ SAT

∣∣∣ C)
=
∑
ϕ∈B

P

(
Φ1 = ϕ

∣∣∣ C)P(
(Φ2)ϕ ∈ SAT

∣∣∣ C)
≤P

(
Φ1 ∈ SAT, |L1| ≥ f (1) −w

∣∣∣ C)P(
(Φ2)L(1) ∈ SAT

∣∣∣C)
≤P

(
Φ1 ∈ SAT

∣∣∣ C)P(
(Φ2)L(1) ∈ SAT

∣∣∣ C)
≤P

(
Φ

(1)
1 ∈ SAT

)
P

(
(Φ (1)

2 )L(1) ∈ SAT
)
,

where we in the first inequality use Lemma B.8 and in the final inequality use
Lemma B.9. This yields

P

(
Φ1 ∈ SAT, (Φ2)Φ1

∈ SAT
∣∣∣ C)

≤P
(
Φ

(1)
1 ∈ SAT

)
P

(
(Φ (1)

2 )L(1) ∈ SAT
)
+P

(
|L(1)1 | < f

(1) −w
)
,

and thus,

P

(
M

(1)
0 = 0, M(1)

1 ≥ f
(1), M

(1)
2 ≥m

(1), Φ1 ∈ SAT, (Φ2)Φ1
∈ SAT

)
≤ P

(
M

(1)
0 = 0, M(1)

1 ≥ f
(1), M

(1)
2 ≥m

(1)
)
×

×
[
P

(
Φ

(1)
1 ∈ SAT

)
P

(
(Φ (1)

2 )L(1) ∈ SAT
)
+P

(
|L(1)1 | < f

(1) −w
)]

≤ P

(
M

(1)
0 = 0

)
P

(
Φ

(1)
1 ∈ SAT

)
P

(
(Φ (1)

2 )L(1) ∈ SAT
)
+P

(
|L(1)1 | < f

(1) −w
)
.

All in all, we get

P(ΦL ∈ SAT) ≤ P

(
M

(1)
0 = 0

)
P

(
Φ

(1)
1 ∈ SAT

)
P

(
(Φ (1)

2 )L(1) ∈ SAT
)

+P

(
M

(1)
1 < f (1)

)
+P

(
M

(1)
2 < m(1)

)
+P

(
|L(1)1 | < f

(1) −w
)
.

We now repeat the procedure on (Φ (1)
2 )L(1) . Put again

RB
⌊
c log(n)

⌋
, where cB

1
16log(1/αϵ)

,
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and define for each r ∈ [R]:

n(r) B n− f −
r−1∑
h=1

(f (h) −w), f (r) B
⌊
αrϵf − rαrϵn3/8

⌋
,

m(r) B

⌈
m− 3

1− ϵ
(f +n3/8)

r∑
h=1

αhϵ

⌉
,

and finally L(r) B [n(r)] \ [n(r) − (f (r) −w)], and let C(r)h denote the random set Ch
and M(r)

h denote the random variable Mh from (B.3.6) with Φ
(r−1)
2 in place of Φ

and L(r−1) in place of L for each h ∈ K , and denote finally by Φ
(r)
1 a random 1-

CNF formula with f (r) clauses and n(r) variables, and by L(r)1 the set of random
literals definingΦ (r)

1 , and finally byΦ (r)
2 a random 2-CNF formula withm(r) clauses

and n(r) variables. Redoing the argument above R times, and finally bounding
P((Φ (R))L(R) ∈ SAT) ≤ 1, we get

P(ΦL ∈ SAT) ≤
R∏
r=1

P

(
M

(r)
0 = 0

) R∏
r=1

P

(
Φ

(r)
1 ∈ SAT

)
+

R∑
r=1

P

(
M

(r)
1 < f (r)

)
+

R∑
r=1

P

(
M

(r)
2 < m(r)

)
+

R∑
r=1

P

(
|L(r)1 | < f

(r) −w
)
.

The upper bound then follows after a verification of the following points:

(U1) limn→∞
∏R
r=1P

(
Φ

(r)
1 ∈ SAT

)
= exp

(
−β2
4

∑∞
r=1α

2r
ϵ

)
,

(U2) limn→∞
∏R
r=1P

(
M

(r)
0 = 0

)
≤ exp

(
−β2
4

∑∞
r=1α

2r−1
ϵ

)
,

(U3) limn→∞
∑R
r=1P

(
M

(r)
1 < f (r)

)
= 0,

(U4) limn→∞
∑R
r=1P

(
M

(r)
2 < m(r)

)
= 0,

(U5) limn→∞
∑R
r=1P

(
|L(r)1 | < f (r) −w

)
= 0.

We initially note that, by Lemma B.10,(
M

(r)
0 ,M

(r)
1 ,M

(r)
2 ,M

(r)
⋆

)
∼Multinomial

(
m(r−1), (p(r)0 ,p

(r)
1 ,p

(r)
2 ,p

(r)
⋆ )

)
, (B.4.32)
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where we now have for r ≥ 2

p
(r)
0 =

(f (r−1) −w)(f (r−1) −w − 1)
4n(r−1)(n(r−1) − 1)

, p
(r)
1 =

(f (r−1) −w)n(r)

n(r−1)(n(r−1) − 1)
,

p
(r)
2 =

n(r)(n(r) − 1)
n(r−1)(n(r−1) − 1)

, p
(r)
⋆ = 1− p(r)0 − p

(r)
1 − p

(r)
2 .

The expressions for p(1)h , h ∈ {0,1,2,⋆}, are the same, except we do not subtract w
from f in this case.

We of course still have

lim
n→∞

f (r)
√
n

= αrϵβ (B.4.33)

for all r ∈ [R], so it follows immediately from Lemma B.11 that

R∑
r=1

P

(
|L(r)1 | < f

(r) −w
)
≤

R∑
r=1

4α2r
ϵ β

2

w
≤ 4β2

R
w
−→ 0 as n→∞,

proving (U5).
Putting C B 1/(1−αϵ) and C′ B 6C/(1− ϵ), we have

f +
r−1∑
h=1

(f (h) −w) ≤
r−1∑
h=0

f (h) ≤
r−1∑
h=0

αhϵf ≤ Cf (B.4.34)

for all r ∈ [R], and therefore n−Cf ≤ n(r) ≤ n. We also immediately findm(r) ≤m,
and f /n3/8→∞ as n→∞, so n3/8 ≤ f for large enough n, and after this point

3
1− ϵ

(
f +n3/8

) r∑
h=1

αhϵ ≤
3C
1− ϵ

(
f +n3/8

)
≤ C′f ,

yielding m(r) ≥m−C′f and hence

lim
n→∞

n(r)

n
= 1, and lim

n→∞
m(r)

n
= α (B.4.35)

for all r ∈ [R]. Of course, we still have

1
n1/16

≤ αRϵ ≤
1

αϵn1/16
(B.4.36)

by the same argument as in (B.4.23). Now, for a lower bound on f (r) we notice that
when r ∈ [R] we have rαrϵn3/8 ≤ Rαrϵn3/8, and

1
2α

r
ϵf

Rαrϵn3/8
=

f

2Rn3/8
−→∞ as n→∞,
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where the convergence is uniform in r , so we have rαrϵn3/8 ≤ 1
2α

r
ϵf − 1 for all

r ∈ [R] when n is large enough, and thus

f (r) =
⌊
αrϵf − rαrϵn3/8

⌋
≥
αrϵf

2
≥

f

2n1/16
(B.4.37)

for all r ∈ [R] when n is large enough, where the last inequality comes
from (B.4.36). Further, since f /n1/16 is asymptotic to βn7/16 as n → ∞, we see
that

w ≤ n1/4 ≤
f

4n1/16
≤
f (r)

2

for all r ∈ [R] when n is large enough, using in the end (B.4.37), and from these
inequalities follows

f (r) −w ≥ 1
2f

(r). (B.4.38)

For (U1) we see that, similarly to (L2), since Φ (r)
1 is a random 1-CNF formula

with f (r) clauses and n(r) variables, Lemma B.12 together with (B.4.33) and (B.4.35)
gives

lim
n→∞

P

(
Φ

(r)
1 ∈ SAT

)
= e−

1
4β

2α2r
ϵ

for all r ∈ [R], and to complete the proof of (U1) we need only give a uniform (in
large n) summable (in r) lower bound on logP(Φ (r)

1 ∈ SAT) to be able to apply
dominated convergence. By the exact same argument as in the proof of (L2) we
get

logP
(
Φ

(r)
1 ∈ SAT

)
≥
−(f (r))2

2n(r+1)
,

and we also have

lim
n→∞

f 2

2(n−Cf )
=
β2

2
,

so using f (r) ≤ αrϵf and n(r+1) ≥ n−Cf , we conclude that

−(f (r))2

2n(r+1)
≥ α2r

ϵ
−f 2

2(n−Cf )
≥ −α2r

ϵ β
2,

where the last inequality holds for large enough n independent of r .
Now for (U2) we get from (B.4.32) thatM(r)

0 ∼ Binomial(m(r−1),p
(r)
0 ), so simi-

larly to the argument in the proof of (L3):

P

(
M

(r)
0 = 0

)
=

(
1− p(r)0

)m(r−1)

−→ e−
1
4β

2α
2(r−1)
ϵ α ≤ e−

1
4β

2α2r−1
ϵ
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for all r ∈ [R], and to complete the proof of (U2) we need only give a uniform (in
large n) summable (in r) lower bound on logP(M(r)

0 = 0). To this end, we again
notice that

p
(r)
0 ≤

f 2

4(n−Cf − 1)2
−→ 0

uniformly in r , so p(r)0 ≤
1
2 for all r ∈ [R] when n is large enough, and

m(r−1)p
(r)
0 ≤ α

2(r−1)
ϵ

mf 2

4(n−Cf − 1)2
−→ 1

4
α
2(r−1)
ϵ αβ2 ≤ 1

4
α2r−1
ϵ β2,

so m(r−1)p
(r)
0 ≤

1
2α

2r−1
ϵ β2 for all r ∈ [R] when n is large enough, and hence we

conclude using (B.4.25) that

logP
(
M

(r)
0 = 0

)
=m(r−1) log

(
1− p(r)0

)
≥
m(r−1)p

(r)
0

p
(r)
0 − 1

≥ −α2r−1
ϵ β2

for all r ∈ [R] when n is large enough.
Now for (U3). We get from (B.4.32) that M(r)

1 ∼ Binomial(m(r−1),p
(r)
1 ), so we

see that

E[M(r)
1 ] =


m(r−1)(f (r−1) −w)n(r)

n(r−1)(n(r−1) − 1)
, if r ≥ 2,

mf n(1)

n(n− 1)
, if r = 1,

and
m(r−1)n(r)

n(r−1)(n(r−1) − 1)
≥

(m−C′f )(n−Cf )
n2

−→ α,

som(r−1)n(r)/n(r−1)(n(r−1) −1) ≥ αϵ for all r ∈ [R] when n is large enough. Hence,
since

f (r−1) −w =
⌊
αr−1ϵ f − (r − 1)αr−1ϵ n3/8

⌋
−
⌊
n1/4

⌋
≥ αr−1ϵ f − (r − 1)αr−1ϵ n3/8 − 2n1/4,

and of course f ≥ f − 2n1/4 for the case r = 1, we get

E[M(r)
1 ] ≥ αrϵf − rαrϵn3/8 +αrϵn3/8 − 2αϵn1/4

for all r ∈ [R] when n is large enough, which is the same as the second inequality
in

f (r) ≤ αrϵf − rαrϵn3/8 ≤ E[M(r)
1 ]−αrϵn3/8 +2αϵn

1/4. (B.4.39)
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Now, if r ∈ [R], then αrϵ ≥ n−1/16 by (B.4.36), and of course 2n1/4 ≤ 1
2n

5/16 for
large enough n, so in that case

−αrϵn3/8 +2αϵn
1/4 ≤ −n5/16 +2n1/4 ≤ −12n

5/16

for large enough n. We now get from (B.4.39) and the above that

P

(
M

(r)
1 < f (r)

)
≤ P

(
M

(r)
1 < E[M(r)

1 ]− 1
2n

5/16
)

for all r ∈ [R] when n is large enough. Next, we wish to apply the following
Chernoff bound:

P

(
N < E[N ]− δE[N ]

)
≤ e−

1
2δ

2
E[N ]

when N is binomially distributed and 0 < δ < 1. Taking in our case N =M(r)
1 and

δ =
n5/16

2E[M(r)
1 ]
≤ n5/16

2αϵ(f (r−1) −w)
≤ n5/16

αϵf (r−1)
≤ 2n3/8

αϵf
−→ 0,

where the first inequality comes from the initial bound on E[M(r)
1 ], the second

comes from (B.4.38), and the final from (B.4.37), and all three inequalities hold for
all r ∈ [R] when n is large enough. Thus, for all r ∈ [R] it holds for large enough n
that δ < 1, so Chernoff’s bound gives

P

(
M

(r)
1 < E[M(r)

1 ]− 1
2n

5/16
)
≤ exp

(
−n5/8

8E[M(r)
1 ]

)
.

Lastly, we note that
E[M(r)

1 ] ≤ f mn

(n−Cf − 1)2
,

andmn/(n−Cf −1)2→ α as n→∞, so for large enough n it holds for all r ∈ [R]
that E[M(r)

1 ] ≤ 2αf , and using this yields

exp
(
−n5/8

8E[M(r)
1 ]

)
≤ exp

(
−n5/8

16αf

)
.

Putting it all together, we get

R∑
r=1

P

(
M

(r)
1 < f (r)

)
≤ Rexp

(
−n5/8

16αf

)
−→ 0 as n→∞,

as desired.
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Now finally for (U4). We see for all r ∈ [R] that, since M(r)
2 can only attain

integer values,

P

(
M

(r)
2 < m(r)

)
= P

(
M

(r)
2 < m− 3

1− ϵ
(
f +n3/8

) r∑
h=1

αhϵ

)
,

and

m− 3
1− ϵ

(
f +n3/8

) r∑
h=1

αhϵ ≤m(r−1) − 3
1− ϵ

(
f +n3/8

)
αrϵ,

so

P

(
M

(r)
2 < m− 3

1− ϵ
(
f +n3/8

) r∑
h=1

αhϵ

)
≤ P

(
m(r−1) −M(r)

2 >
3αrϵ
1− ϵ

(
f +n3/8

))
.

Now, from (B.4.32) we find that m(r−1) −M(r)
2 =M(r)

0 +M(r)
1 +M(r)

⋆ , and

M
(r)
0 +M(r)

1 +M(r)
⋆ ∼ Binomial

(
m(r−1),1− p(r)2

)
.

Put for convenience N (r) BM
(r)
0 +M(r)

1 +M(r)
⋆ , and notice that for r ≥ 2, as n(r) =

n(r−1) − (f (r−1) −w),

p
(r)
2 =

n(r)(n(r) − 1)
n(r−1)(n(r−1) − 1)

= 1− (f (r−1) −w)
2n(r−1) − (f (r−1) −w)− 1

n(r−1)(n(r−1) − 1)
,

giving us

1− p(r)2 = (f (r−1) −w)
2n(r−1) − (f (r−1) −w)− 1

n(r−1)(n(r−1) − 1)

≤ 2
n(r−1) − 1

f (r−1) ≤ 2
n−Cf − 2

f (r−1),

and of course, for r = 1 this is the last inequality in

1− p(1)2 = 1− n
(1)(n(1) − 1)
n(n− 1)

=
2n− f − 1
n(n− 1)

f ≤ 2
n− 1

f ≤ 2
n−Cf − 2

f ,

which holds, so since 2m/(n−Cf − 2)→ 2α, we find that

E[N (r)] =m(r−1)
(
1− p(r)2

)
≤ 2m
n−Cf − 2

f (r−1) ≤ 3αf (r−1) =
3αϵ
1− ϵ

f (r−1)

holds for all r ∈ [R] when n is large enough, and since f (r−1) ≤ αr−1ϵ f − (r −
1)αr−1ϵ n3/8, we get

E[N (r)] ≤ 3αrϵ
1− ϵ

f − (r − 1) 3α
r
ϵ

1− ϵ
n3/8 (B.4.40)
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uniformly in r when n is large enough. Now, continuing our calculations from
before and using (B.4.40), we get

P

(
m(r−1) −M(r)

2 >
3αrϵ
1− ϵ

(
f +n3/8

))
= P

(
N (r) >

3αrϵ
1− ϵ

f +
3αrϵ
1− ϵ

n3/8
)

≤ P

(
N (r) > E[N (r)] + r

3αrϵ
1− ϵ

n3/8
)

for all r ∈ [R] as long as n is large enough. We are now in a position to apply
Chernoff’s bound (B.4.31), which will require a lower bound on E[N (r)]. For r ≥ 2
we find that

1− p(r)2 =
2n(r−1) − (f (r−1) −w)− 1

n(r−1)(n(r−1) − 1)
(f (r−1) −w)

≥
2(n−Cf )− f − 1

2n2
f (r−1) ≥

n−Cf
2n2

f (r−1),

where the first inequality holds when r ∈ [R] and n is large enough due to (B.4.38),
the last inequality holds for large enough n since of course n−Cf ≥ f +1 at some
point, and by verification the inequality also holds for r = 1. Further, if r ∈ [R] and
n is large enough we get f (r−1) ≥ f /(2n1/16) from (B.4.37), and thus

E[N (r)] =m(r−1)(1− p(r)2 ) ≥
(m−C′f )(n−Cf )

2n2
·

f

2n1/16
≥

αϵf

4n1/16

for all r ∈ [R] when n is large enough, where the last inequality holds because

lim
n→∞

(m−C′f )(n−Cf )
n2

= α.

Now, using the above lower bound on E[N (r)], we get for the following choice of
δ:

δ =
3rαrϵn

3/8

(1− ϵ)E[N (r)]
≤ 12Rn7/16

(1− ϵ)f
−→ 0 as n→∞,

and hence δ < 1 for all r ∈ [R] when n is large enough. Chernoff’s bound (B.4.31)
gives

P

(
N (r) > E[N (r)] + r

3αrϵ
1− ϵ

n3/8
)
≤ exp

(
−3r2α2r

ϵ n
3/4

(1− ϵ)2E[N (r)]

)
.

From (B.4.40) it follows thatE[N (r)] ≤ (3αrϵf )/(1−ϵ), and inserting this yields the
first inequality in:

exp
(
−3r2α2r

ϵ n
3/4

(1− ϵ)2E[N (r)]

)
≤ exp

(
−r2αrϵn3/4

(1− ϵ)f

)
≤ exp

(
−n11/16

f

)
,
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and the second inequality follows from (B.4.36) and the fact that r ≥ 1 and 1−ϵ ≤ 1.
The above inequality holds for all r ∈ [R] when n is large enough. Putting it all
together, we conclude that

R∑
r=1

P

(
M

(r)
2 < m(r)

)
≤ Rexp

(
−n11/16

f

)
−→ 0 as n→∞,

proving (U4) and hence also finishing the proof of the case k = 2 in Theorem B.2
when α > 0.

B.4.5 The random mixed 1- and 2-SAT problem

In this section, we give a proof of TheoremB.5, which follows quite readily from the
part of Theorem B.2 that we have just proved. Remember that n→∞, f /

√
n→ β,

and m/n→ α, where β ∈ [0,∞] and α ∈ (0,1). We are considering a random 2-
CNF formula Φ2 with m clauses and n variables and a random 1-CNF formula Φ1
with f clauses and n variables, such that Φ2 and Φ1 are independent. Let L1 =
{L1,L2, . . . ,Lf } denote the set of the random literals defining Φ1. From (B.3.4) we
get

Φ2 ∧Φ1 ∈ SAT ⇐⇒ Φ1 ∈ SAT and (Φ2)L1 ∈ SAT.

Let LB [n]\ [n−f ] so that |L| = f ≥ |L1|, and let B denote the set of all satisfiable
1-CNF formulas with n variables and at most f clauses. We get from the above
and Lemma B.8 that

P(Φ2 ∧Φ1 ∈ SAT) = P(Φ1 ∈ SAT, (Φ2)L1 ∈ SAT)

=
∑
ϕ∈B

P((Φ2)L1 ∈ SAT | Φ1 = ϕ)P(Φ1 = ϕ)

=
∑
ϕ∈B

P((Φ2)ϕ ∈ SAT)P(Φ1 = ϕ)

≥ P((Φ2)L ∈ SAT)P(Φ1 ∈ SAT)

−→ exp
(
−β2α

4(1−α)

)
exp

(
−β2

4

)
(as n→∞)

= exp
(
−β2

4(1−α)

)
,

where the convergence comes from the first part of Theorem B.2 and Lemma B.12
respectively.

Now, to get a corresponding upper bound on P(Φ2 ∧ Φ1 ∈ SAT) we need a
lower bound on |L1|, i.e. we need to bound the number of duplicates in the random
literals definingΦ1. We get from LemmaB.11 that |L1| ≥ f −⌊n1/4⌋with probability



THE PROOF 95

tending towards 1. Now putL′ B [n]\[n−(f −⌊n1/4⌋)] so that |L′ | = f −⌊n1/4⌋, and
we repeat the argument from above: let B denote the set of all satisfiable 1-CNF
formulas with n variables and at least f − ⌊n1/4⌋ clauses. Then

P(Φ2 ∧Φ1 ∈ SAT) = P

(
Φ1 ∈ SAT, (Φ2)L1 ∈ SAT, |L1| ≥ f − ⌊n

1/4⌋
)

+P

(
Φ1 ∈ SAT, (Φ2)L1 ∈ SAT, |L1| < f − ⌊n

1/4⌋
)
,

where of course the second term vanishes, and using Lemma B.8:

P

(
Φ1 ∈ SAT, (Φ2)L1 ∈ SAT, |L1| ≥ f − ⌊n

1/4⌋
)

=
∑
ϕ∈B

P((Φ2)ϕ ∈ SAT)P(Φ1 = ϕ)

≤P((Φ2)L′ ∈ SAT)
∑
ϕ∈B

P(Φ1 = ϕ)

≤P((Φ2)L′ ∈ SAT)P(Φ1 ∈ SAT)

→exp
(
−β2

4(1−α)

)
, as n→∞,

using in the end Theorem B.2, since |L′ |/
√
n→ β, and Lemma B.12. This completes

the proof of Theorem B.5, except for the case α = 0, which may be proved as
follows: let Ψ2 be a random 2-CNF formula with ⌊ϵn⌋ clauses and n variables.
Then by Lemma B.9,

liminf
n→∞

P(Φ2 ∧Φ1 ∈ SAT) ≥ liminf
n→∞

P(Ψ2 ∧Φ1 ∈ SAT) = exp
(
−β2

4(1− ϵ)

)
,

and

limsup
n→∞

P(Φ2 ∧Φ1 ∈ SAT) ≤ limsup
n→∞

P(Φ1 ∈ SAT) = exp
(
−β2

4

)
,

so taking ϵ→ 0 yields the desired result.

B.4.6 Sublinear number of binary clauses

The only thing missing from a proof of Theorem B.2 in the case k = 2 is the veri-
fication of

lim
n→∞

P(ΦL ∈ SAT) = e−(γ/2)
2
,

where Φ is a random 2-CNF formula with m = m(n) clauses and n variables sat-
isfying m → ∞ and m/n → 0, and L ⊆ ±[n] is a consistent set of literals with
|L| = f = f (n) such that f

√
m/n→ γ . We may assume without loss of generality
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that γ ∈ (0,∞), as the cases γ = 0 and γ = ∞ then follow by an application of
Lemma B.9, as we have shown in similar situations previously. Let (Mh)h∈K be the
random variables defined in (B.3.6). As usual we assume without loss of generality
that L = [n] \ [n− f ], so we get

P(ΦL ∈ SAT) = P

(
M0 = 0, Φ1 ∈ SAT, (Φ2)Φ1

∈ SAT
)

from (B.3.8), and from Lemma B.10:

E[M0] =m
f (f − 1)
4n(n− 1)

=
(
1
2
·
f
√
m

n

)2
f − 1
f
· n
n− 1

−→
(
γ

2

)2
,

meaning thatM0 is asymptotically Poisson distributed with mean (γ/2)2, yielding

P(ΦL ∈ SAT) ≤ P(M0 = 0) −→ e−(γ/2)
2
.

This leaves the lower bound. By the exact same arguments as those leading up
to (B.4.15), we get

P(ΦL ∈ SAT)
≥P(Φ1 ∈ SAT)P((Φ2)L1 ∈ SAT)P(M0 = 0)P(M1 ≤ f1|M0 = 0),

where
f1 B

⌊
2γ
√
m+m3/8

⌋
,

and Φ1 is a random 1-CNF formula with f1 clauses and n1 B n − f variables,
Φ2 is a random 2-CNF formula with m clauses and n1 variables, and lastly L1 B
[n1]\ [n1− f1]. Of course, we still have P(M0 = 0)→ e−(γ/2)

2 , so we need to show
that the other factors tend towards 1. We notice that

f

n
=

1
√
m
·
f
√
m

n
−→ 0,

since m→∞, so n1/n→ 1, and f1/
√
m→ 2γ , thus

f1√
n1

=
f1√
m

√
m
n

√
n
n1
−→ 0,

and with this Lemma B.12 gives P(Φ1 ∈ SAT) → 1, and Lemma B.13 gives
P((Φ2)L1 ∈ SAT)→ 1. Next, M1 has a binomial distribution with parameters m
and

p1|0 B
f (n− f )

n(n− 1)− 1
4f (f − 1)
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givenM0 = 0, again by Lemma B.10. Let N ∼ Binom(m,p1|0), and notice that

E[N ] =
mf (n− f )

n(n− 1)− 1
4f (f − 1)

=
f
√
m

n
·
n− f
n
· n2

n(n− 1)− 1
4f (f − 1)

√
m,

so since

lim
n→∞

[
f
√
m

n
·
n− f
n
· n2

n(n− 1)− 1
4f (f − 1)

]
= γ,

we conclude that
1
2γ
√
m ≤ E[N ] ≤ 2γ

√
m

when n is large enough. In particular, we have

δ =
m3/8

E[N ]
≤ 2
γm1/8

< 1

for large enough n, so applying Chernoff’s bound (B.4.31) yields:

P(M1 > f1|M0 = 0) = P(N > f1)

= P

(
N > 2γ

√
m+m3/8

)
≤ P

(
N > E[N ] +m3/8

)
≤ exp

(
−m3/4

3E[N ]

)
≤ exp

(
−m1/4

6γ

)
−→ 0

as n→∞, finishing the proof.

B.4.7 Random 3-SAT

We are able to prove Theorem B.2 directly in the case k = 3 (without assuming
α > 0). The proof in this section will follow along the same lines as before, but it is
a bit more notationally heavy than in the case k = 2, as there are now, in addition
to 0-, 1-, and 2-clauses, also 3-clauses appearing, but it is mathematically more
elementary, since the decomposition (B.3.9) only occurs three times, so there are
no infinite series to deal with. We seek to prove that

lim
n→∞

P(ΦL ∈ SAT) = e−(γ/2)
3
,

where Φ is a random 3-CNF formula with m =m(n) clauses and n variables, L ⊆
±[n] is a consistent set of literals with |L| = f = f (n), and m → ∞, m/n → α,
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and f m1/3/n → γ as n → ∞, where α ∈ [0,3.145) and γ ∈ [0,∞]. Let C :=

(C(1)h )h∈K , and (M
(1)
h )h∈K denote the random functions defined in eq. (B.3.6), where

K B {0,1,2,3,⋆}. Assume without loss of generality that L = [n] \ [n − f ] and
γ ∈ (0,∞).

From (B.3.9) we have

P(ΦL ∈ SAT) = P

(
M

(1)
0 = 0, Φ1 ∈ SAT, (Φ2 ∧Φ3)Φ1

∈ SAT
)
,

and from Lemma B.10 it follows thatM(1)
0 is Binomially distributed with mean

E[M(1)
0 ] =m

f (f − 1)(f − 2)
8n(n− 1)(n− 2)

−→
γ3

8
,

soM(1)
0 is asymptotically Poisson-distributed with mean (γ/2)3, and thus

lim
n→∞

P(M(1)
0 = 0) = e−(γ/2)

3
,

which immediately yields the correct upper bound for the limit limn→∞P(ΦL ∈
SAT).

For the lower bound we apply the same line of reasoning as in the lower bound
in the case k = 2. Define

f (1) B
⌊
γ2m1/3 +m1/5

⌋
and m(1) B

⌊
2γm2/3 +m2/5

⌋
.

We have

P

(
M

(1)
0 = 0, Φ1 ∈ SAT, (Φ2 ∧Φ3)Φ1

∈ SAT
)

≥ P

(
M

(1)
0 = 0, M(1)

1 ≤ f
(1), M

(1)
2 ≤m

(1), Φ1 ∈ SAT, (Φ2 ∧Φ3)Φ1
∈ SAT

)
= E

[
P

(
Φ1 ∈ SAT, (Φ2 ∧Φ3)Φ1

∈ SAT
∣∣∣ C)1{M(1)

0 =0,M(1)
1 ≤f (1),M

(1)
2 ≤m(1)}

]
.

When working under the measure P(·|C) in the following we will assume that we
are on the event {M(1)

0 = 0, M(1)
1 ≤ f (1), M

(1)
2 ≤m(1)}. By the exact same argument

as in (B.4.14) we get

P

(
Φ1 ∈ SAT, (Φ2 ∧Φ3)Φ1

∈ SAT
∣∣∣ C)

≥P
(
Φ

(1)
1 ∈ SAT

)
P

(
(Φ (1)

2 ∧Φ
(1)
3 )L(1) ∈ SAT

)
,

whereΦ (1)
1 is a random 1-CNF formula with f (1) clauses and n(1) B n−f variables,

Φ
(1)
2 is a random 2-CNF formula with m(1) clauses and n(1) variables, and Φ

(1)
3 is
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a random 3-CNF formula with m clauses and n(1) variables such that (the clauses
of) Φ (1)

2 and Φ
(1)
3 are independent, and finally L(1) B [n(1)] \ [n(1) − f (1)]. Hence,

P(ΦL ∈ SAT) ≥ P

(
Φ

(1)
1 ∈ SAT

)
P

(
(Φ (1)

2 ∧Φ
(1)
3 )L(1) ∈ SAT

)
×

×P
(
M

(1)
0 = 0, M(1)

1 ≤ f
(1), M

(1)
2 ≤m

(1)
)
.

(B.4.41)

Lemma B.10 again tells us that bothM(1)
1 andM(1)

2 are binomially distributed with
parameters m and p(1)1 or p(1)2 respectively, where

p
(1)
1 =

3f (f − 1)(n− f )
4n(n− 1)(n− 2)

, and p
(1)
2 =

3f (n− f )(n− f − 1)
2n(n− 1)(n− 2)

.

A quick calculation shows that E[M(1)
1 ] is asymptotic to 3

4γ
2m1/3 and E[M(1)

2 ] is
asymptotic to 3

2γm
2/3 as n→∞. Thus, we can apply Chernoff’s bound (B.4.31)

to receive

P

(
M

(1)
1 > f (1)

)
≤ P

(
M

(1)
1 > E[M(1)

1 ] +m1/5
)

≤ exp
(
−m2/5

3E[M(1)
1 ]

)
≤ exp

(
−m1/15

3γ2

)
,

where the first and last inequality holds for large enough n, so that M(1)
1 ≤ f (1)

w.h.p. By a similar argument we see thatM(1)
2 ≤m(1) w.h.p. This means that

lim
n→∞

P

(
M

(1)
0 = 0, M(1)

1 ≤ f
(1), M

(1)
2 ≤m

(1)
)
= e−(γ/2)

3
,

so it remains only to show that the other factors in (B.4.41) tend towards 1 as
n→∞. We notice that

f

n
=
f m1/3

n
· 1
m1/3

−→ 0,

so n(1)/n→ 1, and thus

f (1)
√
n(1)

=
f (1)
√
m

√
m
n

√
n

n(1)
−→ 0.

Lemma B.12 thus gives P(Φ (1)
1 ∈ SAT)→ 1.

Looking at the final factor, let for each h ∈ K M(2)
h (2) denote the set of j ∈ [m(1)]

for which the j’th clause of Φ (1)
2 becomes a h-clause when fixing the variables

dictated by L(1) (cf. (B.3.6)), and letM(2)
h (3) denote the corresponding set for Φ (1)

3 .
Put

M
(2)
h BM

(2)
h (2) +M(2)

h (3),
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where the two terms are seen to be independent. As before we are able to make
the following decomposition:

P

(
(Φ (1)

2 ∧Φ
(1)
3 )L(1) ∈ SAT

)
≥ P

(
Φ

(2)
1 ∈ SAT

)
P

(
(Φ (2)

2 ∧Φ
(2)
3 )L(2) ∈ SAT

)
×

×P
(
M

(2)
0 = 0, M(2)

1 ≤ f
(2), M

(2)
2 ≤m

(2)
)
,

where
n(2) B n(1) − f (1), f (2) B ⌊m1/5⌋,

m(2) B ⌊3γm2/3 +m2/5⌋, L(2) B [n(2)] \ [n(2) − f (2)],

and Φ (2)
1 is a random 1-CNF formula with f (2) clauses and n(2) variables, Φ (2)

2 is a
random 2-CNF formula withm(2) clauses and n(2) variables, and Φ (2)

3 is a random
3-CNF formula with m clauses and n(2) variables such that (the clauses of) Φ (2)

2

and Φ
(2)
3 are independent.

As before f (2)/
√
n(2) → 0, so Lemma B.12 gives P(Φ (2)

1 ∈ SAT) → 1. Look-
ing at Lemmas B.10, a quick calculation shows that E[M(2)

0 (2)] is asymptotic to
1
2γ

5α4/3n−2/3 → 0, and E[M(2)
0 (3)] is asymptotic to 1

8γ
6α2n−1 → 0, and it fol-

lows thatM(2)
0 = 0 w.h.p. by an application of Markov’s inequality:

P

(
M

(2)
0 > 0

)
≤ E[M(2)

0 ] −→ 0.

Next, we find that E[M(2)
1 (2)] → 2γ3α and E[M(2)

1 (3)] is asymptotic to
3
4γ

4α5/3n−1/3→ 0, soM(2)
1 ≤ f (2) w.h.p. again by Markov’s inequality:

P

(
M

(2)
1 > f (2)

)
≤

E[M(2)
1 ]

f (2)
−→ 0.

Lastly, E[M(2)
2 (2)] is asymptotic to 2γm2/3 and E[M(2)

2 (3)] is asymptotic to
3
2γ

2αm1/3, so E[M(2)
2 ] ≤ 3γm2/3 for large enough n, and Chernoff’s inequal-

ity (B.4.31) yields

P

(
M

(2)
2 > m(2)

)
≤ P

(
M

(2)
2 > E[M(2)

2 ] +m2/5
)

≤ exp
(
−m4/5

3E[M(2)
2 ]

)
≤ exp

(
−m2/15

9γ2

)
,

and thusM(2)
2 ≤ m(2) w.h.p. Hence, we are only missing a verification of the fact

that (Φ (2)
2 ∧Φ

(2)
3 )L(2) is satisfiable w.h.p. We make the final decomposition:

P

(
(Φ (2)

2 ∧Φ
(2)
3 )L(2) ∈ SAT

)
≥P

(
Φ

(3)
2 ∧Φ

(3)
3 ∈ SAT

)
P

(
M

(3)
0 = 0, M(3)

1 = 0, M(3)
2 ≤m

(3)
)
,
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where n(3) B n(2) − f (2) and m(3) B ⌊4γm2/3 +m2/5⌋, Φ (3)
2 is a random 2-CNF

formula withm(3) clauses and n(3) variables, and Φ (3)
3 is a random 3-CNF formula

with m clauses and n(3) variables such that (the clauses of) Φ (3)
2 and Φ

(3)
3 are in-

dependent (this corresponds to taking f (3) B 0).
We see that E[M(3)

0 (2)] is asymptotic to 3
4γα

16/15n−14/15 → 0, and
E[M(3)

0 (3)] is asymptotic to 1
8α

8/5n−7/5 → 0, so M(3)
0 = 0 w.h.p. Similarly

E[M(3)
1 (2)] is asymptotic to 3γα13/15n−2/15 → 0, and E[M(3)

1 (3)] is asymptotic
to 3

4α
7/5n−3/5→ 0, so againM(3)

1 = 0 w.h.p. Finally, E[M(3)
2 (2)] is asymptotic to

3γm2/3 and E[M(3)
2 (3)] is asymptotic to 3

2αm
1/5, so E[M(3)

2 ] ≤ 4γm2/3 for large
enough n, and by Chernoff’s inequality we find thatM(3)

2 ≤m(3) w.h.p.
The final step in the proof is to show that the mixed formula Φ

(3)
2 ∧ Φ

(3)
3 is

satisfiable w.h.p. Sincem/n→ α,m(3)/m2/3→ 4γ , and n(3)/n→ 1, it follows that
m(3) ≤ ⌊10−6n3⌋ for large enough n. It further holds that m/n(3)→ α < 3.145, so
m ≤ ⌊3.145n(3)⌋ for large enough n. Let Ψ denote a random mixed CNF formula
with n(3) variables, ⌊10−6n(3)⌋ 2-clauses, and ⌊3.145n(3)⌋ 3-clauses. It follows from
Lemma B.9 that

liminf
n→∞

P

(
Φ

(3)
2 ∧Φ

(3)
3 ∈ SAT

)
≥ liminf

n→∞
P(Ψ ∈ SAT).

From the first lines in the proof of Theorem 1 in [Ach00] it follows that
liminfn→∞P(Ψ ∈ SAT) > 0, and it then follows from Theorem 2 from [Ach+01]
that Ψ is satisfiable w.h.p., completing the proof of our Theorem B.2.

B.4.8 The random mixed 1- and 3-SAT problem

The final part is the proof of Theorem B.5 in the case k = 3. Thus, we again have
n → ∞, and we let Φ3 denote a random 3-CNF formula with m clauses and n
variables, such thatm/n→ α for some α ∈ [0,3.145), and let Φ1 denote a random
1-CNF formula with f clauses and n variables, such that f /

√
n → β for some

β ∈ [0,∞], where Φ3 and Φ1 are independent. Then we immediately have

limsup
n→∞

P(Φ3 ∧Φ1 ∈ SAT) ≤ limsup
n→∞

P(Φ1 ∈ SAT) = e−(β/2)
2

from Lemma B.9 and Lemma B.12.
To obtain the corresponding lower bound, we first note from (B.3.4) that

Φ3 ∧Φ1 ∈ SAT ⇐⇒ Φ1 ∈ SAT and (Φ3)Φ1
∈ SAT.

Let L B [n] \ [n − f ] and note that Φ1 will always have at most f = |L| distinct
clauses. Thus, letting B denote the set of all satisfiable 1-CNF formulas with n
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variables and at most f (distinct) clauses, we get from the above and Lemma B.8
that

P(Φ3 ∧Φ1 ∈ SAT) = P(Φ1 ∈ SAT, (Φ3)Φ1
∈ SAT)

=
∑
ϕ∈B

P((Φ3)Φ1
∈ SAT | Φ1 = ϕ)P(Φ1 = ϕ)

=
∑
ϕ∈B

P((Φ3)ϕ ∈ SAT)P(Φ1 = ϕ)

≥ P((Φ3)L ∈ SAT)P(Φ1 ∈ SAT)

−→ e−(β/2)
2

as n→∞,

where we in the end use Lemma B.12 and Theorem B.2. This concludes the proof
of Theorem B.5 and thus the entire article.
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Abstract: The random k-SAT problem serves as a model that represents the ’typ-
ical’ k-SAT instances. This model is thought to undergo a phase transition as the
clause density changes, and it is believed that the random k-SAT problem is pri-
marily difficult to solve near this critical phase. In this paper, we introduce a weak
formulation of degrees of freedom for random k-SAT problems and demonstrate
that the critical random 2-SAT problem has 3

√
n degrees of freedom. This quantity

represents the maximum number of variables that can be assigned truth values
without affecting the formula’s satisfiability. Notably, the value of 3

√
n differs sig-

nificantly from the degrees of freedom in random 2-SAT problems sampled below
the satisfiability threshold, where the corresponding value equals

√
n. Thus, our

result underscores the significant shift in structural properties and variable depen-
dency as satisfiability problems approach criticality.

107



108 Article C · Degrees of Freedom for Critical Random 2-SAT

C.1 Introduction

C.1.1 Background and motivation

The Boolean satisfiability problem (SAT) is a highly studied topic in computer sci-
ence, notable for being the first problem proven to be NP-complete, see [Coo71].
Its versatility extends beyond theoretical interest, with practical applications in ar-
eas like artificial intelligence, software verification, and optimization (see [Mar08;
GGW06; Knu15], and references therein). In recent years, SAT has also attracted
significant attention in the fields of discrete probability and statistical physics.
This interdisciplinary interest arises because SAT exhibits behaviors, such as phase
transitions, making it a compelling subject for studying threshold behavior in com-
binatorial structures.

A SAT instance is a Boolean function that evaluates multiple Boolean variables
and returns a single Boolean value. The function is typically expressed in conjunc-
tive normal form (CNF), meaning it is a conjunction (and) of disjunctions (or) of
literals. Each literal represents a variable or its negation. A formula in which ev-
ery clause contains exactly k literals is called a k-CNF formula. The following is
an example of a 2-CNF formula with four variables and five clauses, where for
x ∈ {true,false}4 we define:

ϕ(x) = (x1 ∨ x2)∧ (¬x2 ∨ x3)∧ (¬x3 ∨ x4)∧ (¬x1 ∨¬x4)∧ (x2 ∨ x4).

The only assignment that makes the above formula evaluate to true is
(false,true,true,true). The objective of the satisfiability problem is to deter-
mine whether such an assignment exists; if so, we write ϕ ∈ SAT. In the context
of computational complexity theory, the 2-SAT problem is NL-complete, meaning
it can be solved non-deterministically with logarithmic storage space and is one
of the most difficult problems within this class (see Thm. 16.3 in [Pap94]). Conse-
quently, a deterministic algorithm that solves 2-SAT using only logarithmic space
would imply L =NL, which is a standing conjecture. Also, 2-SAT can be solved in
polynomial time, while the k-SAT problem is NP-complete for k ≥ 3, situating it at
the core of the famous P vs. NP conjecture. Despite differences in computational
complexity, the k-SAT problems for k ≥ 2 have a lot of structural similarities.

In practical applications, SAT instances are, in most cases, easily solvable,
which appears to contradict the problem’s computational hardness. This obser-
vation inspired the development of the random k-SAT model, designed to gener-
ate typical SAT instances, see [Gol79; CKT+91; KS94; GW94]. In this model, the
number of input variables n, clauses m, and the clause size k are fixed. Clauses
are then sampled independently and uniformly from the 2k

(n
k

)
clauses with non-

overlapping variables. This model is called the random k-SAT model, and the dis-
tribution is denoted Fk(n,m). This model becomes particularly interesting when n
and m grow large simultaneously. Specifically, by setting m = ⌊αn⌋, where α > 0
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represents the clause density, the random k-SAT problem is believed to undergo a
phase transition: the asymptotic probability of satisfiability shifts from one to zero
as α surpasses a critical threshold αk , that is for k ≥ 2,

lim
n→∞

P

(
Fk(n,⌊αn⌋) ∈ SAT

)
=

1, α < αk ,

0, α > αk .
(C.1.1)

A random k-SAT problem that is satisfiable w.h.p. is referred to as under-
constrained, while it is called over-constrained when it is unsatisfiable w.h.p. Fur-
thermore, when a phase transition exists, problems at this critical value are referred
to as being critical.

As previously discussed, SAT problems are computationally challenging. No-
tably, it is near the expected phase transition of the random k-SAT model that
the hardest instances are thought to arise, see [SML96]. Figure C.10 displays how
a spike in computational hardness appears when the clause density approaches
the expected phase transition. This highlights why understanding the behavior
of random k-SAT in this critical region is of substantial theoretical and practi-
cal importance. More broadly, the study of random structures near critical tran-
sitions is a significant and complex area of research. The prominence of this
field is underscored by the fact that three Fields Medals have been awarded since
2006 for groundbreaking work on critical phenomena, with recipients including
H. Duminil-Copin, S. Smirnov, and W. Werner.

The phase transition phenomenon was in 1992 established for k = 2 in the
articles [Goe96; CR92; La 01], where the authors independently established that
α2 = 1. Recently, the sharp satisfiability conjecture (C.1.1) has been affirmatively
verified for all k ≥ k0, with k0 being a large and unknown constant, see [SSZ22].
The remaining cases of k constitute an open problem. In 1999, the result on random
2-SAT was further refined in [Bol+01] as the rate of convergence was determined.
Additionally, it was shown that the asymptotic probability of satisfiability of a
random critical 2-SAT problem is bounded away from both zero and one, though
whether this probability converges remains an open question. Recent contribu-
tions to the random 2-SAT model have focused on the under-constrained regime,
where both the expected number of solutions and a central limit theorem for this
quantity (see [Ach+21; Cha+24]) has been established. Thus, while the phase tran-
sition of random 2-SAT was proven many years ago, ongoing research continues
to uncover new insights into the model, and several open questions remain unre-
solved.

A recent study [BOS25] examined variable interactions by analyzing the de-
grees of freedom in under-constrained random k-SAT problems. This concept refers
to the number of variables that can be fixed without impacting the formula’s satis-
fiability. For under-constrained random 2-SAT problems, where α < 1, the degrees
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Figure C.10: Computational hardness of random 3-SAT as a function of clause
density. The y-axis displays the median resolution time of 10,000 instances solved
using the DPLL algorithm. This is figure 8.2 in [BCM02]

of freedom equal n1/2, while in random 3-SAT problemswell below the phase tran-
sition (α < 3.145), the degrees of freedom equal n2/3.

In this paper, we compute the degrees of freedom in critical 2-SAT problems.
Our result shows that in this critical setting, the degrees of freedom decrease with
a polynomial factor, scaling only as n1/3. This finding underscores the emergence
of complex structures near the phase transition, where variable interdependencies
become significantly more pronounced. Thus, our results highlight this marked
shift in variable correlation as random SAT problems approach criticality.

C.1.2 Main result

Consider a random 2-CNF formula Φ sampled at the phase-transition point of the
random 2-SAT problem, where the asymptotic probability of satisfiability shifts
from one to zero. We aim to determine how many input variables are free, that is,
they can be assigned any value without effecting the asymptotic probability that
the formula is satisfiable.

Let L ⊆ ±[n] := {−n, . . . ,−1,1, . . . ,n} be a set with |L| = f (n) elements, chosen
such that if ℓ ∈ L, then −ℓ < L (we say that L is consistent). This set L dictates the
variables being fixed, having xv = true when v ∈ L and xv = false when −v ∈ L.
Formally, let B = {true,false}. For x ∈ Bn, we define xL ∈ Bn as the vector with
(xL)v = truewhen v ∈ L, (xL)v = falsewhen −v ∈ L, and (xL)v = xv for all other
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entries. We then consider
ΦL(x) = Φ(xL). (C.1.2)

Note that ΦL denotes the mapping Φ with f variables fixed to values specified by
L. Our goal is to identify the threshold value of f that separates instances where
ΦL remains solvable with positive probability from those where ΦL becomes un-
satisfiable. To formalize this notion, we introduce the following definition, where
we recall that Fk(n,m) denotes a random k-CNF formula with n variables and m
clauses.

Definition C.1. The random k-SAT problem with clause density α > 0 is said to
have f⋆(n) degrees of freedom weakly if, for Φ ∼ Fk(n,⌊αn⌋), every consistent subset
L ⊆ ±[n] with |L| = f (n), and for all ε > 0, the following holds:

(1) Whenever f =O(f⋆n−ε), then

liminf
n→∞

P(ΦL ∈ SAT) = liminf
n→∞

P(Φ ∈ SAT) > 0.

(2) Whenever f =Ω(f⋆nε), then

lim
n→∞

P(ΦL ∈ SAT) = 0.

Condition (1) states that fixing strictly fewer than f⋆ variables does not de-
crease the lower bound on the probability of satisfiability. On the other hand,
condition (2) implies that when fixing strictly more than f⋆ variables, the prob-
lem becomes unsatisfied. This concept is a weaker form of the degrees of freedom
notion introduced in [BOS25]; specifically, having f⋆ degrees of freedom implies
having f⋆ degrees of freedom weakly. Note that f⋆ is unique up to sub-polynomial
factors, meaning that if both f⋆ and g⋆ are weak degrees of freedom, then for any
ε > 0, we have f⋆n−ε ≤ g⋆ ≤ f⋆nε for sufficiently large n. Our main result is the
following:

Theorem C.2. The random critical 2-SAT problem has n1/3 degrees of freedom
weakly.

We recall that critical refers to the situation with α = 1. Figure C.11 shows
simulations indicating that, as n increases, the curve representing the satisfiability
of the random critical 2-SAT problem as a function of the number of fixed variables
becomes increasingly steep. Moreover, this steepening behavior points to a cutoff
occurring at n1/3.
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Figure C.11: Satisfiability of random critical 2-SAT as a function of the number
of fixed variables. The different curves represent a varying number of input vari-
ables. Each data point is comprised of 2,000 simulations. The vertical dotted line
indicates q = 1/3.

C.1.3 Related work

In this section, we compare our results to related work, providing new insights and
situating our findings within a broader context.

Remark C.3. Theorem C.2 allows us to compare the critical random 2-SAT problem
with general random k-SAT problems:

• The paper [BOS25] established that under-constrained random 2-SAT problems
have n1/2 degrees of freedom, which reveals a pronounced difference with the
behavior observed at the critical phase-transition point. At this threshold, a
dramatic reduction in degrees of freedom occurs, reflecting a fundamental shift
in the underlying structure of the formula. This is not surprising, as at this
critical ratio, the system is on the "knife edge" between being satisfiable versus
unsatisfiable, and therefore, long-range correlations between variables are ex-
pected to appear. To our knowledge, our result is one of the first to indicate this
drastic change in variable dependence.

• The paper [BOS25] also examines random 3-SAT problems, establishing that
when α is significantly below the expected phase-transition threshold (α <
3.145), the degrees of freedom are n2/3. In comparison, our main theorem
shows that the degrees of freedom in critical random 2-SAT equal the square
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root of this amount, indicating a notable contrast in variable flexibility between
the two cases.

The computational hardness of the satisfiability problem implies that finding
solutions to challenging SAT formulas often requires traversing a substantial por-
tion of the search tree, that is, assigning truth values to variables sequentially and
backtracking when encountering contradictions. This approach forms the core of
the DPLL algorithm, introduced in 1962 as one of the first SAT-solving algorithms,
[DLL62]. Decades later, in the 1990s, CDCL (Conflict-Driven Clause Learning)
solvers transformed SAT solving, enabling the solution of instances with thou-
sands or even millions of variables. Despite their modern enhancements, these
solvers still rely on the simple procedure of assigning truth values (see p. 62 in
[Knu15]). The concept of degrees of freedom quantifies how deep one can navi-
gate in the search tree before a contradiction arises when solving a random SAT
problem. Moreover, the drastic change in degrees of freedom when comparing
under-constrained problems with critical problems highlights why computational
complexity intensifies near the satisfiability threshold. This also aligns with the
observations in Figure C.10, which displayed the computation time of the DPLL
algorithm when approaching criticality.

Let again Φ ∼ F2(n,n), L ⊆ ±[n] be consistent with |L| = f (n), and remember
that fixing variables corresponds to shrinking the input space. Thus, it is clear
that {ΦL ∈ SAT} ⊆ {Φ ∈ SAT}. This along with our main theorem implies that
whenever f =O(n1/3−ε) for an ε > 0 we have

liminf
n→∞

P

(
Φ ∈ SAT

)
≤ liminf

n→∞
P

(
ΦL ∈ SAT

)
≤ limsup

n→∞
P

(
ΦL ∈ SAT

)
≤ limsup

n→∞
P

(
Φ ∈ SAT

)
.

(C.1.3)

Thus, if P(Φ ∈ SAT) has a limit as n→∞, then P(ΦL ∈ SAT) also has a limit, and
these two limits coincide. In [Bol+01] it is shown that for all δ > 0 sufficiently small,
there exists a cδ > 0 such that ifΦα ∼ F2(n,⌊αn⌋)withα ∈ [1−cδn−1/3,1+cδn−1/3],
then

δ ≤ P(Φα ∈ SAT) ≤ 1− δ. (C.1.4)

Moreover, this interval is the best possible in the sense that if a sufficiently large
constant replaces cδ, the statement becomes false. Combining (C.1.3) and (C.1.4)
we get that for δ > 0 small enough

δ ≤ liminf
n→∞

P

(
ΦL ∈ SAT

)
≤ limsup

n→∞
P

(
ΦL ∈ SAT

)
≤ 1− δ,

so the limiting probability is bounded away from zero and one, and this interval is
not larger than the corresponding interval for satisfiability when no variables are
fixed. We observe that the length of the scaling window in [Bol+01] is on the order
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of n−1/3, which is the reciprocal of the degrees of freedom for the critical 2-SAT
problem. However, the proof presented in [Bol+01] differs from that of the current
paper, and there is no direct coupling between the two results.

The main idea of the proof in [Bol+01] is to consider an order parameter for
the phase transition of random 2-SAT. This is a concept often used in statistical
physics and it refers to a function that vanishes on one side of a transition and
becomes non-zero on the other side. The order parameter that they consider is
the average size of the spine, where the spine of a CNF-formula ϕ is defined to be
the set of literals ℓ for which there is a satisfiable sub-formula ψ of ϕ with ψ ∧ ℓ
not satisfiable. By carefully controlling this quantity in a random CNF-formula as
clauses are added one by one their result follows. Note that the size of the spine
equals the number of variables that are free to be given any truth value without
making a satisfiable SAT problem unsatisfiable. The spine only describes how each
variable on its own affects the satisfiability of a CNF-formula. In contrast, we need
to understand how all the fixed variables simultaneously impact the satisfiability of
the formula. Multiple other papers, e.g. [CF86; Ach+01b; Ach+01a] also consider
the procedure of fixing one single variable at a time, and in [Ach00] they consider
fixing two variables at a time. This is different from the approach in the present
paper where many variables are fixed simultaneously and hereby long implication
chains emerge that intervene with each other and affect satisfiability.

As previously mentioned, the paper [BOS25] was the first to introduce and
compute degrees of freedom in certain random under-constrained k-SAT prob-
lems. Their proof is based on the idea that fixing variables in a CNF-formula cre-
ates clauses of size one, also called unit-clauses. The presence of these unit-clauses,
in turn, corresponds to further variable fixing. Thus, variables are fixed repeatedly
in rounds, and the probability of encountering a contradiction in each round is
calculated. The sequence describing the number of fixed variables throughout the
rounds is then studied. This procedure is closely related to the unit-propagation
algorithm, a well-studied technique used as a subroutine in most modern SAT
solvers. We also base our proof on an appropriate adaptation of the unit propaga-
tion algorithm. In the under-constrained regime of random 2-SAT, it is possible to
control the number of unit-clauses produced in each round r , and this number de-
creases exponentially at a rate of α, i.e. as αr . However, at the phase transition, we
have α = 1, and thus the expected number of unit-clauses produced in each round
remains approximately constant (αr = 1). As a result, controlling unit propagation
becomes more challenging because the entire process must be analyzed as a whole,
unlike in the under-constrained regime, where the rounds could be considered in-
dependently. This again suggests the presence of long-range correlations between
variables when α = 1. When f =Ω(n1/3+ε) for some ε > 0 the key idea is to show
that the number of unit-clauses produced in each round remains high for a certain
number of rounds w.h.p. This implies that a contradiction is likely to occur before
the process terminates. On the other hand, when f =O(n1/3−ε) for some ε > 0we
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show that the sequence dies out w.h.p. before encountering a contradiction.
The results of [BOS25] extend further as they also determine the limiting sat-

isfiability of the random SAT problem when Θ(f⋆) variables are fixed, where f⋆
represents the degrees of freedom of the random formula. In this setting, they
show that the limiting probability remains bounded away from zero and one, and
they provide the exact limiting value. By adjusting a parameter, this limiting value
smoothly interpolates between the two edge cases. An open question is whether a
similar result holds for the random critical 2-SAT problem. Specifically, it remains
unknown what happens when Θ(n1/3) variables are fixed in such formulas, and
whether the limiting probability will also interpolate between the edge cases.

C.2 Preliminaries

C.2.1 Notation and conventions

For any set A ⊆ Z we define −A = {−a : a ∈ A}, ±A = A ∪ (−A) and we denote
by |A| the number of elements in A. For elements xi , i ∈ A belonging to some
space we let (xa)a∈A denote the vector (xa1 , . . . ,xa|A|), where {a1, . . . , a|A|} = A and
a1 < a2 < · · · < a|A|. Furthermore, for any n,m ∈ N with m < n we let [n] =
{1, . . . ,n}, [m,n] = {m,m+1, . . . ,n}, and [0] = ∅. The two setsB = {true,false} and
K = {0,1,2,⋆} are also considered repeatedly. For an x ∈R we let x+ =max{0,x}.

When considering random elements a probability space (Ω,F ,P) will always
be given. Whenever new random elements are introduced, unless specified other-
wise, they are independent of all previously existing randomness. We define 0

0 = 0.
As we will ultimately let n approach infinity, certain inequalities will hold only for
sufficiently large n. In such cases, the required size of n for the inequality to hold
may depend on q, where f ∼ nq, but it will always be independent of the round r .
As has been the case thus far, n is often omitted from the notation, even though
most elements depend on this parameter.

C.2.2 The random SAT problem

Let n,m ∈N0 and k ∈N, where n ≥ k when m > 0. The random k-SAT distribu-
tion was defined in section C.1.2, but wewill infer some additional notation needed
for our proof. Firstly, we will specify the non-random case. When m > 0 we let a
k-clause over n variables be a vector from the set

D =
{
(ℓ1, . . . , ℓk) ∈ (±[n])k : |ℓ1| < · · · < |ℓk |

}
.

The entries of such a vector are called the literals of the clause. Consider m such
clauses (ℓj,i)i∈[k], j ∈ [m]. From these clauses we define a k-SAT formula ϕ with n
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variables and m clauses by letting

ϕ =
m∧
j=1

(
ℓj,1 ∨ · · · ∨ ℓj,k

)
.

We let the order of the clauses matter such that two formulasϕ andϕ′ with literals
((ℓj,i)i∈[k])j∈[m] and ((ℓ′j,i)i∈[k])j∈[m], respectively, are equal if and only if ℓj,i = ℓ′j,i
for all j ∈ [m] and i ∈ [k]. This implies a one-to-one correspondence between a
formula and its (ordered set of) literals. Now, we define a mapping related to a
SAT-formula. For ℓ ∈ ±[n] we associate a mapping by letting

ℓ :Bn→B, where ℓ : x = (x1, . . . ,xn) 7→

 x|ℓ|, if sgn(ℓ) = 1,

¬x|ℓ|, if sgn(ℓ) = −1.
(C.2.1)

Letting ∧ denote the logical and and ∨ denote the logical or, we associate ϕ with
the function mapping Bn to B that is given by

ϕ(x) =
( m∧
j=1

(
ℓj,1 ∨ · · · ∨ ℓj,k

))
(x) =

m∧
j=1

(
ℓj,1(x)∨ · · · ∨ ℓj,k(x)

)
, x ∈Bn.

We now define a distribution over the set of k-SAT formulas with n variables and
m clauses and we denote this distribution by Fk(n,m). Consider random vectors
(Lj,i)i∈[k], j ∈ [m], that are uniformly distributed on D. We say that these are
random clauses. Furthermore, let

Φ =
m∧
j=1

(
Lj,1 ∨ · · · ∨Lj,k

)
,

then Φ has distribution Fk(n,m) and we say that Φ is a random k-SAT formula
with n variables and m clauses. For x ∈ B

n we let Φ(x) denote the point-wise
evaluation of Φ in x.

C.2.3 Fixing variables and the unit-propagation algorithm

Let n,m ∈N0 and k ∈N with n ≥ k when m > 0. Let L ⊆ ±[n] be consistent. For
an x ∈ Bn we let the vector xL be as defined in subsection C.1.2 and for functions
g :Bn→Bwe define gL(x) = g(xL). Consider a 2-SAT formulaϕ with n variables
andm clauses where its literals are denoted ((ℓj,i)i∈[2])j∈[m]. Consider the formula
with fixed variables

ϕL =
m∧
j=1

(
ℓj,1 ∨ ℓj,2

)
L
=

m∧
j=1

(
(ℓj,1)L ∨ (ℓj,2)L

)
.
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The set [m] is now split into four non-overlapping subsets:

C0 =
{
j ∈ [m] : ℓj,1 ∈ −L and ℓj,2 ∈ −L

}
,

C1 =
{
j ∈ [m] : ℓj,ij1 < ±L and ℓj,ij2 ∈ −L, {ij1 , ij2} = {1,2}

}
,

C2 =
{
j ∈ [m] : ℓj,1 < ±L and ℓj,2 < ±L

}
,

C⋆ =
{
j ∈ [m] : ℓj,1 ∈ L or ℓj,2 ∈ L

}
.

(C.2.2)

Using the definition of ij1 from above we ease notation and let ℓj,ij1 = ℓj for j ∈ C1.
Note that

• When j ∈ C0 then (ℓj,1 ∨ ℓj,1)L(x) = false for all x ∈Bn.

• When j ∈ C1 then (ℓj,1 ∨ ℓj,2)L(x) = ℓj(x) for all x ∈Bn.

• When j ∈ C2 then (ℓj,1 ∨ ℓj,2)L(x) = (ℓj,1 ∨ ℓj,2)(x) for all x ∈Bn.

• When j ∈ C⋆ then (ℓj,1 ∨ ℓj,2)(x) = true for all x ∈Bn.

Define
ϕ1 =

∧
j∈C1

(ℓj ), and ϕ2 =
∧
j∈C2

(ℓj,1 ∨ ℓj,2). (C.2.3)

Note that the above literals will belong to the set (±[n]\ ± L). The above implies
that ϕ ∈ SAT if and only if C0 = ∅ and (ϕ1 ∧ ϕ2) ∈ SAT. We will now further
determine when (ϕ1 ∧ϕ2) ∈ SAT. Define

L(ϕ1) = {ℓj ∈ C1 : −ℓj < C1}. (C.2.4)

We let this be the set associated with the 1-SAT formula ϕ1, and we note that it is
a consistent set. Moreover, for x ∈Bn

ϕ1(x) = true

⇐⇒ x|ℓj | =

true, when sgn(ℓj ) = +1,

false, when sgn(ℓj ) = −1.
∀j ∈ C1.

(C.2.5)

This along with the definition of xL(ϕ1) implies that when ϕ1 ∈ SAT then for all
x ∈Bn we have that ϕ1(x) = true if and only if x = xL(ϕ1). Therefore

(ϕ1 ∧ϕ2) ∈ SAT ⇐⇒ ϕ1 ∈ SAT and (ϕ1 ∧ϕ2)L(ϕ1) ∈ SAT
⇐⇒ ϕ1 ∈ SAT and (ϕ2)L(ϕ1) ∈ SAT.

Thus

ϕ ∈ SAT ⇐⇒ C0 = ∅, ϕ1 ∈ SAT, and (ϕ2)L(ϕ1) ∈ SAT. (C.2.6)
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This decomposition of the event {ϕ ∈ SAT} becomes a key tool in the proof. More-
over, note that the same procedure, as just described, can now be applied to the
formula (ϕ2)L(ϕ1). Hence, the procedure of fixing variables continues recursively
in rounds and this is the idea behind the unit-propagation algorithm. One of the
main ingredients in the proof of our main theorem concerns controlling this pro-
cess.

C.2.4 Sketch of proof

Consider a random 2-CNF formula Φ ∼ F2(n,n) with literals (Lj,i)i∈[2],j∈[n], and
a consistent set L ⊆ ±[n] with |L| = f . We now apply the unit-propagation pro-
cedure to Φ , thereby decomposing the probability of interest into a collection of
simpler terms.

Initial round: Let C(1)k , for k ∈ K , be the random sets defined from Φ and L
as described in (C.2.2), and define M(1)

k = |C(1)k | for k ∈ K . Additionally, let Φ
(1)
1

and Φ (1)
2 be the random formulas constructed from Φ and L, corresponding to the

definitions in (C.2.3). Finally, letL(1) denote the set associated withΦ (1)
1 , as defined

in (C.2.4). From the decomposition in (C.2.6), we get that

P(ΦL ∈ SAT) = P(M(1)
0 = 0, Φ (1)

1 ∈ SAT, (Φ
(1)
2 )L(1) ∈ SAT). (C.2.7)

The independence of the clauses of Φ implies that the three events in (C.2.7) only
are dependent through the random vector (M(1)

k )k∈[K]. Moreover, the i.i.d. struc-
ture of the clauses in Φ implies that this vector has a multinomial distribution,
where the entries concentrate around their mean and hence become asymptoti-
cally independent. This implies that also the events in (C.2.7) are asymptotically
independent, allowing for the desired decomposition:

P

(
ΦL ∈ SAT

)
∼ P

(
M

(1)
0 = 0

)
P

(
Φ

(1)
1 ∈ SAT

)
P

(
(Φ (1)

2 )L(1) ∈ SAT
)
. (C.2.8)

Subsequent rounds: The procedure from the initial round is now repeated recur-
sively, replacing Φ and L with Φ

(1)
2 and L(1), respectively. Hereby, new random

elements (M(2)
k )k∈K , Φ

(2)
1 , Φ (2)

2 , and L(2) are constructed. The procedure is then
repeated iteratively on Φ

(2)
2 and L(2), and so on. Continuing a total of R times (R

being some suitable integer), we construct the random elements (M(r)
k )k∈K , Φ

(r)
1 ,

Φ
(r)
2 , and L(r) for each r ∈ [R]. Using these constructed elements, the probability

calculation in (C.2.8) can be extended iteratively, leading to

P(ΦL ∈ SAT) ∼ P

(
(Φ (R)

2 )L(R) ∈ SAT
) R∏
r=1

P

(
M

(r)
0 = 0

)
P

(
Φ

(r)
1 ∈ SAT

)
. (C.2.9)
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The probabilistic decomposition in (C.2.9) plays a central role in the overall proof.
To evaluate the terms of (C.2.9), we need to know the distributions of the defined
elements. As the elements are defined recursively, the distributions can be found
as conditional distributions, and when conditioning on the past, we get that

M
(r)
0 |M

(r−1)
1 ≈ Binomial

((
M

(r−1)
1
2n

)2
,n

)
,

Φ
(r)
1 |M

(r)
1 ≈ F1(n,M

(r)
1 ), (r ∈ [R]).

Thus, it becomes crucial to control the size of the sequence (M(r)
1 )r∈[R], and the

remaining part of the proof concerns this.
Firstly, we establish that limn→∞P(ΦL ∈ SAT) = 0 when f = nq with q =

1/3+ ε. Here we will prove the existence of constants c,C > 0, such that

lim
n→∞

P

(
M

(r)
1 ∈ [cn

q,Cnq] ∀r ∈ [R]
)
= 1, (C.2.10)

which will imply that the product in (C.2.9) approaches zero and thus, this implies
our main result. When proving (C.2.10) a simple union bound will not do, and thus
we will need to exploit the Markov structure of the sequence (M(r)

1 )r∈[R].
Next, we will establish that liminfn→∞P(ΦL ∈ SAT) ≥ liminfn→∞P(Φ ∈

SAT), when f = nq with q = 1/3 − ε. In this setup, the sequence (M(r)
1 )r∈[R] is a

super-martingale, and thus optional sampling gives that M(r)
1 ≤ logn · nq for all

r ∈ [R]. This further implies that the product in (C.2.9) approaches one as n→∞.
Next, we will establish that the sequence (M(r)

1 )r∈[R] is close in distribution to a
critical Galton-Watson tree, and from this we can establish that M(R)

1 = 0 w.h.p.,
which implies that L(R) = ∅ w.h.p. This further gives that (Φ (R)

2 )L(R) is close in
distribution to Φ , and thus the first term of (C.2.9) is asymptotically equivalent to
P(Φ ∈ SAT). Thus, this finally proves our main theorem.

C.3 Main decomposition of probability

In this section, we present a mathematically rigorous version of the decomposition
in C.2.4. This decomposition will break the proof of our main result into smaller
lemmas, which will be proven later. In subsection C.3.1, we introduce the technical
lemmas that primarily provide distributional results for the sequences of elements
that will be defined in sections C.3.2 and C.3.3. The two sequences defined in these
sections both serve as approximations to the unit propagation procedure. Section
C.3.2 addresses the case q > 1/3, where the corresponding sequence is used to
establish an upper bound on the probability, which approaches zero. In Section
C.3.3, the other sequence provides a lower bound that is used for the proof in the
case q < 1/3.
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C.3.1 Technical lemmas

The first lemma of this section states that for Φ ∼ F2(n,m) and a consistent set of
literals L ⊆ ±[n], with |L| = f we can construct a coupled SAT-formula Φ ′ which
has the same distribution as Φ but where fixing the literals of L in Φ corresponds
to fixing the literals of the set [n]\[n−f ]. When considering the different rounds of
the unit-propagation algorithm later on, the repeated use of this lemma will allow
us to control which variables are fixed.

Lemma C.4. There exists a function G such that if Φ ∼ F2(n,m) and L ⊆ ±[n] is a
consistent set of literals with |L| = f , then Φ ′ := G(Φ , L) D= Φ and{

ΦL ∈ SAT
}
=

{
Φ ′[n]\[n−l] ∈ SAT

}
.

The below is an easy consequence of the above lemma.

Fact C.5. Let Φ ∼ F2(n,m) and let L ⊆ ±[n] be a consistent random set of literals
independent of Φ . Then G(Φ , L) D= Φ and G(Φ , L) is independent of L.

The proof of Lemma C.4 relies on the uniformity of the clauses that imply that
literals can be swapped without changing the distribution of the formula.

Next, we want to decompose a 2-CNF formula with fixed variables into its 1-
and 2-CNF sub-formulas. Letϕ be a (non-random) 2-CNF formula with n variables
and m clauses and let L = [n]\[n− f ] for some f ∈N. Define the sets

A0 =A0(n,f ) := −L×−L, A1 =A1(n,f ) := ±[n− l]×−L,
A2 =A2(n,f ) := ±[n− f ]×±[n− f ], A⋆ =A⋆(n,f ) := ±[n]×L.

Let (ℓj,1, ℓj,2), j ∈ [m], be the literals of ϕ and define Ck = {j ∈ [m] : (ℓj,1, ℓj,2) ∈
Ak}, k ∈ K . Note that this definition corresponds to the definition in (C.2.2). A
clause that belongs to A0 is said to be an unsatisfied clause, and a clause in A⋆ is
said to be satisfied. Define

G1(ϕ,f ) :=
∧
j∈C1

ℓj,1, G2(ϕ,f ) =
∧
j∈C2

(ℓj,1 ∨ ℓj,2).

In (C.2.6) we saw that

ϕL ∈ SAT
⇐⇒ C0 = ∅, G1(ϕ,f ) ∈ SAT, G2(ϕ,f )L(G1(ϕ,f )) ∈ SAT,

whereL(G1(ϕ,f )) is defined in (C.2.4). In the setupwithL = [n]\[n−f ]we further
note that when (ℓj,1, ℓj,2) ∈ A1, then ℓj,1 ∈ ±[n − f ] and when (ℓj,1, ℓj,2) ∈ A2

then (ℓj,1, ℓj,2) ∈ (±[n− f ])2. Hence both G1(ϕ,f ) and G2(ϕ,f ) can be viewed as
boolean functions that mapBn−f intoB. The above setup will now be applied to a
random 2-CNF formula. The next lemma describes the simultaneous distribution
of the elements defined in this setup.
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Lemma C.6. Let Φ ∼ F2(n,m) and L = [n]\[n− f ]. IfMk is the random variable
denoting the number of clauses in Φk := Gk(Φ , f ) for k ∈ {1,2}, andM0 andM⋆ are
the number of unsatisfied- and satisfied clauses, respectively, then

(Mk)k∈K = (M0, M1, M2, M⋆) ∼Multinomial
(
m, p(n,f )

)
,

where p = (pk)k∈K and

p0(n,f ) =
f (f − 1)
4n(n− 1)

, p1(n,f ) =
(n− f )f
n(n− 1)

,

p2(n,f ) =
(n− f )(n− f − 1)

n(n− 1)
, p⋆(n,f ) =

(n− f4 −
3
4 )f

n(n− 1)
.

Furthermore
Φk |(Mk)k∈K ∼ Fk(n− f , Mk), (k ∈ {1,2}),

and Φ1 and Φ2 are conditionally independent given (Mk)k∈K .

This lemma is again a direct consequence of the uniformity and the indepen-
dence of the clauses of a random 2-CNF formula. The last lemma of this section
gives a lower bound on the probability that a 1-CNF formula is satisfiable.

Lemma C.7. Let n,m ∈N with n ≥m and let Φ ∼ F1(n,m). Then

P(Φ ∈ SAT) ≥
(
1− mn

)m
.

This lemma can be proven in the same way as they prove Lemma 8 in [BOS25].
Thus, we will not repeat the argument here.

C.3.2 Decomposition of probability when many variables are fixed

Let Φ ∼ F2(n,n), and L be a consistent set of literals with |L| = f = f (n), where
f (n) = Ω(n1/3+ε) for a small ε > 0. We will prove that limn→∞P(ΦL ∈ SAT) =
0. In this section, the aim is to closely regulate the unit-propagation procedure
and hereby establish an upper bound on the probability of interest. Later, it is
established that this upper bound approaches zero as n→∞.

Controlling the unit-propagation procedure

The assumption on f implies that f (n) ≥ nq, where q = 1/3 + ε for some small
ε > 0. Let L′ ⊆ L with |L′ | = ⌊nq⌋. As {ΦL ∈ SAT} ⊆ {ΦL′ ∈ SAT} it is sufficient
to establish that limn→∞P(ΦL′ ∈ SAT) = 0. Thus, we will WLOG assume that
f (n) = ⌊nq⌋ for some q ∈ (1/3,1/2).
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Next, we define a sequence of random elements that resembles a controlled
version of the unit-propagation procedure. First, we define the initial elements of
the procedure. Let G be the function defined in Lemma C.4. Then define

Ψ
(0)
2 := G(Φ ,L), S(−1) = 0, S̄(−1) = 0, S(0) := f ,

M
(0)
1 = f +1, L(0) := [n]\[n− f ], M(0) := {∅,Ω}.

Note that S(0) = S(−1) + (M(0)
1 − 1)+, L(0) = [n− S(−1)]\[n− S(0)], and Lemma C.4

states that Ψ (0)
2 is constructed such that

Ψ
(0)
2 ∼ F2(n,n) = F2

(
n− S(−1), (n− S̄(−1))+

)
and

{
ΦL ∈ SAT

}
=

{
(Ψ (0)

2 )L(0) ∈ SAT
}
.

(C.3.1)

Furthermore, M(0) is the trivial σ -algebra and thus it provides no information.
Now, additional elements are constructed recursively. Let R := ⌊n1−2q logn⌋ de-
note the number of rounds. Then for each r ∈ [R] we define the following recur-
sively.

Let G1 and G2 be the functions from Lemma C.6 and define Φ
(r)
k :=

Gk(Ψ
(r−1)
2 , |L(r−1)|) for k ∈ {1,2}. Also, let M(r)

k denote the number of clauses
in Φ

(r)
k for k ∈ {1,2} and let M(r)

0 and M(r)
⋆ denote the number of unsatisfied-

and satisfied clauses of (Ψ (r−1)
2 )L(r−1) , respectively. Define the σ -algebraM(r) :=

σ
(
M(r−1) ∪ σ (M(r)

k , k ∈ K)
)
. The elements are constructed such that{

(Ψ (r−1)
2 )L(r−1) ∈ SAT

}
=

{
(Φ (r)

2 )L(Φ (r)
1 )
∈ SAT, Φ (r)

1 ∈ SAT, M
(r)
0 = 0

}
, (C.3.2)

see (C.2.6), and Lemma C.6 states that

(M(r)
k )k∈K |M(r−1) ∼ Binomial

(
(n− S̄(r−2))+, p

(
n− S(r−2), (M(r−1)

1 − 1)+
))
,

(C.3.3)

Φ
(r)
k |M

(r) ∼ F2(n− S(r−1),M
(r)
k ), k ∈ {1,2}, (C.3.4)

and Φ
(r)
2 and Φ

(r)
1 are independent when conditioning on M(r). Now, define

Ψ̄
(r)
2 := G(Φ (r)

2 ,L(Φ (r)
1 )), where G is the function from Lemma C.4 and the set

corresponding to Φ (r)
1 is defined in (C.2.4). As Φ (r)

2 and Φ (r)
1 are independent given

M(r), Fact C.5 states that

Ψ̄
(r)
2 |M

(r) ∼ F2(n− S(r−1),M
(r)
k ), and Ψ̄

(r)
2 ⊥⊥ Φ

(r)
1 |M

(r).
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Moreover, if M̄(r)
1 = |L(Φ (r)

1 )|, then{
(Φ (r)

2 )L(Φ (r)
1 )
∈ SAT

}
=

{
(Ψ̄ (r)

2 )L̄(r) ∈ SAT
}
, L̄(r) := [n− S(r−1)]\[n− S(r−1) − M̄(r)

1 ].
(C.3.5)

Now, we either add clauses to Ψ̄
(r)
2 or remove clauses. Define S̄(r−1) = ⌊logn⌋ ·

S(r−1) and let (L(r)j,1,L
(r)
j,2) for j ∈ [M

(r)
2 ] be the random literals of Ψ̄ (r)

2 . IfM(r)
2 < (n−

S̄(r−1))+ define additional random literals (L(r)j,1,L
(r)
j,2) for j ∈ {M

(r)
2 , . . . , (n− S̄(r−1))+}

where conditional on M(r) they are i.i.d. and uniformly distributed on D(r) :=
{(ℓ1, ℓ2) ∈ (±[n− S(r−1)])2 : |ℓ1| < |ℓ2|}. Define

Ψ
(r)
2 =

∧
j∈[(n−S̄(r−1))+]

(
L
(r)
j,1 ∨L

(r)
j,2

)
,

then
Ψ

(r)
2 |M

(r) ∼ F2
(
n− S(r−1), (n− S̄(r−1))+

)
.

Lastly, let

S(r) = S(r−1) + (M(r)
1 − 1)

+, and L(r) = [n− S(r−1)]\[n− S(r)].

Then we are in the same setting again and we can repeat the procedure on Ψ
(r)
2

and L(r) under the conditional distribution givenM(r), where we note that L(r) is
deterministic givenM(r).

Note that it is mainly the sequence {S(r)}r∈[R] that controls the size of the dif-
ferent elements constructed above and this sequence is defined from the sequence
{M(r)

1 }r∈[R]. Thus, a big part of the proof in the over-constrained setting is con-
trolling the size of this sequence, which describes the number of unit-clauses con-
structed in each round. We show that that this number remains on the order of nq
throughout the R rounds as the below lemma states.

Lemma C.8. There exist constants c0 > 0 and C0 > 0 such that the two events

Bl =
{
M

(r)
1 ≥ c0n

q, r ∈ [R]
}

and Bu =
{
M

(r)
1 ≤ C0n

q, r ∈ [R]
}

satisfy
lim
n→∞

P(Bl) = lim
n→∞

P(Bu) = 1.

As S(r) ≤ ⌊nq⌋+
∑R
r=1M

(r)
1 the above Lemma also implies that:

Fact C.9. There exists a constant C1 > 0 such that for r ∈ [R] (and n large enough)
we have {

S(r) ≤ C1n
1−q logn

}
⊆ Bu .
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Lemma C.8 is technical to prove. It is easy to find constants c0 > 0 and C0 > 0
such that for each r ∈ [R] we have that c0nq < M

(r)
1 < C0n

q w.h.p. This does
however not imply that the entire sequence {M(r)

1 }r∈[R] is uniformly boundedw.h.p.
A union bound is not tight enough to establish the uniform boundedness so the
dependence structure of the sequence needs to be exploited. We establish that
whenM(R)

1 is bounded w.h.p. the previous elements will be bounded w.h.p. as well.

Decomposing the probability

The random elements defined in the controlled unit-propagation procedure above
will now be related to the probability that ΦL is satisfiable. Our aim is to show
that the probability tends to zero and thus we want to construct an upper bound
on the probability. Let Bu and Bl be the events from Lemma C.8. Using equation
(C.3.1) we first note that

P

(
ΦL ∈ SAT, Bu , Bl

)
= P

(
(Ψ (0)

2 )L(0) ∈ SAT, Bu , Bl
)
.

Next, using (C.3.2) and (C.3.5) on the term at the right gives that

P

(
(Ψ (0)

2 )L(0) ∈ SAT, Bu , Bl
)

=P
(
(Φ (1)

2 )L(Φ (1)
1 )
∈ SAT, Φ (1)

1 ∈ SAT, M
(1)
0 = 0, Bu , Bl

)
=P

(
(Ψ̄ (1)

2 )L̄(1) ∈ SAT, Φ
(1)
1 ∈ SAT, M

(1)
0 = 0, Bu , Bl

)
≤P

((
Ψ̄

(1)
2

)
L̄(1)
∈ SAT, M(1)

0 = 0, Bu , Bl , M
(1)
1 ≤ M̄

(1)
1 +1, M(1)

2 ≥ (n− S̄(−1))+
)

+P

(
M

(1)
1 > M̄

(1)
1 +1, Φ (1)

1 ∈ SAT, Bu
)
+P

(
M

(1)
2 < (n− S̄(−1))+, Bu , Bl

)
.
(C.3.6)

The first term in the last expression above will now be further decomposed. Note
that when M(1)

1 ≤ M̄
(1)
1 + 1 then L(1) ⊆ L̄(1) and when M(1)

2 ≥ (n − S̄(−1))+ then
Ψ

(1)
2 is a sub-formula of Ψ̄ (1)

2 . Thus

P

((
Ψ̄

(1)
2

)
L̄(1)
∈ SAT, M(1)

0 = 0, Bu , Bl , M
(1)
1 ≤ M̄

(1)
1 +1, M(1)

2 ≥ (n− S̄(−1))+
)

≤P
(
(Ψ (1)

2 )L(1) ∈ SAT,M
(1)
0 = 0, Bu , Bl

)
.

(C.3.7)
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Now, recursively repeating (C.3.6) and (C.3.7) R times in total we eventually arrive
at the decomposition

P

(
(ΦL ∈ SAT, Bu , Bl

)
≤P

(
M

(r)
0 = 0, r ∈ [R], Bu , Bl

)
+

R∑
r=1

P

(
M

(r)
1 > M̄

(r)
1 +1, Φ (1)

1 ∈ SAT, Bu
)

+
R∑
r=1

P

(
M

(r)
2 < (n− S̄(r−1))+, Bu , Bl

)
.

(C.3.8)

The below lemma establishes the limits of the above upper bound.

Lemma C.10. It holds that

(1) limn→∞P

(
M

(r)
0 = 0, r ∈ [R], Bu , Bl

)
= 0,

(2) limn→∞
∑R
r=1P

(
M

(r)
1 ≥ M̄

(r)
1 +2, Φ (1)

1 ∈ SAT, Bu
)
= 0,

(3) limn→∞
∑R
r=1P

(
M

(r)
2 < (n− S̄(r−1))+, Bu , Bl

)
= 0.

When proving the above Lemma the events Bu and Bl make it possible to con-
trol the sizes of the different random elements. Further, Lemma C.8 makes it pos-
sible to evaluate one event at a time by conditioning on previous information and
hereby knowing exact distributions.

The above decomposition and lemmas make it straight forward to prove that
ΦL is indeed asymptotically unsatisfiable.

Proof of Definition C.1 (2). Lemma C.8 implies that it is sufficient to establish that
the right-hand side of (C.3.8) tends to zero as n→∞. But this is a direct conse-
quence of Lemma C.10.

C.3.3 Decomposition of probability when few variables are fixed

We will now also control the unit-propagation procedure when the problem is
asymptotically satisfiable, where we instead need a lower bound. Let Φ ∼ F2(n,n)
and L ⊆ ±[n] be consistent with |L| = f (n), where f (n) ≤ nq, with q = 1/3− ε for
a small ε > 0. In section C.3.2, we saw that the number of unit-clauses remained
of order nq throughout the R rounds. In this section, we instead want to show
that the unit-propagation procedure terminates and thus that the number of unit-
clauses reaches zero within the number of rounds we consider. It turns out that
the number of unit-clauses generated by this algorithm will be a super-martingale
(on a set of probability one) when considering the sequence from round r = 2 and
onward. This is helpful as we will make use of optional sampling. Therefore, we
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will start by stating another lemma for which the entire sequence of one-clauses
is a super-martingale and then we will connect this lemma to our main theorem.

Lemma C.11. Let 0 < q < 1/3 and letM(−1)
1 andM(0)

1 be random variables taking

values in [n] satisfying that E[M(0)
1 ] ≤ C0n

q for some C0 > 0 and also that

lim
n→∞

P

(
M

(−1)
1 ≤ nq logn

)
= lim
n→∞

P

(
M

(0)
1 ≤ n

q logn
)
= 1.

Define L′ = [n−M(−1)
1 ]\[n−M(−1)

1 −M(0)
1 ] andM(0) = σ (M(−1)

1 , M
(0)
1 ) and let Φ ′

be a random function with

Φ ′ |M(0) ∼ F2
(
n−M(−1)

1 , n−M(−1)
1 −M(0)

1

)
.

If Φ ∼ F2(n,n) then

liminf
n→∞

P

(
Φ ′L′ ∈ SAT

)
≥ liminf

n→∞
P

(
Φ ∈ SAT

)
.

Controlling the unit-propagation procedure

The notation used when naming the elements of the unit-propagation procedure
in subsection C.3.2 is now reused in this section. As there are small differences in
the definitions in the two cases it is important to pay attention to which definitions
apply to which lemmas.

Let Φ ′ , L′ , M(−2)
1 and M(−1)

1 be the elements of Lemma C.11. Again we start
by defining some initial elements of our unit-propagation procedure:

Ψ
(0)
2 := Φ ′ , S(−1) =M(−1)

1 , S(0) = S(−1) +M(0)
1 ,

L(0) := L′ , M(0) = σ
(
M

(−2)
1 ,M

(−1)
1

)
.

Note that L(0) = [n − S(−1)]\[n − S(0)] and Ψ
(0)
2 |M(0) ∼ F2(n − S(−1), n − S(0)).

Now the rest of the elements are generated recursively. Let R = ⌊n1−2q log−3n⌋
denote the number of rounds. Then for each r ∈ [R] we define the follow-
ing recursively. Let G1 and G2 be the functions defined in Lemma C.4 and let
Φ

(r)
k = Gk(Ψ

(r−1)
2 ,L(r−1)) for k ∈ {1,2}. Also, let M(r)

k be the number of clauses
in Φ

(r)
k for k ∈ {1,2} and let M(r)

0 and M(r)
⋆ denote the number of unsatisfied-

and satisfied clauses of (Ψ (r−1)
k )L(r−1) , respectively. We further define M(r) =

σ
(
M(r−1) ∪ σ (M(r)

k , k ∈ K)
)
.We have that{

(Ψ (r−1)
2 )L(r−1) ∈ SAT

}
=

{
(Φ (r)

2 )
Φ

(r)
1
∈ SAT, Φ (r)

1 ∈ SAT, M
(r)
0 = 0

}
, (C.3.9)
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see (C.2.6), and Lemma C.6 states that

(M(r)
k )k∈K |M(r−1) ∼ Binomial

(
n− S(r−1), p(n− S(r−2), M(r−1)

1 )
)
, (C.3.10)

Φ
(r)
k |M

(r) ∼ F2(n− S(r−1),M
(r)
k ), k ∈ {1,2}, Φ

(r)
1 ⊥⊥ Φ

(r)
2 |M

(r). (C.3.11)

Now, define Ψ̄
(r)
2 := G(Φ (r)

2 ,Φ
(r)
1 ), where G is the function from Lemma C.4 and

Φ
(r)
1 is seen as set, see (C.2.4). As Φ (r)

2 and Φ
(r)
1 are independent givenM(r), Fact

C.5 states that

Ψ̄
(r)
2 |M

(r) ∼ F2(n− S(r−1),M
(r)
k ), and Ψ

(r)
2 ⊥⊥ Φ

(r)
1 |M

(r). (C.3.12)

Moreover, if M̄(r)
1 denotes the number of distinct variables appearing in Φ

(r)
1 , then{

(Φ (r)
2 )

Φ
(r)
1
∈ SAT

}
=

{
(Ψ̄ (r)

2 )L̄(r) ∈ SAT
}
, L̄(r) := [n− S(r−1)]\[n− S(r−1) − M̄(r)

1 ].
(C.3.13)

Now, we add additional clauses to Ψ̄ (r)
2 or remove clauses. Let S(r) = S(r−1)+M(r)

1 .
Recall that

M
(r)
2 =M(r−1)

2 −
(
M

(r)
0 +M(r)

1 +M(r)
⋆

)
=

(
n−S(r−1)

)
−
(
M

(r)
0 +M(r)

1 +M(r)
⋆

)
≤ n−S(r).

Let (L(r)j,1,L
(r)
j,2), j ∈ [M

(r)
2 ] be the random random literals of Ψ̄ (r)

2 and define addi-

tional random literals (L(r)j,1,L
(r)
j,2) for j ∈ {M

(r)
2 + 1, . . . ,n − S(r)} that when condi-

tioning onM(r) are i.i.d. and uniformly distributed on

D(r) :=
{
(ℓ1, ℓ2) ∈ (±[n− S(r−1)])2 : |l1| < |l2|

}
.

Define

Ψ
(r)
2 =

∧
j∈[n−S(r)]

(
L
(r)
j,1 ∨L

(r)
j,2

)
, then Ψ

(r)
2 |M

(r) ∼ F2
(
n− S(r−1),n− S(r)

)
.

Lastly, defineL(r) = [n−S(r−1)]\[n−S(r)]. Now, the same procedure can be applied
toΨ (r)

2 andL(r) in the conditional distribution givenM(r), where we note thatL(r)
is deterministic givenM(r).

Decomposing the probability

We will use the elements defined previously to create a lower bound on the prob-
ability of Φ ′L′ being satisfiable. The definitions in the initial round imply that{

Φ ′L′ ∈ SAT
}
=

{
(Ψ (0)

2 )L(0) ∈ SAT
}
.
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Now, using (C.3.9) we get{
(Ψ (0)

2 )L(0) ∈ SAT
}
=

{
(Φ (1)

2 )
Φ

(1)
1
∈ SAT, Φ (1)

1 ∈ SAT, M
(1)
0 = 0

}
, (C.3.14)

and equation (C.3.13) further implies{
(Φ (1)

2 )L(1) ∈ SAT
}
=

{
(Ψ̄ (1)

2 )L̄(1) ∈ SAT
}
. (C.3.15)

As M̄(1)
1 ≤ M

(1)
1 we have that L(1) ⊆ L̄(1) and also Ψ

(1)
2 is constructed such that

Ψ̄
(1)
2 is its sub-formula. Thus, we get the inclusions{

(Ψ̄ (1)
2 )L̄(1) ∈ SAT

}
⊇

{
(Ψ (1)

2 )L(1) ∈ SAT
}
. (C.3.16)

Combining all of the above set inclusions imply that

P

(
(Φ ′)L′ ∈ SAT

)
≥ P

(
(Ψ (1)

2 )L(1) ∈ SAT, Φ
(1)
1 ∈ SAT, M

(1)
0 = 0

)
.

Now, we are back at considering the event {(Ψ (1)
2 )L(1) ∈ SAT} and thus (C.3.14),

(C.3.15) and (C.3.16) can be repeated for r = 2, . . . ,R. Hereby, we eventually get the
lower bound

P

(
Φ ′L′ ∈ SAT

)
≥ P

(
(Ψ (R)

2 )L(R) ∈ SAT, Φ
(r)
1 ∈ SAT, M

(1)
0 ∈ SAT, r ∈ [R]

)
. (C.3.17)

Our next lemma gives that the above lower-bound tends to one as n→∞.

Lemma C.12. We have that

(1) limn→∞P

(
M

(r)
1 ≤ nq logn, r ∈ [R]

)
= 1,

(2) limn→∞P

(
Φ

(r)
1 ∈ SAT, r ∈ [R]

∣∣∣M(r)
1 ≤ nq logn, r ∈ {−1, . . . ,R}

)
= 1,

(3) limn→∞P

(
M

(r)
0 = 0, r ∈ [R]

∣∣∣M(r)
1 ≤ nq logn, r ∈ {−1, . . . ,R}

)
= 1,

(4) limn→∞P

(
M

(R)
1 = 0

)
= 1.

That the sequence (M(r)
1 )r∈[R] is bounded from above follows using optional

sampling where we exploit that the sequence turns out to be a super-martingale.
Lemma C.12 (2) and (3) are then consequences of Lemma C.6. Lastly (4) is proven
by a Poisson approximation and also using theory of Galton-Watson trees. Lemma
C.11 is now an easy consequence of Lemma C.12.
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Proof of Lemma C.11. The definitions of M(−1)
1 and M(0)

1 along with Lemma C.12
(1) imply that the event that we condition on in (2) and (3) of Lemma C.12 happens
w.h.p. Therefore, Lemma C.12 (2) implies that

lim
n→∞

P(Φ (r)
1 ∈ SAT, r ∈ [R]) = 1,

and Lemma C.12 (3) implies that

lim
n→∞

P(M(r)
0 = 0, r ∈ [R]) = 1.

Also, Lemma C.12 (4) implies that L(R) = ∅ w.h.p. and when this is the case also
Ψ

(R)
2 |M(R) ∼ F2(n−S(R−1),n−S(R−1)). Moreover, thatM(r)

1 ≤ nq logn for all r ∈ [R]
w.h.p. implies that S(R−1) ≤ n1−q w.h.p. These observations along with Fatou’s
Lemma give

liminf
n→∞

P

(
(Ψ (R)

2 )L(R) ∈ SAT
)

=liminf
n→∞

E

[
P

(
Ψ

(R)
2 ∈ SAT

∣∣∣M(R)
)∣∣∣S(R−1) ≤ n1−q, L(R) = ∅]

≥E
[
liminf
n→∞

P

(
Ψ

(R)
2 ∈ SAT

∣∣∣M(R)
)∣∣∣∣S(R−1) ≤ n1−q, L(R) = ∅]

=liminf
n→∞

P

(
Φ ∈ SAT

)
.

Combining these limits with the decomposition in (C.3.17) gives the result.

C.4 Proofs

In this section we provide proofs of the lemmas stated previously. Sections C.4.1
and C.4.2 are devoted to the case q > 1/3 and sections C.4.3 and C.4.4 concern
the case q < 1/3. Lastly, in section C.4.5 the technical lemmas of section C.3.1 are
proven.

C.4.1 Proof of Lemma C.8

In this section, we again consider the elements defined in the unit-propagation
procedure of section C.3.2. We establish that the two events Bu = {M(r)

1 ≤ C0n
q}

and Bl = {M
(r)
1 ≥ c0nq} happen w.h.p. A problem we encounter is that we cannot

control the size of the sequence {S(r)}r∈[R]. Thus, we will need to define a new
sequence of random elements that approximates our previously defined elements
but for which we do not have this problem. Let T (−1) = 0, N (0)

1 = ⌊nq⌋ and define



130 Article C · Degrees of Freedom for Critical Random 2-SAT

recursively for each r ∈ [0,R]

T (r) =min
{
T (r−1) + (N (r)

1 − 1)
+, ⌈n1−q log2n⌉

}
, T̄ (r) = ⌊logn⌋ · T (r),

N
(r+1)
1 |N (1)

1 , . . . ,N
(r)
1 ∼ Binomial

((
n− T̄ (r−2)

)+
, p1

(
n− S(r−1),

(
M

(r−1)
1 − 1

)+))
.

Now, the sequence {T (r)}r∈[R] is upper-bounded by ⌈n1−q log2n⌉ but at the same
time it turns out that it has the same distribution as {S(r)}r∈[R] w.h.p. Let c0 > 0
and C0 > 0 be two constants (which will be further specified later) and define the
events

Dl =
{
N

(r)
1 ≥ c0n

q ∀r ∈ [R]
}
, Du =

{
N

(r)
1 ≤ C0n

q ∀r ∈ [R]
}

AS =
{
S(R) < n1−q log2n

}
AT =

{
T (R) < n1−q log2n

}
.

Equation (C.3.3) implies that({
M

(r)
1 1AS

}
r∈[R]

, 1AS
) D= ({

N
(r)
1 1AT

}
r∈[R]

, 1AT
)
.

Moreover, on AS it holds that {M(r)
1 1AS }r∈[R] = {M

(r)
1 }r∈[R] and on AT we have

{N (r)
1 1AT }r∈[R] = {N

(r)
1 }r∈[R]. Thus, if Bl and Bu are the events of Lemma C.8, then

P(Bcl ) ≤ P(Bcl ∩AS ) +P(AcS ) = P(Dc
l ∩AT ) +P(AcS ) ≤ P(Dc

l ) +P(AcS ),

and similarly P(Bcu) ≤ P(Dc
u) + P(AcS ). Thus, in order to establish Lemma C.8

it is sufficient to establish that limn→∞P(AS ) = 1 and that limn→∞P(Dl) =
limn→∞P(Du) = 1. Thus, proving Lemma C.8 reduces to proving the below two
lemmas

Lemma C.13. We have limn→∞P(AS ) = 1.

Lemma C.14. We have limn→∞P(Dl) = limn→∞P(Du) = 1.

We start by proving the first of the above two lemmas.

Proof of Lemma C.13. We will establish this using Markov’s inequality. Note that

E[S(R)] = ⌊nq⌋+
R∑
r=1

E[(M(r)
1 − 1)

+] ≤
R∑
r=0

E[M(r)
1 ],

and equation (C.3.3) and the definition of p1 in Lemma C.6 implies

E[M(r)
1 ] =

(
n− S̄(r−2)

)+ (
n− S(r−2) − (M(r−1)

1 − 1)+
)
(M(r−1)

1 − 1)+(
n− S(r−2)

)(
n− S(r−2) − 1

)
≤ E

[
M

(r−1)
1 ·

(n− ⌊logn⌋S(r−2))+

n− S(r−2) − 1
·
n− S(r−2) − (M(r−1)

1 − 1)+

n− S(r−2)

]
≤ E

[
M

(r−1)
1

]
.
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In the above, we used that S(r−2) ≥ nq−1 so n−g(n)S(r−2) ≤ n−S(r−2)−1. Repeating
the above argument we eventually get that

E[M(r)
1 ] ≤ E[M(0)

1 ] ≤ nq.

Thus, Markov’s inequality implies that

P(AcS ) = P

(
S(R) ≥ n1−q log2n

)
≤

E

[
S(R)

]
n1−q log2n

≤ (R+1)nq

n1−q log2n
≤

(n1−2q logn+1)nq

n1−q log2n
→ 0 as n→∞,

where we use that for q < 1/2 we have 1− q > q.

To prove the next Lemma we need the below technical lemma.

Lemma C.15. Let r, s ∈ [0,R] with s < r . Then

(1) E[N (r)
1 |N

(1)
1 , . . . ,N

(s)
1 ] ≤N (s)

1 ,

(2) E[(N (r)
1 )2|N (1)

1 , . . . ,N
(s)
1 ] ≤ RN (s)

1 + (N (s)
1 )2,

(3) Assume N (s)
1 ≤ C0n

q for some C0 > 0. Then there exists C1 > 0 (dependent

on C0 but independent of r and s) such that E[N (r)
1 |N

(1)
1 , . . . ,N

(s)
1 ] ≥ N (s)

1 −
C1n

1−2q log4n

(4) Assume c0nq ≤ N
(s)
1 ≤ C0n

q for some c0,C0 > 0. Then there exists
C2 > 0 (dependent on c0 and C0 but independent of r and s) such that
V

[
N

(r)
1

∣∣∣N (1)
1 , . . . ,N

(s)
1

]
≤ C2n

1−q log4n.

Proof. The inequalities will be established one at a time.

(1) Direct calculations give that

E

[
N

(r)
1

∣∣∣N (1)
1 , . . . ,N

(s)
1

]
=E

[
E

[
N

(r)
1

∣∣∣N (1)
1 , . . . ,N

(r−1)
1

]∣∣∣N (1)
1 , . . . ,N

(s)
1

]
=E

[
(n− T̄ (r−2))

(
n− T (r−2) − (N (r−1)

1 − 1)+
)
(N (r−1)

1 − 1)+(
n− T (r−2)

)(
n− T (r−2) − 1

) ∣∣∣∣∣N (1)
1 , . . . ,N

(s)
1

]

≤E
[
N

(r−1)
1

(n− ⌊logn⌋T (r−2))+

n− T (r−2) − 1
·

(
n− T (r−2) − (N (r−1)

1 − 1)+
)

n− T (r−2)

∣∣∣∣∣N (1)
1 , . . . ,N

(s)
1

]
≤E

[
N

(r−1)
1

∣∣∣N (1)
1 , . . . ,N

(s)
1

]
≤ · · · ≤N (s)

1 ,
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where we in the first inequality use that T (r−2) ≥ nq − 1.

(2) For the second moment, we use that when X ∼ Binomial(n,p), then

E[X2] = np(1− p) +n2p2 ≤ E[X] +
(
E[X]

)2
. (C.4.1)

This along with the calculations and result of (1) imply

E

[
(N (r)

1 )2
∣∣∣N (1)

1 , . . . ,N
(s)
1

]
=E

[
E

[
(N (r)

1 )2
∣∣∣N (1)

1 , . . . ,N
(r−1)
1

]∣∣∣N (1)
1 , . . . ,N

(s)
1

]
≤E

[
N

(r−1)
1

∣∣∣N (1)
1 , . . . ,N

(s)
1

]
+E

[
(N (r−1)

1 )2
∣∣∣N (1)

1 , . . . ,N
(s)
1

]
≤· · · ≤ (r − s)N (s)

1 + (N (s)
1 )2

≤RN (s)
1 + (N (s)

1 )2.

(3) Next, we want to find a lower bound on the mean. Here we use that T (r−2) ≤
n1−q log2n+1 and we also make use of (1) and (2).

E

[
N

(r)
1

∣∣∣N (1)
1 , . . . ,N

(s)
1

]
=E

[
(n− T̄ (r−2))

(
n− T (r−2) − (M(r−1)

1 − 1)+
)
(N (r−1)

1 − 1)+

(n− T (r−2))(n− T (r−2) − 1)

∣∣∣∣∣N (1)
1 , . . . ,N

(s)
1

]

≥E
[(
n−n1−q log3n− logn

)n− (T (r−2) +N (r−1)
1

)
n− T (r−2) ·

N
(r−1)
1 − 1
n

∣∣∣∣∣N (1)
1 , . . . ,N

(s)
1

]
≥
n−n1−q log3n− logn

n
·E

[
(N (r−1)

1 − 1)
(
1−

N
(r−1)
1

n−n1−q log2n− 1

)∣∣∣∣∣N (1)
1 , . . . ,N

(s)
1

]

≥
n−n1−q log3n− logn

n

(
E

[
N

(r−1)
1

∣∣∣N (1)
1 , . . . ,N

(s)
1

]
− 1−

E

[
(N (r−1)

1 )2
∣∣∣N (1)

1 , . . . ,N
(s)
1

]
n−n1−q log2n− 1

)
≥
n−n1−q log3n− logn

n
·E

[
N

(r−1)
1

∣∣∣N (1)
1 , . . . ,N

(s)
1

]
− 1−

RN
(s)
1 + (N (s)

1 )2

n−n1−q log2n− 1

≥· · · ≥
(
n−n1−q log3n− logn

n

)r−s
N

(s)
1 − (r − s)

(
1+

RN
(s)
1 + (N (s)

1 )2

n−n1−q log2n− 1

)
.

(C.4.2)
We will now bound the above two terms one at a time. For the first term, we will
need the below inequality which is true for x ≥ 2 and y > 0:[(

1− 2
x

)x]y
=

[
exp

(
x log

(
1− 2

x

))]y
≥

[
exp

(
x
(
− 4
x

))]y
= exp

(
− 4y

)
≥ 1− 4y.
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This and that r − s ≤ R ≤ n1−2q logn now implies

(
n−n1−q log3n− logn

n

)r−s
≥

(1− 2

nq log−3n

)nq log−3 n
n1−3q log4 n

≥ 1− 4n1−3q log4n.

(C.4.3)

For the other term, we use the assumption that N (s)
1 ≤ C0n

q. Then as 2q < 1 we
get

RN
(s)
1 + (N (s)

1 )2

n−n1−q log2n− 1
≤
C0n

1−q logn+C2
0n

2q

n−n1−q log2n− 1
→ 0 as n→∞.

Thus, for a C > 1 we have that

(r − s)

1+ RN
(s)
1 + (N (s)

1 )2

n−n1−q log3n− 1

 ≤ (r − s)C ≤ Cn1−2q logn. (C.4.4)

Now, combining (C.4.2), (C.4.3) and (C.4.4) along with the assumption that N (s)
1 ≤

C0n
q we get that

E

[
N

(r)
1

∣∣∣N (1)
1 , . . . ,N

(s)
1

]
≥
(
1− 4n1−3q log4n

)
N

(s)
1 −Cn

1−2q logn

≥N (s)
1 − 2n

1−3q log4nC0n
q −Cn1−2q logn ≥N (s)

1 −C1n
1−2q log4n.

(4) Lastly, we combine (2) and (3) along with the extra assumption thatN (s)
1 ≥ c0nq

(which implies that N (s)
1 −C1n

1−2q log4n ≥ 0) to conclude that

V (N (r)
1 |N

(1)
1 , . . . ,N

(s)
1 ) = E

[
(N (r)

1 )2
∣∣∣N (1)

1 , . . . ,N
(s)
1

]
−
(
E

[
N

(r)
1

∣∣∣N (1)
1 , . . . ,N

(s)
1

])2
≤ RN (s)

1 + (N (s)
1 )2 −

(
N

(s)
1 −C1n

1−2q log4n
)2

≤ RN (s)
1 + (N (s)

1 )2 − (N (s)
1 )2 +2C0n

qC1n
1−2q log4n

≤ C2n
1−q log4n.

Fact C.16. AsN (0)
1 = ⌊nq⌋ the above Lemma implies the existence of constants c1 > 0

and C1 > 0 such that

E[N (R)
1 ] ≤ nq +1, E[N (R)

1 ] ≥ c1nq, V [N (R)
1 ] ≤ C1n

1−q log4n.

We are now ready to prove the last lemma of this section which will imply
Lemma C.8.
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Proof of Lemma C.14. Let c1 > 0 and C1 > 0 be the constants of Fact C.16. We let
c0 = c1/2 and C0 = 2C1 be the constants of our lemma. Note that when q > 1/3
then (1 − q)/2 < q why we can choose a q1 ∈

(1−q
2 , q

)
. Then using Chebyshev’s

inequality and Fact C.16 we get

P

(∣∣∣N (R)
1 −E[N

(R)
1 ]

∣∣∣ ≥ nq1) ≤ V

[
N

(R)
1

]
n2q1

≤
C1n

1−q log4n
n2q1

→ 0 as n→∞.

Fact C.16 then implies

P

(
N

(R)
1 ≤ c1nq −nq1

)
→ 0 as n→∞, (C.4.5)

P

(
N

(R)
1 ≥ C1n

q +nq1
)
→ 0 as n→∞. (C.4.6)

The above implies that the sequence is still of order nq at step R. We will use this
to show that the sequence cannot have been too small or too large in previous
steps. Remember that we want to establish that limn→∞P(Dl) = 1, where the
complimentary event is given by

Dc
l =

{
∃r ∈ [R] s.t. N (r)

1 < c0n
q
}
=

{
∃r ∈ [R] s.t. N (r)

1 < 1
2c1n

q
}
.

Using (C.4.5) we see that the above is implied if we show that

liminf
n→∞

P

(
N

(R)
1 ≤ c1nq −nq1

∣∣∣Dc
l

)
> 0. (C.4.7)

Define

D
(r)
l =

{
N

(1)
1 > 1

2c1n
q, N

(2)
1 > 1

2c1n
q, . . . ,N

(r−1)
1 > 1

2c1n
q, N

(r)
1 ≤

1
2c1n

q
}
, (r ∈ [R]).

Then the above events are disjoint andDc
l = ∪r∈[R]D

(r)
l . UsingMarkov’s inequality

we get

P(N (R)
1 ≤ c1nq −nq1 |D

(r)
l ) = 1−P(N (R)

1 > c1n
q −nq1 |D(r)

l )

≥ 1−
E[N (R)

1 |D
(r)
l ]

c1nq −nq1
, (r ∈ [R]).

(C.4.8)

Next, using Lemma C.15 (1) we see

E[N (R)
1 |D

(r)
l ] = E

[
E[N (R)

1 |N
(1)
1 , . . . ,N

(r)
1 ]

∣∣∣D(r)
l

]
≤ E[N (r)

1 |D
(r)
l ]

≤ 1
2c1n

q, (r ∈ [R]).
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This upper bound is then inserted in (C.4.8):

P(N (R)
1 ≤ c1nq −nq1 |D

(r)
l ) ≥ 1−

1
2c1n

q

c1nq −nq1
≥ 1

4
, (r ∈ [R]).

This finally implies that

P

(
N

(R)
1 ≤ c1nq −nq1

∣∣∣Dc
l

)
=
P

({
N

(R)
1 ≤ c1nq −nq1

}
∩Dc

l

)
P(Dc

l )

=

∑R
r=1P

(
N

(R)
1 ≤ c1nq −nq1

∣∣∣D(r)
l

)
P(D(r)

l )

P(Dc
l )

≥ 1
4

∑R
r=1P(D

(r)
l )

P(Dc
l )

=
1
4
,

which is (C.4.7).
Next, we will establish that limn→∞P(Du) = 1, where the complimentary

event is given by

Dc
u =

{
∃r ∈ [R] s.t. N (r)

1 > C0n
q
}
=

{
∃r ∈ [R] s.t. N (r)

1 > 2C1n
q
}
.

Using (C.4.6) we get that this is implied if we can show that

liminf
n→∞

P

(
N

(R)
1 ≥ C1n

q +nq1
∣∣∣Dc
u

)
> 0. (C.4.9)

Define for each r ∈ [R]

D
(r)
u =

{
N

(1)
1 < ⌊2C1n

q⌋, N (2)
1 < ⌊2C1n

q⌋, . . . ,N (r−1)
1 < ⌊2C1n

q⌋, N (r)
1 ≥ ⌊2C1n

q⌋
}
.

Note that the above events are disjoint and Dc
u ⊆ ∪r∈[R]D

(r)
u . Let r ∈ [R] be fixed.

The event D(r)
u does not give us an upper bound on N (r)

1 which implies that we
do not have good bounds on E[N (R)

1 |N
(1)
1 , . . . ,N

(r)
1 ]. Therefore, we split the below

probability into two terms. Write

P

(
N

(R)
1 < C1n

q +nq1
∣∣∣D(r)
u

)
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1 < 2⌊2C1n

q⌋
∣∣∣D(r)
u

)
+P

(
N
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1 < C1n

q +nq1
∣∣∣D(r)
u ∩ {N
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1 ≥ 2⌊2C1n

q⌋}
)
P

(
N

(r)
1 ≥ 2⌊2C1n

q⌋
∣∣∣D(r)
u

)
.

(C.4.10)
We will now consider the above two terms separately. For the first term, we now
have a bound on N (r)

1 , as we condition on the event ⌊2C1n
q⌋ ≤ N (r)

1 < 2⌊2C1n
q⌋.
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However, we can not use Markov’s inequality as before as our inequality points in
the wrong direction. Thus, we will instead use Chebyshev’s inequality. In Lemma
C.15 the bounds (3) and (4) imply that there exists a constant C > 0 (which is
independent of r) such that

E[N (R)
1 |N

(1)
1 , . . . ,N

(r)
1 ] ≥ 2C1n

q −Cn1−2q log4n

and
V (N (R)

1 |N
(1)
1 , . . . ,N

(r)
1 ) ≤ Cn1−q log4n.

Then

E[N (R)
1 |N

(1)
1 , . . . ,N

(r)
1 ]− (C1n

q +nq1) ≥ C1n
q −Cn1−2q log4n−nq1 > 0,

and we can use Chebyshev’s inequality to establish that

P

(
N

(R)
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q +nq1
∣∣∣N (1)

1 , . . . ,N
(r)
1
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(∣∣∣N (R)
1 −E[N
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1 |N

(1)
1 , . . . ,N

(r)
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q −Cn1−2q log4n−nq1

∣∣∣N (1)
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(r)
1
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≤

V [N (R)
1 |N

(1)
1 , . . . ,N

(r)
1 ]

(C1nq −Cn1−2q log4n−nq1)2

≤
Cn1−q log4n

(C1nq −Cn1−2q log4n−nq1)2
≤ 1

4
.

(C.4.11)
Lastly, we used that the fraction is of order n1−3q log4n and thus it approaches
zero as n→ ∞. For the second term of (C.4.10) we want to show that P(N (r)

1 ≥
2⌊2C1n

q⌋|D(r)
u ) is small. Note thatD(r)

u contains the eventN (r−1)
1 < ⌊2C1n

q⌋which
makes it unlikely that N (r)

1 ≥ 2⌊2C1n
q⌋. When N (r−1)

1 < ⌊2C1n
q⌋ we have:
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∣∣∣N (1)
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)

=
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P

(
N
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∣∣∣N (1)
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1

)
P

(
N
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1 ≥ ⌊2C1nq⌋
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1 , . . . ,N
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1

)
≤

n∑
x=2⌊2C1nq⌋

P

(
N

(r)
1 = 2⌊2C1n

q⌋
∣∣∣N (1)

1 , . . . ,N
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1

)
P

(
N

(r)
1 = ⌊2C1nq⌋

∣∣∣N (1)
1 , . . . ,N
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1

) .
(C.4.12)

In the last inequality, we made the nominator larger and the denominator smaller.
Here we used thatN (r)

1 |N
(1)
1 , . . . ,N

(r−1)
1 has a Binomial distribution and asN (r−1)

1 <
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⌊2C1n
q⌋ the mode of its probability mass function is smaller than 2⌊2C1n

q⌋. Now,
if X ∼ Binomial(n,p) then

P

(
X = 2y

)
P

(
X = y

) =

(N
2y
)
p2y(1− p)n−2y(n

k

)
py(1− p)n−y

=
y!

(2y)!
(n− y)!
(n− 2y)!

(p)y(1− p)−y

≤
e · y ·

(
y
e

)y
e ·

(2y
e

)2y (np)y exp(
− y log(1− p)

)
≤

y(
4
e

)y
yy

(np)y exp
(
yp

)
= y

(4
e

)−y (np
y

)y
exp(yp).

In the above we have used that log(1 − p) ≥ −p and that e
(
n
e

)n
≤ n! ≤ en

(
n
e

)n
.

Furthermore, coupling this with (C.4.12) we note that in our setup we have that
the number of trials equals n− ⌊logn⌋T r−2 and the probability parameter equals

p1
(
n− T (r−2),N

(r−1)
1

)
≤

N
(r−1)
1

n− T (r−2) ≤ Cn
q−1, (C.4.13)

for a constantC > 0 chosen large enough. This implies that the factor in themiddle
becomes less than one, so in (C.4.12) we get

P
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1 > 2⌊2C1n

q⌋
∣∣∣N (1)

1 , . . . ,N
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1 , N
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P

(
N

(r)
1 = 2⌊2C1n

q⌋
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)
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1

)
≤n2C1n

q
(4
e

)−2C1n
q

exp
(
2C1Cn

2q−1
)
≤ 1

4
.

Lastly, we used that n1+q(4/e)−2C1n
q → 0 and exp(2C1Cn

2q−1)→ 1when n→∞.
Using this and (C.4.11) in (C.4.10) we get
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q⌋}
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+E

[
P
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u

]
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4
+
1
4
=
1
2
.
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This finally implies

P

(
N

(R)
1 > C1n

q +np
∣∣∣Au) =P

({
N

(R)
1 > C1n

q +np
}
∩Au

)
P(Au)

=

∑R
r=1P

(
N
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1 > C1n

q +np
∣∣∣A(r)
u

)
P(A(r)

u )

P(A(r)
u )

≥1
2

∑R
r=1P(A

(r)
u )

P(Au)
=
1
2
,

and this implies (C.4.9) and finishes the proof.

C.4.2 Proof of Lemma C.10

The three limits of this lemma are established one at a time. Remember that we use
the defined elements of Section C.3.2, i.e. the unit-propagation procedure elements
constructed for the regime with q > 1/3.

We will first establish that

lim
n→∞

P

(
M

(r)
0 = 0, r ∈ [R], Bu , Bl

)
= 0.

Proof of Lemma C.10 (1). Let c0 > 0 be the constant of Lemma C.8 and C1 > 0
be the constant of Fact C.9. Remember that S̄(r) = ⌊logn⌋S(r) for r ∈ [R]. As
n(4⌊logn⌋)−1 > C1n

1−q logn, we note that it is sufficient to establish that

lim
n→∞

P

(
M

(r)
0 = 0, M(r)

1 ≥ c0n
q, r ∈ [R], S̄(R−2) < n

4

)
= 0.

Recall that for r ∈ [R] equation (C.3.3) gives that

M
(r)
0 |M

(r−1) ∼ Binomial
(
(n− S̄(r−2))+, p0

(
n− S(r−2), (M(r−1)

1 − 1)+
))
,

and the function p0, defined in Lemma C.6, is given by

p0
(
n− S(r−2), M(r−1)

1

)
=
(M(r−1)

1 − 1)+
(
(M(r−1)

1 − 1)+ − 1
)

4(n− S(r−2))(n− S(r−2) − 1)
.

Define i.i.d. random variables

X(1), . . . ,X(R) ∼ Binomial
(⌊n
2

⌋
,
(c0nq − 2

2n

)2)
.



PROOFS 139

The above considerations imply that

P

(
M

(r)
0 = 0, M(r)

1 ≥ c0n
q, r ∈ [R], S̄(R−2) < n

4

)
≤P

(
M

(r)
0 = 0, r ∈ [R], M(r)

1 ≥ c0n
q, r ∈ [R− 1], S̄(R−2) < n

4

)
=E

[
P

(
M

(R)
0 = 0

∣∣∣M(r−1)
)
1{M(r)

0 =0, M(r)
1 ≥c0nq , r∈[R−1], S̄(R−2)<

n
4 }

]
≤E

[
P

(
X(R) = 0

)
1{M(r)

0 =0, M(r)
1 ≥c0nq , r∈[R−1], S̄(R−2)<

n
4 }

]
≤P

(
X(R) = 0

)
P

(
M

(r)
0 = 0, M(r)

1 ≥ c0n
q, r ∈ [R− 1], S̄(R−3) ≤ n

4

)
,

where we lastly use that S̄(r) increases in r . Now, the argument can be repeated
on the last factor of the above upper bound. Eventually, we then derive that

P

(
M

(r)
0 = 0, M(r)

1 ≥ c0n
q ∀r ∈ [R], S̄(R−2) < n

4

)
≤

R∏
r=1

P(X(r) = 0).

Let c > 0 denote a constant satisfying

⌊n/2⌋ ≥ cn, R ≥ cn1−2q logn,
(
c0n

q − 2
2

)2
≥ cn2q.

Then
R∏
r=1

P(X(r) = 0) =

(1− (c0nq − 22n

)2)⌊n/2⌋R
≤

((
1− c

n2(1−q)

)cn)cn1−2q logn
=

((
1− c

n2(1−q)

)n2(1−q))c2 logn
→ 0 as n→∞,

and this finishes the proof.

The next limit that will be established is the following

lim
n→∞

R∑
r=1

P

(
M

(r)
1 ≥ M̄

(r)
1 +2, Bu

)
= 0.

Proof of Lemma C.10 (2). Let C0 be the constant of Lemma C.8 and C1 be the con-
stant of Fact C.9. As n/2 > C1n

1−q logn we note that it is sufficient to establish
that

lim
n→∞

R∑
r=1

P

(
M

(r)
1 ≥ M̄

(r)
1 +2, M(r)

1 ≤ C0n
q, S(r−1) < n

2

)
= 0.
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Let r ∈ [R] be fixed and consider the conditional probability

P

(
M

(r)
1 ≥ M̄

(r)
1 +2, M(r)

1 ≤ C0n
q, S(r−1) < n

2

∣∣∣M(r)
)
.

Let V1, . . . ,VM(r)
1

be the variables of the 1-SAT formula Φ
(r)
1 . From (C.3.4) we get

that these are i.i.d. and uniformly distributed on [n−S(r−1)]when conditioning on
M(r). Thus

P

(
M

(r)
1 ≥ M̄

(r)
1 +2, M(r)

1 ≤ C0n
q, S(r−1) < n

2

∣∣∣M(r)
)

=P
( ⋃
v1,v2

⋃
j1,j2,j3,j4
distinct

{
Vj1 = Vj2 = v1, Vj3 = Vj4 = v2

}∣∣∣∣∣M(r)
)
1{M(r)

1 ≤C0nq , S(r−1)<
n
2 }

≤
∑
v1,v2

∑
j1,j2,j3,j4
distinct

P

(
Vj1 = Vj2 = v1, Vj3 = Vj4 = v2

∣∣∣M(r)
)
1{M(r)

1 ≤C0nq , S(r−1)<
n
2 }

≤(n− S(r−1))2(M(r)
1 )4

( 1
n− S(r−1)

)4
1{M(r)

1 ≤C0nq , S(r−1)<
n
2 }

≤ (C0n
q)4

(n/2)2
=

C

n2(1−2q)
,

where we sum over v1,v2 ∈ [n − S(r−1)] and j1, j2, j3, j4 ∈ [M(r)
1 ] and C = 4C4

0 .
Therefore, we get

R∑
r=1

P

(
M

(r)
1 ≥ M̄

(r)
1 +2, M(r)

1 ≤ C0n
q, S(r−1) < n

2

)
=

R∑
r=1

E

[
P

(
M

(r)
1 ≥ M̄

(r)
1 +2, M(r)

1 ≤ C0n
q, S(r−1) < n

2

∣∣∣M(r)
)]

≤
R∑
r=1

C

n2(1−2q)
≤
C logn
n1−2q

→ 0 as n→∞,

as 1− 2q > 0 for q < 1/2 and this was the claim.

The last limit to be established in this section is the following

lim
n→∞

R∑
r=1

P

(
M

(r)
2 < (n− S̄(r−1))+, Bu , Bl

)
= 0.

Proof of Lemma C.10 (3). Let C0, c0, and C1 be the constants of Lemma C.8 and
Fact C.9. As n(4⌊logn⌋)−1 > C1n

1−q logn we note that it is sufficient to establish
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that

lim
n→∞

R∑
r=1

P

(
M

(r)
2 < (n− S̄(r−1))+, M(r−1)

1 ≤ C0n
q, M

(r−1)
1 ≥ c0nq, S̄(r−2) < n

4

)
= 0.

Let r ∈ [R] be fixed. We now consider the conditional distribution givenM(r−1)

and assume thatM(r−1)
1 ≤ C0n

q,M(r−1)
1 ≥ c0nq and S̄(r−2) < n/4which also implies

that S(r−2) < n/4. Using the definition of equation (C.3.3), and the definition of p2
in Lemma C.6, we get

E[M(r)
2 |M

(r−1)]

=
(
n− S̄(r−2)

)
p2

(
n− S(r−2), (M(r−1)

1 − 1)+
)

=
(
n− S̄(r−2)

)(n− S(r−2) − (M(r−1)
1 − 1)

)(
n− S(r−2) − (M(r−1)

1 − 1)− 1
)(

n− S(r−2)
)(
n− S(r−2) − 1

)
=
(
n− S̄(r−2)

)(
1−

M
(r−1)
1 − 1

n− S(r−2)
)(
1−

M
(r−1)
1 − 1

n− S(r−2) − 1

)
≥
(
n− S̄(r−2)

)(
1− C0n

q

n/2

)2
≥
(
n− S̄(r−2)

)(
1− 1

2Cn
q−1

)2
,

(C.4.14)

where C = 4C0. Using the above we get

E[M(r)
2 |M

(r−1)]−
(
n− S̄(r−1)

)
=E[M(r)

2 |M
(r−1)]−

(
n− S̄(r−2) − ⌊logn⌋

(
M

(r−1)
1 − 1

))
≥
(
n− S̄(r−2)

)(
(1− 1

2Cn
q−1)2 − 1

)
+ ⌊logn⌋

(
M

(r−1)
1 − 1

)
≥n
2

(
−Cnq−1

)
+ ⌊logn⌋

(
c0n

q − 1
)
≥ Cnq,

(C.4.15)

The conditional variance can also be bounded (again when M(r−1)
1 ≤ C0n

q and
S̄(r−1) < n/4). To do so we again make use of (C.3.3) and the calculations in (C.4.14)

V (M(r)
2 |M

(r−1))

=
(
n− S̄(r−2)

)
p2

(
n− S(r−2), (M(r−1)

1 − 1)+
)(
1− p2

(
n− S(r−2), (M(r−1)

1 − 1)+
))

≤n
(
1− p2

(
n− S(r−2), (M(r−1)

1 − 1)+
))

≤n
(
1−

(
1− 1

2Cn
q−1

)2)
≤ Cnq.

(C.4.16)
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Using (C.4.15) and (C.4.16) along with Chebyshev’s inequality we get

P

(
M

(r)
2 < n− S̄(r−1)

∣∣∣M(r−1)
)
≤P

(∣∣∣M(r)
2 −E

[
M

(r)
2

∣∣∣M(r−1)
]∣∣∣ > Cnq ∣∣∣∣M(r−1)

)
≤
V (M(r)

2 |M(r−1))
(Cnq)2

≤ 1
Cnq

.

This finally implies that

P

(
M

(r)
2 < (n− S̄(r−1))+, M(r−1)

1 ≤ C0n
q, M

(r−1)
1 ≥ c0nq, S̄(r−2) < n

4

)
=E

[
P

(
M

(r)
2 < n− S̄(r−1)

∣∣∣M(r−1)
)
1{M(r−1)

1 ≤C0nq , M
(r−1)
1 ≥c0nq , S̄(r−1)< n4 }

]
≤ 1
Cnq

P

(
M

(r−1)
1 ≤ C0n

q, M
(r−1)
1 ≥ λnq, S(r−1) < n/4

)
≤ 1
Cnq

,

and thus we get the limit

R∑
r=1

P

(
M

(r)
2 < (n− S̄(r−1))+, M(r−1)

1 ≤ C0n
q, M

(r−1)
1 ≥ c0nq, S̄(r−2) < n

4

)
≤

R∑
r=1

1
Cnq

≤ 1
C
·n1−3q logn→ 0 as n→∞,

where we use that 1− 3q < 0 when q > 1/3.

C.4.3 Proof of Lemma C.12

The four limits of this lemma are established one at a time. Remember that we use
the defined elements of Section C.3.3, i.e. the unit-propagation procedure elements
constructed for the case q < 1/3. To begin with we want to show that

lim
n→∞

P

(
M

(r)
1 ≤ n

q logn, r ∈ [R]
)
= 1.

Proof of Lemma C.12 (1). For each r ∈ [R] we use (C.3.10) and the definition of p1
in Lemma C.6 to get that

E[M(r)
1 |M

(r−1)] =
(
n− S(r−1)

)
p1

(
n− S(r−2), M(r−1)

1

)
=

(
n− S(r−2) −M(r−1)

1

)2(
n− S(r−2)

)(
n− S(r−2) − 1

) ·M(r−1)
1 ≤M(r−1)

1 .

The last inequality is obviously true whenM(r−1)
1 ≥ 1 and whenM(r−1)

1 = 0 both
sides of the inequality equals zero. Now, by lettingM(r)

1 =M(R)
1 andM(r) =M(R)
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for r > Rwe can extend our sequence and consider {M(r)
1 }r∈N0

which then becomes
a super-martingale w.r.t. the filtration {M(r)}r∈N0

. Define the stopping time

τ =min
{
r ∈N0 : M(r)

1 = 0 orM(r)
1 > nq logn

}
.

Let C0 be the constant of Lemma C.11. As our sequence {M(r)
1 }r∈N0

is a non-
negative super-martingale we can make use of the optional sampling theorem
(Thm. 28, Chapter V in [DM11]). Hereby we get that

C0n
q ≥ E[M(0)

1 ] ≥ E[M(τ)
1 ] ≥ nq logn ·P

(
M

(τ)
1 > nq logn

)
.

Rearranging the above terms implies that

P

(
M

(τ)
1 > nq logn

)
≤ C0 log

−1n.

As the sequence terminates when hitting zero this establishes the result.

The next limit to establish is the following

lim
n→∞

P

(
Φ

(r)
1 ∈ SAT, r ∈ [R]

∣∣∣M(r)
1 ≤ n

q logn, r ∈ [−1,R]
)
= 1.

Proof of Lemma C.12 (2). We will use that whenM(r)
1 ≤ nq logn for all r ∈ [−1,R]

then S(r) ≤ n
2 for all r ∈ [0,R]. We will further use that if X,Y ,Z are random

variables then

X ⊥⊥ (Y ,Z)⇒ (X ⊥⊥ Y )|Z, and (X ⊥⊥ Y )|Z⇒ X |(Y ,Z) D= X |Z. (C.4.17)

From (C.3.11) we got that

Φ
(r)
1 ⊥⊥ Φ

(r)
2 | M

(r), (r ∈ [R]).

The random function Ψ
(r)
2 is constructed from Φ

(r)
1 and Φ

(r)
2 , but we noticed in

(C.3.12) that Ψ (r)
2 and Φ

(r)
1 are independent givenM(r). From this point and on

all remaining random objects are constructed from Ψ
(r)
2 and from L(r), which is

deterministic givenM(r), and then also from random objects that are defined in-
dependently of Φ (r)

1 |M(r). This implies that

Φ
(r)
1 ⊥⊥

[
(M(r+1)

k )k∈K , . . . , (M
(R)
k )k∈K , Φ

(r+1)
1 , . . . ,Φ

(R)
1

] ∣∣∣M(r), (r ∈ [R]).

Thus, the first implication of (C.4.17) implies that

Φ
(r)
1 ⊥⊥

(
Φ

(r+1)
1 , . . . ,Φ

(R)
1

) ∣∣∣ M(R), (r ∈ [R]),
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and the second implication of (C.4.17) gives that

Φ
(r)
1 |M

(r) D= Φ
(r)
1 |M

(R), (r ∈ [R]).

From (C.3.11) we have that

Φ
(r)
1 |M

(r) ∼ F1
(
n− S(r−1), M(r)

1

)
, (r ∈ [R]),

and Lemma C.7 states that if Φ1 ∼ F1(n,m) then P

(
Φ1 ∈ SAT

)
≥

(
1− mn

)m
. Thus,

whenM(r)
1 ≤ nq logn it holds that

P

(
Φ

(r)
1 ∈ SAT

∣∣∣M(r)
)
≥

(
1−

nq logn
n/2

)nq logn
.

Combining the above we get that

P

(
Φ

(r)
1 ∈ SAT, r ∈ [R]

∣∣∣M(r)
1 ≤ n

q logn, r ∈ [−1,R]
)

=E
[
P

(
Φ

(r)
1 ∈ SAT, r ∈ [R]

∣∣∣M(R)
)∣∣∣∣M(r)

1 ≤ n
q logn, r ∈ [−1,R]

]
=E

[
P

(
Φ

(1)
1 ∈ SAT

∣∣∣M(1)
)
P

(
Φ

(r)
1 ∈ SAT, r ∈ [2,R]

∣∣∣M(R)
)∣∣∣∣M(r)

1 ≤ n
q logn, r ∈ [−1,R]

]
≥
(
1−

nq logn
n/2

)nq logn
P

(
Φ

(r)
1 ∈ SAT, r ∈ [2,R]

∣∣∣M(r)
1 ≤ n

q logn, r ∈ [−1,R]
)

≥· · · ≥
(1− nq lognn/2

)nq lognR

≥


1− 2

n1−q
logn


n1−q
logn


1

logn

→ 1 as n→∞

which was the claim.

Next up, we will establish that

lim
n→∞

P

(
M

(r)
0 = 0, r ∈ [R]

∣∣∣M(r)
1 ≤ n

q logn, r ∈ [−1,R]
)
= 1,

Proof of Lemma C.12 (3). In (C.3.10) it is stated that

(M(r)
k )k∈K

∣∣∣M(r−1) ∼Multinomial
(
n− S(r−1), p

(
n− S(r−2), M(r−1)

1

))
, (r ∈ [R]).

(C.4.18)
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We will use the following fact:

(X1, . . . ,Xn) ∼Multinomial
(
n, (p1, . . . ,pn)

)
⇒ Xi |Xj ∼ Binomial

(
n−Xj ,

pi
1−pj

)
, i , j.

This implies that for r ∈ [R]

M
(r)
0 |M

(r−1), M
(r)
1 ∼ Binomial

n− S(r−1) −M(r)
1 ,

p0
(
n− S(r−2), M(r−1)

1

)
1− p1

(
n− S(r−2), M(r−1)

1

)
 .

(C.4.19)
Now, givenM(r)

1 ≤ nq logn for all r ∈ [−1,R]we get that S(r) ≤ n/4 for all r ∈ [0,R]
and using the definitions of p0 and p1 given in Lemma C.6 we get for each r ∈ [R]:

p0
(
n− S(r−1), M(r−1)

1

)
≤

(nq logn)2

(34n)
2

,

1− p1
(
n− S(R−1), M(R−1)

1

)
≥ 1−

nq logn
3
4n

≥ 3
4
.

(C.4.20)

Using (C.3.10) we also note that there exists functions g(r), r ∈ [R] such that for
r ∈ [R− 1] we have that

P

(
M

(s)
1 =m(s), s ∈ [r +1,R]

∣∣∣M(r−1), M
(r)
1 , M

(r)
0

)
=E

[
P

(
M

(R)
1 =m(R)

∣∣∣M(R−1)
)
1{M(s)

1 =m(s), s∈[r+1,R−1]}

∣∣∣M(r−1), M
(r)
1 , M

(r)
0

]
=g(R)(M(−1)

1 , . . . ,M
(r)
1 ,m(r+1), . . . ,m(R))×

×P
(
M

(s)
1 =m(s), s ∈ [r +1,R− 1]

∣∣∣M(r−1), M
(r)
1 , M

(r)
0

)
= · · · =

R∏
s=r+1

g(s)
(
M

(−1)
1 , . . . ,M

(r)
1 ,m(r+1), . . . ,m(s)

)
.

(C.4.21)

This implies that (M(r+1)
1 , . . . ,M

(R)
1 ) is independent ofM(r)

0 when conditioning on
M(r−1) andM(r)

1 . Now using (C.4.19) and (C.4.20) we get that

P

(
M

(r)
0 = 0, r ∈ [R]

∣∣∣M(r)
1 ≤ n

q logn, r ∈ [−1,R]
)

=E
[
P

(
M

(R)
0 = 0

∣∣∣M(R−1), M
(R)
1

)
1{M(r)

0 =0, r∈[R−1]}

∣∣∣∣M(r)
1 ≤ n

q logn, r ∈ [−1,R]
]

≥E
[(
1−

(nq logn)2

(12 )
3n2

)n
1{M(r)

0 =0, r∈[R−1]}

∣∣∣∣∣M(r)
1 ≤ n

q logn, r ∈ [−1,R]
]

=

1− (nq logn)2

(12 )
3n2

nP(
M

(r)
0 = 0, r ∈ [R− 1]

∣∣∣M(r)
1 ≤ n

q logn, r ∈ [−1,R]
)
.
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Then using (C.4.21) the above argument can be repeated on the last factor above

P

(
M

(r)
0 = 0, r ∈ [R− 1]

∣∣∣M(r)
1 ≤ n

q logn, r ∈ [−1,R]
)

=E
[
P

(
M

(R−1)
0 = 0

∣∣∣M(R−2), M
(R−1)
1 , M

(R)
1

)
1{M(r)

0 =0, r∈[R−2]}

∣∣∣M(r)
1 ≤ n

q logn, r ∈ [−1,R]
]

=E
[
P

(
M

(R−1)
0 = 0

∣∣∣M(R−2), M
(R−1)
1

)
1{M(r)

0 =0, r∈[R−2]}

∣∣∣M(r)
1 ≤ n

q logn, r ∈ [−1,R]
]

≥
1− (nq logn)2

(12 )
3n2

nP(
M

(r)
0 = 0, r ∈ [R− 2]

∣∣∣M(r)
1 ≤ n

q logn, r ∈ [−1,R]
)
.

Repeating the above R times in total we eventually arrive at the expression

P

(
M

(r)
0 = 0, r ∈ [R]

∣∣∣M(r)
1 ≤ n

q logn, r ∈ [−1,R]
)

≥
1− (nq logn)2

(12 )
3n2

Rn ≥

1− 23

n2(1−q)

log2 n


n2(1−q)
log2 n


1

logn

→ 1, as n→∞,

which was the claim.

Next, we will establish that

P

(
M

(R)
1 = 0

)
→ 1 as n→∞,

i.e. we will now establish that our process of 1-clauses terminates in less than R
rounds w.h.p. We will show this by proving that our recursive sequence of Bino-
mial random variables can be approximated by a recursive sequence of Poisson
random variables. Afterwards, it is proven that the recursive sequence of Poisson
random variables terminates.

Lemma C.17. Let (X(r))r∈[−1,R] be a sequence of random variables where X(−1) =

M
(−1)
1 , X(0) = M

(0)
1 and X(r)|X(r−1) ∼ Poisson

(
X(r−1)

)
for r ∈ [R]. Then for

x(−1),x(0), . . . ,x(R) ∈ [0,⌊nq logn⌋] it holds that

P

(
M

(r)
1 = x(r), r ∈ [R]

∣∣∣M(−1)
1 = x(−1), M(r)

1 = x(0)
)

≥P
(
X(r) = x(r), r ∈ [R]

∣∣∣X(−1) = x(−1),X(0) = x(0)
)
·E(n),

where E is a function satisfying that limn→∞E(n) = 1.

Proof. We will make use of the below inequality which holds for y > x > 0 and
z > 0: (

1− x
y

)y−z
≥

(
1− x

y

)y
= exp

(
y log

(
1− x

y

))
≥ exp

(
y
(
− x
y
− x

2

y2

))
= exp(−x)exp

(
−x

2

y

)
.
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Let s(−2) = 0 and s(r) = s(r−1) + x(r) for r ∈ [−1,R]. The elements x(−1), . . . ,x(R) are
chosen such that s(r) ≤ n

2 for all r ∈ [−1,R]. Also, note that the definition of p1 in
Lemma C.6 implies that

(n− f )f
n2

≤ p1(n,f ) ≤
f

n
, (n ≥ f ≥ 0).

Using the above inequalities along with Lemma C.6 we now get

P

(
M

(r)
1 = x(r), r ∈ [R]

∣∣∣M(−1)
1 = x(−1), M(0)

1 = x(0)
)

=
R∏
r=1

P

(
M

(r)
1 = x(r)

∣∣∣M(s)
1 = x(s), s ∈ [−1, r − 1]

)
=

R∏
r=1

(
n− s(r−1)

x(r)

)[
p1(n− s(r−2), x(r−1))

]x(r)[
1− p1(n− s(r−2), x(r−1))

]n−s(r−1)−x(r)
≥

R∏
r=1

(n− s(r−1) − x(r))x(r)

x(r)!

[
(n− s(r−1))x(r−1)

(n− s(r−2))2

]x(r) [
1− x(r−1)

n− s(r−2)

]n−s(r−2)−(x(r−1)+x(r))

≥
R∏
r=1

[
n− s(r−2) − (x(r−1) + x(r))

n− s(r−2)

]2x(r)
exp

(
− (x

(r−1))2

n− s(r−2)

)
e−x

(r−1)
(x(r−1))x

(r)

x(r)!

≥
R∏
r=1

(
1−

2nq logn
n/2

)2nq logn
exp

(
−
n2q log2n
n/2

)
P

(
X(r) = x(r)|X(r−1) = x(r−1)

)
≥
((
1− 4

n1−q
logn

) n1−q
logn

) 2
logn

exp
(
− 2
logn

)
×

×P
(
X(r) = x(r), r ∈ [R]

∣∣∣X(−1) = x(−1),X(0) = x(0)
)
.

And as ((
1− 4

n1−q
logn

) n1−q
logn

) 2
logn

exp
(
− 2
logn

)
→ 1 as n→∞,

the result follows.

Let (X(r))r∈[−1,R] be the sequence of random variables from the above lemma.
Note that

P

(
M

(R)
1 = 0

)
≥ P

(
M

(R)
1 = 0, M(r)

1 ≤ n
q logn, r ∈ [−1,R]

)
=
⌊nq logn⌋∑
x(−1)=0

· · ·
⌊nq logn⌋∑
x(R−1)=0

P

(
M

(−1)
1 = x(−1), . . . ,M(R−1)

1 = x(R−1), M(R)
1 = 0

)
,
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and using Lemma C.17 and letting x(R) = 0 each summand can be upper bounded
by

P

(
M

(−1)
1 = x(−1), . . . ,M(R)

1 = x(R)
)

=P
(
M

(r)
1 = x(r), r ∈ [R]

∣∣∣M(−1)
1 = x(−1),M(0)

1 = x(0)
)
P

(
M

(−1)
1 = x(−1),M(0)

1 = x(0)
)

≥P
(
X(r) = x(r), r ∈ [R]

∣∣∣X(−1) = x(−1),X(0) = x(0)
)
P

(
X(−1) = x(−1),X(0) = x(0)

)
E(n)

=P
(
X(−1) = x(−1), . . . ,X(R) = x(R)

)
E(n).

Inserting this lower bound in the sum gives that

P

(
M

(R)
1 = 0

)
≥ E(n)P

(
X(R) = 0, X(r) ≤ nq logn, r ∈ [−1,R− 1]

)
, (C.4.22)

where E is the function from Lemma C.17. To establish our result we thus only
need the two lemmas below

Lemma C.18. We have that

P

(
X(r) ≤ nq logn, r ∈ [−1,R− 1]

)
→ 1 as n→∞.

Lemma C.19. We have that

P

(
X(R) = 0

)
→ 1 as n→∞.

Proof of Lemma C.18. Let X(r) := X(R) for r > R and also define the σ -algebras
F (r) = σ

(
X(−1), . . . ,X(r)

)
for r ≥ −1. Then for each r ≥ −1 we have

E[X(r)|F (r−1)] = X(r−1),

why (X(r))r≥−1 is a martingale w.r.t. the filtration (F (r))r≥−1. As it is non-negative,
we can make use of optional sampling (Thm. 28, Chapter V of [DM11]). Consider
the stopping time

τ =min{r ∈N0 : X(r) = 0 or X(r) ≥ nq logn},

and let C0 be the constant of Lemma C.11. Then

C0n
q ≥ E[X(0)] ≥ E

[
X(τ)

]
≥ nq lognP

(
X(τ) ≥ nq logn

)
⇒ P

(
X(τ) ≥ nq logn

)
≤ C0

logn
.

As 0 is an absorbing state this implies that

P

(
X(r) ≤ nq logn, r ∈ [−1,R]

)
→ 1 as n→∞,

which was the claim.
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Proof of Lemma C.19. Note that the distribution of (X(r))r∈[R] has the same law as
a critical Galton-Watson tree with offspring distribution Poisson(1) cut off at depth
R, see Chapter 1 in [ANN04]. Thus, using standard results for such processes (see
e.g. Thm. 1 in section 1.9 of [ANN04]), there exists a constant C > 0 such that

P(X(R) = 0) ≥ E

[(
1− C

R

)X(0)]
≥

(
1− C

n1−2q log−3n

)
E[X(0)]

≥
(
1−

Cn3q−1 log3n
nq

)C0n
q

→ 1, as n→∞,

whereC0 is the constant of Lemma C.11 and Jensen’s inequality is also used. Thus,
the result is established.

C.4.4 Establishing Definition C.1 (1) using Lemma C.11

We will now couple Lemma C.11 to our main result in the regime q < 1/3. We will
do this by closely controlling the first couple of rounds in the unit-propagation
algorithm. Thus, we will once again repeat the notation used when going through
this procedure. However, as this section uses none of the defined elements from
the other sections this will not be a problem.

Let Φ ∼ F2(n,n) and let L ⊆ ±[n] be a consistent set of literals with |L| = ⌊nq⌋.
We need to show that liminfn→∞P(ΦL ∈ SAT) = liminfn→∞P(Φ ∈ SAT). Let G
be the function of Lemma C.4 and define

Ψ
(0)
2 := G(Φ ,L), N

(0)
1 = ⌊nq⌋, T (−1) := 0,

T (0) := ⌊nq⌋, L(0) := [n]\[n− T (0)], N (0) = {∅,Ω}.

Note that Ψ (0)
2 ∼ F2(n,n) and also{

ΦL ∈ SAT
}
=

{
(Ψ (0)

2 )L(0) ∈ SAT
}
. (C.4.23)

Unlike previouslywe now only repeat the unit-propagation procedure twice. Thus,
recursively for r = 1,2 define the following:

Let G1 and G2 be the functions of Lemma C.6 and define Φ
(r)
k =

Gk(Ψ
(r−1)
k ,L(r−1)). Let N (r)

k be the number of clauses in Φ
(r)
k for k ∈ {1,2} and let

N
(r)
0 and N (r)

⋆ be the number of unsatisfied- and satisfied clauses of (Ψ (r−1)
2 )L(r−1) ,

respectively. Define the σ -algebra N (r) = σ
(
N (r−1) ∪ σ (N (r)

k : k ∈ K)
)
. The ele-

ments are constructed such that{
(Ψ (r−1)

2 )L(r−1) ∈ SAT
}
=

{
(Φ (r)

2 )
Φ

(r)
1
∈ SAT, Φ (r)

1 ∈ SAT, N
(r)
0 = 0

}
. (C.4.24)
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and also

(N (r)
k )k∈K |N (r−1) ∼Multinomial

(
n− T (r−2), p

(
n− T (r−2), N

(r−1)
1

))
, (C.4.25)

Φ
(r)
k |N

(r) ∼ Fk(n− T (r−1), N
(r)
k ), (k ∈ {1,2}),

andΦ (r)
1 andΦ (r)

2 are conditionally independent. Let N̄ (r)
1 be the number of distinct

variables appearing in Φ
(r)
1 and define further

T (r) := T (r−1) +N (r)
1 , L̄(r) := [n− T (r−1)]\[n− T (r−1) − N̄ (r)

1 ],

L(r) := [n− T (r−1)]\[n− T (r)].

Also, let Ψ (r)
2 := G(Φ (r)

2 , L(Φ (r)
1 )), where again G is defined in Lemma C.4. Then

using Lemma C.6 we see

Ψ
(r)
2 |N

(r) ∼ F2
(
n− T (r−1), N

(r)
2

)
,{

(Φ (r)
2 )

Φ
(r)
1
∈ SAT

}
=

{
(Ψ (r)

2 )L̄(r) ∈ SAT
}
⊇

{
(Ψ (r)

2 )L(r) ∈ SAT
}
, (C.4.26)

where we lastly used that L̄(r) ⊆ L(r). Now, we are in the same setup as initially
and our recursive step has ended. Combining (C.4.23), (C.4.24), and (C.4.26), we
now see

P

(
ΦL ∈ SAT

)
≥P

(
(Ψ (2)

2 )L(2) ∈ SAT, Φ
(2)
1 ∈ SAT, Φ

(1)
1 ∈ SAT, N

(2)
0 = 0, N (1)

0 = 0
)
.

(C.4.27)

The above equation implies that it is sufficient to lower bound the right-hand side
of the above expression to establish our main theorem in the case q < 1/3. We do
this by proving the below lemmas.

Lemma C.20. We have

lim
n→∞

P

(
N

(1)
0 = 0

)
= lim
n→∞

P

(
N

(2)
0 = 0

)
= 1.

and
lim
n→∞

P

(
Φ

(1)
1 ∈ SAT

)
= lim
n→∞

P

(
Φ

(2)
1 ∈ SAT

)
= 1.

Lemma C.21. We have

liminf
n→∞

P

(
(Ψ (2)

2 )L(2) ∈ SAT
)
≥ liminf

n→∞
P

(
Φ ∈ SAT

)
.

These lemmas will imply our main theorem when q < 1/3
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Proof of Definition C.1 (1). As {ΦL ∈ SAT} ⊆ {Φ ∈ SAT} this implies that

liminf
n→∞

P

(
ΦL ∈ SAT

)
≤ liminf

n→∞
P

(
Φ ∈ SAT

)
.

On the other hand, equation (C.4.27) along with Lemma C.20 and Lemma C.21
gives

liminf
n→∞

P

(
ΦL ∈ SAT

)
≥ liminf

n→∞
P

(
(Ψ (2)

2 )L(2) ∈ SAT, Φ
(2)
1 ∈ SAT, Φ

(1)
1 ∈ SAT, N

(2)
0 = 0, N (1)

0 = 0
)

≥ liminf
n→∞

P

(
Φ ∈ SAT

)
.

Combining the above implies that the two limit infimum coincide.

To prove our main theorem it thus suffices to establish Lemma C.20 and C.21.
To do so we need the following technical result.

LemmaC.22. There exists a constantC0 > 0 such thatE[N (r)
k ] ≤ C0n

q for r ∈ {1,2}
and k ∈ {1,⋆}. Furthermore,

lim
n→∞

P

(
N

(r)
k ≤

1
2n

q logn
)
= 1, k ∈ {1,⋆}, r ∈ {1,2},

and
lim
n→∞

P

(
N

(1)
⋆ +N (2)

⋆ ≥ nq
)
= 1.

Proof. Note that p0(n, ⌊nq⌋) ≤ p1(n, ⌊nq⌋) ≤ p⋆(n, ⌊nq⌋) ≤ nq−1, see the definitions
in Lemma C.6, and thus

E[N (1)
k ] = n · pk(n,⌊nq⌋) ≤ nq, (k ∈ {0,1,⋆}). (C.4.28)

Using the previous observations, we get

E

[
p1(n− T (0), N

(1)
1 )

]
≤ E

[
p⋆(n− T (0),N

(1)
1 )

]
≤ nq

n−nq − 2
,

and thus if we let q1 ∈ (
q
2 , q), then

E[N (2)
k ] = E

[
N

(1)
2 · pk(n− T

(0), N
(1)
1 )

]
≤ n1+q

n−nq − 2
≤ nq +nq1 , (k ∈ {1,⋆}),

(C.4.29)
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where we used the upper boundN (1)
2 ≤ n. Note that (C.4.28) and (C.4.29) imply the

first claim of the lemma. Furthermore, these two equations along with Markov’s
inequality give for k ∈ {1,⋆} and r ∈ {1,2}

P

(
N

(r)
k > 1

2n
q logn

)
<

E[N (r)
k ]

1
2n

q logn
≤ nq +nq1

1
2n

q logn
→ 0 as n→∞,

and this is the second claim of the lemma. Next, using (C.4.25), (C.4.28) and a
Chernoff bound we get

P

(
N

(1)
k ≥ E[N (1)

k ] +nq1
)
≤ exp

(
− 1

3n
2q1−q

)
, (k ∈ {0,1,⋆}),

P

(
N

(1)
k ≤ E[N (1)

k ]−nq1
)
≤ exp

(
− 1

3n
2q1−q

)
, (k ∈ {0,1,⋆}).

Using this, (C.4.28), and also that E[N (1)
k ] ≥ nq − nq1 for k ∈ {1,⋆} (this is a direct

consequence of the definition) we see that

P

(
N

(1)
k ≥ n

q +nq1
)
≤ exp

(
− 1

3n
2q1−q

)
, (k ∈ {0,1,⋆}),

P

(
N

(1)
1 ≤ n

q − 2nq1
)
≤ exp

(
− 1

3n
2q1−q

)
, (k ∈ {1,⋆}).

(C.4.30)

Next, we again use that for X ∼ Binomial(n,p) we have E[X2] ≤ E[X] +E[X2],
see (C.4.1). Then we get the bound:

E

[
(N (2)

⋆ )2
]
≤ E

[
E[N (2)

⋆ |N (1)] +
(
E[N (2)

⋆ |N (1)]
)2)

= E

[
N

(1)
2 · p⋆(n− T

(0), N
(1)
1 ) +

(
N

(1)
2 · p⋆(n− T

(0), N
(1)
1 )

)2]
≤ n
n−nq − 2

E[N (1)
1 ] +

( n
n−nq − 2

)2
E

[
(N (1)

1 )2
]

≤ n
n−nq − 2

nq +
( n
n−nq − 2

)2 (
E[N (1)

1 ] + (E[N (1)
1 ])2

)
≤ 2

( n
n−nq − 2

)2
nq +

( n
n−nq − 2

)4
n2q

≤ n2q +Cnq,

(C.4.31)

for a constant C chosen large enough. We also want to lower bound the mean.
Using that

N
(2)
2 = n−N (2)

0 −N
(2)
1 −N

(2)
⋆ ,

and that
N

(2)
⋆ |N (1) ∼ Binomial

(
N

(1)
2 , p⋆(n− T (0),N

(1)
1 )

)
,
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where p⋆(n, l) ≥ p1(n, l) ≥
(n−l)l
n2 , we get that

E

[
N

(2)
⋆

∣∣∣N (1)
1 > nq − 2nq1 and N (1)

k < nq +nq1 for k ∈ {0,1,⋆}
]

≥
(
n− 3(nq +nq1)

)(n−nq − (nq +nq1))(nq − 2nq1)
n2

≥ nq −Cnq1 ,

again for C chosen large enough. This and (C.4.30) now implies that

E[N (2)
⋆ ] ≥(nq −Cnq1)P

(
N

(1)
1 > nq − 2nq1 and N (1)

k < nq +nq1 for k ∈ {0,1,⋆}
)

≥(nq −Cnq1)
(
1−P

(
N

(1)
1 ≤ n

q − 2nq1
)
−

∑
k∈{0,1,⋆}

P

(
N

(1)
k ≥ n

q +nq1
)

≥(nq −Cnq1)
(
1− 4exp

(
−13n

2p1−q
))
,

and by redefining C we get that

E

[
N

(2)
⋆

]
≥ nq −Cnq1 . (C.4.32)

Combining this with (C.4.31) we now get

V

(
N

(2)
⋆

)
= E[(N (2)

⋆ )2]−
(
E[N (2)

⋆ ]
)2
≤ Cnq+q1 ,

where C is again redefined. Now, let q2 ∈ (
q+q1
2 ,q). Then

P

(∣∣∣N (2)
⋆ −E[N

(2)
⋆ ]

∣∣∣ > nq2) ≤ V

(
N

(2)
⋆

)
n2q2

≤ Cn
q+q1

n2q2
→ 0 as n→∞.

Therefore, using this and (C.4.32) we see

P

(
N

(2)
⋆ ≥ nq −Cnq1 −nq2

)
→ 1 as n→∞

and this along with (C.4.30) gives

P

(
N

(1)
⋆ +N (2)

⋆ > nq
)

≥P
(
N

(1)
⋆ ≥ nq − 2nq1 , N

(2)
⋆ ≥ nq −Cnq1 −nq2

)
→ 1 as n→∞,

which finishes the proof.

Now, we can prove our two remaining lemmas of this section.
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Proof of Lemma C.20. Using Lemma C.6 we note that p0(n, l) ≤ l2

4(n−1)2 , why

P

(
N

(1)
0 = 0

)
≥

(
1− n2q

4(n− 1)2

)n
→ 1, as n→∞,

and

P

(
N

(2)
0 = 0

)
≥ P

(
N

(2)
0 = 0

∣∣∣N (1)
1 ≤

1
2n

q logn
)
P

(
N

(1)
1 ≤

1
2n

q logn
)

≥
(
1−

(
1
2n

q logn
)2

4(n−nq − 2)2

)n
P

(
N

(1)
1 ≤

1
2n

q logn
)
→ 1 as n→∞,

where we lastly used Lemma C.22. Now, using this Lemma again along with
Lemma C.7 we get

P

(
Φ

(1)
1 ∈ SAT

)
≥ P

(
Φ

(1)
1 ∈ SAT

∣∣∣N (1)
1 ≤

1
2n

q logn
)
P

(
N

(1)
1 ≤

1
2n

q logn
)

≥
(
1−

1
2n

q logn
n−nq − 2

)1
2n

q logn

P

(
N

(1)
1 ≤

1
2n

q logn
)
→ 1 as n→∞.

A similar argument gives that

P

(
Φ

(2)
1 ∈ SAT

)
≥P

(
Φ

(2)
1 ∈ SAT

∣∣∣N (r)
1 ≤

1
2n

q logn, r ∈ {1,2}
)
P

(
N

(r)
1 ≤

1
2n

q logn, r ∈ {1,2}
)

≥
(
1−

1
2n

q logn
n−nq logn

) 1
2n

q logn

P

(
N

(r)
1 ≤

1
2n

q logn, r ∈ {1,2}
)
→ 1 as n→∞.

Proof of Lemma C.21. Remember that

L(2) = [n− T (1)]\[n− T (2)] = [n− ⌊nq⌋ −N (1)
1 ]\[n− ⌊nq⌋ −N (1)

1 −N
(2)
1 ],

and using that N (2)
2 = n−

∑
k∈{0,1,⋆},r∈{1,2}N

(r)
k we see

Ψ
(2)
2 |N

(2) ∼ F2(n− T (1), N
(2)
2 )

where
N

(2)
2 = n− T (2) + ⌊nq⌋ −N (1)

0 −N
(1)
⋆ −N

(2)
0 −N

(2)
⋆ .

Let the literals of Ψ (2)
2 be given by (Lj,1,Lj,2) for j ∈ [N (2)

2 ]. If n − T (2) > N
(2)
2

define additional random variables (Lj,1,Lj,2) for j ∈ [N (2)
2 + 1,n − T (2)], where
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conditional onN (2) the pairs of random variables are independent and uniformly
distributed in {(ℓ1, ℓ2) ∈ (±[n− T (1)])2 : |ℓ1| < |ℓ2|}. Define

Φ ′ =
n−T (2)∧
j=1

(Lj,1 ∨Lj,2),

and let also L′ := L(2). Then

P

(
(Ψ (2)

2 )L(2) ∈ SAT
)
≥ P

(
Φ ′L′ ∈ SAT, n− T

(2) ≥N (2)
2

)
≥ P

(
Φ ′L′ ∈ SAT

)
+P

(
n− T (2) ≥N (2)

2

)
− 1.

Note that {
n− T (2) ≥N (2)

2

}
⊇

{
N

(1)
⋆ +N (2)

⋆ ≥ nq
}
,

and thus this along with Lemma C.22 implies that limn→∞P

(
n−T (2) ≥N (2)

2

)
= 1.

Thus
liminf
n→∞

P

(
(Ψ (2)

2 )L(2) ∈ SAT
)
≥ liminf

n→∞
P

(
Φ ′L′ ∈ SAT

)
. (C.4.33)

Define now further

M
(−1)
1 := ⌊nq⌋+N (1)

1 , M
(0)
1 :=N (2)

1 , M(0) := σ
(
M

(−1)
1 , M

(0)
1

)
.

Note that asM(0) ⊆N (2) and

Φ ′ |N (2) ∼ F2
(
n− T (1), n− T (2)

)
= F2

(
n−M(−1)

1 , n−M(−1)
1 +M(0)

1

)
,

we get that
Φ ′ |M(0) ∼ F2

(
n−M(−1)

1 , M
(−1)
1 +M(0)

1

)
Moreover, the definitions imply that

L′ = [n−M(−1)
1 ]\[n−M(−1)

1 −M(0)
1 ].

Lemma C.21 also gives that E[M(0)
1 ] ≤ C0n

q for some C0 > 0 and also that

lim
n→∞

P

(
M

(−1)
1 ≤ nq logn

)
= lim
n→∞

P

(
M

(0)
1 ≤ n

q logn
)
= 1

Thus, our defined elements satisfy all assumptions of Lemma C.11. Therefore

liminf
n→∞

P

(
Φ ′L′ ∈ SAT

)
≥ liminf

n→∞
P

(
Φ ∈ SAT

)
.

Combining this with (C.4.33) establishes the lemma.
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C.4.5 Proof of technical lemmas

We begin by proving Lemma C.4 and this Lemma is established by a coupling ar-
gument where literals are swapped. The swapping will not change the distribution
of the resulting formula as the clauses are uniformly distributed.

Proof of Lemma C.4. Let ϕ be a non-random SAT-formula with n variables and
m clauses and let (ℓj,i)j∈[m],i∈[2] denote its literals. Write L = {ℓ1, . . . , ℓm}, where
|ℓ1| < · · · < |ℓl | and let Labs = {|ℓj | : j ∈ [f ]}. Also let 0 < ℓf +1 < . . . < ℓn ∈ [n] be
defined such that {|ℓ1|, . . . , |ℓn|} = [n]. Define a function Γ : [n] → [n] by letting
Γ (|ℓi |) = n − i for i ∈ [n]. Then Γ is a permutation satisfying that Γ (Labs) = L′ ,
where L′ = [n]\[n − f ]. Define another function θ : [n]→ {±1} where θ(|ℓi |) =
sgn(ℓi). Define a new SAT-formula ϕ′ with literals (ℓ′j,i)j∈[m],i∈[2], where

{ℓ′j,1, ℓ
′
j,2

}
=

{
θ(|ℓj,i |) · sgn(ℓj,i) · Γ (|ℓj,i |) : i ∈ [2]

}
.

Then we define G(ϕ,L) := ϕ′ . Let x = (x1, . . . ,xn) ∈ B
n and define x′ =

(x′1, . . . ,x
′
n) ∈ Bn by letting x′v = xΓ −1(v) for v ∈ [n]. Note that x 7→ x′ is a bijec-

tion. Let for j ∈ [m], i ∈ [2] be chosen such that ℓ′j,1 = θ(|ℓj,i |) · sign(ℓj,i) · Γ (|ℓj,i |).
Now, if ℓj,i ∈ L then (ℓj,i)L(x) = true. Also, there exists a v ∈ [f ] such that

ℓj,i = ℓv and also Γ (|ℓv |) ∈ L′ . Thus

(l′j,1)L′ (x
′) =

[
θ(|ℓv |) · sgn(ℓv) · Γ (|ℓv |)

]
L′
(x′) = Γ (|ℓv |)L′ (x′) = true.

If −ℓj,i ∈ L then (ℓj,i)L(x) = false. Again there exists v ∈ [l] such that ℓj,i = −ℓv
and also Γ (|ℓv |) ∈ L′ and thus

(l′j,1)L′ (x
′) =

[
θ(|ℓv |) · sgn(−ℓv) · Γ (|ℓv |)

]
L′
(x′) = −Γ (|ℓv |)L′ (x′) = false.

Lastly, if ±ℓj,i < L then (ℓj,i)L(x) = ℓj,i(x) and also ±Γ (|ℓj,i |) < L′ . Therefore

(l′j,1)L′ (x
′) =

[
sgn(ℓj,i) · Γ (|ℓj,i |)

]
(x′) = sgn(ℓj,i) · x′Γ (|ℓj,i |) = sgn(ℓj,i) · x|ℓj,i | = ℓj,i(x).

Repeating the argument on ℓ′j,2 implies that

(lj,1 ∨ lj,2)L(x) = (ℓj,1′ ∨ l′j,2)L′ (x
′),

and thus ϕL ∈ SAT if and only if ϕ′L′ ∈ SAT.
Let Φ ∼ F2(n,m) and define Φ ′ = G(Φ ,L). Then the above argument implies

that {
G(Φ ,L) ∈ SAT

}
=

{
Φ ′[n]\[n−l] ∈ SAT

}
.

Let (Lj,i)j∈[m],i∈[2] be the random literals ofΦ and let (L′j,i)j∈[m],i∈[2] be the random

literals of Φ ′ . Note that as the clause
(
L′j,1,L

′
j,2

)
is constructed from

(
Lj,1,Lj,2

)
for
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each j ∈ [m] the clauses of Φ ′ are independent. Let j ∈ [m] and assume WLOG
that Γ (|Lj,1|) < Γ (|Lj,2|). Then, for (ℓ′1, ℓ

′
2) ∈ (±[n])2 with |ℓ

′
1| < |ℓ

′
2| we have

P

(
L′j,i = ℓ

′
i , i ∈ [2]

)
=P

(
θ(|Lj,i |) · sgn(Lj,i) · Γ (|Lj,i |) = ℓ′i , i ∈ [2]

)
=P

(
|Lj,i | = Γ −1(|ℓ′i |), sgn(Lj,i) = θ

(
Γ −1(|ℓ′i |)

)
· sgn(ℓ′i), i ∈ [2]

)
=P

(
Lj,i = ℓi , i ∈ [2]

)
,

where ℓi = θ
(
Γ −1(ℓ′i)

)
· sgn(ℓ′i) · Γ

−1(|ℓ′i |) for i ∈ [2] and as the clause (Lj,1,Lj,2) is
uniformly distributed, the result follows.

More or less direct calculations imply the next lemma. We recall that equation
(C.3.1) defines the sets

A0(n,f ) := −L×−L, A1(n,f ) := ±[n− f ]×−L,
A2(n,f ) := ±[n− f ]×±[n− f ], A⋆(n,f ) := ±[n]×L.

Proof of Lemma C.6. Let Φ ∼ F2(n,m) and let L = (Lj,i)j∈[m],i∈[2] be its literals. As
the clauses are i.i.d. and

Mk =
∣∣∣{j ∈ [m] : (Lj,1,Lj,2) ∈ Ak(n,f )

}∣∣∣, (k ∈ K),

where each clause belongs to exactly one of the setsAk(n,f ) for k ∈ K this implies
that

M := (M0,M1,M2,M⋆) ∼Multinomial
(
m, p(n,f )

)
,

where p = (p0,p1,p2,p⋆) and pk(n,f ) = P

(
(L1,1,L1,2) ∈ Ak(n, l)

)
for k ∈ K . As

the clauses are uniformly distributed on D = {(ℓ1, ℓ2) ∈ (±[n])2 : |ℓ1| < |ℓ2|} we
further get that pk(n, l) =

|Ak(n,f )∩D|
|D| for k ∈ K , so

p0(n,f ) =

(f
2
)

22
(n
2
) = f (f − 1)

4n(n− 1)
,

p1(n,f ) =
2(n− f )f
22

(n
2
) =

(n− f )f
n(n− 1)

,

p2(n,f ) =
22

(n−f
2

)
22

(n
2
) =

(n− f )(n− f − 1)
n(n− 1)

,

p⋆(n,f ) = 1− p0(n,f )− p1(n,f )− p2(n,f ) =
f (n− f4 −

3
4 ))

n(n− 1)
,
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We will need the following result to establish the last part of the lemma. For X,Y
independent random functions, sets A,B, and elements x,y with x ∈ A and y ∈ B
we have

P

(
X = x,Y = y|X ∈ A,Y ∈ B

)
= P

(
X = x|X ∈ A

)
P

(
Y = y|Y ∈ B

)
.

Define Ck =
{
j ∈ [m] : (Lj,1,Lj,2) ∈ Ak(n,f )

}
for k ∈ K and let C = (Ck)k∈K . For

elements ℓj,1 ∈ ±[n− f ] for j ∈ C1 and (ℓj,1, ℓj,2) ∈ A2(n,f ) for j ∈ C2 we use the
independence of the clauses and the above equation and get

P

(
Φ1 =

∧
j∈C1

(ℓj,1)
∣∣∣∣C) = ∏

j∈C1

P

(
Lj,1 = ℓj,1

∣∣∣j ∈ C1),
P

(
Φ2 =

∧
j∈C2

(ℓj,1 ∨ ℓj,2)
∣∣∣∣C) = ∏

j∈C2

P

(
(Lj,1,Lj,2) = (ℓj,1, ℓj,2)

∣∣∣j ∈ C2), (C.4.34)

and

P

(
Φ1 =

∧
j∈C1

(ℓj,1), Φ2 =
∧
j∈C2

(ℓj,1 ∨ ℓj,2)
∣∣∣∣C)

=
∏
j∈C1

P

(
Lj,1 = ℓj,1|j ∈ C1

)∏
j∈C2

P

(
(Lj,1,Lj,2) = (ℓj,1, ℓj,2)|j ∈ C2

)
.

(C.4.35)

Now, using that the clauses are uniformly distributed on D along with the defini-
tions of the sets Ak(n,f ), k ∈ {1,2}, we first get for j ∈ C1

P

(
Lj,1 = ℓj,1

∣∣∣j ∈ C1) = ∑
ℓj,2∈−L

P

(
(Lj,1,Lj,2) = (ℓj,1, ℓj,2)

∣∣∣j ∈ C1)

=
∑
ℓj,2∈−L

P

(
(Lj,1,Lj,2) = (ℓj,1, ℓj,2)

)
P

(
(Lj,1,Lj,2) ∈ A1(n,f )

) = l ·
1

22(n2)
p1(n,f )

=
1

2
(n−f

1
) ,

and next for j ∈ C2

P

(
(Lj,1,Lj,2) = (ℓj,1, ℓj,2)

∣∣∣j ∈ C2) = P

(
(Lj,1,Lj,2) = (ℓj,1, ℓj,2)

)
P

(
(Lj,1,Lj,2) ∈ A2(n, l)

)
=

1
22(n2)

p2(n,f )
=

1

22
(n−f

2
) .

Inserting this in (C.4.34) gives

P

(
Φ1 =

∧
j∈C1

(ℓj,1)
∣∣∣∣C) = (

1

2
(n−f

1
))M1
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and

P

(
Φ2 =

∧
j∈C2

(ℓj,1 ∨ ℓj,2)
∣∣∣∣C) = (

1

22
(n−f

2
))M2

.

Thus for ϕ1 a 1-SAT formula with n− l variables andM1 clauses and ϕ2 a 2-SAT
formula with n− l variables andM2 clauses, we get

P

(
Φ1 = ϕ1

∣∣∣M)
= E

[
P

(
Φ1 = ϕ1

∣∣∣C)∣∣∣M]
=

(
1

2
(n−l
1
))M1

,

P

(
Φ2 = ϕ2

∣∣∣M)
= E

[
P

(
Φ2 = ϕ2

∣∣∣C)∣∣∣M]
=

(
1

22
(n−l
2
))M2

,

and this corresponds to having Φk |M ∼ Fk(n− l,Mk) for k ∈ {1,2}. Repeating this
argument with equation (C.4.35) gives that

P

(
Φ1 = ϕ1, Φ2 = ϕ2

∣∣∣M)
= P

(
Φ1 = ϕ1

∣∣∣M)
P

(
Φ2 = ϕ2

∣∣∣M)
which implies the conditional independence.



160 Article C · Degrees of Freedom for Critical Random 2-SAT

References

[Ach+01a] Dimitris Achlioptas et al. “Rigorous results for random (2+ p)-SAT”.
In: Theoretical Computer Science 265.1-2 (2001), pp. 109–129.

[Ach+01b] Dimitris Achlioptas et al. “The phase transition in 1-in-k SAT and
NAE 3-SAT”. In: Proceedings of the twelfth annual ACM-SIAM sympo-
sium on Discrete algorithms. 2001, pp. 721–722.

[Ach+21] Dimitris Achlioptas et al. “The number of satisfying assignments of
random 2-SAT formulas”. In: Random structures & algorithms 58.4
(2021), pp. 609–647.

[Ach00] Dimitris Achlioptas. “Setting 2 variables at a time yields a new lower
bound for random 3-SAT (extended abstract)”. In: Proceedings of
the Thirty-Second Annual ACM Symposium on Theory of Computing.
STOC ’00. Portland, Oregon, USA: Association for Computing Ma-
chinery, 2000, pp. 28–37.

[ANN04] Krishna B Athreya, Peter E Ney, and PE Ney. Branching processes.
Courier Corporation, 2004.

[BCM02] Giulio Biroli, Simona Cocco, and Rémi Monasson. “Phase transitions
and complexity in computer science: an overview of the statistical
physics approach to the random satisfiability problem”. In: Physica
A: Statistical Mechanics and its Applications 306 (2002), pp. 381–394.

[Bol+01] Béla Bollobás et al. “The scaling window of the 2-SAT transition”. In:
Random Structures & Algorithms 18.3 (2001), pp. 201–256.

[BOS25] Andreas Basse-O’Connor, Tobias Lindhardt Overgaard, and Mette
Skjøtt. “On the Regularity of Random 2-SAT and 3-SAT”. In:
arXiv:2504.11979 [math.PR] (2025).

[CF86] Ming-Te Chao and John Franco. “Probabilistic analysis of two heuris-
tics for the 3-satisfiability problem”. In: SIAM Journal on Computing
15.4 (1986), pp. 1106–1118.

[Cha+24] Arnab Chatterjee et al. “The number of random 2-SAT solutions
is asymptotically log-normal”. In: arXiv preprint arXiv:2405.03302
(2024).

[CKT+91] Peter C Cheeseman, Bob Kanefsky, William M Taylor, et al. “Where
the really hard problems are”. In: Ijcai. Vol. 91. 1991, pp. 331–337.

[Coo71] Stephen A. Cook. “The Complexity of Theorem-Proving Procedures”.
In: Proceedings of the Third Annual ACM Symposium on Theory of
Computing. STOC ’71. 1971, pp. 151–158.



REFERENCES 161

[CR92] Vašek Chvátal and Bruce Reed. “Mick gets some (the odds are on his
side)(satisfiability)”. In: Proceedings of the forty-seventh annual ACM
symposium on Theory of computing. IEEE Computer Society. 1992,
pp. 620–627.

[DLL62] Martin Davis, George Logemann, and Donald Loveland. “A machine
program for theorem-proving”. In: Communications of the ACM 5.7
(1962), pp. 394–397.

[DM11] Claude Dellacherie and P-A Meyer. Probabilities and potential, c: po-
tential theory for discrete and continuous semigroups. Elsevier, 2011.

[GGW06] Aarti Gupta, Malay KGanai, and ChaoWang. “SAT-based verification
methods and applications in hardware verification”. In: International
School on Formal Methods for the Design of Computer, Communication
and Software Systems. Springer, 2006, pp. 108–143.

[Goe96] Andreas Goerdt. “A threshold for unsatisfiability”. In: Journal of Com-
puter and System Sciences 53.3 (1996), pp. 469–486.

[Gol79] Allen T. Goldberg. “On the Complexity of the Satisfiability Problem”.
In: Fourth Workshop on Automated Deduction. CADE-4. Austin, Texas,
USA: Association for Automated Reasoning Inc., 1979, pp. 1–6.

[GW94] Ian P Gent and Toby Walsh. “The SAT phase transition”. In: ECAI.
Vol. 94. PITMAN. 1994, pp. 105–109.

[Knu15] Donald E Knuth. The art of computer programming, Volume 4, Fascicle
6: Satisfiability. Addison-Wesley Professional, 2015.

[KS94] Scott Kirkpatrick and Bart Selman. “Critical behavior in the satisfi-
ability of random boolean expressions”. In: Science 264.5163 (1994),
pp. 1297–1301.

[La 01] W Fernandez de La Vega. “Random 2-SAT: results and problems”. In:
Theoretical computer science 265.1-2 (2001), pp. 131–146.

[Mar08] Joao Marques-Silva. “Practical applications of boolean satisfiability”.
In: 2008 9th International Workshop on Discrete Event Systems. IEEE.
2008, pp. 74–80.

[Pap94] Christos H. Papadimitriou. Computational complexity. Addison-
Wesley Publishing Company, Reading, MA, 1994, pp. xvi+523.

[SML96] Bart Selman, David G. Mitchell, and Hector J. Levesque. “Generating
Hard Satisfiability Problems”. In: Artif. Intell. 81 (1996), pp. 17–29.

[SSZ22] Allan Sly, Nike Sun, and Yumeng Zhang. “The number of solutions for
random regular NAE-SAT”. In: Probab. Theory Related Fields 182.1-2
(2022), pp. 1–109.





DArticle

Majority Rule Policy in Random 2-SAT
and 3-SAT
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Abstract: TheDPLL class of algorithms for the SAT problem constructs consistent
partial assignments based on a given heuristic. In this paper, we quantify precisely
the impact of using the majority rule heuristic on random k-SAT instances for k =
2,3, compared to a baseline heuristic that selects variable assignments uniformly
at random. The main contribution of this paper is the closed-form mathematical
expression for this impact. Specifically, we show that, when the probability of
generating a consistent partial assignment is fixed, the majority rule allows the
algorithm to assign a factor of (1 − e−kα(I0 + I1)(kα))−1 more variables. Here, α
denotes the clause density, and I0 and I1 are modified Bessel functions of the first
kind.
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D.1 Introduction

D.1.1 Background

The Boolean k-satisfiability (k-SAT) problem is a fundamental problem in theoret-
ical computer science; for k ≥ 3, the problem is NP -complete [Coo71], meaning
that an answer to the question of whether it is generally possible to solve the prob-
lem in polynomial time resolves the famous P vs. NP problem. Furthermore, the
2-SAT problem is NL-complete [Pap94, Thm. 16.3], meaning that an answer to
the question of whether the problem can be solved in logarithmic space resolves
the L vs. NL problem. Effective algorithms for solving k-SAT problem instances
also have major practical implications for electronic design automation, artificial
intelligence, computational biology, and more (see for instance [Mar08]).

The k-SAT problem asks the following: given m k-clauses C1, . . . ,Cm on n
Boolean variables, does there exist an assignment of the variables in {−1,1}n sat-
isfying all clauses? By a k-clause we understand a function of the form C(x) =
s1xv1 ∨ · · · ∨ skxvk for s1, . . . , sk ∈ {−1,1} and v1, . . . , vk ∈ [n] := {1, . . . ,n}. Putting
Φ := C1 ∧ · · · ∧Cm, we say in the affirmative case that Φ is satisfiable and write
Φ ∈ SAT. Here, ∨ and ∧ denote maximum and minimum, respectively. We let α
denote the clause density, α :=m/n.

In light of the difficulty in finding effective general algorithms for SAT, there
has been a focus in the literature on finding algorithms that perform well ‘on aver-
age’ or with high probability (w.h.p.). Such statements require a distribution over
the space of k-SAT problem instances, and in this article we adopt the following
model: in each clause, the signs S1, . . . ,Sk and the variables V1, . . . ,Vk are sam-
pled i.i.d. uniformly at random, and the m clauses C1, . . . ,Cm are again sampled
i.i.d. uniformly at random. Some of the following results mentioned use a slightly
different model for sampling random k-SAT instances.

In this paper, we calculate the exact impact of the majority rule policy for
choosing the values of the variables xv in a common type of SAT-solver, namely
DPLL. To the best of the authors’ knowledge, this is the first result of its kind
giving such a precise description of the effect of tweaking certain elements in a
SAT-solving algorithm. One consequence of our result is that, for random 2–SAT,
the majority rule policy finds at least twice as many “correct” assignments (i.e.
that are consistent with the clauses) compared to selecting values randomly. For
random 3-SAT, it finds at least 1/3 more.

D.1.2 DPLL algorithms

In [Knu15], Knuth highlights the importance of partial assignments: “Algorithms
for SAT usually deal exclusively with consistent partial assignments; the goal is
to convert them to consistent total assignments, by gradually eliminating the un-
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known values.” Creating consistent partial assignments boils down to fixing (the
value of) the variables x1, . . . ,xn in a clever way. For convenience we represent
the literals xv as v and −xv as −v, and we let Φ |sv denote the instance Φ with the
variable xv fixed to s, which has the effect of satisfying (and thus removing) all
clauses in which the literal sxv appears, and deleting any appearances of −sxv in
every clause, thus shortening the lengths of the affected clauses. We call a subsetL
of ±[n] := {−n, . . . ,−1,1, . . . ,n} consistent if, for all v ∈ [n], at most one of v and −v
is in L. For a consistent subset L = {s1v1, . . . , sf vf } ⊆ ±[n] we define iteratively

ΦL := Φ |s1v1| · · · |sf vf ,

noting that the order in which we fix the variables is irrelevant.
Algorithms which generate partial assignments by fixing variables one at a

time are broadly known as DPLL algorithms, named after Davis, Putnam, Loge-
mann, and Loveland in [DP60; DLL62]. The basic form of a DPLL algorithm with-
out backtracking, which we call DPLL−, is outlined in algorithm 1. Here, we define
a 0-clause, or empty clause, as the constant function −1, which occurs if all liter-
als are deleted from a clause (leaving it empty). The presence of an empty clause
precludes the satisfiability of the corresponding k-SAT instance.

Algorithm 1: Basic form of DPLL without backtracking (DPLL−)
Data: k-SAT instance Φ
Result: Success or Failure to find consistent total assignment

while there are unset variables do
choose unset variable v ∈ [n]
choose sign s ∈ {−1,1}
update Φ← Φ |sv

end
if Φ has empty clause then

Failure
else

Success
end

Algorithm 1 represents a class of algorithms, as onemust specify which heuris-
tic is used to choose the variable v and sign s, called the strategy and policy, re-
spectively (terminology from [AS00]). The original algorithm from [DLL62] used
the unit clause (UC) and pure literal strategies. Here, we use the term “DPLL al-
gorithm” more broadly, as “[the term] refers generally to SAT solving via partial
assignment and backtracking” (quote from [Knu15]). The vast majority of analyt-
ical results concerning the performance of DPLL-type algorithms on the random
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k-SAT problem do not consider backtracking, i.e. they analyze the performance of
DPLL−. In all cases considered, the strategy and policy take at most polynomial
time to employ so that the entire DPLL− runs in polynomial time.

In this article, we analyze how the specific choice of policy affects the success of
DPLL−. Specifically, we quantify the exact impact of themajority rule (MR) policy,
which selects s based on whether xv or −xv appear most often in Φ . This can be
seen as a greedy procedure which satisfies as many clauses inΦ as possible at each
step. Our main contribution is the closed-form expression of the probability that
the procedure generates a consistent partial assignment at any given step, and the
impact of the MR policy compared to the naive policy of setting signs randomly,
given in Theorem D.1 and Corollary D.2 below, respectively.

Other heuristics, such as UC, pure literal, and shortest clause strategy, are well-
studied in the literature, see for instance [Gol79; FP83; Fra84; Fra86; CF86; FPR87;
FH88; CF90; CR92; BFU93; FS96; SML96; Ach00; AS00; HS03; KKL06; BOS25]. No
closed-form expressions of relative algorithm performances using different heuris-
tics were previously found, although in [FS96], the exact probability for success
using a generalized version of UC is calculated. Most recently, it was shown
in [HS03; KKL06] that a DPLL− algorithm succeeds on the random 3-SAT prob-
lem with probability bounded away from 0 (which can be improved to “w.h.p.” by
introducing a small amount of backtracking as shown in [FS96]) when α < 3.52,
showing in particular that random 3-SAT is satisfiable w.h.p. when α < 3.52. Ex-
perimental evidence suggests that the median running time for complete DPLL-
type algorithms on the random 3-SAT problem can be polynomial even for clause
densities up till 3.8 (see [Coa+03]), after which they are expected to require expo-
nential time, even though random 3-SAT is believed to be satisfiable w.h.p. for all
α < 4.267 . . . [CA96; MZ02].

D.1.3 Main result

Let Φ be the random k-SAT problem with n variables and m ∼ αn clauses. Here,
∼ means asymptotic equivalence, so f ∼ g means f /g→ 1 as n→∞ for positive
functions f ,g of n. Let A+

v (resp. A−v ) denote the number of times v (resp. −v)
appears among the random literals defining Φ for each v ∈ [n].

If L ⊆ [n] denotes the variables to be fixed (for instance L = [f ] = {1,2, . . . , f }
for some f = f (n)), we then define

LMR :=
{
sv : v ∈ L, s = sgn(A+

v −A−v )
}
,

where we take sgn(0) := 1 as our convention. That is, for each v ∈ L, we are
fixing xv to sMR := sgn(A+

v −A−v ), i.e. in accordance with which of xv and −xv is
in majority in Φ , breaking ties with sMR = 1. It is clear that LMR is a consistent
(random) subset of ±[n], which depends on Φ . We put

αb(2) := 1 and αb(3) := 3.145.
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For k = 2,3 it is known that Φ is satisfiable w.h.p. when α < αb(k) from [CR92;
Goe96] and [Ach00], respectively. For 2-SAT, this is the optimal bound in the sense
that Φ is unsatisfiable w.h.p. when α > 1 = αb(2). For 3-SAT, it is still an open
question whether there even exists such a sharp threshold for satisfiability. In any
case, our result does leave a slight gap to the best known bound for satisfiability
of the random 3-SAT problem, namely α < 3.52 from [HS03; KKL06]. Our main
result is as follows, where we interpret e−∞ := 0.

Theorem D.1. Let k = 2 or k = 3, α ∈ (0,αb(k)), and β ∈ [0,∞]. Let Φ be the
random k-SAT problem with n variables and m ∼ αn clauses, and let L ⊆ [n] be a
non-random set such that |L|/n1−1/k→ β. Then

lim
n→∞

P(ΦLMR
∈ SAT) =

exp
(
−
(
β
2

)2 α
1−α

[
1− e−2α(I0 + I1)(2α)

]2)
, if k = 2,

exp
(
−
(
β
2

)3
α
[
1− e−3α(I0 + I1)(3α)

]3)
, if k = 3,

where I0 and I1 are modified Bessel functions of the first kind.

We define for all z ≥ 0

µz := e
−z(I0(z) + I1(z)) =

1
π

∫ π

0
ez(cos(t)−1)(cos(t) + 1)dt, (D.1.1)

where the second equality comes from well-known integral representations of the
modified Bessel functions of the first kind.

Theorem D.1 gives the exact probability that the partial assignment created
by algorithm 1 is still consistent after |L| steps when using the MR policy (and
the “blind” strategy, choosing variables independently from Φ). In particular, this
version of DPLL− can set/fix at most O(n1−1/k) variables in the random k-SAT
problemwhile still retaining a positive probability of generating a consistent partial
assignment when k = 2,3.

To measure the impact of the MR policy, we consider as a comparison ground
a stripped “baseline” version of DPLL−, which uses the simplest possible strat-
egy and policy—that is, it simply sets each of the variables to 1 (or some other
predetermined signs). Let L be a consistent subset of ±[n] (e.g. L = [f ]), where
|L|/n1−1/k → β for some β ∈ [0,∞]. In [BOS25] it was shown that, for α ∈
(0,αb(k)):

lim
n→∞

P(ΦL ∈ SAT) =

exp
(
−
(
β
2

)2 α
1−α

)
, if k = 2,

exp
(
−
(
β
2

)3
α
)
, if k = 3.

(D.1.2)

We will use this result as a baseline comparison when introducing the MR policy.
Indeed, comparing this baseline version of algorithm 1 with Theorem D.1, we get
the following conclusion. Note in regards to the following thatLMR depends onΦ ,
while L0 does not.
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CorollaryD.2. Let k = 2 or k = 3, α ∈ (0,αb(k)), and β0,βMR ∈ (0,∞). LetΦ be the
random k-SAT problem with n variables and m ∼ αn clauses, and let L0 ⊆ ±[n] be
consistent and L ⊆ [n] be arbitrary such that |L0| ∼ β0n1−1/k and |L| ∼ βMRn

1−1/k .
Then P(ΦL0 ∈ SAT) ∼ P(ΦLMR

∈ SAT) if and only if

βMR = (1−µkα)−1β0.

Corollary D.2 quantifies the exact impact of the MR policy. Namely, compared
to using the MR policy, the number of variables we can fix drops by a factor of µkα
when using the trivial policy in algorithm 1 in the random k-SAT problem—for
k = 2,3when α ∈ (0,αb(k)). Since I0(kα) ≥ 1 and I1(kα) ≥ 0, we see that µkα > 0,
and hence βMR > β0. However, in the following, wewill find that βMR is (depending
on k and α) in most cases quite a bit larger than β0, meaning that the MR policy
has quite a large impact on the performance of algorithm 1. In the following, we
study exactly how large this impact is.

D.1.4 The impact of MR

We have seen in Corollary D.2 that, compared to the baseline version of DPLL−,
if we retain the same (asymptotic) probability of having generated a consistent
partial assignment at any given step, then we are able to increase the number of
fixed variables by a factor of (1 − µkα)−1 by employing the MR policy. In this
section, we study properties of this factor.

Proposition D.3. With µkα defined in (D.1.1) for k ∈ N and α > 0, it holds that
(1−µkα)−1 is real analytic, strictly decreasing, and convex in α, tends towards∞ as
α→ 0, and is strictly decreasing in k.

Proof. This follows from a standard calculus argument using known properties
and derivatives of the modified Bessel functions of the first kind.

Calculating using Mathematica, we find (1 − µ2)−1 ≈ 2.09, so using the MR
policy, we can always fix at least twice as many variables than with the trivial
policy for random 2-SAT. For random 3-SAT, we get (1−µ3·3.145)−1 ≈ 1.34, so for
the regime considered in this article, we can always fix at least a factor 1/3 extra
variables. In both cases, this factor can get arbitrarily large as α→ 0. Intuitively,
this is because the MR policy gets more powerful when there are fewer duplicate
variables inΦ ; and the average number of times a given variable v occurs (negated
or not) is (in the limit) equal to kα. This also gives an intuitive explanation for why
the MR policy is more powerful for random 2-SAT than 3-SAT; there are fewer
duplicate literals in the former.

Since µkα is analytic inα, so is the limit limn→∞P(ΦLMR
∈ SAT) fromTheorem

D.1 as a function of α < αb for both 2-SAT and 3-SAT. For 2-SAT, the probability



PROOF 169

Figure D.12: Plot of (1 − µkα)−1 as a function of α for k = 2,3 with lines indicat-
ing αb(k).

decays to 0 continuously as α → 1, but for 3-SAT the probability does not ap-
proach 0 as α approaches any finite value—unless it loses its analyticity at some
point after αb(3). This shows that random 3-SAT is in some sense less “regular”,
and hence more sensitive to small changes in the clause density α, than random
2-SAT when fixing variables using the MR policy.

D.2 Proof

We now proceed to give a proof of Theorem D.1. We face the minor technical is-
sue that (D.1.2), which is used in the proof of Corollary D.2 and in the following,
is proved for a slightly different model—which we will call Fk(n,m)—than the one
considered in this article—call this model Gk(n,m). We will rectify this in section
D.2.3, and so for now we simply assume that these results hold for Gk(n,m). Fur-
thermore, [BOS25] proves a useful result concerning randommixed SAT problems,
which we state below and also prove for our model in section D.2.3.

Lemma D.4. For k = 2,3, letΦk be the random k-SAT problem withmk clauses and
n variables, i.e. Φk is distributed according to Gk(n,mk), where m3 ∼ αn for some
α < αb(3) andm2 = o(n), such that Φ3 and Φ2 are independent, and let L ⊆ ±[n] be
consistent with |L| = o(n2/3). Then (Φ3 ∧Φ2)L is satisfiable w.h.p.
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D.2.1 First part: random 2-SAT

Let Φ = C1∧· · ·∧Cm be the random 2-SAT problem with n variables andm ∼ αn
clauses where α ∈ (0,1). Let L ⊆ [n] be such that |L| ∼ β

√
n. We assume without

loss of generality that β > 0 (the remaining cases follow by taking β → 0, and
β→∞, respectively). Observe that each of the clausesCj = Lj,1∨Lj,2 experiences
one of four fates when the variables dictated by LMR are fixed:

0) both of Lj,1 and Lj,2 get fixed to −1, so Cj becomes a 0-clause, i.e. is unsat-
isfied, and thus precludes the satisfiability of ΦLMR

,

1) exactly one ofLj,1 andLj,2 gets fixed to−1, and the other remains unaffected,
so Cj becomes a 1-clause and thus dictates the value of a new variable,

2) none of Lj,1 and Lj,2 get fixed, so Cj remains unaltered as a 2-clause,

⋆) one of Lj,1 and Lj,2 gets fixed to 1, so Cj becomes a ⋆-clause, i.e. is satisfied,
and thus no longer affects the satisfiability of ΦLMR

.

Define K := {0,1,2,⋆}. The core of the proof is understanding and carefully con-
trolling how many clauses land in each of the four cases above, and especially
important are cases 0) and 1). We denote for each h ∈ K :

Ch := {j ∈ [m] : Cj falls into case h}, Mh = |Ch|. (D.2.1)

Put C := (Ch)h∈K . The unit clauses (1-clauses) corresponding to C1 form a ran-
dom 1-SAT instance Φ1 := min{Cj : j ∈ C1}, which must be satisfiable in order for
ΦLMR

to be satisfiable, and furthermore, they dictate the value ofM1 new variables.
Let Φ1 denote the set of random literals forming Φ1, and notice that Φ1 is consis-
tent if and only if Φ1 is satisfiable. Similarly, the clauses corresponding to C2 form
a random 2-SAT sub-instance Φ2 of Φ . It then holds that

ΦLMR
∈ SAT ⇐⇒ M0 = 0, Φ1 ∈ SAT, and (Φ2)Φ1

∈ SAT. (D.2.2)

Hence, we need to calculate the probability of the event on the r.h.s. of (D.2.2),
which is the point of departure for our proof.

We assume without loss of generality that L = [n] \ [n − |L|], i.e. we rename
the variables so that we fix the “last” |L| variables and are left with 1,2, . . . ,n− |L|
(see [BOS25, Lemma 4]). Notice then that, in the conditional distribution given C,
Φh is a random h-SAT formula with n− |L| variables andMh clauses, that is,

Φh | C ∼ Gh(n− |L|,Mh)

and Φ1 and Φ2 are independent (still given C).
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A calculation of the probability of (D.2.2) r.h.s. requires control of the size of
the random variables Mh, h ∈ K . For this, recall the random variable A+

v , the
number of times v appears in Φ , and similarly A−v . Define

Av := A
+
v +A

−
v , and Âv := min{A+

v ,A
−
v } =min{A+

v ,Av −A+
v },

the total number of times, respectively the minimum number of times, the vari-
able v appears, negated or not. Define further

AL :=
∑
v∈L

Av , and ÂL :=
∑
v∈L

Âv . (D.2.3)

Since AL is the total number of literals appearing in Φ which get fixed by LMR, it
is clear that the number of clauses inΦ which get affected by fixing these literals—
that is, the number of clauses which fall outside of case 2)—is at most AL. Stated
equivalently, the number of clauses that do fall into case 2) is at leastm−AL, that
is

M2 ≥m−AL. (D.2.4)

Similarly, ÂL is the total number of literals in Φ which get fixed to −1. A
clause containing (at least) one such literal falls into case 0), 1), or ⋆). Indeed, if
C(s,s′) denotes the set of j ∈ [m] for which Lj,1 gets fixed to s and Lj,2 gets fixed
to s′ , andM(s,s′) = |C(s,s′)| then

ÂL =M1 +M(−1,1) +M(1,−1) +2M0. (D.2.5)

Letting C† denote the set of j ∈ [m] for which both of Lj,1 and Lj,2 get fixed (to
either 1 or −1), andM† = |C†|, we have C(−1,1) ∪C(1,−1) ∪C0 ⊆ C†, so

M1 ≥ ÂL − 2M†. (D.2.6)

Having now related the random variables Mh to the random variables AL
and ÂL, we next calculate and give bounds on the mean and variance of them with
the intention of obtaining concentration results forMh.

Calculation of mean and variance

For the current section we generalize to all k ∈ N. Remember that Av is the
number of times the variable v appears in Φ (negated or not), so (Av)v∈[n] fol-
lows a multinomial distribution with parameters km and (1n )v∈[n], since in our
model Gk(n,m), the literals are all i.i.d. Furthermore, given (Av)v∈[n] = (rv)v∈[n],
the variables A+

1 , . . . ,A
+
n are independent, and A+

v follows a binomial distribution
with parameters rv and 1

2 . Hence, for a ≥ 1:

E[Âv | Av = r] =
1
2r

r∑
s=0

min{s, r − s}
(
r
s

)
.
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We exploit the fact that both min{s, r − s} and
(r
s

)
are symmetric about s↔ r − s,

yielding

r∑
s=0

min{s, r − s}
(
r
s

)
=

2r
∑r/2−2
s=0

(r−1
s

)
+ r

( r−1
r/2−1

)
, if r is even,

2r
∑(r−3)/2
s=0

(r−1
s

)
, if r is odd.

On the other hand, we have by the binomial formula and again symmetry of
(r−1
s

)
:

2r−1 =
r−1∑
s=0

(
r − 1
s

)
=

2
∑r/2−1
s=0

(r−1
s

)
, if r is even,

2
∑(r−3)/2
s=0

(r−1
s

)
+
( r−1
(r−1)/2

)
, if r is odd.

Consequently, we get by combing the two identities above that

E[Âv | Av = r] = r
(
1
2
− 1
2r

(
r − 1
⌊ r−12 ⌋

))
.

Moreover, we have E[Âv | Av = 0] = 0. Now, since, by the law of rare
events/Poisson limit theorem, Av is asymptotically Poisson-distributed with
mean kα, we find that

E[Âv] =
km∑
r=1

E[Âv | Av = r]P(Av = r) −−−−−→n→∞
e−kα

∞∑
r=1

r

(
1
2
− 1
2r

(
r − 1
⌊ r−12 ⌋

))
(kα)r

r!
.

Calculating the sum on the r.h.s. above, we first of all see that

e−kα
∞∑
r=1

r
2
· (kα)

r

r!
=
kα
2
,

from the known formula for the mean of a Poisson-distributed random variable.
Secondly, we find that

∞∑
r=1

r
2r

(
r − 1
⌊ r−12 ⌋

)
(kα)r

r!
=
∞∑
r=1

(kα/2)r

⌊ r−12 ⌋!(r − 1− ⌊
r−1
2 ⌋)!

= 1
2kα(I1(kα) + I0(kα)),

where the final equality comes from splitting into even and odd terms and the
well-known series representation

Ip(z) =
∞∑
r=0

(z/2)2r+p

r!(r + p)!

of the modified Bessel function of the first kind for all p ∈N0. All in all,

lim
n→∞

E[Âv] =
1
2kα(1− e

−kα(I0(kα) + I1(kα))) =
1
2kα(1−µkα),
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where µkα was defined in (D.1.1).
Finally, if L ⊆ [n] with |L| ∼ βn1−1/k , then from (D.2.3) we have E[AL] =

|L| ·E[A1] and E[ÂL] = |L| ·E[Â1], giving

E[AL] ∼ kαβn1−1/k , and E[ÂL] ∼ 1
2kαβ(1−µkα)n

1−1/k . (D.2.7)

Next, we calculate variances. Since AL is binomially distributed with parame-
ters km and |L|/n, we have

Var(AL) = km
|L|
n

(
1− |L|

n

)
∼ kαβn1−1/k . (D.2.8)

For ÂL we first note that Âv ≤ Av and that there exists a constant c > 0 such that
P(Av = r) ≤ cr /r! for all r ∈N, so

E[Â2
v] =

km∑
r=1

E[Â2
v | Av = r]P(Av = r) ≤

∞∑
r=1

r2
cr

r!
=O(1). (D.2.9)

For v , w we have

Cov(Âv , Âw) = E[Cov(Âv , Âw | Av ,Aw)] +Cov(E[Âv | Av],E[Âw | Aw]) < 0,

where the inequality follows from the fact that Âv and Âw are independent given
(Av ,Aw), and E[Âv | Av = r] is an increasing function of r , so the covariance is
negative, as Av ,Aw are entries of a multinomial distribution. This leads to

Var(ÂL) ≤
∑
v∈L

Var(Âv) ≤
∑
v∈L

E[Â2
v] =O(n1−1/k),

where we in the end use (D.2.9). By (D.2.8) we also have Var(AL) = O(n1−1/k).
Hence, for any 0 < q < 1 we get by Chebyshev’s inequality that

P(|AL −E[AL]| ≥ nq) and P(|ÂL −E[ÂL]| ≥ nq) are both O(n1−1/k−2q). (D.2.10)

Upper bound

We now proceed to upper bound P(ΦLMR
∈ SAT). Let first of all

m1 :=
⌊
E[ÂL]−n1/3

⌋
, m2 :=

⌊
m− log(n)E[AL]

⌋
,

n′ := n− |L|, and L1 := [n′] \ [n′ − (m1 − ⌊log(n)⌋)].

Let next Ψ1 denote the random 1-SAT problem with n′ variables and m1 clauses,
and let Ψ2 denote the random 2-SAT problem with n′ variables and m2 clauses.
Let L′ denote the set of clauses/literals defining Ψ1, so that again Ψ1 is satisfiable
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if and only if L′ is consistent. Then, using (D.2.2) and following the reasoning in
Section 4.4 of [BOS25, page 41–43], we find that

P(ΦLMR
∈ SAT) = P

(
M0 = 0,Φ1 ∈ SAT, (Φ2)Φ1

∈ SAT
)

≤ P(M0 = 0)P(Ψ1 ∈ SAT)P((Ψ2)L1 ∈ SAT)
+P(M2 < m2) +P(M1 < m1) +P(|L′ | < m1 − ⌊log(n)⌋).

The inequality is essentially due to the fact that the Φh’s only depend on each
other throughMh, and that satisfiability is a decreasing property in the number of
clauses.

We have from (D.2.4) thatM2 ≥m−AL, so

P(M2 < m2) ≤ P

(
AL ≥ log(n)E[AL]

)
≤ log(n)−1

by Markov’s inequality, implying thatM2 ≥m2 w.h.p. Next, we have from (D.2.6)
thatM1 ≥ ÂL − 2M†, so

P(M1 < m1) ≤ P

(
ÂL − 2M† ≤ E[ÂL]−n1/3

)
≤ P

(
ÂL ≤ E[ÂL]− 1

2n
1/3

)
+P

(
M† >

1
4n

1/3
)
.

(D.2.11)

It follows from (D.2.10) that the first term above vanishes as n→∞. Notice further
that M† is binomially distributed with parameters m ∼ αn and (|L|/n)2 ∼ β2/n,
so that E[M†] → αβ2 as n → ∞, and thus by Markov’s inequality, the second
term above also vanishes. Hence, by eq. (D.2.11), M1 ≥ m1 w.h.p. Finally, it fol-
lows immediately from [BOS25, Lemma 7] that |L′ | ≥ m1 − ⌊log(n)⌋ w.h.p., since
m1/
√
n′→ αβ(1−µ2α) <∞ by eq. (D.2.7).

We have now argued that

limsup
n→∞

P(ΦLMR
∈ SAT) ≤ limsup

n→∞

(
P(M0 = 0)P(Ψ1 ∈ SAT)P((Ψ2)L1 ∈ SAT)

)
.

(D.2.12)
It follows immediately from [BOS25, Lemma 8] and m1 ∼ αβ(1−µ2α)

√
n′ that

lim
n→∞

P(Ψ1 ∈ SAT) = exp
(
−14α

2β2(1−µ2α)2
)
. (D.2.13)

Since m2 ∼m ∼ αn′ (by (D.2.7)), it follows from (D.1.2) that

lim
n→∞

P((Ψ2)L1 ∈ SAT) = exp
(
−14α

3β2(1−µ2α)2(1−α)−1
)
. (D.2.14)

Finally, for 0-clauses, we note again that ÂL is the number of literals in Φ that get
fixed to −1. Hence, given ÂL = η, M0 = 0 if and only if these η literals are in



PROOF 175

distinct clauses. By the i.i.d. nature of the 2m literals, we have

P(M0 = 0 | ÂL = η) =
(m
η

)
2η(2m
η

) =

∏η−1
d=0(2m− 2d)∏η−1
d=0(2m− d)

≤
η−1∏
d=0

(
1− d

2m

)

≤ exp
(
−
η−1∑
d=0

d
2m

)
= exp

(
−
(η − 1)η
4m

)
.

(D.2.15)

We know from eq. (D.2.7) and eq. (D.2.10) that ÂL ∼ αβ(1−µ2α)
√
n w.h.p., and it

follows from this and (D.2.15) that

limsup
n→∞

P(M0 = 0) ≤ exp
(
−14αβ

2(1−µ2α)2
)
. (D.2.16)

Combining (D.2.12) with (D.2.13), (D.2.14), and (D.2.16), we get

limsup
n→∞

P(ΦLMR
∈ SAT) ≤ exp

(
−
(
β
2

)2 α
1−α (1−µ2α)

2
)

(D.2.17)

as desired.

Lower bound

Wenow seek to establish a corresponding lower bound to (D.2.17). This time define

m1 :=
⌊
E[ÂL] +n

1/3
⌋
, n′ := n− |L|, and L1 := [n′] \ [n′ −m1].

We again let Ψ1 denote the random 1-SAT problem with n′ variables and m1
clauses andΨ2 denote the random 2-SAT problem with n′ variables andm clauses.
Then, using (D.2.2) and the reasoning leading to [BOS25, Equation (4.15)], we get

P(ΦLMR
∈ SAT) ≥ P(M0 = 0,M1 ≤m1)P(Ψ1 ∈ SAT)P((Ψ2)L1 ∈ SAT).

As before we have m1 ∼ αβ(1 − µ2α)
√
n, so from analogous arguments we find

that (D.2.13) and (D.2.14) still hold true with the current definitions.
Furthermore, we get from (D.2.5) that if ÂL ≤ m1, then certainly M1 ≤ m1,

and the former occurs w.h.p. thanks to (D.2.10), so alsoM1 ≤ m1 w.h.p. Hence, it
remains only to bound the probability that M0 = 0. Similarly to (D.2.15), we get,
using 1− s ≥ exp(s/(s − 1)) for s < 1 in the second inequality,

P(M0 = 0 | ÂL = η) =
η−1∏
d=0

(
1− d

2m− d

)
≥
η−1∏
d=0

(
1− d

2m− η

)

≥ exp
(
−
η−1∑
d=0

d
2m− η − d

)
≥ exp

(
−
(η − 1)η
4m− 4η

)
.
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It again follows from (D.2.7) and (D.2.10) that

liminf
n→∞

P(M0 = 0) ≥ exp
(
−14αβ

2(1−µ2α)2
)
,

from which the desired lower bound follows. This completes the proof of Theo-
rem D.1 for random 2-SAT.

D.2.2 Second part: random 3-SAT

Our procedure for random 3-SAT follows along the same lines as random 2-SAT
with some modifications. LetΦ = C1∧· · ·∧Cm denote the random 3-SAT problem
with n variables andm ∼ αn clauses where α ∈ (0,3.145), and let L ⊆ [n] be such
that |L| ∼ βn2/3 for some β ∈ (0,∞), and again we can assume without loss of
generality that L = [n] \ [n− |L|].

Here there are five possible outcomes for each clause Cj = Lj,1 ∨ Lj,2 ∨ Lj,3;
case 0)-3); where all, two, a single, or none, respectively, of the literals Lj,1,Lj,2,Lj,3
get fixed to −1 with the rest remaining unaffected, and case ⋆); where at least
one literals gets fixed to 1. Define K := {0,1,2,3,⋆}, and define again Ch andMh

analogously to (D.2.1) for each h ∈ K . We have

ΦLMR
∈ SAT ⇐⇒ M0 = 0, Φ1 ∈ SAT, and (Φ3 ∧Φ2)Φ1

∈ SAT, (D.2.18)

where Φh := min{Cj : j ∈ Ch} denotes the random h-SAT sub-instance of Φ ,
and Φ1 denotes the set of literals forming Φ1.

Upper bound

We immediately get from (D.2.18) that

P(ΦLMR
∈ SAT) = P

(
M0 = 0,Φ1 ∈ SAT, (Φ3 ∧Φ2)Φ1

∈ SAT
)
≤ P(M0 = 0).

(D.2.19)
Consider again the set C† of j ∈ [m] for which all three literals in Cj get fixed,
and letM† = |C†|. ThenM† is binomially distributed with parametersm ∼ αn and
|L|3/n3 ∼ β3/n, so

lim
n→∞

E[M†] = αβ
3,

and it follows that M† ≤ ⌊log(n)⌋ w.h.p. by Markov’s inequality. Consider again
also AL and ÂL, the total number of literals in Φ that get fixed, and the number of
literals getting fixed to −1, respectively. The eventM0 = 0 occurs when and only
when each clause represented in C† (i.e. those that get completely fixed) does not
have all three literals fixed to −1. Because of the i.i.d. structure of the literals in Φ ,
this comes out to:

P(M0 = 0 |M†,AL, ÂL) =
M†∏
q=1

(
1−

3∏
d=1

ÂL − (3q − d)
AL − (3q − d)

)
. (D.2.20)
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Now, taking mean overM†, using the fact that it is at most ⌊log(n)⌋ w.h.p., we get

P(M0 = 0 | AL, ÂL) ≲
⌊log(n)⌋∑
s=0

(
1−

(
ÂL − 3⌊log(n)⌋

AL

)3)s(
m
s

)(
|L|3

n3

)s(
1− |L|

3

n3

)m−s

≤
(
1− |L|

3

n3

)m−⌊log(n)⌋ ⌊log(n)⌋∑
s=0

((
1−

(
ÂL − 3⌊log(n)⌋

AL

)3)
m|L|3

n3

)s 1
s!
,

where we by≲mean that≤ holds in the limit (limsup or liminf, if the limit does not
exist). It follows from (D.2.7) and (D.2.10) that AL ∼ 3αβn2/3 and ÂL ∼ 3

2αβ(1 −
µ3α)n2/3 w.h.p. Using this, the above, and m ∼ αn, |L| ∼ βn2/3, we conclude that

limsup
n→∞

P(M0 = 0) ≤ exp(−αβ3)exp
(
(1−18 (1−µ3α)

3)αβ3
)
= exp

(
−
(
β
2

)3
α(1−µ3α)3

)
,

(D.2.21)
which, taken together with (D.2.19), yields the correct upper bound.

Lower bound

The final piece missing from a proof of TheoremD.1 (apart from the considerations
in section D.2.3) is a corresponding lower bound to (D.2.21). We define

m1 :=
⌊
log(n)n1/3

⌋
, m2 :=

⌊
log(n)n2/3

⌋
,

n′ := n− |L|, and L1 := [n′] \ [n′ −m1],

and we letΨ1 denote the random 1-SAT problem with n′ variables andm1 clauses,
Ψ2 denote the random 2-SAT problem with n′ variables and m2 clauses, and Ψ3
denote the random 3-SAT problem with n′ variables and m clauses, where Ψ2
and Ψ3 are independent. Now, following the same reasoning which leads up to
[BOS25, Equation (4.41)] (and using initially (D.2.18)), we find that

P(ΦLMR
∈ SAT)

≥P
(
M0 = 0,M1 ≤m1,M2 ≤m2

)
P(Ψ1 ∈ SAT)P

(
(Ψ2 ∧Ψ3)L1 ∈ SAT

)
.

(D.2.22)

It follows immediately from [BOS25, Lemma 8] and Theorem D.4 that both Ψ1 and
(Ψ2 ∧Ψ3)L1 are satisfiable w.h.p. Hence, we consider the first factor on the r.h.s.
of (D.2.22).

We again utilize that ÂL is the number of literals fixed to −1 in ΦLMR
. Thus,

for any j ∈ [m], we find that

P(j ∈ C1 | ÂL = η) =
3η(η − 1)(3m− η)
3m(3m− 1)(3m− 2)

≤
η2

m(3m− 1)
, (D.2.23)
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as long as η ≥ 2. As before, we have that ÂL ∼ 3
2αβ(1 − µ3α)n

2/3 w.h.p., and
it follows from this and (D.2.23) that E[M1] = O(n1/3). By Markov’s inequality,
M1 ≤ m1 w.h.p. A similar argument runs for the number of generated 2-clauses;
for any j ∈ [m] we have

P(j ∈ C2 | ÂL = η) =
3η(3m− η)(3m− η − 1)
3m(3m− 1)(3m− 2)

≤
η

m
.

Using then again the known size of ÂL, we getE[M2] =O(n2/3), and by Markov’s
inequality,M2 ≤m2 w.h.p. Hence, it remains only to lower bound the probability
of the eventM0 = 0.

We again go from (D.2.20) and take mean overM†, finding

P(M0 = 0 | AL, ÂL) ≳
⌊log(n)⌋∑
s=0

(
1−

(
ÂL

AL − 3⌊log(n)⌋

)3)s(
m
s

)(
|L|3

n3

)s(
1− |L|

3

n3

)m−s

≥
(
1− |L|

3

n3

)m ⌊log(n)⌋∑
s=0

((
1−

(
ÂL

AL − 3⌊log(n)⌋

)3) (m− ⌊log(n)⌋)|L|3
n3

)s 1
s!
.

which, by the same reasoning as in the upper bound, yields us

liminf
n→∞

P(M0 = 0) ≥ exp
(
−
(
β
2

)3
α(1−µ3α)3

)
,

as required.

D.2.3 Model conversion

We call the distribution for the random k-SAT problem withm clauses and n vari-
ables considered in this article Gk(n,m). Lemma D.4 and Equation (D.1.2) are
in [BOS25] proved in the model Fk(n,m), where the signs and the clauses them-
selves are again sampled uniformly with replacement, but the variables in each
clause are sampled uniformly without replacement. To convert these results from
the model Fk(n,m) to Gk(n,m), we make use of the following observations.

Let Φ denote a random 2-SAT instance following the distribution G2(n,m),
where m ∼ αn, α ∈ (0,1). That is, the literals (Lj,i)j∈[m],i∈[2] defining Φ are i.i.d.
Each clauseCj = Lj,1∨Lj,2 can either be a genuine 2-clause, i.e. when |Lj,1| , |Lj,2|.
On the other hand, if Lj,1 = Lj,2, then Cj is really a 1-clause, or if Lj,1 = −Lj,2,
then Cj is constantly 1, i.e. a ⋆-clause/tautology. The ⋆-clauses do not affect the
satisfiability of Φ . Let us denote byDh the set of j ∈ [m] for which Cj is a h-clause
in the sense described above, and let Nh = |Dh|, h ∈ {1,2,⋆}. Then (N2,N1,N⋆)
follows a multinomial distribution with parameters m and (1 − 1

n ,
1
2n ,

1
2n ). Define

further
Φh := min

j∈Dh
Cj , (h ∈ {1,2}).
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Then, given (N2,N1) = (m2,m1), Φ2 and Φ1 are independent and distributed ac-
cording to Fh(n,mh) for h = 1,2, respectively. We also have thatE[N1] andE[N⋆]
both converge to 1

2α, so N1,N⋆ ≤ log(n) w.h.p. by Markov’s inequality. Thus also
N2 ≥m− 2log(n) w.h.p., meaning N2 ∼m ∼ αn w.h.p.

Consider m1 = m1(n) and m2 = m2(n) such that m1 ≤ log(n) and m2 ∼ αn,
and consider further Ψ1 and Ψ2 distributed according to F1(n,m1) (which is the
same as G1(n,m1)) and F2(n,m2), respectively, such that Ψ1 and Ψ2 are indepen-
dent. Let finally L ⊆ ±[n] be consistent with |L| ∼ β

√
n for some β ∈ (0,∞). If we

can prove that

lim
n→∞

P

(
(Ψ1 ∧Ψ2)L ∈ SAT

)
= exp

(
−
(
β
2

)2 α
1−α

)
,

then by the paragraph above, we will have proved (D.1.2) for k = 2. Note for this
purpose that Ψ1 is satisfiable w.h.p. by [BOS25, Lemma 8]. Equivalently, L′ , the
set of literals forming Ψ1, is consistent w.h.p. Furthermore, L ∪ L′ is consistent
w.h.p., since the probability that a variable appears both in L and L′ (negated or
not) is seen to vanish by an application of the union bound. Thus, Ψ1 simply acts
by fixing m1 further variables in Ψ2. Since the size of L′ is negligible compared
to |L|, i.e. |L∪L′ | ∼ β

√
n, we get from Equation (D.1.2) the second equality in:

lim
n→∞

P

(
(Ψ1 ∧Ψ2)L ∈ SAT

)
= lim
n→∞

P((Ψ2)L∪L′ ∈ SAT) = exp
(
−
(
β
2

)2 α
1−α

)
,

as desired.
We employ completely analogous arguments in converting (D.1.2) for k = 3

and Lemma D.4 from the Fk(n,m) to the Gk(n,m) model.
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E.1 Introduction

Given the interesting phenomena observed in random 3-SAT, it is natural to ask
whether similar structural behavior appears in related models. One of the most
studied and mathematically tractable alternatives is random 3-XORSAT. Like 3-
SAT, the problem involves Boolean variables and random clauses of size three,
but instead of disjunctions the constraints are XOR-clauses, i.e. linear equations
over F2. This makes 3-XORSAT particularly appealing: it shares many structural
similarities with 3-SAT, yet is more amenable to rigorous mathematical analysis.
Random 3-XORSAT has been investigated extensively, and several fundamental
results are known:

• Sharp threshold: It has been rigorously established that random 3-
XORSAT exhibits a sharp satisfiability threshold (see [DM02]). In contrast,
for 3-SAT the existence of the satisfiability threshold remain conjectural.

• Threshold location: The satisfiability threshold occurs at a critical clause-
to-variable-density α ≈ 0.918 for 3-XORSAT. Below this density, a random
instance is satisfiable w.h.p., while above it, it is unsatisfiable w.h.p.

• Clustering phenomena: Similar to 3-SAT, the solution space of 3-XORSAT
undergoes structural changes. In particular, it has been proven that 3-
XORSAT exhibits a clustering transition ([Ibr+15]), where the set of solutions
shatters into exponentially many well-separated clusters. This mirrors the
heuristic predictions for 3-SAT based on methods from statistical physics.

• Algorithmic tractability: Unlike 3-SAT,which is NP-complete, 3-XORSAT
is solvable in polynomial time via Gaussian elimination. This allows for
sharper probabilistic and structural analysis while retaining many features
conjectured to drive hardness in 3-SAT.

• 2-XORSAT For random 2-XORSAT, there is no sharp phase transition. The
asymptotic probability decreases as the clause-to-variable ratio approaches
1/2 after which the problem is asymptotically unsatisfiable, see [HV11].
Thus, this is different from random 2-SAT that has a sharp phase transition.

Studying random 3-XORSAT alongside 3-SAT is therefore of particular interest
because of the similarities of the problems. Thus, 3-XORSAT serves as a mathe-
matical proxy for understanding phenomena such as clustering, condensation, and
freezing in random 3-SAT, and it provides a test case for extending the analysis of
variable-fixing and threshold functions presented in [BOS25]. If 3-XORSAT ex-
hibits irregularities under partial assignments at the satisfiability threshold, this
would lend strong support to the conjecture that the irregularity in 3-SAT also
coincides with its satisfiability threshold.



MAIN RESULT 185

E.2 Main result

A random k-XORSAT formula Φ with n variables andm clauses is generated from
i.i.d. constraints C1, . . . ,Cm. For each j ∈ [m], the clause Cj is defined by select-
ing k independent and uniformly distributed random variables Vj,1, . . . ,Vj,k ∈ [n],
together with a uniform random sign Sj ∈ B := {true,false}. The resulting con-
straint corresponds to the linear equation

xVj,1 ⊕ · · · ⊕ xVj,k = Sj , x ∈Bn,

where ⊕ denotes the exclusive-or operator. Next up, we fix a subset of the input
variables of Φ . For this purpose, let L ⊆ ±[n], and define ΦL in accordance with
the notion of variable fixing introduced in Section B.3.2. In this project, we prove
the following result.

Proposition E.1. Let α,β > 0, and let Φ be a random 3-XORSAT formula with
m ∼ αn clauses and n variables. Let L ⊆ ±[n] be a consistent set of literals with
|L| = f ∼ βn2/3. Then it holds that

e−β
3α/2 ≥ limsup

n→∞
P(ΦL ∈ SAT)

≥ liminf
n→∞

P(ΦL ∈ SAT) ≥ e−β
3α/2 liminf

n→∞
P(Φ2 ∧Φ3 ∈ SAT),

where Φ2 is a random 2-XORSAT formula with ∼ n variables, and ∼ 3(1 +
ϵ)3αβn2/3 (for an arbitrary ϵ > 0) 2-XOR-clauses, and Φ3 is a random 3-XORSAT
formula with ∼ n variables and m 3-XOR-clauses.

If the addition of o(n) 2-XORSAT clauses to a subcritical 3-XORSAT formula
does not affect overall satisfiability, then Proposition E.1 implies that random 3-
XORSAT has n2/3 degrees of freedom and an order parameter of the form e−Cα for
some C > 0. This observation supports the idea that 3-SAT and 3-XORSAT exhibit
analogous behavior under variable fixing.

We have the following conjecture, which states that adding o(n) 2-XORSAT
clauses does not spoil satisfiability:

Conjecture E.2. Let Φ2 and Φ3 be random 2- and 3-XORSAT-formulas, respec-
tively, with n variables, and o(n) and m ∼ αn clauses, respectively. If α < 0.918,
then Φ2 ∧Φ3 is not asymptotically unsatisfiable.

We will provide calculations that support Conjecture E.2. Taken together,
Proposition E.1 and Conjecture E.2 imply that a random 3-XORSAT formula un-
dergoes a shift in regularity at its satisfiability threshold. This, in turn, supports
the conjecture that random 3-SAT exhibits the same behavior.
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E.3 Proof

A proof of Proposition E.1 and initial calculations supporting Conjecture E.2 are
included in this section.

E.3.1 Proof of Proposition E.1

Throughout this section, we use the same notation as in Article B, and therefore do
not redefine it here. Prior to proving the Proposition, we provide some technical
lemmas that correspond to lemmas already established in Article B. Hereafter, we
first construct an upper bound followed by a lower bound on the probability of
interest.

Technical lemmas

We have the following technical lemmas.

Lemma E.3. Let Φ be a random (possibly mixed) XORSAT formula with m clauses
and n variables, and let L,L′ ⊆ ±[n] be two consistent sets of literals.

1. If |L| = |L′ |, then P(ΦL ∈ SAT) = P(ΦL′ ∈ SAT).

2. If |L| ≥ |L′ |, then P(ΦL ∈ SAT) ≤ P(ΦL′ ∈ SAT).

Proof. The proof is verbatim the same as that of Lemma B.8.

Lemma E.4. Let Φ and Φ ′ be random (possibly mixed) XORSAT formulas with mk
resp. m′k k-clauses for each k, and n variables. Let L ⊆ ±[n] be a consistent set of
literals. If mk ≥m′k for each k, then

P(ΦL ∈ SAT) ≤ P(Φ ′L ∈ SAT),

and in particular P(Φ ∈ SAT) ≤ P(Φ ′ ∈ SAT).

Proof. The proof is verbatim the same as that of Lemma B.9.

Lemma E.5. Let k = 2 or k = 3, and let K = {0,1, . . . , k,⋆}. For m,n,f ∈N with
2 ≤ f < n, let Φ be a random k-XORSAT formula with m clauses and n variables,
and let L = [n]\ [n−f ]. Let C := (Ch)h∈K , (Mh)h∈K and (Φh)h∈K be defined as usual,
see B.3.6 and B.3.7.

Then (Mh)h∈K ∼Multinomial(m, (ph)h∈K ), and in the conditional distribution
given C, it holds that the Φh’s are independent and that Φh is a random h-XORSAT
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formula with Mh clauses and n − f variables for all h ∈ K . Furthermore, if k = 3,
then

p0 = p⋆ =
f (f − 1)(f − 2)
2n(n− 1)(n− 2)

, p1 =
3f (f − 1)(n− f )
n(n− 1)(n− 2)

,

p2 =
3f (n− f )(n− f − 1)
n(n− 1)(n− 2)

, p3 =
(n− f )(n− f − 1)(n− f − 2)

n(n− 1)(n− 2)
.

If instead k = 2, then

p0 = p⋆ =
f (f − 1)
2n(n− 1)

, p1 =
2f (n− f )
n(n− 1)

, p2 =
(n− f )(n− f − 1)

n(n− 1)
.

Proof. The proof is completely similar to the proof of Lemma B.10, and only de-
pends on direct calculations.

Note that we of course still have the important bi-implication (eq. (B.3.8)) for
random 3-XORSAT formulas:

ΦL ∈ SAT ⇐⇒ M0 = 0, Φ1 ∈ SAT and (Φ2 ∧Φ3)Φ1
∈ SAT.

Lower bound

Assume without loss of generality that L = [n] \ [n − f ]. Let ϵ > 0 be arbi-
trary. Define (Φh)h∈K , and (Ch)h∈K in correspondence with B.3.6 and B.3.7, and
letM(1)

h := |Ch| for h ∈ K . For values of f (r) and m(r), which we may choose later,
we put recursively

n(r) B n(r−1) − f (r−1), L(r) B [n(r)] \ [n(r+1)],

so in particular |L(r)| = f (r). We will always choose f (r) = o(n), so n(r) ∼ n. We
find that

P

(
ΦL ∈ SAT

)
=P

(
M0 = 0, Φ1 ∈ SAT, (Φ2 ∧Φ3)Φ1

∈ SAT
)

≥P
(
M

(1)
0 = 0, M(1)

1 ≤ f
(1), M

(1)
2 ≤m

(1), Φ1 ∈ SAT, (Φ2 ∧Φ3)Φ1
∈ SAT

)
=E

[
P

(
Φ1 ∈ SAT, (Φ2 ∧Φ3)Φ1

∈ SAT
∣∣∣ C)P(C)1{M(1)

0 =0,M(1)
1 ≤f (1),M

(1)
2 ≤m(1)}

]
,

where C = (C(1)k )k∈K . When in the following considering the conditional probabil-
ity P(·|C) we will assume that we are on the set {M(1)

0 = 0, M(1)
1 ≤ f (1), M

(1)
2 ≤

m(1)}. Note that under P(·|C) the random XORSAT-formulas Φ1, Φ2, and Φ3 are
independent withΦk havingM

(1)
k clauses and n(1) variables for each k ∈ [3]. Now,
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let B denote the set of all satisfiable 1-XORSAT formulas with M(1)
1 clauses and

n(1) variables. We then see that

P

(
Φ1 ∈ SAT, (Φ2 ∧Φ3)Φ1

∈ SAT
∣∣∣ C)

=
∑
ϕ∈B

P

(
Φ1 = ϕ, (Φ2 ∧Φ3)ϕ ∈ SAT

∣∣∣ C)
=
∑
ϕ∈B

P

(
Φ1 = ϕ

∣∣∣ C)P(
(Φ2 ∧Φ3)ϕ ∈ SAT

∣∣∣ C)
≥P

(
Φ1 ∈ SAT

∣∣∣ C)P(
(Φ2 ∧Φ3)L(1) ∈ SAT

∣∣∣ C)
≥P

(
Φ

(1)
1 ∈ SAT

)
P

(
(Φ (1)

2 ∧Φ
(1)
3 )L(1) ∈ SAT

)
,

where Φ (1)
1 is a random 1-XORSAT formula with f (1) clauses and n(1) variables,

Φ
(1)
2 is a random 2-XORSAT formula withm(1) clauses and n(1) variables, andΦ (1)

3
is a random 3-XORSAT formula with m clauses and n(1) variables, such that (the
clauses of)Φ (1)

2 andΦ (1)
3 are independent. Thus, we have now used all our lemmas.

Combining our calculations, we get:

P(ΦL ∈ SAT)

≥P
(
Φ

(1)
1 ∈ SAT

)
P

(
(Φ (1)

2 ∧Φ
(1)
3 )L(1) ∈ SAT

)
×

×P
(
M

(1)
0 = 0, M(1)

1 ≤ f
(1), M

(1)
2 ≤m

(1)
)
.

We now choose

f (1) B
⌊
4αβ2n1/3 +n1/5

⌋
, and m(1) B

⌊
3(1+ ϵ)αβn2/3 +n2/5

⌋
.

We have that M(1)
0 is asymptotically Poisson-distributed with mean β3α/2, and

generally thatE[M(1)
k ] =mp(1)k , for k ∈ K where p(1)k comes from Lemma E.5. This

shows that

E[M(1)
1 ] ∼ 3αβ2n1/3 and E[M(1)

2 ] ∼ 3αβn2/3.

Now,

P

(
M

(1)
1 > f (1)

)
= P

(
M

(1)
1 > 4αβ2n1/3 +n1/5

)
≤ P

(
M

(1)
1 > E[M(1)

1 ] +n1/5
)
,

where the inequality holds for large enough n, as eventuallyE[M(1)
1 ] ≤ 4αβ2n1/3.

Using Chernoff’s bound yields

P

(
M

(1)
1 > E[M(1)

1 ] +n1/5
)
≤ exp

 −n2/5

3E[M(1)
1 ]

,
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and the r.h.s. tends towards 0 as n→∞, asE[M(1)
1 ] grows as n1/3, which is slower

than n2/5. Hence, M(1)
1 ≤ f (1) w.h.p. A completely similar argument shows that

M
(1)
2 ≤m(1) w.h.p. In conclusion,

lim
n→∞

P

(
M

(1)
0 = 0, M(1)

1 ≤ f
(1), M

(1)
2 ≤m

(1)
)
= e−β

3α/2.

Now, since f (1)/
√
n(1) ∼ f (1)/

√
n→ 0, we also immediately get

lim
n→∞

P

(
Φ

(1)
1 ∈ SAT

)
= 1,

where we use that a random 1-XORSAT formula behaves like a random 1-SAT
formula. We are now left with the satisfiability of (Φ (1)

2 ∧ Φ
(1)
3 )L(1) . We again

decompose. This time, we denote by M(2)
k (2) the number of (indices for the) k-

clauses generated from Φ
(1)
2 , and similarlyM(2)

k (3) for Φ (1)
3 . PutM(k)

2 BM
(2)
k (2)+

M
(2)
k (3). By the same argument as before, we have

P((Φ (1)
2 ∧Φ

(1)
3 )L(1) ∈ SAT) ≥ P

(
Φ

(2)
1 ∈ SAT

)
P

(
(Φ (2)

2 ∧Φ
(2)
3 )L(2) ∈ SAT

)
×P

(
M

(2)
0 = 0, M(2)

1 ≤ f
(2), M

(2)
2 ≤m

(2)
)
,

where Φ (2)
1 is a random 1-XORSAT formula with f (2) clauses and n(2) variables,

Φ
(2)
2 is a random 2-XORSAT formula withm(2) clauses and n(2) variables, andΦ (2)

3
is a random 3-XORSAT formula with m clauses and n(2) variables, such that (the
clauses of) Φ (2)

2 and Φ
(2)
3 are independent. We choose

f (2) B
⌊
n1/5

⌋
, and m(2) B

⌊
3(1+ ϵ)2αβn2/3 +n2/5

⌋
,

which immediately yields f (2)/
√
n(2)→ 0, so

lim
n→∞

P

(
Φ

(2)
1 ∈ SAT

)
= 1.

We now calculate

E[M(2)
0 (2)] =m(1) f

(1)(f (1) − 1)
2n(1)(n(1) − 1)

∼ 24(1+ ϵ)α3β5n−2/3 −→ 0,

and similarly

E[M(2)
0 (3)] =m

f (1)(f (1) − 1)(f (1) − 2)
2n(1)(n(1) − 1)(n(1) − 2)

∼ 32α4β6n−1 −→ 0,
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showing that E[M(2)
0 ] vanishes, so by an application of Markov’s inequality,

M
(2)
0 = 0 w.h.p. Considering now the unit clauses, we see that

E[M(2)
1 (2)] =m(1)3f

(1)(n(1) − f (1))
n(1)(n(1) − 1)

−→ 36(1+ ϵ)α2β3,

and similarly

E[M(2)
1 (3)] =m

3f (1)(f (1) − 1)(n(1) − f (1))
n(1)(n(1) − 1)(n(1) − 2)

∼ 48α3β4n−1/3 −→ 0,

so that E[M(2)
1 ] converges to a constant, and again by an application of Markov’s

inequality,M(2)
1 ≤ f (2) w.h.p. Finally, for binary clauses, we find that

E[M(2)
2 (2)] =m(1) (n

(1) − f (1))(n(1) − f (1) − 1)
n(1)(n(1) − 1)

∼ 3(1+ ϵ)αβn2/3,

and

E[M(2)
2 (3)] =m

3f (1)(n(1) − f (1))(n(1) − f (1) − 1)
n(1)(n(1) − 1)(n(1) − 2)

∼ 12α2β2n1/3,

so that E[M(2)
2 ] ≤ 3(1 + ϵ)2αβn2/3 for large enough n, and thus by Chernoff’s

inequality:

P

(
M

(2)
2 > m(2)

)
≤ P

(
M

(2)
2 > E[M(2)

2 ] +n2/50

)
≤ exp

 −n4/5
E[M(2)

2 ]

,
soM(2)

2 ≤m(2) w.h.p. Hence,

lim
n→∞

P

(
M

(2)
0 = 0, M(2)

1 ≤ f
(2), M

(2)
2 ≤m

(2)
)
= 1,

and we are again left with the satisfiability of (Φ (2)
2 ∧Φ (2))L(2) . This brings us to

the final decomposition:

P((Φ (2)
2 ∧Φ

(2)
3 )L(2) ∈ SAT) ≥ P

(
Φ

(3)
2 ∧Φ

(3)
3 ∈ SAT

)
P

(
M

(3)
0 = 0, M(3)

1 = 0, M(3)
2 ≤m

(3)
)
,

where Φ (3)
2 is a random 2-XORSAT formula with m(3) clauses and n(3) variables,

and Φ
(3)
3 is a random 3-XORSAT formula with m clauses and n(3) variables, such

that (the clauses of) Φ (3)
2 and Φ

(3)
3 are independent, and where we choose

f (3) B 0, and m(3) B
⌊
3(1+ ϵ)3αβn2/3 +n2/5

⌋
.
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As before, we calculate

E[M(3)
0 (2)] =m(2) f

(2)(f (2) − 1)
2n(2)(n(2) − 1)

∼ 3
2 (1 + ϵ)

2αβn−14/15 −→ 0,

and

E[M(3)
0 (3)] =m

f (2)(f (2) − 1)(f (2) − 2)
2n(2)(n(2) − 1)(n(2) − 2)

∼ 1
2αn

−7/5 −→ 0,

so E[M(3)
0 ] vanishes, hence M(3)

0 = 0 w.h.p. by Markov’s inequality. For unit
clauses,

E[M(3)
1 (2)] =m(2)2f

(2)(n(2) − f (2))
n(2)(n(2) − 1)

∼ 6(1+ ϵ)2αβn−2/15 −→ 0,

and

E[M(3)
1 (3)] =m

3f (2)(f (2) − 1)(n(2) − f (2))
n(2)(n(2) − 1)(n(2) − 2)

∼ 3αn−3/5 −→ 0,

so for this round,E[M(3)
1 ] vanishes, henceM(3)

1 = 0w.h.p. by Markov’s inequality.
The argument thatM(3)

2 ≤m(3) is exactly the same as in the two previous rounds.
Hence,

lim
n→∞

P

(
M

(3)
0 = 0, M(3)

1 = 0, M(3)
2 ≤m

(3)
)
= 1,

which, tallying everything up, yields

liminf
n→∞

P(ΦL ∈ SAT) ≥ e−β
3α/2 liminf

n→∞
P

(
Φ

(3)
2 ∧Φ

(3)
3 ∈ SAT

)
.

E.3.2 Calculations for Conjecture E.2

We will need to establish that that probability that a random mixed 2- and 3-
XORSAT formula is satisfiable is bounded away from zero, when the clause-to-
variable ratio of 3-XOR-clauses is below ≈ 0.918, while the amount of 2-XOR-
clauses is o(n), n being the number of variables.

Our proof strategy is closely inspired by the proof in [DM02]. Their proof
proceeds in two steps: first, they establish a satisfiability threshold for a related
model; second, they reduce the standard random 3-XORSAT model to this aux-
iliary model, thereby proving the satisfiability threshold for random 3-XORSAT.
In our case, we partially replicate the first step, showing that a related mixed 2-
and 3-XORSAT model remains satisfiable with positive probability up to the phase
transition point of the pure 3-XORSAT component.
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Initial calculations

We consider amixed 2- and 3-XORSAT formulae consisting ofm2 := c2n equations
of length two and m3 := c3n equations of length three, the equations being in n
variables and each variable occurring at least twice.

Letm :=m2+m3, and define furtherm⋆ = 2m2+3m3, and c⋆ = 2c2+3c3. We
let a formula be given by an ordered set ofm⋆ places that are filled with variables,
and each equation has to either equal true or false. We consider the uniform
distribution over this set of formulas and denote such a random formula by Φ . As
variables appear at least twice, this model is different from the standard random
XORSAT-model, and the aim is to establish that such a formula is satisfiable with
probability bounded away from zero (asymptotically), when c2 is small and c3 < 1.

Let N denote the number of solutions of the formula Φ . Note that deciding
whether the formula Φ is satisfiable corresponds to deciding whether N > 0. We
will use the second moment method, stating that P(N > 0) ≤ E[N ]2/E[N ]2, to
establish that the probability that such a formula is satisfiable is bounded away
from zero (asymptotically). Note that

E[N ] =
∑
σ∈Bn

P

(
Φ(σ ) = true

)
= 2n

1
2m

= 2n−m2−m3 . (E.3.1)

We further need to estimateE[N2]. Let F denote the support of ϕ and |F | denote
the size of the support. First, wewill calculate |F |. Let S(m,n,2) denote the number
of partitions of m elements into n subsets each having at least 2 elements. These
are the generalized Stirling numbers of the second kind, see e.g. [Hen94; Tem93].
Now

|F | = 2mS(m⋆ ,n,2)n! (E.3.2)

In order to calculate the second moment, we will sum over pairs (σ,τ) of satisfying
assignments. Then

E[N2] =
1
|F |

∑
ϕ∈F

N2(ϕ) =
1
|F |

∑
σ,τ

∑
ϕ∈F

1{ϕ(σ )=ϕ(τ)=true}.

Given ϕ, σ , and τ , we let α denote the proportion of variables having the same
value in both assignments. We let r2 denote the proportion of the m2 2-clauses
that contain at least one of these αn variables. Let r3 denote the proportion of the
last 3m3 places that contain one of the αn variables. Once we fill the entries of an
equation, the right-hand side is uniquely determined, and so does not intervene
in the enumeration. We must, however, ensure that the left-hand side evaluates
to the same value in both variable assignments. This implies that the equations
of length two either contain two variables that have the same value in both as-
signments or two variables that contain distinct values in the two assignments.
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On the other hand, for the equations of length three, an equation must consist of
either three variables with the same value in both assignments, or of two vari-
ables each with different values, and a third one with the same value. Letting
Ik = {0,1/k,2/k, . . . , (k − 1)/k,1}, we get that

|F | ·E[N2] =
∑
α∈In

∑
r2∈Im2

∑
r3∈I3m3∩[1/3,1]

2n
(
n
αn

)(
m2

(1− r2)2m2/2

)(
m3

(1− r3)3m3/2

)
×

× 3(1−r3)3m3/2S(2r2m2 +3r3m3,αn,2)[αn]!×
× S(2(1− r2)m2 +3(1− r3)m3, (1−α)n,2)[(1−α)n]!.

(E.3.3)
In order to analyze all of the above expressions, we need to get a hold on the terms
S(m,n,2). Thus, we use the below lemma (which is also included in [DM02], but
with a typo):

Lemma E.6 ([Hen94] eq. (4.9)). Let x0 be the positive root of the saddle point equa-
tion

n
m
x0 =

ex0 − 1− x0
ex0 − 1

,

and define

t0 =
m− 2n
n

, f2(t0,x0) =

√
t0

x0(t0 +1)− t0(t0 +2)
.

Then uniformly asm and n both tend to infinity S(m,n,2) ∼ θ(m,n)ψ(m,n), where
the exponential part of the equivalent is

ψ(m,n) = (ex0 − 1− x0)n
(
m
x0e

)m(
n
e

)−n
,

and the non-exponential part is

θ(m,n) =
1
√
2πn

√
m

m− 2n
f2(t0,x0).

When finding asymptotic equivalents of functions in the following we will
split it up, such that we find the exponential part and the non-exponential part
separately. For functions f and g , we write f ≍ g if they have the same exponential
equivalent. Using Lemma E.6 on eq. (E.3.2), we get that

|F | ≍ 2(c2+c3)n
(
ex0 − 1− x0

)n( (2c2 +3c3)n
x0e

)(2c2+3c3)n
, (E.3.4)
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where x0 solves the equation

1
2c2 +3c3

x0 =
ex0 − 1− x0
ex0 − 1

. (E.3.5)

The binomial coefficients can be approximated using Stirlings approximation,
where for c ∈ In

(
n
cn

)
∼

[
1

2πnc(1− c)

][
1

ccn(1− c)(1−c)n

]
. (E.3.6)

Note that the first part is the exponential part, while the second is the non-
exponential. Using eq. (E.3.6) and Lemma E.6 we find the exponential part of
eq. (E.3.3)

|F | ·E[N2] ≍
∑
α∈In

∑
r2∈Im2

∑
r3∈I3m3∩[1/3,1]

2n
(
αα(1−α)1−α

)−n(
(1− r2)1−r2r

r2
2

)−c2n
×
((
(1− r3)3/2

)(1−r3)3/2(1− (1− r3)3/2)1−(1−r3)3/23(1−r3)3/2)−c3n
×
(
ex2 − 1− x2

)αn(2r2c2n+3r3c3n
x2e

)2r2c2n+3r3c3n
× (ex1 − 1− x1)(1−α)n

(
2(1− r2)c2n+3(1− r3)c3n

x1e

)2(1−r2)c2n+3(1−r3)c3n
,

(E.3.7)
where we also use that the sum consists of a polynomial number of terms, while
the terms of the sum are exponential, and thus each term can be substituted with
its equivalent. Moreover, x1 and x2 are defined as being the positive roots of the
equations

α
2r2c2 +3r3c3

x2 =
ex2 − 1− x2
ex2 − 1

,
1−α

2(1− r2)c2 +3(1− r3)c3
x1 =

ex1 − 1− x1
ex1 − 1

.

(E.3.8)

Using the rewritings in eqs. (E.3.4) and (E.3.7) we can write

E[N2] ≍
∑
α∈In

∑
r2∈Im2

∑
r3∈I3m3∩[1/3,1]

exp
[
nf (α,r)

]
, (E.3.9)
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where
f (α,r2, r3) =(1− c2 − c3) ln2−α lnα − (1−α) ln(1−α)− c2(1− r2) ln(1− r2)

− c2r2 lnr2 − 3c3(1− r3)/2ln((1− r3)/2)

− c3
(
1− 3(1− r3)/2

)
ln

(
1− 3(1− r3)/2

)
+α ln(ex2 − 1− x2) + (2r2c2 +3r3c3) ln(2r2c2 +3r3c3)

− (2r2c2 +3r3c3) lnx2 + (1−α) ln
(
ex1 − 1− x1

)
+
(
2(1− r2)c2 +3(1− r3)c3

)
ln

(
2(1− r2)c2 +3(1− r3)c3

)
−
(
2(1− r2)c2 +3(1− r3)c3

)
lnx1 −n ln

(
ex0 − 1− x0

)
− (2c2 +3c2) ln(2c2 +3c3) + (2c2 +3c3) lnx0.

(E.3.10)
In the remainder of the proof we conjecture that when c3 < 1, and c2 is small,
then within the domain [0,1]× [0,1]× [1/3,1], the function of eq. (E.3.10) attains
its global maximum at the point f (1/2,1/2,1/2). Although we do not yet have a
proof of this fact (and we do not expect the proof to be easy), we proceed under this
assumption. This will allow us to apply a discrete version of the three-dimensional
Laplace method. Again, a similar Lemma is included in [DM02], but with a typo.

Lemma E.7. If f and g are smooth (C2) real-valued functions of three variables,
and if h has a single maximum on [a,∞) × [b,∞) × [c,∞), situated at (x⋆ , y⋆ , z⋆) ,
with x⋆ > a, y⋆ > b, and z⋆ > c; and if further the determinant D of the Hessian of h
at (x⋆ , y⋆ , z⋆) is not zero, then

n∑
i=an

λn∑
j=bλn

γn∑
k=cγn

g
( i
n
,
j

λn
,
k
γn

)exp
(
nf

( i
n
,
j

λn
,
k
γn

))
∼

(2πn)3/2λγ
√
|D |

g(x⋆ , y⋆ , z⋆)exp
(
nh(x⋆ , y⋆ , z⋆)

)
.

Proof. This follows directly by combining Laplace’s method for approximating in-
tegrals with a Riemann sum approximation of the integral.

Lemma E.7 implies that in order to find the asymptotic equivalent of E[N2]
(and given that f has its maximum at (1/2,1/2,1/2)) we only need to evaluate the
exponential part of the equivalent, and the non-exponential part of the equivalent
in (1/2,1/2,1/2), and then further calculate the determinant of the exponential
part of the equivalent.

Calculating determinant

The main difficulty in using Lemma E.7 is evaluating the determinant of the Hes-
sian, as the function in (E.3.10) contains the implicitly given variables x0,x1,x2.
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We start by calculating the first-order derivatives

∂f (α,r2, r3)
∂α

=ln
(
1−α
α

)
+ ln

(
ex2 − 1− x2

)
+
[
α · ex2 − 1

ex2 − 1− x2
− 2r2c2 +3r3c3

x2

]
∂x2
∂α

− ln
(
ex1 − 1− x1

)
+
[
(1−α) · ex1 − 1

ex1 − 1− x1
− 2(1− r2)c2 +3(1− r3)c3

x1

]
∂x1
∂α

=ln
(
1−α
α

)
+ ln

(
ex2 − 1− x2

)
− ln

(
ex1 − 1− x1

)
,

where the saddle point equations in (E.3.8) are used to cancel terms. Similar reduc-
tions are used in the following calculations:

∂f (α,r2, r3)
∂r2

=c2 ln
(
1− r2
r2

)
+2c2 ln(2r2c2 +3r3c3)

+ 2c2 − 2c2 lnx2 +
[
α

ex2 − 1
ex2 − 1− x2

− 2r2c2 +3c3r3
x2

]
∂x2
∂r2

− 2c2 ln
(
2(1− r2)c2 +3(1− r3)c3

)
− 2c2 +2c2 lnx1

+
[
(1−α) ex1 − 1

ex1 − 1− x1
− 2(1− r2)c2 +3(1− r3)c3

x1

]
∂x1
∂r2

=c2 ln
(
1− r2
r2

)
+2c2 ln(2r2c2 +3r3c3)− 2c2 lnx2

− 2c2 ln
(
2(1− r2)c2 +3(1− r3)c3

)
+2c2 lnx1,

and

∂f (α,r2, r3)
∂r3

= 3c3/2ln
(
(1− r3)/2

)
+3c3/2− 3c3/2ln

(
1− 3(1− r3)/2

)
− 3c3/2

+α
ex2 − 1

ex2 − 1− x2
· ∂x2
∂r3

+3c3 ln(2r2c2 +3r3c3) + 3c3 − 3c3 lnx2

− 2r2c2 +3r3c3
x2

∂x2
∂r3

+ (1−α) ex1 − 1
ex1 − 1− x1

∂x1
∂r3

− 3c3 ln
(
2(1− r2)c2 +3(1− r3)c3

)
− 3c3 +3c3 lnx1 −

2(1− r2)c2 +3(1− r3)c3
x1

∂x1
∂r3

=3c3/2ln
(

(1− r3)/2
1− 3(1− r3)/2

)
+3c3 ln(2r2c2 +3r3c3)− 3c3 lnx2

− 3c3 ln
(
2(1− r2)c2 +3(1− r3)c3

)
+3c3 lnx1.
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Next up, the second order derivatives are calculated

∂2f (α,r2, r3)
∂α2 =

1
(α − 1)α

+
ex2 − 1

ex2 − 1− x2
· ∂x2
∂α
− ex1 − 1
ex1 − 1− x1

∂x1
∂α

.

∂2f (α,r2, r3)

∂r22
=

c2
(r2 − 1)r2

+
(2c2)2

2r2c2 +3r3c3
− 2c2
x2

∂x2
∂r2

+
(2c2)2

2(1− r2)c2 +3(1− r3)c3
+
2c2
x1

∂x1
∂r2

.

∂2f (α,r2, r3)

∂r23
=

3c3
3r23 − 4r3 +1

+
(3c3)2

2r2c2 +3r3c3
− 3c3
x2

∂x2
∂r3

+
(3c3)2

2(1− r2)c2 +3(1− r3)c3
+
3c3
x1

∂x1
∂r3

∂2f (α,r2, r3)
∂α∂r2

=
ex2 − 1

ex2 − 1− x2
∂x2
∂r2
− ex1 − 1
ex1 − 1− x1

∂x1
∂r2

∂2f (α,r2, r3)
∂α∂r3

=
ex2 − 1

ex2 − 1− x2
∂x2
∂r3
− ex1 − 1
ex1 − 1− x1

∂x1
∂r3

∂2f (α,r2, r3)
∂r2∂r3

=
6c2c3

2r2c2 +3r3c3
− 2c2
x2

∂x2
∂r3

+
6c2c3

2(1− r2)c2 +3(1− r3)c3
+
2c2
x1

∂x1
∂r3

The second order derivatives are evaluated at the (conjectured) maximum
(1/2,1/2,1/2) at which x0 = x1 = x2. As we in the following will only consider
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functions evaluated at this point, we will omit indicating this in the notation:

∂2f

∂α2 = −22 + 2c2 +3c3
x0

(
∂x2
∂α
− ∂x1
∂α

)
,

∂2f

∂r22
= −22c2 +

24c22
2c2 +3c3

+
2c2
x0

(
∂x1
∂r2
− ∂x2
∂r2

)
,

∂2f

∂r23
= −3 · 22c3 +

22 · 32c23
2c2 +3c3

+
3c3
x0

(
∂x1
∂r3
− ∂x2
∂r3

)
,

∂2f

∂α∂r2
=
2c2 +3c3

x0

(
∂x2
∂r2
− ∂x1
∂r2

)
,

∂2f

∂α∂r3
=
2c2 +3c3

x0

(
∂x2
∂r3
− ∂x1
∂r3

)
,

∂2f

∂r2∂r3
=
3 · 23c2c3
2c2 +3c3

+
2c2
x0

(
∂x1
∂r3
− ∂x2
∂r3

)
.

(E.3.11)

Next, we need to find explicit expressions of the above partial derivatives. Differ-
entiating both sides of the saddle point equation in eq. (E.3.8), and evaluating in
(1/2,1/2,1/2), we get

2x0
c⋆

+
1
c⋆
· ∂x2
∂α

=
(
1− 1

c⋆
· x0e

x0

ex0 − 1

)
· ∂x2
∂α

⇒ ∂x2
∂α

=
2x0

c⋆ − 1−
x0ex0
ex0−1

.

The saddle point equation in eq. (E.3.5) implies.

x0
c⋆

=
ex0 − 1− x0
ex0 − 1

= 1− x0
ex0 − 1

⇒ 1 = x0

(
1
c⋆

+
1

ex0 − 1

)
.

This implies that

1
ex0 − 1

=
1
x0
− 1
c⋆
, and ex0 =

1
1
x0
− 1
c⋆

+1.

Using this, we can do the following rewriting

x0e
x0

ex0 − 1
= x0

(
1+

1
1
x0
− 1
c⋆

)(
1
x0
− 1
c⋆

)
= x0

(
1
x0
− 1
c⋆

+1
)
= 1− x0

c⋆
+ x0,

and this implies that

∂x2
∂α

=
2x0

c⋆ − 1− 1+
x0
c⋆
− x0

= − 2x0c⋆
x0(c⋆ − 1)− (c⋆ − 2)c⋆

= −2x0Γ ,
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where we define

Γ :=
c⋆

x0(c⋆ − 1)− (c⋆ − 2)c⋆
.

Similar calculations give that

∂x2
∂r2

=
2c2
c⋆

2x0Γ ,
∂x2
∂r3

=
3c3
c⋆
· 2x0Γ ,

∂x1
∂α

= 2x0Γ ,

∂x1
∂r2

= −2c2
c⋆

2x0Γ ,
∂x1
∂r3

= −3c3
c⋆

2x0Γ .

Inserting in eq. (E.3.11) implies

∂α,α :=
∂2f

∂α2 = −22
(
1+ c⋆Γ

)
∂r2,r2 :=

∂2f

∂r22
= −22

(
c2 − 22

c22
c⋆

+22
c22
c⋆

Γ

)
∂r3,r3 :=

∂2f

∂r23
= −22

(
3c3 −

32c23
c⋆

+32
c23
c⋆

Γ

)
∂α,r2 :=

∂2f

∂α∂r2
= 23c2Γ

∂α,r3 :=
∂2f

∂α∂r3
= 223c3Γ

∂r2,r3 :=
∂2f

∂r2∂r3
= 22

(
2 · 3c2c3

c⋆
− 2 · 3c2c3

c⋆
Γ

)
.

The determinant of the Hessian of f consists of the following terms, that we eval-
uate one by one:

D = ∂α,α∂r2,r2∂r3,r3 −∂α,α∂
2
r2,r3 −∂

2
α,r2∂r3,r3 −∂

2
α,r3∂r2,r2 +2∂α,r2∂r2,r3∂α,r3

Letting Γ0 := limc2→0 Γ , we have that

∂α,α∂r2,r2∂r3,r3 = 263c2c3 ·D1, with D1→−Γ0 − 3c3Γ 20 , as c2→ 0,

−∂α,α∂2r2,r3 = 263c2c3 ·D2, with D2→ 0, as c2→ 0,

−∂2α,r2∂r3,r3 = 263c2c3 ·D3, with D3→ 0, as c2→ 0,

−∂2α,r3∂r2,r2 = 263c2c3 ·D4, with D4→ 3c3Γ
2
0 , as c2→ 0,

2∂α,r2∂r2,r3∂α,r3 = 263c2c3 ·D5, with D5→ 0, as c2→ 0.

Let D· = D1 + · · · +D5. Using the above notation, we have that D = 263c2c3D·,
and further D· → −Γ0 as c2 → 0. Remember, that c2 describes the number of 2-
XOR-clauses, and we already assume that this parameter is arbitrarily small, as we
optimally only want to consider a formula with o(n) 2-XOR-clauses.
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Obtaining final expression

When using Lemma E.7 to find the asymptotic equivalent of E[N2]/E[N ]2, we
have that h = f − 2(1 − c2 − c3) ln2, see eqs. (E.3.1) and (E.3.10). Evaluated at
(1/2,1/2,1/2), where x0 = x1 = x2, we get that f (1/2,1/2,1/2) = 2(1−c2−c3) ln2,
and thus h(1/2,1/2,1/2) = 0. On the other hand, g consists of all the non-
exponential parts of the functions that stem from the binomial coefficients and
the Stirling numbers of the second kind S(m,n,2). Thus g can be calculated from
eq. (E.3.6) and Lemma E.6. Hereby, direct calculations give

g(1/2,1/2,1/2) =
1

(nπ)3/2

√
25

3
1
c2c3

Γ .

Lastly, when using Lemma E.7, we have that λ = c2, and γ = 3c3. Now, we can
finally evaluate the fraction of interest using Lemma E.7

E[N2]
E[N ]2

∼ (2πn)3/2 · c2 · 3c3
|
√
|263c2c3D·|

1
(nπ)3/2

√
25

3
1
c2c3

Γ = 2

√
Γ

|D·|
. (E.3.12)

Remember, that when c2 → 0, then Γ / |D·| → 1. For an ε > 0 we let Φε denote
the random mixed XORSAT-model with n variables each appearing at least twice,
and with c3n 3-XOR-clauses, and εn 2-XOR-clauses. Moreover, let Nε denote its
number of solutions. Let c3 < 1, and choose ε > 0 small enough, such that

liminf
n→∞

P(Φε ∈ SAT) = liminf
n→∞

P(Nε > 0) ≥ liminf
n→∞

E[Nε]2

E[N2
ε ]
≥ 1

2+ ε
,

where the last inequality comes from (E.3.12). Let now Φ instead consist of c3n
3-XOR-clauses, and o(n) 2-XOR-clauses in n variables, each variable again appear-
ing at least twice. As the asymptotic satisfiability of Φ is upper bounded by the
asymptotic satisfiability of Φε for any ε > 0, we get that

liminf
n→∞

P(Φ ∈ SAT) ≥ 1
2
,

which finishes our calculations.

Extending to standard model

In addition to establishing that the function f defined in eq. (E.3.10) attains its max-
imum at (1/2,1/2,1/2), we must also extend the argument to XORSAT formulas
without restrictions on the number of occurrences of each variable. For such a
formula, the idea is to iteratively delete clauses containing variables that appear
only once, since these clauses can always be satisfied by assigning the variable an
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appropriate Boolean value. Once this elimination process terminates, we obtain
a random XORSAT formula in which every variable appears at least twice. For
this reduced formula, we have already (partly) established that the satisfiability
threshold occurs at a clause-to-variable ratio of one. The main task is therefore to
carefully control the number of variables and clauses remaining after the elimina-
tion, since we ultimately need to decide whether asymptotically more clauses than
variables remain.

This type of analysis has already been carried out for pure 3-XORSAT in
[DM02], and we have no reason to believe that a similar argument cannot be ex-
tended to mixed 2- and 3-XORSAT formulas.
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