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Abstract

Reflected stochastic differential equations (RSDEs) are a class of stochastic processes that, loosely
speaking, behave like stochastic differential equations (SDEs) in the interior of some bounded
domain Q C R? while being reflected at the boundary 9Q of Q, effectively confining them to the
compact set Q. Since SDEs are prevalent both in the modelling of real-world phenomena and
in machine learning, it is natural to consider how such models and methods might be expanded
through the use of RSDEs. In this dissertation, we consider some of the applications of RSDEs,
where we first show that these provide novel ways of performing stochastic control, and later
that they perform well in certain machine learning methods, where a bounded state space is
natural.

In the first article, we consider how the reflection set Q can provide a form of control over
a stochastic process. In particular, we formulate an intuitive objective function based on the
trajectory of an RSDE that expresses the goal of confining a particle to be near the origin without
it hitting the boundary of the confining set too often. We then derive a closed form expression
of this objective function using probabilistic analysis, and show that this cost function can be
optimised both numerically and in a data-driven fashion.

In the second article, inspired by the use of SDEs in generative Al, we show that by replacing
the underlying SDEs with RSDEs in these models, we obtain a more natural framework, since the
data being generated is often itself bounded. Using spectral decomposition and rigorous neural
network constructions, we show that the samples generated converge to the target distribution
in total variation at a minimax optimal rate when assuming Sobolev smoothness of the target
density.

Finally, in the third article, we continue in the framework of the second, but now considering
a type of manifold hypothesis, where the target distribution is concentrated on an affine plane of
much lower dimension than the ambient space. Using stochastic analysis, we derive an explicit
solution to the involved RSDE, which we use to effectively approximate the target distribution
and the affine plane on which it is supported, ultimately yielding near minimax optimal rates in
Wasserstein-1-distance under assumptions of Sobolev smoothness.
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Resumé

Reflekterede stokastiske differentialligninger (RSD’er) deekker over en familie af stokastiske pro-
cesser, som last sagt opferer sig som stokastiske differentialligninger (SD’er) inden i et begreaenset
domzne Q C R? men som bliver reflekteret i randen 9Q af Q, hvormed de bliver begranset til
den kompakte meengde Q. Eftersom SD’er er meget udbredte i bade modelleringen af fenomener
fra den virkelige verden og i machine learning, er det naturligt at overveje, hvordan sadanne
modeller kan udvides ved brug af RSD’er. I denne afhandling overvejer vi nogle af anvendelserne
af RSD’er, hvor vi ferst viser, at disse tilbyder nye mader at udfere stokastisk kontrol, og senere at
de praesterer godt i visse machine learning-metoder, hvor et begreenset tilstandsrum er naturligt.

I den forste artikel betragter vi, hvordan reflektionsmeengden Q kan benyttes som en form
for kontrol over en stokastisk proces. Specifikt formulerer vi en intuitiv malfunktion baseret
pa stien af en RSD, som udtrykker gnsket om at begreense en partikel teet pa origo, men uden
at den rammer randen af reflektionsmeengden for ofte. Vi udleder derefter et lukket udtryk for
denne malfunktion via sandsynlighedsteoretisk analyse, og viser at denne kan blive optimeret
bade numerisk og ved hjelp af observeret data.

I den anden artikel viser vi, inspireret af brugen af SD’er i generativ Al, at vi ved at erstatte de
underliggende SD’er med RSD’er opnar en mere naturlig konstruktion, da det genererede data
ofte selv er begreenset. Ved hjelp af spektralanalyse og dybdegaende konstruktioner af neurale
netveerk viser vi, at det genererede data konvergerer mod det gnskede mal i total variation med
en minimax-optimal rate, nar vi antager at det underliggende mal har en Sobolev-glat teethed.

Til sidst fortseetter vi i tredje artikel med den samme problemstilling, men hvor vi nu an-
tager en slags mangfoldighedshypotese, hvor det enskede mal er koncentreret pa et affint plan
af meget lavere dimension end det latente rum. Via stokastisk analyse udleder vi en eksplicit
lpsning til den involverede RSD, hvilket vi bruger til effektivt at approximere bade det snskede
mal og dets stotte. Herved opnar vi under lignende glathedsantagelser naer minimax-optimale
konvergensrater i Wasserstein-1-afstand.
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Preface

This dissertation is the final product of a three year PhD programme at the Department of Math-
ematics, Aarhus University under the supervision of Claudia Strauch and Lukas Trottner. The
main text consists of two main parts: first are two introductory chapters written for this disserta-
tion, the first of which provides an introduction to the core concepts to appear in the remainder,
and the second a brief and high level overview of the results and proof strategies used in the
articles that follow. The second part consists of three articles in full, written in the course of
PhD programme. They are:

Article A Soren Christensen, Asbjern Holk Thomsen, and Lukas Trottner (2024)
Data-Driven Rules for Multidimensional Reflection Problems
SIAM/ASA Journal on Uncertainty Quantification 12:4, 1240-1272
DOI:(10.1137/23M1618570; |arXiv:2311.06639 [math.OC]

Article B Asbjorn Holk, Claudia Strauch and Lukas Trottner (2024)
Statistical Guarantees for Denoising Reflected Diffusion Models
Accepted in the Journal of Machine Learning Research (JMLR)
arXiv:2411.01563 [math.ST]

Article C Asbjgrn Holk, Claudia Strauch and Lukas Trottner (2026)
Reflected Diffusion Models Adapt to Low-dimensional Data
Preprint available
arXiv:2603.24495 [math.ST]

In accordance with GSNS rules and regulations, Article A and parts of an early draft of Article
B were also used in the progress report for the qualifying examination.

All articles as they appear in this dissertation have been slightly modified for the sake of
consistent notation and layout. The contents, however, have not been changed and are identical
to how they appear either in their published form when applicable or the arXiv version.

* ok ok

We note here some common notation: in general, random variables, processes etc. are writ-
ten with sans-serif font (e.g. X, B etc.) for sake of distinguishability. The d-dimensional Lebesgue
measure is denoted as A,. For a metric space S, x € S and r > 0, the ball of radius r with centre
x is denoted B(x, r). The distance from x to a set A C S is denoted as dist(x, A) = inf ¢4 d(x, y).
For general x € R?, |x| denotes the Euclidean norm, however for multi-indices € IN¢, || refers
to the 1-norm, i.e. |f| = f1 + P2 + ... + fa. We write a <y b if there exists a constant Cy > 0
depending on 0 such that a < Cyb and a < b if Cy is a universal constant.
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1 Introduction

The aim of this introductory chapter is to equip the reader with the necessary definitions and
concepts to allow them to delve into the articles that follow, as well as tie these together into
one contiguous study of the central topic - reflected diffusions and their applications. It is not
aimed at domain experts. Rather, the target audience is those who have a curiosity in and keen
understanding of mathematics, especially statistics and probability theory, at a level of a masters
student or above. As such, many topics such as stochastic processes and stochastic and partial
differential equations are assumed to be well-known and will not be explained in detail. A brief
intuitive reminder, however, will be provided for each such topic when appropriate.

1.1 Reflected processes

The core concept of reflected processes is, in this author’s opinion, quite intuitive. Suppose
you have some stochastic process X = (X;);»o defined on R?. Given some subset Q C RY, the
associated reflected process X = (X{),» is then another stochastic process which in some sense
behaves the same as X on the interior of Q, but which is reflected at the boundary 9Q of Q2 in the
sense that it is pushed back into the interior, essentially constraining the process to only exist
on Q. In general, these can be rigorously defined via the associated Skorokhod problems and
maps:

Definition 1.1: For any non-empty open set Q C R? with reflection vector v : 9Q — R,
the solution to the associated Skorokhod problem given a cadlag function x : [0, T) — R¢
with T € (0, 0] is a pair of cadlag functions x : [0, T) - Qand ¢ : [0, T) — [0, c0) such
that #0) = 0,

A1) = x(t) + /t v(xQ(s)) de(s) (1.1)
0
and

t
[(l')Z/ 1{x9(s)€a§2}d[(s)'
0

The associated Skorokhod map is a mapping I' such that T*(x) = x*.

Remark 1.2: In the above definition, the reflection vector v : 9Q — R is left intentionally
vague, as it is highly situationally dependent. However, a common choice which we will be
making in the articles that follow is choosing v as (a scaling of) the inward-pointing normal
vector n whenever such a vector is uniquely defined. For instance, if dQ is smooth enough in
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the sense that the signed distance
dist(x, 9Q0), ifxeQ
do(x) = .( ) . (1.2)

—dist(x, 0Q), ifxeQ°

is differentiable on 9Q, then we may define n = Vdq,.

With this, if X has almost surely cadlag paths, we may then define X as

o FQ(X(a))), if t > Xy (w) is cadlag
X (w) = .
0, otherwise.

We remark that this construction already opens a wealth of options for X as all Lévy processes
have an almost surely cadlag version. However, since we will in this context only be working
with processes that are pathwise continuous, we will not be exploring further generalisations.

Reflected stochastic differential equations

If instead of considering general processes X as our reflection candidates, we restrict ourselves
to diffusion processes in the form of solutions to stochastic differential equations (SDEs) of the
form

dX; = b(Xy) dt + o(X;) dBy, (1.3)

where b : R? - R% and o : RY — R¥™ are suitable functions and (B;),s is a standard
m-dimensional Brownian motion, the resulting process X* now solves an associated reflected
stochastic differential equation (RSDE). To better motivate their definition, note that we may

re-write as
dx®(t) = dx(t) + v(xQ(t)) da(t).

Plugging in (1.3), we have
dX$ = b(X,)dt + o(X;)dB, + v(X¥)dL,,

where (L;)s>o is the now stochastic pathwise function from Definition The process X& de-
fined here is special in that it is defined via an already existing solution to (L.3), i.e. X = I'*(X).
Such processes are referred to as strong solutions to the associated RSDE. However, we are often
only interested in the law of such processes, and to this, only weak solutions are necessary, i.e.
solutions to the SDE

dX? = b(X®) dt + a(X?) dB, + v(X$) dL,.

This is all summarised in the following definition:
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Definition 1.3: Given a set Q C R, a distribution pon Q and functions b : R? — RY,
v:9Q > RYand o : R » R®™ a solution to the RSDE

dX$* = b(X?) dt + o (X)) dB, + v(XP)dL, (1.4)
is a collection (X, F;, By, L) satisfying the following:

(i) (Fi)so is afiltration satisfying the natural conditions and (B, ) is an m-dimensional
(F;)-Brownian Motion

(i) (Ly)sso is a continuous, non-decreasing process satisfying Ly = 0 and

t
Lt:/ Lix,comy dLs
0

(iil) (X%);s0 is a continuous and adapted process satisfying X ~ y, X € Q, and

t t :
X2 = X9 4 / b(X{)ds + / a(X) dB, + / o(X3) L
0 0 ©

for all t > 0.

We say that a solution is strong if X® = T'*(X) where IT*? is the Skorokhod map and X is a
strong solution to the associated non-reflected SDE

The process L = (L;)i»o defined here is known as the local time of X at 9Q, and is to be
thought of as the amount of time X has spent at the boundary 9Q. However, in general this
process depends on the choice of reflection vector as one can simply choose for some a > 0 to
instead use the reflection vector av resulting in a local time of a L. In the case where d = 1, this
is different. Here, one can show that for any convex function ¢ and continuous semi-martingale
X, there exists a process A? = (AY);5¢ such that

t
1
00 = o)+ [ o (<), + AT
0

where ¢’ is the left derivative of ¢. Then, the local time at some point a € R is defined as
L% = 2A%, where ¢,(x) = |x — a|l. In fact, with this choice, the process A? can be derived
explicitly via the so-called It6-Tanaka formula which states that

o) = 00w+ [ o0+ [ o), (15
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where ¢” is understood in a distributional sense. With this definition, one can also show the
following alternative characterisation of L?, if X has continuous paths:

1 [t
l—? = 151?(;1 Z A 1(afs,a+£)(xs) d<x>s,
supporting the idea that LY in some sense denotes how long X has been at a up to time ¢. This
idea can be extended to higher dimensions where we may appropriately scale the reflection
vector v such that it satisfies a similar occupation time formula:

1t
Lo=tim [ 20, 0 ds, (16)
where (0Q), = {x € R? | dist(x, 9Q) < ¢} is the e-fattening of 9Q.

Applications

One might be rightly curious as to why one should study these processes and if they serve
any purpose beyond academic curiosity. To this, we first consider the most straight-forward
physical interpretation of RSDEs. Famously, Brownian motion is named after botanist Robert
Brown who observed the erratic movement of pollen suspended in water, and the connection to
physical particles is consistent in the mathematical vernacular. Diffusion processes are named as
such since these mathematical objects describe the movement of individual particles suspended
in a fluid when they diffuse in space. As such, the natural extension to reflected diffusions is that
these describe the movement of particles when they diffuse in a confined space such as a room.
With this notion, it is perhaps not surprising that as with the deep connection between SDEs
and physical models involving partial differential equations (PDEs), so too is there one between
RSDEs and PDEs with boundary conditions. In particular, if X solves then the family of
densities (p;)sso of X solve the PDE

%u(x, 1) = Au(x, 1), (x,t) € R x(0,00)
u(x,0) = po(x), x €R?

where Af = bV f + Ltr(co "V f) is the generator of X. Conversely, if X solves (T.4) then its
densities (pt*),» solve the same PDE with Neumann boundary conditions, i.e.

%u(x, t) = Au(x,t), (x,t) € Qx(0,00)
%u(x, t) =0, (x,1) € 9Q x (0, 0)
u(x,0) = p(x), x € Q.

That is, the above PDEs describe how the physical systems as a whole evolve over time, while
the stochastic processes X and X describe how any single particle in that system behaves. As
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such, RSDEs hold the potential to further our understanding of more realistic physical models,
much like SDEs have in the past through discoveries like the Feynman-Kac formula. Of course
there are a wealth of other fields such as economics, biology, computer science etc. where SDEs
have played an important role in modelling and simulating a myriad of phenomena, and here
too an extension to RSDEs might very well also lead to more accurate models.

1.2 Approximation theory

Another reoccurring theme in the articles that follow is that of approximation rates and estima-
tor optimality. To illustrate the importance of this, consider the following, purposefully ridicu-
lous example: suppose you have i.i.d. data (X,),en with X; ~ N(6, 1), and you wish to construct
for n € IN an estimator é\n of 0 based on the first n observations. The obvious choice here, of
course, is the average (’9\,(11) = 13, X;. However, let us also consider the alternative estimator

4’9\512) = [lo; i Zlﬂzolg "I X;. Both estimators are unbiased and converge both almost surely and in L

as n — oo. The difference is in the rate of convergence, in that no matter what rate with which
(9\511) converges to 8, we need exponentially more data for @2) to achieve the same accuracy. This
leads to the notion of statistical efficiency of an estimator, i.e. how quickly it converges to the ob-
ject it is estimating. For parametric models, i.e. ones where given X ~ g, € {119 | 0 € ® C R} we
try to estimate 60, the maximum likelihood estimator (when available) is known to have many
desirable properties. For instance, it is consistent and asymptotically efficient, meaning that it
converges to the true parameter being estimated and that its variance is asymptotically mini-
mal as per the Cramér-Rao lower bound, implying that its mean squared error (or L? distance)
is asymptotically lower than any other estimator. With this, we might say that the maximum
likelihood estimator is asymptotically optimal in L?. However, while statisticians often impose a
parametric model onto observed data, many real-world phenomena are much too complicated
to conform to such models, and so we can benefit from eschewing such assumptions.

Non-parametric statistics and minimax optimality

In the world of non-parametric statistics, we no longer assume that the observed data follows
a parametric distribution where we are then interested in these parameters. Instead, we strive
to make estimations of certain properties of the underlying distribution p (such as its density,
correlation structure, modes etc.) in a way that is model free i.e. making no or as few as possible
assumptions on p. A classic example of this is the kernel density estimator: suppose p has a
continuous density f with respect to the Lebesgue measure and we observe Xj, X, ..., X, i1d
Then, for some non-negative function K (the kernel) with f]R K(x)dx =1and h > 0 we set

o= SR

i=1
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One can show (see e.g. [[124]) that if we assume that there exists some a, L > 0 such that f is ||
times differentiable and | f1*P(x) — f1eD(y)| < L|x — y|*71) (here | x| denotes the largest integer
strictly less than x), then for a fitting choice of kernel K, there exists constants C;, C; such that

]E[(ﬁ(x) - f(x))z] < % + C§h2a’

1
2atl 1, . _ 2 .
zslcz n~ = yielding a convergence rate of O(n~z+1). This
2

pointwise convergence rate can be extended to an integrated risk, i.e. one can show that

which is minimized at h* =

E[ [ (0= 09" ax| = B[Iy - fli] < w750
R

Can we do better? As it turns out, we cannot. Indeed, one can show that (see e.g. [82]) for p > 2
and densities f : R? — R in the more general Nikol’skii class

Np(a,L) ={f : R* - R | 8’ f exists and [0” f(- + 1) — &’ f|1» < C[t|*! for all |B] < o},

we have

inf sup E[If - l,] = n5,
f feNp(al)

Here, the infimum in front is taken over estimators fof f based on n samples Xi, Xz, ..., X, ~
f. In other words, we can never hope to achieve a better asymptotic error rate, as this is the
smallest possible over this particular class of densities. Since this rate arises from the minimiser
of the maximal error, we call this the minimax rate, and since the kernel density estimator above
achieves this rate, we say that it is minimax optimal. Of course, we can choose a different risk
measure or a different class of densities, and so we give a more general definition as follows:

Definition 1.4 (minimax risk and -optimality): Given a class P of probability measures
on some space S, a mapping 6 : P — © and a distance function p : @ — [0, ), let ©,

n

denote the set of all estimators 8, : S" — © of 0. Then the minimax risk is given by

R, = inf supE, [p(@,(xl,xz,...,x,,), 0(;1))]
0,€0, pEP

If a family of estimators {é\n}nE]N with 5,, € @n satisfies

sup E,, [p(ﬁ,,(xl,xz, s Xn), 0(;1))] < CR,, vneN
HEP

for some universal constant C > 0, we say that the family is minimax optimal.
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In the above definition, we consider only discrete observations (X,),en, however it can be
straightforwardly modified to include continuous observations (X;);»o or any other index set.
For the example above, we would have

P = {u] u(dx) = f(x)dx, f € Ny D},

the distance function p would be |-|.» and 6 would be the function mapping a measure y € P to
its density f. We finish this section by listing some key settings and rates which will appear in
the articles that follow:

Definition 1.5 (Total variation): Given a measurable space (Q, F) and two probability
measures p and v thereon, the total variation distance p and v is defined as

TV(p, v) := sup [u(A) — v(A)l.
AeF

One can show that if ;s and v admit densities f and g, respectively, then TV(y, v) = %|| J=
gl

Beyond providing a very intuitive way of measuring distance between two distributions,
total variation can also be nicely bounded via Pinsker’s inequality which states that

TV(, v) < / %KL(/J Iv),

where KL denotes the Kullback-Leibler divergence. Together with Girsanov’s theorem, this
bounds the total variation between the laws of two (R)SDE’s with differing drifts by the inte-
grated L?-distance between these drifts — this will become important in Articles B and C.

Definition 1.6 (Wasserstein distance): Given probability measures y and v on R, let
II(y, v) denote the set of all couplings of y and v, i.e.

O(p,v) = {7 : BR)? > [0,1] | VA, B € BR?) : m(ARY) = p(A), (R?, B) = v(B) }.
Then for p > 1 the Wasserstein-p-distance is given by

Wy, v) = i ]E,,[|X—Y\P]1/p.

inf
€l(p,v)

One drawback of total variation is that it cannot measure similarity of singular measures,
even if they seem close. For instance, consider for ¢ > 0 the distributions y, = N(0, o%) and
v = &. Then p, L vaso — 0, however regardless of o, we have

TV(po, v) 2 |pe({03) — v({oDl = 1.
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In contrast, letting Z ~ N(0, 1), we have for any p > 1

Wy(tte, v) <E[lcz - 0] = oE[12P] /" —> o.

o—0

Definition 1.7 (Anisotropic Holder space): For 3, L € (0, 00)4, the anisotropic Holder
space Hy(3, L) is the set of all functions g : R? — R satisfying

0¥ gl < L, k=1,.., 5],

and
[0 g(- + te) — o gl < Lt Pl teR.

Here, | x] denotes the largest integer strictly less than x.

A canonical example of such a function is given by x > e 'x# = Hid,l e x/. Note that
any anisotropic Holder smooth function is also automatically fBy,-Holder smooth where Prin =
min{fy, B, ..., Ba}. The benefit of considering this class rather than the usual (isotropic) Holder-
class is that we can attain convergence rates depending on the harmonic mean smoothness
B+1:=( >, ﬂi—l ~! rather than the overall smoothness Sy, which may be much lower.
Indeed, it shown in [111] that for a certain subclass of diffusion processes X with stationary

B
density p € Hq(8, L), the minimax-rate when observing (X;)e[o,7] WIt. || is O((IOgT)de z)
for d > 3.

Definition 1.8 (Sobolev space): For « € N, p € [1,00] and S C R4, we define the Sobolev
space W*P(S) as the set of functions f : S — R with weak derivatives of all orders less
than « in LP(S), i.e.

W)= {f : S>R|VBe Ny, [fl<a: I fell(S)}.

We denote the case of p = 2 as H*(S). We also let H*(S), denote the subset of H*(S)
consisting of functions that vanish in a trace sense at the boundary 9§ of S, i.e.

HE(S) = {f e HY(S) VB e Ny, |l < a—1: o flos =0}

Sobolev spaces allow us to assume certain smoothness properties of target distributions
without necessarily being smooth in the sense of classical derivatives. Moreover, the specific
spaces H?*(S) have nice analytic properties in that these spaces equipped with the inner product

(fo@mesy = 2. f. )
|fl<e
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are in fact Hilbert spaces. Finally, so long as the boundary 9S of S is sufficiently smooth, H*(S)
can be extended and embedded in larger spaces in the sense that there exists a continuous ex-
tension £ : H*(S) — H*(R?) such that £ f(x) = f(x) for x € S, and we have H*(S) C C(S)
fork < a - %. For the space H{(S), the extension can be made explicit in that

f(x), ifxesS
Ef(x) = .

0, otherwise.
For distributions with densities in H*(S), it follows from [[133| Theorem 4] that the minimax-
optimal rate in total variation is O(n~ %+ ) while 86, Theorem 3] states that for Wasserstein-p-
distance it is O(n 7+4).

1.3 Neural networks

Neural networks are increasingly common as tools to approximate a wide range of functions.
Although the term sometimes covers different architectures, in this introduction and the chap-
ters that follow, we take neural networks to mean feed-forward neural networks, i.e. functions
¢ : R? » R™ which consists of a series of affine transformations interspersed with activation
functions that allow for non-linearity. We can specify any such network by its affine transfor-
mations and activation function as follows: let 4; € RW#>Wi b e RWi fori = 0, ..., L, where
{Wi}t! C N are the widths of each layer of ¢ — in particular W, = d and W;,; = m. Also for
i=0,..,L let 5; : R —> R be some non-linear activation function and set

opX = [O'i(xl =bi1) o0 —bip) - oilxw — bi,w,-)]T, x € R™.

Then we may write

o(x) = ALop, Ar—10p,_, -+ A10p, ApX.

S

Figure 1.1: Structure diagram of a neural network.
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In our setting, we will always take o; = o to be the rectified linear unit (ReLU) given by
o(x) = x v 0. It is not difficult to see that with this choice of activation function, every neural
network is piecewise linear, since this is true of ¢ and this class is closed under composition.
Such functions are dense in C(K) wrt. |-|o for any compact K C R¢. That is, for any continuous

function f : K — R™ and ¢ > 0, there exists a piecewise linear function f : K — R™ such that

If = fle < .

Figure 1.2: Example of a function being approximated arbitrarily well by piecewise linear functions

One could then hope that the same is true of neural networks, and luckily this is the case.
Indeed, for a much wider range of activation functions, several so-called universal approxima-
tion theorems have been shown, see e.g. [59]. One strategy common in constructing neural
networks targeting specific functions is to first approximate another class of functions which
themselves are known to have good approximation properties. For instance, one might start
by constructing an explicit neural network approximating the function x — x2, and then since
Xy = W, this approximation easily extends to polynomials which often have known
convergence rates through e.g. Taylor’s theorem. Such methods are useful since explicit conver-
gence rates allow us to evaluate how large a neural network must be to adequately approximate
a given function. One way of parametrising neural networks of a certain size is given in [|89]
where for L € N, W € N2, S € N and B > 0 we let ®(L, W, S, B) denote the set of neural
networks ¢ satisfying:

— Depth constraint: The number of hidden layers in ¢ is no more than L

Width constraint: The width the i’th layer is given by W; fori =0,...,L +1

Sparsity constraint: The total number of non-zero entries in A;, b; is no more than S

Magnitude constraint: All entries of A;, b; are numerically less than B

Often, as the networks grow large, it is inconvenient to keep track of the exact sizes of all net-
works, and we care only about their asymptotic sizes. This leads also to the class ®(L, W, S, B)
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where the above conditions only hold asymptotically up to a universal constant. This is sum-
marised succinctly in the following definition:

Definition 1.9: L € N, W € N*2 S € N and B > 0, we define the neural network class
®(L, W, S,B) as

Apoy, Ap 10y, Ajop, Ay | A € RY# Wi b e RW,

O, W,S,B) :={ &
> Ao + 160 < S, Jnax }("Ai”oo V |bil) < B

i=0

~ ~ o~ ~ O~~~ o~

Furthermore, for L, W, S, B> 0, we define the asymptotic neural network class ®(L, W, S, B)
as

~ o~~~ ~







2 Article overview and proof sketches

In this chapter, we will give a brief overview of the articles that follow, and the main results
therein. In particular, we will give a high-level introduction and motivation to each of the topics
discussed and as well as sketches of the main proofs and proof strategies used in each article. In
the nature of the chapter, many details will be omitted, and we defer to the corresponding full
articles for more rigorous explanations and derivations.

2.1 Article A: Data-driven rules for multidimensional reflection
problems

We first motivate the central problem of this article by an (admittedly somewhat silly) example.
Imagine that you are a goat herder and need to construct a fence to hold in your goats. Ideally,
you want the goats to be near your farmhouse so that you will not need to walk as far every day
to reach them, and there are certain areas you particularly want to keep the goats away from,
e.g. a vegetable garden. However, you also want to minimise repair costs of the fence, and if you
choose the fence perimeter too small, goats will more often bump into them, incurring damages.
Thus you are faced with an optimisation problem: on one hand you want the fence to be as small
as possible to avoid travelling too far, but not so small that the fence will be constantly damaged.
How do you find the optimal fence perimeter?

We can model this using reflected processes as follows: suppose the position of any one goat
is given by some stochastic process X = (X;);so on R%. Choosing some containment area Q C R?
with perimeter (i.e. fence) 0Q, the movement of the constrained goats is then the reflected
process X = (X%);5 with associated local time L? = (L%);59. To model the cost of goats
straying far away or into areas they are not allowed, choose some cost function ¢ : R?> — [0, c0)
with its minimum at the origin (your farmhouse), such that ¢(X) is the running cost of any
goat at time t. To represent the cost of repairs, recall that L® is to be thought of as the time the
process X has spent at 9Q, and hence the amount that any goat has bumped into the fence.
Then, for some constant repair cost k > 0, the total cost of the specific choice of fence at time
t > 0 is given by

t
Ci(Q) := / c(XP) ds + kL.
0
Assuming that all goats move independently of each other and of the time ¢, you invoke the law

of large numbers to consider the long-term average cost, i.e.

0

J(@) = lim %]E[Ct(Q)] = lim 1]E[ / z c(XP)ds + KL?], (2.1)

13
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and the optimisation problem can now be exactly posed: find Q¥ C R? such that J(Q*) =
mingcg: J(Q).

An explicit objective function
It turns out that under certain assumptions, the objective function defined in (2.1)) has an explicit

expression. In particular, if we suppose now that X is a Langevin diffusion, i.e. a solution to the
SDE

dX, = —-vV(X,)dt + V2 dB,
and X% a solution to the associated normally reflected SDE
dX$ = —vV(X$)dt + V2dB; + n(X?)dLY

for some function V : R? - R, then we have the following:

Theorem 2.1: If Q is sufficiently smooth, then

1 -V(x —V(x -1
](Q):fge_v(x)dx(éc(x)e V()dx+1</aQe Ve 3yd (dx)>. (2.2)

Here, the last integral is to be simply understood as the surface integral over 9Q, formalised via
the so-called Hausdorff measure H%~!. Langevin diffusions have a number of desirable qualities,
first of which is that if the function e”V is finitely integrable, that is if eV € £'(R¢), then X
is ergodic with stationary distribution 7 where ‘;—’; o< eV, Secondly, this property carries over
to the reflected process X® very straightforwardly in that this is also ergodic with proportional
density, but now restricted to Q. That is, if X, and X2 are such that X; — X, and X — X%
as t — oo, then X2 ~ (Xo | Xo € Q). Combining these, we get the wonderfully intuitive

interpretation of that
J(Q) = E[c(Xw) | X € Q] + kP (Xoo € 9Q | Xw € Q).

Here, the last probability is a bit of abuse of notation in that the usual conditional probability
above is often 0 as 9Q is of co-dimension 1. Instead, it should be interpreted in a limiting sense,
ie.

P(Xew € 0Q | X € Q) = lim 11[>(dist(xo<,,a£2) <e|Xw €Q).
elo €
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The key to deriving is using Itd’s formula for a clever choice of function ¢. First, note that
for f € C*(Q,R) we have

FOD) = FOXD)
/Vf(XQ) dXQ+f > / omox, f(xﬂ)d<xfz<o X0y,

1<1 j<d

:/tVf(X?)-dBt—k/ Vf(x?)-n(x?)dL?+/ Af(XE) = VF(XD) - vV (XD de.
0 0 0

Now, since Q is bounded and Vf continuous, the first term is a martingale, and hence has ex-
pectation 0 under all initial measures. Furthermore, by the divergence theorem, we have

/7 (Af(x) —Vf(x)- VV(x))e*V(x) dx = /7Af(x)e7V(X) +Vf(x)- Ve V) dy
Q Q
== [ (91 nw)e O aw),
20

where we recall that n is the inward pointing unit normal vector to 9Q, which causes the sign-
change from the usual formulation. In particular, if we assume that dQ is C?-smooth (meaning
that it is the level-set of a C? function, i.e. 9Q = {® = 0} for some ® € C2(R% R)), the signed
distance function introduced in can be extended to a function g € C*(R?, R) with Vg (x) =
n(x) for x € 9Q, and so

E[pa(X}) — po(X)] _1
t t

t t
E[/ wg(xf)-n(x?)dl_?+/ Apa(XE) — Voo(X9) - vV (XP) dt
0 0

1
=-E
t

t
Ly + / Apa(X) = Vpa(XT) - VV(X]) dt],
0
where we use that L is concentrated on the set {t > 0, X$ € 9Q}, and hence
t
[ voa0-noas = [ n(X) - n(x®) dL? = L2,
0 {0<s<t,XQea0}

Rearranging and applying the ergodicity of X, we see that

t—o0

lim ]E[LQ] = lim E[(PQ(XQ) — pa(X3) — /t Apa(XT) = Vpa(XT) - VV(XT) dt]
0
- ﬁ (Apa(x) = Voo(x) - VV(x))e™"™ dx
Q

= [ (gt )
Q

— / er(x) del(dx)’
a0
which together with another application of the ergodicity of X yields (2-2).
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Shape optimisation

Having now arrived at a deterministic expression for the objective function we have now trans-
formed a somewhat vague problem into an explicit shape optimisation problem. There are a
myriad of ways to approach such problems, however the one that we take in our case is to
parametrise the problem, transforming it from a shape optimisation problem to simply a prob-
lem of optimising a function over R" for some n € IN. In particular, we first restrict ourselves to
strongly star-shaped sets of the form

Q(r)={sqlqce slo<s< r(q)} where re Cz(Sd_l,(O, 00)),

and the idea is then that we can implicitly approximate Q(r) by approximating r by piecewise
multilinear interpolation. That is, we first fix n € N points ¢;, gz, ..., g, € S*~! and approximate
Q(r) by the star-shaped polytope spanned by the points {p;}, = {r(q;))q:}/,. Since the g;’s are
fixed, each p; is determined only by r(g;) := r;, and so to any collection ry, 75, ..., 7, > 0 we can
assign a polytope Q(r), where r = [r1 ry e r,,]T.

Figure 2.1: Example of a star-shaped set Q(r) with r(0) = 2 + sin(30) and its approximation Q(r).

The core assumption is then that

ey (O0) = zain J (O()).

=J(r)

where the right hand side is a simple parametric problem which can be readily solved (at least
approximately) using gradient-based methods. Parametrising the objective function in this way
has the added benefit of making the integrals appearing in (relatively) easy to calculate,
as both Q(r) and its surface dQ(r) are now simply unions of d- and (d — 1)-dimensional sim-
plices, respectively, and so we need only know how to integrate over such sets. Especially the
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surface integral with respect to %! becomes much more tractable, as we can simply employ
an isomorphism ¥ to identify any facet F of 9Q(r) with a subset W(F) C R%~! whence

/ gy H* ' (dx) = / g o ¥(x)dx.
F Y(F)

Specifically, let S be one of the simplices making up Q(r), and let F be the facet of S opposite the
origin. Then, there exists points py, pa, ..., pa (given as p; = r; g;, for some subset (i3, c[n])
such that

d d d d
FZ{Ztipi|ti20,Zti=1} and S:{toztipi|tizoszti:1}~

i=1 i=1 i=1 i=1

Thus there is a natural bijection between F and the unit simplex {¢ € [0,1]¢ | 17¢ = 1}, however
to ease calculation and implementation details, we also compose this with the surjective map
(bijective on the interior) from (0, 1)%"! to the unit simplex, ultimately getting the bijection 7 :
(0,1)* ! — F° given by

d-2 d—1
Nt tos s tas) = (U= t)py + 51— B)py + - + (H ti)(l — tg1)par + (H ti)Pd-

i=1 i=1

This of course also yields a mapping from (0, 1) to S given by (s, t) = sn(t). From here, finding
the Jacobian and Gramian of these transforms is a fairly straight-forward exercise in calculus
and linear algebra, and we arrive at the following:

Theorem 2.2: Let P denote the d x d matrix whose i’th column is p; and P_; the d x(d — 1)
matrix whise i’th column is p;;; — p;. Then we have the following for g € C(R¢, R):

/ (x)dx—|P|/ / sr](t) (t)rd’ldt ds

/ () H (dx) = PP / g(n(®) y(t) dt

where (ty, ..., t4—1) = fl12 g1,

Note that the theorem as stated here differs from that in Article A - this is simply to avoid
introducing too much superfluous notation at this stage, and the expressions are indeed equal.
Using the same strategy we can also derive expressions for the derivatives of these integrals with
respect to the vector lengths, and simple calculus yields an implementable expression for both
J(r) and V](r), allowing for numerical optimisation using well-known gradient based methods.
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Data-driven estimation

So far, we have assumed throughout that we know explicitly the dynamics of X, in particular
the drift function —VV and hence the invariant density p « e~". Of course, in real applications
this is seldom the case, and we must first use observed data to infer such dynamics. To this, we
let pr denote some estimator of p based on an observed (unreflected) trajectory (X;):eo,7] for
some T > 0. We also assume that the optimal reflection set Q satisfies B(0, 1) C Q* C B(0, 1)
and Hd_l(aQ*) < A for some constants A, A, A. This essentially means that the optimal set is
neither too small, too large nor has a too irregular boundary. We then let pmin = infp, 73 p > 0
and set P = Pr V pmin, and define the plug-in estimator of the objective function J as

T .:; I~ A~ d—1
@)= s dx( [cwmax [ pwmn (dx>>.

Assummg we can optmnse this estimator, we then define our estimated optimal reflection set
as Q7 as a minimizer of J; over all sets satisfying the above assumptions. To show that Or is
indeed a good estimator of Q, we first find that

@) - J(©@)] = ‘J(Q) /Q P1(x) — p(x) dx

1
fQ Pr(x)dx
+ [ (o= pren) dx+x | o) =510 (a0

ooy €GO dx + KA( ol
pminﬂd(B(O; i)) pminAd(B(Os A))

where the constant in front is independent of Q. Now, assuming X, ~ p for some measure p < 7
with 3—7’; € L?(), we find by Cauchy-Schwartz that

)io = il

E, | sup (@)~ Tr (@] < CE,llp - pil]

Exllp - A7IE12,

< CH—
dr 22 ()

and since Q* and ﬁT are minimizers of J and fT, respectively, we have
@) = J@Qp)I < J@Qr) = J(Q) + Jr(@) - Jr(@Qr) < 2 sup /() - Tr (@)L
Combining this, we have that regardless of the initial distribution p,

E,[I7(Q") - J@DI] S, Exllp - 551212,

that is, we can approximate Q* (wrt. J) as precisely as we can approximate the invariant density
p (wrt. ||o) under 7. In particular, assuming that p € H(/3, L) cf. Definition[1.7)as well as some
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regularity conditions on X which we will omit here for brevity, following the method prescribed
in [111] and employing a kernel density estimator as the approximation pr, we arrive at the
following theorem

Theorem 2.3: Assuming the above, we have for any measure y < 7 with ||g—7';|| 12(r) < 00

E, V@) -JQ@DI] Sy /. o\ 5B
og :
( JT ) 5 if d >3

On one hand, this result implies that if we have access to another (unreflected) process,
estimating the optimal reflection boundary in an online fashion, the regret decays according to
the minimax rate. It also provides a bound for the regret faced if employing an explore-then-
commit strategy. However, it is unclear how one would implement an exploration-exploitation
strategy. In the one-dimensional setting, this is easy, as one can choose a fixed point a € R that
both the controlled uncontrolled process will hit almost surely. One can then “glue together”
two exploration periods by starting and ending the exploitation periods at stopping times where
the controlled process hits a.

This is not possible in higher dimensions, where points are of co-dimension at least 2 and
hence will not be hit in general. In lieu of this, we describe for sake of completeness a scheme of
considering exponentially increasing lengths of exploration and exploitation periods, yielding

201 Bt _
an expected regret rate of O ((@)5) for d = 2 and O((b%)ifﬁm 2) for d > 3. While subop-

timal compared to the rate achieved in[2.3] the loss in rate is comparable to the one-dimensional
case cf. [28]].

2.2 Article B: Statistical guarantees for denoising reflected diffusion
models

In this article, we take inspiration from the emerging field of generative Al Here, given a set of
samples, e.g. images, we want to generate new samples that in some sense resemble the originals.
At a high level overview, one modern way to do this is by first adding noise to the samples in
such a way that the noise can be removed. Then, when enough noise is added to the samples,
they become near indistinguishable from pure noise, and so to generate new samples, we first
generate new pure noise and run the de-noising procedure on this pure noise. To motivate how
this is done mathematically, consider the simulation of a diffusion process X = (X;);so in Figure
Here, we note two important features. First, it seems that the process settles into the same
distribution regardless of the initial point X,. Secondly, looking at the process in reverse, that is
going from right to left, it still seems to “behave” like a diffusion process, albeit with different
dynamics forcing it into one specific point. These are the key properties that allow us to add
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0 1 2 3 4

Figure 2.2: Example of exploration periods being “glued together” to form a single trajectory

noise to samples in such a way that the perturbed samples converge to pure noise and such that
we may reverse the noising process.

To be exact, we assume that we are given samples Yy, Y, ..., Y, iid u for some target measure
{4 on ]R - one concrete example is the CIFAR-10 dataset consisting of 32 x 32 colour images,
where each Y; € RP with D = 3 - 322 represents one image and y the distribution of all such
images on RP - and our goal is then to generate new samples X such that the distribution of
Xina fitting way resembles p. In the method known as de-noising diffusion models (DDMs) we
consider first the process X = (X;);» solving

dXt = b(t,Xt) dt + O'(t,Xz) de, X() ~H

for suitable b : [0,00) x R® — RP and ¢ : [0,00) x R® — RP*P of our choosing and a D-
dimensional Brownian motion B = (B;)>¢. This process, known as the forward process, will be
our way of adding noise to the samples. As alluded to above, to remove noise, we then run this
process in reverse. That is, for some fixed T > 0 of our choosing, we consider the backward

!We denote here the dimension as a capital D to emphasise the potentially large dimensionality of the target dis-
tribution - this will become more important in the next article.
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Figure 2.3: Simulated paths of an Ornstein—Uhlenbeck process with three different initial points superimposed
on a heat-map of their (scaled) densities.

process X = (;(t)te[of] given by X, = X+_;. Letting p; denote the density of X, for t > 0, it was
then shown in that under sufficient regularity conditions, there exists another Brownian
motion B = (B,);so such that X solves

dX, = —b(T - t,X)dt + o(T — ,X,)dB,,  Xo ~ pr

where

bi(t,x) = bi(t,x) - ,( 5 Z ;n(x)cnk(t X)oji(t,x)].

]kl

In particular, if o(t,x) = y(t)Ip for some scalar function y : [0,00) — [0, 0), b simplifies
significantly to

B(t,x) = b(t,x) - y(t)zm = b(tx) - y(£YVIog pr(x)

At this point, if we knew p; for ¢t € (0, T], we could simply use this process to generate our
new sample X. Unfortunately, p; depends implicitly on the unknown distribution y, and so
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we must approximate. In particular, given an estimator s(x, t) of the score function Vlog p;(x)
and assuming that X, — v for some known distribution v as t — oo, we consider instead the
approximation X* = (X})¢[o7) solving

dX§ = —(b(T - £,X3) = y(T = *s(X, T— 1)) dt + y(T — £)dB,, X5~ v.

Then, for some chosen T > 0 and appropriate estimator s, we set X = ?%_T. This method is quite
effective, having been shown to be nearly mini-max optimal as an estimator of 1, see e.g. 6|89,
118]]. However, it often suffers from an inherent limitation of SDEs such as the above, namely
that the generated samples are necessarily unbounded. This is problematic when we have a
priori knowledge that y has a compact support Q C RP. For instance, in the setting of image
generation, it is natural to consider an image as a vector in [0, 1]° where each entry represents a
pixel brightness value as a proportion. What should values outside of [0, 1] represent in this case?
A common workaround used in practice is then that of thresholding, where samples outside of
Q are simply projected onto Q as a final step. However, this pushes all of the probability mass
outside of Q onto the boundary 9Q leading to an overrepresentation of samples on 9Q. A better
solution would be to prevent the process X* from ever leaving the support set Q. This is the
key motivation behind using reflected diffusions rather than unreflected ones, leading to the
method of de-noising reflected diffusion models. Here, the procedure is much the same, except
we consider as our forward model a reflected SDE. In particular, in our setting we consider
for some compact, smooth and convex reflection set Q 2 supp y and chosen f € C*(Q) with
f 2 fuin > 0 the forward process X = (X;)s»o solving

dxt = Vf(Xt) dt + A Zf(xt) dBt + V(Xt) dl_t, Xo ~ H,

where v = fn is the scaled inward pointing normal vector ensuring that (1.6) holds. Like in the
unreflected setting, it was shown in [[18] that there exists another Brownian motion B = (B;);¢
such that the backward process X = (X;),¢[o 7] given by X; = X7_, solves

dX; = —(VF(X,) — 2f(X:)V log p7_,(X,)) dt + J2FXD) B, + v(X) AL, Xo ~ pr

where L, = L+ — L7_, is the local time of X, at 9Q. Since one can show that X, — Unif(Q) as
t — oo, we then for some score approximation s take as our sample X = X._., where

dX3 = —(VAXS) = 2f(X)s(XE T = 1)) dt + \[2f (X9 dB, + v(XD)dL,, X3 ~ Unif(Q).

Beyond ensuring an explicit and easy-to-sample-from stationary distribution, this choice of for-
ward model also provides us with a semi-explicit transition kernel through spectral decomposi-
tion. In particular, there exists orthonormal eigenpairs (¢}, ;) jen, of the non-negative operator
—V - fV such that the transition density g, is given by

q(x.y) = Y, e e (x)e;(y). (2.3)

J€No
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Furthermore, these eigenpairs satisfy 0 = £, < # < £, < - with ¢; =< j%, € AD(Q)’g,
leilgs < /;/2 = j*/P for j € N and lejle < j° for 7 < 1/2; see [85] for details.

Error decomposition

Intuitively, there are three main sources of error in our estimate, namely the ones stemming from
early stopping (i.e. considering X5 I rather than X%), from starting in the stationary distribution
and from using an approximation s of the true score. Using total variation as our measure of
error, this is reflected by the triangle inequality in that

TV(u, X3_1) < TV(p, X1) + TV(X7, X%I) + TV(XiT‘LI, X7_1), (2.9)
where so(x, t) = Vlog p:(x) denotes the true score. The fact that the second term on the right
hand side corresponds to the error from starting in the stationary distribution stems from the
fact that X7 = X7_r and that the only difference between X and X* is in their initial distribution.
To further analyse these error terms, we make the following assumption throughout on p:

(H0) The target measure y is absolutely continuous (wrt. the D-dimensional Lebesgue measure)
with density py € H* where @ € N n (2, 00) and py > pmin for a constant ppi, > 0.

Since a > %, we have by the Sobolev embedding theorem that p, is f-Ho6lder continuous
for some f € (0,1], i.e. there exists a constant cg > 0 such that |py(x) — po(y)| < cglx — y|f for
all x, y € Q. Also, by symmetry of g;, we have

pi(x) = /po(y)qt(y, x)dy = /po(y)q:(x, y)dy = E[po(Xs) | Xo = x],
and so

1pe(x) = po(x)] = [E[po(Xs) = po(Xo) | Xo = x]| < ¢gE[IX; = Xol | Xo = x].
By our choice of forward model, we have by e.g. [29] that g;(x, y) < t’%e’% for some C > 0,
implying that

B
E[X, — Xolf | Xo = x] = / = WP ae ) dy < i,

Since TV(y,X;) = 3lpo — pilp:, this yields the following lemma, controlling the first term of
(2.4):

Lemma 2.4: Under|(H0)|we have

TV(u, X1) < T°.
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As for the second term of (2.4), we have that since X% and X follow the same Markovian dy-
namics, their total variation distance is decreasing in t, and hence

TV(X1, X3 )= TV(Xg_p, X2 )<TV(x0 X&) = TV(X1, Unif(Q)).

Also, noting that by the spectral decomposition (2.3) we have

pi(x) = Z e (P, ej)ze;(x) = + Z e”"(po, e)12¢(x),

A (Q)

jeN, jeN
it follows that
i il DI = 2y ¢ o e < lpolize
jeN

Finally, since by the Cauchy-Schwarz inequality

1
Ap(Q) Iz

< @,

TV(X, Unif(Q)) = %H pr—

we arrive at the next lemma bounding the second term of (2.4):

Lemma 2.5: Under |(H0)|we have

TV(XI, S )<e“’1T

Already we see that simply choosing T = n~ e and T = log n that the first two terms

ll(ZZ+D)
of (2.4) will be of order O(n~ 25 ), i.e. minimax optimal.
Score approximation

Controlling the third term of (2.4) is, however, a lot more involved. First, we must settle on a
score approximation s, to which we note by Pinsker’s inequality as well as Girsanov’s theorem

s s 1 s o2 L T
V(XS T_T)stKL(x;TIIX;T)s\/'fZ" /T E[ls(Xe. 1) = so(Xe. DF] dt. (2.5)

As such, we must find an estimator which minimizes the L?-distance to the true score under
the unknown measure y. This of course raises two main problems, as we do not have access to
the measure y whence we cannot take the expectation on the right hand side, but also we do
not have access to the true score s, to even evaluate the difference at a single point. The key
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here is in the equivalence between this explicit score matching and the so-called denoising score
matching, since we have

T T
/T E[[s(X0, ) — s0(Xe, D] dt:]E[ /T E[[s(X,, £) — Vlog q:(Xo, X)F | Xo] dt| + C,

where B B
T T
C:/1%mmﬁﬂw—4/.HW%MMXMHMM+
T T

is a constant independent of s. Thus, since g; is determined only by our choice of forward model
and is independent of y, setting

T
uw=AjMMmﬁ—w%wmxmﬂm=ﬂw,

minimising the L?-distance is equivalent to minimising E[L(X,)], and by the law of large num-
bers, this is approximately given as

E[Ly(Xo)] = ZLW)

This motivates our choice of score estimator as follows: given some hypothesis class of functions
(Iater to be chosen as a certain class of neural networks) S, we choose

S, € argmin — Z L,(Y)).
ses N

As such, the quality of our estimator is deeply tied to our choice of hypothesis class S. On one
hand, if we choose S “too small”, we may not be able to capture the details of the true score s,
yielding a high estimation error. On the other hand, if we choose S “too large”, the minimiser
S, might overfit the data Y1,Y3, ..., Y,, yielding a high generalisation error. This is made explicit
in [89]):

Theorem 2.6: Set £(S) = {L; | s € S} and suppose that sup g 1[Ls| < C(L). Then, for
appropriate § > 0

T
E_/lﬂmmhﬂ—anW|nxhwaw
T

a&)

log N(L, ||eo, 8) + 8.

T
sinf/ E[|s(X:, £) — so(Xe, )] dt +
SES 1
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Here, N'(L, ||, §) denotes the covering number of £ with respect to || and radius 8, i.e.
N(L, e 8) = inf {n € Ny |30, L Ly € £ sup minll - . < 5},
ler 1€ n

By our choice of forward model, imposing some simple growth conditions on s € S, we can
turn any covering of S into one of £(S) as well as turn bounds on S into ones on £ — we will
skip the details here and simply state the following lemma:

Lemma 2.7: If for all t > 0 we have sup g|s(, )] < (\:(t% and T < 1 < T, then there
exists a constant ¢ > 0 such that

5
N (L, Heos 8) < N (8. Hio cC(s)T)

and

sup "Ls"oo < (C(S)z vV 1)(logI_1 + T)
SESU{so}

Neural network approximations

For our hypothesis class we will choose a restriction of the neural network class ®(L, W, S, B)
introduced in[1.9 that satisfies the growth constraint mentioned above, i.e. we set

S =S(L,W,S,B) = {(pédD(L W,S,B) | lo(x, )] < ﬁ}

for some universal constant C > 0. This specific parametrisation enjoys not only very well-
documented approximation properties, but also a clear bound on its covering number, in that
we have cf. a straightforward modification of [89} Lemma C.2]

log N'(S, |-, 8) < L(m)S(n) log (8~ L(m)| W (n)|B(n)).
Combining this, Lemma [2.7] Theorem [2.6|and it follows that if we construct an estimator
s* € S(L(n), W(n), S(n), B(n)) with

T 2a
/ E[|S*(Xt; t) — so(Xs, t)|2] dt < n~ =5 (logn)’
T

and |s*(x, )| < F where
L(n) < lognloglogn
[W(wl < n5 (log )’
S(n) < n%(log n)?

B(n) < n oDy ,
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then

[TV(XST" T, ?‘ T)] < n~ 7 (log n)*(log log n)'/2.

Here, the exact sizes of L(n), W(n) and B(n) are largely irrelevant beyond that they should be
polynomial in log n, n and n, respectively, as they will then only contribute logarithmically to
the covering number and hence the total variation. Likewise, the log-factor of S(n) is also not
important, and the main takeaway of the above limitations should be that S(n) should be of
order O(n#m) up to logarithmic factors. Presuming for now the existence of such an estimator
s*, this together with Lemmas [2.4|and [2.5] yields the following main theorem:

Theorem 2.8: Assuming |(}H0)[ and choosing T = niﬂ@ifim, =
above, we have

{,(sz) logn and S as

[TV(y, XS" )] n~ 75 (log n)>(log log n)"/2.

That is, up to small logarithmic factors this approximation is minimax-optimal. In order to
actually construct such an estimator, we first note that by (2.3) we have

i) = L P ) dy = 3 €I e, poiees(x).

Jj=0

The first step to constructing s* is then to truncate this sum by considering the function Ay(x, t) =
Z?]:o e U'(ej, po)r2ej(x) and approximating instead Vlog hy for N € IN. Some rather technical
calculations (which we will skip here for the sake of brevity) bound the error in using this ap-
proximation, ultimately yielding that

/TEHSO(Xta P - Vhn (X, 1)
T

2 2a
— N P <log TINTT,
I (X )V Prain | stogz

suggesting that we should aim to approximate hy and Vhy at a rate of N =% for N = nzm. Now,
by [114] there exists neural networks ¢; € <I>(logN N, Nlog N, N'/P) such that lo;j —ejl: <
N~5. An immediate idea is then to simply sel

N
Ony(x,1) = Z e e, poyrz ().

j=0

The problem with this approach is that the sparsity constraint of a sum of neural networks scales
as the sum of the individual s[Parsny constraints, and hence the sparsity constraint here would
be of order N(N'log N) = nz+5 > n=+. Instead we utilise the explicit and smooth dependence

?Here and in the following, we assume for sake of notational clarity that “elementary” functions such as expo-
nentials, polynomials, division and multiplication are available in the construction of ¢*; in reality they should all be
approximated by neural networks as in Article B.
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on t in hy to interpolate between fixed-time approximations of x — hy(x, t). That is, for some
fixed time points {#;}X, we approximate for each i € [K] the function x — hy(x, t;) by some ¢
using the above result, and then interpolate between them using polynomial interpolation, i.e.
setting

t—t

t—t;

K

o6, D) = ) @i()pi(),  where p() =[]

i=1 i

Since the function t — hy(x, t) is entire as the finite sum of entire functions, its corresponding

interpolating polynomial converges exponentially fast in K, provided the correct time points

{t;}X,. In particular, one can show that on any interval [t,, 4t)], there exists time points {#;}X,
such that

e man] ¢ [0 - 3 mGopcof, <85,
i=1

whence we need only take K = log N = logn. Finally, to extend this to all of [T, T], we
simply employ the above strategy on intervals of the form [2"'T, 2" T] form = 1,2,...,M
such that 2M*! > T and combine all of these into one network. Since there are M = log % =
log n such networks, the final sparsity of the network ends up being of order O(N(log N)*) =
O(nzm (log n)?) as desired. The exact same method can be applied to approximate Vhy, and
from there piecing these together into an approximation of thvhl’;’ is fairly elementary, finally

yielding the desired estimator s* and proving Theorem|2.8]

'min

2.3 Article C: Reflected diffusion models adapt to low-dimensional
data

In the previous article, we showed that using de-noising reflected diffusion models to generate
samples from a certain class of probability distributions is nearly minimax-optimal in total vari-
ation. However, as the dimensionality of these distributions can often be very large, even the
minimax rate of n” %5 can be very slow, unless we assume a large degree of smoothness a, which
may be unrealistic. However, such high-dimensional data often exhibit lower-dimensional struc-
tures, which we can exploit. For instance, suppose that the observed data Y1, Y, ..., Y, b pall
lie in some space M C RP homeomorphic to some M* C RY where d < D, i.e. there exists a
bi-continuous bijection f : M* — M such that Y; = f(Y;). Then estimating p is tantamount
to estimating p* = p o f, and since this distribution is d-dimensional we might hope for the
much faster convergence rate of n"z+. In this context, we say that D is the latent dimension
while d is the intrinsic dimension. This type of supposition is known as a manifold hypothesis,
and might explain how de-noising diffusion models perform so well even on extremely high-
dimensional data. Of course, in practice we seldom have any knowledge of M, M* or f, so
simply transforming the data to its lower-dimensional representation is not an option. Instead,
the hope is that whichever approximation technique we employ can simultaneously discover
this low-dimensional structure and the distribution thereon. In this article, this is exactly what
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we demonstrate for a specific subclass of the de-noising reflected diffusion models which we
introduced in the previous article. In particular, we now assume that the target measure y is
supported on a subset of an affine subspace of dimension d. That is, we assume that there exists
orthonormal vectors vy, vs, ..., vg and an offset vector v, € [0, 1]P such that u is supported on
some subset M C (V +vy) n[0,1]°, where V = span{v;, vy, ..., v4}. We then choose [0, 1] as our
reflection set Q and consider as our forward model the simple reflected Brownian motion:

1
dX[ = dBt + En(Xz) dl_t, X() ~ H. (26)

Note that this corresponds to the model considered in the previous article with f = 1, whence
we also have that X; — Unif[0, 1]P as t — oo and so we consider for some score approximation
sand T > 0 the process X* = (X}),¢[o 7y S0lving

~ ~ _ 1 -~ _ ~
dX; = (3. T~ 1) de +dB, + _n(X)DdL, X ~ Unif[0,1]°,

and take as our sample X = X% .

Probabilistic analysis

In the previous article, we relied on a spectral decomposition to derive a semi-explicit repre-
sentation of the transition density ¢; and hence the true score Vlog p;. While still available
here, this representation offers no immediate options for dimensionality reduction, as the spa-
cial components (i.e. the eigenfunctions e;) are not known. With this simpler model, this is
different, as we can explicitly construct a weak solution to the forward process (2.6). The key
insight is that for a regular D-dimensional Brownian motion (B;);», each component is a 1-
dimensional Brownian motion, independent of the rest, while the simple rectangular geometry
suggests that the reflection in one coordinate is independent of the others. As such, we may
hope that each component of a D-dimensional reflected Brownian motion behaves like an inde-
pendent 1-dimensional Brownian motion, which are easily constructed through the It6-Tanaka

formula. In particular, letting f : R — [0, 1] denote the 2-periodic function given by
f( ) X, if x €[0,1)
x) =
-x, ifxe[-1,0),

a 1-dimensional reflected Brownian motion W(®! = (W&O’l] )1>0 can be constructed from a regular
1-dimensional Brownian motion W = (W,)>o by simply setting wittl = f(W;). Indeed, since f
is the difference between two convex functions, we have by the It6—Tanaka formula (1.5) that

Fows) = Fowo) + / Powydw, + / L7 (da)
/( DML dw, + = Z( DFLE.

keZ
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Here, the quadratic variation of the first term is given by

</Ot(—1)lw-‘J dws> = At (M) d(w), = /Ot1ds =1,

and so it follows by Lévy’s characterisation that this is in fact a Brownian motion. As for the

remaining terms, consider the local time /I:? of J/‘\(WZ) at 0, and note that ]/‘\(WS) € (—¢,¢) ifand
only if Wy € (2k — ¢, 2k + ¢) for some k € Z, whence

~ I o 2
L(t) = lglfgl % l 1. (f(Ws)) d(f(W))s

1 t
=lim — 16— W,)d
glﬁ;l 2 /) Z (2k €,2k+s)( s)ds

kez

The same analysis shows that L! = ', ., L?*! and so it follows that
~ ~ 1 ~
fowy =W, + (L -15),

where W, := fot(—l)LWsJ dW; is a Brownian motion, showing that f(W,) indeed is a reflected
Brownian motion. Applying this entry-wise to a regular D-dimensional Brownian motion (B, )0
and adding an offset of Y ~ 1 yields the desired process — the details are given in Lemma [C.50]
— and we arrive at the following lemma:

Lemma 2.9: Given a distribution  on [0, 1]?, a solution X = (X;);s to (2.6) is given by
X = f(B:+Y),

where f is the entry-wise application of f B = (B;)s>0 is a D-dimensional Brownian motion
independent of Y ~ p1.

With this, we can construct an explicit transition density, in that we note that for any x,y €
[0,1]P, the process X travels from y to x if and only if the Brownian motion B travels from y
to any point in f~!({x}). We can enumerate this preimage as follows: for z € Z?, let R,(x) be
given by

(R (x)) ES if z; even
g i 1-1x;, ifz odd,
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and note that f'({x}) = {z + R,(x) | z € ZP}. Combining these facts, we have

gy, x)dx =P(X; edx | Y =1y)
=P(f(B; + y) € dx)
=PB; +y € f(dx)
= > P(B; +y -z € R,(dx))

z€ZP

[Rz()+z=yl
= Z(Zﬁt)fgef w - dx.

zeZP

From here, applying the chain rule yields that

R(x)+z—y _r@e?
Vg (y, x) = —(27”)*% Z (_1)1Me R s}z ,
t
zeZP
and hence
_ Re@rzy?
ZZEZD(_l)Z /[0’1]D(Rz(x) +z- }/)e 2w ll(dy)

Vlog pi(x) = —

_ IRz(0)+z-y

t ZzEZD(_l)Z ,/io’l]D € o #(d)’)

where we use the shorthand (—1)* = diag{(—1)%}.

Score approximation and dimensionality reduction

As in the previous article, in order to reduce the error stemming from using an approximation
of the score function, we must construct an explicit estimator with low L?-distance to the true
score under y — we defer the details for now to the next subsection. However, to take advantage
of the lower-dimensional structure of y and its support, we need to re-write the score Vlog p;
to also reflect this. In essence, the idea is to split the contributions to p; into an on-support
part stemming from y, which is hard to approximate but lower-dimensional, and an off-support
part stemming from the forward process, which is high-dimensional but (comparatively) easy
to approximate. The key to doing this is the following two observations:

(1) Letting A = [v1 Uy e vd] , and assuming that p has a density p, wrt. the d-dimensional
Lebesgue measure on V + vy, we have for any integrable function g : M — R

/ g p(dy) = / a(Au + 00)po(Au + vp) du,
M M*

where M* = AT(M —v,) C R4
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(2) Letting P = AAT denote the orthogonal projection onto V, we have by the Pythagorean
theorem that for x € RP and u € RY,

lx = (Au +vy)* = |P(x — v9) = Auf* + |(I = P)(x — vo)[?
=[AT(x —vo) — uf + (I = P)(x — v,

since A is an isometry.

Setting x* = (I — P)(x — vy) and x* = AT(x — vy) for x € R, these together yield that

/ o u(dy) = e / efw%Po(A” +vo) du
M M

and

_ 2 L2 L x* —uf?
/ 2V w(dy) = e <x / e polAu+vp)du
M Elwe
N A/ x* - ue_ i po(Au + vg) du)-
et

As such, we see that all components of Vlog p;(x) including the unknown distribution y rely on
x only through its lower-dimensional projection x*, and it is this that allows for dimensionality
reduction. In particular, if we let f; : R? x (0,00) — R and f; : R x (0,0) — R? be given by

filv, 1) = / e_%po(Au +vy) du
i

and

fz(v,t):/ ”;“e—%pomuﬂo)du,
»

then we can re-write the score as

_ b

Yo (Ve 5 (A 1) + Af(x], 1)
CHE L ’
ZZEZD e fl(xz’ t)
where x, = R,(x) + z for x € [0,1]P and z € ZP. Thus we need only approximate the functions

f1 and f; which are intrinsically d-dimensional in their spacial components. To do this, we make
the following assumptions on y and M:

SO(x’ t) ==

(H0) The target measure p, its density p, and its support M C (V + vp) n [0, 1]P satisfy

(i) po € H¥ (M) with a € IN n (d/2,), i.e. it is a-Sobolev smooth with derivatives
vanishing at the boundary;
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(if) There exists constants ¢y > d and ry > 0 such that p(B(x,r) n M) = (r A rp)® and
Aa(B(x,r) n M) = (r A rp)? for all x € M;

(iii) There exists an €3y > 0 and constants 0 < ppin < Pmax < o such that for x € M with
diSt(x, aM) > §> Pmin < Po(x) < Pmax;

(iv) When restricted to the set {x € M | dist(x, 9M) < ep}, po has continuous derivatives

oforderic::w+d+3a+2;

(v) There exists a constant pp, > 0 such that dist(M, [0, 1]°) > puin.

Here, condition [(i)] ensures that p, has overall smoothness a while the vanishing derivatives
ensure that p, can be extended to all of V + vy smoothly by simply setting it to 0 outside of
M. This in turn means that we have no uniform lower bound on p, on all of M as we did in
the previous article — instead conditions and ensure that it is lower bounded on the
part of M with minimal smoothness and does not decay too rapidly towards the boundary,
while yields a higher degree of smoothness where p, is not lower bounded, allowing for
better convergence rates. Finally, condition [(v)| ensures that with high probability, the forward
process X; behaves like an unreflected Brownian motion for small ¢, as there is a positive distance
to the reflection barrier, which will become important later. With these assumptions, we can
begin to approximate the true score function sy. To start, we first truncate the sums in both
numerator and denominator of s, — as these decay exponentially in |z|, we need only consider
Poly(log n) many terms to achieve an optimal rate. Next, we approximate for fixed times t >
0 the functions fi(-,t) and f>(-, t). Here we divide into two regimes: for “small” ¢, we utilise
the increased smoothness of p, near the boundary to achieve better convergence rates where
the denominator of sy is small, while for “large” ¢, we use the induced smoothness of forward
process to achieve overall better convergence rates. We then, like in the previous article, employ
polynomial interpolation to extend these fixed-time approximations to small time intervals, and
finally piece these together to approximate s, on such intervals. Following this general strategy,
we ultimately show the following:

Theorem 2.10: Underfor any § > 0 and suitable m € IN and ¢ > 0, there exists a
neural network
5((log m)*(log log m)?, m(log m)**!, m(log m)**2, mat*vm"), ift< %m’¥
o 5((log m)?(log log m)?, m’(log m)P*, m’(log m)P*2, m’), if t > %m’¥ ’
where v = Zif 7+ % andm’ =t~ im? satisfying
% (log m)®+2P+3 =% ift<m 7
E[]so(X;) — ¢, (X)IP1dt < T,
/L [| 0( t) (p g( t)| ] {(log m)d+2D+3m_(T), lfl > m_T5.
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Approximation in Wasserstein distance

With this manifold hypothesis in mind, we cannot directly use total variation as our error mea-
sure as in the previous article, as p and the distribution of X are necessarily singular whence

TV(p, X) = |[p(M) —P(X € M)| = 1.
Instead, we choose to use the Wasserstein-1-distance, which does not suffer from this issue. To
decompose the error like before, we introduce the process X' = (X;)QO solving
=S =S T = 1 s = =S
dX; = s(X. T - 0 de +dB, + _n(XDdL, X~ pr.

We then have

Wi X5 1) < Wi X1) + Wi(Xg, X5 1) + Wi(Xp_p, X5 1),
where the simple coupling of Y ~ p and X; ~ f(B; + Y) cf. Lemma|[2.9]yields

Wi %) <E[f(B: +Y) = YII = E[lf(B, + Y) — f()I] < E[[B,[] < VDt,

since f is 1-Lipschitz. Furthermore, since W;(v,v’) < 2DTV(v,v’) for all measures v, v’
on RP, we can show as in the previous article that W, (isf_l, f(%_T) decays exponentially in T.
In principle, then, we could progress as in the previous article to achieve a convergence rate of
n~ 7+ up to log-factors. For Wasserstein-1-distance this is, however, suboptimal as the minimax-
risk is n‘%, and so we must be more creative. The detailed argument is quite involved and is
deferred to Article C, but the core idea is as follows:

(i) Split the time interval [T, T] into K = log n many subintervals [#_1, ;) with t;,1/t; < 2

(if) On each subinterval consider a coupling of two backward processes started in the same
point, but one using the true score sy and one using an approximation s

(iii) When t; is small, we can only approximate the score at rate n~z+d, however since the
interval is small, the coupling stays close with high probability

(iv) When ¢, is large, the induced smoothness of the forward process allows us to estimate the
a+1
score at a faster rate of n™ 2+

Following this strategy, we show in particular that

K t 1
Wl(Xls YST_I) < lOg n Z NLEA 1( / E[|S(Xt, t) - SO(Xt, t)|2] dt) 2 ’
i=1 li-1

which combined with Theorem shows for all § > 0 the existence of a function s*, defined
piecewise in time as a sequence of neural networks, satisfying

at+1-§

Wl(XI, YST_I) < nod
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i.e. one that is arbitrarily close to minimax-optimal. Finally, since the network sizes in Theorem
also decay with t, this ensures that the generalisation error of using the estimator s, defined
piecewise in the same fashion as in the previous article is also of order n~ %+ . All in all, this
yields the following final theorem:

Theorem 2.11: Assuming and choosing T € Poly(n™!) and T = log n, for every &
there exists a family {S;}X | of neural networks such that

a+1-8

]E[Wl(ll: ),Z/S%_I)] S nod
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Data-driven rules for multidimensional reflection problems

Soren Christensen, Asbjern Holk Thomsen and Lukas Trottner

Abstract

Over the recent past data-driven algorithms for solving stochastic optimal control problems in
face of model uncertainty have become an increasingly active area of research. However, for
singular controls and underlying diffusion dynamics the analysis has so far been restricted to
the scalar case. In this paper we fill this gap by studying a multivariate singular control problem
for reversible diffusions with controls of reflection type. Our contributions are threefold. We
first explicitly determine the long-run average costs as a domain-dependent functional, show-
ing that the control problem can be equivalently characterized as a shape optimization prob-
lem. For given diffusion dynamics, assuming the optimal domain to be strongly star-shaped,
we then propose a gradient descent algorithm based on polytope approximations to numeri-
cally determine a cost-minimizing domain. Finally, we investigate data-driven solutions when
the diffusion dynamics are unknown to the controller. Using techniques from nonparametric
statistics for stochastic processes, we construct an optimal domain estimator, whose static re-
gret is bounded by the minimax optimal estimation rate of the unreflected process’ invariant
density. In the most challenging situation, when the dynamics must be learned simultaneously
to controlling the process, we develop an episodic learning algorithm to overcome the emerging
exploration-exploitation dilemma and show that given the static regret as a baseline, the loss in
its sublinear regret per time unit is of natural order compared to the one-dimensional case.
Keywords: Stochastic singular control, reinforcement learning, exploration vs. exploitation,
reversible diffusions, shape optimization, nonparametric statistics
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A.1 Introduction and problem formulation

Our underlying processes are Langevin diffusions X on R? for d > 2, which is a well studied
class of reversible diffusion processes with drift of potential form. For a C?-function V : RY — R

and a d-dimensional Brownian motion B, X solves the SDE

dX, = —VV(X,)dt + Y2 dB,.

We consider a basic class of stochastic control problems with a clear interpretation: X is

interpreted as the position of a particle, which we want to be close to a target state, 0, say.
The distance is measured by a locally bounded function f: R? — [0, ) in such a way that
f(X;) stands for the costs associated with being away from the target state. The decision maker
can now control the process by choosing a nonempty bounded domain (= open, connected set)
Q C RY of class C? and normally reflecting the process at Q. We denote the resulting normally

reflected processes by X%, which is given as the solution to

dX$ = —vV(X)dt + V2dB; + n(X?) dLY,

39
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where n is the unit inward normal vector of Q at x € 9Q and L® denotes the local time of X** on
0Q, that is, a non-decreasing one-dimensional process with continuous paths that increases only
when X¢ € 9Q. We assume that controlling the process is associated with costs proportional to
L® (with proportionality factor x > 0), so that for each Q, the total costs associated with Q until
time t are

t
/ FOXDds + kL.
0

Here, we consider a long-term-average criterion and our problem consists of minimizing

t
J(Q) := lim inf %Ex [ / FXHds + kLS (A7)
— 0

over all admissible Q. The limit is independent of the initial value x € Q due to the ergodic nature
of the reflected diffusion, which will be made precise in Theorem For known potential
V of the underlying process, the problem we consider here is closely connected to singular
stochastic control problems. We discuss this in more detail in Section[A.1|below. The problem is
a general formulation for trade-offs, where a decision maker wants to keep a stochastic system
X as close as possible to a target state, but control incurs proportional costs. We discuss a
number of applications in the following section. For the dimension d = 1, the setting considered
here already includes essentially all such problems. In the multidimensional case d > 2, more
problem-specific formulations are needed, especially with respect to restrictions on transaction
costs and the type of diffusion, so that one often concentrates on generic formulations in order
to understand general phenomena, see for example [62]. This is the approach we take in this

paper.

Contributions

In this paper, we first address the question how the solution to the problem can be mean-
ingfully characterized when the potential V of the underlying process is known. Our main
contribution here is Theorem which shows under minimal assumptions that J(Q) is the
L'-limit of the average costs and is explicitly given by

1 _ _ _
J(Q) = m (Af(y)e V(Y)dy+KAQe V) 34 1(dy)) s (A.8)

where H%' denotes the (d — 1)-dimensional Hausdorff measure. The formula is interesting
in that the control problem has been transformed into a shape optimization problem. Let us
comment here on the corresponding control model with non-constant reflection costs, that is

replacing by

J(Q) := hr[riglf%Ex [ A l FX%ds + A tk(X?)dL?], (A.9)
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for some locally bounded function x : RY — [0,00). Recent results from [73] that are based
on solutions to appropriate Poisson equations with inhomogeneous boundary conditions, show
that for x € C*® and given stronger regularity assumptions on the boundary dQ and the potential
V than those that we impose for constant reflection costs, the L'-limit is given by

J©) = m (Lf(y)e‘v(” dy + AQ K(y)e‘v(y’Hd‘l(dy)> ,
Q

and the rates of convergence are the same as in Theorem[A.15] Thus, given sufficient regularity
assumptions, the results from this paper can be extended to non-constant reflection costs with
straightforward modifications to the numerical and statistical results that we describe next.

In Section[A.3|we show that the approach we present provides a suitable basis for addressing
the problem in the context of model-based reinforcement learning. More precisely, we show
that the problem can be solved when the drift function b = —VV is unknown to the decision
maker, so that the control has to be purely data driven. Our approach is based on estimating
the stationary density of the uncontrolled process p nonparametrically and specifying the exact
rate with techniques from nonparametric statistics for diffusion processes (Theorem [A.21). We
use this via to estimate the optimal boundary based on a path of the uncontrolled process
and obtain that the resulting static regret has the same sublinear rate (Proposition[A.23). In the
more practically relevant situation of simultaneous optimization and data collection, we face an
exploration vs. exploitation dilemma. The previous results together with an episodic learning
approach lead to a proof of a sublinear regret rate (Theorem[A.24]and Corollary [A.25).

Finally, in Section we give a numerical approach to minimizing J(Q) based on approx-
imating Q by polytopes and then applying gradient-based methods. To this end, we derive
explicit formulas (Theorem[A.26) under the assumption that Q is star-shaped. We also discuss
how this might be implemented in practice for any general d > 2 and give examples of the
discussed optimization procedures, both where the potential V is known and when it is learned
in accordance with Section[A.3]

Related literature

Stochastic singular control problems are a class of stochastic control problems that have been
extensively studied, see [47,|90] for textbook treatments. They arise in various applications such
as inventory management in operations research [51]], control of queueing networks [66], port-
folio selection with transaction costs in finance [31]], equity issuance in insurance mathematics
(78], position control in engineering [83]], or optimal harvesting in biology [1]]. Underlying prob-
lems where the processes directly correspond to the mean-reverting-type processes used later in
this paper include the management of exchange rates [44] and interest rates [[130]. The actions
of the agents affect the state and the costs in proportion to the size of the action. This structure
implies that the optimal controls usually have the following general form: The space is divided
into a region where action is required and a region Q where no action is required. The optimal
control then reflects the controlled process at the boundary of the no-action region to keep it
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inside. Therefore, the problem class is closely related to reflected SDEs [76| 94], as observed
for a variate of examples, see e.g., [32, 52} |67} |105] (although this connection is difficult to be
made precise in full generality, see the discussion in [13]]). Thus, stochastic singular control can
typically be reduced to finding the optimal no-action region Q and the optimal reflection direc-
tion at the boundary of Q. However, finding the solution is usually only possible explicitly in a
few examples, typically with underlying one-dimensional diffusions, see the following section.
Characterizing optimal controls becomes much harder when the problem has more than one
dimension. Some characterizations of the optimal solutions in special multidimensional cases
can be found in [30} 35| |41 |42} |68]]. Thus, the problem can be viewed as an optimization
problem over a class of strategies typically relevant to general singular control problems. We
restrict this, however, by the fact that only normal reflections are admissible. This assumption
may be justifiable in some cases from the real world problem being modeled. However, we will
also see below that in subclasses of problems, such as the radially symmetric case, this is not a
restriction at all. In what follows, we will see that the assumption of normal reflection simplifies
the problem to the point where a deeper analysis can be performed.

There is a fair amount of literature on the numerical treatment of singular control problems.
The methods range from approaches based on a discretization with discrete Markov chains [[70]
over an approximation of the solution of the corresponding Hamilton-Jacobi-Bellman equation
[69], approaches using linear programming [127] up to finite element approximations [[126].
However, all methods have limited applicability, especially in higher dimensions, and care must
be taken in the exact implementation. In this paper, we present a new approach that is struc-
turally different from the existing ones.

As described above, the approach we have taken allows for data-driven control when the
drift of the process is unknown. This question falls into the currently fast growing field of
model based reinforcement learning (RL), where the agent does not know the system param-
eters and learns them by interacting with the environment and getting feedback. The agent
chooses policies based on the current parameter estimation and tries to minimize the regret,
which is the gap between the expected reward of the best policy and the actual reward achieved.
Many discrete-time RL problems have been studied, where sublinear regret bounds have been
obtained for different scenarios, such as bandit problems, tabular Markov decision problems,
and linear quadratic (LQ) problems [33} 54, [91]]. However, it is well known that the transition
to high-frequency situations poses a structural problem for standard approaches such as Deep-
Q learning [116]]. Therefore, the concrete model must be included here. Most of the previous
works only propose algorithms, and only a few analyze their regrets, mostly for LQ problems. In
particular, [39] proved an asymptotic sublinear regret for regularized least-squares algorithms
in an ergodic continuous-time LQ problem, but without giving the exact order of the bound.
Recently, [11} [50] generalized the least-squares algorithms to finite-time horizon episodic set-
tings and gave non-asymptotic regret bounds. These works assume a parametric structure of the
problem. On the other hand, [84] considered propagator models and combined exploration and
exploitation schemes to achieve sublinear regrets with high probability. Closest to this paper
are the articles 27, 28], in which singular and impulse control problems with a nonparamet-



A.2. Optimal reflection as a shape optimization problem for known potential V 43

ric statistical diffusion structure are considered. However, these papers make heavy use of the
one-dimensional structure of the underlying processes. This leads to the strategy already being
described by one or two values, so only these need to be learned. One of the main contributions
of this work is that we can give exact sublinear rates of regression even for the case where the
optimal strategy is only infinite-dimensional parameterizable. To the best of our knowledge,
this work is the first to provide such results in this context.

Notation We write A, for the Lebesgue measure on R?. Both the notations B and cl B will be
used for the closure of a set B ¢ R%. We write a <¢ b if a < C(0)b for some constant C(6)

depending on a parameter 6, and a < b if a < Cb for some universal constant C.

A.2 Optimal reflection as a shape optimization problem for known
potential V

As detailed above, for our approach it is central to find explicit expressions for J(2) for known
drift. Before we get to that, we start here with a brief discussion of the one-dimensional special
case, since it serves as the main motivation. The main observation for obtaining explicit solu-
tions for all singular control problems for underlying linear diffusions is that the values J(Q2) can
be found (semi-)explicitly in terms of speed measure and scale function. In this linear case, solv-
ing therefore boils down to a standard optimization problem, see [2}[26]] and the references
therein. In the one dimensional ergodic case discussed here, this is realized by the fact that the
stationary density of the reflected diffusion is just the conditional density of the uncontrolled
diffusion. The key observation in this section is that this also holds in the multivariate case with
underlying Langevin diffusions. This turns out to be key to establishing (A.8).

Ergodicity of the reflected Langevin diffusions

It is well-known that for an (uncontrolled) Langevin diffusion as introduced above, if eV is
integrable, then X has a stationary density given by

pra(x) := p(x) := ¢ exp(=V(x)), where ¢ = cga(V) = /d e "Wdy,
R
For general diffusions, knowing the distribution on the whole state space does not give any
information about the stationary distributions of the corresponding diffusions with reflection
in a subdomain Q. A main observation for our approach is that for Langevin diffusions, this is
different. Indeed, in this particular situation one can obtain the stationary distribution on Q by
conditioning:
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Lemma A.12: For a bounded domain Q C R¢ of class C?, the density pq given by

pa(x) = cg' exp(—V(x)), x € D, where cg = /e_v(”)du,
Q

is a stationary density of the normally reflected process X.

This result is well-known and can, e.g., be proved with [61, Theorem 1], using that for the
differential operator given by

Af(x) = ~(VV(x),Vf(x)) + Af(x), feC*RY),xeR?, (A.10)

we have by the divergence theorem and the relation Vpg = —VV pq,
[ Afma(an) = = [ @760 nGNpat (A0, f @D, (A
Q 90

where H%! denotes the (d — 1)-dimensional Hausdorff measure. Since this property is essential
for our statistical approach, let us briefly comment on generalizations thereof for diffusions
with non-constant diffusion matrix. The conditioning property is more generally connected
to reversibility of the non-constrained diffusion. Indeed, consider a general elliptic diffusion Y
satisfying

dY, = b(Y,;)dt + o(Y,)dB,,

where b : RY — R? and 0 : RY — R%“ satisfies 2(x) := o(x)o(x)" = L If Y has a strictly
positive invariant density p¥ o« exp(—¥) for some potential ¥ : R — R, then Y is reversible
(in the sense (Y71_¢)tefo,7] 4 (Y)tefo,r) for any T > 0 when Y, ~ p") if, and only if, the detailed
balance equation
b) = 5 G xR

is satisfied. In this case, if we replace the normal reflection direction n(x) by co-normal reflection
in direction v(x) = %Z(x)n(x) at 99, then the co-normally reflected process Y* on Q has an
invariant density obtained from conditioning, i.e., pé = % pY on Q. In this sense, the results
of this paper can potentially be extended to multivariate reversible diffusions with co-normal
reflection controls (which, of course, requires X to be known).

It will be important for our purposes to have sufficiently fast convergence of the reflected
diffusion to equilibrium. To this end, we will assume that Q C R? is a bounded domain of class
C? that is sufficiently nice to guarantee that the Markov process (X, (P¥), .g) has transition
densities (p#(x, Y)is0,x,yeo—that is, EX[f(XD] = J5 pi(x, ¥)f () dy for any bounded measur-
able function f : Q — R and x € Q—such that for any ¢ > 0, p{ is continuous on Q x Q and we
have the minorization property

inf p$(x,y) >, (A.12)
x,y€Q
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for some § > 0, where necessarily §1,(Q) € (0, 1). Let us denote by Q the class of bounded do-
mains Q C R? of class C? such that these assumptions hold for the process reflected in 9Q. These
can be verified under mild assumption on the boundary 9Q by general results on fundamental
solutions of parabolic PDEs with Neumann boundary conditions. For instance, continuity of
the transition densities and are ensured whenever dQ is the union of a finite number of
hypersurfaces of class C?, cf. [60, p.166]. These assumptions now guarantee uniqueness of the
invariant distribution and exponential ergodicity of the process.

Lemma A.13: Let Q € Q with transition minorization as in (A.12). Then, the unique
stationary distribution 7 of the normally reflected diffusion X is given by

mo(dx) = po(x)dx, x€Q,

and X® is uniformly ergodic, satisfying the bound

IP2(x, )~ mal < 1pige! M, xeD, t>o.

The short proof can be found in the supplement. As a consequence we have the following rate
in the ergodic theorem, which is also proved in the supplement.

Corollary A.14: Let Q € Q. There exists a constant C = C(Q) > 0 such that for any
h € L*(Q) and x € Q it holds

Clhl~@)

| N

/ X0~ ma(mya]| <

Solution of the ergodic control problem

Given the ergodicity assumptions from the previous subsection we can now fully characterize
the ergodic average expected costs J(Q) from in terms of the invariant distribution of
the reflected diffusion X®. In fact, we will show more: we prove that the bias of the average
costs vanishes linearly in time and that their stochastic fluctuation measured in terms of the
L'-deviation from J(Q) vanishes at square-root rate.

Theorem A.15: Let Q € Q. Then, there exist constants C(Q2), C/(Q2) > 0 that depend on Q
but are independent of x € Q and ¢ > 1 such that

e[ o as i) - [10mar+x [ payrian)]) < <2,
(A.13)
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and

C'(Q)
(2.14)

]E,XH< /Otf(X?) ds + KL?)] - </Qf(y)p9(y)dy + KAQ pa(y) Hd_l(dY))‘ <

In particular,

J©Q) = /Q ANy / PaO) Iy

We will need the following basic result for the proof, which we include here for the lack of a
precise reference.

Lemma A.16: Let O C R¢ be a bounded open set of class C* for some k > 2 and let n be
the unit inward normal vector on dO. Then there exists a function ¢ € C¥(R?) such that
Vo =nond0.

This statement is a straightforward consequence of [[65, Theorem 3], which shows that the signed
distance function

d(x,00), x€O,
S(x) 1= .
—d(x,00), x€R*\0,

inherits the smoothness properties of the boundary in an open neighborhood of 90, and ob-
serving that Vs = n on 90.

Proof of Theorem[A.15 We only prove the claim on L'(IP*)-convergence at square root rate in
(A.13), the statement on convergence in expectation at linear rate in follows from similar,
but easier considerations. Since Q is of class C%, by Lemma we may choose ¢ € C%(RY)
such that Vo(x) = n(x) for x € 9Q, and we find using

/ Ap(x) o dx) = — / poe) HO ().
Q 2Q

Now by It&’s formula for ¢ > 0 almost surely,
t t t
o) =00 = [ Apoxds+ [ o0 nEN AL + V2 [ (apx?), de)
0 0 0
t t
= [ Aeoas 1242 [ wp0xd), ae)
0 0

where we used

AQW)(X?), n(X2)) dLO =/

{s<t:XeaD}

(Vo(X), (X)) dL® = / dLo

{s<t:X2eaD}
_Q
=L
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Note also that since V¢ is continuous, it is bounded on Q, and hence f()'<V(p(X?), dB,) is a L?-
martingale. Combining these, we find for any x € Q,

B %L? - /a pa) 1 ()|

= 5[ (o)~ g0~ [ a0~ matagnds = V2 [ (00, a8

]

[ (Vo(x2), dB,)

(@ 1 ¢ 2
< zn(PHLt @ , ]Ex[;‘/ (Ap(X2) — 1a(Ap)) dsH + #Ex[
0
lol-@ + A0l 1 ‘
< +—1E"[ Vo(X?), dB, ]
A [ [ oo a
lol-@ + A0l 1 t 1/2
< +7<]Ex[/ V(X2 de
T (] [ oo as
< ol-@ +1A¢h-@ + Vol
B Vi
where we used Corollary for the second inequality and Holder inequality together with

Ité-isometry for the third inequality. Using this, another application of Corollary for the
continuous cost component yields

AV oyds e xif) - [10watay+x [ peyntran)] < <.

as claimed. O

Remark A.17: Section 4 in [73] (see egs. (4.23), (4.25), (4.35) and (4.37)) shows that if Q has a
C* boundary and V € C3(R%), then an analogous result holds for the ergodic costs in the
model with non-constant reflection costs.

Putting pieces together, we obtain a formula for J(Q) which is just based on the stationary
density p of the uncontrolled process if the latter is ergodic.

Corollary A.18: For any Q € Q, it holds that

1 - = il
19) = migg, ([ S0 Pty [ e Omian).

If, moreover, exp(—V) € L'(R%), then

S -1
J(Q) = POy (/Qf(y)p(y)dwr KAQ p(y) H (dy)>-

We point out that this result is a multidimensional version of [2} Lemma 2.1].
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A.3 Learning the optimal boundary

We now turn to the challenging situation, when the dynamics of the unconstrained Langevin
diffusion are unknown, which makes it impossible to set any optimization algorithm utilizing
the dynamics into motion, without feeding it information based on collected data first. As appar-
ent from the explicit form of the cost functional given in Corollary[A.18] a natural data-driven
reflection procedure can be based on a plug-in approach, provided that we have an efficient es-
timator of (functionals of) the invariant density of the unconstrained Langevin diffusion at our
disposal.

Adaptive nonparametric estimation of the invariant density

As in the scalar case discussed in [27], we employ a kernel estimator of the invariant den-
sity, whose sup-norm risk given appropriate conditions on the diffusion coefficients is well-
understood in a general context by now. In the following, we will concentrate on a class of
potentials V s.t. the process satisfies certain functional inequalities. This setting is quite natural
given the reversible nature of Langevin diffusions and is studied in [[111f], where minimax opti-
mal estimation rates for a Lepski type adaptive kernel estimator are established under anisotropic
Holder smoothness assumptions on the invariant density. To recall these results, some prelimi-
nary definitions are necessary.

Let 7 be the invariant distribution of X with density p o exp(—V) and for a probability
measure p on (RY, B(R?)) let PA(-) := /JRd P*(-) u( dx), where P*(-) = P(- | X, = x) for x € R,
so that under IP#, the process X is started according to p. Let also L be the L?(;r)-generator of X
with domain D(L). Since —L is self-adjoint and nonnegative on the Hilbert space L%() endowed
with the inner product (f, g), := [ fgdr, we may define V—L via spectral calculus and note
that for any f € D(J/-L), we have |V-Lf|? = —(Lf, f), which for f € C2(R?) is equal to
[V£]2. We treat diffusion models satisfying the following conditions.

Definition A.19: (PI) X satisfies a Poincaré inequality with constant Cp if, for any f €
D(v-L),
Var(f) = 7(f*) - 2(f)* < Cel V=Ll

(NI) X satisfies a Nash inequality with constants Cy, C% if, for any f € D(+/-L),

/2
112 < (CUSE + CRINTAZ) ™ Ufcey

Denote by %(Cp, Clj, C%) the class of potentials V : R? — R? s.t. the corresponding
Langevin diffusion satisfies [(PT)|and

The combination of a Poincaré inequality with a Nash inequality is particularly attractive from a
statistical point of view. A Poincaré inequality is equivalent to exponential ergodicity in L?(r).
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More precisely, for any f € L*(x) with z(f) = 0, |P;fl. < exp(—t/Cp)|fl., which enforces
a fast mixing behavior of the diffusion. A Nash inequality on the other hand is equivalent to
ultracontractivity expressed through the heat kernel bound [P (7)o 1=0r) < t~4/2 for t € (0,1],
cf. [8, Theorem 6.3.1]. The key observation for the statistical approach is that the combination of
both yields tight variance bounds for path integrals fot f(X,)ds of functionals f € L?(;r), which
allows for efficient control of the stochastic fluctuations of kernel estimators.

To control the bias, we impose anisotropic Holder regularity conditions on the invariant
density.

Definition A.20: Let 3 = (By,..., B4) € (0,00)%, L = (L4,...,L4) € (0,00)%. A function
g: R? — R is said to belong to the anisotropic Holder class Hy(3, L) if, for alli = 1, ..., d,

IDFgle < L1y k=1,.... 5],
ID g(+ te) = DI gl < L1, 1R,

where | ] denotes the largest integer strictly smaller than § > 0 and |-|. denotes the sup-
norm on R¢. Denote by

Hy(8, L) = Hy(B, L; Co, Cp, Cy, CF),

the set of invariant densities py € H (8 + 1, L) s.t. [py]« < Co and V € 2(Cp, C, CZ).

Let K: R — R be a symmetric Lipschitz kernel function with supp(K) c [-1/2,1/2] and
f]RK(x)dx = 1. We say that K is of order £ € N iff[Rx’”K(x) dx = 0 for any m = 1,..., £. For
h > 0 welet K;(-) := h™'K(-/h) and for h € (0, 00)? we set

d
Kn(x) := HKhi(xi), x € RY.

i=1

We now define the following kernel estimators given a continuous record (X;)ejo,1] s:t. pv €

Hy(8, L):

T
Prr) =7 [ KnGr=xJds
0

In order to efficiently estimate py via pp, 7, the bandwidth h has to be carefully chosen to achieve
an optimal balance between bias and variance of the kernel estimator. If the Holder smoothness
parameter 3 is unknown, the bias cannot be evaluated directly, which poses the fundamental
challenge to design a fully data-driven/adaptive bandwith selection procedure to obtain a rate-
optimal but possibly random bandwidth IALT.

In dimension d = 2 this problem is significantly simplified since then a tight variance bound
of the kernel estimator only depends logarithmically on the bandwidth. Consequently, the
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smoothness independent and deterministic bandwith choice
hr ~ T/%(1,1),

yields the optimal sup-norm estimation rate log T/ /T given that the order of K is chosen large

enough. In dimension d > 3, the situation is more involved and the bandwidth ht = ?L(Tq)
depending on a parameter q > 1 that ensures L9-convergence at the minimax optimal rate, is
chosen according Lepski type selection rule. The details are given in the supplement.

Finally, for g > 1,d > 2 and /HT = ;\l(Tq) given as above, we set

~ 17 d
p;LT’T(x) =7 [ ]KﬁT(x —X,)ds, x €R"

According to the discussion in [[111} Section 3] on the two-dimensional case and [111} Theorem
3.4], we now have the following uniform sup-norm estimation result.

Theorem A.21: Suppose 3 € (0,6]¢ for some b € IN n [2, ) and let K have order b + 1.
Then, for any q > 1 and £ € (0, o) it holds

2~ g1\
sup (E"[[g, , —pvl2]) " = OCRan(T).
pveHq(B.L) ’

where for the harmonic mean smoothness 3 + 1 := (d! Zfizl ﬁ)’l, the rate ¥ 3 is spec-

ified by

log T _
G ORI
4.8 = log T wﬁﬁ
(f8) ™ azs.

Data-driven estimation of the optimal reflection boundary

In this section we consider a set of domains ® C Q endowed with some topology such that the set
of minimizers argming, g J(Q) is well-defined and let Q* € argming g J(Q). For a Borel measur-
able function h: ® — R and a ©-valued random variable Z we write E[h(Z)] = jé) h(Q)P(Z €

dD). Our data-driven procedure to determine reflection domains O whose average costs are
close to the optimal ergodic costs J(Q*) uses the following assumption.

Assumption A.22: (i) For some constants A, A, A it holds B(0,A) ¢ D* ¢ B(0,1) and
H(aD") < A

(ii) we are given information on a constant p > 0 such that p <infp 3 p.
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Note that such a constant p always exists, because V' is locally bounded by assumption and

therefore p « e is bounded away from 0 on every bounded set. Accordingly, we define the
truncated invariant density estimator /’)\} q based on data (X;),[o,17 of the uncontrolled diffusion
process as

Biy(%) = Pra()Vp, xeR%

with pr, specified as the adaptive invariant density estimator from the previous subsection

with bandwidth choice h = ;\l%q) for g > 1. Moreover, we let ©(4, A, A) C © be the subfamily of
reflection domains satisfying Assumption (1)} Let

Jra® = ([roprmayex [ prontan), pee.

1
/Q ﬁ})q(x) dx

be the estimator of the asymptotic costs associated to the reflection domain Q and define the
reflection domain estimator

ﬁpq € argmin fT,q(Q).
QeOAA,A)

Here, we must assume that the topological space © C Q is sufficiently nice to allow a measurable
choice of Qr 4 considered as a random mapping into the Borel space (©, B3(0)) associated to ©.
We now have the following concentration result for the simple regret.

Proposition A.23: Suppose that Xo ~ p, where g < 7 with "%"Lq(”) < oo for some
q € (1,00]. Then, for any p > 1, given the assumptions from Theoremwe have the
regret bound
x A 1/p
B [[7(2) = J (Qra)["]
where q := q/(q—1) is the conjugate Holder exponent of g and C depends on k, p, g, f, |plw
and the constants from Assumption[A.22]

d
< I8 a(T),

Proof. For fixed Q € O(4, A, A), write (in obvious notation)

J(Q) = AQ)/B(Q),  Jrpg(Q) = Ar(Q)/Br(Q).
Using

BOAB@ 2 [ A Prpy(0)dx 2 phuBO.D) = o
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it follows ,
~ AQ) o~ Ar(Q) — AQ
@)~ Tr (@] <« —2Q 15,0~ p(ey| + AR~ AQ)
B(Q)B1(Q) Br(Q)
flen + xlple,
< lp = Prpgheon

1Al oy 68,
+ #"p - pT,pE”L""(B(O,I))'

Thus, for some constant C = C(k, A, 1, A, 2 lpls, p, f),

. 1/p ~ 1/p
E* QE;:';%A)L](Q) - ]T,pﬁ(Q)lp] < CE ["p - pT,pﬁ"ioo(B(Oj))]
dy 1/p ~  1Pq 1/pq
< C" dr "Lq(n)E” ["p - pT,panm(B(oj))] (AIS)

duy1/p A~ pg 1/rq
< Clg& o E” [lp — Pr.pql Lm(B(O,;))]

dp 1
<pq CIL1E ¥as(T).

where for the second line we used Hélder inequality twice and for the third line used that
|ﬁ;,pﬁ(x) — p(x)| < |pr pg(x) — p(x)| for x € B(0, A) since p > p on B(0, A). The final inequality
follows from Theorem[A.21] Finally,

~ A~ 1/
() = J @) 1) <28 sup U@~ Trpa@P] (A16)
QeO(AL,A)

where we used that since Q" € argming g, 7 4)J(22) and (A)T,pq € argming.g; 74) ./I\ijq(Q), we
have -

Q) = J@r o)l = JQr.pq) = J(Q*) < J(Qr pg) = J(Q) + T1.pg(Q) = Jr 5O pp)

<2 suwp [J(Q) - Jrpg(Q
QeO(A,A,A)

Combining and yields the claim. O

This result may be interpreted in two different ways. On the one hand, it shows for the
generic situation, where the controller has access to a separate diffusion data sample and uses it
in online estimation of an optimal reflection boundary, that the regret vanishes at the nonpara-
metric estimation rate. On the other hand, it demonstrates that a simple explore-then-commit
strategy, where we first estimate an optimal set for T time units and afterwards exploit by re-
flecting the process at the estimated boundaries, yields a regret bounded by ¥4 4(T).
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Episodic domain learning Aiming now at strategies with sublinear regret rates without
any simplifying assumptions on the data-collection mechanism, we face a classical exploration-
exploitation dilemma in light of the necessity to simultaneously control the process and estimate
its dynamics over time. The key bound from Proposition will allow us to do so.

Our episodic learning algorithm separates the time-line into exploration and exploitation
phases. Let T; be the start of the i-th exploration period, where we let the diffusion run freely
without reflection and S; be the start of the i-th exploitation period, where we reflect the process
according to an estimate of the optimal reflection boundary based on past observations of the
exploration process. We always start with an exploration period, i.e. T; = 0, and then alternate
between exploration and exploitation periods. We denote by 7; = S; — T; the length of the i-th
exploration period and by ¢; = T;41 — S; the length of the i-th exploitation period.

Contrary to the scalar diffusion case in [28], the multivariate diffusion does not hit points,
which makes it difficult to introduce an appropriate life-cycle decomposition of the exploration
process that allows for elegant renewal theoretic arguments in the analysis. Instead we choose
sequences (a;) C [1,00)N, (b;) C [1, )N and simply let S; = inf{t > T;+a; : X, € cl(B(0, 1))} and
T;11 = Si+b;, where (it)tzo denotes the process that is controlled according to the above strategy.
This implies that the i-th exploitation length is deterministically given by o; = b; and given
sufficiently strong recurrent behavior of the process the i-th exploration length is comparable to
a; in the sense that sup; E[7; — g;] < c0. Such recurrence properties will be enforced by the drift
condition below. Moreover, the strategy makes sure that at the start of an exploitation
period we have is,- € clB(0,1) c Q for any Q € ©(A, A, A). For the estimator of the reflection
boundary Q; in the i-th exploitation period, we only take into account the observations from the
last exploration period on the time interval [T;, T; + a;] by letting

pr(x) i=pia(x)Vp, x€RY

where p;, is the adaptive invariant density estimator based on diffusion data (i,)temnm] for
the parameter choice q = 2 in the construction of the stochastic bandwidth, and then set

Q; € argmin

1
() da Do; d o del d )
Qe@@,A,A)L}@(V)d)/([)f(y)p’(y) y+KlQPl(y) ( y))

Let us remark here that our choice to take only observations from the previous exploration
period into account is for technical reasons only because it allows us to exploit the simple regret
bound from Proposition[A.23|directly. In order to obtain an asymptotic sublinear regret, this will
require increasing exploration lengths, see the doubling strategy in Corollary[A.25] Alternative
strategies that are based on the full exploration history and that may allow to avoid long single
exploration periods would of course be desirable, but appear very challenging because of the
lack of appropriate renewal structures in the multivariate case. The following should therefore
be regarded as a verification result for the existence of a fully data-driven strategy that solves the
exploration-exploitation tradeoff. The development of strategies with more desirable properties
from a practical perspective will be left to future work.
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LetF = (7?})20 be the filtration generated by the controlled process X and set

b
Gy o= / FR)ds + 1Ty ~Ta),

as the costs on the time interval [a, b] associated to )~( where L is the local time on the reflection
boundaries during the exploitation phases and is set equal to zero during the exploration phases.
We also let C,(x, D) be the costs on the time interval [a, b] associated to a Langevin diffusion
Z*2 that is driven by a Brownian motion independent of F and that is reflected in Q and is
started in x. Denote by 7(x, D) its first hitting time of cl(B(0, 1)). Furthermore, we set n(T) :=
min{i € N : Z;Zl(aj + b;) > T} and note that

i
n(T)zmin{ielN : Z(Tj+0'j)2T}=min{i61N Ty 2 T}>minfie N : T, > T} —1,
=1

which in particular implies that S,(r)+1 > Tyr)+1 = T. For technical reasons, we assume that
the potential V satisfies the following drift condition: for some constants r, M > 0,

Vx| > M : (VV(x),x/|x]) > r. (A.17)

Due to the specific structure of the generator, it is well known, see e.g. [7], that the Langevin
diffusion then satisfies a Poincaré inequality [(PI)|and that its generator has a Lyapunov function
G > 1 that is locally bounded, is for some a, R > 0 given by G(x) = exp(alx]|) for all [x| > R,
and satisfies 7(G) < oo. This implies, see [38, Theorem 5.2, Theorem 7.2], that X is G-uniformly
ergodic in the sense that for some constant b > 0,

sup|P,g(x) — n(g)| < G(x)exp(=bt), xe€RY (A.18)
lgl<G

and that for any set B s.t. 14(B) > 0, it holds
T8
EX [ / G(X,) ds] < «(B)G(x), xeRY (A.19)
0

where c(B) is a constant depending on B and 75 is the first hitting time of B. We also need
some assumptions on the set of viable reflection domains (4, 1, A) that allow sufficient uniform
bounds in the following. More precisely, we assume the constants C’(Q2) appearing in Theorem
to be uniformly bounded in Q, that is,

sup C'(Q) < oo. (A.20)
QeO(AA,A)

Note that this assumption boils down to uniform lower bounds on the transition densities, cf.
Lemma [A.13] and uniform bounds on the maxima of the functions ¢q and their partial deriva-
tives described in Lemma[A.16] i.e., certain uniform regularity assumptions on the boundaries.
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Moreover, we also require a uniform upper bound on the transition densities in the form

sup sup  pi(x, y) < oo (A.21)
QeO(LAA) t21,(x,y)eQ?

From the Gaussian upper bound on p$(x, y) given in [92, Corollary 6.15] we know that there
exists a constant ¢(Q) such that fora.e. (x, y) € &’ we have sup,»; p(x, y) < c(Q). By continuity
of (x,y) = p(x,y) for any t > 0 it therefore follows that Sui)tzl,(x’y)eﬁz p2(x,y) < o for any
Q € O(4, 1, A). Verifying the uniform bounds and is highly problem specific and
is a difficult task with the tools available in the literature when @(, A, A) is infinite. Still, these
assumptions are not unreasonable provided that appropriate uniform regularity conditions on
the boundaries are in force. With this technical preparation we can prove our final theorem.

Theorem A.24: Suppose that the non-reflected Langevin diffusion satisfies and
and that its invariant density satisfies py € Hq(3 + 1, £). Assume also that f € L?(x),
f < G, that the initial distribution of the first exploration phase y satisfies p < 7 and
dp/dr € L*(rr) and that and hold. Then, the average regret per time unit is
bounded by

1 N C n(T) n(T)

?]E[CO,T] -J@) < ?< Z a; + Z bi‘I’d,ﬁ(ai)),

i=1

i=1

where C depends on «, f, | pl. and the constants from (A.20), (A.21) and Assumption[A.22]

Proof. Without loss of generality, let T > 1. Throughout the proof we write a < b if a < ¢b
for some constant ¢ that may depend on k, f, |pl« and the constants from (A.20), (A.21) and
Assumption [A.22] Using that the costs are nonnegative, we have

n(T) n(T)
E[Cor] = ]E[ Z CT,»,S,»/\T:I + E[ Z Csi,T,»ﬂ/\T] < Z E[Crs]+ Z E[CsnT,T1n7]
i=1

T<T S<T i=1

—

n(T) ~ _ n(D)-1 -~ . (A22)
< Y (B[Cot (R, RD] +E[Cy i, ., oy Kras RD]) + D E[Cop(Ks, Q)]

i=1

1l
—_

+E [CO,(T—S"(T))VI()N(S,[(T)’ Qn(T))] .

We start by bounding the second term, associated to the exploitation periods until the (n(T)—1)-
th episode. By conditioning on Fs, we see that

‘E [Co,bl(;(si, ﬁi)] - biEU(ﬁi)] ‘

1 (b ~ N
< b,-/ B / ]EX[F/ FXDds + KL% —](Q)]‘P(Xsl € dx,Q; € dD) (A.23)
oA) JelBo.p i Jo

< sup C(Q) < oo,
QeO(AL,1,A)
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where the last two lines follow from Theoremand (A“20). Observe now that on the previous
data collection interval [T;, T; + ;] the process X is equal in law to the Langevin diffusion with
potential V' started according to the law Py . For i = 1, the latter has, by assumption on ,

a Radon-Nikodym derivative wrt the 1nvar1ant distribution 7 that lies in L2(r). Extend the

transition densities p{* from Q° to RY x RY by setting p*(x,y) = 0 for x,y ¢ Q. Fori > 2, we
then observe that for any y € cl(B(0, 1)) we have

dP(X; € - o~ o
dPXr €y _ / / PR, P, € dx, O € dD)
dAg oA JaBoy

< sup sup  p(x,y) < oo,
QeO(ALA) t21,(x,y)eN?

where we used (A:21). Since the Lebesgue density of 7 is bounded away from zero on B(0, 1),
this now implies

sup | LD oy < oo, (A.24)

Proposition[A.23|therefore yields that

E[J(@") - J@Q)] < ¥ap(a).
In summary, the above estimates and the triangle inequality therefore yield

n(T)-1 n(T)-1
Y E[Con(Ks. Q)] S n(D+ Y. bi(¥apla) +J(Q)) (A.25)

i=1 i=1

We turn to the last summand in (A.22). Similarly to (A.23) we see that

’E [CO,(T—SW(T))vl(XS,,(T), ﬁn(T))] —E[((T = Syr) v 1)](ﬁn(T))] ‘

< sup C/(Q) < oo, (A.26)
QeO(LA,A)
and using and Proposition [A.23| we have
E[((T = Sury) v Q@) = J@ur)]] < bucryB[[1Q7) = T @) Az

< buny¥aa(an(r)-
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Combining (A.25), (A.26) and (A.27) we finally arrive at

n(T)-1
Z E[Cop,(Xs,, )] + E[Co 5,01 Ksyzy» Qu(r)]
i=1
n(T) n(T)-1
<n(T)+ Y b¥aplann) +J@)( Y bi+EIT - Sun)v1]) (A.28)
i=1 i=1
n(T)
<n(T)+ TJQ) + Y, bi¥ap(ar).

i=1

Let us now treat the exploration periods. Recall that since the unreflected diffusion satisfies a
Poincaré inequality, we have exponentially fast convergence of its semigroup in L(x). Since
moreover f € L2(rr), the combined statements of Theorem 3.1 and Corollary 3.2 in [[19] imply

that for f := f— u(f) and g := — fooo P, f ds, we have g € D(L) and

H At(f = n(fNXs)ds ’ < ct]V=Lgl?,

12(PT)

for some constant C that is independent of ¢ > 0. Using (A.24) and Holder inequality yields

[ Cua G, RY] — aun()| = [E[E%1 ] [ =m0 as]|

dP(Xr, €
/ e[| [ mmoxo ] FEEE 0 nan
d]P(le € )
<=, / (f = 2O,
<Cya.
It therefore follows by the triangle inequality that
n(T) - n(T)
> E[CooXp.RD] < D ay. (A.29)
i=1 i=1

Furthermore, using (A.19) and the assumption f < G, we can write

- Tel(B(0.1) -
E[C iz, Gnea K] = [ B[ [ 000 85 PRy € 00
P R 0

<SE[G(X144)].
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Now since )N(T[Mi has the same law as X, with X started according to the law IPXT. which, by
construction, is supported on cl(B(0, 1)), it follows from that
E[G(X7+a)] € sup  E[G(X,)]
xecl(B(0,1))
< n(G)+ sup |Po, G(x) = 7(G)| < 7(G) + ClGl oo ayy) <
xecl(B(0,1))

for some constant independent of i € IN. This allows us to conclude that

n(T)
3 B[ Frsa RY] < (76 + ClGlamory) (D (430
i=1

Taking together the bounds (A.28)), (A.29) and (A.30) proves the assertion. O

As a consequence, we obtain the following explicit rates for a strategy that doubles explo-
ration times and chooses subsequent exploitation times inverse proportionally to the nonpara-
metric estimation rate.

Corollary A.25: Let a; = 2’ and b; = a;/¥4p(a;) for i € N. For the corresponding
reflection strategy, given the assumptions of Theorem[A.24]it holds

(Re2fys,  g=y,

B+1
log T\ 35+1+d2
(1), 4>,

%E[&,T] —J@) <

The rate loss of the strategy’s regret per time unit relative to the static regret from Proposi-
tion [A.23| provides a natural analogue to the regret bounds from [28, Theorem 2.5] in the one-
dimensional case, even though the construction of the strategies substantially differs. Let us also
remark that doubling tricks in the strategy design that make sure that the number of episodes at
time T is of order log T, are commonly encountered in algorithms with verifiable optimal regret
rates for undiscounted reinforcement learning problems. For instance, the popular UCRL2 al-
gorithm in [5] recomputes policies as soon as the occurrence of a state-action pair has doubled.
Such strategies have the drawback of choosing suboptimal policies for arbitrarily long periods of
time (here, not reflecting at all), see [[17]. Recently, [[14] have proposed the regret of exploration
as an appropriate measure to capture such inefficiencies. It is an interesting and challenging
question for future work to adapt reflection strategies based on the nonparametric approach
advocated in this paper to such finer-grained performance measures.
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A.4 Numerical optimization

In this section, we present results showing how the objective function J() can not only be
evaluated but also optimized numerically when limiting the set of eligible reflection sets Q. Let
us remark that the computational costs of the methods presented grow very quickly in d (see,
e.g., Remark[A.27). This, together with the degrading efficiency of kernel density estimators, cf.
Theorem[A.21] suggests that what follows is mostly appropriate for low to moderate dimensional
problems. Corollary shows that, for known ¥ > 0,V and f, our problem for known
dynamics boils down to minimizing the functional

1
D> —— -V g / -V gyd-1(4
J: D [T <Lf(x)e X+K aQe (dx)

over Q. We are therefore faced with a shape optimization problem. For a general overview on
shape optimization we refer to [[34]. To approach our particular problem numerically, we restrict
ourselves to bounded domains that are strongly starshaped at 0. Specifically, we assume that for
any Q the boundary is given by

oD ={r(q)q : g € $*},

for some suitably smooth radial function r : $¢™' — (0, ) on the d-sphere S¢'. Rather than
optimizing over all such functions, we discretize the problem by considering N € IN points
placed uniformly (in a suitable sense, see Remark on the sphere, say {g;}¥, C S%°!, and
then approximating any star-shaped set Q by the polytope Q with vertices {p;}¥, := {r(g)q}Y,.
The surface 9Q) of the polytope Q can be triangulated into some number Ny € IN of facets, each
spanned by d of the vertices of Q, say, Pi,» Pi,s --- » Pi, for some suitable index set {iy, i, ..., i4}. Let
T denote the set of such index sets, and for I € T, let F; denote the facet spanned by {p; | i € I}
and S; denote the d-simplex spanned by {0} U {p; | i € I}. It then follows that Q = | J,.; S; while
0Q = Uy Fr, and so an approximation of J(Q) is given by

~ o) — 1 —V(x) —V(x) 94d-1
JQ)=J(Q) = —ZIEI /s, VO ; (Lf(x)e dx + K/E e H (dx)). (A.31)

Note that this approximation depends on r (and hence on Q) only through the N lengths {r;}
{r(g)}Y,, and hence we may consider J as a function of N variables, J(r) := J(Q). Gradient
based optimization schemes can now be used, since

aj(r 1
{3(r,~) = EIEXZ: (%(/Slf(x)e V&) dx 4+ K/F,e V) 3y l(dx)) —](r)a%( ./S, eV dx)),
(A.32)
where C=),; fSI e”"®dx,and I, ={I € T : i € I}. To evaluate these expressions, we use the
following theorem.

N .
i=1
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Theorem A.26: Let qy,...,qqs € S* ' and ry,...,r; > 0 be given and let p; = rq; for
i =1,...,d. Denote by S the simplex in RY spanned by the origin and the points py, ..., pg
and by F the facet of S opposite the origin. Finally, let Q denote the d x d matrix whose i’th
columnis ¢; and rpy € R the vector given by (rar); = [ 14 i The Then we have the following

for g € C(R,R):

() dx = )io ®) ¥t d (A33)
/g xX)ax = k 1 rk / / rry r r
[ 8001 @) = adi( @ / g(n®) y(e) at (A34)

where (1, ..., tg—1) = Hd 2 t1= and

d-2 d-1
Nty .o tim) = (A = t)pr + (1 — t)py + - + ( ti)(l — tg_)pi-1+ ( ti)Pd

i=1 i=1

Furthermore, fori = 1, ..., d, we have

air,» /S g(X)dx= kxl rk \QI / g(n@®) (@) dt, (A.35)

where J(tl, wostar) = (1 — t)Y(ty, ..., ti—1), and n; denotes n after swapping p; and p;.
Finally, if also g € C'(R%R),

g d-1 Trat adJ(QQT) r(;l;)t
87}’,- lg(X)H (dx) = m ,A)J)dfl g(f](t)) y(t)dt

Fldi@rl [ (e(n®).a)Fwdt (a30)

where (rr(;)t)] [T i for j # i and (rmt ;i =0.

The proof is given in Appendix

Remark A.27: While one can always use Theoremto evaluate J (5) for any chosen set of
vertices {g;}Y, C S%!, the approximation might suffer if these are chosen poorly. An in-
tuitive approach chooses vertices “uniformly” on the sphere, although better domain-dependent
choices may be possible. Here, “uniformly” is understood in the sense that the distances between
neighbouring vertices (i.e. vertices sharing an edge) should be approximately equal. Clearly, for
d = 2, this is possible to do exactly, however for d > 2 there are only finitely many N for which
this is possible (corresponding e.g. to the Platonic solids if d = 3), and so we must settle for



A.4. Numerical optimization 61

approximations. There are several different optimality criteria, and their solutions depend on
d, making it nigh impossible to implement for general d. Therefore, we propose the following
method which, while generally suboptimal in the goal of minimizing variation in inter-point
distances, generalizes easily to any d > 2. First, split the d — 1-dimensional hypercube [—1, 1]¢!
evenly into sub-hypercubes of length 2/(K — 1) for some K > 2. Then, each of these sub-
hypercubes is triangulated into (d — 1)! simplices using the standard triangulation scheme. Fi-
nally, this construction is rotated appropriately 2d times to cover the surface of [~1,1]%, and the
result is projected onto S4~! simply by normalizing. This results in a total of N = K¢ — (K — 2)¢
vertices and S = 2d!(K — 1)%! simplices to integrate over, showing that the curse of dimen-
sionality affects this problem immensely. As such, for large dimensions, one might prefer other
methods such as Monte Carlo integration for evaluating J(Q), see [73]]. However, such methods
do not give access to gradients and it is unclear how to construct meaningful derivative-free
optimization methods over shape domains for the given problem. Taking also account of the
various necessary optimization steps and multi-threading that come on top of the cost function
evaluations, our method is therefore feasible for small to moderate dimensions with the above
implementations. In particular, the summands in and can be computed indepen-
dently of each other and so if one were to implement these in practice, it would be preferable to
use a programming language that can utilize multi-threading efficiently, e.g. by using a GPU, to
speed up optimizations.

oo

Figure A.4: Illustration of our proposed method to generate points on S~', here with d = 3. Left: Initial point
generation and triangulation of the cube [—1,1]¢. Middle: Generated points on S%~'. Right: Approximation
polytope Q of Q.

When the dynamics of the process are known, that is we have access to the potential V,
the theorem allows us to find explicit expressions for the right hand side of and
given N points on the sphere and therefore to numerically optimize within the space of polytope
approximations to star-shaped sets via gradient-based methods. For the two-dimensional case,
strikingly simple expressions can be derived from this and, given sufficient regularity of the
star-shaped domain, the approximation rate in is at most of order 1/N.
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Corollary A.28: Let r € C2([0, 27, [7min> Fmax]) With 0 < 7min < Fmax < o0 be some periodic

radial function, and denote by Q C R? the set with aD = r([0, 271]) For any N € IN, let

2im 2im

ri = r(3%), ¢ = (cos ¥%,sin &%) and p; = r;g; and denote by Q C R? the simplex with
vertices {pl} i, Finally, forz =1,..,Nandt € (0,1), let n;(¢) = p; + t(pix1 — p;), where we
identify po = py and py+1 = p1. Then there exists a constant K > 0 such that

~ K
I@-J@) <+

where for p := exp(—V) we have the explicit representations

N 1,1
J(©) = é Z (sin %rirm/o [ (fP) (rnf () rdrdt + k| pis: — p,||/ ni (1) dt)

i=1

and

Q 1
a]a(ri) = % /0 (v B (n ) + v~ 050 (1)) dt
where
Y1) = (sin 2 ra ( (15 (0) = J@) = Klpis = pl{TV (55(1)), gip) (1 = 1) 4 ST,

and C = Z ; sin 57 r,r,ﬂfo [o (rr]i*(t))rdrdt.

The proof is deferred to the supplement. This now implies for d = 2 that for suitable admissible
domain families ® > Q, the infimum of Q — J(Q) over © is well approximated by the infimum
over the polytope approximations.

Corollary A.29: Let d = 2 and let © be the family of domains Q that are strongly star-
shaped at 0 and are identified byﬁC2 periodic radial functions rg : [0,27] — (0,00) such
that for some global constants 4, A, A,

A<rog<A and grr[loazx](|ré(9)| + 50 < A
€[0,27

Then, letting Qy be the polytope approximation of Q from Corollary it holds

| inf J(Qw) — inf J(Q)] S5, 1/N.

The proof is deferred to the supplement.
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Remark A.30: While a detailed analysis of the approximation error appears cumbersome in
higher dimensions, the approximation of J(Q) by J(Q) generally depends mainly on the ap-
proximation quality of r by 7 (where the latter denotes the radial function associated with Q),
in particular |r — 7l and ||Vr — V#]|e. Assuming r € C?, then by Lipschitz continuity, this is
again proportionally bounded by the d — 1-dimensional volume of the largest facet of the initial
approximation of S7!, i.e. the polytope spanned by ¢, ..., gn-

Numerical experiments and simulations

In what follows, we test the methods described above on a variety of choices of the potential
V, the cost function f and the reflection cost k. To this end, we wish to simulate the associated
reflected SDEs X* when Q is a polytope, so let us first discuss how this is carried out in prac-
tice. We utilize a standard Euler-Maruyama-type scheme with some alterations to account for
reflection, cf. [103]]. In particular, we initialize X, = 0 and Lé) = 0 and then for some A > 0 and
n € N, we first generate a proposal point
X?;S_}i)A = Xua — vV(XnA) A+ \/§§n+ls

where & ~ N4(0, Al;). Then, letting P, denote the projection operator onto Q, we set X(p41)a =
PQ(X?;:’E)A) and L%H)A =L + [ Xnea — X?;Tim |. When Q is a polytope, Pg can be constructed
explicitly as follows: first, clearly if x € Q, we have Po(x) = x. Otherwise, let F;, F,, ..., Fs be the
facets of Q and let pﬁl) be the j’th vertex of F,. Then the projection Pr(x) of x € D° onto F; can
be found by solving the quadratic program

inlx — D2 ; = ,
WmE}Rr}le Z wip;’|?,  subject to Z wi=1w >0,

to which standard numerical solvers are available. Then, choosing i*(x) € argmin|x — Pg(x)|,
we set Po(x) = Pp. (x). While, in theory, i"(x) may not be unique, we remark that the set
for which there exists several candidates is of dimension at most d — 1 and hence i*(sz(ﬁ) ) is
unique with probability 1.

In practice, a number of steps can be taken to make the simulation more efficient. Firstly,
when checking if x € RY is in Q, a simple first test is to see if |x| < rin, Where i, := sup{r >
0 | B(0, r) C D}. If not, there exists unique vertices p;(x), p2(x), ..., pa(x) such that these vertices
span a facet, say Fy(y), of Q and such that x is in their conical hull, i.e. x = Y, w;p;(x) where
w; > 0, and we have x € Q if and only if ), w; < 1. If the step size A is small, we have most
likely that either c(Xl(D;?fi) A) = ¢(Xpp), or that FC(XF:E)A) is a neighbouring facet of F(x,,). As such,
keeping track of ¢(X,a) enables us to quickly find ¢(x(n+1)a) with high probability and hence
check if Xgoj) A € Q. In a similar fashion, we have most likely that ¢(x) = i*(x) or that F(y)
is a neighbouring facet of F(), thence, if we accept a very small probability of error, we can
drastically reduce computation time by only considering the neighbours of F,,) and c(x) itself
when computing i*(x).
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While implementations ideally should make use of multi-threading, the following examples
are supposed to be proofs of concept, so that it was sufficient for our purposes to implement
the algorithms in R, a high-level language incompatible with multi-threading. We therefore
only discuss examples in dimensions d = 2 and d = 3, where visualization is also much more
straight-forward.

In the simple case of a pure Brownian motion, corresponding to e™" = 1, and given radially
symmetric costs f = ||, one expects the optimal reflection boundary to be a sphere centered
at 0. Optimizing the corresponding cost functional over the space of such balls only, gives the
optimization problem a parametric structure that can be easily solved analytically to reveal the
optimal ball to be Q* = B(0, *), where r* = {/(d + 1)k. It is now interesting to test our method
with regard to two questions: does the numerical optimization over the more general class of
star-shaped domains support our intuition by identifying a ball as the optimal reflection domain,
and if so, do we obtain a good approximation of the optimal radius r* = {/(d + 1)k as well? The
result for different choices of « is visualized in Figure giving an affirmative answer to both
questions. Curiously, it also appears in Figure that convergence towards an optimum is
actually faster for d = 3 than for d = 2 in this particular example. A possible explanation for
this is that while for d = 2, each vertex of the polygon approximation is connected to only 2
neighbours, for d = 3 each vertex is connected to 6. This results in each variable having a larger
impact on the objective function, which may lead to the gradient being a better estimate for
which direction is optimal for the objective.

Our method is also well-equipped for handling more challenging non-symmetric situations,
where it is hard to make an educated guess on the optimal shape. As such, we also test the
method on Ornstein—Uhlenbeck processes with strong correlation, in particular the processes

-1
dX$ = —MX? dt + V2dB, + n(X)dLy?, M= [0?9 Oig] ;

as well as a skewed cost-function, namely f(x, y) = \/x? + 5y2. The found approximately opti-
mal shapes can be seen in Figure Here, for each shape we take N = 50, k = 1 and use the
BFGS algorithm to find the optimal shape with starting values r; = 1 fori = 1, ..., 50. Figure[A.¢|
also shows simulations of the above reflected processes in these approximately optimal shapes
to asses the convergence of the realized costs towards the theoretical objective function. We
simulate the relevant processes with time-steps of 10™* until time T = 100 (but plot only until
T = 10 for visual clarity). The average realized cost in comparison to the expected average costs
are given in Table Repeating the experiment for Brownian motion, but with d = 3 (here,
we take the skew cost function as f(x, y,z) = /x? + 5y? + z?) reveals similar optimal shapes,

as seen in figure

For a more exotic example, we now test the effect of x on the optimal shape for different
cost functions f. In particular, in the following we let y; = (0,—2), y, = (2cos Z,1) and p3 =
(=2 cos £, 1) and consider as p the mixture distribution of three Gaussians with these points as
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0 1 . 2 8
Figure A.5: For each value of k, we use the BFGS algorithm (using the built-in R implementation optim)
to find an approximate optimal shape. To not bias the results towards a ball, we initialize the algorithm with
=1+ %Ui, where U; ~ Unif[—1,1] fori = 1,...,N (N = 200). Once the approximate optimal values
71, T3 ..., Ty are found, we plot the mean of these along with error bars with height of their standard deviation.
The standard deviations all being small indicate that the optimal shapes are approximately ball-shaped and
their means give an approximation of the optimal radius. For reference we draw a curve of the theoretical

optimal values r* = \/(d + 1)k. Finally, we also add a bar-plot illustrating the number of iterations of the
BFGS algorithm were needed to compute the shapes.

Brownian motion | Ornstein—Uhlenbeck
norm cost function 2.22 (2.31) 1.18 (1.15)
skewed cost function 2.83 (2.91) 1.66 (1.74)

Table A.1: Average realized costs vs. expected average long term costs (in brackets)

means, i.e.

_ 2 _ 2 _ 2
p(x)“exp(_w>+eXp(—u)+exp<_w).

We then consider for a variety of values of k the two cost functions f = || and f(x) = min{|x —
il = pi2], | x — ps ||} and plot the results in ﬁgure Note that the second cost function does not
satisfy argmin f = 0, so while it does not fit exactly into the general framework of this article,
we include it here since it illustrates the interplay between p, k and f fairly well. As intuitively
expected, for the norm cost function it appears optimal to reflect near each of the three modes of
p, revealing especially for larger k a triangular-like shape. For the other cost function, it appears
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Figure A.6: Simulated optimal shapes and corresponding path realizations of reflected processes. Top left:
Brownian motion with norm cost. Top right: Ornstein—Uhlenbeck process with norm cost. Bottom left: Brown-
ian motion with skewed cost. Bottom right: Ornstein—-Uhlenbeck process with skewed cost.

that essentially a merger of three balls around the three modes is optimal. This might, however,
be an artefact of our searching only through shapes that are star-shaped at 0. It might in fact be
the case that J(Q) has three distinct minima centred around the three modes of p.

Finally, we wish to numerically assess the effectiveness of the methods discussed in Section
i.e. when the density p is unknown. In particular, we consider the Ornstein—Uhlenbeck
process X in R? governed by

X
dx, = —1—(; dt + V2 dB,,

and simulate data from this model until time T,,4 for increasing values of T,,q4, corresponding to
increasing periods of exploration. For each simulation, we then estimate the invariant density p
(here a normal density) via a time-discretized version of the kernel density estimator as well as
its gradient Vp via the gradient of the kernel estimator. In particular, for simulated observations
Xnas 1 =0, ..., Tena/A (here we take A = 107%) we use the following estimates:

Tend/A Tend/A
plx) = Kn(x —Xn), and Vp(x) i= ——— Y VKp(x — Xpa).
P Tend/A nZ:O " P Tend/A nZ:O "



A.4. Numerical optimization 67

Figure A.7: Optimal shapes for Brownian motion with reflection cost k = 1 and cost function f = |-| (left)

and f(x,y,z) = Jx* + 5y% + 22 (right).

r

o
o

3

Figure A.8: For each k, we plot the optimal shape found by the BFGS algorithm, where p is a mixture of three
Gaussians with means at the points marked in red. Left: Norm cost function, f = ||. Right: Cost function
f(x) = min{lx — pul, Ix = pel, lx — psf}-



68 Article A

Here, for numerical simplicity, we take K to be a standard normal den51ty and hy = hy =

1
Finally, setting f = || and x = 1, we use Theorem[A:26|along with (A:31) and (A32) to obtam
a data-driven estimate of J(Q) and VJ(Q), which we then optimize as before with the BFGS

algorithm. The results are shown in Figure [A.9]

Tena

[ ]s0

[ ] 10
[ ] 200
[ ] 400
BES

1600

Figure A.9: Estimates of the optimal shape (black) using kernel estimates after increasing periods of explo-
ration. Notably, after only T = 150, the estimated optimal shape has an associated cost only 0.61% higher than
the true optimum.

A.A Proof of Theorem

Proof. We first note that 5 is simply repeated linear interpolation. That is, if L(¢;x,y) = x +
t(y — x) for t € (0,1) and x, y € R%, we have

n(ty, ..., ta1) = L(tl;PhL(tz;Pz,L(%;Pa )))

As such, for any point x € int F, there exists a unique ¢ € (0, 1)? such that 7(t) = x, and similarly
for any y € int S, a unique r € (0, 1) such that rp(t) = y. As such, to verify (A:33) and (A.34),
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we only need to show that the functions

d

ety (TTn)loly®r", and ¢ adi(Q Dl ¥i(2),

k=1

denote the Jacobian and Gramian of (r,t) — rn(t) and 7, respectlvely To this end, we introduce
the following notation: let t; =0, T; = 1and set T; = H tjfori = 2,...,d. Then we may write

n(t, .o ta-) = zi:l T,(1 — t;)p;, whereby

tdl)—zﬁﬁTJ(l—tj)Pf—TfPi> i=1...d—1
ti , yeeey >

0 n(t, ...,
— s tg—1) =
atirn( 1 d-1) r(

while of course %rr] = 5. From this it follows by determinant properties that the Jacobian of
(r,t) — rp(t) is given by

d—1

geol=r (111 )(f[f)m Py,

i=1 b i=1

where P is the matrix whose i’th column is p;. Noting then that P = diag{ri, ..., r;}Q whereby
|P| = (I_[Z:1 r)|Q| shows (A.33). To show (A.34), we note that since F lies in a d — 1-dimensional
hyperplane, say H, we may embed it in R%~! by an isometry ¥ : H — R4~ with ¥(p,) = 0.
Specifically, ¥ can be constructed as x — ¥’ (A(x - pl)), where A is the rotation matrix such
that the d’th coordinate of Ax is 0 for all x € H, and ¥’ : RY — R?*! simply discards the
last coordinate. Then, integrating a function g over F with respect to H?! is equivalent to
integrating g o ¥~ over ¥(F) with respect to the d — 1-dimensional Lebesgue measure. Now,
since ¥(F) by the above construction of ¥ is a simplex in R%~! consisting of the origin and d — 1
other points, say p1, ..., p;_,, it follows by the above,

1 _ o d—1
[oertwa=e [ e (@) or aar

where ’ similarly is linear interpolation between p7, ..., p}_;, ¥’ is the d — 1-dimensional equiv-
alent of ¢ and P’ is the (d — 1) x(d — 1) matrix whose i’th column is p/. By some elementary sub-
stitutions and renaming of variables, we may write in an abuse of notation ¥~!(r1/(t)) = n(t)
and ¢/(t)r*! = y(t). Finally, to find |P’|, we see

IP’| = (d = D41 (¥(F)) = (d = D!Aa—1(F),

where we use that ¥ is an isometry and hence preserves volumes. This scaled d — 1 dimensional
volume is given by the square root of a Gram determinant, i.e. the determinant of the (d — 1) x
(d — 1) matrix G whose i, j’th entry is (pis1 — p1, pj+1 — p1). Such matrices enjoy the property

T e Rl R
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where 1 € R? is the vector of all 1’s. Furthermore, the Cauchy-Binet formula yields that
2 T 2 d+1
5] 5] 1= Zeer
k=1

where P is the matrix [P-r 1] " with the k’th row removed. Thus, we have |P/| = , '22:1 |P()2,
since the d + 1’st term of the above sum corresponds exactly to |P|>. Now, by the recursive for-
mula for determinants, the determinant of P®) is given as the sum of cofactors along the d’th
row (since this row is all 1’s). But removing the d’th row and j’th column from P® is exactly
the same as removing the k’th row and j’th column from P, whereby

d d
PO = Y0 PE] = S0 (T )I0%)] = (adj @ i
j=1 J=1

I#j

where P denotes P after removing the k’th row and j’th column, and similarly for Q. From
this, it follows clearly that |P’| = |adj(Q")r:atl, as desired.

To show , leti € {1,..., d} be fixed and consider now for some small h the simplex Sy
with a vertex at the origin and at the points py, ..., pi_1, %pbpm, ..., pg. Since either S C Sy
or Sy C S, the symmetric difference S 2 Sp, is another simplex with vertices at py, ..., pg and
% pi. Assume without loss of generality that S C Sj. Shifting the coordinate system so that
pi lies at the origin, we get a simplex with a vertex at the origin and at the points p; — p;, p2 —
Diseees %pi, ..., pa — pi- Note that by properties of the determinant, we get

h
= 2P|

Ti

[[pr=p pe=pi = Epi = pa=p]

Using this and (A.33), we find that

A,, glx)dx — lg(x)dx = lh\s glx)dx

=h(Hrk)IQlll/(01)dl g(rmin(®) + pi) Y8 dt dr,

k#i
where, using the same notation as earlier,
h
Nin(tys ooy ta1) = T(1 = ti);Pi + Z T;(1 = t)(pj — po)-
i J#i

Dividing by h and letting & — 0 (implicitly using dominated convergence and the continuity of
g), we thus find

o [ewac=(TTn)iel [ [ elnao+p)rtyaear. aan

k=i
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Noting that

d-1
N T-t)= YT - Tp)+ Ta =T — (T — i) = 1 - T(1 — t),

j#i j#i
we find
roio(ty, .o tamt) + pi = ”( Z T;,(1—t;)(p; — Pi)) + Di
J#i
r( Z Ti(1—t))p; — (1 - T(1~- tz’))Pi) + pi
j#i

r’](tl’ sees td—l) + (l - r)pi’

which together with yields

1
9%1' Ag(x)dx N ( H rk>|Q| A A),md—l g(rr;(t) +(1- r)Pi)rd_1¢(t) dtdr.

k=i

At this point we remark that changing the ordering of the points py, ..., ps yields the same
simplex, and so J(Q) is independent of the ordering. Hence, swapping p; and p; and changing 7
to ; has no influence on J(Q), and going through the above calculations again with this change
(effectively setting i = 1), we arrive at the same result. Thus, changing n to 1; in the above, we
see

d—1
roi(ty, ., ta-) + (A =r)pr = A = rt)pi + rt(1 = t)pa + -+ + rtl(H tj)Pd = ni(rty, ..., ta-1).

Jj=

Thus, making the substitution u = rt; in the above integral, we get

1 . .
. _ ) ,.d-1 _ ‘
/0 /(0 ,I)Hg(ml(t”(l p:)riy(t) dtdr /0 /(0 e A g(mi(ut)) y(u, t)dudt dr
1
:/ /g(ﬂi(U,t))¢(u,t)(1—u)dudt
(0’1)5172 0
- / g(n(@®) y(t) dt,
(0’1)(1—1

which shows (A.35). Finally, follows from the fact that

(d( T) rat)T(i. d( T) rat)
2 adi(Q el = - TR @ P = 2 ) (5 2@ )

ri ladj(QT)rratl
_ raadj(QQNr)
ladj(Q)ral
and that a%n,—(tl, wstie1) = (1= t)g;. O
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Statistical guarantees for denoising reflected diffusion models

Asbjern Holk, Claudia Strauch and Lukas Trottner

Abstract

In recent years, denoising diffusion models have become a crucial area of research due to their
abundance in the rapidly expanding field of generative Al. While recent statistical advances
have delivered explanations for the generation ability of idealised denoising diffusion models
for high-dimensional target data, implementations introduce thresholding procedures for the
generating process to overcome issues arising from the unbounded state space of such models.
This mismatch between theoretical design and implementation of diffusion models has been
addressed empirically by using a reflected diffusion process as the driver of noise instead. In
this paper, we study statistical guarantees of these denoising reflected diffusion models. In
particular, under Sobolev smoothness assumptions, we establish rates of convergence in total
variation which, up to a polylogarithmic factor, match the minimax lower bound. Our main
contributions include the statistical analysis of this novel class of denoising reflected diffusion
models and a refined score approximation method in both time and space, leveraging spectral
decomposition and rigorous neural network analysis.

Keywords: diffusion models, score-based generative models, reflected diffusions, minimax
optimality, deep neural networks

B.1 Introduction

Deep generative models (DGMs) are a broad class of models that train deep neural networks
to generate synthetic samples from a target distribution representing a given training data set.
Examples that have shown tremendous empirical success in the last decade include the classes
of Generative Adversarial Networks (GANSs) [4, |491 (88l |136]], Variational Autoencoders [[64] and
normalising flows 93] 100, [115]. Most recently, dynamic generative methods, which work by
learning the reverse dynamics of a forward noising process that gradually evolves the original
data distribution into a simple and easy-to-sample-from distribution, have gained much traction
in the machine learning community. The most prominent class of such models are Denoising
Diffusion Models (DDMs) in discrete and continuous time [55}/104}/106}|107]], which add Gaussian
noise to the data and for which the backward dynamics is determined by the gradient of the log
likelihood of the forward marginals, also known as the score. The score is intractable as it
depends on the unknown initial data distribution and therefore needs to be learned, which is
why these models are also referred to as score-based generative models.

These models have been adapted and improved for enhanced efficiency and performance in
numerous applications. However, the statistical theory for standard DGMs is still under active
development with many basic questions left unanswered. The statistical theory for GANs is
perhaps the most mature among DGMs, with significant efforts in the recent past [20, 23} |75}
97} 1102} 109} |110} |119] to build a minimax theory that, among other things, draws on deeper
connections to optimal transport theory [24}128].
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Related work Starting only recently with the seminal paper [89], the study of statistical con-
vergence guarantees for standard denoising diffusion models has experienced rapid growth in
the past two years. For denoising diffusion models in RP that transform data into noise via a
forward Ornstein—Uhlenbeck process, [89] prove total variation and Wasserstein-1 rates that
match the minimax lower bound over Besov classes up to log factors for the total variation and
arbitrarily small polynomial loss for the Wasserstein-1 distance. Their assumptions on the initial
distribution with density po can be summarised by three key components:

(i) po is compactly supported on the D-dimensional hypercube [—1, 1]P;
(ii) po is bounded away from zero on its support;

(iii) po has Besov smoothness of order a away from the support boundary (where « is al-
lowed to be sufficiently small to not necessarily imply continuity of p,) and is infinitely
differentiable close to the boundary.

These assumptions provide a natural starting point from a statistical perspective, since they al-
low one to easily control certain quantities in the approximation analysis that would otherwise
obscure the central mathematical ideas. However, these assumptions have practical limitations
since, in many empirical applications, data distributions tend to be multimodal and extremely
high-dimensional. Consequently, the resulting optimal rates, derived in terms of the ambient di-
mension D, often do not align with the empirical success of diffusion models in generating high-
quality samples in such complex scenarios. This gap has motivated recent studies to extend these
results to cases where data distributions are constrained to lower-dimensional structures, align-
ing with the widely held manifold hypothesis, which suggests that popular high-dimensional
training data sets are supported on lower-dimensional manifolds. [22], [118] and [6]] have ex-
panded the analysis to such structured settings, refining the rates in Wasserstein-1 distance and
providing theoretical foundations for understanding the adaptivity of DDMs to low-dimensional
structures.

Our contribution Our work offers a different type of extension: we provide statistical con-
vergence guarantees for denoising reflected diffusion models (DRDMs). This class of generative
models was introduced and empirically implemented in [80]], motivated by the observation that,
in practice, the implementation of the generation process of standard DDMs relies significantly
on the incorporation of thresholding procedures to prevent the backward process, which has
unbounded state space, from exiting the permitted range of target samples (say, e.g., tensors
containing bounded RGB values of pixels in an image). Since such thresholding procedures
have no theoretical justification in the design of unconstrained diffusion models, [80] suggest
using reflected diffusion processes on bounded domains Q as the forward noising process and
demonstrate competitive performance to state-of-the-art models with comparable training and
inference times. Specifically, [80]] implement a time-changed reflected Brownian motion as for-
ward model, which yields a uniform ergodic distribution on the bounded domain Q that is used
as initialisation of the backward generative process with learned score obtained by denoising
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score matching, see below. We also refer to [[45]] and [46] for related work on constrained diffu-
sion models.

To help the reader quickly identify the main technical novelties and to place our results in
the context of the existing literature, let us briefly summarise core contributions of this paper:

— We derive an explicit upper bound on the expected total variation distance between the
data distribution p, and the distribution induced by the DRDM with estimated score, with
a resulting convergence rate which matches the well-known minimax lower bounds over
Sobolev classes up to logarithmic factors.

— We derive a spectral characterisation of the time-dependent score function for reflected
diffusions generated by self-adjoint operators with Neumann boundary conditions, yield-
ing an explicit representation amenable to statistical analysis.

— We construct a calibrated neural network approximation scheme for these spectral score
representations, combining truncation of eigenexpansions with space-time interpolation
to balance approximation accuracy and model complexity.

— We analyse how the semi-explicit nature of transition densities in the reflected setting
impacts score estimation and show how the resulting approximation and estimation errors
can be controlled despite the absence of closed-form Gaussian expressions.

Having outlined these contributions, we now describe the construction and analysis of the re-
flected denoising dynamics in more detail. Time-reversal of the forward noising process mo-
tivates the formulation of the backward generative model, which under suitable regularity as-
sumptions is again given by a reflected diffusion whose drift is determined by the score function

(1) = Viog pi(x),  p(x) = A 4:(, ) B(X, € dy),

where ¢;(x, y) are the transition densities of the reflected forward diffusion and P(X, € -) is
the data distribution. Since the latter is unknown, the score must be learned from a given i.i.d.
data sample (Xo;)i=1...n, Which, similarly to the unconstrained diffusion case, is implemented by
minimising an empirical version of the denoising score matching loss

T
[ [ s0n0-7, gt atx )P € dx)dy s,

in a class of feedforward ReLU neural networks S 3 s, where T — T € (0, T] is the stopping time
of the backward reflected diffusion. By the equivalence of denoising and explicit score matching
[129], it therefore becomes crucial to precisely calibrate the neural network class in terms of the
number of observations n, the dimension D and the smoothness « of the data to balance the
explicit score approximation error

seS

T
min/ /|s(x, t) — Vlog p;(x)|*p,(x) dx dt
T Ja
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and the complexity of the class S, measured in terms of its covering number w.r.t. the supremum
norm.

While the approximation analysis for standard diffusion models with Ornstein-Uhlenbeck
forward noising process [6| 22, 89, [118]] can rely on the explicitly known Gaussian transition
densities g;(x, ), this situation dramatically changes in the reflected model, where the transi-
tion densities are at best semi-explicit and need to be numerically approximated. We choose a
forward reflected diffusion with self-adjoint weighted Laplacian V - fV subject to a Neumann
boundary condition as a generator, which provides us with a space-time spectral decomposition
of the transition densities of the form

q:(x,y) = Z e lei(x)ei(y), t>0,x,y€Q, (B.38)

Jj=0

for eigenpairs (¢}, e;) jew, of =V - fV with known growth behaviour.

The statistical estimation of the conductivity f based on such reflected diffusion data has
been recently studied for low- and high-frequency observations in [85] and [56], respectively. In
the low-frequency statistical setting, the computational challenges arising from the semi-explicit
nature of have been subsequently analysed in [[48]]. Let us note that, for the specific choice
of f = 1/2, the generator is given by ] A and thus yields a reflected Brownian motion as a forward
model. Up to a time change, we therefore cover the reflected diffusion models implemented in
(80]. Independently of our choice for the heat conductivity f: RP — [ fiin, %) C (0,00), the
forward noising process has a uniform ergodic distribution from which we sample to initialise
the backward generating process. The conductivity f(x) controls the speed at which the forward
process diffuses around x, with larger values pushing the process faster towards equilibrium, but
also increasing the oscillation of the eigenfunctions e; around x. This implies a tradeoff between
the convergence speed of the forward model and the approximation difficulty of the backward
model. For some potential V : R — R we could also consider the generator Ay := e"V-e7V fV
with Neumann boundary conditions instead, resulting in a normally reflected forward diffusion
with stationary distribution uy o e~ and a spectral decomposition as in with respect to
the dominating measure py(y)dy, see [85]. For the particular choice of f = 1/2, this yields a
reflected (overdamped) Langevin diffusion process. Our general approximation approach, which
is described below, could be adapted to this scenario. However, in the context of generative
modelling, we are primarily interested in a stationary forward distribution that is easy to sample
from. Aslong as the domain Q is sufficiently nice, this is clearly satisfied for the uniform ergodic
distribution in the model considered here, but it is generally difficult for space-dependent choices
of V, which require sampling from py o ™V via MCMC methods, which are expensive in the
dimension D. From a practical perspective, it is therefore quite natural to consider reflected
diffusion models with uniform stationary distribution.

To get a grasp on the neural network approximation of the score obtained from (B.38), we
impose assumptions on the data distribution P(X, € -), which in the technical setting of [85]
provide a natural analogue to the three essential conditions assumed for the data distribution in
the statistical analysis of unconstrained diffusion models alluded to above. More precisely, let
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H?(Q) be the class of compactly supported Sobolev functions of order « on Q, where we extend
any function ¢ € H*(Q) to Q by setting ¢|sq = 0. We assume that

(H0) there exist a nonnegative function py, € H¥(Q), for @ € N n (D/2,0), and pyin > 0 such
that P(X, € -) has a density py : Q — [pmin, %) given by py = Py + Prmin.

This simplifying assumption provides a strictly positive lower bound ppi, > 0 on the data dis-
tribution, while at the same time avoiding boundary issues associated with reflection thanks to
Po € H¥(Q)/R and guaranteeing Holder continuity of py by the Sobolev smoothness condition
a>D/2.

These conditions are directly comparable to the assumptions made on the data density p, in
[89]):

— in their unconstrained model, they allow the noising and denoising processes to leave the
support [—1,1]” and assume a lower bound po|_1;p > Pmin > 0. We enforce the support
constraint by restricting the generative model to Q = supp p, and therefore assume p, =

P0|§ 2 pmin > 0.

- [89] assumes Besov smoothness py € By for & > (1/p — 1/2) v 0, with the additional
restriction that py is arbitrarily smooth near the boundary. Since H* = Bf,, our Sobolev
assumption on pj is more restrictive, and our requirement that & > D/2 implies continuity
of po. For the particular case p = g = 2, however, [89] impose no restrictions on the
smoothness parameter « > 0. We enforce arbitrary smoothness close to the boundary in
a specific way by modelling p, as the shift of a compactly supported function on the open
domain Q.

Given the preceding discussion, our focus in this paper is therefore not to optimise our initial
data assumptions with regard to what is observed in practice for popular data sets. We rather
opt for a set of conditions that shares common principles with previous studies for standard
DDMs, but allows us to highlight the central mathematical ideas for score approximation in
the reflected setting and to develop a fairly compact approximation theory that we regard as a
versatile starting point for future statistical investigations.

Given[(H0)] the score can be written as

Ym0 e po, €j)12Ve;(x)
Yitoe ipo, ejhrre(x)

s(x, t) = Vlog pi(x) = x€Q,t>0.

Our neural network approximation strategy is then broken down into the following steps:

1. truncate the series representation of p;(x) at j = N to obtain an approximation hy(x, t)
and corresponding truncated score V log hy(x, t), where N needs to be appropriately cho-
sen depending on n, & and D;
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2. for an appropriately chosen discrete set of time points {#}, use the spatial smoothness of
hn(x, t;) induced by the Sobolev smoothness of py to obtain an efficient neural network
approximation of hy(:, t;), based on general approximation results from [[114];

3. approximate the space-time function hy(x, t) by constructing a neural network approxi-
mation of the time interpolation of the neural networks from Step 2., where the interpo-
lation degree is adapted to the parameters N, @ and D.

All steps require a careful calibration of the approximation parameters and accordingly the neu-
ral network sizes, which is made possible by a precise analysis of the different levels of numeri-
cal errors induced by our stepwise approach. These techniques may be of independent interest
since they are applicable to generic spectral decompositions of semigroups associated to self-
adjoint Markov generators. In particular, this is potentially relevant for extending the statistical
analysis to the unifying class of denoising Markov models that has been recently introduced in
[12], see also [99]]: following our previous discussion of generalised reflected forward models
with self-adjoint generator Ay = e"V - fe"VV and associated spectral decomposition of the
transition density ¢;(x, y) relative to the invariant density yy o eV, for a general self-adjoint
Markov generator A with invariant distribution y and eigendecomposition (¢}, €;) je, in L*(p),
the unknown forward marginals that are needed to express the backward generator in denoising
Markov models are decomposed as

pe(x) = Z e "po, ep)rx( €j(x).

Jj=0

Thus, under appropriate assumptions on py and controls on the eigenvalues and eigenfunctions,
as well as with detailed knowledge of the invariant distribution y, a neural-network approxi-
mation of the space-time function p;(x) and functionals thereof appears plausible, using the
general strategy introduced in this paper.

This strategy allows us to determine an explicit calibration of the neural network class S, the
forward terminal time T and the backward early stopping time T — T, such that for the empirical
denoising score loss minimiser 5, in this class of neural networks, we obtain the convergence
rate R

E [TV(pO,fasT"{)] < n~ %0 (log n)*(log log n) /2.
Here, Z)f denotes the density at time ¢ of the backward generating reflected diffusion that has
drift term determined by 5, and is started in the uniform distribution on Q. This establishes
an expected total variation convergence rate (up to small log-factors) for denoising reflected
diffusion models that matches the well-known minimax lower bound over Sobolev classes [[133].

Organisation of the paper The paper is structured as follows. In Section[B.2] we provide the
necessary technical background on denoising diffusion models. Here, we briefly outline the fun-
damentals underlying standard unconstrained DDMs, before providing a precise mathematical
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framework for denoising reflected diffusion models. Section [B.3|introduces the exact specifica-
tion of the score estimator via denoising score matching and the associated generative model.
We then present our main result, Theorem|[B.31] with the remainder of the paper dedicated to its
proof. The proof preparation proceeds along three sections. In Section we present the basic
error decomposition of the expected total variation risk and establish bounds on the first two
sources of error, arising from early stopping and the initiation of the backwards generating pro-
cess in the invariant uniform distribution on Q. The score matching error as the last component
of the error decomposition is discussed in Section [B.3] before in Section [B.3} we construct the
neural network approximation of the score that allows us to optimally bound the score match-
ing error. Section is then dedicated to proving Theorem based on the results of the
previous subsections.

In the concluding Section we discuss our findings and highlight promising directions
for future research, motivated by the insights and limitations of this paper.

Notation For an open set Q and « € IN, we denote by H*(Q) the Sobolev space of functions
having weak partial derivatives up to order a in L%(Q). We denote the inner product and cor-
responding norm on L*(Q) by (-, -)12(q) and ||12(q), or simply (-, -);2 and |-|;2 if the domain Q is
fixed and there is no room for confusion. |-| denotes the Euclidean norm on R” for any D € N,
and for a function f : X — RP for some space &, |f]x = sup .y|f(x)| is its supremum norm.
C%(Q) denotes the space of functions with continuous partial derivatives of order & in Q, and we
let C*(Q) = Nen CH(Q). For B € (0,1], C®#(Q) is the space of f-Holder continuous functions
on Q. For 1 < p, q < e0 and puin > 0, Bj () denote the usual Besov spaces on Q, cf. [123] for
details.

B.2 Theoretical background

Before introducing our framework for DRDMs, we first recall the basic ideas of unconstrained
diffusion models.

Based on observing a finite number of samples corresponding to an unknown distribution
po on R?, DDMs provide an iterative generative algorithm to create new samples that approx-
imately match the target distribution py. The general idea is to find a stochastic process that
perturbs p, to a new distribution pr in such a way that 1) pr or a good approximation thereof
is easy to sample from, and 2) the perturbation is reversible in the sense that we know how to
simulate the time-reversed process. In an idealised setting where we have access to the exact
specifications of the backward dynamics, samples from p, can be generated exactly by first sam-
pling from pr and then running the backward process. However, these dynamics must naturally
adapt to the information contained in the unknown p,, so the true backward dynamics must be
estimated from the data.

In the framework of DDMs, this perturbation is done via an SDE, i.e., for some fixed time
T > 0 and suitable drift b : [0, T] x RP? — RP and diffusion coefficient ¢ : [0, T] x RP? — RP*P,
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we consider the forward model
dX[ = b(ta Xt) dt + O-(t’ XZ) dBZs te [0’ T]9 XO ~ po,

where B = (B;):e[o,7] is a standard D-dimensional Brownian motion. Under sufficient regularity
conditions [3| 53], the forward model has a solution X = (X;):e[o,r] With marginal densities

(pt)tefo, such that the time-reversed process f(t = X7_s, t € [0, T], solves
dX, = =b(T — t,X)dt + o(T — £,X,)dB,, t € [0, T],Xo ~ pr> (B.39)

for some Brownian motion (B, )0 r) and drift b : [0, T] x RP — RP given by

bi(t, x) = bi(t, x) - Z pt(x)oyk(t )op(t,x)], i=1,..,D.

Z( )]kl

Thus, the time-reversed process solves a time-inhomogeneous SDE, with drift —b(T —-,-) and
diffusion coefficient (T — -, -).

In many practical implementations as well as in the statistical studies [6} 22, |89} [118], the
diffusion coefficient is set to o(t, x) = y(t)Ip for some scalar function y, which implies that the
forward model is given by a (possibly time-inhomogeneous) Ornstein-Uhlenbeck process with
explicit transition densities and the backward drift becomes

b(t,x) = b(t,x)— yz(t)Vlog pi(x),

where Vlog p; is referred to as the score of the forward model.
Substituting this into (B.39), we obtain the dynamics

dX; = (= b(T = £, X)) + yX(T = t)Vlog pr_i(X,)) dt + y(T — t)dB, t € [0, T], X, ~ pr,

of the backward process. Then, when t — T, the density of X, approaches py, so that simulating
the reverse process generates new data samples corresponding to the target py.

While we are free to choose the coefficients of our forward process (i.e., b and o), the score
function Vlog p; depends on p, and hence needs to be estimated from the data, which is referred
to as score matching.

Reflected generative diffusion models RGDMs follow the same generative principle, but
constrain both forward and backward dynamics to a bounded domain. To avoid some techni-
calities, let us assume that Q C RP is an open, connected and bounded set with C* boundary
0Q. We consider the reflected time-homogeneous forward model

dX, = b(X,)dt + o(X;)dB; + v(X;)dL;, Xo €Q,
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with smooth and bounded coefficients b : Q — RP, 6: Q —» RP*P and conormal reflection
determined by

D
v(x) := %a(x)n(x) = % Z(o.,i(x), n(x))o.(x) >0, xe€Q,

where a := g0 is assumed to be uniformly elliptic.

Here, n is the inward unit normal vector at the boundary 9Q, and the process (L;);»o is
the local time at 9Q, which is a nondecreasing continuous process of bounded variation that
increases only when the solution X hits the boundary, ie., L; = fot 150(X;) dL almost surely.
Because of the conormal reflection, the boundary local time can equivalently be characterised
by

1 t
L; = lim - / 1(0Q)F(Xs) ds, (B.40)
>0 £ fo

where (0Q), := {x € RP : dist(x,dQ) < ¢}, and the limit holds both in L? and almost surely,
uniformly on [0, T], cf. Cattiaux [18} Proposition 1.3].

The boundary reflection process L; := fot »(X;) dL; reflects X in a conormal direction when-
ever it hits the boundary 9Q, thus constraining the state space of the diffusion to the compact
set Q.

The process X is a time-homogeneous Markov process with transition semigroup (Qr)r>o
determined by transition densities (g;):»o, given as the fundamental solutions of the PDE with
conormal Neumann boundary condition,

%u(x, t) = Au(x,t), (x,t) € Qx(0,T],
%u(x, =0, (x,t) € 9Q x (0, T],

where A is the second-order differential operator given by

D 1 D
A= bi(x)ox + 5 > a;(x)9505,.

i=1 i,j=1

We denote the density of the forward process at time ¢ by py, i.e.,

pi(x)dx = P(X, € dx | Xo ~ po) = /5 () Oy, dx)dy = /§ 2 (e ) dyds, xeQ.

Similarly to the unconstrained model, Cattiaux [[18, Theorem 2.5] shows that time-reversion of
the reflected diffusion process yields a time-inhomogeneous reflected diffusion process, whose
drift is reminiscent of the unconstrained model.

More precisely, letting XT = ()(_(t)[e[o’]‘], )(_(t = Xr—¢ and LT = (Co)eqor)s Le = Lt — Lr—ss
t € [0, T], there exists a Brownian motion BT = (Bt)tefo,7) W.Lt. an enlargement of the natural
filtration generated by XT such that X7 solves

dX, = —b(X,) dt + o(X,) dB; + v(X,)dL,, X, ~ pr. (B.41)
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on [0, T), where b : [0, T] xQ — RP is given by

d
_ 1 d
bi(t,x) = bi(t, x) - > a—[pt(x)crik(t,x)crjk(t, )], i=1...d
k=1 9%j

Pt(x) i

Note that, by definition, LTis nondecreasing, has bounded variation and satisfies
p— [ «~ —
L, = / laQ(xs) dl—s
0

for t € [0, T], i.e., LT is the local time at the boundary of the backward process XT.

A fundamental requirement for diffusion generative modeling is a precise understanding of
the limiting behaviour of the forward process to evaluate the required run time of the forward
process for the backward initialisation to be a sufficiently good approximation of the true termi-
nal forward distribution pr. To this end, we choose b = Vf and o = \/ﬁﬂdxd for some potential
f: RP — | finin> 90) C (0,00). To avoid technicalities, we assume that f € C*(Q) and that the
smooth and bounded domain Q is also convex. This enables us to remain within the technical
framework of [85]], which provides useful technical results required for our analysis. With our
choice of coefficients, the time-homogeneous forward dynamics are described by the divergence
form L2-generator

A=V fV=(f,V)+ fA (B.42)

with core
HMXQ) :={p e H(Q) : 9¢/dv =0 on IQ}

for v = fn, corresponding to the constrained SDE

dX, = VF(X,) dt + \2f(X,) dB, + v(X,) dL,. (B.43)

Note that the ellipticity condition f > fpin > 0 implies that the conormal Neumann boundary
condition (v (x), Vo(x)) = g—f(x) = 0 for x € 9Q is equivalent to a normal Neumann boundary
condition, i.e., H}(Q) = HX(Q).

Thus, both the reflected forward and backward SDEs exhibit normal reflection at the bound-
ary, and induces a space-dependent scaling of local time that ensures that the occupation
limit holds true. Moreover, the specific choice f = 1/2 yields a normally reflected Brow-
nian motion.

By the divergence theorem, it follows that the invariant distribution of the forward Markov
Aplg
p(Q)°
there exist orthonormal eigenpairs (£}, e;);>o of the nonnegative operator —V - fV satisfying
0=1+{ < f <& < - and obeying the Weyl asymptotics ¢; = j2/P !

and ¢ = —=7,1 and
(ej)j21 C HVI(Q) n L(Z)(Q) such that

process X is the easy-to-sample-from uniform distribution on Q, ie, p = Furthermore,

Ap(Q)?

@(x.y) =Y. e lei(x)e(y), xyeQ

>0
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See Nickl [85} Section 3] for a detailed discussion of these properties.
Because f € C*(Q), Nickl [85, Corollary 1] yields the bounds

lejlene < 6% = ¥4, =1,
lejlo < j7, forany r >1/2.
This implies the smoothing property that, for any bounded initial density p,,
-y _42/D
Il < Ipoleo - e “lejlsllejlie < Ipoloe™ ™ j7/4 < 00, 1> 0,
Jj=>0

for arbitrary r > 1/2. By the Sobolev imbedding theorem, we therefore have p, € C*(Q),
regardless of the smoothness properties of py, and we can identify the weak derivatives of p,
with its classical derivatives. The SDE (B.41) governing the backward dynamics becomes

d)((_t = (vf(i—(t) + Zf()?z)v log pT—t(S—(t)) di + Zf()?t) dB, + V(S_(t) di,,

with initialisation X, ~ pr. Thus, even though the diffusion coefficient is state-dependent, the
particular interplay between drift and diffusion coefficient ensures that the backward drift is
fully determined by the forward drift and the score (x, t) — Vlog p;(x), as in the unconstrained
Ornstein—Uhlenbeck forward model with state-independent diffusion coefficient.

By the spectral decomposition of the transition densities, the score is explicitly given by

ijo e po. €;)1:Vej(x)
z]'ZO e~ tl (pO’ ej)L2 ej(x) '

which will be instrumental in analysing the score approximation properties of neural networks
underlying the algorithm described in the next section.

Vlog pi(x) = x€Q,t>0, (B.44)

Neural network classes We will construct an estimator of the score via minimising the de-
noising score matching error in an appropriate class of neural networks. For doing so, we in-
troduce parameterised classes of neural networks with ReLU (Rectified Linear Unit) activation
function.

In particular, for any b, x € R™, let

U(xl - bl)
oy () = | 7 . b)), o(y) =y Vo,
G(xm - bm)

and denote for L e N, W e NI*2 Se Nand B> 0 by ®(L, W, S, B) the class of neural networks
with depth (i.e., number of hidden layers) L, layer widths (including input and output layers) W,
sparsity constraint S, and norm constraint B. We thus consider functions of the form

o(x) = Aoy, AL—10p,_, -+ A10p, AgX,
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where A; € R"#>Wi b, € RWirt fori = 0, ..., L (to ease notation, we always set by = 0), and where
there are at most a total of S non-zero entries of the A;’s and b;’s and all entries are numerically
at most B. In an abuse of notation, we denote ¢y simply by ¢. This can be written succinctly as

Apoy, AL 10y, Ajap, Ag | A € RW Wi b e RWi,

®(L,W,S,B) i={ &
> Ao + 160 < S, Jnax }("Ai"oo vV |bils) < B

i=0

B.3 Generative modelling with reflected diffusions

Denote the true score by so(x, t) := Vlog p;(x), and assume we are given samples (Xo;)ie[n] iid

po. For a hypothesis class S of neural networks with ReLU activation function, to be exactly
calibrated later, and s € S U {s,}, we define

T
Lyx) i= / /, 150, ) = 7, log g, )P au(x, ) dy di
e (B.45)

T
—E[ [ 150t 1)~ 7, log gx. XF | Xo = ]
T
where T is the terminal runtime of the reflected forward process and T € (0, T) is such that we

run the reflected backward process, which is initialised with distribution V"(Q2), until T—-T.We
then denote the empirical score matching loss associated to s by

~ 1 <
Ls,n = ; Z Ls(xo,i),
i=1

and we define the empirical score minimiser by

5, = argmin I/:M. (B.46)
seS

We let X’ be a solution of the reflected SDE

dX; = (VX)) + 2f(X)s(X’, 1)) dt + J2 f(X})dB, + v(X})dL;, tel[o,T~-T],

_ _ (B.47)
X, ~U(Q),

for some Brownian motion (B;),e[o 7] and local time (L), 7] at the boundary 9Q, and we

denote its density at time ¢ by p$. Here, the initialisation Xf;" ~ U(Q) and the Brownian mo-

,,,,,

the backward process driven by the score estimate §,. In particular, Z)%I is the density of the
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generated data obtained from stopping the backward process early at time T — T. Assessing
the quality of the generated samples therefore boils down to analysing the distance between the
distribution induced by p, and the (random) distribution induced by Z)%T.

In this paper, we use the total variation distance as the divergence measure. For two prob-
ability measures P, Q on Q with Lebesgue densities p, g, the total variation distance is denoted
by

TV(p, q) = TV(P,Q) = sup [P(4) — Q(A)|.
AeB(Q)

Our main result is the following,.

Theorem B.31: Assume that py = Py + pmin for some nonnegative p, € HZ(Q) and
Pmin > 0, where @ € N n (D/2, ). Let

_ 2a
T < n FeeDd  and og n,

= (o4
T-— %

where f =1ifa>D/2+1,f=a—-D/2ifa € (D/2,D/2+1) and for « = D/2+ 1, § can
be arbitrarily chosen in (0, 1).
Then, there exists a class of neural networks

S = {se®(L(n), W(n),S(n),B(n)) : s, o < C(t™*v1)vt € [T,T]},
for some global constant C > 0, with network sizes

L(n) < lognloglog n,
[W(m)lw < n%5 (log n)’,

S(n) < n%(log n)’, and

B(n) < nfen),

such that, for S, given by (B.46), it holds for n large enough that

]E[TV(pO,f)%_T)] < n~ 7 (log n)*(log log n)'/2. (B.48)

The proof of this theorem is prepared in the following sections. There, we will always work
under the assumption on p, from the theorem, that is, we assume

(H0) there exist a nonnegative function p, € H2(Q), for « € N n (D/2, ), and pyin > 0 such
that py = Do + Pmin»

without further comment. Note that since @ > D/2, the Sobolev imbedding theorem yields the
continuous imbedding H*(Q) < C*(Q), where f is defined depending on & and D as stated in
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Theorem Thus, we may consider p, as a continuous function such that there exist some
Holder constants f € (0,1], ¢z € (0, ), fixed throughout the rest of the paper, such that

lpo(x) = po(M < eplx =y, xyeq. (B.49)

Error decomposition

Let p; be the density at time ¢ of the solution to the SDE with initial condition Xy ~ pr
(independent of the data (Xo;)i=1...) replacing X(S) ~ U'(Q). In particular, we then notice that

s bl

pi’ = pr_, and therefore p22 . = pr. Asfor unconstrained diffusion models, cf. [89], the triangle
inequality for the total variation distance then implies the error decomposition bound

E[TV(po, p_ )] < TV(po, pr) + TV(P(X € - | Xo ~ po), U'(Q) 550
+E[TV(P}_p Py )]
The generalisation error therefore splits into three separate error contributions:

1. the first term represents the error induced by stopping early the backward process ini-
tialised by the true forward terminal density pt at time T — T;

2. the second term is the error associated to starting the backward process in its stationary
distribution instead of pr;

3. the third term quantifies the error coming from running the backward process with the
drift determined by the estimated score §, instead of the true score s;.

We start with controlling the first two terms before treating the most challenging score approxi-
mation error. The early stopping contribution to the error decomposition is controlled via small
time heat kernel bounds for the transition densities in the following lemma.

Lemma B.32: There exists a constant C depending only on f, D, Q, # and cg such that

TV(po, pr) < CTP?,  T<1

Proof. Fix 0 < t < 1. We need to show that %Hpt — polr < CtP/2. To do so, note that the

reversibility of X implies the symmetry of its transition densities. Hence,

pi(x) = /PO(Y)‘][(% x)dy = /po(y)qz(x, Ndy =E[po(X) [ Xo=x],  x€Q
Using the Hélder continuity stated in (B.49), we therefore obtain

|p:(x) = po(x)| = [E[po(X0) = po(Xo) | Xo = x]| < sE[IX; = Xl | X = x],  x€Q.
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Furthermore, by Davies [[29, Corollary 3.2.9], we have the small time Gaussian heat kernel bound

Ix — yP
t

1
qt(x,y)scomeXp(—Cl ) X,y €Q,

where Cy, C; > 0 are constants depending only on f, D and Q. Thus, for x € Q,

o=
ElX— X’ X0 =x1 = [ aGonlr = dy < Gy [lr=sexp (-2 ) a
D

Next, note that
lx — yI? Iyl
[2|x—y|ﬂexp<—C1 ty )dy£/|y|ﬁexp< Cl—y )dy
]RD

= KD/ phrp-1 exp( Cl—)dr
0
K p+D _f+d e B+D
=25 C, ° / uz e "du
2 0

B+D

= Cth,

_p+D
where kp is the surface area of P~ and C, = %’Cl 2 F(ﬁJ’TD). Finally, since Q is bounded, the
result follows by setting C = ¢3CyCyAp(Q)/2. O

The error contribution from starting the backward process uniformly on Q is controlled
in terms of the spectral gap ¢; of A defined in (B.42), which can be lower bounded by ¢; >
Jmin/ Cp(Q), where Cp(Q) is the Poincaré constant of the domain Q.

Lemma B.33: It holds that

TV(P(XT € - | Xo ~ po), U'(Q)) < D( )”PO”L 4T T >,

Proof. Let t > 0.
The Cauchy-Schwarz inequality implies that

1
TV(P(X; € - | Xo ~ po), U'(Q)) = 5[)|pt(x) - ool dx

< «MDZ(Q) <[2|Pt(x) _ AD}Q)|2 dx)l/z




92 Article B

By the spectral decomposition of g,(y, x), it follows for ai := (p,, ex);> that

[1p- it ax = [| F eata ax

k>1

— Z ai o2t
k>1

< Ipolze™",

where we used £, = 0, ¢y = Ap(Q)™/? and Ap(Q)/?ay = {po, 1)z = 1 for the first line and
orthonormality of (ex)i>o for the second one. This yields the claim. O

We now move on to the treatment of score approximation error in the next section.

Score matching error

In this section, S denotes a generic neural network class that shall be exactly calibrated at the
end of the section for our score approximation purposes. Recall that the score estimator § =5,

is defined according to (B.46).
By Girsanov’s theorem, cf. Theorem and Pinsker’s inequality, the third term in the
decomposition (B.50) is controlled by

(;E[/TT/Qf(x)G(x, t)—v1ogPt(x)|2pz(x)dxdt})1/2 B31)

- (]E[ /T ! L 150x, ) — Vlog pi(x)2py(x) dx dt])l/z,

where we used that 0 < fiuin < f(x) < | flg < oo forall x € Q.

The key to bounding this term is the equivalence between explicit and denoising score
matching, i.e.,

T
/ / 150y, 1) — V1og pu(y)pu(y) dy dt
T Q

! 2 (B.52)
= A /Qz‘s(y’ t) - Vy lOg qt(x, y)| %(X, y)po(x) dx dy dt + C

=E[L,(Xo)] + C,

where

T T
C= A /Q|Vlog pi(MPpi(y)dydt — /T- /QZ|Vy log q,(x, Y)I*q:(x, y)po(x)dx dy dt <0
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is a constant that is independent of s. Note that is valid in our reflected diffusion model
by the same arguments as in [[129], see also the proof of Lemma C.3 in [|89].

Using (B.52), the generalisation loss can be bounded in terms of the minimal score
approximation error over the class S and the complexity of the induced function class £ :=
{Ls : s € S} for a desired precision level §.

Theorem B.34: Suppose that sup g 1[Lslo < C(£) < o0. Then, for any § > 0 such that
N(L,|]q, 8) > 3, it holds that

JE[AT[J?(;(, 1) — Vlog p:(x)pi(x) dx dt

T
<2 inf/ /|s(x, t) — Vlog p;(x)|*p,(x) dx dt + 2@ (g log N' (L, |-lo, 6) + 160)
SES T Q n 9

+58.

The proof of this theorem is in principle the same as that of Theorem C.4 in [89]], but let us
emphasize that larger numeric constants appear in our statement. Apart from a few simple
typos in [89], the main reason for this is a small gap in the proof of Oko, Akiyama, and Suzuki
(89, Theorem C.4], which has recently been pointed out in [132], and which requires fixing.
More precisely, [89]] claim that the excess loss satisfies

E[(Ls(Xo) — Ly, (X0))*] < C(L)E[Ly(Xo) — Ly, (Xo)],

which is unjustified because Ly(x) — Ly, (x) is not necessarily non-negative pointwise. This is
not dramatic however, since we can show that instead

E[(L;(Xo) — Ly, (X0))*] < 4C(L)E[Ly(Xo) — Ly, (Xo)], (B.53)

holds, i.e., the bound from [89] is true up to a universal multiplicative constant that does not
matter in an essential way for the remainder of the proof.

Using the terminology of [10]], shows that the denoising score matching excess loss
satisfies a Bernstein condition, which for a variety of problems in the empirical risk minimisation
literature has been identified as a crucial ingredient to obtain minimax optimal convergence
rates for empirical risk minimisers. For reasons of reproducibility in other modelling contexts,
we prove in Appendix [B.B|in a general Markovian framework.

To deal with the stochastic error in the upper bound, it is essential to control both the uniform
loss upper bound C(L) and the covering number N'(L, ||, ). The size of the networks from
the generic class S which is required to have a sufficient bound on the approximation error

T
inf/ /|s(x, t) — Vlog p;(x)p;(x) dx dt
T Ja

seS

translates directly into covering number bounds on M'(L, ||, 8), as the following result shows.
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Lemma B.35: If for any ¢ > 0, sup,.s|s(~ )|o < C(S)(t7/2 v 1), for some finite constant
C(S), then there exists a constant ¢, depending only on D, f and Q, such that, for any § > 0,

N (& Har 8) < N (S, Moz ses57)-

~

Proof. For 5> 0, let s;,...,sy : RP > Rbe a S-net for S w.rt. "'”Qx[LT]- Denote hy(x; y,t) :=
s(y, t)=Vy log g:(x, y) for s € S. Let s € S, and choose s € {sy,..., sy} such that | s—s'|g 77 < 6.
Using definition and the inequality ||h| — |hs]| (x; y, t) < |s — §’|(y, t), we obtain

T
Ly~ Lyl(x) < / ﬁ Il = |hyf?
T Jo

T
- /T /5 gl = el Gy, ©) (] + [l G y. Dau(x, ) dy d

T
<15 S loge A /ﬁ (Bl + Iho]) (s 2 DauCe y) dy dt

T T
<5( [ spsuplstzildr+ [ [19,1og i ladr ) dyar)
T T Q

seS zeQ T

< S(C(S)T+/TT[;|VJ, log q:(x, y)lq:(x, y) dy dt).

(x; y, ) q(x, y)dy dt

(B.54)

Using Ouhabaz [92, Theorem 6.19] and symmetry of g;, we obtain for some constants C,y > 0

only depending on D, f and Q,
[) 1V, log g:(x. y)la:Cx. ) dy = /Q 1V, q:Cx )l dy

- /Q 1V, 0y, )] dy

< Ct 121t
This shows that ,
| [ ogate vlat ndys 1 (8B.55)
T Jo
Furthermore, as in the proof of Nickl [85, Proposition 3], we have
sup |qu[(x’ y)‘ < Z jr+1/Defctj2/D, >0,
(x,y)eQ? j>1
for some constants ¢ > 0, 7 > 1/2, showing also that
(B.56)

T
/ /|Vlog q:(x, V)|gi(x, y)dy dt < 1.
1 Ja
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Plugging (B.55) and (B.56) into (B.54), it follows that {L;, : i € [N]}is an gcC(S)T—covering of
L w.rt. |-|q, where ¢ is some constant depending only on f, D and Q. This implies the claimed
result. O

For the uniform loss upper bound C(L) we again need to deal with the challenge of not
having access to a simple analytic expression for the transition densities ¢;(x, y). While upper
and lower heat kernel bounds are available for ¢, and its gradient under specific assumptions on
the domain, these are not sufficient to yield appropriate pointwise estimates for the log-gradient
V,q:(x, ). Instead, we exploit that for our purposes it suffices to have (time)-integrated bounds.
The basic idea is best illustrated for the particular case of a constant diffusivity f = 1. Then, the
generator of the forward process is just the Neumann Laplacian A on Q which implies that for
any t >0and x,y € Q

qut(X, y) = orqi(x, ),
because g;(x, y) is a symmetric fundamental solution to the Neumann heat equation. Further-
more,
Ayaixy)
q:(x, y)

which together with the above establishes the fundamental relation

Ay log qi(x,y) = — |V, log q:(x, y),

|V, log q:(x, Y)|2 — 9 log q:(x, y) = —A, log qi(x, y),

between spatial and temporal log-gradients. Based on this observation, the famous Li-Yau esti-
mate [74] establishes that for f = 1 it holds that

d
[Vy log gi(x, y)I* — 9;log qi(x, y) < 2

This result could be directly used for f = 1 to establish the bound in the following lemma, but
if f is not constant the situation becomes a bit more tricky. While we may always interpret
Af = V- fV as a weighted Neumann Laplacian on the manifold & equipped with a Riemannian
metric induced by the Riemannian tensor associated to f, corresponding Li-Yau type estimates
from the literature [9,|98] require the validation of certain curvature conditions on V- fV, which
may be hard to check for specific choices of f and Q. To circumvent this problem, we follow
a more elementary approach, which is however still based on the type of reasoning outlined
above.

Lemma B.36: Assume that T < 1and T > 1. If for any t > 0, sup,glsC, Do <
C(S)(+7/2 v 1), then

sup |Lla < (C(S)* v 1)(llog T| + T).
s€SU{so}
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Proof. Let s € S U {so} and x € Q be arbitrarily chosen. By the assumption on the uniform
temporal growth of s, and using that [, q:(x,y)dy =1

T
Lo <2( [ [ 08 +17, g )F it ) dy )
T T
sC(S)Z/l t*lvldt+/l Alvylogqt(x,y)lzqt(x,y)dy
T
< C(S)*(log T| + T) + /I /Q [V, log q:(x, )’ qi(x, y) dy.

To bound the remaining integral involving the log-gradient of the transition density, we first
observe that V,, - fV, log g;(x, y) satisfies

v t( > )
Vy - fVylog qi(x,y) =V, - f(y)%
_ Yy fYatey) o Vg )P
= ey f) PYERYE

Since g;(x, y) = q:(y, x) is a fundamental solution to the elliptic PDE (V- fV—9;)u(y, t) = 0 on
Q with Neumann boundary conditions, we can write

Vy fqut(x y) B z%q[(x )
/Q/l qt(x y) qt(x y)dtdy // qt(x ) t(x, y)dydt

=9, log qz(x y)

T
—// 2:q:(x, y)dtdy = 0.
QJT

Combining these two observations with 0 < fiin < f(3) < |flg < oo for all y € Q, and denoting
the generator by Ay = V- fV, we obtain

Vyq:(x, I y)I? _ T .
/ / q:(x, y)? q:(x, y)dydt = /I [z(vy FOVy log g:(x, y)q:(x, y) dy dt

T
- / / ((Af + 9,)log qi(x. y))au(x, ) dy dt
T Q

T
—]Ex[/ (Af +9,)log q,(x, X;) dt
T

= E*[log qr(x, X1)] — E*[log g7(x, X7)].
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Noting that ¢,(x,-) satisfies the Neumann boundary condition at 9Q, the last equality is a con-
sequence of It6’s formula, by which
log qr(x, X7) — log gr(x, X1)
T T
= [ @ aplogatxxodr+ [ EFORVIog aix X, dey)
T T
T
v [ @ logar X v0x) d,
T

=0

where the expectation of the stochastic integral is zero because (y, t) = [/ f(¥)V, log ¢:(x, y)|
is bounded on Q x [T, T], which follows from the lower bound

inf  g(x,y) >0, (B.57)

t>10,%x,y€Q

for any t, > 0, see, e.g., Itd [60, p.166], and the space-time smoothness of (¢, x, y) — ¢:(x, y) on
the compact set Q x [T, T]. We finish the proof by noting that for some constant C, the upper
heat kernel bound

2
X — —
%), t>0,x,y€Q,

q(x,y) < P2y exp ( -C

from Davies [29, Theorem 3.29] yields

sup log gr(x,y) < — log T,
x,y€Q

and, moreover, (B.57) implies inf, 5 g7(x,y) > ¢, for some constant ¢ not depending on T, T
since T > 1. Putting these bounds together, we conclude that

E*[log gr(x, X7)] — E*[log gr(x, Xp)] S 1 +log T,

V
t

and therefore also



98 Article B

Bounding the approximation error

Before going into details, we first outline here our general strategy for bounding the approxi-
mation error:

1. approximate the true score by truncation of the spectral decomposition hy, i.e., approxi-
mate V, log p:(x) by V, log hn(x, t);

2. approximate hy and V, hy by neural networks on [T, T] via

(a) dividing [T, T]into sub-intervals of increasing length, totalling a number of intervals
on the order of log N;

(b) on each sub-interval, fix a number of time-points {t}, also on the order of log N,
and at each of these, make an approximation of hy(t;) and V,hy(%;) using existing
results;

(c) extend these discrete approximations to the entire sub-interval using polynomial
interpolation;

(d) combine approximations on each sub-interval into one final approximation via a
partition of unity;

3. combine the first two steps, along with general results on neural networks, to achieve a
neural network approximation of V, log p;.

At this point, we comment on how and why our approximation strategy differs from those in, for
example, [[89]]. The authors there assume a Gaussian transition kernel with a density that is com-
paratively easy to approximate using neural networks. The difficulty then lies in approximating
the initial density p, and the convolution of the two. By contrast, in our spectral composition,
the influence of p, enters the function only as the weights (po, e;)2. The growth of these weights
encodes the smoothness of p, and thereby influences the truncation parameter N but they need
no approximation by neural networks. Thus, the difficulty lies instead in approximating the
eigenfunctions e; themselves. One might think that one could use existing results, e.g. from
(101} 114], to approximate each e; and the individual time components ¢ + e'% separately,
and then sum them together. However, using these existing results, the sparsity constraint of
each summand would be of order at least N, and thus the sparsity constraint of the network
as a whole would be at least N2. This is problematic, since, according to Oko, Akiyama, and
Suzuki [89, Lemma C.2], the sparsity constraint enters exponentially in the covering number
of the associated class and, consequently, by Theorem B.34] linearly in the generalisation error.
This is why we employ a different strategy: we approximate the entire sum at fixed time points
and use polynomials to interpolate between them over time. This ultimately gives us a sparsity
constraint of order N Poly(log N). Following this general strategy, we can prove the following
score approximation result.
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Theorem B.37: Let 0 < T < T and n € N sufficiently large be given with T € Poly(n™?).
Then, there exists a neural network ¢, € ®(L(n), W(n), S(n), B(n)) satisfying

/ ' / |os(x, ) =V log pi ()|’ pi(x) dx dt < n" =5 (log n)X(T +log(T™)).  (B.58)
T Jo

The size of the network is evaluated as

L(n) < log nloglog n,
[W(nle < Mn7 log n,
S(n) < Mnﬁ(log n)?, and
1
Jn 1

B(n) <
(WS iV

where M € O(|log ;D
Furthermore, the network can be chosen such that there exists a constant C < oo de-
pending only on p, and Q such that |p(x, t)| < % forall t € [T, T] and x € Q.

As alluded to above, the idea is to break up the score approximation error by using the spec-
tral score representation (B.44) and to reduce this to the problem of approximating V log hny(x, t) =
Vhy(x,t)/hn(x, t), where, for N € N and ¢ € [0, T], the truncated series hy(t) = hn(-, t) is given
by

N
hn() i= > e po, ej)ree;. (B.59)

=0
It will then be crucial to choose the cutoff value N of the right order in terms of n to balance
the tradeoff between the error incurred through the truncation procedure and the increased
approximation quality of Vlog hy in terms of neural networks for smaller N. Our analysis will
demonstrate that for the desired approximation accuracy n~%/?**D)_the choice N = nP/@«+D)

is appropriate.

Step 1: Bounding the truncation loss We start by considering the approximation properties
of hy and V,hy. To this end, let us introduce the homogeneous Sobolev space of order « that is
induced by the eigendecomposition of =V - fV via

H(Q) = {$ € Li(Q) : 19l = ) (¢ ep)fr <o}

21
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Lemma B.38: It holds that

T
I, tpe = Ol 8t < 1pu = N

Proof. Arguing as in Nickl [85, Proposition 3], we see that p;, hy(t) € H*(Q) for any k € N.
Since p; — hn(t) € L2, Nickl [85, Proposition 2] shows that p; — hy(t) € H'(Q) and |p; —
hn@lg: = Ipe = hn (D)l Thus,

T T
A ”pt - hN(t)"?—[l dt < A "Pt _ hN(t)"%l dr

T
-5 [t
T

>N+17L

< Z (Po, €))7z

j>N+1

As py € H*(Q)/R, it holds p, — ﬁ € H*(Q)/R n L3(Q).
Furthermore, by Nickl [85, Proposition 2], we have H*(Q)/RnL: ¢ H*(Q) and |@|g= = | Pl ;e

for ¢ € A*(QY), implying that |po — o5l = Ipo — 11y e

Using this and ¢; = j2/P, it follows
Z <p e >2 < Zj‘;(l)o’ ej)%zjza/D _ 23021<p0 - AD%Q)’ ej>i2j2a/D
0, €)1z < =
JECT (N + 1)2/P (N + 1)pe/P (B.60)
< lpo — 7y i N 2/P.
O

This result allows us to study the approximation quality of (a truncated version of) Vlog hy.

Proposition B.39: It holds that

L

where

vth(x’ t)

2
In(e. D)V Do < 1+ Yp2% log(THN2/P
hN(x, l’) V Pmin pz(X) dxdt < C(pO)( + tq )pmm Og(f )N s

VX lOg p[(x) -

C(po) = Ipollel po = 7y Nz (1 + I polre).

Proof. Symmetry of the transition densities implies that for any ¢ > 0, x € Q,

pi(x) = / 2@y, x)dy = / 2o(a(x 1) dy < Ipole / 4. 9) dy = [polee
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and, similarly,

pt(x) 2 pmin-

It follows that

T Vth(x, t) 2

/1’ /valogp,(x)—ihb](x’ DV prm pi(x)dxdt
T vth(t) 2
< o Vil -
<lpolo [ [oetogp - O
T Vpe — hn (D)2 T pi— (hn () V puoin) |2
< s —_—— x
< 2lpol </1 15 oo d”ﬁ e v ey e )

1 T 1 T
< 2||P0||oo<T / |Hvx(Pz - hN(t))HEZ dt + —— / ”|Vth(Pt —(hn(t) Vv pmin))|”i2 dt>'
Pmin JT Pumin JT
(B.61)

By Lemma |B.38] we obtain for the first term

T T
[V (pe = x|, dt < pis [ Ipe — hn(DI: dt
T T

Piin Jr (B.62)

< po = sty e PrmiaN 2P,

To bound the second term, note first that

oo

_2¢; 1 2
Ipr = st e = ) €2 8 po, ep)fe < n > 6o ey = 2P0 = @ e

j=1 >1
2 1 2
= ;"Po O HHD! < oo, t>0.

Therefore, for any i € [d],
103 pele =195 (pr — )i < Ipe — gyl = Ipe — gy e
1 1
< ﬁ"PO - m"Hﬂ-
Since a > D/2, the Sobolev imbedding theorem yields

supds, pele S t7*Ipo — 1t e
i€[d]
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Consequently, for N as above,

T T4
[1:xp:(pe = () V puwin)|[5 At < 1po — i lre [ ~pe = (D) V prin)lZ dt
. s@ e [

T

1
<tpo— sl [ {lpi =l

T
1 _
= lpo— el [ 7t Y (e

J=2N+1

14 T
S\Ipo—mII;aN‘Z“/D<A ;dt+/1 e“’ltdt)

< 1po = st (1 + 1/6) log(T N >/P,

(B.63)
where we used and that |p;(x) — (hn(x, £) V pmin)| < |pr(x) — hn(x, £)| since p:(x) > Pmin-
Combining (B.61), (B.62) and (B.63) yields the assertion. O

Step 2: Approximation of truncated score by neural networks Given the previous result,
it remains to show that (the truncated version of) V, log hy with hy as defined in can be
well approximated by a neural network whose size is quantified in terms of N.

To this end, we will make repeated use of the following fundamental observations about
compositions and parallelisations of the type of ReLU neural networks introduced in Section
[B.2|that we are dealing with.

First, we observe that the concatenation of such neural networks is itself simply another
neural network. In particular, if ¢; € ®(L;, Wi, S1, By) and ¢, € ®(Ly, Wa, Sy, By) are such that
War,+2 = Wiy, then @1 o 93 € ®(Ly + Ly + 1, W3, Sy + S,, B, V By), where

.
Wi = [War Wap = Wapa Wi Wiz o Wina| .
In general, if for some k € N, ¢; € ®(L;, W;, S;, B;) fori = 1,..., k, then

k k
Q10 Qg0 o Pk ECD(ZLi—i-k, W[Cka]t,ZS[, max Bi),

pa = i€f1,....k}

where I/V[C,f‘]t is defined recursively as above. Similarly, if ¢, ¢, are as before but with L; = L, =
par

L, we can parallelise the two into one network ¢35 € ®(L, W3, S; + S5, B; V By) such that

A% y) = [p1(x) (pz(y)]T for x € R"1 and y € R"21. The simplest way to construct this is
using block matrices, i.e., by
[Al,L—l 0 ]
o

(ppar — Al,L 0 o
L2 0 Ag 11

0 AZ,L bl,L

bar

bi1

Al,l 0 . Al,O 0
0 AZ,l bl,l 0 AZ,O ’
baa

bar-1
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which would mean W}3' = W, + W,.
However, if ¢; and ¢, share some inputs (i.e., if the first, say, m € IN entries of x, y are the
same), then the rightmost matrix in the above may be altered to

I, 0 0
Ay 0|0 Iwym O
0 Agol|l|lln 0 o |

0 0 vy, —m

whereby (W3 )1 = Wy + Wy — m instead. Again, this can of course naturally be generalised
to k networks of equal depth, where we then have

k
(PFa]r € CD(L W b Z Sk,_rrllax}Bl), (W[F]’S’)j = Z W, for j > 1.
i-1

par

with the vector [1 --- 1] from the left sums the
entries of (p k] | without changing the size of the network substantially, whence

Finally, note that multiplying the network ¢,

k k
Zw, ecp(L wim, k+ZSk,1v max B,), (Wg™; = > W for 1< j < k.

iefl, i=1

For larger and more complicated neural networks, their exact sizes are often unavailable, and
we only have access to their asymptotic sizes. Due to this, we also introduce the following class
of neural networks that eases network size analysis in the proofs that follow,

With this notation, we have for arbitrary networks ¢; € 5(Li, W, S;, By, i = 1,2, that ¢, 0 ¢, €
E)(Ll + Lz, W1 \Y Wz, Sl + Sz,Bl \Y Bz) and (pll);r € a(Ll \Y Lz, W1 + Wg, Sl + Sz,Bl \Y Bz)

With this class established, we can begin to approximate V, log hy with a suitable network.
We do this by approaching the problem in smaller pieces, first noting that, for t > 0 and x € Q,

Nle i(po, €j)12Vxej(x)

Vi log hn(x,t) = .
AD(Q) + 2j=1 “i(po, )12 €;(x)

Thus, in order to approximate V, log hy, we need to be able to approximate products and quo-
tients of functions. Such approximation results already exist in the literature, see, e.g., [89,/101]
1211/134]], but here we give slightly stronger versions with optimised neural network sizes, which
lead to improved convergence rates (in terms of log factors). More detailed statements and their
proofs are given in Appendix but for our purposes the following will suffice.
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Lemma B.40: For m € N and C > 1, there exist neural networks (pﬁ“h € (TD(m, 1,m, C) and
@™tD € ®(m, D, Dm, C) satisfying

|(p$ult(x’ y) _ xy| < szm’ x € [0, ]], A [_C, C],

and
|<p$“lt’D(x, y)—xy| < vyDCc2™, xe]o, 1],y € [-C, clP.

These also satisfy ¢™!(x,0) = ¢™!(0, y) = 0.

Lemma B.41: For m, k, k € N, there exists a neural network
o € B((k + m)log(k + m), k, (k + m)log(k + m), 2),
where k = k + k, satisfying

lpee(x) — x| <27, xe[272F].

Lemma B.42: For each m € N, there exists a neural network
PP € 5(m log m,m, mlogm, 2'”/2)

satisfying ¢°P(t) =< % forall t € [27™, 1].

Lemma B.43: Let 0 < T < T with T € Poly(N™') be given, and let f denote either hy
or dy.hy, for some i € {1,...,d} and N € N sufficiently large. Then, there exists a neural
network ¢y € ®(L(N), W(N), S(N), B(N)) satisfying

N5 (log N)?, if f = hy

vt € [I) T] o ”Qof(, t) - f( l t)||L2 £ {S(t)N_Z;’Z(IOgN)Z, lff — axith

where

/T e(t)dt < T +log(T™)
r
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and whose network size is evaluated as

L(N) =log NloglogN,
W(N) = MN log N,
S(N) = MN(log N)*>, and

20+D

Nz 1
B(N)= ——V =,
N) IogNVI

where M € O(log ;) Furthermore, there exists a constant C < oo depending only on p,
and D such that sup_ . [¢a, ny (x, )] < C(1 v %) forall t € [T, T).

Proof. We first construct a network ¢ with the desired error rate and specify its size at the end.
To this end, suppose that there exist neural networks (p}l), o (pch), where M = |log, T | such
that a
N5 (log N)?, if f = hy,
l{C 0 = GBI <4, s .
( V1)N“5(logN)?, if f = 9,hn,

zm—lz

form =1,...,M and t € [2™"' T, 2™ T]. Then, consider the partition of unity {r,,}}_, given by

1, ifte[2™1T,2mT]

3 —
t—om-lT omtlT _ t) 2T

ﬂm(t)=0V< =g A T z—ﬁ, ifte[2mT, 2™ T],
B B 0, otherwise
form = 2,...,M — 1, while my(t) = 0V (1A % and my () = 0V (1 A % . Since for

abeR avb=a+o(b—a)andanb =a —7a(a — b), each m,, is representable as a neural
network. We then claim that ¢y, defined as

M
m o
o) = Y o (0,0 (. 0). = [ log, N,

m=1

yields the desired network. Indeed, we first note that since at most two of the x,,’s are non-zero
forany t € [T, T] and ¢™(0, y) = 0 forall y € R, we have form = 2,..., Mand t € [2"' T, 2" T]
that

Lo (o0 = fC Dl = I (ns(0, 07 C.0) + 0" (7m0, 077, 0) = £C Ol
<2+ a0V ) + (D0 ) = £ Dl
{Z—M1+N_g IOgN, lff:hN

27+ ( \/ﬁ VI)N“blogN, if f = d.hw,




106 Article B

where in the last inequality we used
[ (D V) + (D ) = £ D
= () (07 1) = £, 1) + () (057C, ) = £ D)
< A (OleF V0 = £ Dl + mn(OleT 0 = £ Dl

{ ~5 log N, if f=hy

< a . .
~ \/h V1)N“5logN, if f = d,hn,

Setting
M+1

(=3, (g V1) e pnm®

and by choice of m;, squaring both 51des of the inequality yields the desired error rate. A similar
but simpler analysis shows that this also holds for ¢t € [T,2T] and t € [2M T, 2M* T], whence the
inequality holds for all t € [T, 2M*1T] 2 [T, T]. Furthermore, we have

M+1

/ e(t)dt < Z ( ! oV 1)(2’” —2m717)
log,(TH]+2 1y M+1
R
m=1 T m=|log,(T™")]+3
M [log,(T™H)]+2
=2([log,(T™H] +2) +1( A zm)
m=0 m=0
([Iogz(I_I)J +2) + ZI(ZM - 2U°gz(r1)J)
T +log(T™ D)

as claimed.

As such, we only need to construct the networks qogtm) for all m € {1,..., M}, so let some such
mbe fixed. Then, let a,, = 3-2" 2T and b,,, = 5-2" 2T, and set f,,(x,t) = f(x, amt+by,) such that
(e, [1,1]) = f(x, [2™71T, 2™ T)) for all x € Q. As in the proof of Lemma we see that
for each fixed t € [T, T, hn(-,t) € H**(Q), whence f(-,t) € H*(Q) = B§,(Q). Furthermore,
£ 0)/ v £, Dlse,)lBe,@) < 1. Thus, since D is bounded, a slight modification of Suzuki
[114, Proposition 1] using the Sobolev extension theorem yields the existence of a neural net-
work @7, € &(log N, N, N log N, N'/°) satistying 3. — (- £)/(1 V| (- Dllag,)lzer < N75.
Then, setting ¢, = (1V | f(-, H)lla,))@ .1, Wwe have

fG. 1)
AV Dl @)

los. = £C, Dl = (A VIFC Dllag )] - o

S@vIfC, l‘)||Bg{Z(Q))N_%-
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Noting that

Ipoll e, if f = hn,

1FC Dlag, @ = 1FC D) < .
FCDlsg@ = G Dlaee Llpolle, if £ = ahy,

we thus have that ¢, € 5(10g N,N,NlogN, NPy ﬁ), and

N75, if f = hy,
— fC Dl < .
log.: = fC Dl { LVI)N5, if f = ahn.

Then, for each t € [—1,1], let ¢+ = @fa,t+b, such that ¢ ; is an approximation of f,(t,-).
We will then approximate f, by polynomial interpolation in time and by ¢, ; in space. There
are then three main sources of error: the error in approximating a polynomial with a neural
network, the error from polynomial interpolation, and finally the error from approximating
fu(- ) by ¢, ;. To separate these sources of error, we now let {#;}*, be the first k+ 1 Chebyshev
nodes on [~1,1] for some k to be determined later, i.e. t; = cos 7. Then, fori = 0,...,k, let

pi(t) = [];.(t — t;) and set ¢; = ﬁ Furthermore, set

k
0n ) =Y G (0p (1), ¢4,4(x)).
i=0
k
Un(x, ) = Y cpi(py, 0 (x),
i=0
k

Pu(x,t) = ) cipi(t) funlx, 1),

i=0

where ¢, is a neural network approximation of p; satisfying ¢, (t) — pi(t)] < k27™ to be
constructed later. We then have that

”(me( ) t) - fm( ) t)||L2 < "(me( ) t) - ‘pm( ] t)HLz + " ¢m( El t) - Pm( ) t)"Ll

+ [Py ) = fin(os Dz (B.64)

By Trefethen [122, Theorem 5.2], it holds that |¢;| < ZkT_l, and so the first term of is upper
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bounded by

k
95, ) = PmC-, Dl < D leillm™ (@06, @1,0) = Pi(D@ s 11z

i=0

k
< Y lal@™ + k2™ g 012

i=0

k
< Y lal@™ + k2™ (T N5 + | fu-, 8)]12))

i=0
< 2@ 4 k2 (TTENTD + [ polin)),
and choosing m, = [ log, N + k] and m3 = m;, + [log,(k + T~ 2)] bounds this term by N=¢/P,

For the second term of (B.64), it is a well-known property of Chebyshev nodes that |p;(t)¢;| < 2,
whence

k
[Ym( 8) = PuC- Dl < D lespi(Dll@gs, = finle )l

i=0

kN~5, if f = hy
< PR
k(\/zjnTIm)N 5, if f = dyhw,

where the last inequality in the case of f = 9, hy follows from the fact that for all ¢ € [—1,1]
l0f = fnC DMz = l@gantre, = FC amt + bl
1 a
(G
< ( ﬁ v 1)N‘%.
Finally, for the third term of , we note that for each x € Q, the function t — f,(x, 1)

is entire on C as an affine combination of exponentials. It then follows from Trefethen [122]
Theorem 8.2] that, for p > 1,

aM,, —k
|mmo—mmMS——ﬂ%L, tel-1.1],
e

where

z4z71
My, p(x) = max [fn(x,2), and OE, = ; [z =p¢.

For z € 9E,, we have, letting €, denote either e, or dy,e,, depending on f,

N
fu(x,2) = fOx, amz + by) = Y, e @R py e)8, (x)e ™57 = (r(x, Rz), 0(S2)),

n=0
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where (7(x, y)), = e @@ y*tn)(p e,)e,(x) and O(y), = e %Y s0|0(y)| = N + 1. Thus, by
Cauchy-Schwarz inequality,

N 1/2
My p(x) < ((N +1) max Z e_y"(“”m”b*")@o, €n>2?n(x)2>
? n=0

N o 1/2
— ((N+ I)Ze_y"(“m( oop )+b”)<po, en>2?n(x)2> )

n=0

Consequently,

N —1
— PP ~
Mol < (N +1) ) e 2@ py e )26 12,

n=0
N —p=p~"
S(N+1) ), e 2@ (p) ) el
n=0
e

N —1
SIN+1) Y e 2o g (5 6,12,

n=0

and if a, (=52 71) + by = 0, the right hand side is bounded by (N + 1)]po[%,. This is exactly the

case when p = 3, in which case we have

| fnCs ©) = P, DI < N375,

a

and setting k = [(% + 1)log N yields an approximation ¢, of f, with the correct error rate.
Setting (p;m)(x, f) = (pfm(t;b"‘,x) for t € [2™72T,2™2T] then gives the desired network. We
thus only need to construct the network ¢,, as detailed above. To this end, note that the neural
network

Ik
) ; t— I =l 0 —I. |t t.=1t, - & t: et T
(ppl 0 0 Izﬂngkl_k g ti k|l i [O i—1 i+1 k] s
0
—t;
-1
maps t to the vector
[t—ty -~ t—tiy t—ty - -t 1 - 1] e[-2,2]""*",

regardless of the signs of its entries. Without altering the size of (pg?), we can swap the entries of

(pg?) () such that adjacent entries correspond to opposing t;’s, e.g., such that the first two entries
are t—fy and t— 1 rather than t—ty and t—t; and so on. This ensures that the products of adjacent
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entries stay uniformly bounded rather than some products growing and some shrinking, better
bounding the size of the network. A slight modification of (the proof of) Lemma[B.47|then yields
a network (pmuh of the same asymptotic size as in Lemma such that |(p$ult(x y)—xy| <27

for all x,y € [-2,2]. Let go(]) be a parallelisation of 2/'°¢: %=/ copies of this network, and set

([log, k1)
(pp,':(pp,ogz o...o(p ' o(pg‘))
To ensure that ¢, satisfies [¢,, — p;| < k27™, fix t € [-1, 1], and for notation, set ED) = ((pg) °
o <p§,1,) (pg:)(t))n and y; = ((ppl)(t))l We then claim that

n2/

o- I wc@-vem

I=(n—1)2/+1

This is true by construction for j = 1, so assume this holds for some j > 1. We then have

n2j+1

r(ljﬂ) _ H

l:(n71)2f+1+1

n2j+l

mult(fz(il) " é:(])) H Wi

I=(n=-1)27*14+1

(2n-1)2/ 2n2/
AN ( 11 yz)( 11 yz>’

1=(2n—2)2/+1 I=(2n—1)2/+1

2n2/
sz"“( <|§§£?1|+ 11 Iyzl)(zf—1)>.

I=(2n—1)2/+1

<27+

By our previous rearranging of entries in ¢\’(t), we have that |£5/) | + [T 121 L1l < 2 for

all j > 1, and the claim follows. This then implies that |, () — pi(t)| < k27™ for all t € [-1,1]
as desired.
We now shift from analysing the error of the network to its size instead. First, it is apparent

from their construction that (o(o) € 5( 1, k, k, 1), while it also holds that

q)ﬁf? € B(ms, 20w K-G-D_llog, Ki=ipy 1

Hence, since ), flog: K1 llog, k1~ 2512552 K=l o) — ollog, k1 _ ¢

0p € a(mgz Klms, k, (2M°& K 1ym, + k, 1)
= ®(log N loglog N, log N, (log N)?,1).

Parallelising this with ¢, ;, we thus get a network in ®(log Nloglog N,N,NlogN,N> v ﬁ)

. k=1 2a+D .
Since this dominates the size of q)mult and since |¢] < ZT < %, it follows that each term
d
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of ¢y isin (IND(LM, W, Su, Ba), where

Ly =log Nloglog N,

Wy = NlogN,

Sy = N(logN)?, and
N 1

By = V —

logN [T

Next, by construction of the x,,’s, we have that x,, € 5(1, 1,1, %), where parallelising (pﬁtm) with
7m does not change the asymptotic size of the network. Since the size of (pg‘:‘h is also domi-

nated by that of ¢ , it follows that each term of ¢ is included in a(LM, W, Sur, Bar) as well.
Parallelising all of these and summing them yields

L(N) = log NloglogN,
W(N) = MN log N,
S(N) = MN(logN)?, and

2a+D
1

N
logN T’

B(N)= ——V

Finally, sixlce a > %, we have by similar calculations as those in the proof of Lemrina that
for some C < co depending only on D and py, it holds that sup, . [9x,hn(x, )] < C % Letting

¢ be as in Lemma(with m = log,(T™") < log N), it follows that also sup ., [0, in(x, 1)| <
Co(t) for all t € [T, T], whence we get a no worse approximation by replacing ¢,, n, with
®a, hy N (Ce°P) and this network has the desired bound. Furthermore, since

¢°® € d(log N loglog N, log N, log N log log N, 1/@),

and this is dominated by the network size of ¢,, p,, taking this minimum does not alter the size
of the network. This finishes the proof. O

Step 3: Putting things together With the essential preparations from Step 1 and 2, we can
now finally prove Theorem

Proof of Theorem[B.37 Let ¢y, Pa,hy-1 € [D]and N € N, be as in Lemma Parallelising the

latter of these yields a network ¢y p, € B(L(N), W(N), S(N), B(N)) approximating V,hy. We
then claim that ¢, defined as

mu T a
05(x, 1) = @EIP (@2 (@1 (X, 1) V Prmin)s 0w,y (3, 1)), m= [5 log, N ]
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has the desired properties. Indeed, for the size of the network, notice that ¢, V pmin is bounded
above (by |pol) and below, and hence ¢ ¢ o (¢p, V Pmin) is bounded above by 2p;} for N
large enough, while the entries of ¢y _p, are all bounded numerically by ﬁ some C < oo

since & > 2. Thus, ¢t € ®(log N loglog N, log N loglog N,log N loglog N, 1) and ¢4 ¢

E)(log N,log N,log N, ﬁ)’ whereby ¢, has the same asymptotic size as ¢y 5. Note also that

lps(x, )] < 4C$“1" viforallx € Q, t € [T, T] and N large enough. So all that remains is to show
that ¢, as defined above, satisfies (B.58). By Proposition and the triangle inequality, this is
equivalent to verifying

A

which follows if we can show that ||, ( -, £)— ~2AxC0_ I, < e(t)N~5 (log N)? foreach t € [T, T],

2

Vahn(x, £) pi(x)dxdt < N_%”(log N)X(T +log(T™)).

hN(x, t) \ pmin

(Ps(x: t) -

ANtV Pimin
where £(1) is as in Lemma For doing so, first note that
vth(.’ t) rec
s(ut) —T7—F—— < s t 5 t)V Pmin t 2
o0 = 2 <o) = 5 0¥ P Dl
1
m @y (5 1)V Prin) — )| oy (55 )|
( Phy P q)hN( * t) V Pmin sy L2

Py Vihn(i1)
thN t) V Pmin hN(’, t) V' Pmin

e

llosC, ) = 0 “(@ny (2 D)V Prmin) 9w,y (- Dllze < 2"”<4\/5P,;}n p

12

The first term is simply evaluated as

LAp(@) S NE,

o —
while for the second term, we have

H ( reC((th t) \% pmin) - < 27m|||(vahN( > t)”'Lz

)va,w( )
Lz

1
Py (5 1) V Prmin
<27 (JDe(N"F log N + ol )
e(t)N™D
For the final term, one obtains, similarly to the proof of Proposition [B.39

‘ PV, hy O3] _ Viehn(, 1)

< pol (5 1) = Vehn G, D)2
o (o DV o G DV P Prainll@v,ny (- 1) NG DIz

L2

+ PV chn G, (AN G 1) = @y (- )2
< P DE(ON P log N + p2 Ipolri /e (DN~ log N
e(H)N™D log N.
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Finally, setting N = nmm yields both the desired network size and error rate, which finishes the

proof. O

Proof of the main result

With the previous preparations, we can now prove our main result on the generative error,
Theorem[B.31] To this end, we use the general error decomposition in combination with
Lemma [B.32] and Lemma [B.33|to control the early stopping and ergodic error contributions, as
well as with the approximation result Theorem [B.37|that allows us to obtain an optimised upper
bound on the empirical score loss via Theorem B.34]

Proof of Theorem[B.31, Choose § = n~2¢/a*D) and N = nP/(2**D)_ By the choices for T, T and
N, Theorem B.37]implies that there exists a family of neural networks S with the specified size
constraints, such that for some s € S we have

T
/ /Q|s(x’ t) —V,log Pt(x)|2Pt(x) dxdt < n’zﬁ%(log n)’.
T

With these network size constraints, we get for C(S) := C and ¢ from Lemma [B.35| by using a
straightforward modification of Oko, Akiyama, and Suzuki [89, Lemma C.2], that

log N (S, |loxir.7y 6/(cCT)) < S(n)L(n)log (6T L)W ()] B(n))
I o 5
< n%+ (log n)’ log log n.
Lemma [B.35| therefore implies that
log N'(L, ||a, 8) < n75 (log n)° loglog n

as well. By Lemma and the choices of T, T, we can choose C(L) < log n so that
(L)

n

Using Theorem B.37] it follows from the above and Theorem by our choice of N that

log N'(L, o, 8) < n5 (log n)° log log n.

E[AT[)|?n(X, 1) —Vlogpt(x)|2pt(x) dxcdr

T
<2 inf/ /|s(x, t) — Vlog p;(x)*p,(x) dx dt + 2@ (ﬂ log N'(L, |-lo, 6) + 32) +35
SES 1 Q n 9

< n_%(log n)® + n_ﬁ%(log n)®loglog n + n" D

< n” %5 (log n)® log log n.
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Thus,

E[ V(P .75 )| < J JB[KG, 17%,)]
- \/E[ /T ! /§ FOOE(x, 1) — Vlog py(x)P pi(x) dx dt]

T
< JnanE[ | [0 =910g picolpo ax e
< n~ %5 (log n)*(log log n)"/2,

where we used Pinsker’s inequality and Jensen’s inequality together with concavity of x — /x
for the first line, while the second line follows from Theorem (Girsanov), together with
independence of the driving Brownian motion B and the initialisation Xy ~ pr from the data
(Xo.4)i=1....n- The proof is concluded by applying the error decomposition (B.50) and using that,

by Lemma and Lemma|B.33] we have
TV(po. pr) + TV(P(X7 € - | Xo ~ po), U'(Q) < T2 + 74T < 5,

by our choices of T, T. O

B.4 Discussion

This paper presents a rigorous investigation of the non-standard class of denoising reflected
diffusion models (DRDMs), focusing on statistical convergence guarantees and approximation
within constrained settings, as it is relevant for scenarios involving bounded state spaces. This
is a first step in extending the statistical analysis of standard denoising diffusion models to the
generalised class of denoising Markov models proposed in [[12].

A key result of our analysis is the derivation of convergence rates in total variation that
match the minimax lower bound on Sobolev classes up to a logarithmic factor. More precisely,
from Yang and Barron [[133, Theorem 4], see also Oko, Akiyama, and Suzuki 89, Proposition
5.2] for the verification of their assumptions for ¢-smooth Sobolev functions on [0, 1]°, we have
that

inf sup E,,[TV(po, pn)] = n 77,
P poeH(Q)

where the infimum ranges over all estimators p, based on n i.i.d. data points having density
po under P, . Our upper bound stated in (B.48) therefore establishes that DRDMs attain the
minimax optimal rate of convergence up to log-factors for specific Sobolev densities. Note that

our logarithmic loss is comparatively small relative to that of unconstrained DDMs in [89]], where
it is of order (log n)®.
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However, convergence rates (even optimal ones) expressed in terms of the ambient dimen-
sion d fall short of capturing the empirical success of DDMs. This gap is related to the mani-
fold hypothesis, a prominent idea that real-world high-dimensional data often reside on lower-
dimensional manifolds, to which well-trained generative models are believed to adapt. Devel-
oping a theoretical underpinning for this hypothesis has therefore been one of the central goals
in statistical theory for generative models. In the pioneering paper [89], the authors also take a
first step towards investigating statistical convergence guarantees of DDMs for data distributed
on such lower-dimensional structures by extending their analysis to initial distributions sup-
ported on a lower-dimensional hyperplane, where they obtain the almost minimax optimal rate
n” "¢ in the Wasserstein-1 distance in terms of the sample size n and the subspace dimension
d. Related statistical results under linear subspace assumptions are given in [22]]. In the recent
work [[118], Tang and Yang significantly extend this result by establishing (up to log factors) the
minimax convergence rate C(D)n"z+i in Wasserstein-1 distance for distributions po such that

(i) po is supported on a compact and f-smooth d-dimensional submanifold M with positive
reach, where f > 2;

(i) po is bounded away from zero on M;
(iil) po has smoothness of order a € [0, § — 1] w.r.t. the volume measure on M.

Note that these three conditions mirror the three assumptions from [[89] mentioned in the in-
troductory Section [B.1]in the manifold setting. The multiplicative factor C(D) in [118]’s con-
vergence rate is of order D**P/2 and thus potentially very large for high ambient dimension D.
Most recently, [6] show that this multiplicative factor can be significantly reduced to the order
VD by appropriately choosing the neural network class for score approximation. Extending the
DRDM framework to support data on submanifolds (and thus improving the convergence rate)
presents additional mathematical challenges. For example, enforcing a reflecting boundary for
data supported on lower-dimensional submanifolds would require non-trivial modifications to
the spectral score representation and a revised analysis of the associated Sobolev bounds. Such
adjustments are beyond the scope of this study, yet our current work may provide a foundational
approach for future research in the reflected diffusion context.

The assumptions on p, in our model (see play a key role in controlling the approxi-
mation error in our DRDM framework under bounded domain constraints. Such assumptions,
although somewhat limiting in a practical context, are comparable to those made in [89] for the
total variation convergence analysis of unconstrained models while maintaining compatibility
with the spectral methods that we employ for our statistical analysis. In this context, our more
stringent smoothness assumption « > D/2 implies Holder continuity of the data density po, but
allows us to avoid some technical difficulties arising due to the less explicit analytical nature of
DRDMs compared to standard DDMs.

How to remove the lower bound assumption p0|Supp po = Pmin that is present in all the works
discussed above is a highly relevant and conceptually challenging question. Recent works by
[112,|135]), and [[132] prove minimax optimal rates for particular unconstrained diffusion models
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without lower bound assumptions for sub-Gaussian densities p, and push-forward distributions
on the ambient space R” of the form g, 1[0, 1]¢ for Holder-continuous g and d < D, respectively.
[135]] use a more classical kernel estimation and truncation strategy instead of neural network
approximations. [112]] exploit deeper results on the space-time regularity of the score function of
an Ornstein—Uhlenbeck process for direct approximation with tanh activation function, thereby
avoiding the need to approximate p; and Vp, separately. Finally [132] exploit the structure of the
score induced by their data assumption py ~ g:U’[0, 1]¢ and the Gaussian Ornstein—-Uhlenbeck
forward transition densities to construct their ReLU neural network based approximation class
in a very specific way. These approaches do not translate directly to our non-Gaussian reflected
setting and we leave the statistical study of reflected diffusion models without lower bound
assumptions to future work.

In general, our analytical approach in DRDMs differs significantly from that in unconstrained
diffusion models, as the bounded domain prevents the explicit Gaussian transition densities com-
monly used for error control. The semi-explicit nature of these densities in the reflected setting
means that, rather than relying on straightforward Gaussian approximations, we implement
general spectral decompositions and Sobolev-based bounds informed by the Sobolev smooth-
ness of py. The score approximation here presents additional technical challenges, which we
address through an innovative polynomial-time interpolation procedure that proves crucial to
achieving feasible convergence rates. This technique introduces new and effective methods for
controlling error contributions in generative models with bounded state spaces and, as outlined
in the introduction, may also provide a versatile tool for statistical analysis of generalised de-
noising Markov models [12,99]] beyond the scope of this paper.

Finally, it should be noted that our analysis does not address sampling issues, in particular
those arising from simulating the backward reflected process with an estimated drift. While this
aspect is important in practical implementations, our current focus on theoretical convergence
guarantees serves to isolate and address the approximation errors inherent to the reflection-
based model setup itself. Future studies could incorporate error analysis for sampling method-
ologies specific to reflected processes to extend the results presented here.

B.A Girsanov’s theorem for reflected diffusions

The following result is a version of Girsanov’s theorem for reflected diffusions, which is a cor-
rection of Theorem 7.1 and Theorem A.6 in [|80], where the influence of the diffusion coefficient
on the KL divergence has been overlooked.

Theorem B.44: Let (X;);e[o,7] and ()~(t)t€[0,T] be solutions of the normally reflected SDEs

d)(lL = b(t, Xt) dt + O'(t, Xt) dBt + V(Xt) st,
dX, = b(t,X)dt + o(£, X)) dB, + v(X)dD,,  Xo £ X, (B.65)
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where b, D are bounded on [0, T]xQ and o (¢, ) is bounded, Lipschitz and uniformly elliptic
in the sense a(t,-) := o(t,-)o(t,-)" > Al for some A > 0 and all ¢ € [0, T]. Denote by Pyr
and Pg; their respective path measures on C([0, T], Q). Then, for L, = /Ot v(X,)dLs,

d XT
log %(XT)
= /T(g(t» Xe) = (6, X)) a (2, Xy) d(X; — Ly)
0 1 [T~ ~
> / (b(t,X¢) = b(£, X)) a™' (£, X )(b(t, X) + b(t, X)) dt,

a.s., and

T ~
KL(Pxr | Pgr) = %E[/O lo ™' (8, X)(B(t, Xe) = b(t, X )P dt |

Proof. Let
T ~
zr = exp ([ (B00X) = b0 X)) (07 (0 X)) dB
0
1 ! -1 7 2
-5 [ 1o axaBex) - b xr ar),

0

and define dQr := Z dP. Since f := SUP o, 11.xeal B(E, X)| < o0 for B € {b, E}, we have

sup o' (t, 0)p(t, )| < 5 < oo

te[0,T],xeQ

>

Thus, Novikov’s condition is satisfied, making Qr a probability measure equivalent to P, and
Girsanov’s theorem implies that

t
B, =B, — / o5, X)(B(s, Xo) = b(s, X)) ds, teo,T],
0
is a Q7-Brownian motion, see Karatzas and Shreve [[63| Chapter 3, Theorem 5.1, Corollary 5.13].
Thus,
t ~ t - t
X = X +/ b(s,Xs)ds + / o(s, X,)dBs +/ v(X,)dLs, te[o,T],
0 0 0

where L, = fot 1ix,co0y dLs, for any ¢ € [0, T], P-a.s. and hence also Qr-a.s. Since X, 4 Xo, it
follows that XT is a weak solution to the reflected SDE (B.65) and analogously to Karatzas and

Shreve [|63, Chapter 5, Proposition 3.10], it holds that under the given assumptions on b, o, weak
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solutions to (B.65) are unique in law. Thus, X” under Q1 has the same law as XT under P, such
that, upon noting that

T ~
logZ = / (Bt X0) = b(t, X)) a (£, X,) d(X, — L)

. / T(E(t, Xp) = b(t, X ) a™ (1, X )(B (L, X,) + b(t, X)) dt,
2 Jo

the first assertion follows. This yields immediately

dPs:
KL(Py: | Py,) = —]E[log FXT(XT)] = —E[log Z7]
X

T ~
- ¢ / ot X)(B(E, %) — bt X)) ]

O

B.B Bernstein condition for the denoising score matching excess loss
and generalisation error

The goal of this section is to prove and thereby justify the generalisation error decom-
position from Theorem [B.34]in a generalised Markovian framework that in particular includes
our reflected forward model, as well as the unconstrained Ornstein-Uhlenbeck models used in
other works. N

Let Yy,...,Y, X ¢ be a collection of random variables with state space X C RY. Let also
(X1)1>0 be a Markov process with state space & and transition densities (q;)»o W.r.t. some ref-
erence measure v, that is, P*(X; € dy) = q,(x,y) v(dy), where P* = P(- | Xo = x). De-
note by p; the density of X, started in p at time ¢t > 0, i.e, p,(y)v(dy) = PH(X, € dy) =
fX q:(x, y) p(dx) v(dy). We assume that the score s, of this Markov process given by so(x, t) =
Vlog p:(x) as well as Vlog g;(x, y) are well defined for all ¢+ > 0,x,y € X, and define for some
measurable candidate function s the denoising score matching loss over an interval [T, T] C (0, c0)

by

T
Ly(x) = /T A 150y, 1) — V1og q:(x. )P au(x, y) v(dy) dt

T
:IEX[ / I5(Xc, £) — Vlog g Cx, X012 dt ],
T

which gives

T
EA[L,(X0)] = / //X s 1) = Vlog g ) x, ) v(dy) u(dx) .
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Then, given sufficient integrability properties that allow interchanging the order of differentia-
tion and integration, a few simple lines of calculation establish the equivalence between denois-
ing and explicit score matching [[129]], which is the first equality in

T
EA[L,(X0)] = A /X 1507, ) — Vlog pe(y)pi(3) v(dy) d + Cpyp

T
_ / / 157, ) = 500, DEpe(y) v(dy) dt + Cyp,
T X

where Cr 7 = E¥[L,,(Xo)] is independent of S. In particular, we obtain

T
/T /X 150, 1) = Vlog pe()F pu(y) v(dy) dt = B [Li(X)] — E[Ly (Xo)l.  (B.66)

As discussed before, a natural and tractable choice for the score s, given the data Yi,..., Y, is
therefore given by the empirical risk minimiser

~ 1 ¢
s € argmin — E L(Y),
seS n i=1

where S is some appropriate class of candidate functions. The following result shows that the
excess risk Ly — Ly, satisfies a Bernstein condition w.r.t. y, which is essential for the denoising
score loss to work well as an empirical risk minimisation objective.

Lemma B.45: Suppose that sup g 1[Ls|x < C(L) < 0. Then,

EF [(L;(Xo) — Ly (X0))*] < 4C(L)E#[Ly(Xo) — Ly, (Xo)]-

Proof. Using the elementary equality |a|*—|b|* = (a+ b, a— b) for vectors a, b, and the Cauchy-
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Schwarz inequality several times, we find for any x € &,
|Ls(x) = Ly, ()|

T
< / / Ks( D) — 50y £, s ) + 50y ) — 27 1og quCx, YWl au(x, ) v( dy) dt
T X

T
< / / 1507, ) — 503 Dlls(. D)+ 50y 1) — 27 log gy, e, y) v(dy) de
T X

< /TT ( /X|S(y, ) — so(y, t)|2q[(x, ) V(dy))l/z

v/
x (/Xls(y, t) + so(y, t) — 2Vlog q:(x, )P qi(x, y) V(dy)> o
T )
< ( A /X|5()’, ) — so(y, t)|2qt(x, y) v(dy) dt) 2
7 ! 1/2
([ [1s0:0+ 500~ 270g ate y)Fate ) v(ayar)
r Jx
! 1/2
< 2(Ls(x)+Lso(X))(/I /Xls(y, 1) — so(y, D qi(x, y)v(dy)dt)

<2 Jo@( [ [0 s 0Facen v(anar)

Thus, using (B.66),
T
E[(Ly(Xo) — Ly, (Xo))?] < 4C(L) A /T L 150, ) — su( D e y) v(dy) d pu( dx)

T
= 4C(0) /I /X 157, ) = s0(3 D2 pe(y) v(dy) dt
— 4C(L)EL,(X) — Ly (X0

O

This result renders the reasoning in Oko, Akiyama, and Suzuki |89} Theorem C.4] valid up
to a multiplicative factor that only results in a minor change of constants in their generalisation
error upper bound. For completeness we state a corrected version of Oko, Akiyama, and Suzuki
[89, Theorem C.4] in the general context of this section with corrected constants.
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Theorem B.46: Suppose that sup g|Ls|x < C(L), where C(L) < oo. Then, for any § > 0
such that N'(L, |-|x, §) > 3, it holds that

IE[/TT[J?(x, £) = Vlog pi()Ppe(x) v(dx) dt

T
<2 inf/ /|s(x, t) — Vlog p,(x)|*p,(x) v(dx)dt + @ (ﬁ log N (L, |2, 8) + 160)
SES T X 9

n

+ 56.

B.C Technical results on neural network approximations

We first consider neural network approximations of products.

LemmaB.47: Forany C > 1andm, d € N, there exist neural networks (,oﬁuIt € ®(L,W,S,B)
and ™D € ®(L, Wp, D - S, B) satisfying

|(p$ult(x’ y) _ xy| < szm’ x € [O, ]], Yy € [—C, C]

and
|go$“lt’D(x, y)—xy| < JDC2™, xelo0,1],y€[-C, C]°.

Furthermore, ¢™"(0,y) = ¢™(x,0) = 0. The sizes of the networks are evaluated as
L=m+8,S=58+16m, B= C and

T D+1, ifi=1
w=[2 3 3 12 ~ 12 2 2 1], (W)= ,
2 p D-W; otherwise.
m+2 times

In particular, we have L, S < m, [W|w < 1, [Wp|ew < D and B < C.

Proof. We proceed as in the proof of Oko, Akiyama, and Suzuki [89, Lemma F.6], but adapted to
this specific setting. Thus, let m € IN and C > 0 be fixed. Then, by Schmidt-Hieber [101} Lemma
A.2], there exists a neural network @2““ € ®(m + 4, Wy, 24 + 16m, 1), where

Wo=[2 6 -~ 6 1],
[ —
m+2 times
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satisfying [™"!"(x, y) — xy| < 27™ and a™!(x, 0) = ™!(0, y) = 0 for all x, y € [0, 1]. Thus, for
y € [-1, 1], we have |sgn(y)p™(x,|y|) — xy| < 27™. Note then that

sgn(y)@n"(x, 1y) = or (@ (x, 0r(y))) = or (@ (x, 0r(=¥)))

_ Emultﬁ o arnxlult,Z 5 —mult,l(x, y),
where
10 .
aﬁult,l =Lol0 1| ed(1, [2 3 3] ,6,1),
0 -1
P = 1 —1]ohed, 2 2 1]7,41),

and p™2(x,y,z) = [Eﬁ“lt(x, y)  @mult(x, Z)]T. Thus, P2 € ®(m + 4, Wy, 48 + 32m, 1)
where W, is the parallelization of W, with itself, and hence sgn(y)e™"(x, |y|) := ™" (x, y) €
®(m + 8, W,58 + 16m,1), where W is as specified in the statement of the lemma. Finally,
if y € [~C,C], we have similarly |C™!(x,y/C) — xy| < C27™, and since these are sim-
ply linear transformations (i.e., neural networks of depth 0), it follows that Cg™""(x, y/C) :=
(pﬁ“h(x, y) € ®(m+8, W,58+16m, C). Parallelization of ™! a total of D times yields a network

m

(pﬁ”h’D € ®(m + 8, Wp, D(58 + 16m), C) with Wp as specified above, which satisfies

max (™ (x, y)); — xyil < €27, x €[0,1],y € [-C,C],
i€fl,...,

implying the desired result since |y| < vD|y|. for y € R. O

Next, we consider the reciprocals. Note that by not relying on the comparatively slow con-
verging Taylor series of the reciprocal, we achieve a substantially smaller network size than
Oko, Akiyama, and Suzuki [89, Lemma F.7], who achieve a network size of 5(m2, m3, m*, 22™)
(assuming, as they do, thatm = k = k).

Lemma B.48: For any k, k,m € N with m > k, there exists a neural network S
O(L, W, S, B) satistying

1 —
lon () ——I<2™, xe [27%, 2F].

rec

¢ is evaluated as

The size of ¢

L= (4(k + k) + 2m + 17)[log,(k + m + 2)] + 2[log,(k + k)] + 1,
S = (260 + 68(k + k + m))[log,(k + m + 2)] + 8(k + k),
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B = 2%EtF) and W is the concatenation of [log,(k +m+2)] copies of Wity and Wi, where

Wie=[2 7 =~ 7 2 7 - 7 2],
[ —_—
2(k+k)+m+3 times 2(k+k)+m+3 times
and
Wi = [1 k+F 2MowG+Dl pllogeDl- gllogGeBll .. 5 5 1] .

In particular, we have L, S < (k + m)(log(k + m)), |W|w < k, where k = k + k.

Proof. Let k, k,m € N with m > k be fixed. We approximate the reciprocal by Newton-Raphson
iterations, adapted to neural networks. In a usual Newton-Raphson scheme approximating x !
for some x > 0, we would take x, to be some initial approximation and set x, = x,-1(2 — xx,-1)
for n € IN. This, however, involves two multiplications by non-constants in each iteration, and
as such is not directly accessible by neural networks. To overcome this, suppose that we have
access to a neural network ¢ such that [ (x, y) — x(2 — xy)| < 27V as well as a neural

m m

network ¢™" such that |p™" — x| < Jx7". Then, setting Xy = ¢"(x) and %, = @i (X,-1, x) for

n € N, we claim that |X,, — x| < 27" where ny = [log,(k + m + 2)]. To show this, we first find
by the recursive definition of X, that

o = x 71 = 10T (R, %) = 7 < U2 = x%) = x 7+ 27D = x(X, — %)+ 27,

Hence, setting e,(x) := xe2_,(x) + 2™ with ey(x) := ;x7, we find that |%, — x7!| < e,(x)
for all n € N. To show that e, (x) < 27 on [27K, 2¥], we introduce d,(x) := e,(x) — %2’2"
forn € N and x € [27F, ZE]- Since %2_2)1 = x(%Z‘ZH)z, d, satisfies the recursion d,(x) =

xd2_ (x)+ 272" d, (%) + 2~ with dy = 0. Furthermore, we claim that d, is non-decreasing
and convex. Clearly, this is true for dj, and by the recursion above we have

d(x) = %[xdﬁ_l(x) + 277, (0] = d2 (%) + 2xd_ (x)dy 1 (x) + 27 ().

By induction, this is non-negative and non-decreasing, so d, is non-decreasing and convex as
claimed. Since e, (x) = %2‘2" + dy(x), it follows that e, is also convex, and we thus only need

to check that e, (27%) v enO(ZE) < 27™. To this end, it is clear that for n > 2, we have d,(27%) >
dn1(275), and some tedious but straightforward calculations show that

dy(27%) = (1 - 2‘k2‘("'+1)(2‘k2‘(’"“) + 1—7)2 T (2"‘2‘(’”“) + E))2‘(’”“).
16/ 256 16

A very rough estimate yields from this that d,(27%) < 327D = 27m — 2=("*2) for n > 3. Now,
since k + m + 2 > 4, we have ny > 3, and so

en,(275) = 2k27%" 4 g, (27K) < okp~(ktmtD) 4 omm _ =(m4D) _ pmm
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As for enO(ZZ), since k < m — 1, the same convexity argument implies that it suffices to check
that e, (2™!) < 27™. But we clearly have that ¢,(2™!) = 27™, and since

2m71(27m)2 + 27(m+1) —9. 2—(m+1) — 27m,

it follows that e,(2™ ') = 27™ for all n € IN. Now, let us construct this network. For notation,
let k = k + k. We begin by constructing ¢™" as a piecewise linear function. In particular, for
i=0,..,klet p; = 27K and for i = 1,..., k let £ be the linear interpolation between (p;_1, )
and (p;, pit), ie

plloprh ypitoplh 1y 1, 2
o= - i )= B8-—x), i1, Pil-
0= o <p,~—pi_1 p pi) (3-=x), xelp1pl

Note that by convexity of the reciprocal function we have £(x) > x! for all x € [pi-1, pi], and

hence E;i(x) := |(x) — 1| = (3 - £ ) — 1. We then have that E/(x) = & — %, and since
E; has exactly one extremal pomt and thls is a maximum, we have that the error is maximized

when x = P L and that the corresponding error is E; ( ) = 22 ¢ ix Thus, since ¢; is merely

an affine transformatlon and hence clearly representable as a{ neural network, ¢ satisfies the
properties of ¢™" on [p;_1, pi]. Also, if x € [pi1, pi], then £;(x) < x7! for all j # i, and so
@™ (x) := maxj-;,_ {;(x) works. Since aVv b = a+ o(b — a) for a,b > 0, the function

(31, .., Yk) = max;=;_k y; is realized by a network ¢™* € ®(2ny, Wa, 5k, 1), where nj =
[log,(k)] and

Winae = [k 2% 270 2wl 22 17,
Thus, by parallelizing, we have ¢™' € ®(2(n; + 1), [1 k WYLX] , 8k, 22k). Next, we construct
@, Similarly to the proof of Lemma a small modification of Schmidt-Hieber [[101, Lemma
A.2] yields a network ™! € ®(I + 4, Winun, 24 + 161, 2¥) with

T
Wiae = [2 6 - 6 1],
[—
1+2 times

satisfying o™ (x, y) — xy| < 287! for all x € [0,2] and y € [0,2F]. Since we always have
x A%, < 2and |2 — x%,| < 2, setting ¢ (x, y) = ¢MU(x, 2 — o™ (x, y)) with [ > 2k + m + 3

works. Parallelizing with the identity, we can now simply chain these together without altering
the size of the network other than increasing the width of each layer by 1. That is, setting

'@'init(x) . [(pinit(x) x] and ~1ter(x y) [ 1ter(x y) x] ,

reC(x) _ (P;;er ° (qur;er o aner onlt(x),
—_—
no—1 times

yields the desired network. O
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Proof of Lemmal[B.42 We first approximate t - /t by a piecewise linear function. To this end,
lett; =27 +i/mfori=0,...,msuch that t,, > 1. Next, for j = 1,...,mand t € [t;_, t;], set

£i(t) = m(\Jt; = Jt;-0)(t = ;1) + Jtj0,

such that ¢; is the linear interpolation between the points (¢;_1, \/t]j) and (¢, \/Tj) Since t
\t is concave, it follows that, for t € [t_1, ;], we have &(¢) < Jt while ¢;(t) > ¢ for all
Jj # i. Hence, setting #(t) = min [, £;(t) yields the desired piecewise linear approximation, and
since both affine functions and mlmma are exactly representable as neural networks, we find
that ¢ € 5(10g m,m, m, m). We claim that setting ¢ = ¢ o £ yields the desired network.
Indeed, for the size of the network, note that since #(¢) € [27™/2,1] for all t € [27™, 1], we have
P € 5(m log m,m,mlog m, om/ %), and since this dominates the size of ¢, it follows that ¢ is
of the same size as ¢}*
As for the claim that ®P(t) = %, first note that

o= 3+ (v 0= 75) + (5~ )

where the second term is in [-1/2,1/2], whence

1 1 3

< rec o gt ) <.
PN GORLORE 5 B
For the last term, note that since #(t;) = /f; fori = 0,...,m, we have

1 1 1 1

| =<

‘t’(t) ﬁ“zm/z J2mem 4
whereby

W (1) < ,
as desired. O
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Reflected diffusion models adapt to low-dimensional data

Asbjern Holk, Claudia Strauch and Lukas Trottner

Abstract

While the mathematical foundations of score-based generative models are increasingly well un-
derstood for unconstrained Euclidean spaces, many practical applications involve data restricted
to bounded domains. This paper provides a statistical analysis of reflected diffusion models on
the hypercube [0, 1]P for target distributions supported on d-dimensional linear subspaces. A
primary challenge in this setting is the absence of Gaussian transition kernels and translation
invariance, both of which play a central role in standard theory in RP. By employing an easily
implementable infinite series expansion of the transition densities, we develop analytic tools to
bound the score function and its approximation by sparse ReLU networks. For target densities
with Sobolev smoothness @, we establish a convergence rate in the 1-Wasserstein distance of or-
der n~%&4 for arbitrarily small § > 0, demonstrating that the generative algorithm fully adapts
to the intrinsic dimension d. These results confirm that the presence of reflecting boundaries
does not degrade the fundamental statistical efficiency of the diffusion paradigm, matching the
almost optimal rates known for unconstrained settings.

C.1 Introduction

Deep generative models constitute a broad and rapidly evolving class of methods for learning
complex data distributions from samples, with score-based diffusion models [107] emerging as
a particularly powerful dynamic paradigm in recent years. Motivated by the fact that many
modern data sets are intrinsically low-dimensional yet embedded in high-dimensional bounded
ambient spaces, we study the statistical performance diffusion-based generative modelling for
probability measures supported on lower-dimensional manifolds within a bounded domain.
The study of the statistical performance of diffusion models has become a central avenue of
research in statistics for machine learning. Several papers [6} 21,22, 37} 40, 72,89} 97} 118} |135]]
consider the convergence of such algorithms in the standard setting of an Ornstein—Uhlenbeck
(OU in the following) noising model under different regularity and structural assumptions on
the target distribution as well as different score approximation classes such as neural networks
with or without sparsity assumptions and kernel-type estimators. We provide more details on
existing results for unconstrained models and how they relate to our work in the discussion in
Section but for now focus on the class of reflected diffusion models that we consider here.
Such generative models were first introduced in [45}[80] motivated by the fact that practical
implementations of the generative backward process often rely on thresholding procedures to
enforce geometric constraints on the data, even though the forward OU training model ignores
such constraints. To overcome such theoretical discrepancies [45}|80]] suggest to use a reflected
diffusion process as driver of noise instead. This allows to follow the same time-reversal ratio-
nale underlying unconstrained diffusion models since the time-reversal of a reflected diffusion is
again a reflected diffusion with adjusted drift incorporating the information on the target data

129
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provided by the time evolution of the score, that is the log-gradient of the forward marginals
given initialisation in the data distribution.

First statistical guarantees for such models were given in [58]] under the assumption that
the data distribution has full support on the bounded reflection domain with Sobolev density
bounded away from zero. The goal of this paper is to extend this analysis to singular target dis-
tributions supported on a lower-dimensional manifold M C [0,1]P and to demonstrate that the
convergence rate of reflected diffusion models adapt to the intrinsic dimension of the data. In
doing so, we provide the first rigorous statistical analysis of diffusion-based constrained gener-
ative models on bounded domains that explicitly accounts for low-dimensional data structures.
This is particularly important from both an applied and a theoretical perspective in light of the
so-called manifold hypothesis [43,|77,/81]. It postulates that image or text data (and many others)
although being extremely high-dimensional have common structural features that make them
supported on (unions of) much lower dimensional manifolds. Empirical evidence of this has,
e.g., been provided by [15} 96} [108]], which makes the manifold hypothesis a reasonable expla-
nation for the tremendous success of deep generative models, provided that their adaptivity to
intrinsic lower-dimensional geometric structures can be theoretically verified.

As a natural starting point, we focus on the simplified case where M lies in a linear sub-
space of RP. This agrees with the route taken by first studies on adaptivity of unconstrained
diffusion models to lower-dimensional data [[22, [89] and provides an important foundation for
further investigations into more complex manifold structures. Our main contributions can be
summarised as follows:

— While existing literature on manifold adaptation relies fundamentally on the Gaussian
transition kernels of unconstrained OU processes, we develop analytic tools to control the
score function associated with reflected Brownian motion on the hypercube. Compared to
[58] we do not work with an eigenfunction expansion of the the score, but use the simple
geometry of the hypercube together with symmetries of reflected Brownian motion to
expand the transition densities as an infinite mixture of restricted Gaussian densities. This
allows us to provide precise bounds on the spatial growth of the score and its singular
behaviour as t N\, 0, effectively decoupling the boundary effects of the domain from the
concentration of the measure p around the low-dimensional subspace M.

— We prove that, despite the analytic complexities introduced by the reflecting boundaries
and the resulting non-Gaussian transition densities, denoising score matching via sparse
ReLU networks achieves the required approximation rates. In particular, we demonstrate
that the complexity of the estimator depends only on the intrinsic dimension d of the linear
subspace supporting the data, rather than the ambient dimension D.

— We derive an upper bound for the 1-Wasserstein distance between the target distribution
and the law of the generated samples. The established rate of O(n~(**1-9/Qa+d) confirms
that imposing hard physical constraints via reflection on [0, 1]° does not degrade the fun-
damental statistical efficiency of the diffusion model, matching the almost optimal rates
known for unconstrained dynamics.
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In the following, we summarise the generative and statistical estimation procedure, intro-
duce and discuss our assumptions on the target distribution and provide an informal version of
our main result on 1-Wasserstein convergence rates of reflected diffusion models.

Forward reflected diffusion Let y1 be a target probability distribution on R”, concentrated on
a compact d-dimensional manifold M C [0, 1]°, where possibly d < D. Given an i.i.d. sample
of data with distribution y, our aim is to generate approximate samples for p in a two-step
procedure via a time-reversal mechanism for reflected diffusions.

As a first step, we perturb p by adding isotropic noise through a reflected Brownian motion
on the hypercube. Specifically, we consider the reflected SDE

dxt = dBt + n(xt) dl_t, XO ~ U (C67)

where (B;);> is a standard D-dimensional Brownian motion, n(x) denotes an inward-pointing
normal vector at x € 9[0,1]°, and (L) is the local time of (X,);s at 9[0,1]", i.e., a one-
dimensional, continuous and non-decreasing process satisfying L, = fo Lix, eo0,1773 dLs and

f0t|n(Xs)| dLs < oo almost surely. The presence of the stochastic forcing term n(X;) dL, in the
dynamics prevents the process from escaping the unit cube by normally reflecting it back into
the interior when it hits the boundary. Note that for boundary points x € 9[0, 1]¢ where two or
more faces of the cube intersect, the direction of n(x) is not uniquely defined. If for x € 9]0, 117,
we let I(x), J(x) C [D] denote the indices of x for which x; = 0 and x; = 1, respectively, we
specify n(x) = Yicix) & — X jejx) €j» Where ¢ is the i-th standard unit vector in R”. In partic-
ular, n(x) is the unique inward pointing normal vector on smooth parts of the cube boundary,
where faces do not intersect. The particular choice on the non-smooth part of the boundary
E :={x | |I(x)| + |J(x)| > 1} is without consequences, since the reflected Brownian motion will
never hit E almost surely when started in [0, 1]° \ E, cf. [131, Theorem 1.1] and we will assume
without further mention that supp(y) N E = @.

Existence and pathwise uniqueness of strong solutions for general reflected diffusions in
bounded convex domains has been shown in [[117] under mild conditions on the coefficients,
which are satisfied for the Brownian case considered here. In particular, because of the simple
geometry of [0,1]P and the normal reflection direction, the i-th coordinate X' of the strong
solution of is a strong solution to the one-dimensional reflected SDE

dX! = dB} — sgn(X})dL},

where L' is the local time at {0, 1} and sgn(x) = —1 for x < 0 and sgn(x) = 1 for x > 0. Thus,
conditional on the initialisation X, the components of X are independent reflected Brownian
motions on [0,1] and L = Y2, L’ almost surely. The boundary local times L' at the faces are
characterised via the occupation limit

o1 [t ~
th = lglﬁ)l ?E /0 1[0,e]u[175,1](xls) ds,
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which hold both almost surely and in L?, uniformly on relatively compact sets in ¢, see [16}
Theorem 2.6] in a more general context. Consequently,

AR ;
L, = lglﬁ)l g A ; 1[0,€]U[1—€,1](Xs) ds, (C.68)

uniformly in L? and almost surely on relatively compact sets of t. In the following, we let p;
denote the density of X, wrt Lebesgue measure on R”.

Time reversal and generative sampling Fix a terminal time T > 0, and define the time-
reversed process X; := Xz_, for t € [0, T]. Then, there exists a Brownian motion (B;);» such
that X satisfies the reflected SDE

dX, = Vlog pr_,(X)dt + dB, + n(X,)dL,, X ~ pr, (C.69)

where [, := L — Ly, is the local time of X at the boundary [0, 1]°. This result is proved in
[18, Theorem 2.5] for more general reflected diffusions on smooth domains, while [45, Theorem
3.2] give an instructive probabilistic proof inspired by the non-reflected case [53] for reflected
Brownian motion on precompact, smooth convex domains. Their proof relies on the boundary
occupation limit characterisation of the local time, which in our case is provided by (C.68), and
sufficient smoothness properties of the transition densities of X;, which in our model can be
verified based on the representation given in Lemma Thus, even though the unit cube
[0,1]P is non-smooth, its simple geometry allows us to provide the technical tools needed to
follow the proof of [45| Theorem 2.3] to verify (C.69).

If the score function sy(x, t) := Vlog p;(x) were known, then simulating would yield
exact samples from p at time T. Since p; and s, depend on the unknown target distribution,
they must be approximated from data.

Approximate backward diffusion. Given an approximation s(x, t) of the score function, we
instead consider the reflected SDE

dX; = s(X;, T — t)dt + dB, + n(X}) dL,, X, ~ U'([0,1]°). (C.70)

Several structural features of the proposed framework motivate the use of reflected diffusions
on the hypercube. First, the state space [0, 1]° is natural in many applications, including image
and signal generation, and reflection provides a principled mechanism to ensure that gener-
ated samples remain within prescribed bounds. Second, the forward process has zero
drift and unit diffusion, which allows for an explicit representation of its transition kernel (see
Lemma [C.50) and substantially simplifies the probabilistic analysis. Third, the uniform distri-
bution on [0, 1]? is invariant for the forward reflected Brownian motion, yielding a simple and
practically convenient initialisation for the backward dynamics. For numerical stability, we do
not run the backward dynamics all the way to time T, but instead output the sample X>_; for
some small T > 0. This introduces three distinct sources of error: B
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(i) the truncation error due to early stopping at time T;
(ii) the initialisation error from starting at stationarity rather than pr;

(iii) the approximation error from using s instead of the true score s,.

Error metric. Our goal is to quantify the discrepancy between p and the law of the generated
samples. Since the algorithm produces a random probability measure as the terminal law of a
stochastic process, a natural notion of error is provided by Wasserstein distances. More specifi-
cally, our error criterion is the 1-Wasserstein distance, for probability measures v;, v, on [0, 1]°
defined by
Wilvi,v2) = _inf / Ix = yl n(dx, dy),
mell(vy,vy) [0,1]°x[0,1]°

where II(vy, v2) denotes the set of all couplings of v; and v,. Unlike divergences based on den-
sities, W; remains meaningful when v; or v, are supported on lower-dimensional sets, and it
admits a natural interpretation in terms of couplings of stochastic processes, making it well
suited for diffusion-based generative models.

Score estimation via denoising score matching. To estimate the score function, we discre-
tise the time interval [T, T] into K € N subintervals {[t;_;, ]} ,, where K < logn and t; = T¢'
for some ¢ € (1,2], tx = T. On each subinterval, we approximate the map (x, t) — Vlog p;(x)
separately. The construction of the score estimator is based on the classical equivalence between
the explicit score matching loss

t;
/ E[|S(X[, t) — Vlog p[(xt)|2] dt
tic1

and the denoising score matching loss

t
/ E[|s(X. 1) — ¥ log q:(Xo. X)F] dt,
o

i—1

where ¢;(x, ) denotes the transition density of the forward reflected diffusion at time ¢, started
from x. More precisely, for any measurable function s, one has

b b
/ E[[s(X:, 1) = Vog p:(X)I*] dt = E[ / |s(Xt, £) = Vlog q:(Xo, X)* dt| + Ci,
tioq ti-q

where C; = —E [ fti [V1og p:(X;) — Vlog q;(Xo, X;)I? dt] is a constant independent of s. Accord-
ingly, for a given approximation class S; and i € [K], we define

ti
LO(x) := / E[|s(X, ) — Vlog q.(x, X)I* | Xo = x] dt.
i

i—1
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Minimising the explicit score matching loss over S; is then equivalent to minimising E[L?(X,)]
over the same class. Given i.i.d. samples Yi,...,Y, ~ y, a natural estimator of the score on the
interval [y, t;] is obtained by minimising the empirical denoising score matching loss

o~ 1
LY = - > LO(Y)).
j=1

K

For a collection of sparse ReLU neural network classes {S;};-,, we thus define the overall score

estimator as the piecewise function

Sulx,t) = Z §§,i)(x, )1y, (1),  where /sfl") € argmin I/:E").
i=1 SES;

Conditional on s, we then simulate the reflected SDE (C.70) with s = 5, until time T — T and
use YST[I as an approximate sample for the target distribution p.

Assumptions and main result The probabilistic results developed in Section apply to
general target measures supported on smooth submanifolds. For the statistical analysis of score
estimation and for deriving explicit convergence rates, however, we restrict attention to a set-
ting in which the geometry of the support is sufficiently simple to permit sharp approximation
bounds for neural networks. Specifically, we introduce the following assumptions about y and
its support M:

(H1) There exist orthonormal vectors vy, ...,v4 € RP with d < D and a shift v, € [0,1]” such
that M is connected with non-empty interior, has a Lipschitz boundary and is a closed
subset of (V +v,) n [0, 1] where V = Span(vy, vy, ..., va).
have ,u(B(x, r)n M) = (r A r)® and A4(B(x,r) N M) = (r A )¢, where A, denotes the
restriction of the d-dimensional Lebesgue measure to (V +v,) n [0, 1]°.

Moreover, there exist constants ¢, > d, r, > 0 such that, for all x € M and all r > 0, we

(H2) The target distribution y admits a density po wrt to the A4 such that

(i) po € HY(M) with @ € Nn(d/2, ), i.e., the density has Sobolev smoothness & on M
and the weak derivatives up to order « — 1 vanish at the boundary in the trace sense;

(ii) po is bounded and bounded away from zero on an interior region of M, i.e., there
exist constants 0 < Ppin < Pmax < o0 and €y > 0 satisfying po(x) < puax for all
x € M and po(x) > pmin forall x € M_,,, /o := M\(OM),,, /2, where (OM),,, /» denotes
the ¢y /2-fattening of M.

Existence of 7, > 0 such that A4(B(x, ) n M) = (rAry)? for all r > 0 and x € M is guaranteed
if M is f-smooth for some f > 2 and has positive reach 7 > 0; see, e.g., [36| Lemma 20]. In
this setting, existence of ¢y > d such that p(B(x, rnM ) > (r A 1rp)® is then further guaranteed
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if the target density p, decays polynomially towards oM, i.e., if po(x) = dist(x, 9M)*~¢ for x
sufficiently close to the boundary. A typical construction of densities py € H§' (M) would model
po(x) = cdist(x, 9M)®? in a neighbourhood of dM with ¢, > & + d. A variation of such an
assumption on controlled decay at the boundary has also been used in [113]] and allows us to
avoid rather artificial strict lower boundedness assumptions on the target density. A visualisa-
tion of our support assumption is given in Figure For small times ¢, the forward density
p: concentrates sharply around M, and the score Vlog p;(x) grows rapidly as x moves away
from M. Accurate score estimation in this regime is statistically delicate, particularly near the
boundary of M. To avoid technical complications associated with boundary singularities, we
introduce the following auxiliary regularity and geometric conditions.

(H3) When restricted to an area near the boundary, the target density py is sufficiently smooth.
Specifically, there exists )y > 0 such that the restriction of p, to a neighbourhood of the
boundary, P0|(8M)EM am € C*((0M),,, n M,R), where x := da=d) 4 d 43¢ +2and (oM),,,

2
denotes the ¢)-fattening of oM.

(H4) M does not intersect 9[0,1]7, i.e., there exists ppyi, > 0 such that

dist(M, 3[0,1]?) :=  inf = Y| 2 Pumin-
ist(M, 9[0,1]7) o x=yl=p

When imposing both and [(H3)} we assume that the values of ¢y coincide. We note that
is comparable to assumptions made in related work on statistical estimation rates of un-
constrained diffusion models, see, e.g., [[89, Assumption 6.3], [71, Assumption (B)]. If, e.g.,
po(x) = cdist(x, aM)®~? close to the boundary as in the discussion above, this assumption is
always satisfied provided oM is sufficiently smooth. Assumption [[H{4) can always be enforced
by rescaling the data and undo this scaling for the generated output. Generally, for any of our
results, we will precisely state which (if any) of the above assumptions are needed.

With this setup, we can state an informal version of our main theorem; the precise statement

is given in Theorem

Theorem C.49: Assume For any § > 0, choose T € Poly(n™!) and T = log n.
Then there exists a family {S;}X, of sparse ReLU neural network classes such that the
reflected diffusion generative algorithm driven by the empirical denoising score matching
estimator §, satisfies

a+1-§

E[Wl(y, LKy, )] = o(n %),

where E(X%LT) denotes the law of the output X%LT conditional on the data.

Organisation of the paper The remainder of the paper is organised as follows. In Section|C.2}
we develop the probabilistic foundations of our model, including the construction of the forward
reflected diffusion and the derivation of the explicit score representation. We also establish



136 Article C

crucial bounds on the growth and regularity of the score function in Lemma[C.53] Section
is dedicated to the statistical analysis and the proof of our main result. We present the error
decomposition for the 1-Wasserstein distance, specify the sparse ReLU network classes used for
estimation, and combine these results to prove Theorem Finally, Section places our
findings in the context of recent minimax results and discusses extensions to general manifolds
and discretisation errors. All technical proofs omitted from the main part and auxiliary results
are collected in the Appendix.

C.2 Probabilistic analysis

Our statistical analysis relies on a detailed understanding of distributional and path proper-
ties of normally reflected Brownian motions in a hypercube, which we develop in this section.
Generally, strong solutions to reflected SDEs can be constructed via the so-called Skorokhod
map. In the present setting of a normally reflected Brownian motion in the hypercube, this is
a mapping I': C([0,00); RP?) — C([0,);[0,1]P) such that the strong solution of may
be written as X. = T'(Y + B.). Although existence and uniqueness of the Skorokhod map are
well known, its explicit characterisation is generally intractable. For the purposes of simulation
and for analysing distributional properties of the forward process, however, it is sufficient to
work with weak solutions. By pathwise uniqueness for reflected diffusions in convex domains,
cf. [95, Theorem 2.5.1], weak solutions are also unique in law (the classical Yamada-Watanabe
argument assuming pathwise uniqueness for unconstrained SDEs, cf. [63, Proposition 5.3.20],
extends to the reflected setting). We therefore begin by constructing a simple weak solution of
(C.67), which is particularly convenient for training and theoretical analysis for the following
reasons:

(i) simulating the weak solution is as easy as simulating a Brownian motion.

(ii) the weak solution yields a simple, interpretable and numerically simple to approximate
series representation of the transition densities g;(x, y), see Lemma[C.51} Together with
property |(i) this yields a simple recipe that does not require full forward path simula-
tions to numerically approximate the empirical denoising score matching loss by using
Algorithm[1]

(iii) the transition density formula from Lemma is perfectly suited to capture the influence
of the intrinsic dimensionality of the data support on theoretical approximation properties
of the score Vlog p;(x), which eventually translates to faster estimation rates.

All proofs of the lemmata stated in this section are deferred to Appendix
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Lemma C.50: Let f: R — [0, 1] be the 2-periodic function defined by

~ . |x  ifxelo,1),
OB {—x, if x € [-1,0),

and extended periodically to all of R. Define f : R? — [0, 1]” by applying ]?component-
wise, that is, f(x) := (f(xi)),-:l,,‘_,D. If Y ~ v for some probability measure v on [0, 1]° and
(Bt)t>o is a D-dimensional Brownian motion independent of Y, then the process (X;);so
defined by X; := f(B; + Y) is a weak solution to the reflected SDE

dX[ = th aF n(Xt) dL[, t>0,

with initial distribution X, ~ v and Brownian motion W.

Figure C.10: Graph of the function ffrom Lemma The function reflects the identity between the lines
y = 0 and y = 1; applied component-wise, f therefore essentially reflects the identity at the boundary 9[0,1]".

Using the explicit construction from Lemma [C.50] we can derive a closed-form expression
for the density p; of the forward process (X;);>o and, consequently, for the associated score
function s,.

Lemma C.51: Let (X;);5 be a solution to (C.67) and define the reflection operator R,
component-wise by

(R (x)) R ES if z; is even,
z i 1—x;, ifz isodd,

where i € N, z; € Z, x; € [0,1]. Then, for all x, y € [0,1]P and ¢ > 0, the transition density
of the reflected Brownian motion in [0, 1]” is given by

gy, ) = @ty P2 Y exp <_|R(X>+Z—y|2> ,

z€ZP 2t
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and, for p, denoting the density of X, wrt. the Lebesgue measure on R,

pi(x) = (2n) P2 Y A N < Re(x) + 2 = )1 ) u(dy), xefo,1]P.

z€ZP 2t

In particular, the score function sy(x, t) = Vlog p;(x) admits the explicit representation

Teezn (1 fo o (Re) + 2 = ) exp (-0 ) y(ay)

tZZEZD /olDeXp( ML) (dy)

so(x, t) = — , (C.71)

where we use the shorthand (—1)? := diag(((—l)zi ,21)-

Combining Lemmal|C.50/and Lemma|[C.51]yields the simple numerical algorithm[T]to approx-
imate the empirical denoising score matching loss, which is necessary for implementation of the
score estimation procedure.

2.0~

05-

0.0-

Figure C.11: Simulation of a reflected Brownian motion (green) along with the non-reflected version (blue)
that is used for its construction using Lemma



C.2. Probabilistic analysis 139

R,(x)+ 2z R, (x)+ z, R, (x) + z3

L]

R, (x)+ 24 R (x)+ 25 | R, (x)+ 26 R, (x)+ z

Figure C.12: The points R, (x) + z; are all mapped back to x under the function f from Lemma Conse-
quently, the reflected process X; moves from y to x if and only if the Brownian motion B; moves from y to x
or to any of the points R,,(x) + z;.

Algorithm 1 Numerical approximation of empirical denoising score matching loss f@

Input: data {Y;}}_, id, N €N, time interval index i € [K],s€S;
set IN,(si) =0
for k =1to N do

draw y = Y, uniformly from {Y;}7_,

draw independently ¢t ~ V'([t;_1, ;]) and B; ~ N'(0, tIp)

set xy = f(Y;, +B;)

choose K € N and set

Yvezp e (1P (R(x1) + 2 — y) exp (‘W)

IRz (x)+z—y[*
tZZEZD,lz\SK exXp <_ [Zt )

Vlog qt(y, x) =

set fgi) - f(si) + ﬁ|s(t, x;) — Vlog q,(y, x,)?
end for ~
Output: L1

Remark C.52: (i) choosing the cutoff parameter K dependent on the initialisation y and
the drawn time ¢ is important since it should be proportional to the number of reflections
along the path y — x; (decreasing in ¢ and the distance of y to 9[0,1]"). See also the
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discussion in [80] on implementation of the model, where Gaussian approximations are
made for small ¢ and spectral decompositions of the transition density are exploited for
large t approximations.

(ii) in practice, one may simulate (yy, t, x;,)}_, only once and use these for Monte—Carlo

approximation of i\(si) for the updated approximators s in every optimisation step.

These results now allow us to give a precise analysis of the growth of the score Vlog p:(x)
in t depending on the distance of x to the data manifold M as well as the path behaviour of
the reflected Brownian motion for small times. These properties will play a crucial role for
constructing efficient neural network score approximators and for proving almost optimal rates
in 1-Wasserstein distance.

Lemma C.53: Fix t > 0 and let M, = {x € [0,1]" : dist(x, M) < \/t(D + 2p)} denote the
\Jt(D + 2p)-fattening of M for some p > 1. Then, under the following hold:

() [Vlog pi(x)| < 417z for x € [0, 1]";
(b) E[[V1og pi(X)PLae,(X)] S mhge ™

(c) if t < 1/2, there exists a universal constant C such that

]P(Vs €[t 1] : [X; = Xo| < CVD/s(log(1 +1log t™") + y)) >1-4De®, y>0;

d) pi(x) 2 t%2" P for x € M,
(e) for t € (0,1],
(i) vx,y €[0,1]° : [Velog qi(y, 0] < 224 + 4

(i) vx € [0,1]° : [Vlog p(x)| = [E[V;log g:(Xo, Xo) | X; = x]| < E[IX; — Xo] |

(iii) vt € (0, 1],x € My, : [Vlog py(x)] s Y28

Note that part together with the upper bound |X; — X,| < D immediately implies the
bound from part @] for t € (0,1]. However, our combinatorial proof technique for @] can be
translated directly to truncated versions of the score representation given in (C.71), which will
form the basis of our neural network approximation strategy in the next section. Conversely,
the proof of] relies on the denoising score representation Vlog p;(x) = E[V, log g;(Xo, X;) |
X; = x], which has no probabilistic analogue for the truncated score representation.
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C.3 Wasserstein convergence rate

This section establishes quantitative convergence guarantees in the 1-Wasserstein distance for
the reflected diffusion generative scheme driven by an estimated score. Our analysis builds on
a careful decomposition of the approximation error and combines statistical bounds for score
estimation with probabilistic stability estimates for reflected stochastic dynamics. In our earlier
work [58], we derived upper bounds of order n~%/**D) (up to polylogarithmic factors) for the
total variation distance under Sobolev smoothness @ > D/2, expressed in terms of the ambient
dimension D. In the present bounded-domain setting, such bounds immediately imply corre-
sponding guarantees in the 1-Wasserstein distance. However, classical results from nonparamet-
ric density estimation in the i.i.d. setting (see, for instance, Theorem 2 in [87]]) suggest that these
rates are suboptimal. Indeed, [[89] obtained an improved upper bound of order n~(¢+1-9)/a+D)
for arbitrary § > 0, by exploiting a refined multiscale analysis of the reverse diffusion. While
our overall strategy is inspired by the approach of [[89], their arguments cannot be transferred
verbatim to the present setting. In particular, the pathwise stability estimates in [[89] rely heavily
on properties of OU processes on R?, whereas our model is governed by reflected diffusions on a
compact domain with boundary. As a consequence, we must develop and invoke genuinely new
probabilistic tools, including precise growth and regularity bounds for reflected Brownian paths
and their associated scores, as established in Lemma At the same time, the compactness of
the state space allows us to simplify several technical aspects of the construction and to avoid
certain localisation arguments that are necessary in the unbounded setting.

Error decomposition

As outlined in the introduction, the overall approximation error decomposes into three distinct
contributions: the error due to early stopping of the backward dynamics, the error incurred
by approximating the score function, and the error arising from initialising the dynamics with
the uniform distribution on [0, 1]° rather than with the target distribution. To disentangle these
effects, we introduce, for a given score approximation s, an auxiliary reflected diffusion (?i)te[(ﬁ]
defined as the solution to

dX$ = (X3, T — 1) dt + dB, + n(X})dL,, te[0,T],

with initial condition )/Zé ~ p7. The triangle inequality for the 1-Wasserstein metric W, yields
for the process defined in (C.70) the error decomposition

Wi (1. X5_1) < Wi Xp) + Wi (Xg, X5 ) + Wi (X5 X 1) (C.72)

o
Since X7 ~ XX _, we may rewrite

~

Wi (Xr, >A<S7—z ) =mW (X%z’ )A(ST—I)’
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where the two reflected processes X¢ and X* are initialised in the same distribution p7, but have
different drifts s and sy, respectively. Likewise, X and X® share the same drift, but are started
in different initial distributions pand U°[0, 1], respectively. Consequently, the three terms on
the right-hand side of correspond, respectively, to the error due to early stopping, the
error caused by approximating the score function, and the error introduced by initialising the
dynamics with the uniform distribution. We begin by controlling the first and third term, which
admit comparatively elementary bounds.

Lemma C.54: Let y be an arbitrary probability distribution on [0, 1]P, and let (X;);so be a
solution to (C.67) with initial condition X, ~ y. Then, for all ¢t > 0,

Wi(u, X,) < VDt

Proof. Let Y ~ p, and define X; = f(B; + Y), where f is as in Lemma [C.50} and (B,); is a
Brownian motion independent of Y. By Lemma [C.50| the process (X;);> indeed solves (C.67).
Since f is 1-Lipschitz, we obtain

Wi, Xo) <E[|f(B: +Y) = YI] = E[|f(B: +Y) = f(V)I] <E[B:|l < VD1,
where the final inequality follows from the Cauchy-Schwarz inequality. O

We next address the error arising from initialising the backward dynamics in the station-
ary distribution rather than in p7. This can be bounded using uniform ergodicity of reflected
Brownian motions in bounded convex domains, which is analysed in detail in |79].

Lemma C.55: Let 0 < T < T, and suppose that s is such that (C.70) admits a unique strong
solution on [0, T — T] for any initial distribution. Let (X?)te[oj] and (X})e[o7) denote such

solutions, with Yg ~U0,1]P and )A((S) ~ pr, respectively. Then,

8D

Sn = T
Wl (X%ﬁl, XST*I) S exp ( — ﬁ)

Remark C.56: For existence and uniqueness of strong solutions, it suffices that for each ¢ €
[0, T — T] the map x — s(x, t) is Lipschitz continuous with a Lipschitz constant independent of
t, cf. [117]]. This condition is satisfied by all neural network score approximations s considered
in this paper.

Proof of Lemma[C.55 We begin by recalling that, for any two probability measures v, v’ on
[0.1]°,

Wi (v, v’) < 2diam([0, 1]°) TV(v, v’) = 24D TV(v, v*). (C.73)
Let (Qo)i>0 denote the transition kernels of the (possibly time-inhomogeneous) SDE (C.70), and
for any probability measure v define v Qo (dx) := f[o,1]D Qo+(y, dx) v(dy). Writing p7(dx) =
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p7(x) dx and letting p denote the uniform distribution on ([0, 1], B([0, 1]°)), we have i%fl ~

H1Qo 771> While XST_I ~ pQy7_7- Since (Qo,+)r>o is a contraction semigroup, it follows that
Wi (XST—I’ YST—I) <2VD TV(HTQO,T—I’ PQO,T—I)
< 24D TV(yr, p)
=2VD sup

AeB([0,1]P)

[ ferey - Dyl
<2VD sup sup

[ @it -na
x€[0,1]P AeB([0,1]P)

=2vD sup TV(gr(x,-), p).

xe€[0,1]P

The result now follows from [79, Theorem 4], which states that

n*T
sup TV(gg(x,-),p) < — exp( )
xe[0,1]P 2D

O

We now turn to the second term in and follow the general strategy from [89] to con-
trol it. We start by decomposing the time interval [0, T — T] into a sequence of geometrically
shrinking sub-intervals and introduce, on each such sub-interval, an auxiliary process in which
the true score is only partially replaced by its approximation. This multilevel construction al-
lows us to localise the score approximation error in time and to derive sharper bounds on the
resulting Wasserstein distance. Fix a constant ¢ € (1,2], and choose K € N such that TcX = T.
Define the intermediate times t; := Tc¢,i = 0,...,K. For each i € {0,...,K} and a given score
approximation s, let Y = (Y(ti))te[oj,ﬂ denote the solution to the reflected SDE

av? = Vlog pr_,(YP) dt + dB, + n(Y) dL,, te[0,T-1),
YV = s(YO T~ ¢t)dt+ dB, + n(Y)dL,,  te[T—-4T- Tl
with initial condition Y(()i) ~ pr. Thus, the process Y follows the exact reverse-time dynamics

driven by the true score up to time T — t;, and subsequently evolves according to the approximate
score s. By construction, we have the distributional identities
T (0) s (K)
X ~ XTO—T YT e X771 ~ YT—I'

Applying the triangle inequality for the 1-Wasserstein distance therefore yields

1) )
Wi (Xp, X5 Zw (Y2 Y2,
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The following proposition provides a bound on each of the incremental Wasserstein distances,
which essentially improves by a factor of ((; A 1)p)!/? the rough upper bound that can be de-
rived from combining a total variation bound and Girsanov’s theorem, provided that the score
approximation satisfies |s(x, t)| < C m for t < 1. This growth control is motivated by Lemma
whose combined conclusion tells us that for any p € N, with probability at least 1 — 1/n?,
the true score satisfies

Vi > T : |so(t, X)) = [V1og pu(X,)| < 712 \/log(l +log T™1) + {/plogn.

The improved Wasserstein bound allows to compensate the higher difficulty of score approxi-
mation for small times ¢ caused by its increasing irregularity as t — 0 and thereby obtain faster
Wasserstein convergence rates. The detailed proof is postponed to Appendix

Proposition C.57: Assume Let s be a score approximation satisfying |s(x, t)| <
C+/p/t forall x € [0,1]P, t € (0, 1], for some constants C > 0 and p > 1. Assume moreover

that t; < 1 and that log(l + log(tl_l)) < Jp- Then, for any i = 1,..., K, the corresponding
processes YU and Y satisfy

t 2
wi(YED Y0 ) < e(e-P + ((ti ADp / E[|s(X,, t) = V1og pi(X)F] dt> )
for some constant € > 0 independent of i. In particular,
t;

K : :
Wi (Xr, 23771) < €<Ke_p + @Z N 1(/ E[|s(X;, t) — Vlog pi(X,)I] dt) >

Recall that, for given T, T and t; = Tc',i = 0,..., K, as above such that ¢ = T, we estimate the
score on on [#_1, t;) by minimising the empirical denoising score loss via

4 1S
/s\f,‘) € argmin — Z L(S‘)(Yk), (C.74)
S€S; n k=1

where Yq,..., Y, iid 4 is our given data,
t
106 = E| / 150X, £) — Vlog g, X2 ],
ti-q

and S; is an approximating class of neural networks that needs to be chosen. The full score
estimator is then obtained by concatenating these minimisers across time,

K
5.0, 1) = Y S0, D1y, (D), (C.75)

i=1
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which reflects the multiscale structure of the diffusion and allows the approximation complexity
to adapt to the effective noise level at time t. By the equivalence of explicit and denoising score
matching, /sfl’) therefore serves as an empirical risk minimiser for the true score sy on [#i_1, ;).
For a given approximation class S;, the L? estimation error

t; .
E[ [ 50061~ Vlog e X &
t

i~1
therefore naturally splits into the conflicting effects of an approximation error

ki
minE[/ s(t, X;) — Vlog q,(x, X,)I* dt],
iy

SES;

which decreases with larger networks sizes that increase the expressivity of the approximation
class, and a complexity term that increases with the size of the network class.

Score approximation

In order to optimally balance these two effects, given a desired target accuracy, it is necessary
to make parsimonious choices regarding the network sizes. To specify this, we now introduce
the class of sparsity-constrained neural networks with ReLU activation function that we use for
score approximation. For b, x € R™, define

o(x; — by)
op(x) = o . b) | o) =yvo,
G(xm - bm)

and for L € N, W € N¥*2, S € N and B > 0 denote by ®(L, W, S, B) the class of neural networks
with depth (i.e., number of hidden layers) L, layer widths (including input and output layers) W,
sparsity constraint S, and norm constraint B. We thus consider functions of the form

@o(x) = Aoy, AL—10p, , -+ A10p, AoX,

where A; € RW+>Wi b, ¢ RWit fori = 0, ..., L (to ease notation, we always set by = 0), and where
there are at most a total of S non-zero entries of the A;’s and b;’s and all entries are numerically
at most B. In an abuse of notation, we denote o simply by o. This can be written succinctly as

Apoy, AL 10y, Ajop, Ag | A € RW Wi p e RWi

®(L,W,S,B) =1 &
Ao + 10do) < 5. max (A v 1bi) < B

i=0

For larger and more complicated neural networks, their exact sizes are often unavailable, and
we only have access to their asymptotic sizes. Due to this, we also introduce the following class
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of neural networks that eases network size analysis in the proofs that follow:

~ A~~~ ~

With this notation, we have for arbitrary networks ¢; € <I~>(Li, W;, S, B;), that

P10 Q2 € 5(141 + L2, W1 \Y Wg, S] + Sg, Bl \Y Bz) and

Zl € B(Ly v Ly, Wy + Wy, Sy + Sy,B; VBy).
2

In particular, since ¢; + ¢, = [1 1] [q)l (pg]T, we have also

k k k
Z 0; € cT)( max{L;}, Z Wi, Z S;, max {Bi}).
i1 i=1 i=1

Some basic neural network approximation results that we shall frequently use in our analysis
are given in Appendix Our main approximation result is the following.

Theorem C.58: Under assumptions [[H1)H(F4)| for any & > 0, large enough m € N and
2a+2
t>0withm % <t < log m, there exists a neural network

5((log m)*(log log m)%, m(log m)P*!, m(log m)P*2, mit~' vm"), ift< %m‘¥
% CND((log m)*(log log m)?, m’(log m)P*1, m’(log m)P*2, m’), ift > %m’¥ ’
where v = 202(‘1 S+ dandm’ =1t tm? s satisfying
2L (log m) 2D+ = ift<m @
X S0 X 2at1 - 2
[ Bl 00 - 001 de { om0

Moreover, this network can be chosen such that |s,(x, t)| < il IOgm for all x € [0,1]P and
t €[t 2t]

The proof is technically involved and proceeds through several stages. We provide a high-level
overview of the argument here, while all details are deferred to Section[C.B] The approximation
strategy exploits the explicit score representation established in Lemma|[C.51] together with the
general neural network approximation framework for space-time functions developed in [58].
Recall from Assumptions and that the target distribution p is supported on a
closed subset M of a d-dimensional affine subspace (V + vy) n [0, 1]P with non-empty interior,
where V = Span(vy,...,v4), vo € [0,1]°, and vy,...,v4 € RP are vectors in the D-dimensional
ambient space. Let A := (vy,...,04) € RP*d and P := AAT, so that P is the orthogonal projection
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onto V and any x € V can be written as x = Au for some u € R?. Then, for any integrable
function g: M = R,

/ gdp = / g(Au + vy)po(Au + vp) du,
M M+

where M* := AT(M —v,) = {u € R? : Au+ v, € M}. Moreover, for any x € R” and u € M*,

Figure C.13: Example of a domain M C R® and its lower-dimensional representation M* C R?.

x—(Au+uv) = ((vo + P(x —v9)) — (Au + vo)) + (x — (vo + P(x — vo)))
= (P(x —vy) — Au) + ((I —P)(x — vo)),
where the first term lies in V and the second in V*. By the Pythagorean theorem,
Ix — (Au + vo)[* = [P(x — vo) — Aul* + |(I — P)(x — vo)|*.

Consequently, for any x € RP,

/ e_‘VTy‘ u(dy) / e_IHA;tMU)‘ po(Au + vp) du
M M*

_la=P)x=vp)? _IPGx=vp)-Auf?
e o / e w po(Au+vp)du
M

_la-P)x-vp)? _ AT Ge-vg)-uf?
e o / e 2 po(Au + vy) du.
M

Here we used that |Au| = |u| for all u € R?. A similar decomposition yields

— x—y[? 1-P)(x—vg)I? I—-P — AT (x—vg)-ul?
/ X yeJ Z;tv‘ ll(dY) = eJ( P)(Zt 20t <( )gx UO)/ eJ ¢ zf) ‘ PO(Au+ vo) du
M M*

t
14T — — T (x—vg)—ul?
+A/ 7(}6 tUO) ue_m( 7 pO(Au+vo)du>.
i
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In view of Lemma[C.51] which gives

Trezn (1 fo o (Re) + 2 = ) exp (520 ) uay)

|R,(x)+ 2 4 (x’ t) € [O’ l]DX(Os 00),
£ ez f[0,1]D exp( 7y) u(dy)

so(x, 1) = —

all dependence on p enters through the lower-dimensional projection AT(x — vp). Accordingly,
a substantial part of the approximation task reduces to approximating the functions

Bt () o / e p(Av o), ot (w) e / e (v + ) do, (€76
M* M*

defined on R¥ x (0, o). This dimensional reduction allows us to derive error bounds that depend
on the intrinsic dimension d rather than the ambient dimension D. A comparable mechanism
appears in [89]], where the Gaussian transition densities of the OU forward process give rise to
analogous expressions. In contrast, the transition densities in the present model are given by
infinite series of Gaussian densities restricted to [0, 1]°, which introduces substantial additional
technical difficulties. These are addressed using an approximation strategy adapted from [j58],
where spectral representations of the forward density and its gradient were analysed.
The proof proceeds along the following steps:

1. For fixed t > 0 and ¢ € [¢, 2¢], we truncate the series representation of the forward density

by
K _ ,% |R (x) t+z— }’|
p;(x) =(2rxt) ZEZD /01 exp B ve— N ) u(dy)

lzleo< \/26(D+2K)

and define the corresponding truncated score

_th(x)
pi(x)

Lemma |C.60|establishes for ¢ € [¢, 2] an exponential convergence of sX to sy in L? as K —
oo allowing us to restrict attention to truncation levels of order log n. Since the truncated
sums can be approximated termwise by neural networks, combining these approximations
increases the network depth only by a logarithmic factor, leading to a negligible additional
error.

s (x, 1) (C.77)

2. For fixed § > 0, we split the time domain into small- and large-time regimes according
tot S m @ 9/4  Using Lemma we approximate fi(,t) and f(-,t) in for
fixed t; see Lemmas and In the small-time regime, Assumption yields
improved approximation rates of order m™*/¢ outside M*, compared to m~*/¢ on M* (up to
logarithmic factors), while in the large-time regime the regularising effect of the forward
diffusion leads to rates of order m~(**1/d,
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3. We extend these fixed-time approximations to short time intervals using polynomial in-
terpolation in t, as shown in Lemma

4. Finally, we combine the resulting constructions with the general neural network approxi-

mation results from Appendixto prove Theorem|C.58] which provides L? approxima-
tion bounds for the score in both time regimes.

Main result

With these preparations, we are now in a position to give a concise proof our main result.

Theorem C.59: Assume (H3), and set

o ~ 8 8D7 o
I = D_l n 22(u+:li) and T = = log ( N 2a+d )
T T

Then, for any § > 0 and n € IN large enough, there exist neural network classes

o
= i i : S /=
S, {(p € ®(L, W;, S, B) : |o(x, 1) < JEAT }’

where

L < lognloglog n,
Wil < (”ﬁ At A 1)7%n%])(log n)PH,
S < (n% A[(6 A 1) n3]) (log )P,

4(a+1)+d(cp—d+2) 2d2 1
B S n 2Qa+d) \/ N ta2—d? +3ard s

such that the reflected diffusion generative algorithm associated to the empirical denoising

score matching loss minimiser §,, defined via (C.74) and (C.75) satisfies

a+1-§

E[Wi(s, X )] < n 5

Proof. First, recalling the decomposition (C.72), it follows that

E[Wi(i X7 1)] < Wi, X1) + E[Wi(Xe_ X3 )] + E[Wi (X7, X2 )]

Here, it immediately follows by Lemmas|C.54|and[C.55|that the first two terms are each bounded
by n~ %4, and so we now focus on bounding E[W;(Xr, X3 ,)]. By Lemma , and its preced-
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ing discussion, we have for p > 0 that
A~ K ki 3
EDW (X5, X5 ) S Ke? + 3B ((tl- w0 [ B[00 - Viog pi 3] dt) ]
- iy

i=1

K ti 2

<ker+ Y ((npe| [ E[R00 - Viog o) 3] ar])
i=1 ti-1

where in the last inequality we use Jensen’s inequality. Recall here that ¢; = T¢!, where ¢ € (1, 2]

and K € N are chosen such that tx = T, i.e. K = log, ; = log n. Setting p = 2L log n, we thus
have a

a+1-§

_ _ atl _atl=d
Ke P = n 2a+d logns n 2a+d |

Now, to further analyse each term, we fix i € [K] and introduce the induced function class L0 =
{LY | s € S;}. We then have by [58, Theorem 3.4, Theorem B.2] ifsupseslu{50}||L(si)||oo < C(LY) < oo
that for suitable A > 0,

E

ti
/ E[[5,(X0. 1) — Vlog pi(X)F | 5] dt]
tig

oLy /145 4
( )(7 log N'(L£D, [, A) + 160) +5A.
n

4
<2 insf / ]E[|s(Xt, t) — Vlog pt(Xt)|2] dt+2
SES; tiq
Following the proof of [58, Lemma 3.5], we also have that if for t € [#i1, %), sup g [s(-, )] <

3(%) for some C(S;) < oo and

t;
[ 7B ey dyde < . (©79)
ty Jo1
then there exists a constant ¢, such that

. A
J\f(ﬁ(l), [leo, &) < N(S,-, Ileo m)

To this last condition, we have

/ 1V log :(x. Ylgi(x. y) dy = / V(. )| dy
[0,1]P [0,1]7

1 2 () +2—yl2
<1 X [ e iR sz -yl

t D

zezp J10.1]

1 2
= f/ (2r) 8 lyle™™ dy

t Jro

VD

IN

W,



C.3. Wasserstein convergence rate 151

implying (C.78). Furthermore, using the Li-Yau bound from [74, Theorem 1.1], which gives
IV1og q:(x, y)I* < 2 + 9, 1og q.(x, ), it follows that for s € S;

L
Ls(x) = / /[ : s(y, 1) — Vlog q:(x, V) q:(x, y) dy dt
tioy 0,1]°
L
< 2/ /[ " (|S(Y> )* + [Vlog gq,(x, }’)|2)qt(x, y) dydt
iz 0,1

’ C(S)*+D
s 2/ / (L + 9¢ log g (x, y))qt<x, y) dydt
iy J[0,1]P t

= Z(C(\S'l-)2 + D) log c,

where we used that
t t
/ / d¢log qi(x, V)qi(x, y) dy dt = / / d:1qi(x,y)dt dy
tioy J[0,1]P [0,1]P Sty
= / 9,(x,y) — q,_,(x,y) dy = 0.
[0,1]P
Thus, it follows that C(£®) < (C(S;)? + D)log ¢ < C(S;)?, and hence by the above

E

t;
/ E[[5,(X,, 1) — Vlog pu(X)P | 5] dt]
iy

< inf
SES;

E[|s(X, t) — Vlog p(X)I*] dt +

li n

/‘t*' C(S)? log N'(Si, Ieos m) A

Here, by a small modification of [89, Lemma C.2], if S; € ®(L, W, S, B), then
A
coC(S)(t + 1)

Next, setting m = [n#a], if t; < n %4, we have by Theorem that there exists a neural
network <p§? € ®(L, W, S, B) with

log -N.<Si> Iloo ) < LSlog(coC(S)(t + VE)A'LIW (B V 1)).

L < (logm)*(loglog m)* < Poly(log n)

| Wle < m(log m)P*! < Poly(n)
S < m(log m)P*? < nw Poly(log n)
B<m™ T Ty my < Poly(n),
satisfying |<p§?| < ‘ltofl" <~ \/l%" for t € [t;_1, t;) and

So

ti . 2a 2a
/ E[l¢®(X,, 1) — Vlog p,(X,)I*] dt < (logm)***P**m™¢ < n™ =4 Poly(log n)
ti-1
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ogn

Thus, setting S; = {p € ®(L, W, S, B) | [¢| < Y= }and A = n~ 4, it follows that

ti 2a
E[/ E[[sy(Xi, 1) — Viog p,(X)? | 5] dt| < n~ 2% Poly(log n).
tig

Conversely, if ; > n~ b , the same theorem yields a network (p(l]) € ®(L, W;, S;, B) with

L < (logm)*(loglogm)* < Poly(log n)
[Wile < (t: A1) m? (log m)™*! < Poly(n)
< (A 1)_gmg(log m)P < (4 A 1)-%,1% Poly(log n)

2(a+1) | co—d
Bi<m ¢ Tz !

< Poly(n),
satisfying

2(a+1)

|(p(’)(X,, ) — Vlog p,(X)I?] dt < (log m)* 2P +3m~ <n” St Poly(log n).
gp g g
ti-q

2(a+1)

Thus, setting A = n™ 2e+¢ , we have now

n” zerd —) Poly(log n).

_d _dd
( wwry (A 1)7 2 nieard
n

t
E[ [ Bl800 - Viog pi (R 5] | <
iy

Now, letting K* = max{i € [K] : #; < n‘ﬁ}, we have

K t; %
> ((t,» A 1)pE[ / E[[5,(X:, £) — Vlog p:(X) | 5] dtD

i-1

K* 4 1
Z( [ [ Bl5.00.0 - Tlog pixF 5] dr])

i-1

<1

1

K ti 2
>, (@noe| [ El00-viepoor 5)a) )|
i=K*+1 li-

Here, the first sum is easily bounded by

Z( u [18:(Xs, £) = V1og p(X) | 5] dt

2 1=5/2 +1-8
) <n Tt n- Fard Poly(log n)<n Gard R
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where we use that K* < K < log n. As for the second sum, we have

K t; %
> ((t,-/\l)E[/ E[[5.(Xs, t)—Vlogpt(Xt)|2|/s\,,] dtD

i—1

- 4(2a+d)
< Poly(log n)(KnM + 2 Z (LAD)T )

i=K*+1

2d nm
< Poly(log n)( n™ % + ;1| B
_ atl —(2—d)(2— 5)+5d 2(2a+d)
S Poly(log n)(n 2a+d 4+ n 4(2a+d) )
_at1es
S N 2a+d |
Thus, it follows that .
E[Wi(Xr, XS” Plsn ot
as desired. O

C.4 Discussion

We conclude by placing our results in the context of the existing statistical theory of diffusion-
based generative models and by clarifying the scope and limitations of the present analysis.

Minimax optimal estimation We do not aim to establish results on minimax optimality,
as such questions, while important, lie beyond the scope of the present work. The first near-
optimal convergence rates for diffusion models under the 1-Wasserstein metric were obtained
by [89] who consider target distributions on R that admit an a-smooth, compactly supported
density wrt Lebesgue measure, and analyse classical Ornstein—Uhlenbeck (OU) dynamics. Under
the assumption of perfect SDE simulation and working without the manifold hypothesis, they
show that diffusion models achieve the rate n‘%l;na, for arbitrary § > 0, which is near minimax-
optimal in the ambient dimension D and consistent with results established in the classical i.i.d.
density estimation setting by [87]; see in particular Theorem 1 therein for densities bounded
away from zero.

In the context of diffusion-based generative models with non-singular target distributions,
[113] establish an upper bound of order n~ 25, up to polylogarithmic factors, for the 1-Wasserstein
distance between the true distribution and the law induced by the generative model. Their
analysis uses empirical score matching over suitably chosen neural network classes with tanh-
activation function and holds uniformly over classes of Holder-a smooth densities that are
bounded below on any compact subset of the interior of the support and exhibit controlled
decay near its boundary. The avoidance of an arbitrarily small polynomial inefficiency in the
rate comes here at the price of having to consider polynomially many (in terms of the data)
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separate time intervals in the score estimation procedure as compared to the logarithmic depen-
dence in our and previous work on 1-Wasserstein estimation rates [6, 89} |118]. This theoretical
understanding has been further advanced by [21]], who provide sharp finite-sample error bounds
measured in the p-Wasserstein distance for arbitrary p > 1. Notably, they relax typical compact-
support or smooth density assumptions, requiring only finite-moment conditions on the target
distribution.

While these works constitute significant progress in the statistical theory of generative mod-
elling, their analyses fundamentally rely on the explicit Gaussian structure of the transition ker-
nels associated with unconstrained OU or standard Brownian dynamics on RP. In particular,
[113]] and [21] exploit a control on the temporal score regularity, which is heavily tied to the
specific analytical smoothing properties of the Gaussian transition kernels. Our reflected dif-
fusion framework on [0, 1]” inherently breaks these structural properties. The corresponding
transition densities are instead governed by an infinite series expansion of restricted Gaussian
densities (or alternatively, by a spectral decomposition as in [58]), which leads to a fundamen-
tally different and analytically more complex score regularity, in particular due to the influence
of boundary reflections, which become increasingly notable for larger ¢. Extending the min-
imax optimality proofs from the unconstrained setting to bounded domains with reflections
would require entirely new analytic techniques to rigorously control these boundary effects
and is consequently beyond the scope of this paper.

Furthermore, a strictly minimax-optimal convergence rate, completely free of extraneous
logarithmic terms, has recently been derived by [37] in the unconstrained variance-exploding
setting. For target distributions with Holder smoothness o > 0, they establish rates wrt the
score matching loss, which allows them to prove that the generated distribution achieves the
minimax-optimal rate in terms of the expected squared total variation distance and, for a > 1,
the 1-Wasserstein distance. However, these bounds are achieved by departing from neural net-
work approximations and employing kernel-based score estimators instead. While this consti-
tutes an important theoretical contribution to the understanding of the fundamental statistical
limits of diffusion models, it diverges from common algorithmic practice, where gradient descent
methods for score matching exploit the flexibility and inductive biases of expressive neural ar-
chitectures. Our analysis maintains this connection by explicitly studying neural network-based
score estimators. Moreover, from an analytical perspective, translating kernel-based techniques
to reflected diffusions on bounded domains would introduce severe boundary biases, necessi-
tating the construction of highly specialised boundary-correction kernels. Given the practical
prevalence of neural networks in generative modelling and these domain-specific analytic chal-
lenges, a theoretical investigation of kernel-based score matching is conceptually distinct from
our objectives and therefore falls outside the scope of the present work.

Extension to general manifolds In this work, we restrict our geometric setup to data sup-
ported on a linear subspace d « D intersecting the hypercube. While simpler than general
non-linear manifolds, this setting already poses significant mathematical challenges due to the
aforementioned absence of Gaussian transition kernels. In unconstrained OU settings, this Gaus-
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sian structure allowed [6,/118] to extend convergence rates to unknown compact d-dimensional
manifolds, achieving bounds that scale with the intrinsic dimension d. Independently of any
assumptions on the target distribution, the reflected diffusion case requires managing complex
transition densities (cf. Lemma|[C.51), making the bounding of the score function and its estima-
tion considerably more involved. Let us emphasize here that all of the results given in Section|C.2|
do not rely on any specific geometric assumptions on the support of y but only partially on the
assumption that py has controlled decay at the boundary. For curved manifolds without bound-
ary such that the density wrt the volume measure is bounded away from zero as in [6|[118] all
statements therefore remain true if the lower bound in Lemma is replaced by t~4/2¢7P.
In particular, parts of Lemma|C.53|provide a natural analogue to the crucial technical Lemma C.1
in [[118] and can therefore serve as a natural starting point for score approximation for general
manifold data via considering linear sub-problems associated to local chart parametrisations of
the data density.

Discretisation and sampling errors A further extension of the present analysis involves
the relaxation of the assumption of exact simulation for the backward dynamics. In practice,
sampling from the generative model requires the discretisation of the backward SDE. For stan-
dard unconstrained processes, this is typically achieved via the Euler-Maruyama scheme, whose
error properties have been extensively quantified in recent literature.

For reflected diffusions, however, the discretisation is more involved, as simulated paths must
be strictly constrained to the domain [0, 1]P. This necessitates the use of alternative schemes,
such as projected or penalised Euler—-Maruyama methods, which explicitly account for the local
time at the boundary. The numerical analysis of these methods requires bounding the error in
the presence of reflecting barriers, where the discretisation error is coupled with the approxima-
tion of the score function near the boundary. Establishing a comprehensive end-to-end bound
that incorporates these discretisation effects is a significant objective in numerical stochastic
analysis. This constitutes a natural direction for future research, as also pointed out in the sur-
vey article [[120].

Acknowledgements We thank Iskander Azangulov and Judith Rousseau for helpful discus-
sions during the MFO Mini-Workshop: Statistical Challenges for Deep Generative Models and Si-
mon Bienewald for helpful remarks on Wasserstein generalisation bounds.

C.A Proofs for Section

Proof of Lemma[C.50 Since f(Y) = Y and By = 0 a.s., we have Xo ~ v. Fix i € [D] and define
the one-dimensional process 2% := BY) + YO, t > 0. For x € R, let LEIZC denote the local time of
Z® at level x, that is, the unique process satisfying

. 1 £ .
ngc = 151{.1(} ?g /0 1(x*€,x+g)(z(sl)) ds.



156 Article C

Since f is the difference of two convex functions, the Itd-Tanaka formula implies that X(ti) 1=
f(Z7) is a continuous semimartingale satisfying

XP =y 4 / F(Z9)dz® + / LY, F(dx),

where j/f:’ denotes the left derivative of fand f” its distributional second derivative. Define
ng) = fot F1(Z0)dz®. As f’(x) € {~1,1} for all x € R, we obtain

t ) !
Wy, = [Py aet) = [1as=
0 0

and hence (ng))tzo is a standard Brownian motion by Lévy’s characterisation. Next, define

.0 ._ @ ()1 . ®
L = Z Lok : Z Liaken

keZ keZ
@ Tw _ 0 _ 1 s . i) X®
Then, [, Ly f”(dx) = L} L. Let Ty := inf{t > 0 : |Z}”| > k}, k € Z, and denote by L

the local time of X at 0. For all t > 0 and n € N, we have a.s.

N0 (A Tan o) 1 T 0)
LYy, = lim — / 1 e(XP) ds = lim — / Lak-cok+e)(Z57) ds
N0 2¢ o N0 26 7 Ki<n

1 tATop )
lgl\l;% 27‘&_ / 1(2k—s,2k+£)(zg)) ds
0

_ @
- Z Lt/\Tz,,,zk’
keZ, |k|<n

where we used that X\ = 0 if and only if Z = 2k for some k € Z. By monotone convergence,

'—i((i) _ Z ngk = L(‘)O forall t >0 a.s.
kezZ

An analogous argument shows that Lgi)’l is the local time of X® at 1. Consequently, X satisfies
the one-dimensional reflected SDE

dx,? = dw{’ + z(dL(l)O ™).
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Finally, define L, := Z (L(’)O Lgi)’l) and W, := (W(l), ...,wiD)). Then,

1
2

D
1 i),0 i),1
X=X+ W, + Zel(L(tl) —LW )

_x0+wt+2/ n(X;) dL, O

[0,4]:{xef0, 13}

D
1 N
= Xo+ W, + / n(Xs)d(f > L(Sﬂ»x(s”)
sel0,t]: U2, ixPefo, 13} 2 st

t
=Xo+W; + / n(Xs)dLs = Xy + W; + / n(X,) dL;.
[0.¢]:{Xseal0,1]P} 0

Moreover, for i, j € [D],

. y b NN ; g ) t, i:',
<WWW=/ﬁﬁmﬂwwwm{0_{
0 , LF ],

so that (W,);>¢ is a D-dimensional Brownian motion. Since (L;);>¢ is a local time of (X;);>o, this
completes the proof. 0

Proof of Lemma Let f be defined as in Lemma By that lemma and by uniqueness in
law of weak solutions to (C.67), the associated transition density g; satisfies

q(y,x) dx =P(X; € dx | Xo = y) = ]P(f(Bt +y)€ dx).

Forany z € ZP and x € [0,1]°+z, we have f(x) = R,(x—z). Since the collection ([0, 1]D+Z)zezr>
forms a partition of RP up to Lebesgue null sets, it follows that for x, y € [0, 117,
g:(y,x) dx = Z IP(f(Bt +y)edx, B,+yel0,1]° + z)
z€ZP
= Z JP(RZ(B[+y—z)€ dx, B, +y¢€ [0,1]D+z)
z€ZP
R,(x)+z—yf?
= Z ]P(B, € R,(dx)+ z — y) = (2nt) P2 Z exp <_|(x)zy|> dx.
z€ZP 2€ZP 2t

In the third equality, we used that, for each z € 7P, the mapping R, is an involution on [0, 117,
and that R,(dx) +z—y C [0,1]° + z — y for all x € [0, 1]°. The fourth equality follows from the
transformation theorem and the fact that the determinant of Jacobian Jg_ (x) = (—1)? has unit
absolute value. Applying monotone convergence and integrating q;(y, x) against pu(dy) yields

2
m@ﬂhﬁWZﬁl (m“ﬁzﬂ)mn

z€ZP
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as claimed. To compute the score, note that for z € 7P and x, y € [0, 1]P, the chain rule gives

- Reriy _V|Rz(x) +z—y? .- Ry -1y R,(x)+z— Y- Re(x)+=yP .

2t t
Hence, dominated convergence again yields

IRz (x)+z=yl2
2t

Vpi(x) . _ZZEZD(_l)Z f[o,l]D(Rz(x) +z-ye
pi(x) t ez fope o p(dy)

as desired. O

d
so(x. 1) = Hay)

Proof of Lemma[C.53 To show [(a)] notice that, by the triangle inequality,

[Rz(x)+z—y[2
S udy)

5

ZzEZ /01D|R (X)+Z—y| B
_ IRz (x)+z-y[?

ZZEZD -/[O,I]D ¢ 2 ,U(dy)

tlso(x, ) <

where, since the numerator is convergent, we must have for every ¢ > 0 and x, y € [0,1]® that
there exists a K > 0 such that

[Rz(x)+z—yl?
Z IR,(x) +z— yle” W < e

ze7ZP
IR, (x)+z—y|>K
y

In particular, there exists a K(x, y, t) > 0 such that

Y Rzl T o P

2€ZP z€ZP
[R:(x)+2z=y[>K(x.y.t)

Thus, if we can show that K(x, y,t) < K(t), independent of x and y, integrating both sides
yields

[Rz(x)+z=y[* _ IRz(x)+z—yl?
/ R.(x)+z—yle™ u(dy)=/[01]n< > R(x)+z—yle™ »

zeZP
[R.(x)+z—yI<K(t)

_ [Rz(x)+z—y
b Rtz )/J(dy)
ze7P
|R(x)+z—y[>K(t)

K(t) . / —Ree |Rz()+z-y2 u(dy),
0,1]P

z€ZP

z€ZP
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which then implies

|So(x, t)| <

K@) +1
f. (C.79)

To do this, we first note that, for each x, y € [0,1]° and z € ZP, the point R,(x) + z — y lies in

. o, L.
[-1,1]P + z, and that the function |ule” = is decreasing in |u| whenever |u| > +/t. Thus, when
|z| > 2D + V/t, we have the rough estimate of

_ Re@)+z—y? _letul?
R (x)+ z— yle a < |z + ule” = du.
[-2.2]P

Now, notice that the set {z + [-2,2]° | z € ZP} constitutes a covering of R, where each
hypercube z + [0, 1]? is covered a total of 4° times. Thus, we have for each integrable g : RP —

R,
Z / glu+z)du= 4D/ g(u)du.
[-2,2]P RP

z€ZP

Similarly, the set {z + [-2,2]P | z € ZP,|z| > K} is a covering of a subset of RP containing
{u € RP | |u| > K — 2D}, and each hypercube z + [0, 1] is covered at most 4” times, whence

Z / glu+2z)du< 4D/ g(uw)du.
[-2,2]P {lul>K-2+D}
Applying this to the above for some K > 2+/D + +/t, we get

[Rz (x)+z—y[2 Jutz[2
Z R (x)+2z—yle” = < Z / |lu+zlem = du
[-22]P

ze7P ze7P
[z[>K |z[>K

Juf?
< 4D/ |lule™ 2 du
{lul>K-2+D}

D
= (327t) 2 E[[B|1yg 1 k2 vy )-

Setting K(t) = 24D + [t(D + %) < 1+ 4/t V1, it follows by Lemma [C.71.(b)| that

_D _D
E[B:[1g,k(r)-2vp] S 172 €7%,

whence
[Rz(x)+z-y[* x=yl2

[Rz(x)+z=y?
Z Ry (x)+z—yle =z < en<e B < Z e E

z€ZP

2€ZP
|z|>K ()

By the previous discussion discussion leading to (C.79), this proves part|(a)]
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To prove|(b)] we first note that [(a)] gives
1
E[[V1og p:(X)[ Lagg, (X0)] < mﬂ)(xz €M)

To control the right hand side, let f, fbe as in Lemma such that X; ~ f(B; +Y). For all
x € Rand y € [0, 1], we have |f(x + y) — y| < |x|, implying that | f(B; + Y) — Y| < |B;|, and hence
that if |B;| < /t(D + 2p), then also dist(f(B; + Y), M) < /t(D + 2p). Using this and Lemma

IC.71.(a)} we have
P(X; € My ,) <P(B:| > Jt(D+2p)) Se”?,
showing|(b)}

We continue with the proof of Using the same reasoning as above, we find for Z, :=
Bg)u/\/e‘” and z > 0 that

]P(Els €[t 1] : [Xs=Xo| > \/Ez) < ]P( sup |Bs//s| > z) < D]P( sup |Z,] > z/\/B) (C.80)
s€(t,1] u€l0,log t1]

Note that (Z,)ue[ojog+-1] is @ Gaussian process with canonical distance d7 given by
—(uvv) lyy—
dz(u,0) = E[1Z, ~ Z,1"] = 2(1 - Samr) = 2(1 - *7/%).
It is readily verified that for ¢ € (0, v/2) the covering number N([0,log t™!], dz, ) is bounded by

-1 -1
log ¢ <14 logt

N([0,log t '], d <1+ ———F———
([0.log £7]. dz. &) < +—210g(1—€2/2)_ e

and thus we obtain for the entropy integral

1

) -1 V2 log t~
log N([0,log t™"],dz, ) de < log (1 + > ) de
0 0

N
< V2log(2 +logt™) + 2 / log(1/¢)de
0

< V2log(2 +logt™) +2
< G log(1 +logt™),

for some universal constant C;. Moreover, we find for the diameter

Ag([0,logt )= sup  dz(s,s") < V2

s,s’€[0]og t71]
Thus, Dudley’s entropy concentration bound for suprema of Gaussian processes, cf. e.g., [[125]

Remark 8.1.6], yields for any y > 0 and some constant C; > 0 that

sup  |Z,~Z| < / log N([0,log t '], dz, €) de+A4,([0,1og t " )u < C; log(1+log t ™)+ 2y,
0

u€l0,log t71]
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with probability larger than 1 — 2e~Y"/2. Since Z, is standard normal, we therefore conclude that
there exists a universal constant C > 1 such that

sup |Z,| < C(log(1 +1logt™") +y),

u€[0,log t71]
with probability larger than 1 — 4e 2. Consequently, it follows from (C.80) that

]P(Vs €[t 1] : [X; = Xo| < CVDs(log(1 +logt™) + y)) >1—4De %,

which proves|(c)

To showet x € M, be given and choose some y, € M with |y, —x| < \/#(D + 2p). Then,
sety; = yo + ‘yo%(yo — x) such that y; lies on the line containing x and yy, but a distance of /t
further away from x than y,. Then, B(yo, v't) C B(y1,2+/t) while [x — y| < |x — y1| + |y1 — y| <
Jt(D + 3+ 2p) for all y € B(yy, v/t). Thus for all such y we have e 2 e, and it follows by
Assumption that

/ e p(dy) = e p(Byo, VD) 2 1 e,
[0,1]P

This implies that for such x, the same is true of (Zﬂt)% pi(x), showing

Finally, we prove part We first show part that is |V, log q:(y, x)| < @ + % for all
x,y € [0,1]P. To this end, for such x, y let Z;(x,y) = {z € ZP : |R,(x) +z—y| < V2|x — y[} and
Zy = ZP\ Z,. Then,

IR () +z—y| ,— Reltzyl®
V. log qi(y.) < 22—t € *
x 108 g1y, X)| = _ [Rz(x)+z—y[?

zezb € #

— IRz()+2-y[ — IRz (x)+2-y[2
\Rz(x):rz N ¥ Rs (x)+z=y] Rz

_ ZZEZl(x,y) z€Z,(x,y) t
- _ Rz(+2z-y? _ IRz()+z-yP?

2z€ZD € % ZzEZD € 2
X)+z— 2
\/§|x _ y| Zzezz(x " \Rz(x)t-%—z—y| e IRz ( );rr VI
< + -

_Rz()+z-y12

t ZZGZD € o

Now, note that for z € Z(x, y) we have |R.(x) + z — y* — |x — y[* > J|R.(x) + z — y[*, whence

IR () +z=y| ~ Reltzst® : .
Doty " IRa(x) + 2= Y| _seabinsonenst

. t

_ IRz (x)+z-y[? - Z t €
ZzGZD € o z€Z5(x,y)
R,(x)+ z— Rz (x)+z—[2
<2 Z IR, (x) Y|e_#.
2t

z€ZP
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XZ
Now, to evaluate this final sum, let f;(x) = @e‘%, and note that for all z € ZP, we have
#{z’ ez’ i Ry,(x)+72 —yelo,1]° + z} < 2P,

whereby
Z Ffur(R(x) +z—y) < 2P Z sup  fo(x)

2e7D 2ezD x€[0,1]P+z
Since f;(x) < ft(ﬁm) < % it follows that for the 2° terms where [0,1]° + z C [-1,1]P, we
have sup, o 1o, fu(x) < 5, while for all others, it is the point in [0, 1]° + z closest to the

origin since f; is decreasing in |x| for |x| > \/£. The set of all such points is merely Z” \ {0} with
points near the axes being repeated a maximum of 2° times, whence

R,(x)+ z— Rz )2yl z| R
3 R 2l st (L E o
2t
2€ZP 2€ZP
Since R 5
22 2 2mwt)? 2mt)z
Y et o [ Mot g G g, < G107
zeZD RD 21 2t J2t
it follows from (C.81) that

y R+ z 2y et 1
2t NG

z€ZP

and hence |V, log ¢;(y, x)| < @ + % as claimed. By the score matching identity

I _

( ) = ]E[V2 log qt(Xo,Xt) | Xy = x],

Vlog p,(x) = / V, log q:(y.
it follows that

V1o pi(3)| < B2 10g 4.0 X | X = x] < JE[X =X | X, = 5]+ =
proving part[(e)(i)} Let now t < 1. We have

Sy 1x = ylgi(y, x) p(dy)

E[|Xo = X [ X; = x] =

pi(x)
_ /MﬁB(x,p[) |x - )4%()’: x) .U(dJ’) n /MﬂB(x,pt)C |x - Y|qt(y, x) ,U(dJ/)
pi(x) pi(x) ,

where p; = \/3t(p + 2 Jog t~1). Clearly, for the first term we have

/MﬂB(x,p,) |.X' - y|qt(y’ x) ﬂ(dy) Pr fM qt(y’ x) H(dY) 1
) ST s Nteleet),
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while for the second term, we have by that p;(x) = t# e ” for x € M,;, and since the
diameter of [0, 1]” is /D, we get

Jiobiepey 1% = Y@e(y. x) p(dy) Jnniepy @(: ) p(dy)
<D
pi(x) pi(x)

Steef / q:(y, x) p(dy).
MnB(x,p;)°

Now, by [74, Theorem 3.2] we have ¢:(y, x) < t3e = , whence
D-qy _a
t2 ef / @(y,x)p(dy) S t 2 ef 75 =t
MnB(x,p;)°

Thus, using part[(e)(ii)} we find

Jt(p+logt )+\f 1 <«/p+logt‘1
t TS i

showing O

C.B Remaining proofs for Section

1
Vlog p:(x)l < ~E[[Xo = Xef | X¢ = x] + —

Proof of Proposition[C.57, Combining (C.73) with Pinsker’s inequality and Girsanov’s theorem
for reflected diffusions, cf. [58, Theorem A.1], we obtain

WG ) <2 DTV V)

. ] ki
< \/ZD KLYV YY) = \/D / E [[s(X:, ) = Vlog pu(X)["| dt

This bound already yields the claim whenever #; > p~'. Hence, in the remainder of the proof we
may and do assume that #; < 1/(C,p), for a constant C; > 0 to be chosen later. Let Q(i) denote
the law of the full path Y® on C([0, T — T],[0, 1]P). By the Kantorovich-Rubinstein duality,

W, (Y(l IT)’YT) ;) = sup
- Hfllr_.pél

/ F(p(T - 1)) (@ - <’>)<dp>‘

Since the processes Y0 and Y@ coincide on [0, T — t;), their marginals at time T — t; agree, and
thus

sup
[ fluip<1

[ T =) @ Q@)(dp)' W (YD Y9 ) <o
Subtracting this null term yields

(i-1) (@) _
w; (YTl T,YTZ T) sup
[ flLip<1

/ [f(p(T - 1)) — f(p(T - £))] Q% — 0P)(dp) .
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Fix C, > 0, and introduce the event A; = {|p(T—I)—p(T— 0 <Gy ,/tip} c ¢([T-T],[0,1]").
Splitting the integral over A; and Af, and denoting by |v| the total variation of a signed measure
v, we obtain

sup
[flLip<1

<G \ip / 109D — QO|(dp) + VD(QID(AS) + QP(AD)).

/ [f(p(T - 1) — f(p(T — 1)] Q" Q"’)(dp)'

The first term is bounded using Pinsker’s inequality as

1/2

Cup TV(YED YD ) < i < /t "E [|s(X[, £) - Vlog pt(Xt)|2] dt>
Hence, it remains to control the tail probabilities
(VP —YP, 1> Coyftp),  P(YEZY =Y > Cafup).
To this end, let Z® denote a solution to the SDE
Az’ = s(z0, T—ti—t)dt+ dBr_.,, 20 =YY,

and define r := inf{t > 0 : Z" € 9[0,1]P}. By construction, we have z0 = Y(l) ", for all
t € [0,7 A (t — T)]. Consequently,

PV, =YY |> Coftip) <1-P(Z) s - 201 < CoJtp, 72 1~ T).

We now introduce the events

ci= vt el 1] s X = Xol < Giftp}, A 1={ sup [Br_, ., —Br_,| < C4\/%}’

tel0,t,—T]

where the constants C;, C4 > 0 will be specified below. On the event A; N A, we use that
Z(') Y(’) = X, and obtain dist(z?, M) < [X;, — Xo| € C3 JEp. Moreover, using the assumed

bound |s(x, B)| < Cyp/t, we have for all t € [0, ; — T,

t
zP - z9) < / SO, T — t; — )| du + [Br_y — Bz_,|

<c\r/ mdm@f
< (2C+ C)\tip
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on A; N A,. Combining the previous two bounds yields
dist(z?, M) < dist(Z?, M) + |29 — 2| < (G5 + 2C + C)Jtip
on A; N A,. Since t; < (Cyp)~! by assumption, we further obtain that on A; N A,

Cs+2C+ Cy

dist(Z?, 8]0, 11P) > punin — dist(Z”, M) > proin —
’ p JCr

2 4
Choosing C; > 1V (W) ensures that dist(Z(l), 9[0,1]°) > 0 for all ¢ € [0, t; — T], and

hence 7 > t; — T on A; n A,. On this event, we therefore have
|Z§,-i)—1 - Zg)| < CZ,l\/?, Cy1 1=2C+ Cy.

It follows that 4 '
P(YY =YY > Corftip) < P(AS) + P(A3).

We now bound the two probabilities on the right-hand side. Choosing

~ log | 1+log(t;!
C3=C\@0g(LWSL

where C is the universal constant from Lemma|C.53.(c)| that lemma yields P(A{) < e™”. Simi-

larly, choosing Cy = ~ 3;4’) < 1, it follows by Lemma |[C.71.(a)| that
P(AS) = 1p( sup Br_psi — By | > JH(D + 4p))
tel0,t,—T
= ]P( sup [By| > \Jt:(D + 4p))
te[0,t;-T]
< 2P(|By—1| > (D + 4p))

<e”.

For the first inequality we used the following classical argument for Brownian motion: let ¢, a >
0 and 7, := inf{s > 0 : |B,| = a}. Then

119( sup [B| > a) = P(ra < 1) = P(1a < 1,|Bi| > @) + P(z < £,|B/] < a)

s<t

<P(By| > a) + P(7, < t,|B| < a),

and by the tower rule and strong Markov property,

1
P(r, < 1,[Bi| < @) = E[ 1, <yP®(Bir,| < @)] < SP(Ta <), (C.82)
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where we used that for any s > 0 and x € R with |x| = a we have
1
P*(B,| < a) = P’(B, — x| < @) <P(B,-x 2 0) = -,

because B; - x is a centered Gaussian random variable. Inserting this into (C.82) and rearranging
yields

IP( sup |B;| > a) < 2P(|B| > a).

s<t

; (i-1) ® (i-1) (i-1) (i-1) (-1 &
Next, since |YT—1 - YT—:,»' < |YT—I - YT—tH‘ + |Y7_tk1 — Yo, |, it follows that

i—1 i—1 i—1 i—1 i—1 i—1
POYE") = YEV1> Goftip) < PAYST) =YD |> G Jip) + PAYEY = YUV > &, Jtip).
Here, since t;_; < t;, we have
PUYYT) = YS7D > G fiip) < POYS) = YU [> G fip) s e
by the exact same argument as above. Meanwhile, since Y(Ti:? = X; for t € [t;_1, t;], we have

|Y(*TFI) - Y(*Ti:z)| =X, = Xol X, = Xol + Xy = X,

—li1

and so once again by Lemma

. . CyJt Cy [t
BAYSY, — Y91 < Coftip) 2 P(1X, = Xol < =21, = o < =2
Cy [t
2 ]P<Vt € [ti1, 1] = Xy = Xo| £ ZT\/T))

2 1- e*ﬂ,
where C, = (2C+ Cy) V (25@%) > C,1. In summary, we conclude that
PUYED) = Y& > G fip) + POYY =YY | > G, \[tip)
< IP(|Y£T":1£ - Y%’jﬂ > Gy Jtip) + 1P(|Y£T")_I - YST")_L\ > CyiJtip) S e P,

which finishes the proof. 0

Proof of the score approximation accuracy

We follow the approximation programme outlined in Section|C.3]

Step 1: score truncation error
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Lemma C.60: Fix t > 0, let K € N, be given and let s& be given by (C.77). Then we have
for t € [t 2t]

1 D _
Ellso(Xe, £) = s (Xi, D)*] < A 1K ze K,

Proof. For notation, set K; = /2t(D + 2K). We first have by the triangle inequality that

E[lso(Xe, 1) — sg (Xe, ] = ]E[ pt(lxt) (S(I)<(Xt, t) (Pr(xt) - Pf(xt)) - V(Pt(xt) - Pf(xt)) )‘2]
(X)) = pEOXD)* 1 1 IV(pe(Xe) — pEXD)P
A e R e

(C.83)

We first concentrate on the first term. From (the proof of) Lemma [C.53.(a)} it follows that also

s x,1)| < -, whence
1

]E[|s{f(xt,t)z(pf(xf)—Pf(Xt))z]< 1 E[(Pt(xt)—pf(xt))z]

Ppe(X,)? T2l pe(X,)?
B (pi) - P @)’
a t2 ! /[ 1P P[(x)

/ () = pF(x) d,

tz/\l

where in the last inequality we use that the terms of p;(x) are non-negative, whence p,(x) —
pX(x) < pi(x). Next, notice that for all z € ZP, we have R,([0,1]?) = [0,1]°, whence
{R.([0,1]P) + z | z € ZP} is a disjoint (apart from a measure 0 set) partition of R”, and sim-
ilarly {R,([0,1]°)+ z | z € ZP,|z| > K} is a partition of the set R° \[—|K, |, | K,] + 1]°, whence
for any integrable g,

) / g(R.(x) + 2)dx = / () dx.

(LKL LK ] +1]P
IIZHm>K[

In particular, by Fubini-Tonelli’s theorem

/ pi(x) — p; K(x)dx = (271't)
[0,1]P

zeZP

\Rz(mz IRz (x)+z—y|*
dy)d
/()1]D[)1]D ( y) *
\ZHM>K[
=/ (/ (27‘[1‘)_%6_% dx) u(dy).
[0,1]P RON[—| K¢, | K¢ J+1]P
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Now, for each y € M and x € RP\[—|K,], | K;]+1]P, we necessarily have that [x—y| > [|x—y|w >

|K;], whence Lemma yields
lx—yl?

=2
/ (Znt)_%e_ 3 dxg/ (Zﬂt)_%e_ 2 dx
RON[-[ Ky )| K, |+1]P {lxe—yl=[ K. 1}

=P(|B,| > |K:])
= P(|B:| € [LK:], Kp)) + P(|B:| > K;)
< P(B| € [IK) K) + K2 e,

since t < 2t. Meanwhile, we have

K,

L 2
P(B,| € [|K.). K))) o t‘;/urplem i
Ky

D Kf
< t_fKtDe_f

D
<SKzeX,

and hence
[x—y

‘2
/ (Zm‘)_%e_T dx <K7e X,
RON[—|K, |, K, [+1]P

By the above, this implies

2

(Pz(xz) - Pf(xt)) ] < 1 K%efK
pt(xt)z - tZ A1 ’

As for the second term of (C.83), we again note that by following the proof of Lemma [C.53.(a)}

5 (% D)

we have Ww = ﬁ whence we have similar to before
V(p(X) = pFX)Py _ 1 / .
]E[ ] = V(pi(x) = p, (x))|dx.
Pi(X)? tAT Joap ‘ <pt( )= ( ))‘

Furthermore, we have by the triangle inequality and similar calculations as before

/ ’V(Pt(x) — pf(x))i dx < (27[[’)_% Z / / Me_ ‘Rz(x);z—y\z y(dy) dx
[0.1]P lo.11? Jlo11p t

ze7ZP
lzlo>K,

plx—y| o
= (rt) L dx) (dy),

where we have by Lemma [C.71.(b)|

/ (27rt)7% L )l e
RON[—KK, +1]P t

b=

¥l 1
2 dx < ;E[|Bt|1{\B,Iw2KL}]

1 »
< —Kz2e7K
Jt
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Inserting this into the above, we have

IV(p:(Xy) — pr (X )P 1 D _g
]E[ pt(Xt)Z ] = t2 A\ lK

which combined with the above and yields the result. 0

Step 2: approximation of f(-,t), f2(-, t) for fixed t We start with the small time regime.

)

Lemma C.61: Under assumptions|(H 1)H(H 3), for large enough m € IN and fixed t < mT
there exist neural networks

o1 € Dlogm,m,mlogm,m”) and ¢, € D(logm, m,mlogm,t 2 vm"),

where v = Zoﬁd + 5 such that for u € RY,
ma if ueM*
2rt) "% filu, 1) — @1(u)| S N e
(logm)zm™4, 1fu§ZM£M/2
and
%fm‘ﬁ, ifueM, ,

@) fow, ) = g2 (w)| S {I(logm)ZmZ, ifugM:, ,

where fi, f, are as in (C.76).

Proof. To construct the neural networks ¢;;, we first construct separate networks (p( and (p(z)
corresponding to the cases where either u € M*, , or u ¢ M*_ ,,, in the latter case utilizing
the increased smoothness near the boundary oM of M per assumptlon [(H3)] which we then
stitch together into one network. To this end, we ﬁrst establish the followmg common nota-

tion: let q(u) = po(Au + vy) and n,(u) = (2xt)” ‘e 7 such that (27t) > fl(u) = n; * q(u),

while (27t)” fg(u) = Vn; * q(u). Suppose then that dist(u, M*) > ¢€p/2. Since t < m -2,
we have t(d + 25 logm) — 0 for m — oo, so we may assume that m is large enough that

Jt(d + 25 logm) S em/2, and it follows by Lemmathat
In, % q(w)] < pmaxlp<|3;| > t(d + ZZIOgm)> < (logm)im™*

and

d+1 K

pmax x
E[IB{ 5,1, srcamzriogmy] S 17:00grn)2 m,

[Vn, = () <
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where (B}):>o is a d-dimensional Brownian motion. Thus for u ¢ M”_ /> it suffices to approx-
imate n; * q and Vn, * q on the set (OM")s,, /4 O (OM"),, /». Now since both M* en/2 and
(0M™)3¢,, /4 are compact and have Lipschitz boundary, it follows by Lemmathat there exists

neural networks q?)(“ € d(logm, m,mlogm, C;; vm") and qo')j € ®(logm, m,mlogm, Ciz vm")
fori=1,2 and j € [d] such that
In: * Q||H“(MjL,M/2)m7%, ifueM” Zei=1

) (w) = n + q(w)| < . ,
Ine * qlisonyy,, om™ 4, if u € (OM )se/q,i =2

and
09 ) — 0y g < |10 * e oS T ue M i =1
||ajnt * q"HK((aM )3€M/4) _E, If ue€ (aM )35/4,i = 2,
and where
In; = q||Ha(Mij/2), if (i, j) = (1,1)
o = Hnexdlasqy, . HGD=(21)
L] — . PR
/ "a jng * q"H‘X(M o /2)’ lf (l> ]) = (1’2)

19;n: % qlrsome,,, 0> i G ) =(2,2).

In order to bound |n; * qluer, ). first note that by Assumption we may extend g to a

global a-Sobolev function on R? with compact support by simply setting g(u) = 0 for u ¢ M*,
i.e. we can assume q € H*(R?). It then follows by Young’s convolution inequality that

Ing = qllffa(w) = Z "aﬁ(’lt * q)"iz(]Rd) = Z Ing * (aﬁQ)||1%2(Rd)
|Bl<a [pl<a

< ey 310 gy = Nalreqg
|I<a

(C.84)

and hence also |n; * q||Ha(M;W2) < 1. Similarly,

ry | _l? 2
1oy gl < ol = [ ooyt e ¥ au= |2 [T letar= |2,

(C.85)

and setting ((p(l)) ;= ¢§13 '/ yields the desired networks on M, o

Next, to bound |n; * glg«om- fix u € (OM*)3,/4 and f € IN¢ with || < k. Then we

have

@n) * qtw) = [
B(u,en/4)

D3ep/a)?

3P ny(u —v)q(v) dv + / P ny(u —v)q) dv := L(w) + L(w),
B(u,en/4)°
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where we note that in the first integral, u —v € (9M*),,, for allv € B(u, £)1/4), whence q here is
in C*. Thus we have by integration by parts for i € [d]

/ yn(u—v)q)dv = — / Iy ne(u —v)q() dv
(w,en/4)

B(u,er/4)

= / n(u —v)a, qv) dv
B(uen/4)

4 _
- — n(u —v)q)(w; — w;) H 1 (dv),
EM dB(u,en/4)

4(11, u) :

where we use that is the outward pointing normal vector of B(u, £x/4) atv € dB(u, €p/4).

Repeating this and settlng B =D+ P + . + BUD with || = 1, we have

Bl
L(u) = /B o ny(u— v)aﬁq(v) dv— — Z Bi(u),

where
Bi(u) = / T n (= 0)aZH P ) — wf” HO (dv).
B(u,en/4)

Clearly we have

n(u— v)aﬂq(v) dv| < sup  sup |8ﬁq(u)|

|BI<K ue(oM~),,,

B(u,e/4)

independently of 8, while

_y () (i) _
|Bi(w)| < Sup||aﬁq||w/ P2 ny(u — v)(w — WP | H (dv).
|Bl<k 9B(u.enm/4)

Ju=vf?

Here, the integrand is of the form Poly(¢')Poly((u — v))e™ z < ~@+e=%f | and is hence

uniformly bounded by sup,., (@0~ < oo, ultimately implying that |I;(u)| < 1. The same is
true of the integrand in L(u), implying that also |L(u)| < 1. Putting things together, we have

Ine % qlisorr, 0 = 2,107 (e % Dlrzortr,,
IBI<k

= Z "(aﬁnt) * ‘I"Lz((aM*)awm)
IBl<x

Ssup  sup  sup|(d'ny) * gq(w)
|BI<k ue(OM*)se), /s >0

<L
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A similar analysis can be used to bound |9;n; * glrx(om+,, ). the only difference being that we
can no longer move all derivatives from n, to q using integration by parts as this would require
q to be locally C**!. In particular, following the same notation as before, we find that

1
/ ojny(u— )P q) dv| + 1 < lojndpges < —+
Blu,en/4)

Nk
implying in the same way as before that |9;n; * qluxam,,, ) S % Once again setting (qogzt) )j =
ngzt)] yields the desired networks on (9M*),,, /2. Now, on the overlap M, /2N (OM*)s3,,, /4, both

|11(U)| <

(pi')t approximate n; * q at the desired rate, and hence the same is true of any convex combination
of the two. In particular, if we let (,01“,@3(.‘”/4 and @1 - be as in Lemma with ¢ = /4, it
follows that

~ o) @ (1 _
PLe qDIM:M/‘l (Qou (lejﬂM/‘i - e (1 (lei3"M/4 ) )

has the desired error rate for all u € R?. Setting

,_ It It (1) It 2)
ou= ot (o1, 0P (r, o) e (1= gr, L0l))
em/4 —3ep /4 —3ep /4
with £ = [5 log m] yields the desired network, as the error and network size stemming from
the multiplication networks are negligible compared to the rest. The exact same method can be
used to construct ¢, , finishing the proof. O

Having approximated f; and f; for fixed small ¢, we now use the induced smoothness of the
forward process to approximate these for fixed large t.

Lemma C.62: Under assumptions[(7{1)|and[(7{2)] for § > 0, large enough m € N and fixed
t > 0 with %m_¥ < t < log m, there exists neural networks

O11> P2t € E)(log m’,m’,m’ logm’,m"),

where m’ = (t A 1)_§mg such that for u e R¢ and i = 1,2

+1

2rt) ¢ fi(u, ) — @i (w) S m™ T

where f; and f, are as in (C.76).

Proof. We start by bounding the Sobolev norm of Gaussian densities. As in the previous proof,
let n,(u) = (Znt)‘ge‘% denote the density of N(0, tI;). Also, for s € R, let ¢(s) = e and
n(s) = \/% such that n;(u) = (Zﬂt)’g Hl'il ¥ o ny(u;). Thus, for g € N¢,

4 /d

. b L4 b
P =rty T (pyen )= TTeot (5p) (nw).
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Also, for any function g € L%(R),

2 _ 2 _ 2 _ 2
lg e mls = /[R g(ni(s) ds = 2 /]R o(r) dr = V2ilgll..

Combining these, we have that

d Bi
ol = [ oty [ (559) (nw)’ du
2

et 1) o,

— ﬂ.—d( t) d+2\ﬂ\ H “dsﬂx

d+2\ﬂ\

implying that |o# mlf, =t |6 ny |2 72, and hence for y € N,

_dvzy
Il = ’Z"aﬂnt"%z SEADT 7 nlm (C.86)
IBI<y

Next, in order to actually approximate n; * q and Vn, * g, we first restrict the set on which to
approximate these in order to apply LemmalC.69] To this end, let ¢*, r* be as in the previous proof

and set p;,, = \/t(d + 2% logm) for y > 0, and note that for u € JRd with |u — ¢*le > 7" + py,
we have dist(u, M*) > p[,y and hence by Lemma|C.71| we have

d+1
Y

d
2 _ 1 2
ne * q(u) < (g logm) m~d and |[Vn; * g(u)| < \/»( Y log m) m 4,

=

whence we need only approximate n; * g and Vn, * q on [— (r* + Pt },) r* + pry]? + ¢*. As such,

let 3y, §o; € B(y?logm’, y*m’, y*m’ logm’, (m’)") where v = + % be such that

2y d
91(u) = ny x q(u)l < (1 + pt,)’)y_%”nt % gl (m') " and
72,(w) = 9ms * q(w)] < (14 pi, ) 10ms * qliar (')

for all u with |u — ¢*le < 7" + py, + 1 in accordance with Lemma Then, letting ¢ =
[% log, m] = ylogmand ¢,,, = (1A(r" + pry + 1~ |u—c*[e)) VO, set

011(w) = 97" (pp,, (W), (W) and @y (w) = @7, (w), Fo(w),

where (9,); = @, ;. Once again, as the sizes of the multiplication networks and ¢, , are negligible

compared to those of @, it follows that also @1, @2, € ®(y2logm’, y*m’, y*m’ logm’,(m’)"),
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while

1) = m = gl < ((F1ogm) v (1 + i) e < glur) )(m')F and

di1

1 2 _d _r
(02() = Iy » q(w] 5 (77 (G1ogm) v ((+puy) e+ glioe) )0 E,
where we use that [9;n; * glgr < |n; * glgr. Since ¢ < logm, it follows that

lg1(w) = ny * q(w)] < Poly(log m)ln, * qlas (m)7 7,

where as in (C.84) we have by Young’s inequality and (C.86) that

_dzy
Ine * qluy < lglelnedar < (A1)

5

Inserting the definition of m’ and using the assumption that ¢ > %m‘ 4 we see

<

Ine * gl ()8 < (EA 1) 5 (A1) Fm?) 74

=(A 1)‘3m‘ﬁ

2-5_yo

<m=+s 2,

Similarly, we have
5

2-0 dt2_ yo
1 d d

|¢2.4(w) = Vn; % q(u)| < Poly(log m)m

Setting y = [24(£2 &2 4 &3] it follows that

|p2.(u) = Vn, + q(u)| < (Poly(log m)m ™3 )m™ %" < m™%"

5

and hence also |¢q,(u) — nt * q(u)| < m™ "7 as desired. Notice also that since k > 2d, we have

>5dandhencev-2y—d+ <1 O

Step 3: extend fixed time approximations to time intervals

Lemma C.63: Under assumptions [[H1)H(FH3)| for § > 0, large enough m € N and ¢ > 0
with m™ 2+ < t < log m there exists neural networks

d(log mloglogm,mlogm, mlog? m,m" v t1), i
o b2 ®(log mloglog m, m’ log m, m’ log? m, m’), i
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where v = 2% + % and m’ = (t A 1)’gmg such that for u € R? and ¢ € [¢, 2¢],
(log m)m~, if t < %m’¥, ue Mfw/z
27t)"% fi(u,t) — p1(u, 1) < { Qog m) 5 m 4, ift<im T, ue M
@ g 2 em/2
(log m)m=", if t > %m’¥
and
1 —x . 1 _2=8 *
ﬁ(logm)m a, ift<om 7, u M, ),
@)% fo(w, ) = pa(u, D] < { logm)Tm~i,  ift<im™ P ueM, ,
ﬁ(log mm™~T,  ift> %m‘¥
where fi, f, are as in (C.76).

Proof. We start by constructing networks with the desired approximation rates and consider
their sizes at the end. To this end, for notation, let

J

m-d, ift < lm T uEM,
d K . —(5
e(u,t) = {(logm)zm™ 4, ift < %m T,ué¢ M*SM/2
_ kAl . 1. 26
m 4, ift >gm 4
and
\/%m’%, ift < %m’¥, u€ M, /2
1 d+l K . 1. 26 * "
&(u,t) = ﬁ(logm) tmoa, ift<imTT,ue M,
IR if t > 1m= 7 A
U i sm

and for t > 0 let ¢;; denote either the networks in Lemmaif t < lm_? or those in Lemma
ift > %m . In either case, we have [(27t)~ f(u t) - (p,t| < g(u,t). Also, as in the
previous proofs, let g(u) = po(Au + vp) and n,(u) = (27t)” te 12'* such that (27t)~ f1 =n; *q
and (27‘[1‘)_%][2 = Vn; % q. The idea of the proof is, as in the proof of [58, Lemma 3.13], to use
polynomial interpolation in time between ¢, and ¢,; for appropriate time points {t;}. Since
the time dependence of both n; * g and Vn, * q are well-behaved, for any fixed u € R the
functions t — n; * q(u) and t — Vn; * q(u) can be efficiently approximated by polynomial
interpolation, and this property carries over to the neural network approximations, as we will
show.

To this end, we first center our time interval, as this makes analysis easier, so let a = % t
and b = 3t and set nj(u) = ngp(u) for t € (—1,1) such that i 11)(u) = ngp(w). Then, for

some k € N to be determined later, let {}* , = ={cos T ix1k  be the first k + 1 Chebyshev nodes on
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(—1,1). Then, fori = 0,..., k, let p;(t) = Hjii(t —t;) and set ¢; = ﬁ Furthermore, set

k

o1 t) =) e (o} (1), o7, (u),
i=0
k

Y(u,t) =Y ap(De},(w),  and
i=0
k

P(ut) =Y. cip(tn;, + q(u).
i=0
mult

Here, ¢} ; = ¢1,ar4, While ¢7"" is as in Lemma and ¢ is a neural network approximations
of p;. In particular, we can construct ¢}’ € CTD(E log k, k, k¢, 1) such that

lpf' (1) — pi(1)| < k27°, vt e [-1,1].
We defer this construction to (the proof of) [58, Lemma 3.13]. We then find by the triangle
inequality that
lo1(u, 1) = ny * q(W)| < loi(u, 1) = Y(u, Ol + [Y(u, ) = P(w, )] + [P(u, 1) — ny = q(w)l, (C.87)

and so setting ¢(u, 1) = ¢}(u, 2t — 3), the error analysis is completed if we can show that each
of the above terms can be bounded by &;(u, t)log m. Recalling from the proof of Lemma [C.61]

that |@1.¢]e < Pmax, we find that
|07 (07 (1), 97, (W) = P17 (W] < [0 (07 (1), 97, (W) = 0 (D7, ()
+ pmax'@fi(t) - pz(t)|
< k27,

Furthermore, by [122, Theorem 5.2], it holds that |¢;| < 2ka1 and so the first term of (C.87) is
upper bounded by

k
|03 () = y(u, D < Y laillop™ (95 (1), 07, (W) — pi(D)@}, (W] S k2"

i=0

and choosing ¢ = [k +log, k + KTH log, m] = k +1log m bounds this term by m~“7 < &(u,t). For
the second term of (C.87), it can be shown that [p;(t)c;| < 1 (see Appendix), whence

k
(= P, )] < Y lapi(Dllo}, () — 1, + g(w)] < kex(u, ).

i=0

Finally, for the third term of (C.87), we start by showing that for each fixed u € R4, the function
t = n; * q(u) is analytically extendable to C* := {w € C | Rw > 0}. To this end, we first see
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that ¢ — n,(u) is analytic on C* for all u € R? as the composition of an analytic function with a
rational function with a pole at 0. Thus, for each w, € C*, there exists an open neighbourhood
Dy of wy and integrable functions {a,}sen, such that

=)

ny(u) = Y. a,(w)(w—w)",  VYwe Dy,

n=0

where this sum converges uniformly and absolutely on D,. Since q is a probability density, it
then follows by dominated convergence that for w € D,

=)

Ny * q(u) = /M ( Z an(u—v)(w-— wo)”)q(v) dv = i ( /M an(u —v)q®) dv)(w — wp)",

n=0 n=0

showing that n; * g is analytic as claimed. It then follows by [[122, Theorem 8.2] that for p > 1
satisfying b — a(%) > 0, we have

|P(u, t) = n; = q(u)] <

M VtE(—ll)
1 > 1),

where

. w+w!
R(w) = max [ni(wl, and OF, = {2 IEE p} .
We claim that p = 2 works for our purposes. Indeed, we have b — a(”—zz_l) = % 1 > 0, and since

one readily checks that
aRw+b 1 8

min = =—
wedE, l[aw + b2 2a+b 17t

5

we find that for u € R? and w € 9E,

_ P | awrb 14 \—5 _au
mi ()] = [rw) e mim| = @alw) fe F B < (=Er) e,

whence
_d
2

Rou) < / (Ft) e g a
.

4
d Ju-v?
2

() [, () ' o

17\ 4
- (5) a0

Now by Young’s convolution inequality, we find that

17\ ¢

g 17\ %
Roli < () Ingaluolalis < (5) P
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whereby
P(u, 1) — nj * q(w)| < 27F,

and choosing k = [<! log m] = log m ensures that this is bounded by m T < ei(u,t).
The exact same strategy can be used to approximate Vn,; * g, i.e. if we set in a recycling of
notation

k

o3 1) = Y apr™™ (of (1), 03, (W),
i=0
k

Y(u, t) = Z cipi(De;, (w), and
i=0
k

P(u,t) = Y eipi(Vn * q(u),

i=0
then we once again have by the triangle inequality
loz(u, £) = Vny = q(u)] <[y (u, £) — Y(u, O + [, 1) = P(u, )] + [P(u, ) = Vn; * g(u)]. (C.88)

Here, using the exact same approach as before, we can bound the first two terms by &(u, t). As
for the third term, noting that |P(u, t) — Vn; * q(u)]® = 27:1 |P;(u, t) — 9;n; * q(u)l*, we can use
the same method as before to bound each of these summands. In particular, following the same
steps as above and defining R, ; as above for the j’th summand, we would find that

17
Bosbie < () 10,y sl

and thus by (C.85),
2 2k : 1 s 2
|P(u,t) = Vn; * q(u)|° < 27 ZHB n17t||L1 s m T < ey(u, t).

j=1

As for the sizes of the networks, we first recall that if ¢ < %m’%, we have for each i that ¢y, €
®(log m, m, mlogm,m’ v (tlogm) ), while e ¢y € ®(log mloglog m, logm log® m, 1), Whereby
each summand in the definition of ¢ is in @(logmlog logm,m,mlogm,m" v (tlog m)~?), and
since there are k =< log m such terms, we have ¢, € <I>(log mloglog m,mlogm, mlog® m,m"vt™").
Similarly, if ¢t > %m’¥, we have ¢, € ®(logm’,m’,m’ logm’, m’), and hence by the same
argumentation ¢; € ®(logmloglogm,m’,m’ logm’, m’). Similar analysis shows that the same
is true of ¢, finishing the proof. O

Step 4: Putting things together
With all of the above we are now in a position to prove Theorem
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Proof of Theorem|[C.58 First, by Lemmas and and the triangle inequality we need

only approximate sX 1 M,, With

2(a+1
p=K= $logm+logf1 < logm.
To this end, we let for sake of notation x* = A™(x — vp) € R? and x* = (I — P)(x —v,) € R for
x € RP such that x* is the local coordinates of the projection Px of x onto M, while x* is the

perpendicular component of x with respect to M. Recalling then that

/ e u(dy) = e T / e_b(z%mpo(Au +vo)du = e_%fl(x*, b,
M M

and
X—y _ok e xt o
e ) = (G e po(Aut o) du
M b
+A/ X U i pO(Au+Uo)du>
et
xR xJ‘ * *
— e w Tﬁ(x,t)JrAfz(x,t) ;

we let

XL‘Z

hi(x,t) = @) be 3 A1) and  ho(x, ) = 2rt) e T (’L; filx®, 1)+ Afy(x*, 1))

such that
= sezp (m1)Phy(R,(x) + 2, 1)

lzlw<K:

Y sezp hi(R(x) + 2z, 1)

lzlw<K:

where K; = \/2t(D + 2K). Furthermore, let

sk (x, t) =

~ e ~ e oxt .
hi(x,t) =€ 7 gi(x*,1) and hy(x,f)=e = (T(PI(X D)+ Apa(x", 1)),

where ¢y, ¢, are as in Lemma [C.63] By (the proof of) Lemma there exists a constant
¢ > 0 such that for all (x, ) € M,; x [t, 2¢],

c—D _ 2(at1)

co—D
pPRx)>ct T eP=ct 7 tmT, (C.89)

and we set

—Y e (1) hy(RoAx) + 2, 1) T
fg\l()((x, t) = HZ"MSKL = pt

(5 e MR +2,0)ver™ tm ™ PG

Izl <K:
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To clearly separate our sources of error, we first show that X is a good approximation of s§ on
M, x [t, 2t] and only then approximate S by a neural network. To this end, we have first

th (x) (27rt) 2 th (x)
AK(x) (27t) "5 pK(x)

(IvpfGlern = pE G - PEG0)

5§ Ge. ) = Gl = |

= G )p B
+ pK(0)|(2rt) T VpK(x) - U, (x)\)

(155 e, Dl[2nt) s pf () = PG| + |2 = 0pf () — Ty ()] )

1
Pl ()
Then by (C.39),

@)% pf () - PE@ < |@rn T pf ) - Y hR.x) +2.0)
zeZP
|zl <Ky

Next, we further split this error into four parts to analyse separately. In particular, let S; = {x €
RP | x* € M*, ,,}and S, = R” \ S,. Furthermore, for x € [0,1]”, and z € Z" let x, = R,(x) + 2
and set ZX(x) = {z € ZP | |z| < K,, x, € S;}. Repeated use of the triangle inequality (along with
the fact that A and (—1)* are orthogonal matrices) then yields that the distance |sX (x, t)— 35X (x, 1|
is upper bounded by the sum

( |so (x, 1) Z e 2f‘z|(27rt)7gf1(x;,t)—(,ol(xj,t)| (C.90)
2€ZK(x)
+ ( IsiCenl 3 e St A ) — o D) (C91)
2€ZK(x)

1 X% _a * * - * *
ot 3 e (i e 0 - 1 01+ 2 G D — gt
pt (x) ZEZK(x) t

(C.92)

T~

+ ! Z e ‘xi

|z |
pt (x) ZGZK(X) ( t

() = @1k, ]+ [(27) ™ o ) = ol ).
(C.93)

We will analyse each of these terms separately. To ease notation, let ¢ denote either m™i if
5

t>m~ 7 and 1 otherwise.
Term (C.90): For z € ZK(x), we have |(27rt)_gf1(x:, t) — ¢1(x}, t)| < m g logm by Lemma
IC.63l while also

E-u?

filx;, ) > /( . e o po(Au+uvy)du>e 2pmm/1d(B(xz, JHn M—e”/z) > (tA rO)2
¥, n —em/2
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by assumption This implies in particular that
A~ R
pr(x) > Z e i(x;,t)

2€ZK(x)
_d * *
> 3 e (@t G ) — @ty AGE ) — gl D)
zeZK(x)
> Z e~ Ea (1/\tzr) mdlogm)
z€ZK(x)
2 (logmyt Y e,

zeZK(x)

where we use that t™! > (2¢)™! = (log m)~!. Combining these, we have

1 _ I _d . . _a d+2
ﬁkg(x, Dl Y. e |@rt)E Al D) — ou(xl, D] < [sK (e, )lm™ e (log m) .
t

zeZK(x)

Term (C.91): For z € ZK(x), we can no longer lower bound p¥ (x) as we did above. Instead, we
have by definition that pX(x) > t*“m “7” . Furthermore, using Lemma

3a+2

@rt) " £, D) — ()] < (logm) P m™ie, < {"T’“(logm)%zm* ey

where we used that t > m~ %+ > m~L. Thus it follows that

skl Y, e l@rn)t AG )= o D)

pt( ) Z€ZK(x)
z((x+1) ‘ ‘
Xz 3a+2
S |s0 (x, t)| Z e T +1(logm) P m &
zeZK(x)
R
= |s¥(x, t)|(logm) Tm det Z e

2eZK(x)
< sK (e, B)llogm) “F mi g,
where in the last step we use that
#ZK(x) < #{z € ZP | |z < K} < (2K, + 1)P < (logm)P.
Term (C.92): Here again using Lemma we have |(27rt)’gf1(x§, t)—pi(x;, t) Sm g logm

and |(27rt)‘§f2(xz*, 1) — @a(x;, 1) < ﬁm‘% ¢;logm, and so by the exact same reasoning as in
case (C.90), .

( )ZEZZK(x)e 2t |(27Tt) fz(xz,t) (pg(xz,t)| \/ilm dgt(logm) 2 .
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Also, like in case (C.90), we have

| X
K e
Z . 2: a ZZEZI (x) t

(2,8 — @1(x, ) < (logm) Fm e,
(x) zeZK(x) ZZEZIK(X) e

and to bound this, we first note that for all z € ZP with |z|. < K;, we have x, € [-K,, K,]?,
whence |x}| < 24/DK; < Jtlogm and so

_ P x|
2 _a ZzeZlK(x)e *
(logm) 2 m g —

Ixz | S / 1
ZzEZIK(x) e Inl

(log m)% ma &

Term (C.93): Repeating the arguments used in cases 1) and (C.92), we obtain

1 _ kgl _d % *
Y. e |@rt)  fxl 1) — pa(x. 1)
pr(x)
¢ 2€ZK(x)

1 d+3 a Ix£2
< (logm) 2 m de e u
Al ; zzegK(x)
d+2 +3 _a
< ﬁ(log m) > m &y,
and, since e % % < % forall r > 0,
1 a
= |(27ft) ARG — i (D] < ¢
Pr(x) ZEZZZZK(X) 1 ' J ‘
Combining all of these different cases, we see that for x € M,
15K Ce, 1) = 85 (e, 1)) < (|s (x, O] + W>( ogm) P m e, (C.94)
whence
2t 2t
/ E{[s§ (Xe, =55 (Xp, D Ly, (X0)] dt < ( / E[|s5 (Xe, ) ]dt+—)(log m) Py g,
t t

Now, to estimate the remaining integral, we first have by Lemma and our choice of K that

[ E[|sX (X, ] dt < 2 / " (EllsOke, OP] + Ellso(Xe, £) — sK(X,, DP]) dt

2* 2(a+1
< / E[[so(X,, 2] dt + (log m)® m~ "
t
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Furthermore, since (x, t) — p;(x) is a positive solution of the heat equation 9, u(t, x) = %Au(t, x)
with Neumann boundary conditions on M x (0, c0) for the compact, convex set M = [0, 1]°, the
Li-Yau bound [[74] Theorem 1.1] yields that

Iso(x, )|* = [V1og p:(x)* < 9, log pi(x) + g (x,1) € [0,1]% x (0, o).

Thus,

2t 2t 2t
- 2 - 91 pi(Xy) D _ / 1
/; E[]so(X;. 1)| ]clts/£ E[(T(Xt) ]+ t)dt—D [ {dt=Dlogz,

where we use that by Fubini-Tonelli’s theorem

[ [ apsi= [ [ anoii=o

Inserting this into the above, we have that

2t
/ E[|st (%1, 1) = 85 (X, D) Ly, (X0)] dt < (logm)™*P"m ™ e, (C95)
A t
as desired. With this established, all that is left is to approximate SX 1 m,, by a neural network
@s,- To this end, letting @77, g, ¢ and ™ be as in Lemmas|C.66} IC 64}|C.65/and|C.67|and
setting

P(x t) — eXP( mult( reC(t) qonorm(x))>’
we have

mult

]e’% -9 )| <27+ |e it (<"M(t)"p?om(x))|

< 2—l+ " t| (p?lult( rec(t) @?Orm(X'))’

X
S K£2—1+ ‘% rec(t)qo?orm(x)‘
1
< Kizfl’ + KLZ ; reC(t)’ 7||x|2 norm(x)|
KZ
<t
t

for all x € RP with |x|e < K, and all ¢ € [£, 2t]. Next, let
on, (. 1) = gP (777 (. 1), 1 (37, 1)),
QDl(x t) _ multD(q) (x t) o" ultD((preC(t)’ Xl)), and
on, (x, 1) = PP (G2 (1), Pi(x, £) + Aga(x™, 1)),
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and it follows that
2
B

K K?
e, 1) = g (e 0 < lor G, D114 )27 s ey F 12

where we once again use that we can assume |¢,| < (2ﬂ1)‘5|f1| < (27[1)‘E by Lemma
Similarly,

4 K
2

xt d 1
i) = o, 0| < Ki(ert) (1 + ;)2“’,
t)”

and so, since we may once again assume |@; + Ap,| < (27t

L
Il
2

¢ K
|h2(x 1) — on,(x, 1) < (Zﬂ)_’ tf 27,

Setting ¢,k (x,1) = ¥ ,ezp @, (%2, t) and @y, (x, ) = =3 ,ezp (1), (x2, 1), it thus follows

Ielagk, dozx,

that
D+2

« K
05 (5. 1) = PG DLy (e 0 = Tp, (0] < 2y =2

Finally, let

—d
05,06 ) = PP (g (pp () v £ T £ (x, 1)),
and we have for x € M, that
|5, (x, 1) = 55 (. 1)
rec a-d 2((1 1
Sos (6, t) = @ (@px(x, ) Vet 2 T m™ T )y, (x, )
(a+1) 1
100y O D0 (o () v et ™= =0 e Ty
(ppg(x, Hvetz tmmTa
~K
N ’ Pypx (%, 1) Vp (%)
c0—d « ~ :
Qpx(x, )V ot T pr(x)
co—d o+
Here, the first two terms together are bounded by |‘Pv;;{( (e, Dl(et™ "z 'mTT e +1)27¢, where again

D
@y px (x, )] < (2rt)t KTL by Lemma |C.70| For the third term, we have

(PvpK(X t) @f(x) z(a+1)
[ (x t)VCtiJrlm M - ﬁg((x t) (‘50 (x t)”p (x t) (ppg((x t)|
i )

M ACHETED])

2(a+1)

KD+2

= T g (155 Ge, ) + 127"
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Here, since [s&(x, t)] < by (the proof of ) Lemma|C.53.(a) and Is&(x, ) =S8 (x, 1) < 2 by (C949),

we have also that [5X (x, t)| < 1 for x € My, and hence

—~K 2(a+1)
Pups (x, ) p, ()| KPTm T,

co—d 2(a N (A
Ppx(x, )V CIOT“m‘Z(T“) pr(x, t) 17

whereby all in all

2(a+1)
D+2 d 2(a+1)+m+3 —
d 2 27"

|05, (x, 1) = So(x, )| < 27 < (log m)”**m

t3+3

Thus, setting £ = [(3(0‘%}1) + 2 +3)log,m + (D + 2)log,logm] < logm ensures that this is
bounded by m™“7". As for x ¢ M, ;, we can once again assume by Lemmas|C.70|and|C.53.(e)| that

lps, (2, D) < \/ﬂj%fl < Vlj’rf (since this is true of s; 1M .), and so it follows by Lemma|C.71.(a)

Ell @5, (Xe, ) = S5 (X, D1y, (X)F1 S m € M,,) i ]P(Xt ¢ M,,)

< O logmp%efp
A1l

2(a+1)

< (logm) '+

Finally, combining this, (C.95) and Lemmas [C.53.(b)| and [C.60] along with repeated use of the
triangle inequality, we have that

2t

/ CE[lps, (Xe. 1) — 500X, D] di < / Ellpy (Xe 1) — 5K (X0, DLy, (XOP]

t

n / E[[5 (X0, 1) — s50Xe DLy, (X0)] dt

" / E 15K (X0, ) = s0(Xe, DLy, (X0)] dt

2t
" / Elso(Xe, )Ly, (Xe) — 50X, D] dt

_a
Yd+2D+3 =5 =

< (logm

as desired. As for the size of the network, we first have that for our choice of ¢ (and recalling
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2(a+1) 2(a+1) | co—d
a <m 4 +73

that all sizes being multiplied or divided are bounded by j?0 - 1y

05 € B((log m)*(log log m)?,log mlog log m, (log m)*(log log m)®, 1)
2(a+1)+ﬂ

7 +1)
2a+) | co=d

€ ®(log mloglogm,logm,logmloglogm,m™@ * 7 *1)

mult

™! ¢ B(logm, 1,logm,m"

rec

norm

o™ € (log m, 1,log m, log m),

z(a+1) q-d .
+7 1), Since

whereby 9% € &((log m)?(log log m)?, log mlog log m, (log m)3(log logm)*, m
the size of ¢™! is comparably negligible to those of ¢; and 97", this implies that
& ((log m)*(log log m)?, mlog m, mlog® m, m Ty m'), ift

' | &((log m)?(log log m)?, m’ log m, m’(log m)z,m@”z;d“), ift

2

£

| al
£

2-8
d

AVARRVAN
N\»—* N\»—-

and similar analysis shows that the same is true of ¢y,. Finally, summing [K;]° < (logm)P
copies of these yields that

[ @i ] . 5((10g m)%(log log m)?, m(log m)P*!, m(log m)D”,mMTH)*#+1 vm'), ift< %m’¥
Pypk <I~>((log m)*(log log m)?, m’(log m)P*', m’(log m)DJ’z,m@J'#“), ift > %m‘%
and since the remaining networks are once again negligible to this, we have also
5((log m)?(log log m)?, m(log m)®*', m(log m)®*?, m R RV ), ifr< Im -2
® ®((log m)*(log log m)?, m’(log m)P*, m’(log m)P*2, mz<af1)+cozd+l), ift > im -7
as desired. O

C.C Basic neural network approximation results

Lemma C.64 ([58] Lemma 3.10): For m € IN and C > 1, there exist neural networks
™t € ®(m, 1,m, C) and ™' € &(m, d, dm, C) satistying

|(p$ult(x’ y) _ xy| < szm’ x € [O’ ]], A [_C, C],

and
lpmeltd(x, ) — xy| < JdC2™, x€[0,1],y € [-C, C]%

These also satisfy ¢™!(x,0) = ¢™!(0, y) = 0.
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Lemma C.65 ([58] Lemma 3.11): For m, k, k € IN, there exists a neural network
orc € O((k +m) log(k + m), k, (k + m)log(k + m), 2¥),

where k = k + k, satisfying

lprec(x) — x| <27, x € [27K 2F].

Lemma C.66: For m € N there exists a neural network

@® € O(m? log? m, mlog m, m* log® m, 1)

satisfying
lpo®P(x) —e | <277, x> 0.
Proof. First note that for x > mlog2 := K, we have e™* < 27", and so we need find an ap-

proximation ¢y," satisfying |pm® (x) — e | < 27™ for x € [0, K] with |gm " (x)| < 27™ for x > K.
To this end, note then that e™ = (e Ql )[ ], whereby we need only approximate e™ and x" for
x € [0,1] and n € N. To this end, let qo'k““lt beasin Lemma-with C = 1for some k; € N to be
determined later and set ¢ " (x) = (pﬂuh(x @k, )P°" ! for n > 3 with (ppowz(x) = (pmu“(x x).
Then, (ppow " € &(nki, 1, nky, 1), and we have

R (0) — x| < [ (x) — x g )]+ xl@l™ T ) — 2 < 2R [ ) — X,

from which it follows by elementary induction that |q0p°W"(x) — x"| € n27%. Next, for some
k, € IN, also to be determined later, let

lk pawk
=1 x +Z< )

such that §% € ®(kiky, k. kiK%, 1) and

ow,k k k
(- x)k lop ) =X 18 k=1 _ 1
~exp . x < ki . k1
|(pk1k2(x) € —’ Z ‘ g k! = k! +2 kZ:Z k' kz =

for all x € [0, 1]. Setting P=P(x) = ¢} K, q?)ix,f(ﬁ) with k > mlogm Vv 4 (ensuring ; < 27)



188 Article C
for x € [0, K], we then see that g € a(m2 Iog2 m, mlog m, m® log3 m, 1)

—€X] —X —eX ~€X] X [K] ~EX] X [K] R [K]
[Fnr(x) —e™| < %W@—Wf(m) ‘+ <Pk,11:(m) —(e ”“) ‘

<Kz + o () —< )
<m27F
<2™,
Finally, the function
1, ifx<K-1
px)=9K—-x, ifK-1<x<K
0, ifx>K

is exactly representable as a neural network, and setting gm”(x) = @=(p(x), pP(x)) ensures
exp

that |pm" (x)| < 27" for x > K without altering the asymptotic size of the network. O

Lemma C.67: Form € N and K € IN,, there exists a neural network ¢p>™ € 5(m, D,Dm,K)
satisfying

|eon ™) = x| < DK*27™", x| < K.

m

Proof. A small modification of Lemma yields a network ¢™!t € G(m, 1, m, K) with
T2 (x, y) — xy| < K*27", x,y € [-K,K].

Setting @i*™(x) = 2?:1 (T)",fl‘“h(x,», x;), we have that ¢f°™ € CT)(m, D,Dm,K), and for all x €

m m

[-K, K]P, we have

D
|q)norm(x) _ ‘XH S Z |'¢1r;1u1t(xi’ xi) _ X12| S DKzzfm.

m
i=1

Lemma C.68: For every compact set K C R? with diameter R > 0 and every ¢ > 0,
there exists a neural network ¢;, € EID( log f, (%)d, (% 4 %) satisfying ¢1,(x) € [0,1] for
all x € R, 91, (K) = 1 and ¢1,(K?) = 0, where K, is the e-fattening of K.
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Proof. First, for r > 0, let K = {x € R? : 3y € K s.t. [x — Y| < r} denote the r-fattening
of K with respect to |-|. Since x| < Vd|x|w, we then have that K¢ C (KZ)°, where ¢ = ﬁ,
and so we need only find a neural network ¢1, satisfying ¢1,(x) € [0, 1] with ¢1,(K) = 1 and
91, ((KZ)°) = 0. The reason for working with || rather than | - | is that while |x| needs to be
approximated by neural networks, ||x| is itself exactly representable as a neural network, as
avb = a+cr(b —a)and |x|eo = (—x1 VX)) V(=32 VX2) V...V (=x4 V x4). Now, let y1, ¥2, ..., yn be
a minimal i-covermg of K with respect to ||, and set ¢¥'(x) = min;eny|x — yi]w. Since also
anb =b—oa(b- a), g is also representable as a neural network. In partlcular, by using a
divide and conquer strategy, we have that (pd“t € ®(log N, N, N, 1), and we see that ¢¥" satisfies
¥t (x) > % for x ¢ K, while ¢%(x) < ‘? for x € K. Lastly, set

= (10 (- 25 v

s”

and we see that ¢, satisfies our criteria and that ¢, € 5(log N,N,N, &). Finally, noting that
since K is of diameter R and hence contained in [0, R]¢ + y, for some y, € R, its covering
number is less than that of [0, R]?, i.e

N = N(K Mo £ ) < N(0RIH 5 ) < [2R] < (B

£

whence @1, € 5( log f, (%)d, (% d i) as desired. O

Lemma C.69 (Proposition 1 in [114]): Let S be a Lipschitz domain with S € [-K, K]¢
for some K > 1 and let g : S — R have Sobolev smoothness y for some y > g,

lglgr < oo. Then, for large enough m € NN, there exists a neural network ¢, €

®(y2logm, y*m, y*mlogm,m") where v = YL" + % satisfying

Y

_d _r
8(w) — pg(WI S K" ¢ lglym™4,  ue[-K, K]

Proof. First, since S is Lipschitz, we may extend g to a function g : [-K,K ]d — R, also with
Sobolev smoothness y. To avoid the cumbersome notation, we simply assume without loss

of generality that S = [-K,K]?% Then, let nx(u) = Ku and set § = W where |- ||By

denotes the norm associated with the Besov space Bj,. Since H' = B},, we have ¥ g € B},
and |glp, = 1, whence it follows by [[114} Proposition 1] that there exists a neural network
Py € ®(y?logm, y2m, y*mlog m,m") with

Y

() -Fwlsm™a,  uel-1,1]%
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Now, letting ¢(u) = g  nxlp;, @5 (%), it follows that for any u € [-K, K%, we have

~ (U ~( U _r
7o) -2 )| < g melsg,m ™.

To bound |g - ’IK||BZ(2, we first note that ||g o r]K"BZy2 = | g ° nklar, and that for g € ]N(c)l we have
(g o ni) = K¥I(3Pg) o nk, while

log(u) — g(wl = lg o nxlsy,

165" ) o mil: = A N g(Kwl du = K~ A 1078 dv = K~ gl

Combining these, we have

_d
lgonkler = | Y 10P(gomdle = | Y, K#-d|abgl?, < K' ™% gl
[BI<y IBI<y

as desired. O

Lemma C.70: Let g : E — R* be a function on some subset E ¢ R such that |g(s)| < C
for all s € E and some constant C>o. Then, for all ¢ € ®(L, W, S, B), where Wi, = k,
there exists a neural network ¢ € ®(L, W, S, C Vv B) satistying

|g(s) — @()I < |g(s) — @(s)l,

and |¢(s)| < VkC for all s € E.

Proof. First, note that for all s € E we have |g(s)]e < |g(s)| < C, so setting

@1(3) $1(S)/\C\/(—C)
p(s)=| + |= 5 ,
()] [@(s)ACV(=0)

we have immediately that |¢;(s) — g;i(s)| < |@i(s) — gi(s)| and hence |p(s) — g(s)| < |@(s) — g(s)|,
while |¢(s)| < Vk|¢@(s)|e < kC for all s € E. Finally, noting that

Pi(s) A CV(=C) = §i(s) — a(§i(s) — C) + o (a(Fi(s) — C) — §i(s) — C),

it follows that ¢ € a(L, W,S,CV B). O
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C.D Auxiliary technical results

Lemma C.71: Let (W,);> be a k-dimensional Brownian motion for some k € IN, and let
p > 1. Then, the following bounds hold:

(@) P(IW:| > Jt(k + 2p)) S pre?;
ke
(b) E[IWil1y, . sramzm] S Vip s e

Proof. Let Z; ~ N'(0,Ii). For any A € (0, 1), Markov’s inequality yields
]P(\Zk| > Jk+20 p) _ ]P( WA eA(k+2p)> < E[eAIZkI'Z]e—A(HZP) = M(2) e Ak+2p)

where M, (1) = (1 — 22)7*/2 denotes the moment generating function of the x¢ distribution.
Define /(1) 1= (1 — 2/1)_5 e Mk+20) A direct computation shows that

¥'(D) =2(Mk+2p)— p)(1— 22) 51 Ak+20),

which is negative for 1 < ﬁ;p and positive for A > ﬁ;p. Hence, ¥ attains its minimum at
A= ﬁ, and we obtain
P(|Ze| > Jk+2p) < xp( P ) = (1 _ 2 )_ge_” = (1+ 2—’D>Ee_” <p§e_’J
k = N\k+2p k+2p k = '

Since W, 4 Jt Zy, this proves We next consider the truncated first moment. Using polar

coordinates, we compute

k
k Ix/2 272l e 2
Ef|Z1 =) / |xle” 2 dx = —— rke™7 dr
[ {‘Zk|>1/k+2/’}:| x> JETZ0) I( % ) vy
00 k+1 k+2p
2 +1 s T
_ \/I: g W et qy = Jz ( 2 . 2 ),
I(3) Jez I'(3)
where I'(s, x) denotes the Gamma function. Moreover,
r(k, k)
P(IZi| > Jk +2p) = %
2

Combining this with part[(a)] we find

E[|Zk|1{\zk\>\/ﬁz;)}] < W'DZ e P.
2
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Using the asymptotic relation T'(s, x) ~ x*"le™ as x — o0, we obtain

F(s+%,x) 1 r(s+%,x)x1757%ex
X 2 = — 1 as x — oo,
[ %) (s, x)x1=se*
and hence
(ks k+1 k+2P) k+2p & _ o
E[|Zk|1{‘2kl>m}] W s 2 pze P < pre P,
Finally, since [W,| £ 12y, the last display already YieldS O

Lemma C.72: Let k € IN be given and set t; = cos(%) for j = 0,...,k and let p;(t) =

I1,.(t =t fori=0,..., k. Then, | 25| < 2 foralli and ¢ € (~1,1).

Proof. Let p(t) = f:(,(t —t;) and p(t) = f;ll(t — t;). By comparing roots, we see that p
is simply a re-scaling of the k — 1’st Chebyshev polynomial of the second kind Uy_; given by
Ug-1(cos 0) sin 6 = sin k6. In particular, since by L’Hopital we have

sin k6 k cos kO

U1 (1) = hm Ur_1(cos 0) = hm = lim =k,
>0 sinf  6-0 cosf

and by [122] that p(1) = %t”) = 2,% we have p(t) = Ug;—‘,ft) In particular,

Ug-1(cos 0)  —sin 0sin k0

p(cos 0) = (cos @ — 1)(cos 6 + 1)p(cos 0) = — sin*(0) k1 = Py ,

and so for 6 # %,
sin 0 sin k0
k-1 —
2 (cos 8 — cos T

pi(cos 0) =
while [[122] again yields that

) = (15, ifie{0,k}
= (15K, ifie{o, kb

Thus, for 6 = %,
pi(cos 0) < | sin 0 sin k9|
pi(t) k|cos 6 — cos T
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From the above it follows that |p i(cos 6)| = |& 1’7(:0(355 )9))| and so we may assume going forward
that § < . Next, since | cos  — cos & o =2 sm(g )sm(f — 5¢)|, it follows that
t sin 6 sin k@
210 <— sup |—>——<| sup |——<|
pilli 2k oo,z sin(§ + Z) | geo.iry Isin(§ — &

Now, let g(a, 0) = S;i“ia and note that g(a, 0) > 0 for 0 < a < 7, and we have
2

sin 6
suj

p sup g(%,@) < sup sup g(a,0)= sup sup g(a,0).
0e(0,2)

sin(? + ﬁ)‘ 0€(0,2) a€(0,1) 0(0.a) 0e(0,7) ac(r—0,7)

Since for fixed 0 € (0, 7) and a € (.t — 6, 7) we have

d 1 0
gg(a, 0) = —Eg(a, 0) cot ra >0

>

it follows that sup ¢, _g . g(a. 0) = g(r, 0). Therefore, since g(r, 6) = 2 sin g, we have

sin 0
sup <
oeco. ) sin(§ + 3
Next, we have that
sin k6 sin k6 sin(k( — %)) sin k6
s Iy [ S|y (O D) i)
0e(0,2) sin(2 — Z)| 7 geon Isin(f — & 96(0 ol sin(? - & 9e(0 o) sin 7

Plugging both of these into the estimate above, we find that |2 ((:))\ < 2 as desired. O
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