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Abstract
Reflected stochastic differential equations (RSDEs) are a class of stochastic processes that, loosely
speaking, behave like stochastic differential equations (SDEs) in the interior of some bounded
domain Ω ⊆ ℝ𝑑 while being reflected at the boundary 𝜕Ω of Ω, effectively confining them to the
compact set Ω. Since SDEs are prevalent both in the modelling of real-world phenomena and
in machine learning, it is natural to consider how such models and methods might be expanded
through the use of RSDEs. In this dissertation, we consider some of the applications of RSDEs,
where we first show that these provide novel ways of performing stochastic control, and later
that they perform well in certain machine learning methods, where a bounded state space is
natural.

In the first article, we consider how the reflection set Ω can provide a form of control over
a stochastic process. In particular, we formulate an intuitive objective function based on the
trajectory of an RSDE that expresses the goal of confining a particle to be near the origin without
it hitting the boundary of the confining set too often. We then derive a closed form expression
of this objective function using probabilistic analysis, and show that this cost function can be
optimised both numerically and in a data-driven fashion.

In the second article, inspired by the use of SDEs in generative AI, we show that by replacing
the underlying SDEswith RSDEs in thesemodels, we obtain amore natural framework, since the
data being generated is often itself bounded. Using spectral decomposition and rigorous neural
network constructions, we show that the samples generated converge to the target distribution
in total variation at a minimax optimal rate when assuming Sobolev smoothness of the target
density.

Finally, in the third article, we continue in the framework of the second, but now considering
a type of manifold hypothesis, where the target distribution is concentrated on an affine plane of
much lower dimension than the ambient space. Using stochastic analysis, we derive an explicit
solution to the involved RSDE, which we use to effectively approximate the target distribution
and the affine plane on which it is supported, ultimately yielding near minimax optimal rates in
Wasserstein-1-distance under assumptions of Sobolev smoothness.
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Resumé
Reflekterede stokastiske differentialligninger (RSD’er) dækker over en familie af stokastiske pro-
cesser, som løst sagt opfører sig som stokastiske differentialligninger (SD’er) inden i et begrænset
domæne Ω ⊆ ℝ𝑑 , men som bliver reflekteret i randen 𝜕Ω af Ω, hvormed de bliver begrænset til
den kompaktemængdeΩ. Eftersom SD’er ermeget udbredte i bådemodelleringen af fænomener
fra den virkelige verden og i machine learning, er det naturligt at overveje, hvordan sådanne
modeller kan udvides ved brug af RSD’er. I denne afhandling overvejer vi nogle af anvendelserne
af RSD’er, hvor vi først viser, at disse tilbyder nyemåder at udføre stokastisk kontrol, og senere at
de præsterer godt i visse machine learning-metoder, hvor et begrænset tilstandsrum er naturligt.

I den første artikel betragter vi, hvordan reflektionsmængden Ω kan benyttes som en form
for kontrol over en stokastisk proces. Specifikt formulerer vi en intuitiv målfunktion baseret
på stien af en RSD, som udtrykker ønsket om at begrænse en partikel tæt på origo, men uden
at den rammer randen af reflektionsmængden for ofte. Vi udleder derefter et lukket udtryk for
denne målfunktion via sandsynlighedsteoretisk analyse, og viser at denne kan blive optimeret
både numerisk og ved hjælp af observeret data.

I den anden artikel viser vi, inspireret af brugen af SD’er i generativ AI, at vi ved at erstatte de
underliggende SD’er med RSD’er opnår en mere naturlig konstruktion, da det genererede data
ofte selv er begrænset. Ved hjælp af spektralanalyse og dybdegående konstruktioner af neurale
netværk viser vi, at det genererede data konvergerer mod det ønskede mål i total variation med
en minimax-optimal rate, når vi antager at det underliggende mål har en Sobolev-glat tæthed.

Til sidst fortsætter vi i tredje artikel med den samme problemstilling, men hvor vi nu an-
tager en slags mangfoldighedshypotese, hvor det ønskede mål er koncentreret på et affint plan
af meget lavere dimension end det latente rum. Via stokastisk analyse udleder vi en eksplicit
løsning til den involverede RSD, hvilket vi bruger til effektivt at approximere både det ønskede
mål og dets støtte. Herved opnår vi under lignende glathedsantagelser nær minimax-optimale
konvergensrater i Wasserstein-1-afstand.
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Preface
This dissertation is the final product of a three year PhD programme at the Department of Math-
ematics, Aarhus University under the supervision of Claudia Strauch and Lukas Trottner. The
main text consists of twomain parts: first are two introductory chapters written for this disserta-
tion, the first of which provides an introduction to the core concepts to appear in the remainder,
and the second a brief and high level overview of the results and proof strategies used in the
articles that follow. The second part consists of three articles in full, written in the course of
PhD programme. They are:

Article A Sören Christensen, Asbjørn Holk Thomsen, and Lukas Trottner (2024)
Data-Driven Rules for Multidimensional Reflection Problems
SIAM/ASA Journal on Uncertainty Quantification 12:4, 1240-1272
DOI: 10.1137/23M1618570; arXiv:2311.06639 [math.OC]

Article B Asbjørn Holk, Claudia Strauch and Lukas Trottner (2024)
Statistical Guarantees for Denoising Reflected Diffusion Models
Accepted in the Journal of Machine Learning Research (JMLR)
arXiv:2411.01563 [math.ST]

Article C Asbjørn Holk, Claudia Strauch and Lukas Trottner (2026)
Reflected Diffusion Models Adapt to Low-dimensional Data
Preprint available
arXiv:2603.24495 [math.ST]

In accordance with GSNS rules and regulations, Article A and parts of an early draft of Article
B were also used in the progress report for the qualifying examination.

All articles as they appear in this dissertation have been slightly modified for the sake of
consistent notation and layout. The contents, however, have not been changed and are identical
to how they appear either in their published form when applicable or the arXiv version.

⋆ ⋆ ⋆

We note here some common notation: in general, random variables, processes etc. are writ-
tenwith sans-serif font (e.g. X, B etc.) for sake of distinguishability. The 𝑑-dimensional Lebesgue
measure is denoted as 𝜆𝑑 . For a metric space 𝑆, 𝑥 ∈ 𝑆 and 𝑟 > 0, the ball of radius 𝑟 with centre
𝑥 is denoted 𝐵(𝑥, 𝑟). The distance from 𝑥 to a set 𝐴 ⊆ 𝑆 is denoted as dist(𝑥, 𝐴) = inf𝑦∈𝐴 𝑑(𝑥, 𝑦).
For general 𝑥 ∈ ℝ𝑑 , |𝑥| denotes the Euclidean norm, however for multi-indices 𝛽 ∈ ℕ𝑑

0 , |𝛽| refers
to the 1-norm, i.e. |𝛽| = 𝛽1 + 𝛽2 + … + 𝛽𝑑 . We write 𝑎 ≲𝜃 𝑏 if there exists a constant 𝐶𝜃 > 0
depending on 𝜃 such that 𝑎 ≤ 𝐶𝜃𝑏 and 𝑎 ≲ 𝑏 if 𝐶𝜃 is a universal constant.
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1 Introduction

The aim of this introductory chapter is to equip the reader with the necessary definitions and
concepts to allow them to delve into the articles that follow, as well as tie these together into
one contiguous study of the central topic – reflected diffusions and their applications. It is not
aimed at domain experts. Rather, the target audience is those who have a curiosity in and keen
understanding of mathematics, especially statistics and probability theory, at a level of a masters
student or above. As such, many topics such as stochastic processes and stochastic and partial
differential equations are assumed to be well-known and will not be explained in detail. A brief
intuitive reminder, however, will be provided for each such topic when appropriate.

1.1 Reflected processes

The core concept of reflected processes is, in this author’s opinion, quite intuitive. Suppose
you have some stochastic process X = (X𝑡)𝑡≥0 defined on ℝ𝑑 . Given some subset Ω ⊆ ℝ𝑑 , the
associated reflected processXΩ = (XΩ

𝑡 )𝑡≥0 is then another stochastic process which in some sense
behaves the same as X on the interior of Ω, but which is reflected at the boundary 𝜕Ω of Ω in the
sense that it is pushed back into the interior, essentially constraining the process to only exist
on Ω. In general, these can be rigorously defined via the associated Skorokhod problems and
maps:

Definition 1.1: For any non-empty open set Ω ⊆ ℝ𝑑 with reflection vector 𝑣 ∶ 𝜕Ω → ℝ𝑑 ,
the solution to the associated Skorokhod problem given a càdlàg function 𝑥 ∶ [0, 𝑇 ) → ℝ𝑑
with 𝑇 ∈ (0,∞] is a pair of càdlàg functions 𝑥Ω ∶ [0, 𝑇 ) → Ω and 𝓁 ∶ [0, 𝑇 ) → [0,∞) such
that 𝓁(0) = 0,

𝑥Ω(𝑡) = 𝑥(𝑡) + ∫
𝑡

0
𝑣(𝑥Ω(𝑠)) d𝓁(𝑠) (1.1)

and
𝓁(𝑡) = ∫

𝑡

0
1{𝑥Ω(𝑠)∈𝜕Ω} d𝓁(𝑠).

The associated Skorokhod map is a mapping ΓΩ such that ΓΩ(𝑥) = 𝑥Ω.

Remark 1.2: In the above definition, the reflection vector 𝑣 ∶ 𝜕Ω → ℝ𝑑 is left intentionally
vague, as it is highly situationally dependent. However, a common choice which we will be
making in the articles that follow is choosing 𝑣 as (a scaling of) the inward-pointing normal
vector 𝑛 whenever such a vector is uniquely defined. For instance, if 𝜕Ω is smooth enough in
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2 Chapter 1. Introduction

the sense that the signed distance

𝑑Ω(𝑥) =

{
dist(𝑥, 𝜕Ω), if 𝑥 ∈ Ω
−dist(𝑥, 𝜕Ω), if 𝑥 ∈ Ωc

(1.2)

is differentiable on 𝜕Ω, then we may define 𝑛 = ∇𝑑Ω.
With this, if X has almost surely càdlàg paths, we may then define XΩ as

XΩ(𝜔) =

{
ΓΩ(X(𝜔)), if 𝑡 ↦ X𝑡(𝜔) is càdlàg
0, otherwise.

We remark that this construction already opens a wealth of options for X as all Lévy processes
have an almost surely càdlàg version. However, since we will in this context only be working
with processes that are pathwise continuous, we will not be exploring further generalisations.

Reflected stochastic differential equations

If instead of considering general processes X as our reflection candidates, we restrict ourselves
to diffusion processes in the form of solutions to stochastic differential equations (SDEs) of the
form

dX𝑡 = 𝑏(X𝑡) d𝑡 + 𝜎(X𝑡) dB𝑡 , (1.3)

where 𝑏 ∶ ℝ𝑑 → ℝ𝑑 and 𝜎 ∶ ℝ𝑑 → ℝ𝑑×𝑚 are suitable functions and (B𝑡)𝑡≥0 is a standard
𝑚-dimensional Brownian motion, the resulting process XΩ now solves an associated reflected
stochastic differential equation (RSDE). To better motivate their definition, note that we may
re-write (1.1) as

d𝑥Ω(𝑡) = d𝑥(𝑡) + 𝑣(𝑥Ω(𝑡)) d𝓁(𝑡).

Plugging in (1.3), we have

dXΩ
𝑡 = 𝑏(X𝑡) d𝑡 + 𝜎(X𝑡) dB𝑡 + 𝑣(XΩ

𝑡 ) dL𝑡 ,

where (L𝑡)𝑡≥0 is the now stochastic pathwise function from Definition 1.1. The process XΩ de-
fined here is special in that it is defined via an already existing solution to (1.3), i.e. XΩ = ΓΩ(X).
Such processes are referred to as strong solutions to the associated RSDE. However, we are often
only interested in the law of such processes, and to this, only weak solutions are necessary, i.e.
solutions to the SDE

dXΩ
𝑡 = 𝑏(XΩ

𝑡 ) d𝑡 + 𝜎(X
Ω
𝑡 ) dB𝑡 + 𝑣(X

Ω
𝑡 ) dL𝑡 .

This is all summarised in the following definition:
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Definition 1.3: Given a set Ω ⊆ ℝ𝑑 , a distribution 𝜇 on Ω and functions 𝑏 ∶ ℝ𝑑 → ℝ𝑑 ,
𝑣 ∶ 𝜕Ω → ℝ𝑑 and 𝜎 ∶ ℝ𝑑 → ℝ𝑑×𝑚, a solution to the RSDE

dXΩ
𝑡 = 𝑏(XΩ

𝑡 ) d𝑡 + 𝜎(X
Ω
𝑡 ) dB𝑡 + 𝑣(X

Ω
𝑡 ) dL𝑡 (1.4)

is a collection (XΩ
𝑡 ,𝑡 ,B𝑡 , L𝑡)𝑡≥0 satisfying the following:

(i) (𝑡)𝑡≥0 is a filtration satisfying the natural conditions and (B𝑡)𝑡≥0 is an𝑚-dimensional
(𝑡)-Brownian Motion

(ii) (L𝑡)𝑡≥0 is a continuous, non-decreasing process satisfying L0 ≡ 0 and

L𝑡 = ∫
𝑡

0
1{X𝑡∈𝜕𝐷} dL𝑠

(iii) (XΩ
𝑡 )𝑡≥0 is a continuous and adapted process satisfying XΩ

0 ∼ 𝜇, XΩ
𝑡 ∈ Ω, and

XΩ
𝑡 = XΩ

0 + ∫
𝑡

0
𝑏(XΩ

𝑠 ) d𝑠 + ∫
𝑡

0
𝜎(XΩ

𝑠 ) dB𝑠 + ∫
𝑡

0
𝑣(XΩ

𝑠 ) dL𝑠

for all 𝑡 ≥ 0.

We say that a solution is strong if XΩ = ΓΩ(X) where ΓΩ is the Skorokhod map and X is a
strong solution to the associated non-reflected SDE

dX𝑡 = 𝑏(X𝑡) d𝑡 + 𝜎(X𝑡) dB𝑡 .

The process L = (L𝑡)𝑡≥0 defined here is known as the local time of XΩ at 𝜕Ω, and is to be
thought of as the amount of time XΩ has spent at the boundary 𝜕Ω. However, in general this
process depends on the choice of reflection vector as one can simply choose for some 𝑎 > 0 to
instead use the reflection vector 𝑎𝑣 resulting in a local time of 𝑎−1L. In the case where 𝑑 = 1, this
is different. Here, one can show that for any convex function 𝜑 and continuous semi-martingale
X, there exists a process A𝜑 = (A𝜑𝑡 )𝑡≥0 such that

𝜑(X𝑡) = 𝜑(X0) + ∫
𝑡

0
𝜑′−(X𝑠) dX𝑠 +

1
2
A
𝜑
𝑡 ,

where 𝜑′− is the left derivative of 𝜑. Then, the local time at some point 𝑎 ∈ ℝ is defined as
L𝑎 = 2A𝜑𝑎 , where 𝜑𝑎(𝑥) = |𝑥 − 𝑎|. In fact, with this choice, the process A𝜑 can be derived
explicitly via the so-called Itô–Tanaka formula which states that

𝜑(X𝑡) = 𝜑(X0) + ∫
𝑡

0
𝜑′−(X𝑠) dX𝑠 +

1
2 ∫

ℝ
L𝑎𝑡 𝜑

′′(d𝑎), (1.5)
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where 𝜑′′ is understood in a distributional sense. With this definition, one can also show the
following alternative characterisation of L𝑎, if X has continuous paths:

L𝑎𝑡 = lim
𝜀↓0

1
2𝜀 ∫

𝑡

0
1(𝑎−𝜀,𝑎+𝜀)(X𝑠) d⟨X⟩𝑠 ,

supporting the idea that L𝑎𝑡 in some sense denotes how long X has been at 𝑎 up to time 𝑡. This
idea can be extended to higher dimensions where we may appropriately scale the reflection
vector 𝑣 such that it satisfies a similar occupation time formula:

L𝑡 = lim
𝜀↓0

1
𝜀 ∫

𝑡

0
1(𝜕Ω)𝜀 (X

Ω
𝑠 ) d𝑠, (1.6)

where (𝜕Ω)𝜀 = {𝑥 ∈ ℝ𝑑 ∣ dist(𝑥, 𝜕Ω) < 𝜀} is the 𝜀-fattening of 𝜕Ω.

Applications

One might be rightly curious as to why one should study these processes and if they serve
any purpose beyond academic curiosity. To this, we first consider the most straight-forward
physical interpretation of RSDEs. Famously, Brownian motion is named after botanist Robert
Brown who observed the erratic movement of pollen suspended in water, and the connection to
physical particles is consistent in the mathematical vernacular. Diffusion processes are named as
such since these mathematical objects describe the movement of individual particles suspended
in a fluid when they diffuse in space. As such, the natural extension to reflected diffusions is that
these describe the movement of particles when they diffuse in a confined space such as a room.
With this notion, it is perhaps not surprising that as with the deep connection between SDEs
and physical models involving partial differential equations (PDEs), so too is there one between
RSDEs and PDEs with boundary conditions. In particular, if X solves (1.3) then the family of
densities (𝑝𝑡)𝑡≥0 of X solve the PDE

{
𝜕
𝜕𝑡𝑢(𝑥, 𝑡) = 𝑢(𝑥, 𝑡), (𝑥, 𝑡) ∈ ℝ𝑑 × (0,∞)
𝑢(𝑥, 0) = 𝑝0(𝑥), 𝑥 ∈ ℝ𝑑

where 𝑓 = 𝑏⊤∇𝑓 + 1
2 tr(𝜎𝜎

⊤∇2𝑓 ) is the generator of X. Conversely, if XΩ solves (1.4) then its
densities (𝑝Ω𝑡 )𝑡≥0 solve the same PDE with Neumann boundary conditions, i.e.

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

𝜕
𝜕𝑡𝑢(𝑥, 𝑡) = 𝑢(𝑥, 𝑡), (𝑥, 𝑡) ∈ Ω × (0,∞)
𝜕
𝜕𝑣𝑢(𝑥, 𝑡) = 0, (𝑥, 𝑡) ∈ 𝜕Ω × (0,∞)
𝑢(𝑥, 0) = 𝑝Ω0 (𝑥), 𝑥 ∈ Ω.

That is, the above PDEs describe how the physical systems as a whole evolve over time, while
the stochastic processes X and XΩ describe how any single particle in that system behaves. As
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such, RSDEs hold the potential to further our understanding of more realistic physical models,
much like SDEs have in the past through discoveries like the Feynman–Kac formula. Of course
there are a wealth of other fields such as economics, biology, computer science etc. where SDEs
have played an important role in modelling and simulating a myriad of phenomena, and here
too an extension to RSDEs might very well also lead to more accurate models.

1.2 Approximation theory

Another reoccurring theme in the articles that follow is that of approximation rates and estima-
tor optimality. To illustrate the importance of this, consider the following, purposefully ridicu-
lous example: suppose you have i.i.d. data (X𝑛)𝑛∈ℕ with X1 ∼ 𝑁(𝜃, 1), and you wish to construct
for 𝑛 ∈ ℕ an estimator 𝜃𝑛 of 𝜃 based on the first 𝑛 observations. The obvious choice here, of
course, is the average 𝜃(1)𝑛 = 1

𝑛 ∑
𝑛
𝑖=1 X𝑖. However, let us also consider the alternative estimator

𝜃(2)𝑛 = 1
⌈log 𝑛⌉ ∑

⌈log 𝑛⌉
𝑖=1 X𝑖. Both estimators are unbiased and converge both almost surely and in 𝐿2

as 𝑛 → ∞. The difference is in the rate of convergence, in that no matter what rate with which
𝜃(1)𝑛 converges to 𝜃, we need exponentially more data for 𝜃(2)𝑛 to achieve the same accuracy. This
leads to the notion of statistical efficiency of an estimator, i.e. how quickly it converges to the ob-
ject it is estimating. For parametric models, i.e. ones where givenX ∼ 𝜇𝜃0 ∈ {𝜇𝜃 ∣ 𝜃 ∈ Θ ⊆ ℝ𝑘}we
try to estimate 𝜃0, the maximum likelihood estimator (when available) is known to have many
desirable properties. For instance, it is consistent and asymptotically efficient, meaning that it
converges to the true parameter being estimated and that its variance is asymptotically mini-
mal as per the Cramér–Rao lower bound, implying that its mean squared error (or 𝐿2 distance)
is asymptotically lower than any other estimator. With this, we might say that the maximum
likelihood estimator is asymptotically optimal in 𝐿2. However, while statisticians often impose a
parametric model onto observed data, many real-world phenomena are much too complicated
to conform to such models, and so we can benefit from eschewing such assumptions.

Non-parametric statistics and minimax optimality

In the world of non-parametric statistics, we no longer assume that the observed data follows
a parametric distribution where we are then interested in these parameters. Instead, we strive
to make estimations of certain properties of the underlying distribution 𝜇 (such as its density,
correlation structure, modes etc.) in a way that ismodel free i.e. making no or as few as possible
assumptions on 𝜇. A classic example of this is the kernel density estimator: suppose 𝜇 has a
continuous density 𝑓 with respect to the Lebesgue measure and we observe X1,X2, … ,X𝑛

i.i.d.∼ 𝜇.
Then, for some non-negative function 𝐾 (the kernel) with ∫ℝ 𝐾(𝑥) d𝑥 = 1 and ℎ > 0 we set

𝑓𝑛(𝑥) =
1
𝑛ℎ

𝑛

∑
𝑖=1
𝐾(

𝑥 − X𝑖

ℎ ).
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One can show (see e.g. [124]) that if we assume that there exists some 𝛼, 𝐿 > 0 such that 𝑓 is ⌊𝛼⌋
times differentiable and |𝑓 (⌊𝛼⌋)(𝑥)−𝑓 (⌊𝛼⌋)(𝑦)| ≤ 𝐿|𝑥 −𝑦|𝛼−⌊𝛼⌋ (here ⌊𝑥⌋ denotes the largest integer
strictly less than 𝑥), then for a fitting choice of kernel 𝐾 , there exists constants 𝐶1, 𝐶2 such that

𝔼[(𝑓𝑛(𝑥) − 𝑓 (𝑥))
2
] ≤

𝐶1

𝑛ℎ
+ 𝐶2

2ℎ
2𝛼 ,

which is minimized at ℎ∗ = (
𝐶1

2𝛼𝐶2
2 )

1
2𝛼+1
𝑛− 1

2𝛼+1 yielding a convergence rate of 𝑂(𝑛− 2𝛼
2𝛼+1 ). This

pointwise convergence rate can be extended to an integrated risk, i.e. one can show that

𝔼[ ∫ℝ
(𝑓𝑛(𝑥) − 𝑓 (𝑥))

2 d𝑥] = 𝔼[‖𝑓𝑛 − 𝑓 ‖2𝐿2] ≲ 𝑛
− 2𝛼

2𝛼+1

Can we do better? As it turns out, we cannot. Indeed, one can show that (see e.g. [82]) for 𝑝 ≥ 2
and densities 𝑓 ∶ ℝ𝑑 → ℝ in the more general Nikol’skii class

𝑝(𝛼, 𝐿) = {𝑓 ∶ ℝ𝑑 → ℝ ∣ 𝜕𝛽𝑓 exists and ‖𝜕𝛽𝑓 (⋅ + 𝑡) − 𝜕𝛽𝑓 ‖𝐿𝑝 ≤ 𝐶|𝑡|𝛼−|𝛽| for all |𝛽| ≤ 𝛼},

we have
inf
𝑓

sup
𝑓 ∈𝑝(𝛼,𝐿)

𝔼[‖𝑓 − 𝑓 ‖𝑝] ≳ 𝑛−
𝛼

2𝛼+𝑑 .

Here, the infimum in front is taken over estimators 𝑓 of 𝑓 based on 𝑛 samples X1,X2, … ,X𝑛 ∼
𝑓 . In other words, we can never hope to achieve a better asymptotic error rate, as this is the
smallest possible over this particular class of densities. Since this rate arises from the minimiser
of the maximal error, we call this theminimax rate, and since the kernel density estimator above
achieves this rate, we say that it is minimax optimal. Of course, we can choose a different risk
measure or a different class of densities, and so we give a more general definition as follows:

Definition 1.4 (minimax risk and -optimality): Given a class of probability measures
on some space 𝑆, a mapping 𝜃 ∶  → Θ and a distance function 𝜌 ∶ Θ2 → [0,∞), let Θ̂𝑛
denote the set of all estimators 𝜃𝑛 ∶ 𝑆𝑛 → Θ of 𝜃. Then the minimax risk is given by

𝑅𝑛 = inf
𝜃𝑛∈Θ̂𝑛

sup
𝜇∈

𝔼𝜇[𝜌(𝜃𝑛(X1,X2, … ,X𝑛), 𝜃(𝜇))].

If a family of estimators {𝜃𝑛}𝑛∈ℕ with 𝜃𝑛 ∈ Θ̂𝑛 satisfies

sup
𝜇∈

𝔼𝜇[𝜌(𝜃𝑛(X1,X2, … ,X𝑛), 𝜃(𝜇))] ≤ 𝐶𝑅𝑛, ∀𝑛 ∈ ℕ

for some universal constant 𝐶 > 0, we say that the family is minimax optimal.
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In the above definition, we consider only discrete observations (X𝑛)𝑛∈ℕ, however it can be
straightforwardly modified to include continuous observations (X𝑡)𝑡≥0 or any other index set.
For the example above, we would have

 = {𝜇 ∣ 𝜇(d𝑥) = 𝑓 (𝑥) d𝑥, 𝑓 ∈ 𝑝(𝛼, 𝐿)},

the distance function 𝜌 would be ‖⋅‖𝐿𝑝 and 𝜃 would be the function mapping a measure 𝜇 ∈  to
its density 𝑓 . We finish this section by listing some key settings and rates which will appear in
the articles that follow:

Definition 1.5 (Total variation): Given a measurable space (Ω,) and two probability
measures 𝜇 and 𝜈 thereon, the total variation distance 𝜇 and 𝜈 is defined as

TV(𝜇, 𝜈) ≔ sup
𝐴∈

|𝜇(𝐴) − 𝜈(𝐴)|.

One can show that if 𝜇 and 𝜈 admit densities 𝑓 and 𝑔 , respectively, then TV(𝜇, 𝜈) = 1
2 ‖𝑓 −

𝑔‖𝐿1

Beyond providing a very intuitive way of measuring distance between two distributions,
total variation can also be nicely bounded via Pinsker’s inequality which states that

TV(𝜇, 𝜈) ≤
√
1
2
KL(𝜇 ‖ 𝜈),

where KL denotes the Kullback–Leibler divergence. Together with Girsanov’s theorem, this
bounds the total variation between the laws of two (R)SDE’s with differing drifts by the inte-
grated 𝐿2-distance between these drifts – this will become important in Articles B and C.

Definition 1.6 (Wasserstein distance): Given probability measures 𝜇 and 𝜈 on ℝ𝑑 , let
Π(𝜇, 𝜈) denote the set of all couplings of 𝜇 and 𝜈 , i.e.

Π(𝜇, 𝜈) =
{
𝜋 ∶ (ℝ𝑑)2 → [0, 1] ∣ ∀𝐴, 𝐵 ∈ (ℝ𝑑) ∶ 𝜋(𝐴, ℝ𝑑) = 𝜇(𝐴), 𝜋(ℝ𝑑 , 𝐵) = 𝜈(𝐵)

}
.

Then for 𝑝 ≥ 1 the Wasserstein-𝑝-distance is given by

𝑝(𝜇, 𝜈) ≔ inf
𝜋∈Π(𝜇,𝜈)

𝔼𝜋[|X − Y|𝑝]
1/𝑝 .

One drawback of total variation is that it cannot measure similarity of singular measures,
even if they seem close. For instance, consider for 𝜎 > 0 the distributions 𝜇𝜎 = 𝑁(0, 𝜎2) and
𝜈 = 𝛿0. Then 𝜇𝜎

w−→ 𝜈 as 𝜎 → 0, however regardless of 𝜎, we have

TV(𝜇𝜎 , 𝜈) ≥ |𝜇𝜎({0}) − 𝜈({0})| = 1.
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In contrast, letting Z ∼ 𝑁(0, 1), we have for any 𝑝 ≥ 1

𝑝(𝜇𝜎 , 𝜈) ≤ 𝔼[|𝜎Z − 0|𝑝]
1/𝑝 = 𝜎𝔼[|Z|𝑝]

1/𝑝 −−−→
𝜎→0

0.

Definition 1.7 (Anisotropic Hölder space): For β,L ∈ (0,∞)𝑑 , the anisotropic Hölder
space 𝑑(β,L) is the set of all functions 𝑔 ∶ ℝ𝑑 → ℝ satisfying

‖𝜕𝑘𝑖 𝑔‖∞ ≤ 𝐿𝑖, 𝑘 = 1, … , ⌊𝛽𝑖⌋,

and
‖𝜕⌊𝛽𝑖⌋𝑖 𝑔( ⋅ + 𝑡𝑒𝑖) − 𝜕

⌊𝛽𝑖⌋
𝑖 𝑔‖ ≤ 𝐿𝑖|𝑡|𝛽𝑖−⌊𝛽𝑖⌋, 𝑡 ∈ ℝ.

Here, ⌊𝑥⌋ denotes the largest integer strictly less than 𝑥 .

A canonical example of such a function is given by 𝑥 ↦ e−|𝑥|2𝑥β = ∏𝑑
𝑖=1 e−𝑥

2
𝑖 𝑥𝛽𝑖𝑖 . Note that

any anisotropic Hölder smooth function is also automatically 𝛽min-Hölder smooth where 𝛽min =
min{𝛽1, 𝛽2, … , 𝛽𝑑}. The benefit of considering this class rather than the usual (isotropic) Hölder-
class is that we can attain convergence rates depending on the harmonic mean smoothness
β + 1 ≔ ( 1𝑑 ∑

𝑑
𝑖=1

1
𝛽𝑖+1

)−1 rather than the overall smoothness 𝛽min which may be much lower.
Indeed, it shown in [111] that for a certain subclass of diffusion processes X with stationary
density 𝜌 ∈ 𝑑(β,L), the minimax-rate when observing (X𝑡)𝑡∈[0,𝑇 ] wrt. ‖⋅‖∞ is 𝑂((

log 𝑇
𝑇 )

β+1
β+1+𝑑−2 )

for 𝑑 ≥ 3.

Definition 1.8 (Sobolev space): For 𝛼 ∈ ℕ, 𝑝 ∈ [1,∞] and 𝑆 ⊆ ℝ𝑑 , we define the Sobolev
space 𝑊 𝛼,𝑝(𝑆) as the set of functions 𝑓 ∶ 𝑆 → ℝ with weak derivatives of all orders less
than 𝛼 in 𝐿𝑝(𝑆), i.e.

𝑊 𝛼,𝑝(𝑆) ≔
{
𝑓 ∶ 𝑆 → ℝ ∣ ∀𝛽 ∈ ℕ0, |𝛽| ≤ 𝛼 ∶ 𝜕𝛽𝑓 ∈ 𝐿𝑝(𝑆)

}
.

We denote the case of 𝑝 = 2 as 𝐻𝛼(𝑆). We also let 𝐻𝛼(𝑆)0 denote the subset of 𝐻𝛼(𝑆)
consisting of functions that vanish in a trace sense at the boundary 𝜕𝑆 of 𝑆, i.e.

𝐻𝛼
0 (𝑆) ≔

{
𝑓 ∈ 𝐻𝛼(𝑆) ∣ ∀𝛽 ∈ ℕ0, |𝛽| ≤ 𝛼 − 1 ∶ 𝜕𝛽𝑓 |𝜕𝑆 = 0

}

Sobolev spaces allow us to assume certain smoothness properties of target distributions
without necessarily being smooth in the sense of classical derivatives. Moreover, the specific
spaces 𝐻𝛼(𝑆) have nice analytic properties in that these spaces equipped with the inner product

⟨𝑓 , 𝑔⟩𝐻𝛼 (𝑆) = ∑
|𝛽|≤𝛼

⟨𝜕𝛽𝑓 , 𝜕𝛽𝑔⟩𝐿2(𝑆)
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are in fact Hilbert spaces. Finally, so long as the boundary 𝜕𝑆 of 𝑆 is sufficiently smooth, 𝐻𝛼(𝑆)
can be extended and embedded in larger spaces in the sense that there exists a continuous ex-
tension  ∶ 𝐻𝛼(𝑆) → 𝐻𝛼(ℝ𝑑) such that 𝑓 (𝑥) = 𝑓 (𝑥) for 𝑥 ∈ 𝑆, and we have 𝐻𝛼(𝑆) ⊆ 𝐶𝑘(𝑆)
for 𝑘 < 𝛼 − 𝑑

2 . For the space 𝐻
𝛼
0 (𝑆), the extension can be made explicit in that

𝑓 (𝑥) =

{
𝑓 (𝑥), if 𝑥 ∈ 𝑆
0, otherwise.

For distributions with densities in 𝐻𝛼(𝑆), it follows from [133, Theorem 4] that the minimax-
optimal rate in total variation is 𝑂(𝑛− 𝛼

2𝛼+𝑑 ) while [86, Theorem 3] states that for Wasserstein-𝑝-
distance it is 𝑂(𝑛− 𝛼+1

2𝛼+𝑑 ).

1.3 Neural networks

Neural networks are increasingly common as tools to approximate a wide range of functions.
Although the term sometimes covers different architectures, in this introduction and the chap-
ters that follow, we take neural networks to mean feed-forward neural networks, i.e. functions
𝜑 ∶ ℝ𝑑 → ℝ𝑚 which consists of a series of affine transformations interspersed with activation
functions that allow for non-linearity. We can specify any such network by its affine transfor-
mations and activation function as follows: let 𝐴𝑖 ∈ ℝ𝑊𝑖+1×𝑊𝑖 , 𝑏𝑖 ∈ ℝ𝑊𝑖 for 𝑖 = 0, … , 𝐿, where
{𝑊𝑖}𝐿+1𝑖=0 ⊆ ℕ are the widths of each layer of 𝜑 – in particular 𝑊0 = 𝑑 and 𝑊𝐿+1 = 𝑚. Also for
𝑖 = 0, … , 𝐿, let 𝜎𝑖 ∶ ℝ → ℝ be some non-linear activation function and set

𝜎𝑏𝑖𝑥 = [𝜎𝑖(𝑥1 − 𝑏𝑖,1) 𝜎𝑖(𝑥2 − 𝑏𝑖,2) ⋯ 𝜎𝑖(𝑥𝑊𝑖 − 𝑏𝑖,𝑊𝑖)]
⊤ , 𝑥 ∈ ℝ𝑊𝑖 .

Then we may write
𝜑(𝑥) = 𝐴𝐿𝜎𝑏𝐿𝐴𝐿−1𝜎𝑏𝐿−1 ⋯𝐴1𝜎𝑏1𝐴0𝑥.

𝑥1

𝑥2

𝑥𝑑

⋮

𝑥(1)1

𝑥(1)2

𝑥(1)3

𝑥(1)𝑊1

⋮

⋯

⋯

⋯

⋮

𝑥(𝐿)1

𝑥(𝐿)2

𝑥(𝐿)3

𝑥(𝐿)𝑊𝐿

⋮

𝑦1

𝑦𝑚

⋮

Figure 1.1: Structure diagram of a neural network.



10 Chapter 1. Introduction

In our setting, we will always take 𝜎𝑖 = 𝜎 to be the rectified linear unit (ReLU) given by
𝜎(𝑥) = 𝑥 ∨ 0. It is not difficult to see that with this choice of activation function, every neural
network is piecewise linear, since this is true of 𝜎 and this class is closed under composition.
Such functions are dense in 𝐶(𝐾) wrt. ‖⋅‖∞ for any compact 𝐾 ⊆ ℝ𝑑 . That is, for any continuous
function 𝑓 ∶ 𝐾 → ℝ𝑚 and 𝜀 > 0, there exists a piecewise linear function 𝑓 ∶ 𝐾 → ℝ𝑚 such that
‖𝑓 − 𝑓 ‖∞ < 𝜀.

Figure 1.2: Example of a function being approximated arbitrarily well by piecewise linear functions

One could then hope that the same is true of neural networks, and luckily this is the case.
Indeed, for a much wider range of activation functions, several so-called universal approxima-
tion theorems have been shown, see e.g. [59]. One strategy common in constructing neural
networks targeting specific functions is to first approximate another class of functions which
themselves are known to have good approximation properties. For instance, one might start
by constructing an explicit neural network approximating the function 𝑥 ↦ 𝑥2, and then since
𝑥𝑦 = (𝑥+𝑦)2−(𝑥−𝑦)2

4 , this approximation easily extends to polynomials which often have known
convergence rates through e.g. Taylor’s theorem. Such methods are useful since explicit conver-
gence rates allow us to evaluate how large a neural network must be to adequately approximate
a given function. One way of parametrising neural networks of a certain size is given in [89]
where for 𝐿 ∈ ℕ, 𝑊 ∈ ℕ𝐿+2, 𝑆 ∈ ℕ and 𝐵 > 0 we let Φ(𝐿,𝑊 , 𝑆, 𝐵) denote the set of neural
networks 𝜙 satisfying:

– Depth constraint: The number of hidden layers in 𝜙 is no more than 𝐿

– Width constraint: The width the 𝑖’th layer is given by𝑊𝑖 for 𝑖 = 0, … , 𝐿 + 1

– Sparsity constraint: The total number of non-zero entries in 𝐴𝑖, 𝑏𝑖 is no more than 𝑆

– Magnitude constraint: All entries of 𝐴𝑖, 𝑏𝑖 are numerically less than 𝐵

Often, as the networks grow large, it is inconvenient to keep track of the exact sizes of all net-
works, and we care only about their asymptotic sizes. This leads also to the class Φ̃(𝐿,𝑊 , 𝑆, 𝐵)
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where the above conditions only hold asymptotically up to a universal constant. This is sum-
marised succinctly in the following definition:

Definition 1.9: 𝐿 ∈ ℕ, 𝑊 ∈ ℕ𝐿+2, 𝑆 ∈ ℕ and 𝐵 > 0, we define the neural network class
Φ(𝐿,𝑊 , 𝑆, 𝐵) as

Φ(𝐿,𝑊 , 𝑆, 𝐵) ∶=

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

𝐴𝐿𝜎𝑏𝐿𝐴𝐿−1𝜎𝑏𝐿−1 ⋯𝐴1𝜎𝑏1𝐴0 ∣ 𝐴𝑖 ∈ ℝ𝑊𝑖+1×𝑊𝑖 , 𝑏𝑖 ∈ ℝ𝑊𝑖 ,
𝐿

∑
𝑖=0

(‖𝐴𝑖‖0 + ‖𝑏𝑖‖0) ≤ 𝑆, max
𝑖∈{0,…,𝐿}

(‖𝐴𝑖‖∞ ∨ ‖𝑏𝑖‖∞) ≤ 𝐵

⎫⎪⎪⎪
⎬⎪⎪⎪⎭

.

Furthermore, for 𝐿,𝑊 , 𝑆, 𝐵 > 0, we define the asymptotic neural network class Φ̃(𝐿,𝑊 , 𝑆, 𝐵)
as

Φ̃(𝐿,𝑊 , 𝑆, 𝐵) =
{
Φ(𝐿,𝑊 , 𝑆, 𝐵) ∣ 𝐿 ≲ 𝐿, ‖𝑊 ‖∞ ≲ 𝑊 , 𝑆 ≲ 𝑆, 𝐵 ≲ 𝐵

}
.





2 Article overview and proof sketches

In this chapter, we will give a brief overview of the articles that follow, and the main results
therein. In particular, we will give a high-level introduction and motivation to each of the topics
discussed and as well as sketches of the main proofs and proof strategies used in each article. In
the nature of the chapter, many details will be omitted, and we defer to the corresponding full
articles for more rigorous explanations and derivations.

2.1 Article A: Data-driven rules for multidimensional reflection
problems

We first motivate the central problem of this article by an (admittedly somewhat silly) example.
Imagine that you are a goat herder and need to construct a fence to hold in your goats. Ideally,
you want the goats to be near your farmhouse so that you will not need to walk as far every day
to reach them, and there are certain areas you particularly want to keep the goats away from,
e.g. a vegetable garden. However, you also want to minimise repair costs of the fence, and if you
choose the fence perimeter too small, goats will more often bump into them, incurring damages.
Thus you are faced with an optimisation problem: on one hand you want the fence to be as small
as possible to avoid travelling too far, but not so small that the fence will be constantly damaged.
How do you find the optimal fence perimeter?

We can model this using reflected processes as follows: suppose the position of any one goat
is given by some stochastic process X = (X𝑡)𝑡≥0 on ℝ2. Choosing some containment areaΩ ⊆ ℝ2

with perimeter (i.e. fence) 𝜕Ω, the movement of the constrained goats is then the reflected
process XΩ = (XΩ

𝑡 )𝑡≥0 with associated local time LΩ = (LΩ𝑡 )𝑡≥0. To model the cost of goats
straying far away or into areas they are not allowed, choose some cost function 𝑐 ∶ ℝ2 → [0,∞)
with its minimum at the origin (your farmhouse), such that 𝑐(XΩ

𝑡 ) is the running cost of any
goat at time 𝑡. To represent the cost of repairs, recall that LΩ is to be thought of as the time the
process XΩ has spent at 𝜕Ω, and hence the amount that any goat has bumped into the fence.
Then, for some constant repair cost 𝜅 > 0, the total cost of the specific choice of fence at time
𝑡 > 0 is given by

C𝑡(Ω) ≔ ∫
𝑡

0
𝑐(XΩ

𝑠 ) d𝑠 + 𝜅L
Ω
𝑡 .

Assuming that all goats move independently of each other and of the time 𝑡, you invoke the law
of large numbers to consider the long-term average cost, i.e.

𝐽 (Ω) ≔ lim
𝑡→∞

1
𝑡
𝔼[C𝑡(Ω)] = lim

𝑡→∞

1
𝑡
𝔼[ ∫

𝑡

0
𝑐(XΩ

𝑠 ) d𝑠 + 𝜅L
Ω
𝑡 ], (2.1)

13
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and the optimisation problem can now be exactly posed: find Ω∗ ⊆ ℝ2 such that 𝐽 (Ω∗) =
minΩ⊆ℝ2 𝐽 (Ω).

An explicit objective function

It turns out that under certain assumptions, the objective function defined in (2.1) has an explicit
expression. In particular, if we suppose now that X is a Langevin diffusion, i.e. a solution to the
SDE

dX𝑡 = −∇𝑉 (X𝑡) d𝑡 +
√
2 dB𝑡

and XΩ a solution to the associated normally reflected SDE

dXΩ
𝑡 = −∇𝑉 (XΩ

𝑡 ) d𝑡 +
√
2 dB𝑡 + 𝑛(XΩ

𝑡 ) dL
Ω
𝑡

for some function 𝑉 ∶ ℝ𝑑 → ℝ, then we have the following:

Theorem 2.1: If Ω is sufficiently smooth, then

𝐽 (Ω) =
1

∫Ω e
−𝑉 (𝑥) d𝑥 (∫

Ω
𝑐(𝑥)e−𝑉 (𝑥) d𝑥 + 𝜅 ∫

𝜕Ω
e−𝑉 (𝑥) 𝑑−1(d𝑥)). (2.2)

Here, the last integral is to be simply understood as the surface integral over 𝜕Ω, formalised via
the so-called Hausdorff measure 𝑑−1. Langevin diffusions have a number of desirable qualities,
first of which is that if the function e−𝑉 is finitely integrable, that is if e−𝑉 ∈ 1(ℝ𝑑), then X
is ergodic with stationary distribution 𝜋 where d𝜋

d𝑥 ∝ e−𝑉 . Secondly, this property carries over
to the reflected process XΩ very straightforwardly in that this is also ergodic with proportional
density, but now restricted to Ω. That is, if X∞ and XΩ

∞ are such that X𝑡
∼→ X∞ and XΩ

𝑡
∼→ XΩ

∞
as 𝑡 → ∞, then XΩ

∞ ∼ (X∞ ∣ X∞ ∈ Ω). Combining these, we get the wonderfully intuitive
interpretation of (2.2) that

𝐽 (Ω) = 𝔼[𝑐(X∞) ∣ X∞ ∈ Ω] + 𝜅ℙ(X∞ ∈ 𝜕Ω ∣ X∞ ∈ Ω).

Here, the last probability is a bit of abuse of notation in that the usual conditional probability
above is often 0 as 𝜕Ω is of co-dimension 1. Instead, it should be interpreted in a limiting sense,
i.e.

ℙ(X∞ ∈ 𝜕Ω ∣ X∞ ∈ Ω) ≔ lim
𝜀↓0

1
𝜀
ℙ(dist(X∞, 𝜕Ω) ≤ 𝜀 ∣ X∞ ∈ Ω).
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The key to deriving (2.2) is using Itô’s formula for a clever choice of function 𝜑. First, note that
for 𝑓 ∈ 𝐶2(Ω, ℝ) we have

𝑓 (XΩ
𝑡 ) − 𝑓 (X

Ω
0 )

= ∫
𝑡

0
∇𝑓 (XΩ

𝑠 ) ⋅ dX
Ω
𝑠 +

1
2

∑
1≤𝑖,𝑗≤𝑑

∫
𝑡

0

𝜕2

𝜕𝑥𝑖𝜕𝑥𝑗
𝑓 (XΩ

𝑠 ) d⟨X
Ω,(𝑖),XΩ,(𝑗)⟩𝑠

= ∫
𝑡

0
∇𝑓 (XΩ

𝑠 ) ⋅ dB𝑡 + ∫
𝑡

0
∇𝑓 (XΩ

𝑠 ) ⋅ 𝑛(X
Ω
𝑠 ) dL

Ω
𝑠 + ∫

𝑡

0
Δ𝑓 (XΩ

𝑠 ) − ∇𝑓 (XΩ
𝑠 ) ⋅ ∇𝑉 (X

Ω
𝑠 ) d𝑡.

Now, since Ω is bounded and ∇𝑓 continuous, the first term is a martingale, and hence has ex-
pectation 0 under all initial measures. Furthermore, by the divergence theorem, we have

∫
Ω
(Δ𝑓 (𝑥) − ∇𝑓 (𝑥) ⋅ ∇𝑉 (𝑥))e−𝑉 (𝑥) d𝑥 = ∫

Ω
Δ𝑓 (𝑥)e−𝑉 (𝑥) + ∇𝑓 (𝑥) ⋅ ∇e−𝑉 (𝑥) d𝑥

= −∫
𝜕Ω

(∇𝑓 (𝑥) ⋅ 𝑛(𝑥))e−𝑉 (𝑥) 𝑑−1(d𝑥),

where we recall that 𝑛 is the inward pointing unit normal vector to 𝜕Ω, which causes the sign-
change from the usual formulation. In particular, if we assume that 𝜕Ω is 𝐶2-smooth (meaning
that it is the level-set of a 𝐶2 function, i.e. 𝜕Ω = {Φ = 0} for some Φ ∈ 𝐶2(ℝ𝑑 , ℝ)), the signed
distance function introduced in (1.2) can be extended to a function𝜑Ω ∈ 𝐶2(ℝ𝑑 , ℝ)with∇𝜑Ω(𝑥) =
𝑛(𝑥) for 𝑥 ∈ 𝜕Ω, and so

𝔼[𝜑Ω(XΩ
𝑡 ) − 𝜑Ω(XΩ

0 )]
𝑡

=
1
𝑡
𝔼[ ∫

𝑡

0
∇𝜑Ω(XΩ

𝑠 ) ⋅ 𝑛(X
Ω
𝑠 ) dL

Ω
𝑠 + ∫

𝑡

0
Δ𝜑Ω(XΩ

𝑠 ) − ∇𝜑Ω(XΩ
𝑠 ) ⋅ ∇𝑉 (X

Ω
𝑠 ) d𝑡]

=
1
𝑡
𝔼[L

Ω
𝑡 + ∫

𝑡

0
Δ𝜑Ω(XΩ

𝑠 ) − ∇𝜑Ω(XΩ
𝑠 ) ⋅ ∇𝑉 (X

Ω
𝑠 ) d𝑡],

where we use that LΩ is concentrated on the set {𝑡 ≥ 0,XΩ
𝑡 ∈ 𝜕Ω}, and hence

∫
𝑡

0
∇𝜑Ω(XΩ

𝑠 ) ⋅ 𝑛(X
Ω
𝑠 ) dL

Ω
𝑠 = ∫

{0≤𝑠≤𝑡,XΩ
𝑠 ∈𝜕Ω}

𝑛(XΩ
𝑠 ) ⋅ 𝑛(X

Ω
𝑠 ) dL

Ω
𝑠 = LΩ𝑡 .

Rearranging and applying the ergodicity of XΩ, we see that

lim
𝑡→∞

1
𝑡
𝔼[LΩ𝑡 ] = lim

𝑡→∞

1
𝑡
𝔼[𝜑Ω(X

Ω
𝑡 ) − 𝜑Ω(X

Ω
0 ) − ∫

𝑡

0
Δ𝜑Ω(XΩ

𝑠 ) − ∇𝜑Ω(XΩ
𝑠 ) ⋅ ∇𝑉 (X

Ω
𝑠 ) d𝑡]

= −∫
Ω
(Δ𝜑Ω(𝑥) − ∇𝜑Ω(𝑥) ⋅ ∇𝑉 (𝑥))e−𝑉 (𝑥) d𝑥

= ∫
𝜕Ω

(∇𝜑Ω(𝑥) ⋅ 𝑛(𝑥))e−𝑉 (𝑥)

= ∫
𝜕Ω

e−𝑉 (𝑥) 𝑑−1(d𝑥),

which together with another application of the ergodicity of XΩ yields (2.2).
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Shape optimisation

Having now arrived at a deterministic expression for the objective function we have now trans-
formed a somewhat vague problem into an explicit shape optimisation problem. There are a
myriad of ways to approach such problems, however the one that we take in our case is to
parametrise the problem, transforming it from a shape optimisation problem to simply a prob-
lem of optimising a function over ℝ𝑛 for some 𝑛 ∈ ℕ. In particular, we first restrict ourselves to
strongly star-shaped sets of the form

Ω(𝑟) = {𝑠𝑞 ∣ 𝑞 ∈ 𝑆𝑑−1, 0 < 𝑠 < 𝑟(𝑞)} where 𝑟 ∈ 𝐶2(𝑆𝑑−1, (0, ∞)),

and the idea is then that we can implicitly approximate Ω(𝑟) by approximating 𝑟 by piecewise
multilinear interpolation. That is, we first fix 𝑛 ∈ ℕ points 𝑞1, 𝑞2, … , 𝑞𝑛 ∈ 𝑆𝑑−1 and approximate
Ω(𝑟) by the star-shaped polytope spanned by the points {𝑝𝑖}𝑛𝑖=1 = {𝑟(𝑞𝑖)𝑞𝑖}𝑛𝑖=1. Since the 𝑞𝑖’s are
fixed, each 𝑝𝑖 is determined only by 𝑟(𝑞𝑖) ≔ 𝑟𝑖, and so to any collection 𝑟1, 𝑟2, … , 𝑟𝑛 > 0 we can
assign a polytope Ω̃(r), where r = [𝑟1 𝑟2 ⋯ 𝑟𝑛]

⊤.

Figure 2.1: Example of a star-shaped set Ω(𝑟) with 𝑟(𝜃) = 2 + sin(3𝜃) and its approximation Ω̃(r).

The core assumption is then that

min
𝑟∈𝐶2(𝑆𝑑−1 ,(0,∞))

𝐽 (Ω(𝑟)) ≈ min
r∈(0,∞)𝑛

𝐽 (Ω̃(r))
⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟

≔𝐽(r)

,

where the right hand side is a simple parametric problem which can be readily solved (at least
approximately) using gradient-based methods. Parametrising the objective function in this way
has the added benefit of making the integrals appearing in (2.2) (relatively) easy to calculate,
as both Ω̃(r) and its surface 𝜕Ω̃(r) are now simply unions of 𝑑- and (𝑑 − 1)-dimensional sim-
plices, respectively, and so we need only know how to integrate over such sets. Especially the
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surface integral with respect to 𝑑−1 becomes much more tractable, as we can simply employ
an isomorphism Ψ to identify any facet 𝐹 of 𝜕Ω̃(r) with a subset Ψ(𝐹) ⊆ ℝ𝑑−1 whence

∫
𝐹
𝑔(𝑥)𝑑−1(d𝑥) = ∫

Ψ(𝐹)
𝑔 ◦ Ψ(𝑥) d𝑥.

Specifically, let 𝑆 be one of the simplices making up Ω̃(r), and let 𝐹 be the facet of 𝑆 opposite the
origin. Then, there exists points 𝑝1, 𝑝2, … , 𝑝𝑑 (given as 𝑝𝑗 = 𝑟𝑖𝑗𝑞𝑖𝑗 for some subset {𝑖𝑗 }𝑑𝑖=1 ⊆ [𝑛])
such that

𝐹 =
{ 𝑑

∑
𝑖=1
𝑡𝑖𝑝𝑖 ∣ 𝑡𝑖 ≥ 0,

𝑑

∑
𝑖=1
𝑡𝑖 = 1

}
and 𝑆 =

{
𝑡0

𝑑

∑
𝑖=1
𝑡𝑖𝑝𝑖 ∣ 𝑡𝑖 ≥ 0,

𝑑

∑
𝑖=1
𝑡𝑖 = 1

}
.

Thus there is a natural bijection between 𝐹 and the unit simplex {t ∈ [0, 1]𝑑 ∣ 1⊤t = 1}, however
to ease calculation and implementation details, we also compose this with the surjective map
(bijective on the interior) from (0, 1)𝑑−1 to the unit simplex, ultimately getting the bijection 𝜂 ∶
(0, 1)𝑑−1 → 𝐹 ◦ given by

𝜂(𝑡1, 𝑡2, … , 𝑡𝑑−1) = (1 − 𝑡1)𝑝1 + 𝑡1(1 − 𝑡2)𝑝2 + ⋯ + (

𝑑−2

∏
𝑖=1
𝑡𝑖)(1 − 𝑡𝑑−1)𝑝𝑑−1 + (

𝑑−1

∏
𝑖=1
𝑡𝑖)𝑝𝑑 .

This of course also yields a mapping from (0, 1)𝑑 to 𝑆 given by (𝑠, t) = 𝑠𝜂(t). From here, finding
the Jacobian and Gramian of these transforms is a fairly straight-forward exercise in calculus
and linear algebra, and we arrive at the following:

Theorem 2.2: Let 𝑃 denote the 𝑑 ×𝑑 matrix whose 𝑖’th column is 𝑝𝑖 and 𝑃−1 the 𝑑 × (𝑑 −1)
matrix whise 𝑖’th column is 𝑝𝑖+1 − 𝑝1. Then we have the following for 𝑔 ∈ (ℝ𝑑 , ℝ):

∫
𝑆
𝑔(𝑥) d𝑥 = |𝑃| ∫

1

0
∫
(0,1)𝑑−1

𝑔(𝑠𝜂(t))𝜓(t)𝑟𝑑−1dt d𝑠

∫
𝐹
𝑔(𝑥)𝑑−1(d𝑥) =

√
|𝑃⊤−1𝑃−1| ∫

(0,1)𝑑−1
𝑔(𝜂(t))𝜓(t) dt

where 𝜓(𝑡1, … , 𝑡𝑑−1) = ∏𝑑−2
𝑖=1 𝑡𝑑−1−𝑖𝑖 .

Note that the theorem as stated here differs from that in Article A – this is simply to avoid
introducing too much superfluous notation at this stage, and the expressions are indeed equal.
Using the same strategy we can also derive expressions for the derivatives of these integrals with
respect to the vector lengths, and simple calculus yields an implementable expression for both
𝐽 (r) and ∇𝐽 (r), allowing for numerical optimisation using well-known gradient based methods.
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Data-driven estimation

So far, we have assumed throughout that we know explicitly the dynamics of X, in particular
the drift function −∇𝑉 and hence the invariant density 𝜌 ∝ e−𝑉 . Of course, in real applications
this is seldom the case, and we must first use observed data to infer such dynamics. To this, we
let 𝜌𝑇 denote some estimator of 𝜌 based on an observed (unreflected) trajectory (X𝑡)𝑡∈[0,𝑇 ] for
some 𝑇 > 0. We also assume that the optimal reflection set Ω∗ satisfies 𝐵(0, 𝜆) ⊆ Ω∗ ⊆ 𝐵(0, 𝜆)
and 𝑑−1(𝜕Ω∗) ≤ Λ for some constants 𝜆, 𝜆, Λ. This essentially means that the optimal set is
neither too small, too large nor has a too irregular boundary. We then let 𝜌min = inf𝐵(0,𝜆) 𝜌 > 0
and set 𝜌∗𝑇 = 𝜌𝑇 ∨ 𝜌min, and define the plug-in estimator of the objective function 𝐽 as

𝐽𝑇 (Ω) ≔
1

∫Ω 𝜌
∗
𝑇 (𝑥) d𝑥 (

∫
Ω
𝑐(𝑥)𝜌∗𝑇 (𝑥) d𝑥 + 𝜅 ∫

𝜕Ω
𝜌∗𝑇 (𝑥)𝑑−1(d𝑥)).

Assuming we can optimise this estimator, we then define our estimated optimal reflection set
as Ω̂𝑇 as a minimizer of 𝐽𝑇 over all sets satisfying the above assumptions. To show that Ω̂𝑇 is
indeed a good estimator of Ω∗, we first find that

|𝐽 (Ω) − 𝐽𝑇 (Ω)| =
1

∫Ω 𝜌
∗
𝑇 (𝑥) d𝑥

||||
𝐽 (Ω) ∫

Ω
𝜌∗𝑇 (𝑥) − 𝜌(𝑥) d𝑥

+ ∫
Ω
𝑐(𝑥)(𝜌(𝑥) − 𝜌∗𝑇 (𝑥)) d𝑥 + 𝜅 ∫

𝜕Ω
𝜌(𝑥) − 𝜌∗𝑇 (𝑥)(d𝑥)

||||

≤
∫𝐵(0,𝜆) 𝑐(𝑥) d𝑥 + 𝜅Λ
𝜌min𝜆𝑑(𝐵(0, 𝜆)) (1 +

‖𝜌‖∞
𝜌min𝜆𝑑(𝐵(0, 𝜆)))

‖𝜌 − 𝜌∗𝑇 ‖∞,

where the constant in front is independent ofΩ. Now, assumingX0 ∼ 𝜇 for somemeasure 𝜇 ≪ 𝜋
with d𝜇

d𝜋 ∈ 𝐿2(𝜋), we find by Cauchy–Schwartz that

𝔼𝜇[ supΩ
|𝐽 (Ω) − 𝐽𝑇 (Ω)|] ≤ 𝐶𝔼𝜇[‖𝜌 − 𝜌

∗
𝑇 ‖∞]

≤ 𝐶‖‖‖
d𝜇
d𝜋

‖‖‖𝐿2(𝜋)𝔼𝜋[‖𝜌 − 𝜌
∗
𝑇 ‖

2
∞]

1/2,

and since Ω∗ and Ω̂𝑇 are minimizers of 𝐽 and 𝐽𝑇 , respectively, we have

|𝐽 (Ω∗) − 𝐽 (Ω̂𝑇 )| ≤ 𝐽 (Ω̂𝑇 ) − 𝐽 (Ω∗) + 𝐽𝑇 (Ω∗) − 𝐽𝑇 (Ω̂𝑇 ) ≤ 2 sup
Ω

|𝐽 (Ω) − 𝐽𝑇 (Ω)|.

Combining this, we have that regardless of the initial distribution 𝜇,

𝔼𝜇[|𝐽 (Ω∗) − 𝐽 (Ω̂𝑇 )|] ≲𝜇 𝔼𝜋[‖𝜌 − 𝜌∗𝑇 ‖
2
∞]

1/2,

that is, we can approximate Ω∗ (wrt. 𝐽 ) as precisely as we can approximate the invariant density
𝜌 (wrt. ‖⋅‖∞) under 𝜋. In particular, assuming that 𝜌 ∈ (β,L) cf. Definition 1.7 as well as some
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regularity conditions on Xwhich we will omit here for brevity, following the method prescribed
in [111] and employing a kernel density estimator as the approximation 𝜌𝑇 , we arrive at the
following theorem

Theorem 2.3: Assuming the above, we have for any measure 𝜇 ≪ 𝜋 with ‖ d𝜇d𝜋 ‖𝐿2(𝜋) < ∞

𝔼𝜇[|𝐽 (Ω∗) − 𝐽 (Ω̂𝑇 )|] ≲
⎧⎪⎪
⎨⎪⎪⎩

log 𝑇√
𝑇 , if 𝑑 = 2

(
log 𝑇√
𝑇 )

β+1
2β+1+𝑑−2 , if 𝑑 ≥ 3

On one hand, this result implies that if we have access to another (unreflected) process,
estimating the optimal reflection boundary in an online fashion, the regret decays according to
the minimax rate. It also provides a bound for the regret faced if employing an explore-then-
commit strategy. However, it is unclear how one would implement an exploration-exploitation
strategy. In the one-dimensional setting, this is easy, as one can choose a fixed point 𝑎 ∈ ℝ that
both the controlled uncontrolled process will hit almost surely. One can then “glue together”
two exploration periods by starting and ending the exploitation periods at stopping times where
the controlled process hits 𝑎.

This is not possible in higher dimensions, where points are of co-dimension at least 2 and
hence will not be hit in general. In lieu of this, we describe for sake of completeness a scheme of
considering exponentially increasing lengths of exploration and exploitation periods, yielding
an expected regret rate of𝑂((

(log 𝑇 )2
𝑇 ) 1

3 ) for 𝑑 = 2 and𝑂((
log 𝑇
𝑇 )

β+1
3β+1+𝑑−2) for 𝑑 ≥ 3. While subop-

timal compared to the rate achieved in 2.3, the loss in rate is comparable to the one-dimensional
case cf. [28].

2.2 Article B: Statistical guarantees for denoising reflected diffusion
models

In this article, we take inspiration from the emerging field of generative AI. Here, given a set of
samples, e.g. images, wewant to generate new samples that in some sense resemble the originals.
At a high level overview, one modern way to do this is by first adding noise to the samples in
such a way that the noise can be removed. Then, when enough noise is added to the samples,
they become near indistinguishable from pure noise, and so to generate new samples, we first
generate new pure noise and run the de-noising procedure on this pure noise. To motivate how
this is done mathematically, consider the simulation of a diffusion process X = (X𝑡)𝑡≥0 in Figure
2.3. Here, we note two important features. First, it seems that the process settles into the same
distribution regardless of the initial point X0. Secondly, looking at the process in reverse, that is
going from right to left, it still seems to “behave” like a diffusion process, albeit with different
dynamics forcing it into one specific point. These are the key properties that allow us to add
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Figure 2.2: Example of exploration periods being “glued together” to form a single trajectory

noise to samples in such a way that the perturbed samples converge to pure noise and such that
we may reverse the noising process.

To be exact, we assume that we are given samples Y1,Y2, … ,Y𝑛
i.i.d.∼ 𝜇 for some target measure

𝜇 on ℝ𝐷1 – one concrete example is the CIFAR-10 dataset consisting of 32 × 32 colour images,
where each Y𝑖 ∈ ℝ𝐷 with 𝐷 = 3 ⋅ 322 represents one image and 𝜇 the distribution of all such
images on ℝ𝐷 – and our goal is then to generate new samples X̂ such that the distribution of
X̂ in a fitting way resembles 𝜇. In the method known as de-noising diffusion models (DDMs) we
consider first the process X = (X𝑡)𝑡≥0 solving

dX𝑡 = 𝑏(𝑡,X𝑡) d𝑡 + 𝜎(𝑡,X𝑡) dB𝑡 , X0 ∼ 𝜇

for suitable 𝑏 ∶ [0,∞) × ℝ𝐷 → ℝ𝐷 and 𝜎 ∶ [0,∞) × ℝ𝐷 → ℝ𝐷×𝐷 of our choosing and a 𝐷-
dimensional Brownian motion B = (B𝑡)𝑡≥0. This process, known as the forward process, will be
our way of adding noise to the samples. As alluded to above, to remove noise, we then run this
process in reverse. That is, for some fixed 𝑇 > 0 of our choosing, we consider the backward

1We denote here the dimension as a capital 𝐷 to emphasise the potentially large dimensionality of the target dis-
tribution – this will become more important in the next article.
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Figure 2.3: Simulated paths of an Ornstein–Uhlenbeck process with three different initial points superimposed
on a heat-map of their (scaled) densities.

process X⃗ = (X⃗𝑡)𝑡∈[0,𝑇 ] given by X⃗𝑡 = X𝑇−𝑡 . Letting 𝑝𝑡 denote the density of X𝑡 for 𝑡 > 0, it was
then shown in [3] that under sufficient regularity conditions, there exists another Brownian
motion B = (B𝑡)𝑡≥0 such that X⃗ solves

dX⃗𝑡 = −𝑏(𝑇 − 𝑡, X⃗𝑡) d𝑡 + 𝜎(𝑇 − 𝑡, X⃗𝑡) dB𝑡 , X⃗0 ∼ 𝑝𝑇

where

𝑏 𝑖(𝑡, 𝑥) = 𝑏𝑖(𝑡, 𝑥) −
1

𝑝𝑡(𝑥)

𝐷

∑
𝑗 ,𝑘=1

𝜕
𝜕𝑥𝑗

[𝑝𝑡(𝑥)𝜎𝑖𝑘(𝑡, 𝑥)𝜎𝑗𝑘(𝑡, 𝑥)].

In particular, if 𝜎(𝑡, 𝑥) = 𝛾(𝑡)𝐼𝐷 for some scalar function 𝛾 ∶ [0,∞) → [0,∞), 𝑏 simplifies
significantly to

𝑏(𝑡, 𝑥) = 𝑏(𝑡, 𝑥) − 𝛾(𝑡)2
∇𝑝𝑡(𝑥)
𝑝𝑡(𝑥)

= 𝑏(𝑡, 𝑥) − 𝛾(𝑡)2∇ log 𝑝𝑡(𝑥)

At this point, if we knew 𝑝𝑡 for 𝑡 ∈ (0, 𝑇 ], we could simply use this process to generate our
new sample X̂. Unfortunately, 𝑝𝑡 depends implicitly on the unknown distribution 𝜇, and so
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we must approximate. In particular, given an estimator 𝑠(𝑥, 𝑡) of the score function ∇ log 𝑝𝑡(𝑥)
and assuming that X𝑡

∼−→ 𝜈 for some known distribution 𝜈 as 𝑡 → ∞, we consider instead the
approximation X̂𝑠 = (X̂𝑠𝑡 )𝑡∈[0,𝑇 ] solving

dX̂𝑠𝑡 = −(𝑏(𝑇 − 𝑡, X̂𝑠𝑡 ) − 𝛾(𝑇 − 𝑡)2𝑠(X̂𝑠𝑡 , 𝑇 − 𝑡)) d𝑡 + 𝛾(𝑇 − 𝑡) dB𝑡 , X̂𝑠0 ∼ 𝜈.

Then, for some chosen 𝑇 > 0 and appropriate estimator 𝑠, we set X̂ = X̂𝑠𝑇−𝑇 . This method is quite
effective, having been shown to be nearly mini-max optimal as an estimator of 𝜇, see e.g. [6, 89,
118]. However, it often suffers from an inherent limitation of SDEs such as the above, namely
that the generated samples are necessarily unbounded. This is problematic when we have à
priori knowledge that 𝜇 has a compact support Ω ⊂ ℝ𝐷. For instance, in the setting of image
generation, it is natural to consider an image as a vector in [0, 1]𝐷 where each entry represents a
pixel brightness value as a proportion. What should values outside of [0, 1] represent in this case?
A common workaround used in practice is then that of thresholding, where samples outside of
Ω are simply projected onto Ω as a final step. However, this pushes all of the probability mass
outside of Ω onto the boundary 𝜕Ω leading to an overrepresentation of samples on 𝜕Ω. A better
solution would be to prevent the process X̂𝑠 from ever leaving the support set Ω. This is the
key motivation behind using reflected diffusions rather than unreflected ones, leading to the
method of de-noising reflected diffusion models. Here, the procedure is much the same, except
we consider as our forward model a reflected SDE. In particular, in our setting we consider
for some compact, smooth and convex reflection set Ω ⊇ supp 𝜇 and chosen 𝑓 ∈ 𝐶∞(Ω) with
𝑓 ≥ 𝑓min > 0 the forward process X = (X𝑡)𝑡≥0 solving

dX𝑡 = ∇𝑓 (X𝑡) d𝑡 +
√
2𝑓 (X𝑡) dB𝑡 + 𝜈(X𝑡) dL𝑡 , X0 ∼ 𝜇,

where 𝜈 = 𝑓 𝑛 is the scaled inward pointing normal vector ensuring that (1.6) holds. Like in the
unreflected setting, it was shown in [18] that there exists another Brownian motion B = (B𝑡)𝑡≥0
such that the backward process X⃗ = (X⃗𝑡)𝑡∈[0,𝑇 ] given by X⃗𝑡 = X𝑇−𝑡 solves

dX⃗𝑡 = −(∇𝑓 (X⃗𝑡) − 2𝑓 (X⃗𝑡)∇ log 𝑝𝑇−𝑡(X⃗𝑡)) d𝑡 +
√
2𝑓 (X⃗𝑡) dB𝑡 + 𝜈(X⃗𝑡) dL𝑡 , X⃗0 ∼ 𝑝𝑇 ,

where L𝑡 = L𝑇 − L𝑇−𝑡 is the local time of X⃗𝑡 at 𝜕Ω. Since one can show that X𝑡
∼−→ Unif(Ω) as

𝑡 → ∞, we then for some score approximation 𝑠 take as our sample X̂ = X̂𝑠𝑇−𝑇 , where

dX̂𝑠𝑡 = −(∇𝑓 (X̂𝑠𝑡 ) − 2𝑓 (X̂𝑠𝑡 )𝑠(X̂
𝑠
𝑡 , 𝑇 − 𝑡)) d𝑡 +

√
2𝑓 (X̂𝑠𝑡 ) dB𝑡 + 𝜈(X̂𝑠𝑡 ) dL𝑡 , X̂𝑠0 ∼ Unif(Ω).

Beyond ensuring an explicit and easy-to-sample-from stationary distribution, this choice of for-
ward model also provides us with a semi-explicit transition kernel through spectral decomposi-
tion. In particular, there exists orthonormal eigenpairs (𝓁𝑗 , 𝑒𝑗 )𝑗∈ℕ0 of the non-negative operator
−∇ ⋅ 𝑓 ∇ such that the transition density 𝑞𝑡 is given by

𝑞𝑡(𝑥, 𝑦) = ∑
𝑗∈ℕ0

e−𝑡𝓁𝑗 𝑒𝑗 (𝑥)𝑒𝑗 (𝑦). (2.3)
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Furthermore, these eigenpairs satisfy 0 = 𝓁0 < 𝓁1 ≤ 𝓁2 ≤ ⋯ with 𝓁𝑗 ≍ 𝑗 2
𝐷 , 𝑒0 ≡ 𝜆𝐷(Ω)−

𝐷
2 ,

‖𝑒𝑗 ‖𝐻𝑘 ≲ 𝓁𝑘/2𝑗 ≍ 𝑗𝑘/𝐷 for 𝑗 ∈ ℕ and ‖𝑒𝑗 ‖∞ ≲ 𝑗𝜏 for 𝜏 < 1/2; see [85] for details.

Error decomposition

Intuitively, there are threemain sources of error in our estimate, namely the ones stemming from
early stopping (i.e. considering X̂𝑠𝑇−𝑇 rather than X̂𝑠𝑇 ), from starting in the stationary distribution
and from using an approximation 𝑠 of the true score. Using total variation as our measure of
error, this is reflected by the triangle inequality in that

TV(𝜇, X̂𝑠𝑇−𝑇 ) ≤ TV(𝜇,X𝑇 ) + TV(X𝑇 , X̂𝑠0𝑇−𝑇 ) + TV(X̂𝑠0𝑇−𝑇 , X̂
𝑠
𝑇−𝑇 ), (2.4)

where 𝑠0(𝑥, 𝑡) = ∇ log 𝑝𝑡(𝑥) denotes the true score. The fact that the second term on the right
hand side corresponds to the error from starting in the stationary distribution stems from the
fact thatX𝑇 = X⃗𝑇−𝑇 and that the only difference between X⃗ and X̂𝑠0 is in their initial distribution.
To further analyse these error terms, we make the following assumption throughout on 𝜇:

(0) The target measure 𝜇 is absolutely continuous (wrt. the𝐷-dimensional Lebesguemeasure)
with density 𝑝0 ∈ 𝐻𝛼 where 𝛼 ∈ ℕ ∩ (𝐷2 , ∞) and 𝑝0 ≥ 𝑝min for a constant 𝑝min > 0.

Since 𝛼 > 𝐷
2 , we have by the Sobolev embedding theorem that 𝑝0 is 𝛽-Hölder continuous

for some 𝛽 ∈ (0, 1], i.e. there exists a constant 𝑐𝛽 > 0 such that |𝑝0(𝑥) − 𝑝0(𝑦)| ≤ 𝑐𝛽 |𝑥 − 𝑦|𝛽 for
all 𝑥, 𝑦 ∈ Ω. Also, by symmetry of 𝑞𝑡 , we have

𝑝𝑡(𝑥) = ∫ 𝑝0(𝑦)𝑞𝑡(𝑦, 𝑥) d𝑦 = ∫ 𝑝0(𝑦)𝑞𝑡(𝑥, 𝑦) d𝑦 = 𝔼[𝑝0(X𝑡) ∣ X0 = 𝑥],

and so

|𝑝𝑡(𝑥) − 𝑝0(𝑥)| = |𝔼[𝑝0(X𝑡) − 𝑝0(X0) ∣ X0 = 𝑥]| ≤ 𝑐𝛽𝔼[|X𝑡 − X0|𝛽 ∣ X0 = 𝑥].

By our choice of forward model, we have by e.g. [29] that 𝑞𝑡(𝑥, 𝑦) ≲ 𝑡−
𝐷
2 e−

|𝑥−𝑦|2
𝐶𝑡 for some 𝐶 > 0,

implying that

𝔼[|X𝑡 − X0|𝛽 ∣ X0 = 𝑥] = ∫ |𝑥 − 𝑦|𝛽𝑞𝑡(𝑥, 𝑦) d𝑦 ≲ 𝑡
𝛽
2 .

Since TV(𝜇,X𝑡) = 1
2 ‖𝑝0 − 𝑝𝑡 ‖𝐿1 , this yields the following lemma, controlling the first term of

(2.4):

Lemma 2.4: Under (0) we have

TV(𝜇,X𝑇 ) ≲ 𝑇
𝛽
2 .
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As for the second term of (2.4), we have that since X̂𝑠0 and X⃗ follow the same Markovian dy-
namics, their total variation distance is decreasing in 𝑡, and hence

TV(X𝑇 , X̂𝑠0𝑇−𝑇 ) = TV(X⃗𝑇−𝑇 , X̂
𝑠0
𝑇−𝑇 ) ≤ TV(X⃗0, X̂𝑠00 ) = TV(X𝑇 , Unif(Ω)).

Also, noting that by the spectral decomposition (2.3) we have

𝑝𝑡(𝑥) = ∑
𝑗∈ℕ0

e−𝑡𝓁𝑗 ⟨𝑝0, 𝑒𝑗 ⟩𝐿2𝑒𝑗 (𝑥) =
1

𝜆𝐷(Ω)
+∑
𝑗∈ℕ

e−𝑡𝓁𝑗 ⟨𝑝0, 𝑒𝑗 ⟩𝐿2𝑒𝑗 (𝑥),

it follows that

‖‖‖𝑝𝑡 −
1

𝜆𝐷(Ω)
‖‖‖
2

𝐿2
= ‖‖‖∑

𝑗∈ℕ
e−𝑡𝓁𝑗 ⟨𝑝0, 𝑒𝑗 ⟩𝐿2𝑒𝑗

‖‖‖
2

𝐿2
= ∑
𝑗∈ℕ

e−2𝑡𝓁𝑗 ⟨𝑝0, 𝑒𝑗 ⟩2𝐿2 ≤ ‖𝑝0‖2𝐿2e
−2𝑡𝓁1 .

Finally, since by the Cauchy–Schwarz inequality

TV(X𝑇 , Unif(Ω)) =
1
2
‖‖‖𝑝𝑇 −

1
𝜆𝐷(Ω)

‖‖‖𝐿1 ≤
√
𝜆𝐷(Ω)
2

‖‖‖𝑝𝑇 −
1

𝜆𝐷(Ω)
‖‖‖𝐿2 ,

we arrive at the next lemma bounding the second term of (2.4):

Lemma 2.5: Under (0) we have

TV(X𝑇 , X̂𝑠0𝑇−𝑇 ) ≲ e−𝓁1𝑇 .

Already we see that simply choosing 𝑇 ≍ 𝑛−
2𝛼

𝛽(2𝛼+𝐷) and 𝑇 = 𝛼
𝓁1(2𝛼+𝐷)

log 𝑛 that the first two terms
of (2.4) will be of order 𝑂(𝑛− 𝛼

2𝛼+𝐷 ), i.e. minimax optimal.

Score approximation

Controlling the third term of (2.4) is, however, a lot more involved. First, we must settle on a
score approximation 𝑠, to which we note by Pinsker’s inequality as well as Girsanov’s theorem

TV(X̂𝑠0𝑇−𝑇 , X̂
𝑠
𝑇−𝑇 ) ≤

√
1
2
KL(X̂𝑠0𝑇−𝑇 ‖ X̂

𝑠
𝑇−𝑇 ) ≤

√
‖𝑓 ‖∞
2 ∫

𝑇

𝑇
𝔼[|𝑠(X𝑡 , 𝑡) − 𝑠0(X𝑡 , 𝑡)|2] d𝑡. (2.5)

As such, we must find an estimator which minimizes the 𝐿2-distance to the true score under
the unknown measure 𝜇. This of course raises two main problems, as we do not have access to
the measure 𝜇 whence we cannot take the expectation on the right hand side, but also we do
not have access to the true score 𝑠0 to even evaluate the difference at a single point. The key
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here is in the equivalence between this explicit score matching and the so-called denoising score
matching, since we have

∫
𝑇

𝑇
𝔼[|𝑠(X𝑡 , 𝑡) − 𝑠0(X𝑡 , 𝑡)|2] d𝑡 = 𝔼[ ∫

𝑇

𝑇
𝔼[|𝑠(X𝑡 , 𝑡) − ∇ log 𝑞𝑡(X0,X𝑡)|2 ∣ X0] d𝑡] + 𝐶,

where

𝐶 = ∫
𝑇

𝑇
𝔼[|𝑠0(X𝑡 , 𝑡)|2] d𝑡 − 𝔼[ ∫

𝑇

𝑇
𝔼[|∇ log 𝑞𝑡(X0,X𝑡)|2 ∣ X0] d𝑡],

is a constant independent of 𝑠. Thus, since 𝑞𝑡 is determined only by our choice of forward model
and is independent of 𝜇, setting

𝐿𝑠(𝑥) = ∫
𝑇

𝑇
𝔼[|𝑠(X𝑡 , 𝑡) − ∇ log 𝑞𝑡(X0,X𝑡)|2 ∣ X0 = 𝑥] d𝑡,

minimising the 𝐿2-distance is equivalent to minimising 𝔼[𝐿𝑠(X0)], and by the law of large num-
bers, this is approximately given as

𝔼[𝐿𝑠(X0)] ≈
1
𝑛

𝑛

∑
𝑖=1
𝐿𝑠(Y𝑖).

This motivates our choice of score estimator as follows: given some hypothesis class of functions
(later to be chosen as a certain class of neural networks)  , we choose

𝑠𝑛 ∈ argmin
𝑠∈

1
𝑛

𝑛

∑
𝑖=1
𝐿𝑠(Y𝑖).

As such, the quality of our estimator is deeply tied to our choice of hypothesis class  . On one
hand, if we choose  “too small”, we may not be able to capture the details of the true score 𝑠0,
yielding a high estimation error. On the other hand, if we choose  “too large”, the minimiser
𝑠𝑛 might overfit the data Y1,Y2, … ,Y𝑛, yielding a high generalisation error. This is made explicit
in [89]:

Theorem 2.6: Set () = {𝐿𝑠 ∣ 𝑠 ∈ } and suppose that sup𝑠∈∪{𝑠0}‖𝐿𝑠‖∞ ≤ 𝐶(). Then, for
appropriate 𝛿 > 0

𝔼[ ∫
𝑇

𝑇
𝔼[|𝑠̂𝑛(X𝑡 , 𝑡) − 𝑠0(X𝑡 , 𝑡)|2 ∣ Y1,Y2, … ,Y𝑛] d𝑡]

≲ inf
𝑠∈ ∫

𝑇

𝑇
𝔼[|𝑠(X𝑡 , 𝑡) − 𝑠0(X𝑡 , 𝑡)|2] d𝑡 +

𝐶()
𝑛

log (, ‖⋅‖∞, 𝛿) + 𝛿.
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Here, (, ‖⋅‖∞, 𝛿) denotes the covering number of  with respect to ‖⋅‖∞ and radius 𝛿, i.e.

 (, ‖⋅‖∞, 𝛿) = inf
{
𝑛 ∈ ℕ0 ∣ ∃𝑙1, 𝑙2, … , 𝑙𝑛 ∈  ∶ sup

𝑙∈
min
𝑖∈[𝑛]

‖𝑙 − 𝑙𝑖‖∞ ≤ 𝛿
}
.

By our choice of forward model, imposing some simple growth conditions on 𝑠 ∈  , we can
turn any covering of  into one of () as well as turn bounds on  into ones on  – we will
skip the details here and simply state the following lemma:

Lemma 2.7: If for all 𝑡 > 0 we have sup𝑠∈ ‖𝑠(⋅, 𝑡)‖∞ ≤ 𝐶()√
𝑡∧1 and 𝑇 ≤ 1 ≤ 𝑇 , then there

exists a constant 𝑐 > 0 such that

 (, ‖⋅‖∞, 𝛿) ≤ ( , ‖⋅‖∞,
𝛿

𝑐𝐶()𝑇 )

and

sup
𝑠∈∪{𝑠0}

‖𝐿𝑠‖∞ ≲ (𝐶()2 ∨ 1)(log 𝑇 −1 + 𝑇).

Neural network approximations

For our hypothesis class we will choose a restriction of the neural network class Φ(𝐿,𝑊 , 𝑆, 𝐵)
introduced in 1.9 that satisfies the growth constraint mentioned above, i.e. we set

 = (𝐿,𝑊 , 𝑆, 𝐵) ≔
{
𝜑 ∈ Φ(𝐿,𝑊 , 𝑆, 𝐵) ∣ |𝜑(𝑥, 𝑡)| ≤

𝐶√
𝑡 ∧ 1

}

for some universal constant 𝐶 > 0. This specific parametrisation enjoys not only very well-
documented approximation properties, but also a clear bound on its covering number, in that
we have cf. a straightforward modification of [89, Lemma C.2]

log ( , ‖⋅‖∞, 𝛿) ≲ 𝐿(𝑛)𝑆(𝑛) log (𝛿−1𝐿(𝑛)‖𝑊 (𝑛)‖∞𝐵(𝑛)).

Combining this, Lemma 2.7, Theorem 2.6 and (2.5) it follows that if we construct an estimator
𝑠∗ ∈ 𝑆(𝐿(𝑛),𝑊 (𝑛), 𝑆(𝑛), 𝐵(𝑛)) with

∫
𝑇

𝑇
𝔼[|𝑠∗(X𝑡 , 𝑡) − 𝑠0(X𝑡 , 𝑡)|2] d𝑡 ≲ 𝑛−

2𝛼
2𝛼+𝐷 (log 𝑛)3

and |𝑠∗(𝑥, 𝑡)| ≤ 𝐶√
𝑡∧1 , where

𝐿(𝑛) ≲ log 𝑛 log log 𝑛

‖𝑊(𝑛)‖∞ ≲ 𝑛
𝐷

2𝛼+𝐷 (log 𝑛)2

𝑆(𝑛) ≲ 𝑛
𝐷

2𝛼+𝐷 (log 𝑛)3

𝐵(𝑛) ≲ 𝑛
2𝛼

𝛽(2𝛼+𝐷) ,



2.2. Article B: Statistical guarantees for denoising reflected diffusion models 27

then
𝔼[TV(X̂𝑠0𝑇−𝑇 , X̂

𝑠𝑛
𝑇−𝑇 )] ≲ 𝑛

− 𝛼
2𝛼+𝐷 (log 𝑛)3(log log 𝑛)1/2.

Here, the exact sizes of 𝐿(𝑛), 𝑊(𝑛) and 𝐵(𝑛) are largely irrelevant beyond that they should be
polynomial in log 𝑛, 𝑛 and 𝑛, respectively, as they will then only contribute logarithmically to
the covering number and hence the total variation. Likewise, the log-factor of 𝑆(𝑛) is also not
important, and the main takeaway of the above limitations should be that 𝑆(𝑛) should be of
order 𝑂(𝑛 𝐷

2𝛼+𝐷 ) up to logarithmic factors. Presuming for now the existence of such an estimator
𝑠∗, this together with Lemmas 2.4 and 2.5 yields the following main theorem:

Theorem 2.8: Assuming (0) and choosing 𝑇 ≍ 𝑛−
2𝛼

𝛽(2𝛼+𝐷) , 𝑇 = 𝛼
𝓁1(2𝛼+𝐷)

log 𝑛 and  as
above, we have

𝔼[TV(𝜇, X̂𝑠𝑛𝑇−𝑇 )] ≲ 𝑛
− 𝛼

2𝛼+𝐷 (log 𝑛)3(log log 𝑛)1/2.

That is, up to small logarithmic factors this approximation is minimax-optimal. In order to
actually construct such an estimator, we first note that by (2.3) we have

𝑝𝑡(𝑥) = ∫
Ω
𝑝0(𝑦)𝑞𝑡(𝑦, 𝑥) d𝑦 =

∞

∑
𝑗=0

e−𝓁𝑗 𝑡⟨𝑒𝑗 , 𝑝0⟩𝐿2𝑒𝑗 (𝑥).

The first step to constructing 𝑠∗ is then to truncate this sumby considering the function ℎ𝑁 (𝑥, 𝑡) =
∑𝑁
𝑗=0 e−𝓁𝑗 𝑡⟨𝑒𝑗 , 𝑝0⟩𝐿2𝑒𝑗 (𝑥) and approximating instead ∇ log ℎ𝑁 for 𝑁 ∈ ℕ. Some rather technical

calculations (which we will skip here for the sake of brevity) bound the error in using this ap-
proximation, ultimately yielding that

∫
𝑇

𝑇
𝔼[

|||𝑠0(X𝑡 , 𝑡) −
∇ℎ𝑁 (X𝑡 , 𝑡)

ℎ𝑁 (X𝑡 , 𝑡) ∨ 𝑝min

|||
2

] ≲ log 𝑇 −1𝑁 − 2𝛼
𝐷 ,

suggesting that we should aim to approximate ℎ𝑁 and ∇ℎ𝑁 at a rate of 𝑁 − 2𝛼
𝐷 for 𝑁 ≍ 𝑛 𝐷

2𝛼+𝐷 . Now,
by [114] there exists neural networks 𝜑𝑗 ∈ Φ̃(log𝑁 , 𝑁 , 𝑁 log𝑁 , 𝑁 1/𝐷) such that ‖𝜑𝑗 − 𝑒𝑗 ‖𝐿2 ≲
𝑁 − 𝛼

𝐷 . An immediate idea is then to simply set2

𝜑ℎ𝑁 (𝑥, 𝑡) =
𝑁

∑
𝑗=0

e−𝓁𝑗 𝑡⟨𝑒𝑗 , 𝑝0⟩𝐿2𝜑𝑗 (𝑥).

The problemwith this approach is that the sparsity constraint of a sum of neural networks scales
as the sum of the individual sparsity constraints, and hence the sparsity constraint here would
be of order 𝑁(𝑁 log𝑁) ≳ 𝑛 2𝐷

2𝛼+𝐷 > 𝑛 𝐷
2𝛼+𝐷 . Instead we utilise the explicit and smooth dependence

2Here and in the following, we assume for sake of notational clarity that “elementary” functions such as expo-
nentials, polynomials, division and multiplication are available in the construction of 𝜑∗; in reality they should all be
approximated by neural networks as in Article B.



28 Chapter 2. Article overview and proof sketches

on 𝑡 in ℎ𝑁 to interpolate between fixed-time approximations of 𝑥 ↦ ℎ𝑁 (𝑥, 𝑡). That is, for some
fixed time points {𝑡𝑖}𝐾𝑖=1 we approximate for each 𝑖 ∈ [𝐾] the function 𝑥 ↦ ℎ𝑁 (𝑥, 𝑡𝑖) by some 𝜑𝑖
using the above result, and then interpolate between them using polynomial interpolation, i.e.
setting

𝜑ℎ𝑁 (𝑥, 𝑡) =
𝐾

∑
𝑖=1
𝜑𝑖(𝑥)𝑝𝑖(𝑡), where 𝑝𝑖(𝑡) = ∏

𝑗≠𝑖

𝑡 − 𝑡𝑗
𝑡𝑖 − 𝑡𝑗

.

Since the function 𝑡 ↦ ℎ𝑁 (𝑥, 𝑡) is entire as the finite sum of entire functions, its corresponding
interpolating polynomial converges exponentially fast in 𝐾 , provided the correct time points
{𝑡𝑖}𝐾𝑖=1. In particular, one can show that on any interval [𝑡0, 4𝑡0], there exists time points {𝑡𝑖}𝐾𝑖=1
such that

∀𝑡 ∈ [𝑡0, 4𝑡0] ∶
‖‖‖ℎ𝑁 ( ⋅, 𝑡) −

𝐾

∑
𝑖=1
ℎ𝑁 ( ⋅, 𝑡𝑖)𝑝𝑖(𝑡)

‖‖‖
2

𝐿2
≲ 𝑁3−2𝐾 ,

whence we need only take 𝐾 ≍ log𝑁 ≍ log 𝑛. Finally, to extend this to all of [𝑇 , 𝑇 ], we
simply employ the above strategy on intervals of the form [2𝑚−1𝑇 , 2𝑚+1𝑇 ] for 𝑚 = 1, 2, … ,𝑀
such that 2𝑀+1 ≥ 𝑇 and combine all of these into one network. Since there are 𝑀 ≍ log 𝑇

𝑇 ≍
log 𝑛 such networks, the final sparsity of the network ends up being of order 𝑂(𝑁(log𝑁)3) =
𝑂(𝑛 𝐷

2𝛼+𝐷 (log 𝑛)3) as desired. The exact same method can be applied to approximate ∇ℎ𝑁 , and
from there piecing these together into an approximation of ∇ℎ𝑁

ℎ𝑁 ∨𝑝min
is fairly elementary, finally

yielding the desired estimator 𝑠∗ and proving Theorem 2.8.

2.3 Article C: Reflected diffusion models adapt to low-dimensional
data

In the previous article, we showed that using de-noising reflected diffusion models to generate
samples from a certain class of probability distributions is nearly minimax-optimal in total vari-
ation. However, as the dimensionality of these distributions can often be very large, even the
minimax rate of 𝑛− 𝛼

2𝛼+𝐷 can be very slow, unlesswe assume a large degree of smoothness 𝛼, which
may be unrealistic. However, such high-dimensional data often exhibit lower-dimensional struc-
tures, which we can exploit. For instance, suppose that the observed data Y1,Y2, … ,Y𝑛

i.i.d.∼ 𝜇 all
lie in some space 𝑀 ⊆ ℝ𝐷 homeomorphic to some 𝑀∗ ⊆ ℝ𝑑 where 𝑑 ≪ 𝐷, i.e. there exists a
bi-continuous bijection 𝑓 ∶ 𝑀∗ → 𝑀 such that Y𝑖 = 𝑓 (Y∗

𝑖 ). Then estimating 𝜇 is tantamount
to estimating 𝜇∗ = 𝜇 ◦ 𝑓 , and since this distribution is 𝑑-dimensional we might hope for the
much faster convergence rate of 𝑛− 𝛼

2𝛼+𝑑 . In this context, we say that 𝐷 is the latent dimension
while 𝑑 is the intrinsic dimension. This type of supposition is known as a manifold hypothesis,
and might explain how de-noising diffusion models perform so well even on extremely high-
dimensional data. Of course, in practice we seldom have any knowledge of 𝑀 , 𝑀∗ or 𝑓 , so
simply transforming the data to its lower-dimensional representation is not an option. Instead,
the hope is that whichever approximation technique we employ can simultaneously discover
this low-dimensional structure and the distribution thereon. In this article, this is exactly what
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we demonstrate for a specific subclass of the de-noising reflected diffusion models which we
introduced in the previous article. In particular, we now assume that the target measure 𝜇 is
supported on a subset of an affine subspace of dimension 𝑑. That is, we assume that there exists
orthonormal vectors 𝑣1, 𝑣2, … , 𝑣𝑑 and an offset vector 𝑣0 ∈ [0, 1]𝐷 such that 𝜇 is supported on
some subset𝑀 ⊆ (𝑉 + 𝑣0) ∩ [0, 1]𝐷, where 𝑉 = span{𝑣1, 𝑣2, … , 𝑣𝑑}. We then choose [0, 1]𝐷 as our
reflection set Ω and consider as our forward model the simple reflected Brownian motion:

dX𝑡 = dB𝑡 +
1
2
𝑛(X𝑡) dL𝑡 , X0 ∼ 𝜇. (2.6)

Note that this corresponds to the model considered in the previous article with 𝑓 ≡ 1
2 , whence

we also have that X𝑡
∼−→ Unif[0, 1]𝐷 as 𝑡 → ∞ and so we consider for some score approximation

𝑠 and 𝑇 > 0 the process X̂𝑠 = (X̂𝑠𝑡 )𝑡∈[0,𝑇 ] solving

dX̂𝑠𝑡 = 𝑠(X̂
𝑠
𝑡 , 𝑇 − 𝑡) d𝑡 + dB𝑡 +

1
2
𝑛(X̂𝑠𝑡 ) dL𝑡 , X̂𝑠0 ∼ Unif[0, 1]𝐷,

and take as our sample X̂ = X̂𝑠𝑇−𝑇 .

Probabilistic analysis

In the previous article, we relied on a spectral decomposition to derive a semi-explicit repre-
sentation of the transition density 𝑞𝑡 and hence the true score ∇ log 𝑝𝑡 . While still available
here, this representation offers no immediate options for dimensionality reduction, as the spa-
cial components (i.e. the eigenfunctions 𝑒𝑖) are not known. With this simpler model, this is
different, as we can explicitly construct a weak solution to the forward process (2.6). The key
insight is that for a regular 𝐷-dimensional Brownian motion (B𝑡)𝑡≥0, each component is a 1-
dimensional Brownian motion, independent of the rest, while the simple rectangular geometry
suggests that the reflection in one coordinate is independent of the others. As such, we may
hope that each component of a 𝐷-dimensional reflected Brownian motion behaves like an inde-
pendent 1-dimensional Brownian motion, which are easily constructed through the Itô–Tanaka
formula. In particular, letting 𝑓 ∶ ℝ → [0, 1] denote the 2-periodic function given by

𝑓 (𝑥) =

{
𝑥, if 𝑥 ∈ [0, 1)
−𝑥, if 𝑥 ∈ [−1, 0),

a 1-dimensional reflected BrownianmotionW[0,1] = (W[0,1]
𝑡 )𝑡≥0 can be constructed from a regular

1-dimensional Brownian motion W = (W𝑡)𝑡≥0 by simply setting W[0,1]
𝑡 = 𝑓 (W𝑡). Indeed, since 𝑓

is the difference between two convex functions, we have by the Itô–Tanaka formula (1.5) that

𝑓 (W𝑡) = 𝑓 (W0) + ∫
𝑡

0
𝑓 ′−(W𝑠) dW𝑠 +

1
2 ∫

ℝ
L𝑎𝑡 𝑓

′′(d𝑎)

= ∫
𝑡

0
(−1)⌊W𝑠⌋ dW𝑠 +

1
2
∑
𝑘∈ℤ

(−1)𝑘L𝑘𝑡 .
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Here, the quadratic variation of the first term is given by

⟨∫
𝑡

0
(−1)⌊W𝑠⌋ dW𝑠⟩ = ∫

𝑡

0
((−1)⌊W𝑠⌋)

2 d⟨W⟩𝑠 = ∫
𝑡

0
1 d𝑠 = 𝑡,

and so it follows by Lévy’s characterisation that this is in fact a Brownian motion. As for the
remaining terms, consider the local time L̂0𝑡 of 𝑓 (W𝑡) at 0, and note that 𝑓 (W𝑠) ∈ (−𝜀, 𝜀) if and
only if W𝑠 ∈ (2𝑘 − 𝜀, 2𝑘 + 𝜀) for some 𝑘 ∈ ℤ, whence

L̂0𝑡 = lim
𝜀↓0

1
2𝜀 ∫

𝑡

0
1(−𝜀,𝜀)(𝑓 (W𝑠)) d⟨𝑓 (W)⟩𝑠

= lim
𝜀↓0

1
2𝜀 ∫

𝑡

0
∑
𝑘∈ℤ

1(2𝑘−𝜀,2𝑘+𝜀)(W𝑠) d𝑠

= ∑
𝑘∈ℤ

L2𝑘𝑡 .

The same analysis shows that L̂1𝑡 = ∑𝑘∈ℤ L2𝑘+1𝑡 and so it follows that

𝑓 (W𝑡) = Ŵ𝑡 +
1
2 (̂

L0𝑡 − L̂1𝑡 ),

where Ŵ𝑡 ≔ ∫ 𝑡
0 (−1)

⌊W𝑠⌋ dW𝑠 is a Brownian motion, showing that 𝑓 (W𝑡) indeed is a reflected
Brownianmotion. Applying this entry-wise to a regular𝐷-dimensional Brownianmotion (B𝑡)𝑡≥0
and adding an offset of Y ∼ 𝜇 yields the desired process – the details are given in Lemma C.50
– and we arrive at the following lemma:

Lemma 2.9: Given a distribution 𝜇 on [0, 1]𝐷, a solution X = (X𝑡)𝑡≥0 to (2.6) is given by

X𝑡 = 𝑓 (B𝑡 + Y),

where 𝑓 is the entry-wise application of 𝑓 , B = (B𝑡)𝑡≥0 is a𝐷-dimensional Brownianmotion
independent of Y ∼ 𝜇.

With this, we can construct an explicit transition density, in that we note that for any 𝑥, 𝑦 ∈
[0, 1]𝐷, the process X travels from 𝑦 to 𝑥 if and only if the Brownian motion B travels from 𝑦
to any point in 𝑓 −1({𝑥}). We can enumerate this preimage as follows: for 𝑧 ∈ ℤ𝐷, let 𝑅𝑧(𝑥) be
given by

(𝑅𝑧(𝑥))𝑖 =

{
𝑥𝑖, if 𝑧𝑖 even
1 − 𝑥𝑖, if 𝑧𝑖 odd,
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and note that 𝑓 −1({𝑥}) = {𝑧 + 𝑅𝑧(𝑥) ∣ 𝑧 ∈ ℤ𝐷}. Combining these facts, we have

𝑞𝑡(𝑦, 𝑥) d𝑥 = ℙ(X𝑡 ∈ d𝑥 ∣ Y = 𝑦)
= ℙ(𝑓 (B𝑡 + 𝑦) ∈ d𝑥)
= ℙ(B𝑡 + 𝑦 ∈ 𝑓 −1(d𝑥))

= ∑
𝑧∈ℤ𝐷

ℙ(B𝑡 + 𝑦 − 𝑧 ∈ 𝑅𝑧(d𝑥))

= ∑
𝑧∈ℤ𝐷

(2𝜋𝑡)−
𝐷
2 e−

|𝑅𝑧 (𝑥)+𝑧−𝑦|2
2𝑡 d𝑥.

From here, applying the chain rule yields that

∇𝑞𝑡(𝑦, 𝑥) = −(2𝜋𝑡)−
𝐷
2 ∑
𝑧∈ℤ𝐷

(−1)𝑧
𝑅𝑧(𝑥) + 𝑧 − 𝑦

𝑡
e−

|𝑅𝑧 (𝑥)+𝑧−𝑦|2
2𝑡 ,

and hence

∇ log 𝑝𝑡(𝑥) = −
∑𝑧∈ℤ𝐷 (−1)𝑧 ∫[0,1]𝐷 (𝑅𝑧(𝑥) + 𝑧 − 𝑦)e

− |𝑅𝑧 (𝑥)+𝑧−𝑦|2
2𝑡 𝜇(d𝑦)

𝑡 ∑𝑧∈ℤ𝐷 (−1)𝑧 ∫[0,1]𝐷 e
− |𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡 𝜇(d𝑦)
,

where we use the shorthand (−1)𝑧 = diag{(−1)𝑧𝑖 }.

Score approximation and dimensionality reduction

As in the previous article, in order to reduce the error stemming from using an approximation
of the score function, we must construct an explicit estimator with low 𝐿2-distance to the true
score under 𝜇 – we defer the details for now to the next subsection. However, to take advantage
of the lower-dimensional structure of 𝜇 and its support, we need to re-write the score ∇ log 𝑝𝑡
to also reflect this. In essence, the idea is to split the contributions to 𝑝𝑡 into an on-support
part stemming from 𝜇, which is hard to approximate but lower-dimensional, and an off-support
part stemming from the forward process, which is high-dimensional but (comparatively) easy
to approximate. The key to doing this is the following two observations:

(1) Letting𝐴 = [𝑣1 𝑣2 ⋯ 𝑣𝑑], and assuming that 𝜇 has a density𝑝0 wrt. the 𝑑-dimensional
Lebesgue measure on 𝑉 + 𝑣0, we have for any integrable function 𝑔 ∶ 𝑀 → ℝ

∫
𝑀
𝑔(𝑦) 𝜇(d𝑦) = ∫

𝑀∗
𝑔(𝐴𝑢 + 𝑣0)𝑝0(𝐴𝑢 + 𝑣0) d𝑢,

where 𝑀∗ = 𝐴⊤(𝑀 − 𝑣0) ⊆ ℝ𝑑
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(2) Letting 𝑃 = 𝐴𝐴⊤ denote the orthogonal projection onto 𝑉 , we have by the Pythagorean
theorem that for 𝑥 ∈ ℝ𝐷 and 𝑢 ∈ ℝ𝑑 ,

|𝑥 − (𝐴𝑢 + 𝑣0)|2 = |𝑃(𝑥 − 𝑣0) − 𝐴𝑢|2 + |(𝐼 − 𝑃)(𝑥 − 𝑣0)|2

= |𝐴⊤(𝑥 − 𝑣0) − 𝑢|2 + |(𝐼 − 𝑃)(𝑥 − 𝑣0)|2,

since 𝐴 is an isometry.

Setting 𝑥⟂ = (𝐼 − 𝑃)(𝑥 − 𝑣0) and 𝑥∗ = 𝐴⊤(𝑥 − 𝑣0) for 𝑥 ∈ ℝ𝐷, these together yield that

∫
𝑀
e−

|𝑥−𝑦|2
2𝑡 𝜇(d𝑦) = e−

|𝑥⟂|2
2𝑡 ∫

𝑀∗
e−

|𝑥∗−𝑢|2
2𝑡 𝑝0(𝐴𝑢 + 𝑣0) d𝑢

and

∫
𝑀

𝑥 − 𝑦
𝑡

e−
|𝑥−𝑦|2
2𝑡 𝜇(d𝑦) = e−

|𝑥⟂|2
2𝑡
(
𝑥⟂

𝑡 ∫
𝑀∗

e−
|𝑥∗−𝑢|2

2𝑡 𝑝0(𝐴𝑢 + 𝑣0) d𝑢

+ 𝐴∫
𝑀∗

𝑥∗ − 𝑢
𝑡

e−
|𝑥∗−𝑢|2

2𝑡 𝑝0(𝐴𝑢 + 𝑣0) d𝑢).

As such, we see that all components of ∇ log 𝑝𝑡(𝑥) including the unknown distribution 𝜇 rely on
𝑥 only through its lower-dimensional projection 𝑥∗, and it is this that allows for dimensionality
reduction. In particular, if we let 𝑓1 ∶ ℝ𝑑 × (0,∞) → ℝ and 𝑓2 ∶ ℝ𝑑 × (0,∞) → ℝ𝑑 be given by

𝑓1(𝑣, 𝑡) = ∫
𝑀∗

e−
|𝑣−𝑢|2
2𝑡 𝑝0(𝐴𝑢 + 𝑣0) d𝑢

and

𝑓2(𝑣, 𝑡) = ∫
𝑀∗

𝑣 − 𝑢
𝑡

e−
|𝑣−𝑢|2
2𝑡 𝑝0(𝐴𝑢 + 𝑣0) d𝑢,

then we can re-write the score as

𝑠0(𝑥, 𝑡) = −
∑𝑧∈ℤ𝐷 (−1)𝑧e−

|𝑥⟂𝑧 |2
2𝑡 ( 𝑥

⟂
𝑧
𝑡 𝑓1(𝑥

∗
𝑧 , 𝑡) + 𝐴𝑓2(𝑥∗𝑧 , 𝑡))

∑𝑧∈ℤ𝐷 e−
|𝑥⟂𝑧 |2
2𝑡 𝑓1(𝑥∗𝑧 , 𝑡)

,

where 𝑥𝑧 = 𝑅𝑧(𝑥) + 𝑧 for 𝑥 ∈ [0, 1]𝐷 and 𝑧 ∈ ℤ𝐷. Thus we need only approximate the functions
𝑓1 and 𝑓2 which are intrinsically 𝑑-dimensional in their spacial components. To do this, we make
the following assumptions on 𝜇 and 𝑀 :

(0) The target measure 𝜇, its density 𝑝0 and its support 𝑀 ⊆ (𝑉 + 𝑣0) ∩ [0, 1]𝐷 satisfy

(i) 𝑝0 ∈ 𝐻𝛼
0 (𝑀) with 𝛼 ∈ ℕ ∩ (𝑑/2,∞), i.e. it is 𝛼-Sobolev smooth with derivatives

vanishing at the boundary;
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(ii) There exists constants 𝑐0 ≥ 𝑑 and 𝑟0 > 0 such that 𝜇(𝐵(𝑥, 𝑟) ∩ 𝑀) ≳ (𝑟 ∧ 𝑟0)𝑐0 and
𝜆𝑑(𝐵(𝑥, 𝑟) ∩ 𝑀) ≳ (𝑟 ∧ 𝑟0)𝑑 for all 𝑥 ∈ 𝑀 ;

(iii) There exists an 𝜀𝑀 > 0 and constants 0 < 𝑝min ≤ 𝑝max < ∞ such that for 𝑥 ∈ 𝑀 with
dist(𝑥, 𝜕𝑀) ≥ 𝜀

2 , 𝑝min ≤ 𝑝0(𝑥) ≤ 𝑝max;

(iv) When restricted to the set {𝑥 ∈ 𝑀 ∣ dist(𝑥, 𝜕𝑀) ≤ 𝜀𝑀 }, 𝑝0 has continuous derivatives
of order 𝜅 ≔ 𝑑(𝑐0−𝑑)

2 + 𝑑 + 3𝛼 + 2;

(v) There exists a constant 𝜌min > 0 such that dist(𝑀, 𝜕[0, 1]𝐷) ≥ 𝜌min.

Here, condition (i) ensures that 𝑝0 has overall smoothness 𝛼 while the vanishing derivatives
ensure that 𝑝0 can be extended to all of 𝑉 + 𝑣0 smoothly by simply setting it to 0 outside of
𝑀 . This in turn means that we have no uniform lower bound on 𝑝0 on all of 𝑀 as we did in
the previous article – instead conditions (ii) and (iii) ensure that it is lower bounded on the
part of 𝑀 with minimal smoothness and does not decay too rapidly towards the boundary,
while (iv) yields a higher degree of smoothness where 𝑝0 is not lower bounded, allowing for
better convergence rates. Finally, condition (v) ensures that with high probability, the forward
processX𝑡 behaves like an unreflected Brownianmotion for small 𝑡, as there is a positive distance
to the reflection barrier, which will become important later. With these assumptions, we can
begin to approximate the true score function 𝑠0. To start, we first truncate the sums in both
numerator and denominator of 𝑠0 – as these decay exponentially in |𝑧|, we need only consider
Poly(log 𝑛) many terms to achieve an optimal rate. Next, we approximate for fixed times 𝑡 >
0 the functions 𝑓1(⋅, 𝑡) and 𝑓2(⋅, 𝑡). Here we divide into two regimes: for “small” 𝑡, we utilise
the increased smoothness of 𝑝0 near the boundary to achieve better convergence rates where
the denominator of 𝑠0 is small, while for “large” 𝑡, we use the induced smoothness of forward
process to achieve overall better convergence rates. We then, like in the previous article, employ
polynomial interpolation to extend these fixed-time approximations to small time intervals, and
finally piece these together to approximate 𝑠0 on such intervals. Following this general strategy,
we ultimately show the following:

Theorem 2.10: Under (0) for any 𝛿 > 0 and suitable 𝑚 ∈ ℕ and 𝑡 > 0, there exists a
neural network

𝜑𝑠0 ∈

{
Φ̃((log𝑚)2(log log𝑚)2, 𝑚(log𝑚)𝐷+1, 𝑚(log𝑚)𝐷+2, 𝑚

𝛼
𝑑 𝑡−1 ∨ 𝑚𝜈), if 𝑡 ≤ 1

2𝑚
− 2−𝛿

𝑑

Φ̃((log𝑚)2(log log𝑚)2, 𝑚′(log𝑚)𝐷+1, 𝑚′(log𝑚)𝐷+2, 𝑚′), if 𝑡 > 1
2𝑚

− 2−𝛿
𝑑
,

where 𝜈 = 2𝑑
2𝛼−𝑑 +

1
𝑑 and 𝑚′ = 𝑡− 𝑑

2𝑚 𝛿
2 satisfying

∫
2𝑡

𝑡
𝔼[|𝑠0(𝑋𝑡) − 𝜑𝑠0(𝑋𝑡)|

2] d𝑡 ≲

{
(log𝑚)𝑑+2𝐷+3𝑚− 2𝛼

𝑑 , if 𝑡 ≤ 𝑚− 2−𝛿
𝑑

(log𝑚)𝑑+2𝐷+3𝑚− 2(𝛼+1)
𝑑 , if 𝑡 > 𝑚− 2−𝛿

𝑑 .
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Approximation in Wasserstein distance

With this manifold hypothesis in mind, we cannot directly use total variation as our error mea-
sure as in the previous article, as 𝜇 and the distribution of X̂ are necessarily singular whence

TV(𝜇, X̂) ≥ |𝜇(𝑀) − ℙ(X̂ ∈ 𝑀)| = 1.

Instead, we choose to use the Wasserstein-1-distance, which does not suffer from this issue. To
decompose the error like before, we introduce the process X𝑠 = (X𝑠𝑡 )𝑡≥0 solving

dX𝑠𝑡 = 𝑠(X
𝑠
𝑡 , 𝑇 − 𝑡) d𝑡 + dB𝑡 +

1
2
𝑛(X𝑠𝑡 ) dL𝑡 , X

𝑠
0 ∼ 𝑝𝑇 .

We then have

1(𝜇, X̂𝑠𝑇−𝑇 ) ≤ 1(𝜇,X𝑇 ) +1(X𝑇 ,X
𝑠
𝑇−𝑇 ) +1(X

𝑠
𝑇−𝑇 , X̂

𝑠
𝑇−𝑇 ),

where the simple coupling of Y ∼ 𝜇 and X𝑡 ∼ 𝑓 (B𝑡 + Y) cf. Lemma 2.9 yields

1(𝜇,X𝑡) ≤ 𝔼[|𝑓 (B𝑡 + Y) − Y|] = 𝔼[|𝑓 (B𝑡 + Y) − 𝑓 (Y)|] ≤ 𝔼[|B𝑡 |] ≤
√
𝐷𝑡,

since 𝑓 is 1-Lipschitz. Furthermore, since 1(𝜈, 𝜈 ′) ≤ 2
√
𝐷TV(𝜈, 𝜈 ′) for all measures 𝜈, 𝜈 ′

on ℝ𝐷, we can show as in the previous article that 1(X
𝑠
𝑇−𝑇 , X̂𝑠𝑇−𝑇 ) decays exponentially in 𝑇 .

In principle, then, we could progress as in the previous article to achieve a convergence rate of
𝑛− 𝛼

2𝛼+𝑑 up to log-factors. ForWasserstein-1-distance this is, however, suboptimal as theminimax-
risk is 𝑛− 𝛼+1

2𝛼+𝑑 , and so we must be more creative. The detailed argument is quite involved and is
deferred to Article C, but the core idea is as follows:

(i) Split the time interval [𝑇 , 𝑇 ] into 𝐾 ≍ log 𝑛 many subintervals [𝑡𝑖−1, 𝑡𝑖) with 𝑡𝑖+1/𝑡𝑖 ≤ 2

(ii) On each subinterval consider a coupling of two backward processes started in the same
point, but one using the true score 𝑠0 and one using an approximation 𝑠

(iii) When 𝑡𝑖 is small, we can only approximate the score at rate 𝑛− 𝛼
2𝛼+𝑑 , however since the

interval is small, the coupling stays close with high probability

(iv) When 𝑡𝑖 is large, the induced smoothness of the forward process allows us to estimate the
score at a faster rate of 𝑛− 𝛼+1

2𝛼+𝑑

Following this strategy, we show in particular that

1(X𝑇 ,X
𝑠
𝑇−𝑇 ) ≲ log 𝑛

𝐾

∑
𝑖=1

√
𝑡𝑖 ∧ 1(∫

𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠(X𝑡 , 𝑡) − 𝑠0(X𝑡 , 𝑡)|2] d𝑡)

1
2
,

which combined with Theorem 2.10 shows for all 𝛿 > 0 the existence of a function 𝑠∗, defined
piecewise in time as a sequence of neural networks, satisfying

1(X𝑇 ,X
𝑠∗
𝑇−𝑇 ) ≲ 𝑛

− 𝛼+1−𝛿
2𝛼+𝑑 ,
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i.e. one that is arbitrarily close to minimax-optimal. Finally, since the network sizes in Theorem
2.10 also decay with 𝑡, this ensures that the generalisation error of using the estimator 𝑠̂𝑛 defined
piecewise in the same fashion as in the previous article is also of order 𝑛− 𝛼+1−𝛿

2𝛼+𝑑 . All in all, this
yields the following final theorem:

Theorem 2.11: Assuming (0) and choosing 𝑇 ∈ Poly(𝑛−1) and 𝑇 ≍ log 𝑛, for every 𝛿
there exists a family {𝑖}𝐾𝑖=1 of neural networks such that

𝔼[1(𝜇, X̂𝑠𝑛𝑇−𝑇 )] ≲ 𝑛
− 𝛼+1−𝛿

2𝛼+𝑑 .
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Data-driven rules for multidimensional reflection problems

Sören Christensen, Asbjørn Holk Thomsen and Lukas Trottner

Abstract
Over the recent past data-driven algorithms for solving stochastic optimal control problems in
face of model uncertainty have become an increasingly active area of research. However, for
singular controls and underlying diffusion dynamics the analysis has so far been restricted to
the scalar case. In this paper we fill this gap by studying a multivariate singular control problem
for reversible diffusions with controls of reflection type. Our contributions are threefold. We
first explicitly determine the long-run average costs as a domain-dependent functional, show-
ing that the control problem can be equivalently characterized as a shape optimization prob-
lem. For given diffusion dynamics, assuming the optimal domain to be strongly star-shaped,
we then propose a gradient descent algorithm based on polytope approximations to numeri-
cally determine a cost-minimizing domain. Finally, we investigate data-driven solutions when
the diffusion dynamics are unknown to the controller. Using techniques from nonparametric
statistics for stochastic processes, we construct an optimal domain estimator, whose static re-
gret is bounded by the minimax optimal estimation rate of the unreflected process’ invariant
density. In the most challenging situation, when the dynamics must be learned simultaneously
to controlling the process, we develop an episodic learning algorithm to overcome the emerging
exploration-exploitation dilemma and show that given the static regret as a baseline, the loss in
its sublinear regret per time unit is of natural order compared to the one-dimensional case.
Keywords: Stochastic singular control, reinforcement learning, exploration vs. exploitation,
reversible diffusions, shape optimization, nonparametric statistics
MSC Codes: Primary 93E35, 68T05; secondary 49Q10, 60J60, 62M05

A.1 Introduction and problem formulation

Our underlying processes are Langevin diffusions X on ℝ𝑑 for 𝑑 ≥ 2, which is a well studied
class of reversible diffusion processes with drift of potential form. For a 2-function 𝑉 ∶ ℝ𝑑 → ℝ
and a 𝑑-dimensional Brownian motion B, X solves the SDE

dX𝑡 = −∇𝑉 (X𝑡) d𝑡 +
√
2 dB𝑡 .

We consider a basic class of stochastic control problems with a clear interpretation: X is
interpreted as the position of a particle, which we want to be close to a target state, 0, say.
The distance is measured by a locally bounded function 𝑓 ∶ ℝ𝑑 → [0,∞) in such a way that
𝑓 (X𝑡) stands for the costs associated with being away from the target state. The decision maker
can now control the process by choosing a nonempty bounded domain (= open, connected set)
Ω ⊆ ℝ𝑑 of class 2 and normally reflecting the process at 𝜕Ω. We denote the resulting normally
reflected processes by XΩ, which is given as the solution to

dXΩ
𝑡 = −∇𝑉 (XΩ

𝑡 ) d𝑡 +
√
2 dB𝑡 + 𝑛(XΩ

𝑡 ) dL
Ω
𝑡 ,
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where 𝑛 is the unit inward normal vector of Ω at 𝑥 ∈ 𝜕Ω and LΩ denotes the local time of XΩ on
𝜕Ω, that is, a non-decreasing one-dimensional process with continuous paths that increases only
when XΩ ∈ 𝜕Ω. We assume that controlling the process is associated with costs proportional to
LΩ (with proportionality factor 𝜅 > 0), so that for each Ω, the total costs associated with Ω until
time 𝑡 are

∫
𝑡

0
𝑓 (XΩ

𝑠 )d𝑠 + 𝜅L
Ω
𝑡 .

Here, we consider a long-term-average criterion and our problem consists of minimizing

𝐽 (Ω) ∶= lim inf
𝑡→∞

1
𝑡
𝔼𝑥 [∫

𝑡

0
𝑓 (XΩ

𝑠 )d𝑠 + 𝜅L
Ω
𝑡 ] (A.7)

over all admissibleΩ. The limit is independent of the initial value 𝑥 ∈ Ω due to the ergodic nature
of the reflected diffusion, which will be made precise in Theorem A.15. For known potential
𝑉 of the underlying process, the problem we consider here is closely connected to singular
stochastic control problems. We discuss this in more detail in Section A.1 below. The problem is
a general formulation for trade-offs, where a decision maker wants to keep a stochastic system
X as close as possible to a target state, but control incurs proportional costs. We discuss a
number of applications in the following section. For the dimension 𝑑 = 1, the setting considered
here already includes essentially all such problems. In the multidimensional case 𝑑 ≥ 2, more
problem-specific formulations are needed, especially with respect to restrictions on transaction
costs and the type of diffusion, so that one often concentrates on generic formulations in order
to understand general phenomena, see for example [62]. This is the approach we take in this
paper.

Contributions

In this paper, we first address the question how the solution to the problem (A.7) can be mean-
ingfully characterized when the potential 𝑉 of the underlying process is known. Our main
contribution here is Theorem A.15 which shows under minimal assumptions that 𝐽 (Ω) is the
𝐿1-limit of the average costs and is explicitly given by

𝐽 (Ω) =
1

∫Ω e
−𝑉 (𝑦)d𝑦 (∫

Ω
𝑓 (𝑦)e−𝑉 (𝑦) d𝑦 + 𝜅 ∫

𝜕Ω
e−𝑉 (𝑦) 𝑑−1( d𝑦)) , (A.8)

where 𝑑−1 denotes the (𝑑 − 1)-dimensional Hausdorff measure. The formula is interesting
in that the control problem has been transformed into a shape optimization problem. Let us
comment here on the corresponding control model with non-constant reflection costs, that is
replacing (A.7) by

𝐽 (Ω) ∶= lim inf
𝑡→∞

1
𝑡
𝔼𝑥 [∫

𝑡

0
𝑓 (XΩ

𝑠 )d𝑠 + ∫
𝑡

0
𝜅(XΩ

𝑠 ) dL
Ω
𝑠 ] , (A.9)
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for some locally bounded function 𝜅∶ ℝ𝑑 → [0,∞). Recent results from [73] that are based
on solutions to appropriate Poisson equations with inhomogeneous boundary conditions, show
that for 𝜅 ∈ 3 and given stronger regularity assumptions on the boundary 𝜕Ω and the potential
𝑉 than those that we impose for constant reflection costs, the 𝐿1-limit is given by

𝐽 (Ω) =
1

∫Ω e
−𝑉 (𝑦)d𝑦 (∫

Ω
𝑓 (𝑦)e−𝑉 (𝑦) d𝑦 + ∫

𝜕Ω
𝜅(𝑦)e−𝑉 (𝑦) 𝑑−1( d𝑦)) ,

and the rates of convergence are the same as in Theorem A.15. Thus, given sufficient regularity
assumptions, the results from this paper can be extended to non-constant reflection costs with
straightforward modifications to the numerical and statistical results that we describe next.

In Section A.3 we show that the approach we present provides a suitable basis for addressing
the problem in the context of model-based reinforcement learning. More precisely, we show
that the problem can be solved when the drift function 𝑏 = −∇𝑉 is unknown to the decision
maker, so that the control has to be purely data driven. Our approach is based on estimating
the stationary density of the uncontrolled process 𝜌 nonparametrically and specifying the exact
rate with techniques from nonparametric statistics for diffusion processes (Theorem A.21). We
use this via (A.8) to estimate the optimal boundary based on a path of the uncontrolled process
and obtain that the resulting static regret has the same sublinear rate (Proposition A.23). In the
more practically relevant situation of simultaneous optimization and data collection, we face an
exploration vs. exploitation dilemma. The previous results together with an episodic learning
approach lead to a proof of a sublinear regret rate (Theorem A.24 and Corollary A.25).

Finally, in Section A.4 we give a numerical approach to minimizing 𝐽 (Ω) based on approx-
imating Ω by polytopes and then applying gradient-based methods. To this end, we derive
explicit formulas (Theorem A.26) under the assumption that Ω is star-shaped. We also discuss
how this might be implemented in practice for any general 𝑑 ≥ 2 and give examples of the
discussed optimization procedures, both where the potential 𝑉 is known and when it is learned
in accordance with Section A.3.

Related literature

Stochastic singular control problems are a class of stochastic control problems that have been
extensively studied, see [47, 90] for textbook treatments. They arise in various applications such
as inventory management in operations research [51], control of queueing networks [66], port-
folio selection with transaction costs in finance [31], equity issuance in insurance mathematics
[78], position control in engineering [83], or optimal harvesting in biology [1]. Underlying prob-
lems where the processes directly correspond to the mean-reverting-type processes used later in
this paper include the management of exchange rates [44] and interest rates [130]. The actions
of the agents affect the state and the costs in proportion to the size of the action. This structure
implies that the optimal controls usually have the following general form: The space is divided
into a region where action is required and a region Ω where no action is required. The optimal
control then reflects the controlled process at the boundary of the no-action region to keep it
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inside. Therefore, the problem class is closely related to reflected SDEs [76, 94], as observed
for a variate of examples, see e.g., [32, 52, 67, 105] (although this connection is difficult to be
made precise in full generality, see the discussion in [13]). Thus, stochastic singular control can
typically be reduced to finding the optimal no-action region Ω and the optimal reflection direc-
tion at the boundary of Ω. However, finding the solution is usually only possible explicitly in a
few examples, typically with underlying one-dimensional diffusions, see the following section.
Characterizing optimal controls becomes much harder when the problem has more than one
dimension. Some characterizations of the optimal solutions in special multidimensional cases
can be found in [30, 35, 41, 42, 68]. Thus, the problem (A.7) can be viewed as an optimization
problem over a class of strategies typically relevant to general singular control problems. We
restrict this, however, by the fact that only normal reflections are admissible. This assumption
may be justifiable in some cases from the real world problem being modeled. However, we will
also see below that in subclasses of problems, such as the radially symmetric case, this is not a
restriction at all. In what follows, we will see that the assumption of normal reflection simplifies
the problem to the point where a deeper analysis can be performed.

There is a fair amount of literature on the numerical treatment of singular control problems.
The methods range from approaches based on a discretization with discrete Markov chains [70]
over an approximation of the solution of the corresponding Hamilton-Jacobi-Bellman equation
[69], approaches using linear programming [127] up to finite element approximations [126].
However, all methods have limited applicability, especially in higher dimensions, and care must
be taken in the exact implementation. In this paper, we present a new approach that is struc-
turally different from the existing ones.

As described above, the approach we have taken allows for data-driven control when the
drift of the process is unknown. This question falls into the currently fast growing field of
model based reinforcement learning (RL), where the agent does not know the system param-
eters and learns them by interacting with the environment and getting feedback. The agent
chooses policies based on the current parameter estimation and tries to minimize the regret,
which is the gap between the expected reward of the best policy and the actual reward achieved.
Many discrete-time RL problems have been studied, where sublinear regret bounds have been
obtained for different scenarios, such as bandit problems, tabular Markov decision problems,
and linear quadratic (LQ) problems [33, 54, 91]. However, it is well known that the transition
to high-frequency situations poses a structural problem for standard approaches such as Deep-
Q learning [116]. Therefore, the concrete model must be included here. Most of the previous
works only propose algorithms, and only a few analyze their regrets, mostly for LQ problems. In
particular, [39] proved an asymptotic sublinear regret for regularized least-squares algorithms
in an ergodic continuous-time LQ problem, but without giving the exact order of the bound.
Recently, [11, 50] generalized the least-squares algorithms to finite-time horizon episodic set-
tings and gave non-asymptotic regret bounds. These works assume a parametric structure of the
problem. On the other hand, [84] considered propagator models and combined exploration and
exploitation schemes to achieve sublinear regrets with high probability. Closest to this paper
are the articles [27, 28], in which singular and impulse control problems with a nonparamet-
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ric statistical diffusion structure are considered. However, these papers make heavy use of the
one-dimensional structure of the underlying processes. This leads to the strategy already being
described by one or two values, so only these need to be learned. One of the main contributions
of this work is that we can give exact sublinear rates of regression even for the case where the
optimal strategy is only infinite-dimensional parameterizable. To the best of our knowledge,
this work is the first to provide such results in this context.

Notation We write 𝜆𝑑 for the Lebesgue measure on ℝ𝑑 . Both the notations 𝐵 and cl 𝐵 will be
used for the closure of a set 𝐵 ⊂ ℝ𝑑 . We write 𝑎 ≲𝜃 𝑏 if 𝑎 ≤ 𝐶(𝜃)𝑏 for some constant 𝐶(𝜃)
depending on a parameter 𝜃, and 𝑎 ≲ 𝑏 if 𝑎 ≤ 𝐶𝑏 for some universal constant 𝐶.

A.2 Optimal reflection as a shape optimization problem for known
potential 𝑉

As detailed above, for our approach it is central to find explicit expressions for 𝐽 (Ω) for known
drift. Before we get to that, we start here with a brief discussion of the one-dimensional special
case, since it serves as the main motivation. The main observation for obtaining explicit solu-
tions for all singular control problems for underlying linear diffusions is that the values 𝐽 (Ω) can
be found (semi-)explicitly in terms of speed measure and scale function. In this linear case, solv-
ing (A.7) therefore boils down to a standard optimization problem, see [2, 26] and the references
therein. In the one dimensional ergodic case discussed here, this is realized by the fact that the
stationary density of the reflected diffusion is just the conditional density of the uncontrolled
diffusion. The key observation in this section is that this also holds in the multivariate case with
underlying Langevin diffusions. This turns out to be key to establishing (A.8).

Ergodicity of the reflected Langevin diffusions

It is well-known that for an (uncontrolled) Langevin diffusion as introduced above, if e−𝑉 is
integrable, then X has a stationary density given by

𝜌ℝ𝑑 (𝑥) ∶= 𝜌(𝑥) ∶= 𝑐−1 exp(−𝑉 (𝑥)), where 𝑐 = 𝑐ℝ𝑑 (𝑉 ) = ∫
ℝ𝑑

e−𝑉 (𝑢)d𝑢.

For general diffusions, knowing the distribution on the whole state space does not give any
information about the stationary distributions of the corresponding diffusions with reflection
in a subdomain Ω. A main observation for our approach is that for Langevin diffusions, this is
different. Indeed, in this particular situation one can obtain the stationary distribution on Ω by
conditioning:
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Lemma A.12: For a bounded domain Ω ⊆ ℝ𝑑 of class 2, the density 𝜌Ω given by

𝜌Ω(𝑥) = 𝑐−1Ω exp(−𝑉 (𝑥)), 𝑥 ∈ 𝐷, where 𝑐Ω = ∫
Ω
e−𝑉 (𝑢)d𝑢,

is a stationary density of the normally reflected process XΩ.

This result is well-known and can, e.g., be proved with [61, Theorem 1], using that for the
differential operator given by

𝐴𝑓 (𝑥) = −⟨∇𝑉 (𝑥), ∇𝑓 (𝑥)⟩ + Δ𝑓 (𝑥), 𝑓 ∈ 2(ℝ𝑑), 𝑥 ∈ ℝ𝑑 , (A.10)

we have by the divergence theorem and the relation ∇𝜌Ω = −∇𝑉𝜌Ω,

∫
Ω
𝐴𝑓 (𝑥) 𝜋Ω( d𝑥) = −∫

𝜕Ω
⟨∇𝑓 (𝑥), 𝑛(𝑥)⟩𝜌Ω(𝑥)𝑑−1( d𝑥), 𝑓 ∈ 2(ℝ𝑑), (A.11)

where𝑑−1 denotes the (𝑑 −1)-dimensional Hausdorff measure. Since this property is essential
for our statistical approach, let us briefly comment on generalizations thereof for diffusions
with non-constant diffusion matrix. The conditioning property is more generally connected
to reversibility of the non-constrained diffusion. Indeed, consider a general elliptic diffusion Y
satisfying

dY𝑡 = 𝑏(Y𝑡) d𝑡 + 𝜎(Y𝑡) dB𝑡 ,

where 𝑏 ∶ ℝ𝑑 → ℝ𝑑 and 𝜎∶ ℝ𝑑 → ℝ𝑑×𝑑 satisfies Σ(𝑥) ∶= 𝜎(𝑥)𝜎(𝑥)⊤ ≿ 𝕀. If Y has a strictly
positive invariant density 𝜌Y ∝ exp(−Ψ) for some potential Ψ∶ ℝ𝑑 → ℝ, then Y is reversible
(in the sense (Y𝑇−𝑡)𝑡∈[0,𝑇 ]

𝑑= (Y𝑡)𝑡∈[0,𝑇 ] for any 𝑇 > 0 when Y0 ∼ 𝜌Y) if, and only if, the detailed
balance equation

𝑏(𝑥) =
1

2𝜌Y(𝑥)
∇ ⋅ (Σ(𝑥)𝜌Y(𝑥)), 𝑥 ∈ ℝ𝑑 ,

is satisfied. In this case, if we replace the normal reflection direction 𝑛(𝑥) by co-normal reflection
in direction 𝜈(𝑥) = 1

2Σ(𝑥)𝑛(𝑥) at 𝜕Ω, then the co-normally reflected process YΩ on Ω has an
invariant density obtained from conditioning, i.e., 𝜌YΩ = 1

𝜌Y(Ω)𝜌
Y on Ω. In this sense, the results

of this paper can potentially be extended to multivariate reversible diffusions with co-normal
reflection controls (which, of course, requires Σ to be known).

It will be important for our purposes to have sufficiently fast convergence of the reflected
diffusion to equilibrium. To this end, we will assume that Ω ⊂ ℝ𝑑 is a bounded domain of class
2 that is sufficiently nice to guarantee that the Markov process (XΩ, (ℙ𝑥)𝑥∈Ω) has transition
densities (𝑝Ω𝑡 (𝑥, 𝑦))𝑡>0,𝑥,𝑦∈Ω—that is, 𝔼𝑥[𝑓 (XΩ

𝑡 )] = ∫Ω 𝑝
Ω
𝑡 (𝑥, 𝑦)𝑓 (𝑦) d𝑦 for any bounded measur-

able function 𝑓 ∶ Ω → ℝ and 𝑥 ∈ Ω—such that for any 𝑡 > 0, 𝑝Ω𝑡 is continuous on Ω × Ω and we
have the minorization property

inf
𝑥,𝑦∈Ω

𝑝Ω1 (𝑥, 𝑦) ≥ 𝛿, (A.12)
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for some 𝛿 > 0, where necessarily 𝛿𝜆𝑑(Ω) ∈ (0, 1). Let us denote by 𝛀 the class of bounded do-
mainsΩ ⊂ ℝ𝑑 of class 2 such that these assumptions hold for the process reflected in 𝜕Ω. These
can be verified under mild assumption on the boundary 𝜕Ω by general results on fundamental
solutions of parabolic PDEs with Neumann boundary conditions. For instance, continuity of
the transition densities and (A.12) are ensured whenever 𝜕Ω is the union of a finite number of
hypersurfaces of class 3, cf. [60, p.166]. These assumptions now guarantee uniqueness of the
invariant distribution and exponential ergodicity of the process.

Lemma A.13: Let Ω ∈ 𝛀 with transition minorization as in (A.12). Then, the unique
stationary distribution 𝜋Ω of the normally reflected diffusion XΩ is given by

𝜋Ω( d𝑥) = 𝜌Ω(𝑥) d𝑥, 𝑥 ∈ Ω,

and XΩ is uniformly ergodic, satisfying the bound

‖𝑃Ω𝑡 (𝑥, ⋅) − 𝜋Ω‖TV ≤ 2
1−𝛿𝜆𝑑(Ω)

e𝑡 log(1−𝛿𝜆𝑑(Ω)), 𝑥 ∈ Ω, 𝑡 > 0.

The short proof can be found in the supplement. As a consequence we have the following rate
in the ergodic theorem, which is also proved in the supplement.

Corollary A.14: Let Ω ∈ 𝛀. There exists a constant 𝐶 = 𝐶(Ω) > 0 such that for any
ℎ ∈ 𝐿∞(Ω) and 𝑥 ∈ Ω it holds

1
𝑡
𝔼𝑥[

||| ∫
𝑡

0
(ℎ(XΩ

𝑠 ) − 𝜋Ω(ℎ)) d𝑠
|||] ≤

𝐶‖ℎ‖𝐿∞(Ω)√
𝑡

.

Solution of the ergodic control problem

Given the ergodicity assumptions from the previous subsection we can now fully characterize
the ergodic average expected costs 𝐽 (Ω) from (A.7) in terms of the invariant distribution of
the reflected diffusion XΩ. In fact, we will show more: we prove that the bias of the average
costs vanishes linearly in time and that their stochastic fluctuation measured in terms of the
𝐿1-deviation from 𝐽 (Ω) vanishes at square-root rate.

Theorem A.15: Let Ω ∈ 𝛀. Then, there exist constants 𝐶(Ω), 𝐶′(Ω) > 0 that depend on Ω
but are independent of 𝑥 ∈ Ω and 𝑡 ≥ 1 such that

𝔼𝑥[
|||
1
𝑡 ( ∫

𝑡

0
𝑓 (XΩ

𝑠 ) d𝑠 + 𝜅L
Ω
𝑡 ) − (∫

Ω
𝑓 (𝑦)𝜌Ω(𝑦)d𝑦 + 𝜅 ∫

𝜕Ω
𝜌Ω(𝑦)𝑑−1(d𝑦))

|||] ≤
𝐶(Ω)√
𝑡
,

(A.13)
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and

|||𝔼
𝑥
[
1
𝑡 ( ∫

𝑡

0
𝑓 (XΩ

𝑠 ) d𝑠 + 𝜅L
Ω
𝑡 )] − (∫

Ω
𝑓 (𝑦)𝜌Ω(𝑦)d𝑦 + 𝜅 ∫

𝜕Ω
𝜌Ω(𝑦)𝑑−1(d𝑦))

||| ≤
𝐶′(Ω)
𝑡

.

(A.14)
In particular,

𝐽 (Ω) = ∫
Ω
𝑓 (𝑦)𝜌Ω(𝑦)d𝑦 + 𝜅 ∫

𝜕Ω
𝜌Ω(𝑦)𝑑−1(d𝑦).

We will need the following basic result for the proof, which we include here for the lack of a
precise reference.

Lemma A.16: Let 𝑂 ⊂ ℝ𝑑 be a bounded open set of class 𝑘 for some 𝑘 ≥ 2 and let 𝑛 be
the unit inward normal vector on 𝜕𝑂 . Then there exists a function 𝜑 ∈ 𝑘(ℝ𝑑) such that
∇𝜑 = 𝑛 on 𝜕𝑂 .

This statement is a straightforward consequence of [65, Theorem 3], which shows that the signed
distance function

𝑠(𝑥) ∶=

{
𝑑(𝑥, 𝜕𝑂), 𝑥 ∈ 𝑂,
−𝑑(𝑥, 𝜕𝑂), 𝑥 ∈ ℝ𝑑 ⧵ 𝑂,

inherits the smoothness properties of the boundary in an open neighborhood of 𝜕𝑂 , and ob-
serving that ∇𝑠 = 𝑛 on 𝜕𝑂 .

Proof of Theorem A.15. We only prove the claim on 𝐿1(ℙ𝑥)-convergence at square root rate in
(A.13), the statement on convergence in expectation at linear rate in (A.14) follows from similar,
but easier considerations. Since Ω is of class 2, by Lemma A.16 we may choose 𝜑 ∈ 2(ℝ𝑑)
such that ∇𝜑(𝑥) = 𝑛(𝑥) for 𝑥 ∈ 𝜕Ω, and we find using (A.11)

∫
Ω
𝐴𝜑(𝑥) 𝜋Ω( d𝑥) = −∫

𝜕Ω
𝜌Ω(𝑥)𝑑−1( d𝑥).

Now by Itô’s formula for 𝑡 ≥ 0 almost surely,

𝜑(XΩ
𝑡 ) − 𝜑(X

Ω
0 ) = ∫

𝑡

0
𝐴𝜑(XΩ

𝑠 ) d𝑠 + ∫
𝑡

0
⟨∇𝜑(XΩ

𝑠 ), 𝑛(X
Ω
𝑠 )⟩ dL

Ω
𝑠 +

√
2∫

𝑡

0
⟨∇𝜑(XΩ

𝑠 ), dB𝑠⟩

= ∫
𝑡

0
𝐴𝜑(XΩ

𝑠 ) d𝑠 + LΩ𝑡 +
√
2∫

𝑡

0
⟨∇𝜑(XΩ

𝑠 ), dB𝑠⟩,

where we used

∫
𝑡

0
⟨∇𝜑(XΩ

𝑠 ), 𝑛(X
Ω
𝑠 )⟩ dL

Ω
𝑠 = ∫

{𝑠≤𝑡∶XΩ
𝑠 ∈𝜕𝐷}

⟨∇𝜑(XΩ
𝑠 ), 𝑛(X

Ω
𝑠 )⟩ dL

Ω
𝑠 = ∫

{𝑠≤𝑡∶XΩ
𝑠 ∈𝜕𝐷}

dLΩ𝑠

= LΩ𝑡 .
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Note also that since ∇𝜑 is continuous, it is bounded on Ω, and hence ∫ ⋅
0 ⟨∇𝜑(X

Ω
𝑠 ), dB𝑠⟩ is a 𝐿2-

martingale. Combining these, we find for any 𝑥 ∈ Ω,

𝔼𝑥[
|||
1
𝑡
LΩ𝑡 − ∫

𝜕Ω
𝜌Ω(𝑥)𝑑−1( d𝑥)|||]

= 𝔼𝑥[
|||
1
𝑡 (
𝜑(XΩ

𝑡 ) − 𝜑(X
Ω
0 ) − ∫

𝑡

0
(𝐴𝜑(XΩ

𝑠 ) − 𝜋Ω(𝐴𝜑)) d𝑠 −
√
2∫

𝑡

0
⟨∇𝜑(XΩ

𝑠 ), dB𝑠⟩)
|||]

≤ 2
‖𝜑‖𝐿∞(Ω)
𝑡

+ 𝔼𝑥[
1
𝑡
||| ∫

𝑡

0
(𝐴𝜑(XΩ

𝑠 ) − 𝜋Ω(𝐴𝜑)) d𝑠
|||] +

√
2
𝑡
𝔼𝑥[

||| ∫
𝑡

0
⟨∇𝜑(XΩ

𝑠 ), dB𝑠⟩
|||]

≲
‖𝜑‖𝐿∞(Ω) + ‖𝐴𝜑‖𝐿∞(Ω)√

𝑡
+
1
𝑡
𝔼𝑥[

||| ∫
𝑡

0
⟨∇𝜑(XΩ

𝑠 ), dB𝑠⟩
|||]

≤
‖𝜑‖𝐿∞(Ω) + ‖𝐴𝜑‖𝐿∞(Ω)√

𝑡
+
1
𝑡 (

𝔼𝑥[ ∫
𝑡

0
|∇𝜑(XΩ

𝑠 )|
2 d𝑠])

1/2

≤
‖𝜑‖𝐿∞(Ω) + ‖𝐴𝜑‖𝐿∞(Ω) + ‖|∇𝜑|‖𝐿∞(Ω)√

𝑡

where we used Corollary A.14 for the second inequality and Hölder inequality together with
Itô-isometry for the third inequality. Using this, another application of Corollary A.14 for the
continuous cost component yields

𝔼𝑥[
|||
1
𝑡 ( ∫

𝑡

0
𝑓 (XΩ

𝑠 ) d𝑠 + 𝜅L
Ω
𝑡 ) − (∫

Ω
𝑓 (𝑦)𝜌Ω(𝑦)d𝑦 + 𝜅 ∫

𝜕Ω
𝜌Ω(𝑦)𝑑−1(d𝑦))

|||] ≤
𝐶(Ω)√
𝑡
,

as claimed.

Remark A.17: Section 4 in [73] (see eqs. (4.23), (4.25), (4.35) and (4.37)) shows that if Ω has a
4 boundary and 𝑉 ∈ 3(ℝ𝑑), then an analogous result holds for the ergodic costs (A.9) in the
model with non-constant reflection costs.

Putting pieces together, we obtain a formula for 𝐽 (Ω) which is just based on the stationary
density 𝜌 of the uncontrolled process if the latter is ergodic.

Corollary A.18: For any Ω ∈ 𝛀, it holds that

𝐽 (Ω) =
1

∫Ω e
−𝑉 (𝑦)d𝑦 (∫

Ω
𝑓 (𝑦)e−𝑉 (𝑦)d𝑦 + 𝜅 ∫

𝜕Ω
e−𝑉 (𝑦) 𝑑−1( d𝑦)) .

If, moreover, exp(−𝑉 ) ∈ 𝐿1(ℝ𝑑), then

𝐽 (Ω) =
1

∫Ω 𝜌(𝑦)d𝑦 (∫
Ω
𝑓 (𝑦)𝜌(𝑦)d𝑦 + 𝜅 ∫

𝜕Ω
𝜌(𝑦)𝑑−1( d𝑦)) .

We point out that this result is a multidimensional version of [2, Lemma 2.1].
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A.3 Learning the optimal boundary

We now turn to the challenging situation, when the dynamics of the unconstrained Langevin
diffusion are unknown, which makes it impossible to set any optimization algorithm utilizing
the dynamics into motion, without feeding it information based on collected data first. As appar-
ent from the explicit form of the cost functional given in Corollary A.18, a natural data-driven
reflection procedure can be based on a plug-in approach, provided that we have an efficient es-
timator of (functionals of) the invariant density of the unconstrained Langevin diffusion at our
disposal.

Adaptive nonparametric estimation of the invariant density

As in the scalar case discussed in [27], we employ a kernel estimator of the invariant den-
sity, whose sup-norm risk given appropriate conditions on the diffusion coefficients is well-
understood in a general context by now. In the following, we will concentrate on a class of
potentials 𝑉 s.t. the process satisfies certain functional inequalities. This setting is quite natural
given the reversible nature of Langevin diffusions and is studied in [111], where minimax opti-
mal estimation rates for a Lepski type adaptive kernel estimator are established under anisotropic
Hölder smoothness assumptions on the invariant density. To recall these results, some prelimi-
nary definitions are necessary.

Let 𝜋 be the invariant distribution of X with density 𝜌 ∝ exp(−𝑉 ) and for a probability
measure 𝜇 on (ℝ𝑑 ,(ℝ𝑑)) let ℙ𝜇(⋅) ∶= ∫ℝ𝑑 ℙ

𝑥(⋅) 𝜇( d𝑥), where ℙ𝑥(⋅) = ℙ(⋅ ∣ X0 = 𝑥) for 𝑥 ∈ ℝ𝑑 ,
so that under ℙ𝜇, the process X is started according to 𝜇. Let also L be the 𝐿2(𝜋)-generator of X
with domain(L). Since −L is self-adjoint and nonnegative on the Hilbert space 𝐿2(𝜋) endowed
with the inner product ⟨𝑓 , 𝑔⟩𝜋 ∶= ∫ 𝑓 𝑔 d𝜋, we may define

√
−L via spectral calculus and note

that for any 𝑓 ∈ (
√
−L), we have ‖

√
−L𝑓 ‖2𝜋 = −⟨L𝑓 , 𝑓 ⟩𝜋 , which for 𝑓 ∈ 2

𝑐 (ℝ𝑑) is equal to
‖∇𝑓 ‖2𝜋 . We treat diffusion models satisfying the following conditions.

Definition A.19: (PI) X satisfies a Poincaré inequality with constant 𝐶P if, for any 𝑓 ∈
(

√
−L),

Var𝜋(𝑓 ) ∶= 𝜋(𝑓 2) − 𝜋(𝑓 )2 ≤ 𝐶P‖
√
−L𝑓 ‖2𝜋 .

(NI) X satisfies a Nash inequality with constants 𝐶1
N, 𝐶2

N if, for any 𝑓 ∈ (
√
−L),

‖𝑓 ‖𝑑+2𝜋 ≤ (𝐶
1
N‖𝑓 ‖

2
𝜋 + 𝐶

2
N‖
√
−L𝑓 ‖2𝜋)

𝑑/2
‖𝑓 ‖2𝐿1(𝜋).

Denote by Σ(𝐶P, 𝐶1
N, 𝐶2

N) the class of potentials 𝑉 ∶ ℝ𝑑 → ℝ𝑑 s.t. the corresponding
Langevin diffusion satisfies (PI) and (NI).

The combination of a Poincaré inequality with a Nash inequality is particularly attractive from a
statistical point of view. A Poincaré inequality is equivalent to exponential ergodicity in 𝐿2(𝜋).
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More precisely, for any 𝑓 ∈ 𝐿2(𝜋) with 𝜋(𝑓 ) = 0, ‖𝑃𝑡𝑓 ‖𝜋 ≲ exp(−𝑡/𝐶P)‖𝑓 ‖𝜋 , which enforces
a fast mixing behavior of the diffusion. A Nash inequality on the other hand is equivalent to
ultracontractivity expressed through the heat kernel bound ‖𝑃𝑡 ‖𝐿1(𝜋)→𝐿∞(𝜋) ≲ 𝑡−𝑑/2 for 𝑡 ∈ (0, 1],
cf. [8, Theorem 6.3.1]. The key observation for the statistical approach is that the combination of
both yields tight variance bounds for path integrals ∫ 𝑡

0 𝑓 (X𝑠) d𝑠 of functionals 𝑓 ∈ 𝐿2(𝜋), which
allows for efficient control of the stochastic fluctuations of kernel estimators.

To control the bias, we impose anisotropic Hölder regularity conditions on the invariant
density.

Definition A.20: Let β = (𝛽1, … , 𝛽𝑑) ∈ (0, ∞)𝑑 ,  = (1, … ,𝑑) ∈ (0, ∞)𝑑 . A function
𝑔 ∶ ℝ𝑑 → ℝ is said to belong to the anisotropic Hölder class𝑑(β,) if, for all 𝑖 = 1, … , 𝑑,

‖𝐷𝑘𝑖 𝑔‖∞ ≤ 𝑖, 𝑘 = 1, … , ⌊𝛽𝑖⌋,

‖𝐷⌊𝛽𝑖⌋
𝑖 𝑔(⋅ + 𝑡𝑒𝑖) − 𝐷

⌊𝛽𝑖⌋
𝑖 𝑔(⋅)‖∞ ≤ 𝑖|𝑡|𝛽𝑖−⌊𝛽𝑖⌋, 𝑡 ∈ ℝ,

where ⌊𝛽⌋ denotes the largest integer strictly smaller than 𝛽 > 0 and ‖⋅‖∞ denotes the 𝑠𝑢𝑝-
norm on ℝ𝑑 . Denote by

ℍ𝑑(β,) = ℍ𝑑(β,; 𝐶∞, 𝐶P, 𝐶1
N, 𝐶

2
N),

the set of invariant densities 𝜌𝑉 ∈ 𝑑(β + 𝟏,) s.t. ‖𝜌𝑉 ‖∞ ≤ 𝐶∞ and 𝑉 ∈ Σ(𝐶P, 𝐶1
N, 𝐶2

N).

Let 𝐾 ∶ ℝ → ℝ be a symmetric Lipschitz kernel function with supp(𝐾) ⊂ [−1/2, 1/2] and
∫ℝ 𝐾(𝑥) d𝑥 = 1. We say that 𝐾 is of order 𝓁 ∈ ℕ if ∫ℝ 𝑥

𝑚𝐾(𝑥) d𝑥 = 0 for any 𝑚 = 1,… , 𝓁. For
ℎ > 0 we let 𝐾ℎ(⋅) ∶= ℎ−1𝐾(⋅/ℎ) and for h ∈ (0,∞)𝑑 we set

𝕂h(𝑥) ∶=
𝑑

∏
𝑖=1
𝐾ℎ𝑖(𝑥𝑖), 𝑥 ∈ ℝ𝑑 .

We now define the following kernel estimators given a continuous record (X𝑡)𝑡∈[0,𝑇 ] s.t. 𝜌𝑉 ∈
ℍ𝑑(β,L):

𝜌h,𝑇 (𝑥) ∶=
1
𝑇 ∫

𝑇

0
𝕂h(𝑥 − X𝑠) d𝑠.

In order to efficiently estimate 𝜌𝑉 via 𝜌h,𝑇 , the bandwidthh has to be carefully chosen to achieve
an optimal balance between bias and variance of the kernel estimator. If the Hölder smoothness
parameter β is unknown, the bias cannot be evaluated directly, which poses the fundamental
challenge to design a fully data-driven/adaptive bandwith selection procedure to obtain a rate-
optimal but possibly random bandwidth ĥ𝑇 .

In dimension 𝑑 = 2 this problem is significantly simplified since then a tight variance bound
of the kernel estimator only depends logarithmically on the bandwidth. Consequently, the
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smoothness independent and deterministic bandwith choice

ĥ𝑇 ∼ 𝑇 −1/2(1, 1),

yields the optimal sup-norm estimation rate log 𝑇/
√
𝑇 given that the order of 𝐾 is chosen large

enough. In dimension 𝑑 ≥ 3, the situation is more involved and the bandwidth h𝑇 = ĥ(q)
𝑇 ,

depending on a parameter q ≥ 1 that ensures Lq-convergence at the minimax optimal rate, is
chosen according Lepski type selection rule. The details are given in the supplement.

Finally, for q ≥ 1, 𝑑 ≥ 2 and ĥ𝑇 = ĥ(q)
𝑇 given as above, we set

𝜌
ĥ𝑇 ,𝑇

(𝑥) =
1
𝑇 ∫

𝑇

0
𝕂

ĥ𝑇
(𝑥 − X𝑠) d𝑠, 𝑥 ∈ ℝ𝑑 .

According to the discussion in [111, Section 3] on the two-dimensional case and [111, Theorem
3.4], we now have the following uniform sup-norm estimation result.

Theorem A.21: Suppose β ∈ (0, b]𝑑 for some b ∈ ℕ ∩ [2,∞) and let 𝐾 have order b + 1.
Then, for any q ≥ 1 and  ∈ (0,∞)𝑑 it holds

sup
𝜌𝑉 ∈ℍ𝑑(β,)

(𝔼
𝜋[‖‖𝜌ĥ𝑇 ,𝑇

− 𝜌𝑉 ‖‖
q

∞])
1/q

= (Ψ𝑑,β(𝑇 )),

where for the harmonic mean smoothness β + 𝟏 ∶= (𝑑−1 ∑𝑑
𝑖=1

1
𝛽𝑖+1

)−1, the rateΨ𝑑,β is spec-
ified by

Ψ𝑑,β(𝑇 ) ∶=
⎧⎪⎪
⎨⎪⎪⎩

log 𝑇√
𝑇 , 𝑑 = 2,

(
log 𝑇
𝑇 )

β+𝟏
2β+𝟏+𝑑−2 , 𝑑 ≥ 3.

Data-driven estimation of the optimal reflection boundary

In this sectionwe consider a set of domainsΘ ⊂ 𝛀 endowedwith some topology such that the set
of minimizers argminΩ∈Θ 𝐽 (Ω) is well-defined and let Ω∗ ∈ argminΩ∈Θ 𝐽 (Ω). For a Borel measur-
able function ℎ∶ Θ → ℝ and a Θ-valued random variable Z we write 𝔼[ℎ(Z)] = ∫Θ ℎ(Ω) ℙ(Z ∈
d𝐷). Our data-driven procedure to determine reflection domains Ω̂ whose average costs are
close to the optimal ergodic costs 𝐽 (Ω∗) uses the following assumption.

Assumption A.22: (i) For some constants 𝜆, 𝜆, Λ it holds 𝐵(0, 𝜆) ⊂ 𝐷∗ ⊂ 𝐵(0, 𝜆) and
𝑑−1(𝜕𝐷∗) ≤ Λ;

(ii) we are given information on a constant 𝜌 > 0 such that 𝜌 ≤ inf𝐵(0,𝜆) 𝜌.
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Note that such a constant 𝜌 always exists, because 𝑉 is locally bounded by assumption and
therefore 𝜌 ∝ e−𝑉 is bounded away from 0 on every bounded set. Accordingly, we define the
truncated invariant density estimator 𝜌∗𝑇 ,𝑞 based on data (X𝑡)𝑡∈[0,𝑇 ] of the uncontrolled diffusion
process as

𝜌∗𝑇 ,𝑞(𝑥) ∶= 𝜌𝑇 ,𝑞(𝑥) ∨ 𝜌, 𝑥 ∈ ℝ𝑑 ,

with 𝜌𝑇 ,𝑞 specified as the adaptive invariant density estimator from the previous subsection
with bandwidth choice h = ĥ

(𝑞)
𝑇 for 𝑞 ≥ 1. Moreover, we let Θ(𝜆, 𝜆, Λ) ⊂ Θ be the subfamily of

reflection domains satisfying Assumption A.22.(i). Let

𝐽𝑇 ,𝑞(Ω) ∶=
1

∫Ω 𝜌
∗
𝑇 ,𝑞(𝑥) d𝑥 (

∫
Ω
𝑓 (𝑦)𝜌∗𝑇 ,𝑞(𝑦) d𝑦 + 𝜅 ∫

𝜕Ω
𝜌∗𝑇 ,𝑞(𝑦)𝑑−1( d𝑦)), 𝐷 ∈ Θ,

be the estimator of the asymptotic costs associated to the reflection domain Ω and define the
reflection domain estimator

Ω̂𝑇 ,𝑞 ∈ argmin
Ω∈Θ(𝜆,𝜆,Λ)

𝐽𝑇 ,𝑞(Ω).

Here, we must assume that the topological spaceΘ ⊂ 𝛀 is sufficiently nice to allow ameasurable
choice of Ω̂𝑇 ,𝑞 considered as a random mapping into the Borel space (Θ,(Θ)) associated to Θ.
We now have the following concentration result for the simple regret.

Proposition A.23: Suppose that X0 ∼ 𝜇, where 𝜇 ≪ 𝜋 with ‖ d𝜇
d𝜋 ‖𝐿𝑞 (𝜋) < ∞ for some

𝑞 ∈ (1,∞]. Then, for any 𝑝 ≥ 1, given the assumptions from Theorem A.21 we have the
regret bound

𝔼𝜇[||𝐽 (Ω
∗) − 𝐽(Ω̂𝑇 ,𝑝𝑞)||

𝑝
]
1/𝑝 ≤ 𝐶‖ d𝜇

d𝜋 ‖
1/𝑝
𝐿𝑞 (𝜋)Ψ𝑑,β(𝑇 ),

where 𝑞 ∶= 𝑞/(𝑞−1) is the conjugate Hölder exponent of 𝑞 and𝐶 depends on 𝜅, 𝑝, 𝑞, 𝑓 , ‖𝜌‖∞
and the constants from Assumption A.22.

Proof. For fixed Ω ∈ Θ(𝜆, 𝜆, Λ), write (in obvious notation)

𝐽 (Ω) = 𝐴(Ω)/𝐵(Ω), 𝐽𝑇 ,𝑝𝑞(Ω) = 𝐴𝑇 (Ω)/𝐵𝑇 (Ω).

Using

𝐵(Ω) ∧ 𝐵𝑇 (Ω) ≥ ∫
𝐵(0,𝜆)

𝜌(𝑥) ∧ 𝜌∗𝑇 ,𝑝𝑞(𝑥) d𝑥 ≥ 𝜌𝜆𝑑(𝐵(0, 𝜆)) =∶ 𝜛,
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it follows ,

||𝐽 (Ω) − 𝐽𝑇 ,𝑝𝑞(Ω)|| ≤
𝐴(Ω)

𝐵(Ω)𝐵𝑇 (Ω)
||𝐵𝑇 (Ω) − 𝐵(Ω)|| +

|𝐴𝑇 (Ω) − 𝐴(Ω)|
𝐵𝑇 (Ω)

≤
‖𝑓 ‖𝐿1(𝜋) + 𝜅‖𝜌‖∞Λ

𝜛2 ‖𝜌 − 𝜌∗𝑇 ,𝑝𝑞‖𝐿∞(𝐵(0,𝜆))

+
‖𝑓 ‖𝐿1(𝐵(0,𝜆)) + 𝜅Λ

𝜛
‖𝜌 − 𝜌∗𝑇 ,𝑝𝑞‖𝐿∞(𝐵(0,𝜆)).

Thus, for some constant 𝐶 = 𝐶(𝜅, 𝜆, 𝜆, Λ, 𝜌, ‖𝜌‖∞, 𝑝, 𝑓 ),

𝔼𝜇[ sup
Ω∈Θ(𝜆,𝜆,Λ)

|𝐽 (Ω) − 𝐽𝑇 ,𝑝𝑞(Ω)|𝑝]
1/𝑝

≤ 𝐶𝔼𝜇[‖𝜌 − 𝜌∗𝑇 ,𝑝𝑞‖
𝑝
𝐿∞(𝐵(0,𝜆))]

1/𝑝

≤ 𝐶‖ d𝜇
d𝜋 ‖

1/𝑝
𝐿𝑞 (𝜋)𝔼

𝜋[‖𝜌 − 𝜌∗𝑇 ,𝑝𝑞‖
𝑝𝑞
𝐿∞(𝐵(0,𝜆))]

1/𝑝𝑞

≤ 𝐶‖ d𝜇
d𝜋 ‖

1/𝑝
𝐿𝑞 (𝜋)𝔼

𝜋[‖𝜌 − 𝜌𝑇 ,𝑝𝑞‖
𝑝𝑞
𝐿∞(𝐵(0,𝜆))]

1/𝑝𝑞

≲𝑝,𝑞 𝐶‖ d𝜇
d𝜋 ‖

1/𝑝
𝐿𝑞 (𝜋)Ψ𝑑,β(𝑇 ),

(A.15)

where for the second line we used Hölder inequality twice and for the third line used that
|𝜌∗𝑇 ,𝑝𝑞(𝑥) − 𝜌(𝑥)| ≤ |𝜌𝑇 ,𝑝𝑞(𝑥) − 𝜌(𝑥)| for 𝑥 ∈ 𝐵(0, 𝜆) since 𝜌 ≥ 𝜌 on 𝐵(0, 𝜆). The final inequality
follows from Theorem A.21. Finally,

𝔼𝜇[||𝐽 (Ω
∗) − 𝐽(Ω̂𝑇 ,𝑝𝑞)||

𝑝
]
1/𝑝 ≤ 2𝔼𝜇[ sup

Ω∈Θ(𝜆,𝜆,Λ)
|𝐽 (Ω) − 𝐽𝑇 ,𝑝𝑞(Ω)|𝑝]

1/𝑝
, (A.16)

where we used that since Ω∗ ∈ argminΩ∈Θ(𝜆,𝜆,Λ) 𝐽 (Ω) and Ω̂𝑇 ,𝑝𝑞 ∈ argminΩ∈Θ(𝜆,𝜆,Λ) 𝐽𝑇 ,𝑝𝑞(Ω), we
have

|𝐽 (Ω∗) − 𝐽 (Ω̂𝑇 ,𝑝𝑞)| = 𝐽 (Ω̂𝑇 ,𝑝𝑞) − 𝐽 (Ω∗) ≤ 𝐽 (Ω̂𝑇 ,𝑝𝑞) − 𝐽 (Ω∗) + 𝐽𝑇 ,𝑝𝑞(Ω∗) − 𝐽𝑇 ,𝑝𝑞(Ω̂𝑇 ,𝑝𝑞)

≤ 2 sup
Ω∈Θ(𝜆,𝜆,Λ)

|𝐽 (Ω) − 𝐽𝑇 ,𝑝𝑞(Ω)|.

Combining (A.15) and (A.16) yields the claim.

This result may be interpreted in two different ways. On the one hand, it shows for the
generic situation, where the controller has access to a separate diffusion data sample and uses it
in online estimation of an optimal reflection boundary, that the regret vanishes at the nonpara-
metric estimation rate. On the other hand, it demonstrates that a simple explore-then-commit
strategy, where we first estimate an optimal set for 𝑇 time units and afterwards exploit by re-
flecting the process at the estimated boundaries, yields a regret bounded by Ψ𝑑,𝛽(𝑇 ).
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Episodic domain learning Aiming now at strategies with sublinear regret rates without
any simplifying assumptions on the data-collection mechanism, we face a classical exploration-
exploitation dilemma in light of the necessity to simultaneously control the process and estimate
its dynamics over time. The key bound from Proposition A.23 will allow us to do so.

Our episodic learning algorithm separates the time-line into exploration and exploitation
phases. Let 𝑇𝑖 be the start of the 𝑖-th exploration period, where we let the diffusion run freely
without reflection and 𝑆𝑖 be the start of the 𝑖-th exploitation period, where we reflect the process
according to an estimate of the optimal reflection boundary based on past observations of the
exploration process. We always start with an exploration period, i.e. 𝑇1 = 0, and then alternate
between exploration and exploitation periods. We denote by 𝜏𝑖 = 𝑆𝑖 − 𝑇𝑖 the length of the 𝑖-th
exploration period and by 𝜎𝑖 = 𝑇𝑖+1 − 𝑆𝑖 the length of the 𝑖-th exploitation period.

Contrary to the scalar diffusion case in [28], the multivariate diffusion does not hit points,
which makes it difficult to introduce an appropriate life-cycle decomposition of the exploration
process that allows for elegant renewal theoretic arguments in the analysis. Instead we choose
sequences (𝑎𝑖) ⊂ [1,∞)ℕ, (𝑏𝑖) ⊂ [1,∞)ℕ and simply let 𝑆𝑖 = inf{𝑡 ≥ 𝑇𝑖+𝑎𝑖 ∶ X̃𝑡 ∈ cl(𝐵(0, 𝜆))} and
𝑇𝑖+1 = 𝑆𝑖+𝑏𝑖, where (X̃𝑡)𝑡≥0 denotes the process that is controlled according to the above strategy.
This implies that the 𝑖-th exploitation length is deterministically given by 𝜎𝑖 = 𝑏𝑖 and given
sufficiently strong recurrent behavior of the process the 𝑖-th exploration length is comparable to
𝑎𝑖 in the sense that sup𝑖 𝔼[𝜏𝑖 − 𝑎𝑖] < ∞. Such recurrence properties will be enforced by the drift
condition (A.17) below. Moreover, the strategy makes sure that at the start of an exploitation
period we have X̃𝑆𝑖 ∈ cl 𝐵(0, 𝜆) ⊂ Ω for any Ω ∈ Θ(𝜆, 𝜆, Λ). For the estimator of the reflection
boundary Ω̂𝑖 in the 𝑖-th exploitation period, we only take into account the observations from the
last exploration period on the time interval [𝑇𝑖, 𝑇𝑖 + 𝑎𝑖] by letting

𝜌∗𝑖 (𝑥) ∶= 𝜌𝑖,2(𝑥) ∨ 𝜌, 𝑥 ∈ ℝ𝑑 ,

where 𝜌𝑖,2 is the adaptive invariant density estimator based on diffusion data (X̃𝑡)𝑡∈[𝑇𝑖 ,𝑇𝑖+𝑎𝑖] for
the parameter choice q = 2 in the construction of the stochastic bandwidth, and then set

Ω̂𝑖 ∈ argmin
Ω∈Θ(𝜆,𝜆,Λ)

1
∫Ω 𝜌

∗
𝑖 (𝑦) d𝑦 ( ∫

Ω
𝑓 (𝑦)𝜌∗𝑖 (𝑦) d𝑦 + 𝜅 ∫

𝜕Ω
𝜌∗𝑖 (𝑦)𝑑−1( d𝑦)).

Let us remark here that our choice to take only observations from the previous exploration
period into account is for technical reasons only because it allows us to exploit the simple regret
bound from Proposition A.23 directly. In order to obtain an asymptotic sublinear regret, this will
require increasing exploration lengths, see the doubling strategy in Corollary A.25. Alternative
strategies that are based on the full exploration history and that may allow to avoid long single
exploration periods would of course be desirable, but appear very challenging because of the
lack of appropriate renewal structures in the multivariate case. The following should therefore
be regarded as a verification result for the existence of a fully data-driven strategy that solves the
exploration-exploitation tradeoff. The development of strategies with more desirable properties
from a practical perspective will be left to future work.
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Let 𝔽̃ = (̃𝑡)𝑡≥0 be the filtration generated by the controlled process X̃ and set

𝐶𝑎,𝑏 ∶= ∫
𝑏

𝑎
𝑓 (X̃𝑠) d𝑠 + 𝜅(̃L𝑏 − L̃𝑎),

as the costs on the time interval [𝑎, 𝑏] associated to X̃, where L̃ is the local time on the reflection
boundaries during the exploitation phases and is set equal to zero during the exploration phases.
We also let 𝐶𝑎,𝑏(𝑥, 𝐷) be the costs on the time interval [𝑎, 𝑏] associated to a Langevin diffusion
𝑍𝑥,Ω that is driven by a Brownian motion independent of 𝔽̃ and that is reflected in Ω and is
started in 𝑥 . Denote by 𝜏(𝑥, 𝐷) its first hitting time of cl(𝐵(0, 𝜆)). Furthermore, we set 𝑛(𝑇 ) ∶=
min{𝑖 ∈ ℕ ∶ ∑𝑖

𝑗=1(𝑎𝑗 + 𝑏𝑗 ) ≥ 𝑇 } and note that

𝑛(𝑇 ) ≥ min
{
𝑖 ∈ ℕ ∶

𝑖

∑
𝑗=1

(𝜏𝑗 + 𝜎𝑗 ) ≥ 𝑇
}
= min{𝑖 ∈ ℕ ∶ 𝑇𝑖+1 ≥ 𝑇 } ≥ min{𝑖 ∈ ℕ ∶ 𝑇𝑖 ≥ 𝑇 } − 1,

which in particular implies that 𝑆𝑛(𝑇 )+1 > 𝑇𝑛(𝑇 )+1 ≥ 𝑇 . For technical reasons, we assume that
the potential 𝑉 satisfies the following drift condition: for some constants 𝑟,𝑀 > 0,

∀|𝑥| ≥ 𝑀 ∶ ⟨∇𝑉 (𝑥), 𝑥/|𝑥|⟩ ≥ 𝑟. (A.17)

Due to the specific structure of the generator, it is well known, see e.g. [7], that the Langevin
diffusion then satisfies a Poincaré inequality (PI) and that its generator has a Lyapunov function
𝐺 ≥ 1 that is locally bounded, is for some 𝑎, 𝑅 > 0 given by 𝐺(𝑥) = exp(𝑎|𝑥|) for all |𝑥| ≥ 𝑅,
and satisfies 𝜋(𝐺) < ∞. This implies, see [38, Theorem 5.2, Theorem 7.2], that X is 𝐺-uniformly
ergodic in the sense that for some constant 𝑏 > 0,

sup
|𝑔|≤𝐺

|𝑃𝑡𝑔(𝑥) − 𝜋(𝑔)| ≲ 𝐺(𝑥) exp(−𝑏𝑡), 𝑥 ∈ ℝ𝑑 , (A.18)

and that for any set 𝐵 s.t. 𝜆𝑑(𝐵) > 0, it holds

𝔼𝑥[ ∫
𝜏𝐵

0
𝐺(X𝑠) d𝑠] ≤ 𝑐(𝐵)𝐺(𝑥), 𝑥 ∈ ℝ𝑑 , (A.19)

where 𝑐(𝐵) is a constant depending on 𝐵 and 𝜏𝐵 is the first hitting time of 𝐵. We also need
some assumptions on the set of viable reflection domainsΘ(𝜆, 𝜆, Λ) that allow sufficient uniform
bounds in the following. More precisely, we assume the constants 𝐶′(Ω) appearing in Theorem
A.15 to be uniformly bounded in Ω, that is,

sup
Ω∈Θ(𝜆,𝜆,Λ)

𝐶′(Ω) < ∞. (A.20)

Note that this assumption boils down to uniform lower bounds on the transition densities, cf.
Lemma A.13, and uniform bounds on the maxima of the functions 𝜑Ω and their partial deriva-
tives described in Lemma A.16, i.e., certain uniform regularity assumptions on the boundaries.
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Moreover, we also require a uniform upper bound on the transition densities in the form

sup
Ω∈Θ(𝜆,𝜆,Λ)

sup
𝑡≥1,(𝑥,𝑦)∈Ω2

𝑝Ω𝑡 (𝑥, 𝑦) < ∞. (A.21)

From the Gaussian upper bound on 𝑝Ω𝑡 (𝑥, 𝑦) given in [92, Corollary 6.15] we know that there
exists a constant 𝑐(Ω) such that for a.e. (𝑥, 𝑦) ∈ Ω2 we have sup𝑡≥1 𝑝Ω𝑡 (𝑥, 𝑦) ≤ 𝑐(Ω). By continuity
of (𝑥, 𝑦) ↦ 𝑝Ω𝑡 (𝑥, 𝑦) for any 𝑡 > 0 it therefore follows that sup𝑡≥1,(𝑥,𝑦)∈Ω2 𝑝Ω𝑡 (𝑥, 𝑦) < ∞ for any
Ω ∈ Θ(𝜆, 𝜆, Λ). Verifying the uniform bounds (A.20) and (A.21) is highly problem specific and
is a difficult task with the tools available in the literature when Θ(𝜆, 𝜆, Λ) is infinite. Still, these
assumptions are not unreasonable provided that appropriate uniform regularity conditions on
the boundaries are in force. With this technical preparation we can prove our final theorem.

Theorem A.24: Suppose that the non-reflected Langevin diffusion satisfies (A.17) and
(NI) and that its invariant density satisfies 𝜌𝑉 ∈ 𝑑(β + 𝟏,). Assume also that 𝑓 ∈ 𝐿2(𝜋),
𝑓 ≲ 𝐺, that the initial distribution of the first exploration phase 𝜇 satisfies 𝜇 ≪ 𝜋 and
d𝜇/d𝜋 ∈ 𝐿2(𝜋) and that (A.20) and (A.21) hold. Then, the average regret per time unit is
bounded by

1
𝑇
𝔼[𝐶0,𝑇 ] − 𝐽 (Ω∗) ≤

𝐶
𝑇 (

𝑛(𝑇 )

∑
𝑖=1
𝑎𝑖 +

𝑛(𝑇 )

∑
𝑖=1
𝑏𝑖Ψ𝑑,β(𝑎𝑖)),

where 𝐶 depends on 𝜅, 𝑓 , ‖𝜌‖∞ and the constants from (A.20), (A.21) and Assumption A.22.

Proof. Without loss of generality, let 𝑇 ≥ 1. Throughout the proof we write 𝑎 ≲ 𝑏 if 𝑎 ≤ 𝑐𝑏
for some constant 𝑐 that may depend on 𝜅, 𝑓 , ‖𝜌‖∞ and the constants from (A.20), (A.21) and
Assumption A.22. Using that the costs are nonnegative, we have

𝔼[𝐶0,𝑇 ] = 𝔼[ ∑
𝑇𝑖≤𝑇

𝐶𝑇𝑖 ,𝑆𝑖∧𝑇 ] + 𝔼[ ∑
𝑆𝑖≤𝑇

𝐶𝑆𝑖 ,𝑇𝑖+1∧𝑇 ] ≤
𝑛(𝑇 )

∑
𝑖=1

𝔼[𝐶𝑇𝑖 ,𝑆𝑖] +
𝑛(𝑇 )

∑
𝑖=1

𝔼[𝐶𝑆𝑖∧𝑇 ,𝑇𝑖+1∧𝑇 ]

≤
𝑛(𝑇 )

∑
𝑖=1

(𝔼[𝐶0,𝑎𝑖(X̃𝑇𝑖 , ℝ
𝑑)] + 𝔼[𝐶0,𝜏(X̃𝑇𝑖+𝑎𝑖 ,ℝ𝑑)

(X̃𝑇𝑖+𝑎𝑖 , ℝ
𝑑)]) +

𝑛(𝑇 )−1

∑
𝑖=1

𝔼[𝐶0,𝑏𝑖(X̃𝑆𝑖 , Ω̂𝑖)]

+ 𝔼[𝐶0,(𝑇−𝑆𝑛(𝑇 ))∨1(X̃𝑆𝑛(𝑇 ) , Ω̂𝑛(𝑇 ))].

(A.22)

We start by bounding the second term, associated to the exploitation periods until the (𝑛(𝑇 )−1)-
th episode. By conditioning on ̃𝑆𝑖 we see that

|||𝔼[𝐶0,𝑏𝑖(X̃𝑆𝑖 , Ω̂𝑖)] − 𝑏𝑖𝔼[𝐽 (Ω̂𝑖)]
|||

≤ 𝑏𝑖 ∫
Θ(𝜆,𝜆,Λ)

∫
cl 𝐵(0,𝜆)

|||𝔼
𝑥
[
1
𝑏𝑖 ∫

𝑏𝑖

0
𝑓 (XΩ

𝑠 ) d𝑠 + 𝜅L
Ω
𝑏𝑖 − 𝐽 (Ω)]

||| ℙ(X̃𝑆𝑖 ∈ d𝑥, Ω̂𝑖 ∈ d𝐷)

≤ sup
Ω∈Θ(𝜆,𝜆,Λ)

𝐶′(Ω) < ∞,

(A.23)
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where the last two lines follow from TheoremA.15 and (A.20). Observe now that on the previous
data collection interval [𝑇𝑖, 𝑇𝑖 + 𝑎𝑖] the process X̃ is equal in law to the Langevin diffusion with
potential 𝑉 started according to the law ℙX̃𝑇𝑖

. For 𝑖 = 1, the latter has, by assumption on 𝜇,
a Radon–Nikodym derivative w.r.t. the invariant distribution 𝜋 that lies in 𝐿2(𝜋). Extend the
transition densities 𝑝Ω𝑡 from Ω2 to ℝ𝑑 × ℝ𝑑 by setting 𝑝Ω𝑡 (𝑥, 𝑦) = 0 for 𝑥, 𝑦 ∉ Ω. For 𝑖 ≥ 2, we
then observe that for any 𝑦 ∈ cl(𝐵(0, 𝜆)) we have

dℙ(X̃𝑇𝑖 ∈ ⋅)
d𝜆𝑑

(𝑦) = ∫
Θ(𝜆,𝜆,Λ)

∫
cl 𝐵(0,𝜆)

𝑝Ω𝑏𝑖(𝑥, 𝑦) ℙ(X̃𝑆𝑖−1 ∈ d𝑥, Ω̂𝑖 ∈ d𝐷)

≤ sup
Ω∈Θ(𝜆,𝜆,Λ)

sup
𝑡≥1,(𝑥,𝑦)∈Ω2

𝑝Ω𝑡 (𝑥, 𝑦) < ∞,

where we used (A.21). Since the Lebesgue density of 𝜋 is bounded away from zero on 𝐵(0, 𝜆),
this now implies

sup
𝑖∈ℕ

‖‖
dℙ(X̃𝑇𝑖∈⋅)

d𝜋
‖‖𝐿2(𝜋) < ∞. (A.24)

Proposition A.23 therefore yields that

𝔼[||𝐽 (Ω
∗) − 𝐽 (Ω̂𝑖)||] ≲ Ψ𝑑,β(𝑎𝑖).

In summary, the above estimates and the triangle inequality therefore yield

𝑛(𝑇 )−1

∑
𝑖=1

𝔼[𝐶0,𝑏𝑖(X̃𝑆𝑖 , Ω̂𝑖)] ≲ 𝑛(𝑇 ) +
𝑛(𝑇 )−1

∑
𝑖=1

𝑏𝑖(Ψ𝑑,β(𝑎𝑖) + 𝐽 (Ω∗)) (A.25)

We turn to the last summand in (A.22). Similarly to (A.23) we see that

|||𝔼[𝐶0,(𝑇−𝑆𝑛(𝑇 ))∨1(X̃𝑆𝑛(𝑇 ) , Ω̂𝑛(𝑇 ))] − 𝔼[((𝑇 − 𝑆𝑛(𝑇 )) ∨ 1)𝐽 (Ω̂𝑛(𝑇 ))]
|||

≤ sup
Ω∈Θ(𝜆,𝜆,Λ)

𝐶′(Ω) < ∞, (A.26)

and using (A.24) and Proposition A.23 we have

𝔼[((𝑇 − 𝑆𝑛(𝑇 )) ∨ 1)||𝐽 (Ω
∗) − 𝐽 (Ω̂𝑛(𝑇 ))||] ≤ 𝑏𝑛(𝑇 )𝔼[||𝐽 (Ω

∗) − 𝐽 (Ω̂𝑛(𝑇 ))||]
≲ 𝑏𝑛(𝑇 )Ψ𝑑,β(𝑎𝑛(𝑇 )).

(A.27)
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Combining (A.25), (A.26) and (A.27) we finally arrive at

𝑛(𝑇 )−1

∑
𝑖=1

𝔼[𝐶0,𝑏𝑖(X̃𝑆𝑖 , Ω̂𝑖)] + 𝔼[𝐶0,(𝑇−𝑆𝑛(𝑇 ))∨1(X̃𝑆𝑛(𝑇 ) , Ω̂𝑛(𝑇 ))]

≤ 𝑛(𝑇 ) +
𝑛(𝑇 )

∑
𝑖=1
𝑏𝑖Ψ𝑑,β(𝑎𝑛(𝑇 )) + 𝐽 (Ω∗)(

𝑛(𝑇 )−1

∑
𝑖=1

𝑏𝑖 + 𝔼[(𝑇 − 𝑆𝑛(𝑇 )) ∨ 1])

≤ 𝑛(𝑇 ) + 𝑇 𝐽 (Ω∗) +
𝑛(𝑇 )

∑
𝑖=1
𝑏𝑖Ψ𝑑,β(𝑎𝑖).

(A.28)

Let us now treat the exploration periods. Recall that since the unreflected diffusion satisfies a
Poincaré inequality, we have exponentially fast convergence of its semigroup in 𝐿2(𝜋). Since
moreover 𝑓 ∈ 𝐿2(𝜋), the combined statements of Theorem 3.1 and Corollary 3.2 in [19] imply
that for 𝑓 ∶= 𝑓 − 𝜇(𝑓 ) and 𝑔 ∶= − ∫ ∞

0 𝑃𝑠𝑓 d𝑠, we have 𝑔 ∈ (L) and

‖‖‖ ∫
𝑡

0
(𝑓 − 𝜋(𝑓 ))(X𝑠) d𝑠

‖‖‖
2

𝐿2(ℙ𝜋 )
≤ 𝐶𝑡‖

√
−L𝑔‖2𝜋 ,

for some constant 𝐶 that is independent of 𝑡 ≥ 0. Using (A.24) and Hölder inequality yields

|||𝔼[𝐶0,𝑎𝑖(X̃𝑇𝑖 , ℝ
𝑑)] − 𝑎𝑖𝜋(𝑓 )

||| =
|||𝔼[𝔼

X̃𝑇𝑖 [ ∫
𝑎𝑖

0
(𝑓 − 𝜋(𝑓 ))(X𝑠) d𝑠]]

|||

≤ ∫
ℝ𝑑

𝔼𝑥[
||| ∫

𝑎𝑖

0
(𝑓 − 𝜋(𝑓 ))(X𝑠) d𝑠

|||]
dℙ(X̃𝑇𝑖 ∈ ⋅)

d𝜋
(𝑥) 𝜋( d𝑥)

≤ ‖‖‖
dℙ(X̃𝑇𝑖 ∈ ⋅)

d𝜋
‖‖‖𝐿2(𝜋)

‖‖‖ ∫
𝑎𝑖

0
(𝑓 − 𝜋(𝑓 ))(X𝑠) d𝑠

‖‖‖𝐿2(ℙ𝜋 )
≤ 𝐶

√
𝑎𝑖.

It therefore follows by the triangle inequality that

𝑛(𝑇 )

∑
𝑖=1

𝔼[𝐶0,𝑎𝑖(X̃𝑇𝑖 , ℝ
𝑑)] ≲

𝑛(𝑇 )

∑
𝑖=1
𝑎𝑖. (A.29)

Furthermore, using (A.19) and the assumption 𝑓 ≲ 𝐺, we can write

𝔼[𝐶0,𝜏(X̃𝑇𝑖+𝑎𝑖 ,ℝ𝑑)
(X̃𝑇𝑖+𝑎𝑖 , ℝ

𝑑)] = ∫
ℝ𝑑

𝔼𝑥[ ∫
𝜏cl(𝐵(0,𝜆))

0
𝑓 (X𝑠) d𝑠] ℙ(X̃𝑇𝑖+𝑎𝑖 ∈ d𝑥)

≲ 𝔼[𝐺(X̃𝑇𝑖+𝑎𝑖)].
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Now since X̃𝑇𝑖+𝑎𝑖 has the same law as X𝑎𝑖 with X started according to the law ℙX̃𝑇𝑖
which, by

construction, is supported on cl(𝐵(0, 𝜆)), it follows from (A.18) that

𝔼[𝐺(X̃𝑇𝑖+𝑎𝑖)] ≤ sup
𝑥∈cl(𝐵(0,𝜆))

𝔼𝑥[𝐺(X𝑎𝑖)]

≤ 𝜋(𝐺) + sup
𝑥∈cl(𝐵(0,𝜆))

|𝑃𝑎𝑖𝐺(𝑥) − 𝜋(𝐺)| ≤ 𝜋(𝐺) + 𝐶‖𝐺‖𝐿∞(cl(𝐵(0,𝜆))) < ∞,

for some constant independent of 𝑖 ∈ ℕ. This allows us to conclude that

𝑛(𝑇 )

∑
𝑖=1

𝔼[𝐶0,𝜏(X̃𝑇𝑖+𝑎𝑖 ,ℝ𝑑)
(X̃𝑇𝑖+𝑎𝑖 , ℝ

𝑑)] ≤ (𝜋(𝐺) + 𝐶‖𝐺‖𝐿∞(cl(𝐵(0,𝜆))))𝑛(𝑇 ). (A.30)

Taking together the bounds (A.28), (A.29) and (A.30) proves the assertion.

As a consequence, we obtain the following explicit rates for a strategy that doubles explo-
ration times and chooses subsequent exploitation times inverse proportionally to the nonpara-
metric estimation rate.

Corollary A.25: Let 𝑎𝑖 = 2𝑖 and 𝑏𝑖 = 𝑎𝑖/Ψ𝑑,β(𝑎𝑖) for 𝑖 ∈ ℕ. For the corresponding
reflection strategy, given the assumptions of Theorem A.24 it holds

1
𝑇
𝔼[𝐶0,𝑇 ] − 𝐽 (Ω∗) ≲

⎧⎪⎪
⎨⎪⎪⎩

(
(log 𝑇 )2
𝑇 )

1
3 , 𝑑 = 2,

(
log 𝑇
𝑇 )

β+1
3β+1+𝑑−2 , 𝑑 ≥ 3.

The rate loss of the strategy’s regret per time unit relative to the static regret from Proposi-
tion A.23 provides a natural analogue to the regret bounds from [28, Theorem 2.5] in the one-
dimensional case, even though the construction of the strategies substantially differs. Let us also
remark that doubling tricks in the strategy design that make sure that the number of episodes at
time 𝑇 is of order log 𝑇 , are commonly encountered in algorithms with verifiable optimal regret
rates for undiscounted reinforcement learning problems. For instance, the popular UCRL2 al-
gorithm in [5] recomputes policies as soon as the occurrence of a state-action pair has doubled.
Such strategies have the drawback of choosing suboptimal policies for arbitrarily long periods of
time (here, not reflecting at all), see [17]. Recently, [14] have proposed the regret of exploration
as an appropriate measure to capture such inefficiencies. It is an interesting and challenging
question for future work to adapt reflection strategies based on the nonparametric approach
advocated in this paper to such finer-grained performance measures.
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A.4 Numerical optimization

In this section, we present results showing how the objective function 𝐽 (Ω) can not only be
evaluated but also optimized numerically when limiting the set of eligible reflection sets 𝛀. Let
us remark that the computational costs of the methods presented grow very quickly in 𝑑 (see,
e.g., Remark A.27). This, together with the degrading efficiency of kernel density estimators, cf.
TheoremA.21, suggests that what follows ismostly appropriate for low tomoderate dimensional
problems. Corollary A.18 shows that, for known 𝜅 > 0, 𝑉 and 𝑓 , our problem for known
dynamics boils down to minimizing the functional

𝐽 ∶ 𝐷 ↦
1

∫Ω e
−𝑉 (𝑥)d𝑥 (∫

Ω
𝑓 (𝑥)e−𝑉 (𝑥) d𝑥 + 𝜅 ∫

𝜕Ω
e−𝑉 (𝑥) 𝑑−1(d𝑥))

over 𝛀. We are therefore faced with a shape optimization problem. For a general overview on
shape optimization we refer to [34]. To approach our particular problem numerically, we restrict
ourselves to bounded domains that are strongly starshaped at 0. Specifically, we assume that for
any Ω the boundary is given by

𝜕𝐷 = {𝑟(𝑞)𝑞 ∶ 𝑞 ∈ 𝑆𝑑−1},

for some suitably smooth radial function 𝑟 ∶ 𝑆𝑑−1 → (0,∞) on the 𝑑-sphere 𝑆𝑑−1. Rather than
optimizing over all such functions, we discretize the problem by considering 𝑁 ∈ ℕ points
placed uniformly (in a suitable sense, see Remark A.27) on the sphere, say {𝑞𝑖}𝑁𝑖=1 ⊆ 𝑆𝑑−1, and
then approximating any star-shaped setΩ by the polytope Ω̃with vertices {𝑝𝑖}𝑁𝑖=1 ∶= {𝑟(𝑞𝑖)𝑞𝑖}𝑁𝑖=1.
The surface 𝜕Ω̃ of the polytope Ω̃ can be triangulated into some number 𝑁𝐹 ∈ ℕ of facets, each
spanned by 𝑑 of the vertices of Ω̃, say, 𝑝𝑖1 , 𝑝𝑖2 , … , 𝑝𝑖𝑑 for some suitable index set {𝑖1, 𝑖2, … , 𝑖𝑑}. Let
 denote the set of such index sets, and for 𝐼 ∈ , let 𝐹𝐼 denote the facet spanned by {𝑝𝑖 ∣ 𝑖 ∈ 𝐼 }
and 𝑆𝐼 denote the 𝑑-simplex spanned by {0} ∪ {𝑝𝑖 ∣ 𝑖 ∈ 𝐼 }. It then follows that Ω̃ = ⋃𝐼∈ 𝑆𝐼 while
𝜕Ω̃ = ⋃𝐼∈ 𝐹𝐼 , and so an approximation of 𝐽 (Ω) is given by

𝐽 (Ω) ≈ 𝐽 (Ω̃) =
1

∑𝐼∈ ∫𝑆𝐼 e
−𝑉 (𝑥)d𝑥

∑
𝐼∈

(∫
𝑆𝐼
𝑓 (𝑥)e−𝑉 (𝑥) d𝑥 + 𝜅 ∫

𝐹𝐼
e−𝑉 (𝑥) 𝑑−1(d𝑥)). (A.31)

Note that this approximation depends on 𝑟 (and hence onΩ) only through the𝑁 lengths {𝑟𝑖}𝑁𝑖=1 ∶=
{𝑟(𝑞𝑖)}𝑁𝑖=1, and hence we may consider 𝐽 as a function of 𝑁 variables, 𝐽 (r) ∶= 𝐽 (Ω̃). Gradient
based optimization schemes can now be used, since

𝜕𝐽 (r)
𝜕𝑟𝑖

=
1
𝐶
∑
𝐼∈𝑖

(
𝜕
𝜕𝑟𝑖(∫

𝑆𝐼
𝑓 (𝑥)e−𝑉 (𝑥) d𝑥 + 𝜅 ∫

𝐹𝐼
e−𝑉 (𝑥) 𝑑−1(d𝑥)) − 𝐽 (r) 𝜕𝜕𝑟𝑖(∫

𝑆𝐼
e−𝑉 (𝑥) d𝑥)),

(A.32)
where 𝐶 = ∑𝐼∈ ∫𝑆𝐼 e

−𝑉 (𝑥) d𝑥 , and 𝑖 = {𝐼 ∈  ∶ 𝑖 ∈ 𝐼 }. To evaluate these expressions, we use the
following theorem.
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Theorem A.26: Let 𝑞1, … , 𝑞𝑑 ∈ 𝑆𝑑−1 and 𝑟1, … , 𝑟𝑑 > 0 be given and let 𝑝𝑖 = 𝑟𝑖𝑞𝑖 for
𝑖 = 1, … , 𝑑. Denote by 𝑆 the simplex in ℝ𝑑 spanned by the origin and the points 𝑝1, … , 𝑝𝑑
and by 𝐹 the facet of 𝑆 opposite the origin. Finally, let 𝑄 denote the 𝑑 ×𝑑 matrix whose 𝑖’th
column is 𝑞𝑖 and rrat ∈ ℝ𝑑 the vector given by (𝑟rat)𝑗 = ∏𝑘≠𝑗 𝑟𝑘 . Then we have the following
for 𝑔 ∈ (ℝ𝑑 , ℝ):

∫
𝑆
𝑔(𝑥) d𝑥 = (

𝑑

∏
𝑘=1

𝑟𝑘)|𝑄| ∫
1

0
∫
(0,1)𝑑−1

𝑔(𝑟𝜂(t))𝜓(t)𝑟𝑑−1dt d𝑟 (A.33)

∫
𝐹
𝑔(𝑥)𝑑−1(d𝑥) = ‖adj(𝑄⊤)𝑟rat‖ ∫

(0,1)𝑑−1
𝑔(𝜂(t))𝜓(t) dt (A.34)

where 𝜓(𝑡1, … , 𝑡𝑑−1) = ∏𝑑−2
𝑖=1 𝑡𝑑−1−𝑖𝑖 , and

𝜂(𝑡1, … , 𝑡𝑑−1) = (1 − 𝑡1)𝑝1 + 𝑡1(1 − 𝑡2)𝑝2 + ⋯ + (
𝑑−2

∏
𝑖=1
𝑡𝑖)(1 − 𝑡𝑑−1)𝑝𝑑−1 + (

𝑑−1

∏
𝑖=1
𝑡𝑖)𝑝𝑑 .

Furthermore, for 𝑖 = 1, … , 𝑑, we have

𝜕
𝜕𝑟𝑖 ∫𝑆

𝑔(𝑥) d𝑥 = (∏
𝑘≠𝑖
𝑟𝑘)|𝑄| ∫(0,1)𝑑−1

𝑔(𝜂𝑖(t))𝜓(t) dt, (A.35)

where 𝜓(𝑡1, … , 𝑡𝑑−1) = (1 − 𝑡1)𝜓(𝑡1, … , 𝑡𝑑−1), and 𝜂𝑖 denotes 𝜂 after swapping 𝑝1 and 𝑝𝑖.
Finally, if also 𝑔 ∈ 1(ℝ𝑑 , ℝ),

𝜕
𝜕𝑟𝑖 ∫𝐹

𝑔(𝑥)𝑑−1(d𝑥) =
𝑟⊤rat adj(𝑄𝑄⊤)𝑟

(𝑖)
rat

‖adj(𝑄⊤)𝑟rat‖ ∫
(0,1)𝑑−1

𝑔(𝜂(t))𝜓(t) dt

+ ‖adj(𝑄⊤)𝑟rat‖ ∫
(0,1)𝑑−1

⟨∇𝑔(𝜂𝑖(t)), 𝑞𝑖⟩𝜓(t) dt, (A.36)

where (𝑟 (𝑖)rat)𝑗 = ∏𝑘≠𝑖,𝑗 𝑟𝑘 for 𝑗 ≠ 𝑖 and (𝑟 (𝑖)rat)𝑖 = 0.

The proof is given in Appendix A.A.

Remark A.27: While one can always use Theorem A.26 to evaluate 𝐽 (𝐷̃) for any chosen set of
vertices {𝑞𝑖}𝑁𝑖=1 ⊆ 𝑆𝑑−1, the approximation (A.31) might suffer if these are chosen poorly. An in-
tuitive approach chooses vertices “uniformly” on the sphere, although better domain-dependent
choicesmay be possible. Here, “uniformly” is understood in the sense that the distances between
neighbouring vertices (i.e. vertices sharing an edge) should be approximately equal. Clearly, for
𝑑 = 2, this is possible to do exactly, however for 𝑑 > 2 there are only finitely many 𝑁 for which
this is possible (corresponding e.g. to the Platonic solids if 𝑑 = 3), and so we must settle for
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approximations. There are several different optimality criteria, and their solutions depend on
𝑑, making it nigh impossible to implement for general 𝑑. Therefore, we propose the following
method which, while generally suboptimal in the goal of minimizing variation in inter-point
distances, generalizes easily to any 𝑑 ≥ 2. First, split the 𝑑 −1-dimensional hypercube [−1, 1]𝑑−1
evenly into sub-hypercubes of length 2/(𝐾 − 1) for some 𝐾 ≥ 2. Then, each of these sub-
hypercubes is triangulated into (𝑑 − 1)! simplices using the standard triangulation scheme. Fi-
nally, this construction is rotated appropriately 2𝑑 times to cover the surface of [−1, 1]𝑑 , and the
result is projected onto 𝑆𝑑−1 simply by normalizing. This results in a total of 𝑁 = 𝐾𝑑 − (𝐾 − 2)𝑑
vertices and 𝑆 = 2𝑑!(𝐾 − 1)𝑑−1 simplices to integrate over, showing that the curse of dimen-
sionality affects this problem immensely. As such, for large dimensions, one might prefer other
methods such as Monte Carlo integration for evaluating 𝐽 (Ω), see [73]. However, such methods
do not give access to gradients and it is unclear how to construct meaningful derivative-free
optimization methods over shape domains for the given problem. Taking also account of the
various necessary optimization steps and multi-threading that come on top of the cost function
evaluations, our method is therefore feasible for small to moderate dimensions with the above
implementations. In particular, the summands in (A.31) and (A.32) can be computed indepen-
dently of each other and so if one were to implement these in practice, it would be preferable to
use a programming language that can utilize multi-threading efficiently, e.g. by using a GPU, to
speed up optimizations.

Figure A.4: Illustration of our proposed method to generate points on 𝑆𝑑−1, here with 𝑑 = 3. Left: Initial point
generation and triangulation of the cube [−1, 1]𝑑 . Middle: Generated points on 𝑆𝑑−1. Right: Approximation
polytope Ω̃ of Ω.

When the dynamics of the process are known, that is we have access to the potential 𝑉 ,
the theorem allows us to find explicit expressions for the right hand side of (A.31) and (A.32)
given𝑁 points on the sphere and therefore to numerically optimize within the space of polytope
approximations to star-shaped sets via gradient-based methods. For the two-dimensional case,
strikingly simple expressions can be derived from this and, given sufficient regularity of the
star-shaped domain, the approximation rate in (A.31) is at most of order 1/𝑁 .
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Corollary A.28: Let 𝑟 ∈ 2([0, 2𝜋], [𝑟min, 𝑟max])with 0 < 𝑟min ≤ 𝑟max < ∞ be some periodic
radial function, and denote by Ω ⊆ ℝ2 the set with 𝜕𝐷 = 𝑟([0, 2𝜋]). For any 𝑁 ∈ ℕ, let
𝑟𝑖 = 𝑟( 2𝑖𝜋𝑁 ), 𝑞𝑖 = (cos 2𝑖𝜋

𝑁 , sin
2𝑖𝜋
𝑁 ) and 𝑝𝑖 = 𝑟𝑖𝑞𝑖 and denote by Ω̃ ⊆ ℝ2 the simplex with

vertices {𝑝𝑖}𝑁𝑖=1. Finally, for 𝑖 = 1, … , 𝑁 and 𝑡 ∈ (0, 1), let 𝜂±𝑖 (𝑡) = 𝑝𝑖 + 𝑡(𝑝𝑖±1 −𝑝𝑖), where we
identify 𝑝0 = 𝑝𝑁 and 𝑝𝑁+1 = 𝑝1. Then, there exists a constant 𝐾 ≥ 0 such that

|𝐽 (Ω) − 𝐽 (Ω̃)| ≤
𝐾
𝑁
,

where for 𝜌 ∶= exp(−𝑉 ) we have the explicit representations

𝐽 (Ω̃) =
1
𝐶

𝑁

∑
𝑖=1

( sin
2𝜋
𝑁
𝑟𝑖𝑟𝑖+1 ∫

1

0
∫

1

0
(𝑓 𝜌)(𝑟𝜂+𝑖 (𝑡))𝑟d𝑟d𝑡 + 𝜅‖𝑝𝑖+1 − 𝑝𝑖‖ ∫

1

0
𝜌(𝜂+𝑖 (𝑡))d𝑡),

and

𝜕𝐽 (Ω̃)
𝜕𝑟𝑖

=
1
𝐶 ∫

1

0
(𝜓+(𝑡)𝜌(𝜂+𝑖 (𝑡)) + 𝜓

−(𝑡)𝜌(𝜂−𝑖 (𝑡))) d𝑡,

where

𝜓±(𝑡) = ( sin 2𝜋
𝑁 𝑟𝑖±1(𝑓 (𝜂

±
𝑖 (𝑡))− 𝐽 (Ω̃))−𝜅‖𝑝𝑖±1−𝑝𝑖‖⟨∇𝑉(𝜂

±
𝑖 (𝑡)), 𝑞𝑖⟩)(1− 𝑡)+

𝜅(𝑟𝑖−cos 2𝜋
𝑁 𝑟𝑖±1)

‖𝑝𝑖−𝑝𝑖±1‖
,

and 𝐶 = ∑𝑁
𝑖=1 sin 2𝜋

𝑁 𝑟𝑖𝑟𝑖+1 ∫
1

0 ∫ 1
0 𝜌(𝑟𝜂

+
𝑖 (𝑡))𝑟 d𝑟 d𝑡.

The proof is deferred to the supplement. This now implies for 𝑑 = 2 that for suitable admissible
domain families Θ ⊃ Ω, the infimum of Ω ↦ 𝐽(Ω) over Θ is well approximated by the infimum
over the polytope approximations.

Corollary A.29: Let 𝑑 = 2 and let Θ be the family of domains Ω that are strongly star-
shaped at 0 and are identified by 2 periodic radial functions 𝑟Ω ∶ [0, 2𝜋] → (0,∞) such
that for some global constants 𝜆, 𝜆, Λ,

𝜆 ≤ 𝑟Ω ≤ 𝜆 and max
𝜃∈[0,2𝜋]

(|𝑟 ′Ω(𝜃)| + |𝑟 ′′Ω (𝜃)|) ≤ Λ.

Then, letting Ω̃𝑁 be the polytope approximation of Ω from Corollary A.28, it holds

|| infΩ∈Θ
𝐽 (Ω̃𝑁 ) − inf

Ω∈Θ
𝐽 (Ω)|| ≲𝜆,𝜆,Λ 1/𝑁 .

The proof is deferred to the supplement.
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Remark A.30: While a detailed analysis of the approximation error appears cumbersome in
higher dimensions, the approximation of 𝐽 (Ω) by 𝐽 (Ω̃) generally depends mainly on the ap-
proximation quality of 𝑟 by 𝑟̃ (where the latter denotes the radial function associated with Ω̃),
in particular ‖𝑟 − 𝑟̃‖∞ and ‖‖∇𝑟 − ∇𝑟̃‖‖∞. Assuming 𝑟 ∈ 2, then by Lipschitz continuity, this is
again proportionally bounded by the 𝑑 − 1-dimensional volume of the largest facet of the initial
approximation of 𝑆𝑑−1, i.e. the polytope spanned by 𝑞1, … , 𝑞𝑁 .

Numerical experiments and simulations

In what follows, we test the methods described above on a variety of choices of the potential
𝑉 , the cost function 𝑓 and the reflection cost 𝜅. To this end, we wish to simulate the associated
reflected SDEs XΩ when Ω is a polytope, so let us first discuss how this is carried out in prac-
tice. We utilize a standard Euler–Maruyama-type scheme with some alterations to account for
reflection, cf. [103]. In particular, we initialize X0 = 0 and LΩ0 = 0 and then for some Δ > 0 and
𝑛 ∈ ℕ0 we first generate a proposal point

X
prop
(𝑛+1)Δ = X𝑛Δ − ∇𝑉 (X𝑛Δ) ⋅ Δ +

√
2𝜉𝑛+1,

where 𝜉𝑖 ∼ 𝑁𝑑(0, Δ𝐼𝑑). Then, letting 𝑃Ω denote the projection operator onto Ω, we set X(𝑛+1)Δ =
𝑃Ω(X

prop
(𝑛+1)Δ) and LΩ(𝑛+1)Δ = LΩ𝑛Δ + ‖X(𝑛+1)Δ −X

prop
(𝑛+1)Δ‖. When Ω is a polytope, 𝑃Ω can be constructed

explicitly as follows: first, clearly if 𝑥 ∈ Ω, we have 𝑃Ω(𝑥) = 𝑥 . Otherwise, let 𝐹1, 𝐹2, … , 𝐹𝑆 be the
facets of Ω and let 𝑝(𝑖)𝑗 be the 𝑗 ’th vertex of 𝐹𝑖. Then the projection 𝑃𝐹𝑖(𝑥) of 𝑥 ∈ 𝐷c onto 𝐹𝑖 can
be found by solving the quadratic program

min
𝑤∈ℝ𝑑

‖𝑥 −∑𝑤𝑗𝑝(𝑖)𝑗 ‖2, subject to ∑𝑤𝑖 = 1,𝑤𝑖 ≥ 0,

to which standard numerical solvers are available. Then, choosing 𝑖∗(𝑥) ∈ argmin‖𝑥 − 𝑃𝐹𝑖(𝑥)‖,
we set 𝑃Ω(𝑥) = 𝑃𝐹𝑖∗(𝑥)(𝑥). While, in theory, 𝑖∗(𝑥) may not be unique, we remark that the set
for which there exists several candidates is of dimension at most 𝑑 − 1 and hence 𝑖∗(Xprop

(𝑛+1)Δ) is
unique with probability 1.

In practice, a number of steps can be taken to make the simulation more efficient. Firstly,
when checking if 𝑥 ∈ ℝ𝑑 is in Ω, a simple first test is to see if ‖𝑥‖ ≤ 𝑟min, where 𝑟min ∶= sup{𝑟 ≥
0 ∣ 𝐵(0, 𝑟) ⊆ 𝐷}. If not, there exists unique vertices 𝑝1(𝑥), 𝑝2(𝑥), … , 𝑝𝑑(𝑥) such that these vertices
span a facet, say 𝐹𝑐(𝑥), of Ω and such that 𝑥 is in their conical hull, i.e. 𝑥 = ∑𝑤𝑖𝑝𝑖(𝑥) where
𝑤𝑖 ≥ 0, and we have 𝑥 ∈ Ω if and only if ∑𝑤𝑖 ≤ 1. If the step size Δ is small, we have most
likely that either 𝑐(Xprop

(𝑛+1)Δ) = 𝑐(X𝑛Δ), or that 𝐹𝑐(Xprop
(𝑛+1)Δ)

is a neighbouring facet of 𝐹𝑐(X𝑛Δ). As such,
keeping track of 𝑐(X𝑛Δ) enables us to quickly find 𝑐(𝑥(𝑛+1)Δ) with high probability and hence
check if Xprop

(𝑛+1)Δ ∈ Ω. In a similar fashion, we have most likely that 𝑐(𝑥) = 𝑖∗(𝑥) or that 𝐹𝑖∗(𝑥)
is a neighbouring facet of 𝐹𝑐(𝑥), thence, if we accept a very small probability of error, we can
drastically reduce computation time by only considering the neighbours of 𝐹𝑐(𝑥) and 𝑐(𝑥) itself
when computing 𝑖∗(𝑥).
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While implementations ideally should make use of multi-threading, the following examples
are supposed to be proofs of concept, so that it was sufficient for our purposes to implement
the algorithms in R, a high-level language incompatible with multi-threading. We therefore
only discuss examples in dimensions 𝑑 = 2 and 𝑑 = 3, where visualization is also much more
straight-forward.

In the simple case of a pure Brownian motion, corresponding to e−𝑉 ≡ 1, and given radially
symmetric costs 𝑓 = ‖⋅‖, one expects the optimal reflection boundary to be a sphere centered
at 0. Optimizing the corresponding cost functional over the space of such balls only, gives the
optimization problem a parametric structure that can be easily solved analytically to reveal the
optimal ball to be Ω∗ = 𝐵(0, 𝑟∗), where 𝑟∗ =

√
(𝑑 + 1)𝜅. It is now interesting to test our method

with regard to two questions: does the numerical optimization over the more general class of
star-shaped domains support our intuition by identifying a ball as the optimal reflection domain,
and if so, do we obtain a good approximation of the optimal radius 𝑟∗ =

√
(𝑑 + 1)𝜅 as well? The

result for different choices of 𝜅 is visualized in Figure A.5, giving an affirmative answer to both
questions. Curiously, it also appears in Figure A.5 that convergence towards an optimum is
actually faster for 𝑑 = 3 than for 𝑑 = 2 in this particular example. A possible explanation for
this is that while for 𝑑 = 2, each vertex of the polygon approximation is connected to only 2
neighbours, for 𝑑 = 3 each vertex is connected to 6. This results in each variable having a larger
impact on the objective function, which may lead to the gradient being a better estimate for
which direction is optimal for the objective.

Our method is also well-equipped for handling more challenging non-symmetric situations,
where it is hard to make an educated guess on the optimal shape. As such, we also test the
method on Ornstein–Uhlenbeck processes with strong correlation, in particular the processes

dXΩ
𝑡 = −𝑀XΩ

𝑡 d𝑡 +
√
2 dB𝑡 + 𝑛(XΩ

𝑡 ) dL
Ω
𝑡 , 𝑀 = [

1 0.9
0.9 1 ]

−1

,

as well as a skewed cost-function, namely 𝑓 (𝑥, 𝑦) =
√
𝑥2 + 5𝑦2. The found approximately opti-

mal shapes can be seen in Figure A.6. Here, for each shape we take 𝑁 = 50, 𝜅 = 1 and use the
BFGS algorithm to find the optimal shape with starting values 𝑟𝑖 = 1 for 𝑖 = 1, … , 50. Figure A.6
also shows simulations of the above reflected processes in these approximately optimal shapes
to asses the convergence of the realized costs towards the theoretical objective function. We
simulate the relevant processes with time-steps of 10−4 until time 𝑇 = 100 (but plot only until
𝑇 = 10 for visual clarity). The average realized cost in comparison to the expected average costs
are given in Table A.1. Repeating the experiment for Brownian motion, but with 𝑑 = 3 (here,
we take the skew cost function as 𝑓 (𝑥, 𝑦, 𝑧) =

√
𝑥2 + 5𝑦2 + 𝑧2) reveals similar optimal shapes,

as seen in figure A.7.
For a more exotic example, we now test the effect of 𝜅 on the optimal shape for different

cost functions 𝑓 . In particular, in the following we let 𝜇1 = (0, −2), 𝜇2 = (2 cos 𝜋6 , 1) and 𝜇3 =
(−2 cos 𝜋6 , 1) and consider as 𝜌 the mixture distribution of three Gaussians with these points as
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Figure A.5: For each value of 𝜅, we use the BFGS algorithm (using the built-in R implementation optim)
to find an approximate optimal shape. To not bias the results towards a ball, we initialize the algorithm with
𝑟𝑖 = 1 + 1

2𝑈𝑖, where 𝑈𝑖 ∼ Unif[−1, 1] for 𝑖 = 1, … , 𝑁 (𝑁 ≈ 200). Once the approximate optimal values
𝑟̂1, 𝑟̂2, … , 𝑟̂𝑁 are found, we plot the mean of these along with error bars with height of their standard deviation.
The standard deviations all being small indicate that the optimal shapes are approximately ball-shaped and
their means give an approximation of the optimal radius. For reference we draw a curve of the theoretical
optimal values 𝑟∗ =

√
(𝑑 + 1)𝜅. Finally, we also add a bar-plot illustrating the number of iterations of the

BFGS algorithm were needed to compute the shapes.

Brownian motion Ornstein–Uhlenbeck
norm cost function 2.22 (2.31) 1.18 (1.15)
skewed cost function 2.83 (2.91) 1.66 (1.74)

Table A.1: Average realized costs vs. expected average long term costs (in brackets)

means, i.e.

𝜌(𝑥) ∝ exp( −
‖𝑥 − 𝜇1‖2

2 ) + exp( −
‖𝑥 − 𝜇2‖2

2 ) + exp( −
‖𝑥 − 𝜇3‖2

2 ).

We then consider for a variety of values of 𝜅 the two cost functions 𝑓 = ‖⋅‖ and 𝑓 (𝑥) = min{‖𝑥 −
𝜇1‖, ‖𝑥−𝜇2‖, ‖𝑥−𝜇3‖} and plot the results in figure A.8. Note that the second cost function does not
satisfy argmin 𝑓 = 0, so while it does not fit exactly into the general framework of this article,
we include it here since it illustrates the interplay between 𝜌, 𝜅 and 𝑓 fairly well. As intuitively
expected, for the norm cost function it appears optimal to reflect near each of the three modes of
𝜌, revealing especially for larger 𝜅 a triangular-like shape. For the other cost function, it appears
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Figure A.6: Simulated optimal shapes and corresponding path realizations of reflected processes. Top left:
Brownian motion with norm cost. Top right: Ornstein–Uhlenbeck process with norm cost. Bottom left: Brown-
ian motion with skewed cost. Bottom right: Ornstein–Uhlenbeck process with skewed cost.

that essentially a merger of three balls around the three modes is optimal. This might, however,
be an artefact of our searching only through shapes that are star-shaped at 0. It might in fact be
the case that 𝐽 (Ω) has three distinct minima centred around the three modes of 𝜌.

Finally, we wish to numerically assess the effectiveness of the methods discussed in Section
A.3, i.e. when the density 𝜌 is unknown. In particular, we consider the Ornstein–Uhlenbeck
process X in ℝ2 governed by

dX𝑡 = −
X𝑡

10
d𝑡 +

√
2 dB𝑡 ,

and simulate data from this model until time 𝑇end for increasing values of 𝑇end, corresponding to
increasing periods of exploration. For each simulation, we then estimate the invariant density 𝜌
(here a normal density) via a time-discretized version of the kernel density estimator as well as
its gradient ∇𝜌 via the gradient of the kernel estimator. In particular, for simulated observations
X𝑛Δ, 𝑛 = 0,… , 𝑇end/Δ (here we take Δ = 10−3) we use the following estimates:

𝜌(𝑥) ∶=
1

𝑇end/Δ

𝑇end/Δ

∑
𝑛=0

𝕂h(𝑥 − X𝑛Δ), and ∇̂𝜌(𝑥) ∶=
1

𝑇end/Δ

𝑇end/Δ

∑
𝑛=0

∇𝕂h(𝑥 − X𝑛Δ).
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Figure A.7: Optimal shapes for Brownian motion with reflection cost 𝜅 = 1 and cost function 𝑓 = ‖⋅‖ (left)
and 𝑓 (𝑥, 𝑦, 𝑧) =

√
𝑥2 + 5𝑦2 + 𝑧2 (right).

Figure A.8: For each 𝜅, we plot the optimal shape found by the BFGS algorithm, where 𝜌 is a mixture of three
Gaussians with means at the points marked in red. Left: Norm cost function, 𝑓 = ‖⋅‖. Right: Cost function
𝑓 (𝑥) = min{‖𝑥 − 𝜇1‖, ‖𝑥 − 𝜇2‖, ‖𝑥 − 𝜇3‖}.



68 Article A

Here, for numerical simplicity, we take 𝐾 to be a standard normal density and ℎ1 = ℎ2 = 1√
𝑇end

.
Finally, setting 𝑓 = ‖⋅‖ and 𝜅 = 1, we use Theorem A.26 along with (A.31) and (A.32) to obtain
a data-driven estimate of 𝐽 (Ω) and ∇𝐽 (Ω), which we then optimize as before with the BFGS
algorithm. The results are shown in Figure A.9.

Figure A.9: Estimates of the optimal shape (black) using kernel estimates after increasing periods of explo-
ration. Notably, after only 𝑇 = 150, the estimated optimal shape has an associated cost only 0.61% higher than
the true optimum.

A.A Proof of Theorem A.26

Proof. We first note that 𝜂 is simply repeated linear interpolation. That is, if 𝐿(𝑡; 𝑥, 𝑦) ∶= 𝑥 +
𝑡(𝑦 − 𝑥) for 𝑡 ∈ (0, 1) and 𝑥, 𝑦 ∈ ℝ𝑑 , we have

𝜂(𝑡1, … , 𝑡𝑑−1) = 𝐿(𝑡1; 𝑝1, 𝐿(𝑡2; 𝑝2, 𝐿(𝑡3; 𝑝3 …))).

As such, for any point 𝑥 ∈ int 𝐹 , there exists a unique t ∈ (0, 1)𝑑 such that 𝜂(t) = 𝑥 , and similarly
for any 𝑦 ∈ int 𝑆, a unique 𝑟 ∈ (0, 1) such that 𝑟𝜂(t) = 𝑦. As such, to verify (A.33) and (A.34),
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we only need to show that the functions

(𝑟, t) ↦ (
𝑑

∏
𝑘=1

𝑟𝑘)|𝑄|𝜓(t)𝑟
𝑑−1, and t ↦ ‖adj(𝑄⊤)𝑟rat‖2𝜓(t),

denote the Jacobian and Gramian of (𝑟, t) ↦ 𝑟𝜂(t) and 𝜂, respectively. To this end, we introduce
the following notation: let 𝑡𝑑 ≡ 0, 𝑇1 = 1 and set 𝑇𝑖 = ∏𝑖−1

𝑗=1 𝑡𝑗 for 𝑖 = 2, … , 𝑑. Then we may write
𝜂(𝑡1, … , 𝑡𝑑−1) = ∑𝑑

𝑖=1 𝑇𝑖(1 − 𝑡𝑖)𝑝𝑖, whereby

𝜕
𝜕𝑡𝑖
𝑟𝜂(𝑡1, … , 𝑡𝑑−1) = 𝑟(

𝜂(𝑡1, … , 𝑡𝑑−1) − ∑𝑖−1
𝑗=1 𝑇𝑗 (1 − 𝑡𝑗 )𝑝𝑗 − 𝑇𝑖𝑝𝑖
𝑡𝑖 ), 𝑖 = 1, … , 𝑑 − 1,

while of course 𝜕
𝜕𝑟 𝑟𝜂 = 𝜂. From this it follows by determinant properties that the Jacobian of

(𝑟, t) ↦ 𝑟𝜂(t) is given by

| (𝑟, t)| = 𝑟𝑑−1(
𝑑−1

∏
𝑖=1

1
𝑡𝑖)(

𝑑

∏
𝑖=1
𝑇𝑖)|𝑃| = |𝑃 |𝜓(t)𝑟𝑑−1,

where 𝑃 is the matrix whose 𝑖’th column is 𝑝𝑖. Noting then that 𝑃 = diag{𝑟1, … , 𝑟𝑑}𝑄 whereby
|𝑃 | = (∏𝑑

𝑘=1 𝑟𝑘)|𝑄| shows (A.33). To show (A.34), we note that since 𝐹 lies in a 𝑑 −1-dimensional
hyperplane, say 𝐻 , we may embed it in ℝ𝑑−1 by an isometry Ψ∶ 𝐻 → ℝ𝑑−1 with Ψ(𝑝1) = 0.
Specifically, Ψ can be constructed as 𝑥 ↦ Ψ′(𝐴(𝑥 − 𝑝1)), where 𝐴 is the rotation matrix such
that the 𝑑’th coordinate of 𝐴𝑥 is 0 for all 𝑥 ∈ 𝐻 , and Ψ′ ∶ ℝ𝑑 → ℝ𝑑−1 simply discards the
last coordinate. Then, integrating a function 𝑔 over 𝐹 with respect to 𝑑−1 is equivalent to
integrating 𝑔 ◦ Ψ−1 over Ψ(𝐹) with respect to the 𝑑 − 1-dimensional Lebesgue measure. Now,
since Ψ(𝐹) by the above construction of Ψ is a simplex in ℝ𝑑−1 consisting of the origin and 𝑑 − 1
other points, say 𝑝′1, … , 𝑝′𝑑−1, it follows by the above,

∫
Ψ(𝐹)

𝑔 ◦ Ψ−1(𝑥)d𝑥 = |𝑃 ′| ∫
1

0
∫
(0,1)𝑑−2

𝑔 ◦ Ψ−1(𝑟𝜂′(t))𝜓′(t)𝑟𝑑−1 dt d𝑟,

where 𝜂′ similarly is linear interpolation between 𝑝′1, … , 𝑝′𝑑−1, 𝜓′ is the 𝑑−1-dimensional equiv-
alent of 𝜓 and 𝑃 ′ is the (𝑑−1)×(𝑑−1)matrix whose 𝑖’th column is 𝑝′𝑖 . By some elementary sub-
stitutions and renaming of variables, we may write in an abuse of notation Ψ−1(𝑟𝜂′(t)) = 𝜂(t)
and 𝜓′(t)𝑟𝑑−1 = 𝜓(t). Finally, to find |𝑃 ′|, we see

|𝑃 ′| = (𝑑 − 1)!𝜆𝑑−1(Ψ(𝐹)) = (𝑑 − 1)!𝜆𝑑−1(𝐹),

where we use that Ψ is an isometry and hence preserves volumes. This scaled 𝑑 −1 dimensional
volume is given by the square root of a Gram determinant, i.e. the determinant of the (𝑑 − 1) ×
(𝑑 − 1) matrix 𝐺 whose 𝑖, 𝑗 ’th entry is ⟨𝑝𝑖+1 − 𝑝1, 𝑝𝑗+1 − 𝑝1⟩. Such matrices enjoy the property
that

|𝐺| = ||| [
𝑃
1⊤]

⊤

[
𝑃
1⊤]

||| − |𝑃⊤𝑃| = ||| [
𝑃
1⊤]

⊤

[
𝑃
1⊤]

||| − |𝑃 |2,
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where 1 ∈ ℝ𝑑 is the vector of all 1’s. Furthermore, the Cauchy–Binet formula yields that

||| [
𝑃
1⊤]

⊤

[
𝑃
1⊤]

||| =
𝑑+1

∑
𝑘=1

|𝑃 (𝑘)|2,

where 𝑃 (𝑘) is thematrix [𝑃⊤ 1]
⊤with the 𝑘’th row removed. Thus, we have |𝑃 ′| =

√
∑𝑑
𝑘=1 |𝑃 (𝑘)|2,

since the 𝑑 + 1’st term of the above sum corresponds exactly to |𝑃 |2. Now, by the recursive for-
mula for determinants, the determinant of 𝑃 (𝑘) is given as the sum of cofactors along the 𝑑’th
row (since this row is all 1’s). But removing the 𝑑’th row and 𝑗 ’th column from 𝑃 (𝑘) is exactly
the same as removing the 𝑘’th row and 𝑗 ’th column from 𝑃 , whereby

|𝑃 (𝑘)| =
𝑑

∑
𝑗=1

(−1)𝑘+𝑗 |𝑃 (𝑘,𝑗)| =
𝑑

∑
𝑗=1

(−1)𝑘+𝑗(∏
𝑙≠𝑗
𝑟𝑙)|𝑄

(𝑘,𝑗)| = (adj 𝑄⊤)⊤𝑘 𝑟rat,

where 𝑃 (𝑘,𝑗) denotes 𝑃 after removing the 𝑘’th row and 𝑗 ’th column, and similarly for 𝑄. From
this, it follows clearly that |𝑃 ′| = ‖adj(𝑄⊤)𝑟rat‖, as desired.

To show (A.35), let 𝑖 ∈ {1, … , 𝑑} be fixed and consider now for some small ℎ the simplex 𝑆ℎ
with a vertex at the origin and at the points 𝑝1, … , 𝑝𝑖−1, 𝑟𝑖+ℎ𝑟𝑖 𝑝𝑖, 𝑝𝑖+1, … , 𝑝𝑑 . Since either 𝑆 ⊆ 𝑆ℎ
or 𝑆ℎ ⊆ 𝑆, the symmetric difference 𝑆 △ 𝑆ℎ is another simplex with vertices at 𝑝1, … , 𝑝𝑑 and
𝑟𝑖+ℎ
𝑟𝑖
𝑝𝑖. Assume without loss of generality that 𝑆 ⊆ 𝑆ℎ. Shifting the coordinate system so that

𝑝𝑖 lies at the origin, we get a simplex with a vertex at the origin and at the points 𝑝1 − 𝑝𝑖, 𝑝2 −
𝑝𝑖, … , ℎ𝑟𝑖 𝑝𝑖, … , 𝑝𝑑 − 𝑝𝑖. Note that by properties of the determinant, we get

||| [
𝑝1 − 𝑝𝑖 𝑝2 − 𝑝𝑖 ⋯ ℎ

𝑟𝑖
𝑝𝑖 ⋯ 𝑝𝑑 − 𝑝𝑖]

||| =
ℎ
𝑟𝑖
|𝑃 |.

Using this and (A.33), we find that

∫
𝑆ℎ
𝑔(𝑥)d𝑥 − ∫

𝑆
𝑔(𝑥)d𝑥 = ∫

𝑆ℎ⧵𝑆
𝑔(𝑥)d𝑥

= ℎ(∏
𝑘≠𝑖
𝑟𝑘)|𝑄| ∫

1

0
∫
(0,1)𝑑−1

𝑔(𝑟𝜂𝑖,ℎ(t) + 𝑝𝑖)𝑟𝑑−1𝜓(t) dt d𝑟,

where, using the same notation as earlier,

𝜂𝑖,ℎ(𝑡1, … , 𝑡𝑑−1) = 𝑇𝑖(1 − 𝑡𝑖)
ℎ
𝑟𝑖
𝑝𝑖 +∑

𝑗≠𝑖
𝑇𝑗 (1 − 𝑡𝑗 )(𝑝𝑗 − 𝑝𝑖).

Dividing by ℎ and letting ℎ → 0 (implicitly using dominated convergence and the continuity of
𝑔), we thus find

𝜕
𝜕𝑟𝑖 ∫𝑆

𝑔(𝑥)d𝑥 = (∏
𝑘≠𝑖
𝑟𝑘)|𝑄| ∫

1

0
∫
(0,1)𝑑−1

𝑔(𝑟𝜂𝑖,0(t) + 𝑝𝑖)𝑟𝑑−1𝜓(t) dt d𝑟. (A.37)
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Noting that

∑
𝑗≠𝑖
𝑇𝑗 (1 − 𝑡𝑗 ) =

𝑑−1

∑
𝑗≠𝑖

(𝑇𝑗 − 𝑇𝑗+1) + 𝑇𝑑 = 𝑇1 − (𝑇𝑖 − 𝑇𝑖+1) = 1 − 𝑇𝑖(1 − 𝑡𝑖),

we find

𝑟𝜂𝑖,0(𝑡1, … , 𝑡𝑑−1) + 𝑝𝑖 = 𝑟(∑
𝑗≠𝑖
𝑇𝑗 (1 − 𝑡𝑗 )(𝑝𝑗 − 𝑝𝑖)) + 𝑝𝑖

= 𝑟(∑
𝑗≠𝑖
𝑇𝑗 (1 − 𝑡𝑗 )𝑝𝑗 − (1 − 𝑇𝑖(1 − 𝑡𝑖))𝑝𝑖) + 𝑝𝑖

= 𝑟𝜂(𝑡1, … , 𝑡𝑑−1) + (1 − 𝑟)𝑝𝑖,

which together with (A.37) yields

𝜕
𝜕𝑟𝑖 ∫𝑆

𝑔(𝑥)d𝑥 = (∏
𝑘≠𝑖
𝑟𝑘)|𝑄| ∫

1

0
∫
(0,1)𝑑−1

𝑔(𝑟𝜂(t) + (1 − 𝑟)𝑝𝑖)𝑟𝑑−1𝜓(t) dt d𝑟.

At this point we remark that changing the ordering of the points 𝑝1, … , 𝑝𝑑 yields the same
simplex, and so 𝐽 (Ω) is independent of the ordering. Hence, swapping 𝑝𝑖 and 𝑝1 and changing 𝜂
to 𝜂𝑖 has no influence on 𝐽 (Ω), and going through the above calculations again with this change
(effectively setting 𝑖 = 1), we arrive at the same result. Thus, changing 𝜂 to 𝜂𝑖 in the above, we
see

𝑟𝜂𝑖(𝑡1, … , 𝑡𝑑−1) + (1 − 𝑟)𝑝𝑖 = (1 − 𝑟𝑡1)𝑝𝑖 + 𝑟𝑡1(1 − 𝑡2)𝑝2 + ⋯ + 𝑟𝑡1(
𝑑−1

∏
𝑗=2

𝑡𝑗)𝑝𝑑 = 𝜂𝑖(𝑟𝑡1, … , 𝑡𝑑−1).

Thus, making the substitution 𝑢 = 𝑟𝑡1 in the above integral, we get

∫
1

0
∫
(0,1)𝑑−1

𝑔(𝑟𝜂𝑖(t) + (1 − 𝑟)𝑝𝑖)𝑟𝑑−1𝜓(t) dt d𝑟 = ∫
1

0
∫
(0,1)𝑑−2

∫
𝑟

0
𝑔(𝜂𝑖(𝑢, t))𝜓(𝑢, t)d𝑢 dt d𝑟

= ∫
(0,1)𝑑−2

∫
1

0
𝑔(𝜂𝑖(𝑢, t))𝜓(𝑢, t)(1 − 𝑢) d𝑢 dt

= ∫
(0,1)𝑑−1

𝑔(𝜂𝑖(t))𝜓(t) dt,

which shows (A.35). Finally, (A.36) follows from the fact that

𝜕
𝜕𝑟𝑖

‖adj(𝑄⊤)𝑟rat‖ =
𝜕
𝜕𝑟𝑖

√
‖adj(𝑄⊤)𝑟rat‖2 =

(adj(𝑄⊤)𝑟rat)⊤( 𝜕𝜕𝑟𝑖 adj(𝑄
⊤)𝑟rat)

‖adj(𝑄⊤)𝑟rat‖

=
𝑟⊤rat adj(𝑄𝑄⊤)𝑟

(𝑖)
rat

‖adj(𝑄⊤)𝑟rat‖
,

and that 𝜕
𝜕𝑟𝑖
𝜂𝑖(𝑡1, … , 𝑡𝑑−1) = (1 − 𝑡1)𝑞𝑖.
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Statistical guarantees for denoising reflected diffusion models

Asbjørn Holk, Claudia Strauch and Lukas Trottner

Abstract
In recent years, denoising diffusion models have become a crucial area of research due to their
abundance in the rapidly expanding field of generative AI. While recent statistical advances
have delivered explanations for the generation ability of idealised denoising diffusion models
for high-dimensional target data, implementations introduce thresholding procedures for the
generating process to overcome issues arising from the unbounded state space of such models.
This mismatch between theoretical design and implementation of diffusion models has been
addressed empirically by using a reflected diffusion process as the driver of noise instead. In
this paper, we study statistical guarantees of these denoising reflected diffusion models. In
particular, under Sobolev smoothness assumptions, we establish rates of convergence in total
variation which, up to a polylogarithmic factor, match the minimax lower bound. Our main
contributions include the statistical analysis of this novel class of denoising reflected diffusion
models and a refined score approximation method in both time and space, leveraging spectral
decomposition and rigorous neural network analysis.
Keywords: diffusion models, score-based generative models, reflected diffusions, minimax
optimality, deep neural networks

B.1 Introduction

Deep generative models (DGMs) are a broad class of models that train deep neural networks
to generate synthetic samples from a target distribution representing a given training data set.
Examples that have shown tremendous empirical success in the last decade include the classes
of Generative Adversarial Networks (GANs) [4, 49, 88, 136], Variational Autoencoders [64] and
normalising flows [93, 100, 115]. Most recently, dynamic generative methods, which work by
learning the reverse dynamics of a forward noising process that gradually evolves the original
data distribution into a simple and easy-to-sample-from distribution, have gained much traction
in the machine learning community. The most prominent class of such models are Denoising
DiffusionModels (DDMs) in discrete and continuous time [55, 104, 106, 107], which addGaussian
noise to the data and for which the backward dynamics is determined by the gradient of the log
likelihood of the forward marginals, also known as the score. The score is intractable as it
depends on the unknown initial data distribution and therefore needs to be learned, which is
why these models are also referred to as score-based generative models.

These models have been adapted and improved for enhanced efficiency and performance in
numerous applications. However, the statistical theory for standard DGMs is still under active
development with many basic questions left unanswered. The statistical theory for GANs is
perhaps the most mature among DGMs, with significant efforts in the recent past [20, 23, 75,
97, 102, 109, 110, 119] to build a minimax theory that, among other things, draws on deeper
connections to optimal transport theory [24, 128].
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Related work Starting only recently with the seminal paper [89], the study of statistical con-
vergence guarantees for standard denoising diffusion models has experienced rapid growth in
the past two years. For denoising diffusion models in ℝ𝐷 that transform data into noise via a
forward Ornstein–Uhlenbeck process, [89] prove total variation and Wasserstein-1 rates that
match the minimax lower bound over Besov classes up to log factors for the total variation and
arbitrarily small polynomial loss for theWasserstein-1 distance. Their assumptions on the initial
distribution with density 𝑝0 can be summarised by three key components:

(i) 𝑝0 is compactly supported on the 𝐷-dimensional hypercube [−1, 1]𝐷;

(ii) 𝑝0 is bounded away from zero on its support;

(iii) 𝑝0 has Besov smoothness of order 𝛼 away from the support boundary (where 𝛼 is al-
lowed to be sufficiently small to not necessarily imply continuity of 𝑝0) and is infinitely
differentiable close to the boundary.

These assumptions provide a natural starting point from a statistical perspective, since they al-
low one to easily control certain quantities in the approximation analysis that would otherwise
obscure the central mathematical ideas. However, these assumptions have practical limitations
since, in many empirical applications, data distributions tend to be multimodal and extremely
high-dimensional. Consequently, the resulting optimal rates, derived in terms of the ambient di-
mension𝐷, often do not align with the empirical success of diffusion models in generating high-
quality samples in such complex scenarios. This gap hasmotivated recent studies to extend these
results to cases where data distributions are constrained to lower-dimensional structures, align-
ing with the widely held manifold hypothesis, which suggests that popular high-dimensional
training data sets are supported on lower-dimensional manifolds. [22], [118] and [6] have ex-
panded the analysis to such structured settings, refining the rates in Wasserstein-1 distance and
providing theoretical foundations for understanding the adaptivity of DDMs to low-dimensional
structures.

Our contribution Our work offers a different type of extension: we provide statistical con-
vergence guarantees for denoising reflected diffusion models (DRDMs). This class of generative
models was introduced and empirically implemented in [80], motivated by the observation that,
in practice, the implementation of the generation process of standard DDMs relies significantly
on the incorporation of thresholding procedures to prevent the backward process, which has
unbounded state space, from exiting the permitted range of target samples (say, e.g., tensors
containing bounded RGB values of pixels in an image). Since such thresholding procedures
have no theoretical justification in the design of unconstrained diffusion models, [80] suggest
using reflected diffusion processes on bounded domains Ω as the forward noising process and
demonstrate competitive performance to state-of-the-art models with comparable training and
inference times. Specifically, [80] implement a time-changed reflected Brownian motion as for-
ward model, which yields a uniform ergodic distribution on the bounded domain Ω that is used
as initialisation of the backward generative process with learned score obtained by denoising
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score matching, see below. We also refer to [45] and [46] for related work on constrained diffu-
sion models.

To help the reader quickly identify the main technical novelties and to place our results in
the context of the existing literature, let us briefly summarise core contributions of this paper:

– We derive an explicit upper bound on the expected total variation distance between the
data distribution 𝑝0 and the distribution induced by the DRDMwith estimated score, with
a resulting convergence rate which matches the well-known minimax lower bounds over
Sobolev classes up to logarithmic factors.

– We derive a spectral characterisation of the time-dependent score function for reflected
diffusions generated by self-adjoint operators with Neumann boundary conditions, yield-
ing an explicit representation amenable to statistical analysis.

– We construct a calibrated neural network approximation scheme for these spectral score
representations, combining truncation of eigenexpansions with space-time interpolation
to balance approximation accuracy and model complexity.

– We analyse how the semi-explicit nature of transition densities in the reflected setting
impacts score estimation and show how the resulting approximation and estimation errors
can be controlled despite the absence of closed-form Gaussian expressions.

Having outlined these contributions, we now describe the construction and analysis of the re-
flected denoising dynamics in more detail. Time-reversal of the forward noising process mo-
tivates the formulation of the backward generative model, which under suitable regularity as-
sumptions is again given by a reflected diffusion whose drift is determined by the score function

𝑠0(𝑥, 𝑡) ≔ ∇ log 𝑝𝑡(𝑥), 𝑝𝑡(𝑥) ≔ ∫
Ω
𝑞𝑡(𝑦, 𝑥) ℙ(X0 ∈ d𝑦),

where 𝑞𝑡(𝑥, 𝑦) are the transition densities of the reflected forward diffusion and ℙ(X0 ∈ ⋅) is
the data distribution. Since the latter is unknown, the score must be learned from a given i.i.d.
data sample (X0,𝑖)𝑖=1,…,𝑛, which, similarly to the unconstrained diffusion case, is implemented by
minimising an empirical version of the denoising score matching loss

∫
𝑇

𝑇
∫
Ω2
|𝑠(𝑦, 𝑡) − ∇𝑦 log 𝑞𝑡(𝑥, 𝑦)|2𝑞𝑡(𝑥, 𝑦) ℙ(X0 ∈ d𝑥) d𝑦 d𝑡,

in a class of feedforward ReLU neural networks  ∋ 𝑠, where 𝑇 −𝑇 ∈ (0, 𝑇 ] is the stopping time
of the backward reflected diffusion. By the equivalence of denoising and explicit score matching
[129], it therefore becomes crucial to precisely calibrate the neural network class in terms of the
number of observations 𝑛, the dimension 𝐷 and the smoothness 𝛼 of the data to balance the
explicit score approximation error

min
𝑠∈ ∫

𝑇

𝑇
∫
Ω
|𝑠(𝑥, 𝑡) − ∇ log 𝑝𝑡(𝑥)|2𝑝𝑡(𝑥) d𝑥 d𝑡



80 Article B

and the complexity of the class  , measured in terms of its covering number w.r.t. the supremum
norm.

While the approximation analysis for standard diffusion models with Ornstein–Uhlenbeck
forward noising process [6, 22, 89, 118] can rely on the explicitly known Gaussian transition
densities 𝑞𝑡(𝑥, 𝑦), this situation dramatically changes in the reflected model, where the transi-
tion densities are at best semi-explicit and need to be numerically approximated. We choose a
forward reflected diffusion with self-adjoint weighted Laplacian ∇ ⋅ 𝑓 ∇ subject to a Neumann
boundary condition as a generator, which provides us with a space-time spectral decomposition
of the transition densities of the form

𝑞𝑡(𝑥, 𝑦) =
∞

∑
𝑗=0

e−𝑡𝓁𝑗 𝑒𝑗 (𝑥)𝑒𝑗 (𝑦), 𝑡 > 0, 𝑥, 𝑦 ∈ Ω, (B.38)

for eigenpairs (𝓁𝑗 , 𝑒𝑗 )𝑗∈ℕ0 of −∇ ⋅ 𝑓 ∇ with known growth behaviour.
The statistical estimation of the conductivity 𝑓 based on such reflected diffusion data has

been recently studied for low- and high-frequency observations in [85] and [56], respectively. In
the low-frequency statistical setting, the computational challenges arising from the semi-explicit
nature of (B.38) have been subsequently analysed in [48]. Let us note that, for the specific choice
of 𝑓 ≡ 1/2, the generator is given by 1

2Δ and thus yields a reflected Brownianmotion as a forward
model. Up to a time change, we therefore cover the reflected diffusion models implemented in
[80]. Independently of our choice for the heat conductivity 𝑓 ∶ ℝ𝐷 → [𝑓min, ∞) ⊂ (0,∞), the
forward noising process has a uniform ergodic distribution from which we sample to initialise
the backward generating process. The conductivity 𝑓 (𝑥) controls the speed at which the forward
process diffuses around 𝑥 , with larger values pushing the process faster towards equilibrium, but
also increasing the oscillation of the eigenfunctions 𝑒𝑗 around 𝑥 . This implies a tradeoff between
the convergence speed of the forward model and the approximation difficulty of the backward
model. For some potential 𝑉 ∶ ℝ𝐷 → ℝwe could also consider the generator𝑉 ≔ e𝑉∇ ⋅ e−𝑉 𝑓 ∇
with Neumann boundary conditions instead, resulting in a normally reflected forward diffusion
with stationary distribution 𝜇𝑉 ∝ e−𝑉 and a spectral decomposition as in (B.38) with respect to
the dominating measure 𝜇𝑉 (𝑦) d𝑦, see [85]. For the particular choice of 𝑓 = 1/2, this yields a
reflected (overdamped) Langevin diffusion process. Our general approximation approach, which
is described below, could be adapted to this scenario. However, in the context of generative
modelling, we are primarily interested in a stationary forward distribution that is easy to sample
from. As long as the domainΩ is sufficiently nice, this is clearly satisfied for the uniform ergodic
distribution in themodel considered here, but it is generally difficult for space-dependent choices
of 𝑉 , which require sampling from 𝜇𝑉 ∝ e−𝑉 via MCMC methods, which are expensive in the
dimension 𝐷. From a practical perspective, it is therefore quite natural to consider reflected
diffusion models with uniform stationary distribution.

To get a grasp on the neural network approximation of the score obtained from (B.38), we
impose assumptions on the data distribution ℙ(X0 ∈ ⋅), which in the technical setting of [85]
provide a natural analogue to the three essential conditions assumed for the data distribution in
the statistical analysis of unconstrained diffusion models alluded to above. More precisely, let
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𝐻𝛼
𝑐 (Ω) be the class of compactly supported Sobolev functions of order 𝛼 on Ω, where we extend

any function 𝜑 ∈ 𝐻𝛼
𝑐 (Ω) to Ω by setting 𝜑|𝜕Ω = 0. We assume that

(0) there exist a nonnegative function 𝑝0 ∈ 𝐻𝛼
𝑐 (Ω), for 𝛼 ∈ ℕ ∩ (𝐷/2,∞), and 𝑝min > 0 such

that ℙ(X0 ∈ ⋅) has a density 𝑝0 ∶ Ω → [𝑝min, ∞) given by 𝑝0 = 𝑝0 + 𝑝min.

This simplifying assumption provides a strictly positive lower bound 𝑝min > 0 on the data dis-
tribution, while at the same time avoiding boundary issues associated with reflection thanks to
𝑝0 ∈ 𝐻𝛼

𝑐 (Ω)/ℝ and guaranteeing Hölder continuity of 𝑝0 by the Sobolev smoothness condition
𝛼 > 𝐷/2.

These conditions are directly comparable to the assumptions made on the data density 𝑝0 in
[89]:

– in their unconstrained model, they allow the noising and denoising processes to leave the
support [−1, 1]𝐷 and assume a lower bound 𝑝0|[−1,1]𝐷 ≥ 𝑝min > 0. We enforce the support
constraint by restricting the generative model to Ω = supp 𝑝0 and therefore assume 𝑝0 =
𝑝0|Ω ≥ 𝑝min > 0.

– [89] assumes Besov smoothness 𝑝0 ∈ 𝐵𝛼𝑝,𝑞 for 𝛼 > (1/𝑝 − 1/2) ∨ 0, with the additional
restriction that 𝑝0 is arbitrarily smooth near the boundary. Since 𝐻𝛼 = 𝐵𝛼2,2, our Sobolev
assumption on 𝑝0 is more restrictive, and our requirement that 𝛼 > 𝐷/2 implies continuity
of 𝑝0. For the particular case 𝑝 = 𝑞 = 2, however, [89] impose no restrictions on the
smoothness parameter 𝛼 > 0. We enforce arbitrary smoothness close to the boundary in
a specific way by modelling 𝑝0 as the shift of a compactly supported function on the open
domain Ω.

Given the preceding discussion, our focus in this paper is therefore not to optimise our initial
data assumptions with regard to what is observed in practice for popular data sets. We rather
opt for a set of conditions that shares common principles with previous studies for standard
DDMs, but allows us to highlight the central mathematical ideas for score approximation in
the reflected setting and to develop a fairly compact approximation theory that we regard as a
versatile starting point for future statistical investigations.

Given (0), the score can be written as

𝑠(𝑥, 𝑡) = ∇ log 𝑝𝑡(𝑥) =
∑∞
𝑗=0 e−𝑡𝓁𝑗 ⟨𝑝0, 𝑒𝑗 ⟩𝐿2∇𝑒𝑗 (𝑥)

∑∞
𝑗=0 e−𝑡𝓁𝑗 ⟨𝑝0, 𝑒𝑗 ⟩𝐿2𝑒𝑗 (𝑥)

, 𝑥 ∈ Ω, 𝑡 > 0.

Our neural network approximation strategy is then broken down into the following steps:

1. truncate the series representation of 𝑝𝑡(𝑥) at 𝑗 = 𝑁 to obtain an approximation ℎ𝑁 (𝑥, 𝑡)
and corresponding truncated score ∇ log ℎ𝑁 (𝑥, 𝑡), where 𝑁 needs to be appropriately cho-
sen depending on 𝑛, 𝛼 and 𝐷;
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2. for an appropriately chosen discrete set of time points {𝑡𝑖}, use the spatial smoothness of
ℎ𝑁 (𝑥, 𝑡𝑖) induced by the Sobolev smoothness of 𝑝0 to obtain an efficient neural network
approximation of ℎ𝑁 (⋅, 𝑡𝑖), based on general approximation results from [114];

3. approximate the space-time function ℎ𝑁 (𝑥, 𝑡) by constructing a neural network approxi-
mation of the time interpolation of the neural networks from Step 2., where the interpo-
lation degree is adapted to the parameters 𝑁 , 𝛼 and 𝐷.

All steps require a careful calibration of the approximation parameters and accordingly the neu-
ral network sizes, which is made possible by a precise analysis of the different levels of numeri-
cal errors induced by our stepwise approach. These techniques may be of independent interest
since they are applicable to generic spectral decompositions of semigroups associated to self-
adjoint Markov generators. In particular, this is potentially relevant for extending the statistical
analysis to the unifying class of denoising Markov models that has been recently introduced in
[12], see also [99]: following our previous discussion of generalised reflected forward models
with self-adjoint generator 𝑉 = e𝑉∇ ⋅ 𝑓 e−𝑉∇ and associated spectral decomposition of the
transition density 𝑞𝑡(𝑥, 𝑦) relative to the invariant density 𝜇𝑉 ∝ e−𝑉 , for a general self-adjoint
Markov generator  with invariant distribution 𝜇 and eigendecomposition (𝓁𝑗 , 𝑒𝑗 )𝑗∈ℕ0 in 𝐿2(𝜇),
the unknown forward marginals that are needed to express the backward generator in denoising
Markov models are decomposed as

𝑝𝑡(𝑥) =
∞

∑
𝑗=0

e−𝑡𝓁𝑗 ⟨𝑝0, 𝑒𝑗 ⟩𝐿2(𝜇)𝑒𝑗 (𝑥).

Thus, under appropriate assumptions on 𝑝0 and controls on the eigenvalues and eigenfunctions,
as well as with detailed knowledge of the invariant distribution 𝜇, a neural-network approxi-
mation of the space-time function 𝑝𝑡(𝑥) and functionals thereof appears plausible, using the
general strategy introduced in this paper.

This strategy allows us to determine an explicit calibration of the neural network class  , the
forward terminal time 𝑇 and the backward early stopping time 𝑇 −𝑇 , such that for the empirical
denoising score loss minimiser 𝑠𝑛 in this class of neural networks, we obtain the convergence
rate

𝔼[TV(𝑝0, ⃗𝑝𝑠̂𝑛𝑇−𝑇 )] ≲ 𝑛
− 𝛼

2𝛼+𝐷 (log 𝑛)3(log log 𝑛)1/2.

Here, ⃗𝑝𝑠̂𝑛𝑡 denotes the density at time 𝑡 of the backward generating reflected diffusion that has
drift term determined by 𝑠̂𝑛 and is started in the uniform distribution on Ω. This establishes
an expected total variation convergence rate (up to small log-factors) for denoising reflected
diffusion models that matches the well-knownminimax lower bound over Sobolev classes [133].

Organisation of the paper The paper is structured as follows. In Section B.2, we provide the
necessary technical background on denoising diffusion models. Here, we briefly outline the fun-
damentals underlying standard unconstrained DDMs, before providing a precise mathematical
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framework for denoising reflected diffusion models. Section B.3 introduces the exact specifica-
tion of the score estimator via denoising score matching and the associated generative model.
We then present our main result, Theorem B.31, with the remainder of the paper dedicated to its
proof. The proof preparation proceeds along three sections. In Section B.3, we present the basic
error decomposition of the expected total variation risk and establish bounds on the first two
sources of error, arising from early stopping and the initiation of the backwards generating pro-
cess in the invariant uniform distribution on Ω. The score matching error as the last component
of the error decomposition is discussed in Section B.3, before in Section B.3, we construct the
neural network approximation of the score that allows us to optimally bound the score match-
ing error. Section B.3 is then dedicated to proving Theorem B.31, based on the results of the
previous subsections.

In the concluding Section B.4, we discuss our findings and highlight promising directions
for future research, motivated by the insights and limitations of this paper.

Notation For an open set Ω and 𝛼 ∈ ℕ, we denote by 𝐻𝛼(Ω) the Sobolev space of functions
having weak partial derivatives up to order 𝛼 in 𝐿2(Ω). We denote the inner product and cor-
responding norm on 𝐿2(Ω) by ⟨⋅, ⋅⟩𝐿2(Ω) and ‖⋅‖𝐿2(Ω), or simply ⟨⋅, ⋅⟩𝐿2 and ‖⋅‖𝐿2 if the domain Ω is
fixed and there is no room for confusion. |⋅| denotes the Euclidean norm on ℝ𝐷 for any 𝐷 ∈ ℕ,
and for a function 𝑓 ∶  → ℝ𝐷 for some space  , ‖𝑓 ‖ = sup𝑥∈ |𝑓 (𝑥)| is its supremum norm.
𝛼(Ω) denotes the space of functions with continuous partial derivatives of order 𝛼 inΩ, and we
let ∞(Ω) = ⋂𝑠∈ℕ 𝛼(Ω). For 𝛽 ∈ (0, 1], 0,𝛽(Ω) is the space of 𝛽-Hölder continuous functions
on Ω. For 1 ≤ 𝑝, 𝑞 ≤ ∞ and 𝑝min > 0, 𝛼𝑝,𝑞(Ω) denote the usual Besov spaces on Ω, cf. [123] for
details.

B.2 Theoretical background

Before introducing our framework for DRDMs, we first recall the basic ideas of unconstrained
diffusion models.

Based on observing a finite number of samples corresponding to an unknown distribution
𝑝0 on ℝ𝐷, DDMs provide an iterative generative algorithm to create new samples that approx-
imately match the target distribution 𝑝0. The general idea is to find a stochastic process that
perturbs 𝑝0 to a new distribution 𝑝𝑇 in such a way that 1) 𝑝𝑇 or a good approximation thereof
is easy to sample from, and 2) the perturbation is reversible in the sense that we know how to
simulate the time-reversed process. In an idealised setting where we have access to the exact
specifications of the backward dynamics, samples from 𝑝0 can be generated exactly by first sam-
pling from 𝑝𝑇 and then running the backward process. However, these dynamics must naturally
adapt to the information contained in the unknown 𝑝0, so the true backward dynamics must be
estimated from the data.

In the framework of DDMs, this perturbation is done via an SDE, i.e., for some fixed time
𝑇 > 0 and suitable drift 𝑏 ∶ [0, 𝑇 ] × ℝ𝐷 → ℝ𝐷 and diffusion coefficient 𝜎∶ [0, 𝑇 ] × ℝ𝐷 → ℝ𝐷×𝐷,
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we consider the forward model

dX𝑡 = 𝑏(𝑡,X𝑡) d𝑡 + 𝜎(𝑡,X𝑡) dB𝑡 , 𝑡 ∈ [0, 𝑇 ],X0 ∼ 𝑝0,

where B = (B𝑡)𝑡∈[0,𝑇 ] is a standard 𝐷-dimensional Brownian motion. Under sufficient regularity
conditions [3, 53], the forward model has a solution X = (X𝑡)𝑡∈[0,𝑇 ] with marginal densities
(𝑝𝑡)𝑡∈[0,𝑇 ] such that the time-reversed process X⃗𝑡 = X𝑇−𝑡 , 𝑡 ∈ [0, 𝑇 ], solves

dX⃗𝑡 = −𝑏(𝑇 − 𝑡, X⃗𝑡) d𝑡 + 𝜎(𝑇 − 𝑡, X⃗𝑡) dB𝑡 , 𝑡 ∈ [0, 𝑇 ], X⃗0 ∼ 𝑝𝑇 , (B.39)

for some Brownian motion (B𝑡)𝑡∈[0,𝑇 ] and drift 𝑏 ∶ [0, 𝑇 ] × ℝ𝐷 → ℝ𝐷 given by

𝑏 𝑖(𝑡, 𝑥) = 𝑏𝑖(𝑡, 𝑥) −
1

𝑝𝑡(𝑥)

𝑑

∑
𝑗 ,𝑘=1

𝜕
𝜕𝑥𝑗

[𝑝𝑡(𝑥)𝜎𝑖𝑘(𝑡, 𝑥)𝜎𝑗𝑘(𝑡, 𝑥)], 𝑖 = 1, … , 𝐷.

Thus, the time-reversed process solves a time-inhomogeneous SDE, with drift −𝑏(𝑇 − ⋅, ⋅) and
diffusion coefficient 𝜎(𝑇 − ⋅, ⋅).

In many practical implementations as well as in the statistical studies [6, 22, 89, 118], the
diffusion coefficient is set to 𝜎(𝑡, 𝑥) = 𝛾(𝑡)𝕀𝐷 for some scalar function 𝛾 , which implies that the
forward model is given by a (possibly time-inhomogeneous) Ornstein–Uhlenbeck process with
explicit transition densities and the backward drift becomes

𝑏(𝑡, 𝑥) = 𝑏(𝑡, 𝑥) − 𝛾 2(𝑡)∇ log 𝑝𝑡(𝑥),

where ∇ log 𝑝𝑡 is referred to as the score of the forward model.
Substituting this into (B.39), we obtain the dynamics

dX⃗𝑡 = ( − 𝑏(𝑇 − 𝑡, X⃗𝑡) + 𝛾 2(𝑇 − 𝑡)∇ log 𝑝𝑇−𝑡(X⃗𝑡)) d𝑡 + 𝛾(𝑇 − 𝑡) dB𝑡 𝑡 ∈ [0, 𝑇 ],X0 ∼ 𝑝𝑇 ,

of the backward process. Then, when 𝑡 → 𝑇 , the density of X⃗𝑡 approaches 𝑝0, so that simulating
the reverse process generates new data samples corresponding to the target 𝑝0.

While we are free to choose the coefficients of our forward process (i.e., 𝑏 and 𝜎), the score
function ∇ log 𝑝𝑡 depends on 𝑝0 and hence needs to be estimated from the data, which is referred
to as score matching.

Reflected generative diffusion models RGDMs follow the same generative principle, but
constrain both forward and backward dynamics to a bounded domain. To avoid some techni-
calities, let us assume that Ω ⊆ ℝ𝐷 is an open, connected and bounded set with ∞ boundary
𝜕Ω. We consider the reflected time-homogeneous forward model

dX𝑡 = 𝑏(X𝑡) d𝑡 + 𝜎(X𝑡) dB𝑡 + 𝜈(X𝑡) dL𝑡 , X0 ∈ Ω,
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with smooth and bounded coefficients 𝑏 ∶ Ω → ℝ𝐷, 𝜎∶ Ω → ℝ𝐷×𝐷 and conormal reflection
determined by

𝜈(𝑥) ∶=
1
2
𝑎(𝑥)𝑛(𝑥) =

1
2

𝐷

∑
𝑖=1

⟨𝜎⋅,𝑖(𝑥), 𝑛(𝑥)⟩𝜎⋅,𝑖(𝑥) > 0, 𝑥 ∈ 𝜕Ω,

where 𝑎 ≔ 𝜎𝜎⊤ is assumed to be uniformly elliptic.
Here, 𝑛 is the inward unit normal vector at the boundary 𝜕Ω, and the process (L𝑡)𝑡≥0 is

the local time at 𝜕Ω, which is a nondecreasing continuous process of bounded variation that
increases only when the solution X hits the boundary, i.e., L𝑡 = ∫ 𝑡

0 𝟏𝜕Ω(X𝑠) dL𝑠 almost surely.
Because of the conormal reflection, the boundary local time can equivalently be characterised
by

L𝑡 = lim
𝜀→0

1
𝜀 ∫

𝑡

0
𝟏(𝜕Ω)𝜀 (X𝑠) d𝑠, (B.40)

where (𝜕Ω)𝜀 ∶= {𝑥 ∈ ℝ𝐷 ∶ dist(𝑥, 𝜕Ω) ≤ 𝜀}, and the limit holds both in 𝐿2 and almost surely,
uniformly on [0, 𝑇 ], cf. Cattiaux [18, Proposition 1.3].

The boundary reflection process 𝐿𝑡 ∶= ∫ 𝑡
0 𝜑(X𝑠) dL𝑠 reflectsX in a conormal direction when-

ever it hits the boundary 𝜕Ω, thus constraining the state space of the diffusion to the compact
set Ω.

The process X is a time-homogeneous Markov process with transition semigroup (𝑄𝑡)𝑡≥0
determined by transition densities (𝑞𝑡)𝑡≥0, given as the fundamental solutions of the PDE with
conormal Neumann boundary condition,

{
𝜕
𝜕𝑡𝑢(𝑥, 𝑡) = 𝑢(𝑥, 𝑡), (𝑥, 𝑡) ∈ Ω × (0, 𝑇 ],
𝜕
𝜕𝜈 𝑢(𝑥, 𝑡) = 0, (𝑥, 𝑡) ∈ 𝜕Ω × (0, 𝑇 ],

where is the second-order differential operator given by

 =
𝐷

∑
𝑖=1
𝑏𝑖(𝑥)𝜕𝑥𝑖 +

1
2

𝐷

∑
𝑖,𝑗=1

𝑎𝑖,𝑗 (𝑥)𝜕𝑥𝑖𝜕𝑥𝑗 .

We denote the density of the forward process at time 𝑡 by 𝑝𝑡 , i.e.,

𝑝𝑡(𝑥) d𝑥 = ℙ(X𝑡 ∈ d𝑥 ∣ X0 ∼ 𝑝0) = ∫
Ω
𝑝0(𝑦) 𝑄𝑡(𝑦, d𝑥) d𝑦 = ∫

Ω
𝑝0(𝑦)𝑞𝑡(𝑦, 𝑥) d𝑦 d𝑥, 𝑥 ∈ Ω.

Similarly to the unconstrained model, Cattiaux [18, Theorem 2.5] shows that time-reversion of
the reflected diffusion process yields a time-inhomogeneous reflected diffusion process, whose
drift is reminiscent of the unconstrained model.

More precisely, letting X⃗𝑇 = (X⃗𝑡)𝑡∈[0,𝑇 ], X⃗𝑡 = X𝑇−𝑡 and L𝑇 = (L𝑡)𝑡∈[0,𝑇 ], L𝑡 = L𝑇 − L𝑇−𝑡 ,
𝑡 ∈ [0, 𝑇 ], there exists a Brownian motion B𝑇 = (B𝑡)𝑡∈[0,𝑇 ] w.r.t. an enlargement of the natural
filtration generated by X⃗𝑇 such that X⃗𝑇 solves

d ⃗X𝑡 = −𝑏(X⃗𝑡) d𝑡 + 𝜎(X⃗𝑡) dB𝑡 + 𝜈(X⃗𝑡) dL𝑡 , X⃗0 ∼ 𝑝𝑇 , (B.41)
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on [0, 𝑇 ), where 𝑏 ∶ [0, 𝑇 ] × Ω → ℝ𝐷 is given by

𝑏 𝑖(𝑡, 𝑥) = 𝑏𝑖(𝑡, 𝑥) −
1

𝑝𝑡(𝑥)

𝑑

∑
𝑗 ,𝑘=1

𝜕
𝜕𝑥𝑗

[𝑝𝑡(𝑥)𝜎𝑖𝑘(𝑡, 𝑥)𝜎𝑗𝑘(𝑡, 𝑥)], 𝑖 = 1, … , 𝑑.

Note that, by definition, L𝑇 is nondecreasing, has bounded variation and satisfies

L𝑡 = ∫
𝑡

0
𝟏𝜕Ω(X⃗𝑠) dL𝑠

for 𝑡 ∈ [0, 𝑇 ], i.e., L𝑇 is the local time at the boundary of the backward process X⃗𝑇 .
A fundamental requirement for diffusion generative modeling is a precise understanding of

the limiting behaviour of the forward process to evaluate the required run time of the forward
process for the backward initialisation to be a sufficiently good approximation of the true termi-
nal forward distribution 𝑝𝑇 . To this end, we choose 𝑏 = ∇𝑓 and 𝜎 =

√
2𝑓 𝕀𝑑×𝑑 for some potential

𝑓 ∶ ℝ𝐷 → [𝑓min, ∞) ⊂ (0,∞). To avoid technicalities, we assume that 𝑓 ∈ ∞(Ω) and that the
smooth and bounded domain Ω is also convex. This enables us to remain within the technical
framework of [85], which provides useful technical results required for our analysis. With our
choice of coefficients, the time-homogeneous forward dynamics are described by the divergence
form 𝐿2-generator

 = ∇ ⋅ 𝑓 ∇ = ⟨∇𝑓 , ∇⋅⟩ + 𝑓 Δ (B.42)

with core
𝐻 1
𝜈 (Ω) ∶= {𝜑 ∈ 𝐻 1(Ω) ∶ 𝜕𝜑/𝜕𝜈 = 0 on 𝜕Ω}

for 𝜈 = 𝑓 𝑛, corresponding to the constrained SDE

dX𝑡 = ∇𝑓 (X𝑡) d𝑡 +
√
2𝑓 (X𝑡) dB𝑡 + 𝜈(X𝑡) dL𝑡 . (B.43)

Note that the ellipticity condition 𝑓 ≥ 𝑓min > 0 implies that the conormal Neumann boundary
condition ⟨𝜈(𝑥), ∇𝜑(𝑥)⟩ = 𝜕𝜑

𝜕𝜈 (𝑥) = 0 for 𝑥 ∈ 𝜕Ω is equivalent to a normal Neumann boundary
condition, i.e., 𝐻 1

𝜈 (Ω) = 𝐻 1
𝑛(Ω).

Thus, both the reflected forward and backward SDEs exhibit normal reflection at the bound-
ary, and (B.43) induces a space-dependent scaling of local time that ensures that the occupation
limit (B.40) holds true. Moreover, the specific choice 𝑓 ≡ 1/2 yields a normally reflected Brow-
nian motion.

By the divergence theorem, it follows that the invariant distribution of the forward Markov
process X is the easy-to-sample-from uniform distribution on Ω, i.e., 𝜇 = 𝜆𝐷 |Ω

𝜆𝐷(Ω)
. Furthermore,

there exist orthonormal eigenpairs (𝓁𝑗 , 𝑒𝑗 )𝑗≥0 of the nonnegative operator −∇ ⋅ 𝑓 ∇ satisfying
0 = 𝓁0 < 𝓁1 ≤ 𝓁2 ≤ ⋯ and obeying the Weyl asymptotics 𝓁𝑗 ≍ 𝑗2/𝐷 and 𝑒0 = 1

𝜆𝐷(Ω)1/2
𝟏 and

(𝑒𝑗 )𝑗≥1 ⊂ 𝐻 1
𝜈 (Ω) ∩ 𝐿20(Ω) such that

𝑞𝑡(𝑥, 𝑦) = ∑
𝑗≥0

e−𝑡𝓁𝑗 𝑒𝑗 (𝑥)𝑒𝑗 (𝑦), 𝑥, 𝑦 ∈ Ω.
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See Nickl [85, Section 3] for a detailed discussion of these properties.
Because 𝑓 ∈ ∞(Ω), Nickl [85, Corollary 1] yields the bounds

‖𝑒𝑗 ‖𝐻𝑘 ≲ 𝓁𝑘/2𝑗 ≍ 𝑗𝑘/𝑑 , 𝑗 ≥ 1,

‖𝑒𝑗 ‖∞ ≲ 𝑗𝜏 , for any 𝜏 > 1/2.

This implies the smoothing property that, for any bounded initial density 𝑝0,

‖𝑝𝑡 ‖𝐻𝑘 ≲ ‖𝑝0‖∞ ∑
𝑗≥0

e−𝑡𝓁𝑗 ‖𝑒𝑗 ‖∞‖𝑒𝑗 ‖𝐻𝑘 ≲ ‖𝑝0‖∞e−𝑡𝑗
2/𝐷
𝑗𝜏+𝑘/𝑑 < ∞, 𝑡 > 0,

for arbitrary 𝜏 > 1/2. By the Sobolev imbedding theorem, we therefore have 𝑝𝑡 ∈ ∞(Ω),
regardless of the smoothness properties of 𝑝0, and we can identify the weak derivatives of 𝑝𝑡
with its classical derivatives. The SDE (B.41) governing the backward dynamics becomes

d ⃗X𝑡 = (∇𝑓 (X⃗𝑡) + 2𝑓 (X⃗𝑡)∇ log 𝑝𝑇−𝑡(X⃗𝑡)) d𝑡 +
√
2𝑓 (X⃗𝑡) dB𝑡 + 𝜈(X⃗𝑡) dL𝑡 ,

with initialisation X⃗0 ∼ 𝑝𝑇 . Thus, even though the diffusion coefficient is state-dependent, the
particular interplay between drift and diffusion coefficient ensures that the backward drift is
fully determined by the forward drift and the score (𝑥, 𝑡) ↦ ∇ log 𝑝𝑡(𝑥), as in the unconstrained
Ornstein–Uhlenbeck forward model with state-independent diffusion coefficient.

By the spectral decomposition of the transition densities, the score is explicitly given by

∇ log 𝑝𝑡(𝑥) =
∑𝑗≥0 e−𝑡𝓁𝑗 ⟨𝑝0, 𝑒𝑗 ⟩𝐿2∇𝑒𝑗 (𝑥)
∑𝑗≥0 e−𝑡𝓁𝑗 ⟨𝑝0, 𝑒𝑗 ⟩𝐿2𝑒𝑗 (𝑥)

, 𝑥 ∈ Ω, 𝑡 > 0, (B.44)

which will be instrumental in analysing the score approximation properties of neural networks
underlying the algorithm described in the next section.

Neural network classes We will construct an estimator of the score via minimising the de-
noising score matching error in an appropriate class of neural networks. For doing so, we in-
troduce parameterised classes of neural networks with ReLU (Rectified Linear Unit) activation
function.

In particular, for any 𝑏, 𝑥 ∈ ℝ𝑚, let

𝜎𝑏(𝑥) =
⎡
⎢
⎢
⎢
⎣

𝜎(𝑥1 − 𝑏1)
𝜎(𝑥2 − 𝑏2)

⋮
𝜎(𝑥𝑚 − 𝑏𝑚)

⎤
⎥
⎥
⎥
⎦

, 𝜎(𝑦) = 𝑦 ∨ 0,

and denote for 𝐿 ∈ ℕ,𝑊 ∈ ℕ𝐿+2, 𝑆 ∈ ℕ and 𝐵 > 0 by Φ(𝐿,𝑊 , 𝑆, 𝐵) the class of neural networks
with depth (i.e., number of hidden layers) 𝐿, layer widths (including input and output layers)𝑊 ,
sparsity constraint 𝑆, and norm constraint 𝐵. We thus consider functions of the form

𝜑(𝑥) = 𝐴𝐿𝜎𝑏𝐿𝐴𝐿−1𝜎𝑏𝐿−1 ⋯𝐴1𝜎𝑏1𝐴0𝑥,
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where𝐴𝑖 ∈ ℝ𝑊𝑖+1×𝑊𝑖 , 𝑏𝑖 ∈ ℝ𝑊𝑖+1 for 𝑖 = 0, … , 𝐿 (to ease notation, we always set 𝑏0 = 0), and where
there are at most a total of 𝑆 non-zero entries of the 𝐴𝑖’s and 𝑏𝑖’s and all entries are numerically
at most 𝐵. In an abuse of notation, we denote 𝜎0 simply by 𝜎. This can be written succinctly as

Φ(𝐿,𝑊 , 𝑆, 𝐵) ∶=

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

𝐴𝐿𝜎𝑏𝐿𝐴𝐿−1𝜎𝑏𝐿−1 ⋯𝐴1𝜎𝑏1𝐴0 ∣ 𝐴𝑖 ∈ ℝ𝑊𝑖+1×𝑊𝑖 , 𝑏𝑖 ∈ ℝ𝑊𝑖+1 ,
𝐿

∑
𝑖=0

(‖𝐴𝑖‖0 + ‖𝑏𝑖‖0) ≤ 𝑆, max
𝑖∈{0,…,𝐿}

(‖𝐴𝑖‖∞ ∨ ‖𝑏𝑖‖∞) ≤ 𝐵

⎫⎪⎪⎪
⎬⎪⎪⎪⎭

.

B.3 Generative modelling with reflected diffusions

Denote the true score by 𝑠0(𝑥, 𝑡) ∶= ∇ log 𝑝𝑡(𝑥), and assume we are given samples (X0,𝑖)𝑖∈[𝑛]
i.i.d.∼

𝑝0. For a hypothesis class  of neural networks with ReLU activation function, to be exactly
calibrated later, and 𝑠 ∈  ∪ {𝑠0}, we define

𝐿𝑠(𝑥) ∶= ∫
𝑇

𝑇
∫
Ω
|𝑠(𝑦, 𝑡) − ∇𝑦 log 𝑞𝑡(𝑥, 𝑦)|2𝑞𝑡(𝑥, 𝑦) d𝑦 d𝑡

= 𝔼[ ∫
𝑇

𝑇
|𝑠(X𝑡 , 𝑡) − ∇𝑦 log 𝑞𝑡(𝑥,X𝑡)|2 ∣ X0 = 𝑥],

(B.45)

where 𝑇 is the terminal runtime of the reflected forward process and 𝑇 ∈ (0, 𝑇 ) is such that we
run the reflected backward process, which is initialised with distribution (Ω), until 𝑇 −𝑇 . We
then denote the empirical score matching loss associated to 𝑠 by

𝐿𝑠,𝑛 ∶=
1
𝑛

𝑛

∑
𝑖=1
𝐿𝑠(X0,𝑖),

and we define the empirical score minimiser by

𝑠̂𝑛 ∶= argmin
𝑠∈

𝐿𝑠,𝑛. (B.46)

We let X𝑠 be a solution of the reflected SDE

dX𝑠𝑡 = (∇𝑓 (X
𝑠
𝑡 ) + 2𝑓 (X𝑠𝑡 )𝑠(X

𝑠 , 𝑡)) d𝑡 +
√
2𝑓 (X𝑠𝑡 ) dB𝑡 + 𝜈(X

𝑠
𝑡 ) dL𝑡 , 𝑡 ∈ [0, 𝑇 − 𝑇 ],

X
𝑠
0 ∼  (Ω),

(B.47)

for some Brownian motion (B𝑡)𝑡∈[0,𝑇−𝑇 ] and local time (L𝑡)𝑡∈[0,𝑇−𝑇 ] at the boundary 𝜕Ω, and we
denote its density at time 𝑡 by ⃗𝑝𝑠𝑡 . Here, the initialisation X𝑠𝑛0 ∼  (Ω) and the Brownian mo-
tion B are chosen independently of the data (X0,𝑖)𝑖=1,…,𝑛. Then, ( ⃗𝑝𝑠̂𝑛𝑡 )𝑡∈[0,𝑇 ) are the densities of
the backward process driven by the score estimate 𝑠𝑛. In particular, ⃗𝑝𝑠̂𝑛𝑇−𝑇 is the density of the
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generated data obtained from stopping the backward process early at time 𝑇 − 𝑇 . Assessing
the quality of the generated samples therefore boils down to analysing the distance between the
distribution induced by 𝑝0 and the (random) distribution induced by ⃗𝑝𝑠̂𝑛𝑇−𝑇 .

In this paper, we use the total variation distance as the divergence measure. For two prob-
ability measures 𝐏,𝐐 on Ω with Lebesgue densities 𝑝, 𝑞, the total variation distance is denoted
by

TV(𝑝, 𝑞) ≡ TV(𝐏, 𝐐) ∶= sup
𝐴∈(Ω)

|𝐏(𝐴) − 𝐐(𝐴)|.

Our main result is the following.

Theorem B.31: Assume that 𝑝0 = 𝑝0 + 𝑝min for some nonnegative 𝑝0 ∈ 𝐻𝛼
𝑐 (Ω) and

𝑝min > 0, where 𝛼 ∈ ℕ ∩ (𝐷/2,∞). Let

𝑇 ≍ 𝑛−
2𝛼

𝛽(2𝛼+𝐷) and 𝑇 =
𝛼

𝓁1(2𝛼 + 𝐷)
log 𝑛,

where 𝛽 = 1 if 𝛼 > 𝐷/2 + 1, 𝛽 = 𝛼 −𝐷/2 if 𝛼 ∈ (𝐷/2, 𝐷/2 + 1) and for 𝛼 = 𝐷/2 + 1, 𝛽 can
be arbitrarily chosen in (0, 1).

Then, there exists a class of neural networks

 =
{
𝑠 ∈ Φ(𝐿(𝑛),𝑊 (𝑛), 𝑆(𝑛), 𝐵(𝑛)) ∶ ‖𝑠(⋅, 𝑡)‖Ω ≤ 𝐶(𝑡−1/2 ∨ 1) ∀𝑡 ∈ [𝑇 , 𝑇 ]

}
,

for some global constant 𝐶 > 0, with network sizes

𝐿(𝑛) ≲ log 𝑛 log log 𝑛,

‖𝑊 (𝑛)‖∞ ≲ 𝑛
𝐷

2𝛼+𝐷 (log 𝑛)2,

𝑆(𝑛) ≲ 𝑛
𝐷

2𝛼+𝐷 (log 𝑛)3, and

𝐵(𝑛) ≲ 𝑛
2𝛼

𝛽(2𝛼+𝐷) ,

such that, for 𝑠̂𝑛 given by (B.46), it holds for 𝑛 large enough that

𝔼[TV(𝑝0, ⃗𝑝𝑠̂𝑛𝑇−𝑇 )] ≲ 𝑛
− 𝛼

2𝛼+𝐷 (log 𝑛)3(log log 𝑛)1/2. (B.48)

The proof of this theorem is prepared in the following sections. There, we will always work
under the assumption on 𝑝0 from the theorem, that is, we assume

(0) there exist a nonnegative function 𝑝0 ∈ 𝐻𝛼
𝑐 (Ω), for 𝛼 ∈ ℕ ∩ (𝐷/2,∞), and 𝑝min > 0 such

that 𝑝0 = 𝑝0 + 𝑝min,

without further comment. Note that since 𝛼 > 𝐷/2, the Sobolev imbedding theorem yields the
continuous imbedding 𝐻𝛼

𝑐 (Ω) ↪ 0,𝛽(Ω), where 𝛽 is defined depending on 𝛼 and 𝐷 as stated in
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Theorem B.31. Thus, we may consider 𝑝0 as a continuous function such that there exist some
Hölder constants 𝛽 ∈ (0, 1], 𝑐𝛽 ∈ (0,∞), fixed throughout the rest of the paper, such that

|𝑝0(𝑥) − 𝑝0(𝑦)| ≤ 𝑐𝛽 |𝑥 − 𝑦|𝛽 , 𝑥, 𝑦 ∈ Ω. (B.49)

Error decomposition

Let 𝑝𝑠𝑡 be the density at time 𝑡 of the solution to the SDE (B.47) with initial condition X
𝑠
0 ∼ 𝑝𝑇

(independent of the data (X0,𝑖)𝑖=1,…,𝑛) replacing X
𝑠
0 ∼  (Ω). In particular, we then notice that

𝑝𝑠0𝑡 = 𝑝𝑇−𝑡 and therefore 𝑝
𝑠0
𝑇−𝑇 = 𝑝𝑇 . As for unconstrained diffusion models, cf. [89], the triangle

inequality for the total variation distance then implies the error decomposition bound

𝔼[TV(𝑝0, ⃗𝑝𝑠𝑛𝑇−𝑇 )] ≤ TV(𝑝0, 𝑝𝑇 ) + TV(ℙ(X𝑇 ∈ ⋅ ∣ X0 ∼ 𝑝0), (Ω))

+ 𝔼[TV(𝑝𝑠0𝑇−𝑇 , 𝑝
𝑠̂𝑛
𝑇−𝑇 )].

(B.50)

The generalisation error therefore splits into three separate error contributions:

1. the first term represents the error induced by stopping early the backward process ini-
tialised by the true forward terminal density 𝑝𝑇 at time 𝑇 − 𝑇 ;

2. the second term is the error associated to starting the backward process in its stationary
distribution instead of 𝑝𝑇 ;

3. the third term quantifies the error coming from running the backward process with the
drift determined by the estimated score 𝑠𝑛 instead of the true score 𝑠0.

We start with controlling the first two terms before treating the most challenging score approxi-
mation error. The early stopping contribution to the error decomposition is controlled via small
time heat kernel bounds for the transition densities in the following lemma.

Lemma B.32: There exists a constant 𝐶 depending only on 𝑓 , 𝐷, Ω, 𝛽 and 𝑐𝛽 such that

TV(𝑝0, 𝑝𝑇 ) ≤ 𝐶𝑇 𝛽/2, 𝑇 ≤ 1.

Proof. Fix 0 < 𝑡 ≤ 1. We need to show that 1
2 ‖𝑝𝑡 − 𝑝0‖𝐿1 ≤ 𝐶𝑡𝛽/2. To do so, note that the

reversibility of X implies the symmetry of its transition densities. Hence,

𝑝𝑡(𝑥) = ∫ 𝑝0(𝑦)𝑞𝑡(𝑦, 𝑥) d𝑦 = ∫ 𝑝0(𝑦)𝑞𝑡(𝑥, 𝑦) d𝑦 = 𝔼[𝑝0(X𝑡) ∣ X0 = 𝑥], 𝑥 ∈ Ω.

Using the Hölder continuity stated in (B.49), we therefore obtain

|𝑝𝑡(𝑥) − 𝑝0(𝑥)| = |𝔼[𝑝0(X𝑡) − 𝑝0(X0) ∣ X0 = 𝑥]| ≤ 𝑐𝛽𝔼[|X𝑡 − X0|𝛽 ∣ X0 = 𝑥], 𝑥 ∈ Ω.
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Furthermore, by Davies [29, Corollary 3.2.9], we have the small time Gaussian heat kernel bound

𝑞𝑡(𝑥, 𝑦) ≤ 𝐶0
1
𝑡𝐷/2

exp ( − 𝐶1
|𝑥 − 𝑦|2

𝑡 ), 𝑥, 𝑦 ∈ Ω,

where 𝐶0, 𝐶1 ≥ 0 are constants depending only on 𝑓 , 𝐷 and Ω. Thus, for 𝑥 ∈ Ω,

𝔼[|X𝑡 − X0|𝛽 ∣ X0 = 𝑥] = ∫
𝐷
𝑞𝑡(𝑥, 𝑦)|𝑥 − 𝑦|𝛽 d𝑦 ≤ 𝐶0

1
𝑡𝐷/2 ∫Ω

|𝑥 − 𝑦|𝛽 exp ( − 𝐶1
|𝑥 − 𝑦|2

𝑡 ) d𝑦.

Next, note that

∫
Ω
|𝑥 − 𝑦|𝛽 exp ( − 𝐶1

|𝑥 − 𝑦|2

𝑡 ) d𝑦 ≤ ∫
ℝ𝐷
|𝑦|𝛽 exp ( − 𝐶1

|𝑦|2

𝑡 ) d𝑦

= 𝜅𝐷 ∫
∞

0
𝑟𝛽+𝐷−1 exp ( − 𝐶1

𝑟2

𝑡 )
d𝑟

=
𝜅𝐷
2
𝑡
𝛽+𝐷
2 𝐶− 𝛽+𝑑

2
1 ∫

∞

0
𝑢
𝛽+𝐷
2 −1e−𝑢 d𝑢

= 𝐶2𝑡
𝛽+𝐷
2 ,

where 𝜅𝐷 is the surface area of 𝑆𝐷−1 and 𝐶2 = 𝜅𝐷
2 𝐶

− 𝛽+𝐷
2

1 Γ( 𝛽+𝐷2 ). Finally, since Ω is bounded, the
result follows by setting 𝐶 = 𝑐𝛽𝐶0𝐶2𝜆𝐷(Ω)/2.

The error contribution from starting the backward process uniformly on Ω is controlled
in terms of the spectral gap 𝓁1 of  defined in (B.42), which can be lower bounded by 𝓁1 ≥
𝑓min/𝐶P(Ω), where 𝐶P(Ω) is the Poincaré constant of the domain Ω.

Lemma B.33: It holds that

TV(ℙ(X𝑇 ∈ ⋅ ∣ X0 ∼ 𝑝0), (Ω)) ≤
√
𝜆𝐷(Ω)
2

‖𝑝0‖𝐿2e−𝓁1𝑇 , 𝑇 > 0.

Proof. Let 𝑡 > 0.
The Cauchy–Schwarz inequality implies that

TV(ℙ(X𝑡 ∈ ⋅ ∣ X0 ∼ 𝑝0), (Ω)) =
1
2 ∫

Ω
||𝑝𝑡(𝑥) −

1
𝜆𝐷(Ω)

|| d𝑥

≤
√
𝜆𝐷(Ω)
2 ( ∫

Ω
||𝑝𝑡(𝑥) −

1
𝜆𝐷(Ω)

||
2 d𝑥)

1/2
.
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By the spectral decomposition of 𝑞𝑡(𝑦, 𝑥), it follows for 𝑎𝑘 ∶= ⟨𝑝0, 𝑒𝑘⟩𝐿2 that

∫
Ω
||𝑝𝑡(𝑥) −

1
𝜆𝐷(Ω)

||
2 d𝑥 = ∫

Ω

|||∑
𝑘≥1

e−𝓁𝑘𝑡𝑒𝑘(𝑥)𝑎𝑘
|||
2
d𝑥

= ∑
𝑘≥1
𝑎2𝑘e

−2𝓁𝑘𝑡

≤ ‖𝑝0‖2𝐿2e
−2𝓁1𝑡 ,

where we used 𝓁0 = 0, 𝑒0 ≡ 𝜆𝐷(Ω)−1/2 and 𝜆𝐷(Ω)1/2𝑎0 = ⟨𝑝0, 1⟩𝐿2 = 1 for the first line and
orthonormality of (𝑒𝑘)𝑘≥0 for the second one. This yields the claim.

We now move on to the treatment of score approximation error in the next section.

Score matching error

In this section,  denotes a generic neural network class that shall be exactly calibrated at the
end of the section for our score approximation purposes. Recall that the score estimator 𝑠̂ = 𝑠𝑛
is defined according to (B.46).

By Girsanov’s theorem, cf. Theorem B.44, and Pinsker’s inequality, the third term in the
decomposition (B.50) is controlled by

(
1
2
𝔼[ ∫

𝑇

𝑇
∫
Ω
𝑓 (𝑥)|𝑠̂(𝑥, 𝑡) − ∇ log 𝑝𝑡(𝑥)|2𝑝𝑡(𝑥) d𝑥 d𝑡])

1/2

≍ (𝔼[ ∫
𝑇

𝑇
∫
Ω
|𝑠(𝑥, 𝑡) − ∇ log 𝑝𝑡(𝑥)|2𝑝𝑡(𝑥) d𝑥 d𝑡])

1/2
,

(B.51)

where we used that 0 < 𝑓min ≤ 𝑓 (𝑥) ≤ ‖𝑓 ‖Ω < ∞ for all 𝑥 ∈ Ω.
The key to bounding this term is the equivalence between explicit and denoising score

matching, i.e.,

∫
𝑇

𝑇
∫
Ω
|𝑠(𝑦, 𝑡) − ∇ log 𝑝𝑡(𝑦)|2𝑝𝑡(𝑦) d𝑦 d𝑡

= ∫
𝑇

𝑇
∫
Ω2
|𝑠(𝑦, 𝑡) − ∇𝑦 log 𝑞𝑡(𝑥, 𝑦)|2𝑞𝑡(𝑥, 𝑦)𝑝0(𝑥) d𝑥 d𝑦 d𝑡 + 𝐶

= 𝔼[𝐿𝑠(X0)] + 𝐶,

(B.52)

where

𝐶 = ∫
𝑇

𝑇
∫
Ω
|∇ log 𝑝𝑡(𝑦)|2𝑝𝑡(𝑦) d𝑦 d𝑡 − ∫

𝑇

𝑇
∫
Ω2
|∇𝑦 log 𝑞𝑡(𝑥, 𝑦)|2𝑞𝑡(𝑥, 𝑦)𝑝0(𝑥) d𝑥 d𝑦 d𝑡 ≤ 0
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is a constant that is independent of 𝑠. Note that (B.52) is valid in our reflected diffusion model
by the same arguments as in [129], see also the proof of Lemma C.3 in [89].

Using (B.52), the generalisation loss (B.51) can be bounded in terms of the minimal score
approximation error over the class  and the complexity of the induced function class  ∶=
{𝐿𝑠 ∶ 𝑠 ∈ } for a desired precision level 𝛿.

Theorem B.34: Suppose that sup𝑠∈∪{𝑠0}‖𝐿𝑠‖Ω ≤ 𝐶() < ∞. Then, for any 𝛿 > 0 such that
 (, ‖⋅‖Ω, 𝛿) ≥ 3, it holds that

𝔼[ ∫
𝑇

𝑇
∫
Ω
|𝑠̂(𝑥, 𝑡) − ∇ log 𝑝𝑡(𝑥)|2𝑝𝑡(𝑥) d𝑥 d𝑡]

≤ 2 inf
𝑠∈ ∫

𝑇

𝑇
∫
Ω
|𝑠(𝑥, 𝑡) − ∇ log 𝑝𝑡(𝑥)|2𝑝𝑡(𝑥) d𝑥 d𝑡 + 2

𝐶()
𝑛 (

145
9

log (, ‖⋅‖Ω, 𝛿) + 160)

+ 5𝛿.

The proof of this theorem is in principle the same as that of Theorem C.4 in [89], but let us
emphasize that larger numeric constants appear in our statement. Apart from a few simple
typos in [89], the main reason for this is a small gap in the proof of Oko, Akiyama, and Suzuki
[89, Theorem C.4], which has recently been pointed out in [132], and which requires fixing.
More precisely, [89] claim that the excess loss satisfies

𝔼[(𝐿𝑠(X0) − 𝐿𝑠0(X0))2] ≤ 𝐶()𝔼[𝐿𝑠(X0) − 𝐿𝑠0(X0)],

which is unjustified because 𝐿𝑠(𝑥) − 𝐿𝑠0(𝑥) is not necessarily non-negative pointwise. This is
not dramatic however, since we can show that instead

𝔼[(𝐿𝑠(X0) − 𝐿𝑠0(X0))2] ≤ 4𝐶()𝔼[𝐿𝑠(X0) − 𝐿𝑠0(X0)], (B.53)

holds, i.e., the bound from [89] is true up to a universal multiplicative constant that does not
matter in an essential way for the remainder of the proof.

Using the terminology of [10], (B.53) shows that the denoising score matching excess loss
satisfies a Bernstein condition, which for a variety of problems in the empirical risk minimisation
literature has been identified as a crucial ingredient to obtain minimax optimal convergence
rates for empirical risk minimisers. For reasons of reproducibility in other modelling contexts,
we prove (B.53) in Appendix B.B in a general Markovian framework.

To deal with the stochastic error in the upper bound, it is essential to control both the uniform
loss upper bound 𝐶() and the covering number  (, ‖⋅‖Ω, 𝛿). The size of the networks from
the generic class  which is required to have a sufficient bound on the approximation error

inf
𝑠∈ ∫

𝑇

𝑇
∫
Ω
|𝑠(𝑥, 𝑡) − ∇ log 𝑝𝑡(𝑥)|2𝑝𝑡(𝑥) d𝑥 d𝑡

translates directly into covering number bounds on (, ‖⋅‖Ω, 𝛿), as the following result shows.
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Lemma B.35: If for any 𝑡 > 0, sup𝑠∈ ‖𝑠(⋅, 𝑡)‖Ω ≤ 𝐶()(𝑡−1/2 ∨ 1), for some finite constant
𝐶(), then there exists a constant 𝑐, depending only on𝐷, 𝑓 andΩ, such that, for any 𝛿 > 0,

 (, ‖⋅‖Ω, 𝛿) ≤  ( , ‖⋅‖Ω×[𝑇 ,𝑇 ], 𝛿
𝑐𝐶()𝑇 ).

Proof. For 𝛿 > 0, let 𝑠1, … , 𝑠𝑁 ∶ ℝ𝐷 → ℝ be a 𝛿-net for  w.r.t. ‖⋅‖Ω×[𝑇 ,𝑇 ]. Denote ℎ𝑠(𝑥; 𝑦, 𝑡) ∶=
𝑠(𝑦, 𝑡)−∇𝑦 log 𝑞𝑡(𝑥, 𝑦) for 𝑠 ∈  . Let 𝑠 ∈  , and choose 𝑠′ ∈ {𝑠1, … , 𝑠𝑁 } such that ‖𝑠−𝑠′‖Ω×[𝑇 ,𝑇 ] ≤ 𝛿.
Using definition (B.45) and the inequality ||ℎ𝑠 | − |ℎ𝑠′ || (𝑥; 𝑦, 𝑡) ≤ |𝑠 − 𝑠′|(𝑦, 𝑡), we obtain

|𝐿𝑠 − 𝐿𝑠′ |(𝑥) ≤ ∫
𝑇

𝑇
∫
Ω
|||ℎ𝑠 |

2 − |ℎ𝑠′ |2|| (𝑥; 𝑦, 𝑡)𝑞𝑡(𝑥, 𝑦) d𝑦 d𝑡

= ∫
𝑇

𝑇
∫
Ω
||ℎ𝑠 | − |ℎ𝑠′ || (𝑥; 𝑦, 𝑡) (|ℎ𝑠 | + |ℎ𝑠′ |) (𝑥; 𝑦, 𝑡)𝑞𝑡(𝑥, 𝑦) d𝑦 d𝑡

≲ ‖𝑠 − 𝑠′‖Ω×[𝑇 ,𝑇 ] ∫
𝑇

𝑇
∫
Ω
(|ℎ𝑠 | + |ℎ𝑠′ |) (𝑥; 𝑦, 𝑡)𝑞𝑡(𝑥, 𝑦) d𝑦 d𝑡

≲ 𝛿(∫
𝑇

𝑇
sup
𝑠∈

sup
𝑧∈Ω

|𝑠(𝑧, 𝑡)| d𝑡 + ∫
𝑇

𝑇
∫
Ω
|∇𝑦 log 𝑞𝑡(𝑥, 𝑦)|𝑞𝑡(𝑥, 𝑦) d𝑦 d𝑡)

≲ 𝛿(𝐶()𝑇 + ∫
𝑇

𝑇
∫
Ω
|∇𝑦 log 𝑞𝑡(𝑥, 𝑦)|𝑞𝑡(𝑥, 𝑦) d𝑦 d𝑡).

(B.54)

Using Ouhabaz [92, Theorem 6.19] and symmetry of 𝑞𝑡 , we obtain for some constants 𝐶, 𝛾 > 0
only depending on 𝐷, 𝑓 and Ω,

∫
Ω
|∇𝑦 log 𝑞𝑡(𝑥, 𝑦)|𝑞𝑡(𝑥, 𝑦) d𝑦 = ∫

Ω
|∇𝑦𝑞𝑡(𝑥, 𝑦)| d𝑦

= ∫
Ω
|∇𝑦𝑞𝑡(𝑦, 𝑥)| d𝑦

≤ 𝐶𝑡−1/2e𝛾𝑡 .

This shows that

∫
1

𝑇
∫
Ω
|∇𝑦 log 𝑞𝑡(𝑥, 𝑦)|𝑞𝑡(𝑥, 𝑦) d𝑦 d𝑡 ≲ 1. (B.55)

Furthermore, as in the proof of Nickl [85, Proposition 3], we have

sup
(𝑥,𝑦)∈Ω2

|∇𝑦𝑞𝑡(𝑥, 𝑦)| ≲ ∑
𝑗≥1
𝑗𝜏+1/𝐷e−𝑐𝑡𝑗

2/𝐷
, 𝑡 > 0,

for some constants 𝑐 > 0, 𝜏 > 1/2, showing also that

∫
𝑇

1
∫
Ω
|∇ log 𝑞𝑡(𝑥, 𝑦)|𝑞𝑡(𝑥, 𝑦) d𝑦 d𝑡 ≲ 1. (B.56)
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Plugging (B.55) and (B.56) into (B.54), it follows that {𝐿𝑠𝑖 ∶ 𝑖 ∈ [𝑁 ]} is an 𝛿𝑐𝐶()𝑇 -covering of
 w.r.t. ‖⋅‖Ω, where 𝑐 is some constant depending only on 𝑓 , 𝐷 and Ω. This implies the claimed
result.

For the uniform loss upper bound 𝐶() we again need to deal with the challenge of not
having access to a simple analytic expression for the transition densities 𝑞𝑡(𝑥, 𝑦). While upper
and lower heat kernel bounds are available for 𝑞𝑡 and its gradient under specific assumptions on
the domain, these are not sufficient to yield appropriate pointwise estimates for the log-gradient
∇𝑦𝑞𝑡(𝑥, 𝑦). Instead, we exploit that for our purposes it suffices to have (time)-integrated bounds.
The basic idea is best illustrated for the particular case of a constant diffusivity 𝑓 ≡ 1. Then, the
generator of the forward process is just the Neumann Laplacian Δ on Ω which implies that for
any 𝑡 > 0 and 𝑥, 𝑦 ∈ Ω

Δ𝑦𝑞𝑡(𝑥, 𝑦) = 𝜕𝑡𝑞𝑡(𝑥, 𝑦),

because 𝑞𝑡(𝑥, 𝑦) is a symmetric fundamental solution to the Neumann heat equation. Further-
more,

Δ𝑦 log 𝑞𝑡(𝑥, 𝑦) =
Δ𝑦𝑞𝑡(𝑥, 𝑦)
𝑞𝑡(𝑥, 𝑦)

− |∇𝑦 log 𝑞𝑡(𝑥, 𝑦)|2,

which together with the above establishes the fundamental relation

|∇𝑦 log 𝑞𝑡(𝑥, 𝑦)|2 − 𝜕𝑡 log 𝑞𝑡(𝑥, 𝑦) = −Δ𝑦 log 𝑞𝑡(𝑥, 𝑦),

between spatial and temporal log-gradients. Based on this observation, the famous Li–Yau esti-
mate [74] establishes that for 𝑓 ≡ 1 it holds that

|∇𝑦 log 𝑞𝑡(𝑥, 𝑦)|2 − 𝜕𝑡 log 𝑞𝑡(𝑥, 𝑦) ≤
𝑑
2𝑡
.

This result could be directly used for 𝑓 ≡ 1 to establish the bound in the following lemma, but
if 𝑓 is not constant the situation becomes a bit more tricky. While we may always interpret
Δ𝑓 = ∇ ⋅ 𝑓 ∇ as a weighted Neumann Laplacian on the manifold Ω equipped with a Riemannian
metric induced by the Riemannian tensor associated to 𝑓 , corresponding Li–Yau type estimates
from the literature [9, 98] require the validation of certain curvature conditions on ∇ ⋅ 𝑓 ∇, which
may be hard to check for specific choices of 𝑓 and Ω. To circumvent this problem, we follow
a more elementary approach, which is however still based on the type of reasoning outlined
above.

Lemma B.36: Assume that 𝑇 ≤ 1 and 𝑇 ≥ 1. If for any 𝑡 > 0, sup𝑠∈ ‖𝑠(⋅, 𝑡)‖Ω ≤
𝐶()(𝑡−1/2 ∨ 1), then

sup
𝑠∈∪{𝑠0}

‖𝐿𝑠‖Ω ≲ (𝐶()2 ∨ 1)(|log 𝑇 | + 𝑇 ).
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Proof. Let 𝑠 ∈  ∪ {𝑠0} and 𝑥 ∈ Ω be arbitrarily chosen. By the assumption on the uniform
temporal growth of 𝑠, and using that ∫Ω 𝑞𝑡(𝑥, 𝑦) d𝑦 = 1

𝐿𝑠(𝑥) ≤ 2( ∫
𝑇

𝑇
∫
Ω
(|𝑠(𝑦, 𝑡)|2 + |∇𝑦 log 𝑞𝑡(𝑥, 𝑦)|2)𝑞𝑡(𝑥, 𝑦) d𝑦)

≲ 𝐶()2 ∫
𝑇

𝑇
𝑡−1 ∨ 1 d𝑡 + ∫

𝑇

𝑇
∫
Ω
|∇𝑦 log 𝑞𝑡(𝑥, 𝑦)|2𝑞𝑡(𝑥, 𝑦) d𝑦

≤ 𝐶()2(|log 𝑇 | + 𝑇 ) + ∫
𝑇

𝑇
∫
Ω
|∇𝑦 log 𝑞𝑡(𝑥, 𝑦)|2𝑞𝑡(𝑥, 𝑦) d𝑦.

To bound the remaining integral involving the log-gradient of the transition density, we first
observe that ∇𝑦 ⋅ 𝑓 ∇𝑦 log 𝑞𝑡(𝑥, 𝑦) satisfies

∇𝑦 ⋅ 𝑓 ∇𝑦 log 𝑞𝑡(𝑥, 𝑦) = ∇𝑦 ⋅ 𝑓 (𝑦)
∇𝑦𝑞𝑡(𝑥, 𝑦)
𝑞𝑡(𝑥, 𝑦)

=
∇𝑦 ⋅ 𝑓 ∇𝑦𝑞𝑡(𝑥, 𝑦)

𝑞𝑡(𝑥, 𝑦)
− 𝑓 (𝑦)

|∇𝑦𝑞𝑡(𝑥, 𝑦)|2

𝑞𝑡(𝑥, 𝑦)2
.

Since 𝑞𝑡(𝑥, 𝑦) = 𝑞𝑡(𝑦, 𝑥) is a fundamental solution to the elliptic PDE (∇ ⋅ 𝑓 ∇ − 𝜕𝑡)𝑢(𝑦, 𝑡) = 0 on
Ω with Neumann boundary conditions, we can write

∫
Ω
∫

𝑇

𝑇

∇𝑦 ⋅ 𝑓 ∇𝑦𝑞𝑡(𝑥, 𝑦)
𝑞𝑡(𝑥, 𝑦)

𝑞𝑡(𝑥, 𝑦) d𝑡 d𝑦 = −∫
Ω
∫

𝑇

𝑇

𝜕𝑡𝑞𝑡(𝑥, 𝑦)
𝑞𝑡(𝑥, 𝑦)⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=𝜕𝑡 log 𝑞𝑡 (𝑥,𝑦)

𝑞𝑡(𝑥, 𝑦) d𝑦 d𝑡

= −∫
Ω
∫

𝑇

𝑇
𝜕𝑡𝑞𝑡(𝑥, 𝑦) d𝑡 d𝑦 = 0.

Combining these two observations with 0 < 𝑓min ≤ 𝑓 (𝑦) ≤ ‖𝑓 ‖Ω < ∞ for all 𝑦 ∈ Ω, and denoting
the generator by Δ𝑓 = ∇ ⋅ 𝑓 ∇, we obtain

∫
𝑇

𝑇
∫
Ω

|∇𝑦𝑞𝑡(𝑥, 𝑦)|2

𝑞𝑡(𝑥, 𝑦)2
𝑞𝑡(𝑥, 𝑦) d𝑦 d𝑡 ≍ −∫

𝑇

𝑇
∫
Ω
(∇𝑦 ⋅ 𝑓 (𝑦)∇𝑦 log 𝑞𝑡(𝑥, 𝑦))𝑞𝑡(𝑥, 𝑦) d𝑦 d𝑡

= −∫
𝑇

𝑇
∫
Ω
((Δ𝑓 + 𝜕𝑡) log 𝑞𝑡(𝑥, 𝑦))𝑞𝑡(𝑥, 𝑦) d𝑦 d𝑡

= −𝔼𝑥[ ∫
𝑇

𝑇
(Δ𝑓 + 𝜕𝑡) log 𝑞𝑡(𝑥,X𝑡) d𝑡]

= 𝔼𝑥[log 𝑞𝑇 (𝑥,X𝑇 )] − 𝔼𝑥[log 𝑞𝑇 (𝑥,X𝑇 )].



B.3. Generative modelling with reflected diffusions 97

Noting that 𝑞𝑡(𝑥, ⋅) satisfies the Neumann boundary condition at 𝜕Ω, the last equality is a con-
sequence of Itô’s formula, by which

log 𝑞𝑇 (𝑥,X𝑇 ) − log 𝑞𝑇 (𝑥,X𝑇 )

= ∫
𝑇

𝑇
(𝜕𝑡 + Δ𝑓 ) log 𝑞𝑡(𝑥,X𝑡) d𝑡 + ∫

𝑇

𝑇

√
2𝑓 (X𝑡)⟨∇ log 𝑞𝑡(𝑥,X𝑡), dB𝑡⟩

+ ∫
𝑇

𝑇
⟨∇𝑦 log 𝑞𝑡(𝑥,X𝑡), 𝜈(X𝑡)⟩
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=0

dL𝑡 ,

where the expectation of the stochastic integral is zero because (𝑦, 𝑡) ↦ |
√
𝑓 (𝑦)∇𝑦 log 𝑞𝑡(𝑥, 𝑦)|

is bounded on Ω × [𝑇 , 𝑇 ], which follows from the lower bound

inf
𝑡≥𝑡0 ,𝑥,𝑦∈Ω

𝑞𝑡(𝑥, 𝑦) > 0, (B.57)

for any 𝑡0 > 0, see, e.g., Itô [60, p.166], and the space-time smoothness of (𝑡, 𝑥, 𝑦) ↦ 𝑞𝑡(𝑥, 𝑦) on
the compact set Ω × [𝑇 , 𝑇 ]. We finish the proof by noting that for some constant 𝐶, the upper
heat kernel bound

𝑞𝑡(𝑥, 𝑦) ≲ (𝑡−𝐷/2 ∨ 1) exp ( − 𝐶
|𝑥 − 𝑦|2

𝑡 ), 𝑡 > 0, 𝑥, 𝑦 ∈ Ω,

from Davies [29, Theorem 3.29] yields

sup
𝑥,𝑦∈Ω

log 𝑞𝑇 (𝑥, 𝑦) ≲
𝐷
2
log 𝑇 −1,

and, moreover, (B.57) implies inf𝑥,𝑦∈Ω 𝑞𝑇 (𝑥, 𝑦) ≥ 𝑐, for some constant 𝑐 not depending on 𝑇 , 𝑇
since 𝑇 ≥ 1. Putting these bounds together, we conclude that

𝔼𝑥[log 𝑞𝑇 (𝑥,X𝑇 )] − 𝔼𝑥[log 𝑞𝑇 (𝑥,X𝑇 )] ≲ 1 + log 𝑇 −1,

and therefore also

∫
𝑇

𝑇
∫


|∇𝑦𝑞𝑡(𝑥, 𝑦)|2

𝑞𝑡(𝑥, 𝑦)2
𝑞𝑡(𝑥, 𝑦) d𝑦 d𝑡 ≲ 1 + log 𝑇 −1.
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Bounding the approximation error

Before going into details, we first outline here our general strategy for bounding the approxi-
mation error:

1. approximate the true score by truncation of the spectral decomposition ℎ𝑁 , i.e., approxi-
mate ∇𝑥 log 𝑝𝑡(𝑥) by ∇𝑥 log ℎ𝑁 (𝑥, 𝑡);

2. approximate ℎ𝑁 and ∇𝑥ℎ𝑁 by neural networks on [𝑇 , 𝑇 ] via

(a) dividing [𝑇 , 𝑇 ] into sub-intervals of increasing length, totalling a number of intervals
on the order of log𝑁 ;

(b) on each sub-interval, fix a number of time-points {𝑡𝑖}, also on the order of log𝑁 ,
and at each of these, make an approximation of ℎ𝑁 (𝑡𝑖) and ∇𝑥ℎ𝑁 (𝑡𝑖) using existing
results;

(c) extend these discrete approximations to the entire sub-interval using polynomial
interpolation;

(d) combine approximations on each sub-interval into one final approximation via a
partition of unity;

3. combine the first two steps, along with general results on neural networks, to achieve a
neural network approximation of ∇𝑥 log 𝑝𝑡 .

At this point, we comment on how andwhy our approximation strategy differs from those in, for
example, [89]. The authors there assume a Gaussian transition kernel with a density that is com-
paratively easy to approximate using neural networks. The difficulty then lies in approximating
the initial density 𝑝0 and the convolution of the two. By contrast, in our spectral composition,
the influence of 𝑝0 enters the function only as the weights ⟨𝑝0, 𝑒𝑗 ⟩𝐿2 . The growth of these weights
encodes the smoothness of 𝑝0 and thereby influences the truncation parameter 𝑁 but they need
no approximation by neural networks. Thus, the difficulty lies instead in approximating the
eigenfunctions 𝑒𝑗 themselves. One might think that one could use existing results, e.g. from
[101, 114], to approximate each 𝑒𝑗 and the individual time components 𝑡 ↦ e−𝑡𝓁𝑗 separately,
and then sum them together. However, using these existing results, the sparsity constraint of
each summand would be of order at least 𝑁 , and thus the sparsity constraint of the network
as a whole would be at least 𝑁 2. This is problematic, since, according to Oko, Akiyama, and
Suzuki [89, Lemma C.2], the sparsity constraint enters exponentially in the covering number
of the associated class and, consequently, by Theorem B.34, linearly in the generalisation error.
This is why we employ a different strategy: we approximate the entire sum at fixed time points
and use polynomials to interpolate between them over time. This ultimately gives us a sparsity
constraint of order 𝑁 Poly(log𝑁). Following this general strategy, we can prove the following
score approximation result.
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Theorem B.37: Let 0 < 𝑇 < 𝑇 and 𝑛 ∈ ℕ sufficiently large be given with 𝑇 ∈ Poly(𝑛−1).
Then, there exists a neural network 𝜑𝑠 ∈ Φ(𝐿(𝑛),𝑊 (𝑛), 𝑆(𝑛), 𝐵(𝑛)) satisfying

∫
𝑇

𝑇
∫
Ω
||𝜑𝑠(𝑥, 𝑡) − ∇𝑥 log 𝑝𝑡(𝑥)||

2𝑝𝑡(𝑥) d𝑥 d𝑡 ≲ 𝑛−
2𝛼

2𝛼+𝐷 (log 𝑛)2(𝑇 + log(𝑇 −1)). (B.58)

The size of the network is evaluated as

𝐿(𝑛) ≲ log 𝑛 log log 𝑛,

‖𝑊 (𝑛)‖∞ ≲ 𝑀𝑛
𝐷

2𝛼+𝐷 log 𝑛,

𝑆(𝑛) ≲ 𝑀𝑛
𝐷

2𝛼+𝐷 (log 𝑛)2, and

𝐵(𝑛) ≲
√
𝑛

log 𝑛
∨
1
𝑇
,

where 𝑀 ∈ 𝑂(|log 𝑇
𝑇 |).

Furthermore, the network can be chosen such that there exists a constant 𝐶 < ∞ de-
pending only on 𝑝0 and Ω such that |𝜑𝑠(𝑥, 𝑡)| ≤ 𝐶√

𝑡 for all 𝑡 ∈ [𝑇 , 𝑇 ] and 𝑥 ∈ Ω.

As alluded to above, the idea is to break up the score approximation error by using the spec-
tral score representation (B.44) and to reduce this to the problem of approximating∇ log ℎ𝑁 (𝑥, 𝑡) =
∇ℎ𝑁 (𝑥, 𝑡)/ℎ𝑁 (𝑥, 𝑡), where, for𝑁 ∈ ℕ and 𝑡 ∈ [0, 𝑇 ], the truncated series ℎ𝑁 (𝑡) = ℎ𝑁 (⋅, 𝑡) is given
by

ℎ𝑁 (𝑡) ∶=
𝑁

∑
𝑗=0

e−𝑡𝓁𝑗 ⟨𝑝0, 𝑒𝑗 ⟩𝐿2𝑒𝑗 . (B.59)

It will then be crucial to choose the cutoff value 𝑁 of the right order in terms of 𝑛 to balance
the tradeoff between the error incurred through the truncation procedure and the increased
approximation quality of ∇ log ℎ𝑁 in terms of neural networks for smaller 𝑁 . Our analysis will
demonstrate that for the desired approximation accuracy 𝑛−𝛼/(2𝛼+𝐷), the choice 𝑁 ≍ 𝑛𝐷/(2𝛼+𝐷)
is appropriate.

Step 1: Bounding the truncation loss We start by considering the approximation properties
of ℎ𝑁 and ∇𝑥ℎ𝑁 . To this end, let us introduce the homogeneous Sobolev space of order 𝛼 that is
induced by the eigendecomposition of −∇ ⋅ 𝑓 ∇ via

𝐻̄𝛼(Ω) ∶=
{
𝜙 ∈ 𝐿20(Ω) ∶ ‖𝜙‖2𝐻̄𝛼 ∶= ∑

𝑗≥1
𝓁𝛼𝑗 ⟨𝜙, 𝑒𝑗 ⟩

2
𝐿2 < ∞

}
.
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Lemma B.38: It holds that

∫
𝑇

𝑇
‖𝑝𝑡 − ℎ𝑁 (𝑡)‖2𝐻 1 d𝑡 ≲ ‖𝑝0 − 1

𝜆𝐷(Ω)
‖2𝐻𝛼𝑁 −2𝛼/𝐷.

Proof. Arguing as in Nickl [85, Proposition 3], we see that 𝑝𝑡 , ℎ𝑁 (𝑡) ∈ 𝐻 𝑘(Ω) for any 𝑘 ∈ ℕ.
Since 𝑝𝑡 − ℎ𝑁 (𝑡) ∈ 𝐿20, Nickl [85, Proposition 2] shows that 𝑝𝑡 − ℎ𝑁 (𝑡) ∈ 𝐻̄ 1(Ω) and ‖𝑝𝑡 −

ℎ𝑁 (𝑡)‖𝐻̄ 1 ≍ ‖𝑝𝑡 − ℎ𝑁 (𝑡)‖𝐻 1 . Thus,

∫
𝑇

𝑇
‖𝑝𝑡 − ℎ𝑁 (𝑡)‖2𝐻 1 d𝑡 ≍ ∫

𝑇

𝑇
‖𝑝𝑡 − ℎ𝑁 (𝑡)‖2𝐻̄ 1 d𝑡

= ∑
𝑗≥𝑁+1

∫
𝑇

𝑇
𝓁𝑗e−2𝓁𝑗 𝑡 d𝑡 ⟨𝑝0, 𝑒𝑗 ⟩2𝐿2

≤ ∑
𝑗≥𝑁+1

⟨𝑝0, 𝑒𝑗 ⟩2𝐿2 .

As 𝑝0 ∈ 𝐻𝛼
𝑐 (Ω)/ℝ, it holds 𝑝0 − 1

𝜆𝐷(Ω)
∈ 𝐻𝛼

𝑐 (Ω)/ℝ ∩ 𝐿20(Ω).
Furthermore, by Nickl [85, Proposition 2], we have𝐻𝛼

𝑐 (Ω)/ℝ∩𝐿20 ⊂ 𝐻̄𝛼(Ω) and ‖𝜙‖𝐻𝛼 ≍ ‖𝜙‖𝐻̄𝛼

for 𝜙 ∈ 𝐻̄𝛼(Ω), implying that ‖𝑝0 − 1
𝜆𝐷(Ω)

‖𝐻𝛼 ≍ ‖𝑝0 − 1
𝜆𝐷(Ω)

‖𝐻̄𝛼 .
Using this and 𝓁𝑗 ≍ 𝑗2/𝐷, it follows

∑
𝑗≥𝑁+1

⟨𝑝0, 𝑒𝑗 ⟩2𝐿2 ≤
∑∞
𝑗=1⟨𝑝0, 𝑒𝑗 ⟩2𝐿2 𝑗

2𝛼/𝐷

(𝑁 + 1)2𝛼/𝐷
=

∑∞
𝑗=1⟨𝑝0 − 1

𝜆𝐷(Ω)
, 𝑒𝑗 ⟩2𝐿2 𝑗

2𝛼/𝐷

(𝑁 + 1)2𝛼/𝐷

≲ ‖𝑝0 − 1
𝜆𝐷(Ω)

‖2𝐻𝛼𝑁 −2𝛼/𝐷.

(B.60)

This result allows us to study the approximation quality of (a truncated version of) ∇ log ℎ𝑁 .

Proposition B.39: It holds that

∫
𝑇

𝑇
∫
Ω

|||∇𝑥 log 𝑝𝑡(𝑥) −
∇𝑥ℎ𝑁 (𝑥, 𝑡)

ℎ𝑁 (𝑥, 𝑡) ∨ 𝑝min

|||
2
𝑝𝑡(𝑥) d𝑥 d𝑡 ≲ 𝐶(𝑝0)(1 + 𝓁−11 )𝑝−4min log(𝑇

−1)𝑁 −2𝛼/𝐷,

where
𝐶(𝑝0) = ‖𝑝0‖∞‖𝑝0 − 1

𝜆𝐷(Ω)
‖2𝐻𝛼 (1 + ‖𝑝0‖2𝐻𝛼 ).

Proof. Symmetry of the transition densities implies that for any 𝑡 ≥ 0, 𝑥 ∈ Ω,

𝑝𝑡(𝑥) = ∫
Ω
𝑝0(𝑦)𝑞𝑡(𝑦, 𝑥) d𝑦 = ∫

Ω
𝑝0(𝑦)𝑞𝑡(𝑥, 𝑦) d𝑦 ≤ ‖𝑝0‖∞ ∫

Ω
𝑞𝑡(𝑥, 𝑦) d𝑦 = ‖𝑝0‖∞,
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and, similarly,

𝑝𝑡(𝑥) ≥ 𝑝min.

It follows that

∫
𝑇

𝑇
∫
Ω

|||∇𝑥 log 𝑝𝑡(𝑥) −
∇𝑥ℎ𝑁 (𝑥, 𝑡)

ℎ𝑁 (𝑥, 𝑡) ∨ 𝑝min

|||
2
𝑝𝑡(𝑥) d𝑥 d𝑡

≤ ‖𝑝0‖∞ ∫
𝑇

𝑇

‖‖‖
|||∇𝑥 log 𝑝𝑡 −

∇𝑥ℎ𝑁 (𝑡)
ℎ𝑁 (𝑡) ∨ 𝑝min

|||
‖‖‖
2

𝐿2
d𝑡

≤ 2‖𝑝0‖∞(∫
𝑇

𝑇

‖‖‖
|||
∇𝑥(𝑝𝑡 − ℎ𝑁 (𝑡))
ℎ𝑁 (𝑡) ∨ 𝑝min

|||
‖‖‖
2

𝐿2
d𝑡 + ∫

𝑇

𝑇

‖‖‖
|||∇𝑥𝑝𝑡

𝑝𝑡 − (ℎ𝑁 (𝑡) ∨ 𝑝min)
𝑝𝑡(ℎ𝑁 (𝑡) ∨ 𝑝min)

|||
‖‖‖
2

𝐿2
d𝑡)

≤ 2‖𝑝0‖∞(
1
𝑝2min

∫
𝑇

𝑇
‖‖||∇𝑥(𝑝𝑡 − ℎ𝑁 (𝑡))||‖‖

2
𝐿2 d𝑡 +

1
𝑝4min

∫
𝑇

𝑇
‖‖||∇𝑥𝑝𝑡(𝑝𝑡 − (ℎ𝑁 (𝑡) ∨ 𝑝min))||‖‖

2
𝐿2 d𝑡).

(B.61)

By Lemma B.38, we obtain for the first term

1
𝑝2min

∫
𝑇

𝑇
‖‖||∇𝑥(𝑝𝑡 − ℎ𝑁 (𝑡))||‖‖

2
𝐿2 d𝑡 ≤ 𝑝

−2
min ∫

𝑇

𝑇
‖𝑝𝑡 − ℎ𝑁 (𝑡)‖2𝐻 1 d𝑡

≲ ‖𝑝0 − 1
𝜆𝐷(Ω)

‖2𝐻𝛼𝑝−2min𝑁
−2𝛼/𝐷.

(B.62)

To bound the second term, note first that

‖𝑝𝑡 − 1
𝜆𝐷(Ω)

‖2𝐻̄𝛼+1 =
∞

∑
𝑗=1

e−2𝓁𝑗 𝑡𝓁𝛼+1𝑗 ⟨𝑝0, 𝑒𝑗 ⟩2𝐿2 ≤
1
2𝑡

∑
𝑗≥1

𝓁𝛼𝑗 ⟨𝑝0, 𝑒𝑗 ⟩
2
𝐿2 =

2
𝑡
‖𝑝0 − 1

𝜆𝐷(Ω)
‖2𝐻̄𝛼

≍
2
𝑡
‖𝑝0 − 1

𝜆𝐷(Ω)
‖2𝐻𝛼 < ∞, 𝑡 > 0.

Therefore, for any 𝑖 ∈ [𝑑],

‖𝜕𝑥𝑖𝑝𝑡 ‖𝐻𝛼 = ‖𝜕𝑥𝑖(𝑝𝑡 −
1

𝜆𝐷(Ω)
)‖𝐻𝛼 ≤ ‖𝑝𝑡 − 1

𝜆𝐷(Ω)
‖𝐻𝛼+1 ≍ ‖𝑝𝑡 − 1

𝜆𝐷(Ω)
‖𝐻̄𝛼+1

≲
1√
𝑡
‖𝑝0 − 1

𝜆𝐷(Ω)
‖𝐻𝛼 .

Since 𝛼 > 𝐷/2, the Sobolev imbedding theorem yields

sup
𝑖∈[𝑑]

‖𝜕𝑥𝑖𝑝𝑡 ‖∞ ≲ 𝑡
−1/2‖𝑝0 − 1

𝜆𝐷(Ω)
‖𝐻𝛼 .
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Consequently, for 𝑁 as above,

∫
𝑇

𝑇
‖‖||∇𝑥𝑝𝑡(𝑝𝑡 − (ℎ𝑁 (𝑡) ∨ 𝑝min))||‖‖

2
𝐿2 d𝑡 ≲ ‖𝑝0 − 1

𝜆𝐷(Ω)
‖2𝐻𝛼 ∫

𝑇

𝑇

1
𝑡
‖𝑝𝑡 − (ℎ𝑁 (𝑡) ∨ 𝑝min)‖2𝐿2 d𝑡

≤ ‖𝑝0 − 1
𝜆𝐷(Ω)

‖2𝐻𝛼 ∫
𝑇

𝑇

1
𝑡
‖𝑝𝑡 − ℎ𝑁 (𝑡)‖2𝐿2 d𝑡

= ‖𝑝0 − 1
𝜆𝐷(Ω)

‖2𝐻𝛼 ∫
𝑇

𝑇

1
𝑡
e−2𝓁1𝑡 d𝑡 ∑

𝑗≥𝑁+1
⟨𝑝0, 𝑒𝑗 ⟩2𝐿2

≲ ‖𝑝0 − 1
𝜆𝐷(Ω)

‖4𝐻𝛼𝑁 −2𝛼/𝐷
(∫

1

𝑇

1
𝑡
d𝑡 + ∫

𝑇

1
e−𝓁1𝑡 d𝑡)

≤ ‖𝑝0 − 1
𝜆𝐷(Ω)

‖4𝐻𝛼 (1 + 1/𝓁1) log(𝑇 −1)𝑁 −2𝛼/𝐷,
(B.63)

where we used (B.60) and that |𝑝𝑡(𝑥) − (ℎ𝑁 (𝑥, 𝑡) ∨ 𝑝min)| ≤ |𝑝𝑡(𝑥) − ℎ𝑁 (𝑥, 𝑡)| since 𝑝𝑡(𝑥) ≥ 𝑝min.
Combining (B.61), (B.62) and (B.63) yields the assertion.

Step 2: Approximation of truncated score by neural networks Given the previous result,
it remains to show that (the truncated version of) ∇𝑥 log ℎ𝑁 with ℎ𝑁 as defined in (B.59) can be
well approximated by a neural network whose size is quantified in terms of 𝑁 .

To this end, we will make repeated use of the following fundamental observations about
compositions and parallelisations of the type of ReLU neural networks introduced in Section
B.2 that we are dealing with.

First, we observe that the concatenation of such neural networks is itself simply another
neural network. In particular, if 𝜑1 ∈ Φ(𝐿1,𝑊1, 𝑆1, 𝐵1) and 𝜑2 ∈ Φ(𝐿2,𝑊2, 𝑆2, 𝐵2) are such that
𝑊2,𝐿2+2 = 𝑊1,1, then 𝜑1 ◦ 𝜑2 ∈ Φ(𝐿1 + 𝐿2 + 1,𝑊 cat

1,2 , 𝑆1 + 𝑆2, 𝐵1 ∨ 𝐵2), where

𝑊 cat
1,2 = [𝑊2,1 𝑊2,2 ⋯ 𝑊2,𝐿2+1 𝑊1,1 𝑊1,2 ⋯ 𝑊1,𝐿1+2]

⊤ .

In general, if for some 𝑘 ∈ ℕ, 𝜑𝑖 ∈ Φ(𝐿𝑖,𝑊𝑖, 𝑆𝑖, 𝐵𝑖) for 𝑖 = 1, … , 𝑘, then

𝜑1 ◦ 𝜑2 ◦ ⋯ ◦ 𝜑𝑘 ∈ Φ(
𝑘

∑
𝑖=1
𝐿𝑖 + 𝑘,𝑊 cat

[𝑘] ,
𝑘

∑
𝑖=1
𝑆𝑖, max

𝑖∈{1,…,𝑘}
𝐵𝑖),

where𝑊 cat
[𝑘] is defined recursively as above. Similarly, if 𝜑1, 𝜑2 are as before but with 𝐿1 = 𝐿2 =

𝐿, we can parallelise the two into one network 𝜑par1,2 ∈ Φ(𝐿,𝑊 par
1,2 , 𝑆1 + 𝑆2, 𝐵1 ∨ 𝐵2) such that

𝜑par1,2 (𝑥, 𝑦) = [𝜑1(𝑥) 𝜑2(𝑦)]
⊤ for 𝑥 ∈ ℝ𝑊1,1 and 𝑦 ∈ ℝ𝑊2,1 . The simplest way to construct this is

using block matrices, i.e., by

𝜑par1,2 = [
𝐴1,𝐿 0
0 𝐴2,𝐿]

𝜎⎡
⎢
⎢
⎣

𝑏1,𝐿
𝑏2,𝐿

⎤
⎥
⎥
⎦

[
𝐴1,𝐿−1 0
0 𝐴2,𝐿−1]

𝜎⎡
⎢
⎢
⎣

𝑏1,𝐿−1
𝑏2,𝐿−1

⎤
⎥
⎥
⎦

⋯[
𝐴1,1 0
0 𝐴2,1]

𝜎⎡
⎢
⎢
⎣

𝑏1,1
𝑏2,1

⎤
⎥
⎥
⎦

[
𝐴1,0 0
0 𝐴2,0]

,



B.3. Generative modelling with reflected diffusions 103

which would mean𝑊 par
1,2 = 𝑊1 +𝑊2.

However, if 𝜑1 and 𝜑2 share some inputs (i.e., if the first, say, 𝑚 ∈ ℕ entries of 𝑥, 𝑦 are the
same), then the rightmost matrix in the above may be altered to

[
𝐴1,0 0
0 𝐴2,0]

⎡
⎢
⎢
⎢
⎣

𝐼𝑚 0 0
0 𝐼𝑊1,1−𝑚 0
𝐼𝑚 0 0
0 0 𝐼𝑊2,1−𝑚

⎤
⎥
⎥
⎥
⎦

,

whereby (𝑊 par
1,2 )1 = 𝑊1,1 +𝑊2,1 − 𝑚 instead. Again, this can of course naturally be generalised

to 𝑘 networks of equal depth, where we then have

𝜑par[𝑘] ∈ Φ(𝐿,𝑊
par
[𝑘] ,

𝑘

∑
𝑖=1
𝑆𝑘 , max

𝑖∈{1,…,𝑘}
𝐵𝑖), (𝑊 par

[𝑘] )𝑗 =
𝑘

∑
𝑖=1
𝑊𝑖,𝑗 for 𝑗 > 1.

Finally, note that multiplying the network 𝜑par[𝑘] with the vector [1 ⋯ 1] from the left sums the
entries of 𝜑par[𝑘] without changing the size of the network substantially, whence

𝑘

∑
𝑖=1
𝜑𝑖 ∈ Φ(𝐿,𝑊

sum
[𝑘] , 𝑘 +

𝑘

∑
𝑖=1
𝑆𝑘 , 1 ∨ max

𝑖∈{1,…,𝑘}
𝐵𝑖), (𝑊 sum

[𝑘] )𝑗 =
𝑘

∑
𝑖=1
𝑊𝑖,𝑗 for 1 < 𝑗 < 𝑘.

For larger and more complicated neural networks, their exact sizes are often unavailable, and
we only have access to their asymptotic sizes. Due to this, we also introduce the following class
of neural networks that eases network size analysis in the proofs that follow,

Φ̃(𝐿,𝑊 , 𝑆, 𝐵) ∶=
{
𝜑 ∈ Φ(𝐿,𝑊 , 𝑆, 𝐵) ∶ 𝐿 ≲ 𝐿, ‖𝑊 ‖∞ ≲ 𝑊 , 𝑆 ≲ 𝑆 and 𝐵 ≲ 𝐵

}
.

With this notation, we have for arbitrary networks 𝜑𝑖 ∈ Φ̃(𝐿𝑖,𝑊𝑖, 𝑆𝑖, 𝐵𝑖), 𝑖 = 1, 2, that 𝜑1 ◦ 𝜑2 ∈
Φ̃(𝐿1 + 𝐿2,𝑊1 ∨ 𝑊2, 𝑆1 + 𝑆2, 𝐵1 ∨ 𝐵2) and 𝜑

par
1,2 ∈ Φ̃(𝐿1 ∨ 𝐿2,𝑊1 +𝑊2, 𝑆1 + 𝑆2, 𝐵1 ∨ 𝐵2).

With this class established, we can begin to approximate ∇𝑥 log ℎ𝑁 with a suitable network.
We do this by approaching the problem in smaller pieces, first noting that, for 𝑡 ≥ 0 and 𝑥 ∈ Ω,

∇𝑥 log ℎ𝑁 (𝑥, 𝑡) =
∑𝑁
𝑗=1 e−𝑡𝓁𝑗 ⟨𝑝0, 𝑒𝑗 ⟩𝐿2∇𝑥𝑒𝑗 (𝑥)

1
𝜆𝐷(Ω)

+∑𝑁
𝑗=1 e−𝑡𝓁𝑗 ⟨𝑝0, 𝑒𝑗 ⟩𝐿2𝑒𝑗 (𝑥)

.

Thus, in order to approximate ∇𝑥 log ℎ𝑁 , we need to be able to approximate products and quo-
tients of functions. Such approximation results already exist in the literature, see, e.g., [89, 101,
121, 134], but here we give slightly stronger versions with optimised neural network sizes, which
lead to improved convergence rates (in terms of log factors). More detailed statements and their
proofs are given in Appendix B.C, but for our purposes the following will suffice.
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Lemma B.40: For 𝑚 ∈ ℕ and 𝐶 ≥ 1, there exist neural networks 𝜑mult
𝑚 ∈ Φ̃(𝑚, 1, 𝑚, 𝐶) and

𝜑mult,𝐷
𝑚 ∈ Φ̃(𝑚, 𝐷, 𝐷𝑚, 𝐶) satisfying

|𝜑mult
𝑚 (𝑥, 𝑦) − 𝑥𝑦| ≤ 𝐶2−𝑚, 𝑥 ∈ [0, 1], 𝑦 ∈ [−𝐶, 𝐶],

and
|𝜑mult,𝐷
𝑚 (𝑥, 𝑦) − 𝑥𝑦| ≤

√
𝐷𝐶2−𝑚, 𝑥 ∈ [0, 1], 𝑦 ∈ [−𝐶, 𝐶]𝐷.

These also satisfy 𝜑mult
𝑚 (𝑥, 0) = 𝜑mult

𝑚 (0, 𝑦) = 0.

Lemma B.41: For 𝑚, 𝑘, 𝑘 ∈ ℕ, there exists a neural network

𝜑rec𝑚 ∈ Φ̃((𝑘 + 𝑚) log(𝑘 + 𝑚), 𝑘, (𝑘 + 𝑚) log(𝑘 + 𝑚), 2𝑘),

where 𝑘 = 𝑘 + 𝑘, satisfying

|𝜑rec𝑚 (𝑥) − 𝑥−1| ≤ 2−𝑚, 𝑥 ∈ [2−𝑘 , 2𝑘].

Lemma B.42: For each 𝑚 ∈ ℕ, there exists a neural network

𝜑cap ∈ Φ̃(𝑚 log𝑚,𝑚,𝑚 log𝑚, 2𝑚/2)

satisfying 𝜑cap(𝑡) ≍ 1√
𝑡 for all 𝑡 ∈ [2−𝑚, 1].

Lemma B.43: Let 0 < 𝑇 < 𝑇 with 𝑇 ∈ Poly(𝑁 −1) be given, and let 𝑓 denote either ℎ𝑁
or 𝜕𝑥𝑖ℎ𝑁 , for some 𝑖 ∈ {1, … , 𝑑} and 𝑁 ∈ ℕ sufficiently large. Then, there exists a neural
network 𝜑𝑓 ∈ Φ̃(𝐿(𝑁 ),𝑊 (𝑁), 𝑆(𝑁 ), 𝐵(𝑁 )) satisfying

∀𝑡 ∈ [𝑇 , 𝑇 ] ∶ ‖𝜑𝑓 ( ⋅, 𝑡) − 𝑓 ( ⋅, 𝑡)‖2𝐿2 ≲

{
𝑁 − 2𝛼

𝐷 (log𝑁)2, if 𝑓 = ℎ𝑁
𝜀(𝑡)𝑁 − 2𝛼

𝐷 (log𝑁)2, if 𝑓 = 𝜕𝑥𝑖ℎ𝑁 ,

where

∫
𝑇

𝑇
𝜀(𝑡) d𝑡 ≲ 𝑇 + log(𝑇 −1)



B.3. Generative modelling with reflected diffusions 105

and whose network size is evaluated as

𝐿(𝑁) = log𝑁 log log𝑁 ,
𝑊(𝑁) = 𝑀𝑁 log𝑁 ,
𝑆(𝑁 ) = 𝑀𝑁(log𝑁)2, and

𝐵(𝑁) =
𝑁 2𝛼+𝐷

2𝐷

log𝑁
∨
1
𝑇
,

where 𝑀 ∈ 𝑂(log 𝑇
𝑇 ). Furthermore, there exists a constant 𝐶 < ∞ depending only on 𝑝0

and 𝐷 such that sup𝑥∈Ω |𝜑𝜕𝑥𝑖ℎ𝑁 (𝑥, 𝑡)| ≤ 𝐶(1 ∨
1√
𝑡 ) for all 𝑡 ∈ [𝑇 , 𝑇 ].

Proof. We first construct a network 𝜑𝑓 with the desired error rate and specify its size at the end.
To this end, suppose that there exist neural networks 𝜑(1)𝑓 , … , 𝜑

(𝑀)
𝑓 , where 𝑀 = ⌊log2

𝑇
𝑇 ⌋ such

that

‖𝜑(𝑚)𝑓 ( ⋅, 𝑡) − 𝑓 ( ⋅, 𝑡)‖2𝐿2 ≲

{
𝑁 − 2𝛼

𝐷 (log𝑁)2, if 𝑓 = ℎ𝑁 ,

( 1
2𝑚−1𝑇 ∨ 1)𝑁 − 2𝛼

𝐷 (log𝑁)2, if 𝑓 = 𝜕𝑥𝑖ℎ𝑁 ,

for 𝑚 = 1,… ,𝑀 and 𝑡 ∈ [2𝑚−1𝑇 , 2𝑚+1𝑇 ]. Then, consider the partition of unity {𝜋𝑚}𝑀𝑚=1 given by

𝜋𝑚(𝑡) = 0 ∨ (
𝑡 − 2𝑚−1𝑇
2𝑚−1𝑇

∧
2𝑚+1𝑇 − 𝑡

2𝑚𝑇 ) =

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

𝑡
2𝑚−1𝑇 − 1, if 𝑡 ∈ [2𝑚−1𝑇 , 2𝑚𝑇 ]
2 − 𝑡

2𝑚𝑇 , if 𝑡 ∈ [2𝑚𝑇 , 2𝑚+1𝑇 ]
0, otherwise

,

for 𝑚 = 2,… ,𝑀 − 1, while 𝜋1(𝑡) = 0 ∨ (1 ∧
4𝑇−𝑡
2𝑇 ) and 𝜋𝑀 (𝑡) = 0 ∨ (1 ∧

𝑡−2𝑀−1𝑇
2𝑀−1𝑇 ). Since for

𝑎, 𝑏 ∈ ℝ, 𝑎 ∨ 𝑏 = 𝑎 + 𝜎(𝑏 − 𝑎) and 𝑎 ∧ 𝑏 = 𝑎 − 𝜎(𝑎 − 𝑏), each 𝜋𝑚 is representable as a neural
network. We then claim that 𝜑𝑓 , defined as

𝜑𝑓 (𝑥, 𝑡) =
𝑀

∑
𝑚=1

𝜑mult
𝑚1 (𝜋𝑚(𝑡), 𝜑

(𝑚)
𝑓 (𝑥, 𝑡)), 𝑚1 = ⌈

𝛼
𝐷

log2 𝑁⌉,

yields the desired network. Indeed, we first note that since at most two of the 𝜋𝑚’s are non-zero
for any 𝑡 ∈ [𝑇 , 𝑇 ] and 𝜑mult

𝑚 (0, 𝑦) = 0 for all 𝑦 ∈ ℝ, we have for𝑚 = 2,… ,𝑀 and 𝑡 ∈ [2𝑚−1𝑇 , 2𝑚𝑇 ]
that

‖𝜑𝑓 ( ⋅, 𝑡) − 𝑓 ( ⋅, 𝑡)‖𝐿2 = ‖𝜑mult
𝑚1 (𝜋𝑚−1(𝑡), 𝜑

(𝑚−1)
𝑓 ( ⋅, 𝑡)) + 𝜑mult

𝑚1 (𝜋𝑚(𝑡), 𝜑
(𝑚)
𝑓 ( ⋅, 𝑡)) − 𝑓 ( ⋅, 𝑡)‖𝐿2

≲ 2−𝑚1 + ‖𝜋𝑚−1(𝑡)𝜑(𝑚−1)𝑓 ( ⋅, 𝑡) + 𝜋𝑚(𝑡)𝜑(𝑚)𝑓 ( ⋅, 𝑡) − 𝑓 ( ⋅, 𝑡)‖𝐿2

≲

{
2−𝑚1 + 𝑁 − 𝛼

𝐷 log𝑁 , if 𝑓 = ℎ𝑁
2−𝑚1 + ( 1√

2𝑚−2𝑇
∨ 1)𝑁 − 𝛼

𝐷 log𝑁 , if 𝑓 = 𝜕𝑥𝑖ℎ𝑁 ,
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where in the last inequality we used

‖𝜋𝑚−1(𝑡)𝜑(𝑚−1)𝑓 ( ⋅, 𝑡) + 𝜋𝑚(𝑡)𝜑(𝑚)𝑓 ( ⋅, 𝑡) − 𝑓 ( ⋅, 𝑡)‖𝐿2

= ‖𝜋𝑚−1(𝑡)(𝜑
(𝑚−1)
𝑓 ( ⋅, 𝑡) − 𝑓 ( ⋅, 𝑡)) + 𝜋𝑚(𝑡)(𝜑

(𝑚)
𝑓 ( ⋅, 𝑡) − 𝑓 ( ⋅, 𝑡))‖𝐿2

≤ 𝜋𝑚−1(𝑡)‖𝜑(𝑚−1)𝑓 ( ⋅, 𝑡) − 𝑓 ( ⋅, 𝑡)‖𝐿2 + 𝜋𝑚(𝑡)‖𝜑(𝑚)𝑓 ( ⋅, 𝑡) − 𝑓 ( ⋅, 𝑡)‖𝐿2

≲

{
𝑁 − 𝛼

𝐷 log𝑁 , if 𝑓 = ℎ𝑁
( 1√

2𝑚−2𝑇
∨ 1)𝑁 − 𝛼

𝐷 log𝑁 , if 𝑓 = 𝜕𝑥𝑖ℎ𝑁 ,
.

Setting

𝜀(𝑡) =
𝑀+1

∑
𝑚=1

(
1

2𝑚−2𝑇
∨ 1)1[2𝑚−1𝑇 ,2𝑚𝑇 ](𝑡),

and by choice of𝑚1, squaring both sides of the inequality yields the desired error rate. A similar
but simpler analysis shows that this also holds for 𝑡 ∈ [𝑇 , 2𝑇 ] and 𝑡 ∈ [2𝑀𝑇 , 2𝑀+1𝑇 ], whence the
inequality holds for all 𝑡 ∈ [𝑇 , 2𝑀+1𝑇 ] ⊇ [𝑇 , 𝑇 ]. Furthermore, we have

∫
𝑇

𝑇
𝜀(𝑡) d𝑡 ≤

𝑀+1

∑
𝑚=1

(
1

2𝑚−2𝑇
∨ 1)(2

𝑚𝑇 − 2𝑚−1𝑇 )

=
⌊log2(𝑇 −1)⌋+2

∑
𝑚=1

2𝑚−1𝑇
2𝑚−2𝑇

+
𝑀+1

∑
𝑚=⌊log2(𝑇 −1)⌋+3

2𝑚−1𝑇

= 2(⌊ log2(𝑇
−1)⌋ + 2) + 𝑇(

𝑀

∑
𝑚=0

2𝑚 −
⌊log2(𝑇 −1)⌋+2

∑
𝑚=0

2𝑚)

= 2(⌊ log2(𝑇
−1)⌋ + 2) + 2𝑇(2

𝑀 − 2⌊log2(𝑇
−1)⌋

)
≲ 𝑇 + log(𝑇 −1)

as claimed.
As such, we only need to construct the networks 𝜑(𝑚)𝑓 for all 𝑚 ∈ {1, … ,𝑀}, so let some such

𝑚 be fixed. Then, let 𝑎𝑚 = 3⋅2𝑚−2𝑇 and 𝑏𝑚 = 5⋅2𝑚−2𝑇 , and set 𝑓𝑚(𝑥, 𝑡) = 𝑓 (𝑥, 𝑎𝑚𝑡+𝑏𝑚) such that
𝑓𝑚(𝑥, [−1, 1]) = 𝑓 (𝑥, [2𝑚−1𝑇 , 2𝑚+1𝑇 ]) for all 𝑥 ∈ Ω. As in the proof of Lemma B.38, we see that
for each fixed 𝑡 ∈ [𝑇 , 𝑇 ], ℎ𝑁 ( ⋅, 𝑡) ∈ 𝐻 𝑠+1(Ω), whence 𝑓 ( ⋅, 𝑡) ∈ 𝐻𝛼(Ω) = 𝐵𝛼2,2(Ω). Furthermore,
‖𝑓 ( ⋅, 𝑡)/(1 ∨ ‖𝑓 ( ⋅, 𝑡)‖𝐵𝛼2,2(Ω))‖𝐵𝛼2,2(Ω) ≤ 1. Thus, since 𝐷 is bounded, a slight modification of Suzuki
[114, Proposition 1] using the Sobolev extension theorem yields the existence of a neural net-
work 𝜑𝑓 ,𝑡 ∈ Φ̃(log𝑁 , 𝑁 , 𝑁 log𝑁 , 𝑁 1/𝐷) satisfying ‖𝜑𝑓 ,𝑡 − 𝑓 ( ⋅, 𝑡)/(1 ∨ ‖𝑓 ( ⋅, 𝑡)‖𝐵𝛼2,2(Ω))‖𝐿2(Ω) ≲ 𝑁

− 𝛼
𝐷 .

Then, setting 𝜑𝑓 ,𝑡 = (1 ∨ ‖𝑓 ( ⋅, 𝑡)‖𝐵𝛼2,2(Ω))𝜑𝑓 ,𝑡 , we have

‖𝜑𝑓 ,𝑡 − 𝑓 ( ⋅, 𝑡)‖𝐿2(Ω) = (1 ∨ ‖𝑓 ( ⋅, 𝑡)‖𝐵𝛼2,2(Ω))
‖‖‖𝜑𝑓 ,𝑡 −

𝑓 ( ⋅, 𝑡)
(1 ∨ ‖𝑓 ( ⋅, 𝑡)‖𝐵𝛼2,2(Ω))

‖‖‖𝐿2(Ω)

≲ (1 ∨ ‖𝑓 ( ⋅, 𝑡)‖𝐵𝛼2,2(Ω))𝑁
− 𝛼
𝐷 .
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Noting that

‖𝑓 ( ⋅, 𝑡)‖𝐵𝛼2,2(Ω) ≍ ‖𝑓 ( ⋅, 𝑡)‖𝐻𝛼 (Ω) ≲

{
‖𝑝0‖𝐻𝛼 , if 𝑓 = ℎ𝑁 ,
1√
𝑡 ‖𝑝0‖𝐻𝛼 , if 𝑓 = 𝜕𝑥𝑖ℎ𝑁 ,

we thus have that 𝜑𝑓 ,𝑡 ∈ Φ̃(log𝑁 , 𝑁 , 𝑁 log𝑁 , 𝑁 1/𝐷 ∨ 1√
𝑇
), and

‖𝜑𝑓 ,𝑡 − 𝑓 ( ⋅, 𝑡)‖𝐿2(Ω) ≲

{
𝑁 − 𝛼

𝐷 , if 𝑓 = ℎ𝑁 ,

( 1√
𝑡 ∨ 1)𝑁 − 𝛼

𝐷 , if 𝑓 = 𝜕𝑥𝑖ℎ𝑁 .

Then, for each 𝑡 ∈ [−1, 1], let 𝜑𝑓𝑚 ,𝑡 = 𝜑𝑓 ,𝑎𝑚𝑡+𝑏𝑚 such that 𝜑𝑓𝑚 ,𝑡 is an approximation of 𝑓𝑚(𝑡, ⋅).
We will then approximate 𝑓𝑚 by polynomial interpolation in time and by 𝜑𝑓𝑚 ,𝑡 in space. There
are then three main sources of error: the error in approximating a polynomial with a neural
network, the error from polynomial interpolation, and finally the error from approximating
𝑓𝑚( ⋅, 𝑡) by 𝜑𝑓𝑚 ,𝑡 . To separate these sources of error, we now let {𝑡𝑖}𝑘𝑖=0 be the first 𝑘+1 Chebyshev
nodes on [−1, 1] for some 𝑘 to be determined later, i.e. 𝑡𝑖 = cos 𝑖𝜋𝑘 . Then, for 𝑖 = 0, … , 𝑘, let
𝑝𝑖(𝑡) = ∏𝑗≠𝑖(𝑡 − 𝑡𝑗 ) and set 𝑐𝑖 = 1

𝑝𝑖(𝑡𝑖)
. Furthermore, set

𝜑𝑓𝑚(𝑥, 𝑡) =
𝑘

∑
𝑖=0
𝑐𝑖𝜑mult

𝑚2 (𝜑𝑝𝑖(𝑡), 𝜑𝑓𝑚 ,𝑡𝑖(𝑥)),

𝜓𝑚(𝑥, 𝑡) =
𝑘

∑
𝑖=0
𝑐𝑖𝑝𝑖(𝑡)𝜑𝑓𝑚 ,𝑡𝑖(𝑥),

𝑃𝑚(𝑥, 𝑡) =
𝑘

∑
𝑖=0
𝑐𝑖𝑝𝑖(𝑡)𝑓𝑚(𝑥, 𝑡𝑖),

where 𝜑𝑝𝑖 is a neural network approximation of 𝑝𝑖 satisfying |𝜑𝑝𝑖(𝑡) − 𝑝𝑖(𝑡)| ≲ 𝑘2−𝑚3 to be
constructed later. We then have that

‖𝜑𝑓𝑚( ⋅, 𝑡) − 𝑓𝑚( ⋅, 𝑡)‖𝐿2 ≤ ‖𝜑𝑓𝑚( ⋅, 𝑡) − 𝜓𝑚( ⋅, 𝑡)‖𝐿2 + ‖𝜓𝑚( ⋅, 𝑡) − 𝑃𝑚( ⋅, 𝑡)‖𝐿2
+ ‖𝑃𝑚( ⋅, 𝑡) − 𝑓𝑚( ⋅, 𝑡)‖𝐿2 .

(B.64)

By Trefethen [122, Theorem 5.2], it holds that |𝑐𝑖| ≤ 2𝑘−1
𝑘 , and so the first term of (B.64) is upper
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bounded by

‖𝜑𝑓𝑚( ⋅, 𝑡) − 𝜓𝑚( ⋅, 𝑡)‖𝐿2 ≤
𝑘

∑
𝑖=0

|𝑐𝑖|‖𝜑mult
𝑚2 (𝜑𝑝𝑖(𝑡), 𝜑𝑓𝑚 ,𝑡𝑖) − 𝑝𝑖(𝑡)𝜑𝑓𝑚 ,𝑡𝑖 ‖𝐿2

≲
𝑘

∑
𝑖=0

|𝑐𝑖|(2−𝑚2 + 𝑘2−𝑚3 ‖𝜑𝑓𝑚 ,𝑡𝑖 ‖𝐿2)

≲
𝑘

∑
𝑖=0

|𝑐𝑖|(2−𝑚2 + 𝑘2−𝑚3(𝑇 − 1
2𝑁 − 𝛼

𝐷 + ‖𝑓𝑚( ⋅, 𝑡𝑖)‖𝐿2))

≤ 2𝑘−1(2−𝑚2 + 𝑘2−𝑚3(𝑇 − 1
2𝑁 − 𝛼

𝐷 + ‖𝑝0‖𝐻 1)),

and choosing 𝑚2 = ⌈ 𝛼𝐷 log2 𝑁 + 𝑘⌉ and 𝑚3 = 𝑚2 + ⌈log2(𝑘 + 𝑇
− 1

2 )⌉ bounds this term by 𝑁 −𝛼/𝐷.
For the second term of (B.64), it is a well-known property of Chebyshev nodes that |𝑝𝑖(𝑡)𝑐𝑖| ≤ 2,
whence

‖𝜓𝑚( ⋅, 𝑡) − 𝑃𝑚( ⋅, 𝑡)‖𝐿2 ≤
𝑘

∑
𝑖=0

|𝑐𝑖𝑝𝑖(𝑡)|‖𝜑𝑓𝑚 ,𝑡𝑖 − 𝑓𝑚( ⋅, 𝑡𝑖)‖𝐿2

≲

{
𝑘𝑁 − 𝛼

𝐷 , if 𝑓 = ℎ𝑁
𝑘( 1√

2𝑚−1𝑇
∨ 1)𝑁 − 𝛼

𝐷 , if 𝑓 = 𝜕𝑥𝑖ℎ𝑁 ,

where the last inequality in the case of 𝑓 = 𝜕𝑥𝑖ℎ𝑁 follows from the fact that for all 𝑡 ∈ [−1, 1]

‖𝜑𝑓𝑚 ,𝑡 − 𝑓𝑚( ⋅, 𝑡)‖𝐿2 = ‖𝜑𝑓 ,𝑎𝑚𝑡+𝑏𝑚 − 𝑓 ( ⋅, 𝑎𝑚𝑡 + 𝑏𝑚)‖𝐿2

≲ (
1√

𝑎𝑚𝑡 + 𝑏𝑚
∨ 1)𝑁

− 𝛼
𝐷

≤ (
1√

2𝑚−1𝑇
∨ 1)𝑁

− 𝛼
𝐷 .

Finally, for the third term of (B.64), we note that for each 𝑥 ∈ Ω, the function 𝑡 ↦ 𝑓𝑚(𝑥, 𝑡)
is entire on ℂ as an affine combination of exponentials. It then follows from Trefethen [122,
Theorem 8.2] that, for 𝜌 > 1,

|𝑓𝑚(𝑥, 𝑡) − 𝑃𝑚(𝑥, 𝑡)| ≤
4𝑀𝑚,𝜌(𝑥)𝜌−𝑘

𝜌 − 1
, 𝑡 ∈ [−1, 1],

where
𝑀𝑚,𝜌(𝑥) = max

𝑧∈𝜕𝐸𝜌
|𝑓𝑚(𝑥, 𝑧)|, and 𝜕𝐸𝜌 =

{
𝑧 + 𝑧−1

2
∣ |𝑧| = 𝜌

}
.

For 𝑧 ∈ 𝜕𝐸𝜌 , we have, letting 𝑒𝑛 denote either 𝑒𝑛 or 𝜕𝑥𝑖𝑒𝑛, depending on 𝑓 ,

𝑓𝑚(𝑥, 𝑧) = 𝑓 (𝑥, 𝑎𝑚𝑧 + 𝑏𝑚) =
𝑁

∑
𝑛=0

e−𝓁𝑛(𝑎𝑚ℜ𝑧+𝑏𝑚)⟨𝑝0, 𝑒𝑛⟩𝑒𝑛(𝑥)e−i𝓁𝑛𝑎𝑚ℑ𝑧 = ⟨r(𝑥, ℜ𝑧),θ(ℑ𝑧)⟩,
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where (r(𝑥, 𝑦))𝑛 = e−𝓁𝑛(𝑎𝑚𝑦+𝑏𝑚)⟨𝑝0, 𝑒𝑛⟩𝑒𝑛(𝑥) and θ(𝑦)𝑛 = e−i𝓁𝑛𝑎𝑚𝑦 , so |θ(𝑦)| = 𝑁 + 1. Thus, by
Cauchy–Schwarz inequality,

𝑀𝑚,𝜌(𝑥) ≤ ((𝑁 + 1) max
𝑧∈𝜕𝐸𝜌

𝑁

∑
𝑛=0

e−2𝓁𝑛(𝑎𝑚ℜ𝑧+𝑏𝑚)⟨𝑝0, 𝑒𝑛⟩2𝑒𝑛(𝑥)2)

1/2

= ((𝑁 + 1)
𝑁

∑
𝑛=0

e−2𝓁𝑛(𝑎𝑚(
−𝜌−𝜌−1

2 )+𝑏𝑚)⟨𝑝0, 𝑒𝑛⟩2𝑒𝑛(𝑥)2)

1/2

.

Consequently,

‖𝑀𝑚,𝜌‖2𝐿2 ≤ (𝑁 + 1)
𝑁

∑
𝑛=0

e−2𝓁𝑛(𝑎𝑚(
−𝜌−𝜌−1

2 )+𝑏𝑚)⟨𝑝0, 𝑒𝑛⟩2‖𝑒𝑛‖2𝐿2

≤ (𝑁 + 1)
𝑁

∑
𝑛=0

e−2𝓁𝑛(𝑎𝑚(
−𝜌−𝜌−1

2 )+𝑏𝑚)⟨𝑝0, 𝑒𝑛⟩2‖𝑒𝑛‖2𝐻 1

≲ (𝑁 + 1)
𝑁

∑
𝑛=0

e−2𝓁𝑛(𝑎𝑚(
−𝜌−𝜌−1

2 )+𝑏𝑚)𝓁𝑛⟨𝑝0, 𝑒𝑛⟩2,

and if 𝑎𝑚(−𝜌−𝜌
−1

2 ) + 𝑏𝑚 = 0, the right hand side is bounded by (𝑁 + 1)‖𝑝0‖2𝐻̄ 1 . This is exactly the
case when 𝜌 = 3, in which case we have

‖𝑓𝑚( ⋅, 𝑡) − 𝑃𝑚( ⋅, 𝑡)‖2𝐿2 ≲ 𝑁3−2𝑘 ,

and setting 𝑘 = ⌈( 𝛼𝐷 + 1
2 ) log𝑁⌉ yields an approximation 𝜑𝑓𝑚 of 𝑓𝑚 with the correct error rate.

Setting 𝜑(𝑚)𝑓 (𝑥, 𝑡) = 𝜑𝑓𝑚(
𝑡−𝑏𝑚
𝑎𝑚
, 𝑥) for 𝑡 ∈ [2𝑚−2𝑇 , 2𝑚+2𝑇 ] then gives the desired network. We

thus only need to construct the network 𝜑𝑝𝑖 as detailed above. To this end, note that the neural
network

𝜑(0)𝑝𝑖 ∶ 𝑡 ↦ [
𝐼𝑘 −𝐼𝑘 0
0 0 𝐼2⌈log2 𝑘⌉−𝑘]

𝜎⎡
⎢
⎢
⎢
⎢
⎣

t𝑖
−t𝑖
−1

⎤
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎣

𝐼𝑘
−𝐼𝑘
0

⎤
⎥
⎥
⎦
𝑡, t𝑖 = [𝑡0 ⋯ 𝑡𝑖−1 𝑡𝑖+1 ⋯ 𝑡𝑘]

⊤ ,

maps 𝑡 to the vector

[𝑡 − 𝑡0 ⋯ 𝑡 − 𝑡𝑖−1 𝑡 − 𝑡𝑖+1 ⋯ 𝑡 − 𝑡𝑘 1 ⋯ 1]
⊤ ∈ [−2, 2]2

⌈log2 𝑘⌉ ,

regardless of the signs of its entries. Without altering the size of 𝜑(0)𝑝𝑖 , we can swap the entries of
𝜑(0)𝑝𝑖 (𝑡) such that adjacent entries correspond to opposing 𝑡𝑗 ’s, e.g., such that the first two entries
are 𝑡−𝑡0 and 𝑡−𝑡𝑘 rather than 𝑡−𝑡0 and 𝑡−𝑡1 and so on. This ensures that the products of adjacent
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entries stay uniformly bounded rather than some products growing and some shrinking, better
bounding the size of the network. A slight modification of (the proof of) Lemma B.47 then yields
a network 𝜑mult

𝑚3
of the same asymptotic size as in Lemma B.47 such that |𝜑mult

𝑚3
(𝑥, 𝑦)−𝑥𝑦| ≤ 2−𝑚3

for all 𝑥, 𝑦 ∈ [−2, 2]. Let 𝜑(𝑗)𝑝𝑖 be a parallelisation of 2⌈log2 𝑘⌉−𝑗 copies of this network, and set

𝜑𝑝𝑖 = 𝜑
(⌈log2 𝑘⌉)
𝑝𝑖 ◦ ⋯ ◦ 𝜑(1)𝑝𝑖 ◦ 𝜑

(0)
𝑝𝑖 .

To ensure that 𝜑𝑝𝑖 satisfies |𝜑𝑝𝑖 − 𝑝𝑖| ≲ 𝑘2−𝑚3 , fix 𝑡 ∈ [−1, 1], and for notation, set 𝜉 (𝑗)𝑛 = (𝜑(𝑗)𝑝𝑖 ◦
⋯ ◦ 𝜑(1)𝑝𝑖 ◦ 𝜑

(0)
𝑝𝑖 (𝑡))𝑛 and 𝑦𝑙 = (𝜑(0)𝑝𝑖 (𝑡))𝑙 . We then claim that

|||𝜉
(𝑗)
𝑛 −

𝑛2𝑗

∏
𝑙=(𝑛−1)2𝑗+1

𝑦𝑙
||| ≤ (2𝑗 − 1)2−𝑚3 .

This is true by construction for 𝑗 = 1, so assume this holds for some 𝑗 ≥ 1. We then have

||||
𝜉 (𝑗+1)𝑛 −

𝑛2𝑗+1

∏
𝑙=(𝑛−1)2𝑗+1+1

𝑦𝑙
||||
=
||||
𝜑mult
𝑚3

(𝜉 (𝑗)2𝑛−1, 𝜉
(𝑗)
2𝑛 ) −

𝑛2𝑗+1

∏
𝑙=(𝑛−1)2𝑗+1+1

𝑦𝑙
||||

≤ 2−𝑚3 +
||||
𝜉 (𝑗)2𝑛−1𝜉

(𝑗)
2𝑛 − (

(2𝑛−1)2𝑗

∏
𝑙=(2𝑛−2)2𝑗+1

𝑦𝑙)(

2𝑛2𝑗

∏
𝑙=(2𝑛−1)2𝑗+1

𝑦𝑙)
||||

≤ 2−𝑚3

(1 + (|𝜉 (𝑗)2𝑛−1| +
2𝑛2𝑗

∏
𝑙=(2𝑛−1)2𝑗+1

|𝑦𝑙 |)(2𝑗 − 1)).

By our previous rearranging of entries in 𝜑(0)𝑝𝑖 (𝑡), we have that |𝜉
(𝑗)
2𝑛−1| + ∏2𝑛2𝑗

𝑙=(2𝑛−1)2𝑗+1 |𝑦𝑙 | ≤ 2 for
all 𝑗 ≥ 1, and the claim follows. This then implies that |𝜑𝑝𝑖(𝑡) − 𝑝𝑖(𝑡)| ≲ 𝑘2−𝑚3 for all 𝑡 ∈ [−1, 1]
as desired.

We now shift from analysing the error of the network to its size instead. First, it is apparent
from their construction that 𝜑(0)𝑝𝑖 ∈ Φ̃(1, 𝑘, 𝑘, 1), while it also holds that

𝜑(𝑗)𝑝𝑖 ∈ Φ̃(𝑚3, 2⌈log2 𝑘⌉−(𝑗−1), 2⌈log2 𝑘⌉−𝑗𝑚3, 1).

Hence, since ∑⌈log2 𝑘⌉
𝑗=1 2⌈log2 𝑘⌉−𝑗 = ∑⌈log2 𝑘⌉−1

𝑗=0 2𝑗 = 2⌈log2 𝑘⌉ − 1,

𝜑𝑝𝑖 ∈ Φ̃(⌈log2 𝑘⌉𝑚3, 𝑘, (2⌈log2 𝑘⌉ − 1)𝑚3 + 𝑘, 1)
= Φ̃(log𝑁 log log𝑁 , log𝑁 , (log𝑁)2, 1).

Parallelising this with 𝜑𝑓𝑚 ,𝑡𝑖 , we thus get a network in Φ̃(log𝑁 log log𝑁 , 𝑁 , 𝑁 log𝑁 , 𝑁 1
𝐷 ∨ 1√

𝑇
).

Since this dominates the size of 𝜑mult
𝑚2

and since |𝑐𝑖| ≤ 2𝑘−1
𝑘 ≤ 𝑁

2𝛼+𝐷
2𝐷

2𝛼+𝐷
𝑑 log𝑁 , it follows that each term
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of 𝜑𝑓𝑚 is in Φ̃(𝐿𝑀 ,𝑊𝑀 , 𝑆𝑀 , 𝐵𝑀 ), where

𝐿𝑀 = log𝑁 log log𝑁 ,
𝑊𝑀 = 𝑁 log𝑁 ,
𝑆𝑀 = 𝑁(log𝑁)2, and

𝐵𝑀 =
𝑁 2𝛼+𝐷

2𝐷

log𝑁
∨

1√
𝑇
.

Next, by construction of the 𝜋𝑚’s, we have that 𝜋𝑚 ∈ Φ̃(1, 1, 1, 1𝑇 ), where parallelising 𝜑
(𝑚)
𝑓 with

𝜋𝑚 does not change the asymptotic size of the network. Since the size of 𝜑mult
𝑚1

is also domi-
nated by that of 𝜑𝑓𝑚 , it follows that each term of 𝜑𝑓 is included in Φ̃(𝐿𝑀 ,𝑊𝑀 , 𝑆𝑀 , 𝐵𝑀 ) as well.
Parallelising all of these and summing them yields

𝐿(𝑁) = log𝑁 log log𝑁 ,
𝑊(𝑁) = 𝑀𝑁 log𝑁 ,
𝑆(𝑁 ) = 𝑀𝑁(log𝑁)2, and

𝐵(𝑁) =
𝑁 2𝛼+𝐷

2𝐷

log𝑁
∨
1
𝑇
.

Finally, since 𝛼 > 𝐷
2 , we have by similar calculations as those in the proof of Lemma B.39 that

for some 𝐶 < ∞ depending only on 𝐷 and 𝑝0, it holds that sup𝑥∈Ω |𝜕𝑥𝑖ℎ𝑁 (𝑥, 𝑡)| ≤ 𝐶 1√
𝑡 . Letting

𝜑cap be as in Lemma B.42 (with𝑚 = log2(𝑇
−1) ≍ log𝑁 ), it follows that also sup𝑥∈Ω |𝜕𝑥𝑖ℎ𝑁 (𝑥, 𝑡)| ≤

𝐶𝜑cap(𝑡) for all 𝑡 ∈ [𝑇 , 𝑇 ], whence we get a no worse approximation by replacing 𝜑𝜕𝑥𝑖ℎ𝑁 with
𝜑𝜕𝑥𝑖ℎ𝑁 ∧ (𝐶𝜑cap) and this network has the desired bound. Furthermore, since

𝜑cap ∈ Φ̃(log𝑁 log log𝑁 , log𝑁 , log𝑁 log log𝑁 , 1/
√
𝑇 ),

and this is dominated by the network size of 𝜑𝜕𝑥𝑖ℎ𝑁 , taking this minimum does not alter the size
of the network. This finishes the proof.

Step 3: Putting things together With the essential preparations from Step 1 and 2, we can
now finally prove Theorem B.37.

Proof of Theorem B.37. Let 𝜑ℎ𝑁 , 𝜑𝜕𝑥𝑖ℎ𝑁 , 𝑖 ∈ [𝐷] and 𝑁 ∈ ℕ, be as in Lemma B.43. Parallelising the
latter of these yields a network 𝜑∇𝑥ℎ𝑁 ∈ Φ̃(𝐿(𝑁 ),𝑊 (𝑁), 𝑆(𝑁 ), 𝐵(𝑁 )) approximating ∇𝑥ℎ𝑁 . We
then claim that 𝜑𝑠 defined as

𝜑𝑠(𝑥, 𝑡) = 𝜑mult,𝐷
𝑚 (𝜑rec𝑚 (𝜑ℎ𝑁 (𝑥, 𝑡) ∨ 𝑝min), 𝜑∇𝑥ℎ𝑁 (𝑥, 𝑡)), 𝑚 = ⌈

𝛼
𝐷

log2 𝑁⌉,
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has the desired properties. Indeed, for the size of the network, notice that 𝜑ℎ𝑁 ∨𝑝min is bounded
above (by ‖𝑝0‖∞) and below, and hence 𝜑rec𝑚 ◦ (𝜑ℎ𝑁 ∨ 𝑝min) is bounded above by 2𝑝−1min for 𝑁
large enough, while the entries of 𝜑∇𝑥ℎ𝑁 are all bounded numerically by 𝐶√

𝑇
some 𝐶 < ∞

since 𝛼 > 𝐷
2 . Thus, 𝜑rec𝑚 ∈ Φ̃(log𝑁 log log𝑁 , log𝑁 log log𝑁 , log𝑁 log log𝑁 , 1) and 𝜑mult,𝑑

𝑚 ∈
Φ̃(log𝑁 , log𝑁 , log𝑁 , 1√

𝑇
), whereby 𝜑𝑠 has the same asymptotic size as 𝜑∇𝑥ℎ𝑁 . Note also that

|𝜑𝑠(𝑥, 𝑡)| ≤
4𝐶𝑝−1min√

𝑡 ∨ 1 for all 𝑥 ∈ Ω, 𝑡 ∈ [𝑇 , 𝑇 ] and 𝑁 large enough. So all that remains is to show
that 𝜑𝑠 , as defined above, satisfies (B.58). By Proposition B.39 and the triangle inequality, this is
equivalent to verifying

∫
𝑇

𝑇
∫
Ω

||||
𝜑𝑠(𝑥, 𝑡) −

∇𝑥ℎ𝑁 (𝑥, 𝑡)
ℎ𝑁 (𝑥, 𝑡) ∨ 𝑝min

||||

2

𝑝𝑡(𝑥) d𝑥 d𝑡 ≲ 𝑁 − 2𝛼
𝐷 (log𝑁)2(𝑇 + log(𝑇 −1)).

which follows if we can show that ‖|𝜑𝑠( ⋅, 𝑡)− ∇𝑥ℎ𝑁 (⋅,𝑡)
ℎ𝑁 (⋅,𝑡)∨𝑝min

|‖2𝐿2 ≲ 𝜀(𝑡)𝑁
− 2𝛼
𝐷 (log𝑁)2 for each 𝑡 ∈ [𝑇 , 𝑇 ],

where 𝜀(𝑡) is as in Lemma B.43. For doing so, first note that
‖‖‖‖

||||
𝜑𝑠( ⋅, 𝑡) −

∇𝑥ℎ𝑁 (⋅, 𝑡)
ℎ𝑁 (⋅, 𝑡) ∨ 𝑝min

||||

‖‖‖‖𝐿2
≤ ‖|𝜑𝑠( ⋅, 𝑡) − 𝜑rec𝑚 (𝜑ℎ𝑁 ( ⋅, 𝑡) ∨ 𝑝min)𝜑∇𝑥ℎ𝑁 ( ⋅, 𝑡)|‖𝐿2

+
‖‖‖‖(
𝜑rec𝑚 (𝜑ℎ𝑁 ( ⋅, 𝑡) ∨ 𝑝min) −

1
𝜑ℎ𝑁 ( ⋅, 𝑡) ∨ 𝑝min)

|𝜑∇𝑥ℎ𝑁 ( ⋅, 𝑡)|
‖‖‖‖𝐿2

+
‖‖‖‖

||||
𝜑∇𝑥ℎ𝑁 (⋅,𝑡)

𝜑ℎ𝑁 ( ⋅, 𝑡) ∨ 𝑝min
−

∇𝑥ℎ𝑁 (⋅, 𝑡)
ℎ𝑁 (⋅, 𝑡) ∨ 𝑝min

||||

‖‖‖‖𝐿2
.

The first term is simply evaluated as

‖|𝜑𝑠( ⋅, 𝑡) − 𝜑rec𝑚 (𝜑ℎ𝑁 ( ⋅, 𝑡) ∨ 𝑝min)𝜑∇𝑥ℎ𝑁 ( ⋅, 𝑡)|‖𝐿2 ≤ 2−𝑚(4
√
𝐷𝑝−1min

‖‖‖𝑝0 −
1

𝜆𝐷(Ω)
‖‖‖𝐻𝛼
𝜆𝐷(Ω)) ≲ 𝑁

− 𝛼
𝐷 ,

while for the second term, we have
‖‖‖‖(
𝜑rec𝑚 (𝜑ℎ𝑁 ( ⋅, 𝑡) ∨ 𝑝min) −

1
𝜑ℎ𝑁 ( ⋅, 𝑡) ∨ 𝑝min)

|𝜑∇𝑥ℎ𝑁 ( ⋅, 𝑡)|
‖‖‖‖𝐿2

≤ 2−𝑚‖|𝜑∇𝑥ℎ𝑁 ( ⋅, 𝑡)|‖𝐿2

≲ 2−𝑚(
√
𝐷𝜀(𝑡)𝑁 − 𝛼

𝐷 log𝑁 + ‖𝑝0‖𝐻 1)

≲
√
𝜀(𝑡)𝑁 − 𝛼

𝐷 .

For the final term, one obtains, similarly to the proof of Proposition B.39,
‖‖‖‖

||||
𝜑∇𝑥ℎ𝑁 (⋅, 𝑡)

𝜑ℎ𝑁 ( ⋅, 𝑡) ∨ 𝑝min
−

∇𝑥ℎ𝑁 (⋅, 𝑡)
ℎ𝑁 (⋅, 𝑡) ∨ 𝑝min

||||

‖‖‖‖𝐿2
≤ 𝑝−1min‖|𝜑∇𝑥ℎ𝑁 ( ⋅, 𝑡) − ∇𝑥ℎ𝑁 (⋅, 𝑡)|‖𝐿2

+ 𝑝−2min‖|∇𝑥ℎ𝑁 (⋅, 𝑡)(ℎ𝑁 (⋅, 𝑡) − 𝜑ℎ𝑁 ( ⋅, 𝑡))‖𝐿2

≲ 𝑝−1min

√
𝐷𝜀(𝑡)𝑁 − 𝛼

𝐷 log𝑁 + 𝑝−2min‖𝑝0‖𝐻 1

√
𝜀(𝑡)𝑁 − 𝛼

𝐷 log𝑁

≲
√
𝜀(𝑡)𝑁 − 𝛼

𝐷 log𝑁 .
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Finally, setting 𝑁 = 𝑛 𝐷
2𝛼+𝐷 yields both the desired network size and error rate, which finishes the

proof.

Proof of the main result

With the previous preparations, we can now prove our main result on the generative error,
Theorem B.31. To this end, we use the general error decomposition (B.50) in combination with
Lemma B.32 and Lemma B.33 to control the early stopping and ergodic error contributions, as
well as with the approximation result Theorem B.37 that allows us to obtain an optimised upper
bound on the empirical score loss via Theorem B.34.

Proof of Theorem B.31. Choose 𝛿 = 𝑛−2𝛼/(2𝛼+𝐷) and 𝑁 = 𝑛𝐷/(2𝛼+𝐷). By the choices for 𝑇 , 𝑇 and
𝑁 , Theorem B.37 implies that there exists a family of neural networks  with the specified size
constraints, such that for some 𝑠 ∈  we have

∫
𝑇

𝑇
∫
Ω
||𝑠(𝑥, 𝑡) − ∇𝑥 log 𝑝𝑡(𝑥)||

2𝑝𝑡(𝑥) d𝑥 d𝑡 ≲ 𝑛−
2𝛼

2𝛼+𝐷 (log 𝑛)3.

With these network size constraints, we get for 𝐶() ≔ 𝐶 and 𝑐 from Lemma B.35, by using a
straightforward modification of Oko, Akiyama, and Suzuki [89, Lemma C.2], that

log ( , ‖⋅‖Ω×[𝑇 ,𝑇 ], 𝛿/(𝑐𝐶𝑇 )) ≲ 𝑆(𝑛)𝐿(𝑛) log (𝛿−1𝑇
2𝐿(𝑛)‖𝑊 (𝑛)‖∞𝐵(𝑛))

≲ 𝑛
𝐷

2𝛼+𝐷 (log 𝑛)5 log log 𝑛.

Lemma B.35 therefore implies that

log (, ‖⋅‖Ω, 𝛿) ≲ 𝑛
𝐷

2𝛼+𝐷 (log 𝑛)5 log log 𝑛

as well. By Lemma B.36 and the choices of 𝑇 , 𝑇 , we can choose 𝐶() ≲ log 𝑛 so that

𝐶()
𝑛

log (, ‖⋅‖Ω, 𝛿) ≲ 𝑛
−2𝛼
2𝛼+𝐷 (log 𝑛)6 log log 𝑛.

Using Theorem B.37, it follows from the above and Theorem B.34 by our choice of 𝑁 that

𝔼[ ∫
𝑇

𝑇
∫
Ω
|𝑠̂𝑛(𝑥, 𝑡) − ∇ log 𝑝𝑡(𝑥)|2𝑝𝑡(𝑥) d𝑥 d𝑡]

≤ 2 inf
𝑠∈ ∫

𝑇

𝑇
∫
Ω
|𝑠(𝑥, 𝑡) − ∇ log 𝑝𝑡(𝑥)|2𝑝𝑡(𝑥) d𝑥 d𝑡 + 2

𝐶()
𝑛 (

37
9
log (, ‖⋅‖Ω, 𝛿) + 32) + 3𝛿

≲ 𝑛−
2𝛼

2𝛼+𝐷 (log 𝑛)3 + 𝑛−
2𝛼

2𝛼+𝐷 (log 𝑛)6 log log 𝑛 + 𝑛−
2𝛼

2𝛼+𝐷

≲ 𝑛−
2𝛼

2𝛼+𝐷 (log 𝑛)6 log log 𝑛.
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Thus,

𝔼[TV(𝑝
𝑠0
𝑇−𝑇 , 𝑝

𝑠̂𝑛
𝑇−𝑇 )] ≤

√
1
2
𝔼[KL(𝑝

𝑠0
𝑇−𝑇 ‖ 𝑝

𝑠̂𝑛
𝑇−𝑇 )]

=

√

𝔼[∫
𝑇

𝑇
∫
Ω
𝑓 (𝑥)|𝑠𝑛(𝑥, 𝑡) − ∇ log 𝑝𝑡(𝑥)|2𝑝𝑡(𝑥) d𝑥 d𝑡]

≤

√

‖𝑓 ‖Ω𝔼[ ∫
𝑇

𝑇
∫
Ω
|𝑠𝑛(𝑥, 𝑡) − ∇ log 𝑝𝑡(𝑥)|2𝑝𝑡(𝑥) d𝑥 d𝑡]

≲ 𝑛−
𝛼

2𝛼+𝐷 (log 𝑛)3(log log 𝑛)1/2,

where we used Pinsker’s inequality and Jensen’s inequality together with concavity of 𝑥 ↦
√
𝑥

for the first line, while the second line follows from Theorem B.44 (Girsanov), together with
independence of the driving Brownian motion B and the initialisation X0 ∼ 𝑝𝑇 from the data
(X0,𝑖)𝑖=1,…,𝑛. The proof is concluded by applying the error decomposition (B.50) and using that,
by Lemma B.32 and Lemma B.33, we have

TV(𝑝0, 𝑝𝑇 ) + TV(ℙ(X𝑇 ∈ ⋅ ∣ X0 ∼ 𝑝0), (Ω)) ≲ 𝑇 𝛽/2 + e−𝓁1𝑇 ≲ 𝑛−
𝛼

2𝛼+𝐷 ,

by our choices of 𝑇 , 𝑇 .

B.4 Discussion

This paper presents a rigorous investigation of the non-standard class of denoising reflected
diffusion models (DRDMs), focusing on statistical convergence guarantees and approximation
within constrained settings, as it is relevant for scenarios involving bounded state spaces. This
is a first step in extending the statistical analysis of standard denoising diffusion models to the
generalised class of denoising Markov models proposed in [12].

A key result of our analysis is the derivation of convergence rates in total variation that
match the minimax lower bound on Sobolev classes up to a logarithmic factor. More precisely,
from Yang and Barron [133, Theorem 4], see also Oko, Akiyama, and Suzuki [89, Proposition
5.2] for the verification of their assumptions for 𝛼-smooth Sobolev functions on [0, 1]𝐷, we have
that

inf
𝑝𝑛

sup
𝑝0∈𝐻𝛼 (Ω)

𝔼𝑝0[TV(𝑝0, 𝑝𝑛)] ≍ 𝑛
− 𝛼

2𝛼+𝐷 ,

where the infimum ranges over all estimators 𝑝𝑛 based on 𝑛 i.i.d. data points having density
𝑝0 under ℙ𝑝0 . Our upper bound stated in (B.48) therefore establishes that DRDMs attain the
minimax optimal rate of convergence up to log-factors for specific Sobolev densities. Note that
our logarithmic loss is comparatively small relative to that of unconstrainedDDMs in [89], where
it is of order (log 𝑛)8.



B.4. Discussion 115

However, convergence rates (even optimal ones) expressed in terms of the ambient dimen-
sion 𝑑 fall short of capturing the empirical success of DDMs. This gap is related to the mani-
fold hypothesis, a prominent idea that real-world high-dimensional data often reside on lower-
dimensional manifolds, to which well-trained generative models are believed to adapt. Devel-
oping a theoretical underpinning for this hypothesis has therefore been one of the central goals
in statistical theory for generative models. In the pioneering paper [89], the authors also take a
first step towards investigating statistical convergence guarantees of DDMs for data distributed
on such lower-dimensional structures by extending their analysis to initial distributions sup-
ported on a lower-dimensional hyperplane, where they obtain the almost minimax optimal rate
𝑛− 𝛼+1

2𝛼+𝑑 +𝜀 in the Wasserstein-1 distance in terms of the sample size 𝑛 and the subspace dimension
𝑑. Related statistical results under linear subspace assumptions are given in [22]. In the recent
work [118], Tang and Yang significantly extend this result by establishing (up to log factors) the
minimax convergence rate 𝐶(𝐷)𝑛− 𝛼+1

2𝛼+𝑑 in Wasserstein-1 distance for distributions 𝑝0 such that

(i) 𝑝0 is supported on a compact and 𝛽-smooth 𝑑-dimensional submanifold with positive
reach, where 𝛽 ≥ 2;

(ii) 𝑝0 is bounded away from zero on ;

(iii) 𝑝0 has smoothness of order 𝛼 ∈ [0, 𝛽 − 1] w.r.t. the volume measure on.

Note that these three conditions mirror the three assumptions from [89] mentioned in the in-
troductory Section B.1 in the manifold setting. The multiplicative factor 𝐶(𝐷) in [118]’s con-
vergence rate is of order 𝐷𝛼+𝐷/2 and thus potentially very large for high ambient dimension 𝐷.
Most recently, [6] show that this multiplicative factor can be significantly reduced to the order√
𝐷 by appropriately choosing the neural network class for score approximation. Extending the

DRDM framework to support data on submanifolds (and thus improving the convergence rate)
presents additional mathematical challenges. For example, enforcing a reflecting boundary for
data supported on lower-dimensional submanifolds would require non-trivial modifications to
the spectral score representation and a revised analysis of the associated Sobolev bounds. Such
adjustments are beyond the scope of this study, yet our current workmay provide a foundational
approach for future research in the reflected diffusion context.

The assumptions on 𝑝0 in our model (see (0)) play a key role in controlling the approxi-
mation error in our DRDM framework under bounded domain constraints. Such assumptions,
although somewhat limiting in a practical context, are comparable to those made in [89] for the
total variation convergence analysis of unconstrained models while maintaining compatibility
with the spectral methods that we employ for our statistical analysis. In this context, our more
stringent smoothness assumption 𝛼 > 𝐷/2 implies Hölder continuity of the data density 𝑝0, but
allows us to avoid some technical difficulties arising due to the less explicit analytical nature of
DRDMs compared to standard DDMs.

How to remove the lower bound assumption 𝑝0|supp 𝑝0 ≥ 𝑝min that is present in all the works
discussed above is a highly relevant and conceptually challenging question. Recent works by
[112, 135], and [132] prove minimax optimal rates for particular unconstrained diffusion models
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without lower bound assumptions for sub-Gaussian densities 𝑝0 and push-forward distributions
on the ambient spaceℝ𝐷 of the form 𝑔# [0, 1]𝑑 for Hölder-continuous 𝑔 and 𝑑 ≤ 𝐷, respectively.
[135] use a more classical kernel estimation and truncation strategy instead of neural network
approximations. [112] exploit deeper results on the space-time regularity of the score function of
an Ornstein–Uhlenbeck process for direct approximation with tanh activation function, thereby
avoiding the need to approximate 𝑝𝑡 and ∇𝑝𝑡 separately. Finally [132] exploit the structure of the
score induced by their data assumption 𝑝0 ∼ 𝑔# [0, 1]𝑑 and the Gaussian Ornstein–Uhlenbeck
forward transition densities to construct their ReLU neural network based approximation class
in a very specific way. These approaches do not translate directly to our non-Gaussian reflected
setting and we leave the statistical study of reflected diffusion models without lower bound
assumptions to future work.

In general, our analytical approach inDRDMs differs significantly from that in unconstrained
diffusionmodels, as the bounded domain prevents the explicit Gaussian transition densities com-
monly used for error control. The semi-explicit nature of these densities in the reflected setting
means that, rather than relying on straightforward Gaussian approximations, we implement
general spectral decompositions and Sobolev-based bounds informed by the Sobolev smooth-
ness of 𝑝0. The score approximation here presents additional technical challenges, which we
address through an innovative polynomial-time interpolation procedure that proves crucial to
achieving feasible convergence rates. This technique introduces new and effective methods for
controlling error contributions in generative models with bounded state spaces and, as outlined
in the introduction, may also provide a versatile tool for statistical analysis of generalised de-
noising Markov models [12, 99] beyond the scope of this paper.

Finally, it should be noted that our analysis does not address sampling issues, in particular
those arising from simulating the backward reflected process with an estimated drift. While this
aspect is important in practical implementations, our current focus on theoretical convergence
guarantees serves to isolate and address the approximation errors inherent to the reflection-
based model setup itself. Future studies could incorporate error analysis for sampling method-
ologies specific to reflected processes to extend the results presented here.

B.A Girsanov’s theorem for reflected diffusions

The following result is a version of Girsanov’s theorem for reflected diffusions, which is a cor-
rection of Theorem 7.1 and Theorem A.6 in [80], where the influence of the diffusion coefficient
on the KL divergence has been overlooked.

Theorem B.44: Let (X𝑡)𝑡∈[0,𝑇 ] and (X̃𝑡)𝑡∈[0,𝑇 ] be solutions of the normally reflected SDEs

dX𝑡 = 𝑏(𝑡,X𝑡) d𝑡 + 𝜎(𝑡,X𝑡) dB𝑡 + 𝜈(X𝑡) dL𝑡 ,

dX̃𝑡 = 𝑏(𝑡, X̃𝑡) d𝑡 + 𝜎(𝑡, X̃𝑡) dB̃𝑡 + 𝜈(X̃𝑡) dL̃𝑡 , X̃0
𝑑= X0, (B.65)
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where 𝑏, 𝑏 are bounded on [0, 𝑇 ]×Ω and 𝜎(𝑡, ⋅) is bounded, Lipschitz and uniformly elliptic
in the sense 𝑎(𝑡, ⋅) ∶= 𝜎(𝑡, ⋅)𝜎(𝑡, ⋅)⊤ ⪰ 𝜆𝕀 for some 𝜆 > 0 and all 𝑡 ∈ [0, 𝑇 ]. Denote by ℙX𝑇

and ℙX̃𝑇 their respective path measures on ([0, 𝑇 ], Ω). Then, for 𝐿𝑡 = ∫ 𝑡
0 𝜈(X𝑠) dL𝑠 ,

log
dℙX̃𝕋

dℙX𝕋
(X𝑇 )

= ∫
𝑇

0
(𝑏(𝑡,X𝑡) − 𝑏(𝑡,X𝑡))⊤𝑎−1(𝑡,X𝑡) d(X𝑡 − 𝐿𝑡)

−
1
2 ∫

𝑇

0
(𝑏(𝑡,X𝑡) − 𝑏(𝑡,X𝑡))⊤𝑎−1(𝑡,X𝑡)(𝑏(𝑡,X𝑡) + 𝑏(𝑡,X𝑡)) d𝑡,

a.s., and

KL(ℙX𝑇 ‖ ℙX̃𝑇 ) =
1
2
𝔼[ ∫

𝑇

0
‖𝜎−1(𝑡,X𝑡)(𝑏(𝑡,X𝑡) − 𝑏(𝑡,X𝑡))‖2 d𝑡].

Proof. Let

Z𝑇 ∶= exp(∫
𝑇

0
(𝑏(𝑡,X𝑡) − 𝑏(𝑡,X𝑡))⊤(𝜎−1(𝑡,X𝑡))⊤ dB𝑡

−
1
2 ∫

𝑇

0
‖𝜎−1(𝑡,X𝑡)(𝑏(𝑡,X𝑡) − 𝑏(𝑡,X𝑡))‖2 d𝑡),

and define dℚ𝕋 ∶= Z𝑇 dℙ. Since 𝛽 ∶= sup𝑡∈[0,𝑇 ],𝑥∈Ω‖𝛽(𝑡, 𝑥)‖ < ∞ for 𝛽 ∈ {𝑏, 𝑏}, we have

sup
𝑡∈[0,𝑇 ],𝑥∈Ω

‖𝜎−1(𝑡, 𝑥)𝛽(𝑡, 𝑥)‖ ≤
𝛽
𝜆
< ∞.

Thus, Novikov’s condition is satisfied, making ℚ𝑇 a probability measure equivalent to ℙ, and
Girsanov’s theorem implies that

B̃𝑡 ∶= B𝑡 − ∫
𝑡

0
𝜎−1(𝑠,X𝑠)(𝑏(𝑠,X𝑠) − 𝑏(𝑠,X𝑠)) d𝑠, 𝑡 ∈ [0, 𝑇 ],

is a ℚ𝑇 -Brownian motion, see Karatzas and Shreve [63, Chapter 3, Theorem 5.1, Corollary 5.13].
Thus,

X𝑡 = X0 + ∫
𝑡

0
𝑏(𝑠,X𝑠) d𝑠 + ∫

𝑡

0
𝜎(𝑠,X𝑠) dB̃𝑠 + ∫

𝑡

0
𝜈(X𝑠) dL𝑠 , 𝑡 ∈ [0, 𝑇 ],

where L𝑡 = ∫ 𝑡
0 1{X𝑠∈𝜕Ω} dL𝑠 , for any 𝑡 ∈ [0, 𝑇 ], ℙ-a.s. and hence also ℚ𝑇 -a.s. Since X0

𝑑= X̃0, it
follows that X𝑇 is a weak solution to the reflected SDE (B.65) and analogously to Karatzas and
Shreve [63, Chapter 5, Proposition 3.10], it holds that under the given assumptions on 𝑏, 𝜎, weak
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solutions to (B.65) are unique in law. Thus, X𝑇 under ℚ𝑇 has the same law as X̃𝑇 under ℙ, such
that, upon noting that

logZ𝑇 = ∫
𝑇

0
(𝑏(𝑡,X𝑡) − 𝑏(𝑡,X𝑡))⊤𝑎−1(𝑡,X𝑡) d(X𝑡 − 𝐿𝑡)

−
1
2 ∫

𝑇

0
(𝑏(𝑡,X𝑡) − 𝑏(𝑡,X𝑡))⊤𝑎−1(𝑡,X𝑡)(𝑏(𝑡,X𝑡) + 𝑏(𝑡,X𝑡)) d𝑡,

the first assertion follows. This yields immediately

KL(ℙX𝑇 ‖ ℙX̃𝑇 ) = −𝔼[ log
dℙX̃𝕋

dℙX𝕋
(X𝑇 )] = −𝔼[logZ𝑇 ]

=
1
2
𝔼[ ∫

𝑇

0
‖𝜎−1(𝑡,X𝑡)(𝑏(𝑡,X𝑡) − 𝑏(𝑡,X𝑡))‖2 d𝑡].

B.B Bernstein condition for the denoising score matching excess loss
and generalisation error

The goal of this section is to prove (B.53) and thereby justify the generalisation error decom-
position from Theorem B.34 in a generalised Markovian framework that in particular includes
our reflected forward model, as well as the unconstrained Ornstein–Uhlenbeck models used in
other works.

Let Y1, … ,Y𝑛
i.i.d∼ 𝜇 be a collection of random variables with state space  ⊂ ℝ𝑑 . Let also

(X𝑡)𝑡≥0 be a Markov process with state space  and transition densities (𝑞𝑡)𝑡≥0 w.r.t. some ref-
erence measure 𝜈 , that is, ℙ𝑥(X𝑡 ∈ d𝑦) = 𝑞𝑡(𝑥, 𝑦) 𝜈( d𝑦), where ℙ𝑥 = ℙ(⋅ ∣ X0 = 𝑥). De-
note by 𝑝𝑡 the density of X𝑡 started in 𝜇 at time 𝑡 > 0, i.e., 𝑝𝑡(𝑦)𝜈( d𝑦) = ℙ𝜇(X𝑡 ∈ d𝑦) =
∫ 𝑞𝑡(𝑥, 𝑦) 𝜇( d𝑥) 𝜈( d𝑦). We assume that the score 𝑠0 of this Markov process given by 𝑠0(𝑥, 𝑡) =
∇ log 𝑝𝑡(𝑥) as well as ∇ log 𝑞𝑡(𝑥, 𝑦) are well defined for all 𝑡 > 0, 𝑥, 𝑦 ∈  , and define for some
measurable candidate function 𝑠 the denoising score matching loss over an interval [𝑇 , 𝑇 ] ⊂ (0,∞)
by

𝐿𝑠(𝑥) = ∫
𝑇

𝑇
∫

|𝑠(𝑦, 𝑡) − ∇ log 𝑞𝑡(𝑥, 𝑦)|2𝑞𝑡(𝑥, 𝑦) 𝜈( d𝑦) d𝑡

= 𝔼𝑥[ ∫
𝑇

𝑇
|𝑠(X𝑡 , 𝑡) − ∇ log 𝑞𝑡(𝑥,X𝑡)|2 d𝑡],

which gives

𝔼𝜇[𝐿𝑠(X0)] = ∫
𝑇

𝑇
∬

×
|𝑠(𝑦, 𝑡) − ∇ log 𝑞𝑡(𝑥, 𝑦)‖2𝑞𝑡(𝑥, 𝑦) 𝜈( d𝑦) 𝜇( d𝑥) d𝑡.
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Then, given sufficient integrability properties that allow interchanging the order of differentia-
tion and integration, a few simple lines of calculation establish the equivalence between denois-
ing and explicit score matching [129], which is the first equality in

𝔼𝜇[𝐿𝑠(X0)] = ∫
𝑇

𝑇
∫

|𝑠(𝑦, 𝑡) − ∇ log 𝑝𝑡(𝑦)|2𝑝𝑡(𝑦) 𝜈( d𝑦) d𝑡 + 𝐶𝑇 ,𝑇

= ∫
𝑇

𝑇
∫

|𝑠(𝑦, 𝑡) − 𝑠0(𝑦, 𝑡)|2𝑝𝑡(𝑦) 𝜈( d𝑦) d𝑡 + 𝐶𝑇 ,𝑇 ,

where 𝐶𝑇 ,𝑇 = 𝔼𝜇[𝐿𝑠0(X0)] is independent of  . In particular, we obtain

∫
𝑇

𝑇
∫

|𝑠(𝑦, 𝑡) − ∇ log 𝑝𝑡(𝑦)|2𝑝𝑡(𝑦) 𝜈( d𝑦) d𝑡 = 𝔼𝜇[𝐿𝑠(X0)] − 𝔼𝜇[𝐿𝑠0(X0)]. (B.66)

As discussed before, a natural and tractable choice for the score 𝑠0 given the data 𝑌1, … , 𝑌𝑛 is
therefore given by the empirical risk minimiser

𝑠̂ ∈ argmin
𝑠∈

1
𝑛

𝑛

∑
𝑖=1
𝐿𝑠(𝑌𝑖),

where  is some appropriate class of candidate functions. The following result shows that the
excess risk 𝐿𝑠 − 𝐿𝑠0 satisfies a Bernstein condition w.r.t. 𝜇, which is essential for the denoising
score loss to work well as an empirical risk minimisation objective.

Lemma B.45: Suppose that sup𝑠∈∪{𝑠0}‖𝐿𝑠‖ ≤ 𝐶() < ∞. Then,

𝔼𝜇[(𝐿𝑠(X0) − 𝐿𝑠0(X0))2] ≤ 4𝐶()𝔼𝜇[𝐿𝑠(X0) − 𝐿𝑠0(X0)].

Proof. Using the elementary equality |𝑎|2−|𝑏|2 = ⟨𝑎+𝑏, 𝑎−𝑏⟩ for vectors 𝑎, 𝑏 , and the Cauchy–
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Schwarz inequality several times, we find for any 𝑥 ∈  ,

|𝐿𝑠(𝑥) − 𝐿𝑠0(𝑥)|

≤ ∫
𝑇

𝑇
∫

|⟨𝑠(𝑦, 𝑡) − 𝑠0(𝑦, 𝑡), 𝑠(𝑦, 𝑡) + 𝑠0(𝑦, 𝑡) − 2∇ log 𝑞𝑡(𝑥, 𝑦)⟩|𝑞𝑡(𝑥, 𝑦) 𝜈( d𝑦) d𝑡

≤ ∫
𝑇

𝑇
∫

|𝑠(𝑦, 𝑡) − 𝑠0(𝑦, 𝑡)||𝑠(𝑦, 𝑡) + 𝑠0(𝑦, 𝑡) − 2∇ log 𝑞𝑡(𝑥, 𝑦)|𝑞𝑡(𝑥, 𝑦) 𝜈( d𝑦) d𝑡

≤ ∫
𝑇

𝑇 (∫

|𝑠(𝑦, 𝑡) − 𝑠0(𝑦, 𝑡)|2𝑞𝑡(𝑥, 𝑦) 𝜈( d𝑦))

1/2

× (∫

|𝑠(𝑦, 𝑡) + 𝑠0(𝑦, 𝑡) − 2∇ log 𝑞𝑡(𝑥, 𝑦)|2𝑞𝑡(𝑥, 𝑦) 𝜈( d𝑦))

1/2
d𝑡

≤ (∫
𝑇

𝑇
∫

|𝑠(𝑦, 𝑡) − 𝑠0(𝑦, 𝑡)|2𝑞𝑡(𝑥, 𝑦) 𝜈( d𝑦) d𝑡)

1/2

× (∫
𝑇

𝑇
∫

|𝑠(𝑦, 𝑡) + 𝑠0(𝑦, 𝑡) − 2∇ log 𝑞𝑡(𝑥, 𝑦)|2𝑞𝑡(𝑥, 𝑦) 𝜈( d𝑦) d𝑡)

1/2

≤
√
2(𝐿𝑠(𝑥) + 𝐿𝑠0(𝑥))( ∫

𝑇

𝑇
∫

|𝑠(𝑦, 𝑡) − 𝑠0(𝑦, 𝑡)|2𝑞𝑡(𝑥, 𝑦) 𝜈( d𝑦) d𝑡)

1/2

≤ 2
√
𝐶()( ∫

𝑇

𝑇
∫

|𝑠(𝑦, 𝑡) − 𝑠0(𝑦, 𝑡)|2𝑞𝑡(𝑥, 𝑦) 𝜈( d𝑦) d𝑡)

1/2

Thus, using (B.66),

𝔼𝜇[(𝐿𝑠(X0) − 𝐿𝑠0(X0))2] ≤ 4𝐶() ∫

∫

𝑇

𝑇
∫

|𝑠(𝑦, 𝑡) − 𝑠0(𝑦, 𝑡)|2𝑞𝑡(𝑥, 𝑦) 𝜈( d𝑦) d𝑡 𝜇( d𝑥)

= 4𝐶() ∫
𝑇

𝑇
∫

|𝑠(𝑦, 𝑡) − 𝑠0(𝑦, 𝑡)|2𝑝𝑡(𝑦) 𝜈( d𝑦) d𝑡

= 4𝐶()𝔼𝜇[𝐿𝑠(X0) − 𝐿𝑠0(X0)].

This result renders the reasoning in Oko, Akiyama, and Suzuki [89, Theorem C.4] valid up
to a multiplicative factor that only results in a minor change of constants in their generalisation
error upper bound. For completeness we state a corrected version of Oko, Akiyama, and Suzuki
[89, Theorem C.4] in the general context of this section with corrected constants.
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Theorem B.46: Suppose that sup𝑠∈ ‖𝐿𝑠‖ ≤ 𝐶(), where 𝐶() < ∞. Then, for any 𝛿 > 0
such that  (, ‖⋅‖ , 𝛿) ≥ 3, it holds that

𝔼[ ∫
𝑇

𝑇
∫

|𝑠(𝑥, 𝑡) − ∇ log 𝑝𝑡(𝑥)|2𝑝𝑡(𝑥) 𝜈( d𝑥) d𝑡]

≤ 2 inf
𝑠∈ ∫

𝑇

𝑇
∫

|𝑠(𝑥, 𝑡) − ∇ log 𝑝𝑡(𝑥)|2𝑝𝑡(𝑥) 𝜈( d𝑥) d𝑡 +

2𝐶()
𝑛 (

145
9

log (, ‖⋅‖ , 𝛿) + 160)

+ 5𝛿.

B.C Technical results on neural network approximations

We first consider neural network approximations of products.

LemmaB.47: For any𝐶 ≥ 1 and𝑚, 𝑑 ∈ ℕ, there exist neural networks𝜑mult
𝑚 ∈ Φ(𝐿,𝑊 , 𝑆, 𝐵)

and 𝜑mult,𝐷
𝑚 ∈ Φ(𝐿,𝑊𝐷, 𝐷 ⋅ 𝑆, 𝐵) satisfying

|𝜑mult
𝑚 (𝑥, 𝑦) − 𝑥𝑦| ≤ 𝐶2−𝑚, 𝑥 ∈ [0, 1], 𝑦 ∈ [−𝐶, 𝐶].

and
|𝜑mult,𝐷
𝑚 (𝑥, 𝑦) − 𝑥𝑦| ≤

√
𝐷𝐶2−𝑚, 𝑥 ∈ [0, 1], 𝑦 ∈ [−𝐶, 𝐶]𝐷.

Furthermore, 𝜑mult(0, 𝑦) = 𝜑mult(𝑥, 0) = 0. The sizes of the networks are evaluated as
𝐿 = 𝑚 + 8, 𝑆 = 58 + 16𝑚, 𝐵 = 𝐶 and

𝑊 = [2 3 3 12 ⋯ 12
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑚+2 times

2 2 1]
⊤ , (𝑊𝐷)𝑖 =

{
𝐷 + 1, if 𝑖 = 1
𝐷 ⋅ 𝑊𝑖 otherwise.

In particular, we have 𝐿, 𝑆 ≲ 𝑚, ‖𝑊 ‖∞ ≲ 1, ‖𝑊𝐷‖∞ ≲ 𝐷 and 𝐵 ≲ 𝐶.

Proof. We proceed as in the proof of Oko, Akiyama, and Suzuki [89, Lemma F.6], but adapted to
this specific setting. Thus, let 𝑚 ∈ ℕ and 𝐶 ≥ 0 be fixed. Then, by Schmidt-Hieber [101, Lemma
A.2], there exists a neural network 𝜑mult

𝑚 ∈ Φ(𝑚 + 4,𝑊0, 24 + 16𝑚, 1), where

𝑊0 = [2 6 ⋯ 6
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑚+2 times

1]
⊤ ,



122 Article B

satisfying |𝜑mult
𝑚 (𝑥, 𝑦) − 𝑥𝑦| ≤ 2−𝑚 and 𝜑mult

𝑚 (𝑥, 0) = 𝜑mult
𝑚 (0, 𝑦) = 0 for all 𝑥, 𝑦 ∈ [0, 1]. Thus, for

𝑦 ∈ [−1, 1], we have |sgn(𝑦)𝜑mult
𝑚 (𝑥, |𝑦|) − 𝑥𝑦| ≤ 2−𝑚. Note then that

sgn(𝑦)𝜑mult
𝑚 (𝑥, |𝑦|) = 𝜎𝑅(𝜑mult

𝑚 (𝑥, 𝜎𝑅(𝑦))) − 𝜎𝑅(𝜑mult
𝑚 (𝑥, 𝜎𝑅(−𝑦)))

= 𝜑mult,3
𝑚 ◦ 𝜑mult,2

𝑚 ◦ 𝜑mult,1
𝑚 (𝑥, 𝑦),

where

𝜑mult,1
𝑚 = 𝐼3𝜎

⎡
⎢
⎢
⎣

1 0
0 1
0 −1

⎤
⎥
⎥
⎦
∈ Φ(1, [2 3 3]

⊤ , 6, 1),

𝜑mult,3
𝑚 = [1 −1] 𝜎𝐼2 ∈ Φ(1, [2 2 1]

⊤ , 4, 1),

and 𝜑mult,2
𝑚 (𝑥, 𝑦, 𝑧) = [𝜑mult

𝑚 (𝑥, 𝑦) 𝜑mult
𝑚 (𝑥, 𝑧)]

⊤. Thus, 𝜑mult,2
𝑚 ∈ Φ(𝑚 + 4,𝑊1, 48 + 32𝑚, 1)

where𝑊1 is the parallelization of𝑊0 with itself, and hence sgn(𝑦)𝜑mult
𝑚 (𝑥, |𝑦|) ∶= 𝜑mult

𝑚 (𝑥, 𝑦) ∈
Φ(𝑚 + 8,𝑊 , 58 + 16𝑚, 1), where 𝑊 is as specified in the statement of the lemma. Finally,
if 𝑦 ∈ [−𝐶, 𝐶], we have similarly |𝐶𝜑mult

𝑚 (𝑥, 𝑦/𝐶) − 𝑥𝑦| ≤ 𝐶2−𝑚, and since these are sim-
ply linear transformations (i.e., neural networks of depth 0), it follows that 𝐶𝜑mult

𝑚 (𝑥, 𝑦/𝐶) ∶=
𝜑mult
𝑚 (𝑥, 𝑦) ∈ Φ(𝑚+8,𝑊 , 58+16𝑚, 𝐶). Parallelization of 𝜑mult

𝑚 a total of𝐷 times yields a network
𝜑mult,𝐷
𝑚 ∈ Φ(𝑚 + 8,𝑊𝐷, 𝐷(58 + 16𝑚), 𝐶) with𝑊𝐷 as specified above, which satisfies

max
𝑖∈{1,…,𝐷}

|(𝜑mult,𝐷
𝑚 (𝑥, 𝑦))𝑖 − 𝑥𝑦𝑖| ≤ 𝐶2−𝑚, 𝑥 ∈ [0, 1], 𝑦 ∈ [−𝐶, 𝐶]𝐷,

implying the desired result since |𝑦| ≤
√
𝐷‖𝑦‖∞ for 𝑦 ∈ ℝ𝑑 .

Next, we consider the reciprocals. Note that by not relying on the comparatively slow con-
verging Taylor series of the reciprocal, we achieve a substantially smaller network size than
Oko, Akiyama, and Suzuki [89, Lemma F.7], who achieve a network size of Φ̃(𝑚2, 𝑚3, 𝑚4, 22𝑚)
(assuming, as they do, that 𝑚 = 𝑘 = 𝑘).

Lemma B.48: For any 𝑘, 𝑘, 𝑚 ∈ ℕ with 𝑚 > 𝑘, there exists a neural network 𝜑rec𝑚 ∈
Φ(𝐿,𝑊 , 𝑆, 𝐵) satisfying

|𝜑rec𝑚 (𝑥) −
1
𝑥
| ≤ 2−𝑚, 𝑥 ∈ [2−𝑘 , 2𝑘].

The size of 𝜑rec𝑚 is evaluated as

𝐿 = (4(𝑘 + 𝑘) + 2𝑚 + 17)⌈log2(𝑘 + 𝑚 + 2)⌉ + 2⌈log2(𝑘 + 𝑘)⌉ + 1,

𝑆 = (260 + 68(𝑘 + 𝑘 + 𝑚))⌈log2(𝑘 + 𝑚 + 2)⌉ + 8(𝑘 + 𝑘),
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𝐵 = 22(𝑘+𝑘) and𝑊 is the concatenation of ⌈log2(𝑘 +𝑚+2)⌉ copies of𝑊iter and𝑊init, where

𝑊iter = [2 7 ⋯ 7
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟

2(𝑘+𝑘)+𝑚+3 times

2 7 ⋯ 7
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟

2(𝑘+𝑘)+𝑚+3 times

2]
⊤ ,

and

𝑊init = [1 𝑘 + 𝑘 2⌈log2(𝑘+𝑘)⌉ 2⌈log2(𝑘+𝑘)⌉−1 2⌈log2(𝑘+𝑘)⌉−1 ⋯ 2 2 1]
⊤
.

In particular, we have 𝐿, 𝑆 ≲ (𝑘 + 𝑚)(log(𝑘 + 𝑚)), ‖𝑊 ‖∞ ≲ 𝑘, where 𝑘 = 𝑘 + 𝑘.

Proof. Let 𝑘, 𝑘, 𝑚 ∈ ℕwith𝑚 > 𝑘 be fixed. We approximate the reciprocal by Newton–Raphson
iterations, adapted to neural networks. In a usual Newton–Raphson scheme approximating 𝑥−1
for some 𝑥 > 0, we would take 𝑥0 to be some initial approximation and set 𝑥𝑛 = 𝑥𝑛−1(2 − 𝑥𝑥𝑛−1)
for 𝑛 ∈ ℕ. This, however, involves two multiplications by non-constants in each iteration, and
as such is not directly accessible by neural networks. To overcome this, suppose that we have
access to a neural network 𝜑iter𝑚 such that |𝜑iter𝑚 (𝑥, 𝑦) − 𝑥(2 − 𝑥𝑦)| ≤ 2−(𝑚+1) as well as a neural
network 𝜑init such that |𝜑init −𝑥−1| ≤ 1

2𝑥
−1. Then, setting 𝑥0 = 𝜑init(𝑥) and 𝑥𝑛 = 𝜑iter𝑚 (𝑥𝑛−1, 𝑥) for

𝑛 ∈ ℕ, we claim that |𝑥𝑛0 − 𝑥−1| ≤ 2−𝑚 where 𝑛0 = ⌈log2(𝑘 + 𝑚 + 2)⌉. To show this, we first find
by the recursive definition of 𝑥𝑛 that

|𝑥𝑛+1 − 𝑥−1| = |𝜑iter𝑚 (𝑥𝑛, 𝑥) − 𝑥−1| ≤ |𝑥𝑛(2 − 𝑥𝑥𝑛) − 𝑥−1| + 2−(𝑚+1) = 𝑥(𝑥𝑛 − 𝑥−1)2 + 2−(𝑚+1).

Hence, setting 𝑒𝑛(𝑥) ∶= 𝑥𝑒2𝑛−1(𝑥) + 2−(𝑚+1) with 𝑒0(𝑥) ∶= 1
2𝑥

−1, we find that |𝑥𝑛 − 𝑥−1| ≤ 𝑒𝑛(𝑥)
for all 𝑛 ∈ ℕ. To show that 𝑒𝑛0(𝑥) ≤ 2−𝑚 on [2−𝑘 , 2𝑘], we introduce 𝑑𝑛(𝑥) ∶= 𝑒𝑛(𝑥) − 1

𝑥 2
−2𝑛

for 𝑛 ∈ ℕ and 𝑥 ∈ [2−𝑘 , 2𝑘]. Since 1
𝑥 2

−2𝑛 = 𝑥( 1
𝑥 2

−2𝑛−1)
2, 𝑑𝑛 satisfies the recursion 𝑑𝑛(𝑥) =

𝑥𝑑2𝑛−1(𝑥)+ 2−2𝑛+1𝑑𝑛−1(𝑥)+ 2−(𝑚+1) with 𝑑0 ≡ 0. Furthermore, we claim that 𝑑𝑛 is non-decreasing
and convex. Clearly, this is true for 𝑑0, and by the recursion above we have

𝑑′𝑛(𝑥) =
d
d𝑥

[𝑥𝑑2𝑛−1(𝑥) + 2−2
𝑛+1𝑑𝑛−1(𝑥)] = 𝑑2𝑛−1(𝑥) + 2𝑥𝑑′𝑛−1(𝑥)𝑑𝑛−1(𝑥) + 2−2

𝑛+1𝑑′𝑛−1(𝑥).

By induction, this is non-negative and non-decreasing, so 𝑑𝑛 is non-decreasing and convex as
claimed. Since 𝑒𝑛(𝑥) = 1

𝑥 2
−2𝑛 + 𝑑𝑛(𝑥), it follows that 𝑒𝑛 is also convex, and we thus only need

to check that 𝑒𝑛0(2−𝑘) ∨ 𝑒𝑛0(2𝑘) ≤ 2−𝑚. To this end, it is clear that for 𝑛 ≥ 2, we have 𝑑𝑛(2−𝑘) ≥
𝑑𝑛+1(2−𝑘), and some tedious but straightforward calculations show that

𝑑3(2−𝑘) = (1 + 2−𝑘2−(𝑚+1)(2
−𝑘2−(𝑚+1) +

17
16)

2
+

1
256(

2−𝑘2−(𝑚+1) +
17
16))

2−(𝑚+1).

A very rough estimate yields from this that 𝑑𝑛(2−𝑘) ≤ 3
22

−(𝑚+1) = 2−𝑚 − 2−(𝑚+2) for 𝑛 ≥ 3. Now,
since 𝑘 + 𝑚 + 2 > 4, we have 𝑛0 ≥ 3, and so

𝑒𝑛0(2
−𝑘) = 2𝑘2−2

𝑛
+ 𝑑𝑛0(2

−𝑘) ≤ 2𝑘2−(𝑘+𝑚+2) + 2−𝑚 − 2−(𝑚+2) = 2−𝑚.
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As for 𝑒𝑛0(2𝑘), since 𝑘 ≤ 𝑚 − 1, the same convexity argument implies that it suffices to check
that 𝑒𝑛0(2𝑚−1) ≤ 2−𝑚. But we clearly have that 𝑒0(2𝑚−1) = 2−𝑚, and since

2𝑚−1(2−𝑚)2 + 2−(𝑚+1) = 2 ⋅ 2−(𝑚+1) = 2−𝑚,

it follows that 𝑒𝑛(2𝑚−1) = 2−𝑚 for all 𝑛 ∈ ℕ. Now, let us construct this network. For notation,
let 𝑘 = 𝑘 + 𝑘. We begin by constructing 𝜑init as a piecewise linear function. In particular, for
𝑖 = 0, … , 𝑘, let 𝑝𝑖 = 2𝑖−𝑘 , and for 𝑖 = 1, … , 𝑘 let 𝓁𝑖 be the linear interpolation between (𝑝𝑖−1, 𝑝−1𝑖−1)
and (𝑝𝑖, 𝑝−1𝑖 ), i.e.,

𝓁𝑖(𝑥) =
𝑝−1𝑖 − 𝑝−1𝑖−1
𝑝𝑖 − 𝑝𝑖−1

𝑥 − (
𝑝−1𝑖 − 𝑝−1𝑖−1
𝑝𝑖 − 𝑝𝑖−1

𝑝𝑖 −
1
𝑝𝑖)

=
1
𝑝𝑖
(3 −

2
𝑝𝑖
𝑥), 𝑥 ∈ [𝑝𝑖−1, 𝑝𝑖].

Note that by convexity of the reciprocal function, we have 𝓁𝑖(𝑥) ≥ 𝑥−1 for all 𝑥 ∈ [𝑝𝑖−1, 𝑝𝑖], and
hence 𝐸𝑖(𝑥) ∶= |𝓁𝑖(𝑥) − 1

𝑥 | =
1
𝑝𝑖 (3 −

2
𝑝𝑖
𝑥) − 1

𝑥 . We then have that 𝐸′𝑖 (𝑥) = 1
𝑥2 −

2
𝑝2𝑖
, and since

𝐸𝑖 has exactly one extremal point and this is a maximum, we have that the error is maximized
when 𝑥 = 𝑝𝑖√

2 and that the corresponding error is 𝐸𝑖( 𝑝𝑖√
2 ) =

3−2
√
2

𝑝𝑖
≤ 1

2𝑥 . Thus, since 𝓁𝑖 is merely
an affine transformation and hence clearly representable as a neural network, 𝓁𝑖 satisfies the
properties of 𝜑init on [𝑝𝑖−1, 𝑝𝑖]. Also, if 𝑥 ∈ [𝑝𝑖−1, 𝑝𝑖], then 𝓁𝑗 (𝑥) < 𝑥−1 for all 𝑗 ≠ 𝑖, and so
𝜑init(𝑥) ∶= max𝑗=1,…,𝑘 𝓁𝑗 (𝑥) works. Since 𝑎 ∨ 𝑏 = 𝑎 + 𝜎(𝑏 − 𝑎) for 𝑎, 𝑏 ≥ 0, the function
(𝑦1, … , 𝑦𝑘) ↦ max𝑗=1,…,𝑘 𝑦𝑗 is realized by a network 𝜑max ∈ Φ(2𝑛𝑘 ,𝑊max, 5𝑘, 1), where 𝑛𝑘 =
⌈log2(𝑘)⌉ and

𝑊max = [𝑘 2𝑛𝑘 2𝑛𝑘−1 2𝑛𝑘−1 ⋯2 2 1]
⊤ .

Thus, by parallelizing, we have 𝜑init ∈ Φ(2(𝑛𝑘 +1), [1 𝑘 𝑊 ⊤
max]

⊤ , 8𝑘, 22𝑘). Next, we construct
𝜑iter𝑚 . Similarly to the proof of Lemma B.47, a small modification of Schmidt-Hieber [101, Lemma
A.2] yields a network 𝜑mult

𝑙 ∈ Φ(𝑙 + 4,𝑊mult, 24 + 16𝑙, 2𝑘) with

𝑊mult = [2 6 ⋯ 6
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑙+2 times

1]
⊤ ,

satisfying |𝜑mult
𝑙 (𝑥, 𝑦) − 𝑥𝑦| ≤ 2𝑘+1−𝑙 for all 𝑥 ∈ [0, 2] and 𝑦 ∈ [0, 2𝑘]. Since we always have

𝑥 ∧ 𝑥𝑛 ≤ 2 and |2 − 𝑥𝑥𝑛| ≤ 2, setting 𝜑iter𝑚 (𝑥, 𝑦) = 𝜑mult
𝑙 (𝑥, 2 − 𝜑mult

𝑙 (𝑥, 𝑦)) with 𝑙 ≥ 2𝑘 + 𝑚 + 3
works. Parallelizing with the identity, we can now simply chain these together without altering
the size of the network other than increasing the width of each layer by 1. That is, setting
𝜑init(𝑥) ∶= [𝜑init(𝑥) 𝑥]

⊤ and 𝜑iter𝑚 (𝑥, 𝑦) ∶= [𝜑iter𝑚 (𝑥, 𝑦) 𝑥]
⊤,

𝜑rec𝑚 (𝑥) ∶= 𝜑iter𝑚 ◦ 𝜑iter𝑚 ◦ ⋯ ◦ 𝜑iter𝑚⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑛0−1 times

◦𝜑init(𝑥),

yields the desired network.
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Proof of Lemma B.42. We first approximate 𝑡 ↦
√
𝑡 by a piecewise linear function. To this end,

let 𝑡𝑖 = 2−𝑚 + 𝑖/𝑚 for 𝑖 = 0, … ,𝑚 such that 𝑡𝑚 ≥ 1. Next, for 𝑗 = 1, … ,𝑚 and 𝑡 ∈ [𝑡𝑗−1, 𝑡𝑗 ], set

𝓁𝑗 (𝑡) = 𝑚(
√
𝑡𝑗 −

√
𝑡𝑗−1)(𝑡 − 𝑡𝑗−1) +

√
𝑡𝑗−1,

such that 𝓁𝑗 is the linear interpolation between the points (𝑡𝑗−1,
√
𝑡𝑗−1) and (𝑡𝑗 ,

√
𝑡𝑗 ). Since 𝑡 ↦√

𝑡 is concave, it follows that, for 𝑡 ∈ [𝑡𝑖−1, 𝑡𝑖], we have 𝓁𝑖(𝑡) ≤
√
𝑡 while 𝓁𝑗 (𝑡) ≥

√
𝑡 for all

𝑗 ≠ 𝑖. Hence, setting 𝓁(𝑡) = min𝑗∈[𝑚] 𝓁𝑗 (𝑡) yields the desired piecewise linear approximation, and
since both affine functions and minima are exactly representable as neural networks, we find
that 𝓁 ∈ Φ̃(log𝑚,𝑚,𝑚,

√
𝑚). We claim that setting 𝜑cap = 𝜑rec1 ◦ 𝓁 yields the desired network.

Indeed, for the size of the network, note that since 𝓁(𝑡) ∈ [2−𝑚/2, 1] for all 𝑡 ∈ [2−𝑚, 1], we have
𝜑rec1 ∈ Φ̃(𝑚 log𝑚,𝑚,𝑚 log𝑚, 2𝑚/2), and since this dominates the size of 𝓁, it follows that 𝜑cap is
of the same size as 𝜑rec1 .

As for the claim that 𝜑cap(𝑡) ≍ 1√
𝑡 , first note that

𝜑cap(𝑡) =
1√
𝑡
+ (𝜑

rec
1 ◦ 𝓁(𝑡) −

1
𝓁(𝑡))

+ (
1

𝓁(𝑡)
−

1√
𝑡 )
,

where the second term is in [−1/2, 1/2], whence

1
2
√
𝑡
≤

1√
𝑡
+ (𝜑

rec
1 ◦ 𝓁(𝑡) −

1
𝓁(𝑡))

≤
3

2
√
𝑡
.

For the last term, note that since 𝓁(𝑡𝑖) =
√
𝑡𝑖 for 𝑖 = 0, … ,𝑚, we have

|||
1

𝓁(𝑡)
−

1√
𝑡
||| ≤

1
2𝑚/2

−
1√

2𝑚 + 𝑚
<

1
4
,

whereby
1

4
√
𝑡
≤ 𝜑cap(𝑡) ≤

7
4
√
𝑡
,

as desired.
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Reflected diffusion models adapt to low-dimensional data

Asbjørn Holk, Claudia Strauch and Lukas Trottner

Abstract
While the mathematical foundations of score-based generative models are increasingly well un-
derstood for unconstrained Euclidean spaces, many practical applications involve data restricted
to bounded domains. This paper provides a statistical analysis of reflected diffusion models on
the hypercube [0, 1]𝐷 for target distributions supported on 𝑑-dimensional linear subspaces. A
primary challenge in this setting is the absence of Gaussian transition kernels and translation
invariance, both of which play a central role in standard theory in ℝ𝐷. By employing an easily
implementable infinite series expansion of the transition densities, we develop analytic tools to
bound the score function and its approximation by sparse ReLU networks. For target densities
with Sobolev smoothness 𝛼, we establish a convergence rate in the 1-Wasserstein distance of or-
der 𝑛− 𝛼+1−𝛿

2𝛼+𝑑 for arbitrarily small 𝛿 > 0, demonstrating that the generative algorithm fully adapts
to the intrinsic dimension 𝑑. These results confirm that the presence of reflecting boundaries
does not degrade the fundamental statistical efficiency of the diffusion paradigm, matching the
almost optimal rates known for unconstrained settings.

C.1 Introduction

Deep generative models constitute a broad and rapidly evolving class of methods for learning
complex data distributions from samples, with score-based diffusion models [107] emerging as
a particularly powerful dynamic paradigm in recent years. Motivated by the fact that many
modern data sets are intrinsically low-dimensional yet embedded in high-dimensional bounded
ambient spaces, we study the statistical performance diffusion-based generative modelling for
probability measures supported on lower-dimensional manifolds within a bounded domain.

The study of the statistical performance of diffusion models has become a central avenue of
research in statistics for machine learning. Several papers [6, 21, 22, 37, 40, 72, 89, 97, 118, 135]
consider the convergence of such algorithms in the standard setting of an Ornstein–Uhlenbeck
(OU in the following) noising model under different regularity and structural assumptions on
the target distribution as well as different score approximation classes such as neural networks
with or without sparsity assumptions and kernel-type estimators. We provide more details on
existing results for unconstrained models and how they relate to our work in the discussion in
Section C.4, but for now focus on the class of reflected diffusion models that we consider here.

Such generative models were first introduced in [45, 80] motivated by the fact that practical
implementations of the generative backward process often rely on thresholding procedures to
enforce geometric constraints on the data, even though the forward OU training model ignores
such constraints. To overcome such theoretical discrepancies [45, 80] suggest to use a reflected
diffusion process as driver of noise instead. This allows to follow the same time-reversal ratio-
nale underlying unconstrained diffusion models since the time-reversal of a reflected diffusion is
again a reflected diffusion with adjusted drift incorporating the information on the target data
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provided by the time evolution of the score, that is the log-gradient of the forward marginals
given initialisation in the data distribution.

First statistical guarantees for such models were given in [58] under the assumption that
the data distribution has full support on the bounded reflection domain with Sobolev density
bounded away from zero. The goal of this paper is to extend this analysis to singular target dis-
tributions supported on a lower-dimensional manifold 𝑀 ⊂ [0, 1]𝐷 and to demonstrate that the
convergence rate of reflected diffusion models adapt to the intrinsic dimension of the data. In
doing so, we provide the first rigorous statistical analysis of diffusion-based constrained gener-
ative models on bounded domains that explicitly accounts for low-dimensional data structures.
This is particularly important from both an applied and a theoretical perspective in light of the
so-calledmanifold hypothesis [43, 77, 81]. It postulates that image or text data (and many others)
although being extremely high-dimensional have common structural features that make them
supported on (unions of) much lower dimensional manifolds. Empirical evidence of this has,
e.g., been provided by [15, 96, 108], which makes the manifold hypothesis a reasonable expla-
nation for the tremendous success of deep generative models, provided that their adaptivity to
intrinsic lower-dimensional geometric structures can be theoretically verified.

As a natural starting point, we focus on the simplified case where 𝑀 lies in a linear sub-
space of ℝ𝐷. This agrees with the route taken by first studies on adaptivity of unconstrained
diffusion models to lower-dimensional data [22, 89] and provides an important foundation for
further investigations into more complex manifold structures. Our main contributions can be
summarised as follows:

– While existing literature on manifold adaptation relies fundamentally on the Gaussian
transition kernels of unconstrained OU processes, we develop analytic tools to control the
score function associated with reflected Brownian motion on the hypercube. Compared to
[58] we do not work with an eigenfunction expansion of the the score, but use the simple
geometry of the hypercube together with symmetries of reflected Brownian motion to
expand the transition densities as an infinite mixture of restricted Gaussian densities. This
allows us to provide precise bounds on the spatial growth of the score and its singular
behaviour as 𝑡 ↘ 0, effectively decoupling the boundary effects of the domain from the
concentration of the measure 𝜇 around the low-dimensional subspace 𝑀 .

– We prove that, despite the analytic complexities introduced by the reflecting boundaries
and the resulting non-Gaussian transition densities, denoising score matching via sparse
ReLU networks achieves the required approximation rates. In particular, we demonstrate
that the complexity of the estimator depends only on the intrinsic dimension 𝑑 of the linear
subspace supporting the data, rather than the ambient dimension 𝐷.

– We derive an upper bound for the 1-Wasserstein distance between the target distribution
and the law of the generated samples. The established rate of 𝑂(𝑛−(𝛼+1−𝛿)/(2𝛼+𝑑)) confirms
that imposing hard physical constraints via reflection on [0, 1]𝐷 does not degrade the fun-
damental statistical efficiency of the diffusion model, matching the almost optimal rates
known for unconstrained dynamics.
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In the following, we summarise the generative and statistical estimation procedure, intro-
duce and discuss our assumptions on the target distribution and provide an informal version of
our main result on 1-Wasserstein convergence rates of reflected diffusion models.

Forward reflected diffusion Let 𝜇 be a target probability distribution onℝ𝐷, concentrated on
a compact 𝑑-dimensional manifold 𝑀 ⊂ [0, 1]𝐷, where possibly 𝑑 ≪ 𝐷. Given an i.i.d. sample
of data with distribution 𝜇, our aim is to generate approximate samples for 𝜇 in a two-step
procedure via a time-reversal mechanism for reflected diffusions.

As a first step, we perturb 𝜇 by adding isotropic noise through a reflected Brownian motion
on the hypercube. Specifically, we consider the reflected SDE

dX𝑡 = dB𝑡 + 𝑛(X𝑡) dL𝑡 , X0 ∼ 𝜇, (C.67)

where (B𝑡)𝑡≥0 is a standard 𝐷-dimensional Brownian motion, 𝑛(𝑥) denotes an inward-pointing
normal vector at 𝑥 ∈ 𝜕[0, 1]𝐷, and (L𝑡)𝑡≥0 is the local time of (X𝑡)𝑡≥0 at 𝜕[0, 1]𝐷, i.e., a one-
dimensional, continuous and non-decreasing process satisfying L𝑡 = ∫ 𝑡

0 1{X𝑠∈𝜕[0,1]𝐷} dL𝑠 and
∫ 𝑡
0 |𝑛(X𝑠)| dL𝑠 < ∞ almost surely. The presence of the stochastic forcing term 𝑛(X𝑡) dL𝑡 in the
dynamics prevents the process from escaping the unit cube by normally reflecting it back into
the interior when it hits the boundary. Note that for boundary points 𝑥 ∈ 𝜕[0, 1]𝑑 where two or
more faces of the cube intersect, the direction of 𝑛(𝑥) is not uniquely defined. If for 𝑥 ∈ 𝜕[0, 1]𝐷,
we let 𝐼 (𝑥), 𝐽 (𝑥) ⊆ [𝐷] denote the indices of 𝑥 for which 𝑥𝑖 = 0 and 𝑥𝑗 = 1, respectively, we
specify 𝑛(𝑥) = ∑𝑖∈𝐼 (𝑥) 𝑒𝑖 − ∑𝑗∈𝐽 (𝑥) 𝑒𝑗 , where 𝑒𝑖 is the 𝑖-th standard unit vector in ℝ𝐷. In partic-
ular, 𝑛(𝑥) is the unique inward pointing normal vector on smooth parts of the cube boundary,
where faces do not intersect. The particular choice on the non-smooth part of the boundary
𝐸 ∶= {𝑥 ∣ |𝐼 (𝑥)| + |𝐽 (𝑥)| > 1} is without consequences, since the reflected Brownian motion will
never hit 𝐸 almost surely when started in [0, 1]𝐷 ⧵ 𝐸, cf. [131, Theorem 1.1] and we will assume
without further mention that supp(𝜇) ∩ 𝐸 = ∅.

Existence and pathwise uniqueness of strong solutions for general reflected diffusions in
bounded convex domains has been shown in [117] under mild conditions on the coefficients,
which are satisfied for the Brownian case considered here. In particular, because of the simple
geometry of [0, 1]𝐷 and the normal reflection direction, the 𝑖-th coordinate X𝑖 of the strong
solution of (C.67) is a strong solution to the one-dimensional reflected SDE

dX𝑖𝑡 = dB𝑖𝑡 − sgn(X𝑖𝑡) dL
𝑖
𝑡 ,

where L𝑖 is the local time at {0, 1} and sgn(𝑥) = −1 for 𝑥 ≤ 0 and sgn(𝑥) = 1 for 𝑥 > 0. Thus,
conditional on the initialisation X0, the components of X are independent reflected Brownian
motions on [0, 1] and L = ∑𝐷

𝑖=1 L
𝑖 almost surely. The boundary local times L𝑖 at the faces are

characterised via the occupation limit

L𝑖𝑡 = lim
𝜀↓0

1
2𝜀 ∫

𝑡

0
1[0,𝜀]∪[1−𝜀,1](X𝑖𝑠) d𝑠,
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which hold both almost surely and in 𝐿2, uniformly on relatively compact sets in 𝑡, see [16,
Theorem 2.6] in a more general context. Consequently,

L𝑡 = lim
𝜀↓0

1
2𝜀 ∫

𝑡

0

𝐷

∑
𝑖=1

1[0,𝜀]∪[1−𝜀,1](X𝑖𝑠) d𝑠, (C.68)

uniformly in 𝐿2 and almost surely on relatively compact sets of 𝑡. In the following, we let 𝑝𝑡
denote the density of X𝑡 wrt Lebesgue measure on ℝ𝐷.

Time reversal and generative sampling Fix a terminal time 𝑇 > 0, and define the time-
reversed process X⃗𝑡 ∶= X𝑇−𝑡 for 𝑡 ∈ [0, 𝑇 ]. Then, there exists a Brownian motion (B𝑡)𝑡≥0 such
that X⃗ satisfies the reflected SDE

dX⃗𝑡 = ∇ log 𝑝𝑇−𝑡(X⃗𝑡) d𝑡 + dB𝑡 + 𝑛(X⃗𝑡) dL𝑡 , X⃗0 ∼ 𝑝𝑇 , (C.69)

where L𝑡 ∶= L𝑇 − L𝑇−𝑡 is the local time of X⃗ at the boundary 𝜕[0, 1]𝐷. This result is proved in
[18, Theorem 2.5] for more general reflected diffusions on smooth domains, while [45, Theorem
3.2] give an instructive probabilistic proof inspired by the non-reflected case [53] for reflected
Brownian motion on precompact, smooth convex domains. Their proof relies on the boundary
occupation limit characterisation of the local time, which in our case is provided by (C.68), and
sufficient smoothness properties of the transition densities of X𝑡 , which in our model can be
verified based on the representation given in Lemma C.51. Thus, even though the unit cube
[0, 1]𝐷 is non-smooth, its simple geometry allows us to provide the technical tools needed to
follow the proof of [45, Theorem 2.3] to verify (C.69).

If the score function 𝑠0(𝑥, 𝑡) ∶= ∇ log 𝑝𝑡(𝑥) were known, then simulating (C.69) would yield
exact samples from 𝜇 at time 𝑇 . Since 𝑝𝑡 and 𝑠0 depend on the unknown target distribution,
they must be approximated from data.

Approximate backward diffusion. Given an approximation 𝑠(𝑥, 𝑡) of the score function, we
instead consider the reflected SDE

dX𝑠𝑡 = 𝑠(X
𝑠
𝑡 , 𝑇 − 𝑡) d𝑡 + dB𝑡 + 𝑛(X

𝑠
𝑡 ) dL𝑡 , X

𝑠
0 ∼  ([0, 1]𝐷). (C.70)

Several structural features of the proposed framework motivate the use of reflected diffusions
on the hypercube. First, the state space [0, 1]𝐷 is natural in many applications, including image
and signal generation, and reflection provides a principled mechanism to ensure that gener-
ated samples remain within prescribed bounds. Second, the forward process (C.67) has zero
drift and unit diffusion, which allows for an explicit representation of its transition kernel (see
Lemma C.50) and substantially simplifies the probabilistic analysis. Third, the uniform distri-
bution on [0, 1]𝐷 is invariant for the forward reflected Brownian motion, yielding a simple and
practically convenient initialisation for the backward dynamics. For numerical stability, we do
not run the backward dynamics all the way to time 𝑇 , but instead output the sample X

𝑠
𝑇−𝑇 for

some small 𝑇 > 0. This introduces three distinct sources of error:
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(i) the truncation error due to early stopping at time 𝑇 ;

(ii) the initialisation error from starting at stationarity rather than 𝑝𝑇 ;

(iii) the approximation error from using 𝑠 instead of the true score 𝑠0.

Error metric. Our goal is to quantify the discrepancy between 𝜇 and the law of the generated
samples. Since the algorithm produces a random probability measure as the terminal law of a
stochastic process, a natural notion of error is provided by Wasserstein distances. More specifi-
cally, our error criterion is the 1-Wasserstein distance, for probability measures 𝜈1, 𝜈2 on [0, 1]𝐷
defined by

1(𝜈1, 𝜈2) ∶= inf
𝜋∈Π(𝜈1 ,𝜈2)∫[0,1]𝐷×[0,1]𝐷

|𝑥 − 𝑦| 𝜋(d𝑥, d𝑦),

where Π(𝜈1, 𝜈2) denotes the set of all couplings of 𝜈1 and 𝜈2. Unlike divergences based on den-
sities, 1 remains meaningful when 𝜈1 or 𝜈2 are supported on lower-dimensional sets, and it
admits a natural interpretation in terms of couplings of stochastic processes, making it well
suited for diffusion-based generative models.

Score estimation via denoising scorematching. To estimate the score function, we discre-
tise the time interval [𝑇 , 𝑇 ] into 𝐾 ∈ ℕ subintervals {[𝑡𝑖−1, 𝑡𝑖]}𝐾𝑖=1, where 𝐾 ≍ log 𝑛 and 𝑡𝑖 = 𝑇𝑐𝑖
for some 𝑐 ∈ (1, 2], 𝑡𝐾 = 𝑇 . On each subinterval, we approximate the map (𝑥, 𝑡) ↦ ∇ log 𝑝𝑡(𝑥)
separately. The construction of the score estimator is based on the classical equivalence between
the explicit score matching loss

∫
𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠(X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)|2] d𝑡

and the denoising score matching loss

∫
𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠(X𝑡 , 𝑡) − ∇ log 𝑞𝑡(X0,X𝑡)|2] d𝑡,

where 𝑞𝑡(𝑥, ⋅) denotes the transition density of the forward reflected diffusion at time 𝑡, started
from 𝑥 . More precisely, for any measurable function 𝑠, one has

∫
𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠(X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)|2] d𝑡 = 𝔼[ ∫

𝑡𝑖

𝑡𝑖−1
|𝑠(X𝑡 , 𝑡) − ∇ log 𝑞𝑡(X0,X𝑡)|2 d𝑡] + 𝐶𝑖,

where 𝐶𝑖 = −𝔼[ ∫
𝑡𝑖
𝑡𝑖−1

|∇ log 𝑝𝑡(X𝑡) − ∇ log 𝑞𝑡(X0,X𝑡)|2 d𝑡] is a constant independent of 𝑠. Accord-
ingly, for a given approximation class 𝑖 and 𝑖 ∈ [𝐾], we define

𝐿(𝑖)𝑠 (𝑥) ∶= ∫
𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠(X𝑡 , 𝑡) − ∇ log 𝑞𝑡(𝑥,X𝑡)|2 ∣ X0 = 𝑥] d𝑡.
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Minimising the explicit score matching loss over 𝑖 is then equivalent to minimising 𝔼[𝐿(𝑖)𝑠 (X0)]
over the same class. Given i.i.d. samples Y1, … ,Y𝑛 ∼ 𝜇, a natural estimator of the score on the
interval [𝑡𝑖−1, 𝑡𝑖] is obtained by minimising the empirical denoising score matching loss

L̂(𝑖)𝑠 ∶=
1
𝑛

𝑛

∑
𝑗=1
𝐿(𝑖)𝑠 (Y𝑗 ).

For a collection of sparse ReLU neural network classes {𝑖}𝐾𝑖=1, we thus define the overall score
estimator as the piecewise function

𝑠̂𝑛(𝑥, 𝑡) =
𝐾

∑
𝑖=1
𝑠(𝑖)𝑛 (𝑥, 𝑡)1[𝑡𝑖−1 ,𝑡𝑖)(𝑡), where 𝑠(𝑖)𝑛 ∈ argmin

𝑠∈𝑖
𝐿(𝑖)𝑠 .

Conditional on 𝑠̂𝑛 we then simulate the reflected SDE (C.70) with 𝑠 = 𝑠̂𝑛 until time 𝑇 − 𝑇 and
use X𝑠𝑛𝑇−𝑇 as an approximate sample for the target distribution 𝜇.

Assumptions and main result The probabilistic results developed in Section C.2 apply to
general target measures supported on smooth submanifolds. For the statistical analysis of score
estimation and for deriving explicit convergence rates, however, we restrict attention to a set-
ting in which the geometry of the support is sufficiently simple to permit sharp approximation
bounds for neural networks. Specifically, we introduce the following assumptions about 𝜇 and
its support 𝑀 :

(1) There exist orthonormal vectors 𝑣1, … , 𝑣𝑑 ∈ ℝ𝐷 with 𝑑 ≤ 𝐷 and a shift 𝑣0 ∈ [0, 1]𝐷 such
that 𝑀 is connected with non-empty interior, has a Lipschitz boundary and is a closed
subset of (𝑉 + 𝑣0) ∩ [0, 1]𝐷 where 𝑉 = Span(𝑣1, 𝑣2, … , 𝑣𝑑).
Moreover, there exist constants 𝑐0 ≥ 𝑑, 𝑟0 > 0 such that, for all 𝑥 ∈ 𝑀 and all 𝑟 > 0, we
have 𝜇(𝐵(𝑥, 𝑟) ∩ 𝑀) ≳ (𝑟 ∧ 𝑟0)𝑐0 and 𝜆𝑑(𝐵(𝑥, 𝑟) ∩ 𝑀) ≳ (𝑟 ∧ 𝑟0)𝑑 , where 𝜆𝑑 denotes the
restriction of the 𝑑-dimensional Lebesgue measure to (𝑉 + 𝑣0) ∩ [0, 1]𝐷.

(2) The target distribution 𝜇 admits a density 𝑝0 wrt to the 𝜆𝑑 such that

(i) 𝑝0 ∈ 𝐻𝛼
0 (𝑀) with 𝛼 ∈ ℕ∩ (𝑑/2,∞), i.e., the density has Sobolev smoothness 𝛼 on𝑀

and the weak derivatives up to order 𝛼 −1 vanish at the boundary in the trace sense;
(ii) 𝑝0 is bounded and bounded away from zero on an interior region of 𝑀 , i.e., there

exist constants 0 < 𝑝min ≤ 𝑝max < ∞ and 𝜀𝑀 > 0 satisfying 𝑝0(𝑥) ≤ 𝑝max for all
𝑥 ∈ 𝑀 and 𝑝0(𝑥) ≥ 𝑝min for all 𝑥 ∈ 𝑀−𝜀𝑀/2 ∶= 𝑀 ⧵(𝜕𝑀)𝜀𝑀/2, where (𝜕𝑀)𝜀𝑀/2 denotes
the 𝜀𝑀/2-fattening of 𝜕𝑀 .

Existence of 𝑟0 > 0 such that 𝜆𝑑(𝐵(𝑥, 𝑟)∩𝑀) ≳ (𝑟 ∧𝑟0)𝑑 for all 𝑟 > 0 and 𝑥 ∈ 𝑀 is guaranteed
if 𝑀 is 𝛽-smooth for some 𝛽 ≥ 2 and has positive reach 𝜏 > 0; see, e.g., [36, Lemma 20]. In
this setting, existence of 𝑐0 ≥ 𝑑 such that 𝜇(𝐵(𝑥, 𝑟) ∩ 𝑀) ≳ (𝑟 ∧ 𝑟0)𝑐0 is then further guaranteed
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if the target density 𝑝0 decays polynomially towards 𝜕𝑀 , i.e., if 𝑝0(𝑥) ≳ dist(𝑥, 𝜕𝑀)𝑐0−𝑑 for 𝑥
sufficiently close to the boundary. A typical construction of densities 𝑝0 ∈ 𝐻𝛼

0 (𝑀) would model
𝑝0(𝑥) = 𝑐 dist(𝑥, 𝜕𝑀)𝑐0−𝑑 in a neighbourhood of 𝜕𝑀 with 𝑐0 ≥ 𝛼 + 𝑑. A variation of such an
assumption on controlled decay at the boundary has also been used in [113] and allows us to
avoid rather artificial strict lower boundedness assumptions on the target density. A visualisa-
tion of our support assumption is given in Figure C.13. For small times 𝑡, the forward density
𝑝𝑡 concentrates sharply around 𝑀 , and the score ∇ log 𝑝𝑡(𝑥) grows rapidly as 𝑥 moves away
from 𝑀 . Accurate score estimation in this regime is statistically delicate, particularly near the
boundary of 𝑀 . To avoid technical complications associated with boundary singularities, we
introduce the following auxiliary regularity and geometric conditions.

(3) When restricted to an area near the boundary, the target density 𝑝0 is sufficiently smooth.
Specifically, there exists 𝜀𝑀 > 0 such that the restriction of 𝑝0 to a neighbourhood of the
boundary, 𝑝0|(𝜕𝑀)𝜀𝑀 ∩𝑀 ∈ 𝐶𝜅((𝜕𝑀)𝜀𝑀 ∩ 𝑀, ℝ), where 𝜅 ∶= 𝑑(𝑐0−𝑑)

2 + 𝑑 + 3𝛼 + 2 and (𝜕𝑀)𝜀𝑀
denotes the 𝜀𝑀 -fattening of 𝜕𝑀 .

(4) 𝑀 does not intersect 𝜕[0, 1]𝐷, i.e., there exists 𝜌min > 0 such that

dist(𝑀, 𝜕[0, 1]𝐷) ≔ inf
𝑥∈𝑀,𝑦∈𝜕[0,1]𝐷

|𝑥 − 𝑦| ≥ 𝜌min.

When imposing both (2) and (3), we assume that the values of 𝜀𝑀 coincide. We note that
(3) is comparable to assumptions made in related work on statistical estimation rates of un-
constrained diffusion models, see, e.g., [89, Assumption 6.3], [71, Assumption (B)]. If, e.g.,
𝑝0(𝑥) = 𝑐 dist(𝑥, 𝜕𝑀)𝑐0−𝑑 close to the boundary as in the discussion above, this assumption is
always satisfied provided 𝜕𝑀 is sufficiently smooth. Assumption (4) can always be enforced
by rescaling the data and undo this scaling for the generated output. Generally, for any of our
results, we will precisely state which (if any) of the above assumptions are needed.

With this setup, we can state an informal version of our main theorem; the precise statement
is given in Theorem C.59.

Theorem C.49: Assume (1)–(4). For any 𝛿 > 0, choose 𝑇 ∈ Poly(𝑛−1) and 𝑇 ≍ log 𝑛.
Then there exists a family {𝑖}𝐾𝑖=1 of sparse ReLU neural network classes such that the
reflected diffusion generative algorithm driven by the empirical denoising score matching
estimator 𝑠̂𝑛 satisfies

𝔼[1(𝜇, (X
𝑠𝑛
𝑇−𝑇 ))] = 𝑂(𝑛

− 𝛼+1−𝛿
2𝛼+𝑑 ),

where (X𝑠𝑛𝑇−𝑇 ) denotes the law of the output X𝑠𝑛𝑇−𝑇 conditional on the data.

Organisation of the paper The remainder of the paper is organised as follows. In Section C.2,
we develop the probabilistic foundations of our model, including the construction of the forward
reflected diffusion and the derivation of the explicit score representation. We also establish
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crucial bounds on the growth and regularity of the score function in Lemma C.53. Section C.3
is dedicated to the statistical analysis and the proof of our main result. We present the error
decomposition for the 1-Wasserstein distance, specify the sparse ReLU network classes used for
estimation, and combine these results to prove Theorem C.59. Finally, Section C.4 places our
findings in the context of recent minimax results and discusses extensions to general manifolds
and discretisation errors. All technical proofs omitted from the main part and auxiliary results
are collected in the Appendix.

C.2 Probabilistic analysis

Our statistical analysis relies on a detailed understanding of distributional and path proper-
ties of normally reflected Brownian motions in a hypercube, which we develop in this section.
Generally, strong solutions to reflected SDEs can be constructed via the so-called Skorokhod
map. In the present setting of a normally reflected Brownian motion in the hypercube, this is
a mapping Γ∶ 𝐶([0,∞); ℝ𝐷) → 𝐶([0,∞); [0, 1]𝐷) such that the strong solution of (C.67) may
be written as X⋅ = Γ(Y + B⋅). Although existence and uniqueness of the Skorokhod map are
well known, its explicit characterisation is generally intractable. For the purposes of simulation
and for analysing distributional properties of the forward process, however, it is sufficient to
work with weak solutions. By pathwise uniqueness for reflected diffusions in convex domains,
cf. [95, Theorem 2.5.1], weak solutions are also unique in law (the classical Yamada–Watanabe
argument assuming pathwise uniqueness for unconstrained SDEs, cf. [63, Proposition 5.3.20],
extends to the reflected setting). We therefore begin by constructing a simple weak solution of
(C.67), which is particularly convenient for training and theoretical analysis for the following
reasons:

(i) simulating the weak solution is as easy as simulating a Brownian motion.

(ii) the weak solution yields a simple, interpretable and numerically simple to approximate
series representation of the transition densities 𝑞𝑡(𝑥, 𝑦), see Lemma C.51. Together with
property (i), this yields a simple recipe that does not require full forward path simula-
tions to numerically approximate the empirical denoising score matching loss by using
Algorithm 1.

(iii) the transition density formula from LemmaC.51 is perfectly suited to capture the influence
of the intrinsic dimensionality of the data support on theoretical approximation properties
of the score ∇ log 𝑝𝑡(𝑥), which eventually translates to faster estimation rates.

All proofs of the lemmata stated in this section are deferred to Appendix C.A.
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Lemma C.50: Let 𝑓 ∶ ℝ → [0, 1] be the 2-periodic function defined by

𝑓 (𝑥) ∶=

{
𝑥, if 𝑥 ∈ [0, 1),
−𝑥, if 𝑥 ∈ [−1, 0),

and extended periodically to all of ℝ. Define 𝑓 ∶ ℝ𝐷 → [0, 1]𝐷 by applying 𝑓 component-
wise, that is, 𝑓 (𝑥) ∶= (𝑓 (𝑥𝑖))𝑖=1,…,𝐷. If Y ∼ 𝜈 for some probability measure 𝜈 on [0, 1]𝐷 and
(B𝑡)𝑡≥0 is a 𝐷-dimensional Brownian motion independent of Y, then the process (X𝑡)𝑡≥0
defined by X𝑡 ∶= 𝑓 (B𝑡 + Y) is a weak solution to the reflected SDE

dX𝑡 = dW𝑡 + 𝑛(X𝑡) dL𝑡 , 𝑡 ≥ 0,

with initial distribution X0 ∼ 𝜈 and Brownian motion W.

𝑥

𝑦
𝑦 = 1

𝑓 (𝑥)

Figure C.10: Graph of the function 𝑓 from Lemma C.50. The function reflects the identity between the lines
𝑦 = 0 and 𝑦 = 1; applied component-wise, 𝑓 therefore essentially reflects the identity at the boundary 𝜕[0, 1]𝐷.

Using the explicit construction from Lemma C.50, we can derive a closed-form expression
for the density 𝑝𝑡 of the forward process (X𝑡)𝑡≥0 and, consequently, for the associated score
function 𝑠0.

Lemma C.51: Let (X𝑡)𝑡≥0 be a solution to (C.67) and define the reflection operator 𝑅𝑧
component-wise by

(𝑅𝑧(𝑥))𝑖 ∶=

{
𝑥𝑖, if 𝑧𝑖 is even,
1 − 𝑥𝑖, if 𝑧𝑖 is odd,

where 𝑖 ∈ ℕ, 𝑧𝑖 ∈ ℤ, 𝑥𝑖 ∈ [0, 1]. Then, for all 𝑥, 𝑦 ∈ [0, 1]𝐷 and 𝑡 > 0, the transition density
of the reflected Brownian motion in [0, 1]𝐷 is given by

𝑞𝑡(𝑦, 𝑥) = (2𝜋𝑡)−𝐷/2 ∑
𝑧∈ℤ𝐷

exp(−
|𝑅𝑧(𝑥) + 𝑧 − 𝑦|2

2𝑡 ) ,
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and, for 𝑝𝑡 denoting the density of X𝑡 wrt. the Lebesgue measure on ℝ𝐷,

𝑝𝑡(𝑥) = (2𝜋𝑡)−𝐷/2 ∑
𝑧∈ℤ𝐷

∫
[0,1]𝐷

exp(−
|𝑅𝑧(𝑥) + 𝑧 − 𝑦|2

2𝑡 ) 𝜇(d𝑦), 𝑥 ∈ [0, 1]𝐷.

In particular, the score function 𝑠0(𝑥, 𝑡) = ∇ log 𝑝𝑡(𝑥) admits the explicit representation

𝑠0(𝑥, 𝑡) = −
∑𝑧∈ℤ𝐷 (−1)𝑧 ∫[0,1]𝐷 (𝑅𝑧(𝑥) + 𝑧 − 𝑦) exp (−

|𝑅𝑧(𝑥)+𝑧−𝑦|2
2𝑡 ) 𝜇(d𝑦)

𝑡 ∑𝑧∈ℤ𝐷 ∫[0,1]𝐷 exp (−
|𝑅𝑧(𝑥)+𝑧−𝑦|2

2𝑡 ) 𝜇(d𝑦)
, (C.71)

where we use the shorthand (−1)𝑧 ∶= diag(((−1)𝑧𝑖)𝐷𝑖=1).

Combining Lemma C.50 and Lemma C.51 yields the simple numerical algorithm 1 to approx-
imate the empirical denoising score matching loss, which is necessary for implementation of the
score estimation procedure.

Figure C.11: Simulation of a reflected Brownian motion (green) along with the non-reflected version (blue)
that is used for its construction using Lemma C.50.
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𝑥•
𝑅𝑧2(𝑥) + 𝑧2•

𝑅𝑧6(𝑥) + 𝑧6
•

𝑅𝑧5(𝑥) + 𝑧5
•

𝑅𝑧3(𝑥) + 𝑧3•

𝑅𝑧7(𝑥) + 𝑧7
•

𝑅𝑧1(𝑥) + 𝑧1•

𝑅𝑧4(𝑥) + 𝑧4
•

𝑦
•

Figure C.12: The points 𝑅𝑧𝑖 (𝑥) + 𝑧𝑖 are all mapped back to 𝑥 under the function 𝑓 from Lemma C.50. Conse-
quently, the reflected process X𝑡 moves from 𝑦 to 𝑥 if and only if the Brownian motion B𝑡 moves from 𝑦 to 𝑥
or to any of the points 𝑅𝑧𝑖 (𝑥) + 𝑧𝑖.

Algorithm 1 Numerical approximation of empirical denoising score matching loss 𝐿(𝑖)𝑠

Input: data {Y𝑗 }𝑛𝑗=1
𝑖𝑖𝑑∼ 𝜈 , 𝑁 ∈ ℕ, time interval index 𝑖 ∈ [𝐾], 𝑠 ∈ 𝑖

set 𝐿(𝑖)𝑠 = 0
for 𝑘 = 1 to 𝑁 do
draw 𝑦 = Y𝑗𝑘 uniformly from {Y𝑗 }𝑛𝑗=1
draw independently 𝑡 ∼  ([𝑡𝑖−1, 𝑡𝑖]) and B𝑡 ∼  (0, 𝑡𝐼𝐷)
set 𝑥𝑡 = 𝑓 (Y𝑗𝑘 + B𝑡)
choose 𝐾 ∈ ℕ and set

∇̃ log 𝑞𝑡(𝑦, 𝑥𝑡) =
∑𝑧∈ℤ𝐷 ,|𝑧|≤𝐾 (−1)𝑧(𝑅𝑧(𝑥𝑡) + 𝑧 − 𝑦) exp (−

|𝑅𝑧(𝑥𝑡 )+𝑧−𝑦|2
2𝑡 )

𝑡 ∑𝑧∈ℤ𝐷 ,|𝑧|≤𝐾 exp (−
|𝑅𝑧(𝑥𝑡 )+𝑧−𝑦|2

2𝑡 )

set 𝐿(𝑖)𝑠 ← 𝐿(𝑖)𝑠 + 1
𝑁 |𝑠(𝑡, 𝑥𝑡) − ∇̃ log 𝑞𝑡(𝑦, 𝑥𝑡)|2

end for
Output: 𝐿(𝑖)𝑠

Remark C.52: (i) choosing the cutoff parameter 𝐾 dependent on the initialisation 𝑦 and
the drawn time 𝑡 is important since it should be proportional to the number of reflections
along the path 𝑦 → 𝑥𝑡 (decreasing in 𝑡 and the distance of 𝑦 to 𝜕[0, 1]𝐷). See also the
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discussion in [80] on implementation of the model, where Gaussian approximations are
made for small 𝑡 and spectral decompositions of the transition density are exploited for
large 𝑡 approximations.

(ii) in practice, one may simulate (𝑦𝑘 , 𝑡𝑘 , 𝑥𝑡𝑘 )𝑁𝑘=1 only once and use these for Monte–Carlo
approximation of 𝐿(𝑖)𝑠 for the updated approximators 𝑠 in every optimisation step.

These results now allow us to give a precise analysis of the growth of the score ∇ log 𝑝𝑡(𝑥)
in 𝑡 depending on the distance of 𝑥 to the data manifold 𝑀 as well as the path behaviour of
the reflected Brownian motion for small times. These properties will play a crucial role for
constructing efficient neural network score approximators and for proving almost optimal rates
in 1-Wasserstein distance.

Lemma C.53: Fix 𝑡 > 0 and let 𝑀𝜌,𝑡 = {𝑥 ∈ [0, 1]𝐷 ∶ dist(𝑥,𝑀) ≤
√
𝑡(𝐷 + 2𝜌)} denote the√

𝑡(𝐷 + 2𝜌)-fattening of 𝑀 for some 𝜌 > 1. Then, under (1) the following hold:

(a) |∇ log 𝑝𝑡(𝑥)| ≲ 1
𝑡∧
√
𝑡 for 𝑥 ∈ [0, 1]𝐷;

(b) 𝔼[|∇ log 𝑝𝑡(X𝑡)|21𝑀c
𝜌,𝑡 (X𝑡)] ≲

1
𝑡2∧1e

−𝜌;

(c) if 𝑡 ≤ 1/2, there exists a universal constant 𝐶 such that

ℙ(∀𝑠 ∈ [𝑡, 1] ∶ |X𝑠 − X0| ≤ 𝐶
√
𝐷
√
𝑠( log(1 + log 𝑡−1) + 𝑦)) ≥ 1 − 4𝐷e−2𝑦

2
, 𝑦 > 0;

(d) 𝑝𝑡(𝑥) ≳ 𝑡
𝑐0−𝐷
2 e−𝜌 for 𝑥 ∈ 𝑀𝜌,𝑡 ;

(e) for 𝑡 ∈ (0, 1],

(i) ∀𝑥, 𝑦 ∈ [0, 1]𝐷 ∶ |∇𝑥 log 𝑞𝑡(𝑦, 𝑥)| ≲ |𝑥−𝑦|
𝑡 + 1√

𝑡 ;

(ii) ∀𝑥 ∈ [0, 1]𝐷 ∶ |∇ log 𝑝𝑡(𝑥)| = |𝔼[∇2 log 𝑞𝑡(X0,X𝑡) ∣ X𝑡 = 𝑥]| ≲ 1
𝑡 𝔼[|X𝑡 − X0| ∣

X𝑡 = 𝑥] + 1√
𝑡 ;

(iii) ∀𝑡 ∈ (0, 1], 𝑥 ∈ 𝑀𝜌,𝑡 ∶ |∇ log 𝑝𝑡(𝑥)| ≲
√
𝜌+log 𝑡−1√

𝑡 .

Note that part (e).(ii) together with the upper bound |X𝑡 − X0| ≤
√
𝐷 immediately implies the

bound from part (a) for 𝑡 ∈ (0, 1]. However, our combinatorial proof technique for (a) can be
translated directly to truncated versions of the score representation given in (C.71), which will
form the basis of our neural network approximation strategy in the next section. Conversely,
the proof of (e).(ii) relies on the denoising score representation ∇ log 𝑝𝑡(𝑥) = 𝔼[∇2 log 𝑞𝑡(X0,X𝑡) ∣
X𝑡 = 𝑥], which has no probabilistic analogue for the truncated score representation.
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C.3 Wasserstein convergence rate

This section establishes quantitative convergence guarantees in the 1-Wasserstein distance for
the reflected diffusion generative scheme driven by an estimated score. Our analysis builds on
a careful decomposition of the approximation error and combines statistical bounds for score
estimation with probabilistic stability estimates for reflected stochastic dynamics. In our earlier
work [58], we derived upper bounds of order 𝑛−𝛼/(2𝛼+𝐷) (up to polylogarithmic factors) for the
total variation distance under Sobolev smoothness 𝛼 > 𝐷/2, expressed in terms of the ambient
dimension 𝐷. In the present bounded-domain setting, such bounds immediately imply corre-
sponding guarantees in the 1-Wasserstein distance. However, classical results from nonparamet-
ric density estimation in the i.i.d. setting (see, for instance, Theorem 2 in [87]) suggest that these
rates are suboptimal. Indeed, [89] obtained an improved upper bound of order 𝑛−(𝛼+1−𝛿)/(2𝛼+𝐷),
for arbitrary 𝛿 > 0, by exploiting a refined multiscale analysis of the reverse diffusion. While
our overall strategy is inspired by the approach of [89], their arguments cannot be transferred
verbatim to the present setting. In particular, the pathwise stability estimates in [89] rely heavily
on properties of OU processes on ℝ𝐷, whereas our model is governed by reflected diffusions on a
compact domain with boundary. As a consequence, we must develop and invoke genuinely new
probabilistic tools, including precise growth and regularity bounds for reflected Brownian paths
and their associated scores, as established in Lemma C.53. At the same time, the compactness of
the state space allows us to simplify several technical aspects of the construction and to avoid
certain localisation arguments that are necessary in the unbounded setting.

Error decomposition

As outlined in the introduction, the overall approximation error decomposes into three distinct
contributions: the error due to early stopping of the backward dynamics, the error incurred
by approximating the score function, and the error arising from initialising the dynamics with
the uniform distribution on [0, 1]𝐷 rather than with the target distribution. To disentangle these
effects, we introduce, for a given score approximation 𝑠, an auxiliary reflected diffusion (X̂𝑠𝑡 )𝑡∈[0,𝑇 ]
defined as the solution to

dX̂𝑠𝑡 = 𝑠(X̂
𝑠
𝑡 , 𝑇 − 𝑡) d𝑡 + dB𝑡 + 𝑛(X̂𝑠𝑡 ) dL𝑡 , 𝑡 ∈ [0, 𝑇 ],

with initial condition X̂𝑠0 ∼ 𝑝𝑇 . The triangle inequality for the 1-Wasserstein metric 1 yields
for the process defined in (C.70) the error decomposition

1(𝜇,X
𝑠
𝑇−𝑇 ) ≤ 1(𝜇,X𝑇 ) +1(X𝑇 , X̂𝑠𝑇−𝑇 ) +1(X̂𝑠𝑇−𝑇 ,X

𝑠
𝑇−𝑇 ). (C.72)

Since X𝑇 ∼ X̂𝑠0𝑇−𝑇 , we may rewrite

1(X𝑇 , X̂𝑠𝑇−𝑇 ) = 1(X̂𝑠0𝑇−𝑇 , X̂
𝑠
𝑇−𝑇 ),
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where the two reflected processes X̂𝑠 and X̂𝑠0 are initialised in the same distribution 𝑝𝑇 , but have
different drifts 𝑠 and 𝑠0, respectively. Likewise, X̂𝑠 and X

𝑠 share the same drift, but are started
in different initial distributions 𝑝𝑇 and [0, 1]𝐷, respectively. Consequently, the three terms on
the right-hand side of (C.72) correspond, respectively, to the error due to early stopping, the
error caused by approximating the score function, and the error introduced by initialising the
dynamics with the uniform distribution. We begin by controlling the first and third term, which
admit comparatively elementary bounds.

Lemma C.54: Let 𝜇 be an arbitrary probability distribution on [0, 1]𝐷, and let (X𝑡)𝑡≥0 be a
solution to (C.67) with initial condition X0 ∼ 𝜇. Then, for all 𝑡 ≥ 0,

1(𝜇,X𝑡) ≤
√
𝐷 𝑡.

Proof. Let Y ∼ 𝜇, and define X𝑡 = 𝑓 (B𝑡 + Y), where 𝑓 is as in Lemma C.50, and (B𝑡)𝑡≥0 is a
Brownian motion independent of Y. By Lemma C.50, the process (X𝑡)𝑡≥0 indeed solves (C.67).
Since 𝑓 is 1-Lipschitz, we obtain

1(𝜇,X𝑡) ≤ 𝔼[|𝑓 (B𝑡 + Y) − Y|] = 𝔼[|𝑓 (B𝑡 + Y) − 𝑓 (Y)|] ≤ 𝔼[|B𝑡 |] ≤
√
𝐷 𝑡,

where the final inequality follows from the Cauchy–Schwarz inequality.

We next address the error arising from initialising the backward dynamics in the station-
ary distribution rather than in 𝑝𝑇 . This can be bounded using uniform ergodicity of reflected
Brownian motions in bounded convex domains, which is analysed in detail in [79].

LemmaC.55: Let 0 < 𝑇 ≤ 𝑇 , and suppose that 𝑠 is such that (C.70) admits a unique strong
solution on [0, 𝑇 − 𝑇 ] for any initial distribution. Let (X𝑠𝑡 )𝑡∈[0,𝑇 ] and (X̂𝑠𝑡 )𝑡∈[0,𝑇 ] denote such
solutions, with X

𝑠
0 ∼  [0, 1]𝐷 and X̂𝑠0 ∼ 𝑝𝑇 , respectively. Then,

1(X̂𝑠𝑇−𝑇 ,X
𝑠
𝑇−𝑇 ) ≤

8
√
𝐷
𝜋

exp( −
𝜋2𝑇
2𝐷 ).

Remark C.56: For existence and uniqueness of strong solutions, it suffices that for each 𝑡 ∈
[0, 𝑇 − 𝑇 ] the map 𝑥 ↦ 𝑠(𝑥, 𝑡) is Lipschitz continuous with a Lipschitz constant independent of
𝑡, cf. [117]. This condition is satisfied by all neural network score approximations 𝑠 considered
in this paper.

Proof of Lemma C.55. We begin by recalling that, for any two probability measures 𝜈, 𝜈 ′ on
[0, 1]𝐷,

1(𝜈, 𝜈 ′) ≤ 2 diam([0, 1]𝐷) TV(𝜈, 𝜈 ′) = 2
√
𝐷 TV(𝜈, 𝜈 ′). (C.73)

Let (𝑄0,𝑡)𝑡≥0 denote the transition kernels of the (possibly time-inhomogeneous) SDE (C.70), and
for any probability measure 𝜈 define 𝜈𝑄0,𝑡(d𝑥) ∶= ∫[0,1]𝐷 𝑄0,𝑡(𝑦, d𝑥) 𝜈(d𝑦). Writing 𝜇𝑇 (d𝑥) =
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𝑝𝑇 (𝑥) d𝑥 and letting 𝜌 denote the uniform distribution on ([0, 1]𝐷,([0, 1]𝐷)), we have X̂𝑠𝑇−𝑇 ∼
𝜇𝑇𝑄0,𝑇−𝑇 , while X

𝑠
𝑇−𝑇 ∼ 𝜌𝑄0,𝑇−𝑇 . Since (𝑄0,𝑡)𝑡≥0 is a contraction semigroup, it follows that

1(X̂𝑠𝑇−𝑇 ,X
𝑠
𝑇−𝑇 ) ≤ 2

√
𝐷 TV(𝜇𝑇𝑄0,𝑇−𝑇 , 𝜌𝑄0,𝑇−𝑇 )

≤ 2
√
𝐷 TV(𝜇𝑇 , 𝜌)

= 2
√
𝐷 sup
𝐴∈([0,1]𝐷)

||| ∫[0,1]𝐷 ∫𝐴
(𝑝𝑇 (𝑥, 𝑦) − 1) d𝑦 𝜇(d𝑥)||

≤ 2
√
𝐷 sup
𝑥∈[0,1]𝐷

sup
𝐴∈([0,1]𝐷)

||| ∫𝐴
(𝑝𝑇 (𝑥, 𝑦) − 1) d𝑦||

= 2
√
𝐷 sup
𝑥∈[0,1]𝐷

TV(𝑞𝑇 (𝑥, ⋅), 𝜌).

The result now follows from [79, Theorem 4], which states that

sup
𝑥∈[0,1]𝐷

TV(𝑞𝑇 (𝑥, ⋅), 𝜌) ≤
4
𝜋
exp( −

𝜋2𝑇
2𝐷 ).

We now turn to the second term in (C.72) and follow the general strategy from [89] to con-
trol it. We start by decomposing the time interval [0, 𝑇 − 𝑇 ] into a sequence of geometrically
shrinking sub-intervals and introduce, on each such sub-interval, an auxiliary process in which
the true score is only partially replaced by its approximation. This multilevel construction al-
lows us to localise the score approximation error in time and to derive sharper bounds on the
resulting Wasserstein distance. Fix a constant 𝑐 ∈ (1, 2], and choose 𝐾 ∈ ℕ such that 𝑇𝑐𝐾 = 𝑇 .
Define the intermediate times 𝑡𝑖 ∶= 𝑇𝑐𝑖, 𝑖 = 0, … , 𝐾 . For each 𝑖 ∈ {0, … , 𝐾} and a given score
approximation 𝑠, let Y(𝑖) = (Y(𝑖)

𝑡 )𝑡∈[0,𝑇−𝑇 ] denote the solution to the reflected SDE

dY(𝑖)
𝑡 = ∇ log 𝑝𝑇−𝑡(Y

(𝑖)
𝑡 ) d𝑡 + dB𝑡 + 𝑛(Y

(𝑖)
𝑡 ) dL𝑡 , 𝑡 ∈ [0, 𝑇 − 𝑡𝑖),

dY(𝑖)
𝑡 = 𝑠(Y

(𝑖)
𝑡 , 𝑇 − 𝑡) d𝑡 + dB𝑡 + 𝑛(Y

(𝑖)
𝑡 ) dL𝑡 , 𝑡 ∈ [𝑇 − 𝑡𝑖, 𝑇 − 𝑇 ],

with initial condition Y(𝑖)
0 ∼ 𝑝𝑇 . Thus, the process Y(𝑖) follows the exact reverse-time dynamics

driven by the true score up to time 𝑇 −𝑡𝑖, and subsequently evolves according to the approximate
score 𝑠. By construction, we have the distributional identities

X𝑇 ∼ X̂𝑠0𝑇−𝑇 ∼ Y(0)
𝑇−𝑇 , X̂𝑠𝑇−𝑇 ∼ Y(𝐾)

𝑇−𝑇 .

Applying the triangle inequality for the 1-Wasserstein distance therefore yields

1(X𝑇 , X̂𝑠𝑇−𝑇 ) ≤
𝐾

∑
𝑖=1

1(Y
(𝑖−1)
𝑇−𝑇 ,Y

(𝑖)
𝑇−𝑇 ).
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The following proposition provides a bound on each of the incremental Wasserstein distances,
which essentially improves by a factor of ((𝑡𝑖 ∧ 1)𝜌)1/2 the rough upper bound that can be de-
rived from combining a total variation bound and Girsanov’s theorem, provided that the score
approximation satisfies |𝑠(𝑥, 𝑡)| ≤ 𝐶

√
𝜌/𝑡 for 𝑡 ≤ 1. This growth control is motivated by Lemma

C.53, whose combined conclusion tells us that for any 𝑝 ∈ ℕ, with probability at least 1 − 1/𝑛𝑝 ,
the true score satisfies

∀𝑡 ≥ 𝑇 ∶ |𝑠0(𝑡,X𝑡)| = |∇ log 𝑝𝑡(X𝑡)| ≲ 𝑡−1/2
√
log(1 + log 𝑇 −1) +

√
𝑝 log 𝑛.

The improved Wasserstein bound allows to compensate the higher difficulty of score approxi-
mation for small times 𝑡 caused by its increasing irregularity as 𝑡 → 0 and thereby obtain faster
Wasserstein convergence rates. The detailed proof is postponed to Appendix C.B.

Proposition C.57: Assume (4). Let 𝑠 be a score approximation satisfying |𝑠(𝑥, 𝑡)| ≤
𝐶
√
𝜌/𝑡 for all 𝑥 ∈ [0, 1]𝐷, 𝑡 ∈ (0, 1], for some constants 𝐶 > 0 and 𝜌 > 1. Assume moreover

that 𝑡1 ≤ 1 and that log(1 + log(𝑡−11 )) ≲
√𝜌. Then, for any 𝑖 = 1, … , 𝐾 , the corresponding

processes Y(𝑖−1) and Y(𝑖) satisfy

1(Y
(𝑖−1)
𝑇−𝑇 ,Y

(𝑖)
𝑇−𝑇 ) ≤ C

(
e−𝜌 + ((𝑡𝑖 ∧ 1)𝜌 ∫

𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠(X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)|2] d𝑡)

1
2

)
,

for some constant C > 0 independent of 𝑖. In particular,

1(X𝑇 , X̂𝑠𝑇−𝑇 ) ≤ C
(
𝐾e−𝜌 + √𝜌

𝐾

∑
𝑖=1

√
𝑡𝑖 ∧ 1(∫

𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠(X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)|2] d𝑡)

1
2

)

.

Recall that, for given 𝑇 , 𝑇 and 𝑡𝑖 = 𝑇𝑐𝑖, 𝑖 = 0, … , 𝐾 , as above such that 𝑐𝐾 = 𝑇 , we estimate the
score on on [𝑡𝑖−1, 𝑡𝑖) by minimising the empirical denoising score loss via

𝑠(𝑖)𝑛 ∈ argmin
𝑠∈𝑖

1
𝑛

𝑛

∑
𝑘=1
𝐿(𝑖)𝑠 (Y𝑘), (C.74)

where Y1, … ,Y𝑛
𝑖𝑖𝑑∼ 𝜇 is our given data,

𝐿(𝑖)𝑠 (𝑥) = 𝔼[ ∫
𝑡𝑖

𝑡𝑖−1
|𝑠(X𝑡 , 𝑡) − ∇ log 𝑞𝑡(𝑥,X𝑡)|2 d𝑡],

and 𝑖 is an approximating class of neural networks that needs to be chosen. The full score
estimator is then obtained by concatenating these minimisers across time,

𝑠𝑛(𝑥, 𝑡) =
𝐾

∑
𝑖=1
𝑠̂(𝑖)𝑛 (𝑥, 𝑡)1[𝑡𝑖−1 ,𝑡𝑖)(𝑡), (C.75)



C.3. Wasserstein convergence rate 145

which reflects the multiscale structure of the diffusion and allows the approximation complexity
to adapt to the effective noise level at time 𝑡. By the equivalence of explicit and denoising score
matching, 𝑠̂(𝑖)𝑛 therefore serves as an empirical risk minimiser for the true score 𝑠0 on [𝑡𝑖−1, 𝑡𝑖).
For a given approximation class 𝑖, the 𝐿2 estimation error

𝔼[ ∫
𝑡𝑖

𝑡𝑖−1
|𝑠̂(𝑖)𝑛 (X𝑡 , 𝑡) − ∇ log 𝑞𝑡(𝑥,X𝑡)|2 d𝑡]

therefore naturally splits into the conflicting effects of an approximation error

min
𝑠∈𝑖

𝔼[ ∫
𝑡𝑖

𝑡𝑖−1
|𝑠(𝑡,X𝑡) − ∇ log 𝑞𝑡(𝑥,X𝑡)|2 d𝑡],

which decreases with larger networks sizes that increase the expressivity of the approximation
class, and a complexity term that increases with the size of the network class.

Score approximation

In order to optimally balance these two effects, given a desired target accuracy, it is necessary
to make parsimonious choices regarding the network sizes. To specify this, we now introduce
the class of sparsity-constrained neural networks with ReLU activation function that we use for
score approximation. For 𝑏, 𝑥 ∈ ℝ𝑚, define

𝜎𝑏(𝑥) =
⎡
⎢
⎢
⎢
⎣

𝜎(𝑥1 − 𝑏1)
𝜎(𝑥2 − 𝑏2)

⋮
𝜎(𝑥𝑚 − 𝑏𝑚)

⎤
⎥
⎥
⎥
⎦

, 𝜎(𝑦) = 𝑦 ∨ 0,

and for 𝐿 ∈ ℕ,𝑊 ∈ ℕ𝐿+2, 𝑆 ∈ ℕ and 𝐵 > 0 denote by Φ(𝐿,𝑊 , 𝑆, 𝐵) the class of neural networks
with depth (i.e., number of hidden layers) 𝐿, layer widths (including input and output layers)𝑊 ,
sparsity constraint 𝑆, and norm constraint 𝐵. We thus consider functions of the form

𝜑(𝑥) = 𝐴𝐿𝜎𝑏𝐿𝐴𝐿−1𝜎𝑏𝐿−1 ⋯𝐴1𝜎𝑏1𝐴0𝑥,

where𝐴𝑖 ∈ ℝ𝑊𝑖+1×𝑊𝑖 , 𝑏𝑖 ∈ ℝ𝑊𝑖+1 for 𝑖 = 0, … , 𝐿 (to ease notation, we always set 𝑏0 = 0), and where
there are at most a total of 𝑆 non-zero entries of the 𝐴𝑖’s and 𝑏𝑖’s and all entries are numerically
at most 𝐵. In an abuse of notation, we denote 𝜎0 simply by 𝜎. This can be written succinctly as

Φ(𝐿,𝑊 , 𝑆, 𝐵) ∶=

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

𝐴𝐿𝜎𝑏𝐿𝐴𝐿−1𝜎𝑏𝐿−1 ⋯𝐴1𝜎𝑏1𝐴0 ∣ 𝐴𝑖 ∈ ℝ𝑊𝑖+1×𝑊𝑖 , 𝑏𝑖 ∈ ℝ𝑊𝑖+1 ,
𝐿

∑
𝑖=0

(‖𝐴𝑖‖0 + ‖𝑏𝑖‖0) ≤ 𝑆, max
𝑖∈{0,…,𝐿}

(‖𝐴𝑖‖∞ ∨ ‖𝑏𝑖‖∞) ≤ 𝐵

⎫⎪⎪⎪
⎬⎪⎪⎪⎭

.

For larger and more complicated neural networks, their exact sizes are often unavailable, and
we only have access to their asymptotic sizes. Due to this, we also introduce the following class
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of neural networks that eases network size analysis in the proofs that follow:

Φ̃(𝐿,𝑊 , 𝑆, 𝐵) ∶=
{
𝜑 ∈ Φ(𝐿,𝑊 , 𝑆, 𝐵) ∶ 𝐿 ≲ 𝐿, ‖𝑊 ‖∞ ≲ 𝑊 , 𝑆 ≲ 𝑆 and 𝐵 ≲ 𝐵

}
.

With this notation, we have for arbitrary networks 𝜑𝑖 ∈ Φ̃(𝐿𝑖,𝑊𝑖, 𝑆𝑖,B𝑖), that

𝜑1 ◦ 𝜑2 ∈ Φ̃(𝐿1 + 𝐿2,𝑊1 ∨ 𝑊2, 𝑆1 + 𝑆2,B1 ∨ B2) and

[
𝜑1
𝜑2]

∈ Φ̃(𝐿1 ∨ 𝐿2,𝑊1 +𝑊2, 𝑆1 + 𝑆2,B1 ∨ B2).

In particular, since 𝜑1 + 𝜑2 = [1 1] [𝜑1 𝜑2]
⊤, we have also

𝑘

∑
𝑖=1
𝜑𝑖 ∈ Φ̃(max {𝐿𝑖},

𝑘

∑
𝑖=1
𝑊𝑖,

𝑘

∑
𝑖=1
𝑆𝑖, max {B𝑖}).

Some basic neural network approximation results that we shall frequently use in our analysis
are given in Appendix C.C. Our main approximation result is the following.

Theorem C.58: Under assumptions (1)–(4), for any 𝛿 > 0, large enough 𝑚 ∈ ℕ and
𝑡 > 0 with 𝑚− 2𝛼+2

2𝛼+𝑑 ≲ 𝑡 ≲ log𝑚, there exists a neural network

𝜑𝑠0 ∈

{
Φ̃((log𝑚)2(log log𝑚)2, 𝑚(log𝑚)𝐷+1, 𝑚(log𝑚)𝐷+2, 𝑚

𝛼
𝑑 𝑡−1 ∨ 𝑚𝜈), if 𝑡 ≤ 1

2𝑚
− 2−𝛿

𝑑

Φ̃((log𝑚)2(log log𝑚)2, 𝑚′(log𝑚)𝐷+1, 𝑚′(log𝑚)𝐷+2, 𝑚′), if 𝑡 > 1
2𝑚

− 2−𝛿
𝑑
,

where 𝜈 = 2𝑑
2𝛼−𝑑 +

1
𝑑 and 𝑚′ = 𝑡− 𝑑

2𝑚 𝛿
2 satisfying

∫
2𝑡

𝑡
𝔼[|𝑠0(X𝑡) − 𝜑𝑠0(X𝑡)|

2] d𝑡 ≲

{
(log𝑚)𝑑+2𝐷+3𝑚− 2𝛼

𝑑 , if 𝑡 ≤ 𝑚− 2−𝛿
𝑑

(log𝑚)𝑑+2𝐷+3𝑚− 2(𝛼+1)
𝑑 , if 𝑡 > 𝑚− 2−𝛿

𝑑 .

Moreover, this network can be chosen such that |𝑠0(𝑥, 𝑡)| ≲
√

log𝑚
√
𝑡∧1 for all 𝑥 ∈ [0, 1]𝐷 and

𝑡 ∈ [𝑡, 2𝑡].

The proof is technically involved and proceeds through several stages. We provide a high-level
overview of the argument here, while all details are deferred to Section C.B. The approximation
strategy exploits the explicit score representation established in Lemma C.51, together with the
general neural network approximation framework for space-time functions developed in [58].

Recall from Assumptions (1) and (2) that the target distribution 𝜇 is supported on a
closed subset 𝑀 of a 𝑑-dimensional affine subspace (𝑉 + 𝑣0) ∩ [0, 1]𝐷 with non-empty interior,
where 𝑉 = Span(𝑣1, … , 𝑣𝑑), 𝑣0 ∈ [0, 1]𝐷, and 𝑣1, … , 𝑣𝑑 ∈ ℝ𝐷 are vectors in the 𝐷-dimensional
ambient space. Let 𝐴 ∶= (𝑣1, … , 𝑣𝑑) ∈ ℝ𝐷×𝑑 and 𝑃 ∶= 𝐴𝐴⊤, so that 𝑃 is the orthogonal projection
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onto 𝑉 and any 𝑥 ∈ 𝑉 can be written as 𝑥 = 𝐴𝑢 for some 𝑢 ∈ ℝ𝑑 . Then, for any integrable
function 𝑔 ∶ 𝑀 → ℝ,

∫
𝑀
𝑔 d𝜇 = ∫

𝑀∗
𝑔(𝐴𝑢 + 𝑣0)𝑝0(𝐴𝑢 + 𝑣0) d𝑢,

where 𝑀∗ ∶= 𝐴⊤(𝑀 − 𝑣0) = {𝑢 ∈ ℝ𝑑 ∶ 𝐴𝑢 + 𝑣0 ∈ 𝑀}. Moreover, for any 𝑥 ∈ ℝ𝐷 and 𝑢 ∈ 𝑀∗,

𝑉 + 𝑣0

𝑀 𝑀∗

Figure C.13: Example of a domain 𝑀 ⊆ ℝ3 and its lower-dimensional representation 𝑀∗ ⊆ ℝ2.

𝑥 − (𝐴𝑢 + 𝑣0) = ((𝑣0 + 𝑃(𝑥 − 𝑣0)) − (𝐴𝑢 + 𝑣0)) + (𝑥 − (𝑣0 + 𝑃(𝑥 − 𝑣0)))
= (𝑃(𝑥 − 𝑣0) − 𝐴𝑢) + ((𝐼 − 𝑃)(𝑥 − 𝑣0)),

where the first term lies in 𝑉 and the second in 𝑉 ⟂. By the Pythagorean theorem,

|𝑥 − (𝐴𝑢 + 𝑣0)|2 = |𝑃(𝑥 − 𝑣0) − 𝐴𝑢|2 + |(𝐼 − 𝑃)(𝑥 − 𝑣0)|2.

Consequently, for any 𝑥 ∈ ℝ𝐷,

∫
𝑀
e−

|𝑥−𝑦|2
2𝑡 𝜇(d𝑦) = ∫

𝑀∗
e−

|𝑥−(𝐴𝑢+𝑣0)|2
2𝑡 𝑝0(𝐴𝑢 + 𝑣0) d𝑢

= e−
|(𝐼−𝑃)(𝑥−𝑣0)|2

2𝑡 ∫
𝑀∗

e−
|𝑃(𝑥−𝑣0)−𝐴𝑢|2

2𝑡 𝑝0(𝐴𝑢 + 𝑣0) d𝑢

= e−
|(𝐼−𝑃)(𝑥−𝑣0)|2

2𝑡 ∫
𝑀∗

e−
|𝐴⊤(𝑥−𝑣0)−𝑢|2

2𝑡 𝑝0(𝐴𝑢 + 𝑣0) d𝑢.

Here we used that |𝐴𝑢| = |𝑢| for all 𝑢 ∈ ℝ𝑑 . A similar decomposition yields

∫
𝑀

𝑥 − 𝑦
𝑡

e−
|𝑥−𝑦|2
2𝑡 𝜇(d𝑦) = e−

|(𝐼−𝑃)(𝑥−𝑣0)|2
2𝑡

(
(𝐼 − 𝑃)(𝑥 − 𝑣0)

𝑡 ∫
𝑀∗

e−
|𝐴⊤(𝑥−𝑣0)−𝑢|2

2𝑡 𝑝0(𝐴𝑢 + 𝑣0) d𝑢

+ 𝐴∫
𝑀∗

𝐴⊤(𝑥 − 𝑣0) − 𝑢
𝑡

e−
|𝐴⊤(𝑥−𝑣0)−𝑢|2

2𝑡 𝑝0(𝐴𝑢 + 𝑣0) d𝑢).
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In view of Lemma C.51, which gives

𝑠0(𝑥, 𝑡) = −
∑𝑧∈ℤ𝐷 (−1)𝑧 ∫[0,1]𝐷 (𝑅𝑧(𝑥) + 𝑧 − 𝑦) exp (−

|𝑅𝑧(𝑥)+𝑧−𝑦|2
2𝑡 ) 𝜇(d𝑦)

𝑡 ∑𝑧∈ℤ𝐷 ∫[0,1]𝐷 exp (−
|𝑅𝑧(𝑥)+𝑧−𝑦|2

2𝑡 ) 𝜇(d𝑦)
, (𝑥, 𝑡) ∈ [0, 1]𝐷×(0,∞),

all dependence on 𝜇 enters through the lower-dimensional projection 𝐴⊤(𝑥 − 𝑣0). Accordingly,
a substantial part of the approximation task reduces to approximating the functions

𝑓1 ∶ (𝑢, 𝑡) ↦ ∫
𝑀∗

e−
|𝑢−𝑣|2
2𝑡 𝑝0(𝐴𝑣 + 𝑣0) d𝑣, 𝑓2 ∶ (𝑢, 𝑡) ↦ ∫

𝑀∗

𝑢 − 𝑣
𝑡

e−
|𝑢−𝑣|2
2𝑡 𝑝0(𝐴𝑣 + 𝑣0) d𝑣, (C.76)

defined on ℝ𝑑 × (0,∞). This dimensional reduction allows us to derive error bounds that depend
on the intrinsic dimension 𝑑 rather than the ambient dimension 𝐷. A comparable mechanism
appears in [89], where the Gaussian transition densities of the OU forward process give rise to
analogous expressions. In contrast, the transition densities in the present model are given by
infinite series of Gaussian densities restricted to [0, 1]𝐷, which introduces substantial additional
technical difficulties. These are addressed using an approximation strategy adapted from [58],
where spectral representations of the forward density and its gradient were analysed.

The proof proceeds along the following steps:

1. For fixed 𝑡 > 0 and 𝑡 ∈ [𝑡, 2𝑡], we truncate the series representation of the forward density
by

𝑝𝐾𝑡 (𝑥) = (2𝜋𝑡)−
𝐷
2 ∑

𝑧∈ℤ𝐷
‖𝑧‖∞≤

√
2𝑡(𝐷+2𝐾)

∫
[0,1]𝐷

exp ( −
|𝑅𝑧(𝑥) + 𝑧 − 𝑦|2

2𝑡 ) 𝜇(d𝑦)

and define the corresponding truncated score

𝑠𝐾0 (𝑥, 𝑡) ∶=
∇𝑝𝐾𝑡 (𝑥)
𝑝𝐾𝑡 (𝑥)

(C.77)

Lemma C.60 establishes for 𝑡 ∈ [𝑡, 2𝑡] an exponential convergence of 𝑠𝐾0 to 𝑠0 in 𝐿2 as 𝐾 →
∞ allowing us to restrict attention to truncation levels of order log 𝑛. Since the truncated
sums can be approximated termwise by neural networks, combining these approximations
increases the network depth only by a logarithmic factor, leading to a negligible additional
error.

2. For fixed 𝛿 > 0, we split the time domain into small- and large-time regimes according
to 𝑡 ≶ 𝑚−(2−𝛿)/𝑑 . Using Lemma C.69, we approximate 𝑓1(⋅, 𝑡) and 𝑓2(⋅, 𝑡) in (C.76) for
fixed 𝑡; see Lemmas C.61 and C.62. In the small-time regime, Assumption (3) yields
improved approximation rates of order𝑚−𝜅/𝑑 outside𝑀∗, compared to𝑚−𝛼/𝑑 on𝑀∗ (up to
logarithmic factors), while in the large-time regime the regularising effect of the forward
diffusion leads to rates of order 𝑚−(𝜅+1)/𝑑 .
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3. We extend these fixed-time approximations to short time intervals using polynomial in-
terpolation in 𝑡, as shown in Lemma C.63.

4. Finally, we combine the resulting constructions with the general neural network approxi-
mation results from Appendix C.C to prove Theorem C.58, which provides 𝐿2 approxima-
tion bounds for the score in both time regimes.

Main result

With these preparations, we are now in a position to give a concise proof our main result.

Theorem C.59: Assume (1)–(3), and set

𝑇 = 𝐷−1𝑛−
2(𝛼+1)
2𝛼+𝑑 and 𝑇 =

8
𝜋2 log (

8𝐷 3
2

𝜋
𝑛

𝛼+1
2𝛼+𝑑 ).

Then, for any 𝛿 > 0 and 𝑛 ∈ ℕ large enough, there exist neural network classes

𝑖 =
{
𝜑 ∈ Φ(𝐿,𝑊𝑖, 𝑆𝑖, 𝐵)∶ |𝜑(𝑥, 𝑡)| ≲

√
log 𝑛

√
𝑡𝑖 ∧ 1

}
,

where

𝐿 ≲ log 𝑛 log log 𝑛,

‖𝑊𝑖‖∞ ≲ (𝑛
𝑑

2𝛼+𝑑 ∧ [(𝑡𝑖 ∧ 1)−
𝑑
2 𝑛

𝛿𝑑
2𝛼+𝑑 ])(log 𝑛)𝐷+1,

𝑆𝑖 ≲ (𝑛
𝑑

2𝛼+𝑑 ∧ [(𝑡𝑖 ∧ 1)−
𝑑
2 𝑛

𝛿𝑑
2𝛼+𝑑 ])(log 𝑛)𝐷+2,

𝐵 ≲ 𝑛
4(𝛼+1)+𝑑(𝑐0−𝑑+2)

2(2𝛼+𝑑) ∨ 𝑛
2𝑑2

4𝛼2−𝑑2 +
1

2𝛼+𝑑 ,

such that the reflected diffusion generative algorithm associated to the empirical denoising
score matching loss minimiser 𝑠𝑛 defined via (C.74) and (C.75) satisfies

𝔼[1(𝜇,X
𝑠𝑛
𝑇−𝑇 )] ≲ 𝑛

− 𝛼+1−𝛿
2𝛼+𝑑 .

Proof. First, recalling the decomposition (C.72), it follows that

𝔼[1(𝜇,X
𝑠𝑛
𝑇−𝑇 )] ≤ 1(𝜇,X𝑇 ) + 𝔼[1(X̂𝑠̂𝑛𝑇−𝑇 ,X

𝑠̂𝑛
𝑇−𝑇 )] + 𝔼[1(X𝑇 , X̂𝑠𝑛𝑇−𝑇 )].

Here, it immediately follows by Lemmas C.54 and C.55 that the first two terms are each bounded
by 𝑛− 𝛼+1

2𝛼+𝑑 , and so we now focus on bounding 𝔼[1(X𝑇 , X̂𝑠̂𝑛𝑇−𝑇 )]. By Lemma C.57, and its preced-
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ing discussion, we have for 𝜌 > 0 that

𝔼[1(X𝑇 , X̂𝑠̂𝑛𝑇−𝑇 )] ≲ 𝐾e
−𝜌 +

𝐾

∑
𝑖=1

𝔼[((𝑡𝑖 ∧ 1)𝜌 ∫
𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠̂𝑛(X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)|2 ∣ 𝑠𝑛] d𝑡)

1
2

]

≤ 𝐾e−𝜌 +
𝐾

∑
𝑖=1

((𝑡𝑖 ∧ 1)𝜌 𝔼[ ∫
𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠𝑛(X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)|2 ∣ 𝑠̂𝑛] d𝑡])

1
2

,

where in the last inequality we use Jensen’s inequality. Recall here that 𝑡𝑖 = 𝑇𝑐𝑖, where 𝑐 ∈ (1, 2]
and 𝐾 ∈ ℕ are chosen such that 𝑡𝐾 = 𝑇 , i.e. 𝐾 = log𝑐

𝑇
𝑇 ≍ log 𝑛. Setting 𝜌 = 𝛼+1

2𝛼+𝑑 log 𝑛, we thus
have

𝐾e−𝜌 ≍ 𝑛−
𝛼+1
2𝛼+𝑑 log 𝑛 ≲ 𝑛−

𝛼+1−𝛿
2𝛼+𝑑 .

Now, to further analyse each term, we fix 𝑖 ∈ [𝐾] and introduce the induced function class(𝑖) =
{𝐿(𝑖)𝑠 ∣ 𝑠 ∈ 𝑖}. We then have by [58, Theorem 3.4, Theorem B.2] if sup𝑠∈𝑖∪{𝑠0}‖𝐿

(𝑖)
𝑠 ‖∞ ≤ 𝐶((𝑖)) < ∞

that for suitable Δ > 0,

𝔼[ ∫
𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠̂𝑛(X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)|2 ∣ 𝑠𝑛] d𝑡]

≤ 2 inf
𝑠∈𝑖 ∫

𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠(X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)|2] d𝑡 + 2

𝐶((𝑖))
𝑛 (

145
9

log ((𝑖), ‖⋅‖∞, Δ) + 160) + 5Δ.

Following the proof of [58, Lemma 3.5], we also have that if for 𝑡 ∈ [𝑡𝑖−1, 𝑡𝑖), sup𝑠∈𝑖 ‖𝑠( ⋅, 𝑡)‖∞ ≤
𝐶(𝑖)√
𝑡∧1 for some 𝐶(𝑖) < ∞ and

∫
𝑡𝑖

𝑡𝑖−1
∫
[0,1]𝐷

|∇ log 𝑞𝑡(𝑥, 𝑦)|𝑞𝑡(𝑥, 𝑦) d𝑦 d𝑡 ≲
√
𝑡𝑖, (C.78)

then there exists a constant 𝑐0 such that

 ((𝑖), ‖⋅‖∞, 𝛿) ≤ (𝑖, ‖⋅‖∞,
Δ

𝑐0𝐶(𝑖)(𝑡𝑖 +
√
𝑡𝑖))

.

To this last condition, we have

∫
[0,1]𝐷

|∇ log 𝑞𝑡(𝑥, 𝑦)|𝑞𝑡(𝑥, 𝑦) d𝑦 = ∫
[0,1]𝐷

|∇𝑞𝑡(𝑥, 𝑦)| d𝑦

≤
1
𝑡
∑
𝑧∈ℤ𝐷

∫
[0,1]𝐷

(2𝜋𝑡)−
𝐷
2 |𝑅𝑧(𝑥) + 𝑧 − 𝑦|e−

|𝑅𝑧 (𝑥)+𝑧−𝑦|2
2𝑡 d𝑦

=
1
𝑡 ∫ℝ𝐷

(2𝜋𝑡)−
𝐷
2 |𝑦|e−

|𝑦|2
2𝑡 d𝑦

≤
√
𝐷√
𝑡
,
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implying (C.78). Furthermore, using the Li–Yau bound from [74, Theorem 1.1], which gives
|∇ log 𝑞𝑡(𝑥, 𝑦)|2 ≲ 𝐷

𝑡 + 𝜕𝑡 log 𝑞𝑡(𝑥, 𝑦), it follows that for 𝑠 ∈ 𝑖

L𝑠(𝑥) = ∫
𝑡𝑖

𝑡𝑖−1
∫
[0,1]𝐷

|𝑠(𝑦, 𝑡) − ∇ log 𝑞𝑡(𝑥, 𝑦)|2𝑞𝑡(𝑥, 𝑦) d𝑦 d𝑡

≤ 2 ∫
𝑡𝑖

𝑡𝑖−1
∫
[0,1]𝐷

(|𝑠(𝑦, 𝑡)|2 + |∇ log 𝑞𝑡(𝑥, 𝑦)|2)𝑞𝑡(𝑥, 𝑦) d𝑦 d𝑡

≲ 2 ∫
𝑡𝑖

𝑡𝑖−1
∫
[0,1]𝐷 (

𝐶(𝑖)2 + 𝐷
𝑡

+ 𝜕𝑡 log 𝑞𝑡(𝑥, 𝑦))𝑞𝑡(𝑥, 𝑦) d𝑦 d𝑡

= 2(𝐶(𝑖)2 + 𝐷) log 𝑐,

where we used that

∫
𝑡𝑖

𝑡𝑖−1
∫
[0,1]𝐷

𝜕𝑡 log 𝑞𝑡(𝑥, 𝑦)𝑞𝑡(𝑥, 𝑦) d𝑦 d𝑡 = ∫
[0,1]𝐷

∫
𝑡𝑖

𝑡𝑖−1
𝜕𝑡𝑞𝑡(𝑥, 𝑦) d𝑡 d𝑦

= ∫
[0,1]𝐷

𝑞𝑡𝑖(𝑥, 𝑦) − 𝑞𝑡𝑖−1(𝑥, 𝑦) d𝑦 = 0.

Thus, it follows that 𝐶((𝑖)) ≲ (𝐶(𝑖)2 + 𝐷) log 𝑐 ≲ 𝐶(𝑖)2, and hence by the above

𝔼[ ∫
𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠̂𝑛(X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)|2 ∣ 𝑠𝑛] d𝑡]

≲ inf
𝑠∈𝑖 ∫

𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠(X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)|2] d𝑡 +

𝐶(𝑖)2 log (𝑖, ‖⋅‖∞, Δ
𝑐0𝐶(𝑖)(𝑡𝑖+

√
𝑡𝑖)
)

𝑛
+ Δ.

Here, by a small modification of [89, Lemma C.2], if 𝑖 ⊆ Φ(𝐿,𝑊 , 𝑆, 𝐵), then

log(𝑖, ‖⋅‖∞,
Δ

𝑐0𝐶(𝑖)(𝑡𝑖 +
√
𝑡𝑖))

≲ 𝐿𝑆 log(𝑐0𝐶(𝑖)(𝑡𝑖 +
√
𝑡𝑖)Δ−1𝐿‖𝑊 ‖∞(𝐵 ∨ 1)).

Next, setting 𝑚 = ⌈𝑛 𝑑
2𝛼+𝑑 ⌉, if 𝑡𝑖 ≤ 𝑛− 2−𝛿

2𝛼+𝑑 , we have by Theorem C.58 that there exists a neural
network 𝜑(𝑖)𝑠0 ∈ Φ(𝐿,𝑊 , 𝑆, 𝐵) with

𝐿 ≲ (log𝑚)2(log log𝑚)2 ≲ Poly(log 𝑛)

‖𝑊 ‖∞ ≲ 𝑚(log𝑚)𝐷+1 ≲ Poly(𝑛)

𝑆 ≲ 𝑚(log𝑚)𝐷+2 ≲ 𝑛
𝑑

2𝛼+𝑑 Poly(log 𝑛)

𝐵 ≲ 𝑚
2(𝛼+1)
𝑑 + 𝑐0−𝑑

2 +1 ∨ 𝑚𝜈 ≲ Poly(𝑛),

satisfying |𝜑(𝑖)𝑠0 | ≲
√

log 𝑛
√
𝑡𝑖∧1

≤
√

log 𝑛√
𝑡∧1 for 𝑡 ∈ [𝑡𝑖−1, 𝑡𝑖) and

∫
𝑡𝑖

𝑡𝑖−1
𝔼[|𝜑(𝑖)𝑠0 (X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)|2] d𝑡 ≲ (log𝑚)2+2𝐷+3𝑚− 2𝛼

𝑑 ≤ 𝑛−
2𝛼

2𝛼+𝑑 Poly(log 𝑛)
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Thus, setting 𝑖 = {𝜑 ∈ Φ(𝐿,𝑊 , 𝑆, 𝐵) ∣ |𝜑| ≲
√

log 𝑛
√
𝑡𝑖−1

} and Δ = 𝑛− 2𝛼
2𝛼+𝑑 , it follows that

𝔼[ ∫
𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠𝑛(X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)|2 ∣ 𝑠𝑛] d𝑡] ≲ 𝑛

− 2𝛼
2𝛼+𝑑 Poly(log 𝑛).

Conversely, if 𝑡𝑖 > 𝑛−
2−𝛿
2𝛼+𝑑 , the same theorem yields a network 𝜑(𝑖)𝑠0 ∈ Φ(𝐿,𝑊𝑖, 𝑆𝑖, 𝐵) with

𝐿 ≲ (log𝑚)2(log log𝑚)2 ≲ Poly(log 𝑛)

‖𝑊𝑖‖∞ ≲ (𝑡𝑖 ∧ 1)−
𝑑
2𝑚

𝛿
2 (log𝑚)𝐷+1 ≲ Poly(𝑛)

𝑆𝑖 ≲ (𝑡𝑖 ∧ 1)−
𝑑
2𝑚

𝛿
2 (log𝑚)𝐷+2 ≲ (𝑡𝑖 ∧ 1)−

𝑑
2 𝑛

𝛿𝑑
2(2𝛼+𝑑) Poly(log 𝑛)

B𝑖 ≲ 𝑚
2(𝛼+1)
𝑑 + 𝑐0−𝑑

2 +1 ≲ Poly(𝑛),

satisfying

∫
𝑡𝑖

𝑡𝑖−1
𝔼[|𝜑(𝑖)𝑠0 (X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)|2] d𝑡 ≲ (log𝑚)2+2𝐷+3𝑚− 2(𝛼+1)

𝑑 ≤ 𝑛−
2(𝛼+1)
2𝛼+𝑑 Poly(log 𝑛).

Thus, setting Δ = 𝑛−
2(𝛼+1)
2𝛼+𝑑 , we have now

𝔼[ ∫
𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠̂𝑛(X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)|2 ∣ 𝑠𝑛] d𝑡] ≲ (𝑛

− 2(𝛼+1)
2𝛼+𝑑 +

(𝑡𝑖 ∧ 1)− 𝑑
2 𝑛

𝛿𝑑
2(2𝛼+𝑑)

𝑛 )Poly(log 𝑛).

Now, letting 𝐾 ∗ = max{𝑖 ∈ [𝐾] ∶ 𝑡𝑖 ≤ 𝑛−
2−𝛿
2𝛼+𝑑 }, we have

𝐾

∑
𝑖=1

((𝑡𝑖 ∧ 1)𝜌 𝔼[ ∫
𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠𝑛(X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)|2 ∣ 𝑠̂𝑛] d𝑡])

1
2

≲ log 𝑛[

𝐾∗

∑
𝑖=1

(𝑡𝑖 𝔼[ ∫
𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠̂𝑛(X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)|2 ∣ 𝑠𝑛] d𝑡])

1
2

𝐾

∑
𝑖=𝐾∗+1

((𝑡𝑖 ∧ 1) 𝔼[ ∫
𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠𝑛(X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)|2 ∣ 𝑠𝑛] d𝑡])

1
2

].

Here, the first sum is easily bounded by

𝐾∗

∑
𝑖=1

(𝑡𝑖 𝔼[ ∫
𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠𝑛(X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)|2 ∣ 𝑠̂𝑛] d𝑡])

1
2

≲ 𝑛−
1−𝛿/2
2𝛼+𝑑 𝑛−

𝛼
2𝛼+𝑑 Poly(log 𝑛) ≲ 𝑛−

𝛼+1−𝛿
2𝛼+𝑑 ,
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where we use that 𝐾 ∗ ≤ 𝐾 ≲ log 𝑛. As for the second sum, we have

𝐾

∑
𝑖=𝐾∗+1

((𝑡𝑖 ∧ 1) 𝔼[ ∫
𝑡𝑖

𝑡𝑖−1
𝔼[|𝑠𝑛(X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)|2 ∣ 𝑠̂𝑛] d𝑡])

1
2

≲ Poly(log 𝑛)(𝐾𝑛
− 𝛼+1

2𝛼+𝑑 +
𝑛

𝛿𝑑
4(2𝛼+𝑑)

√
𝑛

𝐾

∑
𝑖=𝐾∗+1

(𝑡𝑖 ∧ 1)
2−𝑑
4
)

≲ Poly(log 𝑛)(𝑛
− 𝛼+1

2𝛼+𝑑 + 𝑡
2−𝑑
4

𝐾∗+1
𝑛

𝛿𝑑
4(2𝛼+𝑑)

√
𝑛 )

≲ Poly(log 𝑛)(𝑛
− 𝛼+1

2𝛼+𝑑 + 𝑛
−(2−𝑑)(2−𝛿)+𝛿𝑑−2(2𝛼+𝑑)

4(2𝛼+𝑑) )

≲ 𝑛−
𝛼+1−𝛿
2𝛼+𝑑 .

Thus, it follows that
𝔼[1(X𝑇 , X̂𝑠𝑛𝑇−𝑇 )] ≲ 𝑛

− 𝛼+1−𝛿
2𝛼+𝑑 ,

as desired.

C.4 Discussion

We conclude by placing our results in the context of the existing statistical theory of diffusion-
based generative models and by clarifying the scope and limitations of the present analysis.

Minimax optimal estimation We do not aim to establish results on minimax optimality,
as such questions, while important, lie beyond the scope of the present work. The first near-
optimal convergence rates for diffusion models under the 1-Wasserstein metric were obtained
by [89] who consider target distributions on ℝ𝐷 that admit an 𝛼-smooth, compactly supported
densitywrt Lebesguemeasure, and analyse classical Ornstein–Uhlenbeck (OU) dynamics. Under
the assumption of perfect SDE simulation and working without the manifold hypothesis, they
show that diffusion models achieve the rate 𝑛− 𝛼+1−𝛿

2𝛼+𝐷 , for arbitrary 𝛿 > 0, which is near minimax-
optimal in the ambient dimension 𝐷 and consistent with results established in the classical i.i.d.
density estimation setting by [87]; see in particular Theorem 1 therein for densities bounded
away from zero.

In the context of diffusion-based generative models with non-singular target distributions,
[113] establish an upper bound of order 𝑛− 𝛼+1

2𝛼+𝐷 , up to polylogarithmic factors, for the 1-Wasserstein
distance between the true distribution and the law induced by the generative model. Their
analysis uses empirical score matching over suitably chosen neural network classes with tanh-
activation function and holds uniformly over classes of Hölder-𝛼 smooth densities that are
bounded below on any compact subset of the interior of the support and exhibit controlled
decay near its boundary. The avoidance of an arbitrarily small polynomial inefficiency in the
rate comes here at the price of having to consider polynomially many (in terms of the data)
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separate time intervals in the score estimation procedure as compared to the logarithmic depen-
dence in our and previous work on 1-Wasserstein estimation rates [6, 89, 118]. This theoretical
understanding has been further advanced by [21], who provide sharp finite-sample error bounds
measured in the 𝑝-Wasserstein distance for arbitrary 𝑝 ≥ 1. Notably, they relax typical compact-
support or smooth density assumptions, requiring only finite-moment conditions on the target
distribution.

While these works constitute significant progress in the statistical theory of generative mod-
elling, their analyses fundamentally rely on the explicit Gaussian structure of the transition ker-
nels associated with unconstrained OU or standard Brownian dynamics on ℝ𝐷. In particular,
[113] and [21] exploit a control on the temporal score regularity, which is heavily tied to the
specific analytical smoothing properties of the Gaussian transition kernels. Our reflected dif-
fusion framework on [0, 1]𝐷 inherently breaks these structural properties. The corresponding
transition densities are instead governed by an infinite series expansion of restricted Gaussian
densities (or alternatively, by a spectral decomposition as in [58]), which leads to a fundamen-
tally different and analytically more complex score regularity, in particular due to the influence
of boundary reflections, which become increasingly notable for larger 𝑡. Extending the min-
imax optimality proofs from the unconstrained setting to bounded domains with reflections
would require entirely new analytic techniques to rigorously control these boundary effects
and is consequently beyond the scope of this paper.

Furthermore, a strictly minimax-optimal convergence rate, completely free of extraneous
logarithmic terms, has recently been derived by [37] in the unconstrained variance-exploding
setting. For target distributions with Hölder smoothness 𝛼 > 0, they establish rates wrt the
score matching loss, which allows them to prove that the generated distribution achieves the
minimax-optimal rate in terms of the expected squared total variation distance and, for 𝛼 ≥ 1,
the 1-Wasserstein distance. However, these bounds are achieved by departing from neural net-
work approximations and employing kernel-based score estimators instead. While this consti-
tutes an important theoretical contribution to the understanding of the fundamental statistical
limits of diffusionmodels, it diverges from common algorithmic practice, where gradient descent
methods for score matching exploit the flexibility and inductive biases of expressive neural ar-
chitectures. Our analysis maintains this connection by explicitly studying neural network-based
score estimators. Moreover, from an analytical perspective, translating kernel-based techniques
to reflected diffusions on bounded domains would introduce severe boundary biases, necessi-
tating the construction of highly specialised boundary-correction kernels. Given the practical
prevalence of neural networks in generative modelling and these domain-specific analytic chal-
lenges, a theoretical investigation of kernel-based score matching is conceptually distinct from
our objectives and therefore falls outside the scope of the present work.

Extension to general manifolds In this work, we restrict our geometric setup to data sup-
ported on a linear subspace 𝑑 ≪ 𝐷 intersecting the hypercube. While simpler than general
non-linear manifolds, this setting already poses significant mathematical challenges due to the
aforementioned absence of Gaussian transition kernels. In unconstrainedOU settings, this Gaus-
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sian structure allowed [6, 118] to extend convergence rates to unknown compact 𝑑-dimensional
manifolds, achieving bounds that scale with the intrinsic dimension 𝑑. Independently of any
assumptions on the target distribution, the reflected diffusion case requires managing complex
transition densities (cf. Lemma C.51), making the bounding of the score function and its estima-
tion considerablymore involved. Let us emphasize here that all of the results given in Section C.2
do not rely on any specific geometric assumptions on the support of 𝜇 but only partially on the
assumption that 𝑝0 has controlled decay at the boundary. For curved manifolds without bound-
ary such that the density wrt the volume measure is bounded away from zero as in [6, 118] all
statements therefore remain true if the lower bound in Lemma C.53.(d) is replaced by 𝑡−𝑑/2e−𝜌 .
In particular, parts of Lemma C.53 provide a natural analogue to the crucial technical Lemma C.1
in [118] and can therefore serve as a natural starting point for score approximation for general
manifold data via considering linear sub-problems associated to local chart parametrisations of
the data density.

Discretisation and sampling errors A further extension of the present analysis involves
the relaxation of the assumption of exact simulation for the backward dynamics. In practice,
sampling from the generative model requires the discretisation of the backward SDE. For stan-
dard unconstrained processes, this is typically achieved via the Euler–Maruyama scheme, whose
error properties have been extensively quantified in recent literature.

For reflected diffusions, however, the discretisation ismore involved, as simulated pathsmust
be strictly constrained to the domain [0, 1]𝐷. This necessitates the use of alternative schemes,
such as projected or penalised Euler–Maruyama methods, which explicitly account for the local
time at the boundary. The numerical analysis of these methods requires bounding the error in
the presence of reflecting barriers, where the discretisation error is coupled with the approxima-
tion of the score function near the boundary. Establishing a comprehensive end-to-end bound
that incorporates these discretisation effects is a significant objective in numerical stochastic
analysis. This constitutes a natural direction for future research, as also pointed out in the sur-
vey article [120].

Acknowledgements We thank Iskander Azangulov and Judith Rousseau for helpful discus-
sions during the MFO Mini-Workshop: Statistical Challenges for Deep Generative Models and Si-
mon Bienewald for helpful remarks on Wasserstein generalisation bounds.

C.A Proofs for Section C.2

Proof of Lemma C.50. Since 𝑓 (Y) = Y and B0 = 0 a.s., we have X0 ∼ 𝜈 . Fix 𝑖 ∈ [𝐷] and define
the one-dimensional process Z(𝑖)

𝑡 ∶= B(𝑖)
𝑡 + Y(𝑖), 𝑡 ≥ 0. For 𝑥 ∈ ℝ, let L(𝑖)𝑡,𝑥 denote the local time of

Z(𝑖) at level 𝑥 , that is, the unique process satisfying

L(𝑖)𝑡,𝑥 = lim
𝜀↘0

1
2𝜀 ∫

𝑡

0
𝟏(𝑥−𝜀,𝑥+𝜀)(Z(𝑖)

𝑠 ) d𝑠.
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Since 𝑓 is the difference of two convex functions, the Itô–Tanaka formula implies that X(𝑖)
𝑡 ∶=

𝑓 (Z(𝑖)
𝑡 ) is a continuous semimartingale satisfying

X(𝑖)
𝑡 = Y(𝑖) + ∫

𝑡

0
𝑓 ′−(Z

(𝑖)
𝑠 ) dZ

(𝑖)
𝑠 +

1
2 ∫

ℝ
L(𝑖)𝑡,𝑥 𝑓 ′′(d𝑥),

where 𝑓 ′− denotes the left derivative of 𝑓 and 𝑓 ′′ its distributional second derivative. Define
W(𝑖)
𝑡 ∶= ∫ 𝑡

0 𝑓
′
−(Z(𝑖)

𝑠 ) dZ(𝑖)
𝑠 . As 𝑓 ′−(𝑥) ∈ {−1, 1} for all 𝑥 ∈ ℝ, we obtain

⟨W(𝑖)⟩𝑡 = ∫
𝑡

0
𝑓 ′−(Z

(𝑖)
𝑠 )

2 d⟨B(𝑖)⟩𝑠 = ∫
𝑡

0
1 d𝑠 = 𝑡,

and hence (W(𝑖)
𝑡 )𝑡≥0 is a standard Brownian motion by Lévy’s characterisation. Next, define

L(𝑖),0𝑡 ∶= ∑
𝑘∈ℤ

L(𝑖)𝑡,2𝑘 , L(𝑖),1𝑡 ∶= ∑
𝑘∈ℤ

L(𝑖)𝑡,2𝑘+1.

Then, ∫ℝ L
(𝑖)
𝑡,𝑥 𝑓 ′′(d𝑥) = L(𝑖),0𝑡 − L(𝑖),1𝑡 . Let T𝑘 ∶= inf{𝑡 ≥ 0 ∶ |Z(𝑖)

𝑡 | ≥ 𝑘}, 𝑘 ∈ ℤ, and denote by 𝐿X(𝑖)

the local time of X(𝑖) at 0. For all 𝑡 ≥ 0 and 𝑛 ∈ ℕ, we have a.s.

LX
(𝑖)

𝑡∧T2𝑛
= lim
𝜀↘0

1
2𝜀 ∫

𝑡∧T2𝑛

0
𝟏(−𝜀,𝜀)(X(𝑖)

𝑠 ) d𝑠 = lim
𝜀↘0

1
2𝜀

∑
𝑘∈ℤ,|𝑘|≤𝑛

∫
𝑡∧T2𝑛

0
1(2𝑘−𝜀,2𝑘+𝜀)(Z(𝑖)

𝑠 ) d𝑠

= ∑
𝑘∈ℤ, |𝑘|≤𝑛

lim
𝜀↘0

1
2𝜀 ∫

𝑡∧T2𝑛

0
𝟏(2𝑘−𝜀,2𝑘+𝜀)(Z(𝑖)

𝑠 ) d𝑠

= ∑
𝑘∈ℤ, |𝑘|≤𝑛

L(𝑖)𝑡∧T2𝑛 ,2𝑘 ,

where we used that X(𝑖)
𝑠 = 0 if and only if Z(𝑖)

𝑠 = 2𝑘 for some 𝑘 ∈ ℤ. By monotone convergence,

LX
(𝑖)

𝑡 = ∑
𝑘∈ℤ

L(𝑖)𝑡,2𝑘 = L(𝑖),0𝑡 , for all 𝑡 ≥ 0 a.s.

An analogous argument shows that L(𝑖),1𝑡 is the local time of X(𝑖) at 1. Consequently, X(𝑖) satisfies
the one-dimensional reflected SDE

dX𝑡 (𝑖) = dW(𝑖)
𝑡 +

1
2(

dL(𝑖),0𝑡 − dL(𝑖),1𝑡 ).



C.A. Proofs for Section C.2 157

Finally, define L𝑡 ∶= 1
2 ∑

𝐷
𝑖=1(L

(𝑖),0
𝑡 + L(𝑖),1𝑡 ) and W𝑡 ∶= (W(1)

𝑡 , … ,W
(𝐷)
𝑡 ). Then,

X𝑡 = X0 +W𝑡 +
1
2

𝐷

∑
𝑖=1
𝑒𝑖(L

(𝑖),0
𝑡 − L(𝑖),1𝑡 )

= X0 +W𝑡 +
𝐷

∑
𝑖=1

∫
𝑠∈[0,𝑡]∶{X(𝑖)

𝑠 ∈{0,1}}
𝑛(X𝑡) dL𝑠(𝑖),X

(𝑖)
𝑠

= X0 +W𝑡 + ∫
𝑠∈[0,𝑡]∶⋃𝐷

𝑖=1{X
(𝑖)
𝑠 ∈{0,1}}

𝑛(X𝑠) d(
1
2

𝐷

∑
𝑗=1

L(𝑗),X
(𝑗)
𝑠

𝑠 )

= X0 +W𝑡 + ∫
𝑠∈[0,𝑡]∶{X𝑠∈𝜕[0,1]𝐷}

𝑛(X𝑠) dL𝑠 = X0 +W𝑡 + ∫
𝑡

0
𝑛(X𝑠) dL𝑠 .

Moreover, for 𝑖, 𝑗 ∈ [𝐷],

⟨W(𝑖),W(𝑗)⟩𝑡 = ∫
𝑡

0
𝑓 ′−(Z

(𝑖)
𝑠 )𝑓

′
−(Z

(𝑗)
𝑠 ) d⟨B(𝑖),B(𝑗)⟩𝑠 =

{
𝑡, 𝑖 = 𝑗,
0, 𝑖 ≠ 𝑗,

so that (W𝑡)𝑡≥0 is a 𝐷-dimensional Brownian motion. Since (L𝑡)𝑡≥0 is a local time of (X𝑡)𝑡≥0, this
completes the proof.

Proof of Lemma C.51. Let 𝑓 be defined as in Lemma C.50. By that lemma and by uniqueness in
law of weak solutions to (C.67), the associated transition density 𝑞𝑡 satisfies

𝑞𝑡(𝑦, 𝑥) d𝑥 = ℙ(X𝑡 ∈ d𝑥 ∣ X0 = 𝑦) = ℙ(𝑓 (B𝑡 + 𝑦) ∈ d𝑥).

For any 𝑧 ∈ ℤ𝐷 and 𝑥 ∈ [0, 1]𝐷+𝑧, we have 𝑓 (𝑥) = 𝑅𝑧(𝑥−𝑧). Since the collection ([0, 1]𝐷+𝑧)𝑧∈ℤ𝐷
forms a partition of ℝ𝐷 up to Lebesgue null sets, it follows that for 𝑥, 𝑦 ∈ [0, 1]𝐷,

𝑞𝑡(𝑦, 𝑥) d𝑥 = ∑
𝑧∈ℤ𝐷

ℙ(𝑓 (B𝑡 + 𝑦) ∈ d𝑥, B𝑡 + 𝑦 ∈ [0, 1]𝐷 + 𝑧)

= ∑
𝑧∈ℤ𝐷

ℙ(𝑅𝑧(B𝑡 + 𝑦 − 𝑧) ∈ d𝑥, B𝑡 + 𝑦 ∈ [0, 1]𝐷 + 𝑧)

= ∑
𝑧∈ℤ𝐷

ℙ(B𝑡 ∈ 𝑅𝑧(d𝑥) + 𝑧 − 𝑦) = (2𝜋𝑡)−𝐷/2 ∑
𝑧∈ℤ𝐷

exp(−
|𝑅𝑧(𝑥) + 𝑧 − 𝑦|2

2𝑡 ) d𝑥.

In the third equality, we used that, for each 𝑧 ∈ ℤ𝐷, the mapping 𝑅𝑧 is an involution on [0, 1]𝐷,
and that 𝑅𝑧(d𝑥) + 𝑧 − 𝑦 ⊆ [0, 1]𝐷 + 𝑧 − 𝑦 for all 𝑥 ∈ [0, 1]𝐷. The fourth equality follows from the
transformation theorem and the fact that the determinant of Jacobian 𝐽𝑅𝑧 (𝑥) = (−1)𝑧 has unit
absolute value. Applying monotone convergence and integrating 𝑞𝑡(𝑦, 𝑥) against 𝜇(d𝑦) yields

𝑝𝑡(𝑥) = (2𝜋𝑡)−𝐷/2 ∑
𝑧∈ℤ𝐷

∫
[0,1]𝐷

exp(−
|𝑅𝑧(𝑥) + 𝑧 − 𝑦|2

2𝑡 ) 𝜇(d𝑦),
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as claimed. To compute the score, note that for 𝑧 ∈ ℤ𝐷 and 𝑥, 𝑦 ∈ [0, 1]𝐷, the chain rule gives

∇e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡 = −
∇|𝑅𝑧(𝑥) + 𝑧 − 𝑦|2

2𝑡
e−

|𝑅𝑧 (𝑥)+𝑧−𝑦|2
2𝑡 = −(−1)𝑧

𝑅𝑧(𝑥) + 𝑧 − 𝑦
𝑡

e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡 .

Hence, dominated convergence again yields

𝑠0(𝑥, 𝑡) =
∇𝑝𝑡(𝑥)
𝑝𝑡(𝑥)

= −
∑𝑧∈ℤ𝐷 (−1)𝑧 ∫[0,1]𝐷 (𝑅𝑧(𝑥) + 𝑧 − 𝑦)e

− |𝑅𝑧 (𝑥)+𝑧−𝑦|2
2𝑡 𝜇(d𝑦)

𝑡 ∑𝑧∈ℤ𝐷 ∫[0,1]𝐷 e
− |𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡 𝜇(d𝑦)
,

as desired.

Proof of Lemma C.53. To show (a), notice that, by the triangle inequality,

𝑡|𝑠0(𝑥, 𝑡)| ≤
∑𝑧∈ℤ𝐷 ∫[0,1]𝐷 |𝑅𝑧(𝑥) + 𝑧 − 𝑦|e

− |𝑅𝑧 (𝑥)+𝑧−𝑦|2
2𝑡 𝜇(d𝑦)

∑𝑧∈ℤ𝐷 ∫[0,1]𝐷 e
− |𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡 𝜇(d𝑦)
,

where, since the numerator is convergent, we must have for every 𝜀 > 0 and 𝑥, 𝑦 ∈ [0, 1]𝐷 that
there exists a 𝐾 > 0 such that

∑
𝑧∈ℤ𝐷

|𝑅𝑧(𝑥)+𝑧−𝑦|>𝐾

|𝑅𝑧(𝑥) + 𝑧 − 𝑦|e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡 < 𝜀.

In particular, there exists a 𝐾(𝑥, 𝑦, 𝑡) > 0 such that

∑
𝑧∈ℤ𝐷

|𝑅𝑧(𝑥)+𝑧−𝑦|>𝐾(𝑥,𝑦,𝑡)

|𝑅𝑧(𝑥) + 𝑧 − 𝑦|e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡 ≤ ∑
𝑧∈ℤ𝐷

e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡 .

Thus, if we can show that 𝐾(𝑥, 𝑦, 𝑡) ≤ 𝐾(𝑡), independent of 𝑥 and 𝑦, integrating both sides
yields

∑
𝑧∈ℤ𝐷

∫
[0,1]𝐷

|𝑅𝑧(𝑥) + 𝑧 − 𝑦|e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡 𝜇(d𝑦) = ∫
[0,1]𝐷 (

∑
𝑧∈ℤ𝐷

|𝑅𝑧(𝑥)+𝑧−𝑦|≤𝐾(𝑡)

|𝑅𝑧(𝑥) + 𝑧 − 𝑦|e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡

+ ∑
𝑧∈ℤ𝐷

|𝑅𝑧(𝑥)+𝑧−𝑦|>𝐾(𝑡)

|𝑅𝑧(𝑥) + 𝑧 − 𝑦|e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡
)𝜇(d𝑦)

≤ (𝐾(𝑡) + 1) ∫
[0,1]𝐷

∑
𝑧∈ℤ𝐷

e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡 𝜇(d𝑦),
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which then implies

|𝑠0(𝑥, 𝑡)| ≤
𝐾(𝑡) + 1

𝑡
. (C.79)

To do this, we first note that, for each 𝑥, 𝑦 ∈ [0, 1]𝐷 and 𝑧 ∈ ℤ𝐷, the point 𝑅𝑧(𝑥) + 𝑧 − 𝑦 lies in
[−1, 1]𝐷 + 𝑧, and that the function |𝑢|e−

|𝑢|2
2𝑡 is decreasing in |𝑢| whenever |𝑢| >

√
𝑡. Thus, when

|𝑧| > 2
√
𝐷 +

√
𝑡, we have the rough estimate of

|𝑅𝑧(𝑥) + 𝑧 − 𝑦|e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡 ≤ ∫
[−2,2]𝐷

|𝑧 + 𝑢|e−
|𝑧+𝑢|2
2𝑡 d𝑢.

Now, notice that the set {𝑧 + [−2, 2]𝐷 ∣ 𝑧 ∈ ℤ𝐷} constitutes a covering of ℝ𝐷, where each
hypercube 𝑧 + [0, 1]𝐷 is covered a total of 4𝐷 times. Thus, we have for each integrable 𝑔 ∶ ℝ𝐷 →
ℝ,

∑
𝑧∈ℤ𝐷

∫
[−2,2]𝐷

𝑔(𝑢 + 𝑧) d𝑢 = 4𝐷 ∫
ℝ𝐷
𝑔(𝑢) d𝑢.

Similarly, the set {𝑧 + [−2, 2]𝐷 ∣ 𝑧 ∈ ℤ𝐷, |𝑧| > 𝐾} is a covering of a subset of ℝ𝐷 containing
{𝑢 ∈ ℝ𝐷 ∣ |𝑢| > 𝐾 − 2

√
𝐷}, and each hypercube 𝑧 + [0, 1]𝐷 is covered at most 4𝐷 times, whence

∑
𝑧∈ℤ𝐷
|𝑧|>𝐾

∫
[−2,2]𝐷

𝑔(𝑢 + 𝑧) d𝑢 ≤ 4𝐷 ∫
{|𝑢|>𝐾−2

√
𝐷}
𝑔(𝑢) d𝑢.

Applying this to the above for some 𝐾 > 2
√
𝐷 +

√
𝑡, we get

∑
𝑧∈ℤ𝐷
|𝑧|>𝐾

|𝑅𝑧(𝑥) + 𝑧 − 𝑦|e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡 ≤ ∑
𝑧∈ℤ𝐷
|𝑧|>𝐾

∫
[−2,2]𝐷

|𝑢 + 𝑧|e−
|𝑢+𝑧|2
2𝑡 d𝑢

≤ 4𝐷 ∫
{|𝑢|>𝐾−2

√
𝐷}
|𝑢|e−

|𝑢|2
2𝑡 d𝑢

= (32𝜋𝑡)
𝐷
2 𝔼[|B𝑡 |1{|B𝑡 |>𝐾−2

√
𝐷}].

Setting 𝐾(𝑡) = 2
√
𝐷 +

√
𝑡(𝐷 + 𝐷

𝑡 ) ≲ 1 +
√
𝑡 ∨ 1, it follows by Lemma C.71.(b) that

𝔼[|B𝑡 |1{|B𝑡 |>𝐾(𝑡)−2
√
𝐷}] ≲ 𝑡

− 𝐷
2 e−

𝐷
2𝑡 ,

whence
∑
𝑧∈ℤ𝐷

|𝑧|>𝐾(𝑡)

|𝑅𝑧(𝑥) + 𝑧 − 𝑦|e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡 ≲ e−
𝐷
2𝑡 ≤ e−

|𝑥−𝑦|2
2𝑡 ≤ ∑

𝑧∈ℤ𝐷
e−

|𝑅𝑧 (𝑥)+𝑧−𝑦|2
2𝑡 .

By the previous discussion discussion leading to (C.79), this proves part (a).
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To prove (b), we first note that (a) gives

𝔼[|∇ log 𝑝𝑡(X𝑡)|21𝑀c
𝜌,𝑡 (X𝑡)] ≲

1
𝑡2 ∧ 1

ℙ(X𝑡 ∈ 𝑀c
𝜌,𝑡).

To control the right hand side, let 𝑓 , 𝑓 be as in Lemma C.50 such that X𝑡 ∼ 𝑓 (B𝑡 + Y). For all
𝑥 ∈ ℝ and 𝑦 ∈ [0, 1], we have |𝑓 (𝑥 + 𝑦) − 𝑦| ≤ |𝑥|, implying that |𝑓 (B𝑡 +Y) −Y| ≤ |B𝑡 |, and hence
that if |B𝑡 | ≤

√
𝑡(𝐷 + 2𝜌), then also dist(𝑓 (B𝑡 + Y), 𝑀) ≤

√
𝑡(𝐷 + 2𝜌). Using this and Lemma

C.71.(a), we have
ℙ(X𝑡 ∈ 𝑀c

𝜌,𝑡) ≤ ℙ(|B𝑡 | >
√
𝑡(𝐷 + 2𝜌)) ≲ e−𝜌 ,

showing (b).
We continue with the proof of (c). Using the same reasoning as above, we find for Z𝑢 ≔

B(1)
e−𝑢/

√
e−𝑢 and 𝑧 > 0 that

ℙ(∃𝑠 ∈ [𝑡, 1] ∶ |X𝑠−X0| >
√
𝑠𝑧) ≤ ℙ( sup

𝑠∈[𝑡,1]
|B𝑠/

√
𝑠| > 𝑧) ≤ 𝐷ℙ( sup

𝑢∈[0,log 𝑡−1]
|Z𝑢| > 𝑧/

√
𝐷). (C.80)

Note that (Z𝑢)𝑢∈[0,log 𝑡−1] is a Gaussian process with canonical distance 𝑑Z given by

𝑑Z(𝑢, 𝑣)2 ≔ 𝔼[|Z𝑢 − Z𝑣 |2] = 2(1 − e−(𝑢∨𝑣)
e−(𝑢+𝑣)/2 ) = 2(1 − e−|𝑢−𝑣|/2).

It is readily verified that for 𝜀 ∈ (0,
√
2) the covering number 𝑁([0, log 𝑡−1], 𝑑Z, 𝜀) is bounded by

𝑁([0, log 𝑡−1], 𝑑Z, 𝜀) ≤ 1 +
log 𝑡−1

−2 log(1 − 𝜀2/2)
≤ 1 +

log 𝑡−1

𝜀2

and thus we obtain for the entropy integral

∫
∞

0
log𝑁([0, log 𝑡−1], 𝑑Z, 𝜀) d𝜀 ≤ ∫

√
2

0
log (1 +

log 𝑡−1

𝜀2 )d𝜀

≤
√
2 log(2 + log 𝑡−1) + 2 ∫

√
2

0
log(1/𝜀) d𝜀

≤
√
2 log(2 + log 𝑡−1) + 2

≤ 𝐶1 log(1 + log 𝑡−1),

for some universal constant 𝐶1. Moreover, we find for the diameter

Δ𝑑Z([0, log 𝑡
−1]) ≔ sup

𝑠,𝑠′∈[0,log 𝑡−1]
𝑑Z(𝑠, 𝑠′) ≤

√
2.

Thus, Dudley’s entropy concentration bound for suprema of Gaussian processes, cf. e.g., [125,
Remark 8.1.6], yields for any 𝑦 > 0 and some constant 𝐶1 > 0 that

sup
𝑢∈[0,log 𝑡−1]

|Z𝑢−Z0| ≲ ∫
∞

0
log𝑁([0, log 𝑡−1], 𝑑Z, 𝜀) d𝜀+Δ𝑑Z([0, log 𝑡

−1])𝑢 ≤ 𝐶1 log(1+log 𝑡−1)+
√
2𝑦,
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with probability larger than 1−2e−𝑦2/2. Since 𝑍0 is standard normal, we therefore conclude that
there exists a universal constant 𝐶 ≥ 1 such that

sup
𝑢∈[0,log 𝑡−1]

|Z𝑢| ≤ 𝐶(log(1 + log 𝑡−1) + 𝑦),

with probability larger than 1 − 4e−2𝑦2 . Consequently, it follows from (C.80) that

ℙ(∀𝑠 ∈ [𝑡, 1] ∶ |X𝑠 − X0| ≤ 𝐶
√
𝐷𝑠( log(1 + log 𝑡−1) + 𝑦)) ≥ 1 − 4𝐷e−2𝑦

2
,

which proves (c).
To show (d), let 𝑥 ∈ 𝑀𝜌,𝑡 be given and choose some 𝑦0 ∈ 𝑀 with |𝑦0−𝑥| ≤

√
𝑡(𝐷 + 2𝜌). Then,

set 𝑦1 = 𝑦0 +
√
𝑡

|𝑦0−𝑥|
(𝑦0 − 𝑥) such that 𝑦1 lies on the line containing 𝑥 and 𝑦0, but a distance of

√
𝑡

further away from 𝑥 than 𝑦0. Then, 𝐵(𝑦0,
√
𝑡) ⊆ 𝐵(𝑦1, 2

√
𝑡) while |𝑥 − 𝑦| ≤ |𝑥 − 𝑦1| + |𝑦1 − 𝑦| ≤√

𝑡(𝐷 + 3 + 2𝜌) for all 𝑦 ∈ 𝐵(𝑦0,
√
𝑡). Thus for all such 𝑦 we have e

|𝑥−𝑦|2
2𝑡 ≳ e−𝜌 , and it follows by

Assumption (1) that

∫
[0,1]𝐷

e−
|𝑥−𝑦|2
2𝑡 𝜇(d𝑦) ≥ e−

𝐷+3+2𝜌
2 𝜇(𝐵(𝑦0,

√
𝑡)) ≳ 𝑡

𝑐0
2 e−𝜌 .

This implies that for such 𝑥 , the same is true of (2𝜋𝑡) 𝐷2 𝑝𝑡(𝑥), showing (d).
Finally, we prove part (e). We first show part (i), that is |∇𝑥 log 𝑞𝑡(𝑦, 𝑥)| ≲ |𝑥−𝑦|

𝑡 + 1√
𝑡 for all

𝑥, 𝑦 ∈ [0, 1]𝐷. To this end, for such 𝑥, 𝑦 let 𝑍1(𝑥, 𝑦) = {𝑧 ∈ ℤ𝐷 ∶ |𝑅𝑧(𝑥) + 𝑧 − 𝑦| ≤
√
2|𝑥 − 𝑦|} and

𝑍2 = ℤ𝐷 ⧵ 𝑍1. Then,

|∇𝑥 log 𝑞𝑡(𝑦, 𝑥)| ≤
∑𝑧∈ℤ𝐷

|𝑅𝑧(𝑥)+𝑧−𝑦|
𝑡 e−

|𝑅𝑧 (𝑥)+𝑧−𝑦|2
2𝑡

∑𝑧∈ℤ𝐷 e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡

=
∑𝑧∈𝑍1(𝑥,𝑦)

|𝑅𝑧(𝑥)+𝑧−𝑦|
𝑡 e−

|𝑅𝑧 (𝑥)+𝑧−𝑦|2
2𝑡

∑𝑧∈ℤ𝐷 e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡

+
∑𝑧∈𝑍2(𝑥,𝑦)

|𝑅𝑧(𝑥)+𝑧−𝑦|
𝑡 e−

|𝑅𝑧 (𝑥)+𝑧−𝑦|2
2𝑡

∑𝑧∈ℤ𝐷 e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡

≤
√
2|𝑥 − 𝑦|
𝑡

+
∑𝑧∈𝑍2(𝑥,𝑦)

|𝑅𝑧(𝑥)+𝑧−𝑦|
𝑡 e−

|𝑅𝑧 (𝑥)+𝑧−𝑦|2
2𝑡

∑𝑧∈ℤ𝐷 e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡

.

Now, note that for 𝑧 ∈ 𝑍2(𝑥, 𝑦) we have |𝑅𝑧(𝑥) + 𝑧 − 𝑦|2 − |𝑥 − 𝑦|2 > 1
2 |𝑅𝑧(𝑥) + 𝑧 − 𝑦|

2, whence

∑𝑧∈𝑍2(𝑥,𝑦)
|𝑅𝑧(𝑥)+𝑧−𝑦|

𝑡 e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡

∑𝑧∈ℤ𝐷 e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡

≤ ∑
𝑧∈𝑍2(𝑥,𝑦)

|𝑅𝑧(𝑥) + 𝑧 − 𝑦|
𝑡

e
|𝑥−𝑦|2−|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡

≤ 2 ∑
𝑧∈ℤ𝐷

|𝑅𝑧(𝑥) + 𝑧 − 𝑦|
2𝑡

e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

4𝑡 .
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Now, to evaluate this final sum, let 𝑓𝑡(𝑥) = |𝑥|
𝑡 e

− |𝑥|2
2𝑡 , and note that for all 𝑧 ∈ ℤ𝐷, we have

#
{
𝑧′ ∈ ℤ𝐷 ∶ 𝑅𝑧′(𝑥) + 𝑧′ − 𝑦 ∈ [0, 1]𝐷 + 𝑧

}
≤ 2𝐷,

whereby
∑
𝑧∈ℤ𝐷

𝑓2𝑡(𝑅𝑧(𝑥) + 𝑧 − 𝑦) ≤ 2𝐷 ∑
𝑧∈ℤ𝐷

sup
𝑥∈[0,1]𝐷+𝑧

𝑓2𝑡(𝑥)

Since 𝑓𝑡(𝑥) ≤ 𝑓𝑡(
√
𝑡 𝑥|𝑥| ) ≤

1√
𝑡 , it follows that for the 2

𝐷 terms where [0, 1]𝐷 + 𝑧 ⊆ [−1, 1]𝐷, we
have sup𝑥∈[0,1]𝐷+𝑧 𝑓2𝑡(𝑥) ≤ 1√

2𝑡 , while for all others, it is the point in [0, 1]𝐷 + 𝑧 closest to the
origin since 𝑓𝑡 is decreasing in |𝑥| for |𝑥| >

√
𝑡. The set of all such points is merely ℤ𝐷 ⧵ {0} with

points near the axes being repeated a maximum of 2𝐷 times, whence

∑
𝑧∈ℤ𝐷

|𝑅𝑧(𝑥) + 𝑧 − 𝑦|
2𝑡

e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

4𝑡 ≤ 4𝐷(
1√
2𝑡

+ ∑
𝑧∈ℤ𝐷

|𝑧|
2𝑡
e−

|𝑧|2
4𝑡 ). (C.81)

Since

∑
𝑧∈ℤ𝐷

|𝑧|
2𝑡
e−

|𝑧|2
4𝑡 ≍ ∫

ℝ𝐷

|𝑥|
2𝑡

e−
|𝑥|2
4𝑡 d𝑥 =

(2𝜋𝑡) 𝐷2
2𝑡

𝔼[|B2𝑡 |] ≤
(2𝜋𝑡) 𝐷2√

2𝑡
,

it follows from (C.81) that

∑
𝑧∈ℤ𝐷

|𝑅𝑧(𝑥) + 𝑧 − 𝑦|
2𝑡

e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

4𝑡 ≲
1√
𝑡
,

and hence |∇𝑥 log 𝑞𝑡(𝑦, 𝑥)| ≲ |𝑥−𝑦|
𝑡 + 1√

𝑡 as claimed. By the score matching identity

∇ log 𝑝𝑡(𝑥) = ∫ ∇𝑥 log 𝑞𝑡(𝑦, 𝑥)
𝑞𝑡(𝑦, 𝑥) 𝜇(d𝑦)

𝑝𝑡(𝑥)
= 𝔼[∇2 log 𝑞𝑡(X0,X𝑡) ∣ X𝑡 = 𝑥],

it follows that

|∇ log 𝑝𝑡(𝑥)| ≤ 𝔼[|∇2 log 𝑞𝑡(X0,X𝑡)| ∣ X𝑡 = 𝑥] ≲
1
𝑡
𝔼[|X0 − X𝑡 | ∣ X𝑡 = 𝑥] +

1√
𝑡
,

proving part (e).(ii). Let now 𝑡 < 1. We have

𝔼[|X0 − X𝑡 | ∣ X𝑡 = 𝑥] =
∫𝑀 |𝑥 − 𝑦|𝑞𝑡(𝑦, 𝑥) 𝜇(d𝑦)

𝑝𝑡(𝑥)

=
∫𝑀∩𝐵(𝑥,𝜌𝑡 )

|𝑥 − 𝑦|𝑞𝑡(𝑦, 𝑥) 𝜇(d𝑦)

𝑝𝑡(𝑥)
+
∫𝑀∩𝐵(𝑥,𝜌𝑡 )c

|𝑥 − 𝑦|𝑞𝑡(𝑦, 𝑥) 𝜇(d𝑦)

𝑝𝑡(𝑥)
,

where 𝜌𝑡 =
√
3𝑡(𝜌 + 𝑐0+1

2 log 𝑡−1). Clearly, for the first term we have

∫𝑀∩𝐵(𝑥,𝜌𝑡 )
|𝑥 − 𝑦|𝑞𝑡(𝑦, 𝑥) 𝜇(d𝑦)

𝑝𝑡(𝑥)
≤
𝜌𝑡 ∫𝑀 𝑞𝑡(𝑦, 𝑥) 𝜇(d𝑦)

𝑝𝑡(𝑥)
= 𝜌𝑡 ≲

√
𝑡(𝜌 + log 𝑡−1),
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while for the second term, we have by (d) that 𝑝𝑡(𝑥) ≳ 𝑡
𝑐0−𝐷
2 e−𝜌 for 𝑥 ∈ 𝑀𝜌,𝑡 , and since the

diameter of [0, 1]𝐷 is
√
𝐷, we get

∫𝑀∩𝐵(𝑥,𝜌𝑡 )c
|𝑥 − 𝑦|𝑞𝑡(𝑦, 𝑥) 𝜇(d𝑦)

𝑝𝑡(𝑥)
≤
√
𝐷
∫𝑀∩𝐵(𝑥,𝜌𝑡 )c

𝑞𝑡(𝑦, 𝑥) 𝜇(d𝑦)

𝑝𝑡(𝑥)
≲ 𝑡

𝐷−𝑐0
2 e𝜌 ∫

𝑀∩𝐵(𝑥,𝜌𝑡 )c
𝑞𝑡(𝑦, 𝑥) 𝜇(d𝑦).

Now, by [74, Theorem 3.2] we have 𝑞𝑡(𝑦, 𝑥) ≲ 𝑡−
𝐷
2 e−

|𝑥−𝑦|2
3𝑡 , whence

𝑡
𝐷−𝑐0
2 e𝜌 ∫

𝑀∩𝐵(𝑥,𝜌𝑡 )c
𝑞𝑡(𝑦, 𝑥) 𝜇(d𝑦) ≲ 𝑡−

𝑐0
2 e𝜌−

𝜌2𝑡
3𝑡 =

√
𝑡.

Thus, using part (e).(ii), we find

|∇ log 𝑝𝑡(𝑥)| ≲
1
𝑡
𝔼[|X0 − X𝑡 | ∣ X𝑡 = 𝑥] +

1√
𝑡
≲

√
𝑡(𝜌 + log 𝑡−1) +

√
𝑡

𝑡
+

1√
𝑡
≲

√
𝜌 + log 𝑡−1

√
𝑡

,

showing (e).(iii).

C.B Remaining proofs for Section C.3

Proof of Proposition C.57. Combining (C.73) with Pinsker’s inequality and Girsanov’s theorem
for reflected diffusions, cf. [58, Theorem A.1], we obtain

1(Y
(𝑖−1)
𝑇−𝑇 ,Y

(𝑖)
𝑇−𝑇 ) ≤ 2

√
𝐷TV(Y

(𝑖−1)
𝑇−𝑇 ,Y

(𝑖)
𝑇−𝑇 )

≤
√
2𝐷 KL(Y(𝑖−1)

𝑇−𝑇 ‖Y(𝑖)
𝑇−𝑇 ) =

√

𝐷∫
𝑡𝑖

𝑡𝑖−1
𝔼 [

||𝑠(X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)||
2
] d𝑡.

This bound already yields the claim whenever 𝑡𝑖 ≳ 𝜌−1. Hence, in the remainder of the proof we
may and do assume that 𝑡𝑖 ≤ 1/(𝐶1𝜌), for a constant 𝐶1 > 0 to be chosen later. Let ℚ(𝑖) denote
the law of the full path Y(𝑖) on 𝐶([0, 𝑇 − 𝑇 ], [0, 1]𝐷). By the Kantorovich–Rubinstein duality,

1(Y
(𝑖−1)
𝑇−𝑇 ,Y

(𝑖)
𝑇−𝑇 ) = sup

‖𝑓 ‖Lip≤1

||||∫
𝑓 (𝑝(𝑇 − 𝑇 )) (ℚ(𝑖−1) − ℚ(𝑖))(d𝑝)

||||
.

Since the processes Y(𝑖−1) and Y(𝑖) coincide on [0, 𝑇 − 𝑡𝑖), their marginals at time 𝑇 − 𝑡𝑖 agree, and
thus

sup
‖𝑓 ‖Lip≤1

||||∫
𝑓 (𝑝(𝑇 − 𝑡𝑖)) (ℚ(𝑖−1) − ℚ(𝑖))(d𝑝)

||||
= 1(Y

(𝑖−1)
𝑇−𝑡𝑖

,Y(𝑖)
𝑇−𝑡𝑖) = 0.

Subtracting this null term yields

1(Y
(𝑖−1)
𝑇−𝑇 ,Y

(𝑖)
𝑇−𝑇 ) = sup

‖𝑓 ‖Lip≤1

||||∫
[𝑓 (𝑝(𝑇 − 𝑇 )) − 𝑓 (𝑝(𝑇 − 𝑡𝑖))](ℚ(𝑖−1) − ℚ(𝑖))(d𝑝)

||||
.



164 Article C

Fix 𝐶2 > 0, and introduce the event𝐴𝑖 =
{
|𝑝(𝑇 −𝑇 )−𝑝(𝑇 −𝑡𝑖)| ≤ 𝐶2

√𝑡𝑖𝜌
}
⊂ 𝐶([𝑇 −𝑇 ], [0, 1]𝐷).

Splitting the integral over 𝐴𝑖 and 𝐴c
𝑖 , and denoting by |𝜈| the total variation of a signed measure

𝜈 , we obtain

sup
‖𝑓 ‖Lip≤1

||||∫
[𝑓 (𝑝(𝑇 − 𝑇 )) − 𝑓 (𝑝(𝑇 − 𝑡𝑖))](ℚ(𝑖−1) − ℚ(𝑖))(d𝑝)

||||

≤ 𝐶2
√
𝑡𝑖𝜌 ∫ |ℚ(𝑖−1) − ℚ(𝑖)|(d𝑝) +

√
𝐷(ℚ(𝑖−1)(𝐴c

𝑖 ) + ℚ(𝑖)(𝐴c
𝑖 )).

The first term is bounded using Pinsker’s inequality as

𝐶2
√
𝑡𝑖𝜌 TV(Y

(𝑖−1)
𝑇−𝑇 ,Y

(𝑖)
𝑇−𝑇 ) ≲

√
𝑡𝑖𝜌 (∫

𝑡𝑖

𝑡𝑖−1
𝔼 [

||𝑠(X𝑡 , 𝑡) − ∇ log 𝑝𝑡(X𝑡)||
2
] d𝑡)

1/2

.

Hence, it remains to control the tail probabilities

ℙ(|Y
(𝑖)
𝑇−𝑇 − Y(𝑖)

𝑇−𝑡𝑖
| > 𝐶2

√
𝑡𝑖𝜌), ℙ(|Y

(𝑖−1)
𝑇−𝑇 − Y(𝑖−1)

𝑇−𝑡𝑖
| > 𝐶2

√
𝑡𝑖𝜌).

To this end, let Z(𝑖) denote a solution to the SDE

dZ(𝑖)
𝑡 = 𝑠(Z

(𝑖)
𝑡 , 𝑇 − 𝑡𝑖 − 𝑡) d𝑡 + dB𝑇−𝑡𝑖+𝑡 , Z(𝑖)

0 = Y(𝑖)
𝑇−𝑡𝑖

,

and define 𝜏 ∶= inf{𝑡 ≥ 0 ∶ Z(𝑖)
𝑡 ∈ 𝜕[0, 1]𝐷}. By construction, we have Z(𝑖)

𝑡 = Y(𝑖)
𝑇−𝑡𝑖+𝑡

for all
𝑡 ∈ [0, 𝜏 ∧ (𝑡𝑖 − 𝑇)]. Consequently,

ℙ(|Y
(𝑖)
𝑇−𝑇 − Y(𝑖)

𝑇−𝑡𝑖
| > 𝐶2

√
𝑡𝑖𝜌) ≤ 1 − ℙ(|Z

(𝑖)
𝑡𝑖−𝑇 − Z(𝑖)

0 | ≤ 𝐶2
√
𝑡𝑖𝜌, 𝜏 ≥ 𝑡𝑖 − 𝑇).

We now introduce the events

𝐴1 ∶=
{
∀𝑡 ∈ [𝑡𝑖, 1] ∶ |X𝑡 − X0| ≤ 𝐶3

√
𝑡𝜌
}
, 𝐴2 ∶=

{
sup

𝑡∈[0,𝑡𝑖−𝑇]

||B𝑇−𝑡𝑖+𝑡 − B𝑇−𝑡𝑖
|| ≤ 𝐶4

√
𝑡𝑖𝜌

}
,

where the constants 𝐶3, 𝐶4 > 0 will be specified below. On the event 𝐴1 ∩ 𝐴2, we use that
Z(𝑖)
0 = Y(𝑖)

𝑇−𝑡𝑖
= X𝑡𝑖 and obtain dist(Z(𝑖)

0 , 𝑀) ≤ |X𝑡𝑖 − X0| ≤ 𝐶3
√𝑡𝑖𝜌. Moreover, using the assumed

bound |𝑠(𝑥, 𝑡)| ≤ 𝐶
√
𝜌/𝑡, we have for all 𝑡 ∈ [0, 𝑡𝑖 − 𝑇],

|Z(𝑖)
𝑡 − Z(𝑖)

0 | ≤ ∫
𝑡

0
|𝑠(Z(𝑖)

𝑢 , 𝑇 − 𝑡𝑖 − 𝑢)| d𝑢 + ||B𝑇−𝑇 − B𝑇−𝑡𝑖
||

≤ 𝐶√𝜌 ∫
𝑡

0

1√
𝑇 − 𝑡𝑖 − 𝑢

d𝑢 + 𝐶4
√
𝑡𝑖𝜌

≤ (2𝐶 + 𝐶4)
√
𝑡𝑖𝜌
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on 𝐴1 ∩ 𝐴2. Combining the previous two bounds yields

dist(Z(𝑖)
𝑡 , 𝑀) ≤ dist(Z(𝑖)

0 , 𝑀) + |Z(𝑖)
𝑡 − Z(𝑖)

0 | ≤ (𝐶3 + 2𝐶 + 𝐶4)
√
𝑡𝑖𝜌

on 𝐴1 ∩ 𝐴2. Since 𝑡𝑖 ≤ (𝐶1𝜌)−1 by assumption, we further obtain that on 𝐴1 ∩ 𝐴2,

dist(Z(𝑖)
𝑡 , 𝜕[0, 1]𝐷) ≥ 𝜌min − dist(Z(𝑖)

𝑡 , 𝑀) ≥ 𝜌min −
𝐶3 + 2𝐶 + 𝐶4√

𝐶1
.

Choosing 𝐶1 ≥ 1 ∨ (
2(𝐶3+2𝐶+𝐶4)

𝜌min )
2
ensures that dist(Z(𝑖)

𝑡 , 𝜕[0, 1]𝐷) > 0 for all 𝑡 ∈ [0, 𝑡𝑖 − 𝑇], and
hence 𝜏 ≥ 𝑡𝑖 − 𝑇 on 𝐴1 ∩ 𝐴2. On this event, we therefore have

|Z(𝑖)
𝑡𝑖−𝑇 − Z(𝑖)

0 | ≤ 𝐶2,1
√
𝑡𝑖𝜌, 𝐶2,1 ∶= 2𝐶 + 𝐶4.

It follows that
ℙ(|Y

(𝑖)
𝑇−𝑇 − Y(𝑖)

𝑇−𝑡𝑖
| > 𝐶2,1

√
𝑡𝑖𝜌) ≤ ℙ(𝐴c

1) + ℙ(𝐴c
2).

We now bound the two probabilities on the right-hand side. Choosing

𝐶3 = 𝐶
√
𝐷

log(1+log(𝑡−11 ))+√𝜌
√𝜌 ≲ 1,

where 𝐶 is the universal constant from Lemma C.53.(c), that lemma yields ℙ(𝐴c
1) ≲ e−𝜌 . Simi-

larly, choosing 𝐶4 =
√
𝐷+4𝜌
√𝜌 ≲ 1, it follows by Lemma C.71.(a) that

ℙ(𝐴c
2) = ℙ( sup

𝑡∈[0,𝑡𝑖−𝑇]
|B𝑇−𝑡𝑖+𝑡 − B𝑇−𝑡𝑖 | >

√
𝑡𝑖(𝐷 + 4𝜌))

= ℙ( sup
𝑡∈[0,𝑡𝑖−𝑇]

|B𝑡 | >
√
𝑡𝑖(𝐷 + 4𝜌))

≤ 2ℙ(|B𝑡𝑖−𝑇 | >
√
𝑡𝑖(𝐷 + 4𝜌))

≲ e−𝜌 .

For the first inequality we used the following classical argument for Brownian motion: let 𝑡, 𝑎 >
0 and 𝜏𝑎 ≔ inf{𝑠 ≥ 0 ∶ |B𝑠 | = 𝑎}. Then

ℙ( sup
𝑠≤𝑡

|B𝑠 | > 𝑎) = ℙ(𝜏𝑎 ≤ 𝑡) = ℙ(𝜏𝑎 ≤ 𝑡, |B𝑡 | > 𝑎) + ℙ(𝜏𝑎 ≤ 𝑡, |B𝑡 | ≤ 𝑎)

≤ ℙ(|B𝑡 | > 𝑎) + ℙ(𝜏𝑎 ≤ 𝑡, |B𝑡 | ≤ 𝑎),

and by the tower rule and strong Markov property,

ℙ(𝜏𝑎 ≤ 𝑡, |B𝑡 | ≤ 𝑎) = 𝔼[1{𝜏𝑎≤𝑡}ℙ
B𝜏𝑎 (|B𝑡−𝜏𝑎 | ≤ 𝑎)] ≤

1
2
ℙ(𝜏𝑎 ≤ 𝑡), (C.82)
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where we used that for any 𝑠 ≥ 0 and 𝑥 ∈ ℝ𝐷 with |𝑥| = 𝑎 we have

ℙ𝑥(|B𝑠 | ≤ 𝑎) = ℙ0(|B𝑠 − 𝑥| ≤ 𝑎) ≤ ℙ(B𝑠 ⋅ 𝑥 ≥ 0) =
1
2
,

because B𝑠 ⋅ 𝑥 is a centered Gaussian random variable. Inserting this into (C.82) and rearranging
yields

ℙ( sup
𝑠≤𝑡

|B𝑠 | > 𝑎) ≤ 2ℙ(|B𝑡 | ≥ 𝑎).

Next, since |Y(𝑖−1)
𝑇−𝑇 − Y(𝑖)

𝑇−𝑡𝑖
| ≤ |Y(𝑖−1)

𝑇−𝑇 − Y(𝑖−1)
𝑇−𝑡𝑖−1

| + |Y(𝑖−1)
𝑇−𝑡𝑖−1

− Y(𝑖−1)
𝑇−𝑡𝑖

|, it follows that

ℙ(|Y(𝑖−1)
𝑇−𝑇 − Y(𝑖−1)

𝑇−𝑡𝑖
| > 𝐶2

√
𝑡𝑖𝜌) ≤ ℙ(|Y(𝑖−1)

𝑇−𝑇 − Y(𝑖−1)
𝑇−𝑡𝑖−1

| > 𝐶2
√
𝑡𝑖𝜌) + ℙ(|Y(𝑖−1)

𝑇−𝑡𝑖−1
− Y(𝑖−1)

𝑇−𝑡𝑖
| > 𝐶2

√
𝑡𝑖𝜌).

Here, since 𝑡𝑖−1 ≤ 𝑡𝑖, we have

ℙ(|Y(𝑖−1)
𝑇−𝑇 − Y(𝑖−1)

𝑇−𝑡𝑖−1
| > 𝐶2

√
𝑡𝑖𝜌) ≤ ℙ(|Y(𝑖−1)

𝑇−𝑇 − Y(𝑖−1)
𝑇−𝑡𝑖−1

| > 𝐶2
√
𝑡𝑖−1𝜌) ≲ e−𝜌

by the exact same argument as above. Meanwhile, since Y(𝑖−1)
𝑇−𝑡 = X𝑡 for 𝑡 ∈ [𝑡𝑖−1, 𝑡𝑖], we have

|Y(𝑖−1)
𝑇−𝑡𝑖−1

− Y(𝑖−1)
𝑇−𝑡𝑖

| = |X𝑡𝑖−1 − X𝑡𝑖 | ≤ |X𝑡𝑖−1 − X0| + |X𝑡𝑖 − X0|,

and so once again by Lemma C.53.(c)

ℙ(|Y(𝑖−1)
𝑇−𝑡𝑖−1

− Y(𝑖−1)
𝑇−𝑡𝑖

| ≤ 𝐶2
√
𝑡𝑖𝜌) ≥ ℙ(|X𝑡𝑖−1 − X0| ≤

𝐶2
√𝑡𝑖𝜌
2

, |X𝑡𝑖 − X0| ≤
𝐶2

√𝑡𝑖𝜌
2 )

≥ ℙ(∀𝑡 ∈ [𝑡𝑖−1, 1] ∶ |X𝑡 − X0| ≤
𝐶2

√𝑡𝜌
2 )

≳ 1 − e−𝜌 ,

where 𝐶2 = (2𝐶 + 𝐶4) ∨ (2𝐶
√
𝐷 log(1+log 𝑡−1𝑖−1)+

√𝜌
√𝜌 ) ≥ 𝐶2,1. In summary, we conclude that

ℙ(|Y(𝑖−1)
𝑇−𝑇 − Y(𝑖−1)

𝑇−𝑡𝑖
| > 𝐶2

√
𝑡𝑖𝜌) + ℙ(|Y(𝑖)

𝑇−𝑇 − Y(𝑖)
𝑇−𝑡𝑖

| > 𝐶2
√
𝑡𝑖𝜌)

≤ ℙ(|Y(𝑖−1)
𝑇−𝑇 − Y(𝑖−1)

𝑇−𝑡𝑖
| > 𝐶2

√
𝑡𝑖𝜌) + ℙ(|Y(𝑖)

𝑇−𝑇 − Y(𝑖)
𝑇−𝑡𝑖

| > 𝐶2,1
√
𝑡𝑖𝜌) ≲ e−𝜌 ,

which finishes the proof.

Proof of the score approximation accuracy

We follow the approximation programme outlined in Section C.3.

Step 1: score truncation error
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Lemma C.60: Fix 𝑡 > 0, let 𝐾 ∈ ℕ0 be given and let 𝑠𝐾0 be given by (C.77). Then we have
for 𝑡 ∈ [𝑡, 2𝑡]

𝔼[|𝑠0(X𝑡 , 𝑡) − 𝑠𝐾0 (X𝑡 , 𝑡)|
2] ≲

1
𝑡2 ∧ 1

𝐾
𝐷
2 e−𝐾 .

Proof. For notation, set 𝐾𝑡 =
√
2𝑡(𝐷 + 2𝐾). We first have by the triangle inequality that

𝔼[|𝑠0(X𝑡 , 𝑡) − 𝑠𝐾0 (X𝑡 , 𝑡)|
2] = 𝔼[

|||
1

𝑝𝑡(X𝑡)(
𝑠𝐾0 (X𝑡 , 𝑡)(𝑝𝑡(X𝑡) − 𝑝

𝐾
𝑡 (X𝑡)) − ∇(𝑝𝑡(X𝑡) − 𝑝𝐾𝑡 (X𝑡)))

|||
2

]

≲ 𝔼[|𝑠
𝐾
0 (X𝑡 , 𝑡)|

2 (𝑝𝑡(X𝑡) − 𝑝
𝐾
𝑡 (X𝑡))

2

𝑝𝑡(X𝑡)2 ] + 𝔼[
|∇(𝑝𝑡(X𝑡) − 𝑝𝐾𝑡 (X𝑡))|2

𝑝𝑡(X𝑡)2 ].

(C.83)

We first concentrate on the first term. From (the proof of) Lemma C.53.(a), it follows that also
|𝑠𝐾0 (𝑥, 𝑡)| ≲ 1

𝑡∧1 , whence

𝔼[|𝑠
𝐾
0 (X𝑡 , 𝑡)|

2 (𝑝𝑡(X𝑡) − 𝑝
𝐾
𝑡 (X𝑡))

2

𝑝𝑡(X𝑡)2 ] ≲
1

𝑡2 ∧ 1
𝔼[

(𝑝𝑡(X𝑡) − 𝑝𝐾𝑡 (X𝑡))
2

𝑝𝑡(X𝑡)2 ]

=
1

𝑡2 ∧ 1 ∫
[0,1]𝐷

(𝑝𝑡(𝑥) − 𝑝𝐾𝑡 (𝑥))
2

𝑝𝑡(𝑥)
d𝑥

≤
1

𝑡2 ∧ 1 ∫
[0,1]𝐷

𝑝𝑡(𝑥) − 𝑝𝐾𝑡 (𝑥) d𝑥,

where in the last inequality we use that the terms of 𝑝𝑡(𝑥) are non-negative, whence 𝑝𝑡(𝑥) −
𝑝𝐾𝑡 (𝑥) ≤ 𝑝𝑡(𝑥). Next, notice that for all 𝑧 ∈ ℤ𝐷, we have 𝑅𝑧([0, 1]𝐷) = [0, 1]𝐷, whence
{𝑅𝑧([0, 1]𝐷) + 𝑧 ∣ 𝑧 ∈ ℤ𝐷} is a disjoint (apart from a measure 0 set) partition of ℝ𝐷, and sim-
ilarly {𝑅𝑧([0, 1]𝐷)+𝑧 ∣ 𝑧 ∈ ℤ𝐷, ‖𝑧‖∞ > 𝐾𝑡} is a partition of the set ℝ𝐷 ⧵ [−⌊𝐾𝑡⌋, ⌊𝐾𝑡⌋+1]𝐷, whence
for any integrable 𝑔 ,

∑
𝑧∈ℤ𝐷

‖𝑧‖∞>𝐾𝑡

∫
[0,1]𝐷

𝑔(𝑅𝑧(𝑥) + 𝑧) d𝑥 = ∫
ℝ𝐷⧵[−⌊𝐾𝑡 ⌋,⌊𝐾𝑡 ⌋+1]𝐷

𝑔(𝑥) d𝑥.

In particular, by Fubini–Tonelli’s theorem

∫
[0,1]𝐷

𝑝𝑡(𝑥) − 𝑝𝐾𝑡 (𝑥) d𝑥 = (2𝜋𝑡)−
𝐷
2 ∑

𝑧∈ℤ𝐷
‖𝑧‖∞>𝐾𝑡

∫
[0,1]𝐷

∫
[0,1]𝐷

e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡 𝜇(d𝑦) d𝑥

= ∫
[0,1]𝐷 (∫

ℝ𝐷⧵[−⌊𝐾𝑡 ⌋,⌊𝐾𝑡 ⌋+1]𝐷
(2𝜋𝑡)−

𝐷
2 e−

|𝑥−𝑦|2
2𝑡 d𝑥) 𝜇(d𝑦).
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Now, for each 𝑦 ∈ 𝑀 and 𝑥 ∈ ℝ𝐷⧵[−⌊𝐾𝑡⌋, ⌊𝐾𝑡⌋+1]𝐷, we necessarily have that |𝑥−𝑦| ≥ ‖𝑥−𝑦‖∞ ≥
⌊𝐾𝑡⌋, whence Lemma C.71.(a) yields

∫
ℝ𝐷⧵[−⌊𝐾𝑡 ⌋,⌊𝐾𝑡 ⌋+1]𝐷

(2𝜋𝑡)−
𝐷
2 e−

|𝑥−𝑦|2
2𝑡 d𝑥 ≤ ∫

{|𝑥−𝑦|≥⌊𝐾𝑡 ⌋}
(2𝜋𝑡)−

𝐷
2 e−

|𝑥−𝑦|2
2𝑡 d𝑥

= ℙ(|B𝑡 | ≥ ⌊𝐾𝑡⌋)
= ℙ(|B𝑡 | ∈ [⌊𝐾𝑡⌋, 𝐾𝑡)) + ℙ(|B𝑡 | ≥ 𝐾𝑡)

≲ ℙ(|B𝑡 | ∈ [⌊𝐾𝑡⌋, 𝐾𝑡)) + 𝐾
𝐷
2 e−𝐾 ,

since 𝑡 ≤ 2𝑡. Meanwhile, we have

ℙ(|B𝑡 | ∈ [⌊𝐾𝑡⌋, 𝐾𝑡)) ∝ 𝑡−
𝐷
2 ∫

𝐾𝑡

⌊𝐾𝑡 ⌋
𝑟𝐷−1e−

𝑟2
2𝑡 d𝑟

≲ 𝑡−
𝐷
2 𝐾𝐷𝑡 e

−
𝐾2𝑡
2𝑡

≲ 𝐾
𝐷
2 e−𝐾 ,

and hence

∫
ℝ𝐷⧵[−⌊𝐾𝑡 ⌋,⌊𝐾𝑡 ⌋+1]𝐷

(2𝜋𝑡)−
𝐷
2 e−

|𝑥−𝑦|2
2𝑡 d𝑥 ≲ 𝐾

𝐷
2 e−𝐾 .

By the above, this implies

𝔼[|𝑠
𝐾
0 (X𝑡 , 𝑡)|

2 (𝑝𝑡(X𝑡) − 𝑝
𝐾
𝑡 (X𝑡))

2

𝑝𝑡(X𝑡)2 ] ≲
1

𝑡2 ∧ 1
𝐾

𝐷
2 e−𝐾 .

As for the second term of (C.83), we again note that by following the proof of Lemma C.53.(a),
we have |∇(𝑝𝑡 (𝑥)−𝑝𝐾𝑡 (𝑥))|

𝑝𝑡 (𝑥)
≲ 1

𝑡∧1 , whence we have similar to before

𝔼[
|∇(𝑝𝑡(X𝑡) − 𝑝𝐾𝑡 (X𝑡))|2

𝑝𝑡(X𝑡)2 ] ≲
1
𝑡 ∧ 1 ∫

[0,1]𝐷
||∇(𝑝𝑡(𝑥) − 𝑝

𝐾
𝑡 (𝑥))|| d𝑥.

Furthermore, we have by the triangle inequality and similar calculations as before

∫
[0,1]𝐷

||∇(𝑝𝑡(𝑥) − 𝑝
𝐾
𝑡 (𝑥))|| d𝑥 ≤ (2𝜋𝑡)−

𝐷
2 ∑

𝑧∈ℤ𝐷
‖𝑧‖∞>𝐾𝑡

∫
[0,1]𝐷

∫
[0,1]𝐷

|𝑅𝑧(𝑥) + 𝑧 − 𝑦|
𝑡

e−
|𝑅𝑧 (𝑥)+𝑧−𝑦|2

2𝑡 𝜇(d𝑦) d𝑥

= ∫
[0,1]𝐷 (∫

ℝ𝐷⧵[−𝐾𝑡 ,𝐾𝑡+1]𝐷
(2𝜋𝑡)−

𝐷
2
|𝑥 − 𝑦|
𝑡

e−
|𝑥−𝑦|2
2𝑡 d𝑥) 𝜇(d𝑦),

where we have by Lemma C.71.(b)

∫
ℝ𝐷⧵[−𝐾𝑡 ,𝐾𝑡+1]𝐷

(2𝜋𝑡)−
𝐷
2
|𝑥 − 𝑦|
𝑡

e−
|𝑥−𝑦|2
2𝑡 d𝑥 ≤

1
𝑡
𝔼[|B𝑡 |1{|B𝑡 |∞≥𝐾𝑡 }]

≲
1√
𝑡
𝐾

𝐷
2 e−𝐾 .
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Inserting this into the above, we have

𝔼[
|∇(𝑝𝑡(X𝑡) − 𝑝𝐾𝑡 (X𝑡))|2

𝑝𝑡(X𝑡)2 ] ≲
1

𝑡2 ∧ 1
𝐾

𝐷
2 e−𝐾 ,

which combined with the above and (C.83) yields the result.

Step 2: approximation of 𝑓1(⋅, 𝑡), 𝑓2(⋅, 𝑡) for fixed 𝑡 We start with the small time regime.

LemmaC.61: Under assumptions (1)–(3), for large enough𝑚 ∈ ℕ and fixed 𝑡 ≤ 𝑚− 2−𝛿
𝑑

there exist neural networks

𝜑1,𝑡 ∈ Φ̃(log𝑚,𝑚,𝑚 log𝑚,𝑚𝜈 ) and 𝜑2,𝑡 ∈ Φ̃(log𝑚,𝑚,𝑚 log𝑚, 𝑡−
1
2 ∨ 𝑚𝜈 ),

where 𝜈 = 2𝑑
2𝛼−𝑑 +

1
𝑑 such that for 𝑢 ∈ ℝ𝑑 ,

|(2𝜋𝑡)−
𝑑
2 𝑓1(𝑢, 𝑡) − 𝜑1,𝑡(𝑢)| ≲

{
𝑚− 𝛼

𝑑 , if 𝑢 ∈ 𝑀∗
−𝜀𝑀/2

(log𝑚) 𝑑2𝑚− 𝜅
𝑑 , if 𝑢 ∉ 𝑀∗

−𝜀𝑀/2

and

|(2𝜋𝑡)−
𝑑
2 𝑓2(𝑢, 𝑡) − 𝜑2,𝑡(𝑢)| ≲

{
1√
𝑡𝑚

− 𝛼
𝑑 , if 𝑢 ∈ 𝑀∗

−𝜀𝑀/2
1√
𝑡 (log𝑚)

𝑑+1
2 𝑚− 𝜅

𝑑 , if 𝑢 ∉ 𝑀∗
−𝜀𝑀/2

where 𝑓1, 𝑓2 are as in (C.76).

Proof. To construct the neural networks 𝜑𝑖,𝑡 , we first construct separate networks 𝜑(1)𝑖,𝑡 and 𝜑(2)𝑖,𝑡
corresponding to the cases where either 𝑢 ∈ 𝑀∗

−𝜀𝑀/2 or 𝑢 ∉ 𝑀∗
−𝜀𝑀/2, in the latter case utilizing

the increased smoothness near the boundary 𝜕𝑀 of 𝑀 per assumption (3), which we then
stitch together into one network. To this end, we first establish the following common nota-
tion: let 𝑞(𝑢) = 𝑝0(𝐴𝑢 + 𝑣0) and 𝑛𝑡(𝑢) = (2𝜋𝑡)− 𝑑

2 e−
|𝑢|2
2𝑡 , such that (2𝜋𝑡)− 𝑑

2 𝑓1(𝑢) = 𝑛𝑡 ∗ 𝑞(𝑢),
while (2𝜋𝑡)− 𝑑

2 𝑓2(𝑢) = ∇𝑛𝑡 ∗ 𝑞(𝑢). Suppose then that dist(𝑢,𝑀∗) > 𝜀𝑀/2. Since 𝑡 ≤ 𝑚− 2−𝛿
𝑑 ,

we have 𝑡(𝑑 + 2 𝜅𝑑 log𝑚) → 0 for 𝑚 → ∞, so we may assume that 𝑚 is large enough that√
𝑡(𝑑 + 2 𝜅𝑑 log𝑚) ≤ 𝜀𝑀/2, and it follows by Lemma C.71 that

|𝑛𝑡 ∗ 𝑞(𝑢)| ≤ 𝑝maxℙ(|B∗
𝑡 | >

√
𝑡(𝑑 + 2

𝜅
𝑑
log𝑚)) ≲ (log𝑚)

𝑑
2𝑚− 𝜅

𝑑

and
|∇𝑛𝑡 ∗ 𝑞(𝑢)| ≤

𝑝max

𝑡
𝔼[|B∗

𝑡 |1{|B∗
𝑡 |>
√
𝑡(𝑑+2 𝜅𝑑 log𝑚)}] ≲

1√
𝑡
(log𝑚)

𝑑+1
2 𝑚− 𝜅

𝑑 ,
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where (B∗
𝑡 )𝑡≥0 is a 𝑑-dimensional Brownian motion. Thus for 𝑢 ∉ 𝑀∗

−𝜀𝑀/2, it suffices to approx-
imate 𝑛𝑡 ∗ 𝑞 and ∇𝑛𝑡 ∗ 𝑞 on the set (𝜕𝑀∗)3𝜀𝑀/4 ⊃ (𝜕𝑀∗)𝜀𝑀/2. Now since both 𝑀∗

−𝜀𝑀/2 and
(𝜕𝑀∗)3𝜀𝑀/4 are compact and have Lipschitz boundary, it follows by Lemma C.69 that there exists
neural networks 𝜑(𝑖)1,𝑡 ∈ Φ̃(log𝑚,𝑚,𝑚 log𝑚, 𝐶𝑖,1 ∨ 𝑚𝜈 ) and 𝜑(𝑖),𝑗2,𝑡 ∈ Φ̃(log𝑚,𝑚,𝑚 log𝑚, 𝐶𝑖,2 ∨ 𝑚𝜈 )
for 𝑖 = 1, 2 and 𝑗 ∈ [𝑑] such that

|𝜑(𝑖)1,𝑡(𝑢) − 𝑛𝑡 ∗ 𝑞(𝑢)| ≲

{
‖𝑛𝑡 ∗ 𝑞‖𝐻𝛼 (𝑀∗

−𝜀𝑀 /2)𝑚
− 𝛼
𝑑 , if 𝑢 ∈ 𝑀∗

−𝜀𝑀/2, 𝑖 = 1
‖𝑛𝑡 ∗ 𝑞‖𝐻𝜅((𝜕𝑀∗)3𝜀𝑀 /4)𝑚

− 𝜅
𝑑 , if 𝑢 ∈ (𝜕𝑀∗)3𝜀/4, 𝑖 = 2

and

|𝜑(𝑖),𝑗2,𝑡 (𝑢) − 𝜕𝑗𝑛𝑡 ∗ 𝑞(𝑢)| ≲

{
‖𝜕𝑗𝑛𝑡 ∗ 𝑞‖𝐻𝛼 (𝑀∗

−𝜀𝑀 /2)𝑚
− 𝛼
𝑑 , if 𝑢 ∈ 𝑀∗

−𝜀𝑀/2, 𝑖 = 1
‖𝜕𝑗𝑛𝑡 ∗ 𝑞‖𝐻𝜅((𝜕𝑀∗)3𝜀𝑀 /4)𝑚

− 𝜅
𝑑 , if 𝑢 ∈ (𝜕𝑀∗)3𝜀/4, 𝑖 = 2,

and where

𝐶𝑖,𝑗 =

⎧⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎩

‖𝑛𝑡 ∗ 𝑞‖𝐻𝛼 (𝑀∗
−𝜀𝑀 /2), if (𝑖, 𝑗) = (1, 1)

‖𝑛𝑡 ∗ 𝑞‖𝐻𝜅((𝜕𝑀∗)3𝜀𝑀 /4), if (𝑖, 𝑗) = (2, 1)
‖𝜕𝑗𝑛𝑡 ∗ 𝑞‖𝐻𝛼 (𝑀∗

−𝜀𝑀 /2), if (𝑖, 𝑗) = (1, 2)
‖𝜕𝑗𝑛𝑡 ∗ 𝑞‖𝐻𝜅((𝜕𝑀∗)3𝜀𝑀 /4), if (𝑖, 𝑗) = (2, 2).

In order to bound ‖𝑛𝑡 ∗ 𝑞‖𝐻𝛼 (𝑀∗
−𝜀𝑀 /2), first note that by Assumption (2) we may extend 𝑞 to a

global 𝛼-Sobolev function on ℝ𝑑 with compact support by simply setting 𝑞(𝑢) = 0 for 𝑢 ∉ 𝑀∗,
i.e. we can assume 𝑞 ∈ 𝐻𝛼

𝑐 (ℝ𝑑). It then follows by Young’s convolution inequality that

‖𝑛𝑡 ∗ 𝑞‖2𝐻𝛼 (ℝ𝑑) = ∑
|𝛽|≤𝛼

‖𝜕𝛽(𝑛𝑡 ∗ 𝑞)‖2𝐿2(ℝ𝑑) = ∑
|𝛽|≤𝛼

‖𝑛𝑡 ∗ (𝜕𝛽𝑞)‖2𝐿2(ℝ𝑑)

≤ ‖𝑛𝑡 ‖2𝐿1(ℝ𝑑) ∑
|𝛽|≤𝛼

‖𝜕𝛽𝑞‖2𝐿2(ℝ𝑑) = ‖𝑞‖2𝐻𝛼 (ℝ𝑑),
(C.84)

and hence also ‖𝑛𝑡 ∗ 𝑞‖𝐻𝛼 (𝑀∗
−𝜀𝑀 /2) ≲ 1. Similarly,

‖𝜕𝑗𝑛𝑡 ∗ 𝑞‖𝐻𝛼 (𝑀∗
−𝜀𝑀 /2) ≲ ‖𝜕𝑗𝑛𝑡 ‖𝐿1(ℝ𝑑) = ∫

ℝ𝑑
(2𝜋𝑡)−

𝑑
2
|𝑢𝑗 |
𝑡
e−

|𝑢|2
2𝑡 d𝑢 =

√
2
𝜋𝑡 ∫

∞

0

𝑟
𝑡
e−

𝑟2
2𝑡 d𝑟 =

√
2
𝜋𝑡
,

(C.85)
and setting (𝜑(1)2,𝑡 )𝑗 = 𝜑

(1),𝑗
2,𝑡 yields the desired networks on 𝑀∗

−𝜀𝑀/2.
Next, to bound ‖𝑛𝑡 ∗ 𝑞‖𝐻𝜅((𝜕𝑀∗)3𝜀𝑀 /4), fix 𝑢 ∈ (𝜕𝑀∗)3𝜀/4 and 𝛽 ∈ ℕ𝑑

0 with |𝛽| ≤ 𝜅. Then we
have

(𝜕𝛽𝑛𝑡) ∗ 𝑞(𝑢) = ∫
𝐵(𝑢,𝜀𝑀/4)

𝜕𝛽𝑛𝑡(𝑢 − 𝑣)𝑞(𝑣) d𝑣 + ∫
𝐵(𝑢,𝜀𝑀/4)c

𝜕𝛽𝑛𝑡(𝑢 − 𝑣)𝑞(𝑣) d𝑣 ∶= 𝐼1(𝑢) + 𝐼2(𝑢),
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where we note that in the first integral, 𝑢 − 𝑣 ∈ (𝜕𝑀∗)𝜀𝑀 for all 𝑣 ∈ 𝐵(𝑢, 𝜀𝑀/4), whence 𝑞 here is
in 𝐶𝜅. Thus we have by integration by parts for 𝑖 ∈ [𝑑]

∫
𝐵(𝑢,𝜀𝑀/4)

𝜕𝑢𝑖𝑛𝑡(𝑢 − 𝑣)𝑞(𝑣) d𝑣 = −∫
𝐵(𝑢,𝜀𝑀/4)

𝜕𝑣𝑖𝑛𝑡(𝑢 − 𝑣)𝑞(𝑣) d𝑣

= ∫
𝐵(𝑢,𝜀𝑀/4)

𝑛𝑡(𝑢 − 𝑣)𝜕𝑣𝑖𝑞(𝑣) d𝑣

−
4
𝜀𝑀 ∫

𝜕𝐵(𝑢,𝜀𝑀/4)
𝑛𝑡(𝑢 − 𝑣)𝑞(𝑣)(𝑣𝑖 − 𝑢𝑖)𝑑−1(d𝑣),

where we use that 4(𝑣𝑖−𝑢𝑖)
𝜀𝑀

is the outward pointing normal vector of 𝐵(𝑢, 𝜀𝑀/4) at 𝑣 ∈ 𝜕𝐵(𝑢, 𝜀𝑀/4).
Repeating this and setting 𝛽 = 𝛽(1) + 𝛽(2) + … + 𝛽(|𝛽|) with |𝛽(𝑖)| = 1, we have

𝐼1(𝑢) = ∫
𝐵(𝑢,𝜀/4)

𝑛𝑡(𝑢 − 𝑣)𝜕𝛽𝑞(𝑣) d𝑣 −
4
𝜀𝑀

|𝛽|

∑
𝑖=1
𝐵𝑖(𝑢),

where
𝐵𝑖(𝑢) = ∫

𝜕𝐵(𝑢,𝜀𝑀/4)
𝜕𝛽−∑

𝑖
𝑗=1 𝛽(𝑗)𝑛𝑡(𝑢 − 𝑣)𝜕∑

𝑖−1
𝑗=1 𝛽(𝑗)𝑞(𝑣)(𝑣 − 𝑢)𝛽

(𝑖) 𝑑−1(d𝑣).

Clearly we have
|||| ∫𝐵(𝑢,𝜀/4)

𝑛𝑡(𝑢 − 𝑣)𝜕𝛽𝑞(𝑣) d𝑣
||||
≤ sup

|𝛽|≤𝜅
sup

𝑢∈(𝜕𝑀∗)𝜀𝑀

|𝜕𝛽𝑞(𝑢)|

independently of 𝛽, while

|𝐵𝑖(𝑢)| ≤ sup
|𝛽|≤𝜅

‖𝜕𝛽𝑞‖∞ ∫
𝜕𝐵(𝑢,𝜀𝑀/4)

||𝜕
𝛽−∑𝑖

𝑗=1 𝛽(𝑗)𝑛𝑡(𝑢 − 𝑣)(𝑣 − 𝑢)𝛽
(𝑖) ||

𝑑−1(d𝑣).

Here, the integrand is of the form Poly(𝑡−1)Poly((𝑢 − 𝑣))e−
|𝑢−𝑣|2
2𝑡 ≲ 𝑡−(𝑑+|𝛽|)e−

𝜀2𝑀
32𝑡 , and is hence

uniformly bounded by sup𝑡>0 𝑡−(𝑑+𝜅)e−
𝜀2𝑀
32𝑡 < ∞, ultimately implying that |𝐼1(𝑢)| ≲ 1. The same is

true of the integrand in 𝐼2(𝑢), implying that also |𝐼2(𝑢)| ≲ 1. Putting things together, we have

‖𝑛𝑡 ∗ 𝑞‖𝐻𝜅((𝜕𝑀∗)3𝜀𝑀 /4) = ∑
|𝛽|≤𝜅

‖𝜕𝛽(𝑛𝑡 ∗ 𝑞)‖𝐿2((𝜕𝑀∗)3𝜀𝑀 /4)

= ∑
|𝛽|≤𝜅

‖(𝜕𝛽𝑛𝑡) ∗ 𝑞‖𝐿2((𝜕𝑀∗)3𝜀𝑀 /4)

≲ sup
|𝛽|≤𝜅

sup
𝑢∈(𝜕𝑀∗)3𝜀𝑀 /4

sup
𝑡>0

|(𝜕𝛽𝑛𝑡) ∗ 𝑞(𝑢)|

≲ 1.
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A similar analysis can be used to bound ‖𝜕𝑗𝑛𝑡 ∗ 𝑞‖𝐻𝜅((𝜕𝑀∗)3𝜀𝑀 /4), the only difference being that we
can no longer move all derivatives from 𝑛𝑡 to 𝑞 using integration by parts as this would require
𝑞 to be locally 𝐶𝜅+1. In particular, following the same notation as before, we find that

|𝐼1(𝑢)| ≲
|||| ∫𝐵(𝑢,𝜀𝑀/4)

𝜕𝑗𝑛𝑡(𝑢 − 𝑣)𝜕𝛽𝑞(𝑣) d𝑣
||||
+ 1 ≲ ‖𝜕𝑗𝑛𝑡 ‖𝐿1(ℝ𝑑) ≲

1√
𝑡
,

implying in the sameway as before that ‖𝜕𝑗𝑛𝑡 ∗ 𝑞‖𝐻𝜅((𝜕𝑀∗)3𝜀𝑀 /4) ≲
1√
𝑡 . Once again setting (𝜑

(2)
2,𝑡 )𝑗 =

𝜑(2),𝑗2,𝑡 yields the desired networks on (𝜕𝑀∗)𝜀𝑀/2. Now, on the overlap 𝑀∗
−𝜀𝑀/2 ∩ (𝜕𝑀∗)3𝜀𝑀/4, both

𝜑(𝑖)1,𝑡 approximate 𝑛𝑡 ∗ 𝑞 at the desired rate, and hence the same is true of any convex combination
of the two. In particular, if we let 𝜑1𝑀∗

−3𝜀𝑀 /4
and 𝜑1𝑀∗

𝜀𝑀 /4
be as in Lemma C.68 with 𝜀 = 𝜀𝑀/4, it

follows that
𝜑1,𝑡 ≔ 𝜑1𝑀∗

𝜀𝑀 /4(𝜑
(1)
1,𝑡𝜑1𝑀∗

−3𝜀𝑀 /4
+ 𝜑(2)1,𝑡 (1 − 𝜑1𝑀∗

−3𝜀𝑀 /4
))

has the desired error rate for all 𝑢 ∈ ℝ𝑑 . Setting

𝜑1,𝑡 ≔ 𝜑mult
𝓁 (𝜑1𝑀∗

𝜀𝑀 /4
, 𝜑mult

𝓁 (𝜑1𝑀∗
−3𝜀𝑀 /4

, 𝜑(1)1,𝑡 ) + 𝜑
mult
𝓁 (1 − 𝜑1𝑀∗

−3𝜀𝑀 /4
, 𝜑(2)1,𝑡 ))

with 𝓁 = ⌈ 𝜅𝑑 log𝑚⌉ yields the desired network, as the error and network size stemming from
the multiplication networks are negligible compared to the rest. The exact same method can be
used to construct 𝜑2,𝑡 , finishing the proof.

Having approximated 𝑓1 and 𝑓2 for fixed small 𝑡, we now use the induced smoothness of the
forward process to approximate these for fixed large 𝑡.

Lemma C.62: Under assumptions (1) and (2), for 𝛿 > 0, large enough𝑚 ∈ ℕ and fixed
𝑡 > 0 with 1

2𝑚
− 2−𝛿

𝑑 < 𝑡 ≲ log𝑚, there exists neural networks

𝜑1,𝑡 , 𝜑2,𝑡 ∈ Φ̃(log𝑚′, 𝑚′, 𝑚′ log𝑚′, 𝑚′),

where 𝑚′ = (𝑡 ∧ 1)− 𝑑
2𝑚 𝛿

2 such that for 𝑢 ∈ ℝ𝑑 and 𝑖 = 1, 2

|(2𝜋𝑡)−
𝑑
2 𝑓𝑖(𝑢, 𝑡) − 𝜑𝑖,𝑡(𝑢)| ≲ 𝑚− 𝜅+1

𝑑

where 𝑓1 and 𝑓2 are as in (C.76).

Proof. We start by bounding the Sobolev norm of Gaussian densities. As in the previous proof,
let 𝑛𝑡(𝑢) = (2𝜋𝑡)− 𝑑

2 e−
|𝑢|2
2𝑡 denote the density of 𝑁(0, 𝑡𝐼𝑑). Also, for 𝑠 ∈ ℝ, let 𝜓(𝑠) = e−𝑠2 and

𝜂𝑡(𝑠) = 𝑠√
2𝑡 such that 𝑛𝑡(𝑢) = (2𝜋𝑡)− 𝑑

2 ∏𝑑
𝑖=1 𝜓 ◦ 𝜂𝑡(𝑢𝑖). Thus, for 𝛽 ∈ ℕ𝑑

0 ,

𝜕𝛽𝑛𝑡(𝑢) = (2𝜋𝑡)−
𝑑
2

𝑑

∏
𝑖=1

(
d𝛽𝑖

d𝑠𝛽𝑖
𝜓 ◦ 𝜂𝑡)(𝑢𝑖) = (2𝜋𝑡)−

𝑑
2

𝑑

∏
𝑖=1

(2𝑡)−
𝛽𝑖
2 (

d𝛽𝑖

d𝑠𝛽𝑖
𝜓)(𝜂𝑡(𝑢𝑖)).
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Also, for any function 𝑔 ∈ 𝐿2(ℝ),

‖𝑔 ◦ 𝜂𝑡 ‖2𝐿2 = ∫
ℝ
𝑔(𝜂𝑡(𝑠))

2 d𝑠 =
√
2𝑡 ∫

ℝ
𝑔(𝑟)2 d𝑟 =

√
2𝑡‖𝑔‖2𝐿2 .

Combining these, we have that

‖𝜕𝛽𝑛𝑡 ‖2𝐿2 = ∫
ℝ𝑑
(2𝜋𝑡)−𝑑

𝑑

∏
𝑖=1

(2𝑡)−𝛽𝑖(
d𝛽𝑖

d𝑠𝛽𝑖
𝜓)(𝜂𝑡(𝑢𝑖))

2 d𝑢

= 𝜋−𝑑(2𝑡)−(𝑑+|𝛽|)
𝑑

∏
𝑖=1

‖‖‖(
d𝛽𝑖

d𝑠𝛽𝑖
𝜓) ◦ 𝜂𝑡

‖‖‖
2

𝐿2

= 𝜋−𝑑(2𝑡)−
𝑑+2|𝛽|

2

𝑑

∏
𝑖=1

‖‖‖
d𝛽𝑖

d𝑠𝛽𝑖
𝜓‖‖‖

2

𝐿2
,

implying that ‖𝜕𝛽𝑛𝑡 ‖2𝐿2 = 𝑡
− 𝑑+2|𝛽|

2 ‖𝜕𝛽𝑛1‖2𝐿2 , and hence for 𝛾 ∈ ℕ0

‖𝑛𝑡 ‖𝐻 𝛾 =
√

∑
|𝛽|≤𝛾

‖𝜕𝛽𝑛𝑡 ‖2𝐿2 ≤ (𝑡 ∧ 1)−
𝑑+2𝛾
4 ‖𝑛1‖𝐻 𝛾 . (C.86)

Next, in order to actually approximate 𝑛𝑡 ∗ 𝑞 and ∇𝑛𝑡 ∗ 𝑞, we first restrict the set on which to
approximate these in order to apply LemmaC.69. To this end, let 𝑐∗, 𝑟∗ be as in the previous proof
and set 𝜌𝑡,𝛾 =

√
𝑡(𝑑 + 2 𝛾𝑑 log𝑚) for 𝛾 ≥ 0, and note that for 𝑢 ∈ ℝ𝑑 with ‖𝑢 − 𝑐∗‖∞ > 𝑟∗ + 𝜌𝑡,𝛾 ,

we have dist(𝑢,𝑀∗) > 𝜌𝑡,𝛾 and hence by Lemma C.71 we have

𝑛𝑡 ∗ 𝑞(𝑢) ≲ (
𝛾
𝑑
log𝑚)

𝑑
2
𝑚− 𝛾

𝑑 and |∇𝑛𝑡 ∗ 𝑞(𝑢)| ≲
1√
𝑡 (
𝛾
𝑑
log𝑚)

𝑑+1
2
𝑚− 𝛾

𝑑 ,

whence we need only approximate 𝑛𝑡 ∗ 𝑞 and ∇𝑛𝑡 ∗ 𝑞 on [−(𝑟∗ + 𝜌𝑡,𝛾 ), 𝑟∗ + 𝜌𝑡,𝛾 ]𝑑 + 𝑐∗. As such,
let 𝜑1, 𝜑2,𝑗 ∈ Φ̃(𝛾 2 log𝑚′, 𝛾 2𝑚′, 𝛾 4𝑚′ log𝑚′, (𝑚′)𝜈 ) where 𝜈 = 2𝑑

2𝛾−𝑑 +
1
𝑑 be such that

|𝜑1(𝑢) − 𝑛𝑡 ∗ 𝑞(𝑢)| ≲ (1 + 𝜌𝑡,𝛾 )𝛾−
𝑑
2 ‖𝑛𝑡 ∗ 𝑞‖𝐻 𝛾 (𝑚′)−

𝛾
𝑑 and

|𝜑2,𝑗 (𝑢) − 𝜕𝑗𝑛𝑡 ∗ 𝑞(𝑢)| ≲ (1 + 𝜌𝑡,𝛾 )𝛾−
𝑑
2 ‖𝜕𝑗𝑛𝑡 ∗ 𝑞‖𝐻 𝛾 (𝑚′)−

𝛾
𝑑

for all 𝑢 with ‖𝑢 − 𝑐∗‖∞ ≤ 𝑟∗ + 𝜌𝑡,𝛾 + 1 in accordance with Lemma C.69. Then, letting 𝓁 =
⌈ 𝛾𝑑 log2𝑚⌉ ≍ 𝛾 log𝑚 and 𝜑𝜌𝑡,𝛾 = (1 ∧ (𝑟∗ + 𝜌𝑡,𝛾 + 1 − ‖𝑢 − 𝑐∗‖∞)) ∨ 0, set

𝜑1,𝑡(𝑢) = 𝜑mult
𝓁 (𝜑𝜌𝑡,𝛾 (𝑢), 𝜑1(𝑢)) and 𝜑2,𝑡(𝑢) = 𝜑mult,𝑑

𝓁 (𝜑𝜌𝑡,𝛾 (𝑢), 𝜑2(𝑢)),

where (𝜑2)𝑗 = 𝜑2,𝑗 . Once again, as the sizes of themultiplication networks and𝜑𝜌𝑡,𝛾 are negligible
compared to those of 𝜑𝑖, it follows that also 𝜑1,𝑡 , 𝜑2,𝑡 ∈ Φ̃(𝛾 2 log𝑚′, 𝛾 2𝑚′, 𝛾 4𝑚′ log𝑚′, (𝑚′)𝜈 ),
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while

|𝜑1,𝑡(𝑢) − 𝑛𝑡 ∗ 𝑞(𝑢)| ≲ ((
𝛾
𝑑
log𝑚)

𝑑
2
∨ ((1 + 𝜌𝑡,𝛾 )𝛾−

𝑑
2 ‖𝑛𝑡 ∗ 𝑞‖𝐻 𝛾 ))(𝑚

′)−
𝛾
𝑑 and

|𝜑2,𝑡(𝑢) − ∇𝑛𝑡 ∗ 𝑞(𝑢)| ≲ (
1√
𝑡 (
𝛾
𝑑
log𝑚)

𝑑+1
2
∨ ((1 + 𝜌𝑡,𝛾 )𝛾−

𝑑
2 ‖𝑛𝑡 ∗ 𝑞‖𝐻 𝛾+1))(𝑚

′)−
𝛾
𝑑 ,

where we use that ‖𝜕𝑗𝑛𝑡 ∗ 𝑞‖𝐻 𝛾 ≤ ‖𝑛𝑡 ∗ 𝑞‖𝐻 𝛾+1 . Since 𝑡 ≲ log𝑚, it follows that

|𝜑1,𝑡(𝑢) − 𝑛𝑡 ∗ 𝑞(𝑢)| ≲ Poly(log𝑚)‖𝑛𝑡 ∗ 𝑞‖𝐻 𝛾 (𝑚′)−
𝛾
𝑑 ,

where as in (C.84) we have by Young’s inequality and (C.86) that

‖𝑛𝑡 ∗ 𝑞‖𝐻 𝛾 ≤ ‖𝑞‖𝐿1 ‖𝑛𝑡 ‖𝐻 𝛾 ≲ (𝑡 ∧ 1)−
𝑑+2𝛾
4 .

Inserting the definition of 𝑚′ and using the assumption that 𝑡 > 1
2𝑚

− 2−𝛿
𝑑 we see

‖𝑛𝑡 ∗ 𝑞‖𝐻 𝛾 (𝑚′)−
𝛾
𝑑 ≲ (𝑡 ∧ 1)−

𝑑+2𝛾
4 ((𝑡 ∧ 1)−

𝑑
2𝑚

𝛿
2 )

− 𝛾
𝑑

= (𝑡 ∧ 1)−
𝑑
4𝑚− 𝛿𝛾

2𝑑

≲ 𝑚
2−𝛿
4 − 𝛾𝛿

2𝑑 .

Similarly, we have
|𝜑2,𝑡(𝑢) − ∇𝑛𝑡 ∗ 𝑞(𝑢)| ≲ Poly(log𝑚)𝑚

2−𝛿
4

𝑑+2
𝑑 − 𝛾𝛿

2𝑑 .

Setting 𝛾 = ⌈ 2𝑑𝛿 (
2−𝛿
4

𝑑+2
𝑑 + 𝜅+1

𝑑 )⌉, it follows that

|𝜑2,𝑡(𝑢) − ∇𝑛𝑡 ∗ 𝑞(𝑢)| ≲ (Poly(log𝑚)𝑚− 𝛿
2𝑑 )𝑚− 𝜅+1

𝑑 ≲ 𝑚− 𝜅+1
𝑑 ,

and hence also |𝜑1,𝑡(𝑢) − 𝑛𝑡 ∗ 𝑞(𝑢)| ≲ 𝑚− 𝜅+1
𝑑 as desired. Notice also that since 𝜅 ≥ 2𝑑, we have

𝛾 > 5𝑑 and hence 𝜈 = 2𝑑
2𝛾−𝑑 +

1
𝑑 ≤ 1.

Step 3: extend fixed time approximations to time intervals

Lemma C.63: Under assumptions (1)–(3), for 𝛿 > 0, large enough 𝑚 ∈ ℕ and 𝑡 > 0
with 𝑚− 2𝛼+2

2𝛼+𝑑 ≲ 𝑡 ≲ log𝑚 there exists neural networks

𝜑1, 𝜑2 ∈

{
Φ̃(log𝑚 log log𝑚,𝑚 log𝑚,𝑚 log2𝑚,𝑚𝜈 ∨ 𝑡−1), if 𝑡 ≤ 1

2𝑚
− 2−𝛿

𝑑

Φ̃(log𝑚 log log𝑚,𝑚′ log𝑚,𝑚′ log2𝑚,𝑚′), if 𝑡 > 1
2𝑚

− 2−𝛿
𝑑
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where 𝜈 = 2𝑑
2𝛼−𝑑 +

1
𝑑 and 𝑚′ = (𝑡 ∧ 1)− 𝑑

2𝑚 𝛿
2 such that for 𝑢 ∈ ℝ𝑑 and 𝑡 ∈ [𝑡, 2𝑡],

|(2𝜋𝑡)−
𝑑
2 𝑓1(𝑢, 𝑡) − 𝜑1(𝑢, 𝑡)| ≲

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

(log𝑚)𝑚− 𝛼
𝑑 , if 𝑡 ≤ 1

2𝑚
− 2−𝛿

𝑑 , 𝑢 ∈ 𝑀∗
−𝜀𝑀/2

(log𝑚) 𝑑+22 𝑚− 𝜅
𝑑 , if 𝑡 ≤ 1

2𝑚
− 2−𝛿

𝑑 , 𝑢 ∉ 𝑀∗
−𝜀𝑀/2

(log𝑚)𝑚− 𝜅+1
𝑑 , if 𝑡 > 1

2𝑚
− 2−𝛿

𝑑

and

|(2𝜋𝑡)−
𝑑
2 𝑓2(𝑢, 𝑡) − 𝜑2(𝑢, 𝑡)| ≲

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

1√
𝑡∧1 (log𝑚)𝑚

− 𝛼
𝑑 , if 𝑡 ≤ 1

2𝑚
− 2−𝛿

𝑑 , 𝑢 ∈ 𝑀∗
−𝜀𝑀/2

1√
𝑡∧1 (log𝑚)

𝑑+3
2 𝑚− 𝜅

𝑑 , if 𝑡 ≤ 1
2𝑚

− 2−𝛿
𝑑 , 𝑢 ∉ 𝑀∗

−𝜀𝑀/2
1√
𝑡∧1 (log𝑚)𝑚

− 𝜅+1
𝑑 , if 𝑡 > 1

2𝑚
− 2−𝛿

𝑑

where 𝑓1, 𝑓2 are as in (C.76).

Proof. We start by constructing networks with the desired approximation rates and consider
their sizes at the end. To this end, for notation, let

𝜀1(𝑢, 𝑡) =

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

𝑚− 𝛼
𝑑 , if 𝑡 ≤ 1

2𝑚
− 2−𝛿

𝑑 , 𝑢 ∈ 𝑀∗
−𝜀𝑀/2

(log𝑚) 𝑑2𝑚− 𝜅
𝑑 , if 𝑡 ≤ 1

2𝑚
− 2−𝛿

𝑑 , 𝑢 ∉ 𝑀∗
−𝜀𝑀/2

𝑚− 𝜅+1
𝑑 , if 𝑡 > 1

2𝑚
− 2−𝛿

𝑑

and

𝜀2(𝑢, 𝑡) =

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

1√
𝑡∧1𝑚

− 𝛼
𝑑 , if 𝑡 ≤ 1

2𝑚
− 2−𝛿

𝑑 , 𝑢 ∈ 𝑀∗
−𝜀𝑀/2

1√
𝑡∧1 (log𝑚)

𝑑+1
2 𝑚− 𝜅

𝑑 , if 𝑡 ≤ 1
2𝑚

− 2−𝛿
𝑑 , 𝑢 ∉ 𝑀∗

−𝜀𝑀/2
1√
𝑡∧1𝑚

− 𝜅+1
𝑑 , if 𝑡 > 1

2𝑚
− 2−𝛿

𝑑

and for 𝑡 > 0 let 𝜑𝑖,𝑡 denote either the networks in Lemma C.61 if 𝑡 ≤ 1
2𝑚

− 2−𝛿
𝑑 or those in Lemma

C.62 if 𝑡 > 1
2𝑚

− 2−𝛿
𝑑 . In either case, we have |(2𝜋𝑡)− 𝑑

2 𝑓𝑖(𝑢, 𝑡) − 𝜑𝑖,𝑡 | ≲ 𝜀𝑖(𝑢, 𝑡). Also, as in the
previous proofs, let 𝑞(𝑢) = 𝑝0(𝐴𝑢 + 𝑣0) and 𝑛𝑡(𝑢) = (2𝜋𝑡)− 𝑑

2 e−
|𝑢|2
2𝑡 , such that (2𝜋𝑡)− 𝑑

2 𝑓1 = 𝑛𝑡 ∗ 𝑞
and (2𝜋𝑡)− 𝑑

2 𝑓2 = ∇𝑛𝑡 ∗ 𝑞. The idea of the proof is, as in the proof of [58, Lemma 3.13], to use
polynomial interpolation in time between 𝜑1,𝑡𝑖 and 𝜑2,𝑡𝑖 for appropriate time points {𝑡𝑖}. Since
the time dependence of both 𝑛𝑡 ∗ 𝑞 and ∇𝑛𝑡 ∗ 𝑞 are well-behaved, for any fixed 𝑢 ∈ ℝ𝑑 , the
functions 𝑡 ↦ 𝑛𝑡 ∗ 𝑞(𝑢) and 𝑡 ↦ ∇𝑛𝑡 ∗ 𝑞(𝑢) can be efficiently approximated by polynomial
interpolation, and this property carries over to the neural network approximations, as we will
show.

To this end, we first center our time interval, as this makes analysis easier, so let 𝑎 = 1
2 𝑡

and 𝑏 = 3
2 𝑡, and set 𝑛∗𝑡 (𝑢) = 𝑛𝑎𝑡+𝑏(𝑢) for 𝑡 ∈ (−1, 1) such that 𝑛∗(−1,1)(𝑢) = 𝑛(𝑡,𝑡)(𝑢). Then, for

some 𝑘 ∈ ℕ to be determined later, let {𝑡𝑖}𝑘𝑖=0 = {cos 𝑖𝜋𝑘 }
𝑘
𝑖=0 be the first 𝑘 + 1 Chebyshev nodes on
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(−1, 1). Then, for 𝑖 = 0, … , 𝑘, let 𝑝𝑖(𝑡) = ∏𝑗≠𝑖(𝑡 − 𝑡𝑗 ) and set 𝑐𝑖 = 1
𝑝𝑖(𝑡𝑖)

. Furthermore, set

𝜑∗1(𝑢, 𝑡) =
𝑘

∑
𝑖=0
𝑐𝑖𝜑mult

𝓁 (𝜑
𝑝𝑖
𝓁 (𝑡), 𝜑

∗
1,𝑡𝑖(𝑢)),

𝜓(𝑢, 𝑡) =
𝑘

∑
𝑖=0
𝑐𝑖𝑝𝑖(𝑡)𝜑∗1,𝑡𝑖(𝑢), and

𝑃(𝑢, 𝑡) =
𝑘

∑
𝑖=0
𝑐𝑖𝑝𝑖(𝑡)𝑛∗𝑡𝑖 ∗ 𝑞(𝑢).

Here, 𝜑∗1,𝑡 = 𝜑1,𝑎𝑡+𝑏 , while 𝜑mult
𝓁 is as in Lemma C.64 and 𝜑𝑝𝑖𝓁 is a neural network approximations

of 𝑝𝑖. In particular, we can construct 𝜑𝑝𝑖𝓁 ∈ Φ̃(𝓁 log 𝑘, 𝑘, 𝑘𝓁, 1) such that

|𝜑𝑝𝑖𝓁 (𝑡) − 𝑝𝑖(𝑡)| ≲ 𝑘2
−𝓁, ∀𝑡 ∈ [−1, 1].

We defer this construction to (the proof of) [58, Lemma 3.13]. We then find by the triangle
inequality that

|𝜑∗1(𝑢, 𝑡) − 𝑛
∗
𝑡 ∗ 𝑞(𝑢)| ≤ |𝜑∗1(𝑢, 𝑡) − 𝜓(𝑢, 𝑡)| + |𝜓(𝑢, 𝑡) − 𝑃(𝑢, 𝑡)| + |𝑃(𝑢, 𝑡) − 𝑛∗𝑡 ∗ 𝑞(𝑢)|, (C.87)

and so setting 𝜑1(𝑢, 𝑡) = 𝜑∗1(𝑢, 2𝑡 𝑡 − 3), the error analysis is completed if we can show that each
of the above terms can be bounded by 𝜀1(𝑢, 𝑡) log𝑚. Recalling from the proof of Lemma C.61
that ‖𝜑1,𝑡 ‖∞ ≤ 𝑝max, we find that

||𝜑
mult
𝓁 (𝜑

𝑝𝑖
𝓁 (𝑡), 𝜑

∗
1,𝑡𝑖(𝑢)) − 𝑝𝑖(𝑡)𝜑

∗
1,𝑡𝑖(𝑢)|| ≤ ||𝜑

mult
𝓁 (𝜑

𝑝𝑖
𝓁 (𝑡), 𝜑

∗
1,𝑡𝑖(𝑢)) − 𝜑

𝑝𝑖
𝓁 (𝑡)𝜑

∗
1,𝑡𝑖(𝑢)||

+ 𝑝max|𝜑
𝑝𝑖
𝓁 (𝑡) − 𝑝𝑖(𝑡)|

≲ 𝑘2−𝓁.

Furthermore, by [122, Theorem 5.2], it holds that |𝑐𝑖| ≤ 2𝑘−1
𝑘 , and so the first term of (C.87) is

upper bounded by

|𝜑∗1(𝑢, 𝑡) − 𝜓(𝑢, 𝑡)| ≤
𝑘

∑
𝑖=0

|𝑐𝑖||𝜑mult
𝓁1 (𝜑

𝑝𝑖
𝓁2 (𝑡), 𝜑

∗
1,𝑡𝑖(𝑢)) − 𝑝𝑖(𝑡)𝜑

∗
1,𝑡𝑖(𝑢)| ≲ 𝑘2

𝑘−𝓁

and choosing 𝓁 = ⌈𝑘 + log2 𝑘 +
𝜅+1
𝑑 log2𝑚⌉ ≍ 𝑘 + log𝑚 bounds this term by 𝑚− 𝜅+1

𝑑 ≤ 𝜀1(𝑢, 𝑡). For
the second term of (C.87), it can be shown that |𝑝𝑖(𝑡)𝑐𝑖| ≲ 1 (see Appendix), whence

|𝜓(𝑢, 𝑡) − 𝑃(𝑢, 𝑡)| ≤
𝑘

∑
𝑖=0

|𝑐𝑖𝑝𝑖(𝑡)||𝜑∗1,𝑡𝑖(𝑢) − 𝑛
∗
𝑡𝑖 ∗ 𝑞(𝑢)| ≲ 𝑘𝜀1(𝑢, 𝑡).

Finally, for the third term of (C.87), we start by showing that for each fixed 𝑢 ∈ ℝ𝑑 , the function
𝑡 ↦ 𝑛𝑡 ∗ 𝑞(𝑢) is analytically extendable to ℂ+ ∶= {𝑤 ∈ ℂ ∣ ℜ𝑤 > 0}. To this end, we first see
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that 𝑡 ↦ 𝑛𝑡(𝑢) is analytic on ℂ+ for all 𝑢 ∈ ℝ𝑑 as the composition of an analytic function with a
rational function with a pole at 0. Thus, for each 𝑤0 ∈ ℂ+, there exists an open neighbourhood
𝐷0 of 𝑤0 and integrable functions {𝑎𝑛}𝑛∈ℕ0 such that

𝑛𝑤(𝑢) =
∞

∑
𝑛=0
𝑎𝑛(𝑢)(𝑤 − 𝑤0)𝑛, ∀𝑤 ∈ 𝐷0,

where this sum converges uniformly and absolutely on 𝐷0. Since 𝑞 is a probability density, it
then follows by dominated convergence that for 𝑤 ∈ 𝐷0

𝑛𝑤 ∗ 𝑞(𝑢) = ∫
𝑀∗ (

∞

∑
𝑛=0
𝑎𝑛(𝑢 − 𝑣)(𝑤 − 𝑤0)𝑛)𝑞(𝑣) d𝑣 =

∞

∑
𝑛=0

(∫
𝑀∗
𝑎𝑛(𝑢 − 𝑣)𝑞(𝑣) d𝑣)(𝑤 − 𝑤0)𝑛,

showing that 𝑛𝑡 ∗ 𝑞 is analytic as claimed. It then follows by [122, Theorem 8.2] that for 𝜌 > 1
satisfying 𝑏 − 𝑎( 𝜌+𝜌

−1

2 ) > 0, we have

|𝑃(𝑢, 𝑡) − 𝑛∗𝑡 ∗ 𝑞(𝑢)| ≤
4𝑅𝜌(𝑢)𝜌−𝑘

𝜌 − 1
, ∀𝑡 ∈ (−1, 1),

where
𝑅𝜌(𝑢) = max

𝑤∈𝜕𝐸𝜌
|𝑛∗𝑤(𝑢)|, and 𝜕𝐸𝜌 =

{
𝑤 + 𝑤−1

2
∣ |𝑤| = 𝜌

}
.

We claim that 𝜌 = 2 works for our purposes. Indeed, we have 𝑏 − 𝑎( 2+2
−1

2 ) = 7
8 𝑡 > 0, and since

one readily checks that

min
𝑤∈𝜕𝐸2

𝑎ℜ𝑤 + 𝑏
|𝑎𝑤 + 𝑏|2

=
1

5
4𝑎 + 𝑏

=
8
17𝑡

,

we find that for 𝑢 ∈ ℝ𝑑 and 𝑤 ∈ 𝜕𝐸2

|𝑛∗𝑤(𝑢)| = |(2𝜋𝑤)−
𝑑
2 e−

|𝑢|2
2(𝑎𝑤+𝑏) | = (2𝜋|𝑤|)−

𝑑
2 e−

|𝑢|2
2 ⋅ 𝑎ℜ𝑤+𝑏|𝑎𝑤+𝑏|2 ≤ (

14𝜋
8
𝑡)

− 𝑑
2
e−

4|𝑢|2
17𝑡 ,

whence

𝑅2(𝑢) ≤ ∫
𝑀∗ (

7𝜋
4
𝑡)

− 𝑑
2
e−

4|𝑢−𝑣|2
17𝑡 𝑞(𝑣) d𝑣

= (
17
7 )

𝑑
2

∫
𝑀∗ (

2𝜋(
17
8
𝑡))

− 𝑑
2
e
− |𝑢−𝑣|2

2( 178 𝑡) 𝑞(𝑣) d𝑣

= (
17
7 )

𝑑
2
𝑛 17

8 𝑡
∗ 𝑞(𝑢).

Now by Young’s convolution inequality, we find that

‖𝑅2‖𝐿∞ ≤ (
17
7 )

𝑑
2
‖𝑛 17

8 𝑡
‖𝐿1 ‖𝑞‖𝐿∞ ≤ (

17
7 )

𝑑
2
𝑝max,
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whereby
|𝑃(𝑢, 𝑡) − 𝑛∗𝑡 ∗ 𝑞(𝑢)| ≲ 2−𝑘 ,

and choosing 𝑘 = ⌈ 𝜅+1𝑑 log𝑚⌉ ≍ log𝑚 ensures that this is bounded by 𝑚− 𝜅+1
𝑑 ≤ 𝜀1(𝑢, 𝑡).

The exact same strategy can be used to approximate ∇𝑛𝑡 ∗ 𝑞, i.e. if we set in a recycling of
notation

𝜑∗2(𝑢, 𝑡) =
𝑘

∑
𝑖=0
𝑐𝑖𝜑mult,𝑑

𝓁 (𝜑
𝑝𝑖
𝓁 (𝑡), 𝜑

∗
2,𝑡𝑖(𝑢)),

𝜓(𝑢, 𝑡) =
𝑘

∑
𝑖=0
𝑐𝑖𝑝𝑖(𝑡)𝜑∗2,𝑡𝑖(𝑢), and

𝑃(𝑢, 𝑡) =
𝑘

∑
𝑖=0
𝑐𝑖𝑝𝑖(𝑡)∇𝑛∗𝑡𝑖 ∗ 𝑞(𝑢),

then we once again have by the triangle inequality

|𝜑∗2(𝑢, 𝑡) − ∇𝑛∗𝑡 ∗ 𝑞(𝑢)| ≤ |𝜑∗2(𝑢, 𝑡) − 𝜓(𝑢, 𝑡)| + |𝜓(𝑢, 𝑡) − 𝑃(𝑢, 𝑡)| + |𝑃(𝑢, 𝑡) − ∇𝑛∗𝑡 ∗ 𝑞(𝑢)|. (C.88)

Here, using the exact same approach as before, we can bound the first two terms by 𝜀2(𝑢, 𝑡). As
for the third term, noting that |𝑃(𝑢, 𝑡) − ∇𝑛𝑡 ∗ 𝑞(𝑢)|2 = ∑𝑑

𝑗=1 |𝑃𝑗 (𝑢, 𝑡) − 𝜕𝑗𝑛𝑡 ∗ 𝑞(𝑢)|2, we can use
the same method as before to bound each of these summands. In particular, following the same
steps as above and defining 𝑅2,𝑗 as above for the 𝑗 ’th summand, we would find that

‖𝑅2,𝑗 ‖𝐿∞ ≤ (
17
7 )

𝑑
2
‖𝜕𝑗𝑛 17

8 𝑡
‖𝐿1 ‖𝑞‖𝐿∞ ,

and thus by (C.85),

|𝑃(𝑢, 𝑡) − ∇𝑛𝑡 ∗ 𝑞(𝑢)|2 ≲ 2−2𝑘
𝑑

∑
𝑗=1

‖𝜕𝑗𝑛 17
8 𝑡
‖2𝐿1 ≲

1
𝑡
𝑚− 2(𝜅+1)

𝑑 ≤ 𝜀2(𝑢, 𝑡)2.

As for the sizes of the networks, we first recall that if 𝑡 ≤ 1
2𝑚

− 2−𝛿
𝑑 , we have for each 𝑖 that 𝜑1,𝑡𝑖 ∈

Φ̃(log𝑚,𝑚,𝑚 log𝑚,𝑚𝜈 ∨ (𝑡 log𝑚)− 1
2 ), while 𝜑𝑝𝑖𝓁 ∈ Φ̃(log𝑚 log log𝑚, log𝑚, log2𝑚, 1), whereby

each summand in the definition of 𝜑∗1 is in Φ̃(log𝑚 log log𝑚,𝑚,𝑚 log𝑚,𝑚𝜈 ∨ (𝑡 log𝑚)− 1
2 ), and

since there are 𝑘 ≍ log𝑚 such terms, we have 𝜑1 ∈ Φ̃(log𝑚 log log𝑚,𝑚 log𝑚,𝑚 log2𝑚,𝑚𝜈∨𝑡−1).
Similarly, if 𝑡 > 1

2𝑚
− 2−𝛿

𝑑 , we have 𝜑1,𝑡𝑖 ∈ Φ̃(log𝑚′, 𝑚′, 𝑚′ log𝑚′, 𝑚′), and hence by the same
argumentation 𝜑1 ∈ Φ̃(log𝑚 log log𝑚,𝑚′, 𝑚′ log𝑚′, 𝑚′). Similar analysis shows that the same
is true of 𝜑2, finishing the proof.

Step 4: Putting things together

With all of the above we are now in a position to prove Theorem C.58.
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Proof of Theorem C.58. First, by Lemmas C.53.(b) and C.60 and the triangle inequality we need
only approximate 𝑠𝐾0 1𝑀𝜌,𝑡 with

𝜌 = 𝐾 =
2(𝛼 + 1)

𝑑
log𝑚 + log 𝑡−1 ≲ log𝑚.

To this end, we let for sake of notation 𝑥∗ = 𝐴⊤(𝑥 − 𝑣0) ∈ ℝ𝑑 and 𝑥⟂ = (𝐼 − 𝑃)(𝑥 − 𝑣0) ∈ ℝ𝐷 for
𝑥 ∈ ℝ𝐷 such that 𝑥∗ is the local coordinates of the projection 𝑃𝑥 of 𝑥 onto 𝑀 , while 𝑥⟂ is the
perpendicular component of 𝑥 with respect to 𝑀 . Recalling then that

∫
𝑀
e−

|𝑥−𝑦|2
2𝑡 𝜇(d𝑦) = e−

|𝑥⟂|2
2𝑡 ∫

𝑀∗
e−

|𝑥∗−𝑢|
2𝑡 𝑝0(𝐴𝑢 + 𝑣0) d𝑢 = e−

|𝑥⟂|2
2𝑡 𝑓1(𝑥∗, 𝑡),

and

∫
𝑀

𝑥 − 𝑦
𝑡

e−
|𝑥−𝑦|2
2𝑡 𝜇(d𝑦) = e−

|𝑥⟂|2
2𝑡
(
𝑥⟂

𝑡 ∫
𝑀∗

e−
|𝑥∗−𝑢|2

2𝑡 𝑝0(𝐴𝑢 + 𝑣0) d𝑢

+ 𝐴∫
𝑀∗

𝑥∗ − 𝑢
𝑡

e−
|𝑥∗−𝑢|2

2𝑡 𝑝0(𝐴𝑢 + 𝑣0) d𝑢)

= e−
|𝑥⟂|2
2𝑡
(
𝑥⟂

𝑡
𝑓1(𝑥∗, 𝑡) + 𝐴𝑓2(𝑥∗, 𝑡)),

we let

ℎ1(𝑥, 𝑡) = (2𝜋𝑡)−
𝑑
2 e−

|𝑥⟂|2
2𝑡 𝑓1(𝑥∗, 𝑡) and ℎ2(𝑥, 𝑡) = (2𝜋𝑡)−

𝑑
2 e−

|𝑥⟂|2
2𝑡 (

𝑥⟂

𝑡
𝑓1(𝑥∗, 𝑡) + 𝐴𝑓2(𝑥∗, 𝑡))

such that

𝑠𝐾0 (𝑥, 𝑡) =
−∑ 𝑧∈ℤ𝐷

‖𝑧‖∞≤𝐾𝑡
(−1)𝑧ℎ2(𝑅𝑧(𝑥) + 𝑧, 𝑡)

∑ 𝑧∈ℤ𝐷
‖𝑧‖∞≤𝐾𝑡

ℎ1(𝑅𝑧(𝑥) + 𝑧, 𝑡)
,

where 𝐾𝑡 =
√
2𝑡(𝐷 + 2𝐾). Furthermore, let

ℎ̂1(𝑥, 𝑡) = e−
|𝑥⟂|2
2𝑡 𝜑1(𝑥∗, 𝑡) and ℎ̂2(𝑥, 𝑡) = e−

|𝑥⟂|2
2𝑡 (

𝑥⟂

𝑡
𝜑1(𝑥∗, 𝑡) + 𝐴𝜑2(𝑥∗, 𝑡)),

where 𝜑1, 𝜑2 are as in Lemma C.63. By (the proof of) Lemma C.53.(d) there exists a constant
𝑐 > 0 such that for all (𝑥, 𝑡) ∈ 𝑀𝜌,𝑡 × [𝑡, 2𝑡],

𝑝𝐾𝑡 (𝑥) ≥ 𝑐𝑡
𝑐0−𝐷
2 e−𝜌 = 𝑐𝑡

𝑐0−𝐷
2 +1𝑚− 2(𝛼+1)

𝑑 , (C.89)

and we set

𝑠𝐾0 (𝑥, 𝑡) =
−∑ 𝑧∈ℤ𝐷

‖𝑧‖∞≤𝐾𝑡
(−1)𝑧ℎ̂2(𝑅𝑧(𝑥) + 𝑧, 𝑡)

(∑ 𝑧∈ℤ𝐷
‖𝑧‖∞≤𝐾𝑡

ℎ̂1(𝑅𝑧(𝑥) + 𝑧, 𝑡)) ∨ 𝑐𝑡
𝑐0−𝑑
2 +1𝑚− 2(𝛼+1)

𝑑

≕
∇̂𝑝

𝐾
𝑡 (𝑥)

𝑝𝐾𝑡 (𝑥)
.
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To clearly separate our sources of error, we first show that 𝑠̂𝐾0 is a good approximation of 𝑠𝐾0 on
𝑀𝜌,𝑡 × [𝑡, 2𝑡] and only then approximate 𝑠𝐾0 by a neural network. To this end, we have first

|𝑠𝐾0 (𝑥, 𝑡) − 𝑠
𝐾
0 (𝑥, 𝑡)| =

|||
∇̂𝑝

𝐾
𝑡 (𝑥)

𝑝𝐾𝑡 (𝑥)
−
(2𝜋𝑡) 𝐷−𝑑2 ∇𝑝𝐾𝑡 (𝑥)
(2𝜋𝑡) 𝐷−𝑑2 𝑝𝐾𝑡 (𝑥)

|||

≤
1

𝑝𝐾𝑡 (𝑥)𝑝𝐾𝑡 (𝑥)(
|∇𝑝𝐾𝑡 (𝑥)|||(2𝜋𝑡)

𝐷−𝑑
2 𝑝𝐾𝑡 (𝑥) − 𝑝

𝐾
𝑡 (𝑥)||

+ 𝑝𝐾𝑡 (𝑥)||(2𝜋𝑡)
𝐷−𝑑
2 ∇𝑝𝐾𝑡 (𝑥) − ∇̂𝑝

𝐾
𝑡 (𝑥)||)

=
1

𝑝𝐾𝑡 (𝑥)(
|𝑠𝐾0 (𝑥, 𝑡)|||(2𝜋𝑡)

𝐷−𝑑
2 𝑝𝐾𝑡 (𝑥) − 𝑝

𝐾
𝑡 (𝑥)|| + ||(2𝜋𝑡)

𝐷−𝑑
2 ∇𝑝𝐾𝑡 (𝑥) − ∇̂𝑝

𝐾
𝑡 (𝑥)||).

Then by (C.89),

|(2𝜋𝑡)
𝐷−𝑑
2 𝑝𝐾𝑡 (𝑥) − 𝑝

𝐾
𝑡 (𝑥)| ≲

|||(2𝜋𝑡)
𝐷−𝑑
2 𝑝𝐾𝑡 (𝑥) − ∑

𝑧∈ℤ𝐷
‖𝑧‖∞≤𝐾𝑡

ℎ̂1(𝑅𝑧(𝑥) + 𝑧, 𝑡)
|||.

Next, we further split this error into four parts to analyse separately. In particular, let 𝑆1 = {𝑥 ∈
ℝ𝐷 ∣ 𝑥∗ ∈ 𝑀∗

−𝜀𝑀/2} and 𝑆2 = ℝ𝐷 ⧵ 𝑆1. Furthermore, for 𝑥 ∈ [0, 1]𝐷, and 𝑧 ∈ ℤ𝐷 let 𝑥𝑧 = 𝑅𝑧(𝑥) + 𝑧
and set 𝑍𝐾𝑖 (𝑥) = {𝑧 ∈ ℤ𝐷 ∣ ‖𝑧‖∞ ≤ 𝐾𝑡 , 𝑥𝑧 ∈ 𝑆𝑖}. Repeated use of the triangle inequality (along with
the fact that𝐴 and (−1)𝑧 are orthogonal matrices) then yields that the distance |𝑠𝐾0 (𝑥, 𝑡)−𝑠̂𝐾0 (𝑥, 𝑡)|
is upper bounded by the sum

1
𝑝𝐾𝑡 (𝑥)

|𝑠𝐾0 (𝑥, 𝑡)| ∑
𝑧∈𝑍𝐾1 (𝑥)

e−
|𝑥⟂𝑧 |2
2𝑡 |(2𝜋𝑡)−

𝑑
2 𝑓1(𝑥∗𝑧 , 𝑡) − 𝜑1(𝑥

∗
𝑧 , 𝑡)| (C.90)

+
1

𝑝𝐾𝑡 (𝑥)
|𝑠𝐾0 (𝑥, 𝑡)| ∑

𝑧∈𝑍𝐾2 (𝑥)

e−
|𝑥⟂𝑧 |2
2𝑡 |(2𝜋𝑡)−

𝑑
2 𝑓1(𝑥∗𝑧 , 𝑡) − 𝜑1(𝑥

∗
𝑧 , 𝑡)| (C.91)

+
1

𝑝𝐾𝑡 (𝑥)
∑

𝑧∈𝑍𝐾1 (𝑥)

e−
|𝑥⟂𝑧 |2
2𝑡 (

|𝑥⟂𝑧 |
𝑡

|(2𝜋𝑡)−
𝑑
2 𝑓1(𝑥∗𝑧 , 𝑡) − 𝜑1(𝑥

∗
𝑧 , 𝑡)| + |(2𝜋𝑡)−

𝑑
2 𝑓2(𝑥∗𝑧 , 𝑡) − 𝜑2(𝑥

∗
𝑧 , 𝑡)|)

(C.92)

+
1

𝑝𝐾𝑡 (𝑥)
∑

𝑧∈𝑍𝐾2 (𝑥)

e−
|𝑥⟂𝑧 |2
2𝑡 (

|𝑥⟂𝑧 |
𝑡

|(2𝜋𝑡)−
𝑑
2 𝑓1(𝑥∗𝑧 , 𝑡) − 𝜑1(𝑥

∗
𝑧 , 𝑡)| + |(2𝜋𝑡)−

𝑑
2 𝑓2(𝑥∗𝑧 , 𝑡) − 𝜑2(𝑥

∗
𝑧 , 𝑡)|).

(C.93)

We will analyse each of these terms separately. To ease notation, let 𝜀𝑡 denote either 𝑚− 1
𝑑 if

𝑡 > 𝑚− 2−𝛿
𝑑 and 1 otherwise.

Term (C.90): For 𝑧 ∈ 𝑍𝐾1 (𝑥), we have |(2𝜋𝑡)− 𝑑
2 𝑓1(𝑥∗𝑧 , 𝑡) − 𝜑1(𝑥∗𝑧 , 𝑡)| ≲ 𝑚− 𝛼

𝑑 𝜀𝑡 log𝑚 by Lemma
C.63, while also

𝑓1(𝑥∗𝑧 , 𝑡) ≥ ∫
𝐵(𝑥∗𝑧 ,

√
𝑡)∩𝑀∗

−𝜀𝑀 /2

e−
|𝑥∗𝑧 −𝑢|2

2𝑡 𝑝0(𝐴𝑢 + 𝑣0) d𝑢 ≥ e−
1
2 𝑝min𝜆𝑑(𝐵(𝑥∗𝑧 ,

√
𝑡) ∩ 𝑀∗

−𝜀𝑀/2) ≳ (𝑡 ∧ 𝑟20 )
𝑑
2
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by assumption (1). This implies in particular that

𝑝𝐾𝑡 (𝑥) ≥ ∑
𝑧∈𝑍𝐾1 (𝑥)

e−
|𝑥⟂𝑧 |2
2𝑡 𝜑1(𝑥∗𝑧 , 𝑡)

≥ ∑
𝑧∈𝑍𝐾1 (𝑥)

e−
|𝑥⟂𝑧 |2
2𝑡 ((2𝜋𝑡)−

𝑑
2 𝑓1(𝑥∗𝑧 , 𝑡) − |(2𝜋𝑡)−

𝑑
2 𝑓1(𝑥∗𝑧 , 𝑡) − 𝜑1(𝑥

∗
𝑧 , 𝑡)|)

≳ ∑
𝑧∈𝑍𝐾1 (𝑥)

e−
|𝑥⟂𝑧 |2
2𝑡 ((1 ∧ 𝑡−

𝑑
2 𝑟𝑑0 ) − 𝑚

− 𝛼
𝑑 log𝑚)

≳ (log𝑚)−
𝑑
2 ∑
𝑧∈𝑍𝐾1 (𝑥)

e−
|𝑥⟂𝑧 |2
2𝑡 ,

where we use that 𝑡−1 ≥ (2𝑡)−1 ≳ (log𝑚)−1. Combining these, we have
1

𝑝𝐾𝑡 (𝑥)
|𝑠𝐾0 (𝑥, 𝑡)| ∑

𝑧∈𝑍𝐾1 (𝑥)

e−
|𝑥⟂𝑧 |2
2𝑡 |(2𝜋𝑡)−

𝑑
2 𝑓1(𝑥∗𝑧 , 𝑡) − 𝜑1(𝑥

∗
𝑧 , 𝑡)| ≲ |𝑠𝐾0 (𝑥, 𝑡)|𝑚

− 𝛼
𝑑 𝜀𝑡(log𝑚)

𝑑+2
2 .

Term (C.91): For 𝑧 ∈ 𝑍𝐾2 (𝑥), we can no longer lower bound 𝑝𝐾𝑡 (𝑥) as we did above. Instead, we
have by definition that 𝑝𝐾𝑡 (𝑥) ≥ 𝑡

𝑐0−𝑑
2 +1𝑚− 2(𝛼+1)

𝑑 . Furthermore, using Lemma C.63,

|(2𝜋𝑡)−
𝑑
2 𝑓1(𝑥∗𝑧 , 𝑡) − 𝜑1(𝑥

∗
𝑧 , 𝑡)| ≲ (log𝑚)

𝑑+2
2 𝑚− 𝜅

𝑑 𝜀𝑡 ≲ 𝑡
𝑐0−𝑑
2 +1(log𝑚)

𝑑+2
2 𝑚− 3𝛼+2

𝑑 𝜀𝑡 ,

where we used that 𝑡 ≳ 𝑚− 2𝛼+2
2𝛼+𝑑 ≥ 𝑚−1. Thus it follows that

1
𝑝𝐾𝑡 (𝑥)

|𝑠𝐾0 (𝑥, 𝑡)| ∑
𝑧∈𝑍𝐾2 (𝑥)

e−
|𝑥⟂𝑧 |2
2𝑡 |(2𝜋𝑡)−

𝑑
2 𝑓1(𝑥∗𝑧 , 𝑡) − 𝜑1(𝑥

∗
𝑧 , 𝑡)|

≲
𝑚

2(𝛼+1)
𝑑

𝑡
𝑐0−𝑑
2 +1

|𝑠𝐾0 (𝑥, 𝑡)| ∑
𝑧∈𝑍𝐾2 (𝑥)

e−
|𝑥⟂𝑧 |2
2𝑡 𝑡

𝑐0−𝑑
2 +1(log𝑚)

𝑑+2
2 𝑚− 3𝛼+2

𝑑 𝜀𝑡

= |𝑠𝐾0 (𝑥, 𝑡)|(log𝑚)
𝑑+2
2 𝑚− 𝛼

𝑑 𝜀𝑡 ∑
𝑧∈𝑍𝐾2 (𝑥)

e−
|𝑥⟂𝑧 |2
2𝑡

≲ |𝑠𝐾0 (𝑥, 𝑡)|(log𝑚)
𝑑+2𝐷+2

2 𝑚− 𝛼
𝑑 𝜀𝑡 ,

where in the last step we use that

#𝑍𝐾2 (𝑥) ≤ #{𝑧 ∈ ℤ𝐷 ∣ ‖𝑧‖∞ ≤ 𝐾𝑡} ≤ (2𝐾𝑡 + 1)𝐷 ≲ (log𝑚)𝐷.

Term (C.92): Here again using Lemma C.63 we have |(2𝜋𝑡)− 𝑑
2 𝑓1(𝑥∗𝑧 , 𝑡)−𝜑1(𝑥∗𝑧 , 𝑡)| ≲ 𝑚− 𝛼

𝑑 𝜀𝑡 log𝑚
and |(2𝜋𝑡)− 𝑑

2 𝑓2(𝑥∗𝑧 , 𝑡) − 𝜑2(𝑥∗𝑧 , 𝑡)| ≲ 1√
𝑡∧1𝑚

− 𝛼
𝑑 𝜀𝑡 log𝑚, and so by the exact same reasoning as in

case (C.90),
1

𝑝𝐾𝑡 (𝑥)
∑

𝑧∈𝑍𝐾1 (𝑥)

e−
|𝑥⟂𝑧 |2
2𝑡 |(2𝜋𝑡)−

𝑑
2 𝑓2(𝑥∗𝑧 , 𝑡) − 𝜑2(𝑥

∗
𝑧 , 𝑡)| ≲

1
√
𝑡 ∧ 1

𝑚− 𝛼
𝑑 𝜀𝑡(log𝑚)

𝑑+2
2 .
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Also, like in case (C.90), we have

1
𝑝𝐾𝑡 (𝑥)

∑
𝑧∈𝑍𝐾1 (𝑥)

e−
|𝑥⟂𝑧 |2
2𝑡

|𝑥⟂𝑧 |
𝑡

|(2𝜋𝑡)−
𝑑
2 𝑓1(𝑥∗𝑧 , 𝑡) − 𝜑1(𝑥

∗
𝑧 , 𝑡)| ≲ (log𝑚)

𝑑+2
2 𝑚− 𝛼

𝑑 𝜀𝑡
∑𝑧∈𝑍𝐾1 (𝑥) e

− |𝑥⟂𝑧 |2
2𝑡

|𝑥⟂𝑧 |
𝑡

∑𝑧∈𝑍𝐾1 (𝑥) e
− |𝑥⟂𝑧 |2

2𝑡

,

and to bound this, we first note that for all 𝑧 ∈ ℤ𝐷 with ‖𝑧‖∞ ≤ 𝐾𝑡 , we have 𝑥𝑧 ∈ [−𝐾𝑡 , 𝐾𝑡]𝐷,
whence |𝑥⟂𝑧 | ≤ 2

√
𝐷𝐾𝑡 ≲

√
𝑡 log𝑚 and so

(log𝑚)
𝑑+2
2 𝑚− 𝛼

𝑑 𝜀𝑡
∑𝑧∈𝑍𝐾1 (𝑥) e

− |𝑥⟂𝑧 |2
2𝑡

|𝑥⟂𝑧 |
𝑡

∑𝑧∈𝑍𝐾1 (𝑥) e
− |𝑥⟂𝑧 |2

2𝑡

≲
1

√
𝑡 ∧ 1

(log𝑚)
𝑑+4
2 𝑚− 𝛼

𝑑 𝜀𝑡 .

Term (C.93): Repeating the arguments used in cases (C.91) and (C.92), we obtain

1
𝑝𝐾𝑡 (𝑥)

∑
𝑧∈𝑍𝐾2 (𝑥)

e−
|𝑥⟂𝑧 |2
2𝑡 |(2𝜋𝑡)−

𝑑
2 𝑓2(𝑥∗𝑧 , 𝑡) − 𝜑2(𝑥

∗
𝑧 , 𝑡)|

≲
1

√
𝑡 ∧ 1

(log𝑚)
𝑑+3
2 𝑚− 𝛼

𝑑 𝜀𝑡 ∑
𝑧∈𝑍𝐾2 (𝑥)

e−
|𝑥⟂𝑧 |2
2𝑡

≲
1

√
𝑡 ∧ 1

(log𝑚)
𝑑+2𝐷+3

2 𝑚− 𝛼
𝑑 𝜀𝑡 ,

and, since e− 𝑟
2𝑡 𝑟
𝑡 ≤

1√
𝑡 for all 𝑟 > 0,

1
𝑝𝐾𝑡 (𝑥)

∑
𝑧∈𝑍𝐾2 (𝑥)

e−
|𝑥⟂𝑧 |2
2𝑡

|𝑥⟂𝑧 |
𝑡

|(2𝜋𝑡)−
𝑑
2 𝑓1(𝑥∗𝑧 , 𝑡) − 𝜑1(𝑥

∗
𝑧 , 𝑡)| ≲

1
√
𝑡 ∧ 1

(log𝑚)
𝑑+2𝐷+3

2 𝑚− 𝛼
𝑑 𝜀𝑡 .

Combining all of these different cases, we see that for 𝑥 ∈ 𝑀𝜌,𝑡

|𝑠𝐾0 (𝑥, 𝑡) − 𝑠
𝐾
0 (𝑥, 𝑡)| ≲ (|𝑠

𝐾
0 (𝑥, 𝑡)| +

1
√
𝑡 ∧ 1)

(log𝑚)
𝑑+2𝐷+3

2 𝑚− 𝛼
𝑑 𝜀𝑡 , (C.94)

whence

∫
2𝑡

𝑡
𝔼[|𝑠𝐾0 (X𝑡 , 𝑡)−𝑠̂

𝐾
0 (X𝑡 , 𝑡)|

21𝑀𝜌,𝑡 (X𝑡)] d𝑡 ≲ (∫
2𝑡

𝑡
𝔼[|𝑠𝐾0 (X𝑡 , 𝑡)|

2] d𝑡+
𝑡

𝑡 ∧ 1)
(log𝑚)𝑑+2𝐷+3𝑚− 2𝛼

𝑑 𝜀𝑡 .

Now, to estimate the remaining integral, we first have by Lemma C.60 and our choice of 𝐾 that

∫
2𝑡

𝑡
𝔼[|𝑠𝐾0 (X𝑡 , 𝑡)|

2] d𝑡 ≤ 2 ∫
2𝑡

𝑡
(𝔼[|𝑠0(X𝑡 , 𝑡)|2] + 𝔼[|𝑠0(X𝑡 , 𝑡) − 𝑠𝐾0 (X𝑡 , 𝑡)|

2]) d𝑡

≲ ∫
2𝑡

𝑡
𝔼[|𝑠0(X𝑡 , 𝑡)|2] d𝑡 + (log𝑚)

𝐷
2 𝑚− 2(𝛼+1)

𝑑 .
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Furthermore, since (𝑥, 𝑡) ↦ 𝑝𝑡(𝑥) is a positive solution of the heat equation 𝜕𝑡𝑢(𝑡, 𝑥) = 1
2Δ𝑢(𝑡, 𝑥)

with Neumann boundary conditions on 𝑀 × (0,∞) for the compact, convex set 𝑀 = [0, 1]𝐷, the
Li–Yau bound [74, Theorem 1.1] yields that

|𝑠0(𝑥, 𝑡)|2 = |∇ log 𝑝𝑡(𝑥)|2 ≲ 𝜕𝑡 log 𝑝𝑡(𝑥) +
𝐷
𝑡
, (𝑥, 𝑡) ∈ [0, 1]𝑑 × (0,∞).

Thus,

∫
2𝑡

𝑡
𝔼[|𝑠0(X𝑡 , 𝑡)|2] d𝑡 ≲ ∫

2𝑡

𝑡
𝔼[(

𝜕𝑡𝑝𝑡(X𝑡)
𝑝𝑡(X𝑡) ] +

𝐷
𝑡 )

d𝑡 = 𝐷 ∫
2𝑡

𝑡

1
𝑡
d𝑡 = 𝐷 log 2,

where we use that by Fubini–Tonelli’s theorem

∫
2𝑡

𝑡
𝔼[
𝜕𝑡𝑝𝑡(X𝑡)
𝑝𝑡(X𝑡) ] d𝑡 = ∫

2𝑡

𝑡
∫
[0,1]𝐷

𝜕𝑡𝑝𝑡(𝑥) d𝑥 d𝑡 = ∫
[0,1]𝐷

∫
2𝑡

𝑡
𝜕𝑡𝑝𝑡(𝑥) d𝑡 d𝑥 = 0.

Inserting this into the above, we have that

∫
2𝑡

𝑡
𝔼[|𝑠𝐾0 (X𝑡 , 𝑡) − 𝑠̂

𝐾
0 (X𝑡 , 𝑡)|

21𝑀𝜌,𝑡 (X𝑡)] d𝑡 ≲ (log𝑚)𝑑+2𝐷+3𝑚− 2𝛼
𝑑 𝜀2𝑡 , (C.95)

as desired. With this established, all that is left is to approximate 𝑠𝐾0 1𝑀𝜌,𝑡 by a neural network
𝜑𝑠0 . To this end, letting 𝜑

exp
𝓁 , 𝜑mult

𝓁 , 𝜑rec𝓁 and 𝜑norm𝓁 be as in Lemmas C.66, C.64, C.65 and C.67 and
setting

𝜑exp𝓁 (𝑥, 𝑡) = 𝜑exp𝓁 (
1
2
𝜑mult
𝓁 (𝜑rec𝓁 (𝑡), 𝜑norm𝓁 (𝑥))),

we have

||e
− |𝑥|2

2𝑡 − 𝜑exp𝓁 (𝑥, 𝑡)|| ≤ 2−𝓁 + ||e
− |𝑥|2

2𝑡 − e−
1
2𝜑

mult
𝓁 (𝜑rec𝓁 (𝑡),𝜑norm𝓁 (𝑥))||

≲ 2−𝓁 + |||
|𝑥|2

𝑡
− 𝜑mult

𝓁 (𝜑rec𝓁 (𝑡), 𝜑norm𝓁 (𝑥))
|||

≲ 𝐾𝑡2−𝓁 +
|||
|𝑥|2

𝑡
− 𝜑rec𝓁 (𝑡)𝜑norm𝓁 (𝑥)|||

≲ 𝐾𝑡2−𝓁 + 𝐾 2
𝑡
|||
1
𝑡
− 𝜑rec𝓁 (𝑡)||| +

1
𝑡
|||𝑥|

2 − 𝜑norm𝓁 (𝑥)||

≲
𝐾 2
𝑡

𝑡
2−𝓁

for all 𝑥 ∈ ℝ𝐷 with ‖𝑥‖∞ ≤ 𝐾𝑡 and all 𝑡 ∈ [𝑡, 2𝑡]. Next, let

𝜑ℎ1(𝑥, 𝑡) = 𝜑
mult
𝓁 (𝜑

exp
𝓁 (𝑥⟂, 𝑡), 𝜑1(𝑥∗, 𝑡)),

𝜑1(𝑥, 𝑡) = 𝜑mult,𝐷
𝓁 (𝜑1(𝑥∗, 𝑡), 𝜑mult,𝐷

𝓁 (𝜑rec𝓁 (𝑡), 𝑥⟂)), and

𝜑ℎ2(𝑥, 𝑡) = 𝜑
mult,𝐷
𝓁 (𝜑

exp
𝓁 (𝑥⟂, 𝑡), 𝜑1(𝑥, 𝑡) + 𝐴𝜑2(𝑥∗, 𝑡)),
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and it follows that

|ℎ̂1(𝑥, 𝑡) − 𝜑ℎ1(𝑥, 𝑡)| ≲ |𝜑1(𝑥∗, 𝑡)|(1 +
𝐾 2
𝑡

𝑡 )2
−𝓁 ≲ (2𝜋𝑡)−

𝑑
2
𝐾 2
𝑡

𝑡
2−𝓁,

where we once again use that we can assume |𝜑1| ≤ (2𝜋𝑡)− 𝑑
2 |𝑓1| ≤ (2𝜋𝑡)− 𝑑

2 by Lemma C.70.
Similarly,

|||𝜑1(𝑥, 𝑡) −
𝑥⟂

𝑡
𝜑1(𝑥, 𝑡)

||| ≲ 𝐾𝑡(2𝜋𝑡)
− 𝑑

2 (1 +
1
𝑡 )

2−𝓁,

and so, since we may once again assume |𝜑1 + 𝐴𝜑2| ≲ (2𝜋𝑡)− 𝑑
2
𝐾𝑡
𝑡 ,

|ℎ̂2(𝑥, 𝑡) − 𝜑ℎ2(𝑥, 𝑡)| ≲ (2𝜋𝑡)−
𝑑
2
𝐾 2
𝑡

𝑡
2−𝓁.

Setting 𝜑𝑝𝐾𝑡 (𝑥, 𝑡) = ∑ 𝑧∈ℤ𝐷
‖𝑧‖∞≤𝐾𝑡

𝜑ℎ1(𝑥𝑧 , 𝑡) and 𝜑∇𝑝𝐾𝑡 (𝑥, 𝑡) = −∑ 𝑧∈ℤ𝐷
‖𝑧‖∞≤𝐾𝑡

(−1)𝑧𝜑ℎ2(𝑥𝑧 , 𝑡), it thus follows

that

|𝜑𝑝𝐾𝑡 (𝑥, 𝑡) − 𝑝
𝐾
𝑡 (𝑥, 𝑡)|, |𝜑∇𝑝𝐾𝑡 (𝑥, 𝑡) − ∇̂𝑝

𝐾
𝑡 (𝑥, 𝑡)| ≲ (2𝜋𝑡)−

𝑑
2
𝐾𝐷+2𝑡

𝑡
2−𝓁.

Finally, let
𝜑𝑠0(𝑥, 𝑡) = 𝜑

mult,𝐷
𝓁 (𝜑rec𝓁 (𝜑𝑝𝐾𝑡 (𝑥, 𝑡) ∨ 𝑡

𝑐0−𝑑
2 +1𝑚− 2(𝛼+1)

𝑑 ), 𝜑∇𝑝𝐾𝑡 (𝑥, 𝑡)),
and we have for 𝑥 ∈ 𝑀𝜌,𝑡 that

|𝜑𝑠0(𝑥, 𝑡) − 𝑠̂
𝐾
0 (𝑥, 𝑡)|

≤ |𝜑𝑠0(𝑥, 𝑡) − 𝜑
rec
𝓁 (𝜑𝑝𝐾𝑡 (𝑥, 𝑡) ∨ 𝑐𝑡

𝑐0−𝑑
2 +1𝑚− 2(𝛼+1)

𝑑 )𝜑∇𝑝𝐾𝑡 (𝑥, 𝑡)|

+ |𝜑∇𝑝𝐾𝑡 (𝑥, 𝑡)|
|||𝜑

rec
𝓁 (𝜑𝑝𝐾𝑡 (𝑥, 𝑡) ∨ 𝑐𝑡

𝑐0−𝑑
2 +1𝑚− 2(𝛼+1)

𝑑 ) −
1

𝜑𝑝𝐾𝑡 (𝑥, 𝑡) ∨ 𝑐𝑡
𝑐0−𝑑
2 +1𝑚− 2(𝛼+1)

𝑑

|||

+ |||
𝜑∇𝑝𝐾𝑡 (𝑥, 𝑡)

𝜑𝑝𝐾𝑡 (𝑥, 𝑡) ∨ 𝑐𝑡
𝑐0−𝑑
2 +1𝑚− 2(𝛼+1)

𝑑

−
∇̂𝑝

𝐾
𝑡 (𝑥)

𝑝𝐾𝑡 (𝑥)
|||.

Here, the first two terms together are bounded by |𝜑∇𝑝𝐾𝑡 (𝑥, 𝑡)|(𝑐𝑡
− 𝑐0−𝑑

2 −1𝑚
2(𝛼+1)
𝑑 +1)2−𝓁, where again

|𝜑∇𝑝𝐾𝑡 (𝑥, 𝑡)| ≲ (2𝜋𝑡)− 𝑑
2
𝐾𝐷𝑡
𝑡 by Lemma C.70. For the third term, we have

|||
𝜑∇𝑝𝐾𝑡 (𝑥, 𝑡)

𝜑𝑝𝐾𝑡 (𝑥, 𝑡) ∨ 𝑐𝑡
𝑐0−𝑑
2 +1𝑚− 2(𝛼+1)

𝑑

−
∇̂𝑝

𝐾
𝑡 (𝑥)

𝑝𝐾𝑡 (𝑥, 𝑡)
||| ≤

𝑚
2(𝛼+1)
𝑑

𝑐𝑡
𝑐0−𝑑
2 +1(|𝑠̂

𝐾
0 (𝑥, 𝑡)||𝑝

𝐾
𝑡 (𝑥, 𝑡) − 𝜑𝑝𝐾𝑡 (𝑥, 𝑡)|

+ |∇̂𝑝
𝐾
𝑡 (𝑥, 𝑡) − 𝜑∇𝑝𝐾𝑡 (𝑥, 𝑡)|)

≲
𝐾𝐷+2𝑡 𝑚

2(𝛼+1)
𝑑

𝑡
𝑐0
2 +2

(|𝑠𝐾0 (𝑥, 𝑡)| + 1)2−𝓁.



C.B. Remaining proofs for Section C.3 185

Here, since |𝑠𝐾0 (𝑥, 𝑡)| ≲ 1
𝑡 by (the proof of) Lemma C.53.(a) and |𝑠𝐾0 (𝑥, 𝑡) − 𝑠̂𝐾0 (𝑥, 𝑡)| ≲ 1

𝑡 by (C.94),
we have also that |𝑠̂𝐾0 (𝑥, 𝑡)| ≲ 1

𝑡 for 𝑥 ∈ 𝑀𝜌,𝑡 , and hence

|||
𝜑∇𝑝𝐾𝑡 (𝑥, 𝑡)

𝜑𝑝𝐾𝑡 (𝑥, 𝑡) ∨ 𝑐𝑡
𝑐0−𝑑
2 +1𝑚− 2(𝛼+1)

𝑑

−
∇̂𝑝

𝐾
𝑡 (𝑥)

𝑝𝐾𝑡 (𝑥, 𝑡)
||| ≲

𝐾𝐷+2𝑡 𝑚
2(𝛼+1)
𝑑

𝑡
𝑐0
2 +3

2−𝓁,

whereby all in all

|𝜑𝑠0(𝑥, 𝑡) − 𝑠0(𝑥, 𝑡)| ≲
𝐾𝐷+2𝑡 𝑚

2(𝛼+1)
𝑑

𝑡
𝑐0
2 +3

2−𝓁 ≲ (log𝑚)𝐷+2𝑚
2(𝛼+1)
𝑑 + 𝑐0

2 +32−𝓁.

Thus, setting 𝓁 = ⌈( 3(𝛼+1)𝑑 + 𝑐0
2 + 3) log2𝑚 + (𝐷 + 2) log2 log𝑚⌉ ≲ log𝑚 ensures that this is

bounded by 𝑚− 𝛼+1
𝑑 . As for 𝑥 ∉ 𝑀𝜌,𝑡 , we can once again assume by Lemmas C.70 and C.53.(e) that

|𝜑𝑠0(𝑥, 𝑡)| ≲
√
𝜌+log 𝑡−1
√
𝑡∧1 ≲

√
log𝑚

√
𝑡∧1 (since this is true of 𝑠𝐾0 1𝑀𝜌,𝑡 ), and so it follows by Lemma C.71.(a)

𝔼[|𝜑𝑠0(X𝑡 , 𝑡) − 𝑠̂
𝐾
0 (X𝑡 , 𝑡)1𝑀𝜌,𝑡 (X𝑡)|

2] ≲ 𝑚− 2(𝛼+1)
𝑑 ℙ(X𝑡 ∈ 𝑀𝜌,𝑡) +

log𝑚
𝑡 ∧ 1

ℙ(X𝑡 ∉ 𝑀𝜌,𝑡)

≲ 𝑚− 2(𝛼+1)
𝑑 +

log𝑚
𝑡 ∧ 1

𝜌
𝐷
2 e−𝜌

≲ (log𝑚)
𝐷+2
2 𝑚− 2(𝛼+1)

𝑑 .

Finally, combining this, (C.95) and Lemmas C.53.(b) and C.60 along with repeated use of the
triangle inequality, we have that

∫
2𝑡

𝑡
𝔼[|𝜑𝑠0(X𝑡 , 𝑡) − 𝑠0(X𝑡 , 𝑡)|

2] d𝑡 ≲ ∫
2𝑡

𝑡
𝔼[|𝜑𝑠0(X𝑡 , 𝑡) − 𝑠̂

𝐾
0 (X𝑡 , 𝑡)1𝑀𝜌,𝑡 (X𝑡)|

2] d𝑡

+ ∫
2𝑡

𝑡
𝔼[|𝑠𝐾0 (X𝑡 , 𝑡) − 𝑠

𝐾
0 (X𝑡 , 𝑡)|

21𝑀𝜌,𝑡 (X𝑡)] d𝑡

+ ∫
2𝑡

𝑡
𝔼[|𝑠𝐾0 (X𝑡 , 𝑡) − 𝑠0(X𝑡 , 𝑡)|

21𝑀𝜌,𝑡 (X𝑡)] d𝑡

+ ∫
2𝑡

𝑡
𝔼[𝑠0(X𝑡 , 𝑡)1𝑀𝜌,𝑡 (X𝑡) − 𝑠0(X𝑡 , 𝑡)|

2] d𝑡

≲ (log𝑚)𝑑+2𝐷+3𝑚− 2𝛼
𝑑 𝜀2𝑡 ,

as desired. As for the size of the network, we first have that for our choice of 𝓁 (and recalling
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that all sizes being multiplied or divided are bounded by 𝑡
𝑑−𝑐0
2 −1𝑚

2(𝛼+1)
𝑑 ≲ 𝑚

2(𝛼+1)
𝑑 + 𝑐0−𝑑

2 +1)

𝜑exp𝓁 ∈ Φ̃((log𝑚)2(log log𝑚)2, log𝑚 log log𝑚, (log𝑚)3(log log𝑚)3, 1)

𝜑mult
𝓁 ∈ Φ̃(log𝑚, 1, log𝑚,𝑚

2(𝛼+1)
𝑑 + 𝑐0−𝑑

2 +1)

𝜑rec𝓁 ∈ Φ̃(log𝑚 log log𝑚, log𝑚, log𝑚 log log𝑚,𝑚
2(𝛼+1)
𝑑 + 𝑐0−𝑑

2 +1)

𝜑norm𝓁 ∈ Φ̃(log𝑚, 1, log𝑚, log𝑚),

whereby 𝜑exp𝓁 ∈ Φ̃((log𝑚)2(log log𝑚)2, log𝑚 log log𝑚, (log𝑚)3(log log𝑚)3, 𝑚
2(𝛼+1)
𝑑 + 𝑐0−𝑑

2 +1). Since
the size of 𝜑mult

𝓁 is comparably negligible to those of 𝜑1 and 𝜑
exp
𝓁 , this implies that

𝜑ℎ1 ∈

{
Φ̃((log𝑚)2(log log𝑚)2, 𝑚 log𝑚,𝑚 log2𝑚,𝑚

2(𝛼+1)
𝑑 + 𝑐0−𝑑

2 +1 ∨ 𝑚𝜈), if 𝑡 ≤ 1
2𝑚

− 2−𝛿
𝑑

Φ̃((log𝑚)2(log log𝑚)2, 𝑚′ log𝑚,𝑚′(log𝑚)2, 𝑚
2(𝛼+1)
𝑑 + 𝑐0−𝑑

2 +1), if 𝑡 > 1
2𝑚

− 2−𝛿
𝑑

and similar analysis shows that the same is true of 𝜑ℎ2 . Finally, summing ⌈𝐾𝑡⌉𝐷 ≲ (log𝑚)𝐷
copies of these yields that

[
𝜑𝑝𝐾𝑡
𝜑∇𝑝𝐾𝑡 ]

∈

{
Φ̃((log𝑚)2(log log𝑚)2, 𝑚(log𝑚)𝐷+1, 𝑚(log𝑚)𝐷+2, 𝑚

2(𝛼+1)
𝑑 + 𝑐0−𝑑

2 +1 ∨ 𝑚𝜈), if 𝑡 ≤ 1
2𝑚

− 2−𝛿
𝑑

Φ̃((log𝑚)2(log log𝑚)2, 𝑚′(log𝑚)𝐷+1, 𝑚′(log𝑚)𝐷+2, 𝑚
2(𝛼+1)
𝑑 + 𝑐0−𝑑

2 +1), if 𝑡 > 1
2𝑚

− 2−𝛿
𝑑

and since the remaining networks are once again negligible to this, we have also

𝜑𝑠0 ∈

{
Φ̃((log𝑚)2(log log𝑚)2, 𝑚(log𝑚)𝐷+1, 𝑚(log𝑚)𝐷+2, 𝑚

2(𝛼+1)
𝑑 + 𝑐0−𝑑

2 +1 ∨ 𝑚𝜈), if 𝑡 ≤ 1
2𝑚

− 2−𝛿
𝑑

Φ̃((log𝑚)2(log log𝑚)2, 𝑚′(log𝑚)𝐷+1, 𝑚′(log𝑚)𝐷+2, 𝑚
2(𝛼+1)
𝑑 + 𝑐0−𝑑

2 +1), if 𝑡 > 1
2𝑚

− 2−𝛿
𝑑
,

as desired.

C.C Basic neural network approximation results

Lemma C.64 ([58] Lemma 3.10): For 𝑚 ∈ ℕ and 𝐶 ≥ 1, there exist neural networks
𝜑mult
𝑚 ∈ Φ̃(𝑚, 1, 𝑚, 𝐶) and 𝜑mult,𝑑

𝑚 ∈ Φ̃(𝑚, 𝑑, 𝑑𝑚, 𝐶) satisfying

|𝜑mult
𝑚 (𝑥, 𝑦) − 𝑥𝑦| ≤ 𝐶2−𝑚, 𝑥 ∈ [0, 1], 𝑦 ∈ [−𝐶, 𝐶],

and
|𝜑mult,𝑑
𝑚 (𝑥, 𝑦) − 𝑥𝑦| ≤

√
𝑑𝐶2−𝑚, 𝑥 ∈ [0, 1], 𝑦 ∈ [−𝐶, 𝐶]𝑑 .

These also satisfy 𝜑mult
𝑚 (𝑥, 0) = 𝜑mult

𝑚 (0, 𝑦) = 0.
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Lemma C.65 ([58] Lemma 3.11): For 𝑚, 𝑘, 𝑘 ∈ ℕ, there exists a neural network

𝜑rec𝑚 ∈ Φ̃((𝑘 + 𝑚) log(𝑘 + 𝑚), 𝑘, (𝑘 + 𝑚) log(𝑘 + 𝑚), 2𝑘),

where 𝑘 = 𝑘 + 𝑘, satisfying

|𝜑rec𝑚 (𝑥) − 𝑥−1| ≤ 2−𝑚, 𝑥 ∈ [2−𝑘 , 2𝑘].

Lemma C.66: For 𝑚 ∈ ℕ there exists a neural network

𝜑exp𝑚 ∈ Φ̃(𝑚2 log2𝑚,𝑚 log𝑚,𝑚3 log3𝑚, 1)

satisfying
|𝜑exp𝑚 (𝑥) − e−𝑥 | ≤ 2−𝑚, 𝑥 ≥ 0.

Proof. First note that for 𝑥 ≥ 𝑚 log 2 ∶= 𝐾 , we have e−𝑥 ≤ 2−𝑚, and so we need find an ap-
proximation 𝜑exp𝑚 satisfying |𝜑exp𝑚 (𝑥) − e−𝑥 | ≤ 2−𝑚 for 𝑥 ∈ [0, 𝐾] with |𝜑exp𝑚 (𝑥)| ≤ 2−𝑚 for 𝑥 ≥ 𝐾 .
To this end, note then that e−𝑥 = (e−

𝑥
⌈𝐾⌉ )

⌈𝐾⌉, whereby we need only approximate e−𝑥 and 𝑥𝑛 for
𝑥 ∈ [0, 1] and 𝑛 ∈ ℕ. To this end, let 𝜑mult

𝑘1 be as in Lemma C.64 with 𝐶 = 1 for some 𝑘1 ∈ ℕ to be
determined later and set 𝜑pow,𝑛𝑘1 (𝑥) = 𝜑mult

𝑘1 (𝑥, 𝜑𝑘1)pow,𝑛−1 for 𝑛 ≥ 3 with 𝜑pow,2𝑘1 (𝑥) = 𝜑mult
𝑘1 (𝑥, 𝑥).

Then, 𝜑pow,𝑛𝑘1 ∈ Φ̃(𝑛𝑘1, 1, 𝑛𝑘1, 1), and we have

|𝜑pow,𝑛𝑘1 (𝑥) − 𝑥𝑛| ≤ |𝜑pow,𝑛𝑘1 (𝑥) − 𝑥𝜑pow,𝑛−1𝑘1 (𝑥)| + 𝑥|𝜑pow,𝑛−1𝑘1 (𝑥) − 𝑥𝑛−1| ≤ 2−𝑘1 + |𝜑pow,𝑛−1𝑘1 (𝑥) − 𝑥𝑛−1|,

from which it follows by elementary induction that |𝜑pow,𝑛𝑘1 (𝑥) − 𝑥𝑛| ≲ 𝑛2−𝑘1 . Next, for some
𝑘2 ∈ ℕ, also to be determined later, let

𝜑exp𝑘1 ,𝑘2(𝑥) = 1 − 𝑥 +
𝑘2
∑
𝑘=2

(−1)𝑘𝜑pow,𝑘𝑘1 (𝑥)
𝑘!

,

such that 𝜑exp𝑘1 ,𝑘2 ∈ Φ̃(𝑘1𝑘2, 𝑘2, 𝑘1𝑘22 , 1) and

|𝜑exp𝑘1 ,𝑘2(𝑥) − e−𝑥 | ≤ |||e
−𝑥 −

𝑘2
∑
𝑘=0

(−𝑥)𝑘

𝑘!
||| +

𝑘2
∑
𝑘=2

|𝜑pow,𝑘𝑘1 (𝑥) − 𝑥𝑘 |
𝑘!

≲
1
𝑘2!

+ 2−𝑘1
𝑘2
∑
𝑘=2

𝑘 − 1
𝑘!

≤
1
𝑘2!

+ 2−𝑘1

for all 𝑥 ∈ [0, 1]. Setting 𝜑exp𝑚 (𝑥) = 𝜑pow,⌈𝐾⌉𝑘 ◦ 𝜑exp𝑘,𝑘 (
𝑥
⌈𝐾⌉) with 𝑘 ≥ 𝑚 log𝑚 ∨ 4 (ensuring 1

𝑘! ≤ 2−𝑘)
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for 𝑥 ∈ [0, 𝐾], we then see that 𝜑exp𝑚 ∈ Φ̃(𝑚2 log2𝑚,𝑚 log𝑚,𝑚3 log3𝑚, 1)

||𝜑
exp
𝑚 (𝑥) − e−𝑥 || ≤

|||𝜑
exp
𝑚 (𝑥) − 𝜑exp𝑘,𝑘 (

𝑥
⌈𝐾⌉)

⌈𝐾⌉||| +
|||𝜑

exp
𝑘,𝑘 (

𝑥
⌈𝐾⌉)

⌈𝐾⌉
− (e

− 𝑥
⌈𝐾⌉)

⌈𝐾⌉|||

≲ ⌈𝐾⌉(2
−𝑘 + |||𝜑

exp
𝑘,𝑘 (

𝑥
⌈𝐾⌉)

− e−
𝑥
⌈𝐾⌉
|||)

≲ 𝑚2−𝑘

≤ 2−𝑚.

Finally, the function

𝑝(𝑥) =

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

1, if 𝑥 ≤ 𝐾 − 1
𝐾 − 𝑥, if 𝐾 − 1 ≤ 𝑥 ≤ 𝐾
0, if 𝑥 ≥ 𝐾

is exactly representable as a neural network, and setting 𝜑exp𝑚 (𝑥) = 𝜑mult
𝑚 (𝑝(𝑥), 𝜑exp𝑚 (𝑥)) ensures

that |𝜑exp𝑚 (𝑥)| ≤ 2−𝑚 for 𝑥 ≥ 𝐾 without altering the asymptotic size of the network.

LemmaC.67: For𝑚 ∈ ℕ and𝐾 ∈ ℕ0 there exists a neural network𝜑norm𝑚 ∈ Φ̃(𝑚, 𝐷, 𝐷𝑚, 𝐾)
satisfying

||𝜑
norm
𝑚 (𝑥) − |𝑥|2|| ≤ 𝐷𝐾

22−𝑚, ‖𝑥‖∞ ≤ 𝐾.

Proof. A small modification of Lemma C.64 yields a network 𝜑mult
𝑚 ∈ 𝜑(𝑚, 1, 𝑚, 𝐾) with

|𝜑mult
𝑚 (𝑥, 𝑦) − 𝑥𝑦| ≤ 𝐾 22−𝑚, 𝑥, 𝑦 ∈ [−𝐾, 𝐾].

Setting 𝜑norm𝑚 (𝑥) = ∑𝐷
𝑖=1 𝜑mult

𝑚 (𝑥𝑖, 𝑥𝑖), we have that 𝜑norm𝑚 ∈ Φ̃(𝑚, 𝐷, 𝐷𝑚, 𝐾), and for all 𝑥 ∈
[−𝐾, 𝐾]𝐷, we have

||𝜑
norm
𝑚 (𝑥) − |𝑥|2|| ≤

𝐷

∑
𝑖=1

|𝜑mult
𝑚 (𝑥𝑖, 𝑥𝑖) − 𝑥2𝑖 | ≤ 𝐷𝐾

22−𝑚.

Lemma C.68: For every compact set 𝐾 ⊆ ℝ𝑑 with diameter 𝑅 > 0 and every 𝜀 > 0,
there exists a neural network 𝜑1𝐾 ∈ Φ̃( log 𝑅

𝜀 , (
𝑅
𝜀 )
𝑑 , (𝑅𝜀 )

𝑑 , 1𝜀 ) satisfying 𝜑1𝐾 (𝑥) ∈ [0, 1] for
all 𝑥 ∈ ℝ𝑑 , 𝜑1𝐾 (𝐾) = 1 and 𝜑1𝐾 (𝐾 c

𝜀 ) = 0, where 𝐾𝜀 is the 𝜀-fattening of 𝐾 .
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Proof. First, for 𝑟 > 0, let 𝐾∞
𝑟 = {𝑥 ∈ ℝ𝑑 ∶ ∃𝑦 ∈ 𝐾 s.t. ‖𝑥 − 𝑦‖∞ < 𝑟} denote the 𝑟-fattening

of 𝐾 with respect to ‖⋅‖∞. Since |𝑥| ≤
√
𝑑‖𝑥‖∞, we then have that 𝐾 c

𝜀 ⊆ (𝐾∞
𝜀′ )

c, where 𝜀′ = 𝜀√
𝑑 ,

and so we need only find a neural network 𝜑1𝐾 satisfying 𝜑1𝐾 (𝑥) ∈ [0, 1] with 𝜑1𝐾 (𝐾) = 1 and
𝜑1𝐾 ((𝐾∞

𝜀′ )
c) = 0. The reason for working with ‖⋅‖∞ rather than | ⋅ | is that while |𝑥| needs to be

approximated by neural networks, ‖𝑥‖∞ is itself exactly representable as a neural network, as
𝑎∨𝑏 = 𝑎+𝜎(𝑏 −𝑎) and ‖𝑥‖∞ = (−𝑥1 ∨ 𝑥1) ∨ (−𝑥2 ∨ 𝑥2) ∨…∨ (−𝑥𝑑 ∨ 𝑥𝑑). Now, let 𝑦1, 𝑦2, … , 𝑦𝑁 be
a minimal 𝜀′4 -covering of 𝐾 with respect to ‖⋅‖∞, and set 𝜑dist(𝑥) = min𝑖∈[𝑁 ]‖𝑥 − 𝑦𝑖‖∞. Since also
𝑎 ∧ 𝑏 = 𝑏 − 𝜎(𝑏 − 𝑎), 𝜑dist is also representable as a neural network. In particular, by using a
divide and conquer strategy, we have that 𝜑dist ∈ Φ̃(log𝑁 , 𝑁 , 𝑁 , 1), and we see that 𝜑dist satisfies
𝜑dist(𝑥) > 3𝜀′

4 for 𝑥 ∉ 𝐾∞
𝜀′ , while 𝜑dist(𝑥) <

𝜀′
4 for 𝑥 ∈ 𝐾 . Lastly, set

𝜑1𝐾 (𝑥) = (1 ∧ (
3
2
−
2𝜑dist(𝑥)
𝜀′ )) ∨ 0,

and we see that 𝜑1𝐾 satisfies our criteria and that 𝜑1𝐾 ∈ Φ̃(log𝑁 , 𝑁 , 𝑁 , 1
𝜀′ ). Finally, noting that

since 𝐾 is of diameter 𝑅 and hence contained in [0, 𝑅]𝑑 + 𝑦0 for some 𝑦0 ∈ ℝ𝑑 , its covering
number is less than that of [0, 𝑅]𝐷, i.e.

𝑁 = 𝑁(𝐾, ‖⋅‖∞,
𝜀′

4 )
≤ 𝑁([0, 𝑅]

𝑑 , ‖⋅‖∞,
𝜀′

4 )
≤ ⌈

4
√
𝑑𝑅
𝜀 ⌉

𝑑
≲ (

𝑅
𝜀 )

𝑑
,

whence 𝜑1𝐾 ∈ Φ̃( log 𝑅
𝜀 , (

𝑅
𝜀 )
𝑑 , (𝑅𝜀 )

𝑑 , 1𝜀 ) as desired.

Lemma C.69 (Proposition 1 in [114]): Let 𝑆 be a Lipschitz domain with 𝑆 ⊆ [−𝐾, 𝐾]𝑑
for some 𝐾 ≥ 1 and let 𝑔 ∶ 𝑆 → ℝ have Sobolev smoothness 𝛾 for some 𝛾 > 𝑑

2 ,
i.e. ‖𝑔‖𝐻 𝛾 < ∞. Then, for large enough 𝑚 ∈ ℕ, there exists a neural network 𝜑𝑔 ∈
Φ̃(𝛾 2 log𝑚, 𝛾 2𝑚, 𝛾 4𝑚 log𝑚,𝑚𝜈 ) where 𝜈 = 𝑑

𝛾− 𝑑
2
+ 1

𝑑 , satisfying

|𝑔(𝑢) − 𝜑𝑔(𝑢)| ≲ 𝐾 𝛾−
𝑑
2 ‖𝑔‖𝐻 𝛾𝑚− 𝛾

𝑑 , 𝑢 ∈ [−𝐾, 𝐾]𝑑

Proof. First, since 𝑆 is Lipschitz, we may extend 𝑔 to a function 𝑔 ∶ [−𝐾, 𝐾]𝑑 → ℝ, also with
Sobolev smoothness 𝛾 . To avoid the cumbersome notation, we simply assume without loss
of generality that 𝑆 = [−𝐾, 𝐾]𝑑 . Then, let 𝜂𝐾 (𝑢) = 𝐾𝑢 and set 𝑔 = 𝑔◦𝜂𝐾

‖𝑔◦𝜂𝐾 ‖𝐵𝛾2,2
, where ‖⋅‖𝐵𝛾2,2

denotes the norm associated with the Besov space 𝐵𝛾2,2. Since 𝐻 𝛾 ≅ 𝐵𝛾2,2, we have 𝑔 ∈ 𝐵𝛾2,2
and ‖𝑔‖𝐵𝛾2,2 = 1, whence it follows by [114, Proposition 1] that there exists a neural network
𝜑𝑔 ∈ Φ̃(𝛾 2 log𝑚, 𝛾 2𝑚, 𝛾 4𝑚 log𝑚,𝑚𝜈 ) with

|𝜑𝑔(𝑢) − 𝑔(𝑢)| ≲ 𝑚− 𝛾
𝑑 , 𝑢 ∈ [−1, 1]𝑑 .
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Now, letting 𝜑𝑔(𝑢) = ‖𝑔 ◦ 𝜂𝐾 ‖𝐵𝛾2,2𝜑𝑔(
𝑢
𝐾 ), it follows that for any 𝑢 ∈ [−𝐾, 𝐾]𝑑 , we have

|𝜑𝑔(𝑢) − 𝑔(𝑢)| = ‖𝑔 ◦ 𝜂𝐾 ‖𝐵𝛾2,2
|||𝜑𝑔(

𝑢
𝐾 ) − 𝑔(

𝑢
𝐾 )

||| ≲ ‖𝑔 ◦ 𝜂𝐾 ‖𝐵𝛾2,2𝑚
− 𝛾
𝑑 .

To bound ‖𝑔 ◦ 𝜂𝐾 ‖𝐵𝛾2,2 , we first note that ‖𝑔 ◦ 𝜂𝐾 ‖𝐵𝛾2,2 ≍ ‖𝑔 ◦ 𝜂𝐾 ‖𝐻 𝛾 , and that for 𝛽 ∈ ℕ𝑑
0 we have

𝜕𝛽(𝑔 ◦ 𝜂𝐾 ) = 𝐾 |𝛽|(𝜕𝛽𝑔) ◦ 𝜂𝐾 , while

‖(𝜕𝛽𝑔) ◦ 𝜂𝐾 ‖2𝐿2 = ∫
ℝ𝑑

|𝜕𝛽𝑔(𝐾𝑢)|2 d𝑢 = 𝐾−𝑑
∫
ℝ𝑑

|𝜕𝛽𝑔(𝑣)|2 d𝑣 = 𝐾−𝑑‖𝜕𝛽𝑔‖2𝐿2 .

Combining these, we have

‖𝑔 ◦ 𝜂𝐾 ‖𝐻 𝛾 =
√

∑
|𝛽|≤𝛾

‖𝜕𝛽(𝑔 ◦ 𝜂𝐾 )‖2𝐿2 =
√

∑
|𝛽|≤𝛾

𝐾 2|𝛽|−𝑑‖𝜕𝛽𝑔‖2𝐿2 ≤ 𝐾
𝛾− 𝑑

2 ‖𝑔‖𝐻 𝛾 ,

as desired.

Lemma C.70: Let 𝑔 ∶ 𝐸 → ℝ𝑘 be a function on some subset 𝐸 ⊂ ℝ𝑊0 such that |𝑔(𝑠)| ≤ 𝐶
for all 𝑠 ∈ 𝐸 and some constant 𝐶 > 0. Then, for all 𝜑 ∈ Φ̃(𝐿,𝑊 , 𝑆, 𝐵), where 𝑊𝐿+1 = 𝑘,
there exists a neural network 𝜑 ∈ Φ̃(𝐿,𝑊 , 𝑆, 𝐶 ∨ 𝐵) satisfying

|𝑔(𝑠) − 𝜑(𝑠)| ≤ |𝑔(𝑠) − 𝜑(𝑠)|,

and |𝜑(𝑠)| ≤
√
𝑘𝐶 for all 𝑠 ∈ 𝐸.

Proof. First, note that for all 𝑠 ∈ 𝐸 we have ‖𝑔(𝑠)‖∞ ≤ |𝑔(𝑠)| ≤ 𝐶, so setting

𝜑(𝑠) =
⎡
⎢
⎢
⎣

𝜑1(𝑠)
⋮

𝜑𝑘(𝑠)

⎤
⎥
⎥
⎦
=
⎡
⎢
⎢
⎣

𝜑1(𝑠) ∧ 𝐶 ∨ (−𝐶)
⋮

𝜑𝑘(𝑠) ∧ 𝐶 ∨ (−𝐶)

⎤
⎥
⎥
⎦
,

we have immediately that |𝜑𝑖(𝑠) − 𝑔𝑖(𝑠)| ≤ |𝜑𝑖(𝑠) − 𝑔𝑖(𝑠)| and hence |𝜑(𝑠) − 𝑔(𝑠)| ≤ |𝜑(𝑠) − 𝑔(𝑠)|,
while |𝜑(𝑠)| ≤

√
𝑘‖𝜑(𝑠)‖∞ ≤ 𝑘𝐶 for all 𝑠 ∈ 𝐸. Finally, noting that

𝜑𝑖(𝑠) ∧ 𝐶 ∨ (−𝐶) = 𝜑𝑖(𝑠) − 𝜎(𝜑𝑖(𝑠) − 𝐶) + 𝜎(𝜎(𝜑𝑖(𝑠) − 𝐶) − 𝜑𝑖(𝑠) − 𝐶),

it follows that 𝜑 ∈ Φ̃(𝐿,𝑊 , 𝑆, 𝐶 ∨ 𝐵).
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C.D Auxiliary technical results

Lemma C.71: Let (W𝑡)𝑡≥0 be a 𝑘-dimensional Brownian motion for some 𝑘 ∈ ℕ, and let
𝜌 > 1. Then, the following bounds hold:

(a) ℙ(|W𝑡 | >
√
𝑡(𝑘 + 2𝜌)) ≲ 𝜌

𝑘
2 e−𝜌;

(b) 𝔼[|W𝑡 |1{|W𝑡 |>
√
𝑡(𝑘+2𝜌)}] ≲

√
𝑡 𝜌 𝑘+1

2 e−𝜌 .

Proof. Let Z𝑘 ∼  (0, 𝐼𝑘). For any 𝜆 ∈ (0, 12 ), Markov’s inequality yields

ℙ(|Z𝑘 | >
√
𝑘 + 2𝜌) = ℙ(e

𝜆|Z𝑘 |2 > e𝜆(𝑘+2𝜌)) ≤ 𝔼[e𝜆|Z𝑘 |
2

]e−𝜆(𝑘+2𝜌) = 𝑀𝜒 2
𝑘
(𝜆) e−𝜆(𝑘+2𝜌),

where 𝑀𝜒 2
𝑘
(𝜆) = (1 − 2𝜆)−𝑘/2 denotes the moment generating function of the 𝜒 2

𝑘 distribution.
Define 𝜓(𝜆) ∶= (1 − 2𝜆)− 𝑘

2 e−𝜆(𝑘+2𝜌). A direct computation shows that

𝜓′(𝜆) = 2(𝜆(𝑘 + 2𝜌) − 𝜌)(1 − 2𝜆)−
𝑘
2 −1e−𝜆(𝑘+2𝜌),

which is negative for 𝜆 < 𝜌
𝑘+2𝜌 and positive for 𝜆 > 𝜌

𝑘+2𝜌 . Hence, 𝜓 attains its minimum at
𝜆 = 𝜌

𝑘+2𝜌 , and we obtain

ℙ(|Z𝑘 | >
√
𝑘 + 2𝜌) ≤ 𝜓(

𝜌
𝑘 + 2𝜌)

= (1 −
2𝜌

𝑘 + 2𝜌)
− 𝑘

2
e−𝜌 = (1 +

2𝜌
𝑘 )

𝑘
2
e−𝜌 ≲ 𝜌

𝑘
2 e−𝜌 .

Since W𝑡
𝑑=
√
𝑡 Z𝑘 , this proves (a). We next consider the truncated first moment. Using polar

coordinates, we compute

𝔼[|Z𝑘 |1{|Z𝑘 |>
√
𝑘+2𝜌}] = (2𝜋)−

𝑘
2 ∫

{|𝑥|>
√
𝑘+2𝜌}

|𝑥|e−
|𝑥|2
2 d𝑥 =

2− 𝑘
2 +1

Γ( 𝑘2 )
∫

∞

√
𝑘+2𝜌

𝑟𝑘e−
𝑟2
2 d𝑟

=
√
2

Γ( 𝑘2 )
∫

∞

𝑘+2𝜌
2

𝑢
𝑘+1
2 −1e−𝑢 d𝑢 =

√
2
Γ( 𝑘+12 ,

𝑘+2𝜌
2 )

Γ( 𝑘2 )
,

where Γ(𝑠, 𝑥) denotes the Gamma function. Moreover,

ℙ(|Z𝑘 | >
√
𝑘 + 2𝜌) =

Γ( 𝑘2 ,
𝑘+2𝜌
2 )

Γ( 𝑘2 )
.

Combining this with part (a), we find

𝔼[|Z𝑘 |1{|Z𝑘 |>
√
𝑘+2𝜌}] ≲

Γ( 𝑘+12 ,
𝑘+2𝜌
2 )

Γ( 𝑘2 ,
𝑘+2𝜌
2 )

𝜌
𝑘
2 e−𝜌 .
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Using the asymptotic relation Γ(𝑠, 𝑥) ∼ 𝑥𝑠−1e−𝑥 as 𝑥 → ∞, we obtain

Γ(𝑠 + 1
2 , 𝑥)

Γ(𝑠, 𝑥)
𝑥−

1
2 =

Γ(𝑠 + 1
2 , 𝑥)𝑥

1−𝑠− 1
2 e𝑥

Γ(𝑠, 𝑥)𝑥1−𝑠e𝑥
→ 1 as 𝑥 → ∞,

and hence

𝔼[|Z𝑘 |1{|Z𝑘 |>
√
𝑘+2𝜌}] ≲

Γ( 𝑘+12 ,
𝑘+2𝜌
2 )

Γ( 𝑘2 ,
𝑘+2𝜌
2 )

𝜌
𝑘
2 e−𝜌 ≍

√
𝑘 + 2𝜌

2
𝜌
𝑘
2 e−𝜌 ≲ 𝜌

𝑘+1
2 e−𝜌 .

Finally, since |W𝑡 |
𝑑=
√
𝑡 |Z𝑘 |, the last display already yields (b).

Lemma C.72: Let 𝑘 ∈ ℕ be given and set 𝑡𝑗 = cos( 𝑗𝜋𝑘 ) for 𝑗 = 0, … , 𝑘 and let 𝑝𝑖(𝑡) =
∏𝑗≠𝑖(𝑡 − 𝑡𝑗 ) for 𝑖 = 0, … , 𝑘. Then, | 𝑝𝑖(𝑡)𝑝𝑖(𝑡𝑖)

| ≤ 2 for all 𝑖 and 𝑡 ∈ (−1, 1).

Proof. Let 𝑝(𝑡) = ∏𝑘
𝑗=0(𝑡 − 𝑡𝑗 ) and 𝑝(𝑡) = ∏𝑘−1

𝑗=1 (𝑡 − 𝑡𝑗 ). By comparing roots, we see that 𝑝
is simply a re-scaling of the 𝑘 − 1’st Chebyshev polynomial of the second kind 𝑈𝑘−1 given by
𝑈𝑘−1(cos 𝜃) sin 𝜃 = sin 𝑘𝜃. In particular, since by L’Hôpital we have

𝑈𝑘−1(1) = lim
𝜃→0

𝑈𝑘−1(cos 𝜃) = lim
𝜃→0

sin 𝑘𝜃
sin 𝜃

= lim
𝜃→0

𝑘 cos 𝑘𝜃
cos 𝜃

= 𝑘,

and by [122] that 𝑝(1) = 𝑝0(𝑡0)
2 = 𝑘

2𝑘−1 , we have 𝑝(𝑡) =
𝑈𝑘−1(𝑡)
2𝑘−1 . In particular,

𝑝(cos 𝜃) = (cos 𝜃 − 1)(cos 𝜃 + 1)𝑝(cos 𝜃) = − sin2(𝜃)
𝑈𝑘−1(cos 𝜃)

2𝑘−1
=

− sin 𝜃 sin 𝑘𝜃
2𝑘−1

,

and so for 𝜃 ≠ 𝑖𝜋
𝑘 ,

𝑝𝑖(cos 𝜃) = −
sin 𝜃 sin 𝑘𝜃

2𝑘−1(cos 𝜃 − cos 𝑖𝜋𝑘 )
,

while [122] again yields that

𝑝𝑖(𝑡𝑖) =

{
(−1)𝑖 𝑘

2𝑘−1 , if 𝑖 ∉ {0, 𝑘}
(−1)𝑖 𝑘

2𝑘−2 , if 𝑖 ∈ {0, 𝑘}.

Thus, for 𝜃 ≠ 𝑖𝜋
𝑘 ,

|||
𝑝𝑖(cos 𝜃)
𝑝𝑖(𝑡𝑖)

||| ≤
| sin 𝜃 sin 𝑘𝜃|

𝑘| cos 𝜃 − cos 𝑖𝜋𝑘 |
.
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From the above it follows that | 𝑝𝑖(cos 𝜃)𝑝𝑖(𝑡𝑖)
| = | 𝑝𝑘−𝑖(cos(𝜋−𝜃))𝑝𝑘−𝑖(𝑡𝑘−𝑖)

|, and so we may assume going forward
that 𝜃 < 𝑖𝜋

𝑘 . Next, since | cos 𝜃 − cos 𝑖𝜋𝑘 | = 2| sin( 𝜃2 +
𝑖𝜋
2𝑘 ) sin(

𝜃
2 −

𝑖𝜋
2𝑘 )|, it follows that

|||
𝑝𝑖(𝑡)
𝑝𝑖(𝑡𝑖)

||| ≤
1
2𝑘

sup
𝜃∈(0, 𝑖𝜋𝑘 )

|||
sin 𝜃

sin( 𝜃2 +
𝑖𝜋
2𝑘 )

||| sup
𝜃∈(0, 𝑖𝜋𝑘 )

|||
sin 𝑘𝜃

sin( 𝜃2 −
𝑖𝜋
2𝑘 )

|||.

Now, let 𝑔(𝑎, 𝜃) = sin 𝜃
sin 𝜃+𝑎

2
and note that 𝑔(𝑎, 𝜃) ≥ 0 for 𝜃 ≤ 𝑎 ≤ 𝜋, and we have

sup
𝜃∈(0, 𝑖𝜋𝑘 )

|||
sin 𝜃

sin( 𝜃2 +
𝑖𝜋
2𝑘 )

||| = sup
𝜃∈(0, 𝑖𝜋𝑘 )

𝑔(
𝑖𝜋
𝑘
, 𝜃) ≤ sup

𝑎∈(0,𝜋)
sup
𝜃∈(0,𝑎)

𝑔(𝑎, 𝜃) = sup
𝜃∈(0,𝜋)

sup
𝑎∈(𝜋−𝜃,𝜋)

𝑔(𝑎, 𝜃).

Since for fixed 𝜃 ∈ (0, 𝜋) and 𝑎 ∈ (𝜋 − 𝜃, 𝜋) we have

d
d𝑎
𝑔(𝑎, 𝜃) = −

1
2
𝑔(𝑎, 𝜃) cot

𝜃 + 𝑎
2

≥ 0,

it follows that sup𝑎∈(𝜋−𝜃,𝜋) 𝑔(𝑎, 𝜃) = 𝑔(𝜋, 𝜃). Therefore, since 𝑔(𝜋, 𝜃) = 2 sin 𝜃
2 , we have

sup
𝜃∈(0, 𝑖𝜋𝑘 )

|||
sin 𝜃

sin( 𝜃2 +
𝑖𝜋
2𝑘 )

||| ≤ 2.

Next, we have that

sup
𝜃∈(0, 𝑖𝜋𝑘 )

|||
sin 𝑘𝜃

sin( 𝜃2 −
𝑖𝜋
2𝑘 )

||| ≤ sup
𝜃∈(0,𝜋)

|||
sin 𝑘𝜃

sin( 𝜃2 −
𝑖𝜋
2𝑘 )

||| = sup
𝜃∈(0,𝜋)

|||
sin(𝑘(𝜃 − 𝑖𝜋

𝑘 ))
sin( 𝜃2 −

𝑖𝜋
2𝑘 )

||| = sup
𝜃∈(0,𝜋)

|||
sin 𝑘𝜃
sin 𝜃

2

||| = 2𝑘.

Plugging both of these into the estimate above, we find that | 𝑝𝑖(𝑡)𝑝𝑖(𝑡𝑖)
| ≤ 2 as desired.
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