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Abstract

The construction of a metric completion of a triangulated category is a novel method to
build new triangulated categories. Its key idea is to transfer the originally topological
notion of convergence to algebra. Employing the structure of a metric on a triangulated
category, we are allowed to measure lengths of morphisms and determine which sequences
of objects and morphisms are convergent. The metric completion then emerges out of
the limit points of convergent sequences.

In this thesis, we study metrics and metric completions of triangulated categories aris-
ing in derived representation theory with a particular focus on finite dimensional algebras.
The thesis has three main chapters.

In Paper A, we define a preimage metric on a triangulated category under a triangu-
lated functor, show when it induces an equivalence between the completions of two tri-
angulated categories, and demonstrate applications for triangulated categories with Serre
functors. Furthermore, we classify all possible metric completions of bounded derived cat-
egories Db(mod -A) of hereditary finite dimensional algebras of finite representation type
as precisely the thick subcategories of Db(mod -A).

Paper B provides a classification result on metric completions of bounded derived
categories Db(mod -A) of well-behaved hereditary rings such as hereditary commutative
noetherian rings and hereditary finite dimensional algebras of tame representation type.
There are precisely two types of triangulated categories arising as completions of such
derived categories - thick subcategories of Db(mod -A) and bounded derived categories
Db(mod -B) of a universal localisation B of A. The lattice theory of metrics on a triangu-
lated category, also developed in Paper B, turns out to be a particularly contributive tool
to study metrics on derived categories of hereditary rings.

The final chapter, Project C, reports on an ongoing project generalising the methods
and results of Paper B to a broader setting. Firstly, we show that the completion of
the category of compact elements of a compactly generated triangulated category with
respect to a countably generated constant additive good metric is equivalent to Verdier’s
quotient of the category with respect to a corresponding thick subcategory. We then
use this fact to prove an analogous result as in Paper B for bounded derived categories
Db(coh -X) of coherent sheaves on a weighted projective line X of domestic or tubular
type - the completions here are again either thick subcategories, or localisations.
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Resumé

Konstruktionen af en metrisk fuldstændiggørelse af en trianguleret kategori er en ny
metode til at bygge nye triangulerede kategorier. Dens hovedidé er at overføre det oprinde-
ligt topologiske koncept om konvergens til algebra. Ved at anvende strukturen af en metrik
på en trianguleret kategori, får vi lov til at måle længderne af morfier og bestemme, hvilke
følger af objekter og morfier der er konvergente. Den metriske fuldstændiggørelse opstår
derefter ud af grænsepunkterne for konvergente følger.

I denne afhandling studerer vi metrikker og metriske fuldstændiggørelser af trian-
gulerede kategorier, der opstår i deriveret repræsentationsteori med et særligt fokus på
endeligt-dimensionelle algebraer. Afhandlingen har tre hovedkapitler.

I Paper A definerer vi en urbillede-metrik på en trianguleret kategori under en trian-
guleret funktor, viser hvornår den inducerer en ækvivalens mellem fuldstændiggørelserne
af to triangulerede kategorier og demonstrerer anvendelser på triangulerede kategorier med
Serre-funktorer. Derudover klassificerer vi alle mulige metriske fuldstændiggørelser af be-
grænsede deriverede kategorier Db(mod -A) af arvelige endeligt-dimensionelle algebraer af
endelig repræsentationstype som præcist de tykke delkategorier af Db(mod -A).

Paper B giver et klassifikationsresultat af metriske fuldstændiggørelser af begrænsede
deriverede kategorier Db(mod -A) af tilstrækkeligt pæne arvelige ringe såsom arvelige kom-
mutative noetherske ringe og arvelige endeligt-dimensionelle algebraer af tam repræsenta-
tionstype. Der er præcist to typer triangulerede kategorier, der opstår som fuldstændig-
gørelser af sådanne deriverede kategorier - tykke delkategorier af Db(mod -A) og be-
grænsede deriverede kategorier Db(mod -B) af en universel lokalisering B af A. Git-
terteorien for metrikker på en trianguleret kategori, også udviklet i Paper B, viser sig at
være et særligt nyttigt værktøj til at studere metrikker på deriverede kategorier af arvelige
ringe.

Det sidste kapitel, Project C, rapporterer om et igangværende projekt, der generali-
serer metoderne og resultaterne fra Paper B til en bredere kontekst. For det første viser
vi, at fuldstændiggørelsen af kategorien af kompakte objekter i en kompakt genereret tri-
anguleret kategori med hensyn til en tælleligt genereret konstant additiv god metrik er
ækvivalent med Verdiers kvotient af kategorien med hensyn til en tilsvarende tyk delkate-
gori. Vi bruger derefter denne kendsgerning til at bevise et analogt resultat som i Paper B
for begrænsede deriverede kategorier Db(coh -X) af kohærente knipper på en vægtet pro-
jektiv linje X af domesticeret eller tubulær type - fuldstændiggørelserne her er igen enten
tykke delkategorier eller lokaliseringer.
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Preface

This thesis is submitted to conclude my Ph.D. studies at Aarhus University. It consists of
four parts - the Introduction and three main chapters:

• Paper A is a preprint titled “Metric completions of triangulated categories from finite
dimensional algebras” available online at https://arxiv.org/abs/2409.01828v3. It has
been accepted for publication in Applied Categorical Structures.

• Paper B is a preprint titled “Metric completions of triangulated categories from hered-
itary rings” available online at https://arxiv.org/abs/2508.20283v2. It is submitted
for publication to a journal and currently undergo review process.

• Project C is a report “Metric completions from weighted projective lines” on current
results of an ongoing research project.

Paper A and Paper B are single-author, stand-alone research papers. As chapters of
this thesis, they are self-contained and have their own introductions and preliminaries
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numbering of sections. All four chapters have their own bibliography sections.
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Introduction

This introductory chapter provides an overview of the mathematical content of the thesis.
Section 2 is an exposition of the key notions from homological algebra and represen-
tation theory studied in this thesis, including the pivotal topic - metric completions of
triangulated categories. In Section 3, we illustrate the relevance of the theory of metric
completions in contemporary research. The author’s contribution to the theory of metric
completions presented in this thesis is summarised in Section 4.

1 Notation and conventions

In this short section, we declare what mathematical and notational conventions we use
in the rest of the Introduction and Project C. As Paper A and Paper B are stand-alone
articles, their own conventions take precedence.

Unless explicitly stated otherwise, by a category, we mean a category A which is locally
small; that is HomA(X,Y ) forms a set. We shall write A ∈ A to express that A is an object
of A, and B ⊆ A expresses that B is a subcategory of A. All subcategories are considered
to be full.

An adjoint pair of functors is depicted as F : A ⇄ B : G, meaning that F is a left
adjoint to G.

Any functor F : A → B between additive categories is automatically assumed to be
additive.

Let A be an additive category and A ∈ A. We denote the two orthogonal categories
to A as A⊥ :=

{
B ∈ A : HomA(A,B) ≃ 0

}
and ⊥A :=

{
B ∈ A : HomA(B,A) ≃ 0

}
.

An analogous notation B⊥ and ⊥B is employed when B ⊆ A. The subcategory add(A) ⊆ A
consists, by definition, of finite coproducts of direct summand of A ∈ A.

For an additive category, the category Mod -A of modules over A consists of contravari-
ant functors Aop → Ab from A to Ab. The category A embeds into Mod -A via Yoneda’s
embeddingょ : A → Mod -A, A 7→ HomA(−, A).

Even though, in general, the module category Mod -A does not have to be locally
small, the relevant subcategories of module categories studied in this thesis

(
such as L(A)

or S(A) from Definition 2.63
)

consist of countably presented functors only and thus are
locally small. For this reason, we will not be further addressing the set-theoretical issues
related to Mod -A.

If R is a ring, then Mod -R is the category of right R-modules, and mod -R is the cate-
gory of finitely presented right modules. By default, modules over a ring will be considered
to be right modules, unless stated otherwise.
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2 Introduction

2 Fundamental notions

This section contains mathematical preliminaries for the whole thesis. In Subsection 2.1,
we review the basic theory of triangulated categories. The most important example of
a triangulated category for the purposes of this thesis are derived categories, discussed
in Subsection 2.2. The specifics of working with finite dimensional algebras and K-linear
categories over a field K are commented in Subsection 2.3 and Subsection 2.4. We finish by
describing what metrics on triangulated categories are and how to use them to construct
a metric completion of the triangulated category (Subsection 2.5).

2.1 Triangulated categories

Triangulated categories were independently introduced by Verdier [70] and Puppe [62].
Here, we mainly follow the exposition by Neeman from [47, Chapter 1].

Definition 2.1 ([47, Definition 1.1.1]). Let A be an additive category with an autoequiv-
alence Σ : A → A. We call a diagram

X
f−→ Y

g−→ Z
h−→ ΣX

in A a candidate triangle if g ◦ f ≃ 0, h ◦ g ≃ 0, and Σf ◦ h ≃ 0.

Definition 2.2 ([47, Definition 1.1.2],[71, Definition 10.2.1]). Let T be an additive cat-
egory. The category T together with an autoequivalence Σ : T → T and a class ∆ of
candidate triangles is called triangulated if the following axioms hold:

TR0: The class ∆ is closed under isomorphisms of candidate triangles, and the candidate
triangle

X
idX−−→ X −→ 0 −→ ΣX

belongs to ∆ for every X ∈ T .

TR1: Any morphism f : X → Y in T can be completed to a candidate triangle

X
f−→ Y −→ Z −→ ΣX

belonging to ∆.

TR2: Any candidate triangle
X

f−→ Y
g−→ Z

h−→ ΣX

belongs to ∆ if and only if the candidate triangle

Y
−g−−→ Z

−h−−→ ΣX −Σf−−−→ ΣY

does so.
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TR3: Any commutative diagram

X Y Z ΣX

X ′ Y ′ Z ′ ΣX ′

f

u v

g h

f ′ g′
h′

in T whose rows are candidate triangles belonging to ∆ can be completed to a com-
mutative diagram

X Y Z ΣX

X ′ Y ′ Z ′ ΣX ′.

f

u v

g h

w Σf
f ′ g′

h′

TR4: Any three candidate triangles from ∆ of the form

X
f−→ Y −→ Z −→ ΣX, Y

g−→ Y ′ −→ Y ′′ −→ ΣY, and X
gf−→ Y ′ −→ Z ′ −→ ΣX

can be completed to a commutative diagram

X Y Z ΣX

X Y ′ Z ′ ΣX

0 Y ′′ Y ′′ 0

ΣX ΣY ΣZ Σ2X

f

idX g idΣX

gf

v

idY ′′

Σf

in T whose rows and columns are candidate triangles belonging to ∆.

In this case, the functor Σ is called the shift on T , and the candidate triangles from ∆ are
called distinguished triangles (or triangles for short).

We shall denote the shift functor on every triangulated category as Σ without further
notice.

The object Z determined by the distinguished triangle

X
f−→ Y −→ Z −→ ΣX

given by the axiom TR2 applied to a morphism f : X → Y in T is unique up to
a non-unique isomorphism and is often called the cone of f and denoted cone f . The con-
struction of a cone is generally not functorial. Also, the object Y is called an extension of
Z by X.

The axiom TR4 is known as the octahedral axiom. It is an open problem to determine
whether it follows from the preceding axioms TR0-TR3. In [43, Theorem 1.8] and [47,
Proposition 1.4.6], Neeman proves that the octahedral axiom is equivalent to the following
reformulation TR4’.



4 Introduction

Theorem 2.3. Let T be an additive category with an autoequivalence Σ : T → T and
a class of distinguished triangles satisfying the axioms TR0-TR3. Then the axiom TR4
holds if and only if the axiom TR4’ below holds.

TR4’: Any commutative diagram

X Y Z ΣX

X ′ Y ′ Z ′ ΣX ′

f

u v

g h

f ′ g′
h′

in T whose rows are distinguished triangles can be completed to a commutative
diagram

X Y Z ΣX

X ′ Y ′ Z ′ ΣX ′.

f

u v

g h

w Σu
f ′ g′

h′

such that the candidate triangle (so-called “mapping cone”)

Y ⊕X ′

[
−g 0
v f ′

]
−−−−−→ Z ⊕ Y ′

[
−h 0
w g′

]
−−−−−→ ΣX ⊕ Z ′

[
−Σf 0
Σu h′

]
−−−−−−→ ΣY ⊕ ΣX ′

is distinguished.

Definition 2.4 ([47, Definition 1.1.7]). Let T be a triangulated category, A an abelian
category, and H : T → A a functor. We say that H is homological if for every distinguished
triangle

X
f−→ Y

g−→ Z
h−→ ΣX

in T there is a long exact sequence

· · · → H
(
Σ−1Z

) H(Σ−1h)
−−−−−−→ H(X) H(f)−−−→ H(Y ) H(g)−−−→ H(Z) H(h)−−−→ H(ΣX)→ · · ·

in A.

Similarly, a contravariant functor H : T op → A from T to A is called cohomological if
it satisfyies the dual condition.

Example 2.5 ([47, Lemma 1.1.10, Remark 1.1.11]). Let T be a triangulated category.
For every object X ∈ T , the covariant representable functor HomT (X,−) : T → Ab is
homological, and the contravariant representable functor HomT (−, X) : T op → Ab from
T to Ab is cohomological.

Proposition 2.6 ([47, Corollary 1.2.6, Corollary 1.2.7]). Let T be a triangulated category.
A distinguished triangle

X
f−→ Y

g−→ Z
h−→ ΣX
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is split, meaning that it is isomorphic to the distinguished triangle

X

[
idX

0

]
−−−−→ X ⊕ Z [ 0 idZ ]−−−−→ Z

0−−−−→ ΣX,

if and only if h ≃ 0.
In particular, the morphism f is an isomorphism if and only if Z ≃ 0.

Definition 2.7. Let X ,Z be subcategories of a triangulated category T . We denote X ∗Z
the subcategory of T consisting of extensions of the objects of Z by the objects of X . In
other words,

X ∗ Z := {Y ∈ T : ∃X ∈ X ,∃Z ∈ Z,∃ a distinguished triangle X → Y → Z → ΣX}.

In particular, the subcategory X is called extension-closed if X = X ∗ X .

2.1.1 Triangulated functors and subcategories

Definition 2.8 ([47, Definition 2.1.1]). Let F : T → S be a functor between triangulated
categories and φ : F ◦ Σ⇒ Σ ◦ F a natural transformation. We say that the pair (F,φ) is
a triangulated functor if for every distinguished triangle

X
f−→ Y

g−→ Z
h−→ ΣX

in T the candidate triangle

F (X) F (f)−−−−→ F (Y ) F (g)−−−−→ F (Z) φX◦F (h)−−−−−−→ ΣF (X)

in S is distinguished.

Most of the time, we will omit the natural transformation while referring to a trian-
gulated functor because it will be implicit from the context. However, formally speaking,
the natural transformation is an inseparable part of the data defining a triangulated func-
tor. Indeed, for example, the shift Σ : T → T is not a triangulated functor while accom-
panied by the identity natural transformation Σ⇒ Σ, but it is triangulated with respect
to the “minus identity” natural transformation with components − idX : ΣX → ΣX for
each X ∈ T .

Lemma 2.9 ([47, Lemma 5.3.6]). Any adjoint to a triangulated functor is again triangu-
lated.

Definition 2.10. Let T be a triangulated category. A replete subcategory S ⊆ T is called
a triangulated subcategory if ΣS = S and for every distinguished triangle

X −→ Y −→ Z −→ ΣX

in T with X,Y ∈ S it holds that Z ∈ S.
Furthermore, we say that the triangulated subcategory S is thick if it is closed under

direct summands.
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It follows from the definition, that if S is a triangulated subcategory of T , then the in-
clusion functor ν : S ↪−→ T together with the identity natural transformation ν ◦Σ⇒ Σ◦ν
is a triangulated functor.

The smallest triangulated subcategory of T containing a given class of objects C ⊆ T is
said to be generated by C and denoted ⟨C⟩. Analogously, the thick subcategory generated
by C is denoted thick(C).

If a triangulated subcategory S of T is generated by finitely many objects, then it is
called finitely generated; and if it is generated by finitely many or countably many objects,
then it is called countably generated.

We recall a fundamental construction of Verdier’s quotient (or Verdier’s localisation)
of a triangulated category by a thick subcategory.

Theorem 2.11 ([47, Theorem 2.1.8]). Let S be a thick subcategory of T . Then there
exists a triangulated category T /S and a triangulated functor F : T → T /C such that
KerF = C which is universal with respect to this property, i.e. any other triangulated
functor F ′ : T → T ′ with C ⊆ KerF ′ factors uniquely through F .

Remark 2.12. Under the above notation, if S is essentially small, then HomT /S(X,Y ) is
a set for each X,Y ∈ T by [47, Proposition 2.2.1]. However, if S has proper class of objects,
it can, in principle, happen that HomT /S(X,Y ) does not form a set for some X,Y ∈ T , so
T /S is not a locally small category any more. Luckily, all Verdier’s quotients considered
in this thesis yield locally small categories with Hom-sets, so we shall not further address
this set-theoretical issue.

2.1.2 Structures on triangulated categories

Throughout Subsection 2.1.2, we work with a fixed triangulated category T .

Definition 2.13 ([30, Definition 2.2]). Let X ,Y ⊆ T . We say that (X ,Y) is a torsion
pair if the following conditions hold:

• X = add(X ) and Y = add(Y),

• Y ⊆ X⊥,

• and T = X ∗ Y.

When (X ,Y) is a torsion pair, it automatically holds that X = ⊥Y and Y = X⊥.

Definition 2.14 ([6, Définition 1.3.1],[7]). We say that a torsion pair
(
T ≤0, T >0) on T is

a t-structure if ΣT ≤0 ⊆ T ≤0.
In that case, we call T ≤0 an aisle, T >0 a coaisle, and for each n ∈ Z we denote

T ≤n := Σ−nT ≤0 and T >n := Σ−nT >0.
Moreover, the t-structure

(
T ≤0, T >0) is said to be:

• bounded above if T = ⋃
n∈Z T ≤n,

• bounded below if T = ⋃
n∈Z T >n,

• and bounded if it is bounded above and bounded below.
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We recall that a subcategory B of an additive category A is called reflective if the in-
clusion functor B −→ A has a left adjoint. Dually, the subcategory B is coreflective if the
inclusion B −→ A has a right adjoint. If B is both reflective and coreflective, then it is
bireflective. (Some authors call bireflective subcategories admissible.)

An aisle of a t-structure
(
T ≤0, T >0) is a coreflective subcategory of T with the right

adjoint tr≤0 : T → T ≤0 to the inclusion called the truncation. Dually, the coaisle T >0 is
reflective with the truncation functor tr>0 : T → T >0 as a left adjoint to the respective
inclusion. Applying the two truncations to an object X ∈ T yields a distinguished triangle

tr≤0X → X → tr>0 → Σ tr≤0X

in T called the approximation triangle.
A pair (U ,V) of thick subcategories of T is clearly a torsion pair if and only if it is

a t-structure. We can even find out whether thick subcategory sits in a torsion pair solely
based on the existence of adjoints to the inclusion functor.

Proposition 2.15. Let S be a thick subcategory of T . Then:

•
(

⊥S,S
)

is a torsion pair if and only if S is reflective.

•
(
S,S⊥

)
is a torsion pair if and only if S is coreflective.

•
(

⊥S,S
)
) and

(
S,S⊥

)
are simultaneously torsion pairs if and only if S is bireflective.

Proof. By [48, Proposition 1.4] and [40, Theorem 2.9], the thick subcategory S is coreflec-
tive if and only if it is covering. Then [30, Proposition 2.3] implies that

(
S,S⊥) is a torsion

pair. Conversely, if
(
S,S⊥) is a torsion pair, then the right adjoint to the inclusion S ↪−→ T

is given by the truncation.
The proof of the remaining statements is analogous.

Triples (U ,V,W) of thick subcategories such that (U ,V) and (V,W) are torsion pairs
are known as TTF-triples (TTF= torsion torsion-free) and correspond to so-called recol-
lements of triangulated categories.

Definition 2.16 ([6, Section 1.4],[7]). By recollement we mean a diagram

V i∗ // T j∗
//

i∗

}}

i!
aa U

j!

||

j∗
aa

of triangulated categories where

• i∗ : T ⇄ V : i∗, i∗ : V ⇄ T : i!, j! : U ⇄ T : j∗, and j∗ : T ⇄ U : j∗ are adjoint
pairs of triangulated functors,

• i∗, j!, and j∗ are fully faithful,

• j∗ ◦ i∗ ≃ 0,

• and (j! U , i∗V) and (i∗V, j∗ U) are torsion pairs.
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By [6, Sous-section 1.4.4] (see also [59, Subsection 2.1]), a TTF triple (U ,V,W) in T
corresponds to a recollement of the same form as in Definition 2.16 with j! : U ↪−→ T and
i∗ : V ↪−→ T being the respective inclusions; and this correspondence is bijective. Note that
i∗ is isomorphic to Verdier’s quotient functor T → T /U and j∗ is isomorphic to Verdier’s
quotient functor T → T /V. This forces V ≃ T /U and U ≃ T /V ≃ W.

2.1.3 Triangulated categories with coproducts

Throughout Subsection 2.1.3, we work with a fixed triangulated category T which admits
all coproducts.

Using countable coproducts, we can construct homotopy colimits of N-directed dia-
grams, which turn out to be extremely useful for our further study of metric completions
(Subsection 2.5.1). The definition can be found in [15, Definition 2.1]; here we use the for-
mulation from Paper A - Subsection 2.1.3.

Definition 2.17. Let E = E1
f1,2−−→ E2

f2,3−−→ · · · be an N-directed diagram in T . We define
its homotopy colimit, denoted Hocolim- E, as the cone in the distinguished triangle∐

n∈N
En

φ−−→
∐
n∈N

En −−→ Hocolim- E −−→ Σ
∐
n∈N

En

where the first map is given by the infinite matrix

φ :=


idE1 0 0 · · ·
−f1,2 idE2 0 · · ·

0 −f2,3 idE3 · · ·
...

...
... . . .

 .
Remark 2.18 ([47, Proposition 1.6.8]). As T has countable coproducts, we can use
homotopy colimits to prove that it is idempotent complete. If e : X → X is an idempotent
map in T , its image is isomorphic to the homotopy colimit of the N-directed diagram
X

e−→ X
e−→ · · · and therefore exists in T .

In particular, the homotopy colimit of a diagram of X idX−−→ X
idX−−→ · · · consisting of

identities on X is again X, and the homotopy colimit of zero maps X 0−→ X
0−→ · · · is

the zero object.

Definition 2.19 ([46, Definition 1.6, Definition 1.7]). An object T ∈ T is called compact
if the functor HomT (T,−) commutes with coproducts. The subcategory of all compact
objects of T is denoted T c.

The category T is compactly generated if there exists a set C ⊆ T c such that C⊥ = 0
in T .

Remark 2.20. The category T c is a thick subcategory of T .

As taking homomorphisms from compacts sends coproducts to coproducts, it also sends
homotopy colimits to directed colimits, in the sense of the following lemma.

Lemma 2.21 ([46, Lemma 2.8]). Let E = E1
f1,2−−→ E2

f2,3−−→ · · · be an N-directed diagram
in T . Pick T ∈ T c. Then HomT

(
T,Hocolim- E

)
≃ lim−→HomT (T,E).
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The theory of localisation functors with adjoints has been extensively studied by Bous-
field [12], [13] and Ravenel [65]. See also [27], [33], or [45]. We present the terminology
adjusted to the setting of triangulated categories.

Definition 2.22 ([1, Definition 2.1]). A triangulated subcategory S of T is called localising
if it is closed under taking coproducts. Given a class C of objects of T , the localising
subcategory generated by C, denoted Loc(C), is the smallest localising subcategory of T
containing C.

A localising subcategory S of T is called smashing if it is coreflective and S⊥ is local-
ising.

Proposition 2.23 ([58, Proposition 4.4.14],[1, Proposition 2.9]). Assume T is compactly
generated. Let S ⊆ T be a smashing subcategory. Then

(
S,S⊥, (S⊥)⊥) is a TTF-triple.

In other words, there is a recollement diagram

S⊥ i∗ // T j∗
//

i∗

zz

i!
bb S.

j!

||

j∗
bb

The following fact has been proved in [45, Proposition]. See also [1, Corollary 2.8], [18,
Proposition 3.8], or [52, Theorem 2.3].

Proposition 2.24. Any localising subcategory of T generated by a set of compact objects
is smashing.

Whether every smashing subcategory is necessiarily generated by a set of compact
objects used to be an open problem known as the telescope conjecture, but nowadays
the conjecture is disproved; see [31] and [39, Example 7.8] for counterexamples. Never-
theless, there also exist positive cases [44] and [39, Theorem A], which we briefly discuss
in Section 3 of Paper B, and the telescope conjecture remains open for many specific
triangulated categories.

2.2 Derived categories

In this subsection, we give a brief overview of two prototypical examples of triangulated
categories, the homotopy category and the derived category. We follow the exposition [38,
Chapter 4].

We fix an abelian category A and consider its category of cochain complexes Ch(A).
Its objects are Z-directed diagrams

X• = (Xn, dn)n∈Z = · · · → X−1 d−1
−−→ X0 d0

−→ X1 → · · ·

satisfying dn+1 ◦ dn = 0 for each n ∈ Z, and its morphisms are the usual morphisms of
diagrams. The category Ch(A) is again abelian and contains A as a full subcategory of
complexes concentrated at degree 0. A cochain complex X• = (Xn, dn)n∈Z is bounded if
Xn ≃ 0 for all but finitely many n ∈ Z.

Given a cochain complex X• ∈ Ch(A) and n ∈ Z, we define its n-th cohomology
Hn(X•) as the object Ker dn/ Im dn−1 ∈ A. This yields a functor Hn : Ch(A)→ A.



10 Introduction

A complex X• ∈ Ch(A) is acyclic if Hn(X•) ≃ 0 for all n ∈ Z; and a morphism
f• : X• → Y • is a quasi-isomorphism if Hn(f•) is an isomorphism for all n ∈ Z.

We also define an autoequivalence Σ : Ch(A)→ Ch(A) by

X• = (Xn, dn)n∈Z 7→ ΣX• =
(
Xn+1,−dn+1

)
n∈Z

.

Definition 2.25. A morphism f• : X• → Y • in Ch(A) is null-homotopic if there exists
a family

(
hn : Xn → Y n−1)

n∈Z in A, depicted as

· · · X−1 X0 X1 X2 · · ·

· · · Y −1 Y 0 Y 1 Y 2 · · · ,

d−1
X

f−1 f0

d0
X

h0

d1
X

f1h1
f2h0

d−1
Y d0

Y d1
Y

such that fn = dn−1
Y ◦ hn + hn+1 ◦ dnX for all n ∈ Z.

The collection of all null-homotopic maps forms an ideal in the category Ch(A).

Definition 2.26. The homotopy category K(A) of A is the quotient category of Ch(A) by
the ideal I of the null-homotopic maps, i.e. HomK(A)(X,Y ) := HomCh(A)(X,Y )/I(X,Y )
for all X,Y ∈ Ch(A).

Theorem 2.27 ([38, Lemma 4.1.1, Proposition 3.3.2]). The category K(A) is triangulated
with the shift functor induced by the shift Σ on Ch(A).

The cone of a morphism f• : X• → Y • in the triangulated category K(A) has an ex-
plicit description as the mapping cone

cone f• = · · · → X0 ⊕ Y −1

[
−d0

X 0
f0 d−1

Y

]
−−−−−−−−→ X1 ⊕ Y 0

[
−d1

X 0
f1 d0

Y

]
−−−−−−−→ X2 ⊕ Y 1 → · · · ,

which fits into a distinguished triangle

X• f•
−→ Y • ν•

−→ cone f• π•
−→ ΣX•

with νn : Y n → Xn+1 ⊕ Y n and πn : Xn+1 ⊕ Y n → Xn+1 being the canonical inclusion
and the canonical projection, respectively, for each n ∈ Z.

Definition 2.28. The derived category D(A) of A is Verdier’s quotient of K(A) by
the thick subcategory generated by acyclic complexes.

The derived category D(A) possess the standard t-structure
(

D(R)≤0,D(R)>0) with

D(R)≤0 :=
{
X ∈ D(R) : ∀n ∈ N,Hn(X) = 0

}
and D(R)>0 :=

{
X ∈ D(R) : ∀n ∈ N0, H

−n(X) = 0
}
.
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The composition A ↪−→ Ch(A) → K(A) → D(A) yields a fully faithful canonical
functor A ↪−→ D(A) [38, Lemma 4.1.11], and all quasi-isomorphism in Ch(A) are sent to
isomorphisms in D(A). If

0→ X
f−→ Y → Z → 0

is a short exact sequence in A, then Z is quasi-isomorphic to cone f as constructed above.
Hence, the short exact sequence becomes a distinguished triangle

X
f−→ Y → Z → ΣX

in D(A) [38, Lemma 4.1.12].
The derived category D(A) has a thick subcategory Db(A), called the bounded derived

category of A, consisting of complexes of bounded cohomology, i.e. complexes X• such that
the complex ∐n∈Z Σ−nHn(X•) ∈ Ch(A) is bounded. In the whole text, we will always
implicitly consider A as a subcategory of Db(A) ⊆ D(A).

2.2.1 Grothendieck categories

For the purposes of the following definition, we recall that a noetherian object of a category
satisfyies, by definition, the ascending chain condition on subobjects.

Definition 2.29. A Grothendieck category G is an abelian category with a generator
and exact directed colimits. If every object of G is a directed colimit of its noetherian
subobjects, then G is considered to be locally noetherian.

Remark 2.30. As mentioned in Remark 2.12, Verdier’s quotient does not have to be a lo-
cally small category, and this, in particular, applies to derived categories. Nevertheless,
the derived category D(G) of a Grothendieck category is always locally small [38, Propo-
sition 4.3.8]. All derived categories considered in this thesis will be full subcategories of
a derived category of a Grothendieck category and thus avoid the set-theoretical issue.

The global dimension of an abelian category A is the smallest n ∈ N0 such that
Extn+1

A (−,−) ≃ 0 inA (in the sense of Yoneda Ext [71, Vista 3.4.6]), or∞ if such a number
does not exists. Abelian categories of global dimension 0 or 1 are called hereditary.

Proposition 2.31 ([38, Proposition 4.2.11]). Let G be a Grothendieck category. Then
for all X,Y ∈ G and n ∈ N0 there is an isomorphism ExtnG(X,Y ) ≃ HomD(G)(X,ΣnY )
which is natural in both variables and compatible with the Yoneda Ext composition.

By [38, Example 4.3.12], the derived category D(G) of a Grothendieck category has
products and coproducts.

Consider an N-directed diagram E = E1
f1,2−−→ E2

f2,3−−→ · · · in a Grothendieck category G(
or potentially in Ch(G)

)
. Its directed colimit in G

(
or Ch(G)

)
has a canonical presentation

(cf. [24, Lemma 2.12]) as a short exact sequence

0→
∐
n∈N

En →
∐
n∈N

En → lim−→E→ 0,
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which gets sent by the canonical functor G ↪−→ D(G) to the distinguished triangle∐
n∈N

En
φ−−→

∐
n∈N

En −−→ Hocolim- E −−→ Σ
∐
n∈N

En

defining the homotopy colimit in D(G). Of course, while Hocolim- E is isomorphic to
lim−→E as an object of D(G), it is no longer a colimit of the diagram. This allows us to
compute homotopy colimits of N-directed diagrams in D(G) as directed colimits of cochain
complexes.

Proposition 2.32 ([34],[72, Proposition 2.5]). Let G be a locally noetherian Grothendieck
category of finite global dimension. Then D(G) is compactly generated, and the compact
objects of D(G) are precisely objects isomorphic to a bounded complex of noetherian
objects from G.

In case of a locally noetherian Grothendieck category G of finite global dimension,
the standard t-structure

(
D(G)≤0,D(G)>0) on D(G) then restricts to a t-structure(

D(G)≤0 ∩D(G)c,D(G)>0 ∩D(G)c
)

on D(G)c.
Besides the category of quasi-coherent sheaves Qcoh -X over a weighted projective

line X central to Project C, the Grothendieck categories mainly considered in this thesis
are module categories Mod-R of a ring R. A derived category of a ring is always compactly
generated. We shall use D(R) as an abbreviation for D(Mod-R).

Proposition 2.33 ([15, Proposition 6.4],[38, Lemma 9.2.1]). Let R be a ring. Then
D(R) is compactly generated and D(R)c = thick(R). The compact objects of D(R) are
precisely the perfect complexes, i.e. complexes quasi-isomorphic to a bounded complex of
finitely generated projective R-modules.

Corollary 2.34. Let R be a right noetherian ring of finite global dimension. Then Mod-R
is locally noetherian, and D(R)c ≃ Db(mod -R).

Proof. By [24, Lemma 2.5], every R-module is a directed colimit of finitely presented
modules, and those are precisely the noetherian objects of Mod-R. This makes Mod-R into
a locally noetherian Grothendieck category. The rest follows from Proposition 2.32.

2.2.2 Hereditary categories

The structure of derived categories of hereditary abelian categories can be fully understood
using the original structure of A.

Proposition 2.35 ([38, Proposition 4.4.15]). Let A be an abelian category. Then A is
hereditary if and only if every complex X• ∈ Ch(A) is quasi-isomorphic to its cohomology,
or, more precisely, if ∏

n∈Z
Σ−nHn(X•) ≃ X• ≃

∐
n∈Z

Σ−nHn(X•)

in D(A).
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Definition 2.36 ([28, Section 1],[14, Lemma 4.2]). A subcategory W of an abelian cate-
gory A is called wide if it is closed under extensions, kernels, and cokernels.

The smallest wide subcategory of A containing a class B ⊆ A is denoted wide(B).

For hereditary categories, wide subcategories shed light on thick subcategories of their
bounded derived categories.

Theorem 2.37 ([14, Theorem 5.1]). Let A be a hereditary abelian category. Then the as-
signments

S 7→ H0(S) and thick(W)←[W

form mutually inverse bijections

{thick subcategories of Db(A)} ↔ {wide subcategories of A}.

Due to this correspondence, some authors call wide subcategories “thick”; however, in
this thesis, we keep the term “thick” for triangulated subcategories only.

2.2.3 Derived functors

We give a very brief commentary on derived functors and refer to [38, Section 4.3] for
details.

Let F : A → B be an exact functor between abelian categories. Then F can be ex-
tended to F : Ch(A) → Ch(B). Assume that Verdier’s quotient functor K(A)→ D(A)
has a right adjoint i. For each X ∈ D(A) we consider the morphism X → iX given
by the unit of the adjunction. Then the assignment RF : D(A) → D(B), X 7→ F (iX),
is a well-defined triangulated functor called the right derived functor of F ([38, Proposi-
tion 4.3.11]).

Conversely, assume K(A) → D(A) has a left adjoint p, and consider the morphism
pX → X given by the counit of the adjunction for every X ∈ D(A). Then the assignment
LF : D(A) → D(B), X 7→ F (pX), is a well-defined triangulated functor called the left
derived functor of F .

The only instances of derived functors used in this thesis will be the derived functors
of Hom and the tensor product in the module category.

Example 2.38 ([38, Example 4.3.16]). Let R and S be rings and M be an R-S-bimodule.
Then the right derived functor

R HomS(M,−) : D(S)→ D(R) of HomS(M,−) : Mod -S → Mod-R

is the right adjoint to the left derived functor

−⊗L
RM : D(R)→ D(S) of −⊗RM : Mod-R→ Mod -S.

Furthermore, for every L ∈ Mod-R, N ∈ Mod -S, and n ∈ N0 we have

ExtnS(M,N) ≃ Hn(R HomS(M,N)
)

and TorRn (L,M) ≃ Hn
(
L⊗L

RM
)
.



14 Introduction

2.3 Hom-finite categories

In this subsection, we fix a commutative ring k and a field K. We denote the standard
K-duality HomK(−,K) : mod -K → K- mod with the star symbol (−)∗.

An additive category A is k-linear if HomA(X,Y ) is a k-module for all X,Y ∈ A and
the composition of morphisms in A is k-bilinear. An additive functor A → B is k-linear
if the corresponding map HomA(X,Y )→ HomB(FX,FY ) is k-linear. We will always
implicitly assume that functors between k-linear categories are k-linear.

A k-linear category A is said to be Hom-finite if is HomA(X,Y ) is a finite length
k-module for all X,Y ∈ A; and more generally, the category A is Ext-finite if ExtnA(X,Y )
is a finite length k-module for all X,Y ∈ A and n0 ∈ N. If a k-linear abelian category A
is Ext-finite, then Db(A) is Hom-finite.

A k-algebra is a ring R together with a ring homomorphism from k to the center of R
giving R a structure of a k-module. A finitely generated k-algebra is a k-algebra which is
finitely generated as a k-module. The categories Mod-R and D(R) are k-linear whenever
R is a k-algebra.

2.3.1 Tilting

Definition 2.39 ([19, Section 3.1],[26]). Let A be an abelian category. We say that T ∈ A
is a tilting object if:

• ExtnA(T,−) ≃ 0 for all n ≥ 2,

• Ext1
A(T, T ) ≃ 0,

• and for every 0 ̸= X ∈ A we have HomA(T,X) ̸≃ 0 or Ext1
A(T,X) ̸≃ 0.

Theorem 2.40 ([25, Theorem III.2.10],[19, Theorem 3.2.5]). Let A be a K-linear, Ext-fi-
nite abelian category. If T ∈ A is a tilting object, then the functor

R HomA(T,−) : Db(A)→ Db (mod - EndA(T )
)

is a triangulated equivalence.

2.3.2 Krull-Schmidt categories

Definition 2.41. We say that an additive category A is a Krull-Schmidt category if every
non-zero object of A can be decomposed as a finite coproduct of indecomposable objects
with local endomorphism rings.

Remark 2.42. By [68, Theorem 6.1], a Hom-finite k-linear category is Krull-Schmidt if
and only if every indecomposable object has a local endomorphism ring. So in particular,
the category mod -R is Krull-Schmidt if R is a finite dimensional K-algebra.

Theorem 2.43 ([36, Corollary 4.3]). Let A be a Krull-Schmidt category. Then any non-
zero object of A has a unique decomposition into a finite coproduct of indecomposable
objects up isomorphisms and permutations of the summands.
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2.3.3 Exceptional sequences

Definition 2.44 ([60, Definition 3.12]). A K-linear triangulated category T is proper if∐
n∈Z HomT (X,ΣnY ) is a finite dimensional vector space for all X,Y ∈ T .

Definition 2.45 ([10, Section 2]). Let T be a K-linear triangulated category. An object
E ∈ T is exceptional if EndT (E) ≃ K and HomT (E,ΣnE) ≃ 0 for all n ∈ Z \{0}.

A tuple (E1, . . . , En) of exceptional objects E1, . . . , En ∈ T for some n ∈ N0 is said to
be an exceptional sequence if HomT (Xj ,ΣmXi) ≃ 0 for all m ∈ Z and 1 ≤ i < j ≤ n.

Definition 2.46. Let A be an essentially small abelian category. We define the Grothen-
dieck group K0(A) as the quotient of the free abelian group on isomorphism classes [A] of
objects A ∈ A by the relations [Y ] = [X] + [Z] for each short exact sequence

0→ X → Y → Z → 0

in A.
Similarly, let T be an essentially small triangulated category. We define the Grothen-

dieck group K0(T ) as the quotient of the free abelian group on isomorphism classes [T ] of
objects T ∈ T by the relations [Y ] = [X] + [Z] for each distinguished triangle

X → Y → Z → ΣX

in T .

If (U ,V) is a torsion pair consisting of triangulated subcategories of an essentially small
triangulated category T , then the adjoint functors to the inclusions U ↪−→ T and V ↪−→ T
induce a splitting K0(T ) ≃ K0(U)⊕K0(V).

Lemma 2.47 ([38, Lemma 4.1.18]). Let A be an essentially small abelian category. Then
the map

K0
(
Db(A)

)
→ K0(A),

[
X•] 7→∑

n∈Z
(−1)n

[
Hn(X•)

]
is a group isomorphism.

Theorem 2.48 ([10, Theorem 3.2.a]). Let T be a proper K-linear triangulated category
over a field K. Let (E1, . . . , En) be an exceptional sequence in T for some n ∈ N0. Then
⟨E1, . . . , En⟩ ⊆ T is bireflective.

Corollary 2.49. Let T be a proper K-linear triangulated category. Let (E1, . . . , En)
be an exceptional sequence in T for some n ∈ N0. Denote S := ⟨E1, . . . , En⟩ ⊆ T .
Then K0(S) ≃ Zn is a direct summand of K0(T ).

Proof. By Theorem 2.48, there is a torsion pair
(
⟨En⟩, ⟨E1, . . . , En−1⟩

)
on S. As

K0
(
⟨En⟩

)
≃ K0

(
Db(mod -K)

)
≃ K0(mod -K) ≃ Z

is then a direct summand of K0(S), we get K0(S) ≃ Zn by induction. But then again,
Theorem 2.48 guarantees

(
S,S⊥) to be a torsion pair on T . Thus K0(S) embeds into

K0(T ) as a direct summand.
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Corollary 2.50. Let T be a proper K-linear triangulated category. Let (E1, . . . , Em) and
(F1, . . . , Fn) be two exceptional sequences in T for some m,n ∈ N0.

Denote U := ⟨E1, . . . , Em⟩ ⊆ T and V := ⟨F1, . . . , Fn⟩ ⊆ T . If U ⊆ V, then m ≤ n.

Proof. The pair of thick subcategories
(
U ,U⊥ ∩ V

)
of V is a torsion pair on V. It follows

that K0(U) ≃ Zm is a direct summand of K0(V) ≃ Zn. Hence m ≤ n.

Proposition 2.51. Let T be a proper K-linear triangulated category generated by an ex-
ceptional sequence. Then the following statements are equivalent for a thick subcategory
S ⊆ T :

• S is reflective.

• S is coreflective.

• S is bireflective.

Proof. This proposition has been implicitly proved in [11, Section 2] for K = C but
the same argument works for any field. By [11, Corollary on pg. 530], the category T
is left and right saturated - see [11, Definition 2.5] for the definition. If S if reflective,
then it is right saturated by [11, Proposition 2.8], so [11, Proposition 2.6] implies that S
is coreflective. The proof of the remaining implication is dual.

Remark 2.52. The assertion of Proposition 2.51 holds even in some other, more general
settings, for example if S is idempotent complete and possesses a strong generator; see
e.g. [60, Proposition 3.17].

2.3.4 Serre functor

Definition 2.53 ([11], [38, Section 6.3]). Let A be a Hom-finite, K-linear category.
A K-linear autoequivalence S : A → A is called a Serre functor if there exists an iso-
morphism HomA(X,Y ) ≃ HomA

(
Y,S(X)

)∗ for all X,Y ∈ A natural in both variables.

Definition 2.54 ([19, Section 1.8]). Let A be a Hom-finite, K-linear abelian category.
A K-linear autoequivalence τ : A → A is called an Auslander-Reiten translation if there
exists an isomorphism Ext1

A(X,Y )∗ ≃ HomA(Y, τX) for all X,Y ∈ A natural in both
variables.

If A has an Auslander-Reiten translation, it is said to satisfy Serre duality. Any such
category A is necessiarily Ext-finite and hereditary because Ext1

A(X,−) ≃ HomA(−, τX)∗

is right exact. It follows that Στ is a Serre functor on Db(A).

Remark 2.55 ([38, Remark 6.3.2.2]). If a K-linear triangulated category possesses a Serre
functor S, then S is automatically a triangulated functor.
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2.3.5 Tubes

We recall the definition and properties of stable tubes over a fixed field K.

Definition 2.56. Let H be a Hom-finite, K-linear, length, abelian category satisfying
Serre duality. Assume that the Auslander-Reiten translate τ : H → H has finite order,
and let n ∈ N be minimal such that τn ≃ IdH. We say that H is a tube of rank n if τ acts
transitively on simple objects, i.e. for all simples U, V ∈ H there exists m ∈ N satisfying
τmU = V . Tube of rank 1 is homogenous.

By [19, Proposition 1.8.2], any Hom-finite, K-linear, length, abelian category A sat-
isfying Serre duality is uniserial and decomposes as a coproduct A = ∐

i∈IAi of wide
subcategories Ai generated by τ -orbits of simple objects. Each such component fixed by
some power of τ is a tube.

Example 2.57. Since every tube H of rank n ∈ N is uniserial, every indecomposable
object ofH is uniquely determined by its socle. Let S1, . . . , Sn be an ordering of the simples
of H such that τSn ≃ S1 and τSi ≃ Si+1 for each 1 ≤ i < n. For each 1 ≤ i ≤ n and j ∈ N
we denote Sji the unique indecomposable object of H with socle Si and length j. Then we
can depict the category of indecomposable objects of H using the Auslander-Reiten quiver
(see [67, pg. 61], [3, pg. 287]) of H as follows (n = 4 in the example):

S1
2 S1

1 S1
4 S1

3 S1
2 S1

1 S1
4

S2
2 S2

1 S2
4 S2

3 S2
2 S2

1

S3
3 S3

2 S3
1 S3

4 S3
3 S3

2 S3
1

S4
3 S4

2 S4
1 S4

4 S4
3 S4

2

· · ·

· · ·

· · ·

· · ·

...
...

...
...

...

where the dotted lines indicate the τ -orbits.

Proposition 2.58 ([23, Proposition 2.4.2]). A tube of rank n ∈ N has
(2n
n

)
wide subcat-

egories.

2.4 Finite dimensional algebras

Finite dimensional algebra A is by definition a finitely generated algebra over a field K.
The abelian category Mod -A is K-linear, while mod -A is K-linear, Krull-Schmidt, and
Ext-finite. Consequently, the bounded derived category Db(mod -A) is K-linear, Krull-
Schmidt, and Hom-finite. Moreover, the category Db(mod -A) has a Serre functor if and
only if A has finite global dimension (see e.g. [38, Theorem 6.4.13]).

If K is algebraically closed, then any finite dimensional K-algebra is Morita equivalent
to the quotient ring KQ/I of a path algebra KQ of a finite quiver Q modulo an admissible
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ideal I ≤ KQ (see [2, Theorem II.3.7]). And any hereditary finite dimensional algebra is
Morita equivalent to KQ for a finite acyclic quiver Q (see [2, Theorem VII.1.7.b]).

Depending on the underlying diagram of the acyclic quiver Q, we can identify the rep-
resentation type of the path algebra KQ. The algebra is representation-finite, meaning
that there are only finitely many isomorphism classes of indecomposable finite dimen-
sional modules, if and only if the underlying diagram is (simply laced) Dynkin (see e.g.
[35, Corollary 5.3.3]); that is one of the diagrams:

An Dn E6

E7 E8

where n ∈ N stands for the number of vertices.
For the underlying diagram Euclidean (also known as extended Dynkin)

Ãn D̃n Ẽ6

Ẽ7 Ẽ8

the algebra KQ is of the tame type, and while mod -KQ has infinitely many pairwise non-
isomorphic indecomposable objects, they can still all be systematically classified (see e.g.
[35, Theorem 5.3.1]). Here, for n ∈ N the corresponding diagram has n+ 1. We elaborate
more on the structure of indecomposables for a tame hereditary algebra in Section 2.6 of
Paper B.

For other diagrams, the algebra is wild in the sense of Drozd’s trichotomy (see e.g. [20,
Corollary C]), and the indecomposables of mod -A defy any reasonable classification.

2.5 Metrics and metric completions

Fix S a triangulated category. In this final introductory subsection, we go through the def-
inition of a metric on S, the metric completion of S and their most important properties.
The concepts have been developed by Neeman in [49], while we mostly follow the notation
from [21]. We also refer to expositions in the preliminary sections of Paper A and Paper B.

Definition 2.59. Consider a family M = {Bn}n∈N of subcategories of S. We say that
M is a metric on S if for each n ∈ N it holds that:

(i) Bn+1 ⊆ Bn.

(ii) and Bn ∗Bn = Bn.

Moreover, a metric M is considered to be good if

(iii) Σ−1Bn+1 ∪Bn+1 ∪ ΣBn+1 ⊆ Bn for all n ∈ N.
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And a metric M is considered to be additive if

(iv) Bn is closed under direct summands in S for all n ∈ N.

Metrics on triangulated categories have been originally defined by Neeman in [49,
Definition 1.2]. In practice, one works most often with good metrics introduced later in
[50, Definition 10] since the additional condition iii) makes the subsequent construction
of a completion less technical. The additive metrics appear in [21] without being named
explicitly; the terminology of additive metrics comes from Paper B (Definition 2.8).

A metric {Bn}n∈N on S imposes on every morphism f : X → Y in S a length in
the spirit of Lawvere’s norms on categories ([41]); the morphism f has length ≤ 1

n if and
only if cone f ∈ Bn for some n ∈ N.

Example 2.60. For any triangulated subcategory C ⊆ S, setting Bn := C for every
n ∈ N defines a good metric {Bn}n∈N = {C}n∈N on S. We call such a metric a constant
metric (Subsection 2.2.2 of Paper B) and we shall not be making a formal distinction
between a constant good metric and the corresponding triangulated category. A length of
a morphism with respect to the constant metric C is zero if and only if its cone lies in C,
otherwise the length can be interpreted as infinite.

The subcategory C is thick if and only if the constant metric C is additive.

A Cauchy sequence is a diagram of morphisms which are eventually becoming shorter.
For the sake of this introduction, we shall discuss Cauchy sequences and completions with
respect to good metrics only. For the general treatment see Paper A.

Definition 2.61 ([55, Definition 1.6]). LetM = {Bn}n∈N be a good metric on S. Consider
an N-directed diagram E = (En, en)n∈N = E1

e1−→ E2
e2−→ E3 → · · · in S. We denote

the composition em,n := en ◦ en−1 · · · ◦ em+1 ◦ em for any m ≤ n. We say that E is
a Cauchy sequence with respect to M if for each M ∈ N there exists N ∈ N such for all
n ≥ m ≥ N we have cone em,n ∈ BM .

Definition 2.62 ([21, Definition 3.4]). Let E = (En, en) be a Cauchy sequence in S
with respect to some good metric. We definite the module colimit of E as the functor
Mocolim- E := lim−→ょ(E) ∈ Mod -T .

Definition 2.63. Let M = {Bn}n∈N be a good metric on S. We define the following
subcategories of Mod -S:

• LM(S) :=
{
F ∈ Mod -S : F ≃Mocolim- E for some Cauchy sequence E in S

}
called the pre-completion of S with respect to M.

• CM(S) :=
{
F ∈ Mod -S : ∃n ∈ N, F (Bn) ≃ 0

}
the category of compactly supported

elements of Mod -S with respect to M.

• SM(S) := LM(S) ∩ CM(S) called the completion of S with respect to M.

We will omit the index if the good metric is implicit from the context.

Theorem 2.64 ([55, Theorem 2.14]). For any good metric M on S, the completion
SM(S) is a triangulated category.
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The triangulated structure on SM(S) is induced by the original triangulated structure
on S. The shift of a functor F ∈ SM(S) is given by ΣF := F ◦ Σ−1. And a candidate
triangle in SM(S) is proclaimed to be distinguished if it is a module colimit of a Cauchy
sequence of distinguished triangles from S.

Example 2.65. If we interpret the zero subcategory of S as a constant metric on S, we
get S0(S) ≃ S. This is because every Cauchy sequence E = (En, en)n∈N with respect to 0
satisfies that en is an isomorphism for all but finitely many n ∈ N. Thus L0(S) ≃ょ(S).
Every functor from Mod -S is compactly supported at 0 by the definition of an additive
functor. We conclude S0(S) = L0(S) ∩ C0(S) ≃ょ(S), so S0(S) ≃ S follows by Yoneda’s
lemma.

Example 2.66 ([55, Example 1.13]). On the other hand, if we take S as a constant metric
on itself, we get SS(S) ≃ 0. The only functor F ∈ Mod -S vanishing on the whole of S is
the zero functor F ≃ 0. Hence, there are no non-zero compactly supported elements.

We also provide an example of a (generally) non-constant metric where the subsequent
completion is fully understood.

Theorem 2.67 ([21, Theorem 1.1]). Let
(
S≤0,S>0) be a t-structure on S. Then the family{

S≤−n}
n∈N is a good metric on S and S(S) ≃ ⋃n∈N S>−n.

Corollary 2.68. Let C be a coreflective thick subcategory of S. Then it holds that
SC(S) ≃ C⊥ ⊆ S.

Proof. As C is coreflective, it is the aisle of the t-structure
(
C, C⊥

)
on S. But then

SC(T ) ≃ C⊥ by Theorem 2.67 because, in this case, the coaisle C⊥ is stable under Σ.

2.5.1 Good extensions

Assume that there exists a fully faithful triangulated functor ν : S ↪−→ T . Then the functors
from Mod -T act on S by restriction, giving us a functor Mod -T → Mod -S, F 7→ F ◦ ν.
If we limit our choice of functors from Mod -T to representable functors, we obtain the re-
stricted Yoneda functor ョ : T → Mod -S, T 7→ HomT

(
ν(−), T

)
(see [55, Notation 3.1]

and Definition 2.12 of Paper B).
The notation of the restricted Yoneda functor will be used in the following definition.

Definition 2.69 ([49, Definition 3.5]). Let T be a triangulated category with count-
able coproducts. Assume that S is equipped with a good metric M. A fully faith-
ful triangulated functor ν : S → T is called a good extension with respect to M if
Mocolim- E ≃ョ

(
Hocolim- ν(E)

)
holds for every Cauchy sequence E = (En, en) in S.

Definition 2.70 ([55, Definition 3.11], Definition 2.14 of Paper B). Let M be a good
metric on S and S ↪−→ T a good extension with respect to M. We define the following
subcategories of T :

• L′
M(S) :=

{
T ∈ T : T ≃ Hocolim- ν(E) for some Cauchy sequence E in S

}
,

• C′
M(S) :=ョ−1(CM(S)

)
,
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• S′
M(S) := L′

M(S) ∩ C′
M(S).

The point of the whole construction of S′
M(S) is that it allows us to exhibit the metric

completion SM(S) as a triangulated subcategory of the good extension. Again, we will
omit the lower index indicating the metric if it is not necessary.

Theorem 2.71 ([55, Theorem 3.23]). Assume S is equipped with a good metric and
let S ↪−→ T be a good extension. Then S′(S) is a triangulated subcategory of T and
ョ↾S′(S): S′(S) ≃−→ S(S) is a well-defined triangulated equivalence.

The following fact is a direct consequence of Lemma 2.21. As the compact elements
respect homotopy colimits, they possess an inherent good extension working for any choice
of a metric.

Theorem 2.72 ([55, Example 3.9]). Let T be a triangulated category with countable
coproducts. Then T c −→ T is a good extension with respect to all good metrics on T c.

3 Mathematical context

The central topic of this thesis, metric completions of triangulated categories (Subsec-
tion 2.5), is a unique method to construct new triangulated categories. Using the idea
behind convergence of sequences of elements of a metric space, one can construct a met-
ric completion of a triangulated category by adding formal colimits of Cauchy sequences
of objects and morphisms to the triangulated category in such a way that the resulting
category is again triangulated.

Despite being discovered relatively recently, metric completions have found many ap-
plications in homological algebra, representation theory, and algebraic geometry during
the last years. In this section, we give a brief summary of the history and the most
state-of-art results regarding the topic.

Metrics and metric completions of triangulated categories have been initially intro-
duced in 2018 by Neeman in [49] with the purpose to provide an alternative proof to
following Rickard’s derived Morita theory result:

Theorem 3.1 ([66, Theorem 6.4, Corollary 8.3]). Let R and S be coherent rings. Then
D(R)c ≃ Dc(S) if and only if Db(mod -R) ≃ Db(mod -S).

Neeman’s argument from [49] is to consider a specific metric M on D(R)c such that
SM(S) ≃ Db(mod -R). Similarly, one can find a metric N on Db(mod -R)op satisfying
SN

(
Db(mod -R)op

)op
≃ D(R)c. Since both of the metrics in question are intrinsic to

the given categories and do not depend on the ring itself, we can see that D(R)c uniquely
determines Db(mod -R) and vice versa, thus proving Rickard’s theorem.

The same metrics-based strategy works even for a larger class of triangulated cat-
egories such as noetherian, weakly approximable categories (see [17],[49],[53]) and thus
offers a generalisation of derived Morita theory to e.g. a derived category of a separated
noetherian scheme. This has also led to a subsequent discovery of a notion of an excellent
metric [56]; that is a metricM on a triangulated category S satisfying the necessary prop-
erties to induce another metric on SM(S)op such that the process of taking the completion
twice yields again the desired derived Morita equivalence in the spirit of Theorem 3.1.
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What makes the technique of metric completions such a groundbreaking result, how-
ever, are not necessiarily only its applications to derived Morita theory, but also the fact
that it allows us to construct a new triangulated category from the data of an old one.
All we need to do is to simply pick a metric on the triangulated category and the cor-
responding completion is guaranteed to be a triangulated category. This is something
almost unheard of.

Besides the standard constructions of a triangulated subcategory and Verdier’s quo-
tient, there are not that many methods to reproduce a triangulated category. For example,
the construction of a relative stable category ([5],[8]) delivers a new triangulated category.
Under certain technical conditions, one can also equip an orbit category of triangulated
category with with a triangulated structure [32]. Some of the rare such methods rely on
rather strong additional assumptions such as the existence of a separable ring object and
a tensor-triangulated structure in [4], or a suitable enhancement.

On the other hand, the condition for a family of subcategories of a triangulated category
to be a good metric (Definition 2.59) is relatively easy to satisfy. For example, any
triangulated subcategory automatically determines the corresponding constant metric,
and any t-structure provides us with three metrics - the aisle metric, the coaisle metric,
and the t-structure metric (see [21] and Definition 5.7 of Paper B). One is then, in principle,
capable of constructing many different completions of a given triangulated category with
respect to different choices of a metric.

The method of metric completions has already spawned an array of applications in
various areas of research, e.g. [9],[16],[21],[22],[51],[54],[57],[63],[64],[69]. We point out a few
examples.

The topological nature of convergence of Cauchy sequences was exploited by Sun and
Zhang in [69] to study functoriality of the completion construction. They define a notion
of a compression functor - it is a triangulated functor with continuous behaviour with
respect to good metrics on the source and the target categories.

Theorem 3.2 ([69, Theorem 4.3.3], Theorem 1.2 of Paper A). Let S and T be triangulated
categories equipped with metrics and F : T ⇄ S : G adjoint triangulated functors. If F
and G are compressions, then the precomposition − ◦ F : Mod -S → Mod -T induces
a triangulated functor − ◦ F : S(S)→ S(T ).

Theorem 3.2 is then used in [69] to construct half-recollements of completions. We
provide more details on the theory of compression functors in Section 4 of Paper A.

The question of lifting t-structures along completions have been addressed in [9]. In [9,
Theorem 1.6], the authors identify a condition for a t-structure on a triangulated category
to be extendable with respect to a good metric - an extendable t-structure then naturally
induces a t-structure on the completion. Moreover, the results of [9] establish a necessary
condition for the existence of a bounded t-structure on a triangulated category under
a finiteness assumption on the relative finitistic dimension of the category.

Theorem 3.3 ([9, Theorem 1.5.a]). Let S be an essentially small triangulated category.
Assume Sop has finite relative finitistic dimension with respect to an object of S. Then
there exists a specific good additive metric on S such that S(S) = S whenever S has
a bounded t-structure.
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Consequently, if S(S) ̸= S under the conditions above, then S cannot have a bounded
t-structure at all. We comment a little bit more on the definitions of the metric in question
and the relative finitistic dimension in Section 3 of Paper A.

Theorem 2.67 by Cummings and Gratz about completions with respect to good addi-
tive metrics determined by aisles of t-structures is a part of a much larger study of metric
completions via t-structure approximations in [21]. For the Igusa-Todorov discrete clus-
ter categories of type A (see [29]), [21, Theorem 1.2] provides an explicit combinatorial
description of all metric completions of the category taken with respect to good additive
metrics determined by coaisles of t-structures. On top of that, [21, Corollary 6.24] re-
lates metric completions of discrete cluster categories to the relevant Paquette-Yıldırım
combinatorial completions (see [61]).

We finish this section by mentioning that there also exist other approaches to studying
triangulated categories by investigating converging sequences of objects, dissimilar to Nee-
man’s Cauchy sequences with respect to a good metric. Among those are the sequential
completion of a triangulated category [37] or the reconstruction of the dualisable objects
in certain tensor-triangulated categories [42].

4 Overview of the main results

The overarching goal of this thesis is to deepen our understanding of metric completions
as a method of creating new triangulated categories and to study metrics on triangulated
categories as independent structures.

A prominent feature of the construction of a metric completion is how general it is.
A triangulated category typically possess many different metrics, each of them spawning
a corresponding completion. Nevertheless, the list of examples of metric and completions
in the existing literature is rather limited. Most of the contemporary results employ only
those metrics on a triangulated category S determined by either aisles, or coaisles of
t-structures on S or t-structures on a good extension T of S. And besides the Cummings-
Gratz combinatorial description of completions of discrete cluster categories [21], no other
systematic classification of metric completions of a specific triangulated category has been
done.

Since any triangulated subcategory and any t-structure on a triangulated category au-
tomatically provides us with good metrics on the triangulated category (see Definition 5.7
in Paper B), trying to classify all metrics would certainly also require to understand trian-
gulated subcategories and t-structures. Our efforts to study metrics and metrics comple-
tions are, therefore, targeted primarily towards bounded derived categories Db(mod -A)
of a finite dimensional algebra A. The category of finite dimensional modules mod -A
and the bounded derived category Db(mod -A) are Krull-Schmidt, Hom-finite, and overall
relatively well-understood, with strong structure-theoretical tools at our disposition.

The first question addressed in this project was of an almost philosophical nature.
What actually is a metric on a triangulated category? As a matter of fact, there are
two different notions (Definition 2.59) - a metric, introduced in [49], and a good metric
appearing in Neeman’s survey [50]. Even the definition of a completion with respect to
a metric and with respect to a good metric are slightly different; the former being more
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complicated. In Section 5 of Paper A, we provide a comparison between the two notions,
and prove the following:

Theorem 4.1 (Paper A - Corollary 5.9). For any (even non-good) metric M on a trian-
gulated category S, there exists a canonically determined good metric N , called the im-
provement of M, such that SM(S) ⊆ SN (S).

So all we can achieve by using more general, non-good metrics, is to obtain triangulated
subcategories of completions with respect to good metrics. It is then perhaps not surprising
that in practice almost all metrics on triangulated categories are assumed to be good, and
even the very recent update [55] of [49] replaces the definition of a metric by a good metric.

We mentioned that the most known examples of good metrics are coming from t-struc-
tures. In the effort to find other instances of good metrics, we consider “moving” metric
between different triangulated categories using triangulated functors. We define a notion
of preimage metric (Definition 4.11 from Paper A) taken along a triangulated functor. Us-
ing the theory of compression functors from [69], we then proceed to show when a preimage
metric yields the same completion as the original metric.

Theorem 4.2 (Paper A - Theorem 1.3). Consider a diagram of triangulated functors

S G // T

F

}}

J
aa

consisting of two adjoint pairs F : T ⇄ S : G and G : S ⇄ T : J . Let M = {Bn}n∈N be
a metric on T and denote N :=

{
G−1(Bn)

}
n∈N the preimage metric of M under G.

If F and J are fully faithful, then the induced functors − ◦G : SM(T )→ SN (S) and
− ◦ F : SN (S)→ SM(T ) are well-defined, mutually inverse triangulated equivalences.

We then show applications of Theorem 4.2 for a bounded derived category Db(mod -A)
of a finite dimensional algebra A of finite global dimension in Section 4.3 of Paper A.

Our search for classification results for all completions on specific triangulated cate-
gories started with the bounded derived category Db(mod -A) of a hereditary, finite dimen-
sional algebra A of finite representation type. The representation theory of A is crystal
clear with only finitely many indecomposable objects in Db(mod -A) up to shifts. A com-
pletion of a triangulated category consists of directed colimits of Cauchy sequences, and
this allows, in principle, for new objects which are not present in the original triangulated
category to appear in the completion. However, it turns out that for these representation-
finite algebras, no new objects are allowed in the completion no matter which metric we
choose.

Theorem 4.3 (Paper A - Theorem 1.1, Corollary 3.9). Let A be a hereditary, finite
dimensional algebra of finite representation type. Let M = {Bn}n∈N be a good metric
on the category Db(mod -A). Denote B := ⋂∞

n=1Bn. Then

SM
(
Db(mod -A)

)
≃ B⊥ ⊆ Db(mod -A).

More specifically, the completions of Db(mod -A) are precisely the thick subcategories
of Db(mod -A).
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In the situation above, a thick subcategory C ⊆ Db(mod -A) is equivalent to the comple-
tion taken with respect to the constant metric ⊥C. Of course, there are many non-constant
good metrics on Db(mod -A), but Theorem 4.3 tells us that for such a good metric M
there exists a thick subcategory D ⊆ Db(mod -A) such that M and the constant metric
D determine the same completion. There exists an innate notion of an equivalence of
metrics (see Definition 2.4 in Paper A), and any two equivalent metrics yield the same
completion. However, this notion is not refined enough; we can have non-equivalent met-
rics giving the same completion regardless. The metrics M and D can be, in fact, taken
as examples.

In order to obtain a better insight to when two good metrics determine the same
completion, we introduce the lattice of good metrics on a triangulated category in Section 5
of Paper B. We prove that the equivalence classes of good metrics indeed form a lattice
and show some of its basic properties. For a bounded derived categories of hereditary
rings, we observe that two metrics determine the same completion if the two metrics differ
only in cohomological degrees n ∈ Z with n ≪ 0, or n ≫ 0; the lattice theory of metrics
allows for a more precise formulation of this property asM =M∞∨N (see Definition 5.9
from Paper B).

Proposition 4.4 (Paper B - Proposition 5.10). Let R be a hereditary, finitely generated
algebra over a commutative noetherian ring. Equip S := Db(mod -R) with additive good
metrics M and N . If M =M∞ ∨N , then S′

M(S) = S′
N (S).

Motivated by the classification result in Theorem 4.3, we ask what happens if we relax
the representation type of the algebra A in question from finite to tame. This time, we are
finally able to produce completions of Db(mod -A) which are not just thick subcategories
but also contain some new objects. With the help of the aforementioned lattice theory of
metrics, we prove:

Theorem 4.5 (Paper B - Theorem 1.1). Let R be a connected hereditary ring and equip
Db(mod -R) with an additive good metric M = {Bn}n∈N. Denote B := ⋂

n∈NBn and let
R→ RB be the universal localisation of R uniquely determined by B via [39, Theorem 8.1].

1) Suppose that R is a commutative noetherian ring. Then:

i) If B is countably generated as a thick subcategory and M = M∞ ∨ B, then
SM

(
Db(mod -R)

)
≃ SB

(
Db(mod -R)

)
≃ Db(mod -RB).

ii) Otherwise, we have SM(S) ≃ B⊥ ∩ T where T ⊆ Db(mod -R) is the thick
subcategory generated by all finitely generated torsion modules.

2) Suppose that R is a finite dimensional algebra of tame representation type over
an algebraically closed field. Then:

i) If B is countably generated as a thick subcategory and M = M∞ ∨ B, then
SM

(
Db(mod -R)

)
≃ SB

(
Db(mod -R)

)
≃ Db(mod -RB).

ii) Otherwise, we have SM(S) ≃ B⊥ ∩ R where R ⊆ Db(mod -R) is the thick
subcategory generated by all regular modules.
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In the last part of this thesis, Project C, we gather our current results from an ongoing
research project whose aim is to generalise Theorem 4.5 and other tools from Paper B. As
a first step, we observe that the appearance of Verdier’s localisations as metric completions
is a rather common phenomenon for constant metrics.

Theorem 4.6 (Corollary 5.4). Let T be a compactly generated k-linear triangulated
category over a commutative ring k. If C ⊆ T c is a countably generated thick subcategory
and T c is Hom-finite, then SC(T c) ≃ T c/C.

Finally, we are able to prove an analogous statement to Theorem 4.5 for the bounded
derived category Db(coh -X) of coherent sheaves on a weighted projective line X of do-
mestic or tubular type. Indecomposable objects of coh -X can be assigned a numerical
invariant called a slope attaining values in Q∪{∞}. The abelian category coh -X has
a tilting object, so Db(coh -X) is triangle equivalent to a bounded derived category of
finite dimensional algebra, while not necessiarily a hereditary one. In fact, for X domestic
Db(coh -X) ≃ Db(mod -A) where A is a tame hereditary finite dimensional algebra, so
Theorem 4.5 applies directly. But for X tubular, the following main result of Project C is
new.

Theorem 4.7 (Theorem 9.8). Let X be a weighted projective line of a domestic or tubular
type over an algebraically closed field. Equip Db(coh -X) with an additive good metric
M = {Bn}n∈N and denote B := ⋂

n∈NBn. Then:

(i) If M =M∞ ∨ B and B is countably generated, then

SM
(
Db(coh -X)

)
≃ SB

(
Db(coh -X)

)
≃ Db(coh -X) /B.

In this case, it holds that SM
(

Db(coh -X)
)
≃ B⊥ ∩Db(coh -X) if and only if B is

generated by an exceptional sequence.

(ii) Otherwise, there exists q ∈ Q∪{∞} depending on M such that

SM
(
Db(coh -X)

)
≃ B⊥ ∩H (q)

where H (q) ⊆ Db(coh -X) is a thick subcategory generated by all indecomposable
objects from coh -X of slope q.
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Metric completions
of triangulated categories

from finite dimensional algebras
Cyril Matoušek

Abstract
In this paper, we study metric completions of triangulated categories in a representation-
theoretic context. We provide a concrete description of completions of bounded derived
categories of hereditary finite dimensional algebras of finite representation type. In order
to investigate completions of bounded derived categories of algebras of finite global dimen-
sion, we define image and preimage metrics under a triangulated functor and use them
to induce a triangulated equivalence between two completions. Furthermore, for a given
metric on a triangulated category we construct a new, closely related good metric called
the improvement and compare the respective completions.

1 Introduction

Since the introduction of triangulated categories by Verdier [35] and Puppe [31], there
have not been many known ways to construct a new triangulated category from an already
existing one without the presence of an enhancement or a separable monoidal structure [5].
Together with other rare, advanced methods such as orbit categories [19] and relative
stable categories [8], [6], Neeman’s recent groundbreaking result from [27] goes against
the prevailing belief that triangulated categories do not reproduce.

In [27], Neeman constructs completions of triangulated categories using metric tech-
niques. His method resembles the construction of a completion of a metric space, while
the concept of defining a metric (or a norm) on a category evolves from the influential paper
[22] by Lawvere from 1973. Neeman also employs his previous ideas about approximability
of triangulated categories from [29]. By defining a metric on a triangulated category, we
assign rational-valued lengths to morphisms in the category, and then formally add colim-
its of Cauchy sequences (i.e. N-shaped diagrams where morphisms eventually get shorter
and shorter) to our category. If we then restrict ourselves to so-called compactly supported
elements, i.e. those colimits of Cauchy sequences which behave nicely with respect to very
short morphisms, we obtain a triangulated category called the completion.

Neeman’s original motivation in [27] was to generalise Rickard’s results on derived
Morita equivalences from [32]. He shows that for a noetherian and weakly approximable
triangulated category T there exist intrinsically determined metrics on the triangulated
categories of compact elements T c of T and the bounded category T bc (in the sense of [29,
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Definition 0.16]). Using these canonical metrics, one can show that T c and T bc are comple-
tions of each other (up to switching to opposite categories). For a coherent ring R, setting
T := D(Mod -R) recovers Rickard’s original result [32, Proposition 8.2]. Another particu-
lar instance of such a phenomenon is the case of a derived category D(X) of a separated,
noetherian scheme X and the subcategories Dperf(X) (perfect complexes) and Db

coh(X)
(complexes with bounded, coherent cohomology). For more examples and applications,
we refer to [27], [30] and Section 5 of [14]. The last two aforementioned papers elaborate
further on the method of metric completions in the context of approximable triangulated
categories.

Neeman summarizes his method of metric completions in his survey paper [28] where
he also introduces a more refined version of a metric, a so-called good metric. While
the definition of a good metric is more restrictive, it makes statements of theorems and
their proofs slicker and less technical. We shall provide more details on good metrics in
Section 5.

Even though Neeman’s result on completing triangulated categories with respect to
a metric is relatively new, metric completions have already found their use in several recent
papers. Metric completions have been used by Sun and Zhang in [33] to study recollements
of triangulated categories, and their main theorem [33, Theorem 4.4] states that under
certain conditions the construction of a completion transforms a recollement of triangu-
lated categories into a right recollement of the corresponding completions. In [11], Biswas,
Chen, Rahul, Parker, and Zheng use completions (and invariance under the completion
construction) with respect to certain natural good metrics on a triangulated category as
a criterion for existence (and mutual equivalence) of bounded t-structures on said tri-
angulated category ([11, Theorem 1.5]). Cummings and Gratz calculate completions of
discrete cluster categories of type A with respect to good metrics in [15], and give their
combinatorial descriptions.

In this paper, we study metrics and metric completions in a representation-theoretic
setting. While the results from [27] and [11] focus mainly on metrics coming from t-struc-
tures with motivation in algebraic geometry, our aim is to systematically calculate com-
pletions with respect to any arbitrary metric on a bounded derived category Db(mod -A)
of a sufficiently nice finite dimensional algebra A.

We provide an explicit formula for calculating completions of Db(mod -A) for A a hered-
itary algebra of finite representation type (e.g. a path algebra of a simply laced Dynkin
quiver) with respect to any metric. A metric on a triangulated category formally consists
of a decreasing chain of subcategories (see Definition 2.1) that should be thought of as
shrinking open balls around zero, so in our case we can express the completion in terms
of these open balls.

Theorem 1.1 (Theorem 3.7). Let A be a hereditary finite dimensional algebra (over
a field) of finite representation type. Let {Bn}n∈N be a good metric on the category
Db(mod -A). Denote B := ⋂∞

n=1Bn.
The completion of Db(mod -A) with respect to the good metric {Bn}n∈N is equal to

B⊥ ⊆ Db(mod -A) where B⊥ := ⋂
B∈B Ker HomDb(mod -A)(B,−).

The condition on {Bn}n∈N of being a good metric is, in fact, not necessary. Theorem 3.7
is stated more generally and encompasses also the case where the metric is not good.
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A noteworthy corollary of our theorem is that the thick subcategories of Db(mod -A) are
precisely the completions of Db(mod -A) with respect to some metric (see Corollary 3.9).

Our second main result is concerned with functors between completions of triangulated
categories of the form Db(Mod -A) for a finite dimensional algebra of finite global dimen-
sion, or even more generally between completions of K-linear triangulated categories (over
a field K) with Serre functors. Our starting point is Theorem 4.3 from Sun and Zhang’s
paper [33], that triangulated functors between triangulated categories under certain con-
tinuity conditions induce triangulated functors on their completions, whose generalisation
for general (non-good) metrics is presented in this paper.

Theorem 1.2 ([33, Theorem 4.3, pt. 3], Theorem 4.9). Let F : T ⇄ S : G be adjoint
triangulated functors between triangulated categories equipped with metrics. If F and G

are compressions, then the precomposition − ◦ F : Mod -S → Mod -T induces a triangu-
lated functor −◦F : S(S)→ S(T ) between the completion S(S) of S and the completion
S(T ) of T .

In other words, we have a commutative diagram

S(S) S(T )

Mod -S Mod -T

−◦F ↾S(S)

−◦F

with the upper horizontal functor −◦F ↾ S(S) being triangulated and the vertical functors
being inclusions.

Utilising Theorem 1.2, we can express a completion of triangulated category as a com-
pletion of another using a related metric. For that purpose we define and study the image
and the preimage of a metric under a triangulated functor. It turns out that the preimage
of a metric is always a metric (see Lemma 4.12) and the image of a metric is a metric if
it is taken under a full triangulated functor (see Lemma 4.14). In the following theorem
we use a preimage metric in such a way, that all relevant functors are compressions and
consequently Theorem 1.2 applies.

Theorem 1.3 (Theorem 4.23). Consider a diagram of triangulated functors

S G // T

F

}}

J
aa

consisting of two adjoint pairs F : T ⇄ S : G and G : S ⇄ T : J . Let {Bn}n∈N be
a metric on T . Denote the completion of T with respect to {Bn}n∈N as S(T ) and the
completion of S with respect to the preimage metric {G−1(Bn)}n∈N as S(S).

If F and J are fully faithful, then the induced functor − ◦G : S(T )→ S(S) given by
Theorem 1.2 is a well-defined triangulated equivalence with a triangulated inverse − ◦ F .

Many of recent articles ([28], [33], [11], [15]) about metric completions of triangulated
categories work with good metrics only. We finish this paper by a short comparison of
generic metrics and good metrics in Section 5. We show that every metric has a naturally
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given improvement which is always a good metric (see Definition 5.2 and Proposition 5.7).
A completion of a triangulated category with respect to a given metric then embeds
into the completion with respect to the original metric’s improvement as a triangulated
subcategory (see Corollary 5.9).
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2 Preliminaries

In this section, we recall definitions, theorems and notation related to completions of
triangulated categories via metric techniques introduced by Neeman in [27], and his follow
up survey paper [28].

2.1 Notation and conventions

2.1.1 General category theory

If we have an adjoint pair F,G of functors between two categories A,B, i.e. F : A → B
and G : B → A, we write it as F : A ⇄ B : G. By this notation, we mean that F is
the left adjoint of G, and G is the right adjoint of F .

For C a category, we will simply denote C ∈ C (by an abuse of notation) as a shortcut for
C ∈ Ob(C). All subcategories are considered full. For A,B categories, we use the notation
A ⊆ B for denoting that A is a subcategory of B.

Given a natural transformation φ : G ⇒ H between two functors G,H : B → C with
components φB : G(B) → H(B) for B ∈ B and a functor F : A → B, we shall denote
φF : G◦F ⇒ H◦F the natural transformation with components φF (A) : GF (A)→ HF (A)
for each A ∈ A.

Ab denotes the category of abelian groups.

2.1.2 Additive categories

Let A be an additive category. We denote the category of additive contravariant functors
from A to Ab as Mod -A, and Y : A → Mod -A the Yoneda embedding A 7→ HomA(−, A).

For a class of objects C ⊆ Ob(A) we denote the following subcategories of A:

• Summ(C) the subcategory of A consisting of objects isomorphic to direct summands
of elements from C,

• Coprod(C) the subcategory of A consisting of objects isomorphic to coproducts of
elements from C,
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• coprod(C) the subcategory of A consisting of objects isomorphic to finite coproducts
of elements from C,

• Add(C) the subcategory Summ
(

Coprod(C)
)
,

• add(C) the subcategory Summ
(

coprod(C)
)
,

• C⊥ the subcategory {A ∈ A : ∀C ∈ C,HomA(C,A) = 0},

• ⊥C the subcategory {A ∈ A : ∀C ∈ C,HomA(A,C) = 0}.

If C = {C} for a single object C ∈ C, we often omit the brackets and write Summ(C)
etc. instead.

2.1.3 Triangulated categories

The notational conventions about triangulated categories here are primarily based on [25]
and [11, Subsection 2.1].

By default, we will denote the shift functor on a triangulated category T as Σ. The tri-
angulated subcategory of T consisting of its compact elements is denoted as T c. And for
subcategories A,B ⊆ T we denote A ∗ B the subcategory of T with objects

{X ∈ T : ∃A ∈ A, ∃B ∈ B,∃ a triangle A→ X → B → ΣA in T }.

A subcategory S ⊆ T is extension-closed if S = S ∗ S.
For every object X of a triangulated category T and N,M ∈ Z we define a set

X[N,M ] := {Σ−iX : i ∈ Z, N ≤ i ≤M}. We also define:

• X[N,∞] := {Σ−iX : i ∈ Z, N ≤ i},

• X[−∞,M ] := {Σ−iX : i ∈ Z, i ≤M},

• X[−∞,∞] := {Σ−iX : i ∈ Z}.

The smallest subcategory of T closed under extensions and direct summands containing
X[N,M ] will be denoted ⟨X⟩[N,M ].

More generally, for a class C ⊆ Ob(T ) we define C[N,M ] := ⋃
C∈C C[N,M ]. We

treat the cases C[N,∞], C[−∞,M ], C[−∞,∞], and ⟨C⟩[N,M ] analogously. In particular,
the notation ⟨C⟩ := ⟨C⟩[−∞,∞] stands for the thick subcategory of T generated by C.

Assuming that the category T has countable coproducts, we define a homotopy colimit
Hocolim- E∗ of a directed diagram E∗ := E1

f1,2−−→ E2
f2,3−−→ · · · in T by the distinguished

triangle ∐
n∈N

En
φ−−→

∐
n∈N

En −−→ Hocolim- E∗ −−→ Σ
∐
n∈N

En

where the first map is given by the infinite matrix

φ :=


idE1 0 0 · · ·
−f1,2 idE2 0 · · ·

0 −f2,3 idE3 · · ·
...

...
... . . .

 .
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2.1.4 Homotopy categories and derived categories

Let A be an exact category. We use the following notation for relevant related categories:

• K(A) the homotopy category of A,

• D(A) the derived category of A,

• Db(A) the bounded derived category of A.

2.1.5 Rings and modules

By ring, we always mean associative, unitary ring whose operation of multiplication gen-
erally does not have to be commutative. By module, we mean a right module over a given
ring unless stated otherwise. A K-algebra over a field K is a ring containing K as a subring
of its center.

For a ring R, we use the following notation for relevant related categories:

• Mod-R the category of R-modules,

• mod -R the category of finitely generated R-modules,

• ind -R the category of finitely generated indecomposable R-modules,

• D(R) abbreviation for D(Mod-R),

• Db(R) abbreviation for Db(Mod-R).

Furthermore, for R, S rings and RMS an R-S-bimodule we denote

−⊗L
RM : D(R)→ D(S) the left derived functor of −⊗RM : Mod-R→ Mod -S

and
R HomS(M,−) : D(S)→ D(R)

the right derived functor of HomS(M,−) : Mod -S → Mod-R.

2.2 Metrics on triangulated categories

As explained in [28, Heuristic 9], we are aiming to assign lengths (with values in rational
numbers) to morphisms in a triangulated theory T in such a way that the length is
invariant under homotopy cartesian squares, i.e. if

A B

C D

g

f

g′

f ′

is a homotopy cartesian square, then the morphisms f and f ′ have equal length. We
recall that the commutative square as above is called homotopy cartesian if there exists
a distinguished triangle

A

[
f

−g

]
−−−−→ B ⊕ C [ g′ f ′ ]−−−−→ D −−→ ΣA.
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Consequently, we may measure a length of a morphism by looking at its cone, because for
every distinguished triangle A f−→ B → C → ΣA there exists a homotopy cartesian square

A B

0 C.

f

In other words, the length of all morphisms is determined by the lengths of the zero
morphisms 0 → C for all C ∈ T . This motivates the following definition of a metric on
a triangulated category as a decreasing sequence of neighbourhoods of zero.

This definition of a metric comes from [27, Definition 1.2], while the definition of a good
metric is from [28, Definition 10].

Definition 2.1. Let T be a triangulated category. Let {Bn}n∈N be a non-increasing
chain B1 ⊇ B2 ⊇ B3 ⊇ . . . of subcategories of T . We say that {Bn}n∈N is a metric if
Bn ∗Bn = Bn and 0 ∈ Bn for all n ∈ N.

Furthermore, we say that a metric {Bn}n∈N is a good metric if it satisfies the rapid
decrease condition, i.e. Σ−1Bn+1 ∪Bn+1 ∪ ΣBn+1 ⊆ Bn for all n ∈ N.

Definition 2.2 ([27, Definition 1.6]). Let T be a triangulated category with a metric
{Bn}n∈N. Let E∗ := E1

f1,2−−→ E2
f2,3−−→ · · · be a directed diagram in T . For m′ > m ∈ N,

we denote the composition fm,m′ := fm′,m′−1 ◦ · · · ◦ fm+1,m+2 ◦ fm,m+1 and fm,m := idEm .
We say that E∗ is a Cauchy sequence (with respect to the metric {Bn}n∈N) if for

all i ∈ N there is an index M ∈ N such that for every m′ ≥ m ≥ M the triangle
Em

fm,m′
−−−−→ Em′ → Dm,m′ → ΣEm satisfies Dm,m′ ∈ Bi.
We say that E∗ is a good Cauchy sequence (with respect to the metric {Bn}n∈N) if for

all i ∈ N and j ∈ Z there is an index M ∈ N such that for every m′ ≥ m ≥M the triangle
Em

fm,m′
−−−−→ Em′ → Dm,m′ → ΣEm satisfies ΣjDm,m′ ∈ Bi.

Remark 2.3. The existence of a metric {Bn}n∈N on T does not, strictly speaking, assign
to a morphism f : a → b a precise number to be the length of f . Instead, we are merely
interpreting cone(f) ∈ Bn for some fixed n ∈ N as the length of f being less or equal
to 1

n . Since the cone of every isomorphism, the zero object, is contained in the intersection⋂
n∈NBn, all isomorphisms are of length ≤ 1

n for all n ∈ N. In this sense, we can say
that isomorphisms are of zero length. And Cauchy sequences are sequences of composable
morphisms whose lenghts are eventually getting smaller and smaller (see [28, Definition 2]).

The original definition of a good metric {Bn}n∈N in [28, Definition 10] contains an ad-
ditional assumption that B1 = T . This was done to ensure that every morphism has
a length, concretely length ≤ 1. Since we are interested mainly in Cauchy sequences
E∗ := E1

f1,2−−→ E2
f2,3−−→ · · · anyway, where we impose the length of Em

fm,m′
−−−−→ Em′ to

be small for indices m′ ≥ m ≥ M for some fixed M ∈ N onwards, the requirement of
every morphism having lengths ≤ 1 is not necessary. We can simply skip any finite initial
segment of a Cauchy sequence.

Therefore, in this text, we will stick to the variant of the definition of a good metric from
[11, Definition 2.8] where we allow morphisms without any length by omitting the condition
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B1 = T . This will simplify the notation and formulations of certain statements and their
proofs.

Similarly to the case of metrics on metric spaces, we can define an equivalence relation
on metrics on triangulated categories.

Definition 2.4 ([27, Definition 1.2]). Let T be a triangulated category and two metrics
{Bn}n∈N and {Cn}n∈N. We say that {Cn}n∈N is finer than (or a refinement of) {Bn}n∈N
if for every n ∈ N there is m ∈ N such that Cm ⊆ Bn.

In this case, we also say that {Bn}n∈N is coarser than {Cn}n∈N, and we denote this
by {Cn}n∈N ≤ {Bn}n∈N.

We say that {Bn}n∈N and {Cn}n∈N are equivalent if

{Cn}n∈N ≤ {Bn}n∈N and {Bn}n∈N ≤ {Cn}n∈N.

Remark 2.5 ([27, Remark 1.7]). Equivalent metrics yield the same (good) Cauchy se-
quences.

Remark 2.6. Equivalence of metrics does not preserve goodness. Let D(K) be the cat-
egory of graded vector spaces over a field K. Consider a good metric {Cn}n∈N given by
the cohomology functor H : D(K)→ Mod -K via the formula

Cn = {T ∈ D(K) : ∀i > −n,H i(T ) = 0}.

This is a particular case of a metric of “type i)” from [28, Example 12].
The metric {Cn}n∈N is indeed good because for each n ∈ N and T ∈ Cn+1, the property

H i(T ) = 0 for i > −n − 1 implies Hj
(
Σ−1T

)
= 0 whenever j > −n, thus justifying

ΣCn+1 ∪ Cn+1 ∪ Σ−1Cn+1 ⊆ Cn.
Define a metric {Bn}n∈N by the formula Bn := C⌈ n

2 ⌉ for all n ∈ N. This metric is not
good since ΣnK ∈ B2n = Cn for all n ∈ N while Σn−1K /∈ B2n−1 = Cn.

We observe that {Bn}n∈N and {Cn}n∈N are equivalent, even though {Cn}n∈N is good,
while {Bn}n∈N is not.

2.3 Completions of triangulated categories

The construction of a completion of a triangulated category T resembles the one of a com-
pletion of a metric space. We are formally adjoining “limit points” of Cauchy sequences -
in our case directed colimits of images of Cauchy sequences under the Yoneda embedding
to obtain the pre-completion L(T ) (see Definition 2.7).

However, unlike the completion of a metric space, the pre-completion L(T ) is not yet
what we wanted because it is not known, whether it is, in general, a triangulated category.
To get hold of the true completion S(T ) = C(T ) ∩ L(T ), we must restrict ourselves to
those elements of L(T ) which are compactly supported. This ensures that the completion
S(T ) is triangulated with a shift functor compatible with the original shift on T .

The reasoning behind the introduction of compactly supported elements is explained
in Remark 2.13 and Remark 2.14.

A more precise definition follows.
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Definition 2.7 ([27, Definition 1.10]). Let T be a triangulated category with a metric
{Bn}n∈N. We define the following subcategories of Mod -T (all of them with respect
to {Bn}n∈N):

(i) the compactly supported elements as C(T ) := ⋂
j∈Z

⋃
i∈N Y (ΣjBi)⊥,

(ii) the weakly compactly supported elements as WC(T ) := ⋃
i∈N Y (Bi)⊥,

(iii) the pre-completion of T as

L(T ) :=
{
F ∈ Mod -T : ∃ a good Cauchy sequence E∗ in T , F ≃ lim−→Y (E∗)

}
,

(iv) and the completion of T as S(T ) := C(T ) ∩ L(T ).

We also define an autoequivalence Σ : Mod -T → Mod -T by the formula

[ΣF ](T ) := F
(
Σ−1T

)
for all F ∈ Mod -T and T ∈ T .

A directed diagram

a1 b1 c1 Σa1

a2 b2 c2 Σa2

...
...

...
...

f1 g1 h1

f2 g2 h2

of distinguished triangles in T is said to be a good Cauchy sequence of distinguished
triangles provided that each of the sequences a∗, b∗, c∗, and Σa∗ is good Cauchy.

A sequence A f−→ B
g−→ C

h−→ ΣA in S(T ) is then called a distinguished triangle if it
is isomorphic to the directed colimit of a good Cauchy sequence of distinguished triangles
a∗

f∗−→ b∗
g∗−→ c∗

h∗−→ Σa∗ in T embedded into Mod -T via Yoneda’s embedding.

In case that the category T is not skeletally small, natural transformations between
two functors in Mod -T does not have to form a set. However, both of the categories L(T )
and S(T ), which we are mainly interested in, consist of countably presented functors only.
This makes them genuine categories with small Hom-sets regardless of any set-theoretical
issues with T .

Since we will be often working with directed colimits lim−→Y (E∗) of (good) Cauchy
sequences E∗ from T calculated inside the module category Mod -T , we introduce a special
notation and terminology for such a colimit.

Definition 2.8 ([15, Definition, 3.4]). Let T be a triangulated category with a metric.
Let E∗ be a Cauchy sequence in T . We call lim−→Y (E∗) ∈ L(T ) the module colimit of E∗

and we denote it as Mocolim- E∗.
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Remark 2.9 ([27, Remark 1.11]). Equivalent metrics yield the same (weakly) compactly
supported elements and the same pre-completion. Consequently, they yield the same
completion.

Remark 2.10. It holds that Σ
(
S(T )

)
= S(T ). In other words, Σ restricts to an autoe-

quivalence of S(T ). This is explained in more detail in [27, Chapter 2].

We finally get to Neeman’s result that the completion (as above) of triangulated cat-
egory is triangulated itself.

Theorem 2.11 ([27, Theorem 2.11]). Let T be a triangulated category with shift Σ and
a metric {Bn}n∈N. Then the category S(T ) together with its autoequivalence Σ and its
distinguished triangles from Definition 2.7 is triangulated.

In order to illustrate the importance of compactly supported elements, we state one
of the auxiliary lemmas needed in the proof of Theorem 2.11. Not only is it an essential
tool to show that the octahedral axiom holds in S(T ) but it is an interesting statement
by itself. It will, in fact, be used again in Section 3.

Lemma 2.12 ([27, Lemma 2.8]). Let T be a triangulated category with a metric. Let
F ∈ C(T ) be a cohomological functor on T and let E = Mocolim- E∗ ∈ L(T ) for some
good Cauchy sequence E∗. Then there exists N ∈ N such that for all n ≥ N every map
Y (En) → F in Mod -T factors uniquely as Y (En) φ−→ E → F where φ is the canonical
map into the colimit.

Lemma 2.12 concerns the unique factorisation of a certain morphism to a compactly
supported cohomological functor F through a morphism from an element E of the pre-
completion. As the completion S(T ) = C(T )∩L(T ) by definition consists of the elements
of the pre-completion L(T ) which are compactly supported, it applies to any pair of
elements E and F from the completion.

The following two remarks are based on [28, Definition 4] and the proof of aforemen-
tioned Lemma 2.12 in [27, Lemma 2.8].

Remark 2.13. Let T be a triangulated category with a metric {Bn}n∈N. Let F ∈ C(T ).
If F is a cohomological functor on T , then it sends sufficiently small morphisms to iso-
morphisms.

By the definition of compactly supported elements, we can find n ∈ N such that
F ∈ Y (Σ−1Bn)⊥ ∩ Y (Bn)⊥. Let f : C → D in T be of length at most 1

n , i.e. there exists
a triangle

C
f−→ D → E → ΣC

with E ∈ Bn. Applying the cohomological functor F to this triangle yields a long exact
sequence

· · · → F (E)→ F (D) f−→ F (C) −→ F (Σ−1E)→ · · ·

of abelian groups. By Yoneda’s lemma it holds that

F (E) ≃ Hom
(
Y (E), F

)
= 0 and F (Σ−1E) ≃ Hom

(
Y (Σ−1E), F

)
= 0,

so F (f) must be an isomorphism thanks to the exactness of our sequence.
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This fact is a key step in the proof of Lemma 2.12, and consequently of the octahedral
axiom for S(T ) as well.

Remark 2.14. Note that a functor F ∈ L(T ) is automatically cohomological as a di-
rected colimit of representable functors, which are known to be cohomological. Therefore,
any functor in the completion S(T ) = C(T ) ∩ L(T ) is both compactly supported and
cohomological, so it satisfies the property of “sending small morphisms to isomorphisms”
from Remark 2.13.

2.4 Good extensions

A good extension is an indispensable tool to explicitly calculate completions of triangulated
categories without referring to the functor category. If a triangulated category embeds
into another triangulated category with coproducts in such a way that the embedding is
a good extension, the completion is then triangle equivalent to a suitable subcategory of
the extension.

The following definition is comprised of Notation 3.1, Definition 3.5, and Definition 3.8
from [27]. For the definition of a homotopy colimit, we refer to Subsection 2.1.3.

Definition 2.15. Let S, T be triangulated categories and F : S → T a fully faithful,
triangulated functor. We define the restricted Yoneda functor Y : T → Mod -S by setting
T 7→ Hom

(
F (−), T

)
.

Suppose that S has a metric {Bn}n∈N. We say that F is a good extension (with
respect to {Bn}n∈N) if T has countable coproducts and for every good Cauchy sequence E∗
the canonical map Mocolim- E∗ → Y

(
Hocolim- F (E∗)

)
is an isomorphism.

In this setting, we define the following subcategories of T :

C′(S) := Y−1(C(S)
)
,

WC′(S) := Y−1(WC(S)
)
,

L′(S) :=
{
T ∈ T : ∃ a good Cauchy sequence E∗ in S , T ≃ Hocolim- F (E∗)

}
,

S′(S) := C′(S) ∩ L′(S).

Remark 2.16 ([27, Observation 3.2]). We can describe the categories C′(S) and WC′(S)
explicitly as C′(S) = ⋂

j∈Z
⋃
i∈N F (ΣjBi)⊥ and WC′(S) = ⋃

i∈N F (Bi)⊥.

We can calculate completions inside good extensions.

Theorem 2.17 ([27, Theorem 3.15]). Let S be a triangulated category with a metric,
and S ↪−→ T a good extension. Then Y ↾S′(S): S′(S)→ S(S) is a well-defined triangulated
equivalence.

We mention a technical lemma from the proof of the theorem.

Lemma 2.18 ([27, Lemma 3.13]). Let S be a triangulated category with a metric, and
S ↪−→ T a good extension. Let E ∈ L′(S) and X ∈ C′(S). Then the map

Y : HomT (E,X)→ HomMod -S
(
Y(E),Y(X)

)
is an isomorphism.
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The isomorphism from Lemma 2.18 enables us to translate the unique factorisation
property of Lemma 2.12 into the setting of the good extension. This will be useful again
in Section 3.

Lemma 2.19. Let S be a triangulated category with a metric, and F : S → T a good
extension. Let X ∈ C′(S) and let E = Hocolim- F (E∗) ∈ L′(T ) for some good Cauchy
sequence E∗. Then there exists N ∈ N such that for all n ≥ N every map F (En)→ X in
T factors uniquely as F (En)→ E → X.

Proof. Since Y(X) is a cohomological functor, Lemma 2.12 gives us an index N ∈ N
and for each n ≥ N a unique factorisation of Y ◦ F (En) ≃ Y (En)→ Y(X) as

Y ◦ F (En) ≃ Y (En)→Mocolim- E∗ ≃ Y(E)→ Y(X).

We then lift the factorisation to T using Lemma 2.18.

We finish the section by mentioning the prototypical example of a good extension, i.e.
the embedding of compact elements T c ↪−→ T .

Theorem 2.20 ([27, Example 3.6]). Let T be a triangulated category with arbitrary
coproducts. Then the inclusion T c ↪−→ T is a good extension with respect to all metrics
on T c.

Proof. Let E∗ := E1 −→ E2 −→ · · · be a directed diagram in T c. Then we can use [24,
Lemma 2.8] to show that the canonical map lim−→Y (E∗) → Y(Hocolim- E∗) is an isomor-
phism regardless of whether the sequence E∗ is good Cauchy or not. Hence the inclusion
is a good extension for every possible metric on T c.

3 Completions of certain derived categories

This section is dedicated to calculating all completions of the bounded derived category
Db(mod -A) of finitely generated modules over a hereditary, finite dimensional algebra of
finite representation type. Such a category is equal to the category of Dc(A) of the compact
elements (equivalently perfect complexes) of the derived category D(A). See for example
[13, Proposition 6.4]. We are using the fact that the subcategory of perfect complexes is
equal to Db(mod -A) for A of finite global dimension.

Throughout the section, we will be always implicitly using Theorem 2.17 as our compu-
tation tool because embedding Db(mod -A) ↪−→ D(A) is a good extension for every metric
(see Theorem 2.20). In other words, all the completions mentioned below will be of the
form S′(T ) in the sense of the notation from Definition 2.15.

Firstly, we show that in the case of a hereditary category A the completion of D(A)c
is always bounded in cohomology. Recall that any object of D(A) for A hereditary is
quasi-isomorphic to its cohomology (see for example [20, Proposition 4.4.15]).

Proposition 3.1. Let A be a hereditary Abelian category with coproducts. Consider
the subcategory of perfect complexes D(A)c of the derived category D(A) of A. Let S be
a triangulated subcategory of D(A)c. Then for every metric on S, we have S′(S) ⊆ Db(A).
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Proof. Let E ∈ S′(S) where E = Hocolim- E∗ for some Cauchy sequence E∗.
By Lemma 2.19, for every X ∈ C′(S) there exists N ∈ N such that every map EN → X

in D(A) factors uniquely as EN → E → X. We find such an N ∈ N for the choice
X := E ∈ C′(S).

Suppose that EN has cohomology concentrated in degrees −n, . . . , n for some n ∈ N.
Denote Q := ∐n+1

i=−n Σ−iH i(E) ∈ Db(A). Since A is hereditary, Q is a direct summand of
E, so we can consider the idempotent map e : E → E having Q as its image.

Because there are no morphisms EN → ΣiZ for every Z ∈ A and every

i ∈ Z, i /∈ {−n, . . . , n+ 1},

the canonical map EN → E factors through Q. But then the compositions EN → E
idE−−→ E

and EN → E
e−→ E are equal. By the uniqueness of such a factorisation, we get e = idE

and E ≃ Q ∈ Db(A).

For the rest of the section, we narrow our attention to finite dimensional algebras.

Lemma 3.2. Let A be a hereditary finite dimensional K-algebra and S a triangulated
subcategory of Db(mod -A). Let i ∈ Z. Let E = Hocolim- E∗ ∈ S′(S) for some good
Cauchy sequence E∗ with respect to a fixed metric on S. If H i(E) contains ⊕j∈JM as
a direct summand for some 0 ̸= M ∈ mod -A and some indexing set J , then J is finite.

Proof. Since Σ−iM is a direct summand of E, it has to be compactly supported (see Def-
inition 2.7). By Lemma 2.19, there is N ∈ N such that the map

HomD(A)
(
φ,Σ−iM

)
: HomD(A)

(
E,Σ−iM

)
→ HomD(A)

(
EN ,Σ−iM

)
is a K-linear isomorphism, where φ : EN → E is the canonical map.

Because EN ,Σ−iM ∈ Db(mod -A), the dimension of HomD(A)(EN ,Σ−iM) is finite.
As ⊕j∈J Σ−iM is a direct summand of E, we know

0 ̸=
∏
j∈J

HomD(A)
(
Σ−iM,Σ−iM

)
≃ HomD(A)

⊕
j∈J

Σ−iM,Σ−iM


⊆ HomD(A)

(
E,Σ−iM

)
≃ HomD(A)

(
EN ,Σ−iM

)
.

If J was infinite, the dimension of HomD(A)(EN ,Σ−iM) would be infinite, but that is
impossible. Hence, the set J is finite.

We recall the following result of Auslander about modules over artinian rings of finite
representation type. It applies, in particular, to path algebras over a simply laced Dynkin
quiver.

Theorem 3.3 ([3, Corollary 4.8]). Let R be an artinian ring of finite representation type.
Then every (possibly infinitely generated) R-module decomposes as a direct sum of finitely
generated indecomposables, i.e. Mod -R = Coprod(ind -R).

Lemma 3.4. Let A be a hereditary finite dimensional K-algebra of finite representation
type. Then for every metric on Db(mod -A) we have

S′(Db(mod -A)
)
⊆ Db(mod -A).
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Proof. Since A is a hereditary ring, Proposition 3.1 gives us the inclusion of categories
S′(Db(mod -A)

)
⊆ Db(Mod -A). Let X ∈ S′(Db(mod -A)

)
and let i ∈ Z. By Theo-

rem 3.3, we have H i(X) ≃ ⊕
M∈ind -AM

(JM ) for some suitable indexing sets JM . By
Lemma 3.2, the set JM is finite for all M ∈ ind -A, and ind -A is also finite. Hence
H i(X) ∈ mod -A and X ∈ Db(mod -A).

Lemma 3.5. Let T be a triangulated category with a good metric {Bn}n∈N. Then
B := ⋂∞

n=1Bn is a triangulated subcategory of T .

Proof. Let T ∈ B and let n ∈ N. Then T ∈ Bn+1. Because the metric is good, we have
the inclusion Σ−1Bn+1 ∪ Bn+1 ∪ ΣBn+1 ⊆ Bn. Then Σ±1T ∈ Bn. Since n was arbitrary,
we get that B is closed under shifts. The subcategory B then has to be a triangulated
subcategory as a subcategory closed under shifts and extensions.

Recall that a pair (U ,V) of subcategories of a triangulated category T is called a torsion
pair if V ⊆ U⊥ and U ∗V = T (see [18, Definition 2.2]). In that case, it automatically holds
that V = U⊥ and U = ⊥V. We will make use of the following well-known fact that, in our
setting of derived categories of representation-finite algebras, every thick subcategory is
a part of a torsion pair.

Lemma 3.6. Let A be a hereditary finite dimensional K-algebra of finite representation
type. Let S be a thick subcategory of Db(mod -A). Then there exists a triangulated
subcategory U of Db(mod -A), such that (U ,S) is a torsion pair.

Proof. As A is hereditary and of finite representation type, the thick subcategory S is
a preenveloping class (even functorially finite) in T . By [26, Proposition 1.4] and [21,
Theorem 2.9], the subcategory S is even enveloping.

Then by [18, Proposition 2.4], the category S is a right class of a torsion pair (U ,S)
in Db(mod -A).

Finally, we get to the explicit computation of all completions of Db(mod -A) for A
a hereditary finite dimensional K-algebra of finite representation type. If the field K is
algebraically closed, every such a (connected) algebra A is Morita equivalent to KQ for
some simply laced Dynkin quiver Q (see e.g. [2, pg. 243]).

Theorem 3.7. Let A be a hereditary finite dimensional K-algebra of finite representation
type. Let {Bn}n∈N be a metric on the category Db(mod -A). Denote B := ⋂∞

n=1Bn. Then

S′(Db(mod -A)
)

= Db(mod -A) ∩ B[−∞,∞]⊥ ⊆ D(A).

Moreover, if {Bn}n∈N is good, then S′(Db(mod -A)
)

= Db(mod -A) ∩ B⊥.

Proof. “⊆” The inclusion S′(Db(mod -A)
)
⊆ Db(mod -A) follows from Lemma 3.4. If

X ∈ S′(Db(mod -A)
)
, then X is compactly supported, so consequently for every j ∈ Z

there exists i ∈ N with X ∈ ΣjB⊥
i . Since ΣjB ⊆ ΣjBi, we get that X ∈ B[−∞,∞]⊥.

“⊇” Let X ∈ Db(mod -A) ∩ B[−∞,∞]⊥. Then X is the homotopy colimit of the con-
stant Cauchy sequence X idX−−→ X

idX−−→ · · · of elements of Db(mod -A), so

X ∈ L′(Db(mod -A)
)
.
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Suppose that the cohomology of X is concentrated in degrees −k + 1, . . . , k for some
k ∈ N. Fix j ∈ N0. For any M ∈ ind -A \ Summ(B[−∞,∞]) and any i ∈ Z, there
exists n ∈ N satisfying M /∈ Σi Summ(Bn). Since j and k are fixed, and there are (up
to isomorphism) only finitely many finitely generated indecomposable A-modules, we can
actually find n ∈ N big enough that

M /∈ Summ(Bn)[−k − j, k + j]

holds for every M ∈ ind -A \ Summ(B[−∞,∞]).
Let Z ∈ Bn, and denote P := ∐k+j

i=−k−j Σ−iH i(Z). By Theorem 3.3, all cohomologies
of P decompose as direct sums of indecomposable finitely generated A-modules. This
yields P ∈ Add(B[−∞,∞]) due to the choice of n. But then

HomD(A)
(
ΣjZ,X

)
= HomD(A)

(
ΣjP,X

)
= 0

because X ∈ B[−∞,∞]⊥ = Add(B[−∞,∞])⊥. Using X ∈ Add(B[−∞,∞])⊥ again, we
also get

HomD(A)
(
Σ−jZ,X

)
= HomD(A)

(
Σ−jP,X

)
= 0.

Hence, we obtain X ∈ Σ±jB⊥
n .

Since j was picked arbitrarily, we conclude

X ∈ L′(Db(mod -A)
)
∩ C′(Db(mod -A)

)
= S′(Db(mod -A)

)
.

For the proof of the final statement, we further assume that the metric {Bn}n∈N is good.
Then B is a triangulated subcategory of Db(mod -A) by Lemma 3.5, so B = B[−∞,∞].
The claim now directly follows.

The main message of Theorem 3.7 is that for any (no matter how chaotic) metric
{Bn}n∈N on the category Db(mod -A), the completion S′(Db(mod -A)

)
depends only on

the intersection B := ⋂∞
n=1Bn of all balls. To the author’s knowledge, other instances of

classification results for completions in the literature involve much more well-behaved met-
rics; e.g. metrics determined by aisles ([15, Theorem 1.1]), metrics determined by coaisles
on discrete cluster categories ([15, Theorem 1.2]), or metrics

{
⟨G⟩[−∞,−n]

}
n∈N

determined
by shifts of a classical generator G of a triangulated category S under a finiteness condition
on the relative finitistic dimension fin. dim(Sop, G) <∞ ([11, Theorem 3.11]).

Here, the relative finitistic dimension of a triangulated category S at an object G,
defined in [11, Definition 1.3] as

fin. dim(S, G) := inf
{
n ∈ N : G[−∞,−1]⊥ ⊆ Σn⟨G⟩[0,∞]

}
,

is a generalisation of notion (due to Bass [7]) of the little finitistic dimension

fin. dim(R) := sup {proj. dimM : M ∈ mod -R,proj. dimM <∞}

of a ring R in a sense that fin. dim
(

D(R)c, R
)

= fin. dim(R) (see [11, Lemma 4.1.5]).
In this context, while the algebra A from Theorem 3.7 itself serves as a classical (even

strong) generator of the category Db(mod -A) and satisfies

fin. dim
(
Db(mod -A)op, A

)
<∞ and S′(Db(mod -A)

)
= Db(mod -A)
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with respect to the metric
{
⟨A⟩[−∞,−n]

}
n∈N

as in [11, Theorem 3.11], our theorem also
provides a description of completions with respect to metrics not related to the strong
generator - beyond other things, metrics determined by shifts of any (non-generating)
object M with fin. dim

(
Db(mod -A)op,M

)
=∞.

There exist, however, cases where the methods from Theorem 3.7, [11] and [15] all
apply at the same time. We offer an insight in the following remark.

Remark 3.8. Let A be a hereditary finite dimensional K-algebra of finite representa-
tion type, and let (U ,V) be a t-structure on Db(mod -A). The t-structure determines an
aisle metric {ΣnU}n∈N (see [15, Definition 4.2]) on Db(mod -A), and the metric is good.
Theorem 3.7 then yields

S′(Db(mod -A)
)

=
( ∞⋂
n=1

ΣnU
)⊥

=
∞⋃
n=1

Σ−nV ⊆ Db(mod -A)

giving us a specific instance of a general result [15, Theorem 1.1] about completions with
respect to aisle metrics being unions of shifts of coaisles.

In particular, if the t-structure (U ,V) is bounded below, we have ⋂∞
n=1 ΣnU = 0

and S′(Db(mod -A)
)

= ⋃∞
n=1 Σ−nV = Db(mod -A) as noticed in [11, Corollary 3.6] and

implicitly proven in [10, Theorem 5.1] in the first version of said paper [11].

Corollary 3.9. Let A be a hereditary finite dimensional K-algebra of finite represen-
tation type. Then completions of Db(mod -A) are precisely the thick subcategories of
Db(mod -A).

Proof. Let S′(Db(mod -A)
)

be a completion with respect to a metric {Bn}n∈N. If we
denote B := ⋂∞

n=1Bn, by Theorem 3.7 we get

S′(Db(mod -A)
)

= Db(mod -A) ∩ B[−∞,∞]⊥.

In other words, the completion S′(Db(mod -A)
)

is Hom-orthogonal to the suspension
closed subcategory B[−∞,∞] of Db(mod -A). Then S′(Db(mod -A)

)
must necessarily be

a triangulated subcategory of Db(mod -A), which is closed under direct summands. Hence,
it is a thick subcategory.

Conversely, let S be a thick subcategory of Db(mod -A). Lemma 3.6 gives us a trian-
gulated subcategory U ⊆ Db(mod -A) such that (U ,S) is a torsion pair, implying S = U⊥.
The constant sequence of subcategories {U}n∈N is a good metric on Db(mod -A). By
Theorem 3.7, the completion with respect to this metric is S.

Example 3.10. Let K be a field. There are only two completions of Db(mod -K), namely
Db(mod -K) and 0.

There are only five completions of Db(mod -KA2), namely all the thick subcategories
Db(mod -KA2), ⟨S(1)⟩, ⟨S(2)⟩, ⟨P(2)⟩, and 0 (see e.g. [16, Example 5.1.3]).

We finish the section by a non-example.

Example 3.11. Theorem 3.7 does not hold for a general hereditary ring. Let us set
T := Db(mod -Z) and let S be the triangulated subcategory of T generated by finitely
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generated torsion abelian groups. We consider the constant metric {S}n∈N on T . We
claim that S′(T ) = ⟨Q⟩ ⊆ D(Mod -Z). Thanks to Proposition 3.1, we know so far that
S′(T ) ⊆ Db(Mod -Z).

Let E = Hocolim- E∗ ∈ S′(T ) for some good Cauchy sequence E∗ in T . Let i ∈ Z
and M := H i(E) ∈ Mod -Z. Then Σ−iM is compactly supported as a direct summand of
E ∈ C′(T ). Hence HomD(Mod -Z)(S,Σ−iM) = 0. We infer that

HomZ

( ∞⊕
n=2

Z /nZ,M
)
≃ 0 ≃ Ext1

Z

( ∞⊕
n=2

Z /nZ,M
)
,

so M is torsion-free and injective (by Baer’s criterion [4, Theorem 1], see also [1,
Lemma 18.3] or [34, Proposition 1.2]). Therefore M ≃ Q(J) for some indexing set J .

To show that J is finite, we use an argument analogous to the proof of Lemma 3.2.
Since Σ−iQ ∈ D(Mod -Z) is compactly supported, Lemma 2.19 gives us N ∈ N such that
the map

HomD(Mod -Z)
(
φ,Σ−iQ

)
: HomD(Mod -Z)

(
E,Σ−iQ

)
→ HomD(Mod -Z)

(
EN ,Σ−iQ

)
is an abelian group isomorphism (so a bijection), where φ : EN → E is the canonical map.
But HomD(Mod -Z)

(
EN ,Σ−iQ

)
is at most countable as a set. If J was infinite, we would

get that

HomD(Mod -Z)
(
E,Σ−iQ

)
≃ HomD(Mod -Z)

(
Σ−iQ(J),Σ−iQ

)
≃ QJ

is uncountable, which is impossible. Hence J is finite.
So far we have shown that S′(T ) ⊆ ⟨Q⟩. To prove the equality, it is enough to observe

that Q ∈ L′(T ). We look at the following diagram in mod -Z

C∗ := Z 2·−
↪−−→ Z 3·−

↪−−→ Z 4·−
↪−−→ Z ↪−→ · · ·

with lim−→C∗ = Q in Mod -Z. We have for all i ∈ N that Coker(i · −) is a torsion group,
so if we view Z as a complex concentrated in degree 0 and interpret C∗ as a diagram
in Db(mod -Z), then C∗ is Cauchy with Hocolim- C∗ = Q in D(Mod -Z). We conclude
S′(T ) = ⟨Q⟩.

4 Functors between completions

This section is divided into three parts. In Subsection 4.1, we elaborate on the theory
of induced functors on completions from [33]. Subsection 4.2 contains the main new
result of this section (Theorem 4.23) - we introduce the preimage and image metrics on
triangulated categories and use them to induce equivalences between their completions.
We give an application of the result for categories with Serre functors in Subsection 4.3.

4.1 Induced functors on completions

In this subsection, we recall one of the main results from [33] by Sun and Zhang, namely
Theorem 1.1 (later stated as Theorem 4.3). They prove that an adjoint pair of triangulated
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functors between triangulated categories equipped with metrics induces a triangulated
functor between the respective completions, assuming that the adjoint functors are, in
some sense, “continuous” with respect to the metrics. The proper term used by Sun and
Zhang is that of a compression functor.

Since the original theorem deals with good metrics only, we reprove it here in the full
generality of (potentially) non-good metrics. The proofs in [33] require only minimal
adjustments to include the stronger hypothesis, but we repeat them for the convenience
of the reader.

Definition 4.1 ([33, Definition 4.1]). Let T , S be triangulated categories with metrics
{Bn}n∈N and {Cn}n∈N, respectively. We say that a triangulated functor F : T → S is
a compression if for every n ∈ N there exists m ∈ N such that F (Bm) ⊆ Cn.

Remark 4.2. Let {Bn}n∈N and {Cn}n∈N be metrics on a triangulated category T . Notice
that {Bn}n∈N ≤ {Cn}n∈N if and only if the identity functor id : T → T from T equipped
with the metric {Bn}n∈N to T equipped with the metric {Cn}n∈N is a compression.

Lemma 4.3 ([33, Lemma 4.2]). Let T , S be triangulated categories with metrics {Bn}n∈N
and {Cn}n∈N, respectively, and let F : T → S be a compression. Then F preserves (good)
Cauchy sequences.

Proof. We prove the statement only for good Cauchy sequences, because the other case is
analogous.

Let E∗ := E1 → E2 → · · · be a good Cauchy sequence in T . We check that its image
F (E∗) := F (E1) → F (E2) → · · · is a good Cauchy sequence in S. Let i ∈ N and j ∈ Z.
We find k ∈ N such that F (Bk) ⊆ Ci. We find M ∈ N such that for every m′ ≥ m ≥M
the triangle Em → Em′ → Dm,m′ → ΣEm satisfies ΣjDm,m′ ∈ Bk. We have that

F (Em)→ F (E′
m)→ F (Dm,m′)→ ΣF (Em)

is also a triangle because F is a triangulated functor. Since ΣjDm,m′ ∈ Bk, it holds that
F (ΣjDm,m′) ≃ ΣjF (Dm,m′) ∈ Ci. Thus, the sequence F (E∗) is good Cauchy.

Lemma 4.4 ([33, Theorem 4.3, pt. 2]). Let T , S be triangulated categories with metrics
{Bn}n∈N and {Cn}n∈N, respectively, and let F : T → S be a compression.

Then − ◦ F : Mod -S → Mod -T induces functors

− ◦ F : C(S)→ C(T ) and − ◦ F : WC(S)→WC(T ).

Proof. We prove the statement only for compactly supported elements, because the other
case is analogous.

Let G ∈ C(S) = ⋂
j∈Z

⋃
i∈N Y (ΣjCi)⊥. Let j ∈ Z. We find i, k ∈ N such that

G ∈ Y (ΣjCi)⊥ and F (Bk) ⊆ Ci. Let X ∈ Bk. By Yoneda’s lemma, we have

Hom
(
Y (ΣjX), G ◦ F

)
≃ G

(
F (ΣjX)

)
≃ Hom

(
Y
(
F (ΣjX)

)
, G
)

≃ Hom
(
Y
(
ΣjF (X)

)
, G
)

= 0

since F (X) ∈ Ci and G ∈ Y (ΣjCi)⊥.
Because j was arbitrary, we obtain G ◦ F ∈ C(T ) = ⋂

j∈Z
⋃
i∈N Y (ΣjBi)⊥.
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Lemma 4.5 ([33, Theorem 4.3, pt. 1]). Let F : T ⇄ S : G be adjoint triangulated functors
between triangulated categories with metrics {Bn}n∈N and {Cn}n∈N, respectively. If G is
a compression, then − ◦ F : Mod -S → Mod -T induces a functor − ◦ F : L(S)→ L(T ).

In particular, if E = Mocolim- E∗ ∈ L(S) for some good Cauchy sequence E∗ in S,
then E ◦ F ≃Mocolim- G(E∗).

Proof. Let E ≃ Mocolim- E∗ ∈ L(S) be as in the statement of the lemma. Then by ad-
junction, we obtain

E ◦ F =
(
Mocolim- E∗

)
◦ F ≃ lim−→HomS

(
F (−), E∗

)
≃ lim−→HomT

(
−, G(E∗)

)
= Mocolim- G(E∗),

where Mocolim- G(E∗) ∈ L(T ) because the compression functor G preserves good Cauchy
sequences by Lemma 4.3.

We will heavily rely on the following well-known category-theoretical fact and its con-
sequences.

Proposition 4.6 ([23, Theorem IV.3.1]). Let F : A ⇄ B : G be adjoint functors. Let
η : 1A ⇒ GF and ε : FG⇒ 1B be the unit and the counit of the adjunction, respectively.
Then F is fully faithful if and only if η is a natural isomorphism. In this case, G is
essentially surjective.

Dually, G is fully faithful if and only if ε is a natural isomorphism. And in this case,
F is essentially surjective.

For the next corollary, we recall that a functor F : A → B is conservative provided
that whenever F (f) is an isomorphism in B for a morphism f in A, then f has to be
an isomorphism as well.

Corollary 4.7. Let F : A ⇄ B : G be adjoint functors. If one of the functors F , G
is conservative and the other one is fully faithful, then F and G are mutually inverse
equivalences of categories.

Proof. By symmetry, it is sufficient to assume that F is conservative and G is fully faithful.
Let η : 1A ⇒ GF and ε : FG ⇒ 1B be the unit and the counit of the adjunction,
respectively.

Let A ∈ A. By the adjunction, the identity map 1F (A) decomposes as

F (A) F (ηA)−−−−→ FGF (A)
εF (A)−−−→ F (A).

By Proposition 4.6, the map εF (A) is an isomorphism, so F (ηA) is an isomorphism as well.
Since F is conservative, we have that ηA : A → GF (A) is an isomorphism. As A was
arbitrary, we obtain that G is essentially surjective.

We conclude that G is an equivalence of categories. By the uniqueness of adjoints,
F is its inverse.

Corollary 4.8 ([33, Corollary 3.2]). Let F : A ⇄ B : G be adjoint additive functors
between additive categories. Then − ◦ F : Mod -B ⇄ Mod -A : − ◦G is an adjoint pair.

Furthermore, if G is fully faithful, then −◦F is fully faithful. Conversely, if F is fully
faithful, then − ◦G is fully faithful.
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Finally, we can present the theorem by Sun and Zhang about induced functors. As
mentioned above, the statement presented here is more general than in the original article
because it also concerns metrics which are not good.

Theorem 4.9 ([33, Theorem 4.3, pt. 3]). Let F : T ⇄ S : G be adjoint triangulated func-
tors between triangulated categories with metrics {Bn}n∈N and {Cn}n∈N, respectively. If
F and G are compressions, then the functor −◦F : Mod -S → Mod -T induces a triangu-
lated functor − ◦ F : S(S)→ S(T ).

Proof. By Lemma 4.4 and Lemma 4.5, we get that the functor − ◦ F : S(S) → S(T ) is
well-defined. We only need to check that it is triangulated.

By Theorem 2.11, we know that S(S),S(T ) are triangulated categories with shifts
given by ΣE := E ◦ Σ−1 for either E ∈ S(S), or E ∈ S(T ), respectively. (For clarity,
in this proof we denote shifts in completions by bold Σ instead of Σ.).

We define a natural isomorphism ψ : (− ◦ F ) ◦Σ⇒ Σ ◦ (− ◦ F ) with components ψE
given for each E ∈ S(S) by the equation

[(− ◦ F ) ◦Σ](E) = (− ◦ F )
(
E ◦ Σ−1) = E ◦ Σ−1 ◦ F ≃ E ◦ F ◦ Σ−1

= Σ(E ◦ F ) = [Σ ◦ (− ◦ F )](E)

where the existence of the natural isomorphism in the middle follows from the fact that
F is a triangulated functor.

We fix a triangle in S(S), which is necessarily isomorphic to

Mocolim- A∗
a−→Mocolim- B∗

b−→Mocolim- C∗
c−→ Σ

(
Mocolim- A∗

)
for a good Cauchy sequence of triangles A∗ → B∗ → C∗ → ΣA∗ in S.

Under the notation for natural transformations from Subsection 2.1.1 and after setting
δ := ψMocolim- A∗

◦ cF , the candidate triangle
(
Mocolim- A∗

)
◦ F aF−−→

(
Mocolim- B∗

)
◦ F bF−→

bF−→
(
Mocolim- C∗

)
◦ F δ−→ Σ

[(
Mocolim- A∗

)
◦ F

]
is isomorphic (as a candidate triangle) to the distinguished triangle

Mocolim- G(A∗)→Mocolim- G(B∗)→Mocolim- G(C∗)→ Σ
(
Mocolim- G(X∗)

)
,

by Lemma 4.5 and the fact that G is a compression. Hence, it is a distinguished triangle
itself. Consequently, the functor − ◦ F is triangulated.

Corollary 4.10 ([33, Corollary on pg. 102]). Let F : T ⇄ S : G be adjoint triangulated
functors between triangulated categories with metrics {Bn}n∈N and {Cn}n∈N, respectively.
If F and G are compressions and G has a right adjoint which is a compression, then
the triangulated functors − ◦ F : S(S) ⇄ S(T ) : − ◦G form an adjoint pair.

Proof. The right adjoint to the triangulated functor G is automatically triangulated by [25,
Lemma 5.3.6]. The rest then straightforwardly follows from Theorem 4.9 and Corollary 4.8.
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4.2 Preimages and images of metrics

This subsection begins with a brief overview. Precise definitions and statements follow.
Assume we have a triangulated functor F : T → S. Given a metric on S, we construct

a so-called preimage metric on T rendering the functor F a compression with respect to
these two metrics. Conversely, we want to define an image of a metric on T under S -
however, this construction is only possible while F is full.

We then use the image and preimage metrics together with the theory of induced
functors between completions from [33] recalled in Subsection 4.1 to prove that under
certain condition on an existence of sufficiently nice adjoints we can calculate a completion
of a triangulated category as a completion of a different triangulated category with respect
to a preimage metric (see Theorem 4.23). The conditions for the proposition to work are
satisfied in the presence of a Serre functor (see Subsection 4.3).

Definition 4.11. Let T , S be triangulated categories and F : T → S be a functor. Let
{Bn}n∈N be a metric on S. We define the preimage of {Bn}n∈N under F as the sequence
{F−1(Bn)}n∈N of subcategories of T .

Lemma 4.12. Let T , S be triangulated categories and F : T → S be a triangulated
functor with its natural isomorphism φ : FΣ ⇒ ΣF . If {Bn}n∈N is a metric on S, then
{F−1(Bn)}n∈N is a metric on T . Furthermore, if {Bn}n∈N is good, so is {F−1(Bn)}n∈N.

Proof. Since 0 ∈ Bn for all n ∈ N and F is additive, we have 0 ∈ F−1(Bn). Also
F−1(B1) ⊇ F−1(B2) ⊇ F−1(B3) ⊇ . . . is a non-increasing chain of subcategories.

We need to check that F−1(Bn) ∗ F−1(Bn) = F−1(Bn) for all n ∈ N. Let n ∈ N. We
fix a triangle U f−→ V

g−→W
h−→ ΣU in T with U,W ∈ F−1(Bn). We know that

F (U) F (f)−−−→ F (V ) F (g)−−−→ F (W ) φU ◦F (h)−−−−−→ ΣF (U)

is a triangle because F is triangulated. As F (U), F (W ) ∈ Bn, so is F (V ) since Bn
is extension-closed. Hence V ∈ F−1(Bn), and F−1(Bn) is also extension-closed. This
finishes the proof of the fact that the preimage of a metric is a metric.

Now for the proof of the second statement, assume that the metric {Bn}n∈N is good.
In order to verify that the metric {F−1(Bn)}n∈N is also good, we need to check

Σ−1F−1(Bn+1) ∪ F−1(Bn+1) ∪ ΣF−1(Bn+1) ⊆ F−1(Bn)

for all n ∈ N. Fix n ∈ N. We already know F−1(Bn+1) ⊆ F−1(Bn). Let us have
X ∈ F−1(Bn+1). Because F (X) ∈ Bn+1, we get ΣF (X) ∈ Bn. However, there is an iso-
morphism φX : FΣ(X) → ΣF (X), and since Bn is extension-closed (thus closed under
isomorphisms), it holds that ΣX ∈ F−1(Bn). The proof that Σ−1X ∈ F−1(Bn) is analo-
gous.

Definition 4.13. Let T , S be triangulated categories and F : T → S be a functor. Let
{Bn}n∈N be a metric on T . We define the image of {Bn}n∈N under F as the sequence
{F (Bn)}n∈N, where F (Bn) denotes the subcategory

F (Bn) = {Z ∈ S : Z ≃ F (X), X ∈ Bn} for any n ∈ N .
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Lemma 4.14. Let T , S be triangulated categories and F : T → S be a full triangulated
functor with its natural isomorphism φ : FΣ ⇒ ΣF . If {Bn}n∈N is a metric on S, then
{F (Bn)}n∈N is a metric on T .

Furthermore, if {Bn}n∈N is a good metric on S, then {F (Bn)}n∈N is a good metric
on T .

Proof. Since 0 ∈ Bn for all n ∈ N and F is additive, we have 0 ∈ F (Bn). Also
S ⊇ F (B2) ⊇ F (B3) ⊇ . . . is a non-increasing chain of subcategories.

We need to check that F (Bn) ∗ F (Bn) = F (Bn) for all n ∈ N. Let n ∈ N. We fix
a triangle in S of the form

F (X) −→ V −→ F (Z) w−→ ΣF (X)

for some X,Z ∈ Bn. Using the fullness of F , we find a map

h : Z → ΣX satisfying F (h) = φ−1
X ◦ w : F (Z)→ F (ΣX).

We complete h to a triangle X f−→ U
g−→ Z

h−→ ΣX. Since Bn ∗Bn = Bn, we have U ∈ Bn.
We know that

F (X) F (f)−−−→ F (U) F (g)−−−→ F (Z) φX◦F (h)−−−−−−→ ΣF (X)

is a triangle because F is triangulated. And since φX◦F (h) = w, this triangle is isomorphic
to the triangle

F (X) −→ V −→ F (Z) w−→ ΣF (X).

In particular, it holds that V ≃ F (U) ∈ F (Bn), so F (Bn) is extension closed.
Now furthermore assume that the metric {Bn}n∈N is good. In order to verify that

the metric {F (Bn)}n∈N is also good, we need to check

Σ−1F (Bn+1) ∪ F (Bn+1) ∪ ΣF (Bn+1) ⊆ F (Bn)

for all n ∈ N. Fix n ∈ N. We already know that it holds that F (Bn+1) ⊆ F (Bn). Let
F (X) ∈ F (Bn+1) for someX ∈ Bn+1. We get ΣX ∈ Bn. However, there is an isomorphism
φX : FΣ(X)→ ΣF (X). Thus ΣF (X) ≃ FΣ(X) ∈ F (Bn).

The proof that Σ−1X ∈ F−1(Bn) is analogous.

Example 4.15. The statement of Lemma 4.14 does hold in general without the assump-
tion on the functor F : T → S being full.

Let K1 and K2 be two copies of the same field K and consider the coproduct category
T := Db(mod -K1)∐Db(mod -K2). We set S := Db(mod -KA2) to be the bounded de-
rived category of the path algebra of the Dynkin quiver A2. The notation S(1) and S(2)
will stand for the two non-isomorphic simple modules in the module category mod -KA2.

Then the triangulated functor F : T → S given by K1 7→ S(1) and K2 7→ S(2) is not
full, and F (T ) ⊊ S, but F (T ) ∗ F (T ) = S. If we interpret the category T as a constant
metric {T }n∈N on itself, then the image {F (T )}n∈N of {T }n∈N is not a metric on S at all
because F (T ) is not extension-closed.

We prove a relation between a preimage metric under a functor and an image metric
under a fully faithful adjoint.
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Lemma 4.16. Let F : T ⇄ S : G be adjoint triangulated functors between triangulated
categories. Let {Bn}n∈N be a metric on T .

If F is fully faithful, then {F (Bn)}n∈N ≤ {G−1(Bn)}n∈N.

Proof. We know that {F (Bn)}n∈N and {G−1(Bn)}n∈N are metrics by Lemma 4.14 and
Lemma 4.12, respectively. For all n ∈ N we have GF (Bn) = Bn because of the natural
isomorphism 1T ≃ GF from Proposition 4.6 and the fact that both subcategories are closed
under isomorphisms. Hence F (Bn) ⊆ G−1(Bn), so {F (Bn)}n∈N ≤ {G−1(Bn)}n∈N.

Lemma 4.17. Let F : T ⇄ S : G be adjoint triangulated functors between triangulated
categories. Let {Bn}n∈N be a metric on S.

If G is fully faithful, then {G(Bn)}n∈N ≤ {F−1(Bn)}n∈N.

Proof. Dual to the proof of Lemma 4.16.

The following two lemmas help us identify which Cauchy sequences have a trivial
module colimit. To prove Lemma 4.18, we use an argument from [15, Remark 3.14], where
it is shown that Mocolim- E∗ ≃ 0 if and only if E∗ := E1

f1,2−−→ E2
f2,3−−→ · · · is a so-called null

sequence, i.e. a sequence where for every m ∈ N we can find n ≥ m satisfying fm,n = 0.

Lemma 4.18. Let T be a triangulated category with a metric {Bn}n∈N. Let

E∗ := E1
f1,2−−→ E2

f2,3−−→ · · ·

be a good Cauchy sequence. If Mocolim- E∗ ≃ 0 in L(T ), then for every i ∈ N and j ∈ Z
there exists M ∈ N such that for all m ≥M we have ΣjEm ∈ Summ(Bi).

Proof. Fix i ∈ N and j ∈ Z. We find M ∈ N such that for every m′ ≥ m ≥M the triangle
Em

fm,m′
−−−−→ Em′ → Dm,m′ → ΣEm satisfies Σj−1Dm,m′ ∈ Bi. Let us have m ≥ M . Since

Mocolim- E∗ ≃ 0 in L(T ), we have, in particular, that lim−→n∈N HomT (Em, En) ≃ 0 in Ab.
Then [17, Lemma 2.2] implies that there exists some n ≥ m satisfying fm,n = 0.

Consider the triangle Em
fm,n−−−→ En → Dm,n → ΣEm. Using n ≥ m ≥ M , we obtain

Σj−1Dm,n ∈ Bi. Since fm,n = 0, this triangle splits, so Dm,n ≃ En ⊕ ΣEm. But then

Σj−1Dm,n ≃ Σj−1En ⊕ ΣjEm ∈ Bi.

Hence, we get ΣjEm ∈ Summ(Bi).

Lemma 4.19. Let T be a triangulated category with a metric {Bn}n∈N. Let E∗ be
a good Cauchy sequence satisfying Mocolim- E∗ ∈WC(T ). Then the following statements
are equivalent:

(i) Mocolim- E∗ ≃ 0.

(ii) For every i ∈ N and j ∈ Z there exists M ∈ N such that for all m ≥M we have that
ΣjEm ∈ Summ(Bi).

(iii) For every i ∈ N there exists M ∈ N such that for all m ≥ M we have that
Em ∈ Summ(Bi).
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Proof. “i) ⇒ ii)” By Lemma 4.18.
“ii) ⇒ iii)” Condition iii) is a special case of ii) when j = 1.
“iii)⇒ i)” Since Mocolim- E∗ ∈WC(T ), we know that there exists an index i ∈ N such

that Mocolim- E∗ ∈ Y (Bi)⊥.
Using the condition on E∗ from the statement of the lemma, we may, without loss of

generality, assume that for every n ∈ N it holds that En ∈ Summ(Bi) because otherwise
we can find M ∈ N such that for every m ≥ M it holds that Em ∈ Summ(Bi) and then
cut off objects Ek for small indices 0 ≤ k < M .

Let n ∈ N and let Fn ∈ T be such that En ⊕ Fn ∈ Bi. Then after applying Yoneda’s
embedding we get Y (En ⊕ Fn) = Y (En)⊕ Y (Fn), so

0 ≃ Hom
(
Y (En ⊕ Fn),Mocolim- E∗

)
≃ Hom

(
Y (En),Mocolim- E∗

)
⊕Hom

(
Y (Fn),Mocolim- E∗

)
.

In particular, we have 0 ≃ Hom
(
Y (En),Mocolim- E∗

)
.

Finally, we obtain

End
(
Mocolim- E∗

)
= Hom

(
lim−→
n∈N

Y (En),Mocolim- E∗

)
≃ lim←−

n∈N
Hom

(
Y (En),Mocolim- E∗

)
≃ lim←−

n∈N
0 ≃ 0,

so the identity on Mocolim- E∗ is equal to the zero morphism.
Hence, we get that Mocolim- E∗ ≃ 0.

We recall a well-know characterisation of conservative triangulated functors (see for
example [9, Example 4.11]).

Lemma 4.20. Let T , S be triangulated categories and let F : T → S be a triangulated
functor. Then F is is conservative if and only if KerF = 0.

We prove two more technical lemmas and then we proceed with the main result of this
section.

Lemma 4.21. Let F : A → B be an essentially surjective additive functor between
additive categories. Let C ⊆ Ob(B) be a class of objects. Then

F−1( Summ(C)
)

= Summ
(
F−1(C)

)
.

Proof. Without loss of generality assume that C is closed under isomorphisms.
“⊆” Let X ∈ F−1( Summ(C)

)
. Then F (X) ∈ Summ(C), so there is some Y ∈ B such

that F (X)⊕ Y ∈ C. Since F is essentially surjective, we have Y ≃ F (Z) for some Z ∈ A.
Then F (X ⊕ Z) ≃ F (X)⊕ Y ∈ C, so X ⊕ Z ∈ F−1(C). Hence X ∈ Summ

(
F−1(C)

)
.

“⊇” Let X ∈ Summ
(
F−1(C)

)
. Then there is Y ∈ A such that X ⊕ Y ∈ F−1(C). It

follows that F (X) ⊕ F (Y ) ≃ F (X ⊕ Y ) ∈ C, so F (X) ∈ Summ(C). In other words, we
have X ∈ F−1( Summ(C)

)
.
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Lemma 4.22. Let F : T ⇄ S : G be adjoint triangulated functors between triangu-
lated categories. Let {Bn}n∈N be a metric on T . Denote the completion of T with
respect to {Bn}n∈N as S(T ) and the completion of S with respect to the preimage metric
{G−1(Bn)}n∈N as S(S).

If F is fully faithful, then the induced functor − ◦ F : S(S)→ S(T ) is a well-defined
conservative triangulated functor.

Proof. We know that {G−1(Bn)}n∈N and {F (Bn)}n∈N are metrics by Lemma 4.12 and
Lemma 4.14. The functor G is trivially a compression with respect to the metrics

{G−1(Bn)}n∈N and {Bn}n∈N.

As F is fully faithful, we have {F (Bn)}n∈N ≤ {G−1(Bn)}n∈N by Lemma 4.16, so F

is a compression with respect to {Bn}n∈N and {G−1(Bn)}n∈N. Therefore, we may use
Theorem 4.9 to establish that the functor − ◦ F : S(S) → S(T ) is well-defined and
triangulated.

It remains to be checked that − ◦ F is conservative. Let E ∈ S(S) satisfy E ◦ F = 0.
We know that E ≃Mocolim- E∗ for some good Cauchy sequence E∗ in S. By Lemma 4.5,
we have E ◦ F ≃Mocolim- G(E∗) where G(E∗) is a good Cauchy sequence by Lemma 4.3.
By Lemma 4.18, the good Cauchy sequence G(E∗) satisfies that for every i ∈ N there
exists M ∈ N such that for all m ≥M we have G(Em) ∈ Summ(Bi).

Since G is essentially surjective by Proposition 4.6, Lemma 4.21 yields

Em ∈ G−1( Summ(Bi)
)

= Summ
(
G−1(Bi)

)
.

Because i ∈ N was arbitrary, Lemma 4.19 gives us E ≃ 0. We obtain Ker(− ◦ F ) = 0.
By Lemma 4.20, the functor − ◦ F is conservative.

Theorem 4.23. Consider a diagram of triangulated functors

S G // T

F

}}

J
aa

consisting of two adjoint pairs F : T ⇄ S : G and G : S ⇄ T : J . Let {Bn}n∈N be a metric
on T . Denote the completion of T with respect to {Bn}n∈N as S(T ) and the completion
of S with respect to the preimage metric {G−1(Bn)}n∈N as S(S). If F and J are fully
faithful, then the induced functor − ◦ G : S(T ) → S(S) is a well-defined triangulated
equivalence with a triangulated inverse − ◦ F .

Proof. We know that {G−1(Bn)}n∈N is a metric by Lemma 4.12, while {F (Bn)}n∈N and
{J(Bn)}n∈N are metrics by Lemma 4.14. We need to verify that all three functors in
the diagram are compressions. The functor G is clearly a compression with respect to
{G−1(Bn)}n∈N and {Bn}n∈N. The functor F is a compression with respect to {Bn}n∈N
and {G−1(Bn)}n∈N because Lemma 4.16 guarantees that {F (Bn)}n∈N ≤ {G−1(Bn)}n∈N.
Symmetrically, the functor J is a compression with respect to {Bn}n∈N and {G−1(Bn)}n∈N
since {J(Bn)}n∈N ≤ {G−1(Bn)}n∈N by Lemma 4.17.
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By Theorem 4.9, we obtain two induced triangulated functors between the completions.
Namely −◦F : S(S)→ S(T ) and −◦G : S(T )→ S(S), where −◦F is a left adjoint to
− ◦G by Corollary 4.8. The same corollary also gives us that − ◦G is fully faithful.

By Lemma 4.22, the functor − ◦ F is conservative. We may conclude that − ◦ F and
− ◦G are mutually inverse equivalences using Corollary 4.7.

Remark 4.24. Alternatively, a proof of Theorem 4.23 can be obtained using completions
of recollements. For a good metric {Bn}n∈N on T , the following argument is due to Zhang.

Under the assumptions of Theorem 4.23, there exists a recollement of triangulated
categories

KerG // S G //
zz
cc T

F

}}

J
aa

The functors F, G and J are compressions by the same reasoning as in the proof of The-
orem 4.23. After equipping the category KerG with the constant good metric {KerG}n∈N,
all the functors of the recollement become compressions. Then [33, Theorem 1.2] applies,
and we obtain a right recollement

S(KerG) // S(S) −◦F //
ff

S(S)
−◦G

ee

However, the completion S(KerG) is zero by [27, Example 1.12]. Thus − ◦ F and − ◦G
are mutually inverse triangulated equivalences.

Corollary 4.25. Let A be an abelian category with enough injectives, enough projectives,
exact products, and exact coproducts (e.g. Mod-R for a ring R). Let L : K(A) → D(A)
be the localisation functor from the homotopy category of A to the derived category of A.
Then for every metric {Bn}n∈N on D(A), there is a triangulated equivalence of categories
− ◦ L : S

(
D(A)

)
→ S

(
K(A)

)
where the completion S

(
K(A)

)
is calculated with respect

to the metric {L−1(Bn)}n∈N.

Proof. Under the conditions on A, every object in K(A) has both a K-injective and
a K-projective resolution by [20, Proposition 4.3.4]. Using [20, Proposition 4.3.1], this
is equivalent to L having both fully faithful right adjoint and a fully faithful left adjoint.
The statement now directly follows from Theorem 4.23.

4.3 Categories with Serre functors

In the end of this section, we we illustrate Theorem 4.23 in the context of finite dimensional
algebras of finite global dimension. Let A be a finite dimensional algebra over a field K.
It is well-known (see e.g. [20, Theorem 6.4.13]) that A has finite global dimension if and
only the category Db(mod -A) possesses a Serre functor S : Db(mod -A)→ Db(mod -A).

A Serre functor (originally defined in [12, pg. 519]) is a K-linear triangulated au-
toequivalence on a K-linear triangulated category T such that there is an isomorphism
HomT (B,C) ≃ DHomT

(
C, S(B)

)
for all B,C ∈ T natural in both variables, where

D = HomK(−,K) : K- mod→ mod -K is the standard duality.
The following argument is essentially contained in the proof of [12, Proposition 3.6].
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Lemma 4.26. Let K be a field. Let T and S be K-linear triangulated categories with
Serre functors ST and SS , respectively. Let F : T ⇄ S : G be adjoint K-linear, triangu-
lated functors. Then F has a left adjoint and G has a right adjoint.

Proof. Let B ∈ S and C ∈ T . Then

HomT
(
G(B), C

)
≃ DHomT

(
C, ST G(B)

)
≃ DHomT

(
S−1

T (C), G(B)
)

≃ DHomS
(
F S−1

T (C), B
)
≃ DHomS

(
SS F S−1

T (C),SS(B)
)

≃ DHomS
(
SS F S−1

T (C),SS(B)
)
≃ HomS

(
B, SS F S−1

T (C)
)
.

Since all the isomorphisms above are natural, we get that SS F S−1
T is a right adjoint to G.

The proof that F has a left adjoint is dual.

Remark 4.27. Under the notation of Lemma 4.26 and its proof, the right adjoint of G is
equal to SS F S−1

T . Since both of the Serre functors SS , ST are autoequivalences, we get
that the left adjoint F to G is fully faithful if and only if the right adjoint SS F S−1

T to G
is such. The same condition also holds for the adjoints of F .

Consequently, if we have a pair of adjoint functors between K-linear, triangulated
categories with Serre functors, Lemma 4.26 guarantees that both of the functors from the
adjoint pair have also an adjoint on the other side. This is helpful while checking whether
the conditions of Theorem 4.23 hold or not.

Since Db(mod -A) ↪−→ D(A) is a good extension whenever the algebra A has finite global
dimension (see Section 3), we are able to take advantage of the following translation of
Theorem 4.9 into the setting of good extensions.

Proposition 4.28. Let F : T ⇄ S : G be adjoint triangulated functors between tri-
angulated categories with countable coproducts. Suppose that there are good extension
νT : T ↪−→ T and νS : S ↪−→ S with respect to metrics {Bn}n∈N on T and {Cn}n∈N on S, re-
spectively. Assume that F and G restrict via νT and νS to an adjoint pair F : T ⇄ S : G,
i.e. we have the following diagram

T S

T S

F

G

F

νT

G

νS

where the square with F and F commutes, and the square with G and G commutes (both
up to natural isomorphisms). If F and G are compressions and G preserves coproducts,
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then we have a commutative (up to natural isomorphisms) diagram of triangulated functors

S′(T ) S′(S)

S(T ) S(S),

≃Y↾S′(T )

G↾S′(S)

Y↾S′(S)≃

−◦F

where the equivalences Y ↾S′(T ) and Y ↾S′(S) are given by Theorem 2.17.

Proof. The existence of the induced functor − ◦ F on the completions is established by
Theorem 4.9. Theorem 2.17 guarantees that the vertical maps Y ↾S′(T ) and Y ↾S′(S) exist
and are triangulated equivalences.

Let X ∈ S′(S). Then X ≃ Hocolim- νS(E∗) for some good Cauchy sequence in S. Let∐
i∈N

νS(Ei)→
∐
i∈N

νS(Ei)→ X →
∐
i∈N

ΣνS(Ei)

be the triangle defining Hocolim- νS(E∗) in S. Since G is triangulated and preserves
coproducts, the triangle∐

i∈N
GνS(Ei)→

∐
i∈N

GνS(Ei)→ G(X)→
∐
i∈N

ΣGνS(Ei)

shows that G(X) = Hocolim- GνS(E∗). We infer that G(X) ≃ Hocolim- νT G(E∗) because
of the commutativity rule GνS ≃ νT G. Since G(E∗) is a Cauchy sequence by Lemma 4.3,
we get G(X) ∈ L′(T ).

Using the good extension νT we get Y
(
G(X)

)
≃ Mocolim- G(E∗). Also it holds that

Y(X) ≃Mocolim- E∗ since νS is a good extension. By Lemma 4.5,

Y(X) ◦ F ≃Mocolim- G(E∗) ∈ S(T ) ⊆ C(T ).

This proves that G(X) ∈ Y−1(C(T )
)

= C′(T ), so G(X) ∈ S′(T ) = L′(T ) ∩ C′(T ).
We conclude that G ↾S′(S): S′(S) → S′(T ) is well defined. The commutativity of

the diagram follows from the already proven chain of isomorphisms

Y
(
G(X)

)
≃Mocolim- G(E∗) ≃ Y(X) ◦ F.

With that in mind, we can proceed to our example.

Example 4.29. Let T := Db(mod -K) be the bounded derived category of finite dimen-
sional K-vector spaces with the standard shift Σ, i.e. the category of finite dimensional
graded vector spaces. Consider the metric {Bn}n∈N given by the cohomology functor
H : Db(mod -K)→ mod -K via the formula

Bn =
{
T ∈ Db(mod -K) : ∀i > −n,H i(T ) = 0

}
for n ∈ N.
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The metric {Bn}n∈N is an example of a metric of “type i)” from [28, Example 12]. The com-
pletion with respect to {Bn}n∈N is triangle equivalent to T perceived as a subcategory
S′(T ) = Db(mod -K) = T of a good extension D(K) (using Theorem 2.17 and Theo-
rem 2.20).

Let us fix the orientation 2 → 1 for the Dynkin quiver A2 and look at the derived
category S := Db(mod -KA2) with the standard shift Σ. The module category mod -KA2
contains three indecomposable modules, namely

S(1) = P(1) = 0→ K, P(2) = I(1) = K
1−→ K, and I(2) = S(2) = K → 0.

We have an adjoint pair of functors

−⊗L
K P(2) : Db(mod -K) ⇄ Db(mod -KA2) : R HomKA2

(
P(2),−

)
.

This gives us a preimage metric{
R HomKA2

(
P(2),−

)−1(Bn)
}
n∈N

on the category Db(mod -KA2), where we can calculate

R HomKA2

(
P(2),−

)−1(Bn) =
{
X ∈ S : ∀i > −n,H i(X) ∈ coprod

(
S(1)

)}
for n ∈ N. The completion S′

G(S) ⊆ D(KA2) with respect to this metric computed inside
the good extension satisfies S′

G(S) = ⟨S(2)⟩ (the explicit calculation can be done using
Theorem 3.7).

Both the categories T and S have Serre functors. The functor − ⊗L
K P(2) is fully

faithful and its right adjoint R HomKA2

(
P(2),−

)
has a fully faithful right adjoint by

Lemma 4.26 and Remark 4.27. Hence Theorem 4.23 applies. After translating the state-
ment of the theorem for good extensions (as in Proposition 4.28) we get that the restriction
R HomKA2

(
P(2),−

)
: S′

G(S) = ⟨S(2)⟩ → S′(T ) = T is a triangulated equivalence of cat-
egories.

5 Good metrics and improvements

The purpose of this section is to compare the properties of a good metric and a generic
(a priori not good) metric. The notion of good metric is, on one hand, stronger, since it re-
quires the additional rapid decrease condition. On the other hand, it makes the calculation
of the completion easier as described below.

We also make an argument that a general (non-good) metric can be improved to a good
metric (called improvement). Then the completion with respect to the original metric is
a triangulated subcategory of the completion of the improvement metric.

Lemma 5.1. Let T be a triangulated category with a good metric {Bn}n∈N.
Let E∗ := E1 → E2 → · · · be a directed diagram in T . Then E∗ is a good Cauchy

sequence if and only if it is a Cauchy sequence.
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Proof. “⇒” Every good Cauchy sequence is a Cauchy sequence by the definition.
“⇐” Fix i ∈ N and j ∈ Z. We find M ∈ N such that for any choice of numbers

m′ ≥ m ≥ M the triangle Em → Em′ → Dm,m′ → ΣEm satisfies Dm,m′ ∈ Bi+|j|. Then
the rapid decrease gives us Σ±1Dm,m′ ∈ Bi+|j|−1, Σ±2Dm,m′ ∈ Bi+|j|−2 etc.

In particular, Σ±jDm,m′ ∈ Bi. Hence, the sequence E∗ is good Cauchy.

Definition 5.2. Let T be a triangulated category with a metric {Bn}n∈N. We define
the improvement of {Bn}n∈N as the sequence of subcategories {Cn}n∈N of T given induc-
tively by the rule C1 := B1 and

Cn := Bn ∩ ΣCn−1 ∩ Σ−1Cn−1 for n > 1.

Remark 5.3. If {Bn}n∈N is a good metric, it is equal to its own improvement. The rapid
decrease property of good metrics gives us Bn ⊆ ΣBn−1, Bn ⊆ Σ−1Bn−1, and consequently
Bn = Bn ∩ ΣBn−1 ∩ Σ−1Bn−1 for n > 1.

Lemma 5.4. Let T be a triangulated category with a metric {Bn}n∈N together with its
improvement {Cn}n∈N. Then Cn = ⋂n−1

i=−n+1 ΣiBn−|i| for all n ∈ N.

Proof. Denote Gn := ⋂n−1
i=−n+1 ΣiBn−|i| for all n ∈ N. We prove Cn = Gn by induction on

n ∈ N. The case n = 1 is trivial.
Suppose that we already know Cn = Gn for some n ∈ N. Let X ∈ Gn+1. From

the induction premise and X ∈ Gn+1 = ⋂n
i=−n ΣiBn+1−|i|, we infer X ∈ Bn+1,

ΣX ∈
0⋂

i=−n+1
ΣiBn−|i| ∩

n−1⋂
i=1

ΣiBn+2−|i| ⊆
n−1⋂

i=−n+1
ΣiBn−|i| = Gn = Cn,

and similarly Σ−1X ∈ Cn, so X ∈ Cn+1 and Gn+1 ⊆ Cn+1.
Conversely, let X ∈ Cn+1 ⊆ Bn+1. Then ΣX ∈ Cn = Gn = ⋂n−1

i=−n+1 ΣiBn−|i|, so we
have X ∈ ⋂0

i=−n ΣiBn+1−|i|.
An analogous argument with Σ−1X yields X ∈ ⋂ni=0 ΣiBn+1−|i|. Hence, we conclude

that X ∈ Gn+1 = ⋂n
i=−n ΣiBn+1−|i| and Gn+1 = Cn+1.

Proposition 5.5. Let T be a triangulated category with a metric {Bn}n∈N. Let {Cn}n∈N
be the improvement of {Bn}n∈N. Then {Cn}n∈N is a good metric.

Proof. We only need to check the closure under extensions for the other conditions of
being a good metric (Defintion 2.1) are obvious from the definition of the improvement.
Let n ∈ N. By Lemma 5.4, we have Cn = ⋂n−1

i=−n+1 ΣiBn−|i|. This implies that Cn is
extension-closed as an intersection of extension-closed subcategories of T .

Remark 5.6. The improvement {Cn}n∈N of {Bn}n∈N in the sense of Definition 5.2 is
a refinement of {Bn}n∈N since Cn ⊆ Bn for all n ∈ N.

Proposition 5.7. Let T be a triangulated category with a metric {Bn}n∈N together with
its improvement {Cn}n∈N. Then {Cn}n∈N is the coarsest good metric (up to equivalence
of metrics) which is finer than {Bn}n∈N.
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Proof. Let {An}n∈N be a good metric finer than {Bn}n∈N. We claim that it also holds that
{An}n∈N ≤ {Cn}n∈N. We show that for all n ∈ N there exists mn ∈ N with Amn ⊆ Cn by
induction on n. For the base case, we can simply find m1 ∈ N such that Am1 ⊆ B1 = C1.

Now, suppose that we already have mn ∈ N with Amn ⊆ Cn. We find m ∈ N, m ≥ mn,
such that Am ⊆ Bn+1. By the rapid decrease property of {An}n∈N and the induction
premise, we have

Σ−1Am+1 ∪Am+1 ∪ ΣAm+1 ⊆ Am ⊆ Amn ⊆ Cn.

Hence, it holds that

Am+1 ⊆
{
T ∈ Bn+1 : Σ±1T ∈ Cn

}
= Cn+1,

so we may finish the proof by setting mn+1 := m+ 1.

Proposition 5.8. Let T be a triangulated category with a metric {Bn}n∈N together with
its improvement {Cn}n∈N. Let E∗ := E1 → E2 → · · · be a directed diagram in T . Then
the following statements are equivalent:

(i) E∗ is a good Cauchy sequence with respect to {Bn}n∈N.

(ii) E∗ is a good Cauchy sequence with respect to {Cn}n∈N.

(iii) E∗ is a Cauchy sequence with respect to {Cn}n∈N.

Proof. “i)⇒ iii)” Fix n ∈ N, and find M ∈ N such that for every m′ ≥ m ≥M the triangle
Em → Em′ → Dm,m′ satisfies

ΣiDm,m′ ∈ Bn for all i ∈ {−n+ 1,−n+ 2, . . . , n− 2, n− 1}.

Then

Dm,m′ ∈
n−1⋂

i=−n+1
ΣiBn ⊆

n−1⋂
i=−n+1

ΣiBn−|i| = Cn

by Lemma 5.4. Hence E∗ is Cauchy with respect to the improvement.
“ii) ⇔ iii)” By Lemma 5.1.
“ii) ⇒ i)” Is obvious because Cn ⊆ Bn for all n ∈ N.

Corollary 5.9. Let T be a triangulated category with a metric {Bn}n∈N together with
its improvement {Cn}n∈N. Denote by LB(T ), CB(T ) and SB(T ) the pre-completion,
the compactly supported elements and the completion with respect to the metric {Bn}n∈N,
respectively. We also introduce the analogous notation LC(T ), CC(T ) and SC(T ) for
{Cn}n∈N. Then SB(T ) is a triangulated subcategory of SC(T ).

Proof. Proposition 5.8 yields LB(T )=LC(T ). Since {Cn}n∈N ≤ {Bn}n∈N, we have
CB(T ) ⊆ CC(T ), which implies SB(T ) ⊆ SC(T ).

Lemma 5.10. Let T be a triangulated category with shift Σ and a good metric {Bn}n∈N.
Then C(T ) = WC(T ).
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Proof. The inclusion C(T ) ⊆ WC(T ) is trivial. For the other inclusion, pick j ∈ Z and
F ∈WC(T ). So F ∈ Y (Bi)⊥ for some i ∈ N. By the goodness of {Bn}n∈N, we have
ΣjBi+|j| ⊆ Bi. Hence F ∈ Y

(
ΣjBi+|j|

)⊥
. Since j was arbitrary, the proof follows.

Remark 5.11. After combining Lemmas 5.1 and 5.10, we see that if we have a good
metric, it does not matter whether we calculate the completion using good or ordinary
Cauchy sequences, weakly or ordinarily compactly supported elements - the result is always
the same.

5.1 Examples

We have shown that the completion with respect to the improvement contains the comple-
tion with respect to the original metric (Corollary 5.9), and that completions with respect
to good metrics can be computed using only (a priori non-good) Cauchy sequences (Re-
mark 5.11).

This subsection consists of examples and counterexamples attesting that we cannot,
in full generality, say more. The above conditions are indeed necessary.

The completions in all the examples below are calculated inside a good extension (as
in Theorem 2.20) using Theorem 3.7.

Example 5.12. Let T be a triangulated category with a metric {Bn}n∈N together with
its improvement {Cn}n∈N. Thanks to Proposition 5.8 we know that both metrics yield
the same good Cauchy sequences, so the pre-completion L(T ) is the same regardless of
which of these metric we use. However, this is not, in general, the case for the compactly
supported elements.

Let T := Db(mod -K) be the bounded derived category of the category of finite di-
mensional K-vector spaces, i.e. the category of finite dimensional graded K-vector spaces.
Consider a metric {Bn}n∈N given by the cohomology functor H : Db(mod -K)→ mod -K
via the formula

Bn = {T ∈ Db(mod -K) : ∀i > −n, i ̸= 0, H i(T ) = 0} for n ∈ N.

The improvement {Cn}n∈N of {Bn}n∈N can be calculated using Lemma 5.4, and we obtain

C1 = B1 and Cn = {T ∈ Db(mod -K) : ∀i > −n,H i(T ) = 0} for n > 2.

From the perspective of graded vector spaces, the only difference between the metric
{Bn}n∈N and its improvement {Cn}n∈N is that {Bn}n∈N allows non-zero vector spaces
in degree 0.

Note that {Cn}n∈N is equivalent to the metric of “type i)” from [28, Example 12].
The completion of T with respect to {Cn}n∈N is equal to T = 0⊥∩ T by Theorem 3.7 since⋂∞
n=1Cn = 0. However, the completion of T with respect to {Bn}n∈N is 0 = K[−∞,∞]⊥

by Theorem 3.7 because K ∈ ⋂∞
n=1Bn. Indeed, no non-zero object of T ∈ T is compactly

supported with respect to {Bn}n∈N as one can always find j ∈ Z and a non-zero morphism
ΣjK → T .

Example 5.13. If we try to compute a “completion” using non-good Cauchy sequences
with respect to a non-good metric, we may not get a triangulated category.
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Look at the bounded derived category T := Db(mod -Z) of the category of finitely gen-
erated abelian groups. Let C ⊆ mod -Z be the subcategory consisting of finitely generated
torsion groups. Consider the constant (non-good) metric {Bn}n∈N = {C}n∈N, i.e.

Bn = {T ∈ Db(mod -Z) : ∀i ∈ Z, i ̸= 0, H i(T ) = 0 ∧H0(T ) ∈ C} for all n ∈ N.

We make use of the good extension Db(mod -Z) ↪−→ D(Z) provided by Theorem 2.20.
Similarly as in Example 3.11, we look at the following diagram in mod -Z

C∗ := Z 2·−
↪−−→ Z 3·−

↪−−→ Z 4·−
↪−−→ Z ↪−→ · · ·

with lim−→C∗ = Q in Mod -Z. We have for all i ∈ N that Coker(i · −) ∈ C, so if we view Z
as a complex concentrated in degree 0 and interpret C∗ as a diagram in Db(mod -Z), then
C∗ is Cauchy (but not good Cauchy) with Hocolim- C∗ = Q in D(Z).

Trivially, we have Q ∈ (ΣjC)⊥ for j > 0. Because Q is torsion-free and injective, we
also have Q ∈ (ΣjC)⊥ for j ≤ 0. All together, we get that Q ∈ L′(T ) ∩ C′(T ).

On the other hand, it holds that ΣQ /∈ L′(T ) since for any Cauchy sequence E∗
the (−1)-st cohomology

H−1(Hocolim- E∗
)
≃ lim−→H−1(E∗) ∈ mod -Z

is a directed colimit of an eventually constant sequence H−1(E∗) of finitely generated
abelian groups. We conclude that L′(T ) ∩ C′(T ) is not triangulated.

We finish by observing that the property of L′(T ) ∩ C′(T ) not being triangulated
transfers to L(T ) ∩ C(T ) as well. Indeed, we have Mocolim- C∗ = Y(Q) by the goodness
of the extension Db(mod -Z) ↪−→ D(Z). Since

ΣY(Q) = Σ Hom(−,Q) = Hom(Σ−1−,Q) ≃ Hom(−,ΣQ) = Y(ΣQ)

and Y ↾ L′(T ) is full and conservative by [27, Remark 21] (see also Lemma 2.18), we
obtain then any potential Cauchy sequence converging towards ΣY(Q) in Mod -T would
have homotopy colimit ΣQ in D(Z), which is impossible. Hence the category L(T )∩C(T )
is not triangulated.

Example 5.14. If we try to compute a “completion” using weakly compactly supported
elements, we may not get a triangulated category.

We consider the bounded derived category T := Db(mod -K) of the category of graded
finite dimensional vector spaces with the standard shift Σ. Consider a metric {Bn}n∈N
given by the cohomology functor H : Db(mod -K)→ mod -K via the formula

Bn = {T ∈ Db(mod -K) : ∀i ∈ Z, i ̸= 0, H i(T ) = 0} for n ∈ N .

We make use of the good extension Db(mod -K) ↪−→ D(K) and we view ordinary vector
spaces from Mod -K as complexes concentrated in degree 0. Since it holds that K ∈ Bn
for all n ∈ N, we have K /∈WC′(T ). However ΣK ∈ L′(T ) ∩WC′(T ), so the subcategory
is not closed under the shift, nor triangulated.

We may than infer that L(T ) ∩WC(T ) is not triangulated using the same argument
as in Example 5.13.



68 Paper A

Conflict of Interests

The author has no relevant financial or non-financial interests to disclose.



References

[1] Frank W. Anderson and Kent R. Fuller. Rings and Categories of Modules. Second
Edition. Springer, New York, 1992.

[2] Ibrahim Assem, Daniel Simson, and Andrzej Skowrónski. Elements of the Repre-
sentation Theory of Associative Algebras, Volume 1: Techniques of Representation
Theory. Number 65 in London Mathematical Society Student Texts. Cambridge Uni-
versity Press, 2006.

[3] Maurice Auslander. Representation Theory of Artin Algebras II. Communications in
Algebra, 1(4):269–310, 1974.

[4] Reinhold Baer. Abelian groups that are direct summands of every containing abelian
group. Bulletin of the American Mathematical Society, 46(10):800–806, 1940.

[5] Paul Balmer. Separability and triangulated categories. Advances in Mathematics,
226(5):4352–4372, 2011.

[6] Paul Balmer and Greg Stevenson. Relative stable categories and birationality. Journal
of the London Mathematical Society, 104(4):1765–1794, 2021.

[7] Hyman Bass. Finitistic dimension and a homological generalization of semi-primary
rings. Transactions of the American Mathematical Society, 95:466–488, 1960.

[8] Apostolos Beligiannis. Relative homological algebra and purity in triangulated cate-
gories. Journal of Algebra, 227(1):268–361, 2000.

[9] Daniel Bergh and Olaf M. Schnürer. Conservative descent for semi-orthogonal de-
compositions. Advances in Mathematics, 360:106882, 2020.

[10] Rudradip Biswas, Hongxing Chen, Kabeer Manali Rahul, Chris J. Parker, and Jun-
hua Zheng. Bounded t-structures, finitistic dimensions, and singularity categories
of triangulated categories. arXiV, 2023. Preprint. First version. Available online at
https://arxiv.org/abs/2401.00130v1.

[11] Rudradip Biswas, Hongxing Chen, Kabeer Manali Rahul, Chris J. Parker, and
Junhua Zheng. Bounded t-structures, finitistic dimensions, and singularity cat-
egories of triangulated categories. arXiV, 2024. Preprint. Available online at
https://arxiv.org/abs/2401.00130v2.

69



70 References

[12] Alexey I. Bondal and Mikhail Kapranov. Representable Functors, Serre Functors,
and Mutations. Mathematics of the USSR-Izvestiya, 35(3):519–541, 1990.

[13] Marcel Bökstedt and Amnon Neeman. Homotopy limits in triangulated categories.
Compositio Mathematica, 86(2):209–234, 1993.

[14] Alberto Canonaco, Amnon Neeman, and Paolo Stellari. Weakly approximable tri-
angulated categories and enhancements: a survey. arXiv, 2024. Preprint. Available
online at https://arxiv.org/abs/2407.05946v1.

[15] Charley Cummings and Sira Gratz. Metric completions of discrete cluster categories.
arXiv, 2024. Preprint. Available online at https://www.arxiv.org/abs/2407.17369v2.

[16] Sira Gratz and Greg Stevenson. Approximating triangulated categories by spaces.
Advances in Mathematics, 425:109073, 2023.

[17] Rüdiger Göbel and Jan Trlifaj. Approximations and Endomorphism Algebras of Mod-
ules. Number 41 in De Gruyter Expositions in Mathematics. Walter de Gruyter,
Berlin, 2012.

[18] Osamu Iyama and Yuji Yoshino. Mutation in triangulated categories and rigid Co-
hen–Macaulay modules. Inventiones mathematicae, 172:117–168, 2008.

[19] Bernhard Keller. On triangulated orbit categories. Documenta Mathematica, 10:551–
581, 2005.

[20] Henning Krause. Homological Theory of Representations. Cambridge Studies in
Advanced Mathematics. Cambridge University Press, 2021.

[21] Rosanna Laking and Jorge Vitória. Definability and approximations in triangulated
categories. Pacific Journal of Mathematics, 306(2):557–586, 2020.

[22] Francis William Lawvere. Metric spaces, generalized logic, and closed categories.
Rendiconti del seminario matématico e fisico di Milano, XLIII:135–166, 1973.

[23] Saunders Mac Lane. Categories for the Working Mathematician. Graduate Texts in
Mathematics. Springer, New York, second edition, 1998.

[24] Amnon Neeman. The Grothendieck Duality Theorem Via Bousfield’s Techniques and
Brown Representability. Journal of the American Mathematical Society, 9(1):205–236,
1996.

[25] Amnon Neeman. Triangulated Categories, volume 148 of Annals of Mathematics
Studies. Princeton University Press, Princeton, 2001.

[26] Amnon Neeman. Some adjoints in homotopy categories. Annals of Mathematics,
171(3):2143–2155, 2010. Second Series.

[27] Amnon Neeman. The categories T c and T bc determine each other. arXiv, 2018.
Preprint. First version. Available online at https://arxiv.org/abs/1806.06471v1.



References 71

[28] Amnon Neeman. Metrics on triangulated categories. Journal of Pure and Applied
Algebra, 224(4):106206, 2020.

[29] Amnon Neeman. Triangulated categories with a single compact generator and
a Brown representability theorem. arXiv, 2021. Preprint. Available online at
https://arxiv.org/abs/1804.02240v4.

[30] Amnon Neeman. Finite approximations as a tool for studying triangulated cate-
gories. arXiv, 2022. Preprint. Available online at https://arxiv.org/abs/2211.06587.
To appear in the Proceedings of the 2022 ICM.

[31] Dieter Puppe. On the formal structure of stable homotopy theory. Colloquium on
algebraic topology, pages 65–71, 1962. Aarhus Universitet Matematisk Institut.

[32] Jeremy Rickard. Morita theory for derived categories. Journal of the London Math-
ematical Society, 39(2):436–456, 1989.

[33] Yongliang Sun and Yaohua Zhang. Ladders and Completion of Triangulated Cate-
gories. Theory and Applications of Categories, 37(4):95–106, 2021.

[34] Jan Trlifaj. Whitehead test modules. Transactions of the American Mathematical
Society, 348(4):1521–1554, 1996.

[35] Jean-Louis Verdier. Des catégories dérivées des catégories abéliennes. Astérisque, 239,
1996. With a preface by Luc Illusie. Edited and with a note by Georges Maltsiniotis.





The following chapter “Paper B” is a copy of the second version of the author’s preprint
“Metric completions of triangulated categories from hereditary rings”, which was up-
loaded on 27 January 2026 to the online repository arXiv under the code 2508.20283v2.
The preprint is available at https://arxiv.org/abs/2508.20283v2. The text of the chapter
is identical to the text of the preprint, except for formatting, typesetting, page layout, page
numbers, and page headers. The table of contents and the footnotes indicating the date of
submission, the Mathematics Subject Classification, the keywords, the supporting grant,
and the contact details of the author have been removed from the version presented in
this thesis.

73





Paper B

Metric completions of triangulated
categories from hereditary rings

Cyril Matoušek

Abstract
The focus of this article is on metric completions of triangulated categories arising in
the representation theory of hereditary finite dimensional algebras and commutative rings.
We explicitly describe all completions of bounded derived categories with respect to ad-
ditive good metrics for two classes of rings - hereditary commutative noetherian rings
and hereditary algebras of tame representation type over an algebraically closed field. To
that end, we develop and study the lattice theory of metrics on triangulated categories.
Moreover, we establish a link between metric completions of bounded derived categories
of a ring and the ring’s universal localisations.

1 Introduction

Neeman’s method of constructing a metric completion of a triangulated category, inspired
by the Cauchy completion of a metric space, is one of the few ([6], [7], [10], [22]), rather
scarce tools to build a new triangulated category from an existing old one. Developed
in [33] as a particular case of Lawvere’s norm on a category ([27]), the data of a metric
on triangulated category postulate how far individual morphisms of the category are from
being isomorphisms.

Under the interpretation of a morphism close to an isomorphism being short, we can
define Cauchy sequences of objects and morphisms as N-directed diagrams with morphisms
eventually getting shorter and shorter. A completion of the triangulated category then
consists of formal directed colimits of all Cauchy sequences, but restricted to only those
objects which perceive short morphisms as actual isomorphisms - we call those special
objects “compactly supported”. The crucial point of [33] is that the metric completion
satisfyies all the axioms of triangulated categories ([40],[48]) with the triangulated struc-
ture induced by the original triangulated structure of the initial category.

Since its introduction in 2018, the technique of metric completions for triangulated cat-
egories has found broad range of applications in homological algebra, algebraic geometry,
and related areas. In [33] (and the updated version [35]), Neeman generalises Rickard’s
derived Morita theory results [44] to noetherian, weakly approximable triangulated cat-
egories by expressing two triangulated categories as mutual metric completions of each
other. He then encapsulates this phenomenon by defining excellent metrics on triangu-
lated categories in [36] with the property that the process of taking the completion and
then the opposite category is an involution. In [16], Cummings and Gratz calculate metric
completions of Igusa-Todorov ([21]) discrete cluster categories as subcategories of their
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Paquette-Yıldırım ([39]) combinatorial completion. Sun and Zhang study recollements of
completions of triangulated categories in [47]. Biswas, Chen, Manali Rahul, Parker, and
Zheng formulate a necessary condition for an existence of a bounded t-structure on a com-
pactly generated triangulated using specific metric completions in [11]. Manali Rahul
([41],[42]) also uses metric techniques to obtain semi-orthogonal decompositions of trian-
gulated categories and Brown representability flavoured results in algebraic geometry.

Despite the outstanding theoretical strength of the theorem establishing a triangulated
structure on a metric completion, the completions are rather difficult to compute in prac-
tice for a general triangulated category. For example, the calculations of completions in
[16] rely on the combinatorial nature of triangulated categories specific to the setting of
discrete cluster categories. Many other results involving metrics on triangulated categories
express the respective completion as a triangulated subcategory of a bigger, ambient cate-
gory called good extension (see 2.2.4), whose existence, however, cannot be guaranteed for
an arbitrary triangulated category. What is more, while the definition of a metric is rela-
tively generous and easy to satisfy, the wast majority of completion-related results utilise
only very specific choices of metrics determined by either aisles, or coaisles of t-structures.

This lack of diverse examples of metrics and the corresponding completions serves
as the main motivation behind this article. We present a systematic study of metrics
and metric completions for the bounded derived category Db(mod -R) for a large class of
hereditary rings R. We do not limit ourselves to metrics arising from t-structures only, but
we explicitly describe the completions with respect to all possible additive good metrics
on Db(mod -R).

Technically, the data of a metric on a triangulated category S consist of a family
M = {Bn}n∈N of subcategories of S corresponding to cones of short morphisms. We use
this specific data to describe the corresponding completions. The key observation is that
for an additive good metricM = {Bn}n∈N on Db(mod -R) the intersection B := ⋂

n∈NBn
is a thick subcategory of Db(mod -R). Such a thick subcategory corresponds to a univer-
sal localisation R→ RB uniquely determined by the property B ⊗L

R RB = 0 in D(R) (see
[25]), and there is an embedding of derived categories D(RB) ↪−→ D(R). With the existence
of such an embedding kept in mind, we prove that the completion SM

(
Db(mod -R)

)
of

Db(mod -R) with respect to M is equivalent either to Db(mod -RB), or a thick subcate-
gory of B⊥ = Ker HomDb(mod -R)(B,−) ⊆ Db(mod -R) depending on whether the lattice-
theoretic conditionM =M∞∨B that the metricM “converges locally uniformly” towards
B in terms of cohomology (see Section 5) is satisfied.

Theorem 1.1. Let R be a connected hereditary ring andM = {Bn}n∈N an additive good
metric on Db(mod -R).

1) (Theorem 6.4) Suppose that R is a commutative noetherian ring. Then:

i) If B is countably generated as a thick subcategory and M = M∞ ∨ B, then
SM

(
Db(mod -R)

)
≃ Db(mod -RB).

ii) Otherwise, we have SM(S) ≃ B⊥ ∩ T where T ⊆ Db(mod -R) is the thick
subcategory generated by all finitely generated torsion modules.
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2) (Theorem 7.2) Suppose that R is a finite dimensional algebra of tame representation
type over an algebraically closed field. Then:

i) If B is countably generated as a thick subcategory and M = M∞ ∨ B, then
SM

(
Db(mod -R)

)
≃ Db(mod -RB).

ii) Otherwise, we have SM(S) ≃ B⊥ ∩ R where R ⊆ Db(mod -R) is the thick
subcategory generated by all regular modules.

This result complements author’s earlier work [29, Section 3] on completions for rep-
resentation-finite algebras. For every finite dimensional algebra A of finite representation
finite, all the completions of Db(mod -A) are just the thick subcategories of Db(mod -A).
Our current result tell us that once we abandon the realm of representation-finite alge-
bras and consider a tame algebra R instead, we can actually encounter new elements in
the completion S′

M
(

Db(mod -R)
)
, such as the universal localisation RB, which do not lie

in the initial category Db(mod -R).
While the fact that a metric completion of a triangulated category S can, in fact,

shrink to a subcategory of S can seem counter-intuitive at the first glance, the reason
behind such a phenomenon resides in the two-step process of creating the completion.
As mentioned before, unlike the usual metric space completion, or e.g. the sequential
completion of triangulated category ([24]), we are not only adding directed colimits of
Cauchy sequences to our category during the construction, but we are also removing
objects which are not compactly supported with respect to the given metric. We discuss
how compactly supported elements look like for bounded derived categories of rings in
Section 3, where we present their description using universal localisations for hereditary
rings together with partial results for general commutative noetherian rings.

Section 4 consists of several auxiliary results about completions for bounded derived
categories for finitely generated algebras over commutative noetherian rings, which are
both useful for proving Theorem 1.1 and of an independent interest. For instance, for
a hereditary ring, Proposition 4.7 gives us that any completion with respect to an additive
good metric is an idempotent complete triangulated category, while Proposition 4.12 fully
describes completions with respect to constant metrics determined by countably generated
thick subcategories.

The statement of Theorem 1.1 involves a lattice-theory condition on a metric on a tri-
angulated category. The result that metrics form a lattice is new, and is proven in Sec-
tion 5, together with further applications and examples linked to the lattices of metrics.
In Proposition 5.10, we give a precise formulation of the condition of a cohomological
locally uniform convergence of a metric towards a specific thick subcategory, and show its
consequences for the resulting metric completions.

Finally, Section 6 and Section 7 are dedicated to proving the main result Theorem 1.1
in our two primary settings - hereditary commutative noetherian rings and hereditary
tame algebras. We analyse additive good metrics on bounded derived categories using
the ring’s prime spectrum in the commutative case and the structure of regular modules
in the tame algebra case.
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2 Preliminaries

2.1 Notation and conventions

If A is an object of a category A, we will only write A ∈ A instead of A ∈ Ob(A).
Similarly, if A and B are categories, we will employ the shortcut A ⊆ B to express that A
is a subcategory of B.

For a class of objects C of an additive category A, the full subcategory of A of objects
isomorphic to finite coproducts of objects from C will be denoted as coprod(C).

We will always implicitly denote the shift functor of any triangulated category as Σ.
Let S be a triangulated category. By Sc we mean the triangulated subcategory consisting
of compact elements of S. Given a class of objects C ⊆ S, the notation ⟨C⟩ stands for
the triangulated subcategory of S generated by C, while thick(C) stands for the thick
subcategory of S generated by C.

All rings are assumed to be unital and associative. A k-algebra over a commutative
ring k is a ring R with a k-module structure determined by a ring homomorphism k→ R

with the image lying in the centre of R.

2.2 Metrics and completions

Here we recall the most important important facts and definitions about completions of
triangulated categories via metric techniques introduced by Neeman in [35] and [34]. We
also make use of additional terminology and notational conventions from [16]. In this
subsection, we fix a triangulated category S.

2.2.1 Sequences

Definition 2.1 ([16, Definition 3.2, Subsection 3.2]). An N-directed diagram of the form
E1

e1−→ E2
e2−→ · · · in S is called a sequence and denoted E = (En, en)n∈N. For n ≤ m ∈ N,

the map en,m denotes the composition em ◦ · · · ◦ en+1 ◦ en.
Let I = (im)m∈N = i1 < i2 < · · · be a strictly increasing sequence of natural numbers.

Then we define a subsequence EI =
(
Ein , ein,in+1

)
n∈N of E.

Assume that for every n ∈ N we have direct summand Fn of En together with
the canonical inclusion νn : Fn → En and the canonical projection πn : En → Fn. Then
the sequence F = (Fn, πn+1 ◦ en ◦ νn) is called a component of E.

Notation. We denote the category of additive contravariant functors Sop → Ab
as Mod -T . Furthermore, the notation for Yoneda’s embedding X 7→ HomS(−, X) is
ょ : S → Mod -S. Here Ab stands for the category of abelian groups.
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Following [16, Definition 3.4], to a sequence E = (En, en)n∈N in S we associate a functor
Mocolim- E := lim−→ょ(E) ∈ Mod -T called the module colimit of E, which is the directed
colimit of the image of E in Mod -S under Yoneda’s embedding.

Definition 2.2 ([16, Definition 3.11, Definition 3.16]). Let W be a replete subcategory
of S. Let E = (En, en)n∈N be a sequence in T . We say that E stabilises at W from
N ∈ N onwards if for all N ≤ n ≤ m we have cone en,m ∈ W. We then simply say that E
stabilises at W if it stabilises at W from some N ∈ N onwards.

A functor F ∈ Mod -S is compactly supported at W if F (W) = 0. In this spirit,
the sequence E is compactly supported at W if the functor Mocolim- E is such.

We say that E is W-trivial if for every n ∈ N the entry En does not have any non-zero
direct summands which lie in W.

In particular, an object X ∈ S is compactly supported with respect to a replete subcat-
egoryW ⊆ S ifょ(X) is compactly supported atW. This is by Yoneda’s lemma equivalent
to X ∈ W⊥. Here we are employing the following notation of “Hom-perpendicularity” for
a general additive category A and a subcategory B ⊆ A:

• B⊥ denotes the full subcategory {A ∈ A : ∀B ∈ B,HomA(B,A) = 0},

• ⊥B denotes the full subcategory {A ∈ A : ∀B ∈ B,HomA(A,B) = 0}.

2.2.2 Metrics on triangulated categories

Definition 2.3 ([35, Definition 1.2]). Let M = {Bn}n∈N be a decreasing chain
B1 ⊇ B2 ⊇ B3 ⊇ . . . of full subcategories of S. We say that M is a good metric on S
if for every n ∈ N:

• 0 ∈ Bn,

• Bn is extension-closed, i.e. Y ∈ Bn whenever X,Z ∈ Bn and there exists a triangle
X → Y → Z → ΣX in S, and

• Σ−1Bn+1 ∪Bn+1 ∪ ΣBn+1 ⊆ Bn.

The categories Bn of a metric M = {Bn}n∈N should be thought as open balls (or
open neighbourhoods) shrinking around the zero object. As the cone of every isomor-
phism is zero, metrics measure how close a morphism is to an isomorphism in the fol-
lowing sense - a morphism f : X → Y in S is “of distance ≤ 1

n from an isomorphism”
if cone f ∈ Bn. With metrics, we can define Cauchy sequences as those sequences whose
morphisms are progressively getting shorter.

Definition 2.4 ([35, Definition 1.6],[16, Remark 3.12]). Equip S with a good metric
M = {Bn}n∈N. Let E = (En, en)n∈N be a sequence in S. We say that E stabilises at
n ∈ N with respect to M if it stabilises at Bn.

We call E a Cauchy sequence with respect to M is it stabilises at every n ∈ N with
respect to M.

We say that E is n-trivial with respect to M for n ∈ N if it is Bn-trivial.
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Definition 2.5 ([35, Definition 1.11],[16, Remark 3.12]). Equip S with a good metric
M = {Bn}n∈N. Let F ∈ Mod -S. We say that F is compactly supported at n ∈ N with
respect to M if it is compactly supported at Bn. And we call F compactly supported with
respect to M if it is compactly supported at some n ∈ N with respect to M.

We will omit the name of the metric with respect to which we are considering the sta-
bilisation, the triviality, and the compactly supported elements if such a metric is implicit.
And again, any consideration for a sequence E = (En, en)n∈N to be compactly supported
refers to the functor Mocolim- E, and for an object X ∈ S it refers to the functorょ(X).

Remark 2.6. For a sequence E = (En, en)n∈N to be Cauchy with respect to a good
metric M = {Bn}n∈N, it means that for every M ∈ N there exists N ∈ N such that
for all N ≤ n ≤ m, the morphism en,m is “of distance ≤ M from an isomorphism”, i.e.
cone en,m ∈ BM .

By [35, Lemma 1.9], it is enough to test whether a sequence is Cauchy on the morphisms
en : En → En+1 only. The sequence E is Cauchy if for every M ∈ N there exists N ∈ N
such that for all N ≤ n we have cone en ∈ BM .

Definition 2.7 ([35, Definition 1.2]). Let M = {Bn}n∈N and N = {Cn}n∈N be two
metrics on S. We say that N is finer thanM if for every n ∈ N there is m ∈ N such that
Cm ⊆ Bn, and we denote this by N ≤M.

We proclaim M and N to be equivalent if M≤ N and N ≤M.

Good metrics with balls closed under direct summands have already been studied
in [16]. We propose the following terminology for them.

Definition 2.8. Let M = {Bn}n∈N be a good metric on S. We say that M is additive if
the ball Bn is closed under direct summands for all n ∈ N.

By an abuse of notation, we will not distinguish between a triangulated subcategory
C ⊆ S and the corresponding constant metric {C}n∈N. Under this identification, additive
constant metrics correspond precisely to thick subcategories of S.

2.2.3 Completions of triangulated categories

Definition 2.9 ([35, Definition 1.11]). Equip S with a good metricM. We define the fol-
lowing full subcategories of Mod -T with respect to M:

• the category CM(S) of all compactly supported functors from Mod -S,

• the pre-completion of S as

LM(S) :=
{
F ∈ Mod -S : ∃ a Cauchy sequence E in S, F ≃Mocolim- E

}
,

• and the completion of S as SM(S) := CM(S) ∩ LM(S).

If there is no space for confusion, we will omit the subscript M, and write only C(S),
L(S), and S(S). And since the (pre)completion and the compactly supported elements
are the same for two equivalent metrics, we will also write CM(S), LM(S), and SM(S)
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for an equivalence class M of good metrics, while meaning the respective categories for
any/all metrics from M. Also, for a thick subcategory C ⊆ S, the categories CC(S), LC(S),
and SC(S) are meant with respect to C interpreted as a constant metric.

The most important fact about metric completions of triangulated categories is that
they are triangulated categories themselves.

Theorem 2.10 ([35, Theorem 2.14]). If S is equipped with a good metric, then S(S) is
a triangulated category.

The triangulated structure on S(S) is naturally induced by the triangulated structure
on S - the distinguished triangles of S(S) are (compactly supported) module colimits
of Cauchy sequences of distinguished triangles from S, and the shift functor on S(S) is
the restriction of − ◦ Σ−1 : Mod -S → Mod -S for the shift Σ on S.

The key idea behind the completions is that compactly supported homological functors
from Mod -S are precisely those which send “morphisms close to isomorphisms” in S with
respect to the given metric to isomorphisms in Ab. Restricting the pre-completion to
compactly supported elements then ensures that every morphism in the completion has
its well-defined cone.

This relation between Cauchy sequences and compactly supported elements is encap-
sulated in the following lemma:

Lemma 2.11 ([35, Lemma 2.10]). Assume S is equipped with a good metric. Let
F ∈ Mod -S be a cohomological functor compactly supported at s ∈ N.

Let E = Mocolim- E ∈ L(S) for some Cauchy sequence E = (En, en)n∈N. If E stabilises
at s+ 1 from some N ∈ N onwards, then

HomMod -S(φn, F ) : HomMod -S(E,F )→ HomMod -S
(
ょ(En), F

)
is an isomorphism for all n ≥ N where φn :ょ(En)→ E is the colimit injection.

2.2.4 Good extensions

Calculating completions of the triangulated category S directly from the definition as
subcategory of Mod -S can be rather hard in practice. However, sometimes there exits
a computational tool, the so-called good extension.

Definition 2.12 ([35, Notation 3.1]). Let ν : S ↪−→ T be a fully faithful triangulated func-
tor. By the restricted Yoneda functor we meanョ : T → Mod -S, X 7→ HomT

(
ν(−), X

)
.

Definition 2.13 ([33, Definition 3.5]). Assume S is equipped with a good metricM. Let
ν : S ↪−→ T be a fully faithful triangulated functor, and denoteョ the restricted Yoneda
functor. Then ν is a good extension with respect to M if:

• T has countable coproducts, and

• the canonical map Mocolim- E→ョ
(
Hocolim- ν(E)

)
in Mod -S is an isomorphism for

every Cauchy sequence E in S.
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Definition 2.14 ([35, Definition 3.11]). Let ν : S ↪−→ T be a good extension with respect
to a good metric M on S. We define the following full subcategories of T :

• C′
M(S) :=ョ−1(CM(S)

)
whereョ is the restricted Yoneda functor,

• L′
M(S) :=

{
X ∈ T : ∃ a Cauchy sequence E in S, X ≃ Hocolim- ν(E)

}
,

• S′
M(S) := C′

M(S) ∩ L′
M(S).

Note that by [35, Observation 3.2], for a metric M = {Bn}n∈N we can alternatively
describe C′

M(S) as ⋃n∈N ν(Bn)⊥ ⊆ T .
As in the case of C(S), L(S), and S(S), we will not mention the metric while writing

C′(S), L′(S), and S′(S) unless necessary.
If a good extension exists, we can calculate the completion as a triangulated subcate-

gory of the good extension.

Theorem 2.15 ([35, Theorem 3.23]). Let S ↪−→ T be a good extension with respect to
a good metric on S. Then the restricted Yoneda functorョ determines a well-defined
triangulated equivalenceョ↾S′(S): S′(S)→ S(S).

The prototypical example of a good extension is the inclusion of compact elements.

Theorem 2.16 ([35, Example 3.9],[32, Lemma 2.8]). Let T be a triangulated category
with coproducts. Then the inclusion T c ↪−→ T serves as a good extension with respect to
any possible choice of a good metric on T c.

2.3 t-structures and approximation sequences

The notion of a t-structure on a triangulated category was introduced in [8, Défini-
tion 1.3.1], see [9] for a republished version. In this subsection, we recall its definition
and the construction of approximation sequences for a Cauchy sequence.

Definition 2.17. Let
(
S≤0,S>0) be a pair of full subcategories of a triangulated cate-

gory S. Assume that S≤0 and S>0 are closed under direct summands. We fix a notation
S≤n := Σ−nS≤0 and S>n := Σ−nS>0 for all n ∈ Z.

We call
(
S≤0,S>0) a t-structure on S if:

• S>0 ⊆ (S≤0)⊥,

• for every Y ∈ S there exist X ∈ S≤0, Z ∈ S>0, and a distinguished triangle

X → Y → Z → ΣX,

• and S≤−1 ⊆ S<0.

In this case, the subcategory S≤0 is called an aisle, and S>0 is called a coaisle.
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For a t-structure
(
S≤0,S>0) on S and Y ∈ S, the distinguished triangle

X → Y → Z → ΣX

with X ∈ S≤0 and Z ∈ S>0 is unique up to an isomorphism and is usually called the ap-
proximation triangle. This name is justified by the fact that X → Y is an S≤0-cover
of Y (or a minimal right S≤0-approximation). The S≤0-cover given by an approxima-
tion triangle is functorial, we denote this truncation functor as tr≤0. Dually Y → Z is
an S>0-envelope of Y (a minimal left S>0-approximation) with a corresponding functor
tr>0. The same approximation theory works for the shifts of the truncation functors tr≤n

and tr>n.
For the theory of metric completions, it is important to consider approximation se-

quences of (primarily Cauchy) sequences.

Definition 2.18 ([16, Definition 4.4]). Let
(
S≤0,S>0) be a t-structure on a triangulated

category S, and let E = (En, en)n∈N be a sequence in S. Fix m ∈ Z.
We call the sequence tr≤m E =

(
tr≤mEn, tr≤m en

)
n∈N an S≤m-approximation of E and

the sequence tr>m E =
(

tr>mEn, tr>m en
)
n∈N an S>m-approximation of E.

Even if E is a Cauchy sequence with respect to some good metric, the approximation
sequences do not have to be Cauchy in general. We can see some positive cases, however,
in [16, Section 4].

2.4 Derived categories

Let R be a ring. The category of right R-modules is denoted Mod-R, the notation mod -R
is reserved for the category of finitely presented right R-modules. The category of finitely
presented indecomposable modules is denoted ind -R.

We will mainly work with two triangulated categories associated to R, namely
D(R) = D(Mod-R), the derived category of R, and Db(mod -R), the bounded derived cat-
egory of finitely presented R-modules. The category of compact elements D(R)c ⊆ D(R)
is equal to the category of perfect complexes Dperf(R) ⊆ D(R) over R, i.e. complexes quasi-
isomorphic to bounded complexes of finitely generated projective R-modules. The category
Dperf(R) is thus also equal to the essential image of the embedding Kb(proj -R) ↪−→ D(R)
of the bounded homotopy category of finitely generated projective R-modules.

By Theorem 2.16, the inclusion Dperf(R) ↪−→ D(R) is a good extension with respect to
all possible good metrics on Dperf(R). This good extension is a strong computational tool
for completions of Dperf(R), giving us S′(Dperf(R)

)
⊆ D(R). We can even say more for

R hereditary.

Proposition 2.19 ([29, Proposition 3.1]). Assume R is right hereditary. Then for every
good metric on Dperf(R), the completion S′(Dperf(R)

)
⊆ D(R) is a triangulated subcat-

egory of the bounded derived category of (all) R-modules Db(Mod-R).

The standard t-structure
(
D(R)≤0,D(R)>0) on D(R) is determined by the cohomology

functor H0 ≃ HomD(R)(R,−) : D(R)→ Ab via

D(R)≤0 :=
{
X ∈ D(R) : ∀i ∈ Z, i > 0⇒ H i(X) = 0

}
.
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If R is noetherian and of finite global dimension, then Db(mod -R) ≃ Dperf(R), the stan-
dard t-structure on D(R) restricts to a t-structure on Db(mod -R), and the inclusion
Db(mod -R) ↪−→ D(R) becomes a good extension with respect to all possible good metrics
on Db(mod -R).

Assume for the rest of the subsection that R is noetherian and hereditary. The noethe-
rian condition ensures that mod -R is an abelian category, and we may consider its wide
subcategories. A wide subcategory of an abelian category can be characterised as a sub-
category closed under taking extensions, kernels, and cokernels (see [20, Section 1],[13,
Lemma 4.2]). In particular, a wide subcategory is closed under images and direct sum-
mands. By wide(C), we will denote the smallest wide subcategory of mod -R containing
C ⊆ mod -R.

By Brüning’s [13, Theorem 5.1], the assignment C 7→ H0(C) estabilishes a bijection

{thick subcategories of Db(mod -R)} ↔ {wide subcategories of mod -R}.

As R is hereditary, every object X ∈ D(R) is quasi-isomorphic to its cohomology

X ≃
∐
i∈Z

Σ−iH i(X).

Thus the preimage of a wide subcategoryW ⊆ mod -R under the aforementioned bijection
is thick(W) ⊆ Db(mod -R).

2.5 Commutative algebra

Let R be a commutative ring. The Zariski topology on the prime spectrum Spec(R)
is the topology where closed sets are of the form V (I) = {p ∈ Spec(R) : I ≤ p} for
ideals I ≤ R. A subset of Spec(R) is specialisation closed if it is a union of closed sets.
The topological space Spec(R) is connected if and only if R is connected as a ring.

For every prime ideal p ∈ Spec(R), we denote k(p) := Rp/pRp its residue field.
A finitely generated R-module M is supported at p ∈ Spec(R) if its localisation Mp at
p is non-zero. For an arbitrary complex X ∈ D(R), we the employ the generalisation
of a support due to Foxby [18] Supp(X) :=

{
p ∈ Spec(R) : X ⊗L

R k(p) ̸= 0
}
. For a class

C ⊆ D(R), we set Supp(C) := ⋃
C∈C Supp(C). A subset Φ ⊂ Spec(R) is called coherent [23]

if for every X ∈ D(R) it holds that Supp(X) ⊆ Φ if and only if Supp
(∐

i∈ZH
i(X)

)
⊆ Φ.

Lemma 2.20. Let P be a finitely generated projective R-module. Then the rank function
Spec(R)→ N0, p 7→ dimk(p) P ⊗R k(p) is locally constant.

In particular, if Φ is a connected component of Spec(R) and Supp(P ) ∩ Φ ̸= ∅, then
Φ ⊆ Supp(P ).

Proof. This is the implication “a) ⇒ c)” in [12, Chapitre II, §5, №2, Théorème 1].

Our main focus in this paper is on hereditary noetherian rings. If the commutative
ring R is such, it decomposes as a finite direct product R ≃ ∏N

n=1Dn of Dedekind do-
mains D1, . . . , DN for some N ∈ N; see for example [2, Corollary 5.5]. Lemma 2.20 then
tell us that Spec(D1), . . . ,Spec(DN ) are precisely the connected components of Spec(R).
Therefore, we can often reduce our reasoning to the case of Dedekind domains.
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There are several equivalent definitions of a Dedekind domain; one such characterisa-
tion is that it is a hereditary integral domain. In particular, every principal ideal domain
is a Dedekind domain. Some authors do not allow a field to be considered a Dedekind
domain; however, we do not impose such a restriction.

For the rest of this subsection, we fix a Dedekind domain D. The structure of finitely
generated D-modules is well-understood.

Theorem 2.21. Every finitely generated D-module is a direct sum of a projective module
P and a torsion module T of the form

T ≃
n⊕
i=1

R/plii for some n ∈ N0, p1, . . . , pn ∈ Spec(D), and l1, . . . , ln ∈ N .

This decomposition is unique up to isomorphisms and reordering of the summands.

Thus the support of a finitely generated module M over D is either the whole Spec(D)
if M contains a non-zero projective direct summand, or finite.

Let P and Q be indecomposable finitely generated projective D-modules. Then P is
generated by either one element (and is isomorphic to D) or two elements, and it holds
that P ⊕ Q ≃ D ⊕ (P ⊗D Q). This makes the tensor product ⊗D into a commutative
group operation on the Picard group Pic(D) of D, which consists of equivalence classes of
indecomposable finitely generated projective D-modules up isomorphisms and free direct
summands. The structure of indecomposable finitely generated projectives can be rather
complicated; in fact, any abelian group is the Picard group of some Dedekind domain [14].

2.6 Finite dimensional algebras

Let K be an algebraically closed field. By Drozd’s trichotomy, every finite dimensional
K-algebra is either of representation-finite type, tame, or wild. Every connected hered-
itary finite dimensional K-algebra is Morita equivalent to a path algebra KQ for some
finite acyclic connected quiver Q, and we can determine its representation type based on
the underlying diagram of the quiver Q - the algebra is representation-finite if and only
if the diagram is simply laced Dynkin (type A,D, and E); and it is tame if and only if
the diagram is Euclidean

(
or extended Dynkin - type Ã, D̃, or Ẽ

)
.

In this subsection, we fix an Euclidean quiver Q with N ∈ N verticies, and we shall
consider the tame algebra KQ. Both mod -KQ and S := Db(mod -KQ) are K-linear
Krull-Schmidt categories.

Consider the Auslander-Reiten translation τ : S → S (see e.g. [43]). The category
ind -KQ (up to isomorphisms) consists of three components:

• the preprojectives

P :=
{
M ∈ ind -KQ : ∃P ∈ ind -KQ,P projective,∃n ∈ N0,M ≃ τ−nP

}
,

• the preinjectives

Q := {M ∈ ind -KQ : ∃I ∈ ind -KQ, I injective,∃n ∈ N0,M ≃ τnI}
= {M ∈ ind -KQ : ∃P ∈ ind -KQ,P projective,∃n ∈ N,M ≃ τnΣP} , and

• the regular modules R.
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The morphisms in ind -KQ go only in one direction, meaning that P ⊆ R⊥ and
P,R ⊆ Q⊥ in mod -KQ.

The regular component coprod(R) = wide(R) ≃ ∐i∈P1
K

ti decomposes as a coproduct
of so-called tubes indexed by the projective line P1

K . All the tubes are mutually orthogonal,
i.e. ti,Σti ⊆ t⊥

j in S for all i ̸= j ∈ P1
K . Each tube t is an orbit under the autoequivalence τ ,

and the minimal n ∈ N such that τn acts as the identity on t is called the rank of t.
Tubes of rank 1 are homogenous. All tubes have finite rank, and at most 3 tubes can
be non-homogenous. By [17, Proposition 2.4.2], every tube of rank n ∈ N has

(2n
n

)
wide

subcategories.

Definition 2.22. Let M ∈ mod -KQ. Then M is called rigid if Ext1
KQ(M,M) = 0.

A rigid module M is called exceptional if EndKQ(M) ≃ K.
Let n ∈ N. An n-tuple (X1, . . . , Xn) of finitely generated KQ-modules is called an ex-

ceptional sequence of length n if it consisits of exceptional objects, and for all 1 ≤ i < j ≤ n
we have HomKQ(Xj , Xi) ≃ 0 ≃ Ext1

KQ(Xj , Xi). If n equals the number of verticies of Q,
then the exceptional sequence is called complete.

Any complete exceptional sequence (X1, . . . , XN ) generates the module category
mod -KQ in the sense that wide(X1, . . . , XN ) = mod -KQ. Furthermore, the cat-
egory wide(X1, . . . , Xn) for an exceptional sequence of length n ∈ N is equivalent
to mod -KQ′ for some finite acyclic quiver Q′ with n verticies, and the embedding
mod -KQ′ ↪−→ mod -KQ is exact and induces isomorphisms on Hom and Ext. Additionally,
the category wide(X1, . . . , Xn)⊥ ⊆ mod -KQ possesses an exceptional sequence of length
N − n, and wide(X1, . . . , Xn) = ⊥(wide(X1, . . . , Xn)⊥) (see [15] for details).

A module S ∈ R without proper non-zero regular submodules is simple regular. Every
tube of rank n ∈ N contains precisely n different simple regulars up to isomorphism.

Lemma 2.23. Let S ∈ ind -KQ be simple regular from a homogenous tube. Then

ΣP ∩ S⊥ = ∅ = Q ∩ S⊥

in S.

Proof. The notation (−)∗ = HomK(−,K) shall denote the standard K-dual. Since S

simple regular lies in a homogenous tube, then its dimension vector is sincere (see e.g.
[46, Corollary XI.3.9]), meaning Hom(P, S) ̸= 0 for every projective P ∈ ind -KQ. Any
preinjective is of the form τnΣP for some n ∈ N and P indecomposable projective. Using
that τΣ : S → S is a Serre functor on S (see [43, Theorem II.1.3]), we get

0 ̸= HomS(P, S) ≃ HomS(P, τ−n−1S) ≃ HomS(τ−n−1S, τΣP )∗

≃ HomS(S, τnΣP )∗.

The proof that HomS(S,ΣP ′) ̸= 0 for all P ′ ∈ P is dual.

We intend to use Brüning’s correspondence to understand thick subcategories of S.
We will denote R := thick(R) ≃ ∐i∈P1

K

∐
j∈Z Σj ti ⊆ S the thick subcategory generated

by all the regular tubes.
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Theorem 2.24 ([17, Theorem 3.2.15],[26, Proposition 6.14]). Let C be a thick subcategory
of S. Then at least one of the following conditions holds:

(i) C = thick(X1, . . . , Xn) for an exceptional sequence (X1, . . . , Xn) in mod -KQ,

(ii) C ⊆ R.

Lemma 2.25. There exists a number M ∈ N (depending on Q) such that for any strictly
decreasing chain C1 ⊋ C2 ⊋ · · · ⊋ CM of thick subcategories of S we can find indices
1 ≤ i < j ≤M and a homogenous regular tube t ⊆ mod -KQ with Ci, Cj ⊆ R, t ⊆ Ci and
t∩Cj = 0.

Proof. Let U ⊆ R be the thick subcategory generated by all the non-homogenous tubes,
and V ⊆ R be the thick subcategory generated by all the homogenous tubes. Every thick
subcategory of R is of the form U ⊕ V for some thick subcategories U ⊆ U and V ⊆ V.
Since there are only finitely many non-homogenous tubes, and each tube has only finite
number of wide subcategories, there are only finitely many thick subcategories of U; let us
denote this number by M ′.

Set M := N + M ′ + 2. Let C1 ⊋ C2 ⊋ · · · ⊋ CM be a strictly decreasing chain
of thick subcategories of S. If Ci and Cj for some 1 ≤ i < j ≤ M are generated by
exceptional sequences, then the exceptional sequence generating Cj must be strictly shorter
than the exceptional sequence generating Ci because the equality would yield Ci = Cj .
Therefore, at most N + 1 < M thick subcategories in the chain can be generated by
an exceptional sequence. Theorem 2.24 then tells us that the remaining thick subcategories
must be then generated by regular elements.

We restrict ourselves to a sub-chain D1 ⊋ D2 ⊋ · · · ⊋ DM ′+1 of thick subcategories
of S with Di ⊆ R for all 1 ≤ i ≤ M ′ + 1. By the pigeonhole principle, there exist
1 ≤ i < j ≤ M ′ + 1 and thick subcategories U ⊆ U and V,W ⊆ V such that Di = U ⊕ V
and Dj = U ⊕W. This forces W ⊊ V, and these two subcategories must differ by at least
one homogenous tube.

3 Constant metrics, smashing subcategories, and ring
epimorphisms

We fix a ring A across this whole section, and denote S := Dperf(A). We shall make
use of the fact that the inclusion S ↪−→ D(A) is a good extension, so all the categories
of pre-completions, completions, and compactly supported elements will be calculated
inside D(A).

In this short section, we intend to relate the completion S′(S) ⊆ D(A) with respect
to a constant metric to a subcategory D(B) ⊆ D(A) determined by a homological ring
epimorphism A→ B (see Proposition 3.3 and Corollary 3.5).

Recall that if T is a category with coproducts, then a triangulated subcategory of T
is localising if it is closed under (infinite) coproducts. For C ⊆ T a class, the smallest
localising subcategory of T containing C is called a localising subcategory generated by C
and denoted Loc(C). A localising subcategory L ⊆ T is called smashing if the inclusion
L ↪−→ T admits a right adjoint and L⊥ is closed under coproducts. Smashing subcategories
give rise to recollements of triangulated categories (defined in [8, Subsection 1.4]).



88 Paper B

Lemma 3.1. Let T be a compactly generated triangulated category. Consider the good
extension T c ↪−→ T . Let C ⊆ T c be a triangulated subcategory. Then there exists a rec-
ollement diagram

C′
C(T c) i∗ // T j∗

//

i∗

yy

i!
ee

Loc(C)

j!

{{

j∗
cc

with i∗ : C′
C(T c) ↪−→ T and j! : Loc(C) ↪−→ T being the respective inclusions.

Proof. Loc(C) is a smashing subcategory of T by [4, Corollary 2.8]. The existence of
the recollement diagram above then follows from [4, Proposition 2.9] (see also [38, Chap-
ter 4]) where we identify Loc(C)⊥ = C⊥ = C′

C(T c) using [35, Lemma 3.8].

Although every localising subcategory of D(A) (more generally, of a compactly gener-
ated triangulated category) generated by perfect complexes (compact objects) is smashing,
the converse is the assertion of the so-called telescope conjecture. While there exist coun-
terexamples to the conjecture (e.g. [25, Example 7.8]) in its full generality, it has been
proven for some classes of rings, such as hereditary rings by Krause and Šťovíček [25,
Theorem A] and commutative noetherian rings by Neeman [31].

Theorem 3.2 ([31, Theorem 3.3, Corollary 3.4]). Let A be a commutative noetherian
ring. Then there are bijections between:

• thick subcategories of Dperf(A),

• smashing subcategories of D(A), and

• specialisation closed subsets of Spec(A).

More specifically, to a thick subcategory C of Dperf(A) we assign the localising subcategory
Loc(C) of D(A) and the specialisation closed subset Supp(C), respectively.

Sometimes, the validity of the telescope conjecture also provides us for each smashing
subcategory of D(A) with a corresponding homological epimorphism; that is a ring epi-
morphism A→ B such that B⊗AB ≃ B and TorAn (B,B) = 0 for all n ∈ N, or equivalently
(via [19, Theorem 4.4]), such that the induced functor D(B)→ D(A) is fully faithful.

Proposition 3.3. Let C ⊆ S be a thick subcategory. Assume further that at least one of
these conditions holds:

(i) A is hereditary, or

(ii) A is commutative noetherian, and Supp(C) has a coherent complement in Spec(A).

Then there exists a homological epimorphism A→ B satisfying S′
C(S) ⊆ Dperf(B) where

we identify D(B) with Im(i∗) from the recollement diagram

D(B) i∗ // D(A) j∗
//

−⊗L
AB

yy

i!
ee

Loc(C)

j!

xx

j∗
ff
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with j! : Loc(C) = Ker
(
−⊗L

A B
)
↪−→ D(A) and i! = R HomA(B,−).

Furthermore, the equality S′
C(S) = Dperf(B) holds if and only if B ∈ S′

C(S) and S′
C(S)

is idempotent complete.

Proof. We start by obtaining a recollement diagram from Lemma 3.1 applied to the good
extension S ↪−→ D(A) and the subcategory C.

If “i)” holds, then the desired homological epimorphism A→ B such that

Loc(C) = Ker
(
−⊗L

A B
)

and D(B) ≃ Loc(C)⊥

exists by [25, Section 3, Theorem 8.1].
Now, assume “ii)” holds. By the bijection from Theorem 3.2, the category Loc(C) con-

sists of objects of D(A) supported at Supp(C). As Supp(C) has a coherent complement, [5,
Theorem 4.9, Corollary 4.10] yields the existence of a homological (even flat) epimorphism
A→ B again satisfying Loc(C) = Ker

(
−⊗L

A B
)

and D(B) ≃ Loc(C)⊥.
Regardless of whether “i)” or “ii)” happens, it follows for the completion of S that

C′
C(S) = Loc(C)⊥ = D(B), so S′

C(S) ⊆ D(B).
Let E = Hocolim- E ∈ S′

C(S) for a Cauchy sequence E = (En, en)n∈N. We may w.l.o.g.
assume cone(en,m) ∈ C for all n ≤ m ∈ N. Since C ⊆ Ker

(
−⊗L

A B
)
, we get that

E ≃ E ⊗L
A B ≃

(
Hocolim- E

)
⊗L
A B ≃ Hocolim-

(
E⊗L

A B
)

is a homotopy colimit of a constant sequence E⊗L
AB in D(B) consisting of isomorphisms.

Suppose E1 ≃ P • for a bounded complex P • of finitely generated projective A-modules.
Then E ≃ E1 ⊗L

A B ≃ P • ⊗A B is isomorphic to a bounded complex of finitely generated
projective B-modules, so E ∈ Dperf(B). As E was arbitrary, we get S′

C(S) ⊆ Dperf(B).
The final part of the statement follows directly from Dperf(B) = thick(B).

The ring B above is obtained as the endomorphism ring EndA(i∗i∗A) using the rec-
ollement notation of Lemma 3.1 and is uniquely determined by the thick subcategory
C ⊆ S.

A universal localisation is a generalisation of a localisation of a commutative ring at
a multiplicative set.

Definition 3.4 ([45, Theorem 4.1]). Let f : A→ B be a ring homomorphism and Φ a set
of R-homomorphisms between finitely generated projective R-modules. The ring homo-
morphism f is called Φ-inverting if for all α : P → Q in Φ, the B-module homomorphism
α⊗A idB : P ⊗A B → Q⊗A B is an isomorphism.

The ring homomorphism f (together with the ring B) is called a universal localisation
of A at Φ if f is Φ-inverting, and for every Φ-inverting ring homomorphism f ′ : A → B′

there exits a unique ring homomorphism g : B → B′ such that f ′ = gf .

Under favourable conditions, universal localisations and homological epimorphisms
coincide, thus allowing us to express metric completions with respect to constant metrics
as subcategories of derived categories of universal localisations.

Corollary 3.5. Assume A is a hereditary ring or a commutative noetherian ring of Krull
dimension at most 1. Let C ⊆ S be a thick subcategory. Then there exists a universal
localisation A→ B such that S′

C(S) ⊆ Dperf(B) in the sense of Proposition 3.3.
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Proof. Under the conditions on A, every homological epimorphism A → B is a univer-
sal localisation. This is due to [25, Theorem 6.1] in the hereditary case and due to [5,
Theorem 5.7] in the case of a commutative noetherian ring of Krull dimension at most 1.

The only thing remaining to be checked is that conditions of Proposition 3.3 are, in
fact, satisfied. For A hereditary, there is nothing to check. If A is commutative noethe-
rian of Krull dimension at most 1, then all the subsets of Spec(A) are coherent by [23,
Corollary 4.3], including Spec(A) \ Supp(C). With that we may conclude the proof.

Note that if R is hereditary, then RC is also hereditary by [37, Lemma 1.4], so
Dperf(RC) ≃ Db(mod -RC).

Notation. Given a hereditary ring R and a thick subcategory C ⊆ Dperf(R), we shall
denote the universal localisation determined by C in the sense of Corollary 3.5 as RC . We
will then always implicitly treat D(RC) as a thick subcategory of D(R) and the completion
S′

C
(

Dperf(R)
)
⊆ D(R) as a triangulated subcategory of

Db(mod -RC) ≃ Dperf(RC) ⊆ D(R)

using Proposition 3.3.

4 Computational tools for hereditary and noetherian rings

This section contains multiple new results about completions of bounded derived cate-
gories of certain, mostly noetherian hereditary, rings. Those facts will be useful later for
the classification of completions over commutative hereditary noetherian rings (Section 6)
and hereditary tame algebras (Section 7). Among other things, for a suitable hereditary
ring R, we show how to construct Cauchy sequences with uniformly bounded cohomology
(Corollary 4.4); that S′(Db(mod -R)

)
is idempotent complete (Proposition 4.7); and ex-

plicitly describe completions of S′(Db(mod -R)
)

with respect to constant additive metrics
(Proposition 4.12). We also recall the construction of B-trivial sequences by Cummings
and Gratz in Proposition 4.2.

Through this whole section we work with a ring R which is a finitely generated k-al-
gebra over a commutative noetherian ring k. Typical choices of k will be k = K for K
a field, thus making R into a finite dimensional K-algebra, or k = R when R itself is
commutative noetherian.

We fix a notation S := Dperf(R). Note that S ≃ Db(mod -R) whenever R is of finite
global dimension. We also denote T := D(R) and note that the inclusion S ↪−→ T is a good
extension, so all (pre)completions will be calculated inside T .

Lemma 4.1. Let 0 ∈ C be a replete subcategory of K := Kb(proj -R). Then for any two
objects X,Y ∈ K it holds that HomK(X,Y ) is a noetherian k-module.

In particular, every object U ∈ K contains a maximal direct summand V ∈ C.

Proof. Let X,Y ∈ K. Then the k-module HomK(X,Y ) is a quotient of the k-module
HomChb(proj -R)(X,Y ) by null-homotopic maps, while HomChb(proj -R)(X,Y ) is a k-sub-
module of EndR(F ) for some finitely generated free R-module F . As R is a noetherian
k-module, HomK(X,Y ) is then a noetherian k-module as well.
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Now let U ∈ K. There definitely exists some direct summand of U belonging to C,
namely the zero object. If there did not exist a maximal direct summand from C of
U , we would be able to use induction to construct an infinite, strictly increasing chain of
k-submodules of EndK(U) = HomK(U,U), which is impossible in a noetherian module.

We state a variant of [16, Lemma 3.17] for perfect complexes over k-algebras.

Proposition 4.2. Let B and C be replete subcategories of S such that C is closed under
extensions and direct summands. Let E be a sequence in S that is compactly supported
at B. Then there exists a subsequence EI of E and a B-trivial component ẼI of EI such
that

Mocolim- E ≃Mocolim- ẼI,

and ẼI is compactly supported at B. Moreover, if E stabilises at C, then so does ẼI.

Proof. The exact same proposition was proved by Cummings and Gratz in [16,
Lemma 3.17] for S being a Krull-Schmidt triangulated category. The Krull-Schmidt prop-
erty of S is used in the beginning of the proof in order to pick a maximal direct summand
of E belonging to B for any object E ∈ S. However, by Lemma 4.1 we may perform the
same selection of a maximal direct summand in the category S = Dperf(R) ≃ Kb(proj -R).
Therefore, the original proof of [16, Lemma 3.17] also applies verbatim as a proof of this
proposition.

Corollary 4.3. Equip S with an additive good metric. Let B be a replete subcategory
of S. If E is a Cauchy sequence compactly supported at B, then there exists a B-trivial
component F of a subsequence of E such that F is Cauchy and compactly supported at B,
and Mocolim- E ≃Mocolim- F.

For hereditary rings, the above construction can be also used to change a generic
Cauchy sequence into a Cauchy sequence with all entries uniformly bounded in cohomol-
ogy.

Corollary 4.4. Assume R is a hereditary ring, and equip S with an additive good metric.
Let E be a Cauchy sequence. If E := Hocolim- E ∈ T has cohomology concentrated in de-
grees N, . . . ,M for some N ≤M ∈ Z, then there exists a Cauchy sequence F = (Fn, fn)n∈N
such that Hocolim- F ≃ E and for all n ∈ N the object Fn has cohomology concentrated
in degrees N, . . . ,M + 1.

Proof. Let
(
S≤0,S>0) be the standard t-structure on S ≃ Db(mod -R). The fact that

E ∈ T has cohomology concentrated in degrees N, . . . ,M implies that E is compactly
supported with respect to the full subcategory B := S≤N−1 ∪ S>M+1.

Since the conditions of Corollary 4.3 are satisfied, there exists an B-trivial Cauchy
sequence F = (Fn, fn)n∈N in S with Hocolim- F ≃ E holding in T . As F is B-trivial, for
all n ∈ N the object Fn does not contain a direct summand from B. This is equivalent to
Fn having cohomology concentrated in degrees N, . . . ,M + 1 because Fn is a coproduct
of its cohomologies due to R being hereditary.
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In a series of two lemmas and a proposition, we now aim to prove that S′(S) is idem-
potent complete for any choice of an additive good metric on S whenever R is hereditary.

The proof of the following lemma uses the idea behind Brüning’s correspondence
between wide categories of a hereditary abelian category and thick subcategories of its
bounded derived category, see [13, Lemma 5.2].

Lemma 4.5. Assume R is a hereditary ring. Equip S with an additive good met-
ric M = {Bn}n∈N. Let C ⊆ mod -R and n ∈ N. If C ⊆ Bn+2 as objects of S, then
wide(C) ⊆ Bn.

Proof. We show that the closure of C under extensions, kernels and cokernels (in Mod-R)
lies in Bn. Let M,N ∈ C. Any extension of M by N already lies in Bn+2 ⊆ Bn by
the definition of a good metric. Let f : M → N be a homomorphism of R-modules.
Consider the distinguished triangle

M
f−→ N → cone f → ΣM

in S. Since R is hereditary, we get cone f ≃ Σ Ker f ⊕ Coker f . As M ∈ Bn+2, we
have ΣM ∈ Bn+1. And since Bn+1 is closed under extensions and direct summands, and
N ∈ Bn+1, we obtain Σ Ker f,Coker f ∈ Bn+1, allowing us to conclude the proof with
Ker f,Coker f ∈ Bn.

Lemma 4.6. Assume R is a hereditary ring. Equip S with an additive good metric
M = {Bn}n∈N. Let

(
T ≤0, T >0) be the standard t-structure on T . Let M ∈ Mod-R and

T ∈ T >1. If M ⊕ T ∈ S′(S), then T,M ∈ S′(S).

Proof. Assume M ⊕ T ∈ S′(S). By Corollary 4.4, there exists a good Cauchy sequence
E = (En, en)n∈N such that for all n ∈ N the object En has cohomology concentrated
in non-negative degrees and Hocolim- E ≃ M ⊕ T . Suppose that M ⊕ T is compactly
supported at s ∈ N. Then by Corollary 4.3 we can even w.l.o.g. assume that E is s-trivial.
Since

lim−→H1(E) ≃ H1(Hocolim- E) ≃ H1(M ⊕ T ) ≃ 0,

and all R-modules in the directed diagram H1(E) are finitely generated, we obtain that
for all n ∈ N there exists m > n such that H1(en,m) = 0. This is why, we can (after
restricting to a subsequence) w.l.o.g. assume that H1(en) = 0 for all n ∈ N.

AsR is of finite global dimension, it holds that
(
T ≤0 ∩ S, T >0 ∩ S

)
is a t-structure on S.

We consider two approximation sequences of E; the T ≤0-approximation X = (Xn, fn)n∈N
and the T >0-approximation Y = (Yn, gn)n∈N. For all n ∈ N we have En ≃ Xn ⊕ Yn
(because R is hereditary), and the object Xn has cohomology concentrated in degree 0.

Fix an index t ≥ s. Let N ∈ N be such that for all n ≥ N it holds that

Cn := cone en ∈ Bt+3.

Pick n ≥ N . The objects Σ−1H1(Cn) and H0(Cn+1) are direct summands of Cn and Cn+1,
respectively, so they both lie in Bt+3. Hence both the modules H1(Cn) and H0(Cn+1) lie
in Bt+2. Consider the distinguished triangles

En
en−→ En+1 → Cn → ΣEn and En+1

en+1−−−→ En+2 → Cn+1 → ΣEn+1.
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The long exact sequences in cohomology

H1(En) 0−→ H1(En+1)→ H1(Cn) and H0(Cn+1)→ H1(En+1) 0−→ H1(En+2)

express H1(En+1) as an image of an R-homomorphism H0(Cn+1) → H1(Cn) of objects
from Bt+2. Lemma 4.5 gives us H1(En+1) ∈ Bt ⊆ Bs. As E is assumed to be s-trivial,
this forces H1(En+1) ≃ 0.

By the triangulated 3× 3 - lemma (see [30, Lemma 2.6]), there exists a diagram

Xn+1 En+1 Yn+1 ΣXn+1

Xn+2 En+2 Yn+2 ΣXn+2

CXn+1 Cn+1 CYn+1 ΣCXn+1

ΣXn+1 ΣEn+1 ΣYn+1 Σ2Xn+1

fn+1 en+1

0

gn+1

0

0

where all rows and columns are distinguished triangles and all squares are commutative
with the exception of the right bottom square which is anticommutative. Taking coho-
mologies and using H0(X) = X and H0(Y) ≃ 0 ≃ H−1(Y) gives us a commutative
diagram

0 H−1(CXn+1) H−1(Cn+1) 0 H0(CXn+1)

0 Xn+1 H0(En+1) 0 0

0 Xn+2 H0(En+2) 0 0

0 H0(CXn+1) H0(Cn+1) H0(CYn+1) 0

0 0 H1(En+1) H1(Yn+1) 0

fn+1 H0(en+1)

of R-modules with exact rows and columns. Using exactness and H1(En+1) ≃ 0, we obtain
H−1(CXn+1) ≃ H−1(Cn+1) ∈ Bt+1 and H0(CXn+1) ≃ H0(Cn+1) ∈ Bt.

In other words, we have CXn+1 ≃ ΣH−1(CXn+1) ⊕H0(CXn+1) ∈ Bt. Since t and n were
arbitrary, we may conclude that X is a Cauchy sequence. Because

Hocolim- X ≃ lim−→H0(E) ≃ H0(Hocolim- E) ≃ H0(M ⊕ T ) ≃M,

we get M ∈ L′(S). But M is also compactly supported as a direct summand of an element
of the completion. Hence M ∈ S′(S).
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Finally, consider the split distinguished triangle

M →M ⊕ T → T → ΣM

in T . Since M,M ⊕ T ∈ S′(S) and S′(S) is a triangulated subcategory of T , we obtain
T ∈ S′(S).

Proposition 4.7. Assume R is a hereditary ring, and equip S with an additive good
metric. Then S′(S) is idempotent complete.

Proof. We start by observing that if two objects X,Y of the good extension T satisfy
X ⊕ Y ∈ S′(S), then from the existence of the triangles

X ⊕ Y

[
idX 0

0 0

]
−−−−−→ X ⊕ Y → Y ⊕ ΣY → ΣX ⊕ ΣY

and

ΣY ⊕ Σ2Y

[
0 0

idΣY 0

]
−−−−−−→ Y ⊕ ΣY → Y ⊕ Σ3Y → Σ2Y ⊕ Σ3Y

in S′(S) we can infer Y ⊕ ΣY 3 ∈ S′(S).
Let C ∈ S′(S). Then C is bounded in cohomology by Proposition 2.19. Since R is

hereditary, this means C ≃ ∐l
i=−l Σ−iH i(C) for some l ∈ N. By the above observation,

H−l(C) ⊕ Σ−3H−l(C) ∈ S′(S). We get H−l(C) ∈ S′(S) by Lemma 4.6. An induction
argument on −l ≤ i ≤ l then proves that S′(S) is closed under taking cohomologies.

All we are left with to prove is that for modules M,N ∈ Mod-R with M ∈ S′(S) and
N a direct summand of M , we have N ∈ S′(S). However, this follows from the same
trick as before; the initial observation gives us N ⊕Σ−3N ∈ S′(S), and Lemma 4.6 yields
N ∈ S′(S). We conclude that the completion S′(S) is idempotent complete.

Definition 4.8. Let C be a triangulated category. We say that C is countably generated
if there exists an at most countable subset D ⊆ T such that ⟨D⟩ = T .

We shall now show that (for R hereditary) elements of a completion of S also lie in
a completion with respect to a specific countably generated constant metric. This is useful
for reducing arguments about generic metrics to constant metrics.

Lemma 4.9. Assume R is a hereditary ring. Equip S with an additive good metric
M = {Bn}n∈N. Let E ∈ S′

M(S). Then for every t ∈ N there exist s ≥ t and a countably
generated thick subcategory C of S such that C ⊆ thick

(
H0(Bs)

)
and E ∈ S′

C(S).

Proof. By Proposition 2.19, there exists l ∈ N such that E has cohomology concentrated
in degrees −l, . . . , l − 1. By Corollary 4.4, we can find a Cauchy (with respect to M)
sequence E = (En, en)n∈N with E ≃ Hocolim- E such that for all n ∈ N the entry En has
cohomology concentrated in degrees −l, . . . , l. Denote Cn := cone en for all n ∈ N.

Fix t ∈ N. Let s ≥ t be such that E is compactly supported at s. Let N ∈ N be such
that for all n ≥ N we have Cn ∈ Bs+2l+2. Define C := thick (Cn : N ≤ n) . Then E is
Cauchy with respect to C and E ∈ L′

C(S).
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Since Cn = ∐l
i=−l−1 Σ−iH i(Cn) for all n ≥ N , the category C is also generated (as

a thick subcategory) by{
H i(Cn) : −l − 1 ≤ i ≤ l, N ≤ n

}
⊆ Bs+l+1 ⊆ Bs,

so C ⊆ thick
(
H0(Bs)

)
.

It remains to be shown that E is compactly supported at C. Pick indices n ≥ N ,
−l − 1 ≤ i ≤ l and j ∈ Z. If −l − 1 ≤ j ≤ l, then ΣjH i(Cn) ∈ ΣjBs+l+1 ⊆ Bs ⊆ ⊥E,
so HomT

(
ΣjH i(Cn), E

)
= 0. If j < −l − 1 or j > l, then it once again holds that

HomT
(
ΣjH i(Cn), E

)
= 0 because E has cohomology concentrated in degrees −l, . . . , l−1

and R is hereditary.
Therefore, all the shifts of the set {H i(Cn) : −l − 1 ≤ i ≤ l, N ≤ n} of generators

of C lie in ⊥E. Because ⊥E is closed under extensions, we conclude that E is compactly
supported at C and E ∈ S′

C(S).

In the next lemma, we employ Quillen’s small object argument to build special Cauchy
sequences with respect to constant metrics starting at a prescribed object by repeatedly
taking suitable approximations.

Lemma 4.10. Let C be a countably generated triangulated subcategory of S. Then for
every object X ∈ S there exists a Cauchy sequence E = (En, en)n∈N with respect to C
such that X ≃ E1, Hocolim- E ∈ S′

C(S), and cone en ∈ C for all n ∈ N .

Proof. Let C′ be an at most countable generating subset of C. Using a bijection N×N ≃ N,
we can find an enumeration (Cn)n∈N of C′ such that for all C ∈ C′ and l ∈ Z there exists
an infinite subset I ⊆ N satisfying ΣlC ≃ Ci for each i ∈ I.

Let X ∈ C. We construct the sequence E = (En, en)n∈N by induction on n. We start
by defining E1 := X. Assume that En is already constructed for some n ∈ N. Since
S ≃ Kb(proj -R), the k-module HomS(Cn, En) is generated by a finite subset Jn due to
Lemma 4.1. We then define en and En+1 by the distinguished triangle∐

j∈Jn

Cn
φn−−→ En

en−→ En+1 →
∐
j∈Jn

ΣCn

where φn = [j]j∈Jn is the natural coproduct map. This construction makes φn into
a coprod(Cn)-precover. With this definition cone en ∈ C for all n ∈ N, so E is indeed
Cauchy.

Denote E := Hocolim- E. We need to prove that E is compactly supported with respect
to C. Fix C ∈ C′ and l ∈ Z. There are infinitely many indices m ∈ N satisfying ΣlC ≃ Cm,
and for any such an m applying HomS(Cm,−) to the distinguished triangle defining Em+1
provides us with an exact sequence

HomS

Cm, ∐
j∈Jm

Cm

 φm◦−−−−−→ HomS(Cm, Em) em◦−−−−→ HomS(Cm, Em+1)

where φm ◦− is clearly an epimorphism, so em ◦− = HomS(Cm, em) = 0 by the exactness.
We infer 0 ≃ lim−→HomT

(
ΣlC,E

)
≃ HomT (ΣlC,E).

Consequently, as all the shifts of C′ lie in ⊥E, which is extension-closed, so does
C = ⟨C′⟩. Hence E is compactly supported at C and E ∈ S′

C(S).
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Remark 4.11. Quillen’s small object argument, where we construct precovers by taking
coproducts over “all possible morphisms”, has many applications in algebra and topology.
In the context of triangulated categories, we can mention e.g. the construction of compactly
generated t-structures by Alonso, Jeremías, and Souto in [1, Theorem A.1].

For hereditary k-algebras, we can use Corollary 3.5 to express completions with re-
spect to certain constant metrics as precisely bounded derived categories of corresponding
universal localisations.

Proposition 4.12. Assume R is a hereditary ring. Let C be a countably generated thick
subcategory of S. Then S′

C(S) ≃ Db(mod -RC).

Proof. We employ Lemma 4.10 to the object X := R, and we obtain a Cauchy sequence
E = (En, en)n∈N in S with respect to C such that

E := Hocolim- E ∈ S′
C(S), R ≃ E1, and cone en ∈ C for all n ∈ N .

Since E ∈ D(RC) = C′
C(S) ⊆ T under the identification from Corollary 3.5, it holds that

E ≃ E ⊗L
R RC . After applying − ⊗L

R RC to the sequence E, we get a sequence E ⊗L
R RC

in the category D(RC). Because cone en ∈ C ⊆ Ker
(
−⊗L

R RC
)

for all n ∈ N, the sequence
E⊗L

R RC consists of isomorphisms only, so

RC ≃ R⊗L
R RC ≃ E1 ⊗L

R RC ≃ Hocolim- E⊗L
R RC ≃ E ⊗L

R RC ≃ E.

As S′
C(S) is idempotent complete by 4.7 and RC ∈ S′

C(S), we get the desired equality
S′

C(S) = Db(mod -RC) by Proposition 3.3.

5 Lattice theory of metrics

This section is dedicated to developing the lattice theory of good metrics on a triangulated
category. We also present its application to the representation theory of algebras of finite
representation type in Proposition 5.5 and hereditary rings in Proposition 5.10.

Through this whole section T will denote an essentially small triangulated category.
Denote also ∼ the equivalence of good metrics and [M] the block of equivalence of a good
metric M on T under ∼.

Notation. Let be a triangulated category T and A ⊆ T a class. We define extension
closure of A as the smallest full subcategory of T containing A and 0 which is closed under
extensions. We denote it as A.

Proposition 5.1. Let M be the class of all good metrics on T . Then M / ∼ forms
a lattice. For good metrics A = {An}n∈N and C = {Cn}n∈N on T the meet is given by
[A] ∧ [C] := [{An ∩ Cn}n∈N] and the join is given by [A] ∨ [C] :=

[{
An ∪ Cn

}
n∈N

]
.

Proof. Let A = {An}n∈N, C = {Cn}n∈N ∈ M . It is obvious that {An ∩ Cn}n∈N is
a good metric. We must check that [{An ∩ Cn}n∈N] does not depend on the choice of
the representative elements for [A] and [C].
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Suppose that A ∼ B and C ∼ D for some other good metrics B = {Bn}n∈N and
D = {Dn}n∈N on T . We want to prove {An ∩ Cn}n∈N ∼ {Bn ∩Dn}n∈N. Due to the sym-
metry of ∩ and transitivity of ∼, we may w.l.o.g. assume C = D. Clearly, we have

{An ∩Bn ∩ Cn}n∈N ≤ {An ∩ Cn}n∈N and {An ∩Bn ∩ Cn}n∈N ≤ {Bn ∩ Cn}n∈N.

Since A ∼ B, for every n ∈ N we can find m ≥ n such that Am ⊆ Bn. Then

Am ⊆ An ∩Bn and Am ∩ Cm ⊆ An ∩Bn ∩ Cm ⊆ An ∩Bn ∩ Cn.

Hence {An ∩Bn ∩Cn}n∈N ∼ {An ∩Cn}n∈N. Similarly, with the role of A and B swapped,
we obtain {An ∩Bn ∩ Cn}n∈N ∼ {Bn ∩ Cn}n∈N.

Consequently, {An ∩ Cn}n∈N ∼ {Bn ∩ Cn}n∈N, so [{An ∩ Cn}n∈N] is choice-free. Fur-
thermore, it is clear that any metric finer than both A and C is finer than {An ∩ Cn}n∈N
as well. Hence the meet [A] ∧ [C] exists and is equal to the desired equivalence class
[{An ∩ Cn}n∈N].

Now, we tackle the join operation. It is easy to see that
{
An ∪ Cn

}
n∈N

is a good metric.

We must now verify that
[{
An ∪ Cn

}
n∈N

]
does not depend on the choice of the represen-

tative elements for A and C. Similarly as above, we may assume that A ∼ B for some
B = {Bn}n∈N ∈ M . W.l.o.g. it is enough to show

[{
An ∪ Cn

}
n∈N

]
=
[{
Bn ∪ Cn

}
n∈N

]
.

Fix n ∈ N. We find m ≥ n such that Am ⊆ Bn. Then

Am ∪ Cm ⊆ Am ∪ Cn ⊆ Bn ∪ Cn.

Hence it holds that
{
An ∪ Cn

}
n∈N
≤
{
Bn ∪ Cn

}
n∈N

. A dual argument then yields{
An ∪ Cn

}
n∈N
∼
{
Bn ∪ Cn

}
n∈N

.

Because any metric coarser than both A and C is coarser than
{
An ∪ Cn

}
n∈N

as well,
we see that the join

[A] ∨ [C] :=
[{
An ∪ Cn

}
n∈N

]
exists and is well-defined. We conclude that M / ∼ has a structure of a lattice.

Definition 5.2. By MT we shall denote the lattice given by Proposition 5.1 applied to T
and call it a lattice of good metrics on T .

By abuse of notation, we will (from now on) not distinguish between a good metric
M on T and its equivalence class [M] ∈MT unless necessary. Also, for two good metrics
M and N on T we will write M∨N and M∧N instead of [M] ∨ [N ] and [M] ∧ [N ],
respectively.

Lemma 5.3. Equip T with two good metrics M = {Bn}n∈N and N = {Cn}n∈N. Then
CM∨N (T ) = CM(T ) ∩ CN (T ).

Proof. This is clear, because for all F ∈ Mod -T and a fixed n ∈ N it holds that
F
(
Bn ∪ Cn

)
= 0 if and only if F (Bn) = 0 and F (Cn) = 0.
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Remark 5.4. The lattice MT is bounded with the constant metric T being the largest
element and the constant metric 0 being the smallest.

However, an infinite intersection is not an infinite meet in general because it is not com-
patible with equivalences of metrics. More precisely, consider a metric {Bn}n∈N such that⋂
n∈NBn = 0 and [{Bn}n∈N] ̸= [0] (e.g. any aisle metric

{
T ≤n}

n∈N for a non-degenerate
t-structure

(
T ≤0, T >0), see [34, Example 12 i)],[16, Definition 4.2]). Then all the metrics

of the form {Bkn}n∈N for some k ∈ N are equivalent.
Therefore, the meet satisfies ∧∞

k=1[{Bkn}n∈N] = [{Bn}n∈N], but this block of equiva-
lence is not equal to [{⋂∞

k=1Bkn}n∈N] = [{0}n∈N].

We show that for a representation-finite hereditary algebra, additive good metrics
can be decomposed into “indecomposable metrics”. If K is an algebraically closed field,
every connected representation-finite hereditary algebra is Morita equivalent to the path
algebra KQ of a simply laced Dynkin quiver. For any finite dimensional indecomposable
KQ-module M it then holds that ⟨M⟩ = coprod

{
ΣiM : i ∈ Z

}
in Db(mod -KQ).

Proposition 5.5. Let K be a field and Q a simply laced Dynkin quiver.
Let N := {Bn}n∈N be an additive good metric on the category Db(mod -KQ). Then

N =
∨

M∈ind -KQ

(
N ∧ ⟨M⟩

)
in MDb(mod -KQ).

Proof. It is enough to prove that two specific representatives from each of the equiv-
alence classes of good metrics are equivalent. We shall do so for the metrics N and{⋃

M∈ind -KQBn ∩ ⟨M⟩
}
n∈N

.
“≤” Let n ∈ N. For every indecomposable object from Bn, which is necessiarily of the

form ΣiM for some M ∈ ind -KQ and i ∈ Z, we have ΣiM ∈ Bn ∩ ⟨M⟩.
Since the metric N is additive, all objects from Bn are extensions of indecomposables

from Bn. Therefore, we have

Bn ⊆
⋃

M∈ind -KQ
Bn ∩ ⟨M⟩.

The proves N ≤ ∨M∈ind -KQ
(
N ∧ ⟨M⟩

)
.

“≥” Let n ∈ N. For all M ∈ ind -KQ, we have Bn ∩ ⟨M⟩ ⊆ Bn. Hence⋃
M∈ind -KQ

Bn ∩ ⟨M⟩ ⊆ Bn

for any M ∈ ind -KQ.
Consequently, we get ∨M∈ind -KQ

(
N∧⟨M⟩

)
≤ N by the property of the join. The claim

now follows.

Example 5.6. Let {Km}m∈N be a countable family of fields. We shall work with the co-
product triangulated category S := ∐∞

m=1 D(Km). The indecomposables of S are precisely
the fields of the form Km for some m ∈ N concentrated in degree zero in the m-th com-
ponent of the category, and all their shifts.
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For every m ∈ N we define a metric {Bm
n }n∈N by the formula

Bm
n = coprod

{
ΣiKm : i ≥ n

}
for all n ∈ N.

We show that the infinite join ∨∞
m=1{Bm

n }n∈N does not exist using a diagonal argument.
Assume for a contradiction that there exists a metric {Cn}n∈N on T satisfying

{Cn}n∈N =
∞∨
m=1
{Bm

n }n∈N.

Since {Cn}n∈N is coarser than {Bm
n }n∈N for any choice of m ∈ N, there exists a strictly

increasing function fm : N→ N with Bm
fm(n) ⊆ Cn for all n ∈ N.

The metric
{⋃

m∈NB
m
fm(n)

}
n∈N

≤ {Cn}n∈N is coarser than {Bm
n }n∈N for all indices

m ∈ N, so by the definition of a join we actually get an equivalence ⋃
m∈N

Bm
fm(n)


n∈N

∼ {Cn}n∈N.

Now consider the metric
{⋃

m∈NB
m
fm(mn)

}
n∈N

≤ {Cn}n∈N. It is also coarser than
{Bm

n }n∈N for all indices m ∈ N, so by the definition of a join, we also get an equivalence{⋃
m∈NB

m
fm(n)

}
n∈N
∼
{⋃

m∈NB
m
fm(mn)

}
n∈N
∼ {Cn}n∈N.

This means, in particular, that there exists n ∈ N satisfying
⋃
m∈N

Bm
fm(n) ⊆

⋃
m∈N

Bm
fm(m)

but it is impossible because Bm
fm(n) ̸⊆ Bm

fm(m) for all m > n. We have reached a contra-
diction.

Not only we have proven that ∨∞
m=1{Bm

n }n∈N does not exist, and the lattice MS is not
complete, but also that a decomposition statement such as Proposition 5.5 cannot hold in
general for triangulated categories with infinitely many indecomposables. No metric on S
coarser than {Bm

n }n∈N for all m ∈ N can be written as an infinite join of {Bm
n }n∈N’s.

5.1 Decomposition of metrics

Definition 5.7. Let S be a thick subcategory of T . Let (T ≤0, T >0) be a t-structure on T .
We define the following good metrics (up to equivalence) on S:

(i) the aisle metric as the good metric S− :=
{
T ≤n ∩ S

}
n∈N,

(ii) the coaisle metric as the good metric S+ := {T >n ∩ S}n∈N,

(iii) the t-structure metric as the good metric S∞ := S− ∨ S+ in MS .

If the subcategory S is not specified, we implicitly take S = T .
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Remark 5.8. Similar metrics, namely metrics given by specific shifts of kernels of a fixed
homological functor T → A into an abelian category A, have been studied by Neeman
in [34, Example 12]. The notions of aisle and coaisle metrics were formally introduced
by Cummings and Gratz in [16, Definition 4.2]. The notion of a t-structure metric is
new, while it may in some cases coincide with the metric from [35, Example 3.4] called
Krause’s metric due its connection to Krause’s construction of the sequential completion
of a triangulated category from [24].

Definition 5.9. Let S be a thick subcategory of T . Let (T ≤0, T >0) be a t-structure on T .
Let M be a good metric on S. We define the following good metrics (up to equivalence)
on S:

(i) the aisle submetric of M as the good metric M− :=M∧S− in MS ,

(ii) the coaisle submetric of M as the good metric M+ :=M∧S+ in MS ,

(iii) the t-structure submetric of M as the good metric M∞ :=M∧S∞ in MS ,

For bounded derived categories of hereditary algebras, the t-structure submetric of
a good metric does not contribute much to the completion in the following sense:

Proposition 5.10. Let R be a hereditary, finitely generated algebra over a commutative
noetherian ring. Equip S := Db(mod -R) with the standard t-structure (S≤0,S>0) and
additive good metrics M = {Bn}n∈N and N = {Cn}n∈N. If M = M∞ ∨ N , then
S′

M(S) = S′
N (S).

Proof. The (pre)completions and compactly supported elements are calculated inside
the good extension S ↪−→ D(R) using Theorem 2.15.

“⊇” Let E ∈ S′
N (S). Then E ∈ L′

N (S) ⊆ L′
M(S). By Proposition 2.19, we know

E ∈ Db(Mod-R), so E ∈ C′
M∞(S). Since also E ∈ C′

N (S), by Lemma 5.3 we have
E ∈ C′

M∞∨N (S) = C′
M(S). Thus E ∈ S′

M(S).
“⊆” Let E ∈ S′

M(S). Then E ∈ C′
M(S) ⊆ C′

N (S) by Lemma 5.3. By Proposition 2.19,
there exists l ∈ N such that E has cohomology concentrated in degrees −l + 1, . . . , l − 1.
By Corollary 4.4, we can find a Cauchy sequence (with respect to M) E = (En, en)n∈N
with E ≃ Hocolim- E such that for all n ∈ N the entry En has cohomology concentrated
in degrees −l + 1, . . . , l.

Let m ∈ N. We find N ∈ N such that for all n ≥ N we have

cone en ∈ S≤−l ∪ S>l ∪ Cm.

After applying the double truncation functor tr≤l ◦ tr>−l we obtain that

cone en = tr≤l ◦ tr>−l(cone en) ∈ tr≤l ◦ tr>−l
(
S≤−l ∪ S>l ∪ Cm

)
⊆ Cm.

This implies that E stabilises at Cm. As m was arbitrary, E is Cauchy with respect to N .
Hence E ∈ L′

N (S) and consequently E ∈ S′
N (S).
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The condition M = M∞ ∨ N from Proposition 5.10 can be interpreted as some sort
of local uniform convergence of M towards N . Up to the exception of finitely many
indices n ∈ N, objects with bounded cohomology cannot distinguish between the metrics
M = {Bn}n∈N and N = {Cn}n∈N.

The last lemma of this section describes a scenario where the conditions of Proposi-
tion 5.10 are not satisfied.

Lemma 5.11. Let R be a hereditary, finitely generated algebra over a commutative
noetherian ring. Equip S := Db(mod -R) with the standard t-structure (S≤0,S>0) and
an additive good metric M = {Bn}n∈N. If M ̸∼ M∞ ∨ B, where B := ⋂

n∈NBn, then
for every E ∈ S′

M(S) there exist an additive good metric N = {Cn}n∈N ∼ M on S and
a family of finitely generated R-modules (Xn)n∈N such that for all n ∈ N:

• HomD(R)(ΣjXn, E) = 0 for all j ∈ Z,

• Xn ∈ Cn,

• Xn /∈ thick
(
H0(Cn+1)

)
.

Proof. The intersection B = ⋂
n∈NBn is, by [29, Lemma 3.5], a thick subcategory of S, so

the expression M∞ ∨ B makes sense. Since M ⪈M∞ ∨ B, there exists l ∈ N such that
for all n ∈ N we have Bn ̸⊆ B ∪ S≤−l ∪ S>l. The completion S′

M(S) is calculated inside
the good extension S ↪−→ D(R) using Theorem 2.15.

Pick E ∈ S′
M(S). Using Proposition 2.19, we find k ∈ N such that E has cohomology

concentrated in degrees −k, . . . , k−1. Suppose E is compactly supported at some s1 ∈ N.
Because Bs1+l+k ̸⊆ B ∪ S≤−l ∪ S>l, we can find X1 ∈ mod -R and −l ≤ i ≤ l such that
ΣiX1 ∈ Bs1+l+k \ B ∪ S≤−l ∪ S>l.

Then X1 ∈ Σ−iBs1+l+k ⊆ Bs1+k, and ΣjX1 ∈ Bs1 for all −k ≤ j ≤ k. Due to E ∈ B⊥
s1

and the bounds on the cohomology of E, we get HomD(R)(ΣjX1, E) = 0 for all j ∈ Z.
BecauseX1 /∈ B, there exists s2 > s1+2 such thatX1 /∈ Bs2−2. ThenX1 /∈ thick

(
H0(Bs2)

)
since otherwise we would have X1 ∈ wide

(
H0(Bs2)

)
⊆ Bs2−2 due to Lemma 4.5.

We continue the construction of sn and Xn for general n ∈ N inductively by the same
process as above. We finish the proof by defining N := {Bsn}n∈N and noticing N ∼M.

6 Completions for commutative noetherian rings

This section contains one of the main results of this paper (Theorem 6.4); that is an explicit
description of all completions of the bounded derived category of a hereditary commutative
noetherian ring with respect to additive good metrics.

6.1 General completion lemmas

Before we start the actual computation of the completions in our special case, we need
the following two facts about general completions of triangulated categories.

Lemma 6.1. Let S be a triangulated category equipped with a good metric and X ∈ S.
Ifょ(X) ∈ C(S), thenょ(X) ∈ S(S).
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Proof. There is an equality ょ(X) = Mocolim- E for the constant Cauchy sequence
E = (X, idX)n∈N in S, soょ(X) ∈ L(S). Since we already know thatょ(X) is compactly
supported, we getょ(X) ∈ S(S).

The above argument directly translates into the setting of good extensions, giving us
that C′(S) ∩ S ⊆ S′(S).

Lemma 6.2. Equip a triangulated category S with a good metric M = {Bn}n∈N.
Let E = (En, en)n∈N be a Cauchy sequence compactly supported at s ∈ N, and
E := Mocolim- E. Let F = (Fn, fn)n∈N be any (non-necessiarily Cauchy) sequence sat-
isfying Fn ∈ B⊥

s for all n ∈ N. If E ≃Mocolim- F, then E is a direct summand in Mod -S
of an object fromょ(S).

Proof. By Lemma 2.11, there exists N ∈ N such that for all n ≥ N and all

X ∈ {ょ(Fm) : m ∈ N} ∪ {E}

every map ょ(En) → X in Mod -T factors uniquely through the colimit injection
φn :ょ(En) −→ E.

By Yoneda’s lemma and E ≃Mocolim- F, we get φN :ょ(EN )→ E factors as

ょ(EN ) g−→ょ(FM ) ψM−−→ E

for some M ∈ N where ψM is the colimit injection. By the choice of N , the map g factors
asょ(EN ) φN−−→ E

h−→ょ(FM ). But then the equality idE φN = ψMg = ψMhφN gives us
two factorisations of the same mapょ(EN ) → E through φM . Since this factorisation is
unique, we obtain idE = ψMh, thus exhibiting E as a direct summand ofょ(FM ).

Once again, the above lemma translates into the setting of good extensions. In partic-
ular, if T is a triangulated category with coproducts and T c ↪−→ T the corresponding good
extension, then for any sequence E satisfying the conditions of Lemma 6.2, it necessiarily
holds that Hocolim- E ∈ T c ⊆ T because T c is idempotent complete.

6.2 The computation

As every hereditary commutative noetherian ring is a direct product of Dedekind domains,
we can reduce all the computations for completions to Dedekind domains only - in a gen-
eral case we can proceed componentwise. Therefore, through this whole section we shall
work with a Dedekind domain D and S := Db(mod -D) ≃ Dperf(D) its bounded derived
category. We denote T := D(D) and note that the inclusion S ↪−→ T is a good extension,
so all (pre)completions will be calculated inside T .

We shall denote T ⊆ S the thick subcategory generated by all finitely generated torsion
D-modules.

Lemma 6.3. Let D ⊊ C be thick subcategories of S. Then:

(i) It holds that S′
C(S) ∩S′

D(S) ⊆ C⊥ ∩ T.

(ii) If C is not countably generated, then S′
C(S) = C⊥ ∩ T.
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Proof. “Part i)” Let E ∈ S′
C(S) ∩ S′

D(S). We find a sequence E = (En, en)n∈N with
E ≃ Hocolim- E which is Cauchy with respect to D, and therefore with respect to C as
well. W.l.o.g. suppose cone en ∈ D for all n ∈ N. By Corollary 4.3, we can also w.l.o.g.
assume that E is C-trivial. Theorem 3.2 yields Supp(D) ⊊ Supp(C). We pick a prime ideal
p ∈ Supp(C) \ Supp(D). Then D ⊗L

D k(p) = 0.
Assume for contradiction that there exists m ∈ N and i ∈ Z such that H i(Em)

has a projective direct summand. Since D is connected, Lemma 2.20 gives us
Supp(Em) = Spec(D). As − ⊗L

D k(p) annihilates cone en for all n ∈ N, the sequence
E⊗L

D k(p) in D(D) is constant, so

E ⊗L
D k(p) ≃ Hocolim- E⊗L

D k(p) ≃ Em ⊗L
D k(p) ̸= 0.

But that is impossible because Supp
(
C′

C(S)
)

= Supp(DC) = Spec(D) \ Supp(C) by [31,
Lemma 3.5].

We now know that no entry of E contains a shift of a projective module as a direct
summand. Because E is also C-trivial, we get by Theorem 2.21 that every entry of E
is supported at Supp(DC). In other words, every entry of E is compactly supported at
C. Taking F = E in Lemma 6.2 then gives us that E ∈ S. We already know that
Supp(E) ̸= Spec(D), so E cannot contain a shift of a projective module as a direct
summand. Thus we may conclude E ∈ C⊥ ∩ T.

“Part ii)” Assume furthermore that C is not countably generated. Let us have
E ∈ S′

C(S). By Lemma 4.9, there exists a countably generated thick subcategory D ⊆ C
such that E ∈ S′

D(S). Since C is not countably generated, we have D ⊊ C. Hence part i)
applies, so E ∈ C⊥ ∩ T. This proves S′

C(S) ⊆ C⊥ ∩ T. However, the other inclusion
C⊥ ∩ T ⊆ S′

C(S) holds by Lemma 6.1.

We now formulate and prove the main result. Recall that for a good metric
M = {Bn}n∈N, the intersection B := ⋂

n∈NBn is a triangulated subcategory by [29,
Lemma 3.5]. Furthermore, if M is additive, then B is thick.

Theorem 6.4. Equip S with the standard t-structure (S≤0,S>0) and an additive good
metric M = {Bn}n∈N. Consider the thick subcategory B := ⋂

n∈NBn of S. Then:

(i) If M =M∞ ∨ B, and if B is countably generated, then

S′
M(S) = S′

B(S) = Db(mod -DB) ⊆ D(D).

(ii) Otherwise, we have S′
M(S) = B⊥ ∩ T ⊆ S.

Proof. If the condition of “case i)” happens, the result follows from Proposition 5.10 and
Proposition 4.12. For the rest of the proof, we then assume that the condition of “case i)”
is not satisfied. There are two possible explanations.

The first possibility is thatM =M∞ ∨B and B is not countably generated. Then we
obtain

S′
M(S) = S′

B(S) = B⊥ ∩ T

by Proposition 5.10 and Lemma 6.3.
All we are left with is to prove S′

M(S) = B⊥ ∩ T when M ⪈M∞ ∨ B.
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“⊇” Let T ∈ B⊥ ∩ T. We can w.l.o.g. assume that 0 ̸= T is an indecomposable
torsion module supported at a single prime ideal p ∈ Spec(D) concentrated in degree zero,
otherwise we just build T as an extension of suitable shifts of indecomposable summands
of its cohomologies.

By Lemma 6.1, it is enough to prove that T ∈ C′
M(S). Using T /∈ B, we find n ∈ N

such that T,Σ−1T /∈ Bn. If there existed X ∈ H0(Bn+2) such that HomD(D)(X,T ) ̸= 0,
then p ∈ Supp(X), so T ∈ wide(X) ⊆ Bn by Lemma 4.5, which is impossible. Anal-
ogously, it is possible to show that there does not exist X ∈ H1(Bn+2) such that
HomD(D)(Σ−1X,T ) ̸= 0.

This means H0(Bn+1),Σ−1H1(Bn+1) ⊆ ⊥T . Since there are no non-zero morphisms
from S≤−1 and S>1 to T , we see that T is compactly supported at n + 2. This finishes
the proof of this inclusion.

“⊆” Let E ∈ S′
M(S). By Lemma 4.9, there exist s ∈ N and a thick subcategory

E ⊆ thick
(
H0(Bs)

)
such that E ∈ B⊥

s and E ∈ S′
E(S).

SinceM ⪈M∞ ∨B, we can by Lemma 5.11 w.l.o.g. (up to replacingM by an equiv-
alent metric) assume, that there exists a D-module X ∈ Bs such that

X /∈ thick
(
H0(Bs+1)

)
and HomD(R)(ΣjX,E) = 0 for all j ∈ Z .

We use Lemma 4.9 again to find a thick subcategory D ⊆ thick
(
H0(Bs+1)

)
with

E ∈ S′
D(S). Then for C := thick

(
D∪E∪{X}

)
we have D ⊊ C and E ∈ S′

C(S). Lemma 6.3
then gives us E ∈ C⊥ ∩ T. We finish the proof by observing that E ∈ B⊥ because E is
compactly supported.

Example 6.5. If D is a Dedekind domain of an uncountable spectrum, then S′
T(S) = 0.

Example 6.6. Set D = Z and M = ⟨Z /2Z⟩ as a constant metric on S. Then

S′
M(S) = Db

(
mod -Z

[1
2

])
.

One of the possible Cauchy sequences expressing the localisation ring Z[1
2 ] as an element

of L′
M(S) is Z ·2−→ Z ·2−→ · · ·.
Similarly, for the constant metric T, we get S′

T(S) = Db (mod -Q). But for a non-con-
stant metric N = {⟨Z /pZ : p prime, p ≥ n⟩}n∈N we get S′

N (S) = T.

Example 6.7. Let D be a Dedekind domain with Pic(D) non-torsion, i.e. there exists
a projective maximal ideal I ≤ R such that In is not a principal ideal for all n ∈ N. There
is an ideal J ≤ R such that IJ = (a) is principal (generated by a ∈ D). Set M = ⟨D/I⟩.
Then S′

M(S) = Db (mod -RM) and the universal localisation RM can be expressed as
a homotopy colimit of the Cauchy sequence D ·a−→ J

·a−→ J2 ·a−→ · · ·. Unlike Example 6.6,
here, the universal localisation RM is not a classical localisation at a multiplicative subset
of D due to [28, Chapitre IV, Proposition 4.6].

7 Completions for tame algebras

In this final section, we present the second main result of this paper (Theorem 7.2) about
completions of the bounded derived category of a hereditary tame finite dimensional al-
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gebra. The section follows the same structure as Section 6 but with the statements and
proofs adjusted to the setting of finite dimensional algebras.

Through this whole section we work with an Euclidean quiver Q and its path algebra
KQ over an algebraically closed feld K. Any connected hereditary tame finite dimensional
algebra over K is Morita equivalent to a path algebra over an Euclidean quiver, so we may
reduce our argumentation from the tame algebra to the case of KQ. We once again denote
S := Db(mod -KQ) ≃ Dperf(KQ), T := D(KQ) and note that the inclusion S ↪−→ T is
a good extension, so all (pre)completions will be calculated inside T .

We recall that P, R, and Q stand for the preprojective, regular, and preinjective
components of ind -KQ, respectively, and that R = thick(R) ⊆ S.

Lemma 7.1. Let D ⊊ C be thick subcategories of S generated by regular modules. Let
S ∈ ind -KQ be a simple regular module from a homogenous tube. Then:

(i) If S ∈ C \ D, then it holds that S′
C(S) ∩S′

D(S) ⊆ C⊥ ∩R.

(ii) If C is not countably generated, then S′
C(S) = C⊥ ∩R.

Proof. “Part i)” Let E ∈ S′
C(S) ∩ S′

D(S). We find a sequence E = (En, en)n∈N with
E ≃ Hocolim- E which is Cauchy with respect to D, and therefore with respect to C as
well. W.l.o.g. suppose cone en ∈ D for all n ∈ N. By Corollary 4.3, we can also w.l.o.g.
assume that E is C-trivial.

By the mutual orthogonality of tubes, we have D ⊆ S⊥. This means that HomS(S,−)
annihilates cone en for all n ∈ N, so the sequence HomS(S,E) is constant. Hence

HomS(S,En) ≃ lim−→HomS(S,E) ≃ HomS(S,E) ≃ 0

for all n ∈ N. As S is a simple regular from a homogenous tube, we have HomKQ(S,Q) ̸= 0
and Ext1

KQ(S, P ) ̸= 0 for all Q ∈ Q and P ∈ P by Lemma 2.23. This implies that
H0(E) does not contain a preinjective direct summand, and H−1(E) does not contain
a preprojective direct summand.

By repeating the same argument for arbitrary shifts of S, we obtain that for all n ∈ N
the cohomology of En consists of regular modules only. We then even have H i(En) ∈ C⊥

for all n ∈ N and i ∈ Z by the C-triviality of E and the orthogonality of tubes. Taking
F = E in Lemma 6.2 then gives us that E ∈ S. In the same manner as before, we
can consequently deduce that E cannot contain a shift of neither a preprojective, nor
preinjective module as a direct summand. Thus we may conclude E ∈ C⊥ ∩R.

“Part ii)” Assume furthermore that C is not countably generated. Then there exists
some uncountable indexing set I ⊆ P1

K such that C = ∐
i∈I
∐
j∈Z Σj t′

i, where 0 ̸= t′
i is

a wide subcategory of the tube ti and all but finitely many tubes ti are homogenous. Let
us have E ∈ S′

D(S). By Lemma 4.9, there exists a countably generated thick subcategory
D ⊆ C such that E ∈ S′

D(S). Here D is necessiarily contained in a thick subcategory
generated by countably many tubes. Since I is uncountable, we can find i ∈ I such that
ti = t′

i is homogenous and ti ∩D = 0. Hence part i) applies, so E ∈ C⊥ ∩R. This proves
S′

C(S) ⊆ C⊥ ∩R. However, the other inclusion C⊥ ∩R ⊆ S′
C(S) holds by Lemma 6.1.

Theorem 7.2. Equip S with the standard t-structure (S≤0,S>0) and an additive good
metric M = {Bn}n∈N. Consider the thick subcategory B := ⋂

n∈NBn of S. Then:
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(i) If M =M∞ ∨ B, and if B is countably generated, then

S′
M(S) = S′

B(S) = Db(mod -KQB) ⊆ D(KQ).

(ii) Otherwise, we have S′
M(S) = B⊥ ∩R ⊆ S.

Proof. If the condition of “case i)” happens, the result follows from Proposition 5.10 and
Proposition 4.12. For the rest of the proof, we then assume that the condition of “case i)”
is not satisfied. There are two possible explanations.

The first possibility is thatM =M∞∨B and B is not countably generated. As B then
cannot be generated by an exceptional sequence, it holds that B ⊆ R by Theorem 2.24.
Then we obtain

S′
M(S) = S′

B(S) = B⊥ ∩ S

by Proposition 5.10 and Lemma 7.1.
All we are left with is to prove S′

M(S) = B⊥ ∩R when M ⪈M∞ ∨ B.
“⊇” Let T ∈ B⊥ ∩ R. We can w.l.o.g. assume that 0 ̸= T is an indecomposable

regular module from a single tube concentrated in degree zero, otherwise we just build T

as an extension of suitable shifts of indecomposable summands of its cohomologies.
By Lemma 6.1, it is enough to prove that T ∈ C′

M(S). For all n ∈ N we define

Hn :=
{
X ∈ ind -KQ : X ∈ Bn+2,HomKQ(X,T ) ̸= 0

}
.

By Lemma 4.5, for every n ∈ N it holds that wide(Hn) ⊆ Bn. Then we have an infinite
decreasing chain thick(H1) ⊇ thick(H2) ⊇ · · · of thick subcategories of S. If this chain
did not stabilise, then a repeated application of Lemma 2.25 would give us two different
homogenous tubes u,v ̸⊆ ⊥T , which is impossible for a regular module T . Hence the chain
of thick subcategories above stabilises, meaning that Hn = Hm for some N ∈ N and all
m,n ≥ N , and HN ⊆ B. If HN was not zero, then it could not hold that T ∈ B⊥. Therefore,
we obtain H0(BN ) ⊆ ⊥T . Analogously, it is possible to show that H1(BM ) ⊆ ⊥T for some
M ∈ N.

Since there are no non-zero morphisms from S≤−1 and S>1 to T , we see that T is
compactly supported at max{N,M}. This finishes the proof of this inclusion.

“⊆” We find M ∈ N such that for any strictly decreasing chain of thick subcategories
of S some homogenous regular tube must appear at one stage and disappear at a later
one as (more precisely) stated in Lemma 2.25.

Let E ∈ S′
M(S). SinceM ⪈M∞∨B, we can by Lemma 5.11 w.l.o.g. (up to replacing

M by an equivalent metric) assume, that there exist KQ-modules X1, . . . , XM such that
for all 1 ≤ i ≤M we have Xi ∈ Bi, X /∈ thick

(
H0(Bi+1)

)
and HomD(R)(ΣjXi, E) = 0

for every j ∈ Z.
By Lemma 4.9, there exist thick subcategories E1, . . . , EM of S satisfying for each

1 ≤ i ≤ M that Ei ⊆ thick
(
H0(Bi)

)
and E ∈ S′

Ei
(S). Then for each 1 ≤ i ≤ M we

define Ci := thick
(⋃M

j=i (Ej ∪ {Xj})
)
, ensuring that E ∈ S′

Ci
(S). Now we have a strictly

decreasing chain C1 ⊋ C2 ⊋ · · · ⊋ CM of thick subcategories of S, so Lemma 2.25 provides
us with indices 1 ≤ i < j ≤ M and a homogenous regular tube t ⊆ mod -KQ such that
Ci, Cj ⊆ R, t ⊆ Ci and t∩Cj = 0.

The conditions of Lemma 7.1, part i), are now satisfied. Thus E ∈ C⊥
i ∩R. We finish

the proof by observing that E ∈ B⊥ because E is compactly supported.
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We see that if we want the completion S′
M(S) to contain new elements which are not

from the original category S, then the good metricM must be of the formM =M∞ ∨B
with B countably generated. However, this condition is not sufficient.

Corollary 7.3. Equip S with the standard t-structure (S≤0,S>0) and an additive good
metricM = {Bn}n∈N. Assume that the thick subcategory B := ⋂

n∈NBn of S is generated
by an exceptional sequence in mod -KQ. If M =M∞ ∨ B, then S′

M(S) = B⊥ ∩ S.

Proof. Theorem 7.2 i) gives us S′
M(S) = S′

B(S) = Db(mod -KQB). The categoryH0(B) is
generated by an exceptional sequence as a wide subcategory of mod -KQ, so it is equivalent
to a module category. Hence H0(B) = wide(P ) for a rigid object P ∈ mod -KQ. By [25,
Proposition 4.2], this forces the universal localisation KQB to be finite dimensional over K.
It follows that Db(mod -KQB) ⊆ Db(mod -KQ), and consequently S′

M(S) = B⊥ ∩ S.

In light of the above corollary, we may conclude the discussion of completions of tame
algebras by constating that new objects appear in the completion only for specific metrics
determined by countable collections of regular modules. If B is generated by preprojective
or preinjective modules, it is generated by an exceptional sequence, and the completion
S′

M(S) is then a thick subcategory of S.
For a hereditary finite dimensional algebra A of finite representation type, it is known

by [29, Corollary 3.9] that any completion of Db(mod -A) is just a thick subcategory
Db(mod -A). One can obtain an alternative proof of this fact by mimicking the argument
of Corollary 7.3 - all indecomposable modules of A are both preprojective and preinjective,
so no new object can appear in the completion.

Example 7.4. Let Q be the Kronecker quiver with a fixed orientation 2 //
// 1 . Every

regular tube is homogenous, and the simple regulars are of the form

R(1:k) = K
1 //

k
// K and R(0:1) = K

0 //

1
// K for every k ∈ K.

Fix λ ∈ P1
K , and denote C := ⟨Rλ⟩ ⊆ S. The preprojective modules are precisely

Pn = Kn

[
idn×n

0

]
//[

0
idn×n

] // Kn+1

for n ∈ N0. We can arrange the whole preprojective component into a Cauchy se-
quence E = (Pn−1, en)n∈N with respect to C where cone

(
Pn−1

en−→ Pn
)
≃ Rλ for all

n ∈ N. It holds that E := Hocolim- E ∈ D(KQ) is compactly supported at C. Under
the identification C′

C(S) ≃ D(KQC) within D(KQ), the universal localisation KQC cor-
responds to EndKQ(E ⊕ E), which is Morita equivalent to EndKQ(E). We then have
S′

C(S) ≃ Db (mod -KQC) ≃ ⟨E,Rµ⟩λ̸=µ∈P1
K
.

Remark 7.5. For an arbitrary Euclidean quiver Q, we can build Cauchy sequences of
preprojectives with respect to thick subcategories generated by simple regulars in a fashion
similar to Example 7.4. For every P ∈ P and R a simple regular, there exists a P ′ ∈ P
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and a short exact sequence 0→ P → P ′ → R→ 0 yielding a corresponding distinguished
triangle in S. The construction of such Cauchy sequences has appeared under the name
of special chains in [3, Lemma 7.3].
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Project C

Metric completions from weighted
projective lines

This last chapter presents two results from our current research on metric completions.
One is an elaboration on the argument of Proposition 4.12 from Paper B about completions
with respect to constant metrics, which we extend to compactly generated triangulated
categories in Section 5. The other main result is the generalisation of Theorem 1.1 of
Paper B from a bounded derived category of a tame hereditary algebra to a bounded
derived category of coherent sheaves over a weighted projective line of a domestic or
tubular type. The journey towards the desired generalisation (Theorem 9.8) involves three
intermediate steps - we build on the theory of Grothendieck categories (Section 6), quasi-
coherent and coherent sheaves on weighted projective lines (Section 7), and the derived
categories thereof (Section 8). We then discuss sample examples in Section 10.

5 Completions of compacts

In this section, we fix a commutative ring k and a k-linear triangulated categories S
and T . We further assume that T is compactly generated and that for all X,Y ∈ S
the k-module HomS(X,Y ) is finitely generated. This would be the case, for example, if
S were Hom-finite. We recall that T c ↪−→ T is a good extension with respect to all good
metrics on T c by Theorem 2.72, so we will be calculating completions of T c inside T .

The following theorem has been proved by Neeman [14, Theorem 2.1] based on [16],
[18], and [19]. See also [10, Corollary 12.7] for a generalisation for cohomological quotient
functors.

Theorem 5.1. Let T be a compactly generated triangulated category and C ⊆ T c a thick
subcategory. Then the localisation functor T → T /Loc(C) restricts to a triangulated
functor T c →

(
T /Loc(C)

)c.
Furthermore, the induced functor F : T c/C →

(
T /Loc(C)

)c is fully faithful and(
T /Loc(C)

)c is generated by the image of F as a thick subcategory.

Lemma 5.2. Let S be a triangulated category and C ⊆ S be a countably generated
triangulated subcategory. Then for every object X ∈ S there exists a Cauchy sequence
E = (En, en)n∈N with respect to C such that X ≃ E1, Mocolim- E ∈ SC(S), and cone en ∈ C
for all n ∈ N .

Proof. This lemma has been proved in Paper B as Lemma 4.10 for S = D(R)c for R
a finitely generated k-algebra. The proof, however, applies to any k-linear category with
finitely generated Hom-spaces as imposed on S and does not even require good extensions.

We state a reformulation of Lemma 3.1 from Paper B.

113
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Proposition 5.3. Let C ⊆ T c be a thick subcategory. Then there exists a recollement
diagram

T /Loc(C) // T //

F

xx

ff
Loc(C)

ν

{{
cc

with ν : Loc(C) ↪−→ T being the inclusion and F : T → T /Loc(C) being the smashing
localisation functor.

Furthermore, the functor F induces the following commutative diagram of triangulated
functors

C′
C(T c) T /Loc(C) T

S′
C(T c) T c/C T c

≃
F

J F̄

with J and all the vertical arrows being fully faithful.

Proof. The existence of the recollement diagram is a consequence of Proposition 2.23 and
Proposition 2.24. The identification T /Loc(C) ≃ C′

C(T c) has been discussed in Lemma 3.1
of Paper B and [15, Lemma 3.8], and we may consider T /Loc(C) as a thick subcategory
of T . The embedding S′

C(T c) ↪−→ C′
C(T c) is by the definition of a completion. And

the functor F restricts to F̄ by Theorem 5.1.
We need to prove that the embedding S′

C(T c) ↪−→ T /Loc(C) factors through the em-
bedding T c/C ↪−→ T /Loc(C). Let E = Hocolim- E ∈ S′

C(S) for a Cauchy sequence
E = (En, en)n∈N. We may w.l.o.g. assume that cone en ∈ C holds for every n ∈ N.
The smashing localisation F preserves coproducts, hence also homotopy colimits, so
F (E) ≃ Hocolim- F (E). But as cone en ∈ C ⊆ KerF for all n ∈ N, the sequence F (E) is
constant in T /Loc(C). We get F (E) ≃ F (E1) ≃ F̄ (E1) ∈ T c/C. Since E is compactly
supported, we obtain E ≃ F (E) ∈ T c/C. This gives is the desired factorisation.

Corollary 5.4. Assume S = T c. Let C ⊆ T c be a thick subcategory. If C is countably
generated, then S′

C(T c) ≃ T c/C.

Proof. Let F : T → T /Loc(C) be the smashing localisation functor and F̄ : T c → T c/C
its restriction. By Proposition 5.3, the completion S′

C(T c) is a triangulated subcategory
of T c/C and F (E) ≃ E for each E ∈ S′

C(T c) ⊆ T .
Let us pick any element of T c/C; it is necessiarily of the form F̄ (E1) for some E1 ∈ C.

By Lemma 5.2, the element E1 is a part of a Cauchy sequence E = (En, en)n∈N with
E = Hocolim- E ∈ S′

C(S) and cone en ∈ C for all n ∈ N. This implies that F (cone en) = 0
for each n ∈ N, so the sequence F (E) in T /Loc(C) is constant . As F preserves coproducts
and homotopy colimits, we get

F̄ (E1) ≃ F (E1) ≃ Hocolim- F (E) ≃ F (E) ≃ E.

This proves the desired inclusion T c/C ⊆ S′
C(S).
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Corollary 5.5. Assume S = T c. Let C ⊆ T c be a countably generated thick subcategory.
Then S′

C(T c) = C⊥ ∩ T c if and only if C is a coreflective category of T c.

Proof. “⇐” By Corollary 2.68.
“⇒” Let F : T ⇆ T /Loc(C) : G be the adjoint pair taking part in the recollement

from Proposition 5.3 where F is the smashing localisation functor and G is fully faithful.
We may consider G to be an inclusion. The functor F restricts to F̄ : T c → T c/C. Denote
Ḡ : C⊥ ∩ T c ↪−→ T c the restriction of the inclusion G.

By Corollary 5.4, we get T c/C ≃ S′
C(T c) ≃ C⊥ ∩ T c. This makes the functors

F̄ : T c ⇆ C⊥ ∩ T c : Ḡ

adjoint and C⊥∩T c a reflective subcategory of T c. Hence, the subcategory C is coreflective.

6 Completions from Grothendieck categories

In this section, let k be a commutative ring and G a locally noetherian, k-linear, hereditary
Grothendieck category. Assume furthermore, that for any two noetherian objects X,Y ∈ G
the k-module HomG(X,Y ) is finitely generated. We set T := D(G) and S := D(G)c. As
in Section 5, the inclusion S → T is a good extension with respect to all possible metrics.
Notice that by Proposition 2.32 and Proposition 2.35 it holds that S consists of finite
coproducts of shifts of noetherian objects of G.

We shall state several results from Section 4 and Section 5 of Paper B, which directly
generalise from the original setting of derived categories of hereditary, finitely generated
algebras, to the current setting of derived categorises of locally noetherian, hereditary
Grothendieck categories. As the original proofs need only formal modifications to include
the stronger hypothesis, we omit their proofs here.

Lemma 6.1 (Paper B - Corollary 4.3). Equip S with an additive good metric. Let B be
a replete subcategory of S. If E is a Cauchy sequence compactly supported at B, then
there exists a B-trivial component F of a subsequence of E such that F is Cauchy and
compactly supported at B, and Mocolim- E ≃Mocolim- F.

Lemma 6.2 (Paper B - Lemma 4.5). LetM = {Bn}n∈N be an additive good metric on S,
and C a class consisting of noetherian objects of G. If C ⊆ Bn+2 as objects of S, then
wide(C) ⊆ Bn.

Proposition 6.3 (Paper B - Proposition 4.7). For all additive good metrics on S, the com-
pletion S′(S) ⊆ T is idempotent complete.

Corollary 6.4. Let C ⊆ S be a thick subcategory. Then S′
C(S) ≃

(
T /Loc(C)

)c.
Proof. Corollary 5.4 tells us that S′

C(S) ≃ S/C. By Theorem 5.1, Verdier’s quotient S/C
generates

(
T /Loc(C)

)c as a thick subcategory. Since the completion is closed under direct
summands by Proposition 6.3, the claim follows.
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Lemma 6.5 (Paper B - Lemma 4.9). Let M = {Bn}n∈N be an additive good metric
on S and E ∈ S′

M(S). Then for every n ∈ N there exist a countably generated thick
subcategory C of S such that C ⊆ thick

(
H0(Bn)

)
and E ∈ S′

C(S).

The following two results about lattice-theoretical properties of metrics are immediate
generalisations of Proposition 5.10 and Lemma 5.11 in Paper B from the setting of Dperf(R)
for a hereditary algebra R to D(G)c for specific hereditary Grothendieck categories.

Proposition 6.6 (Paper B - Proposition 5.10). Equip S with the standard t-structure(
S≤0,S>0) and additive good metricsM = {Bn}n∈N andN = {Cn}n∈N. IfM =M∞∨N ,

then S′
M(S) = S′

N (S).

Lemma 6.7 (Paper B - Lemma 5.11). Equip S with the standard t-structure (S≤0,S>0)
and an additive good metricM = {Bn}n∈N. IfM ̸∼M∞ ∨B, where B := ⋂

n∈NBn, then
for every E ∈ S′

M(S) there exist an additive good metric N = {Cn}n∈N ∼ M on S and
a family of noetherian objects (Xn)n∈N of G such that for all n ∈ N:

• HomD(R)
(
ΣjXn, E

)
= 0 for all j ∈ Z,

• Xn ∈ Cn,

• Xn /∈ thick
(
H0(Cn+1)

)
.

Lemma 6.8. Equip S with the standard t-structure (S≤0,S>0) and an additive good
metricM = {Bn}n∈N. IfM ̸∼M∞∨B, where B := ⋂

n∈NBn, then for every E ∈ S′
M(S)

there exists an additive good metric N = {Cn}n∈N on S such that for all n ∈ N:

• E ∈ S′
N (S),

• Cn ⊆ thick
(
H0(Bn)

)
is a thick subcategory,

• Cn+1 ̸= Cn.

Proof. By Lemma 6.7, we can assume that there exist a family (Xn)n∈N of noetherian
objects of G such that Xn ∈ Bn\thick

(
H0(Bn+1)

)
and thick(Xn) ⊆ ⊥E. Using Lemma 6.5,

we pick a thick subcategory En ⊆ thick
(
H0(Bn)

)
satisfying E ∈ S′

En
(S) for each n ∈ N.

Then for every n ∈ N we set Cn := thick(Em, Xm : m ≥ n). By the choice of the family
(Xn)n∈N, the thick subcategories C1 ⊋ C2 ⊋ . . . form a strictly decreasing chain and,
therefore, an additive good metric N := {Cn}n∈N. Because E ∈ S′

Cn
(S) for all n ∈ N, it

also holds that E ∈ S′
N (S).

7 Weighted projective lines

Weighted projective lines and their categories of coherent sheaves were introduced in [7].
Roughly speaking, a weighted projective line is obtained from the usual projective line by
assigning weights to finitely many distinguished points. Weighted points then give rise to
exceptional simple object in the category of coherent sheaves. While a weighted projective
line was originally defined in [7] using graded sheaf theory, here we follow a more direct
approach from [3] and [13] where coherent sheaves are constructed as a quotient of suitable
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category of graded modules. For the construction of quasi-coherent sheaves on weighted
projective lines, we refer to [1, pg. 75] and [2].

Let K be an algebraically closed field. Let k ∈ N and p = (p1, . . . , pk) ∈ Nk. Let
λ = (λ1, . . . , λk) be a k-tuple of pairwise distinct points on P1

K . By a weighted projective
line we understand the triple X =

(
P1
K ,λ,p

)
.

Let L(p) be a rank one abelian group with generators x⃗1, . . . , x⃗k subjected to relations
p1 x⃗1 = . . . = pn x⃗n. We specify two distinguished elements of L(p), the canonical element
c⃗ := p1 x⃗1 and the dualising element ω⃗ := (k− 2) c⃗−

∑k
i=1 x⃗ i, and a partial order on L(p)

by l⃗ ≥ 0 ⇔ l⃗ ∈
∑k
i=1 N0 x⃗ i. The group L(p) is almost totally ordered in a sense that for

all l⃗ ∈ L(p) we have l⃗ ≥ 0 or l⃗ ≤ c⃗ + ω⃗.
We define a K-algebra

S(p,λ) := K[u, v, x1, . . . , xk]/(f1, . . . , fk) where fi := xpi
i −

(
λ1
iu− λ0

i v
)

for each 1 ≤ i ≤ k and λi =
[
λ0
i , λ

1
i

]
∈ λ. The algebra S(p,λ) is L(p)-graded by imposing

deg(u) = deg(v) = c⃗ and deg(xi) = x⃗ i for each 1 ≤ i ≤ k. Thus S(p,λ) = ⊕
l⃗∈L(p) S(p,λ)⃗l

decomposes as a direct sum of its homogenous components S(p,λ)⃗l of degree l⃗. It holds
that S(p,λ)⃗l = 0 whenever l⃗ ̸≥ 0, and S(p,λ)0 = K. Consequently, the algebra S(p,λ)
is graded local with the unique graded maximal ideal ⊕0̸=⃗l∈L(p) S(p,λ)⃗l .

We consider the category ModL(p) - S(p,λ) of L(p)-graded S(p,λ)-modules and its
subcategories:

• modL(p) - S(p,λ) finitely generated graded S(p,λ)-modules,

• modL(p)
0 - S(p,λ) graded S(p,λ)-modules of finite length,

• and ModL(p)
0 - S(p,λ) := lim−→modL(p)

0 - S(p,λ) the directed colimits of objects from
modL(p)

0 - S(p,λ).

On a graded module M = ⊕
x⃗∈L(p)Mx⃗ , we can perform a graded shift by y⃗ ∈ L(p) to

obtain M (y⃗) with homogenous components M(y⃗)x⃗ := Mx⃗ + y⃗.
As ModL(p)

0 - S(p,λ) is a Serre subcategory of ModL(p) - S(p,λ), we may apply Serre’s
construction and define the category of quasi-coherent sheaves over X as the quotient

Qcoh -X := ModL(p) - S(p,λ)
/

ModL(p)
0 - S(p,λ) .

This construction restricts to modL(p) - S(p,λ) giving us the category of coherent sheaves
over X as coh -X := modL(p) - S(p,λ) /modL(p)

0 - S(p,λ).
The subcategory of finite length objects of coh -X (also called torsion sheaves) is de-

noted coh0 -X. On the other hand, the subcategory vect -X of vector bundles consists
precisely of objects of coh -X without any non-zero finite length subobjects.

The graded shift action of L(p) on ModL(p) - S(p,λ) induces a graded shift on Qcoh -X.
The image O of S(p,λ) in coh -X under the quotient functor is called the structure sheaf ;
its shifts O(x⃗) by some x⃗ ∈ L(p) are line bundles.

Remark 7.1 ([3, Corollary 7.4.4]). The category coh -X does not depend on the choice
of coordinates of the weighted points λi =

[
λ0
i , λ

1
i

]
∈ λ, 1 ≤ i ≤ k, during the construction

of S(p,λ).
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The basic properties of coh0 -X are summarised in the theorem below.

Theorem 7.2 ([8, Theorem 2.1],[13, Theorem 2.2]). The category coh -X is an abelian,
noetherian, hereditary, K-linear, Hom-finite, Krull-Schmidt category. Moreover:

(i) Every object X ∈ coh -X uniquely decomposes as a direct sum X = Y ⊕ Z with
Y ∈ vect -X and Z ∈ coh0 -X.

(ii) For all x⃗, y⃗ ∈ L(p) it holds that Homcoh -X
(
O(x⃗),O(y⃗)

)
≃ S(p,λ)y⃗ − x⃗ .

(iii) Simple objects of coh0 -X are up to isomorphism parametrised by P1
λ. Each simple

is of one of the two following forms:

(a) for λ ∈ P1
K \λ,

[
λ0, λ1] ∈ P1

K , there is a unique ordinary simple Sλ determined
by the short exact sequence

0→ O λ1u−λ0v−−−−−→ O(⃗c)→ Sλ → 0,

(b) for 1 ≤ i ≤ k and 1 ≤ j ≤ pi there is a unique exceptional simple Sλi,j

determined by the short exact sequence

0→ O
(
(j − 1) x⃗ i

) xi−→ O(j x⃗)→ Sλi,j → 0.

(iv) The category coh -X satisfies Serre duality with the graded shift X 7→ X(ω⃗) being
the Auslander-Reiten translation τ . In particular, we have S(ω⃗) ≃ S for every
exceptional simple S, and Sλi,j(ω⃗) ≃ Sλi,(jmod pi)+1 for all 1 ≤ i ≤ k and 1 ≤ j ≤ pi.

We can see that the Auslander-Reiten translation τ : coh -X → coh -X restricts to
an Auslander-Reiten translation on torsion sheaves and that simple objects concetrated
at a fixed point λ ∈ P1

K form a τ -orbit. But coh0 -X is a length category, so [3, Proposi-
tion 1.8.2] implies coh0 -X = ∐

λ∈P1
K
Hλ where the wide subcategories Hλ are generated

by τ -orbits of simple objects. If λ = λi ∈ λ for some 1 ≤ i ≤ k, then Hλ is a tube of
rank pi. Otherwise, the tube Hλ is homogenous.

Lemma 7.3 ([13, Lemma 2.4]). Let X ∈ coh -X. Then X ≃ 0 if and only if [X] = 0
in K0(coh -X).

Definition 7.4 ([13, Section 2.2]). We define the following linear forms on K0(coh -X):

(i) The rank is the linear form rank : K0(coh -X)→ Z uniquely determined by imposing
rank([X]) = 1 for every line bundle X.

(ii) Let p be the least common multiple of p1, . . . , pk. The degree is the linear form
deg : K0(coh -X) → Z characterised by rank([O]) = 0, rank([S]) = p for every
ordinary simple S, and rank([Sλi,j ]) = p

pi
for every exceptional simple Sλi,j given by

1 ≤ i ≤ k and 1 ≤ j ≤ pi.

For X ∈ coh -X we denote rank(X) := rank([X]) and deg(X) := deg([X]). And for
0 ̸= X ∈ coh -X we define the slope of X as µ(X) := deg(X)

rank(X) ∈ Q∪{∞} where the slope is
infinite precisely when X ∈ coh0 -X.
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Definition 7.5 ([13, Section 3.1]). We say that 0 ̸= X ∈ coh -X is semistable if for every
subobject 0 ̸= Y of X we get µ(Y ) ≤ µ(X).

Let q ∈ Q∪{∞}. We define the category H(q) as the replete subcategory of coh -X
consisting of the zero object and all the semistable objects X with µ(X) = q.

Proposition 7.6 ([13, Lemma 3.1]). Let q ∈ Q∪{∞}. Then H(q) is abelian, hereditary,
length, K-linear category which is extension-closed as a subcategory of coh -X.

Note that H(∞) = coh0 -X.

Definition 7.7. We define the Euler characteristic of X as χX := 2−∑k
i=1

(
1− 1

pi

)
.

We say that X is:

• domestic if χX > 0,

• tubular if χX = 0,

• or wild if χX < 0.

Remark 7.8. As discussed in [8, pg. 12], the weighted projective line X is tubular if and
only if the tuple p is a permutation of (2, 2, 2, 2), (3, 3, 3), (2, 4, 4), or (2, 3, 6).

Remark 7.9. The Euler characteristic is tied to the degree of the dualising element ω⃗ as

χX = −
deg

(
O(ω⃗)

)
p

holds for p being the least common multiple of p1, . . . , pk. By [13, Lemma 2.5], we get

µ(τX) = µ
(
X(ω⃗)

)
= µ(X) + deg

(
ω⃗
)

= µ(X)− pχX.

In other words, the Euler characteristic tells us how τ changes the slope of an object.

Proposition 7.10 ([7, Proposition 5.5)]). If χX ≥ 0, then every indecomposable object
in coh -X is semistable.

Moreover, if X is domestic, then every indecomposable vector bundle is exceptional.

8 Derived categories of weighted projective lines

In this section, we fix a weighted projective line X =
(
P1
K ,λ,p

)
with k ∈ N weighted

points over an algebraically closed field K.
The quasi-coherent sheaves Qcoh -X form a hereditary, locally noetherian Grothendieck

category ([11, pg. 1481]) with coh -X being its noetherian objects. The derived category
D(Qcoh -X) is then compactly generated with compact elements being isomorphic to
bounded complexes of objects from coh -X (see Proposition 2.32). Hence, we may identify
Db(coh -X) ≃ D(Qcoh -X)c as a triangulated subcategory of D(Qcoh -X). Every object
of D(Qcoh -X) decomposes as a coproduct of its cohomologies.
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Lemma 8.1 (See eg. [6, pg. 38]). The category Db(coh -X) is generated by an exceptional
sequence. Line bundles of the form O(⃗l) for 0 ≤ l⃗ ≤ c⃗ can be arranged into a particular
example of an exceptional sequence(

O,O(x⃗1), . . . ,O
(
(p1 − 1) x⃗1

)
, . . . ,O(x⃗k), . . . ,O

(
(pk − 1) x⃗k

)
,O(⃗c)

)
.

of length 2 +∑k
i=1(pi − 1) generating Db(coh -X).

The direct sum ⊕
0≤⃗l≤c⃗O(⃗l) is known as the canonical tilting bundle (see [13, Theo-

rem 2.9] and [3, Theorem 7.1.1]) and its endomorphism ring is isomorphic to the canonical
algebra A (originally defined by Ringel in [17, Section 3.7]) of type (p,λ) which is the path
algebra of the quiver

O(x⃗1) x1 // O(2 x⃗1) // · · · // O
(
(p1 − 1) x⃗1

)
x1

!!

O(x⃗2) x2
// O(2 x⃗2) // · · · // O

(
(p2 − 1) x⃗2

)
x2

((

...
...

O

x1

CC

x2

::

xn

$$

u
//

v // O(⃗c)
...

...

O(x⃗n) xn // O(2 x⃗n) // · · · // O
(
(pn − 1) x⃗n

)xn

66

bound by the relations xpi
i =

(
λ1
iu− λ0

i v
)

for each 1 ≤ i ≤ n. By Theorem 2.40, the cate-
gory Db(coh -X) is then equivalent to Db(mod -A).

Theorem 8.2. If X is domestic, then there exists a tilting object T ∈ coh -X such that
A := Endcoh -X(T ) is isomorphic to a path algebra of a Euclidean quiver over K. Hence A
is a tame finite dimensional K-algebra and Db(coh -X) ≃ Db(mod -A).

Theorem 8.3 ([12, Proposition 10.18, Theorem 10.19]). Let q, q′ ∈ Q∪{∞}. If X is tubu-
lar, then there exists a triangulated autoequivalence Db(coh -X) ≃−→ Db(coh -X) restricting
to an equivalence H(q) ≃−→ H(q′).

In particular, every H(q) decomposes as a coproduct of tubes, i.e. H(q) ≃
∐
λ∈P1

K
H(q)
λ

where each H(q)
λ is equivalent to the tube Hλ ⊆ coh0 -X.

We shall use the notation H (q) := thick
(
H(q)) for the corresponding thick categories

generated by semistable objects of a fixed slope q ∈ Q∪{∞}. If q = ∞ or X is tubular,
we also denote H

(q)
λ := thick

(
H(q)
λ

)
for each λ ∈ P1

K . In that case, the thick categories
generated by tubes of the same slope are mutually orthogonal, i.e.

H
(q)
λ ⊆

(
H

(q)
λ′

)⊥
and H

(q)
λ′ ⊆

(
H

(q)
λ

)⊥
in Db(coh -X) for any λ ̸= λ′ ∈ P1

K .

Proposition 8.4. A thick subcategory of Db(coh -X) is bireflective if and only if it is
generated by an exceptional collection.
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Proof. “⇒” By [6, Corollary 8.4].
“⇐” By Theorem 2.48.

Corollary 8.5. Pick n ∈ N0. Let (E1, . . . , En) and (F1, . . . , Fn) be two exceptional
sequences in Db(coh -X), and denote U := ⟨E1, . . . , En⟩,V := ⟨F1, . . . , Fn⟩ ⊆ Db(coh -X).
If U ⊆ V, then U = V.

Proof. As U is bireflective, the pair
(
U ,U⊥ ∩ V

)
is a t-structure on V, and

K0 (V) ≃ K0 (U)⊕K0
(
U⊥ ∩ V

)
.

The isomorphisms K0(U) ≃ Zn ≃ K0(V) from Corollary 2.49 force K0
(
U⊥ ∩ V

)
≃ 0.

However, [6, Corollary 8.10] tells us that the only triangulated subcategory of Db(coh -X)
with zero Grothendieck group is the zero category. The equality U = V directly follows.

Remark 8.6. Corollary 8.5 is specific to coherent sheaves over weighted projective lines
because Db(coh -X) does not contain phantom subcategories; those are non-zero bireflec-
tive triangulated subcategories with vanishing Grothendieck group. An counterexample
to the statement of Corollary 8.5 for a K-linear triangulated possessing phantom subcat-
egories can be found in [9, Theorem 1.1].

Lemma 8.7. Let S be a thick subcategory of Db(coh -X). If every indecomposable object
of S is exceptional, then S is bireflective.

Proof. By Corollary 2.50 and Lemma 8.1, the length of any exceptional sequence in
Db(coh -X) is bounded by 2 +∑k

i=1(pi− 1). Let (E1, . . . , Em) be an exceptional sequence
in S with m ∈ N maximal possible, and E := ⟨E1, . . . , Em⟩ ⊆ S. Assume for contradiction,
that E ⊊ S. Choose X ∈ S \ E . Since

(
E , E⊥

)
is a t-structure on Db(coh -X), there exists

a distinguished triangle
E → X → Y → ΣE

in S with Y ∈ E⊥. Pick an indecomposable direct summand E0 of Y . Then the exceptional
sequence (E0, E1, . . . , Em) in S has m+ 1 terms. A contradiction.

Proposition 8.8. If X is domestic, then any thick subcategory of Db(coh -X) containing
a vector bundle is bireflective.

Proof. By [4, Proposition 7.1] and Proposition 8.4.

Lemma 8.9. Let q, q′ ∈ Q∪{∞}, q ̸= q′, and let S be a thick subcategory of Db(coh -X)
containing X,Y ∈ coh -X with µ(X) = q and µ(Y ) = q′. If χX ≥ 0, then S is bireflective.

Proof. Note that X or Y is a vector bundle contained in S. Firstly, if X is domestic, then
the statement now directly follows from Proposition 8.8. Secondly, if every indecomposable
object of S is exceptional, then S is bireflective by Lemma 8.7.

Finally, suppose that X is tubular and S contains a non-exceptional indecomposable
object. W.l.o.g. the object X is non-exceptional and indecomposable. By Theorem 8.3, we
may also w.l.o.g. assume q =∞. Since S∩ coh -X now contains a vector bundle and a non-
exceptional indecomposable torsion sheaf X, it holds by [4, Proposition 6.2, Theorem 6.3]
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that S = ⟨E1, . . . , En⟩⊥ for some exceptional sequence (E1, . . . , En) of objects from coh0 -X
and index n ∈ N0.

Considering that ⟨E1, . . . , En⟩ is bireflective, this already implies that S is reflective.
Using Proposition 2.51, we get that S is bireflective.

We now state variants of Lemma 2.25 from Paper B for domestic and tubular weighted
projective lines.

Lemma 8.10. Assume X is tubular. Then there exists a number M ∈ N (depending on X)
such that for any strictly decreasing chain S1 ⊋ S2 ⊋ · · · ⊋ SM of thick subcategories
of Db(coh -X) we can find 1 ≤ i < j ≤M , q ∈ Q∪{∞}, and λ ∈ P1

K \λ with Si,Sj ⊆ H(q)

such that H(q)
λ ⊆ Si and H(q)

λ ∩ Sj = 0.

Proof. If S ⊊ S ′ are bireflective subcategories of Db(coh -X), they are generated by ex-
ceptional collections due to Proposition 8.4. Then the exceptional sequence generating S
must be shorter than the one generating S ′ because of Corollary 2.50 and Corollary 8.5.
Using induction, we can then infer that any strictly decreasing chain S1 ⊋ S2 ⊋ · · · ⊋ SN ,
N ∈ N, of thick subcategories of Db(coh -X) can include at most 3 +∑k

i=1(pi − 1) bire-
flective subcategories.

We are now left with proving the statement for M := 1 + ∏k
i=1

(2pi
pi

)
and a strictly

decreasing chain S1 ⊋ S2 ⊋ · · · ⊋ SM of non-bireflective thick subcategories of Db(coh -X).
Then by Lemma 8.9 we get S1 ⊆ H (q) for some q ∈ Q∪{∞}. As H(q) ≃

∐
λ∈P1

K
H(q)
λ

and thick
(∐

λ∈λH
(q)
λ

)
has only ∏k

i=1
(2pi
pi

)
thick subcategories (see Proposition 2.58), there

must consequently exist indices 1 ≤ i < j ≤M such that the subcategories Si and Sj differ
by Si containing a homogenous tube H(q)

λ for some λ ∈ P1
K \ λ, while H(q)

λ ∩ Sj = 0.

Lemma 8.11. Assume X is domestic. Then there exists a number M ∈ N (depending
on X) such that for any strictly decreasing chain S1 ⊋ S2 ⊋ · · · ⊋ SM of thick subcategories
of Db(coh -X) we can find 1 ≤ i < j ≤ M and λ ∈ P1

K \ λ with Si,Sj ⊆ H (∞) such that
Hλ ⊆ Si and Hλ ∩ Sj = 0.

Proof. Considering that any thick subcategory of Db(coh -X) containing a vector bundle
is bireflective by Proposition 8.8, the proof of the lemma is identical to the proof of
Lemma 8.10 in the special case of q =∞.

9 Completions

As before, in this section, we fix a weighted projective line X =
(
P1
K ,λ,p

)
with k ∈ N

weighted points over an algebraically closed field K. We also set S := Db(coh -X) and
T := D(Qcoh -X). We know that S ↪−→ T is a good extension with respect to all metrics
due to Theorem 2.16 because T has coproducts and S = T c. Hence all completions S′(S)
will be calculated as subcategories of T .

This section is dedicated to the classification of completions of S (Theorem 9.8) when
X is domestic or tubular. We mimic the overall strategy of Section 7 of Paper B.

Lemma 9.1. Let λ ∈ P1
K \λ. Let 0 ̸= X ∈ Hλ and V ∈ vect -X. Then HomS(X,ΣV ) ̸= 0.
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Proof. By [7, Corollary 2.7], there exists a short exact sequence

0→ V → L→ T → 0

in coh -X with L a direct sum of line bundles and 0 ̸= T ∈ Hλ. This sequence does not
split, so HomS(T,ΣV ) ̸= 0. The tube Hλ is homogenous, so any of its elements is filtered
by the unique simple of the tube. This implies HomS(X,ΣV ) ̸= 0.

We will need to employ the theory of preimage metrics developed in Paper A.

Lemma 9.2. Let F : U → V be a triangulated equivalence between triangulated cate-
gories. LetM := {Bn}n∈N be a good metric on U . For the image metricN :=

{
F (Bn)

}
n∈N

on V we get SM(U) ≃ SN (V).

Proof. The family N of subcategories of V is a well-defined good metric by Lemma 4.14
from Paper A because F is full. Then M is a preimage metric of N under F . Moreover,
the inverse F−1 is a fully faithful left and right adjoint to F . Consequently, all the
assumptions of Theorem 4.23 from Paper A are satisfied, so the completions SM(U) and
SN (V) are equivalent.

This is based on Lemma 7.1 from Paper B. The formulations are adjusted to the setting
of weighted projective lines.

Proposition 9.3. Let D ⊊ C be thick subcategories of S generated by torsion sheaves.
Let λ ∈ P1

K \ λ and pick indecomposable T ∈ Hλ. Then:

(i) If T ∈ C \ D, then it holds that S′
C(S) ∩S′

D(S) ⊆ C⊥ ∩H (∞).

(ii) If C is not countably generated, then S′
C(S) = C⊥ ∩H (∞).

Proof. “Part i)” Pick E ∈ S′
C(S)∩S′

D(S) and choose a Cauchy sequence E = (En, en)n∈N
with respect to D satisfying E ≃ Hocolim- E. The sequence E is also Cauchy with respect
to C. We may assume cone en ∈ D for all n ∈ N; otherwise we just remove finitely many
entries from E. Up to replacing E by a subsequence of a component via Lemma 6.1,
the sequence E is C-trivial as well.

Since T /∈ D, we infer D ⊆ T⊥ using the tube orthogonality. Fix j ∈ Z. The functor
HomS(ΣjT,−) vanishes on cone en for all n ∈ N. Hence, the sequence HomS(ΣjT,E) is
constant. For each n ∈ N we get

HomS
(
ΣjT,En

)
≃ lim−→HomS

(
ΣjT,E

)
≃ HomS(Σj , E) ≃ 0.

Using HomS
(
Σ−1T, V

)
̸= 0 for all V ∈ vect -X from Lemma 9.1, we get that for all n ∈ N

the object En does contain any shift of vector bundle as a direct summand. In other words,
we get En ∈H (∞) for all n ∈ N. Because E is also C-trivial, the mutual orthogonality of
tubes implies En ∈ C⊥ for all n ∈ N.

An application of Lemma 6.2 from Paper B for the choice of sequences F = E proves
E ∈ S. We again use HomS

(
Σ−1T, V

)
̸= 0 for all V ∈ vect -X to deduce E ∈ H (∞).

Thus we may conclude E ∈ C⊥ ∩H (∞).
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“Part ii)” The category C is now not countably generated. Therefore, we can find
an uncountable subset I ⊆ P1

K and for each λ ∈ I a thick subcategory

tλ ⊆H
(∞)
λ such that C ≃

∐
λ∈I

tλ .

Let E ∈ S′
C(S). By Lemma 6.5, we get E ∈ S′

D(S) for some countably generated thick
subcategory D ⊆ C. We have D ⊆ ∐

λ∈J tλ for some J ⊆ I countable. Because I is
uncountable, there exists λ ∈ I \ (λ ∪ J) satisfying tλ = H

(∞)
λ and H

(∞)
λ ∩ D = 0.

Consequently, part i) applies, so E ∈ C⊥ ∩H (∞). As E was arbitrary, the inclusion
S′

C(S) ⊆ C⊥ ∩H (∞) follows. Finally, Lemma 6.1 from Paper B then ensures the validity
of the other inclusion C⊥ ∩H (∞) ⊆ S′

C(S).

Corollary 9.4. Assume X is tubular. Let q ∈ Q∪{∞}. Let D ⊊ C be thick subcategories
of H (q) ⊆ S. Pick an indecomposable object T ∈H

(q)
λ for some λ ∈ P1

K \ λ. Then:

(i) If T ∈ C \ D, then it holds that S′
C(S) ∩S′

D(S) ⊆ C⊥ ∩H (q).

(ii) If C is not countably generated, then S′
C(S) = C⊥ ∩H (q).

Proof. By Theorem 8.3, there exists a triangulated autoequivalence F : S → S such
that F

(
H(q)

)
= coh0 -X. By Lemma 9.2, the autoequivalence F induces a triangulated

equivalence S′
M(S) ≃ S′

F (M)(S) for any good metric M on S. Since F (C) ⊆ H (∞),
the statement now directly follows from Proposition 9.3.

For the purpose of describing completions of S, we introduce a technical notion of
a slope of metric. We stress that not every metric has to have a well-defined slope.

Definition 9.5. Equip S with an additive good metric M = {Bn}n∈N. If there exists
a unique q ∈ Q∪{∞} such that for every n ∈ N it holds that H(q) ∩Bn ̸= 0, then we say
that M has slope q and denote µ(M) := q.

Lemma 9.6. Assume χX ≥ 0. Let C be a thick subcategory of S. If C is not countably
generated, then it has a well-defined slope as constant metric on S, and

S′
C(S) = C⊥ ∩H

(
µ(C)

)
.

Proof. Because C is not countably generated, it is not generated by an exceptional col-
lection, so it is not bireflective by Proposition 8.4. Then by Lemma 8.9, there exists
q ∈ Q∪{∞} such that C ⊆ H(q). If X is domestic, then necessiarily q = ∞ due to
Proposition 8.8. This forces q = µ(C). By Proposition 9.3 and Corollary 9.4, we get
S′

C(S) = C⊥ ∩H
(
µ(C)

)
.

Lemma 9.7. Assume χX ≥ 0. Let C be a thick subcategory of S. Equip S with
the standard t-structure (S≤0,S>0) and an additive good metricM = {Bn}n∈N. Consider
the thick subcategory B := ⋂

n∈NBn of S. If M ̸∼ M∞ ∨ B, then M has a well-defined
slope.
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Proof. By Lemma 6.7 applied to the choice of E = 0 ∈ S′
M(S), we get that (up to

replacing M by an equivalent metric) there exists a family (Xn)n∈N of objects of coh -X
such that for all n ∈ N it holds that Xn ∈ Bn but simultaneously Xn /∈ thick

(
H0(Bn+1)

)
.

This implies that thick
(
H0(B1)

)
⊋ thick

(
H0(B2)

)
⊋ . . . is an infinite, strictly decreasing

chain of thick subcategories of S. By Lemma 8.10 and Lemma 8.11, there exist n ∈ N and
q ∈ Q∪{∞} satisfying

thick
(
H0(Bn)

)
⊆H (q).

This q is then necessiarily unique and equal to the slope of M.

We may now finally state the final result of the chapter.

Theorem 9.8. Assume χX ≥ 0. Equip S with the standard t-structure (S≤0,S>0) and
an additive good metricM = {Bn}n∈N. Set B := ⋂

n∈NBn; it is a thick subcategory of S.
Then:

(i) If M =M∞ ∨ B, and if B is countably generated, then

S′
M(S) ≃ S′

B(S) ≃ S/B ↪−→ T .

In this case, it holds that S′
M(S) ≃ B⊥ ∩ S ↪−→ S if and only if B is generated by

an exceptional sequence.

(ii) Otherwise, we have
S′

M(S) = B⊥ ∩H
(
µ(M)

)
.

Proof. The proof will done by considering the following cases:

(a) Condition i) holds, i.e. M =M∞ ∨ B and B is countably generated.

(b) Condition ii) holds, M =M∞ ∨ B, and B is not countably generated.

(c) Condition ii) holds, M ⪈M∞ ∨ B.

“Case a)” By Proposition 5.4 and Proposition 6.6, we get S′
M(S) ≃ S′

B(S) ≃ S/B.
Corollary 5.5 tell us that the equivalence S′

B(S) ≃ B⊥∩ S holds if an only if B is coreflec-
tive. As S is generated by an exceptional sequence, Proposition 2.51 and Propostion 8.4
imply that B is coreflective if and only if B is bireflective, or equivalently if and only if B
is generated by an exceptional sequence.

“Case b)” Assume that M =M∞ ∨ B and B is not countably generated. Then for
all but finitely many n ∈ N it holds that H0(Bn) = H0(B). This implies µ(M) = µ(B).
By Proposition 6.6 and Lemma 9.6, we get

S′
M(S) ≃ S′

B(S) ≃ B⊥ ∩H
(
µ(M)

)
.

“Case c)” Assume M ⪈M∞ ∨ B. By Lemma 9.7, the metric M has a well-defined
slope q ∈ Q∪{∞}. We prove S′

M(S) = B⊥ ∩H (q).

“⊇” It is enough to prove that any indecomposable coherent sheaf T ∈ B⊥ ∩ H(q)

is an element of the completion S′
M(S) because any other object of the right-hand side

category is a direct sum of shifts of indecomposable coherent sheaves from B⊥ ∩ H(q).
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Denote Cn := thick
(
X ∈ coh -X : X ∈ Bn,HomS(X,T ⊕ ΣT ) ̸= 0

)
for each n ∈ N.

Consider the decreasing chain C1 ⊇ C2 ⊇ . . . of thick subcategories of S. If the chain did
not stabilise, then by Lemma 8.10 or Lemma 8.11, there would exist n ∈ N such that

thick
(
H(q′)
λ ,H(q′)

λ′

)
⊆ Cn ⊆H (q′) for some λ, λ′ ∈ P1

K , λ ̸= λ′, q′ ∈ Q∪{∞},

forcing q = q′ (by the uniqueness of the slope of a metric) and T = 0; a contradiction with
the choice of T .

Hence, there exists N ∈ N such that for all m,n ≥ N we have Cm = Cn. Assume for
contradiction that there exists an indecomposable object Y ∈ BN+1 with HomS(Y, T ) ̸= 0.
Then Y is concentrated in cohomological degrees either 0, or 1. We get ΣY, Y ∈ BN , so
Y ∈ CN = Cn for all n ≥ N . By Lemma 6.2, this means that Y ∈ B, contradicting T ∈ B⊥.

We conclude that T is compactly supported at N+1. Using Lemma 6.1 from Paper B,
we obtain T ∈ S′

M(S).
“⊆” Let E ∈ S′

M(S). Since M ⪈ M∞ ∨ B, Lemma 6.8 provides us with an in-
finite, strictly decreasing chain C1 ⊋ C2 ⊋ · · · of thick subcategories of S such that
E ∈ S′

Cn
(S) and Cn ⊆ thick

(
H0(Bn)

)
for each n ∈ N. Using Lemma 8.10 or Lemma 8.11

we find n > m ≥ N , q′ ∈ Q∪{∞}, and λ ∈ P1
K \ λ such that H

(q′)
λ ⊆ Cm ⊆ H (q′) and

H
(q′)
λ ∩ Cn = 0. By the definition of a slope of a metric, we obtain q = q′. Thus Proposi-

tion 9.3 and Corollary 9.4 apply, so E ∈H (q). As E is compactly supported with respect
to M, inevitably E ∈ B⊥. We may now conclude the proof.

10 Examples

We now illustrate Theorem 9.8 with examples. We adhere to the long-standing assump-
tions in this chapter - X is a weighted projective line X =

(
P1
K ,λ,p

)
with k ∈ N weighted

points over an algebraically closed field K, S := Db(coh -X), and T := D(Qcoh -X).
The inclusion S ↪−→ T is a good extension and every completion S′(S) is considered to be
a subcategory of T .

Example 10.1. Let λ = [λ0, λ1] ∈ P1
K \ λ. Consider the short exact sequence

0→ O λ1u−λ0v−−−−−→ O(⃗c)→ Sλ → 0,

Define C := Hλ. We know by Theorem 9.8, that S′
C(S) ≃ S/C. We shall explicitly express

the completion as a bounded derived category of a graded localisation ring.
Denote y := λ1u− λ0v ∈ S(p,λ), which is a homogenous element of degree c⃗ ∈ L(p),

and Y := {yn : n ∈ N0} the homogenous multiplicative set generated by y. The localisation
S(p,λ)→ S(p,λ)Y −1 of graded rings and the corresponding graded localisation functor

F : modL(p) - S(p,λ)→ modL(p) - S(p,λ)Y −1

induce an isomorphism modL(p) - S(p,λ) /KerF → modL(p) - S(p,λ)Y −1 where the quo-
tient is taken the sense of Serre (see e.g. [3, Section 1.2]).

Since y ∈ S(p,λ) is not invertible and S(p,λ) is graded local, we get

modL(p)
0 - S(p,λ) ⊆ KerF.
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In fact, the image of KerF in coh -X is precisely Hλ. By the universal property of Serre’s
quotients and the definition of coh -X, the functor F factors through coh -X, thus giving
us an isomorphism

F̄ : coh -X /Hλ → modL(p) - S(p,λ)Y −1 .

As F̄ is exact, it extends to the derived level

S′
C(S) ≃ Db(coh -X)/C ≃ Db

(
modL(p) - S(p,λ)Y −1

)
.

Denote X̄ ∈ S′
C(S) the image ofX ∈ coh -X under Verdier’s quotient functor S → S/C.

Note that X̄ ≃ X̄(l c⃗) for each X ∈ coh -X and l ∈ Z. An instance of a Cauchy sequence
in S with respect to the constant metric C converging to an object Ō of the completion
is O y−→ O(⃗c) y−→ O(2 c⃗) y−→ · · ·. We can visualise the image ⊕0≤⃗l≤c⃗ Ō(⃗l) ∈ S′

C(S) of
the canonical tilting bundle as:

Ō(2 x⃗1) · · ·

Ō(2 x⃗2) · · ·

Ō(x⃗1) Ō(x⃗2) Ō
(
(p2 − 1) x⃗2

)
Ō
(
(p1 − 1) x⃗1

)

Ō

...
...

Ō(x⃗k)
...

... Ō
(
(pk − 1) x⃗k

)
Ō(2 x⃗k) · · ·

x1

x2

x2

x1x1

x2

xk

u

v

xk

xk

where the multiplication by y = λ1u− λ0v is invertible on the top of the usual canonical
relations xpi

i =
(
λ1
iu− λ0

i v
)

for each 1 ≤ i ≤ k.

Example 10.2. Consider λ1 = [λ0
1, λ

1
1] ∈ λ and set C := Hλ1 . To describe the completion

S′
C(S) ≃ S/C, we proceed in the same way as in Example 10.1, but this time the tube Hλ1

is not homogenous, so the thick subcategory C is generated by p1 simple objects given by
short exact sequences

0→ O x1−→ O(x⃗1)→ Sλ1,1 → 0
0→ O(x⃗1) x1−→ O(2 x⃗1)→ Sλ1,2 → 0

...
0→ O

(
(p1 − 1) x⃗1

) x1−→ O(⃗c)→ Sλ1,p1 → 0.
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We need to consider the homogenous multiplicative set Y := {xn1 : n ∈ N0} generated
by x1. We can again show S′

C(S) ≃ Db
(
modL(p) - S(p,λ)Y −1

)
.

Denote again X̄ ∈ S′
C(S) the image of a X ∈ coh -X under Verdier’s quotient

functor S → S/C, so X̄ ≃ X̄(l x⃗1) for every X ∈ coh -X and l ∈ Z. The image⊕
0≤⃗l≤c⃗ Ō(⃗l) ∈ S′

C(S) of the canonical tilting bundle is

Ō(2 x⃗2) · · ·

Ō(x⃗2) Ō
(
(p2 − 1) x⃗2

)

Ō

...
...

Ō(x⃗k)
...

... Ō
(
(pk − 1) x⃗k

)
Ō(2 x⃗k) · · ·

x2

x2

x1

x2

xk

u

v

xk

xk

where the multiplication by x1 (and also by xp1
1 = λ1

1u − λ0
1v) is invertible on the top of

the usual canonical relations xpi
i =

(
λ1
iu− λ0

i v
)

for each 2 ≤ i ≤ k.

If we calculate the completion of S with respect to a thick subcategory generated only
by a proper subset of exceptional simples Sλi,1, Sλi,2, . . . , Sλi,pi

for some 1 ≤ i ≤ k, then
we, in general, no longer obtain a derived category of a graded localisation.

In Example 10.3 and Example 10.4, we discuss the effects of the cardinality of the field
K on the metric completions of S.

Example 10.3. Assume K is uncountable. Then any thick subcategory C ⊆ S can be
expressed as S′

M(S) ≃ C for some good additive metric M on S.
If C is bireflective, so it is a coaisle of a t-structure

(
⊥C, C

)
on S. Hence S′

⊥C(S) ≃ C
by Corollary 2.68.

Suppose that C is not bireflective. Then C ⊆ H (q) for some q ∈ Q∪{∞} by Proposi-
tion 8.8 and Lemma 8.9. If X is domestic, then necessiarily q =∞.

Firstly, assume that C is generated by finitely many elements. Then D := H (q) ∩ ⊥C
is generated by uncountably many elements, since P1

K is uncountable and coh0 -X has to
contain uncountably many tubes. Theorem 9.8 gives us S′

D(S) ≃ D⊥ ∩H (q) ≃ C, where
the second equivalence is implied by [5, Theorem 2.3.25].

Secondly, assume that C is not generated by finitely many elements. We find a count-
able subset I = {in}n∈N ⊆ P1

K \ λ satisfying H
(q)
λin
⊆ C for each n ∈ N. Then

M = {Bn}n∈N =

(⊥C ∩H (q)
)
⊕
∐
m≥n

H
(q)
λim


n∈N
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is an additive good metric on S with B := ⋂
n∈NBn = ⊥C ∩H (q). As M ̸= M∞ ∨ B,

Theorem 9.8 yields S′
M(S) ≃ B⊥ ∩H (q) ≃ C.

Example 10.4. The statement of Example 10.3 does not hold when K is countable.
Let C be, for example, the thick subcategory generated by all non-homogenous tubes

of torsion sheaves.
Considering that in our situation any thick subcategory of S is countably generated, if

there existed a thick subcategory D such that S′
D(S) ≃ C, then D would be bireflective in S

by Theorem 9.8. But then C ≃ D⊥∩ S would also be bireflective in S by Proposition 2.51,
which is nevertheless not true.

Our only other chance to exhibit C as a completion is to find a good additive metric
M = {Bn}n∈N satisfying

B :=
⋂
n∈N

Bn = ⊥C ∩H (∞) =
∐

λ∈P1
K\λ

Hλ

and M ̸=M∞ ∨ B.
Assume for contradiction that such a metric M exists. Because B contains all ho-

mogenous tubes and B ⊆ thick
(
H0(Bn)

)
for all n ∈ N, Lemma 8.10 and Lemma 8.11

force the chain thick
(
H0(B1)

)
⊇ thick

(
H0(B2)

)
⊇ · · · of thick subcategories to stabilise

at some N ∈ N. By Lemma 6.2, we then get thick
(
H0(BN )

)
= B. But this is impossi-

ble, since the condition M ̸= M∞ ∨ B ensures that H0(BN ) ⊆ thick
(
H0(BN )

)
contains

an indecomposable object from S \ B.
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