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Preface

This thesis consists mainly of two papers written during the course of my three-year
doctoral studies. They are presented in their original wording without substantial changes,
except for formatting and layout adjustments. Citations for the individual papers are not
provided at the end of each chapter. Instead, all sources are collected in a single bibliography
at the end of the thesis.

e Chapter [l is a copy of the paper titled ”Virtual K-theoretic invariants of the nested
Hilbert scheme on C?” written solely by me. It is available as an arXiv preprint
(arXiv:2606.30172).

e Chapter [2] is a copy of the paper ”Virtual invariants from the non-associative Hilbert
scheme” written by me and with my PhD-supervisor, Gergely Bérczi, as coauthor. It
is available as an arXiv preprint (arXiv:2512.11538v3).

These papers can be read separately as finished works, but together they represent a way
of working with virtual enumerative geometry on the Hilbert scheme via moduli spaces
parameterizing weaker algebraic structures. In chapter (1] this is done by reproducing existing
invariants of the Hilbert scheme of points via the non-commutative nested Hilbert scheme to
derive new calculations of these invariants. In chapter [2|this is instead done by defining new
virtual invariants on the Hilbert scheme of points using the non-associative Hilbert scheme.
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Abstract

This thesis explores the enumerative geometry of the nested Hilbert scheme of points
on affine n-space by embedding it into smooth moduli spaces that parameterize related ob-
jects satisfying weaker algebraic conditions. Using these embeddings, we construct perfect
obstruction theories on the nested Hilbert scheme of points and compute the associated vir-
tual invariants. The thesis consists of two chapters, each of which can be read independently.

In chapter 1, we construct a nested version of the non-commutative Hilbert scheme
introduced by Nori. We use this construction to define a perfect obstruction theory on the
nested Hilbert scheme of points on the affine plane and prove that this is equivalent to the
perfect obstruction theory constructed by Gholampour-Sheshmani-Yau. We then consider
the morphism of nested Hilbert schemes of points that forgets the largest subscheme. Using
our setup, we show that the pushforward of the virtual structure sheaf under this map is a
twist of the virtual structure sheaf on the target. Using localization, we prove that the twist
is by a constant class which we identify explicitly. As a corollary, we are able to prove a
closed formula for the multivariate generating function of the torus-equivariant virtual Euler
characteristic.

In chapter 2, we construct a smooth moduli space called the non-associative Hilbert
scheme which extends the construction of Kazarian from a punctual locus to the full nested
Hilbert scheme of points. We exhibit the nested Hilbert scheme of points on affine n-space as
the associativity locus inside this smooth moduli space and, from this description, endow it
with a new perfect obstruction theory. Using localization, we obtain an explicit formula for
the virtual fundamental class in terms of torus-fixed points. We consider a punctual version
of the non-associative Hilbert scheme whose intersection with the associativity locus is a
distinguished locus of the punctual nested Hilbert scheme of points. We refer to this locus
as the nilpotently filtered Hilbert scheme of points. Using a partial resolution, we derive
an efficient iterated residue formula for computing virtual integrals of tautological classes
on the nilpotently filtered Hilbert scheme of points. Finally, we show that certain formal
virtual integrals on the nested Hilbert scheme of points can be expressed in terms of the
nilpotently filtered Hilbert scheme of points, so that these integrals also enjoy the iterated
residue formula.
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Resumé

Denne afhandling udforsker den enumerative geometri af det nestede Hilbert skema af
punkter pa det affine n-rum, ved at indlejre det ind i glatte modulirum, der parametriserer
relaterede objekter, der opfylder svagere algebraiske betingelser. Ved at bruge disse indle-
jringer konstruerer vi perfekte obstruktionsteorier pa det nestede Hilbert skema af punkter
og udregner de tilhgrende virtuelle invarianter. Afhandlingen bestar af to kapitler, som kan
laeses uathaengigt af hinanden.

I kapitel 1 konstruerer vi en indlejret version af det ikke-kommutative Hilbert skema in-
troduceret af Nori. Vi bruger dette til at definere en perfekt obstruktionsteori pa det nestede
Hilbert skema af punkter pa det affine plan og beviser, at dette er sekvivalent til den perfekte
obstruktionsteori konstrueret af Gholampour-Sheshmani-Yau. Vi betragter derefter morfien
mellem nestede Hilbert skemaer af punkter, der glemmer det stgrste underskema. Ved at
bruge vores opsatning beviser vi, at det direkte billede af det virtuelle strukturknippe under
denne afbildning er et tensorprodukt af det virtuelle strukturknippe pa codomsnet og en
anden klasse. Ved at bruge lokalisering beviser vi, at denne klasse er konstant, og identifi-
cerer den. Som et korollar kan vi bevise en lukket formel for den multivariate genererende
funktion af den torus-sekvivariante virtuelle Euler-karakteristik.

I kapitel 2 konstruerer vi et glat modulirum, som vi kalder det ikke-associative Hilbert
skema, der generaliserer Kazarians konstruktion fra en punktuel locus til det fulde nestede
Hilbert skema af punkter. Vi beskriver det nestede Hilbert skema af punkter pa det affine
n-rum som associativitets-locusen i det glatte modulirum, og fra denne beskrivelse giver
vi den en ny perfekt obstruktionsteori. Ved at bruge lokalisering far vi en eksplicit formel
for den virtuelle fundamentalklasse beskrevet ved torusfikserede punkter. Vi betragter en
punktuel version af det ikke-associative Hilbert skema, hvis snit med associativitets-locusen
er en specifik locus i det punktuelle nestede Hilbert skema af punkter. Vi kalder denne for
det nilpotent- filtrerede Hilbert skema af punkter. Ved at bruge en partiel resolution udleder
vi en effektiv itereret residue formel til at udregne virtuelle integraler af tautologiske klasser
pa det nilpotent-filtrerede Hilbert skema af punkter. Til sidst viser vi, at visse formelle
virtuelle integraler pa det nestede Hilbert skema af punkter kan blive udtrykt i form af det
nilpotent-filtrerede Hilbert skema af punkter, sa disse integraler ogsa kan regnes via den
itererede residue formel.
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Introduction

The Hilbert scheme of points and moduli of weaker algebraic
structures

This dissertation is about enumerative geometry on the nested Hilbert scheme of points
on A™. Our focus is on constructing perfect obstruction theories and calculating the asso-
ciated virtual invariants. We do so by viewing the nested Hilbert scheme of points as the
moduli space parameterizing finite dimensional quotient algebras of the polynomial ring and
embed it into a smooth moduli space parameterizing similar but weaker algebraic structures,
i.e. the non-commutative and the non-associative Hilbert scheme of points.

The Hilbert scheme of d points of a scheme X is a moduli space parameterizing zero-
dimensional length d subschemes of X, that is

HilbY(X) = {Z ¢ X | dim Z = 0, length Z = d}.

Similarly, for a collection of integers 0 < n; < ny < --- < n, one can consider the nested
Hilbert scheme of n points of X which is the moduli space of nestings of zero-dimensional
subschemes of lengths prescribed by n, that is

NHilb"(X)={Z, Cc---C Z; C X | dim Z; = 0, length Z; = n;}.

When X is smooth of dimension 1 or 2 the Hilbert scheme of points Hilb¢(X) is smooth of
the expected dimension for all d [Fog68]. When X is of dimension > 3 the Hilbert scheme of
points is no longer smooth, nor irreducible [[ar72]. For the nested Hilbert scheme of points,
the situation is slightly worse. The nested Hilbert scheme of points on a smooth curve is
smooth of the expected dimension |Che98|, but when X is of dimension > 2 the nested
Hilbert scheme of points is no longer smooth, nor irreducible [RT21].

To do enumerative geometry related to the (nested) Hilbert scheme of points, we need
to be able to understand its intersection theory. For the Hilbert scheme of points on a surface
this is a well studied question where the theory has been shown to carry many rich structures
[Nak99l [G6t02, [OP10] . However, the above makes this study difficult in higher dimensions,
as we lack a well behaved fundamental class.

One remedy to this is to study the intersection theory of the geometric subsets of
[Renl2]. These are are constructible subsets built from set theoretic operations of the subsets
of Hilb%(X ) of specified isomorphism classes of the subschemes. The theory of tautological
integrals on these subschemes is developed in [B4, Bb).

Another way to remedy this, is to replace the fundamental class by a virtual fundamen-
tal class as defined in [BF97]. Similarly, working K-theoretically one can introduce a virtual

structure sheaf [BFE97, Remark 5.4]. Both of these enjoy many of the functorial properties
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we are used to in intersection theory (see for example [Manl11l |Qul8§|), but their construction
requires the extra input of a perfect obstruction theory and the class depends heavily on the
chosen obstruction theory. For the Hilbert scheme of points, several natural choices of such
obstruction theories exist depending on X. The nested Hilbert scheme of n; < --- < n,
points on a smooth projective surface admits a perfect obstruction theory of virtual dimen-
sion n1 + n, [GSY20]. The Hilbert scheme of points on a projective Calabi-Yau threefold
being a special case of the moduli of stable sheaves admits a symmetric perfect obstruction
theory, in particular of virtual dimension 0 [BF08| [ThoOOb]. The associated invariants are a
special case of the Donaldson-Thomas invariants. The Hilbert scheme of a projective Calabi-
Yau fourfold admits a natural obstruction theory which is not perfect. Using a square root
Euler class it is however still possible to define a virtual fundamental class and structure
sheaf [OT23].

The non-commutative Hilbert scheme ncHilb?(A™) introduced in [Nor78] is a smooth
moduli space containing the Hilbert scheme of points Hilb?(A™) as a closed subscheme corre-
sponding to the commutativity locus. It has played a special role in calculating virtual invari-
ants of many of the obstruction theories found above. The power of the non-commutative
Hilbert scheme is that it typically allows a ”standard model” interpretation of the abstractly
defined virtual theory of the Hilbert scheme of points.

The notions of a perfect obstruction theory, a symmetric perfect obstruction theory
and the setup of Oh-Thomas [OT23] on a scheme X all admit ”standard models” that is,
prototypical examples that produce them, which are rarely available globally. For a perfect
obstruction theory the standard model is when X = Z(s) is exhibited as the zero locus
of a section s € H°(Y, E) of a vector bundle E on a smooth scheme Y. For a symmetric
perfect obstruction theory it is when X = Z(df) is exhibited as a critical locus of a potential
f:Y — A! of a smooth ambient space Y. For the Oh-Thomas theory it is when X = Z(s)
is exhibited as the zero locus of an isotropic section s € HY(Y, E) of an orthogonal bundle
(E,q) on a smooth ambient space Y.

If we let X = Hilb?(A®) be the Hilbert scheme of points on A% and Y = ncHilb?(A®)
its non-commutative variant then [BBS13] exhibits X as a critical locus of Y, giving the
standard model of the symmetric-perfect obstruction theory. It, along with its generaliza-
tion to Quot schemes of points, is used to calculate various K-theoretic virtual invariants
of the Hilbert scheme of points and the Quot scheme of points. For examples of this,

see[Okol7, BR21), FMR21].

Similarly, if we let X = Quot?(A*) be the Quot scheme of points on A* and ¥ =
ncQuot?(A*) its non-commutative variant (which in particular includes the (non-commutative)
Hilbert scheme for r = 1) then Kool-Rennemo [KR] exhibits X as a zero locus of an isotropic
section of an orthogonal bundle on Y, giving us the standard model of Oh-Thomas. Using
this, they are able to calculate K-theoretic invariants which they identify with the instanton
partition function of Nekrasov-Piazzalunga [NP19].

In chapter[I]we continue this trend. We construct a nested version of the non-commutative
Hilbert scheme and use it to construct a perfect obstruction theory on the nested Hilbert
scheme of A2 equivalent to that of [GSY20]. We then use this model to calculate K-theoretic
virtual invariants, proving in particular a closed formula for the multivariate generating se-
ries of the torus-equivariant virtual Euler characteristics.

One could ask whether one could simply define virtual invariants of the Hilbert scheme of
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points for A" for any n using the non-commutative Hilbert scheme as above. The main prob-
lem is that the virtual dimension quickly becomes negative. Indeed the scheme ncHilb?(A™)
has dimension

(n—1)-d*+d
while the naive bundle used to cut out the commutativity locus is of rank

nn—1) ,
—=d

2
giving us a virtual dimension (that is the degree of the Chow group in which the virtual

fundamental class lives) of
L pn=2m 1)
2

which is negative for n > 3. For n = 3 one is able to reduce the number of equations giving
a zero-dimensional virtual class, but it is not clear if this is possible or how to do this for
n > 3. In chapter [2f we try to remedy this by using another smooth ambient space to define
invariants. We extend the non-associative Hilbert scheme of Kazarian [Kaz17] and construct
a smooth moduli space naNHilb4(A") containing NHilb%(A") as a closed subscheme and
show that the latter is cut out by a bundle whose rank depends only on d. In particular,
we are able to construct a positive dimensional virtual fundamental class on NHilb4(A™) as
long as n is large enough compared to d. We calculate the virtual fundamental class using
localization and prove an efficient iterated residue formula for calculating certain virtual
tautological integrals.

Summary of results

Virtual K-theoretic invariants of the nested Hilbert scheme on C?

In this paper we construct a nested version of the non-commutative Hilbert scheme.
From it, we can reproduce the perfect obstruction theory of [GSY20]. The main application
is a formula for a certain pushforward of the virtual structure sheaf, which allows us to prove
a closed formula for the multivariate generating series of the torus-equivariant virtual Euler
characteristic.

Let us first recall the construction of the non-commutative Hilbert scheme due to Nori
[Nor78]. Briefly, the Hilbert scheme of d points on A™ can be thought of as the moduli space
of ideals of the n-variable polynomial ring with a quotient algebra of finite dimension d

Hilb%(A") = {I C Clzy,...,z,] ideal | dim¢ Clz1,...,z,]/I = d}.

The idea of the non-commutative Hilbert scheme is simply to consider the moduli space of left
ideals of the non-commutative polynomial ring satisfying the same dimension requirement

ncHilb?(A™) = {I € C(zy, ..., x,) left ideal | dimc Clzy,...,z,)/] = d}.

Equivalently, it is the moduli space parameterizing d-dimensional vector spaces V' (corre-
sponding to the quotient C(x1,...,x,)/I) equipped with operators Aj,..., A, € Endc(V)
(corresponding to left multiplication with z1,...,x,) and a vector v € V' (corresponding to
the unit 1) satsifying the cyclicity condition

C(A1, ..., Ap)v="V.
This allows a quotient description

(Endec(V)®" @ V) / GLy
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where the superscript st denotes the tuples satisfying the cyclicity condition, see for example
[Rei05]. The moduli is smooth and contains the Hilbert scheme of points as the locus where
I contains the commutator ideal or equivalently where the operators Aq,..., A, commute.

In our construction of the nested non-commutative Hilbert scheme we do essentially
the same. We think of the nested Hilbert scheme of points on A" as parameterizing chains
of ideals

Lnhwcl,Cc---Clh C10:C[$1,...,xn]

where dim¢ I;/I; 11 = d; where
di = length ZZ'+1 — length ZZ

where Z; is the subscheme corresponding to I;. We can then consider the moduli of chains
of left ideals of C(x1,...,x,) satisfying the same dimension requirement. Similarly to the
case of the ordinary non-commutative Hilbert scheme, we can think of it as parameterizing
a flag of vector spaces

Vo=(VoD---DVp1=0)

with dim¢ V;/V;41 = d; (corresponding to V; = I;/I,+1) equipped with flag-preserving op-
erators Ay, ..., A, (corresponding to left multiplication by z1,...,z,) and a vector v € Vj
(corresponding to the unit 1) satisfying the cyclicity condition

(C<A1, e ,An>’U = ‘/0
This allows us to construct the non-commutative nested Hilbert scheme as
ncNHilb%(A") = (End(V,) @ Vo) /Py

where the superscript fil denotes the flag-preserving operators, the superscript st denotes
the tuples satisfying the stability condition and Py C Autc(Ve) is the parabolic group of
flag-preserving automorphisms. As we are taking the quotient of a non-reductive group, it
is not a priori clear that this produces a well defined scheme. However, one can easily prove
that the action is free so that the quotient stack construction provides us with a smooth
algebraic space. One can then by hand construct a Zariski cover using the functor of points,
proving that it is in fact a scheme.

The non-commutative nested Hilbert scheme ncNHilb4(A™) comes equipped with a
universal flag of bundles V, with universal operators ®1,...,®, € Endﬁl(V.) and a universal
section v € HO(ncNHilb%(A™),Vy). These are by definition constructed such that for a point
x corresponding to a tuple (Vs, A1,..., Ap,v) we have (V,), = Ve, (®;), = A; and v, = v.
In the case where n = 2 we define

gnaive = gndﬁl(V')
the bundle of flag-preserving endomorphisms of sheaves and let
Scom = [®1, 2] € HO(ncNHilbE(A™), Epaive)

be the section corresponding to the commutator of the universal operators. It then follows
that the nested Hilbert scheme of points is the zero locus of this section thus equipping it
with a perfect obstruction theory. We further prove that if we consider the quotient £ of
Enaive given by

& =Hom" Ve, Ve/(v))

then we still have NHilbi(AQ) = Z(Scom) wWhere S¢om is the image of seom in €. All these
constructions admit natural T-equivariant extensions for 7' = G2, the two dimensional torus.
We then compare the K-theory classes with that of [GSY20] leading to the following result.
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Theorem 0.0.1. Let d = (dy,...,d,) € Z'T" and define

{ HomS (V,, Ve /(0)) ifdg #0

€= endi(n,) if do = 0

as a bundle on ncNHilb%(A2). Let scom € H°(ncNHilb%(A™), &) be the commutator of the
universal operators and let
E — Lymibe(a2)

be the induced T -equivariant perfect obstruction theory on NHilbd(AQ) given by exhibiting it
as Z(Scom). Let

Easy = Lypube(a2)

be the restriction of the T-equivariant perfect obstruction theory of NHilbd(]P’Z) defined in
[GSY20] to the Zariki open NHilb4(A2) € NHilb4(P?). Then in the K -theory KO.(NHilb%(A?))
we have

[E] = [Ecsy]-

In particular, by [Sie04), Theorem 4.6] and [Tho22, Corollary 4.5] the corresponding virtual
fundamental classes and virtual structure sheaves agree.

During the proof of the theorem above, we also explicitly calculate the virtual tangent
bundle. Let Q; be the tautological bundle on NHilb%(A?) corresponding to the i’th subscheme
that is,

Qi = p«q Oz,
where Z; C NHilb%(A?) x A? is the universal family of the i’th subscheme and where
A? & NHilbY(A?) x A% & NHilbY(A?)
are the projections. Then

QY (1—t)(
Klgllbd A2) = Q1 + 1 o tth Z QJ‘H Qj+1 - Qj)-

Next, we consider the map

p : NHilb(odr) (A2) 5 NHilb(o-dr—1) (A2)
[I,41C---C CClz,y|]] —— [I, C--- C I C Clz,y]]

which forgets the largest subscheme. This extends to a map

p : neNHilb(do4r) (A2) — neNHilb(@0-dr-1(A2)
(Va, A1, Ao, v) ————— (Va/V;, Ay, A2, 7)

where A1, Ay, denotes the induced operators and vector on the quotient Vs /V,.. We further
have a surjection of bundles

E(doydr) = P E(do,.rdr—1)

given by either
End™(Vy) — End™(Ve/V,)

or

HomB (V,, Ve /0) = HomB (Ve /V,, Ve /(V, + 1))
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depending on dy. Using the explicit description of the virtual structure sheaf in the standard
model, we use this map to derive a factorization

vir _ * Vir
(doserdr) = £ P Oy, d )

for a certain excess class E € K% (NHilb(%»+4)(A?)). We then calculate p, F via localization
and show that it is a constant class via combinatorial calculations. Using the projection
formula, we arrive at the main result.

Theorem 0.0.2. Let
p : NHilb(@o--4)(AZ) — NHilb(do-dr-1) (A?)
be the map of nested Hilbert schemes as above and let
g : NHilb(o-0=1) (A%) — pt

be the structure map. We then have

vir vir

P«Yd,,...d) = 7 (aq,) - (doy..sdr—1)
where ;
ag, = xr(Hib" (A2), A%, (W5]) € K9 (pt)

[dr]

a2 the corresponding tautological bundle.

for wp2 = t1t2Oy2 the dualizing sheaf and w

At last, using that (’)(lez) = Oipdo (A2) and known formulas for a4, (see for example
[WZ14, Theorem 3.2]) we derive a closed formula for the generating series.

Corollary 0.0.1. We have

Y a6 @ xr(NHID @ (A%), O 1) = PE <

a+(@+-+a)(l- t1t2)>
d07"'7d’7‘

(1 —t1)(1 —t2)

where PE denotes the plethystic exponential i.e.,

PE <q1 +(g2+-+aq)(1 —t1t2)> =exp | Y ar + (g5 + -+ q7)(1 — 1715)

(= t)(1— t2) )

Virtual invariants from the non-associative Hilbert scheme

In this paper we construct a smooth moduli space called the non-associative nested
Hilbert scheme. We embed the nested Hilbert scheme of points as an associativity locus and
use this description to define a perfect obstruction theory of the Hilbert scheme of points
providing new virtual invariants. We calculate the virtual fundamental class by localization
and prove an efficient iterated residue formula for calculating virtual tautological integrals.

We again view the nested Hilbert scheme of points on A" as parameterizing nestings of
ideals
LywCc---Ch CI(]:(C[.Z‘l,...,ZL'n]

with dimc¢ I;/I;+1 = d; for a dimension vector (dp,...,d,). The idea behind the non-
associative Hilbert scheme is simply to consider the moduli space which parameterizes chains
of ideals inside

C{x1,...,zp}e
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the free commutative non-associative algebra on n generators. The data of the quotient can
then equivalently be encoded by a flag of vector spaces V, (corresponding to V; = I;/I,11)
equipped with a commutative but not necessarily associative multiplication rule

9 : Sym?V, = Vi

which treats V; as an ideal i.e. 99(Vo ® V;) C V; and is equipped with a unit v € Vj. The
quotient map (and hence the ideals) can then by reconstructed by picking n-generators

Y1 (C")Y = spang(z1, ... 1) — Vo.

Them being generators translates to the stability condition that the smallest subspace closed
under 19 and containing the image of the generators im; and the unit vector v is Vj itself.
This allows us to construct the non-associative Hilbert scheme as a quotient. Concretely, we
let

W C Home((C™)Y, Vo) ® Homi(Sym? V4, Vi) @ Vp

be the affine subspace of tuples (¢1,12,v) where (v ® (=)) = (=) i.e., where v is a unit
for the multiplication rule ¥5. We then we define the non-associative nested Hilbert scheme
by

naNHilb4(A") = (W) /P,.

where the superscript st denotes the tuples satisfying the stability condition above and where
P; C Autg(Vp) is the parabolic group of flag-preserving automorphisms. Again, to take the
quotient by a non-reductive group, we note that the action is free so that the quotient stack
is a smooth algebraic space. We can then, as in the case of the non-commutative nested
Hilbert scheme, explicitly construct a Zariski cover, proving that the quotient is in fact a
smooth scheme. The nested Hilbert scheme embeds as the locus where the ideals contain
the associator ideal or equivalently the locus where 15 is associative. In the the case where
dop = 1 we consider the locus where 1 factors through V; and the multiplication satisfies
P2 (Vi ® Vi) C Vigr which we denote by naNHilbg(A”). On the associativity locus this
corresponds to requiring
Il =mgy = (ml,...,xn)

and that
mg - I; C Ii+1.

We call this locus the nilpotently filtered nested Hilbert scheme of points and denote it by
NHilb%ﬂ_ﬁl(A”). We see that the above condition in particular implies that

méCIiCmo

so that the locus is in the punctual Hilbert scheme of points N Hilb%(A"), i.e. the locus where
the subschemes are all supported on 0 € A™. Similarly to the work of [Kazl7] we prove that
this non-associative locus admits the structure of a tower of Grassmannian bundles. In fact,
Kazarian’s model sits as the smaller locus where the stronger condition

Yo(Vi @ Vj) C Viyj

is required for all 7, j. In the case where d = (1,...,1) we can construct an extension of the
Hilbert-Chow morphism
naHC : naNHilb4(A") — (A")"T1

and prove that the nilpotently filtered nested Hilbert scheme of points is equal to the punctual
nested Hilbert scheme of points

NHilb% . (A™) = NHilbZ(A™)
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although this is not the case for general d.

We then proceed to describe the nested Hilbert scheme of points as the zero locus of a
section of a bundle, which equips it with a perfect obstruction theory. As in the case of the
non-commutative Hilbert scheme, we have a universal flag of bundles with universal maps
(Ve, U1, Ws, v) such that the fiber over a point x corresponding to (Vs, 1,19, v) is given by

((V°)$7 (\Ill)$7 (\DQ)M UJ:) = (V;, wl,"(/JQ,'U).

We can then consider the associator
Wy (Vo(—, =), =) — Vo=, ¥a(—, —))

which a priori is a section of Hom(V§?,Vy). We can however ignore the unit in the source,
as associativity is automatic for the unit. By Ws being filtration preserving we can further
restrict to the morphisms satisfying

Vi @ Vj @ Vi = Vinax{ijk}

and by commutativity of Wy we can further restrict to the morphisms that are alternating
in the two outer coordinates. If we let

Eass € Hom((Vo/0)%3, V)

be the subbundle of maps satisfying the filtration requirement and being alternating in the
outer coordinates we then get NHilb2(A") = Z(s,s) for

Sass € H?(naNHilb%(A™), Eus6)

the associator section. This equips the nested Hilbert scheme of points with a perfect ob-
struction theory. Similarly, we have NHilbgﬂ_ﬁl(A“) =7 (sass\naNHﬂb% ( M)) which equips the
nilpotently filtered nested Hilbert scheme of points with a perfect obstruction theory. All
this admits natural T-equivariant structures for 7' = G}, the n-dimensional torus.

We then calculate the equivariant virtual tangent space Tj\’ir at fixed points correspond-
ing to nested Young diagrams A,. If we let d = dg + - - - d;- and define

(w(0),w(1),...,w(d—-1)) =(0,0,...,0,1,1,...,1,...,¢mr--- 1)
——

dp times dy times d, times

then for a nested Young diagram
Ae = ()\1 (@EUEE C)\r—i—l)

we can choose vectors
n

such that
)‘i = {uk ‘ w(k) S 7 — 1}.

For any vector v € Z2 let
V=t € 2, L ] = KO(pt)
be the corresponding K-class. The virtual tangent space is then given by

vir

NHilb%(A),Ae TnaNHilbi(An),A. — Eass A
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where T aNHilbZ(A™),Ae is given by

n

d—1 d—1
(ty +to+ - +tn) thuk + Z Z puituj—ug Z Z 9~k
k=0 1<i<j<d—1 0<k<d—1 j=1 0<k<d—1

w(j)<w(k) w(j)<w(k)

1<4,j,k<d—1  0<m<d—1
i<k w(k),w(j)<w(m)

and &2, 1 given by

We then prove that the fixed part Tgié’i{fsi (A™) A has rank 0 if and only if Ae C Z% is

contained in the union of planes of the form

[ ]

where we here use the French notation for Young diagrams. We call nested Young diagrams
satisfying this admissible.

This gives us an explicit localization formula for the virtual fundamental class. Explic-
itly, if we let s; = c1(t;) € A%.(pt) and for v € Z" let

v(s) = v1s1 + - UpSy

then the virtual fundamental class [NHilb%(A™)]¥I" can be expressed as

~ ~d—1
[h<igr<a1 Il osm<a—1  (@i+wj+up —um)($)[]=; [Tock<a—1 uj — ui(s)
i<k w(k),w(j)<w(m) w(j)<w(k)
ZP"] n n d—1 ~
e [T [e—olei = u)(8) [Ti<icjca 11 O(S~’§§df,j)(ui +uj —ug)(s)
w(y)sw

where the sum is over all admissible nested partitions A, and where we for each one choose

vectors ug, - -+ ,uq_1 as above. Here, we use the notation
P P
HiEI v v
el
a; #0

Next, we focus on the nilpotently filtered locus. We construct a partial resolution naNHﬂb%(A")
equipped with maps

P

naNHilb3(A") —— Flagj(A")

|-

naNHilbZ(A™)

where d = (1,dy,...,d;), d= (di,...,d,) and where we assume n > dj + ---d,. We prove
that u is smooth, and that 7 is proper and birational. If we equip

e~

NHilbZ . (A™) = 7~ (NHilb%iti (A™)) = Z(7* 54s6)
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with the corresponding perfect obstruction theory we then get

—_—

. d n\1vir .4 n\1vir
7, [NHilb o (A™)]¥F = [NHilbZ, . (™))"

We can further equip p with a relative perfect obstruction theory compatible with the above
perfect obstruction theory on the source and the smooth obstruction theory on the target.
This allows us to rewrite the virtual class as a weighted sum of virtual classes on the fibers of
the torus fixed points on the flag variety using localization. Igg\pfcting the formula, we can

then use this to rewrite tautological virtual integrals over NHilbgﬂ_ﬁl(A”) (and equivalently

NHilb%ﬂ_ﬁl(A”) by the projection formula) as an iterated residue depending only on the
virtual integral on a single fiber. We perform virtual localization on the fiber and prove
that the residue vanishes at all points except the Porteous point corresponding to the nested
partition A where

A = {0, €1,€9,... 7edo+-~-+di,1}

where e denotes the standard unit vectors. By embedding
naNHilb4(A") < naNHilb%(AN)

we show that this formula also works when n < dy + --- + d,. This gives the main result,
which is essentially just a very efficient way of calculating our virtual tautological integrals
on the nilpotently filtered locus.

Theorem 0.0.3. Let d = (1,dy...,d;) € ZL', d = 1+dy + -+ dp, n € Z>o, and
T = (C*)". Let A%(pt) = Z[s1,...,sy] where si1,...,s, are the Chern roots of C" given the
standard torus action. For any q > 0 let W be a q-dimensional T-representation with Chern

roots 01,...,04 and consider the T-equivariant rank q bundle
E=WA"
on A", Let
10, =Ny -5 —Nd—1
be the Chern roots of the tautological bundle (91%,]1 so that
Ed=weod

has Chern roots 0; — n;. Let

P:P(ela‘”ue(pnlu”'?nd—l)

be a polynomial in the Chern classes of E'4. Then

P
/[NHﬂbiﬂ_ﬁl(An)}vir

can be calculated via the iterated residue formula

P01, 0q,2) [T1<mpica—1(zm — 20) In<ijr<a—1 [T osm<a—1 (2 + 2j + 2k — 2m)dz

Res i<k w(k),w(j)<w(m)

2= Tliciemsa—(zm — 2) TIoy TS (si = 20 Th<icjcan [isk<a—1 (20 + 2 — 2)
w(l)<w(m) - w(j)<w(k)

Here z = (z1,...,24-1) and the iterated residue is defined as the coefficient of (z1---2q4-1)

in the expansion of the rational expression in the domain z; < -+ <K z4_1.
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By looking at the inclusion naNHilbg(A”) < naNHilb4(A™) we are able to express
certain integrals on the nested Hilbert scheme of points (defined in the formal sense via
localization) as integrals on the nilpotently filtered locus, so that these also enjoy the above
residue formula. For d = (1,...,1) the nilpotently filtered nested Hilbert scheme of points
is equal to the punctual Hilbert scheme which contains all fixed points, making this possible
for any integral. For general d we need to restrict to integrals of Chow cohomology classes
supported on the nilpotently filtered locus. The result is the following.

Proposition 0.0.1. Let a € A;H'lbd " )T(NHilbd(A”)) be a local T-equivariant Chow
b g1 (A™),
cohomology class supported on the nilpotently filtered locus. Then

O‘|NHﬂb§ﬂ_ (A7)

/ a B / T )
[NHilbd(An )]vir NHibL - am)ie € (Epunct |NHﬂb§“_ﬁl (an))

Ifd=(1,1,...,1) then

, ( [NHilbj ! (A™)]
(&

_ [NHﬂbr—l-l (An)]vir
T (Epunct |NHilbg+1 (A")) )

and in particular for any o € A%(NHilb"™ ™ (A™)) we get

@ |NHﬂbg+1 (Am)

o= / )
. X . oT
/[NHileJrl (An)]vir [NHilb6+1 (Am)]vir e (gpunct ’NHileJrl (A™) )

Future work

Other virtual classes from the nested non-commutative Hilbert and Quot
scheme

It would be interesting to see if the construction of the non-commutative nested Hilbert
scheme could be used to define other perfect obstruction theories of interest.

The nested Quot scheme

Recall that the rank r Quot scheme of d points Quotf(X ) is a generalization of the
Hilbert scheme of points, parameterizing zero-dimensional length d quotients of the sheaf
O%. The critical locus description of the Hilbert scheme of d points on A3 in the non-
commutative Hilbert scheme generalizes almost directly to the Quot scheme of points [BR21].
The construction of a smooth non-commutative nested Quot scheme can be done exactly in
the same way as for the non-commutative Hilbert scheme, by just keeping track of multiple
cyclic vectors. It would be interesting to see if one could use this to provide a perfect ob-
struction theory on the nested Quot scheme. This would require a careful analysis of how
to reduce the rank of the naive commutativity bundle as lemma is a priori special to
the case of one cyclic vector.

The only perfect obstruction theories of the nested Quot scheme (sometimes called the
hyperquot scheme) that the author is aware of is for the nested Quot scheme on a smooth
curve [MR24]. For general nested Quot schemes of quotients of a perfect sheaf on a pro-
jecive variety, an obstruction theory (not necessarily perfect) is given in [MPR26] via the
construction of a derived enhancement of the nested Quot scheme. They prove that for the
Quot scheme of quotients of a locally free sheaf on a smooth curve, the K-theory of the
obstruction theory agrees with that of the perfect obstruction theory of [MR24].
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Note that exhibiting a scheme as the zero locus of a section of a bundle on a smooth
scheme canonically equips it with a quasi-smooth derived enhancement via the Koszul com-
plex viewed as a commutative differential graded algebra. It would therefore be very inter-
esting to see if one could use the non-commutative nested Quot scheme to reconstruct the
perfect obstruction theory of [MR24] in a way so that the associated quasi-smooth derived
enhancement agrees with the derived enhancement of [MPR26].

The nested Hilbert scheme of points on a threefold

It would similarly be interesting to see whether one could reduce the rank of the naive
bundle of the commutator section on the non-commutative nested Hilbert scheme of A% to
produce a perfect obstruction theory of dimension zero. Recall that in the non-nested case
we have a critical locus description given by

Hilb%(A®%) = Z(df) C ncHilb%(A%)

where f([A1, Ag, A3, v]) = Tr(A1[As, A3]). This equips Hilb%(A%) with a perfect symmetric
obstruction theory which in particular has virtual dimension zero. This means that we should
be able to reduce the number of equations locally from 3d? to

2d? + d = dim ncNHilb%(A%).
This can be done globally and rather explicitly. Indeed, consider the commutator section
([@2, @3], [5, 1], [®1, Do) € End(V)®?

and note that it lies in the kernel of the map of bundles

End(V)®3 Hom(V, V)
(01, 02, 93) —— q([P1, P1] + [P2, P2 + [P3, P3])

by the Jacobi identity. Here ¢ : V — V is the quotient of the universal cyclic vector. We
use cyclicity to show that the above map is in fact an epimorphism, thus proving that the
commutator section factors through a subbundle of rank

3d*> —d(d—1)=2d>+d
as desired. Taking the trace-dual this is equivalent to showing that the map
Hom(V,V) ———— End(V)®3
¢ ———— ([®1,9q], [P2, ¢q], [P3, q])

is a monomorphism. But if ¢ is in the kernel of this map, then ¢¢ commutes with @1, ®o, P53
and disappears on the cyclic vector. We must then have ¢g = 0 and so ¢ = 0 since q is
an epimorphism. Both descriptions fail when we add a nesting. For example in the case
d=(1,...,1) we have that A;[As, A3] is strictly lower triangular so that for the similarly
defined potential we get

f : (Al, AQ, A3, ’U) — Tr Al[AQ, Ag]

it holds that f = 0. Similarly, the above proof cannot be used to show that
Endi (V)P = HomM(V,, V)

is an epimorphism, as the filtration preserving maps are not self-dual under the trace pairing.
In fact, it is clear that this map cannot be an epimorphism. For example, in the case
d=(1,...,1) we have that [®;, ¢] is strictly lower triangular and so the map at least fails to
be surjective in the locus where ®1, &9, P35 are linearly dependent.

It would therefore require new ideas adapted to the nested case to see whether a reduc-
tion of the rank is possible.
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Relating the non-associative invariants to other known invariants

As explained in the introduction to chapter 2] we would like to relate the virtual invari-
ants constructed from the non-associative Hilbert scheme to other known virtual invariants.
Our plan is to use the rational map

naNHilbH(A") - > ncNHilb%(A™)
(Vo, 01, 02,v) —— (Va, Y2(V1(z1), =), - - ., Y2 (V1 (2y), =), v)

along with the technical lemma [I:3.1] to provide a relative perfect obstruction theory on the
Hilbert scheme of points. In the case of n = 2 we have a map between the associativity
bundle &,5s and the commutativity bundle £,y as needed in lemma It is explicitly
given by

€1 Eass = HomboW2t (Yoo P @ V,, V) —— Homﬁl(V.,V.) = f*Ecom

Kt (’UJ = K(y17w7y2))

where y; := ¥y (z;). We see that &(Sass) = f*Scom- This follows simply because for
Sass(a1, a2, a3) = Wa(ar, ¥ao(ag,az)) — ¥a(Va(ai,az),as)

we get

E(sass)(a) = Va(y1, Ya(a, y2)) — Y2(¥2(y1, a), y2)
= W (y1, Ya(y2,a)) — Wa(y2, Y2(y1, a))
= [T(P1P2(a) — P2P1(a))
= [*(5com)(a)
where we have used that f*®;(—) = Wa(y;, —) by definition. It however fails the transversal-
ity condition of lemma Indeed, the map £ vanishes on the locus where the generators

Y1, yo are linearly dependent, simply because the domain of £ are maps which are alternating
in the outer coordinates. The differential of s.om can be identified with

EndM (V)92 @ Vy ——— Homf(V,, V)
(Qsl? (;527 w) _— [¢17 ®2] + [q)la ¢2]

and on the locus where y1, yo are linearly dependent we have that f*®q, f*®5 are linearly
dependent. It follows that on this locus the image of f*dscom is equivalent to the image of

EndN(Vy) —— HomM(V,, V)

¢ ——— [1,9)]

but this is not surjective in general. For example when d = (1,...,1) then [®, ¢] will be
strictly lower triangular and therefore cannot hit all lower triangular maps. We conclude
that surjectivity of

(57 _f*dscom)

fails so that the transversality requirement of lemma fails. We hope to be able to
modify this map to something that satisfies this requirement.
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Chapter 1

Virtual K-theoretic invariants of
the nested Hilbert scheme on C?

Abstract

We construct a nested version of the non-commutative Hilbert scheme and embed the
nested Hilbert scheme of points on C™ as the commutativity locus. In the C2-case, we exhibit
this locus as the zero locus of two different sections of bundles and use this description to
equip the nested Hilbert scheme of points with a perfect obstruction theory equivalent to
that of Gholampour, Sheshmani and Yau. We study the torus equivariant pushforward of
the virtual structure sheaf under the map of nested Hilbert schemes forgetting the largest
subscheme of the nesting. Using a map of the bundles on the non-commutative Hilbert
scheme, we prove that this pushforward is a twist of the virtual structure sheaf on the
lower level. Using localization, we show that the twist is by a constant class with values
corresponding to the equivariant Euler characteristic of a tautological class of the Hilbert
scheme of points. From this, we derive a closed formula for the multivariate generating series
of the equivariant virtual Euler characteristic of the nested Hilbert scheme of points.

1.1 Introduction

In the theory of virtual classes on the Hilbert scheme of points, the non-commutative
Hilbert scheme introduced by Nori [Nor78| has played a central role. The description of
Hilb%(A3) as a critical locus of a potential ncHilb?(A?%) was used by Behrend, Bryan and
Szendréi [BBS13] in the study of motivic Donaldson-Thomas invariants. Okounkov [Okol7]
used the same description to prove the Nekrasov formula for the generating series of the
twisted virtual Euler characteristic on Hilb%(A%).

Theorem 1.1.1. ([Oko17]).

> xr(HibY(A%), 0¥7)(~q)? = PE (

d>0

[t1to][t1t3][tat3] )
[62.q)[t2 ¢ 1] [t4] [t2] 5]

where [x] = 212 — 272, t = tityts and

ngn gn g
PE(f(g:t1,ta,t3)) = exp [ Y Flq™tr,t5,18)

n
n>1

Though this critical locus description is special to dimension 3, it is not special to the
rank 1 case; BeentjesRicolfi [BR21] proves that the Quot scheme Quot?(A®) is the critical

15
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locus of a potential on a non-commutative Quot scheme anuot‘Ti(Ag). Using this description,
Fasola, Monavari and Ricolfi [FMR21] and Arbesfeld and Kononov [AK] proved the formula
for the generating series of the twisted virtual Euler characteristic on Quot,’f(A?’) conjectured
by Awata and Kanno [AKO09].

Theorem 1.1.2. ([FMR21), [AK]).

S xr(Quoth(A%), 0)((~1)"q)* = PE
d>0

( [¢]tat] 12 [12ts) )

[tz q[¢2 ¢~ ][t1][t2] [t3]

In the A*-case Kool and Rennemo realize Quot?(A*) as the zero locus of an isotropic
section of an orthogonal bundle on ncQuot?(A*) setting it in the ”standard model” version
of the invariants defined by Oh and Thomas [OT23]. They then consider the virtual Euler
characteristic of the twisted structure sheaf tensored with a specific bundle. They identify the
generating function with the instanton partition function ZNY of Nekrasov and Piazzalunga
[NP19] and prove their conjectured formula.

Theorem 1.1.3. ([KR|.)

ZNP:PE( [txtalftatalltats]ly] )
' vz allyz =1 [ta] [ta] 3] [t4]

where y = y1 - - -y and titotsty = 1.

In this paper we continue the scheme of calculating K-theoretic virtual invariants using
a non-commutative version of the Hilbert scheme, applying it to the nested Hilbert scheme
of points on A?. For a smooth projective surface S, integers ng > ng > --- > ny > 0
and cohomology classes Sy, . .., Bnv_1 € H?(S,7Z) Gholampour, Sheshmani and Yau [GSY20]

n]

define perfect obstruction theory on the nested Hilbert scheme S 3 Pparameterizing

(207"‘7ZN)7 (C()v"‘ 707‘—1)

where Z; is a zero-dimensional subscheme of length n; and C; is a divisor with [C;] = 3; such
that
I Z; (—CZ> Cc Iy

i+1
for all ¢ = 0,...,N — 1. This includes the case of the nested Hilbert scheme of points
for fp = P2 = -+ = Pn-1 = 0. Gholampour and Thomas [GT20a] exhibit the nested
Hilbert scheme of points on S as a degeneracy locus of S0l x ... SN From this, they
equip it with a perfect obstruction theory equivalent to that of [GSY20]. They further use
a Thom-Porteous formula to express the pushforward of the virtual fundamental class to
Slrol x ... SI*NT in terms of Carlsson-Okounkov operators in the sense of [CO12]. For in-
tegers r > 1 and ng > ny > -+ > ny > ny41 = 0 Bonelli, Fasola and Tanzini [BFT24]
define the moduli space N (r,n) of stable representations of the nested instantons quiver of
numerical type (r,n). They prove that N'(1,n) = (A?)[? where 7; = ng — nyy1_;. They
further equip N (r,n) with a perfect obstruction theory and prove for » = 1 that this is
equivalent to that of [GSY20].

In this paper, we consider the nested Hilbert scheme of points NHilb (0N )(AQ) =
Sl o~ A (1,n) where d; = n; — nj+1. We exhibit it as the zero locus of a section of
a bundle on a non-commutative version ncNHilb(®0dn )(AQ) and prove that the induced
perfect obstruction theory agrees with that of [GSY20|, [GT20a] and [BET24]. We will use
this to compute pushforwards of virtual structure sheaves allowing us to prove the following
formula for the generating series.
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Theorem 1.1.4.

Y a6y xr(NHIb @) (A%), OF) = PE <

CJo+(Q1+~--+qN)(1—f))
do,...,dN2>0

(1 —t1)(1 —t2)
where t = t1to.

1.1.1 Acknowledgments

I thank my advisor Gergely Bérczi for years of valuable discussions forming my geometric
intuition of the Hilbert scheme of points. I also thank Sergej Monavari for many insightful
discussions on the virtual theory and for helpful talks about the proof of the formula. I also
thank Richard Thomas and Martijn Kool for answering my questions around the topic.

1.2 The results

For any r > 0 and any d = (do, .. ., d;) € Z%, we construct the nested non-commutative
Hilbert scheme

neNHilb4(A?) = {(N,, A1, ..., Ay, v) | A; € End(N,), v € No, C{Ay,..., Ap)v = No}/ ~

which parameterizes flag-preserving operators A; : N — N with a cyclic vector v € N, for
a flag of vector spaces
Ne=NgD:---DNpy1=0

with dim¢ N;/Nijt1 = d;. We construct an embedding from the nested Hilbert scheme of
points on C"

NHﬂbQ(An) = {Zl C--CZry1 C cr | dim Z; = 0, length(Zi) =dy+---+ di—l}
= {Ir—I—l c---clhicly= (C[.’L'l, .. .,xn] ‘ dim¢ Ii/Ii—H = dz}

which maps a nesting of ideals to the flag of vector spaces N, with N; = I;/I,4; with
operators given by left multiplication with x; and the cyclic vector given by the image of the
unit T € Iy/I,+1. We identify the image of this embedding with the locus of ncNHilb¢(A2)
where the operators Ay, ..., A, commute. In the case where n = 2 this locus is given by the
vanishing of

[A1, Ag) € End(N,)

and we prove using cyclicity that the vanishing of
[A1, A7) € Homgt (N, No/ (v))

is sufficient. This allows us to exhibit the nested Hilbert scheme of points on C? as the
zero locus of a section of two different tautological bundles, thus equipping it with perfect
obstruction theories. For dy # 0 we prove that the second bundle respectively first bundle
gives a perfect obstruction theory with the K-theory of the virtual tangent bundle equal to
the virtual tangent bundles of

NHilb(dO"“’d’“)(AZ), respectively NHilb(O’dO"“’dr)(AQ)

equipped with the perfect obstruction theories of Gholampour, Sheshmani and Yau [GSY20].
In particular, the virtual invariants agree with that of [GSY20]. We show that the morphism

p: NHﬂb(dO"”’dT)(A2) N NHﬂb(dO"”’dr’l)(A2)
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extends to the non-commutative nested Hilbert scheme. Letting £; be one of the bundles
above we construct a surjection

Edy,onndr) = P E(do,dy_1)

which in turn gives us a factorization

C/)Zlcllro7 . ) p*(f) ° E’Cilg,...,dr—l)

in K-theory for a certain explicit tautological class F. Using localization, we then calculate
p«F and show that it is a constant class depending only on d,. Explicitly, we have the
following main result.

Theorem 1.2.1. For r € Z>q let d = (do,...,dy) € Z;’Bl be a dimension vector and let
d=(do,....dr—1) € Z%. Let

pyg : NHIIbY(A?) — NHilb%(A?)

and X
qg : NHilb%(A%) — pt

be the projections. Let (’)‘“r (’)‘“r be the virtual structure sheaves from the perfect obstruction
theory of definition or equwalently [GSY20]. We have an identity

(g, 0)+ 04" = (¢jaa,) - OFF

where

g, = xr (NHil® (42), 7%, (wi1)

[dr

for wye = QCQ the dualizing sheaf on C? and wAg] the corresponding tautological bundle.

Note that in the non-nested case we have (’)"Cilg = OHilbd( Am)) i.e. the virtual structure
sheaf is the structure sheaf. Using this and the known closed formulas for the T-equivariant
Euler characteristic of OHilbd( Am) and A® (w [ ]) the above then immediately implies a closed
formula for the multivariate generating series of the equivariant virtual holomorphic Euler
characteristic of the nested Hilbert scheme of points on C2.

Corollary 1.2.1. For any r > 0 let

Zasy(qo, - @ritiyt) i= > qi° - g xr(NHilb@od) (%) O )
dO: 7d

be the generating function for the T'-equivariant virtual holomorphic Euler characteristic of
the nested Hilbert scheme with perfect obstruction theory equivalent to that of Gholampour,
Sheshmani and Yau [GSY20]. Then

+ g+ +a) (1 —tit
ZGSY(QOa'--7QT§t17t2):PE<qO (@ @) 12))-

(1 — tl)(l — tg)

Proof. Set .
Ba, = xr(Hilb% (A?), O') = x7(Hilb% (A?), O).

The above then implies that

xr(NHilb -t (A%), O 1)) = Bagtay @y -+~ a, -
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‘We note that the classic known formulas show that

2(1 — tits) >

L—t)(1—1t2)

ag, = [z%] PE < (

while

Ba, = [zM] PE <(1 — t1)$(1 — tz)) '

To see this we note that wy2 = t;t20,2. The results then follow from [WZI4, Theorem 3.2]
with respectively v = 1,v = 0 and A = (1,1) and v = v = 0 and A = (0,0). We now
conclude

Zasy(qos - aritita) = | D at®Bay | | D altaa, |- | D] aF o,

do>0 d1>0 dr>0

:PE((l_tl 1=t )HPE< 1—t (ilt—Z)tz)>

B qo+ (q1 + -+ q)(1 —tita)
‘PE< T— (- t) > |

1.3 Preliminaries

1.3.1 Notation and conventions

For an algebraic group G and a G-scheme X we will denote by K§'(X) the K-theory
of G-equivariant coherent sheaves and by K2(X) the K-theory of G-equivaraint locally free
sheaves.

We will use the convention that 7' = GJ;, acts on A™ by
(tlv e atn)-(pla O apn) = (tflpla e atyjlpn)
so that Opgn = Clz1,...,x,] is the T-representation where t.x; = t;z;.
We will keep track of the number of points of the nested Hilbert scheme of points by keeping
track of increments. The subschemes will be indexed as ascending chains starting at 1, while
the increments will be indexed starting at 0. In other words, the nested Hilbert scheme
NHilb( ) (A™) of (dy, ..., d,) points on A™ will parameterize finite subschemes
Zpy1 C oo+ C Z7 CA"
such that length Z; = dy and
length Z; 1 — length Z; = d;.
If we let I; be the ideal of Z; with Iy = Opn we are equivalently parameterizing

IH_lC"'C[lCIO

such that dimg 1;/1;+1 = d;.
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1.3.2 Perfect obstruction theories and zero loci
Recall that for a scheme X a perfect obstruction theory as defined in [BF97] is a map
¢:E— Ly

in the derived category D!=19(X) such that h?(¢) is an isomorphism and h~1(¢) is surjective.
Here, Lx = 7_1>L% is the truncation of the cotangent complex of X as defined in [III71]. If

E=[E! = E
then the perfect obstruction theory gives rise to a cone
¢ By = (B~
which in turn gives rise to the virtual fundamental class
X]r = °[¢] € Ava(X)
where i : X — FEj is the zero section and ¢* its Gysin map. Here,
vd =1kE =1k E° —tk E~!

is the virtual dimension and A,(X) is the Chow group of X. Similarly, we can define a
virtual structure sheaf
Li*O¢] € Ko(X)

for Ko(X) the K-theory of coherent sheaves on X. Suppose X is proper. For any Chow
cohomology class o € A*(X) and any class V € KY(X) in the K-theory of locally free
sheaves we may define virtual invariants by

/ acA(pt) =Z
[X]Vir

and
XX, V) = x(X,V @x OF) € Ky(pt) = Z.

By [EG10] these are related by the virtual Hirzebruch-Riemann-Roch formula

V) = [ an(v) - T
(X
where
TX" = [EY] = [Eo] - [E1] € K°(X)
is the virtual tangent bundle. Both the virtual fundamental class (see [Sie04, Theorem 4.6])

and the virtual structure sheaf (see [Tho22, Corollary 4.5]) only depend on the K-theory
class [E].

Example 1.3.1. We are primarily interested in the following simpler situation. Suppose
that there exists a smooth scheme Y with a locally free sheaf E equipped with a section
s € H°(Y, E) such that

X=ZS) cY.
Let I C Oy be the ideal sheaf of X in Y. Then the truncated cotangent bundle of X can
be expressed as

Ly = [1/12 4 QY|X] .

The section defines a map
sV EY = Oy

with image I so that
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E = [EY]x 25 Qy|x]

l H

LX = [I/IQ # Qy‘X]

defines a perfect obstruction theory. In this case the virtual invariants are well known. The
virtual fundamental class is simply Fultons refined Euler class [Ful98) Section 14.1], that is

(X7 = 0'([Y])

where 0 : Y — E is the zero section and 0' is the refined Gysin map. For the virtual
structure sheaf we see that the K-theory class of the Koszul complex Kos®*(EV, sV) associated
to (EY,sY)

NGBV =Y (1)'IVEY] =) (=1)'[H'(Kos(EY,s"))] € Ko(Y)

i>0 i>0

is supported on X and defines the virtual structure sheaf O € K(X) (this is explained in
[Okol7, Section 3.2]).

1.3.3 Torus actions and localization

We fix a split torus T' = GJ,,. We let t1,...,t, € K%(pt) be the classes corresponding
to the one-dimensional representations of the characters given by projection to the i’th
coordinate. Let s; = ¢1(¢;). Then

Kj (pt) = Kp(pt) 2 Z[t7, ... ;]
and
AT (pt) = A7 (pt) = Zs1, - .-, snl-

Let X be a scheme with a T-action. A T-equivariant perfect obstruction theory is a map
E—1L X

in DI=5Y(CohT' (X)) such that the underlying morphism in DI=%%(X) is a perfect obstruc-
tion theory [GP99]. Given such, the virtual fundamental class and structure sheaf admits
equivariant refinements, i.e.

(X € Afa(X)

and
oy e K1 (X).

In particular, if X is proper and @ € A%(X) and V € K%(X) we get equivariant virtual
invariants

/ ac AL (pt) = Z[sy, ..., sp)
[X}vir

and
(X, V) = xr(X,V ©x OF) € KL (pt) 2 Z[ty, ..., 1]

which are again related by the virtual Hirzebruch-Riemann-Roch formula

chy (S (X, V) = /[ (V) Tar(1y?),
Xv1r
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Example 1.3.2. Suppose X = Z(s) C Y for Y a smooth scheme with a T-action and
s € H%(Y, E) a section of a global T-equivariant section of an equivariant sheaf E. Then
example naturally produces a T-equivariant perfect obsturction theory. We again have

X% = 0[]
for 0' the T-equivariant refined Gysin map and
OV = [A*EV] = [Kos®(EY, sY)]
where the Koszul complex is now of T-equivariant sheaves.

The main way to calculate these classes is through virtual localization. The general
formula of Thomason [Tho92] states that for ¢ : X7 <+ X the inclusion of the T-fixed locus

the map
w KE(XT) = KE(X)

becomes an isomorphism after applying
0
— @K, (pt) K7 (pt)1oc

where

K300 = K300 |

an"}

i.e. after we localize in the coefficients 1 — ¢ =1 — ¢{* -+ - ¢%n.

Definition 1.3.1. When X7 is finite and reduced it follows that

Kg(X)loc = @ Kg(pt)loc-
zeXT
For V € KI'(X) we will denote by
cont, (V) € Kg(pt)loC

the corresponding unique class corresponding to € X7 such that
Ly Z cont, (V) =V.
zeXT

We will refer to it as the contribution of V at x € X.

In the case of the virtual fundamental class, we have a formula for the unique class.
When we restrict the perfect obstruction theory to the fixed locus, it splits into a fixed and

a moving part
L*E — Eﬁx @ ]EmOV

corresponding to the summands with trivial respectively non-trivial weights in the eigensheaf
decomposition. The induced map

G B 5 (4, Ly )™ — Lyr

is a perfect obstruction thus inducing a virtual structure sheaf O}’(irT. If we define the virtual
normal bundle as NVI' = (W*TY)™" where Ty = EY is the virtual tangent bundle, then

[Qul8, Theorem 3.3] states that
) Ovir
vir __ XT
OX = lx </\0_1[Nvir,\/}> :

In particular, this allows us to define the virtual Euler characteristic for non-proper X.
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Definition 1.3.2. Let X be a scheme with a T-action and a T-equivariant perfect obstruc-
tion theory. Suppose X7 is proper. For V € K%(X) we define

vir V1r 14
Xt (X, V) == (XT ‘[]‘if("THV]> € K§ (pt)ioc-
—1

By the above, it agrees with the usual virtual Euler characteristic whenever X is proper.

Example 1.3.3. Suppose X7 is finite and reduced. Note that for a sum of one-dimensional
representations V =" a; — > 8; € K%(pt) we have that

N ) (R
e (T

We further note that L,y = 0 so that an equivariant perfect obstruction theory is simply
given by a T-representation F with E = E[—1]. It follows that

If B has only trivial weights (as will be the case for EfX) we get

; () HfE=0
vir __ pt
Opt = { 0 else

since this is true for A®;[E]. We conclude that the localization formula in this case is given

by
Ov1r _— [ ZB.
X * ZT /\._I(Tvu‘,\/)
zeX X,z
Efix—0

and in particular writing TY:, = > ag; — Y Bz We get

v1r Ba:])
XT Z H 1—a“)

zeXT
Efix—=0

where (=) : K9(pt) — K(pt) is given by linearly extending i + ¢
1.3.4 Relative perfect obstruction theories
Let f: X — Y be a map of schemes. A relative perfect obstruction theory is a map
(;5 f - E f— L f

in DIZMO(X) satisfying that hO(¢) is an isomorphism and that h='(¢) is surjective. A
compatible triple is a commuting diagram

["Ey Ex E¢
lfﬂzﬁy Lﬁx lqsf
Ly Ly

f*Ly

where the rows are distinguished triangles with the lower row the fundamental triangle and
such that ¢x, ¢y and ¢ are perfect obstruction theories. Given a compatible triple [Man11]
shows that we get a virtual pullback

frA(Y) = AlX)
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such that f'[Y]V'" = [X]¥'". Similarly, [Qui8] constructs a virtual pullback
e Ko(Y) = Ko(X)

such that f'OY" — OY. Both of these pullbacks are bivariant classes in the sense of [Ful9g].
We briefly show a way to construct a compatible relative perfect obstruction theory when
we have two different zero loci descriptions.

Lemma 1.3.1. Fori=1,2 letY; be a smooth scheme with a locally free sheaf E; € Coh(Y;)
and a section s; € H(Y;, E;). Let Z; = Z(s;) equipped with the perfect obstruction theory
@i E; = Lz, coming from being exhibited as a zero locus of a section of a locally free sheaf.
Suppose we have a morphism of schemes

f =Y

and a morphism of sheaves
Vi By — fTEy

such that ¥ (s1) = f*sa satisfying the transversality condition that the map of sheaves on Zy
—dsy
w\/
f*(E£/|Z2) — f*(QYQ‘ZQ) ® E¥|Z1

is injective. Then from f,1 we can define a map fitting into a commutative diagram

such that the induced map of cones
ELQ = COHe(f*]EQ — El) — Cone(f*L22 — Lzl) = H—‘Zl/Zg
is a relative perfect obstruction theory.

Proof. The condition s = sof implies in particular that f restricts to a map of schemes
f 41— L.

The condition further implies that

* pY
f (E%/‘Z2) I E¥|Zl

\Ldf*sg lds}’
* daf
f (QY2|Z2) B— QYI‘ZI

commutes giving us the desired map f*Eo — E; fitting into the commutative diagram. Since
f*Eqg,E; are perfect of amplitude [—1,0] we have that the cone E; o is perfect of amplitude
[—2,0]. It is explicitly given by the complex

( —ds\z/ >
wv dsY
FEY ) Ly P (alz) @ BY | 0,

QYI‘XI

so that the transversality condition exactly implies that h™2(E;2) = 0. Finally, taking the
map of long exact sequences induced by the map of triangles we get the commuting diagram
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h_l(El) e h_l(ELg) E— ho(f*EQ) — hO(El) E— hO(ELg) —0—0

| | [ [ L]

h_l(Lzl) - h_l(LZl/Zz) e ho(f*LZQ) - hO(Lzl) - ho(]LZ1/Z2) —0—=0

and from the 4-lemma we conclude that h='(E12) — h™1(Ly, /7,) is an epimorphism and
from the 5-lemma we conclude that h?(E; o) — h9(Lg, /7,) is an isomorphism. We conclude
that By 2 — Lz, /7, is a perfect obstruction theory as desired. O

Remark 1.3.1. Note that the transversality requirement is automatic if ¢ is surjective. In
this case we get a short exact sequence

0K —FE — f*Ey—0
for K = ker. This yields the identity
AL [EY] = (ASL[KY]) - (fF A%y [ES])
in Ko(Y') and so in particular by the deifnition of the virtual structure sheaf we get that
7= (AL [KY[7]) - OF;

in Ko(Z1).

1.3.5 Fixed points of the nested Hilbert scheme of points

Recall that for the induced T' = G, action on NHilb4(A™) the fixed locus is finite and
reduced and corresponds to nestings of monomial ideals. These ideals are in particular in
bijection with higher dimensional Young diagrams. We briefly recall the definition.

Definition 1.3.3. An n-dimensional Young diagram of size d is a subset A C ZZ%; which
satisfies that for all a = (a1,...,a,) € Z% and b = (by,...,b,) € A then a; < b; for
i=1,...,nimplies a € \. A nested n-dimensional Young diagram \, of size d = (dy, .. ., d,)
is a chain

G=XNCA C--CAp1

such that ); is an n-dimensional Young diagram for ¢ = 1,...,r + 1 and such that
[Ai1] = |Ai] = di.

We recall that for a nested n-dimensional Young diagram of size d we get a nesting of
monomial ideals
IT+1 c---Cly

by setting
I; = I)\i = <Xa | a Qé )\z> C (C[a:l,...,a:n].

This bijectively describes all T-fixed points of NHilb4(A") when ), ranges over all n-
dimensional nested Young diagrams of size d. We recall that with our convention of torus
action we have

[0z,) = [Clay, ...zl /I] = D t* € K§ (pt) 2 ZItT, ... £,
a€l;
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1.4 The non-commutative nested Hilbert scheme

In this section, we will show the existence of smooth moduli spaces which we call the
nested non-commutative Hilbert scheme. The non-commutative Hilbert scheme was first
introduced by Nori [Nor78| and has been used successfully to derive various results on the
Hilbert scheme of points. A nested version for the non-commutative Hilbert scheme with a
full dimension vector (i.e. where the difference in lengths of the subschemes of the nesting
are constant 1) on C? was considered in [ORIS] using a different construction to avoid non-
reductive quotients.

This section is devoted to defining the nested non-commutative Hilbert scheme on C™
for any dimension vector. We will introduce it as the quotient stack of a parabolic subgroup
acting freely on a smooth variety. This immediately implies that the corresponding stack
is smooth and an algebraic space. We will then identify its functor of points and provide
explicit Zariski coverings, taking our inspiration from the proof of the representability of the
Hilbert scheme of points found in [GLS07]. We can then construct an explicit embedding
from the nested Hilbert scheme of points using the functor of points.

1.4.1 Constructions

For this section, we fix r > 0, a dimension vector d = (do, . ..,d,) € Z’;Bl and a reference
flag of C-vectorspaces

N.:(N()DNlD"'DNT:O)

such that dimc NV;/N;y1 = d;. We will denote by Hom(ﬁjl and End?;1 the flag preserving C-
linear homomorphisms and endomorphisms. We let P; C GL(Np) be the parabolic subgroup
of flag-preserving automorphisms.

Definition 1.4.1. We define

—_——

ncNHilb¢(A™) C End(N,)®" @ Ny
given by the Zariski open locus of tuples (41, ..., Ay, v) where
(C<A1, e ,An>’U = No.

Equivalently, it consists of the tuples (A1, ..., A,,v) where the smallest subspace of Ny closed
under Aq,..., A, and containing v is Ny itself.

Definition 1.4.2. We let P; act on End%l(N.)@” @ Ny by

g.(Ay,..., Ap,v) = (A*‘li, ., AY o)

where A = gA;g7 .

Lemma 1.4.1. The action of Py restricts to a free action on ncNHilb4(A™).

Proof. Let (Ay, ..., An,v) € ncNHilb%(A") and let g € Py. If M C Ny is invariant under
Af,..., A} and contains gv then g1 M is invariant under Ay, ..., A, and v € g7'M hence
by stability g~'M = Ny and so M = Ny proving that (AY,..., A%, gv) is stable. This shows
that ncNHilb4(A™) is closed under the Py action. If (A,..., A%, gv) = (A1, ..., Ay, v) then

ker(g —idp,) contains v and is invariant under Ay,... A, hence g = id thus proving that the
action is free. O
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Definition 1.4.3. We define
neNHilb4(A™) = |ncNHilb%(A™) /Py

which we call the the non-commutative nested Hilbert scheme. Here [X/G] denotes the
resulting quotient stack. Note that since we are using a smooth algebraic group acting freely
on a smooth space the resulting quotient is a smooth algebraic space. When r = 1 so that
d = dy we will drop the ”N” prefix in the notation and simply write ncHilb% (A™) which we
will simply refer to as the non-commutative Hilbert scheme. In this case it agrees with the
original construction, see for example [Rei05]

Next we identify the functor of points by making the obvious generalization of the stable
data above from vector spaces to vector bundles.

Definition 1.4.4. Let S € Sch/c. A non-commutative stable tuple of type d,n on S consists
of the data (Fe, ¢1, ..., ¢n,s) where

1. F, is a flag of locally free sheaves
Fe=(FoD - DFn=0)
such that F;/F;11 is locally free of rank d;.

2. ¢1,...,¢, are operators
G150t Fo — Fo

such that ¢;(F;) C Fj.
3. s € H°(S,Fy) is a global section such that the induced map
Os(x1,y...,xn) — Fo
f(xla"wxn) — f(¢17"'7¢n)8
is an epimorphism.

A framed non-commutative stable tuple of type (d,n) is the data of (Fe,d1,...,0n,S,5)
where (Fo, @1, ..., ¢Pn,s) is a non-commutative stable tuple and

ﬂ:@s@@N,—)f.

is an isomorphism of flags. Two non-commutative stable tuples (F, ¢1,...,¢n,s) and
(Fo,@seovy Py s") (respectively framed non-commutative stable tuples (Fe, ¢1, ..., ®n, s, 3)
and (Fo, ¢, ..., ¢, 8, 0")) are said to be equivalent if there exists an isomorphism of flags

p: Fe — F, such that ¢} = pp;p~! and s’ = ps (respectively also 5’ = pf3).
Definition 1.4.5. We define the functor
ncHilbd", Schc/)(p: — Set
as follows. For S € Sch,c we let
ncHilbd™(S) = {(Fe,®1,...,bn,s) non-commutative stable tuple}/ ~

and for f:S" — S we simply define

f*(f07¢17"'7¢n75):(f*f07f*¢17"‘7f*¢n7f*8)'
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We similarly define a framed version

P

ncHilbdm Sch‘/)é — Set
by
ncHilbe™(S) = {(Fe, @1, - -, Pn, s, 8) framed non-commutative stable tuple}/ ~
and

f*(f07¢17~~7¢n78716):(f*flyf*(ﬁl;‘--7f*¢n7f*57f*ﬁ)~

Proposition 1.4.1. The map

—_—

neHilbdm — neHilbe™

given by forgetting the framing is isomorphic to the functor of points of the quotient map

P

ncNHilb%(A™) — ncNHilb(A™).

Proof. Set X = End%l(N.)@” @ Ny viewing the vector space as a scheme (i.e. by taking
Spec Sym®(—)VY). Let Vo, = N, @c Ox which is a flag of locally free sheaves on X. We
construct universal maps on V, as follows. We set d = |d| = do + - - - + d, and choose a basis
v1,...,0q of Ny such that

span(Vdy4-+d;_1+1s - - - » Va) = Ni.
For 1 <i < d define we w(i) = if
do+-diy <i<do+--+d
i.e. if and only if v; € N\ N;11. Writing everything in the coordinates of the basis we get
X = SpecC[aﬁj,am]

where the indices ranges over 1 < k < n, 1 <i,j < d with w(j) < w(i) and 1 < m < d.
Explicitly, for a point (A1,...,A,,v) € X we have

Ap(vj) = aﬁjvi, v = Z OV,
i m
We define
%k:Vo—)VO, v:0x =V
by
E)k(vj@)l):Zvi@af’j, 5(1):va®am.
i m

Note also that the identity map [y := idy; is a framing of V,. By definition (V4, 51, e :I;n, v, o)

is a framed non-commutative tuple when restricted to ncNHilb4(A2), which then in turn clas-
sifies a map

—~—
—_—

ncNHilb%(A2) — neHilbdn.
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—_—~—

Conversely, suppose we have a map S — ncHilbe" classified by a framed non-commutative
tuple (Fe, @1, -, %n, 5, 3). Then we can view (3 1p13,..., 8 LonB,871s) as a map

Og — (Endﬁl(zv.)@” o No) 2c Og

which in turn classifies a map f : S — X in such a way that

f*(%,&)l,...,&)n,g,ﬁo) ~ (fhsolw-'a@nysaﬁ)

via B : f*Ve = Ne @c Og — Fo. The various conditions on being a non-commutative tuple

—_—

exactly translates to f factoring through ncNHilb4(A™), giving us the desired inverse.

—_—

Next we note that Vo = N, @c O on ncNHilb¢(A?) has a natural Pj-equivariant structure
by letting Py = Aut%l(N.) act by multiplication on the fibers. This structure naturally

makes ®1,...,®, and b equivariant. By properties of the quotient stack, pullback along the
quotient induces an equivalence of categories

QCoh(ncNHilb%(A?%)) = QCohPd (ncNHilb4(A?))

where the left hand side is equivariant quasi-coherent sheaves. From this we get an induced
non-commutative tuple (Vs, ®1,. .., ®5,,0) on ncNHilb4(A?) such that 7*(V,, ®1,...,®,,0) =
(Va, ®1,...,®,,0), which in turn gives us a map

ncNHilb%(A"™) — neHilbd™,

Conversely, given a map S — ncHilb®" classified by a non-associative tuple (Fe, 1, .. . , 02, 8)
we can pick an open cover {U;}; of S and trivializations 3; : Oy, ®c Ne — Felv,. It fol-
lows that (Felv,,¢1, ..., 2,8, 5i) is a framed non-associative tuple. Using the above, these

classify maps
fi : U — ncNHilb%(A?).
On overlaps U; ; = U; N U; the transition function of j3;, 3; determines a map
Vi Uji = FPa

such that v;;.8; = 3;. It follows that

(Trfi)|Ui,j = (ij)|Ui,j
so that {mf;}; glues together to a map

S — ncNHilb(A?)
giving us the desired inverse. O

Remark 1.4.1. We note that the proposition shows the existence of a universal non-
commutative tuple on ncNHilbi(A”). We will denote the universal tuple by (V, @1, ..., ®,,0)

It now only remains to show that our moduli space is representable by a scheme. Since
it is an algebraic space it satisfies fppf descent and hence also Zariski descent. It therefore
only remains to construct a Zariski open cover of schemes. We note that the universal tuple
in turn induces a universal epimorphism

Gne : Clx1,. .., 20) @c O =2 O(xq,...,24) - W

on ncNHilb%(A™). Inspired by [GLS07] we consider loci of sections of these epimorphisms.



30 CHAPTER 1. VIRTUAL K-THEORY OF NESTED HILBERT SCHEMES

Definition 1.4.6. For fixed v : Ny — C(z1,...,x,) we let
ncNHilbZ(A™) C ncNHilb%(A™)

be the loci where the composition

id nc
Ny ®¢ 0 225 O(z1,...,2p) v

is an isomorphism (or equivalently surjective). Note that this is a Zariski open as it is defined

as the surjectivity locus of a map of sheaves.

Proposition 1.4.2. Let v: Ny — C{x1,...,x,). Then ncNHilb%(A”) is representable by a
scheme.

Proof. Consider the flag variety Flag,;(/No) which is the moduli of flags on Ny of dimension

—_~—

prescribed by d. Let d = dy + - - - + d,- and consider ncHilbd(A”) i.e. the non-nested version.
We have a map

~——

ncNHilbZ(A™) — Flag,(No) x ncHilb?(A™)
which on the functor of points for S € Sch ¢ is given by
(]I‘.’ ¢17 AR ¢n: 8) = ((QTLC<7 ® 1))_1f07 (-F07 (bl’ R ¢TZ7 87 QRC(’.Y ® ld)))

i.e. in the second coordinate we forget the flag and use ¢,.(y® 1) as framing while we in the
first coordinate use the flag structure induced on Ny ®c Og by Fe via gne(y® 1). The target
of this map is a scheme, so we are done if we can show that the map is a closed immersion.
It is clearly a monomorphism on the functor of points. We can identify the image of the map
as the locus of

(gu (f07¢17 .. ~7¢n;37/8))

where ¢1,..., ¢, are flag-preserving wrt. the flag structure 3(Ge) on Fy and where § =
Gne(71 ®1d). These conditions are Zariski closed, thus finishing the proof. ]

Proposition 1.4.3. The subschemes {ncNHilb%(A")},yeHomC(Nm(cm,,..7xn>) provide a Zariski
cover of neNHilb%(A™). In particular, ncNHilb4(A™) is a scheme.

Proof. This follows simply because the maps ¢,. admit sections v Zariski locally. Indeed,
for each closed point p € ncNHilbd(A") the map is given by

Inelp : C{x1, ... 20) = Vo

for which such a section clearly exists. ]

1.4.2 Embedding of the nested Hilbert scheme
Consider the nested Hilbert scheme of points NHilb4(A"). The universal subschemes
21 C 2y C oo C 2yt © AL x NHIbHA™) 2 ALy 00
give rise to surjections of locally free O = ONHﬂbg( An)—algebras
Olz1,...,xp] » pr, Oz, — -+ - pr, Oz,.
We consider the flag F, given by setting Fo = pr, Oz, ,, and
Fi =ker(pr, Oz, — pr, Ogz,).

We consider the map
Oz, ..., xn) = Olx1, ..., x5 = Fo

which induces a non-commutative tuple which in turn classifies a map to the non-commutative
nested Hilbert scheme.
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Proposition 1.4.4. The map
NHilb%(A™) — ncNHilb%(A™).

classified by the tuple above is a closed immersion. Its image agrees with the locus where
Dy,..., D, commute which we will call the the commutativity locus.

Proof. We construct an inverse from the commutativity locus via the functor of points. The
commutativity locus simply classifies tuples where the associated quotient map ¢,. factors
through Og[z1,...,2,]. In this case an S-valued point is therefore completely classified up
to isomorphism by a flag F, of locally free sheaves with an epimorphism

q:(’)s[:ﬁl,...,xn] —»J_"o

such that ¢~!(F;) is closed under left muliplication by z1,...,z,, i.e. is a left and therefore
also a two-sided ideal. This in turn induces a series of epimorphisms

which allows us to identify Fy/F; with a locally free Og-algebra Oy, giving us the desired
S-valued point

ZyC - Zp CAE xS

on NHilb%(A™). One can easily check that these constructions are the inverse of each other.
Clearly the commutativity locus is Zariski closed as it can be given by the zero locus of the
commutators

D (@9 H (@mgndﬁl(]}.)) .

1<i<j<n

O

Remark 1.4.2. Recall that for a quasi-coherent sheaf F € QCoh(A™) we can construct
tautological sheaves

on NHilb4(A") by setting
Flirin] _ gt (5

where
n, &z Pl NHilb%(A™
Cn i ib®(A™)
are the projection maps of the universal family. We note that by construction we have
do+---dy
Volnmime = OE&S !

and for each 7 > 1 we have a short exact sequence
do+--dy dot-d;_
0 = Vilnmimaany = Ol[&xno — 01[&3 J-o

where V, is the universal flag on ncNHilb%(A™).
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1.4.3 The torus action
We let T' = GJ;, which we let act on A" by

(t1y .oy ti)(pry-espi) = (67 P1, oyt o).

This equips Clz1,...,z,| with a natural T" space structure where t.a; = t,z; and t.1 = 1.

—_—

With this in mind, we let 7" act on ncNHilb4(A™) by
t(Ar, .. Ap,v) = (171 ALt A, ).

This commutes with the Pgj-action and therefore descends to an action on the quotient.
Similarly, equipping the Py-equivariant sheaf V, with the trivial T-action gives us an action
on the corresponding universal flag V,. In this way, the universal operators are equivariant
maps

(I)i : tiV. — Ve

where the twist ¢; is by tensoring with the one-dimensional representation of character t;.
We can therefore view it as a section of

-1 fil
t; End™ (V)
The universal cyclic vector gives an equivariant map
v:0 =Y,

where O is given the trivial T-equivariant structure. We equip NHilb%(A") with the T-action
induced from the action on A™. With these actions the embedding

NHilb¢(A") < ncNHilb%(A")

and the maps between equivariant sheaves

do+--dy
VilNmimdan) < Oz[wo !

are also equivariant.

1.5 The commutativity bundle and the perfect obstruction
theory

1.5.1 Reduction of commutativity equations

Naively the set of commutativity equations can be structured into a section of the
equivariant bundle

P 't end™ (),

1<i<j<n
Letting
hd)= > didj=rk&End™(V,)
0<i<j<r
and

d= idi
=0

we see that
dim ncNHilb4(A™) = n - h(d) + d — h(d)
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giving us a virtual dimension of
(n—1)(n—2)
2

For n = 2 this gives us a virtual dimension of d. For n > 3 the virtual dimension becomes
negative since

d- h(d).

d(d+1)
d

In this section we show that the rank of this bundle can be reduced in the n = 2 case giving
us a virtual dimension of d + dyg. We note that in the non-nested case » = 0 the Hilbert
scheme Hilb?(A?) is smooth of dimension 2d. In particular, the above virtual class of virtual
dimension d is not the fundamental one. This means that we are able to locally reduce the
number of commutativity equations by d. We will show that the cyclicity condition allows
us to do this globally. We do so by showing that if the commutator is in the span of the
cyclic vector then it is forced to vanish.

< h(d) < d*.

Lemma 1.5.1. Let V be a vector space with operators Ai, Ay € End(V) and v € V' cyclic.
If im([A1, Ag]) C span{v} then [A1, Ag] = 0.

Proof. Set B = [A1, As]. We can find a functional ¢ : V' — C such that Bw = ¢(w)v. Let
Vi =span{4;, --- A; v |k <m, i; € {1,2}}.

We have V = UmZO Vi and show by induction that ¢|y;,, = 0. We note that for any operator
L :V — V it holds that
tr(BL) = ¢(Lwv)

since we have BL(w) = ¢(Lw)v. In particular,
¢(U) = TI‘[Al, AQ} =0

proving that ¢|y, = 0. Suppose now that ¢[y,, = 0 for m > 0. Let L = A; ---A;, .,
so that Lv € Vp,41. We first prove that Lv = A5Alv for some I,k with [ +k = m + 1.
Indeed, if L contains an inversion we can write it in the form L = FFA1A>G where F, G are
non-commutative words in Aj, As of length < m. Then

FA1AGo = F(AQAl + B)GU = FAA1Gv+ FBGv = FA3A1Gv — ¢(GU)FU

but ¢(Gv) = 0 by the induction hypothesis, so we have decreased the number of inversions
by 1. Inductively continuing this procedure allows us to write Lv = A5A!. If k = 0 then

G(Lv) = tr([Ay, Ag]Al) = tr(A1 A2 A}) — tr(A2 A1 AY)
which disappears by invariance of the trace under cyclic shifts. For & > 0 we first see that
tr([L, A1]A2) = tr(LA1 Ag) — tr(A1LAs) = tr(BL) = ¢(Lwv).
We apply the Leibniz rule (XY, Z] = X[Y, Z] + [X, Z]Y to see
L, A1l = [A5A], Ad]
= ASTAL, Al] + [45, Al A}
= [A3, A1)A]

k
=) A [Ag, AyJASTIAY
=1

k
=—> A;'BAE AL

i=1
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It follows that
o(Lv) = tr([L, A1]A2)

k
== tr(A 'BAS AL Ay)
=1
k
= - tr(BA5 AL AY)
=1

k
== o437 A A)
i=1
but by inverting inversions we have Ay~ A% Aby = A5ALv = Lv proving

6(Lv) = —ko(Lv)
so that ¢(Lv) = 0 as desired. O
This means that the commutativity locus of ncNHilb%(A?) is cut out by the commutator

section on the quotient sheaf

Hom! Ve, Ve)

where Vj = coker(v) for v : O — V) the universal cyclic vector. We quickly prove that this
is in fact locally free; the main point is simply proving that V, is a flag of bundles.

Lemma 1.5.2. Consider the universal cyclic vector v : O — V. The cokernel Vg is locally
free and the subsheaves B B
V= (V;+imv)/imo C Vg
are inclusions of locally free sheaves with locally free quotients.
Proof. Let £ :=1imbv C Vy. By the cyclic condition the map v has local constant rank 1 so

that £ is a subbundle and so
VO =V / L

is locally free. If V; = V, then V; = V) is locally free. If V; ;Cé Vo then £ NV; = 0 since if
v factors through V; then V; would be closed under the universal operators and contain the
universal cyclic vector, hence by cyclicity V; = Vy. It follows that

Vi+ L=V, L

is locally free and

1

Vi Vi

is also locally free. O

1.5.2 The perfect obstruction theory

The above allows us to construct a virtual class on the nested Hilbert scheme of points
on C? with dimension matching the fundamental class in the smooth non-nested case. We
note that equivariantly the commutativity section lives in

Homﬁl(V., tfltglv.) = tfltgl’Homﬁl(V., V)

where t1_1t2_ L. means twisting by the corresponding character. Note that if dy # 0 the rank
of this bundle is given by
h(d) — do

so that
dim ncNHilb4(A™) — vk = h(d) +d — (h(d) — do) = d + do.
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Definition 1.5.1. Let d be a dimension vector. Define
E =ty HomM (Ve, V)

and
Enaive = 1 'ty LoEndI (V)

as equivariant locally free sheaves on ncNHilbd(AQ) and let Scom = [P1, P2] be the commuta-
tor section. Since the nested Hilbert scheme is its zero locus Z(scom) = NHilb4(A?) (viewed
cither as a section of € and £’) this defines two perfect obstruction theories of NHilb%(A?)
of virtual dimensions d and d + d; respectively, where ¢ is chosen to be the smallest such
that d; # 0. Concretely, if we let I C OnCNHilbi( A2) they are given by restricting the map of
complexes

dos
\VJ com,
[5* > anNHinﬁ(A?)]

\
J/Scom ’

[1/1? R QneNHilbi(AQ)]

from ncNHilb%(A?) to NHilb%(A?) where * € {@, naive}. We let
E — Lymibe(a2)
be the perfect obstruction theory defined by the bundle

e _[E&  ifd#0
N 5naive if dO =0

so that the virtual dimension is d + dy.
As a first step, we identify ds¢om with an explicit map of tautological bundles.
Lemma 1.5.3. We have a short exact sequence
0= End(Ve) = 171 End™ (Va) @ t5 ' E€nd™ (Va) © Vo = Tyoxpmimaazy — 0
of T-equivariant sheaves on nCNHilbi(AQ). Using this, the map

dScom TncNHilbi(A2)|NHilbi(A2) — 5naive|NHﬂbi(A2)
identifies with
(t7 EndB(Ve) @ 1 End (V) @ Vo) /Endi (V) —— 1ty End® (V)
(¢1, P2, v) + (1, P2] + [P1, 2]

after restricting the latter to NHilb4(A2). The similar map with target £ ]NHﬂbg( A2) 18 obtained
by simply composing the above with the quotient Enaive — £.

Proof. We consider the Atiyah sequence

0=p®@cO—=T

— — 7T d —0
neNHilb4(A2) ncNHilb(A?)

P

for the principal Pg-bundle 7 : ncNHilb¢(A2?) — ncNHilb4(A?) where p is the Lie algebra of
Py. Setting Vo = Ne @c O —— for N, the reference flag we see that
- ncNHilb%(A2)

_ 41 fil -1 fil
TncNHﬂbi(Az) =t End (V) @1y End™(Ve) © Vo
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while

p ®@c O = Endi(V,).

Note that V, with its natural Py-equivariant structure descends to the universal flag V, under
the equivalence

—_~—

QCoh(ncNHilb%(A?%))F2 = QCoh(ncNHilb%(A?%)).

Using faithful flatness of 7, we therefore get that the Atiyah sequence descends to the desired
short exact sequence

0 — End™ (Vo) = 171 End™ (Ve) @ 15 ' End™ (Ve) & Vo = T, exmimaazy = 0

where the first map is given by ¢ — ([¢, P1], [¢, P2], ¢v). Similarly, on the commuting locus
Z(Scom) = NHilb%(A2) the map
dscom : TncNHﬂbi(A?ﬂNHilbi(M) — 5naive|NHﬂbi(A2)

of equivariant sheaves is induced by the map
t7 1 End™N(Ve) @ty End™ (V) — 715 1 end™ (V4)
given by (¢1, ¢2,v) — [¢1, EISQ] + [2131, ¢2] which descends to the map of the lemma. O

As a first step, we consider the non-nested case d = (d). Here, we simply have the
Hilbert scheme of points Hilb%(A?) and we will prove that E — ]LHﬂbd( a2) I8 indeed just the

smooth perfect obstruction theory. We similarly have that NHilb(®>? (A™) = Hilb?(A") and
we prove that E — Ly, 0.0 (A2) has obstruction bundle Ah~1(E)" given by the dual of the

tautological bundle of the canonical line bundle of C2.

Lemma 1.5.4. Let d € Z. The map E — ]LHﬂbd(Az) is an equivalence, i.e. the perfect
obstruction theory is the smooth one.

Proof. By smoothness of Hilb?(A?) we have Liind(az) = Qmipd(az)[0]. Since we also have
that the virtual dimension agrees with the actual dimension it will suffice to prove that

£ — Q, chibd (a2)
is injective. Using the trace pairing and lemma [1.5.3| we can explicitly identify this map with
Hom(V,V) — ker (End(V)P? &V — End(V))

which is given by ¢ — ([®2, ¢q], [pq, ®1],0) for ¢ : V — V the quotient map. If ¢ is in the
kernel of this map, then ¢q is an endomorphism of ¥V which vanishes on the cyclic vector

and commutes with ®1, ®5 hence it must be 0. Since g is an epimorphism we conclude that
¢ = 0 as desired. O

Lemma 1.5.5. Let d € Z. For E — Ly, 0.0 42 we have Y E)V = (wgﬂ)v i.e. the

obstruction bundle is the dual of the tautological bundle of the dualizing bundle.

Proof. 1t will suffice to identify

1,41 ~ v
1ty Vigipa(az) = ker(Enaive = Lcmrind(a2)) [ind (a2)

since

1 Wiz = 61 10N = (171451 0,0) 1 = Wl
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by construction. Repeating the arguments in the proof of lemmal[I.5.4 we can directly identify
the above kernel with the operators of

ty My End(V) = &Y,

naive

which commutes with the universal operators ®;, ®5. Clearly such an operator is uniquely
determined by its value on the cyclic vector by the cyclicity condition. Conversely, on the
commutativity locus we have an algebra structure on £ viewing it as a quotient of O|x, y] by a
left (hence two-sided) ideal. It follows that for any w € V we have an operator L,, € End(V)
given by left multiplication with w. This commutes with ®;, 5 and evaluates to w on the
cyclic vector. We conclude that the evaluation map

—1,-1 —1,-1
evy 1ty o End(V)ppagazy = 11ty V(a2
restricts to an isomorphism on the above kernel as desired. O

Next, we will prove that our virtual class is equal to that of Gholampour, Sheshmani
and Yau |[GSY20].

Proposition 1.5.1. Let d = (dy,...,d,) € Z;Bl. Let A2 C P? as the complement of
the hyperplane at co. Let INEGSY — LNHﬂbi(PQ) be the perfect obstruction theory defined in
|GSY20] for the Hilbert scheme of a smooth projective surface. Let Egsy — LNHﬂbg(Pz) be

the restriction to the Zariski open NHilb4(A2) < NHilb%(P?) induced by A% < P2. Then in
T-equivariant K-theory we have the identity

[Ecsy] = [E]

where E is the perfect obstruction theory constructed above definition [1.5.1] In particular,
both theories induce the same virtual invariants, i.e. the same virtual fundamental class and
virtual structure sheaf agree.

Proof. We dualize and show that virtual tangent bundles agree. To avoid cumbersome
notation we will for F a coherent/locally free sheaf simply denote its K-theory class by F
instead of [F]. By definition

EY = { TncNHﬂbi(A?)’NHﬂbi(A?) - 5’NHﬂbi(A2) if do 7 0

TncNHﬂbi(M)‘NHﬂbé(A?) - 5naive|NHﬂbi(A2) if do =0

By lemma we can rewrite ) pind(a2) INHibe(a2) 25

Vot (87 + 5 = DEnd™ (V) =Vo+ (1 + 51 = 1) D (e V)Y - g V.
0<i<j<r—1

Letting Q; = (’)1[520 rodict] po the tautological sheaf for the 7’th subscheme of the nesting, we

have for each 0 < ¢ <7+ 1 a short exact sequence
0=V = Qrp1 = Qi —0
and if we set Qy = 0 by convention then the above extends to ¢ = 0. In particular, we get

gt'Ve) =Vi = Viy1 = Qiy1 — Qi
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We can then the rewrite

D (@' V)Y e Ve= )Y (Q - Q)(Q41 — Q)

0<i<j<r 0<i<j<r

= Z Q/11(Qj+1 — )
where the third equality uses that the sum is alternating. It follows that

r
-1
TncNHllkk A2) ’NHllbd (A2) — Q"’"rl + ( + b — 1) Z Q;/-l-l(Qj-i-l - QJ)
=0

If dy # 0 we have

Elnmmae) =t 't Hom (Ve V) =t Y0 (ar'Ve) (! V)

0<i<j<r

vi={ s

where

Vi 1 >0

hence

ElNmima(az) = ty | —er® Ve + Z (gr' Vo)V (gr? Vs)
0<i<j<r

For dy = 0 we have

Enaive Nimmpd(az) = 111y T Hom ™ (Ve Vo) = 171151 D (e Va) ¥ (@) V)
0<i<j<r

and so using that gr®(V,) = 0 we get the same identity

Enaive | NHibd(a2) = tr | eV + Z (gr' Va)" (g1 Ve)

0<i<j<r
Using the above we can then identify the bundle term in either case with
T
—1,-1 —1,-1
—t 1ty QY 1t Z Q/1(Qj11 — Qj).
§=0

Using the identity
(1 — tl)(l — tQ)

—1 —1 —1,-1
ittt -1ty =

t1to
and the above we now arrive at the formula
QY (@ =t
= Qi+ » tQ Z QY1 1(Qj41 — Q).

On the other side, we use the virtual tangent space found in [GT20a, Theorem 2]. Let
ni=dy+---+di_1fori=1,...,r+ 1. Then

[EéSY = | THiprr+1 (P2) DB Ty (P2) — Extt ( T+1,I ) D---D 5(Et]17(f2,f1)0
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where
p : NHilb%(P?) x P? — NHilb%(PP?)

is the projection, i are the ideal sheaves of the universal subschemes Z C NHilbi(]P’Q) x P?
and Ext%(—, —) is the i’th cohomology sheaf of

RHomy(—, —) := psRHom(—, —)

with the subscript 0 denoting the trace free part. Let j : A2 < P? and ¢ : NHilb%(A?) —
NHilb%(P?) be the open immersions. Clearly ¢*Tygpns ®2) = T (c2) and since our perfect
obstruction theory for » = 1 is the smooth one the above calculations show that

Q;/ B (1 —t1)(1 —t2
t1to t1to

)inQi-

T p2) = Qi +

To make the notation less cumbersome for the calculation of the ext-term, we will set S = A2,
S = P% X = NHilb%(A2) and X = NHilb%(P2). We will let Z; C X x S be the universal
families with ideals Zj. Note that by definition (¢ x id)"‘g;C C X x S is supported on X x
and agrees with Z;. We finally let wg and wg be the dualizing bundles. We consider the
diagram

id xj S owxid ¥ 3

X x5 —=Xx8§ ——— XxS§8

\lp/ D
X ——— X

where the square is cartesian. Using that

T, = O0g,5— O3,

XxS
in K-theory we get that R’Homp(LH,I ) equals
RHom(O0%, 5. 0%, 5)—RHomp(O%, 5,05 )— R’Homp((’)z ,ngg)JrR’Homﬁ(OgiH, Oz)
in K-theory. We see that
RHomip(O%,5: Oxx5) = BP:Ox,5 = Ox
by the usual calculation of the cohomology of Opz. Similarly, we have
RHomz(O%,. 5, (’)Z) = Rp.Oz .

and by Grothendieck duality we have quasi-isomorphisms

R’Homg(Oi_H, Oz.35)2] = R?—[omﬁ( L0z H)V = (Rp«(wg® Oz +1))V
so that in K-theory we get

RHomg(OgiH,O;(Xg) = (Rps(wg ® O0z,,,))"
as the shift [2] contributes with the sign (—1)2. Let
RHomy(Zis1,Ti) = ExtYTip1, L) — Exty(Tiv1, L) + Exti(Tisr, ).

We first note that

Homp(LH,I) — ’Homp(IH_l, ngg) = R@ngg
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and the inclusion Z; 1 C Z; gives us an inverse providing us with an identification

Extd ( i1, ) Rp*o)?xgzo)?.

For a closed point corresponding to I;11 C I; we have
Homgz(I;, Ii41 ®3 wg) — Homg(l;,wg) = HO(S,wz) = 0

where the last calculation follows since wg = O(—3). We conclude by Serre duality that
EXt%(Ii_l,_l, I;) = 0 and hence by Nakayama that

Extd(Zir1,T;) = 0.

Note also that
Exty; ( i+1, )0 = Ext} ( H—laI)

since R'p, O, g =0. We conclude that L*Smtl( i1, 1;)o equals

L*Rﬁ*OZ + " (Rp« (o.)g & OZ‘H))V — L*R/Homﬁ(OZH , OZ)
By cohomology and base change we have (* Rp, = Rp/ (v x id)* and using that (v xid)*O =
(id xj)+«Oz, we see that the above equals

Rp*OZ,l + (Rp*(CUS ® OZ:‘-H))V — RHOmp(Og

i+19

Oz,).
Note that p is affine with p,Oz, = Qp by definition. It follows that

and since wg = p*(t1t2O0x) we also get

v

(Rp*(wS & 02i+1))v = (t1t2Qi+1)v - tli;;l ‘

Since Oz, , is a perfect complex and X x S has the resolution property we can find a finite
resolution of T-equivariant bundles, which is necessarily of the form

En ®x Oxxs = Enm-1 ®x Oxxs — -+ = B ®x Oxxs — Oz,

for E; locally free T-equivariant sheaves on X by K-theoretic homotopy invariance since
S = A%, Then in K-theory

RHom,(Oz,,,,0z,) = »_(~1)) Rp.RHomx«s(Lp*E = (~1))RHomx (E;, Rp.Oz,)
Jj=1 j=1
so that .
RzHomp(OZiH?OZi) = Z(_l)jE]‘v Q;.
j=1
But we see that -
Qit1 =p.0z,, = > (~1)p.(E;i ®x Oxxs)
j=1

and as an Oy algebra we have Ox s = Ox|[z1, x2] which has T-character

1
tat(’) (@)
2 O
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so that
1

Qit1= Z(_l)j (1 — tl)(l — t2)Ej

hence
(1—t)(A —t2) 4y
tits 41

Z( )]Ev (1_t1 )(1_t2 ) H—l_

Combining this we see that

7 7 i 1—t)(1—t
FEetH (T Togr)o = Qi+~ — (1—t1)(1 —t9)

Voo
t1ts t1ts i+1<i

and so Etiqy equals

r+1 v . . r % .
Z(QH— 9 _(=-u) t”QiVQi) - (QH— O (1=t)l- )QMQZ-)
1

; t1to t1to ; t1to t1to
=1 1=
Q7  (1—-ti)(
= Qr—l—l —|— 1 — t1t2 Z Q]+1 Qj-i—l - Q])
as desired. O

We end this section by proving that two maps between nested Hilbert schemes forgetting
the largest or the smallest subscheme may be equipped with relative perfect obstruction
theories compatible with the obstruction theories above. Recall that for the dimension
vector (dp,...,d,) we keep track of a nesting of r + 1 ideals

LyC--ChL
in Iy = Clz, y] via the flag of vectorspaces V, with
Vi=1I/I41.

The map forgetting the first ideal simply forgets the V; part of the flag and changes the
dimension vector to

(do +dq,do, ... ,dr).
The map forgetting the last, i.e. (r 4+ 1)’th ideal takes Vs to the quotient flag W, where

Wi=Vi/V, 2 L;/1,
and changes the dimension vector to
(doy...,dr—1).
We start by showing the case of forgetting the smallest subscheme, i.e. the first ideal.
Lemma 1.5.6. Let d = (dy,...,d,) € Z;El be a dimension vector. Set
dV = (do +dy,da, ... dy) € ZL,

and let N
f=f, 0 : neNHilb%(A%) — neNHilb¢ " (A2)

be the map which is given by the non-commutative tuple (V.i, Dy, Py, 0) where

Vi= (Voo WOV DV =0)
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i.e., where we simply forget the first part of the filtration. There exists a map of equivariant
bundles

V&g — f*é’du)
such that the pair (f,v) satisfies the conditions of lemma |1.5.1. In particular, the corre-
sponding forgetful map
NHilb4(A2) — NHilb?" (A2)
can be equipped with a relative perfect obstruction theory compatible with the obstruction
theories defined in definition |1.5.1].

Proof. Suppose first that dg # 0. Define v as the inclusion
715 Hom N (V,, V) < 1715 "Hom M (VL VL),

Clearly v maps the commutator of the universal maps to itself. It remains to show the
transversality condition. Using faithful flatness of the group quotient and injectivity of the
map

*
m anNHile(AQ) - anNHilbi(AQ)

we can reduce the calculation to ncNHilb4(A2?). If we set Vo = Ng @ O —— 4 . then
ncNHilb4(A2)

Ty = Homﬁl(V., V),

T frE ) = Homﬁl(V,i,Vi)
and

o =end" (V) e v,
neNHilbe™M (A2)

By dualizing we should show that the map

1 (7d3com »¢)

(End™(VH®? & Vo) ® Hom™ (V4, V) Hom™ (V1 V7,)

is surjective on the commutativity locus. Equivalently, by taking the quotient by the second
summand of the source which is an inclusion we should show that the map

End™ (V) @ Vo =2 4om (V3 V2) /Hom ™ (Va, V) = Hom(Va/Va, Vio/ V)

is a surjection. We can remove the Vj summand from the source, since dsco, is zero on it.
Taking the dual and using the trace pairing we should show injectivity of

Hom(Vo/V1,Vi/Va) = (End(V.}) /Hom™ (V] VL 1))®2.
If ¢ : Vo/V1 — V4 /Va is in the kernel of this map then for k = 1,2 the map
[, ]

must take VOi =V to Vli = V4 and therefore vanish as a map Vy/Vi — Vi/Vh. But this
means that ¢ commutes with ®;, and vanishes on the cyclic vector so that it must be 0.
This finishes the proof in the dy # 0 case. In the case where dy = 0 we have Vy = Vi so
the flag-preserving maps of V, and V,i are the same. When d; = 0 we can simply take the
identity map o

Yt T Hom M (Ve V) = t1 My P Hom (VL VD)
while in the case where d; # 0 we can take the quotient map

bt Hom (Ve V) = 715 Hom M (VI V1) < 6745 Hom ™ (VI VL

).

Both maps are surjective, so that the transversality requirement is automatic. ]
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Next, we focus on the map forgetting the largest subscheme. Here, we are able to show
a bit more and provide a factorization of the virtual structure sheaf.

Lemma 1.5.7. Let d = (dy,...,d,) € Zg)l be a dimension vector. Set
d = (do, . ,del) € Zgo

and let R
p = p, ; : ncNHilb%(A%) — ncNHilb%(A?)

be the map given by the non-commutative tuple (Vo /Vy, ®1,P2,0). There exists a map of
equivariant bundles
P 54 — p*gd

such that the pair (p,v) satisfies the conditions of lemma|1.3.1. In particular, the forgetful
map )
p : NHilb4(A?) — NHilb%(A?)
can be equipped with a relative perfect obstruction theory compatible with the obstruction
theories defined in definition . Furthermore, there exists a class gd/& € K2 (NHilb%(A2))
such that o
OF = &4 v’}

In particular, by the projection formula we get that
P03 = pi(€yg) - OF
Proof. We simply define 1 as the quotient map
) Eg =ty 'y " Hom™ (Ve, Va) — t1 1t " Hom™ (Ve / V1, Ve V) = p*E;

which clearly takes the commutator of the universal operators to itself. Surjectivity of
automatically implies the transversality requirement, so that the pair (p,v) satisfies the
conditions of lemma If we let F = ker(v)) we have

Ea=F +p*E; € K7 (ncNHilb4(A?))

and so

A1) = N (FY) - pT (A% (E)))

hence £, ;1= N (F v)|NHilbi( a2y has the desired property. O

Remark 1.5.1. In the case where we forget the smallest subscheme we get a similar but
slightly different factorization of the virtual structure sheaf. Let f,4 be as in lemma [1.5.6
When dy = d; = 0 we see that 1 is an isomorphism, so that we have

vir __ p* vir
Od — f d(l) .

When dy = 0 and d; # 0 we see that 9 is a surjection so by setting 54/4(1) = A, (ker )V we
get

Oéir = ggl/d(l) I 2%5)
In the case where dy # 0 we see that the map ¢ is injective so by setting }Cd/d“) =
A® (coker )Y we get

Kyav -0 = 'O,



44 CHAPTER 1. VIRTUAL K-THEORY OF NESTED HILBERT SCHEMES

1.6 Localization calculations

1.6.1 Localization of the factorization

In this section we directly compute p. (€, / j) via localization. Note that if we can prove
that o

Po(Ey) = o XCHID® (A7), A%, (w3)

then this will immediately imply theorem Recall that we proved in proposition [1.5.1
that
vi Q\/ (1
ler — Qr-i-l + — t1ts tltZ Z Q]—l—l Qj+1 - Q])

where O, is the tautological bundle of the i’th subscheme. In particular, if we for a nested
Young diagram A, set

Q)\i = O(C[m,y]/[,\i S Kg“(pt)
we get that

r
Tgf;\".\/ = Q}\/TJ,»l +t1t2Q}\1 - (1 - tl)(]‘ - tz) Z Q)\j+1(Q}\/j+1 - QB\/])

§=0

Lemma 1.6.1. Letd = (dy, ..., d;) € ZX be a dimension vector and let Sd/a? € K9 (NHilb%(A2))
be the class of lemma[1.5.7 Let Ao be a nested partition of type d and let

conty, (gd/d) € K9 (pt)

be the contribution of the Thomason localization of gd/d at the fized point corresponding to

Ae. Then

1
conty, (€y/4) = A (Crors)
_ NP4

where
Caregr = (QX,, — QX)L = (1= t1)(1 = 12)Qn,,)-

In particular, the contribution depends only on A C Ap11.

Proof. By definition we see that

1

vir,V. vir,V
A (T \, *Td ' )

conty, (Sd/d) =
We then directly see that

.
Tdv,l)l::v = QXTH +t1t2Q>\1 - (1 - tl)(l - t2) Z Q)\j+l(QXj+l - QX])

j=0
= Z QX — QX)) +titaQx, — (1= 1) (1 —2) > Qn,, (QX,,, — Q)
j=0
= QY +t1taQx, — (1= 11)(1 = 12)Q%, Qx, + D _(QX,,, — QX, (1= (1= t1)(1 = £2)Qn; ,)-

i=1

In particular, we see that

Ty — *TWV (@3, — Q)1 — (1 —t1)(1 - 12)Qn,,,)

as desired. O
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With this in mind, we make the following definition.

Definition 1.6.1. For any nesting of Young diagrams A C u, we define the expression

1
P =
B/A /\'—1 (Ck,u)

and for fixed \ we let

u) = Zu"L'_l’\‘PM/)\ € Q(t1, t2)[[u]].

ACp
Remark 1.6.1. We note that for a nested partition \y = Ay C -+ C A, of type d and
p : NHilb%(A2) — NHilbZ(A2)
we get

conty, (p*(é’d/i)) = Z P, = [ Fy, (u).

™
||~ IAr|=dr

We also note that for a Young diagram p with |u| = d we have
[ﬂ)

P,z = cont, (A2 w,,

so that

_ u? Ab%(A2). A Yy _ u(l — t1ta)
Fa() = 3 hr (NI, A%, (w3)) = B (amim)

We conclude that theorem follows directly if we can prove that

Fy(u) = Fg(u).

1.6.2 Independence of the generating series

We will now prove that F)\(u) is independent of A finishing the proof theorem We
start by introducing some notation to ease the later calculations.

Setup 1.6.1. For any subset A C Z? we write .y, z,v,w,--- € A when we really mean
Ty, 2,0, w, - - = 1952 € L[t 5]

for some (a1, a2) € A. In this notation it follows that we have

= >z (1— 1—t1)(1 —to) Ev)

FISTTARY vEN

for a nesting A\ C p of Young diagrams. For a Young diagram A and boxes z € A and
y € Z*\\ we will say that x is a removable box if A\{z} is still a Young diagram and we will
say that y is an addable box if AU {y} is still a partition. We denote by R(X), A()) the set
of removable respectively addable boxes of A\. Note that

(RN +1 =AM

as can easily be proven by induction on the number of boxes of |A|. We will typically abuse
notation by identifying the elements of these sets by their algebraic elements above. For
example, for the Young diagram A of the form
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we would write
R()‘) = {t1t27t§}7 A(A) = {t%tlt%ﬂf%}‘
We will further define t = t1t9 and

B (1—-1¢)
S G TRy

= x7(A%, A2 (wa2))

and
(1 —2)(1—tx)

(1 — tllL‘)(l — tgl')

() =
since these expressions will appear a lot in our calculations below.

Note that for a nesting of Young diagrams A C u we directly see that

1 1 (1_5)(1_%)
Bun =3y = 11 (1-271) 1 (1 =021 —123)

FISITAD veEH

that is

T = I (2):

EISTTADN

There is a lot of cancellation happening in this expression as the following lemma shows.

Lemma 1.6.2. For any Young diagram p we have

1 H (1—-2)1—t1t2?)  Ileery(t —tita?)

L—z) (A -t)A-t2)  Ileagw@—2)

VEN
where the identity is of meromorphic functions in the variable z.
Proof. We proceed by induction on |u|. For p = & the left hand side is

1
(1—-z71)

We have R(@) = @ while A(@) = {1} so that the right hand side is
1
(1-13)

as desired. Suppose the statement is true for p and let w € A(u) with ¢/ = pU{w}. The
induction hypothesis now immediately implies that

1 (1-2)(1 —t1t2?) )1 = 11132 Ty (1 — tit2?)
(121)UH ihoy) _ i 127) R(p) 112

co I-t2)(—t03)  (A-uD)A-t37) el -3)

We consider 4 different cases for the placement of the box w
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wi| w
wy | w
w9 !
w2
Case a) Case b)
w1 | w o w
1
Case ¢) Case d)

where we denote the neighbors of w by w; and we. Note that t1w; = w and tows = w.
Note that case b), d) respectively case c¢), d) also includes the case where w is on the y-
respectively z-axis.

a)

Here we have
R(p') = (R(pw)\{w1, w2}) U {w}, A(p') = A(p)\{w}
so that
HxER(M)(l — tltgg) B (1 — tﬂfg%)(l — tltg%)(l — tltg%)fl HzeR(,u’)(l — tltgg)
Hyea@ -4 (1= Iyeapn@— %)

(1 - t2%)(1 - tl%) HIGR(M’)(l - t1t2g)
(1= =tt2) [Iyeaqn(1—%)

which is what we want.

Here we have

R(i) = (R(p)\{wa}) U{w}, A(p) = (A(p)\{w}) U {taw}
so that

HIER(u)(l - tlt?f) . (1 - tltZ%)(l - t1t2%)_1 HmGR(y’)(l — t1t2§)
[yeaq@—1%) (1=2)A=t22)  Leapn(1—%)
(L =1229)(1 = t17) [ Loerquy (L — tat2?)

(1= = tit2?) [Tyeaq)1— %)

which is what we want.

Here we have

R(p) = (R(p)\{w1}) U {w}, A(p') = (A(p)\{w}) U {t1w}
so that

[ocrpy( —tit2?) (1=t ?)(1 = t1822) " [oeppn (1 — trta?)
[Leapnd—%) (1=20-t2) " eaw (1 —%)
(1 =t22)(A = t19) [oerqy (1 — t1t2?)

(1= —tita?) [Tyeaq( = 2)

which is what we want.
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d) Here we have

R(p') = R(p) U {w}, A(p') = (A(p)\{w}) U {tiw, taw}

so that

HmGR(,u)(l - t1t2§> (1 - tth%)il HIER(M/)(l — t1t2§>
[lyeap =% Q=90 -02)" 0 =t2) " eagn( —2)
- (1 — 12 )(1 _tlg) HmER(ul)(l_tth%)

(=90 —tt2P) [yeapn - %)

which is what we want.

Definition 1.6.2. With this in mind we define

B 1 Z\ HreR( )(1 B ’t%)
Wu(x) = :[xlzlgl;c (E) N HaeA:jt)(l - %)

as a meromorphic function. For a nesting of partitions A C u we therefore have

Pp,/A: H w#(z)'

EISTTADY

Recall 1.6.1. We note that w satisfies the branching rule, where for w € A(u) we have
Wyu{w} () =¢ (%) wy ()
-2 -t2) Ilepe—1t)
(=t = t22) [Taeagn@ — %)
_ (1-t3) [Leryy(—15)
-0 =09 [Teag oy — 9

and so in particular

[lerey (™ —t5)
Wufer (w) = C K .
potd acagonfuy (1= %)

We note also the following symmetry of ¢

1y (- L)1 —td) t 2 2(tr — 1)(z — 1)
C<u>‘<

L—tig)(1—tagh) T 2t — V(tw — 1) S(@).

We will frequently use these rules in the computations below.

Recall that our goal is to show that Fy(u) is independent of A, so that

B B u(l — tytg)
Fy\(u) = Fg(u) = PE <(1 — tl)(11—2t2)> :

Suppose therefore w € A()\) is an addable box and let \' = AU {w} be the diagram obtained
by adding w to \. We want to prove that Fy(u) = Fy(u). We can split the sum as

B = Y ub-Mp,, + Y MR,
NCp /\%V
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Sending v — v U {w} provides a bijection
ACcv|lwgvi{\Cpu|lwe Rw)}.

We note further that

P = H wu(2) = wu(w H wu(2) = wu(w) By

EISTTAD zep\X

and for p = v U {w} we have

P/L/)\/ = H VU{w} H ¢ U)/Z wl’ :PV//\ H C(w/z>

2€(UH{wh\(A{w}) ZzEV\A zEV\A
so setting
(1—tiz/2)(1 — tax/2)
N/X H C-T/Z = H — —
zEP\N 2Ep\N (1—z/2z)(1 —tx/2)
we obtain

Pl//)\ = Ii“/)\/(w)PH/)\/.
Using this, it follows that we may rewrite
Fy(u) = Z (u- wu(w))u‘“‘_P"'Pu/X + Z HJH//\/(w)u‘“‘_W‘PM/X.

NCp NCp
wER(u)

We note that if w ¢ R(u) for X' C p we have k,/y(w) = 0. Indeed, since w ¢ R(u) we
must have tyw € p or/and tow € p so that the numerator of /) () has a zero of degree 1
or 2 at z = w. Conversely, since w € X we see that the denominator has a zero - which is
necessarily of degree 1 - at x = w if and only if ¢1few € p, but then t1w,taw € p so that the
numerator has a zero of degree 2. It follows that

F\(u) = Z (u- wy(w) + mﬂ/A/(w))u‘“‘_l/\/‘PM}\/
NCu

and in particular, we see that

Fy(u) = Py (u) = Y (u- wu(w) + sy (w) = Dult=VIE, .
NCp

This motivates the following definition.

Definition 1.6.3. Let A be a Young diagram. We set

Di(m) =Y (u-wu(@) + ru(x) — Du=p,

ACu
and
Dy n Z ,u//\ Z Py/)\wu
ACu
[u\A|=n IV\AI

the coefficient of v™ in Dy(u). Similarly we let

Z By
ACu
il =X =n

the coefficient of u™ in F)(u).
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The above discussion now shows the following lemma.

Lemma 1.6.3. Let A be a partition and let w € R(X\) be a removable box. Then cp(A\) =
cn(AM\{w}) if and only if Dy ,(w) = 0. In particular, if Dy,(w) = 0 for all X\ and all
w € R(A) then ¢, = ¢, () is independent of .

With this in mind we begin the study of Dy ,(x). We start by identifying its poles.

Lemma 1.6.4. D, ,(x) is a meromorphic function. It has poles exactly at x+ = a/t for
a € A(XN) and these poles are simple with residue

a - Wyt (@
Resx:a/t Dk,n(aj) = )\tUC{,}() : Cn—1(>‘ U {CL})

Proof. Note first that
((x/z) = ¢(z/tx)
and so

() - (@)t = I_(LC) TTcGra) - T ¢/t) = walta)

ZEA ISTARY

so that
wi(tr)  Treroy@ —7/2) [acagy (1 — a/tr)

wu(tr)  [Taeapy(d —a/te) [Lepn( —r/2)
i.e. the possible poles are for x = b € R(u)\R(\) or z = a/t for a € A(N). Note that if

a € A(X) then a/ti,a/ty € X hence a/t € A\R()). In particular a/t ¢ R(u) so all these
possible poles are distinct and at most of order 1. On the other hand we have

[ erp)d —tr/z)
HaeA(y)(l —a/x)

which has simple poles at z = b € A(v). Note that if we choose any box b outside A\ which
is addable for a v or removable for a p we have a bijection

’%,u/)\(x) =

wy(z) =

WON [N =n—1,be AW)} ¢ {u O A [\A| = n, b e R(u)\R(\)}

simply given by either removing or adding the box b. For a fixed b we will show that the
residue cancels for such a pair (u,v) with p = v U {b}. We note that

[Lerwy—tr/b) b »)
[acappipy(t—a/t) — €

Resy—pwy(z)dz = b
where = v U {b} and where we have used the branching rule. On the other hand

Res,— C(x/b) Ldx = —%

so that

b
Resy—p k() = e H ¢(b/2)7 L
EISAPY

Hence the two summands of Resy— D) ,,(z) corresponding to p and v with p = v U {b} are
given by

b _ b
By C H ((b/z)~" +Pl//>\6w,u«(b)
zev\A
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) [T¢/2)wn(z) = wuPjn(0) T] ¢(0/2)

but
Prn=I] wum) =wul
zevU{b}/A z€v z€v
which shows that Res,—p Dy ,(z) = 0. For the remaining possible poles we see that for
a € A(X) we get a pole for each p such that a ¢ A(u) i.e. a € u. We see that

1. _ @
ReSm:a/tC(ZE/(I) de = tC

and so for p with AU {a} C p we get
- I <=5 I e

Resy—q/t Ky (T)dr = ©
zep\(AU{a}) zep\(AU{a})

We note that
= ]I wu®) = wul@)Puyotan
EISITARY
and that
wu(a) =[] ¢(z/a)
ZEN
so that
wala)  J[  ¢/a)™! = watala)
zep\(AU{a})
hence we get
awu{a} (@) awu{a} (@)
Res;—q/t Dan(w) = % >, Buyouiy = % “en-1(AU{a})
A{a}Cp

lul—[AU{a}|=n—1

Next, we identify the limit.
Lemma 1.6.5. Let A be a diagram. We have
lim Dy n( ) = ca—1(A).

T—00

Proof. We see that

1 —tix/z)(1 —taz/2)
(

_ (
= II =11 1—2/2)(1 - tz/2)

R/ (2
FISTARY EISTTADY
which tends to
[ (/2 _
N aIE
when © — oco. Meanwhile .
HTGR(N)(]' B tE)
= o~ — 1

) = =9

as ¥ — 0o. It follows that
Dy n(x Z P,y = cao1(A).

\V\M
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Theorem 1.6.1. The expression c, () is independent of X for all n > 0.

Proof. We proceed by induction on n with the induction start n = 0 being trivial as co(\) = 1.
Assuming that ¢,;, = ¢;,(\) is independent of A for m < n we will show that

HTGR()\) (x—r)
[Lcapy (@ —a/t)
which in particular implies that D) ,,(w) = 0 for all w € R(\) which then implies that ¢, ()
is independent of A. By Liouville’s theorem it will suffice to show that the right hand side

has the same residues and limit at x — oco. Clearly the right hand side has simple poles at
x =b/tfor b € A(\) and the residue is given

b [Leroy®/t=7) b [ erpy (@ —tr/b)
"t ecaonmy®/t—a/) T Taean \{b}( —a/b)’

Conversely we see using the branching rule that

IITE}HA)(l —'tT/b)
[Locap o3 (1 — a/b)

Dypn(x) = zcp—1

wiugpy(b) =C

so that the residue of Dy ,(z) at © = b/t is

b HTER()\)( — tr/b)
tTacapnny 1 —a/b) ™"

which agrees with the right hand side. Lastly, using |A| = |R| + 1 we can rewrite the right

hand side to
) [Lerpy@—r/2)
n—1
[locay(@ —a/tx)

b - wiugpy(b)

C cep—1 (AU {b}) =

so that when x — oo we get
Cn—1

which agrees with

lim Dy () = cn—1(N).

Proof of theorem[1.2.1] Let p = Py 4- We have by lemma that
Pe(OF) = pulEyy) - O
For each nested Young diagram of type d
Ae =Ap1 D A1 DDA
corresponding to a fixed point of NHilb4(A?) we then see by lemma that
conty, (54/4) =Py /n
so that for a nested Young diagram A, of type d we have

conty, p«(€ d/d Z P, = ci,(Ar).

)\'rC,LL
[l =17
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By theorem this is independent of A, and so in particular p.(&, / ;j) is constant. One
then explicitly sees that o
ca,(\) = cq, (@)= _ P,

pdr
agrees with the localization formula for y7(Hilb% (A2), /\:1(“’,[:; ])) Indeed, note first that
W% = 41,04
We have by definition that
1
P,y=—F—+
1A (Coy)
where
Cop=Qp— (1—t1)(1 - t2)QQu
Using that
T 11bd’"(A2 Q + t1t2Ql~t (1 - tl)(l - tQ)Q/\iQH
we get
dr
Core = Tigipr w2y~ 1t2Qa, = Tifiner (A2),u tlt?ol[%m]u
hence 0]
A (tthOAT ) . dr
PN/@ = /\._I(TV 21 ) = COHt#(/\_ltthOAQ]).

Hilb (A2),p

We therefore get

S Puo= " cont,(tit205") = yp (Hilb™ (A2), 11,017
,LL}*dr HFdT

as desired. ]
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Chapter 2

Virtual invariants from the
non-associative Hilbert scheme

Abstract

We introduce a non-associative model for the Hilbert scheme of points in arbitrary
dimension. We define a smooth ambient space, which we call the non-associative Hilbert
scheme, containing the classical nested Hilbert scheme NHilbi(A”) as the associativity, cut
out by an explicit section of an associativity bundle. This construction yields canonical per-
fect obstruction theories and virtual fundamental classes on NHilb4(A™) for all (n,d). Using
virtual localization, we obtain closed formulas for these virtual classes as sums over admis-
sible nested partitions. Over the punctual locus, we rewrite these as a single multivariable
iterated residue formula governing all virtual integrals. Our construction works for all n,
produces positive-dimensional virtual classes when n is large compared to the number of
points, and we expect that they extend the non-commutative matrix model and virtual class
construction on Calabi-Yau threefolds.

Introduction

Hilbert schemes of points are fundamental objects in algebraic and enumerative ge-
ometry. For a smooth surface S, the Hilbert scheme Hilb%(S) of length-d zero-dimensional
subschemes is a smooth, irreducible variety of dimension 2d [Fog68]. The topology and inter-
section theory of Hilbd(S ) are very well understood, and they carry rich structures such as
Nakajima’s Heisenberg algebra action [Nak99], quantum cohomology structures in the work
of Okounkov-Pandharipande [OP10], and relations to curve counting and modular forms via
K3 surfaces.

In higher dimension, the geometry quickly becomes more subtle. For a threefold X, the
Hilbert scheme Hilbd(X ) is typically singular for d > 1 but admits a symmetric perfect ob-
struction theory in the Calabi-Yau case. Behrend-Fantechi’s theory of intrinsic normal cones
and perfect obstruction theories produces a virtual fundamental class [Hilb%(X)]V* [BF97],
and Behrend’s constructible function describes Donaldson-Thomas invariants as weighted
Euler characteristics [Beh09]. Applied to Calabi-Yau threefolds, this yields degree-zero
Donaldson-Thomas (DT) invariants as weighted Euler characterisitics on Hilb?(X).

In the special important case when X = A3, Hilbd(A3) parametrizes ideals of colength
d in C[x1, x2,x3] and is highly singular. Nevertheless, it can be modeled as a critical locus of
a function on a smooth space of non-commuting matrices: one considers triples of matrices
(A1, Ay, A3) € End(V)3 together with a vector v € V generating V under the A;, and
imposes the commuting relations [A;, A;] = 0 via a potential [BF08, BBS13]. This non-
commuting matrix model leads to explicit formulae for DT invariants of A2, recovering

95
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the MacMahon product formula for the generating series of zero-dimensional DT invariants
[MNOPO06al, MNOPOGD]. From our point of view, this is the first instance of a general
philosophy: one embeds a singular Hilbert scheme into a smoother, more flexible moduli
space (here of unconstrained or non-commuting matrices) and then imposes the constraints
(here of commutativity) as equations cutting out the original moduli space.

Moduli of sheaves.

The special role of threefolds and fourfolds in enumerative geometry is by now well
established. On a Calabi-Yau threefold X, moduli spaces of stable sheaves or stable pairs
carry symmetric perfect obstruction theories and hence zero-dimensional virtual classes.
Integrals over these classes define Donaldson-Thomas invariants, which may be viewed as
algebraic counterparts of BPS state counts in string theory and are related to Gromov-Witten
invariants via the DT/PT correspondence [Tho00al [PT09].

For Calabi-Yau fourfolds, the picture is more delicate: the derived moduli stack of
(semi)stable sheaves is expected to be (—2)-shifted symplectic in the sense of Pantev-Toén-
Vaquié-Vezzosi. Using this structure, Borisov-Joyce showed that such a derived moduli space
carries a real virtual fundamental class of half the expected complex dimension, constructed
via derived differential geometry and Kuranishi atlases [BJ17]. Their theory applies in
particular to moduli spaces of stable sheaves on Calabi-Yau fourfolds (including Hilbert
schemes of points), but the resulting cycle is a priori only defined in real homology and
depends on subtle orientation data.

Building on this, Oh-Thomas constructed an algebraic virtual cycle for moduli spaces
of sheaves on Calabi-Yau fourfolds, using a localized square-root Euler class for orthogonal
bundles and a theory of complex Kuranishi structures. They proved a localization formula
and showed that their algebraic cycle agrees with the Borisov-Joyce cycle after inverting 2
[OT23| [0OT24]. This provides a robust framework for defining DT-type invariants on Cal-
abi—Yau fourfolds and for comparing different constructions.

In parallel, Feyzbakhsh-Thomas have developed a powerful wall-crossing and stability-
conditions approach to Donaldson-Thomas invariants on Calabi-Yau threefolds. They ex-
press general rank-r DT invariants in terms of simpler rank 0 or rank 1 theories via Bridgeland
stability and wall crossing [F'T23), [F'T24].

Within this sheaf-theoretic framework, Hilbert schemes of points on Calabi-Yau four-
folds play the role of moduli of zero-dimensional sheaves. Let X be a smooth projective
Calabi-Yau fourfold and Hilb?(X) its Hilbert scheme of length-d subschemes. Using the
Borisov-Joyce theory together with orientability results of Cao-Gross-Joyce for moduli of
sheaves on Calabi-Yau fourfolds [CGJ20], one obtains a virtual class on Hilb%(X). Cao-Kool
then defined zero-dimensional DT} invariants by integrating the Euler classes of tautological
bundles against this virtual class, and proved deformation invariance and a number of struc-
tural properties [CK1§|. These invariants can be viewed as fourfold analogues of degree-zero
DT invariants on Calabi-Yau threefolds.

More recently, Bojko has used the Gross-Joyce-Tanaka wall-crossing formalism to study
topological information encoded by the virtual fundamental classes of Hilbd(X ) as d varies.
Assuming the conjectural wall-crossing framework, Bojko proves the Cao-Kool conjectures
for zero-dimensional sheaf counting and shows that the collection of virtual classes on
Hilbd(X ) is equivalent to the data of all descendent integrals. As a consequence, many
generating series of invariants are expressed in terms of explicit universal power series and
are related to Nekrasov’s “genus” for Hilb?(C?*) and to Segre-Verlinde correspondences in-
volving Quot schemes on elliptic surfaces [Boj21].

On the local and toric side, Nekrasov [Nek20] introduced an equivariant K-theoretic
“Magnificent Four” partition function, which can be interpreted as a new genus of Hilbert
schemes of points on C*. Cao-Kool-Monavari [CKM22] extended this to curves and stable
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pairs, formulating a K-theoretic DT /PT correspondence for toric Calabi—Yau fourfolds and
verifying it via a vertex formalism.

In a different but related direction, Oberdieck et al [COT24, [COT22]have developed
curve-counting theories on holomorphic symplectic fourfolds, including holomorphic sym-
plectic analogues of Gopakumar-Vafa invariants . These are often expressed in terms of
invariants of Hilbert schemes of points on K3 surfaces and their higher-dimensional ana-
logues and connect the 4-dimensional Hilbert scheme geometry to modularity and Jacobi
forms.

The non-associative nested Hilbert scheme.

For a smooth variety X of dimension n and a dimension vector d = (do,...,d,), the
nested Hilbert scheme

NHilb¢(X) = {& C --- C &1 C X|dim& = 0, length(&) = do+ -+ -+ d;_1}

parametrizes chains of zero-dimensional subschemes of prescribed lengths. Even on surfaces,
these nested schemes are typically singular with poorly understood component structure.
Nonetheless, they have proven extremely useful in sheaf counting theories. Gholampour-
Sheshmani-Yau [GSY20] constructed virtual classes on nested Hilbert schemes of points and
curves on surfaces and showed that they recover reduced stable pair and Seiberg-Witten
theory. Gholampour-Thomas [GT20al, [(GT20b] then expressed nested Hilbert schemes as
virtual resolutions of degeneracy loci of maps of bundles on smooth ambient varieties, and
used Thom-Porteous-type formulas to compute the resulting virtual cycles and their inte-
grals. This provides a powerful technique for expressing Vafa-Witten and local DT/PT
invariants in terms of tautological classes on nested Hilbert schemes of surfaces.

In this work we use a different smooth ambient space for Hilbert scheme of points.
We will reinterpret the work of Bérczi-Szenes [BS12, B17] and Kazarian [Kaz17] where they
showed that a certain filtered part of the punctual Hilbert scheme embeds into a smooth
non-associative Hilbert scheme and used this to compute Thom polynomials of Morin sin-
gularity classes.

In this paper, we extend the non-associative Hilbert scheme model to the whole nested
Hilbert schemes. Fix a dimension vector d = (dy,...,d,) € Z;ng and n > 0. Consider the
nested Hilbert scheme of d = dy + - - - + d,- points in A” given as the moduli space

NHilb¢(A™) = {& C --- C &g CA™| dim&; =0, Lengthé; = do+ -+~ 4+ di_1}
={l41 C--- C L Clo=Clzy,...,x,] | dimc [;/I;+1 = d;}.

We define the non-associative nested Hilbert scheme of d = dg + - - - + d,- points on A™ as the
moduli space

naNHilb%(A") = {I,,1 C --- C I} C Ip = C{z1, ..., 20} | dime I;/I;1 = d;}

where C{z1,...,zy}. is the free unital, commutative, non-associative algebra on n-generators
and the I;’s are ideals. We prove that this is a smooth variety and that NHilb%(A”) embeds
in naNHilb%(A™) as the locus where I is contained in the associativity ideal or equivalently
where the quotient algebras are associative.

The key point is that associativity can be imposed by a section of a vector bundle over
the smooth ambient space naNHﬂbi(A"). That is, the associator conditions are encoded in
a vector bundle E,s on naNHilbd(A”) and a global section

Sass € D(naNHilbZ(A"), Es)
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whose zero locus is precisely NHilb4(A™). Thus NHilb4(A™) has a canonical perfect obstruc-
tion theory as the zero locus of a section on a smooth variety, and hence a virtual fundamental
class

[NHilb4(A™)]'" € A, (NHilb4(A™)).

This provides an elementary and concrete construction of a virtual class for nested Hilbert
schemes of points in all dimensions.

Our approach should be contrasted with the non-commuting matrix models used in
threefold DT theory. There, one replaces the commutative coordinate ring by a free associa-
tive (non-commutative) algebra of matrices, and the Hilbert scheme is realized as a critical
locus of a function cutting out the commuting relations. In our non-associative model, we
instead keep commutativity but drop associativity, realizing the Hilbert scheme as the zero
locus of associativity equations inside a smooth commutative but non-associative ambient
space. This shift turns out to be well adapted to the combinatorics of monomial ideals and
yields ambient varieties that are themselves built as towers of Grassmannian fibrations, in
the spirit of Kazarian’s work. Crucially, our construction produces virtual classes of positive
dimension whenever the ambient dimension n is sufficiently large compared to the number
of points (or total length) d = dy + - - - d,, and our iterated residue formula for virtual inte-
gration then provides a uniform way to define and compute these virtual classes for all pairs

(n,d).

Virtual localization and iterated residue formulas.

The affine torus 7' = (C*)™ acts on A™ by scaling each coordinate, and this action
lifts to both naNHilb%(A™) and NHilb%(A™). Our construction of the obstruction theory is
T-equivariant, so we obtain an equivariant virtual class

NHilb4(A™)]V' ¢ AT (NHilb4(A™)).

Then we apply the Graber-Pandharipande virtual localization formula to compute the re-
striction of this class in the localized equivariant Chow group AT (NHilb%(A")))c as a sum
over T-fixed points. These fixed points correspond to chains of monomial ideals, i.e., to
nested partitions. We obtain an explicit iterated residue formula expressing [NHilbZ(A™)]Vir
as a weighted sum over admissible (n — 1)-dimensional nested partitions of length d, with
weights given by rational functions in the torus weights (Theorem .

We also single out the nilpotently filtered locus NHilbgﬂ_ﬁl(A”), consisting of nested
ideals

LywCc---Ch CI(]:(C[.Z‘l,...,:L'n]

such that I; is the maximal ideal at the origin and Iy - I; C I;41 for all <. This locus lies
inside the punctual nested Hilbert scheme and has a natural virtual class induced by our
embedding into the non-associative model. When d = (1,...,1) is a full flag, we show that
NHilbgﬂ_ﬁl(A”) coincides with the usual punctual nested Hilbert scheme, and more generally
we study its geometry for arbitrary d. When r = 1, dy = d, we identify

NHilb% . (A") = {I C Clzy,...,z,]|dime Clz]/T = d+1,m> C I C m},

which is empty whenever d > n; this illustrates that the nilpotently filtered locus is much
smaller than the full punctual Hilbert scheme.

For virtual integrals supported on the nilpotently filtered locus NHilbgﬂ_ﬁl(A"), we refine
the localization calculation to an iterated residue formula. When dy + --- +d, < n we
construct a partial resolution of NHilb%ﬂ_ﬁl(A”) fibering over a flag variety Flag;(C") (where

d = (dy1,--- ,d,) and reduce integrals to a fiber over a reference flag. Following [BS12],
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Atiyah-Bott localization on this resolved space can be transformed into a multi-variable
rational form whose virtual integral is given by an iterated residue at infinity. A key feature
of our analysis is that all but one of the candidate residues vanish; the sole contribution comes
from the “Porteous” nested partition consisting only of unit vectors in the natural order. The
resulting formula expresses virtual integrals on NHilb%ﬂ_ﬁl(A”) as a single explicit iterated
residue (Theorem [2.1.2)). This generalizes earlier iterated residue techniques of [BSI2] in
singularity theory and Thom polynomial computations to the context of nested Hilbert
schemes of points and virtual integration.
Finally, using an embedding

NHilb%, ¢ (A") < NHilbl, ¢ (AY)

for N > n and comparing the corresponding virtual structures, we show that the same
residue formula continues to hold even when dy + - -+ + d, > n.

Tautological versus virtual intersection theory.

The curvilinear Hilbert scheme, denoted by CHilbg(A™), parametrizes infinitesimally
collinear subschemes of a smooth variety and forms a small, distinguished component of the
punctual Hilbert scheme. In [B17] it is shown that this curvilinear component forms a nat-
ural projective compactification of the jet moduli space Ji(1,n)/Diff,. This perspective led
to a systematic theory of tautological intersection numbers on curvilinear and full Hilbert
schemes of points. In a series of papers [Bi?, Bal, Bf), Bd|, tautological integrals were ex-
pressed in terms of explicit iterated residue formulas for all tautological integral on the main
component of the Hilbert schemes of points in arbitrary dimension. These formulas recover
and generalise classical surface results of Gottsche and Nakajima, and they apply to a wide
range of enumerative problems, including counting curves and hypersurfaces with prescribed
singularities and higher-dimensional analogues of Lehn’s conjecture and Segre—Verlinde type
formulas. A striking structural property of Hilbert scheme of points proved in [BS] is that all
monomial ideals (i.e.torus fixed points) lie on the curvilinear component, strongly suggesting
that the curvilinear locus controls the topology of the entire Hilbert scheme.

The present work develops a parallel virtual intersection theory on the full Hilbert
schemes of points, not just on thew main (smoothable) component. Crucially, our con-
struction yields virtual classes of positive dimension whenever the ambient dimension n is
sufficiently large compared to the total length of the subscheme, and the virtual localiza-
tion formulas can again be written as iterated residues, now incorporating the contributions
of the obstruction theory. In this sense, the virtual intersection theory developed here is
formally very close to the tautological intersection theory of [Bi?, Bal Bf), Bd]: in both
settings, universal intersection numbers on Hilbert schemes of points are governed by ex-
plicit multi-variable residue formulas over the same combinatorial data of monomial ideals
and partitions. In forthcoming work [BM25], this framework is used to reconstruct Don-
aldson—Thomas invariants of Calabi—Yau threefolds from the non-associative Hilbert scheme
model, revealing a direct bridge between the tautological and virtual theories.

Outline of the paper.

In Section we define the non-associative nested Hilbert scheme naNHilb4(A") and
prove its smoothness and basic geometric properties, including the embedding of N Hilbd(A”)
as the associativity locus. In we construct the punctual locus, prove that it can be de-
scribed as a tower of Grassmannian fibrations and construct a non-associative Hilbert-Chow
morphism. In Section we construct the induced perfect obstruction theory and virtual
class on NHilbd(A”) and derive an explicit T-equivariant localization formula, expressed as
a sum over admissible nested partitions. Section is devoted to the nilpotently filtered
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locus: we define NHilb%ﬂ_ﬁl(A"), analyze its geometry, construct a partial resolution over a
flag variety and prove the iterated residue formula for virtual integrals.

Acknowledgements.

We thank Sergej Monavari for many enlightening discussions and for suggesting several
interesting directions for us to explore.

2.1 The results

Fix a dimension vector d = (dy,...,d,) € ZT;Ol and n € Z>p. The main object of
interest in this paper is the nested Hilbert scheme of d = dy + - - - 4+ d;- points in A" given as
the moduli space

NHﬂbd(An) = {fl C- - C&yp1 CA” ’ dim&; =0, Length &, =do+--- + di—l}
={l41C---Ch Clo=Clxy,...,z,] | dimc [;/I;41 = d;} .

We study it by defining a new smooth variety for which this (highly singular) scheme embeds.
We use this to define virtual fundamental lass on the nested Hilbert scheme and develop
localization and iterated residue formulas for efficiently computing virtual invariants.

The non-associative Hilbert scheme.

Extending the work of [Kazl7] we construct naNHilb¢(A™) the non-associative nested
Hilbert scheme of d = dy + - - - + d,- points on A™. It is the moduli space

naNHilb%(A") = {I,.1 C --- C I} C In = C{xy, ..., 20} | dime I;/ I = d;}

where C{z1,...,z,}.is the free unital, commutative, non-associative algebra on n-generators
and the I;’s are ideals. We prove that this is a smooth variety and that NHilb%(A™) embeds
in naNHilb4(A™) as the locus where I; is contained in the associator ideal or equivalently
where the quotient algebras are associative.

In the case where dy = 1 we construct a punctual locus naNHilb%(A”) C naNHilb4(A™)
which intersects the Hilbert scheme in the nilpotently filtered locus

NHilbL, . (A™) = {[JT+1 C---CILCI e NHIDYA™ | I =m, I, - I; C Ii+1}

where m = (x1,...,2,). Using the methods of [Kazl7] we prove naNHilbg(A”) admits the
structure of a tower of Grassmannian fibrations. In the special case where d; = 1 for all
0 <4 < r we are further able to construct an extension

naNHilb%(A") — (A")" !

of the (ordered) Hilbert-Chow morphism on NHilb%(A™). We use this to prove that NHilb%ﬂ_ﬁl (A™)
identifies with the punctual Hilbert scheme of points

NHilb(A™) = {&, C -+ C &1 C A" | dim& = 0, Length&; = 4, Supp&; = {0}} .

We always have NHilbgﬂ_ﬁl(A”) C NHilbg(A") but the equality only holds for the full dimen-
sion vector where d; = 1 for all . On the other end of the spectrum where r =1, di = d we
can identify

NHilb%, 5 (A") = {I C Cla1,...,x,] | dimg Clzy,...,2,)/I=d+1,m> C T Cm}.

This is much smaller than the punctual locus and becomes empty whenever d > n.
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Virtual fundamental class and localization.

One can easily prove that the associativity locus is the zero locus of a section of a
vector bundle on naNHilb4(A™). This equips NHilb%(A™) with a perfect obstruction theory
and therefore also a virtual fundamental class. Setting 7" = (C*)™ this procedure can be
made T-equivariant and we are able to calculate the virtual class via a localization formula.
We obtain the following result, where we use the notation

ﬁv :zgjv

for non-zero products.

Theorem 2.1.1. Letd = (dy,...,d,) € Z%l, d=do+---+dp, n € Zso and T = (C*)". Let
AL.(pt) = Zls1, ..., sp] where s1,..., 8y are the Chern roots of C* given the standard torus
action. In the Chow group AT (NHilbL(A™))1e localized in linear functions of si,. .., s, the
virtual fundamental class [NHiIbZ(A™)|"™" equals

~ ~d—1
[Li<ijr<a—1ll o<m<a—1  (wi+wj+wk —wp)(8)[ ;= [Tock<a—1 uj — ug(s)
J

] N i<k w(k),w(j)<w(m) w(j) <w(k)

§ : o . —d—1 ~

Ao [Tiz: [ie—o(ei —uk)(s) ngigjgd—l [I 0(§~])€§df13)(ui +u;j — ug)(s)
w(g)<w

Here the sum is over all admissible (n — 1)-dimensional nested partitions of length d
Ae = (M1 C - A1 C Z5)
viewed as a fized point Ao € NHilb4(A™)T and where we have a chosen enumeration
M1 = {0, ., Uggqoga,_ -1} CZ5
for each Ao. For u = (ui,...,u,) € Z" we define
u(s) =uisy + - + upSn.

Being admissible means that A1 contains no vectors with 8 or more non-zero coordinates
and that the projection to a two-dimensional plane sits inside the partition given by figure 1
below.

[ ]

Figure 2.1

The iterated residue formula.

Similarly, when dy = 1 the nilpotently filtered Hilbert scheme NHilbgﬂ_ﬁl(A”) admits a
virtual fundamental class. When the flag is full, i.e., d; = 1 for all ¢ we are able to describe
virtual integrals on NHilb%(A") in terms of a virtual integral on NHilb%il_ﬁl(A”). When the
flag is not full we can still perform this procedure, provided the integrand is supported
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on the nilpotently filtered locus. We spent the last section of the paper developing an
iterated residue for virtual integrals over the nilpotently filtered locus. If we let d = (1, a?) =
(1,dyq,...,d,) and assume

d=1+4d +---+d. <n+1

we can construct a partial resolution of NHilb%il_ﬁl(A") that fibers over the flag variety

Flag;(C"). We can use this to derive a residue formula depending on

/ a
[Hig]ViF

where Hiq is the fiber in the partial resolution over the reference flag
fo = (span(ey, ..., eq,) C --- Cspan(er,...,e;)) € Flag;(C").

Calculating this integral via localization, we get a sum of iterated residues and we can prove
that all residues vanish except for the one at the Porteous point i.e., the nested partition
containing only unit vectors nested in the natural way. By considering the map

q.d n and
NHilbS, (o (A") < NHilbS, . (AY)

for n < N we can prove that this formula remains valid even when d > n + 1. We obtain
the following result.

Theorem 2.1.2. Let d = (1,dy...,d,;) € Z5', d = 1 +dy + - +d, n € Z>o, and
T = (C*)™. Let A%(pt) = Z[s1,. .., sn| where s1,...,s, are the Chern roots of C* given the
standard torus action. Pick a g-dimensional T-representation W with Chern roots 01, ... ,04
and consider the T-equivariant rank q bundle

E=WxA"

on A". Let
—MNo, —M,---, —7Nd—1

be the Chern roots of the tautological bundle O%}L so that
Ed =W ool
has Chern roots 0; —n;. Let

P:P(Gl,...,é?q,m,...,nd_l)

be a polynomial in the Chern classes of E9. Then

P
/[NHinoﬁﬂ_ﬁl (Am)]vir

can be calculated via the iterated residue formula

P01, 0g,2) [T1<mpica—1(zm — 2) I i<ijr<a1 [T osm<a—1 (2 + 25 + 2k — 2m)dz

Res i<k w(k),w(j)<w(m)

S [Ti<i<m<d—1(zm — 21) [Ti, ?:_11(51' —21) H1<i<j<d71 [Ti<k<a— (=i + 25 — 2k)
w(l)<w(m) T w(j)<w(k)

Here z = (z1,...,24-1) and the iterated residue is defined as the coefficient of (z1---2q4-1)

in the expansion of the rational expression in the domain z; < -+ <K z4_1.
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In the follow-up paper [BM25], we will further develop the theory by comparing the
virtual invariants obtained in this paper with other known virtual invariants using a rational
map from the non-associative to the non-commutative nested Hilbert scheme. We note that
several virtual invariants of the Hilbert scheme of points can be constructed explicitly using
the non-commutative Hilbert scheme. The degree 0 rank 1 DT-invariants on Hilb?(A%) can
be described using the critical locus description in the non-commutative Hilbert scheme, see
[BBS13|, [Okol7]. The Hilbert scheme of points on A* can be exhibited as a zero locus of
an isotropic section of an orthogonal bundle on the non-commutative Hilbert scheme thus
providing a virtual class in the sense of [OT23], see [KR]. In [Min] a nested version of the
non-commutative Hilbert scheme is constructed and it is shown that NHilb4(A?) can be
exhibited as a zero locus of a section of a vector bundle in a way that recovers the virtual
class of [GSY20].

In more detail, the existence and smoothness of the nested non-commutative Hilbert
scheme

ncNHilbd(A"),

is proven in [Min]. It is the moduli space parameterizing (N,, Aq,..., Ay, v), where N, is a
flag of vector spaces of dimension d, each A; is a flag-preserving operator, and v € Ny is a
cyclic vector, meaning that every element of N, is a linear combination of A;, A4;, --- 4;, v.
This construction specializes to the ordinary non-commutative Hilbert scheme in the case
where d = (d). We consider the rational map

naNHilb4(A") —--mmmoee e > ncNHilb4(A™)
[Ne, 1,2, v] —— [Ne,2(V1(x1), =), ..., Ya(t1(2n), —), V]

where (C")Y = span(z1,...,%,). In other words, it is the same flag N, with the same unit
v, and the operators are defined by left multiplication with v (x;). The domain of definition
is the Zariski open locus where N, is spanned by v and by elements obtained by iterative
left multiplication by i(x1),...,%1(zy). The nested Hilbert scheme of points lies in the
domain of this map and the map restricts to the identity map of the nested Hilbert scheme
of points viewed either as the associativity or the commutativity locus.

We hope to use this map to construct relative perfect obstruction theories on the identity
map of the (nested) Hilbert scheme of points compatible with our obstruction theory in
the domain and well-known obstruction theories that can be constructed from the non-
commutative (nested) Hilbert scheme in the codomain.

Remark 2.1.1. One might be tempted to think that the map is well defined everywhere,
since y1 = ¥1(x1),...,yn = ¥i1(x,) generate N, as a non-associative algebra. This is,
however, not the case. The essential issue is that elements of the form

(i) (WkYm)
cannot a priori be written as elements obtained by iterative left multiplication by the yj,.
Similarly, if we simply denote the operators by
A = Pa(Pr (i), —)
we can define a potential
naHilb?4(A3) — 72— Al

[N07 ¢17w27 U] — Ir AI[A27A3]
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which is well defined on the whole non-associative Hilbert scheme. On easily sees that

naHilb#(A3) ~--mmmmoeemmee » ncHilb?(A®)

commutes and that the nested Hilbert scheme lies in the domain of definition of the rational
map.

Remark 2.1.2. Note that the critical locus Crit(g) is exactly the locus where the operators
o(11(x;), —) commutes. This commutativity yields associativity conditions. Indeed, let A
be a commutative non-associative algebra and for a € A denote by L, the operator given by
left multiplication of a. If L,Ly = LyL, then for all ¢ € A we have

(ac)b = b(ac) = LyLy(c) = LaLp(c) = a(be) = a(ch)
i.e. the associator [a, ¢, b] vanishes for all ¢ € A.

Remark 2.1.3. One might be tempted to think that NHilb4(A3) = Crit(g). We have
NHilb¢(A3) C Crit(g) but the inclusion is in general strict, even if we restrict to the domain
of definition of the rational map. Let us consider the following counter example. Let N =
span(vg, v1,v2). Let vy be the unit and define a multiplication rule by

V1V = Vg, V1U2 = VU1 = vg and voue = 0.

Set ©1(x1) = ¥1(x2) = Y1(x3) = v1. This is in the domain of definition of the rational map
since everything is spanned by the unit vg and left multiplications of v; with itself. Clearly
the operators (11 (x;), —) and ¥2(¢1(x;), —) commutes since ¥ (x;) = ¥1(x;). However,
the algebra is not associative as

(Ulvl)vg = V2V = 0 75 Vo = V1V = ’01(2}11}2).

The rational map defined in this section provides us a direct approach to express DT
invariants as tautological virtual integrals on the positive dimensional virtual classes in higher
dimensions.

2.2 Preliminaries

2.2.1 Non-associative algebras

We provide the definition of a non-associative Og-algebra and describe how to construct
quotients of the free non-associative algebra.

Definition 2.2.1. Let S be a scheme. A (quasi-coherent) non-associative Og-algebra is by
definition a pair (F,1) of a quasi-coherent sheaf F € QCoh(S) equipped with a multiplica-
tion rule

P F®g F — F.

A (quasi-coherent) unital non-associative Og algebra is a triple (F,,s) where (F,v) is a
non-associative Og algebra and s : Og — F is a global section such that

FrOses F22% ros i F



2.2. PRELIMINARIES 65

and

FeFos0s 98 resr S F
agrees with idz. A non-associative Og-algebra (F, ) is said to be commutative if ¢ factors
through

Symg F = F ®s F/(a®b—b®a).

A morphism of non-associative Og-algebras f : (F,v) — (G, ) is a morphism of Og-modules
f: F — G such that

FosF —s F

lf ®f lf

GRsG —— G

commutes. A morphism of unital non-associative Og-algebras f : (F,v,s) — (G, p,t) is a
morphism f : F — G of non-associative Og-algebras such that t = fs.

Lemma 2.2.1. Let S € Sche, let (F,v) be a unital non-associative algebra and let G €
QCoh(S). Let m: F — G be an epimorphism of Og-modules with kernel Z. Then there exists
a necessarily unique unital non-associative algebra structure p on G making ™ a morphism
of unital non-associative algebras if and only if T is a two-sided ideal. If 1 is commutative
resp. associative, then the same will hold true for ¢.

Proof. Suppose first that ¢ exists. Then
(I ®s F)) = ¢(n(1) ®s n(F)) =0

and
T(Y(F ©s 1)) = (n(F) @sw(Z)) =0

proving that ¢(Z ®g F), ¥ (F ®sZ) C Z. Conversely, if Z is a two-sided ideal. We have two
exact sequences given by

IRsF —>FQRQxsF—-GRgF —0

and
G§RsT —-GRsF —>GRsG — 0.

Since m(Y(Z ®g F)) = 0 it follows that 7t uniquely induce a map F ®s G — G. Since
m(Y(F ®sZ)) = 0 it follows that this induced map takes G ®g Z to 0 and hence induces a
unique map

v:GRsG —G.

Let 7g be the swap map of G ®¢ G. Commutativity of ¢ can the be checked by the vanishing
of the map ¢ — ¢7g, which by surjectivity of 7 can be checked after precomposing with ™ @ .
This composition yields the map 7 (¢ — ¥7x) which vanishes if ¢ is commutative. Similarly,
associativity can be checked by the vanishing of the map ((id ®¢) — ¢(¢ ® id), which again
by surjectivity of m can be checked after precomposing with 7 ® 7 ® w. This composition
gives the map 7(¢(id ®) — (v ® id)) which vanishes if 1) is associative. O

Remark 2.2.1. We note that if (F,4) is also equipped with a unital structure s then we
similarly get a unique unital structure ¢ on G by setting ¢t = 7s.

Lemma 2.2.2. Let S € Sche and let Qlg(S) be the category of unital non-associative Og
algebras. The forgetful functor
Qlg(S) — QCoh(S)

admits a left adjoint Fge(S).
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Proof. One could argue briefly using the adjoint functor theorem. Instead, we give concrete
construction. We define for each k > 1 the set B(k) corresponding to the set of ways to put
bracket around a length k expression. One can define this inductively setting B(1) = {x}
and

B(k)= [] B() x B().

itj=k

For a F € QCoh(S) we then set

Foe(F)=0sa P € Fos*.
k=1 zeB(k)

The first summand is the unit, and the multiplication rule
Foua(F) ®s Foua(F) = Fqua(F)

is given by first distributing the tensor product over the direct sums and then mapping
FOst @g FOsi corresponding to x € B(i) and y € B(j) to the summand corresponding
to (z,y) € B(i + j). Given the datum of a map f : F — G in QCoh(S) and a unital
non-associative structure s € H O(S, G), ¥ :G®sG — G one can then easily via induction
construct a necessarily unique map

Fqg(F) =G

of unital non-associative algebras such that the map agrees with f when restricted to
D.c B(1)~7: =~ F. This proves that the construction is left adjoint to the forgetful func-
tor. O

Lemma 2.2.3. Let S € Sche and let Qlg(S), QClg(S), QAlg(S) and QCAlg be the categories
of respectively unital non-associative, unital commutative non-associative, unital associative
and unital commutative associative Og-algebras. The inclusion functors

QClg(S)

\

\
QCAlg(S) Qlg(S)
/

/

QAlg(S)

admits left adjoints. In particular, using lemma [2.2.2 we see that the forgetful functor from
any of these categories to QCoh(S) admits left adjoints.

Proof. For (F,1,s) € Qlg(S) we define the commutator ideal as the smallest two-sided ideal
containing

1/}(357 y) - ¢(y7 .T)

for all z,y € F. Taking the quotient of F by this ideal yields the left adjoints of the upper
right and lower left arrows of the diamond. Similarly, we can define the associator ideal
generated by

w(% 1?(3% Z)) - WW% y)? Z)

for z,y,z € F. Taking the quotient of F by this ideal yields the left adjoints of the lower
right and upper left arrows of the diamond. ]
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Remark 2.2.2. We will denote the left adjoints of the forgetful functors C — QCoh(S) by
Fe. Let n € N. We will throughout the paper use the following standard notation

Os{z1,...,2n} = Fqie ((0%)"),
Os{x1,...,xn}, := Foeug (((’)g)v) ,
Os(w1,...,2n) = Foalg ((0%)") and
Oslz1, ..., xn] == FQcalg (((’)g)v)

for the various free algebras on n generators. Notice that we take the dual to keep the
convention of a covariant equivalence between vector bundles and locally free sheaves of
finite rank.

Lemma 2.2.4. Let S € Sche and let F,G be quasi-coherent sheaves. Let 1, s be the multi-
plication rule and unit of Fqie(F). The following data is equivalent.

1. A map f:F — G and a unital non-associative algebra structure (p,t) on G such that
the induced map 7 : Fqie(F) — G is an epimorphism.

2. An epimorphism m : Fqo(F) — G of quasi-coherent sheaves such that the kernel is a
two-sided ideal.

Proof. By adjunction and lemma both types of data exactly describes a surjection 7
of unital non-associative algebras. ]

Lemma 2.2.5. Let S € Sche and let F,G be quasi-coherent sheaves. Let (p,t) be a unital
non-associative algebra structure on G and let 7 : Fng(}") — G be an epimorphism of unital
non-associative algebras. Then G is associative (resp. commutative) if and only if m factors

through Foue(F) — Fqaig(F) (resp. Fqig(F) = Focig(F))-

Proof. If G is associative (resp. commutative) then we get such a factorization since Faig
(resp. Fqcig) is the composite of Fgye with the left adjoint of the inclusion QAlg(S) —
Qlg(S) (reps. QClg(S) — Qlg(S)). Conversely, if such a factorization exists associativity or
commutativity of G will then directly follow from lemma [2.2.1 O

2.2.2 Obstruction theories and virtual classes and pullbacks

Let X/C be a scheme and let
Lx = 7‘271[/;( S D[_l’o](X)

be the truncation of the full cotangent complex L% as defined in [III71]. A perfect obstruction
theory of X — Y as defined in [BF97] is a map

¢ E—Lx

in DIEYY(X), where I is a perfect complex of perfect amplitude [—1,0] and where h0(¢) is
an isomorphism and h~!(¢) is surjective. If we have

E=[E~' - E"
then a perfect obstruction theory gives rise to a cone

¢ B = (B
which in term gives rise to a virtual fundamental class

(XY = 0%[¢] € Avq(X)
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where 0 : X — Fj is the zero section and 0* its Gysin. Here,
vd = x(E) =1k E® — 1k B~

Similarly, for f: X — Y a map of schemes a relative perfect obstruction theory is a map
¢:E— Lyy = Tz_lLB(/Y

in DI=LY(X) where E and ¢ satisfies the same definitions as above. It is shown in [Man11]
that ¢ defines a virtual pullback

Jr=Jg s AY) = Ay m)(X).
If Y = S is a smooth (or pure dimensional) one may define a virtual class by
[X]Vir — f*[S}

This recovers the usual definition for S = SpecC. It is further shown that if we have a
compatible triple i.e. a distinguished triangle

["Ey;s = Ex/s = Ex/y = f"Ey/s(1]
of perfect obstruction theories with a map to the canonical distinguished triangle
fLy;s = Lx/s — Lx/y — f'Ly/s[1]
then the corresponding virtual pullbacks are functorial and so in particular
f* [Y]Vir — [X]vir.
In this paper, we are interested in the following simple case.

Example 2.2.1. Suppose 7 : Y — S is a smooth morphism over a smooth base scheme S.
Then
Ly;s = Qy/g
and ¢ = idp,, v defines a perfect obstruction theory with virtual pullback being the usual
flat pullback 7*. Note that
Y] = 7*[8] = [v].

Ifi: X — Y is a closed immersion with ideal sheaf I then
Lx/y = [[/1* = 0].

If we can find a vector bundle
E = Specy Sym® £

with a section s € H(Y, £) such that X = Z(s) then the map
&Vx 25 1/12

defines a relative perfect obstruction theory. Its virtual pullback is given by 0' the refined
Gysin map of the zero section 0 : Y — E along s. Similarly, we see that

Lx/s = [I/1* = Qy/g]
and that the diagram
£V]x 5 Qy/s|x
N
I/IQ L) Qy/5’X

defines a perfect obstruction theory on X/S. We can turn the above theories into a compat-
ible triple and so the virtual pullback of X/S is simply 0'7*. In particular,

[X]vir — Ol[Y]
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2.2.3 Torus equivariant obstruction theories

Let T = (C*)™ be an algebraic torus and let 7 = Hom(T,C*) = Z™ its characters.
Letting T'= {(t1,...,tm)} we get a ring isomorphism

KT (pt) —= Z[tr | p e T) = Z[tFY, ... ]

sending a T-representation V' to the character ¢t — Try(t). We will therefore sometimes
abuse notation and denote an element of KOT (pt) simply by its trace. Similarly, for the
equivariant Chow cohomology group we obtain a graded ring isomorphism

Symg[T] —— Zs1,--- . 5m] = A7(pt)

which maps a character to the first Chern class of the induced 1-dimensional representation.
Here, s; is the first Chern class of the 1-dimensional representation of weight ¢;. If X — Y is
a T-equivariant map of T-schemes equipped with a T-equivariant perfect obstruction theory
E — Lx,y, then the virtual pullback extends to a map of T-equivariant Chow groups. In
particular, for Y = Spec C we obtain a T-equivariant virtual class

[X] € A ) (X).

The main way of calculating this class is through the virtual localization formula of [GP99].
Recall that a T-equivariant sheaf on a scheme with trivial T-action splits into eigensheaves
and therefore also into a moving and fixed part.

Proposition 2.2.1. [GP99] Let X/C be a T-equivariant scheme with a T-equivariant perfect
obstruction theory E. Suppose X admits a T-equivariant embedding into a smooth T-scheme
Y. Let YT = U, Yi be the irreducible components of the fized locus and set X; = Y; N X.
Then the compostion

E% — Lx|% — Ly,

is a perfect obstruction theory equipping X; with a virtual class. If we set

v1r/X — (E|m0v) [(EO

mov)” = (Einoy) ]

mov

then the identity

vir __ [Xi]Vir
= v

holds true in the localized Chow ring AL (X)ie where we have inverted linear functions of
S1y...,8m. Here

( VlI‘ ) ((El(')IIOV)V)

X eT((Er;év>V>

is a fraction of T-equivariant Fuler classes.

Remark 2.2.3. In the case where X is non-proper with a proper fixed locus X7 we will for
a € A%(X) define virtual integrals via the localization formula above

alx,
o= .
/X]wr Z / vir 6 NX(IT/X)

We will spend the rest of this section providing consequences and examples of virtual
localization that we will need later. First we show that the localization formula is particularly
easy to use if X7 is zero-dimensional, reduced, and proper. Essentially [z]'" for x € X7 is
either [z] or 0 depending only on whether or not rk By = rk E!
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Lemma 2.2.6. Let T = (C*)" and let ¢ : E = [E~! — EY) — Ly be a T-equivariant perfect
obstruction on pt = SpecC. If Ef*® = and

vd=1kE? -1tk E~1 #£0
then [pt]"™ = 0. If vd = 0 then [pt]'"" = [pt].

Proof. Clearly Ly = 0 and so any T-equivariant perfect obstruction theory is of the form
E = [V — 0] for a V a finite dimensional T-representation. If E = Ef then V is a trivial
representation. The intrinsic normal cone of pt is pt and so the virtual fundamental class is

0%[pt]
where 0 : pt — V is the zero section and 0* its Gysin. Since
vd = —dim V
the result now clearly follows. O

Example 2.2.2. Suppose we have a smooth T-scheme Y with a T-equivariant vector bundle
E = Specy Sym® £V and section s € H(Y, ). Then

X =2Z(s)

can be equipped with a T-equivariant perfect obstruction theory as in example In the
case where X7 is zero dimensional, reduced, and proper we then get

CT mov
X = S le) 1 S

where the sum is over all fixed points x € X such that £i* = T{}’;

Next, we show a variation of the localization formula, allowing us to work more flexibly
with different subschemes of the fixed-point locus.

Proposition 2.2.2. Let X and Y be T-schemes with T -equivariant perfect obstruction the-
ories Ex and Ey. Assume we have a T-equivariant map

g: X =Y

equipped with a relative perfect obstruction theory E, compatible with Ex and Ey . Let YT =
U, Y as in proposition|2.2.1, Let j: g7*(YT) < X be the inclusion. Then

N
) ) g[}/;]vu‘
[X]wr = js —t
zi: g NYy)
where g' : AT(YT) — AT(XT) is the (refined) virtual pullback associated to E,.

Proof. Compatibility ensures that _
(X = g'[Y].

Virtual localization on Y shows
[Y;']Vir
V) =0 St
2Ny
for ¢ : YT < Y. Since virtual pullback is compatible with pushforward, we see that
g!L* = j*g!

thus, finishing the proof. ]
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Example 2.2.3. Suppose in the above that Y is smooth and equipped with the perfect
obstruction theory Ey = Ly = Qy. Then the formula above is simply

vir __ g'[Y;]
[X] —J*Zi: €T<9*NY,~/Y).

We end this section by showing how virtual integrals can in some cases be calculated
by another virtual integral on a smaller locus.

Proposition 2.2.3. Let X be a T-scheme. Let E be a T-equivariant vector bundle over X,
s€ HY(X,E)T and set
j:Z=2(s) — X.

Suppose we have perfect obstruction theories Ez and Ex compatible with the relative perfect
obstruction theory Ez x induced by E. Let g ZT — XT be the induced inclusion and
suppose it is reqular of codimension 0 (i.e., also open). Then for

[ RS A*Z,T(X)

a local Chow cohomology class supported on Z we have

/ o / _Ja
[X]Vir [Z}Vir GT(]*E)

If it further holds that ZT = X then

Jel 2]
eT'(E)

[X]vir —

in the localized Chow group of X. In particular, the above formula holds for all « € A%.(X).

Proof. Form the pullback diagram

77 <L, xT
Ll
Z 1 4 X

and let v/ € AT(ZT) and v € AT(XT) be the unique classes such that i,y = [Z]'" and
Ly = [ XV TIf we let
' AT(XT) 5 AT(Z7)

be the refined virtual pullback of j, we see from compatibility with pushforward that

. /

jv=7"

Note further that the virtual pullback is the refined Gysin of 0 : X — FE and that j' is regular
with excess bundle E|zr. It follows by the excess intersection formula that

() = e"(Blzr) N j™y.

Let now p : X7 — pt. By definition

/ a=p(Fanqy).
[X]vir

/ j*a . ./ j/*L*a A~
e €TGE) P\ T (Bl

On the other hand
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and using that 7' = j'y = T (E|,r) N j"*v this equals

pedu(J7 N § ) = pugid™ (any).
By definition of local Chow cohomology we can find a bivariant class ¢ € A*(Z — X)) such
that o = j.c and in particular (*a = 1*j,c = j.i1*c. The integral now equals

-/ Ik AL Y

Pejid” (Gat*e N ) = pigig™ (W e - )

and by the self-intersection formula we have j*j. = id so that we get
Peju(tc- ) = pu(jieny) = pu(Can9)
as desired. If we assume j' = id we can find a unique o such that j.o = ~. But then
e"(Elz)No=jjio=jv=7

showing that
/

o
eT(Elz,)

as desired. ]

Example 2.2.4. We are primarily interested in the following example. Let Y be a smooth
T-scheme with T-equivariant vector bundles E, F and s € H’(Y, E)T and u € H(Y, F)T.
Suppose that W = Z(s) is smooth. Set X = Z(u) and equip it with a perfect obstruction
theory coming from F and Y. Then Z = W N X = Z(s|x) is cut out of X by s|x and so
we have a relative perfect obstruction theory on j : Z < X. Equipping Z with a perfect
obstruction theory coming from F and W we obtain a compatible triple. If we further
assume that X7 is zero dimensional, reduced, and proper and that Z7 is non-empty then
j': ZT < X7 is regular of codimension 0.

2.3 Construction of the non-associative Hilbert scheme

In this section we construct a moduli functor and prove that it is representable by a
smooth scheme naNHilb%(A™) which we call the non-associative nested Hilbert scheme of d
points. The proof will be in two steps. First we exhibit the functor as the quotient stack of
a smooth scheme by a linear algebraic group acting freely. This proves that the functor is
representable by a smooth algebraic space. Next we explicitly construct a cover of Zariski
open subfunctors which we prove are representable. This proves that the algebraic space
must in fact be a scheme.

2.3.1 The definition

Fix a dimension vector d = (dp, . ..,d,) € N"*1 7 > 0. We recall that the nested Hilbert
scheme NHilb4(A™) parameterize nesting of closed subschemes

S =& =G = A

such that Zj is finite of length dy + dy + - - - + dp_1. Equivalently it parameterize flags of
ideals
Iyl C---C i CClay,...,xq)

such that C[zq,...,2,]/I; has an underlying vector space of dimension dy + -+ + dp_1.
Equivalent to that, we see that it parameterize a surjective map of C-algebras

(C[xla"~7xn] _)’(C[xl,...,.’lj‘n]/lr+1 ::N
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and a flag of ideals on the codomain
N:N()DN1D”'3NT+1:0

satisfying that Ny /N1 is a di dimensional vector space. The idea behind the non-associative
Hilbert scheme is simply to take this last description and relax the condition of associativity.
That is, if we denote by C {z1, ..., 2}, the free unital and commutative (but not associative)
C-algebra on n generators, the non-associative Hilbert scheme parameterizes surjections of
unital, commutative (but not necessarily associative) algebras

C{z1,...,zp}, > N
and a flag on ideals
N=NgDODN;D:---DNyy1 =0

such that Nj/Ng41 is di, dimensional as a C-vector space. To construct this space, we simply
specify its functor of points. We recall that for the Hilbert scheme going from a C-valued
point to an S-valued we simply replace C with Og and vector space of a given dimension with
vector bundle of a given rank in the above definitions. Doing the same for the non-associative
Hilbert scheme, we arrive at the following definition

Definition 2.3.1. Let d = (dy,...,d,) € N'™! be a dimension vector. We define a functor

naHilb™? : Schf, — Set

as follows. For S € Sch,c we set
naMilb™(S) = {7 : Og {x1,..., 20}, —» (Fo,10,8)} ] iso.
Here
]'—.:(]:0:)]:1 D) "'D]‘}Jrl:())

is a flag of locally free sheaves on S such that Fj/ Fi41 is locally free of rank dy, Fo is equipped
with a unital commutative non-associative Og-algebra structure (1), s) which satisfies

Y(Fo ®s Fi) C T
The surjection 7 is a morphism of unital non-associative Og-algebras. Two such
(Fe, v, s,m) and (g.,w',s',w')

are considered isomorphic if there exist an isomorphism of unital non-associative Og-algebras
¢ : Fo = Go preserving the flags such that om = 7’.

Remark 2.3.1. We note that by lemma a point [Fe, 1, s, 7| is uniquely determined
by either [F,, 7| or [Fe, 1, s, f] where f is the restriction of m to (O%)Y. Depending on the
situation, we will use either of the three to describe a point on the non-associative Hilbert
scheme. When using the last formulation, we will usually use the notation [F,, ¥9, s, 1], i.e.
where 19 = 1 and 1; = f which agrees with the notation of [Kaz17].

2.3.2 Smoothness

We now exhibit the above moduli functor as the functor of points of a quotient stack.
The idea is to fix a flag of C-vector spaces No. We then construct a space parameterizing the
different ways we can equip N, with a unital commutative non-associative algebra structure
and a surjection
C{z1,...,xn}c — No
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of unital non-associative algebras. Then we quotient out the choice of flag, by taking the
group quotient of the group of flag preserving automorphisms of N,. This data is completely
determined by the non-associative algebra structure (¢2,v) on N, along with a map of C-
vector spaces

LZJ1 : ((Cn)\/ — N..

The data we want to parameterize is therefore (41,12, v), but we need to find a condition
so that the associated map of algebras is surjective. This leads to the following stability
condition, which we define globally

Definition 2.3.2. Let S € Sch¢ and let (F, )9, s) be a unital non-associative Og algebra.
Let

P10 (0g)Y = F

be a map of quasi-coherent sheaves. We say that (F,1,19,s) is stable if the only non-
associative Og-subalgebra of F for which 1, factors through is F itself.

Lemma 2.3.1. Let S € Schc and let (F, 12, ) be a unital non-associative Og algebra and
let

¢1 : (Os)v — F

be a map of quasi-coherent sheaves. Then (F, 11,12, s) is stable if and only if the associated
map
Os{z1,...,xn} = F

1S surjecive.
Proof. This is clear as the image of the map

Os{z1,...,xn} = F
can be characterized as the smallest non-associative Og-subalgebra containing ;. O

We make the following definition.
Definition 2.3.3. Let d = (do,- - ,d,) € N1 be a dimension vector. Fix a flag
NoDN1 D+ DNpy1 =0
of C-vector spaces with dim¢ Ni/Nyy1 = di. We define
M, 4 C Home((C™)Y, No) @ Homg (Sym? Ny, No) © Ny

to be the smooth locally closed subscheme consisting of tuples (11,9, v) satisfying the
following properties.

1. For all 0 < k < r + 1 it holds that 12(Ny ®c Ni) C Np.
2. For all x € Ny we have (v, z) = x.
3. The tuple (N, 11,12, v) is stable.

We note that condition (1) restricts us to a subspace, condition (2) restricts us to an
affine subspace and conditions (3) restrict us to a Zariski open set so that M, 4 is a smooth
locally closed subscheme. Next, we introduce the group action.
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Definition 2.3.4. Let d € N"t! and let N, be as in definition We let
Pd C Autc (Ng)
be the parabolic group of linear automorphisms of Ny preserving the flag. We let Py act on

Homg ((C™)Y, Ny) @ Hom(Sym? Ny, No) @ Ny

g-(¥1,v2,v) = (991,95, gv)

where
Vi (z,y) = gva(g g7 1y).

Lemma 2.3.2. The Py-action restricts to a free action on M, q

Proof. Let (¢1,12,v) € M, 4 and let g € P;. We check that (gi1,v3, gv) still satisfies the
three conditions.

1. Since g is flag preserving it is clear that
P35 (No ®c Ni) C Ny
forall 0 < k<r-+1.

2. For x € Ny we see that

V3 (g, z) = ga(g 'gv, 9 ')
= gpa(v, g 'x)
=99 'x
=X.

3. Suppose M C Nj is a subspace containing v and im g1 and which is closed under 3.
Then g~!M contains v and im ;. For g~ ta, g~y € g~ M we see that

1

Va9t g7 y) = g ghe(g w97 Y)

=g "§(z,y)

which is in g='M since ¢§(z,y) € M. We conclude by stability of (11,2, v) that
g 'M = Ny and thus M = Nj.

This proves that the Py-action restricts to an action on M, 4. Next, we assume that
(Y1,12,v) € M, 4 and g € Py is chosen so that (¢1,19,v) = (991,93, gv). Let M C Ny be
the subspace of x € Ny where gz = x. By definition v € M and imyy € M. If x,y € M
then

g2 (z,y) = giba(g™'w, g y)
= ¢2(:Ca y)

so that M is closed under 2. We conclude by stability that M = Ny so that g = idy,. This
shows that P; acts freely on M,, 4. O
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Definition 2.3.5. Let d € N"t! and n € N. We define the non-associative nested Hilbert
scheme of d points in A" to be the quotient stack

naNHilb&(A") := [M,, 4/ Py).
In the case where r = 0 so d € N we use the notation
naHilb(A™) := [M,, 4/ GLg]
which we will refer to as the non-associative Hilbert scheme of d points in A™.

Corollary 2.3.1. The stack naNHilb%(A") is a smooth algebraic space.

Proof. This follows since it is the quotient of a smooth algebraic group acting freely on a
smooth scheme. O

We are now ready to prove that naNHilb%(A") represents the moduli functor na#ilb™<.
We first introduce the functor which M, 4 represents.

Definition 2.3.6. Let d € N"*! and n € N and fix a reference flag of C-vector spaces
Ne=(NoD---D Nypyq)

as in definition 2.3.31 We define
naHilp" - Sch[/)fé — Set

as follows. For S € Schc we set
naHilb"(S) i= {(Fu, b, 5,7, 8)} /iso
where (Fe, 1, s,7) € naHilb™4(S) and
B : Ne ®@c Os — Fo

is an isomorphism of flags. An isomorphism of such tuples (F, 1, s, 7, 3) and (Ge, ¢, s', 7, )
is an isomorphism of flags ¢ : Fs — G, of non-associative unital algebras which preserves
the flag structures and satisfies om = 7’ and ¢ = 3. There is a natural transformation

naHilb"(S) —— naHilb™4(S)
[Fo, ¥, m, B] ——— [Fo, ¥, 7]

which forgets .
Proposition 2.3.1. The forgetful natural transformation

naHilb"® = natilp™
identifies with the functor of points of the quotient map

M, 4 — [My, 4/ P4) = naNHilb4(A™).
Proof. For d =dy+ ---+ d,, we let vy, ...,vq be a basis of IV such that
N; = Span(Vdgt-+d;_1+1» Vdo+-+d; 1425 - - - » V)

forall t =0,...,r. Let X be the affine scheme corresponding to the vector space

Homc ((C™)Y, No) @ Hom@(Sym2 No, No) & No.



2.3. CONSTRUCTION OF THE NON-ASSOCIATIVE HILBERT SCHEME 7

Using the basis, we identify X with

Spec C [(xl)t, aﬁj, wm}

Lisijkm

Here, for (1,12, w) € X we have ¢1(e)) = 27, w; the coordinates of w and

d
) = k
V) = :
W2 (vi, v5) Z“i,j”k
k=1

Consider the flag of locally free sheaves Vo on X given by
Ve := Ne ®c Ox

with By = idy,. We have a distinguished section 5 € H'(X, V;) given by

d
> tm
m=1

and we can similarly construct
U, - 0%)Y — W
(er) ——— S, v ® (m):
and
Uy : Sym2 Vo —m W
(0i®1) (1) — S v ®al,
which are both maps of sheaves. We restrict the sheaves and maps to the locally closed

subscheme M, 4. By condition 1., 2. in the definition of M, 4, it is clear that (V,, ¥1,5) is a
unital commutative non-associative Oy, ,-algebra which satisfies

Uy (Vo @, 4 Vi) C Vi

By the universal property of the free unital commutative non-associative algebra we obtain
from ¥; a map
% Om, g {715 Tn}, = Vo

of unital non-associative algebras which is surjective by condition 4. in the definition of M,, 4.

It follows that the tuple (Vs, W2,5,77, By) defines a M, 4-valued point of na?—[z’lbn’d giving us
a natural transformation .
My, g — naHilb ™.

We prove it is an isomorphism. Let S € Sche and let [Fo, ¢, s, 7, 3] € naHilbn’d(S). From
this data we obtain a section
5718 :0g — N¢ ®¢ Og.

Let 41 be the restriction of 7 to (O%)Y. By adjunction of 714 (3® ) and B¢ we similarly
obtain sections
Og — Hom@(Sym% No, No) ®@c Og

and
Og — Hom@(((C”)v, N.) ®c Og.
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Combined these three sections provides a map f : S — X and from the different assumptions
on [Fe, v, s, m, ] we see that f factors through M, 4. We note that by construction

f*(vvoaa%g)ﬁa BO) = (]:h 1/}7 S, T, 5)
and one can directly check that this procedure provides an inverse to
M, 4 — naHilb™,

We now equip Vo = Ne @c Oy, , with Py equivariant structure by letting Py act naturally

on N, (being a subgroup of its linear automorphisms). One can easily check that U, 5 and
w are equivariant wrt. to this structure. Letting

q: Mg — [Mna/Fd]
be the quotient map, it follows that we have an induced flag of locally free sheaves
Ve € QCoh™4(M,, 4) = QCoh([M, 4/P4))
equipped with a section s € HO([and/Pi}, Vo) and maps
Ty : Sym? Vy — Vo,

w O[Mn,i/Pi} {J}l, .. .,.’En}c - VO

such that B
q*(Vh \112357w) = (VM \112355 ﬁ)

This defines a [M,, 4/ P4] valued point of naHilb™? giving us a natural transformation
(M, 4/ Pa) — naHilb™<.

We explicitly define the inverse. Let [Fa, %, s, 7] € naHilb™<(S) and pick a cover of (S;)icr
of S trivializing F, by explicit choices

Bi : Ne ®c Og, — Fels,
of isomorphisms of flags. For each i the data (F|s,, ¢i, si, mi, B;) determines a map
fi: Si — My, q.
On overlaps S;; the change from 3; to 3; determines a map
9ji:Sji — Pa

satisfying g;; - fi = f;. This means that the maps ¢f; and ¢f; agrees on S;; so by gluing we
get a map
f+8 = [Mya/Pal

By construction this satisfies that
[ Ve, Vo, 5, @) =~ (Fe, 1, 8, )
and one can now easily check that this is inverse to the above construction. O

Remark 2.3.2. By the moduli description we have that naNHilb2(A™) comes equipped with
a universal non-associative algebra, a universal quotient map and a universal flag of ideals.
This corresponds exactly to (Ve, ¥2,5,w) as in the proof of the proposition above. We will
denote the restriction of @ to (O™)Y by ¥;.
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2.3.3 Representability

We prove that the smooth algebraic space naNHilbi(A”) is representable by a scheme.
It will suffice to find a Zariski cover of schemes. We consider the following opens.

Definition 2.3.7. Fix d € N't! n € N and a flag N, as in definition [2.3.3] For any
morphism
v:No— C{z1,...,2n}

[

we define na’Hilbz’d C naHMilb™< to be the subfunctor which has S-valued points correspond-
ing to [Fe, ¥, s, 7] such that

T(log ®7) : Os ®@c No — Fo
is an isomorphism of Og-modules.

Lemma 2.3.3. The subfunctor na’Hilbg’d C naHMilb™< is Zariski open. When ~ varies over
all Homg(No, C {z1,...,2n},) this provides a cover of naHilb™4.

Proof. For an S-valued point classified by [F,, ¥, s, 7] the pullback along the inclusion of the
subfunctor corresponds to the locus of S where

W(los ® )

is surjective. This is clearly a Zariski open locus. Furthermore, the map 7 admits a section
~ Zariski locally on S, proving that the subfunctors provides a cover for varying ~. O

Lemma 2.3.4. The functor na?—[z’lbz’d is representable by a scheme.

Proof. We let Flag,(No) be the flag variety of type d on Ny. It is a scheme having S-valued
points corresponding to flags of locally free sheaves

0=Gry1 C-- CGo= Ny®c Og
such that Gy /Gr1 is locally free of rank di. Let d = dy + - - - d, € N. We consider the map
naMilb!? — Flagy(No) x na#ilp"" = Flagy(No) x Myq
which on S-valued points is given by
[f07 1/}7 Sa 7T] = ([fO]a [F07 w7 87 7T7 ﬂ-(]-OS ® 7)])

We claim that it is a closed immersion thus finishing the proof. Indeed, let ([Gs], [Fo, ¥, s, 7, 5])
be an S-valued point of Flagi(No) X M, 4. The pullback along the above map identifies with
the locus of S where 7(1p,®7) = /8 and where the map induced by ¢ and 5 on Gy = No®cOs
satisfies

Y(Go ®s Gk) C Gy

Both of these conditions are Zariski closed, as they can be described as the vanishing of
sections of locally free sheaves. O

Corollary 2.3.2. The algebraic space naNHilbd(A”) s representable by a scheme.

Proof. This follows from the above since it admits a Zariski cover of open subschemes. [
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2.3.4 Embedding of the Hilbert scheme

In this section we construct a map from the nested Hilbert scheme of points to the
non-associative nested Hilbert scheme. We prove that the map is a closed immersion and
identifies the Hilbert scheme of points with the zero locus of a section of a vector bundle on
the non-associative Hilbert scheme. This equips the nested Hilbert scheme of points with a
perfect obstruction theory.

Definition 2.3.8. We define

¢ : NHilb4(A™) — naNHilb%(A™)
via the functor of points. An S-valued point

Zry1 C Iy C Oglxy, ..., 2]

is mapped to [Fe, ), s, 7] where (Fp,,s) is the commutative unital Og-algebra given by
Oglz1, ..., xn)/Zr41, the flag of ideals is defined by Fi = Zy/Z,+1 and the quotient map is
given by

7:Og{z1,..., 2}, - Oglz1,...,2,] = Fo.

Definition 2.3.9. The associativity locus of naHilb4(A™) is the subfunctor which has S-
valued points given by [Fe, 1, s, m| where 1 is associative. By lemma it is the same as
the locus where 7 factors through Og|x1,...,z,]. It follows that the locus is Zariski closed.

Lemma 2.3.5. The map ¢ is a closed immersion identifying NHilbd(A”) with the associa-
tivity locus.

Proof. 1t is clear by definition that ¢ maps the nested Hilbert scheme to this locus. Con-
versely, given an S-valued point [Fe, 1, s, 7| of the associativity locus we let

7 Oglxy,...,x0] = Fo
be the induced map and define an S-valued point on the nested Hilbert scheme by setting
T, =7 (Fp).
It is easy to see that this operation is inverse to that of . O

2.3.5 The induced perfect obstruction theory

We wish to prove that this locus can also be described as the zero locus of a section of a
vector bundle. We note that naHilb? comes equipped with a universal flag V, of locally free
sheaves and a universal multiplication rule 9. We note that the associativity conditions
can now directly be checked by the vanishing of the associator section

\Ilg(ld ®\I/2) — \112(\112 ® ld)

of Hom (Vo ® Vo ® Vo, Vo). We notice that we can reduce the rank of the sheaf a bit. Firstly,
we note that the symmetry of ¥y implies that

\112(\1]2(‘7:7 y)a .T) - \112(x7 WQ(?/, .T)) = l1’2(‘,177 \112(?/7 LL’)) - lIlQ(xa \Ilz(ya x)) =0
so that the above section is alternating in the outer coordinates. Secondly, we see that

\Ilg(vl & ‘/j) C Vmax{i,j}
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so that the above trilinear map takes V; @ V; ® Vi, to Viaxgijhy- At last, if we let e = s(1)
be the unit we see that

Vo(Wa(e,y), 2) — Wale, Va(y, 2)) = Wa(y, 2) — Ya(y, 2) = 0
Uy (Wa(x,e),2) — Yoz, Wa(e, 2)) = Ya(x, 2) — Ya(x,2) =0
\PQ(\IIQ(x7y)7e) - \112(‘%" \112(97 6)) = \112(‘7:7 ) - \112(‘%‘73/) =0

so that the above trilinear map takes
(s ®id®id) @ ([d®s ®id) ® (id @ id ®s)
to zero. With this in mind, we make the following definition.

Definition 2.3.10. Let (V,, Uy, 5) be the universal unital non-associative algebra of naNHilbZ(A™).
We define the associativity sheaf

Eass C Hom((Vo/s) @ Vo/s) ® Vo/s), Vo)
as the sub-sheaf of trilinear maps which satisfies the following properties.
1. They are alternating in the outer coordinates.
2. They take V; @ V; @ Vi t0 Vinax{i jk}-
It comes equipped with a canonical associator section s, given by
Uy (Py ®id) — Wy(id @¥s).

Remark 2.3.3. Note that in the special case where dy = 1, the inclusion V; C Vy induces
an isomorphism V; =V /s.

Since we can scheme theoretically identify NHilbd(A") with the associativity locus which
can again be identified with Z(s,ss) we obtain the following result.

Corollary 2.3.3. The closed embedding ¢ : NHilb%(A™) — naNHilb%(A™) identifies with the
closed immersion Z(Sqss). In particular, it comes equipped with a perfect obstruction theory
given by

dos
R ass\V ass
Eass = [ (5 ) ‘NHilbi(A”) QnaLNHilbi(A’”“) ’NHilbi(A")}

J [ H

A~ d
]LNHﬂbi(An) = [CNHﬂbi(An)/naNHﬂbi(An) ’ QnaNHilbi(A")‘NHilbi(A”)}

where CNHilbi(An)/naNHilbi(An) is the conormal sheaf of the closed immersion v. This equips
it with a virtual class

[NHﬂbd(A")} ™ e AL(NHilb4(A"))

which can also be described as the refined Gysin map of the zero section of £ applied to the
fundamental class of naNHilb%(A™).
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2.4 The punctual locus in the full flag case

In this section we will restrict ourselves to the full flag case, i.e., a dimension vector
d=(1,1,...,1) € N'T!1. We will denote by

naNHilb™1 (A") := naNHilb(1LD (A7)

and
NHilb" 1 (A™) := NHilbLL1 (A"

to ease the notation. We will prove two nice properties enjoyed by the non-associative Hilbert
scheme with a full flag. Firstly, in this context we are able to extend the nested Hilbert-Chow
morphism to a non-associative nested Hilbert-Chow morphism. Secondly, we can construct
a punctual locus of the non-associative Hilbert scheme which we prove admits the structure
of a tower of projective fibrations.

2.4.1 The non-associative Hilbert-Chow morphism

Recall that for the nested Hilbert scheme of points with full dimension vector, we have
an ordered Hilbert-Chow morphism

NHilb(L-1 (A™) ne (Am)r+!

(Ir41 C Iy C - Clo=Clz1,...,2p]) —— (Supp(lo/I1), Supp(l1/12), ..., Supp(Iy/I41)) -
Since

Ii/Tiy1 = (Ii/Ir41)/(Iix1/1r41) = Ni/Nija

this suggest what to do in the non-associative case. We note that if (N, 1, s,12) is a
C-valued point of the non-associative Hilbert scheme, we cannot quite talk about

Supp(N;/Nit1)
as we only have a C-module structure and not a Clzy, ..., z,]-module structure. However,
promoting it to a C[zy,...,z,|-module is the same as a choice of n commuting endomor-

phisms of N;/N;;1. By definition 19 induces a map
Y2 : No @c (Ni/Niy1) = Ni/Nit1.
We can then simply take the n-elements
Y1 = @i (CY)Y — M;

and define the endomorphisms by 19(¢;, —). Without associativity these might not commute.
However, this is true for dimension reasons once we restrict to the one-dimensional space
N;/N;;1. Having this picture in mind, we make the following construction.

Proposition 2.4.1. There exist a map
naHilb" (A™) 225, (An)r+1
which we will call the non-associative Hilbert-Chow morphism. The composite
NHilb" 1 (A™) 4 naNHilb" 1 (A") 242, (pn)r+l

agrees with the ordinary nested Hilbert-Chow morphism HC'.
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Proof. We construct the morphism directly. Let (V,, Wo,s, U1) be the universal flag and
maps of naNHilb" ™ (A™). Let £; = V;/V;;1 which is a line bundle. Then the maps ¥y and
¥, induces a map

Uy (¥ @id) : (O")Y @ L; — L;

and so, we obtain a map

(O S LR L ~0

which induces a map naNHilb"™}(A") — A”. Doing this for i = 0,..., we obtain the
desired map

naNHilb" T (A") — (A™)" L,

Going through the definitions of + and HC' on the functor of points one easily sees that
naHC o.r= HC. O

2.4.2 The punctual locus

We construct a closed locus naNHilbj ™ (A") < naNHilb" ™ (A") in such a way that
it intersects with the associativity locus exactly in the punctual nested Hilbert scheme.
The first idea would be to simply take the preimage of the origin under the Hilbert-Chow
morphism. However, it turns out that choosing a slightly smaller locus yields better formal
properties. To motivate this locus recall that the first point of the ordered Hilbert Chow
morphism is given by Supp(lp/I1). For this to be zero we need multiplication with z; to

vanish on [y/I; which is the same as requiring I; = (z1,...,2,). Now for Supp(Iy/Ix+1) to
be zero we need x; - I, C Iy4q for i = 1,...,n, but since I} = (x1,...,z,) this is the same as
requiring

(I1/Trs1) - (Ik/Irg1) © (g1 /Irs1)-

Translating these conditions to the non-associative Hilbert scheme, we arrive at the following
definition

Definition 2.4.1. Consider naNHilb"*!(A") with the universal flag and maps (Ve, ¥s, s, ¥1).
The punctual nested non-associative Hilbert scheme is the closed subscheme

naNHilby T (A™) C naNHilb™ ! (A™)
where W factors through V; and where Wo maps Vi @ Vi, to Viy1 forall k =1,...,r. If we
let Q be the quotient of Hom(Sym? Vy, V1) by the subsheaf of maps taking Vi ® Vi, to Vi1
then we can similarly describe the punctual locus as the zero locus of the section of
Hom ((O™)Y, Vo/V1) ® Q
given by ¥ @ Ws.
We prove that this actually is an extension of the punctual locus
NHilbj ™ (A") = HC~(0) C NHilb" ™ (A™)
of the nested Hilbert scheme of points.

Lemma 2.4.1. It holds that

naHC(naNHilby T (A™)) C 0.



84 CHAPTER 2. NON-ASSOCIATIVE VIRTUAL INVARIANTS

Proof. Let again L£; = V;/V;41. Since ¥ factors through V; on the punctual locus it follows
that the map
Uy (U1 ®id) : (O™)Y @ Lo — Lo

vanishes. Similarly, we can factor
Uo(Tg ®id) : (O")Y @ L — V1 ® Ly 2 Ly
and use that Wa(V) ® Vi) C Vi1 to see that this map also vanishes. O

Lemma 2.4.2. There exists a closed immersion 1o : NHilbi ™ (A™) — naNHilb ™ (A™) such
that the diagram

L

NHilbj ™ (A™) —%— naNHilby ! (A™)
NHilb" 1 (A") —— naNHilb"(A")
is a pullback.
Proof. We prove the statement on the functor of points. Given S € Sch¢ and

L1 C---CT CIOZOS[Z'I,---,xn]

of NHilb™ ! (A™) we should prove that it factors through NHilbyt!(A™) if and only if it factors
through naNHileH(A”) after composing it with . The ”if” part follows from the above,
since naHC(naNHilbyt(A™)) € 0 and naHC o = HC'. Conversely, if the point is punctual,
then x;Z), C Zyqq foralli=1,...,nand all k =0,...,r. For k = 0 this means that x; € Z;

for all ¢ hence 7y = (21, ...,xy). Since x; - I, C Zy4+1 we conclude that
(Z1/Zr41) - T/ Tr41) C© (Tpt1/Lrs1)
thus, proving that its image under ¢ is in naNHilby ™ (A™). O

2.4.3 Projective tower structure

We prove that the punctual non-associative Hilbert scheme can be exhibited as an iter-
ated tower of projective fibrations. The proof is essentially the same as in [Kaz17, Proposition
6.3] with a slightly more general space. Before proceeding, we show how the nested non-
associative Hilbert scheme generally maps to a nested non-associative Hilbert scheme with
a truncated dimension vector.

Definition 2.4.2. Let d = (do,...,d,) and consider naNHilb%(A") with universal flag and
maps (Ve, V2,8, w). Define the flag Fo with dimension vector (dp,...,d,—1) by setting

Fio = Vi/ V.

We get an induced unital non-associative algebra structure from Wo,s exhibiting F, as a
quotient algebra of V,, so that we also get an induced surjection via . This data determines

a map
naNHilb(do:4) (A™) — naNHilb(@0-dr—1)(A™),

Remark 2.4.1. Since a quotient of an associative algebra is again associative this map
preserves the associativity locus. One can easily see that on the nested Hilbert scheme of
points this is simply the map

IT_HCITC‘-'CACC[xl,...,xn]} > [Irc-'-cllcC[xl,...,a:n]

which forgets the largest subscheme of the nesting.
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Lemma 2.4.3. The natural map

naNHilb" 1 (A") — naNHilb"(A™)
restricts to the punctual locus i.e., to a map

naNHilby " (A™) — naNHilbj(A™).

Proof. If ¥y factors through V; C Vj then the induced map factors through V; /V, C Vy/V;.
Similarly, if Wo maps Vi ® Vi to Vi1 then the induced map maps (V1/V,) @ Vi/Vr) to
(Vi41/Vr)- =

Before proving the projective tower statement, we show that the unit does not contain
any additional information in the punctual case.

Definition 2.4.3. Let S € Schg and let Og{z1,...z,}7 C Os{x1,...2,}c be the ideal
spanned by x1,...,x,. We view it as the free non-unital non-associative algebra of ((’)g)v.

Lemma 2.4.4. Let S € Schg. The map

(naNHilby ™ (A™)) (S) —— {(Ge, ¥2,%1)} /iso
[Fo, 2, 8,91] —————— [(F1)e, Y2, 1]

which forgets Fo and the unit s is a bijection. Here the tuples in the right-hand side set
consists of a flag of sheaves

GiD2G D -Gy1=0

such that G /Grs1 is an invertible sheaf for all k = 1,...7, a non-unital commutative non-
associative algebra structure o : Sym2 G1 — Gi such that 12(G1 ®gs Gx) C Giky1 and a map
Y1 : (O%)Y — G such that the induced map Og {z1,..., xn}j — G is an epimorphism.

Proof. We first prove that the map is well defined. Indeed, since we are in the punctual locus
we have ¢9(F) ®g Fi) C Fr41 and ¥ factors through F;. We have a commutative diagram

0 —— Os{z1,...,2n}F —— Os{z1,..., 20} > Og s 0
0 }—1 ./."[) a .7:0/.7:1 — 0

with exact rows. The right vertical map is an isomorphism, and the middle vertical map is
an epimorphism, so the 5-lemma implies that the left verical map is also an epimorphism.
This shows that the map is well defined. Conversely given a point [Ge, 12, 11| we define F,
by setting

Fo=0s®G

and F = G for Kk =1,...,r. We note that
Sym? Fo = Os @ Gy @ Sym* Gy = Fo ® Sym* G,

and extend 12 to a map
Sym? Fy — Fo

by letting it act by the identity on the first summand and by 2 on the second. We let s be
the inclusion

Og — Os ® G1 = Fy



86 CHAPTER 2. NON-ASSOCIATIVE VIRTUAL INVARIANTS

and let ¢ be the composite
(08)Y 2 61— 05 &G = Fp.

We have exactly the same commutative diagram as above. Since the left vertical map is an
epimorphism and the right vertical map is an isormophism it follows that the middle vertical
map is an epimorphism. This proves that the map is well defined. One easily checks that
these maps are inverse to each other. O

Lemma 2.4.5. Let d = (1,dy,...,d,) € N", let S € Schc and (Fe, 12, 8,11) defined as
follows.

1. Fe is a flag of sheaves
.;E()D./—"l D ---fH_l:O

with Fo/F1 invertible and Fy,/Fi+1 locally free of rank dy.

2. (1, ) is a unital non-associative algebra structure on Fo such that ¥o(F1 ®g Fi) C
Fr+1 and s & Fi.

3. 1 : (O%)Y — Fi is a map of sheaves.

Then the induced map
(95{1’1, . :L‘n}c — .7'—()

is surjective if and only if the map
Y1 ® o (0F)Y @ Sym® Fy — Fy
18 surjective.

Proof. We first note that since s : Og — Fy/F1 is an isomorphism (since Fy/F1 is an
invertible sheaf) it follows that the map

Os{xl, e l‘n}c — .7:0

is surjective if and only if
05{1'1, .. xn}g_ — fl

is surjective. Clearly this implies that 1 @5 is surjective since any element of F; is a linear
combination of products of elements in the image of 1 i.e., elements either in the image
or in the image of 12. To prove the converse, we proceed by induction on r. For r = 1 we see
that the multiplication map takes F; ®g F1 to F2 = 0 so that 13 = 0. Therefore, if 1)1 & 12
is surjective then v is surjective so that

05{1‘1, e xn}j — .7:1

is also surjective. Let now F,,¥1,12 be given with ¢ @ 1y surjective. By the induction
hypothesis the composite

Os{x1,...,¢n} = F1 = F1/Fr
is surjective so that the map
Os{x1,...,zn}d ®Fr — F
given by the quotient and the inclusion is surjective. In particular, the map

(OH)Y @ Sym?(Os{z1,..., 2.} & Fr) — (0%)Y @ Sym? Fy — Fy
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is surjective. We have
Sym?(Og{z1,...,zn}F ®F,) = Sym?(Og{z1, ..., 2.} 0)®(Os{z1,. .., 2} @ F,)®Sym? F,

and since o(F; ®g Fr) C Fr41 = 0 it follows that the above map vanishes on the last two
summands. We conclude that the map

(OHY @ Symz((’)g{azl, R e I

is surjective. The image of Og{x1,...,7,}T is closed under 19 so that it contains the image
of the above map. We conclude that it is the whole of F7. O

Corollary 2.4.1. An S-valued point of naNHileH(A”) is the same as a tuple (Fe, 2, 11)
where

1. Fe is a flag in QCoh(S)
Fi1DFe D+ DFrp1 =0

such that Fy/Fpi1 is invertible.
2. 19 is a non-associative algebra structure on Fy such that 1¥o(F1 ®g Fi) C Frt1-
8. 1 : (OL)Y — Fi is a map of sheaves such that Y1 & o is surjective.

It follows that naHileH(A”) comes equipped with universal such structure, which we will
denote by (Ne, Ua, Uy).

Proposition 2.4.2. Consider naNHilb" (A™) with universal structure (No, W2, ¥1). Then
the natural map

naNHilby ! (A™) — naNHilbj(A™)
identifies with the structure map
PnaNHile(A") ((ker \:[11 D \IIQ)V) — naNHilb" (An)

Proof. We should prove that given S € Sche and a map S — naNHilb"(A™) classified by
[Fe, 2, 11] the set of lifts

naNHilby H (A™)

¢
-
-
-
-
-
-

S 5 naNHilbj(A")
is in bijection with the set of (£, q) where £ is an invertible sheaf on S and
q:kery) do — L
is a surjective map. We recall that a lift is classified by [.7?., 1;2, @Zl] such that
Fi)Fr ~ Fi

with the maps induced by 1;2, 1;1 agreeing with 11, 9. If we have a lift then we consider the
commutative diagram

Fi®g Fr — (O%)Y @ Sym? F; —— (0%)Y @ Sym> F; —— 0

J’@ \L'JI@TZQ 1 DY2
s Fo s Fi > F

—_
~
o
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with exact rows. The middle and right vertical maps are surjective by assumption and since
wg (.7-"1 X3 .7: ) C .7-"T+1 = 0 we conclude that the left vertical map is zero. If we set L := ]—"T
the snake lemma the provides the desired map

q : ker(1 ©2) — Fr
We note that we in fact have a map
(O%)Y @ Sym? Fy — F

which factors as ¢ when restricted to ker(y1 @ 1)2). Conversely, if we are given (£, q) we let
F1 be the pushout of ¢ along the inclusion of the kernel into (O%)Y & Sym? F;. The left and
outer square of the diagram

ker(ibl D 1/12) g > L 0

! Lo

(O @ Sym> F; —» FI — F

are pushouts hence so is the right square by the pasting lemma. This proves that Fp is an
extension of F1 by L. We define F; C F; to be the preimage of 7, C Fyfork=1,...r -1
and F, = L. We define 11 @ 9 as the composite

(0%)Y & Sym? Fi— (04" @ Sym® Fy — Fi

where the second map is from the pushout and the first map is the identity on the first factor
and the quotient on the second. Since F; ®g F, is mapped to 0 by the quotient map it is
mapped to to 0 = F,41 by 2. Since the composite

Sym2 fl — fi — .7:1

agrees with 1o we also see from the definition of fk that @Zg (.7?1 Qs ]?k) C ka thus proving
that we have a well-defined S-valued point on naNHilbgJrl (A™). We prove these constructions
are inverse to each other. Indeed, in the above we see that ]?r = L and that ¢ agrees with the
restriction of (O%)Y @ Sym? F; — F1 to ker(iy ©1)2) so that we regain (£, q) when applying
both constructions. Conversely, if we start with [.7?., zzl, 1;2] we have a commutative diagram

ker(¢q @ 1pp) ——» j':r

I |

(O @ Sym? Fi —» .7?1
which we need to prove is a pushout. Indeed, let
K = ker (((’)g)v @® Sym? F| — ﬁl)

and B
K' = ker (ker(¢1 @ o) — ]:r) .

We have a commutative diagram

0 — ker(yy @ hg) —— (O2)Y @ Sym? Fy > JF1 0

l l |

0 -7:7" > ]:1 > ]:1 0
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with exact rows so that X' — K is an isomorphism by the snake lemma. Given any G and a
commuting diagram

ker(¢1 @ hg) ——» Fr
(0O & Sym?Fi, —— G

it then follows that X' — K — G is zero and h~ence K — G is zero proving that the lower
horizontal map factors through a unique map F; — G. This proves that the diagram is a
pushout thus finishing the proof. O

Example 2.4.1. Let us calculate this tower explicitly for small r. We first note that for r = 0
we have naNHilbh(A") 2 Spec C with universal bundle N; = 0 and ¥ & ¥ : (C*)V @0 — 0.
This has kernel (C™)" so that

naNHilb3(A") = P(C") = P,
The above proof gives the recipe for building the universal bundle. We simply define
0=MNe C N, =0()

with multiplication map
Uy : Sym? AN — 0= N5

and
Uy (Opa1)” = O(1)

dual to the universal sub-linebundle
O(—-1) = Opn-1.
Continuing this procedure we get
naNHilbj(A") & Ppn—1 (ker(¥; & ¥2)") = Ppai1 (Opu1/Opn-1(—1) & Sym? Opn-1(—1)) .

The universal bundle is then constructed as follows. Denote by Opn-1(—1) and N; the
pullback of the bundles to naNHilb3(A™) and let O(—1) be the universal line bundle on
naNHilb3(A™). We define the new universal bundle A as the pushout

(0" /Opn-1(—1))¥ & Sym*(N1) —— O(1)
(O™ & Sym?N; ———— Ay

where the top horizontal map is the dual of the inclusion of the universal line bundle. We
set No = O(1), so that N1/No ~ Nj. The universal maps are given by

(O™ & Sym?> Ni — (0™ @& Sym? N7 — N}

where the first map is the identity and quotient and the second map is the structural map
from the pushout.

Corollary 2.4.2. The scheme naNHilb6+1(A”) s smooth and projective.
Proof. This follows directly from the projective tower description since

naNHilb} (A™) 2 SpecC.
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2.4.4 Other dimension vectors and relations to the work of Kazarian

We prove a slight generalization of the above where we allow different dimension vectors.
We construct the moduli functor of non-unital non-associative algebras with a flag structure
satisfying a nilpotency condition. We prove that it embeds into the non-associative Hilbert
scheme by freely adjoining a unit. We prove that its intersection with the associativity locus
is contained in the punctual Hilbert scheme but will in general not be the whole punctual
Hilbert scheme. A proof completely similar to the section above shows that the locus admits
a description as a tower of Grassmannian fibrations. At last, we show that it contains a
closed locus of algebras satisfying a stronger nilpotency condition which agrees with the
non-associative Hilbert schemes appearing in the work of Kazarian [Kaz17].

Definition 2.4.4. Let d = (1,dy,--- ,d,) € N"*! be a dimension vector beginning with 1.
We define a moduli functor naNHilbg(A™) by

S € Sche — {(.7:.,@01,1[}2)}/180.

The tuples of the right-hand set consists of the following data.
1. A flag of locally free sheaves
Foe=(F1D--DFp1=0)
with F/Fj11 locally free of rank dj
2. A non-unital non-associative algebra structure 12 on Fi such that o (F1®5Fk) C Frt1
3. A map of sheaves 1 : (0%)Y — Fi such that ¢y @ 1)y is surjective.

Lemma 2.4.6. Letd = (1,dy,--- ,d,) € N1 and let (Ve, U2, s,¥1) be the universal struc-
ture on naNHilb%(A™). There exists a closed immersion

naNHilb%(A") — naNHilb4(A")
identifying the domain with the locus where ¥y factors through Vi and where Wo(Vy @ Vi) C
Vi+1-

Proof. On the functor of points, we simply map (F,,¥2,1%1) to (Ge, 2, s,11) where Gy =
Og ® Fo and G, = Fi, for k =1,...,r with induced algebra structure from adjoining a unit.
From lemma we see that this is indeed a point on naNHﬂbd(A”). Conversely, if we
have an S-valued point on the described locus we can simply forget the unit and the 0’th
piece of the filtration to obtain an S-valued point on naNHilb%(A”). One checks that these
constructions are inverse to each other. O

Remark 2.4.2. From the moduli description we see that the scheme naNHilb% comes
equipped with a universal non-unital non-associative algebra. We denote this universal data

by (N.7w17¢2)'
Lemma 2.4.7. Letd = (1,d1.,...,d,) € N'T'. The natural map

naNHilb(d14r) (A™) 5 naNHilb(Ldi-dr—1) (A7)
restricts to a map
naNHilb{" %) (A™) — naNHilb{-" %=1 (47,

Proof. 1f ¥4 factors through V; then the induced map factors through V; /V,.. If Uo(V1®Vy) C
Vi1 then the induced map takes (Vi/V,) ® (Vi/Vr) to Vii1/ V. O
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Proposition 2.4.3. Let (N,, V2, V1) be the universal structure on naNHilb(()l’dl""’dr’l)(A”).
The natural map

naNHilb(()l,dl,...,dr) (An) _ naNHﬂb(()l,dh...,dr—l) (An)
identifies with the structure map

v (1,d1yeedi
G 1 -e1) gy (T e (01 © U2)Y) — naNHilb{" -1 (am).

Proof. We should prove that given S € Sche and a map S — naNHilb(hdidr—1)(Am)
classified by [Fe, 12, 11] the set of lifts

naNHilb{h @4 (A
LT l
§ " naNHilb{" %=1 (am)

is in bijection with the set of (G, q) where G is a locally free sheaf of rank d, on S and

q:keriy ®Yp — G
is a surjective map. The proof is exactly the same as that of proposition [2.4.2 O

Corollary 2.4.3. Let d = (1,d1,...,d,). The scheme naNHilbg(A”) is smooth and projec-
tive.

Proof. This follows inductively from the above since naNHilb}(A™) 22 Spec C. O]

Lemma 2.4.8. Let d = (1,dy,...,d,). Let S € Schc and let S — NHilb%(A") be a map of
schemes. If

S — NHilb%(A™) & naNHilbZ(A™)
factors through naNHilbg(A"), then the first map factors through NHilb%(A”).

Proof. Let the map be classified by
Z,41 CI. C--- CIy CIy = Oglxy, ..., Tn).

We set
Fr =T/Tr 1

equipped with 19 corresponding to the multiplication map of the algebra, s its unit and
the restriction of the quotient map to the linear functions. Since s does not factor through
F1 while ¥ does it follows that we have a map

03[1;17"' 7xn]/(xla" . axn) - fO/fl = OS[J:la"' 7:671]/11
which is an isomorphism by rank reasons. This means that
7 2m:= (z1,...,2,) C Oglx1,...,2p].

Since
Yo (Fi, Fr) C Figt

this means

(Z1/Zr41) - (Zie/Zr41) © (Lit1/Zrs1)
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ie.
I, -1 C Ik»Jrl.

We conclude by induction that
mt=TFcT,cTi=m
which shows that Z, C Oglz1,...,x,] is punctual. O
Corollary 2.4.4. Let d = (1,dy,...,d,). We have an inclusion of schemes
naNHilb4(A™) N NHilb4(A™) C NHilb4(A™).

Warning 2.4.1. In general (unless d = (1,1,...,1)) we do not have an equality in the
inclusion above. For a C-point I, 41 C ---I; C C[zy,...,x,] to factor through naNHilb%(A”)
means exactly that m C I; (and thus m = I; since they have the same colength) and that
Iy - I, C Ijyq for all k. An easy example of a punctual point not satisfying this is

(z®) C (z) C Clz]
in NHilb{"? (A1), as (z) - (z) = (22) ¢ (2).

Remark 2.4.3. (Relation to [Kaz17]) One can consider a version of definition where
we require o(F; @g F;) C Fiyj for all 1 <4, j < r. We denote this locus by naFHilbg(A”)
and again, note that we get a closed immersion

naFHilb%(A™) C naNHilb%(A™)
by adjoining a unit and that the projection map on the latter restricts to a map
naFHilb{- %) (A™) 5 naFHilb{" 1) (A™).

Let (N, ¥, ¥y) be the universal structure for naFHilb(0%-1) Set S, ¢ Sym? N, spanned
by N; @ Nj where i + j > r. We get an induced maps

W, : Sym? N1 /S, — My
and one can again using the same arguments as the section above show that

naFHilb{" %) (A") = Gr (dy, ker(¥1 & T3)Y)

(Lidpeeevdy_1)

naFHilb, (A7)

and that the above projection is simply the structure map. In fact, this is exactly the proof
of theorem 6.3 of [Kaz17] and naFHilb4(A") agrees with the notion of the non-associative
Hilbert scheme appearing in [Kaz17]. Its intersection with the associative locus yields what
we refer to as the filtered Hilbert scheme, which we informally describe as the following closed
locus of the punctual nested Hilbert scheme

FHilbY(A") = {I,yy C L, C---CLi=m|L;- I; C Ly, 1 <i,j <r}

where m = (z1,...,2,) C Clxy, ..., xp].

2.5 Virtual localization

In this section we extend the standard torus action of T = G on NHilb¢(A") to
the non-associative Hilbert scheme. We prove that £, can be equipped with T-equivariant
structure making the section s,gs T-equivariant. It follows that our perfect obstruction theory
admits a T-equivariant enhancement. We then apply virtual localization and compute the
local contributions for each fixed point.
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2.5.1 The torus action

Setup 2.5.1. In this section we set 7' = (C*)" an n-dimensional torus. We follow the
notation of section 2.2.3 so that

K (pt) 2 Z[t" | p e T) = Z[t7, .., ;]

and
AT (T) = Symy(T) = Zls1, ..., Sn)-

Explicitly, ¢; is the class of a one-dimensional T-representation of weight e; while s; is its
first Chern class.

Definition 2.5.1. We define a torus action on M,, 4 by

t.(¢1, 92, v) = (Y1, 92, v)

where 1} denotes the map given by
nyv 75 Vv %1
(C")" — (C")" — No

where T" acts on (C")" in the standard way. Clearly this commutes with the Pj-action and
thus induces a T-action on the quotient

[M,, 4/ Py) = naNHilb4(A").

Lemma 2.5.1. The universal flag bundle Vo on naNHilbd(A”) carries natural T'-equivariant
structure such that the universal maps W1, Wa,s are equivariant.

Proof. We simply define Vo = N¢ ® Oy, , on My, 4. It admits a Pj-equivariant structure
identifying it with V, under

QCoh([M,, 4//Py4]) ~ QCohte(M,, 4).

Equipping V, with the fiberwise trivial T-equivariant structure induces the desired T-equivariant
structure on V. O

Corollary 2.5.1. The perfect obstruction theory Eqss — ]LNHﬂbi( A7) admits a T'-equivariant
refinement.

Proof. This follows since the T-equvariant structure on V, naturally equips s with T-
equivariant structure. The section s,g is then T-equivariant since it is built from Ws. O

2.5.2 Weight calculations

We will calculate
TnaNHilbé(An),p
and
Eass,p
as elements of K (pt) for p € NHilb%(A™)” a fixed point. We recall that the fixed locus
NHilb%(A™)7 is 0-dimensional, reduced, and proper. Its points are in bijection with flags

of monomial ideals, which is again in an order reversing bijection with flags of (n + 1)-
dimensional partitions.
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Setup 2.5.2. Let \¢ = (A1 C A2 C --- C Apq1) be a flag of (n + 1)-dimensional partitions
(i.e. i C (Zzo)n) with ’/\1‘ — p‘i—l’ =d;_1. Let

I)\T+1 (@I CI>\1 CC[SEl,...,fL‘n]

be the associated flag of monomial ideals. By abuse of notation, we will denote by
Ao € NHilb%(A™)T < naNHilb¢(A™)T

the associated T-fixed point. We denote by N € K9(pt) the K-theory class of I, /I, ,, where

we set Iy, = Clz1,...,z,]. We note that

r4+1

d
N 0A = 01[&7]1,1%

where the right-hand side is the stalk of the tautological bundle of the structure sheaf.

The tangent space

Proposition 2.5.1. Let d € (Z>0)"*', n € N and let Ao € NHilb4(A™T. We have an
equality

Tanmind(any ne = (b1 + 12 + -+t + 1)Ng + Hom™ (Sym® N, N}') — 2 End™ (N))

n.

mn qu(pt). Here, the superscript fil denotes filtration preserving maps and the filtration
structure on Sym? N is given by letting the i’th part be the image of N(j\ ® NZ-’\.

Proof. Since M,, 4 — naNHilbi(A”) is a T-equivariant principal Pg-bundle we have an equal-
ity
T, anmibd(an) e = I, 40 = Pd

for a choice of lift p € M,, 4 of Ae. The T-structure on To, 4p 18 constructed as follows. We
let

p:T —G

uniquely defined by p(t).p = t.p. Twisting the T-action on M, 4 with (p)~! yields a T-action
for which p is fixed and thus a T-space structure on the tangent space of p. The T-space
structure on pg is given by the adjoint action precomposed with (p)~t. We choose the lift p
as follows. We can choose a basis (v,) of Ny indexed by the u € A,y such that v, € Nj if
and only if v ¢ \;. We define

¢2 (Uu & vu’) = Vu+u/s
V=g

and

N Ve, if e; € )‘7”+1
Wi(xi) = { 0 else

This defines the lift p. Next, we calculate p. From the identity p(t).p = t.p we immediately
see that

p(t).vo = o

and for e; € Ar;1 we have

p(t)ve, = p(t)1(x:) = V] (25) = 1 (tiws) = tive,.
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Using that wg ® 1o we further see that

(s = p(E)2(v0 © V)
= p(t)2 ((p(1) " p(t)va) ® (p() " p(t)vr))
= 57 ((p(t)vu) @ (p(t)owr))
= 3 ((p(t)v) @ (p(t)vu)) -

Combining these facts an induction argument shows that p(t)v, = t"v, i.e., the T-space
structure on N; induced from p~! is isomorphic to NZ-)‘. From this we immediately get that

pa = End™(NJ) € K3(pt)
when pg is equipped with the adjoint action composed with p~ L

Zariski open of the affine sub-space

W = f~Yidy,) € V := Hom((C")", No) ® Hom (Sym? Ny, No) ® Ny

The variety M, 4 is a

where
f:V ——— Endi(N,)
(Y1, 92,v) —— (z +— Pa(v, x)).
This map is an equivariant submersion when we identify N, with NJ'. It follows that
Tty g = Twp = Tvp — Topani(vayia = Tvip — End™(NJ)
from which the statement now immediately follows since
Tvp = (t1 +to + -+ t,) NG + Hom™ (Sym? N, NJY) + Ng.
O

To further compute this, we introduce notation to keep track of the equivariant weights.

Setup 2.5.3. Let
A=A CAC--CAy1 C(Z>0)")

be an n-dimensional nested partition of length d = (dp,...,d,) and set d =dy+---+d,. In
the following we choose an enumeration

ug,uz,...,uq1 € (23,)
of the partition A,;; in such a way that
{ug,...,ux}
is a partition for all 0 < k < d — 1 and that
{uo, -+ Wagpogd; -1} = N
For 0 < k < d—1 we define w(k) =1 if
do+-+dig—1<k<dp+---+di-1 -1,
ie.
(w(0),w(1),...,w(d—1)) =(0,0,...,0,1,1,...,1,...,rr-- 7).
b N ,

dp times dy times d, times

It follows that 2% € N is in N} if and only if w(k) > i. Note also that

No =span(z™ [0 <k <d—1)

with % a T-eigenvector of weight t~".
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Lemma 2.5.2. Let Ay be an n-dimensional nested partition with enumeration ug,...,uq_1
as in setup |2.5.5. Then the trace of TnaNHilbi(M) A, U8 given by

d—1 d—1
(t1 +ta+ - +ty) Z Uk Z Z it —ug Z Z WUk
k=0

1<i<j<d—1 0<k<d—1 j=1 0<k<d-1
w(j)<w(k) w(j)<w(k)

Proof. We have

Tanmibd(any x, = (t1 + b2 + - + o + 1)Ng + Hom™ (Sym? NJ', N}') — 2 End™ (V)

1

so, using the T-eigenvector basis z"1, ..., z%-1 we see that the trace identifies with
d—1
(t1 +ta+ - +tn+ 1)Zt*uk + Z Z it —ue 9 Z WUk
k=0 0<i<j<d—1 0<k<d—1 0<j,k<d—1
w(j)<w(k) w(j)<w(k)

We see some immediate cancellation. The ”¢ = 0” terms of the second sum cancels with
one copy of the third sum. The last copy of the first sum corresponding to the coefficient 1
cancels with the ”j = 0” terms of the third sum. This leaves us with

d—1 d—1
(t1 +ta+ - +ty) Z W Z Z it —ug Z Z U~k
k=0

1<i<j<d—1 0<k<d-1 j=1 0<k<d-1
w(j)<w(k) w(g)<w(k)

O]

Remark 2.5.1. From here on the cancellation gets trickier. A term of the form %"
cancels with either a term in the first or second sum depending on u; € (Z>o)". If u; =e;
is a unit vector, it will cancel with ¢;t7" from the first sum. If it is not a unit vector, we
can rewrite u; = u;, +uy, for 1 < iy < iy < j. Since ip < j we have w(iz) < w(j) < w(k)
and so the term cancels with $"i1™%2"" from the second sum. Another way to keep track
of only the positive weights is via the following multiset definition.

Lemma 2.5.3. For a nested partition
Ade =AM CA2aC - C Ay1)
of length d we recursively define multisets
Sn(Ae)
for =1 <m < ras follows. Choose an enumeration g, ...,uq_1 as in setup[2.5.5 We set
STl(A.) ={e1,...,en}
and recursively define
SmAe) = (Se—1(Xe) U{ws +uy [ 1 < i <, w(i) = m}) \{u; [ 1 <4, w(j) = m}.
Then the trace of TnaNHﬂbg( A" e s given by

SR SID SRt

m=0 VE)\m+l \)\m UES,Z:L (Ao)
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Proof. One easily sees by induction that
Sk (Ne) = ({er, - yen} U{uy +uy [ 1< <, w(j) < kD) \{uy [w(f) < &}

and since ug € A1\ Ay, if and only if w(k) = m the result now easily follows from the
above calculation. O

Lastly, we compute the rank of the fixed part.

Corollary 2.5.2. Let Ay be an n-dimensional nested partition with enumeration ug, ..., Uq_1

as in setup [2.5.3. Define

Wa(ug) = 0 ug =e¢; forsomei=1,...,n
TR =\ ) 11<i<j<d—lLwtu =w)—1 ese

fork=1,---d—1 and e; the i’th unit vector. Then the trace of Tf;NHﬂbi(An),A. is
d—1
> Wr(uy).
k=1

Proof. The positive trivial weights of

d—1 d—1
(t1 +ta+ - +ty) Z W Z Z it —ug Z Z WUk
k=0

1<i<j<d—1 0<k<d—1 j=1 0<k<d—1
w(j)<w(k) w(j)<w(k)
are exactly of the form t;t7% for u, = e; or tW WY for u; + u; = u, ¢ < j and

w(j) < w(k). We note that since u; < uy we have j < k so the condition w(j) < w(k) is
redundant. For each 1 < k we have exactly one negative trivial weight of the form —¢"“+—"&

from the third sum. It follows that the trace of Tf;‘NHﬂbi( An) A is given by

d—1
> Q(t)
k=1
where
Qu(t) = tit ™% — W =
if up, =¢; forsomei=1,...,n and
Qr(t) = Z Uit T g U
1<i<j<d—1
ui—i-uj:uk
else. It is clear that Qx(t) = Wr(uy) from which the statement follows directly O
Corollary 2.5.3. The fized part of the tangent space T depends only on A\r41

naNHilb%(A"),\e
and not on the chosen nesting.

Proof. The above formula only depends on a choice of enumeration ug, ..., uy_1. However,
the allowable choices of enumerations does depend on the nesting, so we should check that the
formula is independent of the enumeration. Clearly the number of unit vectors is independent
of the enumeration and for u = u; € A\, not a unit vector, we see that

#{(4,5) |1 <i<j<d—-1,u;+u; =u,} =#{{v,w} |v,w € \pp1,v+w =u}

which is clearly independent of the choice of enumeration. O
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The associativity bundle

We calculate the equivariant K-theory of a5, and Efs’; Ao

Lemma 2.5.4. Let d € (Z>0)"t!, n € N and let A € NHilb%(A™)T. Let Vs be the universal
flag on naNHilb%(A"™). We have an equality

Vo,)\. = No/\
in K2(pt).

Proof. Let U C M, 4 be the preimage of A\, under the quotient map. Using the lift p € U
as in the proof of proposition we get a T-equivariant isomorphism U = P; where Py is
equipped with a T-structure coming from p. It follows that the induced T-representation on
Ve x & N, is the one coming from the F; action precomposed with p~ L. This again naturally
identifies with N\, see the proof of proposition m O

Corollary 2.5.4. Let d € (Z>o)"™t, n € N and let \s € NHilb4(A™)T. Let
N = NJ/(1-C)
for 1 € N the image of 1 € Clzy,...,x,]. We have an identification
Eassre = Hom™ M (NFA @ NFA @ NJFA N

where the right-hand side s trilinear maps which are alternating in the outer coordinates and
takes N; @ Nj @ N to Nyax(ijky- In particular, if we choose an enumeration ug, ..., uq—1

as in setup [2.5.3, then the trace of Eass, is given by

1<ijk<d—1 0<m<d—1
i<k w(k)w(i)<w(m)

Again, it will be convenient for later notation to have a definition similar to lemma[2.5.3

Lemma 2.5.5. We define for 0 < m < r the set S35(\q) as follows. Picking an enumeration
ug,...,Uq_1 we define

SiBNe) ={wi+uj+up |1 <i,j,k<d—1,i<k, wk),w() <w(m)}.
Then the trace of Exss,n, s given by
s
> 2 >t
M=0vEA,+1\\m UES2SS(Ns)
Corollary 2.5.5. Let Ay be an n-dimensional nested partition with enumeration ug, ..., Ug_1
as in setup [2.5.3. Define
Wg(un) = #{(, 4, k) € {1,...,d =1} |i <k, w; +uj + up = u,,}

for 1 <m <d—1. Then the trace of EFX | s

ass,\e
d—1
Z WB(um)
m=1
Proof. This follows almost directly from the above formula. The only thing we need to notice

is that if u; +u; +up = vy, for 1 < 4,5,k < d — 1 then uj,u; < u,y, so i,k < m hence it
already holds that w(j),w(k) < w(m). O
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Corollary 2.5.6. The fized part of the associativity bundle £

ass, \e at nested partition Ao
depends only on Ar11 and not on the nesting.

Proof. For any enumeration uy,...,uqy_1 we see for u = u,, that
We(wy) = #{(,4,k) € {1,...,d =1} |i < k, w; + uj + up = up,}
= #{(v,8,W0) € Apy1 X A1 X Mg |0 £ w, v+ 5+ w = u}/2

and the last expression clearly only depends on A,1. O

2.5.3 The fixed virtual class

The T-equivariant perfect obstruction theory [E induces a virtual class on the fixed
locus NHilbi(A”)T. Since the latter is zero dimensional, reduced and proper we are in the
situation of example With that in mind we make the following definition.

Definition 2.5.2. Let A, be a flag of partitions corresponding to a fixed point As €
NHilb¢(A"). We will say that A, is admissible if [\]V" # [0] i.e., if

fix _ fix
rk gaSS,[A.] =rk TnaNHilbi(A"),[A.]'

We recall that if we choose an enumeration ug, ..., uz_1 of A\e as in setup then we
have

d—1 d—1
tkER N, = Z Wp(um) and rka;(NHﬂbi(An),A. = Z Wr (um)
m=0 m=0

where
W () = 0 u, =¢; forsomei=1,...,n
I = #{6, ) |1<i<j<d—lui+uj=u,}—1 else
and
Wp(un) = #{(i,5,k) € {1,...,d =1} |i < k, w; + uj +uy = uy}.
We also note that admissibility of A\ only depends on A,;.

Lemma 2.5.6. Let A\ be an nested partition with chosen enumeration ug,...,Ugq_1 as in

setup [2.5.3, Then
WT(um) < WB(um)

form=1,...,d—1.

Proof. We can assume that u,, is not a unit vector, since in that case we simply get 0 < 0.
For each i let
¢(i) = min {j’uj is a unit vector and u; < u;}.

Note that ¢(m) < m since u,, is not a unit vector. Let x be the map x(u;) = ¢ be the map
extracting the index. It will suffice to prove that

{4, B)]i < ks + w4 wp = W} ——— {(0.5)|0(m) < i < joui+ 1 = wpn}
(1,7, k) » (min{x(uw; + u;), k}, max{x(u; + u;), k})

is a surjection. Indeed, the cardinality of the codomain corresponds to
since we have removed the single element of the set corresponding to the pair

(K(Ug(m))s £(Wm — Ug(my))-
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To show surjectivity we let u;+u; = u,, with ¢(m) < i < j. We must have either Uym) < Uy
O Uy < uj. In the first case we let uy = w; — ugy(y,), then clearly (7, ) is the image of
(¢(m), k,j). Similarly in the second case we can just take uj, = u; — gy, then (7,7) is in
the image of (¢(m), J,1). O

Proposition 2.5.2. Let A\ be a flag of partitions. Then Ao is admissible if and only if the
following conditions hold.

1. Foralll1 <k <n and oo > 0 we have

aer € M1 — a < 4.

2. Foralll < ki <ky <n and all a1,a9 > 0 we have

aieg, + aoep, € )‘T+1 == a1 +ay <3.

3. Forallm>3and1 <k <ky<---<kp<mandalaoy,...,an >0 we have
m
Zaieki §7§ )‘T-I—l‘
i=1

Proof. Choose an enumeration ug,...ug_1 as in setup One can then explicitly check
that for
W, € {aeg, areg, +ager, [ 1 <k ki, ke <n, a <4, ag +az < 3}

we have Wr(u,,) = Wp(u,,). This shows that these partitions are admissible. One can
further check that

WT(5€I<;) < WB(5ek),
Wr(aieg, + aser,) < Wi(arer, + aseg,),
WT(€k1 + ek, + ekg) < WB(ekl + ep, + €k3)

for a1 + ag = 4. Tt follows that any partition not contained in
{aep, arep, +azep, |1 <k ki ke <n, a <4, ar +ag < 4}
is non-admissible. ]

Remark 2.5.2. The theorem states that an admissible nested partition is admissible if and
only if it does not contain any vector with 3 or more non-zero coordinates and for every choice
of two coordinates the projected partition must be contained in the boxes corresponding to
figure 2 below.

[ ]

Figure 2.2
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2.5.4 The localization formula

We now apply the virtual localization formula of [GP99]. As explained in example
the formula yields

INHilb4(A™)]"" = 3 "[\] N — " (Eussra)
e € (TnaNHilbi(An),A.)

where the sum is over the admissible partitions. The above calculations now immediately
give us the formula below.

Remark 2.5.3. We use the following notation

HveF’y: H v

0#vel

for non-zero products in the formulas to come. Note that if V' is a T-representation with
weights Wt(V') C Z" = T then

el(vmev) = HueWt(V)u(ﬁ) € Ay (pt) 2 Z[sy, ..., sn]

where we for u = (uq,...,u,) define
u(s) =uisy + -+ + upSp.

Theorem 2.5.1. Let d = (dy,...,d,) € ZS{)I, d=do+---+d, and n € Z>y. In the Chow

group AT (NHilbL(A™))oe localized in linear functions of si,..., s, the virtual fundamental
class [NHilb4(A™)]"" equals

_ ~d—1
[li<ijk<a—1Il o<m<a—1  (Wi+uj+up —m)()[[;21 [To<k<a—1 uj — uk(s)
i<k w(k),w(j)<w(m) w(j)<w(k)
ZP\-] N a1 ~
Ao [Lio Te—o(es — uk)(s) H1gi§j§d71 [1 O(S'l;gdflcl)(ui +u; — uy)(s)
w(j)<w

Here the sum is over all admissible (n — 1)-dimensional nested partitions Ae of length d and
where we for each Ao have a chosen enumeration g, ..., uq_1 as in setup[2.5.3 Alternatively,

using the multisets of lemma and lemma [2.5.5 we have

A . [Tueszss(ra) (0 = v)(s)
INHIBLAM]™ =S N [ ] ury

Ao m=0 VG)\WHrl\/\m Hueii‘(/’\‘) (u o V) (§)

where the sum is again over admissible nested partitions \e of length d.

Example 2.5.1. Let us consider the (non-nested) Hilbert scheme Hilb%"!(A3) of d points
on A". Then the formula reads

i<igr<a— [To2o(wi + 1j + wp — un) (s) TT0Z1 TTAZ0 () — wg) (s)

<k
>_lea] N ——

e [T [Te—o(ei — k) (s) [ Ti<icjca TT7=0(wi + wj — w)(s)

Let us calculate this explicitly for d = 3, i.e., the Hilbert scheme of three points. We have
two types of partitions. They are either given by {0, e;,2e;} or {0,e;,e;} for ¢ # j and are
both admissible. For the first type of partition, we get a contribution of
45;35i25;55;45;35;8;(—$;)28;S;
281‘81'381'281'81‘481‘38,‘2& HZ:I sk(sk - 281') Hk;éi(sk‘ — Si)
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which simplfies to

—10s7 _ 10
ITiz1 se(sk — 280) [ji(sk — si)  Tlip sk — si)(sk — 2si)

For the other type of partition, we get

(281‘ + Sj)(Si + Sj)QSi(Si + 28]')28]'(.% + Sj)si(si — Sj)Sj(Sj — Si)
2sisi(2si — 5;)(si + 55)5;525;(285 — 8i) 5 [To=y Sk [Lezi(sk — 8i) [T (s — 55)

which can be reduced to

(2si + 55)(si + 255)(si + 55)
$i(25i — 55)85(285 = 8i) [Temy Sk [lza i (sk = i) (51 — 55)

We directly see that the virtual dimension is given by 3n — 3. Let us specialize to n = 3 with
a virtual dimension of 6. Consider the tautological bundle (’)1@ and let cg = cZT(((’)E;)V) the
second equivariant Chern class of the dual bundle. Let us integrate c3 against the virtual
class. For A = {ug, u;, u3} the Chern roots of ((’)g)v are ug(s),ui(s), us(s). It follows that
for A = {0, e;,2e;} we have

clx = (257)° = 8s]
while for A = {0, e;, e;} we have

coln = (sisj)?’ = sg’s?.

For {i,7,k} = {1,2,3} the contribution at the partition {0, e;, 2e;} is then

80sY

s5i(s5 — 5i)(s5 — 25i)sk(sk — si)(s5x — 254)

while the contribution at {0, e;, e;} is

(25 + 55) (85 + 255) (85 + Sj)S?S? B (25 + 55) (55 + 255) (85 + 55)545;
s2(2s; — sj),s?(zsj — 85)sk(sk — si)(sk — s5)  (2si — 55)(255 — si)sp(sk — i) (s — 85)

Summing over all 3 choices for each of the two types of partitions we get

/ Cg(og):& _ 20(81 + 59 + 53)° _ 31 (s152 + s153 + s283)(s1 + s2 + s3) 1L
[HﬂbS(AS)]vir 515283 515283

In particular, if we restrict to the Calabi-Yau torus Ty = {(t1,t2,t3) € T | titats = 1} the
virtual integral evaluates to 11.

2.6 Iterated residue formula

In this section we choose a dimension vector of the form
d=(1,dy,...,d,) € (Z>o)" ™"

We let d = (di,...,d,) € (Zso)" so that d = (1,d). We show how tautological virtual
integrals on NHilb4(A™) can in some cases be expressed in terms of virtual integrals defined
via naNHilb%(A”). We then develop an iterated residue formula for these latter types of
integrals. The key to proving this formula is a partial resolution

naNHilbZ(A") — naNHilbZ(A™)

which fibers over the flag variety Flag;(C").



2.6. ITERATED RESIDUE FORMULA 103

2.6.1 Reducing the integral to the nilpotently filtered locus

Let (Vo, 12, 5,%1) be the universal structure on naNHilb%(A”). Let Q be the quotient
of Hom™(Sym? V1, V1) by the subsheaf of maps which takes Vi ® Vj to V1. We let

Epunct = Hom((O™)Y,Vo/V1) @ Q

and note that naNHilb%(A") C naNHilb¢(A™) identifies with the zero locus of a (T-equivariant)

section of Epunct. Since naNHilb%(A”) is smooth the embedding is regular with normal bundle
Spunct\naNHﬂb% (An)" This immediately allows us to compute the tangent space.

Lemma 2.6.1. Let A\, be a nested partition such that the corresponding fized point is in
naNHilbg(A"). Let ug,...,uq_1 be an enumeration of Ae in the sense of setup h Then

the trace of TnaNHﬂbg(AnM. s given by
d—1 d—1
(ty +ta+ -+ ty) Z Uk 4 Z Z puituj—ug Z £~k
k=1 1<i<j<d—1 1<k<d—1 j=1 1<k<d—1
w(g)<w(k) w(y)<w(k)

Proof. 1t is clear that
TnaNHﬂbg(An) = TnaNHﬂbi(A”) — Epunct-
Since dy = 1 we see that
N(;\/Nl/\ = spang(z"°)

which is the trivial T-representation. We conclude
Hom((O™)Y, Vo/V1)lx, = > _ti.
i=1

Furthermore, we get

Q)\. = Z Z tui+uj_uk — Z Z tuﬁ-uj—uk

1<i<j<d—1 1<k<d—1 1<i<j<d—1 1<k<d-1
w(j)<w(k) w(j)+1<w(k)

1<i<j<d—1 1<k<d-1
w(j)=w(k)

Recall that for dy = 1 we have that T naNHilb<(Am) \e equals

d—1 d—1
(ty +ta+ - +tn) Z Uk Z Z ot —ug Z $9 Uk
k=0 1<i<j<d—1 1<k<d—1 =1 1<k<d—1
w(j)<w(k) w(j)<w(k)
From this, we see that T naNHilbd(Am) A Epunct,\, 1 equal to
d—1 d—1
(t1 +ta+ -+ ) Z Uk Z Z puitu—ug Z £~k
k=1 1<i<j<d—1 1<k<d-1 7j=1 1<k<d-1
w(g)<w(k) w(j)<w(k)
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Let us denote by NHilb%ﬂ_ﬁl(A") C naNHilb%(A") the intersection of the punctual locus
and associativity locus. Note that if the dimension vector is full, then this agrees with the
punctual Hilbert scheme of points, but in general it will be a closed subscheme of the latter.
Note that NHilb%ﬂ_ﬁl(A") is cut out of naNHilb%(A”) via a section of Eass\naNHﬂb% (An)" We
can therefore equip it with a perfect obstruction theory. Note that we are in the situation
of example [2.:2:4] and so the inclusion

NHilb% . (A™) < NHilb%(A™)

admits a relative perfect obstruction theory from & unet compatible with the two previously
defined perfect obstruction theories. We naturally want to apply proposition [2.2.3] so we try
to describe the fixed-point locus of NHilb%ﬂ_ﬁl(A”). We note that for d = (1,1,...,1) we get
the punctual Hilbert scheme, which contains the full fixed-point locus. In general, we get
the following.

Lemma 2.6.2. Let
LywCc---Chh CIQZC[.’L‘L...,ITL]

be a flag of monomial ideals with corresponding flag of partitions

AMC X C---C )‘T-l—l C (Zzo)n.

Then the corresponding fized point of NHilb%(A™) factors through NHilb%ﬂ_ﬁl (A™) if and only
if for allk > 1, u € A\gy1\\x and i =1,...,n we have

u+e; & Apt1.
Proof. Note first that dimg I/Ix1 = di. In particular since dime Ip/I; = 1 we must have
L=m=(x1,...,2p)
so that
A1 = {0}.

We note that the corresponding fixed point is in NHilb%ﬂ_ﬁl(A”) if and only if
Iy I, C Iy

for all k. This means that for all £ > 0 and all u ¢ Ay and v ¢ A\; we have
u+v & Ny

This statement is trivially true if u ¢ A\;y1 so we can restrict to u € A1\ \g. Since v ¢ Ay
if and only if v # 0 we see that it is sufficient to consider v =¢; for i =1,...,n. ]

We can now apply proposition to get the following result.
Proposition 2.6.1. Let « € A;H'lbd (A )T(NHile(A”)) be a local T-equivariant Chow
b,y 51 (A™),
cohomology class supported on the nilpotently filtered locus. Then

O‘|NHi1b§iL (A7)

o= .
/[NHilbi(An)}vir [NHilb%ﬂ_ﬁl(A")}Vir el (5punct |NHﬂb§il-ﬁ1 (Am) )
Ifd=(1,1,...,1) then
' < [NHllb6+1 (An)]vir
* (&

T (gpunct |NHilb6+1 (Am) )

) = [NHilb™ ! (A™)]""

and in particular for any o € A% (NHilb"™ ™ (A™)) we get

o NHilbj 1 (A7)

o= / :
‘ T
/[NHile“ (Am)]vir [NHilby T (An)]vir € (Epunct |NHﬂbg+1 (Am) )
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2.6.2 The partial resolution

We construct a partial resolution given as a birational map

—~—

7 : naNHilb%(A") — naNHilb4(A™)

such that the domain fibers over the flag variety

pu - naNHilbg(A™) — Flag;(C").

Using Atiyah-Bott localization on the flag variety this allows us to rewrite virtual integrals
NHilbgﬂ_ﬁl(A”) as an iterated residue formula depending on virtual integrals on the fibers of
. We first define the variety.

Definition 2.6.1. Let d = (1,d) = (1,dy,....d,) € ZL}' and n > dy + -+ + d,. Let
Uy : (O™)Y — V; be the universal map of naNHilbg(A”) and let

(On)v—»FlDFQD-"Dfr+1=O

be the dualized universal flag on the flag variety Flag;(C"). We let naNHilb%(A”) be the

closed locus of naNHilb%(A”) x Flag;(C") where W factors through a (necessarily unique)
map

Fi1—-W
which respects the flag structures. We denote by

—_~—

naNHilb{(A") —— Flag,(C")

naNHilb(A")

the projections to the non-associative Hilbert scheme and the flag variety.

Lemma 2.6.3. The map p : naNHilb%(A") — Flag;(C") is smooth.

Proof. For each 1 <k < r let

X}, C naNHilb§" %) (A™) x Flag (C™)

—_—~—

be the pullback of naNHilb(()l’dl""’dk)(A") under 1xqx where g : Flag;(C") — Flagyy,  4,)(C").
Projection on the non-associative Hilbert scheme clearly induce maps

naNHilb3(A™) = X, — X, 1 — -+ — X].
On X we have a universal flag
(O »F1 D DFqp1=0
from Flag;(C") and a universal flag
ViD: DVgr1 =0
with universal maps ¥, ¥y such that

Ty (0" W
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factors through (O™)Y — Fy — F1/Fpy1. If we let U, F1/Fr+1 — V1 be the induced map
then a proof completely analogous to that of proposition then shows that

X k+1 — X, k
identifies with the structure map of the Grassmanian bundle
Grx, (dy, (ker Uy & Wy)V).

In particular, Xj,1 — X} is smooth and it will suffice to show that X; — Flag;(C") is
smooth. We note that

naNHilb{"™ (A™) = Gry(dy, C")
with universal bundle V; coinciding with the dual universal bundle of the Grasmannian
and universal maps given by ¥y = 0 and ¥; : (O™)Y — V; the universal map of the
Grassmannian. We see that X1 C Grpi(di, C") x Flag;(C") is now simply the locus where
U factors through F7/Fs so that the map

X1 — Flagd((C")
simply identifies with the structure map of
GrFlag, (d1, F1/F2)

which is again smooth. O

Corollary 2.6.1. The scheme naNHilb%(A”) s smooth and projective.

Proof. Smoothness follows from the above. Projectiveness follows since it is a closed sub-
scheme of a product of projective schemes. O

—_—~—

Lemma 2.6.4. The map 7 : naNHilb%(A") — naNHilbg(A") is projective birational.

Proof. Projectiveness is immediate since it is a morphism of projective schemes. Let U C
naNHilb%(A”) be the Zariski open subset where ¥, is surjective. Note that it is non-empty,
containing for example the Porteous-type points, i.e., monomial ideals where the correspond-
ing partition only contains unit vectors. We construct an inverse of 7 on U. Explicitly, we
define U — Flag;(C") via the flag dual to

Uy (0")Y =V,
and the universal property of the flag variety. O

Definition 2.6.2. We define

. n _ o d n
NHilb, gy (A") i= 7~ (NHilbE, g, (A"))

Note that it is equipped with a T-equivariant perfect obstruction theory being exhibited as
the zero locus of a section of 7*&,.
Lemma 2.6.5. We have

P

-1.d n\vir nd n\1vir
7 [NHilb, ) g (A™)]™" = [NHilb, ;) g (A™)]"™.
In particular, for o € A}(NHilbg(A”)) we have

/ o= —— T

[NHilbZ . (Am)]vir [NHilbZ . (Am)]vir

Proof. This follows by realizing the virtual fundamental classes as refined Euler classes in the
sense of Fulton. Since 7 is proper of degree 1 (being birational) the pushforward statement
follows directly from [Ful98, Proposition 14.1, (d), (iii)]. The integration statement is now
simply the projection formula. O
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2.6.3 Localization over the flag variety

The key to proving that tautological virtual integration on NHilb%(A”) admits an iter-
ated residue formula is to apply Atiyah-Bott localization on the flag variety. We will conduct
this procedure in this section and provide fixed points and tangent space calculations which
we will need later.

Lemma 2.6.6. Let d = (1,d) = (1,dy,...,d,) € Z55, n >0 andd =1+dy +--- +d,. Let
e1,...,en € C" be the standard unit vectors. The fized locus of Flag;(C") is 0-dimensional,
reduced, and proper. Letting the symmetric group o € Sy, act on the reference flag

fo =span(e,...,eq,) C span(eq,...,eq,+d,) C -+ C span(ey, ..., ed +d,.)
by e; — es(;) we obtain a bijection of sets
Flag;(C")" 22 5, /(Sa, X -+ X Sa, X Sp_(a—1))-

The T-equivariant Euler class of the tangent space at o(fe) is given by

d—1 n
T
€ (TFlagd((Cn),a(f.)) = H (sa(i) - sa(j))
j=1 =1
w(i)>w(j)
in AT (pt) = Z[sy,...,s,|. Here
(w(1),...,wn))=~0Q,...,1,2,...,2,...,r...,r,r+1,...,r+1).
——— N—— —_—— ——
dy times ds times dr times n—(d—1) times

Proof. Using the reference flag, we get
GL,, /P, —— Flag;(C")
g——— g(fe)

where Py, is the parabolic group of linear automorphisms preserving f,, from which the
above can be easily derived. O

Definition 2.6.3. For o(f,) € Flag;(C") we set

Hy =~ (o(fa)) N NHilbL . (A™)
and let ¢y : Hy < NHilbgﬂ_ﬁl(A”) be the inclusion. Note that H, inherits a perfect obstruc-
tion theory being cut out of the smooth variety u~!(co(fs)) by a section of T Easslpu—1(0(f2))-

We can now rewrite the virtual class of the nilpotently filtered locus as a sum of virtual
classes of [Hy].

Corollary 2.6.2. For o € Sp/(Sa, X -+ X 8, (4-1)) set To = Tyiag ;(cn).0(fs) and po : Ho —
pt. We have an identity

/-_\d/ n\vir [HO']Vir
[NHilb ;) g (A™)]™ = Z La,*m
T€Sn/(Say XX Sp_(a—1) S
in the localized Chow group AI(NHilbgﬂ_ﬁl(A”))loc. In particular, for a € Ai}(NHilbgﬂ_ﬁl(A”))
it holds that

— o = Z f[HU]Vir L:;Ck

L . d—1
[NHilbd g (Am)]vir TE€Sn/(Say XX Sp_(a_1)) Hj:l [I 1<i<n (Sa(i) - sa(j))
! @y w(D)>w ()

in the localized Chow group AL (pt)iec.
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Proof. We apply proposition to g = o for

v : NHilbZ . (A™) < naNHilb4(A™).
Letting I be the ideal of the closed immersion ¢ we have
Ly = [I/T* = *Q,)]

and so can simply define the relative perfect obstruction theory by
Ey
Ly
which is clearly compatible with the perfect obstruction theory on NHilb%ﬂ_ﬁl(A"). We
conclude that o
1[o(fe)]

.d n\jvir __
[NHilb, o (A™)]Y" = %:ng T

J/Sass H

/12— 0,

>~

— [(L*T*gass)\/ — L*Qu}
[

If we give p the smooth relative perfect obstruction theory and ¢ the perfect obstruction
theory from (7E,gss, T*Sass) these are clearly compatible with the given perfect obstruction
theory on g. Functoriality of the virtual pullback now shows that

g =iut =0y
for 0' the refined Gysin of the zero section of 7*E,¢ and p* the flat pullback. Since
0’ [o(fo)] = 0'[u~" (o (fo))] = [Ho]"™

we see that

PTG I A
eT(Ta) CT(p:;TJ)
from which the result follows. The integration formula is a direct consequence of the projec-
tion formula. ]

vir

Next we study the structure of [H,|

Lemma 2.6.7. The map

1 (o (fs)) < naNHilb%(A™) 5 naNHilbI(A™)

is a closed immersion. Explicitly, letting (C™)Y — o(f)) be the dual flag associated with
a(fe) it identifies with the locus where the universal map ¥y : (O™)Y — Vy factors through a
(necessarily unique) map of flags

O®a(f)) = V.
In particular, if we let £, be the quotient of the sheaf
Hom((0")Y, V1) /Hom™ (O @ o (£)'), Vs)

then u=Y(o(fs)) is the zero locus in naNHilbg(A”) of the section of &, induced by V.

Proof. This is immediate from the definition of naNHilbg(A"). O
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Corollary 2.6.3. Let \¢ = (A1 C -+ C A\r41) be a nested partition satisfying the hypothesis
of lemma (2.6. % The corresponding fixed point of NHilb%ﬂ_ﬁl(A”) 1s in Hy, if and only if

€s(j) & Ai

whenever w(j) > i — 1.

Proof. Recall that
o(fi) = span(ey(1y; - - - €o(dy+tdy))
with o(fp) = {0}. The dual flag is
o(fi) =ker(o(f)" = o(fi-1)")
which as a quotient of (C")Y = span(z1,...,z,) can be described as
I7 /17, -=span(zy |k # o(1),...,0(d1 + -+ di—1))/span(zy | k # o(1),...,0(di + --- + d,))
= span(z,(;) | w(j) = i 1)/Span( Gy | w(d) = 7)

where I{ = (C")V. By definition

Vilx = Iy, /In

r+1

with ¢ : (C")¥ — I, /I,,, the restriction of the quotient map along
(CMY C (z1,...,7n) = I,
It follows that v factors through a map of flags o(fy) — Ve| if an only if
I C I,

for all 7 i.e., if and only if
Co(j) & Ai

whenever w(j) > i — 1. O

Corollary 2.6.4. Let A\, be a nested partition such that the corresponding fixed point is in
H,. Letuy,...,ug_q be an enumeration of Ae in the sense of setup[2.5.3 Then the trace of
Tu-1(o(fa) N 1S given by

d—1 d—1

DR VD M VDM

i=1 1<k<d—1 1<i<j<d—1 1<k<d—1 j=1 1<k<d—1
w(i)<w(k) w(f)<w(k) w(g)<w(k)

Proof. We note that

L) = Tanmndan o) = Eolora)

which follows directly from the above. We directly see that

£ =01+ Zt‘“k SOy o

=1 1<k<d-1
w(i)<w(k)

which combined with the previous calculation of

TnaNHﬂbg(An),,\.

yields the result. O
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Again, the cancellation afterwards is trickier. We instead add a recursive definition of
the multiset of weights similar to that of lemma [2.5.3

Lemma 2.6.8. Let Ay be a nested partition such that the associated fized point is in H,.
For 0 < m < r we define multisets

S (Ne) C S(Xe)
recursively as follows. Pick an enumeration ug, ..., uq_1 of Ae. Set
Si7(Ne) = @

and define S (Xe) recursively as

(Sm71 () U ey [w(i) = mp U {45 |1 <0 <G w() = m— 13) \ {1 < j,w(j) = m}.

Then the trace of T),—1(o(f,)),\e 1S given by

>y oy e

m=0vel,,+1\Am uesff’ (Xe)

2.6.4 The residue formula

Setup 2.6.1. Let d = (1,d) = (1,dy,...,d,) € ZLY, n >0and d =1 +dy + -+ d,. Let
W be a g-dimensional T-representation, let £ = W ®@c Oan be the associated T-equivariant
bundle on A”. Let Eld be the associated tautological bundle on N Hilbd(A”) of rank m = d-q.
We note that

Bl — W @¢ Ol[fy]t.
We let 01,...,0, be the Chern roots of W and vg,v1,...,v4—1 be the Chern roots of old

ordered such that Oldotdi+++dl hag Chern roots vg, vy, ..., Vg, +..q;- Then El has Chern
roots

0; + v
for 1 <i<kand 0 <j<d-—1. Any polynomial in the Chern classes of Eld is therefore
a bisymmetric polynomial in 61, ...,6, and vo,...,vq—1. When we develop the tautological
integral formulas we will therefore just pick 01,...,60, € A%p(pt) and consider such bisym-
metric polynomials. As it is more convenient, we will also substitute v; with 7; := —v;. Note
that we can then choose 7; such that
Milxe = wi(s)

for a fitting enumeration ug,...,uy_1 of a partition A\,. Note also that g = vg = 0, as
it corresponds to the first Chern class of the trivial summand coming from the unit of the
algebra.

Proposition 2.6.2. Let 0y,...,0, € AL(pt) and let
P=P,....00m, .. .0d-1)
be a bisymmetric polynomial as in setup [2.6.1]. Let
A:{(pt) = Z[s1,. .., Sn).

Then there exists a polynomial Q in k+ (d — 1) variables with coefficients in Z such that for
all

o< Sn/(Sd1 X e X Sdr X Sn—(d—l))
we have

/ ) P:Q(ela--'aeq’sa'(l)""7‘9cr(d—1))‘
[Ho_]wr
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Proof. We first note that
d _
Oun = V-’NHﬂbi(An)
for V, the universal flag on the non-associative nested Hilbert scheme. We apply virtual

localization
T
e 5 e
[Hdwr ot “a(fa)Ae)

We can choose an enumeration ug, ..., ugs_1 of \e satisfying the properties of setup and
such that

Nilxe = wi(s).

Note that for \e € H, we have that e; ¢ Ao for j > d—1. It follows that Py, is a polynomial
in6q,...,04,51,...,54—1. From the explicit calculation of their K-theory class above, we can
choose polynomials Q1 »,, @2, such that

eT(gass,)\.) = Ql,)\. (917 v 79(1’ S1y-- 45 Sd—l)

and
eT(T L(o(fe)), ) Q2)\.<617"'70(17317'“73(171)-

We now simply define

Z P)\o gl)\. *
AeHT 2\
For
o< Sn/(Sd1 X eee X Sd,- X Sn—(d—l))

and a nested partition Ae we define o(A,) by simply substituting e; — €q(i)- The assignment
Ae — 0(As) defines a bijection
HL — HT

and one directly see from the concrete formulas that

e (Eass.oine) = Qe (01, - Ok So(1)s - - - So(d—1))

and
eT( “1(o(fa))s0(Ne) ) Q- )\.((91,...,9(1,80(1),...,Sg(d,l)).

vir

Applying virtual localization to [Hg] and comparing gives the result. O

We can now obtain a iterated residue formula for virtual tautological integrals on
NHilb%ﬂ_ﬁl(A"). The main input is the following iterated residue formula for integration
on the flag variety Flag;(C") generalizing [BS12, Proposition 5.4].

Proposition 2.6.3. Let d = (dy,...,d,) € ZL, and set k= |d| :==d1 + -+ d, < n. Let Q
be a polynomial on CF and let s1,...,s, be parameters.
Partition {1,...,n} into blocks

B = {1, .. ,dl}, By = {d1+1, .. ,d1+d2}, ...,B. = {k—dr—i-l, ce k}, By = {k—i—l, ey n},
and define a weight function

w:{l,...,n} = {1,...,r+ 1}, w(t) = p if and only if i € B).
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Then
H (zm — 20) Q(z) dzy - - - dzy,
Q(55(1)s-++50(k)) 1<m£e<k
Z k A n k )
S /(S XX S XSy
0E€Sy/(Say XX Sq, X k)H (Sg(i)_sg’(j)) H (Zm_ZE)HH(Si—ZZ)
j=1 1<i<n 1<t<m<k i=1¢=1
w(i)>w(5) w(l)<w(m)
(2.1)
Proof. Consider the meromorphic k-form on (P')*
H (zm — 20) Q(z) dzy - - - dzy,
1<m#£t<k
wi(z) = smAls - , z=(21,...,2k).
II Gu—20l11IGi—20)
1<t<m<k i=14=1
w(f)<w(m)
We will compute the iterated residue
Resy—oo wi 1= Res; =0 - - - ReS;, —00 Wi
by successively applying the Residue Theorem on P! in the variables 2y, 241, ..., 21, as in

[BS12].
Step 1: Isolating the dependence on z;. Write the full Vandermonde product as

[I Go—zo=( II Go—20)(I16x—2)C—).
1<m#l<k 1<m#Al<k—1 <k
Among the cross-block factors in the denominator

H (Zm - 25)7

1<t<m<k
w(l)<w(m)

the only ones involving zj are those with m = k and ¢ < k, namely

I Ge—20.

<k
w(l)<w(k)

Thus, we can factor wy, as

[Tk =200 (20 = 20)

<k

Wi = Fk_l(z') n dz,
IT Ge—20]](si— =)
(<k i=1
w(l)<w(k)
where z' = (21,...,2,_1) and
H (zm — 20) Q(z) dzy -+ - dzp—1
1<mAl<k—1
Fioa(a) = =775 n k-1
H (2m — 1) H (8 — 2¢)
1<b<m<k—1 i=10=1

w(f)<w(m)

For each ¢ < k we have:
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e Ifw(¢) < w(k), then a denominator factor (z;—z¢) cancels one factor in (z—z¢)(z¢—2%),
leaving (z¢ — zi).

o If w(¢) = w(k), there is no denominator factor, and we simply keep (zx — z¢)(2¢ — 21) =
— (21 — 20).

Hence, as a function of z,
/
wi = Py (2)

where ®p(z') is independent of z; and Ry (zx;2z') is a polynomial in zg. In particular, the
only poles in the z; variable are at z = s1,..., sy.

Step 2: Residue in z;. By the Residue Theorem on P,

n
Res,, —co wi, = — Z Reszk:sj W+

j=1
For a simple pole in s; — 25, we have
Ry (zx; 2/ Ry(sj; 2
Res,,—s, # dzy, = _M_
[Tz (si — 2x) Hi;ﬁj(si - 55)

Thus, the minus sign from the Residue Theorem cancels this minus sign, giving

Ry.(sj;2')

2}, =00 = o "
Res;, —c0 Wk Z k(Z)H#]‘(Si—Sj)

j=1

Now track the factors involving z; more explicitly. As observed above, for each ¢ < k
we obtain after substituting z, = s; at least one factor (z — s;) in the numerator. On the
other hand, in Fj_1(z’) we still have the denominator

n

H(si—zyg), (=1,....,k—1.

i=1
Hence for each ¢ < k the factor (zy — s;) cancels the factor (s; — z¢) in this product, leaving
[1si = =)
i

in the denominator and at most one (2;—s;) factor remaining in the numerator. In particular,
after the zp-residue, the pole at zy = s; disappears for all £ < k.
Collecting all factors, we obtain (up to an overall sign depending only on k)

k—1
. H (zm — 20) Q(#1, - - -, Zk—1,5§) H(zg—sj)dzl'--dzk_l
1<m#Al<k—1 (=1
Res;, —oo Wi = Z smts = . (2.2)
! IT  Gu—z) ITTIGi =20 [1(si = 59)
1<b<m<k—1 0=1i#j i#j

w(l)<w(m)

This has the same structure as the original integrand, but with one fewer variable and with
j excluded from the set of indices appearing in the denominators.

Step 3: Iteration. We now repeat the same procedure with zp_1, then z;_o, and so on.
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Inductively, after having taken residues in zg, ..., zy,1+1 We obtain a sum over ordered
(k—m)-tuples of distinct indices (jm+1, - - -, jk), and for each such choice an integrand in the
remaining variables z1, ..., z,, of the same form:

H (za — 2) Q(...)dz1 -+ - dzp,
1<a#b< ,
Sazbim — - (constant depending on s;, . ,...,Sj,),
II Gu=2011 11 Gi—20
1<t<m<m (=1i€l,
w(f)<w(m)
where I, C {1,...,n} is the set of indices not yet used. In particular, the only poles in z,

are at z,, = s; with ¢ € I,,.
The same argument as in Step 2 shows that:

e At the 2, step, we pick an index jn, € I, and obtain a factor 1/T[;c; \15,.3(8i = Sj)-

e The pole at z; = s;,, disappears for every ¢ < m; hence j,, cannot reappear at later
steps. Thus, the indices ji, ..., ji are all distinct.

e Tracking the cross-block factors, one checks that for the chosen index j,, with weight
w(jm), the only factors that survive in the final denominator are those with w(i) >
wW(jm). The factors with w(i) < w(j,,) are cancelled against factors arising from the
Vandermonde numerator at earlier steps.

Proceeding inductively down to z;, we thus obtain a sum over ordered k-tuples of
distinct indices (j1,...,Jk), or equivalently over cosets o € Sy, /(Sq, X -+ X Sg, X Sp—k), of
terms of the form

Qlsjis-r8i) QS+ 5a()

k k ’
II II Gi-sw) 11 11 Gow—sew)
m=1 ie{l,...,n} Jj=1 1<i<n

w(E)>w(jm) w(d)>w(j)

Step 4: signs. At each step there is a sign coming from exchanging factors (z,, — z¢) with
(2¢ — zm), and a global sign from expanding the Vandermonde product [, 2o<j(2m — 2¢)-

The total sign is (—1)ZP (%) both from these exchanges and from the Vandermonde, so these
sign contributions cancel in the final expression.

Thus, the iterated residue Res,—, wy is exactly the left-hand side of , which proves
the identity. O

Corollary 2.6.5. Let 01,...,0, € AL(pt) and let
P = P(Hl,...,eq,m,...,nd,l)

be a bisymmetric polynomial as in setup (2.0.1. Then

/ P — Res ngm;«élgdfl(zm — ZI)Q(GL ... ,Qq, AR Zd,l)dg
[NHilby, o (Am)]¥ir 2= Ti<cicmed—t(zm — 21) [Tl TIE (i — 21)

w(l)<w(m)

where z = (21,...,24-1) and

Q(91,...,9q,51,...,5d_1):/ P.

[Hig]Vir
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Ezxplicitly, one can calculate Q as

~d—1

[Ti<ijk<d— T o<m<d (wi+ w; + up — W) (8)[[21 [T1<k<a—1 (0 — ug)(s)
J
S p, i<k w(w()<w(m) N w(3)Jw(k)
" [T ITi<k<a— (e — we)(8) [Ti<icjcqmt [T1<h<a—1 (Wi +u; —ug)(s)
w(i)<w(k) w(j)<w(k)

or using the notation of lemmal|2.5.5 and lemma

[Tuesess () (u —v)(s)

T
j :P)\. u#v
e 'mHI VGAWLHH\Am HueSﬁ’id()\.)(u - V)(ﬁ)
u#v

Here the sums are taken over all admissible nested partitions \e satisfying u+ e; ¢ Agy1 for
allu € Npy1\X\g and all k > 1 and that e; ¢ A\; whenever w(j) >i—1 and for ug,...,ug_1
an enumeration of \e as in setup we define

P)\. = P(@l, ce ,Qq,)\.(g)) = P(Gl, e .,Gq,ul(g), e .,ud_1(§>).

2.6.5 Residue vanishing

The above formula shows that the virtual integral can be exhibited as a sum of iterated
residues, i.e., we have that

P(01,...,0q,M(2)) [ T1<imzi<a—1(zm — 20 Izt Tlven,oan Huesess ) (u — v)(2)dz
Z Res — ) uzv
SWmad |

1§(ll§m§(d—)1(zm — 2) TIisy Tz (56 = 20) Tm Tvenonon Hluesmiagn,y (@ = v)(2)
w(l)<w(m u;év

calculates

/ 4 ) P(Gl,...,Gq,m,...,nd_l).
[NHilb;) g, (An)]vir

In this section we prove that most of these residues vanish. In fact, we prove that the only
non-vanishing residue is the one related to the Porteous point

M =1{0,e1,€2,. .., €4 gy, }-
To prove the vanishing of an iterated residue we use the following criterion from [BS12].

Proposition 2.6.4. [BS12, Proposition 6.3] Let p(z) and q(z) be polynomials in the variables
21y .., 20 and assumme that q(z) = Hi\il Li(z) is a product of linear factors. Let dz =
dy -+ dy,.. The iterated residue

Res P(2)d2

z= q(2)
vanishes if there exist 1 < M < r satisfying either of the following conditions

o deg(p(z);{r,r—1,... ., M})+r—M +1<deg(q(z);{r,r—1,...,M})
o deg(q(z); {M}) =lead(q(z), M) and deg(p(z); {M}) + 1 < deg(q(2); {M}).
Recall that
lead(q(z), M) := # {i; max{l; coef(L;, z) # 0} = M}

i.e., the number of linear terms L; where the highest indexed variable appearing is z;.
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Proposition 2.6.5. Let 0y,...,0, € AL(pt) and let

P:P(Gl,...,eq,m,...,nd_l)

be a bisymmetric polynomial as in setup [2.6.1. Let Ao be a nested partition not of Porteuos
type and assume that the corresponding fized point is in Hiq. Then

P01, 0g, Ae(2) [T cmpica—1(Zm = 20) [lm=1 Tlvern i ianm HueSﬁiS()\.)(u —v)(2)dz
Res — - uzv —0.
== [Ti<temsa—(zm = 20) TTio T (si = 20 Tcs Tlvenn o Huesmio o) (@ = v)(2)

w(l)<w(m) utv

Proof. For the proof we let p(z) and ¢(z) be the numerator and the denominator of the
expression in the iterated residue formula. Since A, is not Porteous we can pick the largest
1 < M < d—1 such that epy ¢ \o. We first note that ey; ¢ Ao means that zp; does not
appear in the term

P(01,...,00,Xe(2))

nor in the term

I I I «ve

M=1vEXy+1\Am uESE*(Ne)
u#v

We proceed by reverse induction on M. Suppose first that M = d — 1. Since zg_; is the
variable with the largest index it follows by definition that

deg(q(z); {d — 1}) = lead(q(2),d — 1).

We note that .
ea—1 & Si4(Ne)

for m < r and that ey 1 appears exactly once in ST ’id()\.). It follows that it appears in
exactly |Ar+1\Ar| = d; linear terms of

I 00 I @« ve

m=1veX,+1\Am uES;{{id (Ne)
u#v

Clearly it appears in n linear terms of

n d—1
(8i — 21)

i=11=1

and dq + - + dr_1 linear terms of

H (zm — 21).

1<l<m<d—1
w(l)<w(m)

We conclude that
deg(q(z);{d—1}) =d—1+n.

For p(z) we see that z;_1 only appears in

H (Zm - Zl)

1<m#Al<d—1
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where it appears in 2(d — 1) — 2 terms. From this we see that
deg(p(2)i {d—11) +1=2(d~1) 1< d—1+n = deg(q(); {d — 1})

since n > d — 1 by assumption. We conclude the vanishing from proposition [2.6.4 For
general M we can pick an enumeration ug,...,uq_1 of Ae in such a way that

Uy # en, Up41 = €M1, -5 Ud—1 = €41

We note that ep; € SZ;id()\.) if and only if m > w(M) and in this case it appears exactly
once. It follows that zps appears in dyy(ar) + dy(ar)4+1 + -+ - + dr linear terms of

I IO I «ve

m=1veX,,+1\Am uesg;iid(A')
u#v

These terms are exactly of the form
Zm — ui(2)
for dy + - -dymry-1 +1 <@ < d—1 and we see that z) is a leading term if and only if
1 < M. We note that the terms, where z,; is not leading, are of the form
ZM — %

for ¢ > M. From
n d—1

[TTTGi -2

i=11=1

we have n linear terms containing zj; and z,s is the leading term in all of them. At last

H (zm — 21)

1<l<m<d—1
w(l)<w(m)

has di + -+ dy(ar)—1 + dw(ar)+1 + - - - + dr linear terms containing zps. The terms where it
is not leading are of the form

Zm — ZM

for m > M. From this we see that
deg(q(2);{M}) =d—1+n+dyanq + - dr 2d—1+n.

For p(z) we again see that zy; only appears in

H (zm — 21)

1<mAI<d—1
where it appears in 2(d — 1) — 2 terms so that
deg(p(2); {M}) + 1 =2(d = 1) =1 <d —1+n < deg(q(z); {M}).

We see that the terms zps — z; and z,, — zp for i,m > M where zj; is not leading each
cancels with a unique term of
H (zm — 21)-

1<m#Al<d—1
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Let

be the result of canceling those term. We now see that

deg(q'(2); {M}) = lead(q'(z), M)

and since ¢’ and p’ is obtained from ¢ and p by removing the same number of linear terms
with zps it still holds that

deg(p'(2); {M}) + 1 < deg(q'(2); {M})
so that the residue vanishes by proposition O

Writing out the terms in the residue formula explicitly for the Porteous point, we arrive
at the following formula.

Corollary 2.6.6. Let 01,...,0, € AL(pt) and let

P:P(ela”'ueq’nlu'”vnd—l)

be a bisymmetric polynomial as in setup |2.6.1. Then

P
/[NHﬂbjjﬂ_ﬁl(An)}vir

can be calculated via the iterated residue formula
P(01,...,0q2) [ Ti<mzica—1(zm — 20) [ Ti<ijh<a—1 1T o<m<da—1  (zi +2j + 26 — 2m)dz
- o i<k

w(k),w(j)<w(m)
n d—1

[Ti<icm<d—1(zm — 20) [ i1 TT,=0 (56 — 21) H1§i§j§d—1 ﬁ 1<k<d—1 (2i + 25 — 2k)
w(l)<w(m) w(g)<w(k)

Res

z=00

2.6.6 Removing the restriction on the number of points

We recall that for all the machinery with the partial resolution to work we had to assume
that d; +---+d, = d—1 < n. However, the iterated residue formula of corollary makes
sense for any d,n. In this section we will prove that this is actually the case. The key is to
increase n sufficiently and compare the two integrals

Setup 2.6.2. Let n < N and set
A" s A" x ANT ~ AN

In this section we set 7' = (C*)"V. We note that the above immersion is T-invariant and that
there is a natural T-action on naNHilb4(A™) by composing with the projection (C*)V —
()"

Lemma 2.6.9. There exist a T-equivariant extension of the immersion
NHilb¢(A") — NHilb¢(A™N)

to
naNHilb%(A") — naNHilb4(AN).

The latter exhibits naNHilb2(A™) as the zero locus of a section of the bundle

Hom(Z, Vo)
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where Vg is the universal flag bundle and T is the kernel of the map
(ON)V N (On)\/
given by projection onto the first n summands. When dy = 1 the immersion restricts to an
mmersion
naNHilb4(A™) < naNHilbg(A™)
which exhibits the domain as the zero locus of a section of
Hom(Z,Vy).
Proof. We let M), 4 and My 4 be as in definition both defined using the same reference
flag No. We define
My g ———— Mng

(Y1, 92, v) —— (Y1 0q,12,v)

where ¢ : (CV)V — (C")Y is projection onto the first n summands. One easily checks that
this is T- and Py-equivariant, thus given us the desired closed immersion. The description of
a zero locus of a section of the above vector bundle also follows directly from the definition,
as an S-valued point (F,, 1,49, s) of naNHilb%(AN) factors through naNHilb¢(A") if and
only if 9 factors through (OY)Y — (O™)V. Note that on naNHilb%(AN) we have that 1,
factors through Vi, so we can restrict to this bundle. O

Lemma 2.6.10. Let i : NHilb%(A™) < NHilb%(AN) be the inclusion, let T be the kernel of
(ON)V _y (On)\/
on NHilb%(AN) and set

En = Hom(Z, VO)|NHilb4(An)7 Eno = Hom(Z, V1)|NHﬂb§ﬂ_ﬁl(An)'

We have . .
i [NHilbE(A™)]YE = eT(&,)) N [NHilbL(AN )]V

and
. . n\1vir 1.d vir
i [NHIIbS, ) (A" = e (£,,0) N [NHilbS, a (AN

In particular,

/ ‘a:/ _eT(Sn)'OK
[NHilb4(An)]vir [NHilb%(AN )]vir

/[NHilbd

nil-fil

and
o= / el (Enp) - .
(Am)]vir [NHilbﬁiliﬁl(AN)]vir

Proof. Let j be the extension of i to the non-associative Hilbert scheme. Note that j*V,
is still the universal bundle on naNHilb4(A™). It follows that the associativity bundle also
pullback to the associativity bundle. We can therefore form the following pullback squares.

NHilb4(A") — naNHilb4(A") —/ 5 naNHilb4(AN)

! ! b

NHilb%(AYN) —— naNHilb%(AN) —— Hom(Z, V.)

| [

naNHilb¢(AN) — == g
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and from this we get

i [NHilbL(A™)]V = i,0!  [naNHilbd(A™)]
= 0. j«[naNHilb4(A™)]
= 0,5, (eT (Hom(Z,Vs)) N aNHilbL(AN)])
= ¢! (Hom(Z, Vo) INHibe(any) N 0fyss MaNHiIbE(AN)]
= eT'(&,) N [NHilbL(AN))vr
where we have used that j is regular so that
[naNHilb%(A™)] = 0}, naNHilb4(AN)]

is a refined Euler class of Hom(Z, V) i.e., j.[naNHilb%(A™)] = T (Hom(Z, V,))N[naNHilbZ(AN)].
The proof for the nilpotently filtered locus is exactly the same. O

Theorem 2.6.1. Let 04,...,0, € AL(pt) and let
P= P(@l,.. . 70q77717~ . ,T]dfl)
be a bisymmetric polynomial as in setup |2.6.1. Then

P
/[NHinoffﬂ_ﬁ1 (Am)]vir

can be calculated via the iterated residue formula

P01, ... 00, 2) [Ti<mprca—1(em — 20) [Ti<igr<a—1 I o<m<a—1 (2 + 2 + 26 — 2m)dz

Res i<k w(k),w(;flﬁw(m)
=0 H1§l<m§d—1(zm ) H:’L:l 7;11(&' — 1) ngigjgd—l [I 1<k<d-1 (2 + %5 = 2k)
w(l)<w(m) w(j)<w(k)

Proof. If n > d—1 this is simply the content of corollary If not, we can find N > d—1.
Then

P :/ eT(En,g) - P.
/[NHileu-ﬁl(An)}Vir [NHﬂb%u_ﬁl(AN)}Vir

‘We note that

N d-1
(&)= TI TI(si—m)-
=1

1=n-+1

If we apply corollary [2.6.6 to calculate f[NHﬂbi P’ for P' =eT'(E,0) - a we get

nit-gi (AN

P01, ..., 0¢,2) [Ti<mpr<a—i (zm — 20) [ Ti<ijk<a—1 [T o<m<d—1 (2 + 2 + 26 — 2m)dz

Res i<k w(k),w(i)gw(m)
=0 Thciem<dt(zm — 2) TIo TS (si — 20 Th<icjcams [i<k<a— (20 + 2 — 2)
w(l)<w(m) w(j)<w(k)
but
N d-1
P'(0,....00,2)=P01,....05,2) - [ J[Gi—=)
i=n+1 =1

and we get the cancellation

N d—1
[Tl IT=1 (s — 21) _ 1
N 1qd-1 = d—1
[L: L= (si — =1) H?:l 11 (8i — 21)

giving us the desired formula. O
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