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Abstract

This thesis investigates two distinct topics in modern statistics: Gaussian approximation
theory in high dimensions and structural modelling of electricity markets.

The first research topic studies high-dimensional Gaussian limits and quantitative
bounds on the associated approximation error. In high-dimensional regimes, a central
challenge is obtaining error bounds that explicitly track the dependence on both the sample
size n and the dimension d, rather than treating d as fixed. Working within the Malliavin—
Stein framework, we derive bounds on distances between a d-dimensional random vector
whose components admit Wiener—It6 chaos expansions and a corresponding Gaussian
vector. These bounds are explicit in their dependence on d up to a factor reflecting possible
near-singularity of the covariance matrix of the Gaussian limit. Applications of our bounds
yield fully explicit (n,d)-dependent results in two settings: quantitative Breuer—Major
theorems for high-dimensional vectors of non-affine functionals of multivariate stationary
Gaussian sequences, and quantitative Gaussian approximation bounds for the central limit
theorem term arising in parameter estimation for stable VAR(p) processes.

The second research topic studies structural modelling of day-ahead electricity prices
in wholesale markets with high renewable infeed. We develop a structural model that
incorporates renewable generation into a multi-fuel bid-stack framework. We treat renew-
ables as priority dispatch and capture their effect through residual demand, effectively
adjusting the demand curve to account for renewable output. Under standard short-run
assumptions (price-inelastic demand and market equilibrium), we obtain a general pricing
representation and highlight two special cases: a single-fuel market and a multi-fuel setting
with proportional fuel prices, under which pricing reduces to a parsimonious multiplicative
form. Empirically, using German day-ahead data from 2016-2023, we estimate a library of
structural specifications within this framework and evaluate performance via rolling-origin
out-of-sample testing, benchmarking against standard machine-learning baselines and a
simple reduced-form model. A theory-consistent one-fuel specification driven by resid-
ual demand, gas prices, and carbon emissions allowance prices delivers the most robust
out-of-sample performance.
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Resumé

Denne afhandling handler om to problemer i moderne statistik: sandsynlighedsteoretisk
approksimationsteori i hgje dimensioner og strukturel modellering, der balancerer praediktiv
evne med gennemsigtighed og praktisk anvendelighed.

Det forste problem undersgger hgjdimensionelle Gaussiske graensevaerdier og kvantitative
begrzensninger pa den tilhgrende approksimationsfejl. I hgjdimensionelle systemer er det en
central udfordring at opné approksimationsbegraensninger, der eksplicit viser afhsengigheden
af bade stikprgvestgrrelsen n og dimensionen d, i stedet for at betragte d som fast. Inden
for rammerne af Malliavin—Stein-metoden udleder vi begraensninger pa afstande mellem en
d-dimensionel stokastisk vektor, hvis komponenter har Wiener—It6 kaos-udviklinger, og en
tilsvarende Gaussisk vektor. Disse begraensninger er eksplicitte i deres afhzengighed af d,
bortset fra en faktor, der afspejler en eventuel naesten-singularitet af kovariansmatricen
for den Gaussiske graenseveerdi. Anvendelserne giver, sa vidt vi ved, nye resultater med
fuldt eksplicit (n, d)-afhaengighed i to situationer. Disse inkluderer kvantitative Breuer—
Major-saetninger for hgjdimensionelle vektorer af ikke-affine funktionaler af multivariate
stationzere Gaussiske sekvenser, samt kvantitative Gaussiske approksimationsbegraensninger
for det centrale graensevaerdiseetnings-led, der opstar ved parameterestimering i stabile
VAR(p)-processer.

Det andet problem undersgger strukturel modellering af day-ahead elpriser i markeder
med hgj andel af vedvarende energi. Vi udvikler en strukturel model, der inkorporerer
vedvarende energiproduktion i en ramme baseret pa en udbudskurve med flere fossile
breendsler (multi-fuel bid-stack). Vi behandler vedvarende energi som prioriteret pro-
duktion og fanger dens effekt gennem residualefterspgrgslen, hvilket effektivt justerer
efterspgrgselskurven for at tage hgjde for produktionen fra vedvarende kilder. Under
standardantagelser (prisuelastisk efterspgrgsel og markedsligeveegt) udleder vi en generel
repraesentation for prisfastsesettelsen og fremhaever to specialtilfzlde: et marked med ét
braendsel og en multi-braendsels-setting med proportionale breendselspriser, hvor prisfastsaet-
telsen reduceres til en simpel multiplikativ form. Empirisk estimerer vi en sammenfatning
af strukturelle specifikationer inden for denne ramme ved brug af tyske day-ahead data fra
2016-2023. Vi evaluerer modellernes performance gennem rolling-origin out-of-sample tests
og benchmarker dem mod standard maskinlaerings-baselines samt en simpel reduceret form
model. En teorikonsistent model baseret pa ét braendsel, drevet af residualefterspgrgsel,
gaspriser og priser pa CO2-kvoter, leverer den mest robuste prasstation out-of-sample.
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Introduction

This chapter lays the necessary groundwork for the two foundational papers, Paper A
and Paper B, that constitute this thesis. Given that these papers address distinct topics
and employ different methodologies, this introductory chapter is accordingly divided into
two dedicated parts: Section 1.1 and Section 1.2.

In Section 1.1, the research topic concerns limit theorems for high-dimensional random
vectors on Gaussian spaces. The main problem studied within this topic is how collections
of many random variables behave jointly as the dimension increases, and the results provide
tools for deriving quantitative approximation bounds. Paper A focuses on quantitative
bounds for high-dimensional Gaussian approximations, which are essential in understanding
the rates of convergence in high-dimensional central limit theorems.

Section 1.2 examines the modelling of wholesale electricity markets. It outlines the merit-
order principle and demonstrates how this mechanism gives rise to the structural models
that characterise day-ahead price formation. Paper B proposes and empirically assesses
a tractable structural framework for day-ahead electricity prices, combining theoretical
modelling with data-driven analysis to evaluate the model’s ability to explain observed
market dynamics.

1.1 High-Dimensional Gaussian Approximations

Central limit theorems (CLTs) are fundamental to probability theory. In its classical form,
the CLT asserts that a suitably normalised sum converges in distribution to a Gaussian
limit. Indeed, let (X;);>1 be independent and identically distributed (i.i.d.) random
variables with mean zero and finite variance o2, and define S,, = n~1/2 >, Xi. Then the
CLT yields that S, 4, 7 , where Z follows a Gaussian distribution with mean zero and
variance o2, denoted Z ~ N(0,0?). In other words, for sufficiently large n, the sum S,
is approximately Gaussian, and the Gaussian variable Z serves as its Gaussian (normal)
approximation. This naturally leads to the following question:

Question 1. How accurate is this Gaussian approximation? More precisely, can we
quantify the error incurred by replacing .S,, with its Gaussian approximation Z7

To answer Question 1, the standard approach is to adopt a distance d  between the two
probability distributions and establish a quantitative (upper) bound of the form

dy(Sn, Z) = }f;ljl;lE[h(Sn)] —E[n(2)]| < f(n), (L.1)
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where 7 is a rich class of test functions such that the above expectations are finite, E
denotes expectation, and (f(n))n>1 is a positive sequence, called the rate of convergence,
such that f(n) — 0, as n — . We refer to d_ (S, Z) as the Gaussian approximation
error in the distance d -, and to the inequalities of the form (1.1) as quantitative bounds
with rate function f. An example of such a distance d » on R is the Kolmogorov distance
dko1, for which S is the family of indicator functions of all half-lines (—o0, z], x € R. In
this case, one usually writes P(S,, < ) instead of E[1(_ »(Sn)]. A CLT equipped with
an explicit error bound d_» < f(n) is often called a quantitative CLT.

Establishing explicit convergence rates turns CLTs from qualitative asymptotic state-
ments into practically usable approximations. Indeed, in many applications one works with
a sequence of statistics (F),)p>1 and a corresponding Gaussian approximation Z (typically
after suitable centring and scaling), and one wishes to control the approximation error
in a metric such as dy. A bound of the form d - (F,,Z) < f(n) provides a practical
criterion for choosing n, which ensures that the Gaussian approximation error is below a
prescribed tolerance. For any n satisfying this criterion, practitioners may use the Gaussian
approximation Z and its explicit quantiles and tail probabilities, for instance to construct
confidence intervals and to set critical values for hypothesis tests.

A central benchmark for quantitative CLTs, is the seminal contribution of Berry [6]
and Esseen [20, 21], commonly referred to as the Berry—Esseen inequality. Consider the
normalised sum S, and the limit Z defined above. Assuming a finite third moment
E[|X1|?] < o, the Berry-Esseen inequality yields for all n € N,

E[|X1[]
dxol(Sn, Z) =sup |P(S, <z)—-PZ<x)| <C ,
Kol (Sn; Z) xdlé!( ) —P( )| N

where C' > 0 is a universal constant. The result (1.2) shows that the convergence rate in

(1.2)

the CLT is of the order n~'/2, thus providing a direct answer to Question 1. Furthermore,
this convergence rate is considered optimal in the sense that symmetric Bernoulli random
variables (Xj)r>1 (think fair coin tossing) achieve a lower bound with the same rate but
different constant, see [22]. Hence, we cannot expect any rate of convergence to be faster
than this optimal rate.

Foundational quantitative results date back to the 1940s and 1950s. The theory is well-
developed for both univariate and multivariate settings, provided the dimension remains
fixed. However, the recent emergence of high-dimensional data, in which the dimension d
of the considered random vector may grow as fast, or even faster than the sample size n,
has posed new challenges for classical probabilistic and statistical methods.

Two central difficulties arise. First, classical CLT results often assume independence or
weak dependence structures, whereas high-dimensional settings frequently exhibit complex
dependence patterns (as in neural networks). Second, in classical theory, the dimension d
was treated as a fixed constant and absorbed into the constant terms of convergence bounds.
In the high-dimensional setting, the critical challenge is to derive quantitative bounds
f(n,d) whose dependence on the dimension d is sufficiently mild so that f(n,d) — 0 as
d,n — o0, i.e.
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Question 2.

(1) Given sequence of d-dimensional random vectors (F),),>1 that satisfy a CLT when
d is fixed, can we derive convergence rates f(n,d) that ensure asymptotic normality
even when d grows with n? Furthermore, can the obtained bounds accommodate
nontrivial dependence structures?

(2) Specifically, can we derive quantitative bounds on the Gaussian approximation
error dy(F,Z) for F € R? and a Gaussian Z € R? that make the dependence on the
dimension d explicit?

A solution to Question 2 requires fixing a distance d » and proving a quantitative bound
dyw(Sn,Z) < f(n,d) with explicit dependence on d, while aiming to preserve close to
optimal dependence on the sample size n. Three distances that are often used in this context
are the hyper-rectangular dr, convex dy, and 1-Wasserstein dyy distance, which differ in the
choice of test function class . For the hyper-rectangular distance, # = {14 : A € R},
where R is the set of d-dimensional hyper-rectangles in R. For the convex distance,
H = {1y : A e €}, where € is the family of all convex subsets of R? and for the
Wasserstein distance ¢ = Lip(1), where Lip(1) denotes the class of Lipschitz continuous
functions h : R — R with Lipschitz constant at most 1, that is |h(z) — h(y)| < |z — y| for
all z,y € R%. These distances are related. For instance, for random vectors F and Z, it is
known that dy(F, Z) < C\/dw(F, Z), for a positive constant C, and since R < %, the
hyper-rectangular distance is always bounded above by the convex distance. However, in
many statistical problems, one often considers the hyper-rectangular distance. Examples of
such statistical problems include multiple hypothesis testing and simultaneous confidence
intervals for many parameters at once, where the sets of accepted or covered values naturally
have the shape of hyper-rectangles, see for example [11, 12] and references therein.

Addressing Question 2 constitutes a central theme in modern probability and high-
dimensional statistics. Similar difficulties appear in many modern statistical models, such
as nonlinear time series, functionals of Gaussian fields, and stochastic systems with strong
temporal or spatial dependence. In these settings, classical Fourier methods generally fail
to yield sharp, dimension-explicit error bounds. This need has given rise to the development
of general techniques for Gaussian approximations that accommodate dependence and
remain effective in high dimensions.

In what follows, we introduce two frameworks, Stein’s method, and its combination
with Malliavin calculus. We then present the main contributions of Paper A, which provide
three answers to Question 2: one to part (2), and two to part (1). More precisely, we
obtain general bounds on d_»(F', Z) for random vectors on Gaussian spaces in the three
distances mentioned above (hyper-rectangular, convex and 1-Wasserstein), which allow us
to derive concrete rates of convergence in the multivariate Breuer—Major theorem, and
subsequently, in parameter estimation for VAR (p) processes. To the best of our knowledge,
the applications presented have not appeared previously in the literature. After each
of those results, we discuss the different components that the obtained bounds consist
of, and the relations to literature. Finally, a remark: the results in Paper A are quite
technical, since the primary contribution lies in making all bounds explicit and tractable.
Consequently, several details are simplified in this presentation, and all such instances are
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clearly indicated. For the rest of this section, we use common notation X ~ Ny(u,X) to
denote that X is a d-dimensional random vector following a Gaussian (normal) distribution
with mean vector g and covariance matrix 3. Usually, we will assume that X has values
in R?, and that X is centered, meaning that the mean vector is the zero vector in R%, i.e.
p=0¢eR?

Stein’s Method

The classical approach to Gaussian approximation relies on characteristic functions, ex-
emplified by the seminal work of Berry and Esseen. In the case of independent random
variables, the characteristic function of a sum factorises into a product of characteristic
functions, a multiplicative structure that makes the analysis tractable and leads to sharp
quantitative bounds. For dependent random variables, however, this structure breaks down,
and Fourier methods often yield sub-optimal rates or become difficult to apply.

A fundamental shift occurred in 1972 with Stein’s seminal work [49]. Stein observed
that a random variable Z follows the standard normal distribution A (0, 1) if and only if

E[f'(2)] = E[Zf(2)],

holds for all sufficiently regular test functions f. This characterisation implies that the

distance between the distributions of an arbitrary random variable F' and a standard normal

random variable Z can be expressed through quantities of the form E[f'(F) — F f(F)].
More precisely, for a given test function h : R — R, one considers the Stein equation

f'(x) = zf(z) = h(z) - E[R(Z)],

whose solution f, satisfies E[h(F)] — E[h(Z)] = E[f},(F) — F fn(F)]. Comparing to (1.1),
obtaining quantitative bounds reduces to bounding

dw(F, Z) = sup [E[f;,(F) — Ffu(F)]l.
het
For standard classes of test functions h, such as bounded, Lipschitz continuous, or smooth
functions, the solution fj exists and is unique within an appropriate function space, see [37,
Proposition 3.2.2].

These ideas admit a natural generalisation to the multivariate setting. A d-dimensional
random vector Z with values in R? follows the Gaussian distribution Ny(0, X) if and only
if

E[{Z,Vf(Z))pa| = E[tr(EHessf(Z))], (1.3)
for all functions f € C?(R?%) with bounded gradient and Hessian; see [37, Lemma 4.1.3].
Here Hessf denotes the Hessian matrix of second-order partial derivatives, and tr(M)
denotes the trace of a matrix M e R%? In analogy with the univariate case, the
characterisation (1.3) leads to a multivariate Stein equation, whose solution f exists for
a wide range of test function families # of interest. For a random vector F in R?, the
Gaussian approximation error in the distributional distance dj» can be written as

de(F.2) = sup [E[ix(SHess fy(F) = (F.V fu(F)zall (14)
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Thus, bounding the Gaussian approximation error d(F, Z) reduces to controlling the
right-hand side uniformly in A in (1.4).

A central object in quantitative bounds for d_»(F', Z) is the Stein kernel. For a centered
random vector F' in R?, a Stein kernel is a matrix-valued function 7 : R? — R¥*¢ where
E[|7};(F)[] < oo for all i,j € {1,...,d}, and such that

E[(F,Vf(F))ga| = E[tr(7F (F)Hessf(F))], (1.5)

for all f:R? — R, f € C? with bounded gradient and Hessian. The random matrix 7 (F)
is often called the Stein matrix. Intuitively, 7 (F) plays the role of a stochastic covariance
matriz. In particular, for Z ~ Ny(0, %) one can choose 74(Z) = %, and then (1.5) reduces
to the Gaussian characterisation (1.3).

Therefore, obtaining quantitative Gaussian approximation reduces to controlling the
size of the discrepancy between the random Stein matrix 7 (F) and the target covariance
matrix X. It is now known that, for general dependent random vectors admitting a Stein
kernel, high-dimensional Gaussian approximation can be bounded explicitly in terms of
these discrepancy terms. Indeed, Fang and Koike in [23, Thm 1.1] obtain the following
bound.

Theorem 1.1 (Fang-Koike, 2021). Let F' be a centered d-dimensional random vector that
has a Stein kernel ¥, and let Z ~ Ny(0,3). Then there exists a positive constant that
depends on X such that

dr(F, Z) < C(2)log(d)E[| S — 7 (F)max], (1.6)

where | M ||max = maxi<; j<q |M;j| denotes the maz-norm for a matriz M € R*%.

The term E[|Z — 7F (F)|max] is precisely a measurement of the discrepancy between
the Stein matrix 7% (F) and the covariance matrix 3.

As for related literature, Stein’s method has proved highly successful for obtaining
dimension-explicit bounds in multivariate Gaussian approximation. A key advance was
made by Gotze [24], who applied Stein’s method to sums of independent d-dimensional
random vectors. This was later refined by Bentkus [4, 5], who obtained a Berry-Esseen
bound of order d/4n=1/2 in the convex distance. For this setting, this is the best currently
known dependence on the dimension d in convex distance, and it provides an example
where the rate still tends to zero even when d grows with n, thus answering Question 2. For
normalised sums of independent, centered d-dimensional random vectors with an additional
assumption on the boundedness of the random vectors, Chernozhukov, Chetverikov, and
Koike [13] obtain rates of order log®/ 2(d)n=?logn in the hyper-rectangular distance,
which are optimal in n up to logarithmic factors and have a remarkable dimensional
dependence. Namely the bound scales as log(d) as d grows. All these results address sums
of independent random vectors and provide answers to Question 2 within their respective
frameworks. However, since data in practice are often dependent, it is also essential
to obtain corresponding bounds for the dependent random vectors. To overcome these
challenges in the dependent setting, one possible approach combines Stein’s method with
tools from Malliavin calculus.
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Malliavin—Stein Method

Although Stein’s method provides a powerful analytical framework for bounding distances,
the construction of a Stein kernel for dependent functionals often requires additional
mathematical structure. For functionals on Gaussian spaces, this can be achieved by
combining Stein’s method with Malliavin calculus.

Malliavin calculus was introduced by Paul Malliavin in 1976 in connection with a
concrete problem in PDE theory: to obtain a purely probabilistic proof of Hérmander’s
theorem on the smoothness of densities for hypoelliptic diffusions, without resorting to
classical PDE techniques. Malliavin’s answer was a calculus of variations on Wiener space,
providing a rigorous framework to differentiate random functionals (functions of Brownian
paths) by the means of the Malliavin derivative DF'.

Historically, the domain of Malliavin calculus was density regularity theory. A pivotal
development in its use for limit theorems occurred in 2005 when Nualart and Peccati
established their celebrated Fourth Moment Theorem [45]: functionals in Wiener chaos
converge to a Gaussian random variable if and only if their fourth moment converges to
that of the Gaussian variable. This revealed that Malliavin calculus could be used for
distributional convergence, not just density smoothness. Nourdin and Peccati in [36] then
showed that combining Stein’s method with Malliavin calculus allows explicit construction
of Stein kernels for Gaussian functionals, that is, random variables which are functions
of underlying Gaussian random variables. The Malliavin derivative naturally produces a
canonical Stein kernel (via (DF, —DL~!F)g, see below), which captures the covariance
structure in the form needed for Stein’s method. Later, Nourdin, Peccati and Réveillac [38],
extended this to the multivariate setting.

For a comprehensive treatment of Malliavin—Stein method, Nourdin and Peccati’s
monograph [37] presents key results in Malliavin calculus, and proves a handful of classical
results: the Fourth Moment Theorem, the classical Berry—Esseen result (1.2), and the
Breuer—-Major theorem in depth, to name a few. For further reading primarily on Malliavin
calculus, see monographs [43, 44]. In this section, we develop tools for deriving quantitative
bounds on the Gaussian approximation error and introduce, in a non-technical way, some
basic notions from Malliavin calculus.

Formally, let X = {X (h) : h € $} be an isonormal Gaussian process over a real separable
Hilbert space ), that is, a centered Gaussian family with covariance E[X (h) X (g)] = <{h, g)5.
For a positive integer ¢, let $®, and $©? denote the g-fold tensor product and the g-
fold symmetric tensor product of §), respectively. Any square-integrable random variable
F e L?(2) admits a Wiener-Itd chaos expansion

F=E[F] + Y I(f), with f,€8°% (1.7)

q=1

where I, denotes the ¢-th multiple Wiener integral. Heuristically, the term I,(f,;) behaves
like a homogeneous polynomial of degree ¢ in the underlying Gaussian coordinates. It
is obtained by integrating a kernel f, € 7 against ¢ increments of the Gaussian noise,
and thus represents the g-th order “noise component” of F. In this sense, Wiener chaos is
the orthogonal decomposition of the space of square-integrable random variables L?(),
into subspaces of different noise orders, where the “noise component” of order ¢ € N is
called the Wiener chaos of order ¢q. A valid question is “To which random variables can
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we apply the Malliavin derivative operator?”, and unfortunately, the answer is not all
square-integrable random variables, namely F belonging to the domain D'? of Malliavin
derivative is a stronger condition, i.e. D'"? = L?(Q2). For details see Section 4.1 or [37].
Malliavin calculus provides differential rules for such functionals as well as an integration
by parts formula involving the pseudo-inverse L' of the Ornstein—Uhlenbeck generator.
For a centered vector F' = (Fy, ..., F;) with values in R?, and F; € D'? and a sufficiently
smooth test function f : RY — R, the Malliavin integration by parts identity yields

d
E[(F,Vf(F))ga] = Z F)(DF;,—DL™'F})g] . (1.8)

The formula (1.8) is the fundamental result for the Malliavin—Stein method. Denote the
matrix Mp(i,j) := (DF;,—DL™1F})g, for all i,j € {1,...,d}. Comparing (1.8) with the
Stein kernel identity (1.5) and taking the conditional expectation with respect to the
o-algebra generated by F', we obtain the promised explicit Stein kernel for the law of F':

755 (F) = E(DF;, ~DL™'Fj)5, | F] = E[Mp(i,j) | F],  1<ij<d. (1.9)

For a more detailed mathematical statement, see [40, Prop. 3.7]. In particular, in connection
to the bound (1.6), it can be shown that

E[HE - TF(F)HmaX] < E[HE - MFHmaX]'

This follows from conditional Jensen’s inequality and the tower property, see also proof of
Theorem 4.1 in Paper A.

Identity (1.9) shows that bounding the Gaussian approximation error dz(F', Z) for
functionals on a Gaussian space reduces to controlling the fluctuations of Mg around the
target covariance matrix X. Since 7¥(F) = E[Mp | F], the same control also bounds
deviations of 7 (F') from X. This principle underlies a large body of quantitative limit
theorems obtained via the Malliavin—Stein method. See, for instance (1.10) and (1.11).

Nourdin, Peccati and collaborators established the following two key quantitative
bounds: one in convex [42, Thm 2.1] and one in the 1-Wasserstein distance [38, Thm 3.5]
stated in Theorem 1.2, in (1.10) and (1.11) respectively.

Theorem 1.2 (Nourdin-Peccati-Yang, 2022 & Nourdin-Peccati-Réveillac, 2010 ). Fix
a centered random vector vector F = (Fy,...,Fy) in R? with components in DY2, and
Z ~ Ny(0,X) with X invertible. Then there exists a constant depending on X, such that

de(F.Z) < C(S)d" Y\ JE[|S — Mplfg], and (1.10)

dw(F. Z) < C(E)WVdy/E[|Z - Mpl}s ], (1.11)

where | M |g.s. = A/tr(MMT) denotes the Hilbert-Schmidt norm of a matriz M € R4,

We comment on the role of C'(X) in the discussion point (II) below Theorem 1.3. Note
that E[|Z — Mp|? g ]'/? measures the discrepancy between Mp and X.

The bounds in Theorems 1.1 and 1.2, are explicit in the dimension d up to discrepancy
terms: E[|Z — 7F(F)|max] and E[|Z — Mp|% ¢ ], respectively. These terms quantify
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deviations from the Gaussian target covariance matrix X (via 7¥(F) in Theorem 1.1
and Mp in Theorem 1.2). Consequently, they provide a dimension-explicit answer to
Question 2(2) up to the control of the discrepancy term. However, in many high-dimensional
settings, the discrepancy term hides additional dimensional dependence. Hence, obtaining
fully explicit and tractable rates requires further structure, which motivates the structural
assumption introduced in Theorem 1.3.

Dimensional Explicit Quantitative Bounds

This section presents the first of the contributions from Paper A, that provides an answer
to Question 2(2). The existing Malliavin-Stein bounds in the multivariate setting are
typically formulated in non-explicit form, (recall the discussions surrounding (1.6), (1.11)
and (1.10)), or are derived under the restriction that each component belongs to a fixed
Wiener chaos ( [42, Cor 1.3] and [23, Corollary 1.2]). Theorem 1.3 addresses this gap by
providing dimension-explicit quantitative bounds for random vectors F' on a Gaussian
space, under appropriate regularity assumptions, in three distances: hyper-rectangular,
convex and 1-Wasserstein.

We begin by stating Theorem 1.3, and then discuss the main structural components of
the resulting bounds, namely their dependence on the dimension d and on the smallest
eigenvalue o, of the covariance (or correlation) matrix of the Gaussian limit.

To present d-dependence for the hyper-rectangular distance, define a function

Yo p(d) == log¥ ) (@) 108! * @D for an d e N, (1.12)

where log, (z) = max{|log(z)|,1} for x € R, and where the parameters a € R and
B € [1/2,1] control the growth rate. The constant k; depends on : specifically, k1 ~ 0.368
when 8 = 1/2, and for 5 > 1/2, the value k; = k1(a, 3) is determined explicitly, see (1.4)
in Paper A.

The key observation is that for g € (1/2,1], the exponents satisfy 1/(25) € [1/2,1),
and consequently 1, g grows sub-polynomially in d, that is, 1, g(d) < d° for all ¢ > 0.
In contrast, the critical case 3 = 1/2 yields polynomial growth in d with order %358, In
Theorem 2.1 from Paper A, we obtain the following result.

Theorem 1.3. Fiz a centered random vector F = (Fy, ..., Fy) in R? where F; € DY2 and
also admits a Wiener—Ito chaos expansion (1.7) for all i€ {1,...,d}. Let Z ~ Ny(0,X)
with matching covariance ¥ = Cov(F'). Assume X is invertible, with the associated

correlation matriz A. Let ox(M) and o*(M) denote the minimal and respectively maximal
eigenvalue of a matriz M. Assume for v,a € R and B € [1/2,1] that

ye*Pe .
Hf@p ®r fj7q‘|ﬁ®(p+q—2r) < W, fOT all 1,] € {1, .. ,d}, (113)

and all p, q, natural numbers where p,q = 1, not simultaneously 1, and 1 < r < min{p, ¢} —
Lip—qy- Additionally, if 8 = 1/2, for (1.14) assume that o < ag ~ —2.846, and for (1.15)
that a < log(1/2) —e'/(?€) ~ —1.895. Then, there exists a finite constant Cp > 0, depending
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only on multivariate parameter @ = («, 3), such that

log, (04(A))
ox(A)
o* (2) 1/2
— . and dw(F,Z) < Cod*?y—=L .
We begin with two technical comments: (i) the constant oy is given explicitly in (1.3)
in Paper A, and (ii) in Paper A we present versions of the result (namely Theorem 4.1 and
Corollary 4.2) without the assumption that the covariance of the Gaussian vector equals
the covariance of F'. Namely, the result holds for a general invertible X, which simply
adds an additional term to the bounds that accounts for the discrepancy between the two
matrices. We now turn to the two central aspects of this discussion:

dr(F,Z) < Coth p(d)ylog, () (1.14)

dg(F, Z) < Cgd® '~ (1.15)

(I) The three bounds in Theorem 1.3 exhibit different dependencies on the dimension d.
The hyper-rectangular distance bound (1.14) is unique among the three in its sensitivity
to the regularity parameters o and § (see (1.12)). Specifically, for § € (1/2, 1], the rate
Yq,5(d) grows sub-polynomially in d, however for § = 1/2 and o < oy, the rate becomes
polynomial of order d*' with k; < 0.368. Consequently, stronger regularity assumptions
on F' directly improves the dimensional dependence of the hyper-rectangular bound.
Such behaviour is absent from both the convex and 1-Wasserstein bound. Importantly,
regardless of regularity, the hyper-rectangular bound achieves substantially better
dimension dependence than the convex and 1-Wasserstein bounds, which have fixed
polynomial rates of d9/24 and d3/2, respectively.

(IT) The factor (o4(M))~! appears in all bounds for M € {2, A}, and it diverges as
M approaches singularity. If o, (M) is bounded away from 0 by an absolute constant,
terms themselves reduce to a universal constant. The (o,(M))~! terms are precisely
the terms that appear in the bounds (1.6), (1.10), and (1.11) through C(X). Note,
however, that even under uniform control of o,(3), the bound in (1.11) also involves
the maximal eigenvalue o*(3). Consequently, the bound may still deteriorate with the
dimension through the overall scale of 3, and controlling non-singularity alone does not
prevent dimension-dependent constants.

The hyper-rectangular bound (1.14), which accommodates general vectors F' without
fixed chaos restriction, is novel to our knowledge. It builds upon work by Fang and Koike,
and generalises [23, Cor. 1.2], which required all components to belong to a Wiener chaos
of fized order. The convex and 1-Wasserstein bounds (1.15) refine results [38, Thm 3.5]
and [42, Thm 2.1]. Under the assumption (1.13), we provide an explicit estimate of the
Stein kernel term, E[||¥ — M F“%I.S.]l/ 2 which is the key to achieving dimension-explicit
dependence.

Having the explicit bounds from Theorem 1.3 allows us to prove an important motiva-
tional result, namely the Breuer—-Major theorem.

Multivariate Quantitative Breuer—Major

In this section, we present a special case of our statements involving the multivariate
Breuer-Major theorem from Paper A, namely Theorem 2.3 and Corollary 2.4. The Breuer—
Major theorem is a fundamental result in Gaussian analysis, guaranteeing convergence
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to a Gaussian limit of random vectors S, := n~V/237"_| ®(G},), for a centered stationary
K-dimensional Gaussian sequence (G}, )rez, and a nonlinear function ® : RX — RY, under
appropriate assumptions. Unlike the standard Berry—Esseen result (1.2) for independent
random variables, Breuer-Major accommodates strong dependence through a Hermite rank
condition on the non-affine functional ®, under an appropriate summability condition on
the covariance structure. This framework extends classical limit theorems to dependent
Gaussian data, making it fundamental for analysing non-affine functionals of time series
and other dependent structures.

The seminal work [7] by Breuer and Major is concerned with the qualitative statement
of this problem, i.e. they show weak convergence in the case when d = 1 and K = 1. Their
result is later extended to multivariate inputs by Arcones in [1] to cover functionals of the
form ® : RX — R, and further to vector-valued outputs ® : RX — R? in the continuous
setting by Nualart and Tiva [46].

The quantitative bounds are well-established for the following three cases: (i) scalar-
valued functions with K =1 (e.g., [41, 47]), (ii) scalar-valued functions with K > 1 in [39,
Thm 2.1], however their result is not explicit in & nor d, and (iii) R%valued functions with
K =1 (e.g., [38, 42]). To the best of our knowledge, multivariate extensions for general
maps ® : RX — R? with explicit dependence on the input dimension K, output dimension
d and sample size n, are currently unknown, despite their importance for high-dimensional
inference where one needs quantitative control of Gaussian approximations rather than
purely qualitative CLTs. Corollary 1.4 provides such bounds, which give an answer to this
gap, and hence an answer to Question 2(1) for the class of nonlinear functionals considered
here.

Let (Gg)kez be a centered i.i.d. stationary Gaussian sequence in RE with G =
(G,(cj))stK ~ Nk(0,Ik), and let ® = (p1,...,¢4) be such that the components ¢;
are square-integrable and have finite Hermite rank m; > 2. Here, square-integrable
@i : RE — R means E[|¢;(G1)]?)] < . Each such ¢; admits a Hermite expansion,
pi(x) = X2, iq(x), where @ 4(x) is the projection of ¢; onto the space generated by
multivariate Hermite polynomials of total degree ¢, that is the g-th Wiener chaos. The
Hermite rank m; € N is the smallest ¢ > 1 such that ¢; ; # 0, that is, all projections of
degrees 0, ..., m; — 1 vanish. Hence, having Hermite rank of at least 2, essentially means
that there are no constant or linear terms in the Hermite expansion of ;. in particular,
©i(G1) is not a Gaussian random variable. For a detailed discussion of these notions, see
Section 4.1 in Paper A. For the described set-up, Paper A yields the following:

Corollary 1.4. Assume X, := Cov(S,,) is invertible, and let Z, ~ Ng(0,%,). Further-
more, assume that E[®(Gy)] = 0 for allk € Z. Let ¢c; 20, a € R and § € [1/2,1], and
define the multivariate parameter @ = (c1,a, ). If B = 1/2, for the hyper-rectangular
distance bound assume that o < ag—log, (K)/2 < 0 and for the other two distances assume
that o < —1/(2¢) — In(2v/K) < 0. Assume, that

c1e*

W’ fO’f’ all qcE N. (116)

Elpiqg(G1)?]Y? <
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Finally, for positive constants ko ~ 0.768 and cy depending on 0, define

logl/ @) (d)ee2 K 10a (V@ g e (1/9,1],
log , (d)d"™, g =1/2.
Then, there exist positive constants Ck g depending on K and 6, such that
log, (04 (A
(8,0 2,) < Cicad(d, K log. () 22T,
1
65/24, —1/2
*# 1/2
dw(Sn, Zn) < Cx 9d3/2n_1/2ﬂ.
’ 04 (%)

First, note that in the boundary case of 8 = 1/2, the factor «, describing the growth
of Hermite components of every ;, depends on the input dimension K. Specifically, as
the dimension K of the underlying process (Gj)k € Z increases, the parameter o must
decrease for the result to hold, equivalently, @i, ¢ must become more regular. The function
¢, described in (1.17), grows sub-polynomially in d for € (1/2,1], and polynomially in
the boundary case = 1/2. The order of the polynomial growth ky ~ 0.768, which is less
than polynomial growths order 65/24 for the convex distance, and for 3/2 for 1-Wasserstein
distance in (1.18).

In Corollary 1.4, we treat the i.i.d. case of the multivariate Gaussian sequences. How-
ever, the results in Paper A hold for Gaussian sequences with a non-trivial covariance
structure. This makes it possible to consider long-range dependent Gaussian fields, which
are of interest in various applications, see [31, 17, 34, 2]. Taking K = 1, a canonical
example of a long-range dependent sequence is fractional Gaussian noise. For our general
statements, see Theorem 2.3 for the full generality, and Corollary 2.4 for an application
under assumption (1.16) and a decaying covariance structure (such as that of fractional
Gaussian noise). As a sanity check, when we specialise to the case where (Gi)kez is
fractional Gaussian noise with Hurst parameter H € (0, 1), our bound in Corollary 2.4
recovers the existing n-rates for the 1-Wasserstein distance [38, Thm 4.1] and for the
convex [39, Ex. 2.6], up to a log, (n) factor in the case H = 1/2.

The Breuer—Major theorem has been extensively studied from a theoretical perspec-
tive [8, 35, 33], and, as mentioned above, the same structure often arises in statistical
applications. In particular, stable vector autoregressive (VAR) models are among the cen-
tral tools for analysing multivariate time series in econometrics, finance, macroeconomics,
and many applied sciences [25, 32]. Parameter estimation of the coefficients in a stable
VAR model with Gaussian innovations has Hermite rank exactly 2, and fits naturally into
the Breuer-Major framework.

Parameter Estimation in Vector Autoregressive Processes

Multivariate time series in applications are often modelled using VAR processes, which
provide a flexible linear framework for describing how several variables influence each other
over time. In such models, each component today is expressed as a linear combination
of past values of all components, so past movements in one variable can feed into the
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future evolution of the others. For instance, one may model how today’s values of several
variables (such as time spent listening to upbeat music and a daily mood score) depend on
yesterday’s values of both variables, thereby capturing questions like whether increased
music listening today is associated with higher mood tomorrow or whether a low mood
leads to different listening patterns on the following day.

Standard inference for VAR models is often based on the asymptotic normality of
the multivariate ordinary least squares (OLS) estimator of the coefficient matrices under
stability and moment conditions, as described in classical time series textbooks (see [32]).
However, these results are typically qualitative: they state that normality holds in the
limit, but do not provide explicit bounds. For reliable confidence intervals and hypothesis
tests, one needs quantitative bounds on the asymptotic normality, and in Paper A we
derive explicit convergence rates for the CLT component of the OLS estimator. To our
knowledge, the rate of convergence in the asymptotic normality for parameter estimators
in VAR models (see (1.19)) is currently unknown. Below we explain what being the CLT
component of an OLS estimator means, and we present a simplified case of our Theorem 3.4
from Paper A, followed by a short discussion and relations to existing literature.

When proving asymptotic normality of a parameter estimator 7 (showing that its
distribution converges to a Gaussian law as the sample size tends to infinity (1.19)), a
particularly convenient situation is when the estimator can be expressed as a smooth
function of empirical averages. In such cases, one aims to establish

Vi@ —0) 5 Ny 0,), asn— o, (1.19)
for a positive definite matrix 3. A common strategy is to rewrite
Vn(6 — 6) = N,,S,,

where IN,, LN by an appropriate law of large numbers (LLN) result, and where S, LS
is for a Gaussian S, as n — o0, usually by a CLT for suitably centered and scaled empirical
averages. Multivariate versions of Slutsky’s theorem then ensure that IN,,.S, D, NS as
n — 0, so that 1/n(6 — ) is asymptotically normal with covariance matrix % = Cov(N S).
Hence, the CLT component of an OLS estimator refers to S,,, which satisfies a CLT
S D5 , where S is a Gaussian random vector. For a concrete illustration in the context
of the OLS estimator of the coefficient matrices in a stable VAR model with p lags (VAR(p)),
see [32, Sec. 3.2.2].
Consider a d-dimensional stable VAR(1) process, that is

yr = Ayr_1 + uy, for k € Z, (1,20)

R9*? and the innovation process (uy)rez such that ug ~

with coefficient matrix A €
Ny(0,1;). Let Y := (y1,...,yy) for fixed n € N. Furthermore, let A be the multivariate
least squares estimator of the coefficient matrix A, and B and B their vector forms
respectively. Denote by Sﬁ the CLT component of B . Combining the above logic with the
framework of [32, Sec. 3.2.2], yields the following:

3 1

Sl = o= (VO IL) = Ny 0.3y @ 1),
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where ¥y denotes the covariance matrix of Y, and ® denotes the Kronecker product of two
matrices. Let | M |op = supjy,—1 |[Mz|2 denote the operator norm of a matrix M, where
| - |2 denote the usual Euclidean norm. Corollary 2.4 from Paper A yields the following
result:

Corollary 1.5. Consider VAR(1)-setting (1.20), described above. Let Z ~ Ny2(0,Xy®1;),
with A denoting its correlation matriz. Assume |Alop < 1, and denote

A(A) = { (I A4flop — [A]Z) 7 if [Alop < (V5 — 1)/2,
{1 = Alop) (X + [A]Z)} 7, otherwise.

Then, there exists a universal constant C' > 0, such that

a log_ (n)log_ (o
dR<s£Z,z><mogi<d>1og+1og+<d> e )08 7)oy )2 1o, ((4),
*

de (S8, Z) < Cd*5/?n 12 A(A)2, and

Os (A)3/2

B 3, —1/20 (2y) *(2y) A)3/2

dw(S;,Z) < Cd’n a*(Ey)Ql( )=

Why only consider the CLT component? The LLN part involves self-normalised random
matrices, and obtaining quantitative Berry—Esseen-type bounds for such self-normalised
terms in high-dimensional settings is difficult and an open problem. Recent progress was
achieved by Chang et al. [10], who study the Gaussian approximation of the coordinate-wise
maximum of high-dimensional self-normalized sums and derive an explicit Berry—Esseen

—1/8 under suitable moment

bound, for a problem-specific distance, that scales as 10g5/ 4 (d)n
conditions. Remark that this is suboptimal in n-dependence, as the optimal scaling would
—1/2 A full treatment of the self-normalisation problem is beyond the scope of Paper

A, as our primary goal here is to demonstrate how our methodology can be applied in a

be n

high-dimensional time-series setting.

Related work on the error bounds for stable VAR(p) estimators exists in the univariate
case, however the high-dimensional case, is currently an open question: In the continuous-
time scalar setting, Kim and Park [28] obtain an optimal Berry—Esseen bound of order T-1/2
for the normalised drift estimator \/T(é — 0) in a one-dimensional Ornstein—Uhlenbeck
process (the continuous-time analogue of a stable VAR(1) with Gaussian innovations).
Douissi et al. [19] derive optimal rates of order n~'/2 for suitably normalised parameter
estimation for a univariate AR(1) process (univariate VAR(1) process). For the high-
dimensional continuous-time rates, Ciolek et al. [14] obtain oracle inequalities and error
bounds for Dantzig and Lasso estimators of the drift in a multivariate Ornstein—Uhlenbeck
process, under sparsity assumptions on the drift matrix, but do not study Berry—Esseen
type bounds for the estimator.

Closing Remarks

In Paper A we derive quantitative bounds for distances between a random vector whose
components admit a Wiener—It6 chaos expansion and a Gaussian random vector. The
resulting bounds are fully explicit in their dependence on the dimension of the random
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vectors, up to a multiplicative term that reflects the (possible) degeneracy of the covariance
matrix of the Gaussian limit; an analogous term is present in related work in the area.
Applying these bounds to two concrete settings (Breuer—-Major type functionals and
parameter estimation in VAR(p) processes) yields, to our knowledge, new results that
are fully explicit in their dependence on the sample size n and the dimension d. We also
establish a version of Theorem 1.3 for the case where the components have a finite chaos
expansion. In this situation, for the hyper-rectangular distance, the dimension dependence
can be sharpened, and the corresponding bounds are strictly better than in the general
infinite-chaos case.

Our proofs combine techniques from Malliavin calculus and Stein’s method. The starting
point, for proving our general bounds are three inequalities [23, Thm 1.1], [42, Thm 2.1]
and [38, Thm 3.5] involving the hyper-rectangular, the convex and the 1-Wasserstein
distance, respectively. These three results provide general bounds via the use of Stein
kernels, which, in the setting of multiple Wiener—It6 integrals, get remarkably explicit. The
challenging part of the proofs is deconstructing these Stein kernels into more manageable
components: we leverage combinatorial ideas from [37, Lem. 6.2.1] combined with insights
from [30, Lem. A.1 and Prop. A.2] about sub-Gaussian random variables and [29, Lem. 2.2].
Furthermore, to establish convergence of the series arising in the proofs, the main ingredient
is Stirling’s inequality (4.18) used in combination with our structural assumption (1.13).

In the applications, the proofs reduce to estimating norms of kernel contractions arising
in the quantities that enter assumption (1.13), and then invoking our general bounds. In
the case of the OLS estimator of the coefficient matrices in a VAR(p) model, the first step
is to represent the relevant CLT component as a finite sum of multiple Wiener—It6 integrals
with explicit kernels, and to control the norms of the contractions of these kernels. In fact,
the CLT component in this setting fits into a Breuer—-Major-type framework.

1.2 Day-Ahead Electricity Price Formation and Structural Modelling

This section summarises the market setting and modelling framework for Paper B, and
reviews how day-ahead electricity prices are formed in wholesale markets. Structural
models of electricity spot-price’ formation express prices as functions of observable market
drivers, most notably fuel costs, emissions allowance prices, and renewable availability.
Understanding how spot prices depend on these inputs matters for market participants
and policy-makers, not least because it underpins risk management and hedging in energy
markets. As electrification expands across households, transport, industry, and critical
infrastructure, short-term power prices can matter for a wider range of cost and operational
decisions. Modelling electricity prices is therefore a natural step towards quantifying price
risk and supporting robust trading and hedging decisions in modern power markets.
Unlike most commodities, electricity cannot be stored, it must be generated and
consumed almost in real time. System operators therefore require that supply and demand
are balanced continuously. This need for real-time balance is reflected in a set of markets
trading electricity for different delivery times. The central short-term market is typically
the day-ahead auction: participants submit bids and offers for delivery in each hour of the

Tn this thesis, the term “spot price” refers to the day-ahead price. This usage follows common market
terminology.
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following day, and the market clears at the day-ahead spot price S; for each delivery hour?
t. As delivery approaches, intraday markets allow participants to adjust their positions
as forecasts change (for example, wind and solar forecasts). In addition, longer-dated
forward markets (forwards, futures, and related derivatives) allow firms to hedge price risk
over horizons from weeks to years. Many additional products exist, but these three layers
capture the main timing structure.

A key development over the last decade has been the increasing share of renewable
generation in the electricity mix. Renewable generation differs from conventional thermal
generation: output from gas- or coal-fired plants is generally controllable up to capacity,
whereas output from wind and solar depends on weather-variables (e.g., wind speed) and is
therefore variable and less predictable. Since many renewables have low marginal operating
costs, they are typically offered into the market at low prices and are accepted whenever
available. This changes price formation through the merit-order mechanism: generation
is dispatched in order of increasing marginal cost, and the last accepted (marginal) unit
sets the day-ahead spot price. As renewable generation increases, the demand served by
conventional plants becomes more volatile, oscillating between periods of near-zero prices
(when renewable output is abundant) and periods of elevated prices (when renewable
output is limited and expensive conventional capacity is required).

In what follows, “renewables” denotes wind and solar generation, which dominate
German electricity supply and day-ahead price formation (the market analysed in Paper
B). Hydro, biomass, and other renewable technologies, while present, do not materially
affect short-run price dynamics in this setting.?

Price Setting via the Merit-Order

In liberalised wholesale day-ahead markets, generators submit supply offers and consumers
submit demand bids for each hour of the following day. These offers and bids are collected
in a day-ahead auction administered by a market operator, such as EPEX SPOT. Supply
offers are ordered from lowest to highest price to construct the aggregate supply curve (the
bid curve or bid stack), while demand bids are ordered from highest to lowest price to form
the demand curve. The intersection of these curves identifies the accepted quantity and
the corresponding market-clearing price for the hour.

In efficient markets, generators’ offers are assumed to reflect marginal costs. These
costs depend primarily on the fuel price, the unit’s efficiency (often summarised by its heat
rate), and the cost of emissions allowances. The price-setting fuel is the fuel used by the
marginal unit, i.e. the last unit required to meet demand.

At the hourly level, electricity demand is commonly treated as price-inelastic. Demand
responds weakly to hourly price changes within the relevant time scale, so structural
electricity price models typically assume demand as fixed and represent it by a vertical
demand curve. Under this approximation, short-run price formation is driven predominantly
by the supply side.

Wind and solar plants have very low marginal operating costs, so they typically appear
at the bottom of the bid stack and are accepted first when available. When renewable

215 minutes (as of 1 October 2025).
3The technological composition of renewable generation varies across electricity markets; findings here
reflect German conditions.
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output is higher, less conventional generation is needed to meet demand. The market
therefore stops earlier in the bid stack, the marginal accepted unit is cheaper, and the
clearing price is lower. This is the merit-order effect.

Figure 1.1 schematically illustrates the merit-order effect. The shaded blocks represent
the conventional bid stack ordered by marginal cost, and the dotted block represents
renewable generation.

(a) Lower renewable output
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Figure 1.1: Merit-order effect (schematic). Conventional bids form an increasing supply curve (bid
stack). For fixed demand (vertical dashed line), the clearing price is set by the marginal accepted
unit. Higher renewable generation reduces the demand that must be served by conventional sources
(bottom panel), so the clearing point shifts to a lower marginal cost and the clearing price falls.

A convenient summary variable for this mechanism is residual demand, defined as
R, := Dy — Wy, where D, denotes total demand and W; denotes renewable generation in
hour ¢. Since renewables are typically dispatched first due to their low marginal costs,
residual demand is the quantity that must be covered by conventional generation. In
particular, higher renewable infeed reduces Ry, consistent with the shift in the clearing
point in Figure 1.1.
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Modelling Approaches in the Literature

The literature on electricity spot prices is commonly organised into three broad classes
(see, e.g., [18, 51]): fundamental, reduced-form, and structural models. The distinctions are
largely driven by the modelling objective. Fundamental models focus on physical realism,
reduced-form models focus on mathematical tractability, and structural models aim to stay
economically interpretable while still being usable in practice.

Fundamental models approximate the market-clearing mechanism by solving optimi-
sation problems subject to engineering constraints such as capacity limits, ramp-rate
constraints, start-up costs, and network restrictions. They are well suited for scenario
analysis and can capture substantial operational detail, but they are computationally
demanding and often require extensive re-specification as market design and generation
mixes evolve. As a result, obtaining a full price distribution typically requires solving the
optimisation problem many times, which can be computationally expensive, particularly for
risk management applications that require information about the tails of the distribution.

Reduced-form models specify the spot price directly as a stochastic process (e.g., mean-
reverting diffusion with jumps). Their analytical tractability has made them standard in
derivative pricing and risk management. However, economic drivers, such as fuel prices,
carbon prices, and renewable infeed, typically enter only indirectly (if at all), for instance
through time-varying parameters or regime-switching specifications. As a result, reduced-
form models often provide limited transparency for questions that are naturally expressed
in terms of fundamentals, such as the effect of a change in gas prices or renewable output
on the spot price.

Structural models, the focus of Paper B, bridge these approaches by explicitly deriving
the spot price S; = b(X;) from market equilibrium conditions, where X; collects the
fundamental drivers, such as demand, fuel and emissions costs, and renewable availability.
Hence, there are two taks for obtaining a structural dynamic model for spot prices: (i)
choosing the function b, typically derived from market equilibrium conditions, and (ii)
modelling the dynamics of the driving variables X;.

Early work by Barlow [3] derives spot-price dynamics from a deterministic supply curve
and stochastic demand, capturing stylised features like price spikes. Howison and Coulon
[26] and Carmona et al. [9] identify fuel prices F; as key drivers of medium- to long-term
dynamics and propose multi-fuel bid-stack models S; = b(Dy, F}) based on merit-order
principle. Extensions by Pirrong and Jermakyan [48] and de Maere d’Aertrycke and Smeers
[16] develop two-factor models with demand and fuel costs (initially gas, later multiple
fuels) as main variables.

Further variants modify the demand component to reflect market design and renewable
integration: Wagner [50] model residual demand dynamics within a Barlow-type set-up, and
Coskun and Korn [15] employ a Jacobi process to capture bounded demand dynamics in
the German market. Several other approaches to structural electricity spot-price modelling
exist. For instance, Ziel and Steinert [52] provide a data-driven structural representation of
price formation by estimating supply and demand curves from auction bids and using their
market-clearing intersection to forecast day-ahead electricity prices. While this approach is
grounded in market equilibrium, it does not focus on the causal relationship between spot
prices and underlying fundamental drivers such as fuel costs or renewable infeed, which is
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a key distinction from the parametric structural models reviewed above.

To summarise, the structural literature has developed multi-fuel bid-stack models [9] and
residual-demand approaches [50] largely in parallel. Paper B has two primary contributions.
First, we extend multi-fuel bid stacks to incorporate renewables via residual demand
and characterise when multi-fuel pricing reduces to single-fuel forms (under efficiency
and proportional fuel prices). Second, using extensive rolling-origin testing on German
market data, we demonstrate that a theory-consistent one-fuel structural model using
gas prices, EUA prices, and residual demand as explanatory variables delivers the most
robust out-of-sample performance, matching or exceeding both multi-fuel variants and
machine-learning benchmarks for the considered dataset.

Paper B: Approach and Main Findings

The aim of Paper B is to build a structural and tractable model of day-ahead electricity
prices that remains easy to estimate and, importantly, easy to interpret. Instead of
maximizing predictive accuracy via highly flexible machine-learning models, we focus on a
parsimonious specification grounded in the price-setting logic of the market. The objective
is a model that practitioners can understand, stress-test, and use for scenario analysis.

Modelling assumptions. To obtain a tractable structural model based on the merit-order
mechanism, we adopt three standard approximations: (i) hourly demand is treated as
price-inelastic; (ii) offers are treated as marginal-cost-based; and (iii) renewables are treated
as having zero marginal cost and are therefore dispatched first. The resulting price is the
market-clearing price, the price at which accepted supply equals demand in the auction
(also called market equilibrium). Under these assumptions, the day-ahead outcome follows
merit-order dispatch, with the price set by the marginal accepted unit. These assumptions
simplify strategic behaviour, market power, and operational constraints inherent in real
markets.

Key Modelling Idea: the Market Bid Stack with Renewables. Building on the
bid-stack approach of Carmona et al. [9], we represent the conventional supply stack
through fuel-specific bid curves b;, for fuel 7, and their aggregation into a market bid stack
b. We denote by b(-, f) the conventional market bid stack, i.e. the supply curve constructed
from non-renewable offers only (the stack that would apply in the absence of renewables).
We interpret b;(&, f;) as the marginal cost of producing an additional unit when the fuel
price is f; and £ units have already been dispatched for fuel .

Renewable generation enters as near-zero marginal cost supply that is dispatched first.
As a consequence, renewables affect the clearing price mainly by reducing the demand that
must be met by conventional plants. Writing total demand as D; and renewable generation
as Wy, the operative demand variable becomes residual demand R;.

Formally, Paper B shows that under inelastic demand and market equilibrium, the
day-ahead price equals the conventional market bid stack evaluated at residual demand:

St = b(Ry, Fy).

In other words, b(r, f) denotes the marginal cost at supply level r, given fuel prices
f = (f1,--., fn). Here renewables enter only through Ry; the function b itself describes
conventional supply.
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In the special case of a one-fuel market, this representation reduces to the multiplicative
form

St = Fyq(Ry),

where ¢(+) is the (fuel-specific) heat-rate function that captures how marginal efficiency
varies along the fuel-specific bid stack. More generally, when multiple fuels are present but
their prices move proportionally—for instance, coal and gas prices satisfying C; = aGy—the
same multiplicative structure persists:

Sy = GiG(Ry),

where § is a heat-rate function determined by the marginal fuel mix. The full characterisa-
tion is given in Theorem 2.4 in Paper B.

Empirical Strategy. The theory provides the framework S; = b(Ry, F;). We use out-of-
sample performance to select a robust specification within this framework. We therefore
estimate and compare 12 semi-parametric variants, differing in (i) which drivers are included
and (ii) the functional form used for the bid stack

We estimate parameters by ordinary least squares and model nonlinear components
using natural cubic splines (four internal knots placed at the 20%, 40%, 60%, and 80%
quantiles of the residual-demand distribution). This keeps the economic structure explicit
while allowing the data to inform the curvature of the stack. Natural cubic splines
are recommended by James et al. [27] as a convenient method for capturing nonlinear
relationships.

Model performance is evaluated using rolling-origin out-of-sample testing on German
day-ahead auction data from 2016-2023. We use the day-ahead price and fundamentals
for a fixed delivery hour (12:00), resulting in one observation per day (weekday sample;
n = 1,996 after exclusions). For each training period, models are estimated on one or more
consecutive years and evaluated on the following year.

To benchmark the structural specifications, we also include a naive benchmark S; =
Si—1, and simple off-the-shelf machine-learning baselines (including MLPRegressor and
AdaBoostRegressor) trained on the same fundamental feature set as the structural models.

Main Empirical Findings. Across evaluation windows, the strongest and most stable
performers are simple multiplicative specifications that combine residual demand with a
single fuel,

S; = Girq(Ry) and S;=Ciq(Ry),

where Gy and C; denote carbon-adjusted gas and coal prices. Among these, the gas-based
model is the most robust overall, especially in the more recent part of the sample. More
general multi-fuel variants can fit in-sample well but tend to be less stable out of sample,
which is suggestive of overfitting when the sample size is limited.

Theorem 2.4 states that, under marginal-cost-based offers, the price takes a multiplica-
tive form in specific settings. In a one-fuel market, the clearing price can be written as
St = Fiq(Ry), i.e. a fuel-price term and a residual-demand term. In a multi-fuel market,
the same factorisation continues to hold when fuel prices move proportionally, so the
price can still be expressed using a single fuel-price index and a residual-demand function.
Hence, even when more than one fuel can be marginal, residual demand together with one
(possibly carbon-adjusted) fuel-price index can capture the main price-setting mechanism.
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A practical implication is that transparent, theory-guided models can match (and
in some folds exceed) the predictive accuracy of flexible machine-learning baselines on
this dataset, while remaining easier to interpret and to communicate in terms of residual
demand and marginal input costs.

Table 1.1 summarises the best-performing specifications, and Table 1.2 reports their
RMSE values across rolling-origin evaluation periods.

Model Formula Trained on Predicting MMl M, ME M,
- 2016-2017 2018 11.11 ' 839 816 822

Mfl St = Giq(Ry) 2016-2018 2019 12.79 | 7.57 10.38  15.08
MS, S = Giq(Ry) 2016-2019 2020 12.29 ' 7.53  10.75 16.13
M1C.1 Sy = Ciq(Ry) 2016-2020 2021 | 32.26 5252 | 2359 24.96
Mlj\/IL MLPRegressor 2018-2020 2021 | 37.00 55.48 | 24.37 27.91
2019-2020 2021 37.58 57.15 | 36.04 52.90

Table 1.1: Structural models subli- 2016-2021 2022  63.53 135.02  63.99 56.04
brary 2018-2021 2022  52.69 134.96 H 63.50 54.74
2019-2021 2022  56.59 134.33 | 61.92 52.70

2020-2021 2022  53.10 133.42  66.29 56.46

2016-2022 2023 33.72 55.68 | 21.31 27.36

2018-2022 2023 33.12 57.54 | 21.52 27.41

2019-2022 2023 34.87 59.80 | 21.66 27.40

2020-2022 2023 30.19 60.50 | 21.95 28.14

2021-2022 2023 30.33 65.22 | 21.63 27.59

Table 1.2: RMSE values for selected models.

The Estimated Heat Rate Function. Figure 1.2 shows the estimated heat-rate function
q from the best-performing model S; = G.q(R;). The estimate differs from common
parametric shapes (such as exponential or power-function). A plausible explanation for
the steep increase when the residual demand is low is the enrty of additional marginal
technologies (e.g., lignite), which introduce jumps in the theoretical supply stack; the spline
provides a smoothed approximation of these features. However, it is important to note that
the endpoints of the residual-demand range contain relatively few observations. Because
natural cubic splines impose linear behavior at the boundaries, the steep endpoint behavior
may partly reflect this constraint rather than underlying structure. Predictions at very low
and high residual demand should therefore be interpreted with caution.
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Figure 1.2: Estimated function ¢ from model (S; = Gyq(R;)). The plotted curves correspond to
the implied ratio q(R;) = S;/G, shown for different training windows to assess stability.
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Paper A

Quantitative Bounds for
High-Dimensional Random Vectors
on Gaussian Spaces

Andreas Basse-O’Connor, Lota Copi¢, David Kramer-Bang

Abstract

We derive explicit dimension-dependent bounds for multivariate Gaussian approxi-
mations of random vectors admitting Wiener—Itdé chaos expansions, with a particular
focus on high-dimensional regimes. Our estimates control hyper-rectangular, convex and
1-Wasserstein distances via Malliavin—Stein approach and require only a natural contraction
condition on the kernels governing the Wiener—Ité expansion. The developed methodology
is applied to obtain a quantitative Breuer—-Major theorem for vector-valued functions of
multivariate stationary Gaussian sequences, and finite-sample Gaussian approximation
bounds for the CLT component of parameter estimation for a stable VAR/(p).

1 Introduction

Quantitative central limit theorems (CLTS) lie at the core of probability theory and play
a central role in modern statistical inference. Classical results, such as the Berry—Esseen
theorem [7, 24], yield sharp error bounds for sums of independent random variables
(dependence on sample size n is n=Y 2). However, modern statistical applications such
as deep neural networks (see [26, 8] and references therein), increasingly feature high-
dimensional dependent data [13, 18] and nonlinear functionals of stationary Gaussian
sequences [41], for which classical limit theorems require substantial extensions. For
such applications, understanding explicitly how approximation error depends on both the
dimension d and the sample size n has become essential.

For independent random vectors, Bentkus [5, 6] obtained the dimension-explicit Berry—

—1/2 in convex distance. Subsequently, Cher-

Esseen bounds with rates of order dV/*n
nozhukov, Chetverikov, and Kato [16, 17] focused on the hyper-rectangular distance,
obtaining rates of order log”/ 6(d)n='/6 for normalized sums of independent, centred d-
dimensional random vectors. While this dependence on d is logarithmic, the rate remains
suboptimal in the sample size. Under additional boundedness assumptions, Chernozhukov,
Chetverikov, and Koike [19] improved the rate to log®?(d)n="2log(n), which is optimal
in n up to logarithmic factors. Fang and Koike [25] developed a general framework for the
hyper-rectangular distance and random vectors that admit Stein kernel. Specializing to

normalized sums of independent and identically distributed (i.i.d) random vectors with
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long-concave densities, they obtained a rate of order log4/ 3(dn)n_1/ 3. They further estab-
lished logarithmic dimension dependence for vectors belonging to a Wiener chaos of fixed
order, however the associated convergence rates in n remain suboptimal relative to the
result of Berry—Esseen[7, 24].

In contrast, for dependent data arising as functionals of Gaussian processes, the fusion of
Stein’s method [51, 15] with Malliavin calculus, introduced by Nourdin and Peccati [38] and
extended to the multivariate setting in [40], has led to a versatile framework for quantitative
Gaussian approximations for functionals of Gaussian processes. Unlike classical Berry—
Esseen theory, the Malliavin—Stein approach is well suited to analysing dependent structures
by exploiting Wiener chaos decompositions. Notably, the approach underlies the seminal
Fourth Moment Theorem [38, 47] and quantitative versions of the Breuer—-Major CLT for
nonlinear functionals of Gaussian processes [9, 41].

Existing Malliavin—Stein bounds are usually either not fully explicit (see [44, Thm 1.2]
or [40, Thm 3.5]) or provided for a Wiener chaos of fixed order [44, Cor. 1.3], leaving a
gap: dimension-explicit quantitative bounds for infinite chaos expansions remain absent
from the literature.

A central motivating example for developing a dimension-explicit Malliavin—Stein
theory is the quantitative Breuer—Major theorem. While it has been generalised and
refined in various directions both quantitative [41, 43, 49], and qualitative [11, 12, 37, 35],
none of these works yield dimension-explicit, vector-valued bounds for general nonlinear
mappings ® : R — R?. The corresponding qualitative result in the continuous setting
has been established by Nualart and Tiva [48], yet, to the best of the authors’ knowledge,
a quantitative counterpart is still missing. One of the main contributions of this paper
is to fill this gap, providing multivariate Breuer—-Major bounds with explicit rates in the
input dimension K, output dimension d, and the sample size n. The same structure,
namely partial sums of nonlinear functionals of a stationary Gaussian sequence with a given
Hermite rank, appears in many statistical applications, especially those involving long-range
dependent Gaussian inputs,including U-statistics and robust functionals [33, 22|, sequential
change-point tests [21], empirical and related processes for long-memory data [36, 52], and
multivariate nonlinear functionals under long-range dependence [29, 2.

In this paper, we develop a framework for dimension-explicit quantitative Gaussian
approximation of high-dimensional vectors whose components admit (possibly) infinite
Wiener chaos expansions. Our results build upon the general Malliavin—Stein bounds
established for the hyper-rectangular, convex, and 1-Wasserstein distances in [25, Thm. 1.1],
[44, Thm. 1.2], and [40, Thm. 3.5], respectively. These three distances, which serve as
our primary measures of Gaussian approximation throughout the paper, are recalled in
Section 1.2.

The core technical component of our approach is a regularity condition on contraction
of the kernels associated with the random vector F' (see 1.1), balancing exponential growth
and factorial decay:

fyea(p+Q)

||fi,P®7’f]'7Q||.Fj®(P+q*2T') < W7 for all 4, j € {1,...,d}, and appropriate r,p,q. (1.1)

In (1.1), the parameter /3 € [1/2,1] controls the decay rate in the factorial term. When
B > 1/2, the condition is automatically satisfied for any fixed a, whereas at the boundary
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B = 1/2 we require « to be sufficiently negative, for explicit conditions, see Theorem 2.1.
Under (1.1), our main contributions are as follows.

(1) Theorem 2.1 provides a general quantitative normal approximation result applicable
to random vectors whose components admit Wiener—Ité chaos expansion. For hyper-
rectangular distance, the bound exhibits sub-polynomial growth in d when g > 1/2, and
polynomial growth d* for k ~ 0.368 at threshold 8 = 1/2. We also derive related bounds for
convex and Wasserstein distances with fixed polynomial rates d%/2* and d*? respectively.
Whenever the use of the hyper-rectangular metric is appropriate, it therefore provides
strictly sharper dimension dependence. The regularity parameters a and 3 affect only the
hyper-rectangular bound: higher regularity of the vector F yields faster convergence.A
detailed discussion of these effects is given in Remark 2.2 following Theorem 2.1.

(2) Theorem 2.3 and Corollary 2.4 establish the first, to our knowledge, dimension-explicit
quantitative version of the multivariate Breuer—-Major theorem for nonlinear mappings
® : RE — R The resulting bounds are explicit in all relevant parameters: the input
dimension K, the output dimension d, and the sample size n.

(3) In Theorem 3.4, we establish explicit convergence rates for the CLT component of the
parameter estimator in a stable vector autoregressive process (VAR), with bounds explicit
in d, p and n.

We also present a version of Theorem 2.1, where the vector entries admit finite chaos
expansions in Theorem 3.1. In this case, for the hyper-rectangular distance, the dimension
dependence is strictly better, namely the bounds scale as (log(d))? with d, where ¢ is
the maximal chaos order. Specifically, Theorem 3.1 extends the recent work of Fang and
Koike [25, Cor. 1.2] to allow heterogeneous chaos orders. For Theorem 3.1 and Theorem 3.4,
there is no need for the assumption (1.1). Indeed, in the general case, Theorem 2.1,
there is an infinite sum that appears in the proof (see (4.11) and (4.12) below) and the
assumption (1.1) is needed to ensure the sum converges. As in Theorem 3.1 and Theorem 3.4
the components of the random vector in consideration have finite chaos expansion, the
sum equivalents to (4.11) and (4.12) are finite and hence there is no need for the extra
assumption.

1.1 Structure of the Paper

The paper is organised as follows. Subsection 1.2 introduces the notation and key objects
used throughout the paper. Section 2 presents our main quantitative bound (Theorem 2.1)
and its primary application: a multivariate quantitative Breuer—-Major theorem for vector-
valued functionals (Theorem 2.3). Section 3 establishes a finite-analogue Theorem 3.1,
while Subsection 3.2 presents dimension-explicit convergence rates for the CLT component
of the multivariate least squares estimator in a stable VAR(p) model. Section 4 provides
the necessary technical background and develops a general framework (Theorem 4.1 and
Corollary 4.2) from which Theorem 2.1 is derived. This section also contains the proofs of
the remaining results. Auxiliary arguments of independent technical interest are deferred
to the Appendix.
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1.2 Preliminaries

We begin by fixing the notation and basic definitions used throughout the paper. Additional
background material is collected in Section 4.1. Denote Ny = N U {0}, and let N, Z and
R denote the sets of natural, whole and real numbers, respectively. Let (2, F,P) be a
probability space, let $) be a real separable Hilbert space, and let X = {X(h) : h € }
denote an isonormal Gaussian process over ), i.e., a centred Gaussian family satisfying
E[X(h)X(g)] = {(h,g)s for all h,g € $. Throughout this paper we assume F = o(X)
and write L?(f2) for the space of square-integrable random variables on (2, F,P). Every
random element is assumed to be defined on this probability space. For a random variable
X, we denote | X2, = E[|X|?].

A f:RE — R belongs to L?(y¥,R), if E[| f(G)[?] < . For ¢ € L?(vX,R), its Hermite
rank m € N is defined as the smallest integer such that E[¢(G)p(G)] = 0 fails to hold
for all polynomials p of degree < m — 1. The Hermite rank plays a crucial role in the
Breuer-Major theorem, as it determines the minimal chaos order contributing to the limit.

The g-th Wiener chaos H, associated with X is the closed linear subspace of L?(2)
generated by {Hy(X (h)) : h € 9, |h|g = 1}, where H; denotes the g-th Hermite polynomial
(see Section 4.1 for definition). By convention, Ho = R. The spaces #, and H, are
orthogonal for p # ¢, and they span the L?(Q) space, see [39, Thm 2.2.4].

Denote by $© the ¢-fold symmetric tensor product of §. For f € H©9, the g-th multiple
Wiener—Ité integral of f with respect to X is denoted I,(f), with the convention Iy(fy) = ¢
for constants c € R. Every F € L?(Q) admits a unique Wiener-Ité chaos expansion

o0

F =E[F]+ ) I,(fy), (1.2)

q=1

where f, € 57 are uniquely determined by F and the series converges in L?(12); see [39,
Cor. 2.7.8]. Define the space of Malliavin-differentiable functions D*? := D12(Q) = {F €
L*(9) : 22021 qq!quH%@ < oo}, see [39, Sec. 2.3 and 2.7]. For f € §°P and g € HO? with
p,q = 1, the r-th contraction f ®, g € HBP+1=2") ig defined for r = 0,1,...,p A ¢, with
f®o0 1y = f ® g denoting the ordinary tensor product. The symmetrisation of f®, g is
denoted f®,g. See [39, App. B.4] for further details.

For random vectors F', Z with values in R¢, we consider three probabilistic distances,
convex, dg, 1-Wasserstein, dyy, and hyper-rectangular, dg:

d
dr(F,Z) = sup [P(F e A) ~P(Z e A)|, R:= { X (ai,bi) s —0 < a; < b < oo},
AeR i=1
dg(F,Z):=sup |[P(Fe A)—P(Z e A)|, € :={AcR%: A convex},
Ae¥
dw(F,Z):= sup |E[h(F)]—E[h(Z)]|, Lip(1):={h:R? - R is 1-Lipschitz}.
heLip(1)

We say that a function & is 1-Lipschitz if Lip(1) := {h : R? — R is Lipschitz continuous

with constant < 1}. In general it holds that: (i) dgr(F, Z) < d¢(F, Z), as the supremum
runs over all convex sets in R? for dy case, compared to only hyper-rectangulars in R¢
for dg, and (ii) dy(F', Z) < K+\/dw(F,Z), for a positive universal constant K. See [44,
Eq. (3)].



2. Main Results 31

For z > 0, let log (x) = |logz| v 1. We write L, for convergence in distribution and
P-lim for convergence in probability. Vectors and matrices are denoted in boldface, e.g.
x € R? and A € R4 matrix entries are written as A;j, and when the matrix carries
a subscript, such as 3, we write entries as (3,);;. The notation Cov(F') refers to the
covariance matrix of a random vector F', while Cov(Fj, F;) denotes the covariance between
its components F; and Fj. For a matrix A € R¥?, we set 5(A) = max;<j<q Aj; and
0(A) = minj<j<q Ajj, and denote by o (A) and o*(A) its smallest and largest eigenvalues,
respectively. The Kronecker product is written as A ® B (see [34, App. A.11]). For a
vector @, the Euclidean norm is |x|2. For a matrix A, the operator (spectral) norm
is |Afop = supjg,—1 [Az[2, the Hilbert-Schmidt norm is |A|3 g = szzl A%j, and the
maximum norm is |A|max = maxi<; j<d Aij-

Notation Z ~ Ny(p, X) means that Z is a d-dimensional Gaussian random vector with
mean vector p and covariance matrix 3. Let W (z) denote the Lambert W-function, then
define constant cg used in the main result, as follows

ag := (1/2) log[W (eYe71) /(16! +5/(29))] ~ —2.846. (1.3)

We finish this subsection with a crucial function that describes d-dependence for
hyper-rectangular distance in Theorem 2.1. Fix § € [1/2,1] and a € R. For d, K € N,
define

Yap(d) == logi/(%)(d)ekl 1Ogl+/(25)(d), and (1.4)
o K1/(28) 10t/ (26)
CMK%=¥%%MMRM» o et (1.5)
log (d)d* (1 — vy (K)) L, g =1/2,

where v (K) is given explicitly in (2.7), and the constants ki, k2, c2 are given as follows:
ko = 16 exp(2ag + 1 + 9/(2€)) ~ 0.768, co = exp{28e!/(2€)(25/2¢+1/2+2/)1/BY " and

by — 16exp(2a+1+%), 5=%,
exp {28610 (32604121 e)1UBY e (12,1],

Remark 1.1. (1) Growth of v, 3. For § € (1/2,1] and a € R, the function v, g(d)
is constant when d = 1. For d > 2 and any p > 0, ¢ > 0, there exists dy such that
logh (d) < ¢ap(d) < d° for all d > dy. Thus, 1,3 grows sub-polynomially: faster
than any fixed power of log(d), but slower than any fixed power of d. When = 1/2,
Va5(d) = log, (d)d* grows polynomially with d.

(2) Growth of ¢, 3. Fix K € N. If 8 € (1/2,1], then {, g(d, K) has the same d-dependence
as 1qa,(d) up to a change in the constant multiplying logi/(w ) (d) in the exponent. When
f =1/2, (4 increases polynomially with d.

2 Main Results

The following theorem provides a quantitative Gaussian approximation for a d-dimensional
random vector F' with components in D2, For clarity of exposition, we state the results in
this section under the assumption that Cov(F') = X, where ¥ is the (invertible) covariance
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matrix of the Gaussian vector Z. This assumption is made purely for notational convenience:
all bounds remain valid for a general invertible matrix 3, in which case an additional term
appears that explicitly quantifies the discrepancy between Cov(F') and ¥X. The general
analogue is available as Corollary 4.2.

Theorem 2.1. Fizrd > 1. Let F = (F,...,F;) be a centred random vector in R, where
F; = 220:1 L(fip), for fip € HOP, i€ {l,...d}, such that F; € D2, Assume X := Cov(F)
is invertible, and let Z ~ Ny(0,%), and let A := Corr(F). Assume for v,a € R and
B e [1/2,1], that
vePed '
Hfj,p Q) fk,qHﬁ@(p-{—q—ZT‘) < RN f07’ all 7, ke {1, - ,d}, (2.1)
(plq!)
and all p,q,r € N, where (p,q) # (1,1), and 1 <7 < pArq—1y_qy. Additionally, if f =1/2,
for (2.2) assume that a < ag ~ —2.846, and for (2.3) that o < log(1/2) — /(%) ~ —1.895.
Then there exists a finite constant Cg > 0, depending on multivariate parameter 6 = (a, 3)
such that

log, (04(A))
ox(A)

L 4 dw(F.Z) < Cpd?/? T Z)
aypne o dwlE2) < Cod ™y ey

dr(F', Z) < Cotha,p(d)ylog, (7) (2.2)

dy(F, Z) < Cod®/?y (2.3)
Remark 2.2. We draw some observations about Theorem 2.1:

(1) Dimensional dependence. The three bounds in Theorem 1.3 exhibit distinct
behaviours with respect to the dimension d. The hyper-rectangular distance bound (2.2)
is the only one whose rate depends on the regularity parameters « and (3 (see (1.4)).
When f € (1/2,1], the associated rate 1, g(d) grows sub-polynomially in d, whereas at the
boundary value 5 = 1/2 and for sufficiently negative o < «p, it becomes polynomial of
order d** with k; < 0.368. Hence, higher regularity of the vector F' directly improves the
dimension dependence of the hyper-rectangular bound. This sensitivity is absent from the
convex and 1-Wasserstein distances, whose bounds exhibit fixed polynomial dependence of
orders d%/24 and d/2, respectively. Overall, whenever applicable, the hyper-rectangular
distance yields the sharpest dimension dependence among the three.

(2) Sample size dependence via 7. The parameter 7 in the contraction bound (2.1)
captures all dependence on the sample size n in the CLT setting. For instance, in the case
of univariate independent random variables, the resulting bounds obtain the classical Berry—
Esseen rates as follows: for the hyper-rectangular distance, n~/2log +(n), which is optimal
up to logarithmic factors, and for convex and 1-Wasserstein distance, the optimal rate
n~1/2. This reflects the expected trade-off, that is, the improved dimensional dependence
comes at the cost of weaker n-dependence in the hyper-rectangular distance.

(3) Role of o,. The bounds in Theorem 2.1 depend on o,(M)™!, for M € {A, X}, the
smallest eigenvalue of M. If 0,(M) is bounded away from 0 by an absolute constant,
o«(M)~! reduces to a universal constant. The 1-Wasserstein bound in (2.3) also involves
the maximal eigenvalue 0*(3). Consequently, the bound may still deteriorate with the
dimension through the overall scale of 3, and controlling non-singularity alone does not
prevent dimension-dependent constants.
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(4) Contraction assumption. The explicit bounds (2.2)—(2.3) rely on the kernel contrac-
tion assumption (2.1), which yields dimension-dependent rates. More generally, Theorem 4.1
(stated below) shows that dg (F, Z), d¢(F, Z) and dyy(F, Z) are finite provided only that
the infinite sums ®(d) and ¥(d) (defined in (4.11) and (4.12)) are finite. The contraction
condition is a sufficient (but not necessary) way to ensure these sums converge uniformly
in d. This is stated in our general results, Theorem 4.1 and its Corollary 4.2 right below it.

2.1 Quantitative Multivariate Breuer—Major Theorem

The seminal work of Breuer and Major [9] established a qualitative CLT for functionals ® :
R — R of stationary Gaussian sequences, showing that for centred sequences (G )kez with
correlation function p, n=Y237_ ®(G}) EER N(0,0%), as n — oo, under the summability
assumption Y, _, |p(k)|™ < oo, where m denotes the Hermite rank of ®. This result
was subsequently extended to multivariate inputs by Arcones [1], allowing functionals
® : RE — R, and further to vector-valued outputs ® : R — R¢ in the continuous setting
by Nualart and Tiva [48].

Quantitative counterparts of the Breuer-Major theorem are now well understood
in several settings: (i) scalar-valued functionals with K = 1 [43, 49], (ii) scalar-valued
functionals with general K > 1 [41], although that result is not explicit in K or d, and
(iii) vector-valued functionals ® : R — R? [40, 44]. To the best of our knowledge, no
quantitative bounds are currently available for general mappings ® : RX — R? with explicit
dependence on the input dimension K, output dimension d, and sample size n, despite
the relevance of such results for high-dimensional inference, where quantitative control of
Gaussian approximation errors is essential.

The results in this section provide non-asymptotic, dimension-explicit bounds for the
multivariate Breuer—-Major theorem, tracking the dependence on the sample size n, the
input dimension K, and the output dimension d. Throughout, let (Gj)kez denote a
centred, stationary Gaussian sequence in R with Gj, ~ N (0, Ix) for all k € Z. Consider
non-affine functions ® = (1, ..., pq) : R — R? where each component ¢; € L?(y%, RF)
admits the Hermite expansion o;(x) = 372, @i q(x), with Hermite rank m; > 2 and terms
©iq(x) stated explicitly in (4.2). We write m := minj<;<4m;. The normalised partial
sums are defined by

Sn=n"12 > 0(Gy), (2.4)
k=1

and the results below provides explicit quantitative Gaussian approximation bounds for
the law of S, uniform in n, K, and d.

We next state Theorem 2.3, a general Breuer-Major result formulated in terms of
the covariance structure of the underlying Gaussian sequence. The theorem provides
non-asymptotic bounds that depend on the finiteness of the quantities Aj(n,d, K) and
Ay(n,d, K) defined therein. Corollary 2.4 sharpens this result by imposing additional
structural assumptions (2.6) together with a polynomial decay condition on the covariances:
|9 (k)| < ¢|k|~ for some a > 0. This yields fully explicit bounds, in the terms of the
dimensions d, K, and the sample size n.
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Theorem 2.3. Let K,d € N, and consider the stationary Gaussian sequence (Gy)pez < RE,

the function ® = (p1,...,p0q) : RE — R?, and the normalised partial sums S, forn € N, as
in (2.4). Define covariance function pt9)(£) := E[G@Gﬁe], wherei,j € {l,...,K}, L€ Z,
and the mazimal covariance p(f) := maxi<; j<i |p")(€)|, for all £ € Z. Assume the

summability condition Y,,., p({)™ < o, that E[®(Gy)] = 0 for all k € Z, and that
3, := Cov(S,) is invertible, and A, := Corr(S,). Furthermore, let Z, ~ Ny(0,%,).
Define, for p,q=m andre{l,...,pAq—Lyp_g},

Topas = \/i Sl X Bor Y ). 2.5)

keZ [t|<n [s|<n

Also set, for pe N, a,(K) := p(p))"V2(4veK )P maxi<j<d |¢jp(G1)|l 2. Finally, define

PAG—Lip=g)
Ai(n,d,K) := Z a,(K)a,(K) logP+9)/2-1 (2d* + e(p+q)/2*2) Z Yrp.grs ond
P,g=m r=1

Ag—1¢ _
BV pra L=l
VPRVEPT ok oG izloig(GDle Y

AQ(n’de) = Z \/a I<ij<d

D,g=m

Then there exists a finite constant C' > 0 (independent of n,d, K ), such that

log , (04(Ay))
ox(Ay)

7n7p7q7r'
r=1

dr(Sn, Zy) < Clog, (d)Ai(n,d, K)log, (Al(n,d, K))

1
65/24
dy(Sh, Z,) < 402d As(n,d, K) TR and
)O.*(En)l/Q
0:(Xp)

Theorem 2.3 is a general result and note that the quantity is not necessarily finite.

Ay (Sn, Zy) < d*?Ag(n,d, K

Indeed, there is no guarantee that the sums given in Aj(n,d, K) and As(n,d, K) are
finite. However, given the assumption (2.6), then Aj(n,d, K) and Ay(n,d, K) are finite
and together with an additional control on the covariance function p, we obtain an explicit
result presented in Corollary 2.4, below.

Corollary 2.4. In the setting as in Theorem 2.3, let « € R, ¢ > 0, and § € [1/2,1]. If
B = 1/2, for hyper-rectangular distance bound assume that o < ag —log (K)/2 and for
the other two distances that o < —1/(2e) — In(2v/K). Assume that

ce™

271/2
E[¢iq(G1)7] < @)

forie{l,...,d}, and all g € N. (2.6)

Assume additionally that |p) (k)| < c1|k|*, for a < —1/m, k € Z\{0}, and ¢; > 0, and
denote the multivariate parameter @ = (c,c1,«, 8). For constants ks, cs3, c4, depending on

0, define

n_I/Q, a< —1,
n~2log, (n), a=—1,
Lom(n) = 2 *
n®=, ae(—1,—-1/(m—1)],

n(am+l)/2’ a € (—1/(m—1)7_1/m)’
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exp <03K25+1>, Be (1/2,1],

1
Ul(K) =4 /K81+a+3/(4€)+k3[{257 and 'UQ(K) —
(1—cVK)™2, B=1/2.

(2.7)

Recall, (o,p(d, K), from (1.5). Then there exists a positive constant Cg depending only on
0, such that

- 3 -
AR (Sn. Zn) < Co((d, K )vy (K) 1) exp <2m<K>W 1/2>> Lam(n) log,. (n)

log., (04(Ay)
x (log, log, (n)1ig=—1y + ]]-{(Hél})-;_i(;;))u
1
dcg(S, ) CBd U2( ) ) (n)O'*(An)3/2’ and ( 8)
* s, 1/2
dw(Sn, Z,) < C@czf’)/%Q(K)ra,m(n)u (2.9)
ox(Xn)

In the boundary case = 1/2, Assumption (2.6) imposes the dimension-dependent
restriction it holds that a < ap — log, (K)/2, which is decreasing in K. Thus, larger input
dimension K forces a smaller admissible «, i.e. tighter growth control of the Hermite
components ¢; , for all i € {1,...,d}, and all ¢ € N (equivalently, stronger regularity
assumption on P).

At the same time, in the hyper-rectangular distance the quantitative bound deteriorates
with K through the explicit factor ¢(d, K) vy (K)YB=1/2) exp{(3/2)v (K)YB=1/2)}. Conse-
quently, increasing K allows ® to depend on a richer Gaussian input but requires stronger
regularity and creates a larger constant, whereas smaller K yields a sharper bound and
permits weaker regularity. Recall that ¢, 5(d, K), described in (1.5) grows sub-polynomially
in d for 8 € (1/2,1], and polynomially in the boundary case § = 1/2. The order of the
polynomial growth ks &~ 0.768, which is less than polynomial growths order 65/24 for the
convex distance, and for 3/2 for 1-Wasserstein distance in (1.18).

As a benchmark, consider the K = 1 and let (Gg)rez be fractional Gaussian noise,
Gy = B}, — BH| associated with fractional Brownian motion of Hurst index H € (0, 1).
Then p(k) = Cov(Go, Gi) ~ H(2H — 1)k*"~2 as k — o0, so Corollary 2.4 applies with
a = 2H — 2. Specialising (2.8)—(2.9) to this case yields the same n-rates as in [41, Ex. 2.6]
for the convex distance and as in [40, Thm. 4.1] for the 1-Wasserstein distance, up to an
additional factor log, (n) at the boundary H = 1/2 (i.e. for standard Brownian increments).

Remark 2.5. Assume K = 1. Every square integrable ¢ : R — R admits a Hermite
expansion () = ZZO:() aqHy(z)/(q"), where H, denotes ¢g-th Hermite polynomial and a,,
the so-called Hermite coefficients. For a small discussion on Hermite polynomials and
expansion, see Section 4.1. For K = 1, Corollary 2.4 recovers that the condition (2.6)
corresponds to the usual assumption on the Hermite coefficients, as in work of [3]. Indeed,
when K = 1, then (2.6) becomes

Elg; G e S0 h () = a; oH, f R

©iq(G1)7]/* < ()12 where @; o(x) = a; qHq(x), for x € R.

Therefore from (4.46) it follows that E[p; ,(G1)?]"/? = v/¢!|a,| which then yields that the
(2.6) for K = 1 is equivalent to the conditions on the Hermite coefficients |a,| < ?/(¢!)?,
as in [3, Thm 2.1].
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3 Related Results and Examples

In this section we provide a finite analogue of Theorem 2.1 and as its application we find a
rate of convergence of the CLT component in parameter estimation of VAR(p).

3.1 Finite Chaos Expansion Case

The next result provides a dimension-dependent Gaussian approximation in the special
case where each component of F' admits a finite Wiener chaos expansion. Unlike the
infinite-sum case treated in Theorem 2.1, the result below does not follow from the general
Theorem 4.1. Namely, proving the statement directly allows us to exploit the finiteness of
the chaos structure and thereby obtain strictly sharper dependence on the dimension d
for the hyper-rectangular distance. As before, we present the result under the simplifying
assumption Cov(F') = X, but as in Theorem 2.1, the conclusion remains valid for any
invertible target covariance matrix. In that general case, an additional correction term
appears in the bound, capturing the discrepancy between the two covariances.

Theorem 3.1. Fix integer d = 1 as well as q1,...,qq = 1. Let F = (Fy,...,Fy) be a
d-dimensional random vector with values in R, where F; = Sl L(fik), for fig€ HOk,
ke{l,...,q;} andie {1,...d} such that F; € D2. Suppose also Cov(F) = X is invertible,
and let Z ~ (0,X), and A := Corr(Z). Finally, define ¢ := maxi<ij<dq ¢; and let

Ap = max{[|fix ®r fisllgotieon 1 <T <kAl—Tgop, 2<k<gq, 2<(<gq,
1<i,j<d}

Then there exists a positive constant Cy, depending only on q, such that

log. (o (A
dr(F, Z) < Cqlog!(d) log. log(d)Ar log+<AF>gZ(<Z(>))’
/ 1 * o a TH(E)YV? (3.1)
( < 65/24 - < 3/2 o)
dg(F,Z) < Cyd AFJ*(A)3/2 and  dw(F,Z) < Cyd®?Ap )

Remark 3.2. (1) Dimensional dependence. The d-dependence in the hyper-rectangular
distance bound is improved, and simply given as log?(d) compared to the infinite-chaos-
expansion case. On the other hand, the dimensional dependence does not change for convex
and 1-Wasserstein distance.

(2) Comparison with Fang—Koike. In the case when all components of F' have the
same chaos order, i.e. ¢; = ¢q for all i = 1,...,d, Theorem 3.1 recovers the bound from [25,
Cor. 1.2] with an extra logarithmic factor log, log, (d), which we believe should also be
present in [25, Cor. 1.2]. Theorem 3.1 thus extends [25, Cor. 1.2] in two directions: (i)
each component F; may belong to a different fixed chaos order, and (ii) each component
may admit a finite chaos expansion.

There is a natural connection between contractions and fourth cumulants. For readers
preferring cumulant-based expressions, Ap in (3.1) admits the alternative representation.
Let x4(-) denote the fourth cumulant defined as k4(X) := E[X?] — 3(E[X?])?, for a centred
real-valued random variable X. The proof of the following statement is provided in
Section 4.3.
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Corollary 3.3. Assume the same setting as in Theorem 3.1, however define

1/2

_ ; 1/2 N2 , 1/2)

Ap = max max (sy(Ig(fir)))'" + max max (ﬂ{m}E[Ik(fz,k) 1ka(Le(f50)) :
1<l<gqj

Then, there exists a positive constant Cy, depending only on q, such that (3.1) holds.

3.2 VAR(p) Estimation

Vector autoregressive (VAR) models form one of the central tools for analysing multivariate
time series in econometrics, finance, macroeconomics, and many applied sciences [27,
34]. They provide a flexible linear framework for capturing dynamic interactions among
multiple variables and underpin widely used procedures such as Impulse Response analysis,
forecasting, and Granger-Causality testing (see [34]). Accurate parameter estimation is
therefore crucial: without well-estimated coefficients, a VAR cannot faithfully represent the
underlying data-generating mechanism, and its forecasts and inference become unreliable.
Since inference in VAR models typically relies on the asymptotic normality of the parameter
estimators, establishing quantitative CLT rates is essential for assessing accuracy in finite
samples and in high-dimensional regimes. In particular, explicit error bounds are required
to construct reliable confidence intervals and hypothesis tests. In this section, we derive
explicit convergence rates for the CLT component of the OLS estimator (defined formally
below).
A stable VAR (p) is a process (yx)rez S R? defined by the following recursion

Y = AYp—1+ -+ Apyr—p + uy, for ke Z, and p > 1, (3.2)

with coefficient matrices A; € R¥? for i e {1,...,p} and an innovation process (us)rez <
R%. In this text, we assume that (uy)gez is a Gaussian white noise, i.e. uj ~ Ny(0,%,,),
with Elugu;] = Xy, E[ug] = 0 and E[ugu] = 0 for k£ # £. Assume the covariance X,
to be invertible and denote X, := E[yoy]] € R¥?. Note that a stable VAR(p) process
is also stationary, see [34, Prop. 2.1] and for general theory on VAR(p), see [34] or [27].
Stationarity implies that Cov(y;) = E[yry, ] = 3, for all k € Z.

Now, fix positive integers T' and n, such that T'—n > p (i.e. assuring that we have
enough observations). Define y; = (yt(l), e ,yt(d))T € R to be a d-dimensional time series
available for t € {1,...,T}, generated by a stable VAR (p). In other words (3.2) holds for
t € {1,...,T}. One of the central tasks in statistics is the estimation of the underlying
coefficient matrices B := (Ay,...,A,) € R where the (multivariate) least squares
estimator B is the most widely used method in such a multivariate setting.

Denote 3 := vec(B) € R¥P and B = vec(B) € R¥P to be vector-forms of the matrix
of coefficients B and its estimator B. Further, for n € N, denote the stacked p-lagged
vectors as V¢ := (Y¢, ..., Yt—pt1) € R for t = {1,...,n}, and a matrix consisting of
the p-lagged vectors Y := (Y1,...,Vn) € RP*" Let w := (uq,...,u,)" € R, denote
the stacked innovations. Note that =@ has covariance matrix X = I, ® 3, and denote
3y = E[YoY/}] = Cov(Yk) to be the covariance matrix of matrix Yy, for all k € Z.
Then [34, Eq. (3.2.9)] gives a useful representation of 8 and ﬁ, i.e. the vector form of the
coefficient matrix B and its estimator B , as follows

B-p=- (V) 'voL)=. (3.3)



38 Paper A

It is well known that a least squares estimator Bis consistent, i.e. P-limp_, o B=-B , and
that it satisfies a CLT. Indeed, [34, Prop. 3.1], yields that

\/ﬁ(é - B) 2, Ndzp (0, 25,1 ® Eu) ,  asmn — o, (3.4)

where Xy = P-lim,, oo n " Doy yp+ky;+k = P-lim,, (YY" /n) exists and is invertible.
The existence and invertibility of ¥y follow from Gaussianity of the innovations, namely,
for Gaussian white noise innovation process, VAR(p) is ergodic for second moments, see
for example [27, Prop. 10.2] together with [34, Def. 3.1] and discussion just below the
definition.

To the best of the author’s knowledge, the rate of convergence in (3.4) is currently
unknown, except for p = 1 and d = 1 see [30, 20, 23]. In the following section we show the
rate of convergence for the CLT part of (3.4). Multiplying (3.3) by 4/n and using standard
properties of Kronecker products, we obtain

V(B - B) = ((iw) e Id> (VoL@ - <(iw)

where S, is defined as S,, := n~1/2 (Y ® I;) o. Following the classical approach to proving
asymptotic normality, we separate in (3.5) the law of large numbers part (n=1YY")~!
from the CLT part of S,,. Additionally, [34, Prop. C.2(4)] yields that y/n(8 — 8) has the
same asymptotic distribution as (E;l ® I;)S,, and hence, [34, Lem. 3.1], yields that

-1

®Id> Snv (35)

S, =n"YH(YeI)w 2, Ny (0, 2y ®@ X)), as n — oo. (3.6)

Using our methodology, specifically Theorem 3.1, we present the rate of convergence of (3.6)
in Theorem 3.4 below.

Theorem 3.4. Assume the stable VAR(p)-setting of (3.2). Let S, = n~Y3(Y ® I;)w
as in (3.5) and let Z ~ Ny, (0,Xy ® X,), and A := Corr(Z). For k € Z, define Gk =
(wp, Yi—1)" € RICHD | for which Gy ~ Nygpi1)(0,3¢), where (£¢);; = Cov(Gy, Gl).
Further, let Tg({) := COV(Gk,Gk_g) for £ >0 and Tg(0) := Xg. Then, there emsts a
universal constant C > 0, such that

log, (n)log, (0x(A))
dr (Sn, Z) < Clog2 (d?p)log, log. (d? + + = Y2
’R(S ; ) C Og+( p) og Og+( p) \/ﬁ O'*(«) H Hmax

< (D IPGOllmax) " 108, [Tulmax 1085 ( ) IP6(Olmax ), (3.7)
£=0 =0
2 \65/24, —1/2 1/2 < 3/2
A (Sn, Z) < C(dp)/n Wuz (Y IO hnax) and
=0
1007 (XY ® X,
(., < Oy a2 Y OB uui{zx(Ean o)

Remark 3.5. (1) Recall (3.3). The quantity \/H(B — f3), is a self-normalised statistic, and
obtaining quantitative rates for self-normalised statistics in high-dimensional settings, is
difficult and largely open. See, for example, the recent contributions for the special cases of
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scalar self-normalised dependent sums [28] and high-dimensional maxima of self-normalised
coordinates [14]. A full treatment of the self-normalisation problem is beyond the scope of
the present paper, as our primary goal here is to demonstrate how our methodology, in
particular, Theorem 3.1, can be applied in a high-dimensional time-series setting. Hence,
establishing a quantitative rate for the CLT component S,, of (3.7) provides a proof of
concept for our general results.

(2) Related work on the error bounds for stable VAR (p) estimators exists in the univariate
case, however the high-dimensional case, is currently an open question: In the continuous-
time scalar setting, Kim and Park [30] obtain optimal Berry-Esseen bound of order T~ /2 for
the normalised drift estimator /T (HA —0) in a one-dimensional Ornstein-Uhlenbeck process
(the continuous-time analogue of a stable VAR(1) with Gaussian innovations). Douissi et
al. [23] derive optimal rates of order n~/2 for suitably normalised parameter estimation
for univariate AR(1) process (univariate VAR(1) process). For the high-dimensional
continuous-time rates, Ciolek et al. [20] obtain oracle inequalities and error bounds for
Dantzig and Lasso estimators of the drift in a multivariate Ornstein—Uhlenbeck process,
under sparsity assumptions on the drift matrix, but do not study Berry—Esseen type bounds
for the estimator.

Remark 3.6 (VAR(p), p > 1, presented as VAR(1)). It is quite straightforward and
useful to represent a VAR(p) process, p > 1, as a VAR(1) process. For example, see [34,
Sec. 2.1.1 specifically Eq. (2.1.8)] or [27, Sec. 10.1]. Namely, for every k € Z let A € RIP*dP
and Uy, € R% be given as follows

A Ay ... Ap_1 Ap 2"
I, 0 ... 0 0 0
A= o I; ... 0 0 , U= 0
0 o ... 1 0 0

Then, (3.2) can be written equivalently as

Vi =AYy + Uy, (3.8)

which is exactly a dp-dimensional VAR(1) process (V). Let J = (I;:0:---:0) e R,
then one can go between the two settings as follows: y; = JYj, and X, = JXyJ ', where
Zy = COV(yk)

Remark 3.7. Let A € R®*% and 3y € R¥P*% be as in Remark 3.6, and denote 3y :=
Cov(Uy) = Diag(%,,0,...,0) for k € Z. For each integer ¢ > 0, Lemma 3.8 yields explicit
structure of I'(¢) and specifically,

0
Z AZ+iZU(Ai)T"maX}'

TGO = max { [ A“ZT |,
=0

In general, if p(A) < 1, then the series >,,° , [T (f)|lmax converges. Indeed, for any r with
p(A) < r < 1 there exists a finite constant C' > 0 (depending on r and A) such that
ITG(0)|max < C'r* for every £ > 0, where one may take C' = C[Zyop|J [op (1 + (1 —
7"2)*10). Consequently, as a geometric series converges for r < 1, >},o ¢ [ITq(€)[max <
C' Y =0 r® < o0 is finite, and so are the bounds in Theorem 3.4.
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Lemma 3.8. Assume the VAR(p) setting (3.2).
(1) If p =1, it holds for all £ > 0, that

0 0 EC ,
Lc(l) = < A{gfg A%l;i ) , where 3, = Z AT, (AD)', and
u Y i=0

Tc(0) = B¢ = ( Sy Odxd >

Oaxa Xy
(2) If pe N\{1}, then T'g(0) = B¢ € RAPTVXAP+) " and for all integers £ > 0,

_ Odxd Ogxdp
T'e(l) = < ACTSLIT Ty(l) ), where

0
Ty(f) = > A™'Sy (A, and A'SyJ" e R
i=0
The strength of Lemma 3.8 is that it gives a representation of lag-process covariances
which is independent of the process yi. It is explicit gives, only in terms of the coefficient
matrices A;, and the covariance matrix of the innovation process, Xy .

Example 3.9. Assume p = 1 and || Aq[lop < 1. Let y;, be a stable VAR(1) process with i.i.d.
innovations, in other words, yr = A1yr_1 + u, where 3, = I;. Now, Lemma 3.8, yields
that | Tc ()] max = max{| A max, | A 3700 AL (A} |lmax}. Hence we wish to give useful
bounds for these quantities. Note that for £ > 0, |A{™ |max < |AS™op, where we used
sub-multiplicativity of the operator norm. Furthermore, using the sub-multiplicativity and
-additivity of the operator norm, and the fact | B|max < | B]op for all B € R4,

szz umaqulupZmlu = | Af, (1—[A)3)

As |A1lop <1, then [P (€) lmax < [A1]ey" when [ Arfop < (v/5—1)/2, and [T (£) fmax <
\|A1||£ (1- ||A1||(2) )_1 otherwise, as v < 1 — % when v < (1/5 — 1)/2. Next, we calculate

1

oo
Lol Z A, and
IOl < 2, 1l < T~

1
(1= Axflop) (1 + [ A1]3,)’

MS HMS

e 0]
ITa(0)|max < Z |41, (1 A1]3,) " <

£=0
and denote
AAy) = (A1 ]op — [AL]2,) 7 if |A1op < (v/5—1)/2,
{(1 = Ay]op) (1 + [A1]2,)} ", otherwise.

Plugging this into the bound (3.7), yields that

log ; (n) log , (04(A))
Vn ox(A)

A(A;)*?, and

dr (8, Z) < Clog? (d)log, log, (d) A(A1)*?log  (A(A1)),

1

d Sn Z)<C(d 65/24, —1/2  +
%’( Y ) ( ) n U*(A)3/2

*(3N 1/2
dw(Sn, Z) < C(d2)3/2n*1/2&m(141)3/2.
0+ (Zy)
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Example 3.9 is restricted to the VAR(1) case (p = 1) because the condition |Aj[ep < 1
provides a convenient sufficient criterion for stability, even though the standard condition
only requires the spectral radius of A to be strictly less than 1. Moreover, as noted in [4,
Sec. 2.1], such an operator-norm condition is restrictive and does not generalise in a natural
way beyond VAR(1). Nevertheless, the example illustrates how the explicit structure of
IT'¢ in Lemma 3.8 leads to more transparent bounds than in the general case.

4 Background and Technical Results

This section collects the technical arguments used in the proofs of the results from Sections 2
and 3. In Subsection 4.1, we recall the Malliavin calculus and Stein—kernel tools needed
in the proofs (building on Section 1.2). Subsection 4.2 summarises the proof strategy. In
Subsection 4.3, we establish the general framework given by Theorem 4.1 and Corollary 4.2.
Theorem 2.1 is then obtained as a specialisation. The remaining subsections contain the
proofs of the remainder of the results: Theorems 2.1 and 3.1 in Subsections 4.4 and 4.6, the
quantitative Breuer-Major results in Subsection 2.1, and the VAR(p) estimation results in
Subsection 4.7.

4.1 Background

Recall from Section 1.2 that, log (x) = [log(z)| v 1 for € (0,0). Note that for this
function it holds that for all z,y > 0

log, (zy) = |log(zy)| v 1 = [log(z) + log(y)| v 1 < (|log(x)[ + [log(y)]) v 1

(4.1)
<log, () +1log, (y) < 2log, (z)log, (),

as log (z) = 1 for all z > 0.

Let v denote the standard Gaussian measure v on R, given by ~(dz) = (27r)_1e_x2/ 2dz.
Accordingly, let LP(v;R?) be the set of measurable functions ® : R — R? such that
E,[|®(x)[P] < . For q € Ny, the g-th Hermite polynomial Hy : R — R is defined by
Hy(x) = (—l)qegﬁg/qu(e_xz/Q)/(dxq) For illustrative purposes, this yields that for z € R,
Ho(z) = 1, Hy(x) = x, Hy(z) = 2> —1,... The family {(¢!)~"/?H, : ¢ = 0} is an orthonormal
basis of L?(v). Hence, every ¢ € L2( ), admits a Hermite expansion

-2

with X e, qla} < . The Hermite rank of ¢ is rank(p) := min{q > 1 : a4 # 0}, with the
rank(y) = oo if ¢ is constant.

q—q ), where ag = E[p(Z)Hy(Z)], and Z ~ N(0,1),

For the multivariate case, let 7 be the standard Gaussian measure on R¥ and write
x = (z1,...,25). For a multi-index a = (ay,...,ax) € N, set |a| = ZKzl aj, and

al = HJK 1 o;!. Under ~¥, the multivariate Hermite polynomials factorise as

K
H & xJ

7=1
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Then any ¢ € L?(y¥) admits the expansion
1
p(x) = ) aaHa(x), where aq = —E[p(G)Ha(G)], for G ~ Nk (0,Ig). (4.2)

ael

If ¢ has Hermite rank m, this can be grouped by total degree

p(x) =

Q
1D

K
wq(x), where g4(x) = Z Ao H Ho,(zj), e RE. (4.3)
j=1

acl:|al=q

The Malliavin—Stein method provides a convenient framework to compare the law of
smooth functionals of a Gaussian field with a Gaussian law. We recall the basic objects
used throughout the paper; see [39, 45, 46] for background, and [39] for a detailed treatment
of the Malliavin—Stein method.

Let $ be a real separable Hilbert space with inner product (-, )5 and norm | - | . Let
X = {X(h) : h € $H} be an isonormal Gaussian process over $) on (2, F,P). For q € Ny,
denote by H, the Wiener-Itd chaos of order ¢, and set P, := P?_, H,.

The multiple Wiener-It6 integral I, : §©7 — H,, satisfies the isometry

E[Ip(f)lq(g)] = 1{p=q} ql<f7 g>y)®q, paq 2 17 f € 'gj®p7 g € ﬁ@r]’ (44)

and Hermite polynomials are related to multiple integrals by
Hy(X(h)) = 1,(h®7),  hef, |hls=1.

Let & denote the class of smooth cylindrical random variables of the form F =
f(X(h1),...,X(hg)), where h; € $, for all i € {1,...,d}, and f e C*(R?%) has partial
derivatives of polynomial growth. For F' € S, the Malliavin derivative is defined as
DF =% 0;f(X(h1), ..., X (hg))hi. The space D" is the closure of S under

|FIR 2 == E[F?] + E[| DF[3],

and higher-order derivatives D*F € L%(Q; $H®%) are defined iteratively, with D*?2 the
corresponding completion. The chain rule holds: if F = (Fy,..., F;) with F; € D%? and
¢ : R? - R is C! with bounded partial derivatives, then D(¢(F')) = Zle 0i¢(F') DF;,see
[45, Prop. 1.2.3].

The divergence operator d is the adjoint of D, it acts on elements u € L?(Q; $)) in its
domain Dom(d), characterized by E[{DF,u)g] = E[F&(u)], for all F' € D*2. Moreover, for
fen® 54(f) = 1,(f), and I,(f) € D®? with DI, (f) = g I,—1(f).

Let F € L?(2) with its Wiener-It6 chaos expansion (1.2). The Ornstein—Uhlenbeck
generator L and its pseudo-inverse L' are given by

o0

LF ==Y ql,(f;), and L7'F=-) 1Iq(fq), (4.5)
q=1 =19

whenever », -, ®E[1,(f,)?] < 0. The pseudo-inverse L~! is, however, defined for all
F e L%(Q) [39, Defs 2.8.7-2.8.10]. Let F € L?(Q2), then F € Dom(L) if and only if F' € D2
and DF € Dom(d), in which case 6DF = —LF [39, Prop. 2.8.8].
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A central objects in our proofs is the Stein kernel. A measurable d x d matrix-valued
function & — 7F(x) = (Tig(x»i,je{l,...,d} on R? is the Stein’s kernel for the law of F' if

E[[TlF](F)H < oo for any i,j € {1,...,d} and

d d
X B (F)F] = 3] o (P ()

for all functions f : RY — R where f € C* with bounded partial derivatives of all orders [42,
Def. 2.7]. Stein’s kernels often exist in the Malliavin calculus setting. Indeed, if F is a
centred random vector with Fj, € D2 for k € {1,...,d}, then [42, Prop. 3.7] implies that
F has a Stein’s kernel given by

755(®) = E[(—~DL™'F;, DF})s|F = x], foralli,je{l,...,d}, and x e R  (4.6)

Finally, we recall a useful notion, the sub-chaos property. For ¢ € N and M > 0, a
random variable Y is called sub-q-th chaos relative to scale M if Eexp((|Y]/M)%)] < 2,
and it is sub-g-th chaos relative to 0 if and only if Y = 0 a.s. Moreover, for each ¢ € N
there exists a constant C; > 0, depending only on ¢, such that every Y € P, is sub-g-th
chaos relative to scale Cy||Y[|2; see [32, Def. A.1 and Prop. A.1]. We also use the standard
tensor-product identity: if 1,2 are Hilbert spaces with inner products (-, -); and (-, )9,
then for fi,g1 € 1 and f2, g2 € 2,

(f1® f2, 51 @ g2) = {f1,91)1{f2, 922 (4.7)

4.2 Methodology of Proofs

Our proofs are based on the Malliavin—Stein method, which yields non-asymptotic bounds
in probabilistic distances via explicit control of Stein kernels. For the Theorem 2.1, we start
from the general multivariate bounds of [25, Thm. 1.1], [44, Thm. 2.1}, and [40, Thm. 3.5],
respectively. These are also presented below in (4.8), (4.9) and (4.10). In the setting of
Theorem 2.1, the objects of interest involve multiple Wiener—It6 integrals, for which Stein
kernels admit explicit representations, see [42, Prop. 3.7] and (4.6). We then reduce the
resulting kernel terms using the combinatorial ideas from [39, Lem. 6.2.1], combined with
insights from [32, Lem. A.1 and Prop. A.2] about sub-Gaussian random variables, [31,
Lem. 2.2]. Finally, Stirling’s inequality (4.18) is the main ingredient when showing the
summability of key series, namely (4.11) and (4.12).

For the quantitative Breuer—-Major results and the parameter estimation problem in
stable VAR (p) models, the proofs reduces to (i) identifying the relevant multiple Wiener—It6
integral structure, (ii) writing down the associated kernels explicitly, and (iii) calculating
the contraction norms arising from (2.1) and invoking Theorem 4.1 and Theorem 3.1,
respectively.

The main inequalities used in the proof of Theorem 2.1 are: (4.8), (4.9) and (4.10)
stated below. If F' admits a Stein kernel 7 and Z ~ Ny(0, %) with oy := 04 (%) > 0,
then [25, Thm. 1.1] yields

Apl d A
dx(F,Z) < CF—Ong()logJr <U F) , Ap = E[ max |%;; — TI,P(F)|:| , (4.8)

O 004 1<i,j<d b
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for all d > 3, where @ and ¢ are both associated with 3.

For a vector F = (6(u1),...,6(uq)) in R? of centred random variables such that
u; € Dom(d) for i € {1,...,d}, and for Z ~ Ny(0,X) assuming ¥ is invertible, for
MF(l,j) = <DFZ‘,U]‘>§J, it holds that

dy(F, Z) < 402 (Hz—lui{f + 1) d41/24\/IE [IMF - =|}¢], and (4.9)

dw(F, Z) < V|5 op| SIY2E[IMr — S5 ] (4.10)

For (4.9), see [44, Thm 1.2], and for (4.10) see [44, Sec. 1.3], or the statement in the original
paper [40, Thm 3.5].

4.3 General Main Theorem and Corollary

In this subsection, we present two generalisations of Theorem 2.1. Theorem 4.1 is our most
general result, and it generalises Theorem 2.1 in two directions: (i) it no longer requires
the covariance matrices of the target vector F' and the Gaussian reference vector Z to
coincide, and (ii) as anticipated in Remark 2.2(4), there are no assumptions on contraction
bound, instead it is enough that the two sums below (4.11) and (4.12) are finite.

When the contraction bound (2.1) is imposed, the sums (4.11) and (4.12) are finite, and
Theorem 4.1 specialises to Corollary 4.2. This corollary still strictly extends Theorem 2.1,
since it continues to allow for non-matching covariance structures between F' and Z.

For the rest of the section, fix integer d > 1, and define the following

Bd)= Y g(ayer i logt IR + PHIEE( g d), and (411)
721
(e
191)1/2
w= Y YD Doz g ), (112)
p,q=1 \/6
(p,q)#(1,1)

- —1p=
where Z(p, ¢, d) 1= Y221 "7 maxi o i<l fip ®r fiallsowra—2n, for fi, € HOP defined
uniquely by F; = Y7 I(fip) foralli=1,...,d, ke {1,...,d}, and pe N.

Theorem 4.1. Fiz integer d > 1. Let F = (Fi,...,F,) be a d-dimensional vector such
that F; = Z;O=1 L(fip), for fip, € 9P, i € {1,...d}. Assume X is invertible, and let
Z ~ Ny(0,X), and A := Corr(Z). For ®(d) defined in (4.11), and V(d) in (4.12) define

_ E[FiF]
Ar = @)+ max, i~ mos,) 2|
Then, there exists a constant C' > 0 independent of d, such that
1 A
dr(F, Z) < Clog(d)Ap log+(Ap)w,
ox(A)
d
E[FF;] \2 1

) 41/24 o ity

dy(F, Z) < 402d > (A (Eiizjj)1/2> HAV) | s, ond
i,7=1
O'*(E)l/2

dw(F,Z) < \/E(Hz — Cov(F)|ms. +d¥(d)) o2 (2)
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The following corollary shows that under assumption (2.1), ®(d) and ¥(d) are finite,
and we get an explicit dependence on d.

Corollary 4.2. In the setting as in Theorem 4.1, let v,a € R and § € [1/2,1]. Assume

(p'g")”
and all integers p,q and r, where p,q = 1, not simultaneously 1, and 1 <r <pArq—1gp_g-

If B = 1/2, for (4.15) assume additionally that o < ag (recall (1.3)), and for (4.16)
and (4.17) that a < log(1/2) — e'/?¢). Define

Hfl',p X fj,q||55®<p+qf2r) < foralli,j € {17 ce 7d}7 (4'13)

L)

klog
e” %6+ E[F,F;]
Ap =y——— Ay — ———= |, 4.14
F 7 IOng(d) + 1gg}<(d J <Eiizjj)1/2 ( )
Then there exists a constant C > 0 depending only on a and 3, such that
Ap ( Ap >
dr(F,Z) < Clog(d)———=lo —, 4.15
d
E[FF;] \2 1
dy(F, Z) < 4024/ Aij — ——) +dC | ——— and (416
¢(F, ) z’jz—:1 ( J (ziizjj>1/2> + a*(A)3/2 and ( )
*(37)1/2
(P, 2) < VA(IE - Cov(F)lus, +40) ~ (4.17)
%

In order to prove these results, we present a couple of technical results. The first is
built on [39, Lem. 6.2.1].

Lemma 4.3. Let F = I,(f) and G = I,(g) with f € H°P and g € HU. Further, let
a = E[FG]. Then it holds that

1 2] _ apla! oping Y 2
B| (ELFG] - DFDG)) | < LL24H Y 16, olfsperes
p p r=1
forp,q =1, where b(p,q) =p A q— Lp—gy-
The following Lemma shows that [32, Prop. A.2] holds for ¢ = 1 as well.

Lemma 4.4. Fiz integer ¢ = 1. For each k € {1,...,m}, let Yy be a sub-q-th chaos random
variable relative to scale My = 0. Then we have

E[ max ]Yk|] < <1max Mk,) 1qu/2(2m+€q/2—1).

1<k<m <ksm

And finally, a useful inequality used extensively throughout the proofs, that builds on
the repetitive application of the Stirling’s inequality [50, Eqs (1) and (2)]

V2mn <E)n <n! < e\ /2mn (2>n, for all n > 1. (4.18)
e e
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Lemma 4.5. Let w > 1/2, and u(d) some positive function. Then it follows that

w /2
1/2
Z U(d)q < 22w (71—6 / ) ewel/(%)u(d)l/w.

S (@)= 2

Remark 4.6. Let F' and Z be d-dimensional random vectors, with 3, the covariance matrix
of Z. Note that dgr is invariant under multiplication with a diagonal matrix, meaning

dr(F,Z) = dr(DF,DZ),

for any strictly positive diagonal matrix D. Specifically, one can take the correlation
matrix A corresponding to 3, as it is well known that A = DX D, for a diagonal matrix
with positive entries D. For A, we know that o(A) = @(A) = 1 and that the smallest
eigenvalue o,(A) is certainly less than or equal to 1, as A is a correlation matrix.

Assume now that dg(F,Z) < f(F,Z), for a particular positive function f and let
D:={DeR!:D;; >0, and D;; = Ofori # j,4,j € {1,...,d}}. As infimum is
preserved under soft inequalities, it then follows dr(F,Z) = infpepdr(DF,DZ) <
infpep f(DF,DZ), and specifically that dg(F',Z) < f(DF,DZ).

Now we are ready to prove Theorem 4.1 and Corollary 4.2.

Proof of Theorem 4.1. We split the proof in three parts, one for each distance considered.
Part 1. We begin with hyper-rectangular distance. As F' is centred with elements in D2,
by [42, Prop. 3.7] it has a Stein’s kernel given by

7/%(@) = E[(—~DL™'F;,DF)g | F = x], forall j ke{l,...,d}, and x € R".

Hence, [25, Thm 1.1] yields that for all d > 3

A A
dr(F,Z) < C F log(d) log,. <U F) ,  where
Ox GO

(4.19)

Ap :=E[ max IEjk—TFj”“(F)‘].
1<j,k<d

If d =1 or d = 2, then [3, Lem. 5.4] yields that

AF (U AN 1)AF
dr(F,Z) < C log(d)1 — .
R(F,2) < C7=" log(d) log., ((av (o A1)
Hence, the main goal of the rest of the proof is finding a good bound for Ar. Begin by
plugging in Tf . (F') into (4.19). Using Jensen’s inequality for conditional expectation, the
fact that max; E[X;|F] < E[max; X;|F], and the law of total expectation yields

_  EN-DL-'F.
AF._E}gﬁszk E[(—DL F],DFk>ﬁ\F]|]

=F E[X.. —(—DL™'F;. DF, F
| max JBIZ - (-DL 5 D) | Fl| .

<E| max E[|X;, —(—DL™'Fj, DFy)s| | F]]

| 1<) k<d

— o —(—DL7F.
_Eilg]{%)édlzjk < DL F],DF]C>§§’:|
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Continuing from the obtained bound, adding and subtracting E[F;F}], using triangle

inequality, the fact that max is sub-additive, we get

ApzzE[ max X, —(—=DL" IFJvDFk>ﬁ’]

1<j,k<d

< max ‘Ejk‘ E[Fij]‘ +E|: max ‘E[F Fk] <—DL_1FJ‘,DF]€>5§‘]
1<ik<d 1Ssjksd (4.21)
= lgﬁxdlﬁm — E[FjFi]| + E[lgl’ég; FAVA kl}
= S — E[F:F] + A
| Dnax [3j — B[FjFr]| + A,
where Ay := E[F;Fy] — (—~DL™'F;, DFy)s, for j ke {l,...,d} and
Ap = E[ max |A;.]]. (4.22)

1<j,k<d

Hence, we want to bound AF By (4.5), together with the linearity of the derivative
operator and the inner product, it follows that for all j, k€ {1,...,d},

A; i = E[F;F] — < DL Y L(f;,),D Y I, fk:q>

p=1 g=1
— E[F;F] — <D2p L(fip) DY 1, fk,q>
p=1 q=1
_ZZ fj,p fk’q)] 1<DI (f]p) DI fk‘q>ﬁ ZZ ]akp>
p=lg=1 p=1g>1

where a(j, k, p, q) 1= E[L,(fjp)I4(fr.g)] = p~ (DIp(fip), DI4(frq))s- Rewriting a(j, k. p, q)
with the use of [39, Prop. 2.7.4] and the product formula [39, Thm 2.7.10] one gets

a(j, k,p,q) = E[Lp(fjp)lg(fra)] — aldp-1(Fip)s Lg—1(fr,a))9
- E[Ip(fj,p) fk,q —q Z r— 1 < a 1) (q ; 1) Ip+q72r(f®rg)-

r—1
Note that when p = g = 1, we get
(g, k, 1,1) = {fi1, fe)sn — To(f51 @1 frn) =

Hence, we can assume that p and ¢ are not simultaneously 1,as Aj . = > pe=1 (4, k,p,q).
(p,g)#(1,1)
For all non-zero a(j, k,p, q), it holds that «(j, k,p, q) € P= (), and hence, according

to [32, Prop. A.l], a(j,k,p,q) is a sub-w-chaos random variable relative to the scale
My||a(4, k, p, q)||2, where we know (from [3, Proof of Thm 5.1]) that M, = (4e/w)®/2.
Lemma 4.4 then yields that

< w /2 2 w /2 ) )
ELgﬁé la(4, k,p, q )]] log®/“(2d” + e )lir]lz]tde =|la(d, k,p,q)|2 (4.23)

To bound max;<; k<alla(j, k, p, q)|l2 we use Lemma 4.3 for p,q € N, (p,q) # (1,1), and the
sub-additivity of the square root, such that

k Lp!q! v orta= d) with 4.24
< 5 i .
max lla(j, k,p,q)ll2 ( , ) =(p,q,d)  wit (4.24)
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b(p,q)
E(p,q,d) = Y, max ||fip® frgllgowra2n, where b(p,q) =p A q—Ly_g.

< <
A i<jk<d

Plugging M., 2 = (4e/(p + q — 2))PT972)/2 and (4.24) into (4.23), we get for p,q = 1,
when (p,q) # (1,1), that

1 /qplq! \/pq(4e) Pt/ log(p+q—2)/2(2 2
Sk b )"

< %q<4el/2>“q logPHI=2/2(2d* — 1 4 eP+272)=(p, g, d),
e

E[ max |a(j, k,p,q)| — 1+ 2)Z(p, q,d)

1<j,k<d

where we used that (p+q—2)PT972/2 = (p+q—2)P~D/2(p4¢g—2)(a=1/2 > plp=1)/24(a=1)/2
for p,q = 1 and that p~P~1/2 = /PP~ P2 < Vp(Ph)7Y2, as pP = pl. Recall (4.21) and (4.22).
Then using the triangular inequality and sub-additivity of max, it follows that

Ap =E[1g1%>i |A]k|] E{lgi}éd‘ Z a(%’%l%Q)”
pyq=1
(p.a)#(1,1)

<8 mo, Y leGknol|< X B[ ekl

< <
Iiksd 31 pa=1 <hk<d
(p,@)#(1,1) (pg)#(1,1)

1
< y» Z q(461/2)’p+qlog(P+¢Z—2)/2(2d2 14 e(p+q)/2—2)E(p,q’d) —. &(d).

p,g=1
(p,g)#(1,1)

Under the assumption that ®(d) is finite, it follows from (4.21) that Ap < c¢®(d) +
maxi<;jk<d | 2jk — E[F;F)]|. We can then conclude from (4.19) that there exist positive
constants Cy and C9 such that for d > 3

2D g aog,

Ox
ZF(F,E> = (I)(d) + 1mz}1€:§ ‘ij — E[F]Fk]‘ (4.25)
\]7

QZF(F) 2)

OO0 4

dr(F,Z) < C4 > ,  where

On the other hand, for d € {1, 2}, one gets

S, (523222)

We have shown that (for all d > 1) dr(F,Z) < f(F,Z), for a specific positive f.
Choose D = Diag(Eil, e E;dl). Then, due to Remark 4.6, it follows that for correlation
matrix A = DAD it holds that

dr(F,Z) < Cy

dr(F,Z) < f(DF,DZ).
From (4.25) it is clear that we have to calculate Ap(DF,A). To that end, as A =
(SHP12) I, it holds that |Ay, — E[(DF);(DF)]| = [A, — (21/221/2) E[F;F]|,
which leads to
E[F; F}]

Ap = Ap(DF,A) = $(d) + max |Ajy - (Z5;Zm)12
77

1<j,k<d
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and to a more elegant statement of the above bounds, namely, for all d > 1 we have shown
that

A
dx(F,Z) = dr(DF,DZ) < C

F
ox(A)

A
log(d) log . (a(i))’ where
*

~

Ap =®(d
F =)+ max,

A — E[F;F] |
(35 %kx)"/?

Part 2. In order to prove the convex distance case, we utilise [44, Thm 1.2], also given
n (4.9), which is given for vector F' with components of the form F; = 6(u;), such
that u; € Dom(d). In our case, we have that Fj, = >, o1 I4(frq) for fiq € $HO7 and
all k € {1,...,d}. As discussed in [44] one can always take up = —D(L7'F},) for all
ke {1,...,d}, such that 6(uy) = —6(DL~'Fy) = F, and hence (4.9) holds in our setting.

Now it remains to deal with \/IE[HMF —X|%44 ] Recall from (4.9), that Mp(i,j) =
(DF;,u;) fori,j € {1,...,d}. By the sub-additivity of the Hilbert-Schmidt and L?*-norm
it follows that

\/E[”MF — 2 s] < VE[(IMp — Cov(F)[us. + |Cov(F) — Zfus.)?]
= [[Mp — Cov(F)|us. + |Cov(F) — Zlus.| 2

< \JE[|Mp — Cov(F)[ 5] + | Cov(F) — Zus.

Bounding the Z _ in the Hilbert-Schmidt norm in |Mp — Cov(F')|q.s. by the maximum
over i,j € {1,.. d} and using the sub-additivity of the square root,one then obtains

1/2
VLM — 51 < [Cov(F) - Blus + (& max, 1Cov(F); ~ Me(i. )3

<1,J<

< |Cov(F) — X|us. +d1max |Cov(F)sj — Mp(i,7)|2

\,\

The definition of Mg and (4.5) now yield that
Cov(F)i; — Mp(i, j) = E[F;Fj] — <DF1-, —DL™'Fy)s,
= E[FF;] — (D Y L(fip), DZ o(Fia)s

p=1 q>1

= Z (E[Ip(fi,p)lq(fj,q)] _q<DIp(fi,p)vDIq(fj,q)>f,> = Z (4, 4,p. 9),

p,q=1 p,q=1

where it was also used that E[szl Ip(fi,p) Zqzl Iq(fj,q)] = Zp,q>1 E[Ip(fi,p)lq(fj,q)] b
linearity of the expectation. Now, as before, use Lemma 4.3 to obtain that

b(p,q)
\/a(p!q!)l/z +
max 1€, 3,0, @2 < 7 T max ngl | fip ®r

where b(p,q) =pArqg—1 {p—q}» and where we used sub-additivity of the square root. Hence,
as

VENME — B3 4] < |Cov(F) — s + 43 max 6P 0l

1<i,j<d
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we have obtained exactly that

VENME — B3 3] < |Cov(F) — Slus. + d¥(d), (4.26)
where U(d) is defined in (4.12). Plugging (4.26) into (4.9), yields
dg(F, Z) < 402(|S7 132 + 1)a*/* (| Cov(F) — Z|u.s. + d¥(d)).

As convex distance is invariant under affine transformations, similar to Remark 4.6, for
A denoting correlation matrix related to 3, D denoting a diagonal matrix that has
{2;1/2 :1€{l,...,d}} on its diagonal, it holds that

d¢(F,Z) = dg(DF,DZ) < 402(|A7" 37 + 1)d"/** (|Cov(DF) — Alls. + d¥(d))

3/2
< 402d"** (|Cov(DF) — Alus. + d¥(d)) (o 21\)) ’
E3

where we have used that |A™!|op = 04x(A)~L, by the definition of the operator norm,
and that then there exists a constant ¢ > 1 such that ¢/(o4(A))*? > 1 and therefore
/(A2 + 1 < 26/ (0 (A))P2.

Part 3. Finally, for 1-Wasserstein distance recall (4.10). To obtain the wanted result,
one has to bound E[|Mp — |  ]*/2, hence the result follows immediately from (4.26):

dw(F, Z) < Vd(|Cov(F) = Blus. + d¥(d)) [E7 op] 5

Similar observation as in Part 2., namely from the definition of the operator norm it follows
that |27 op = 04(X)71, and |2]op = ¢*(X). This concludes the proof.
O

Proof of Corollary 4.2. Begin by showing the claim for the hyper-rectangular distance (4.15).
And then for convex and 1-Wasserstein. Theorem 4.1 yields that

A A

dr(F,Z) < C E log(d) log . <F> , where
o+(A) 7 (4.27)

Ap = ®(d) + max |Ay— —liFk]
1<j,k<d J (Eijkk)l/Q

)

and where ®(d) is defined in (4.11), and C' > 0, independent of d. Hence we want to show
that ®(d) is finite under the Assumption (4.13). In fact we will show that
(1) If B e (1/2,1], then

o(d) < yﬁeklogm@, (4.28)
for a positive constant ¢ and k = exp (28e!/2¢(25/2¢0+1/2+1/e)1/8)
(2) Assume 3 = 1/2 then for a < ag it holds that
dF
d(d) < Pyclog(d)’ (4.29)

for a positive constants ¢ and k = 16 exp(2ac + 1 + 5/(2¢)).
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Equations (4.28) and (4.29) yield for 8 € [1/2,1], that ®(d) < ~veek1°8"* (@ /log, (d).
Hence, plugging this into the definition of Ag in (4.27), we obtain the wanted result.

. . —_ —1y,—
Let us begin by looking at =(p, q,d) = Zf:(f {p=a} maxi<jk,<dll fip ®r frqllgowra—20,

for frp, € $HOP for all k € {1,...,d} and p € N. Under the assumptions on the contrac-
tions (4.13), it holds that

=( d) <~(p A 1 )eapeaq - e®Pe™d
=\p,q, S AV ZRAN B = X VTP
=0/ (pigns = Y

pla!)?
and hence plugging into (4.11) we get

(461/2+o<)p+q

g7 logPH9/2=1(2g2 4 P+0)/2=2), (4.30)

d)<vy Y, g
p,g=1
(p.a)#(1,1)

As 2d? and e(Pt9/2-1 are both greater or equal to 1, when d =1 and p + ¢ > 2, then due
to a + b < 2ab for a,b = 1 we have

(4.31)
= 2log(d) + pT—I-q’
where in the second to last inequality we used that 2 < e and that log is an increasing
function.
In (4.30), the summands are positive, and hence we can include the case (p,q) = (1,1)
in the sum, as it makes it bigger. Then, plugging (4.31) into (4.30), one obtains that
O(d) < vP1(d) + yvPo, where

4el/2+a\p+q B
®q(d) := Z qu(zlog(d))(pw)/Z 1 and
p,q=1 N
& (4eV/2reypta (4 g\ PHO/2-1 (4.32)
2 1= Z pq DL ( 5 ) _

Note that [(p+ ¢)/2]®+t9=2/2 grows much faster than [2log(d)]®T9=2)/2  hence if ®,
converges, so does ®1(d). Also remark that ®;(d) depends on the dimension d, while ®9
does not. For p,q = 1 we have

(2log(d))Pra/2—1 = 2R log?’?(d) log®?(d) and (4.33)
2log., (d) ’
4+ g\ (Pra—2)/2
(P g ) < PR/ | D2 _ pplalty L p2gal2 (434)
2

Plug (4.33) and (4.34) into ®;(d) and ®2 given in (4.32). Due to the symmetry in p and ¢
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in obtained expressions, and the double sums in (4.32), one gets the following expressions

2
1 (25/261/2+a)p
®(d) = ———= T logP?(d)| , and 4.35
p(461/2+a)p q(461/2+a>q 2 /2 5 of
oy = pP2pt/2 4 P2 gal
’ 1; (p)P q; (a)? ( )
Z p( 461/2 @) % Z q( 4e /2+a 2. (4.36)
p=1 q=1

Applying Stirling’s inequality (4.18) to bound pP in (4.36) with p!, i.e. pP < (pleP)//27p,
we get

p3/4 461+a q(4el/2+a\/]3)q
o 27 -

IR LT (g

Next we want to prove equations (4.28) and (4.29).
Part 1. Assume that 1/2 < g < 1. First, focus on ®1(d). For a > 0 it holds that
q* = (ea logq/q)q. Note that (logq)/q obtains maximum at ¢ = e with value 1/e, hence

o= (ealogQ/Q)q < (ea/e>q_ (4.38)

By applying (4.38) with a = 1 together with Lemma 4.5 for @ = (3, using that 2w = 25 > 1,
and combining terms with identical powers, we obtain

1 2
By (d) < ol (25/2ea+1/2+g 10g1/2(d))P . ok log/(28) (d) (4.39)
2log, (d) \ &) (p")B log_ (d) ’

where ¢; = ¢3(8) = 2401 (we!/3/2)8 and ky = ki (v, B) = exp (28e!/2¢(25/2x+1/2+1/e)1/B),
It remains to check that ®9, in (4.37) converges. Applying (4.38) with o = 3/4 in the
sum over p and « = 1 in the sum over ¢, together with Lemma 4.5 for @ = /3, we arrive at
the following expression. In doing so, we use that 2 € (1, 2], which implies pt/(28) < p for
p = 1, and that adding the term for p = 0 increases the sum since all terms are positive:

B < 2y <4€1+a+3/(4e)>p (461/2+1/e+ap1/2)q _ (461+a+3/(4e))p g/ (28)
2 < = <cgy )y, —————¢€
@mut = )t A (g1)? = (e
461+a+3/(4e)+1€2 461+a+3/(4e)+k2
< e3y Z F-172 = c37y Z i i < oo, (4.40)

where ¢3 = ¢3(3) = 220454 )xl/4(7el/3/2)8/2 and ky = exp (Be/(2¢) (4e1/2+1/e+e)1/B)  The
series in (4.40) converges since 3 — 1/2 > 0. Indeed, the ratio test yields >3, |ay| <
when api1/a, — 0 as p — 0. As for ) - ap with a, = (AeP)P(p!)~¢ and € > 0, where
A=4and B=1+a+3/(4e) + ko, it holds that,

A B
lim 2 — fim 25—
P e, p (pr 1)

i

it implies the claimed finiteness in (4.40).
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Recall that ky = exp(28e!/(2)(25/2e2+1/2+1/)1/B) "where 3 € (1/2,1] and o € R. Note
that k1 — 1 as a — —o0o, which implies k1 > 1. Consequently,

exp(k1 logl/@ﬂ) d) - elog'?d

> 1, d>1,
log, d log(d) ~ ~

where the first inequality holds for d > e (since 1/(28) = 1/2) and the second follows
because eV? > z for all z > 0. For 1 < d < e, the ratio is trivially large, and for d = 1, it
equals 1. Thus, the ratio is bounded below by 1 for all d >

Combining (4.39) and (4.40), and using that exp(k; logZ/ /( ) (d))/log, (d) =1ford>1
we obtain that for § € (1/2,1] and finite constants ¢4 and c5 := ¢a + ¢4,

YC2 ki log/?8(d) Cs5 k1 log!/28 (d)
D(d) < P1(d) + Py < ————€"78 + ey < y———1°%% ,
(@) (@) log, (d) log, (d)
which proves (4.28).
Part 2. Let § = 1/2. Proceeding from (4.35) and (4.36), we first compute ®;(d) to
extract the explicit dimension dependence, and then verify convergence of ®5. As in Part
1., using (4.93) we calculate ®1(d) in (4.35) as follows:

2
B, (d) < Y Z (25/2¢0+1/2+1/e15g1/2(g) )P o 6 ks (4.41)
2log (d) 50 (p")1/2 log, (d)

where cg = V2mel/3 and k3 = 24 exp(2a + 1 + 5/(2¢)).
It remains to show that ®, in (4.36) converges. Calculate, using (4.93) in the second
sum of (4.36) as follows:

14+2/e+2a,,) 4/2
Py < 2y (461+3/(4e)+a)p Z (166 +2fet ap)
0 & 2 @
1+5/(2€)+2a 1+5/(2e)+2a
< ory Z 1+3/ (4e)+a p 8e P _ ey Z 1+3/(4e)+a+8e )p
p=1 p=1
< ey Z Jelt3/(4e) +a+861+5/(26)+20‘)17’ (4.42)
p=0

where ¢; = 23/4¢1/12. Note that 2ps0 (dexp(l +3/(4e) + a + 8elt5/(2e)+20))p g 5 geo-
metric series and it converges if z := 4exp(1 + 3/(4e) + a + 8¢5/ (29)+2¢) < 1. To that
end, let d = 4e'+3/(4¢) and dy = 8¢'+%/(2¢), Then (4.42) converges for those « such that
d1e® exp (d2e**) < 1. Hence we find « such that,

d%ez%%eh <1 2d2€2a 2dge? < 27612 — l/e1

d? '
Using the Lambert W-function we obtain that 2dse?® < W(e/*~') and hence, o <
1/21og(W(e'/¢~1)/(2dy)) ~ —2.846. For such a, the sum 3’ p=0 2F converges. Since drs >
clog, (d) for all d > 1 and some constant ¢ = ¢(k3) > 0, we have for finite constants cg > 0
and c¢g = ¢co + ¢4 > 0 that

d*s d*s

P(d) < < ,
(d) ’70610g+(d) +7¢s 769log+(d)

(4.43)
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which establishes (4.29).

Convex and 1-Wasserstein distance. Proving (4.16) and (4.17) proceeds by using
similar a toolbox to the proof for hyper-rectangular distance. Recall statements in Theo-
rem 4.1 for dy and dyy: we have to ensure that U(d), defined in (4.12), is finite under the
assumption (4.13). Apply assumption (4.13) to (4.12) to obtain

e(p+a)9p+q e(P+a)op+q
v(d) <y ), \/pqi( S <7 D, VM 71/2 — 0, (4.44)
pq=1 pla!) p,q=1
(p,a)#(1,1)

where we omitted the condition (p,q) # (1,1) in the summation since removing it adds a
positive term to the sum, thereby increasing the bound. To conclude the proof, it suffices
to show that ¥ < co. For the remainder of the proof, we split it into two cases, when
B € (1/2,1] and when § = 1/2.

Assume first that § = 1/2. Applying (4.38) to (4.44) implies ¥ < co. Indeed, we
observe that

2
Z \/p—qea(erq)Qerq < Z o(PTa)/(2€) pa(pt+a)gpta _ <Z(2€a+1/(2e))17> ‘

p,g=1 pg=1 p=1
This expression is finite because the inner sum is a geometric series that converges provided
2e2+1/(2¢) < 1, or equivalently, a < log(1/2) — 1/(2¢) ~ —0.877.
Assume € (1/2,1] and let € := f —1/2 > 0. Then by ratio test, ¥ in (4.44) is finite.

Indeed )
ela+1/(2¢))(p+q)9p+q B (2e2+1/(2e)yp
(plg!)e - (ph)* =
p=1

as for a, = (2e+1/e)yp(ply e, ap+1/ap — 0 for p — 0o. This concludes the proof. O

p,g=1

4.4 Proof of Theorem 2.1
Theorem 2.1 can be obtained from Corollary 4.2 as follows.

Proof of Theorem 2.1. Applying the additional assumption, that F' and Z have the same
covariance matrix, to Corollary 4.2 yields the result. Indeed, using that X, = E[F;F}], it
follows by definition of Ap in (4.14), that

Y klogl/zﬁ( d)
7log+ @ . (4.45)
Then, for d > 1, plugging (4.45) into (4.15), and using that log , (zy) = log (x)+log (y) <
2log, (z)log, (y) for all z,y > 0, one gets

Af =

exp (k log!/(28) (d))

dn(F. Z) < C exp <k‘log1/(25)(d)) log(d) Io o\
RIS T log(d)o & 8+ \ 5o, ) 8+ |7 log(d)
log, (555
< C’lfylog+(7)a(*) exp <k‘log1/(26) (d)) (k log %) (d) — log ., Iog(d)>
*

Q\
\Q

logJFU() exp <k log!/( )(d)> log ) (),

*

< Cyylog, ()
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where € = 4C and Cy = k().

Convex and 1-Wasserstein distance. Under the assumption that 3;; = E[F;Fj] for
alli,j € {1,...,d} (i.e., the covariances of F' and Z coincide), the result follows immediately
from (4.16) and (4.17), since the terms involving the difference of the covariance matrices
vanish. O

4.5 Proof of Quantitative Breuer—Major

Proof of Theorem 2.3. Recall that
Sn =Sy, 80) = —= ) ¥(Gr) = —= ) (¢1(Gr),- -, 0a(Gh))-
7 2 M6 - 7

The idea is to write S for all i € {1,...,d} in a multiple integral form and then use
Theorem 4.1. Recall the multivariate Hermite expansion (4.2) for functions in L?(y*, RX).
Since E[|p;(G1)|?] < o, the function ¢; admits a Hermite expansion. By (4.3), we can

write
n
Z (Gy) = n1/? Z Z ©iq(Gr), where
k=1 k=1q=m;
4 1 K
Pig(T) = @i, HHOAJ')(JJ(])) and  aj0 = —E | 0i(G1) H al) G1 ,
acl:|al=q j=1 j=1
with A = {a = (a1, ...,ax) : o; € N}, ol = 35 a;, and a! = [TX, a;.
) ) 7 ) 7=1 %2 Jj=1"7J

Recall, (Gk)kez is a K-dimensional centred stationary Gaussian sequence. Therefore,
by [39, Rem. 2.1.5] there exists a separable Hilbert space §) and an isonormal Gaussian

process {X (h) : h € $} such that G}, can be represented as G, D (X(ex)s ..., X(exx)) for
a sequence of vectors (ek,é)keZ,ZE{l,...,K} C 9 satisfying (e ¢, exr ¢ )5 = Cov(G,(f), G](f/)) -
P (k — k') for all k, k' € Z and ¢,¢ € {1,...,K}. Hence, using [39, Thm 2.7.7], it holds
that

K K

D al & (K)
| |Haj( = | | X(ep) =1 ( Do @ @ )),
j:l =

|
7 oeSY

where S¢¥ denotes the g-permutations on the multiset {1,...,1,...,K,..., K} where j
appears with multiplicity al) for all je{l,...,K}. Hence, due to linearity of the multiple
integrals,

ol o) oK)
SOL(](G/C) = Z ai,a-[q <q' Z O'( k®1 R ® G%K ))

acl:|al=q " geSg

a! D) ()
=Iq< Z G Z 0'(6(;31 ® --Qep ® )>

acl:|al=q " oeSg
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Thus, we obtain [41, Eq. (4.43)], for i € {1,...,d}

Sé“=2iiw,q(6¥k)=2 < Y a2 'Z (23 @ ®®“”)>

k=1gq=m; =m; k 1 aeA 7 geSy
|ee|=¢
0
= Z Iq(fn(ia Q))v where fn l q Z Z bi,tekﬂ:(l) ®-® €k t(a)
q=m; k 1tef{l,... ,K}4

with fu(i,q) € H®, and where the coefficients bi; = (¢!) 'aq (e(t))!, for a(t) =
23:1(1{15(@):1}7 ce Il{t<e):K}) e NE. Let [K] denote the set {1,..., K}. Using the isometry
property of multiple integrals (4.4), and the fact that p(%7)(0) = Lg—jy fori,jed{l,..., K},
one obtains

2
E[piq(G1)?] =E[Iq( > bi,t€17t(1)®"'®el,t(q)) ]

te[ K4
g Y, i @ @€y g biser s @ ®e s<q>>s§®q (4.46)
ste[K]
Z bi,tbi,s 1_[<61t 617s(k>>fJ = Z bzz,t
s te[ K2 te[K]e

Hence it follows that E[p;(G1)?] = Zq:mi 4" Deqr,. K}a bat.

In order to use Theorem 4.1 for random vectors S,, and Z,, it remains to bound
| fr (i, @) ®r fn(ds p)lg@w+a—2n for every i, je {1,...,d}, p,q € N not simultaneously 1, and
re{l,....,pAq—Lgy_qp}. Some of the following steps are inspired by mainly [41, Sec. 4].
To that end, calculate

. ) 1 n '
(i, q) ®r fu(j;p) = n Z Z bibs,j Z H<ek,t(2)a€£7s(2)>ﬁek,t(r+1) @ ey s
te[ K4 se[K kt=1z=1
1 (z) (z
== ) Z btibs,j Z H 25 (k= O yoin @ ® €g 4
n te| K4 se[K kt=1z=

and the H®P+1=2")_norm of f,(i,q) ®, fu(j, p), as follows:

. . 1
an(%Q) ®r fn(j7p)H527)®(p+q 2r) — 72 Z Z ‘btzbt’ bsgbs ]‘

t,t’e[ K19 s,s’e[K
% Z H 2g(z) s(z) k: 5) (ﬂ(z) IZ))(k 6/)
k' 0=1z=
1 (t(m) t/(m)) / e (s(h) s/(h)) /
x ]‘[ pE N (k=K T o -0 (4.47)
m=r+1 h=r+1
1
< Z Z |b“bt/ s byt |
t,t'e[K]9 s,s'€[K

<3 [alk — OB — £ Bk — KR — £,
kLK =1
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Using Jensen’s inequality for finite sums and the convex function f(x) = 2, together
with (4.46), it follows that

2 Z K]a tz
Db D bm:( > bm-> =K2q< teKq ) <K? )b,
te[ K9 t'e[ K14 te[K e te[K e

K (G2,

Hence, we conclude that the first sum in (4.47) satisfies

KIK?
DU D Ibabyibs by il < = Elpig(G1)*|E[0;0(G1)?]. (4.48)
te[K]e 5,5/ [K]P pl!
For the second part of the (4.47), recall that r € {1,...,p A ¢ — 1y,—}. As in [41, Proof
of 4.44], note that p(k’ — )'p(k — k)" < p(k' — ¢')? + p(k — k’)?. Hence,

n

D1k = 0 = P (p(k — ) + p(k — K')9)]
kb 0 =1
n—¢' n—k

k==Y A+ Y ple))

a=1-¢ a=1-k

i ok —O)|"|p(e — €))7~ ( D)+ )] \ﬁ(a)!q)

k:,Z '=1 |a|<n la|<n

(4.49)

n

<2 ) @)l Y, [k =0l lp(¢ — )P

lo|<n k=1

As g = m and |p(x)| < 1, we use that [p(a)|? < [p(«)|™ to further obtain that

Z ol =" (p(K' = &) + p(k — k)7

-, (4.50)

<2n ) [p(k)™ > Io(t !’"Z\p )P

keZ [t|<n [s|<n

Recall that the starting point for the argument (4.49)-(4.50) is the inequality p(k’ —
ok — KT < p(k' — )7+ p(k — k)9, hence use the same arguments (4.49)-(4.50) for
plk—0)p(l —0)P~" < p(k —£)P + p(¢ — ¢')P and obtain

n

Z i — Y (p(K — €)1+ p(k — K)9)|
<2n ) [pR)™ ] 1B Z [B(s)|47"

keZ [t|<n |s|<n
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Combining the two displays above, it follows that

n

Y, otk =07 p(e =€) (p(k — )T+ p(k — k)|

k0K 0 =1
<2 S )™ S Bl Z AP, (451)
keZ [t|<n |s|<n
Finally combining (4.51) with (4.48) we get that
. ) K4 /2K /2
||fn(za Q) ®r fn(]vp)||,6®(p+q*2r) < WH@@ q(Gl)HL2 ”SDJ,p(Gl)”L?'Yn,p q,m (452)
where
Topar = Z p(kR)™ > B Y] [p(s)Pra.
kEZ [t|<n [s|<n
Using the inequality in (4.52), together with (4.11) and (4.12), implies
Ag—T g, —
_ K2 p/2 PRI {p=a)
Z(p,q,d) < W 12}3’;(1 l¢iq(G1) | L2ll¢sp(G1) L2 7; Vn.p,q.r-
Hence, Theorem 4.1 gives that
1
A (Sn: Z) < Clog(d) A (ny d, K) log., (A (n, d, K)) 1 28=7),
O
1\3/2
dy(Sn, Zy) < 402 <> d%? Ny(n,d, K), and
O
Ay (Sus Z0) < [ Z7opl BIL2dY20 (n,d, K),
where (4.11) and (4.12) give that
Ai(n,d,K) := Z p (dveK)rH logPH0/2=1(24? 4 P+0)/2=2)
P,q=1 Vrl!
(p,9)#(1,1)
PAG—Lip=g)
1/2 1/2
< max Elpig(G1)*]*Elpjp(Gh)’] ; Tnpgr,  and
pAg—Lip=gy
- VPRVE)PH | |
Az(n,d, K) = pél NG 1532{(1 leig(G1)| 2 l0sp(G1) 22 ; Yn,p,q,r-
(p,9)#(1,1)

O]

Proof of Corollary 2.4. We begin by observations for the hyper-rectangular distance. Plug-
ging in the bound (2.6) into Aj(n,d, K), we get

PAG—Lip=q}

(4vVeK )Pt o 1 e o ePHD)
Ai(n,d,K) < Pt 1ogPFt D2 (2@ 4 T Y — Yn.p,g,
P7qz>:m Vplg! (plq!)o—1/2 e

r=1
+q PAG—Lip=g)
(4e!2Haypray K" 2-170 72 pta_g
< Z pq (p'q')ﬁ log(p+q)/ (2d + € 2 ) Z /yn:pqur’

p,g=m r=1




4. Background and Technical Results 59

where vy, pq.r is defined in (2.5). Note that >, _, |k|*™ is finite since a < —1/m. Further-
more, in general, using that n®*! > 1 for n > 1 it holds that

Zteztb < 02, b < -1,
DIt < {2507 Lt < Cslog(n), b=—1,
tl<n 2+ 2007 ibdt < 2+ 227 Sl < Ot b > 1

Combining these observations into 7, p 4 one obtains

Tnpar = Z [k 3 el Y sl enen)

keZ [t|l<n |s|<n
Csnt, ar < —1, a(prqg—r) < —1,
Cen®Pra—r), ar < —1, a(prqg—r1r) > —1,
B Crnf", ar>—1, a(prqg—r) < —1,
h CgnPratt ar>—1, a(prqg—r)>—
Con~2log(n), one of the terms is = —1 and the other < —1,
Cron*/?log(n), one of the terms is = —1 and the other > —1,
for e {l,....,p A q—1g—g} and 2 < m < p A ¢. In a more compact form, as a/2 >
(am +1)/2 when a € (—1,—1/(m — 1)) , one gets
Csn~12, a<—1
Con~%log(n), a=—1
’ynvp7q77" < Fa7m(n) = /2
Cen®=, ae(—1,-1/(m—1)]

Cgnlom+1)/2, ae(=1/(m—1),—1/m).
Hence,

PAq—L—gy PAg—1p—gy
Ypar < O, Tam() = (p A q@lam(n). (4.53)

r=1 r=1

and therefore (4.53) yields that

fel/2+a p+q\/Ep+q
Av(n,d, K) < Tapm(n) 3 (0 & gpg i)

log P21 (242 4 P+9)/2=2),
(plq!)?
D,g=m

(4.54)

The sum appearing in (4.54) is the same sum as in (4.30), with additional multiplicative
term (p A @)K 1/2(p+4) | Hence, we use exactly the same steps as in the proof of Corollary 4.2
to obtain the following: For 8 € (1/2,1], apply steps (4.30)-(4.40), from the proof of
Corollary 4.2 to obtain Aj(n,d, K) < cI'qm(n )(Agl)(d, k) + Agz)(K)), where

elel/(QB) log!/(28) (d)

log , (d) ’

4\/7€1+oz+3/(4e)+k21(1/(23>)
172 ’

and

AV, k) = ¢

_CQZ

(4.55)
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with explicit constants ¢; = 2%~ (wel/3/2)8 ki = exp (2Be/2¢(25/2¢at1/242/)1/B) "¢y —
22ﬁ+5/47r71/4(7r61/3/2)ﬁ/2 and kg = exp (561/(26) (461/2+1/e+a)1/ﬁ)_

However, compared to (4.40), it is not enough to show that A®)(K) in(4.55) is finite,
we need a bound explicit in K. To that end, for x > 0 and § € (0,1/2], denote S(x) =
2p=0 @ (), where a;, = zP(p!)~ —9. Given that a,11/a, = z(p+1)~°, by the ratio test, S(z)

converges when p + 1 > z1/9 z1/0

, and a, increases as p + 1 grows toward p + 1 <
decreases afterwards. Let M := [2!/%], then max,>o ap is either aps or apr—1, depending if
the ration a,41/a, crosses 1 before or after M. Hence it holds that Zii/[o ap < (2M + 1)ap.

For p = 2M,

, and

ap+1 _ T < M?° _ g
a  (p+1)° (M) ’

and therefore the tail is geometric

Using 2M + 1 < 3(1 + x'/9), we obtain that

2M 0

S(@) = Dl ap(a)+ Y apla) < <2M +1+ 1_125> ay < (3 + 1_125> (1+2%)ay.

p=0 p=2M

As M > z and exp(dm) < exp(8 + dx1/?), using Stirling’s lower bound (4.18), we get that
oM 1 sM, T M e Swl/d
= < [ < e

W= G S (et ) ¢

Finally, using 1 + x < e” for all z > 0,

19 1)
1
(14— < (34 €6+ (4 56)

(Vo) =29 (Vany

Define /(K ) = 4K1/2el+a+3/e)+kakV 0 oy for § = B—1/2, and B € (1/2,1], using (4.55)
and (4.56) with Cs := (3 + (1 —27%)71)e®(v/27) ™ we obtain

AP(K) < esexp (8 +1/2)0 () V1),
where c3 = c2C3_1 /9, which finally yields that
elel/(Qﬂ) 10g1/(2[3) (d)
log,, (d)

On the other hand, for 8 = 1/2, applying (4.30)-(4.37) and (4.41)-(4.42) from the proof of
Corollary 4.2, yields that Aj(n,d, K) < cI'gm(n )(A( )(d k) + A(2)( K)), where

Ai(n,d, K) < cLgm(n)(c1 + c3) BVIENVETID 2, (4.57)

d"s
AW /12 @
1 (d, k) = +/2me log+(d) and

A@(K) — 4pl/12 Z (4\/Eel+a+3/(4e)+k4l()p7

p=0

(4.58)
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where k3 = 2%exp(2a + 1 + 9/(2¢)) and ky = 8exp(l + 2a + 5/(2¢)). A?)(K) is a
geometric series that converges when x := 4y/Keltot3/(4e)+haK 1 a5 2 > 0. Using
the steps (4.42)-(4.43) as in the proof of Corollary 4.2, one gets that the series A?) (K)

converges when a < ag — log(K)/2 , and that A(12)(K) < 4e'/12(1 — ¢(K))~'. Combining
a < ag —log(K)/2 with k3K, yields that ksK < 2%exp(2a9 + 1 + 9/(2¢)). Therefore,
together with (4.58), for ks := 2% exp(2ag + 1 + 9/(2¢)) ~ 0.768, it holds that
ds 1
log (@) 1= $(K)’
where ¢4 = ce!/'?(y/27 + 4). Using Theorem 2.3, (4.57), and (4.59), together with (4.1),
we get for 3 € (1/2,1]
AR (S, Zn) < CL(d, K)p(K)YEIT, 1 (n) log,, (n)(log, (logy (n))Liam—1} + Liap—1})

ij where ((d, K) = logl/(%)(d)ecml/@m1°g1+/(2m(d),
Ox(An

and for § = 1/2, it follows similarly that

log., (d)d*s
i)gj_fp()mraval) 10g+ (n) (log+ (10g+ (n»l{a:fl} + ﬂ{aifl})

log ; (04(An))
ox(Ay)

Ai(n,d,K) < cal'g m(n) (4.59)

dr(Sn, Z,) < C

For the convex and 1-Wasserstein distance, as p A ¢ < ¢, using (4.38) to get /p < eb/2e
together with (4.53) and the assumption (2.6), yields that

pq(2v/Ke*)Pta p(2v/ Ke®)Pta
B d.K) < Topnlm) (0 n ) VLT < nn) Y YEENEES
p,g=zm Pq p,g=m bq

(2\/Eea+1/(26))p 2
p;n (p1)o=1/2
Now, if 8 € (1/2,1], then (4.56) yields that

Z (2f6a+1/ 26 Z 2\/>ea+1/ (2¢) ) _ echl/@ﬁ*l)

(p)F—172 ne-iz S ’

< Cra,m (TL) (

p=m

for ¢; = (v2m)?P and ¢; = (B — 1/2)21/ B=12) exp [1/(2e8 — €) + a/(B — 1/2) +1].
Hence,
A (n d K) cgram( ) C4K1/(2B—1)’

where c3 = cc? and ¢4 = 2co. On the other hand, if 8 = 1/2, then for a < —1/(2¢) —

In(2vK),

1
(2K - — (4.60)
};) 1-— 65\/?
where c5 = 2e211/(2¢) a9 (4.60) is just a geometric series. Hence, the proof is concluded
with 1
As(n,d, K cgl .
2( ) < c6lam(n )(1—05\/K)2
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4.6 Proof of Theorem 3.1.

The proof of the finite-analogue to Theorem 2.1 is simpler as there is no need to insure
summability of the bound. As it is sharper, it makes sense to present a separate proof.
The tools used in this proof are the same as in the Theorem 4.1.

Proof of Theorem 3.1. First, observe that if F' belongs entirely to the first Wiener chaos
(i.e., ¢ = 1 for all i € 1,...,d), then F is a centred Gaussian vector with covariance
matrix ¥. Indeed, we may write F; = I1(f; 1) for some f;; € . By the linearity of the
mapping h — I;(h), any linear combination Zle a;F; = I (Z‘Ll a;fi1) is a univariate
Gaussian random variable. Consequently, F' ~ Ny(0,X) with entries X; ; = {(fi 1, fj1)%-
Since Z ~ Ny(0,X) by definition, we have F' 4 Z, and thus dy(F,Z) = 0, where
M e {R,¢,W}.

Therefore, for the remainder of the proof, assume that there exists an i € {1,...,d} such
that ¢; > 1. For d > 3, (4.8) yields that dg (F, Z) < CAp(04)1log(d)log, {cAF(Fo.) 71},
where using (4.20)

Ap = IE[ max ’213' - TF(F)’] < E[ max ’21'1' - <_DL_1Fi’DFj>“6”

1<i,j<d 1<i,j<d (4.61)
= E{ max |A”]]
1<i,j<d
with A;; defined as
A;j =3 —(~DL 'F;, DF})4 = E[F;F;] — (~DL'F,, DF})4
qi 95
= 303 (B (i) (500 = (= DL Tl fik) DIf3.0)))
k=1¢=1 (4.62)
qi 95
= b(zvja k? 6)7
k=1¢=1

)Ie(fj0)]—(—DL~ 1Ik(f,k) DI(fje))g ford,j e {1,...d}. By

where b(i, j, k, ) := [ (f k
“e(fix) forallie {1,...,d} and k€ {1,...¢;}, and hence

(')7 —L~ Ik(fz )

b(i, j, k, €) = E[I(fix)Le(fj,0)] — %<Djk(fi,k)7DI€(fj,€)>fJ for4,j € {1,...d}.

If d € {1, 2}, then we use [3, Lem. 5.4] to get

dr(F,Z) < C’AF log(d) log,. <

*

(cv1)Ap )
(GAl)(oxvl))

Note that when k = ¢ = 1, we have b(4,,1,1) = {fi1, fj,1)8 — Lo(fiq ®1 fj1) = 0 for all
i,j € {1,...,d}. Furthermore, whenever ¢; = ¢q; = 1, it follows that b(7,j,k,¢) = 0 for
1 <k<g and1</{<gj and hence A; ; = 0 since the only term in the definition (4.62)
of Az‘,j is b(’i,j, 1, 1) = 0.

Consequently, to bound E[maxi<; j<q|Ai,;|], we only need to consider the case (g;, q;) #
(1,1). Define ¢ := maxj<i<q ¢;; then ¢ > 1 by the above argument.
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The proof of [39, Lem. 6.2.1] yields that

knt
(DIi(fir), DIe(fi0) = Kt > (r = 1)! (k B 1> <£ >Ik+£ or (fi k®r fi ),

. r—1

which furthers implies that b(i, j, k,{) € Prye2. Therefore A;; € Py, 1q,—2 for all 4,5 €
{1,...,d}, and as ¢; + g; < 2q, we conclude that A; j € Pag_o for all ¢,5 € {1,...,d}. Then,
as ¢ > 1, [32, Prop. Al] yields that A, ; is a sub-(2¢ — 2)-th chaos random variable relative
to scale Mo, ||A; j||2, where one can take M, = (4e/x)®? as discussed in [3]. Lemma 4.4
then yields that

_ 2 —
Ap—E nggd\Azjl}<12?§dlog 2 (202 — 1+ €M) Mag o Auy .

= log? 1 (2d* — 1 + €917 ?)My;_» max HAJHQ

1<7\

Next, using the definition of A;; in (4.62) and the triangle inequality, and dropping the
constraint (k, ¢) # (1,1) (which merely adds a zero term), we obtain

q 495
Ap = log? 1 (2d% — 1 + €972 Myy_» é@éd;l;l”b(i, 3.k, O (4.64)

To bound |b(i, j, k,€)|2, for 4,5 € {1,...d}, k € {1,...,q¢:}, £ € {1,...,¢q;}, Lemma 4.3
together with the fact that k,¢ < ¢ for all k and ¢, imply that

16(, 5, k, O3 = Bk (fir) Le(f5.0)] = (=DL Iu(fir), DIe(fi.0) ) 13

b(k,)
M k!
=2 Y 1 ik @ fellouesn
r=1

_ K 2
< = bk, ) 1S7m<%é7e)||fi,k Qr fitllgoe+e-20,

where K, 1= ,/gq!4%. As (a +b)Y2 < a¥? + b'/2 and as b(k, ) < ¢, it follows that

4G 49 qi

q;j
2 < Y Db 4 B, O)lla< Y D). Ky max [ fin ®r fellgeoete—an.

m1i=1 m1i=1 T 1<r<bih)

Let 1 < R<b(k,l) and K e{l,...,¢;} and L e {1,...,q;} be, such that

14

|fixe ®r fisllgoucsizm = max | max E)Hfi,k: ®r fiell gotkre—zr.
1<l<qj
(k)£ (1,1)

Then we, obtain that

max HA”H2 K, max Z Z max || fix ®r fjellgo+e-2n

1<i,5<d 1<z,]<d 1<r<b(k,0)

(k Z) ( 1)
2K max | fi,x ®r fjLllgoicrL—2n). (4.65)

1\,\
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As ed? €972 — 1 > 1, using (4.1) it follows that
log(2d” + (772 — 1)) < log, (2d” + (¢771)) < 4log, (2)(q — 1) log,, (d).

Hence for all ¢ > 2, there exists a constant C~’q := 4log, (2)(q¢ — 1)depending only on g,
such that

log?™1(2d? + (e772 — 1)) < C,log? ' (d). (4.66)
Thus, using (4.65), (4.63), together with Cy = C Mag—2q? K, yields
Afp < éq logqfl(d) 1maX | fi,x ®r fj, L||5®(K+J 2R) = 6(1 logqfl(d)ZF, (4.67)

\,\

where ZF = maxlgingdHf@K ®R fj,L |ﬁ®(K+J_2R,).
Recall that ¢ = 1 implies that F' is Gaussian and hence dg (F', Z) = 0. Using Remark 4.6
together with (4.67) and (4.61), yields

C,log N (d)AF
ox(A)
Moreover, using (4.1) implies that

C,log" Y (d)A
dr(F,Z) < C Cqlogy (d) F) (4.68)

log(d) log .. ( on(A)

log;, (Cq 102( A() Ar ) < 8log, (Ty) log, (108 (@) log,, (B ) log,, (75 2(A))
(\log(long(d))] v (g — 1)_1) 10g+(ZF) log+(a*(A))
log (log+ (d)) 10g+(ZF) 10g+(0*(A))7

where K, = 16(¢ — 1)(JlogCy| v 1). Let C, := CK,C,, where C > 0 is an universal
constant. Combining the obtained bound in the display above with (4.68), we get that

<K
< K,

llogox(A)| v 1

ox(A)
Using C, = CN’qMQq,QqQKq < 4log, (2)¢%/%(8e)9, together with (4.1), there exists ¢ > 0,
such that

dr(F, Z) < C,log?(d)(|loglog(d)|v1)Ap(Jlog Ap| v 1)

C, < clog. (q)q”*(8e).

Convex and 1-Wasserstein distance. Recall (4.9) and (4.10). As in the proof of the
Theorem 4.1, take uy = —D(L™1F) for all k € {1,...,d}, as then 6(uy) = —0(DL™1F) =

F};. Hence, to conclude the proof, it suffices to bound \/E[HMF — X|% s ], where Mp(i, j) =
(Dfi,=DL™'Fj)sg.
Using the same steps as in the proof of Theorem 4.1 Part 2, it holds that
VEIMe — Sl s ] < \[EIS — Cov(F)3s] +d max [Cov(F)y; — Mr(i.j)l2 (4:69)
1<i,j<d
Definition of Mg and (4.5) yield
Cov(F)ij — Mp(i,j) = E[FiFj] = {DF;, =DL ™" Fj)s,

= E[F,Fj] — (D Z Ie(fig), D Zj %Ie(fj,e)%
=1

q;

i
= Z Z ( [1x( fl ) o ( fJ 0] — <DIk(fi,k);DI€(fj,€)>y3> = A,
k=1/=1
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where A, ; is defined in (4.62). Since Cov(F') = Cov(Z), we have E[|3 — COV(F)H%{.S.] =0,
o (4.69) reduces to \/E[HMF — 3|% o] < dmaxi<; j<q||Aijll2- Recalling the definition of
2 < qQKqZF. This completes the

Ap in (4.67), the bound (4.65) implies maxi<;r<a [|A
proof, as

VEIMr — S5 1< \/EIS - Cov(P)|3s] + di®K,Ap.
OJ

proof of Corollary 3.3. The proof follows exactly as proof to Theorem 3.1 until (4.64).
Recall, our goal is to find

max [|A; 2 < max 2 2 16, 5, k., 0) 2. (4.70)

1<i,j<d 1<z‘,j<d

(k z);&(l 1)

Considering the variables b(i, j, k,¢) = E[Iy(fix)Le(fje)] < DL I (fix), DI (fie >y) for
i,jef{l,...d}, ke{l,...,q}, L {1,...,q;}, we use the proof of [39, Thm 6.2.2] to bounds
these. First, assume that k = ¢, then it follows directly from [39, Eq.(6.2.6)] that

116G, 5, k, 0113 = I[BIk(fip) Le(f5.0)] = (=DL Ii(fin), DIe(fi.0) ) |13
< {0’ k—t—1, (471)
1/2 {ka(Ix(fin)) + malle(fro) Sy (%), k=10>1.

Since i < g v q¢ < ¢, and binomial coefficients are positive, we see for ¢ = £ > 1, that
2r\ _17& 2r\ 1 & (2
- < = —
(<1 ()50)=o
r=1 r=1
where Cy = (1/2)37_; (*). If instead k # £, then [39, Eq. (6.2.7)] yields that
Tra(Te(£5.0)"% + BULe(f.0) " ma (T fin) V2

k(fir)?
% Az; k+0—2r) { (f)QM(Ik(fi,k)) + <l:)2f€4(fe(fj,z))} :

Moreover, since k, £ < ¢ and binomial coefficients are increasing in their upper index, we
have the bound

;k:zjl(k + ¢~ 2r)! max { (f)2 (f)Q} < ;qu(zq — 27! (i)z K,

r=1

Ib(i, j, k. O)]3 < E[L

where K, = (1/2) Y91 (2¢ — 2r)!(2)2 and thus obtain

16(i, 4, k. 13 < E[Lu(fin) ra(Le(f5,0) Y2 + E[L(f10) w1 (In (i) 2

(4.72)
+ Ky {ka(Ix(fir)) + wa(Le(fi0))} -
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Combining the two cases, namely (4.71) and (4.72), with (4.70), it follows that

% Qe di a5
I8l < 3 DIk 0= Y Y | Raloallul ) + s
k=1/¢=1 k=1 /=1
(k,0)#(1,1)

1/2
0 ey [P Lef5,0) Y2 + B0 a (i (Fi)) 2 } ,

5. It follows that

where K, = max{Cy, K;}. Next we want to estimate maxi<; j<al/Ai ;|

Ka(Ik(fik)) + ka(Le(fje)) < 2 max max rq(Ix(fik))

1<i<d 1<k<gq;

and

E[Tx(fix)*1ka(Te(£5.0)"? + BLI(£.0)* (T fin)
< max max (E[Ik(fi,k)2]n4(15(fj,g))1/2).

1<i,j<d 1<k<gq;
1<l<qy,

Thus, it follows that

qi J
sl < s 3 3 (2R s k()

a;
=1
(k,0)#(1,1)

I<ij<d1<k<g;
1<l<qj

1/2
+2 max max [E[Ik(fiyk)Q]m(Ig(fj’@))l/Q] n{k#}} :

and as square root is sub-additive, and ¢;, ¢; < g, it further follows that

max [|A; [z < max qiqj{(2f?q)1/2 max max (/14(Ik(fi,k)))1/2

1<i,j<d 1<ij<d 1<i<d 1<k<g;

1/2

2 1/2

+ ﬁéﬁﬁd max. [E[Ik(fi,k) Tka(Le(f5.0))" ] ﬂ{kﬂ}}
1<l<qy

< ¢® max{v/2, (2f{q)1/2}{ max max (ka(Ix(fix)))"/”

1<i<d 1<k<g;

4+ max max [E[[ (f )2]1‘1 (I (f ))1/2]1/21
1<i,j<d 1<k<q; k\Ji.k 4\ gt {0} (-
lélﬁqj

Let K, := ¢°> max{v/2, (2]~(q)1/2}, and combine the obtained bound on max;<; j<dll A ;
with (4.63) to obtain

2

Ar < C, logq_l(d){ max max (ra(Lp(fin))) ">

I<i<d 1<k<g;

+ max max [BI(fie)Jma(T( ))1/2]1/2]1
1<ig<d 1sksg [0 P bR ARSI tkt) [
1<l<q;
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where CN'q is such that My, 2K log? '(2d? — 1 + €972) < 5’q log?~Y(d). For the existence
of such a constant C; see (4.66). Define

1/

Ap = max max (ra(Iu(fi))"? + max  max [B[L(fix)]aa(Le(f0))"? " Lons)

1<i<d 1<k<q; 1<i,j<d 1<k<q;
1<l<q;

Hence Ap < 5’q log?~!(d)AF, and the remainder of the proof follows as in Theorem 3.1
(from (4.68) onwards). This completes the proof. O
4.7 Proof of Theorem 3.4

In order to prove Theorem 3.4, we use the ensuing lemma, which is proven in Appendix A,
below.

Lemma 4.7. Let I := {(i,j,7) € N3 : 1 < i,j < d,1 <r < p}. Define A : I —
{1,2,3,...,d%*p} by M(i,7,7) = (r — 1)d®> + (j — 1)d +i. Then X is a bijection.

Proof of Theorem 3.4. Begin with re-writing F), as follows
(1)

Y 1UE
d u
1 & o 1 & ykkl 1 &
F,—n"\2(z - : =— ==
n " N(Z®I;)w nZ : nZ(I) : nZCD(Gk)
k=1 y(l) w k=1 : k=1
k—.p ykfp
d
y](gjpuk
(4.73)
Then Gy, = (G,(Ca))lgasd(pﬂ) is a Gaussian sequence due to (3.2), i.e.
g, Yy Odxd
G = ~ N, 0,Xg), where Xg = < P ) , 4.74
k ( Z ) d(p+1) (0,2¢) e Oupra 57 (4.74)
where, recall, Zy = (Yk, Yo—1,-- -, Yk—p+1) € R is the stacked vector of p-lags and 7 =

Cov(Zy, Zy,) for k € Z is its covariance matrix. Next, denote p(®®) (k — £) := E[G,(Ca)Géb)]
and note that p(@ (k — ) = p®® (¢ — k) for all a,be {1,...,d(p+1)} and k, ¢ € N. Recall
the definition of ',

Ta(f) = Cov(Gr, Gr—r) = (0" (D) jeqr, . apiryy, £ >0
I‘G(—E)T, <0,

Define I := {(i,7,7) e N3 : 1 < i,j < d,1 < r < p}, with exactly d?p distinct elements.
Next, by Lemma 4.7, the function X : I — {1,2,3,...,d?p} given by \(i,5,7) = (r — 1)d? +
(j—1)d+i is a bijection. Therefore, to each triple (i, j,7) € I we can assign a unique element
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A(i,j,r) = ve{l,...,d*p}, and the other way around. Hence, for ® = (¢1,..., dgp,), its
coordinates ¢, : R?* — R for v e {1,...,d*p} are given as

Po(z) = 20 20909) = H OVH (299)), i je{l,...,d}, re{l,...,p} (4.75)

for z € R¥P+1) | and where there are unique 7,5 € {1,...,d} and r € {1,...,p} such that
(i,4,7) = A} (v).Since ¢, has Hermite rank 2, we want to use Theorem 3.1. Hence, we
show how to represent .S, via multiple integrals, in order to apply Theorem 3.1. Recall from
(4.73), that S, = n= Y237} ® (G},). As seen in the beginning of the proof of Theorem 2.3,

let $ be a separable Hilbert space and X an isonormal process, such that Gg) 2 x (€k,i)
with the covariance structure {ey;, exs irdg = p¥)(k — k') for 4,7’ € {1,...d(p + 1)} and
k, k' € N, for for centred Gaussian sequence (G )ren from (4.74).

To study the structure of the components of S, = (Sy1,...,S,.42p), fixve {1,... ,d?p}
and denote the corresponding (i, j,7) € I, according to Lemma 4.7. By (4.75), it holds that

[i DG Zm (o)X (errars)). (476)

Next, we show that S, , D Ir(f(n,v)), for some appropriate kernel f(n,v) € H2. Due
to [39, Thm 2.7.7] (which also holds for H; in our setting), (4.76) and [39, Thm 2.7.10], it
holds that

IIG

n n 1
v Z (ex,i) 1 (exrd+s) T Z Z ( ) Iy 24(er i ®se rarj)-

Note, that (i) =1for s =0,1and s! =1 for s =0, 1. Hence, by (4.74), it follows that
Io(er,i®1ekrdrj) = eri®1krdri = (ris hrarsys = P (0) = (2 )irdrj = 0,
sinceie {1,...,d} and rd+je{d+1,...d(p+1)}. Thus,

D . 1 ¢
= L(faw), With  fouw = 5= Y (€ri ® ehrarj T Chrdrj ® ki) - (4.77)
2v/n =

For the remainder of the proof, take v and v’ from {1,...,d?p} and let i,75,i,5" €
{1,...,d} and r,7’ € {1,...,p} be the corresponding elements form I, according to
Lemma 4.7. To apply Theorem 3.1 with ¢ = 2, we calculate | fp, ®1 fr, 2

ity of the contraction operator, together with (4.7) and that {eg, e i1y = p") (k — k')
for 4,4/ € {1,...d(p+ 1)} and k, k' € N, we get

n
Jrnw @1 fop = Z Z (ehyi ekyrdrj + ehrdrj @ er;) @1 (ep i @ e prarjr + € wrdsjr @ exr ir)

1 & Ly -
= n Z <p(rd+J,r d+j )(k; — k/)ek,i & epr i + p(Td+J,Z )(k . k/)ek,i ® ew g
k,k'=1

+ pUT I (k= K e rari ® enir + T (k= K )eppars @ ekz’,r’d-‘,—j’)-
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Expanding the definition of f, , ®1 fy . yields a sum of 16 terms of the form
U (k=N (@ —a)pt ) (k—a)pt) (K —d)), kK ,a,d €{1,...,n}.  (4.78)

This can be written compactly as,

an,v &1 fn,v’ “523@)2

= Flrﬂ Z Z pal(k7k,)paz(a*a/)pag’(k*a)pa‘l(k’*a’)’ (4‘79)

k,k'a,a’=1 ameR
me{1,2,3,4}
where R = {(u,v) : u,v € {i,7',rd + j,r'd + j'}}. Recall that, i,5,7,5 € {1,...,d} and
r,r’ € {1,...,p}. Now, Lemma 3.8 gives us an explicit from of covariances of the type
p?) (z,y) in (4.79). Indeed, for Tz (¢) = 37, A’y (AT,

( Odxd dedp) />0
-1 ’ ’
]Rd(p+1)><d(p+1) 5 FG(E) _ A EUJT Fz(f)

P 0
EG _ u dxdp 0 =0.
Odpxd 2y
This explicit structure of ' determines the terms of the form (4.78), as p*¥) (z — y) is
an entry in I'g(¥), at with coordinates (u,v) where ¢ = x —y, and w,v € {1,...,d(p+ 1)}.

By Lemma 3.8 and the symmetry p(*?)(£) = p(v¥)(—¢), for £ € Z, we have the following
consequences of the block form of I'¢(¢):

@) P =0for -0, p(0) = (Zu)ir, (4.80)
(i) p@r'd+iN(0) = 0 for £ > 0, (4.81)
(iii)  prdti)(0) = 0 for £ < 0. (4.82)
Moreover, for u,u’ € {1,...,d} and all z,y € Z,
|P(U’U/)($ —y)| < HEuHmax]l{:c:y}' (4.83)

Indeed, (4.80) holds because the upper-left d x d block of I'¢;(¢) is zero for £ # 0 and equals
3, at £ = 0. Moreover, (4.81) follows since the upper-right block of I'¢(¢) is zero for all
¢ >0, and at £ = 0 it is also zero by the definition of ¥g. Finally, (4.82) follows from
(4.81) by symmetry: p(rd+ii)(g) = pl'rd+i) (),

Hence, we determine p(*?)(z — y) based on which part of T'g(z — g) it is. In what
follows, we go through all 16 terms of the form (4.78) to bound (4.79).
Step 1. First, using (4.81), and the symmetry p(*“?)(z — y) = p(*¥) (y — z), yields

p(rd+j,i’) (k N kl)p(i,r’d+j’) (CL . al)p(r/d+j',i’)(k_/ B a/)p(i,?"d—&-j) (k‘ - a)
p(i,r’d+j/) (k _ k/)p(rd+j,i’) (a _ al)p(rdJrj,i) (k - a)p(i’,r’d+j/) (]{J/ B CL,)

0, (4.84)
0. (4.85)

Indeed, in (4.84), prd+ii) (k. — k') # 0, when k > k/; pl7'447) (q — a’) # 0, when a < o/,
and p('d+3") (k' — a’) # 0, when k' > o’. Hence, we have obtained that k > k' > da’ > a,
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specially that & > a. However, when k > a the final term, p(”d“)(k —a) = 0. Hence the
whole expression (4.84) is zero. Same logic applies to (4.85).

Step 2. After eliminating the identically zero terms in Step 1, each remaining (non-trivial)
summand in the expansion of || f, . ®1 fi H%@ is of the form

1 n
o2 Z PPk —K)p"(a—a)p™ (k —a)p™ (K —d'),  BmeR, (4.86)
n
kK a,a’=

where R = {(u,v) : u,v € {i,7',rd + j,r’'d + j'}}. Moreover, in each non-trivial term (4.86)
there is at least one factor p(*?)(.) with u,v € {i,#'} (i.e., both indices in the 3,-block of
T'c). Applying (4.83), this factor can be bounded by |3 |max1{.—0}, which collapses one
of the four products.

Concretely, if the X,-block factor is p*“?)(a — a') (with u,v € {i,4'}), then by (4.83)

we have
n

> 1@ = d) [ Xow < |2 HmaXZXaa)

a,a’=1 a=1

and hence the corresponding term (4.86) is bounded by

Eu max &
s NP k)P~ @) ).
kK a=1

The same argument applies if the X,-block factor is p*?)(k — a), p¥) (kK — a'), or
p¥) (k — k'), collapsing the corresponding index.

Finally, by the symmetry p(*%)(£) = p(*)(—¢) for integer lags ¢, we may rewrite
each remaining factor so that its argument lies in {k — k', k — a, k¥’ — a}, possibly after
swapping the ordered pair, which remains in R. Therefore, there exists a subset J' :=
R\({i,7'} x {i,i'}) < R, such that every non-trivial term is bounded by an expression of

the form

Eu max $ (e} (07 (0%

i NS K)o - @)™ (K~ a).
k,k',a=1 amleé]’3

Summing over the remaining terms in (4.79), yields

anv®1 fnv H,Fj®2 = 16n 2“2 HmaX Z Z k k) (k_a)pas(k/_a)7
kK a=1 ouued’
me{1,2,3}

where J' < R. Using substitutions t = k — a and s = k' — a, one gets

DD M=K (k—a)p® (K —a) < ) p2(t) Y D p%(s)p™ (t—s)

kk'\a=1 omed’ [t|<n |s|<na’=1
mef{1,2,3}
<no Yy pM (O # pi1)(E) = nlp2 (052 * pa) ez < nllo ezl on® * 05l z)
[t|<n

<l ool la@ < n( Y IPa(@lnes)

[¢|<n



4. Background and Technical Results 71

where | M |max = maxi<; j<a | M j|, for a matrix M € R9*9 and recalling that, for a sequence

s = (sk)kez and p = 1, |s|},(z) = Djez [5k[P, and that P (k) = ) (k)| Lyjyj<ny- Tt was
also used that we can bound any of the covariances p®i(¢) with the maximal entry of the
matrix I'¢(¢). Hence we obtain

T 3/2
In0®1 fnvloee < = IZulhii( 3 IR (lmax) (4.87)

[¢]<n

Next, we observe that Cov(S,) = Cov(IN). Indeed, by (4.77) it follows that

E[ShuSnw] = E[L2(f(n, v)) I2(f(n, v))] = K f(n,0), f(n,0))ge2

1 n
o Z (eri ® ehrdrj + €hrdrj ® €his er it ® € prdyy + €xs prdpy ® ek,i’>ﬁ®2

1
n Z <€lc,i7ek’,i’>ﬁ<ek,rd+j7ek’,r’d+j’>ﬁ + <€k,i7ekly"'/d"‘j/>ﬁ<€k77"d+jvek’,i’>ﬁ
k,k'=1
n
p(i,i’)(k _ k,l)p(rd+j,r’d+j')(k o k/)
k k/_

l Z (i,r'd+j") k o k/)p(rdJrj,i’) (k _ k/)

1
n

3

To evaluate the two sums, set ¢ := k — k’. Using (4.80), the first sum reduces to the
diagonal k = k'

n , 1 n / - -
Z p(rd+]r d+j' )(k _ k/) _ - Z (i 1) TdJrJW d+j )(0)

3\*—‘

= (Bw)ii (BY )rdtjrdrj-

For the second sum, for each pair (k, k') with £ = k—k" we have: if £ > 0 then p(-7'4+7) () =
0 by (4.81), while if £ < 0 then p("4+77)(¢) = 0 by (4.82). Hence the product is identically
zero for all k, k" and

1 i Grd5') (jp — k) plre i) (s — 1) —

B

Hence, we obtain that

E[Sn,vsn,'u’] = (Zu)i,i’(EY)rdJrj,r’dJrj’ = (EZ ® Eu)v,'u’

Indeed, note that for Kronecker product it holds that

(22)a,6(Bw)ii = (B2 @ Bu) (a—1)d+i,(8—1)d+i»

and in our case we have a = rd + j and 3 = r'd + j’, which substituting back yields that

(B 2)rdrjrdry (Bu)ii = (B2 @ B (rd+j)—1)d+iy ()~ Ddtir = (22 @ B) vty
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where we recall bijection A from Lemma 4.7. All in all, we have obtained that Cov(S,,) =
Cov(IN), and we can use Theorem 3.1 with ¢ = 2 together with (4.87) to get

log, (o)

dr(Sn, N) < Clog?(d®p)log. log(d*p)As, log+(ASn)07, (4.88)
*
1
2, \65/24
dy(Sp, N) < C(d°p) Asnia*(A)m, and
2)1/2
(S, N) < C(d2p)*2ng, T~

3/2
where C, and Ag, := \ﬁ(\/8”)_1”EUH}£X(Z|z|<n HI‘Gw)HmaX) . Using (4.1), together
with (4.88), conclude the proof. O

Proof of Lemma 3.8. Part 1. Let p = 1. We start by considering the case £ = 0, in which
case X = Cov(Gy, Gi) = Var(Gy), and hence the desired form of 3¢ follows from (4.74).
That £, = >,7 ) A1 3, (A})" holds, follows directly from [34, Eq. (2.1.6)]. Next, assume
that ¢ > 0. And observe the following 4 exhaustive cases.

Case 1.1. Assume that i,j € {1,...,d}. Since (uj)rey is assumed to be white noise with
a non-singular covariance matrix, it follows that uy is uncorrelated across time, i.e.

(Ta(6))ij = Cov(GY,GY),) = Cov(u, u!)) = 0.

Case 1.2. Assume that i,j € {d +1,...,2d}. Then, by [34, Eq. (2.1.6)],
i—d
(Ca(0)iy = Covuy 300 = Elurarvloa-d) o= (A2),

Case 1.3. Assume that ¢ € {1,...,d}, je {d+1,...,2d}. Then, since ¢ > 0, it follows
that
(Ca(0))iy = Cov(uy y"2) = 0.

Case 1.4. Let i,j € {1,...,d}, then (T'g(¥))itd; = Cov(y,(le,ugj)z) To find the form of
the covariance, it suffices to show that

Cov(yg—_1,ug—¢) = Af_lﬁu. (4.89)
In order to prove (4.89), assume for induction ¢ = 1. Then
Cov(Yi—1, ur—1) = Cov(A1Yp—2 + wp—1,up—1) = Cov(up_1,up_1) = Xy.
Next, we assume that (4.89) holds for some ¢ > 1, and prove that it holds for ¢ + 1:
Cov(Yr—1, ug—¢-1) = Cov(Ar1yg—2 + w1, ur—r-1) = A1CoV(Yg—2, Uk—r-1).
Hence, by induction assumption, we can conclude (4.89), which concludes the proof:
Cov(yp—1,up—r—1) = A|AT'S, = A{S

Part 2. Now assume p > 1. First note that T'y (£) = 322, AT2;(AY)T follows directly
from [34, Eq. (2.1.10)]. Let ¢ > 0 and split into the following exhaustive cases. The proof
is in four steps, one for each sub-matrix of I'¢(¢). Fix 4,5 € {1,...,d} and r € {1,...,p}.
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Case 2.1. Consider entries in the top left part: (I'g(¢));; = 0, with the same arguments
as in Case 1.1.

Case 2.2. For the entries in the top right part: by the definition, it follows that
(T (0))ijara = Cov(ul” yP), Yy =0, as £+ > 0.

Case 2.3. For the entries in the bottom left part: Then (Tg(£))rd+ji = Cov(y,(ﬁr, u,@ ).
To find the form of the covariance, we start by showing that

Cov(Yi_1,Up_g) = A1y (4.90)

Equation (4.90) can be shown using induction and the fact that Y} is a VAR(1) process as
in (3.8). Indeed, for £ = 1, we see directly

Cov(Yy—1,Up—1) = Cov(AY}_3 + Up—1,Up—1) = Cov(Up—1,Up—1) = Xy.
Next, assume that (4.90) holds for £ > 1, and that it holds for ¢ + 1, that
Cov(Yy—1,Ug—p—1) = Cov(AYy—o + Ux_1,Ux_y—1) = ACov(Yi—2,Ug_r—1).
Hence, by induction assumption, it follows that
Cov(Yio1,Up—r—1) = AA"'Sy = A'Sy,

concluding (4.90).

Let e := (0:---:Iz:---:0) e R™% denote the matrix with the zero matrix in all
blocks except in the k-th block, in which is the identity matrix I;. Finally, by (4.90), it
follows that for all r € {0,...,p — 1}

Cov(yg_r,ur_¢) = Elyx_ruf_,] = Ele, Ve 1Ul_,J '] = e, A7 1Sy J7.
Case 2.4. Finally, for the entries in the bottom right part, let a,be {1+ d,...,(p+ 1)d},

then

(T (0)ap = Cov(V T v P79 = (Ty (0))a—dpas

where both a —d,b—de {1,...,p+1}. O

Appendix

4.8 Appendix A: Proofs of auxiliary lemmas

This section is a collection of proofs for lemmas that are mentioned as small extensions of
already existing results and/or some technical result, that therefore do not contain new
ideas.

Proof of Lemma 4.3. From [39, Lem. 6.2.1] the following holds for some a € R. If p = g,

E [(a _ ;<DF, DG>,~,)2

p—1 4
-1
< (@ —E[FG])? +p* ) (r = 1P (ff _ 1) (20— 20)!11£ @ all3scap-20
r=1
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On the other hand if p # ¢,

PAg 2 2
1 q—1
2
a+q2 (r—l) <r—1>

X (p +q— 2T)'||f Qr g||52§®(p+q—2r)'

E [(a - ;<DF, DG>5)

To obtain this version of the statement, one stops at [39, Eq.(6.2.3)] and applies that for
r<p,r<gq,and p,q = 2 it holds that

Hf@r.g”%@pﬂr?r < ||f ®r g”%@zﬂrq*%-

Now let « = E[F'G] in the above. For p # ¢ it holds that a = E[FG] = 0, as multiple
integrals of different order are orthogonal [39, Eq.(2.7.4)]. Then we can write the both
cases into one, with the help of b(p,q) := p A ¢ — 1,—, as follows

E [(E[FG] — 21)<DF, DG>5)2]

b(p,q) p—1\2/q—1\2
< 2 o-0P(P T (2)) 0 a2 ol (490

r—1

[y

r=

Next, observe that
2 2
2 o(P—1\"(a—1 ¢! (p—1\ (a—1\(p+q—2r
—1)! -2 .
e (r ) <r—1> (7’—1) (p+q = P <r—1 r—1 p—r
and that for some positive a;, b;, ¢;, d;, where ¢ € {1,...n} it holds that

Zazbclz ; ; ;Ci;dz

This follows simply by distribution property of sum and multiplication and the fact that
a;, b;, ¢; are positive. Further, we have the following well-know identities for binomial

S@-2 ()-CoD)-C7)

and hence as binomial coefficients are positive it also holds that

(2=

Now combining these four arguments in (4.91), one gets the wanted bound as follows

coeflicients

E <E[FG];<DF, DG>5> 2

b(p,q) b(p,q)
a'q! A (P = (4 p+q—
< Z (7“) Z r Z p—r E Hf ®r g||y)®(p+q 2r)

y r=1 r=1
qpq b(p,q) alq! b(p,q)
p = 2P292PH N | £ @y gl 3 gz = ’ S22 N f @ gllEgpramzn) -

r=1 r=1
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It was used that p A ¢ is less or equal to p and ¢, and again, by adding more coefficients,
as they are positive, we get something bigger. Substitution ¢ = p — r was used together
with the above binomial-tricks to obtain

b(p,q) _ b(p,q) _ b(p,q) p+q Y
3 <p+q 2r>< 3 (p+q 2r <) p+q ) N\ (P+a-2) < orta,
r=1 p—r - ’I”

for p,q = 1. O

<
r=1 (p—7) r=1 t=0

Proof of Lemma 4.4. First, assume that ¢ > 2. Then the claim follows from the [32,
Prop. A.2] for p = 1. Hence it remains to show the case when ¢ = 1. To that end define
g(z) :=log"?(1 4+ z), x > 0, and note that it is concave for all 2 > 0. Then we can write,
aselXl —1>0

E[|X['?] = Eflog"*(e™ =1+ 1)] = E[g(el*! — 1)] < g(E[e] — 1] +0)
= log'(E[¢*1])

where we used Jensen’s inequality for partially concave functions with ¢ = 0 (see [10, Lem
14.6]). Now we can use the same logic from the proof of [32, Prop. A.2]. Recall that Y}
being a sub-g-th chaos variable relative to scale M it means that

e

Set | X | = max<pem(|Yel/Mg)?9. Recall ¢ = 1. Then it follows from (4.92) that

1/2 2/
|1k‘ 24 1/2 Dk” ! 1/2
E <1r<r}€asxm ( My, h log Eexp lg}cagm M, - 10g (2m)’

where we used that

E[exp (s, (%ﬂ)/ ] -e L%Xmexp <<'§;’j>/)] < ki E lexp (('}2‘)/ )]

(4.92)

To put it all together, write

[ 1/2 max My,
E[ max |Yk\] E <max Y| > ] ( Isksm

1<k<m 1<k<m 1/2
- max M,?
1<k<sm
i 1/2
 max |V |?
<k<
=K % max M,
max M 1<k<m
1<k<m

1/2
Vi 2
<E (max <|]\4k’) > max M, < log"/?(2m) max M;
k

1<k<m 1<ksm 1<ksm

< log1/2(2m +1) max Mj,

1<k<sm

and note that 1 = ¢?27! for ¢ = 1. Hence, we are done. ]
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Proof of Lemma 4.5. Using the fact that /P norms for sequences are decreasing, i.e. that
llzllp < ||z]lo for a <1 < b, where ||z||, = (Zkgolxk]p)l/p for a = 1 and b = 2w, one gets

2w
20\ 2o 2w

q q 1\ %
w w mTes 1/(2e) 1/w
E E < E < 92w ( 5 ) e@e u(d) ’

Y/

where in the last equation, we used two times Stirling’s inequality (4.18) as follows. Define
2(d) := u(d)"/®. Then using (4.38) with o = 1/4, to get that ¢'/* < (e'/(2¢))9/2 it follows
q/2 /2)q/2 61/12(27Tq)1/4
Z Z (27q) 1/4 q/ 2e))9/2e1/12 (27q)1/4

=0 >0
g/ (ii(d) /2)72
q>2 (27r(q/2))1/4 (q/(26))q/2€1/12

5 (i) 26120
2 @

) ()2 (erf (a(d)el/@e)) n 1)
2
u(d) 102

<2< 2 ) exp( 5 e ,

where in the display above, we used the identity >} - 292 )(q/2)! = e®(erf(y/x) + 1) < 2€%,
where erf(z) := 27~ 1/2 So e~ dt < 2, a special case of the Mittag-Leffler function. O]

(4.93)

Proof of Lemma 4.7. Indeed to see this, first note that the amount of elements in I is the
same as in {1,...,d%p}, i.e. [I| =|{1,...,d*p}| = d*p, hence it is enough to show that \ is
injection (or surjection). Assume that

(r—10)d*+ (- Vd+i=("—1)d*+(j —1)d+7, (4.94)

where 4,4, 7,7 € {1,...,d}, r,v" € {1,...,p}, and reduce both sides modulo d. As (r —1)d?,
(r' — 1)d?, (j — 1)d and (j/ — 1)d are divisible by d, we get i = i'( mod d). However,
since i,i' € {1,...,d}, this implies that ¢ = #’. Hence, subtracting 4, dividing by d, (4.94)
becomes

(r—=1d+j= " -1)d+j.
Again, reduce this equality modulo d, then as j,j' € {1,...,d}, it yields that j = j

Substituting back, we get r = r’. Hence the two triplets are equal, proving injectivity. By
finite cardinality, A is therefore a bijection. O
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Paper B

Fitting Structural Models to
Electricity Markets

Andreas Basse-O’Connor, Tor Bonde, Lota Copic and Jan Pedersen

Abstract

We develop a structural model for electricity spot prices that incorporates renewable
generation into the multi-fuel bid stack framework. We show that renewables can be
modeled by adjusting the demand curve to account for renewable generation - effectively
reducing the market to one with only conventional fuels. Under standard assumptions of
inelastic demand and market equilibrium, we derive a general pricing model highlighting
two special cases: a single conventional fuel and a proportional multi-fuel setting. Using
German market data, we evaluate several structural models within this framework and
benchmark their performance against machine-learning models and a simple reduced-form
model. Our findings show that a theory-driven one-fuel structural model, using gas prices,
EUA prices, and residual demand as driving variables delivers the most robust out-of-
sample performance. These results demonstrate the practical value of theoretical structural
models, highlighting their simplicity and interpretability.

1 Introduction

1.1 Background

The dependency between electricity spot prices and their driving factors is crucial for
decision-makers in the energy market, as it improves their ability to navigate uncertainties
and manage risks. A key approach and an essential first step in understanding these
uncertainties is to model the prices. This brings us to the rich family of electricity spot
price models. They can be broadly categorized into three types: fundamental models,
reduced-form models, and structural models. See Deschatre et al. [8] and Weron [22] for
surveys of these models.

Fundamental models incorporate detailed knowledge of all generation units, production
costs, and market constraints. These models typically yield electricity prices by solving a
complex optimization problem, which can lead to significant challenges in computational
complexity and difficulty adapting to changing market conditions. In addition, they are
limited in their ability to model uncertainty.

In contrast, reduced form models, often presented as stochastic differential equations,
are mathematically elegant but lack explicit causal relationships between prices and driving
factors. For example, one of the key factors are the fuel prices. Reduced-form models
either ignore fuel prices or include them as correlated processes, failing to capture the
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dependence structure between fuels and electricity prices, and it is exactly this dependence
that we are interested into. Furthermore, reduced form models often represent price spikes,
a feature inherent to energy prices, through jump processes or regime switches, providing
limited insight into the underlying causes of sudden price swings (as argued in Section 1 in
Carmona et al. [4]).

In between fundamental and reduced-form models, one finds structural models, which
blend elements of both approaches. In structural models, the electricity spot price S; at
time ¢ is given by a function of a vector of underlying state variables X; at the same time,
such as fuel costs, demand, and the capacity of power plants. These variables are treated
as exogenous in the spot price equation: the model specifies how X; affects S, but not any
feedback from prices to X;.

There are two aspects to these models: one is obtaining the desired functional form,
typically using equilibrium analysis, and the other is modeling the dynamics of the state
variables X;. Combining these two aspects yields a dynamic model for the electricity
spot price. This approach is convenient for understanding the relationship between spot
prices and their fundamental driving variables X;, such as identifying correlations, and,
eventually, for pricing. For an extensive survey of structural models, see Carmona and
Coulon [3] and Deschatre et al. [8].

Numerous studies have advanced the development of structural models for electricity
pricing, with a central theme of capturing the supply-demand relationship. The seminal
work of Barlow [1] introduced a model in which electricity spot prices are derived using
a vertical demand curve and a supply curve represented as a power function of a simple
diffusion process. This approach effectively captures stylized features, such as price spikes,
without relying on jump processes. The vertical demand curve reflects the widely accepted
assumption of inelastic demand with respect to electricity prices, as discussed in Burger
et al. [2], Carmona et al. [4], Cartea and Villaplana [5], Howison and Coulon [12].

Building on Barlow’s foundation, Kanamura and Ohashi [14] incorporated explicit
seasonality into the demand function, while Cartea and Villaplana [5] introduced the
capacity of the power plant as an additional driving variable. Burger et al. [2] addressed
short-term and long-term volatility by including components such as an adjusted load
function for prices and a residual process, which they described as the “psychology of the
market”. Their use of cubic splines to fit the supply curve closely aligns with the approach
used in this paper.

These earlier versions of structural models often consider demand and capacity as
short-term drivers. Extending this, Howison and Coulon [12], Carmona et al. [4], and Fiiss
et al. [10] introduced multi-fuel models, recognizing fuel prices as key drivers of medium-
to long-term dynamics. Additionally, Pirrong and Jermakyan [17] employed a simple
two-factor model using natural gas prices and demand, which de Maere d’Aertrycke and
Smeers [7] later expanded to include multiple fuel types. The fuel-inclusive models revolve
around modeling bid stack functions to capture the supply-demand relationship.

Our model builds on this framework, expanding it to incorporate renewable energy
through the concept of “residual demand”. Related to this, Wagner [21] extended Barlow’s
seminal work by modeling the dynamics of residual demand to account for renewable energy
sources. Similarly, Coskun and Korn [6] addressed increasing supply variability due to
renewables by using a Jacobi process to model demand in the German electricity market.
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1.2 Main Contributions

In this paper, we focus on the first key aspect of the structural models mentioned in
Subsection 1.1, namely the functional relationship between the spot price S; and the
fundamental market factors: electricity demand Dy, fuel prices F; used in conventional
generation, and renewable infeed W;. These fundamental components (Dy, F;, W;) capture
the essential economic forces in price formation: demand reflects the load to be served,
fuel prices determine the marginal cost of conventional generation, and renewable infeed—
assumed to have zero marginal cost—displaces costlier supply from the merit order (see
Carmona et al. [4], Kirschen and Strbac [15], Stoft [20]). Under the standard assumptions
of price-inelastic demand and market equilibrium we derive a structural model in which
prices are expressed as Sy = b(Ry, F}), where R, = Dy — W, denotes the residual demand
and the function b is the market bid stack function without renewables, which is described
in full detail in Subsection 2.1. The resulting structural model, which is presented in
Theorem 2.4, extends the framework of Carmona et al. [4, Sec. 3] by incorporating both
renewable and conventional fuel sources.

Our primary objective is to evaluate the performance of various choices for b and the
driving variables (Dy, Fy, Wy) (or equivalently (R:, F;)). By testing models presented in
Theorem 2.4 on historical German data (for data details see Subsection 3.3), we conduct
in-sample fitting and assess their out-of-sample performance. Notably, our findings indicate
that models solely driven by gas price adjusted by the EUA price, and residual demand
exhibit a robust and strong out-of-sample performance. This underscores the significance
of considering specific factors in electricity prices effectively. More precisely, our results
reveal the following four points. Let G; and C} represent the prices of gas and coal at time
t, R; represents the residual demand at time ¢, and C}, G denote prices of coal and gas
respectively, adjusted for the price of EUAs. The functions u, v, and ¢ are flexible and
general in nature.

o Models of the form S; = Gyq(R;) and S; = Cyq(R;) consistently rank among the top
performers, with S; = Gyq(R;) showing the highest robustness. By Theorem 2.4,
these models reflect exactly electricity pricing in one-fuel efficient markets, or in
multi-fuel markets with proportional fuel prices. In other words, theory-driven models
are top performers.

e In recent years, gas-driven models exhibit the best out-of-sample performance.

o More general models, such as S; = v(Cy)u(Gi)q(R:) or S; = u(Gi)q(Re), are prone
to overfitting.

e Structural models perform comparably to, and sometimes better than, the machine-
learning benchmarks considered in this study, namely AdaBoostRegressor and.

While our focus is on modeling the structural relationship between electricity spot
prices and driving variables, the forecasting of electricity spot prices has been a subject
of extensive research. As summarized in reviews by Weron [22] and Petropoulos et al.
[16], drivers, such as (residual) demand, EUA, and fuel prices, have been identified as key
drivers of electricity spot prices. Our study is thus well aligned with these findings.

The paper is structured as follows. Section 2 introduces the fundamental mechanism
by which electricity spot prices are determined, with a focus on the merit order principle-a



86 Paper B

cornerstone of structural models. Building on this foundation, we propose a theoretical
framework that extends Carmona et al. [4] to include both renewable and conventional
generation. A number of prominent models in the literature can be obtained as special
cases. Section 3 presents our data analysis, including the methodology, data description,
and results. A summary of our main findings is provided in Section 4. Additional details
and a historical overview of price developments are included in Appendix.

2 Pricing of Electricity

This section lays the groundwork for a structural model of electricity prices. Our aim is to
formalize how key market fundamentals—demand, fuel costs, and renewable infeed—jointly
determine the day-ahead electricity price. We begin by describing the operational logic of
price formation in wholesale electricity markets, and then derive an electricity price model
based on the market bid stack function and the concept of residual demand. Specifically,
the market bid stack function is described in detail in Subsection 2.1, and the pricing
model is presented in Subsection 2.2.

In liberalized electricity markets, producers submit supply offers and consumers submit
demand bids for each hour of the following day. These bids are collected in a day-ahead
auction administered by a market operator. Supply bids are ordered from lowest to highest
to construct the aggregate supply curve (or bid curve), while demand bids are ordered
from highest to lowest to form the demand curve (or ask curve). The intersection of these
curves determines the market-clearing price and quantity for each hour, following the merit
order principle.

In efficient markets, producers’ bids are assumed to reflect their marginal costs. These
costs depend primarily on the fuel price, the power plant’s efficiency (measured by its
heat rate), and the cost of emissions. The heat rate indicates how much fuel is needed to
produce one unit of electricity and varies across plants, even within the same fuel type.
The fuel associated with the marginal unit—the last one needed to meet demand-is referred
to as the price-setting fuel.

By ordering marginal costs within a fuel type, we obtain a fuel bid curve. If all plants
using a given fuel had identical efficiencies, the curve would be flat. In practice, variation
in plant characteristics leads to an upward-sloping bid curve. Figure 2.1 illustrates stylized
bid curves for gas and coal in the German market.

2.1 The market bid stack function

We now formalize the preceding description into a mathematical model. Consider a market
in which companies generate electricity using one of n conventional fuels (such as gas or
coal) or renewable sources. Throughout this section, we make the following assumptions:

Assumption 2.1.

(1) Companies using conventional fuels submit bids based solely on their capacity and
fuel costs. In addition, they always submit positive bids.

(2) There are no production costs associated with electricity generated from renewable
sources (e.g., due to negligible fuel costs or priority dispatch). Accordingly, companies
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Figure 2.1: Empirical fuel bid curves for gas (orange) and coal (blue). The bid functions are
based on Equation (2.3), where the heat function ¢;(§) (with ¢ representing either gas or coal),
corresponds to the inverse efficiency of an electricity-producing company using fuel i at rank &.
Efficiency estimates were kindly provided by Danske Commodities. In Equation (2.3), we use as f;
the average fuel price per MWh at 12 pm in 2023, combined with the average emission certificate
price per MWh of produced electricity.

that generate electricity from renewable sources will submit a bid of zero if renewable
sources are available and will submit no bid if they are not.

(3) The merit order principle applies, meaning that bids are arranged from the least
expensive to the most expensive.

We can now define the market bid stack function:

(é-vf)w) Hg(éufvw) € [0’00)7

where b(¢, f,w) represents the marginal cost at supply level ¢ given fuel prices f =
(f1,--+, fn) € (0,00)™ and renewable generation w € [0,00). The supply level £ is in the
interval (0, + w], where £ is the maximum capacity of the companies that produce
electricity using conventional fuels. By the merit order principle, & +— b(&, f,w) € [0, 00) is
non-decreasing for all f and w.

Denote by b(&, f) the market bid stack function in the case where there is zero infeed
from the renewables, that is, b(¢, f) := b(€, f,0). We call b the market bid stack function
without renewables. By Assumption 2.1(1) it holds that

b(&, f)>0forall f=(f1,...,fn) € (0,00)" and £ € (0,£].

Moreover, by Assumption 2.1(2) and Assumption 2.1(3),

_ L itE<w
e, frw) = {b(§~w,f) if € > w. 21)
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The latter case in Equation (2.1) reflects the scenario where the total supply & is greater
than the renewable generation w. In other words, the remaining supply (£ — w) denotes
the supply obtained using conventional fuels.

Although renewable sources, such as wind farms, contribute to certain “plants”, they
operate differently from conventional fuels and power plants. In our model, renewable
generation has zero marginal cost, whereas conventional generation has strictly positive
marginal cost. Consequently, due to the merit order principle (Assumption 2.1(3)) renew-
ables are prioritized to meet demand, which is reflected in the first case in Equation (2.1).
However, unlike conventional power plants that provide consistent and predictable output,
renewable energy production is variable. Conventional plants can operate at full capacity
when needed, but renewable plants, such as wind farms, are subject to fluctuations in
resource availability (e.g., wind speed).

Under the assumption that renewables have zero marginal cost, the key inputs are
renewable generation capacity w and the vector of conventional fuel prices f = (fi,..., fn),
as illustrated in Equation (2.1).

To further describe the market bid function, we introduce, as in Carmona et al. [4], fuel
bid stack functions b; : [0,;] x (0,00) — (0,00) for fuels i = 1,...,n, where &, € (0,00) is
the total capacity of companies using fuel i. We interpret b;(, f;) as the marginal cost of
producing an additional unit of electricity using fuel ¢ when the fuel price is f;. The total
maximum capacity of conventional fuels is then & = Y7 | ;. Recall that b(¢, f) represents
the market bid stack in a market without renewables. This function is determined by
b1,...,by as described in Proposition 1 in Carmona et al. [4] (see Proposition 1 below).
Formally, the bid stack function without renewables b(¢, f) is given by the supremum of
all possible prices p € R where the sum of generalized inverses b;( - , fi)~! evaluated at p is
less than the supply level &, for (&, f) € [0,£] x (0,00)™.

For convenience, define
bi(fi) :=i(0, f;) and bi(f;) := bi(&, fi),

as the minimum and maximum values attained by the fuel bid curve for fuel 7, respectively.
The following is an adaptation of Carmona et al. [4, Prop.1] to the current context.

Proposition 1. Carmona et al. [4, Prop. 1] Given the above assumptions, the market bid
stack function without renewables is given by

b, f) = min bi(f) v sup {p eR: Y bil ) ) < 5} L for (& 1) € [0,8] x (0,0)",

=1

where we use the convention sup & = —o0, and
bi(, fi) 7' (p) = & A inf {€ € (0,] : bi(&, fi) > p} (2:2)
is the generalized right-continuous inverse of the function & — b;(&, fi).

Remark 2.2. Assume the market is efficient, in which companies bid their marginal costs. In
this case, the fuel bid function f; — b;(&, f;) is linear for each fuel i = 1,...,n. Specifically,

bi(§, fi) = fiqi(§), (2.3)
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where ¢;(£) = b;(§, 1) represents the heat rate of the companies utilizing fuel i. A lower value
of ¢;(§) indicates a more efficient company at rank &, while a higher value corresponds to
less efficient companies. The linearity of b; was already stressed by Pirrong and Jermakyan
[17].

Given the importance of this linearity, we will revisit the argument here. First, consider
a specific fuel price, say 1. The fuel bid stack b;(§, 1) is obtained by ranking the bids from
cheapest to most expensive. By assumption, b;(§,1) represents the marginal cost of a
company at rank £. If the fuel price changes to f; for some f; > 0, the marginal cost of
this company would also change proportionally to f; - b;(£,1). Since the ranking of bids
remains unchanged, the entire fuel bid stack with fuel price f; becomes £ — f; - b;(£,1).
Thus, b;(§, fi) = fi - 0i(§,1).

We now describe how the market bid stack function b (without renewables) is determined
by the fuel heat rates, using Proposition 1 and assuming Equation (2.3). For simplicity,
we consider the case n = 2, which means that f is two-dimensional, with f = (f1, f2). Let

i = 1,2 and fix a supply level £ € [0,£]. We use the following terminology

not used (n.u.) ifo(g, f) <
fuel i is 4 a price setter (p.s.) i (€, f) € (b(fi). Bi(fi)]
fully used (f.u.) if (&, f) >

Proposition 2. Consider an efficient market with two conventional fuels, i.e. n = 2.
That is, the fuel bid stack functions are given by Equation (2.3). Assume additionally that
¢ : [0,&,] — [0,00) is strictly increasing and continuous for i = 1,2. Then the following
holds:

(1) The market bid stack function without renewables for & € (0,&] is as follows:

b(&, f) Fuels When

frar(§) lisaps. and 2isnu.  bi(€, f1) < by(fa)
f2q2(8) 2isaps.and lisnu.  bo(E, f2) < by(f1)
fig (€ = &) lisap.s. and 2 is f.u. b1 (€ — &, f1) > ba(f2)
f2q2(€ — &) 2 isap.s. and 1 is f.u. bo(€ — &, f2) > bi(fr)
(a7 (/f1) + a3 ' (-/f2)] 75 (€) 1isap.s. and 2isaps. otherwise.

(2) Assume that the two fuel prices are proportional, i.e. fi = afy for a > 0. Then the
market bid stack function is given by:

b(&, f) = f2q(8),

where
rqul(f) if fuel 1 is a p.s. and fuel 2 is n.u.
q2(&) if fuel 2 is a p.s. and fuel 1 is n.u.
&) = aq (€ - &) if fuel 1 is a p.s. and fuel 2 is fu. (2.4)
@€ —&) if fuel 2 is a p.s. and fuel 1 is f.u.
k[qfl(-/oz) + a5 ()]7HE)  if fuels 1 and 2 are both p.s.
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The proof of Proposition 2 is in 4.1.

Remark 2.3. Table 2.1 explicitly summarizes the market bid stack function without renew-
ables b(&, f), under different conditions.

Condition Range for & Fuels b(&, f)
b1(f1) < by(fo) (Q’El] lisaps, 2isnu. bi(& f1)
(&1,¢] Lisfu, 2isaps.  b({ =&, f2)
(0,&11] lisaps., 2isnu. b (& f1)

by (f1) < bo(f2) <bi(fi) <ba(fe)  (€1,1,6 + &) lisaps,2isaps. [q (/f1) + a3 (/f2)]71(€)
(€1 +&2,8]  lisfu,2isaps. b({—¢&,f2)
(0,51,1] lisa p.s., 2 is n.u. bl(f7f1)
bi(f1) < bo(fa) <ba(fo) <bi(fi) (€16 + €12 lisaps,2isaps. [q7 (/1) + a3 (/f2)]71(€)
(o +&12,8] lisaps,2isfu (=&, fi)

Table 2.1: Assume by (f1) < by(f2). The table specifies the conditions under which each of the two
fuels acts as a price setter, is fully used, or is not used. Moreover, it specifies the market bid stack
function without renewables, b(¢, f). Here, &; ; are defined in (4.2).

Having described the market bid stack function without renewables £ — b(¢, f) in
terms of the bid stack functions, Equation (2.1) then allows us to derive the market bid
stack function with renewables.

2.2 A mathematical model for pricing of electricity

Let the vector of fuel prices at time ¢ be denoted by F; = (F}!, ..., F}*), and let W; represent
the amount of renewable energy produced at time t. To model electricity prices, we adopt
standard assumptions commonly used in the literature (e.g., Carmona et al. [4], Barlow
[1]). Specifically, we assume that the market is in equilibrium and that electricity demand
is inelastic.

The equilibrium assumption means that, at each time ¢, electricity supply equals
demand Dy. Inelasticity means that the quantity demanded remains constant regardless
of price. Under these assumptions, the electricity price is determined by the requirement
that supply—being a function of the price-matches the fixed demand at time ¢. Thus, the
electricity price corresponds to the inverse of the supply function evaluated at Dy.

In Subsection 2.1, we introduced the market bid stack function, which precisely describes
this inverse supply function at time ¢. Hence, under the equilibrium and demand inelasticity
assumptions, we obtain:

Sy = b(Dy, Fy, Wy). (2.5)

Using Equation (2.1), this relation can be conveniently reformulated in terms of the market
bid stack function without renewables, b(§, f). Note that b(, f) is only defined for £ > 0;
however, we extend its definition by setting b(&, f) = 0 for £ < 0. This extension is
natural, as a negative value of £ corresponds to negative residual demand, indicating that
renewable generation exceeds demand. In such cases, the spot price is zero, consistent with
Assumption 2.1(2), which states that renewables have zero marginal cost.

Combining Equations (2.1) and (2.5) yields Theorem 2.4(1). Parts (2) and (3) follow
directly from Proposition 2.
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Theorem 2.4. Consider a market with n conventional fuels and assume that the demand
for electricity is inelastic and that the market is in equilibrium. Then the following results
hold:

(1) The electricity price at time t is given by
Sy = b(Ry, Fy), (2.6)

where b denotes the market bid stack function without renewables.
(2) Assume additionally that the market is efficient with a single conventional fuel with
price F; = F} at time t, i.e. n = 1. Then the electricity price at time t is

St = Fiq1(Ry), (2.7)

where q1 denotes the heat rate.

(8) Consider the case with n = 2 fuels, such as gas and coal, with fuel prices F; = (Gy, Cy)
at time t, where Gy is the price of gas and Cy is the price of coal. Assume additionally
that Gy and Cy are proportional, that is, there is a constant o such that C; = oG}
for all t. Then the price of electricity is

St = Giq(Ry),
where q is defined in Equation (2.4).

Remark 2.5. Note that all the mentioned variables, i.e. F;, W;, D; and consequently
R; and S; may be considered random. For the purpose of this paper, as we focus on
the functional form, it is the same whether we consider the variables as deterministic or
stochastic.

Example 2.6. Let us now consider some important examples related to the models that
we will test on data.

(A) (Exponential fuel bid stack functions). Consider an efficient market with n = 2 fuels,
such as gas and coal. We denote the fuel prices at time t by F; = (G, C;), where
Gy is the price of gas and Cy is the price of coal. As described in Carmona et al. [4],
exponential bid stack functions enable the explicit determination of the electricity
price and e.g. allow for the derivation of explicit formulas for the price of derivative
assets. Let the fuel bid stack functions be given as

bi(&, fi) = fiexp(ki + mi§) for i =g (gas) and i = ¢ (coal), (2.8)

which is a special case of Equation (2.3). Proposition 2(2) describes the structure of
the market bid stack function in this case — see also Carmona et al. [4, Corollary 1
and Table 1]. For example, in the case where both fuels are price setters, we have

Sy = b(Ry, Fy) = (Cp)*(G1)™ exp(B + v Ry), (2.9)

where the constants are a. = mg/(me+my), ag = 1 —ae, B = (kemg + kgme)/(me +
myg) and v = (memy)/(me+mg). The explicit forms of S; are obtained by plugging in
the bid stack functions given in Equation (2.8) into Theorem 2.4 and Proposition 2(1).
For example, Equation (2.9) is obtained by calculating the inverses in row 5 of the
table in Proposition 2(1).
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(B) (No conventional fuels with and without renewables). In his fundamental paper,
Barlow [1] proposes the following model

1/c
s, = (‘“’%ﬁ) when D; < ag — eobo,

5(1)/ @ when D; = ag — by,

where ag > 0 is the maximal market supply, and €y, bg > 0. As demand D; approaches
the maximum supply, the price S; is capped at 5(1)/ “  which is the maximal price
when « is negative. Wagner [21] models S; as a function of residual demand, that
is S; = q(R;) for some function ¢g. To model peak hours, he uses a function similar
to the one proposed by Barlow [1] with o = —1. He also proposes models for the
dynamics of renewable energy generation cf. also Grindel et al. [11].
Both Wagner [21] and Barlow [1] model the price of electricity, S;, as a function
of demand or residual demand, which aligns with our approach. However, they
do not consider fuel inputs, meaning n = 0 in their cases. In other words, these
are fundamental structural models where fuels are not incorporated explicitly. In
contrast, Theorem 2.4 focuses on scenarios where n > 1, incorporating fuel effects
into the analysis.

(C) (Fuels separated in terms of prioritization). Consider n = 2 fuels with prices F} =
(F}, F?). Let the fuel bid stack functions by and by be given as in Equation (2.3), where
q1 and g9 are strictly increasing and continuous. We also assume by (F}') < by(F?)
for all t. This implies that fuel 1 is always prioritized over fuel 2 when applying the
merit order principle. For simplicity, assume that the fuel prices are proportional:
F}! = aF? for all t for some o > 0. By Proposition 2(2) and Equation (2.6), the
electricity price is given by S; = F2G(R;), where § is defined in Equation (2.4).
Explicitly, this formulation shows that

Sy = FtQ[aql(Rt)]]'{Rte(O,gl]} + QQ(Rt —gl)]].{Rte(Ehg]}]. (210)

This setup demonstrates that applying a single-fuel model to a scenario involving
multiple fuels with clear prioritization can result in a discontinuous "heat rate’ function,
& — (), at points where £ reaches the maximum capacity of a fuel.

Remark 2.7. Note that Equation (2.9) is multiplicative in fuels Gy and Cy. This multiplica-
tive relationship depends on the choice of the fuel bid stack functions. For example, take
the bid stack functions to be b;(§, f) = f£%, for some @ > 0 and ¢ = 1,2. Then taking the
necessary inverses, as per row 5 of Proposition 2((1)), one obtains that when both fuels are
price setters, the price of electricity is given by Sy = b(Ry, F}) = (F} + F?)~*R¢. Hence it
is not multiplicative in the given fuels F;, = (F}}, F?).

3 Identification of Fundamental Variables and Functional
Form
In this section, we evaluate the predictive performance of structural models derived from

the theory in Section 2, using data from the German electricity market. We first describe
the candidate models (Subsection 3.1) and then present the estimation and evaluation
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methods and the data (Subsections 3.2 and 3.3). In Subsection 3.4, we assess out-of-sample

performance when each model is trained on one year of data and used to predict the

subsequent year. Subsection 3.5 extends the analysis to multi-year training. Our results

indicate that theory-driven, single-conventional-fuel models based on Theorem 2.4((2))

deliver the most robust predictive performance, especially under multi-year training.
Building on Theorem 2.4, we consider a model framework

Sy = b(Ry, Fy),

where the spot price of electricity S; is in R, R; is the residual demand, and F; is a
(d — 1)-dimensional vector consisting of d — 1 fuel prices and b : R? — R. Within this
framework, we specify 12 different models that differ in the choice of b and fuel variables
F; to identify the specification that best fits the data.

We evaluate performance using a rolling-origin approach, where models are trained
on one or more consecutive past calendar years and used to predict the subsequent year.
Out-of-sample performance is assessed using RMSE and MAE.

3.1 Candidate models

In Germany, gas-fired power plants typically serve as the marginal fuel in the electricity
market. However, coal remains significant, particularly during periods of high demand.
Historically, coal-fired plants were used more than gas, but this is changing with the green
transition. We therefore consider models where the fuels used are gas and/or coal. Let Gy
and C} represent the market prices of natural gas and coal per MWh at time ¢, respectively.
Additionally, let EU A; denote the market price of European Union Allowances (EUAs)
per ton at time t*.

To incorporate COy emissions, we define G; and C; as the fuel prices adjusted for EUA
costs, given by:

Gy =G, +0.189-EUA;, and C;=C;+0.34- EUA,.

The coefficients 0.189 and 0.34 represent the estimated CO2 emissions (in tons per MWh)
for gas- and coal-fired power plants, respectively, averaged over time. As noted in Section
2, a substantial component of the marginal cost of conventional fossil fuel power plants
arises from the cost of EUA certificates. As illustrated in Figure 4.3, the prices of these
certificates have increased significantly in recent years. Given this, we aim to investigate
whether incorporating these fundamental variables enhances the accuracy of electricity
price predictions.

Let « be a parameter, and let ¢, u, and v be real-valued functions. The working models
are presented in Tables 3.2 and 3.3. Most of these models are theory-driven, following
Section 2: under the assumptions of equilibrium and market efficiency, most working
models describe electricity prices with one fuel or multiple fuels with proportional prices
(see Theorem 2.4). Table 3.1 indicates that proportionality between coal and gas prices is
a reasonable approximation.

‘An EUA (European Union Allowance) is a tradable carbon asset issued to companies regulated under
the EU Emissions Trading System. It grants the right to emit one metric ton of CO2 equivalent, enabling
emissions reductions through a cap-and-trade mechanism.
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Year 2016 2017 2018 2019 2020 2021 2022 2023

Corr(Gy,Cy) 0.8016 0.5702 0.4761 0.8012 0.8138 0.728 0.6203  0.883
Corr(Gy,Cy) 0.8392 0.6435 0.8612 0.5579 0.7539 0.8715 0.6139 0.6737

Table 3.1: Empirical correlations for gas and coal prices

Model Formula

MEC 5, = v(Cu(Gra(R) MEE
MG Sy = u(Gy)q(Ry) / l \
MY Sy = Gu(Ry) e c
: M M M
Mg, Sy =Geq(Ry)
MG, S = Gig(Ry) - | | >
M, Sy = G exp(k + mRy) MG, M§, M 1 ME, M,
M St = v(Cr)q(Ry) l
M{; Sy =Cu(Ry) g g
MS, Sy = CPq(Ry) My My
Mgy Sy = Cia(Ry)
M Sy = Q(Rt)
an—R \ Mg
My, Si= (%)
Table 3.2: Structural models library
Benchmark Machine learning

MB S, =8, MME  MLPRegressor
MML  AdaBoostRegressor

Table 3.3: The benchmark and the machine-learning models

We now take a closer look at the models in Table 3.2. Note that Mg, corresponds
to a one-fuel exponential bid stack model with renewables cf. Example 2.6((A)) and
Equation (2.7), where the heat rate is an exponential function. A slight generalization,
where we use a general function ¢ instead of an exponential one, leads to model M.
Model Ml | is another alteration, in which we use the net gas price G; instead of the gas
price. In other words, models M{ and M, are general one-fuel models in efficient markets
(cf. Equation (2.7)). Going a step further and using u(G;) instead of G leads to M.
Similarly, model M€ is a generalisation of the 2-fuel exponential bid stack introduced in
Carmona et al. [4], with renewables added (see Equation (2.9) in Example 2.6, in the case
where both gas and coal are price setters). If we consider coal instead of gas, we obtain
the models M$,, ME,, and MC.

Furthermore, note that model M;; is the Barlow [1] model (see Example 2.6(B)).
Model M is a generalization of this model, where instead of a power function, we use a
general increasing function q.

Moreover, Table 3.3 presents three additional benchmark models used to assess the
predictive performance of the 12 models under consideration. The first is the naive



3. Identification of Fundamental Variables and Functional Form 95

benchmark S; = S;_1, where tomorrow’s price is predicted to be equal to today’s. This
model relies on the lagged electricity price as an input, which is not included in any of the
other models, as our focus is on understanding electricity prices based on its fundamental
drivers and not the past electricity prices. Hence, this benchmark may have an informational
advantage.

In addition, we include two machine-learning models: AdaBoostRegressor and
MLPRegressor (see Scikit-learn [18], Scikit-learn [19]). These were selected using the
Python package LazyPredict, which identified them as the top two performers out of more
than 50 state-of-the-art machine-learning algorithms.

3.2 Estimating the parameters and measuring predictive performance

To estimate the parameters of the models in Table 3.2, we use ordinary least squares (OLS)
on the in-sample data. That is, we estimate b by minimizing RSS, the sum of squared
differences between observed and predicted values,

RSS =) (Si—b(Ri, F}))?,
t=1

where n is the length of the in-sample period and (Ry, F}, S;) denote the in-sample obser-
vations.

For the functions ¢, u, and v, we fit natural cubic splines with 4 knots, with knot
locations chosen automatically at the 20%, 40%, 60%, and 80% quantiles. We do this to
obtain a flexible class of functions and to test whether an exponential function, as suggested
in Equation (2.8), or a power function, as in Example 2.6(B), fits the data. The use of
natural cubic splines is recommended by James et al. [13] as a convenient way of modeling
a nonlinear relationship and is also used in Burger et al. [2].

For performance metrics on out-of-sample data (one year), we use Root Mean Square
Error (RMSE) and Mean Absolute Error (MAE). Our discussion emphasizes RMSE. Results
for the alternative error metric are qualitatively similar and are reported in Appendix
Tables 4.1 and 4.2 in the Appendix. Specifically, the RMSE is defined as

n+m
RMSE = | — 3 (S b(Ri, F))2,

m t=n+1

where b denotes the estimated function b trained on the in-sample data, and m is the
length of the out-of-sample period (one year).

Implementation details for the benchmark machine-learning models: We use the Python
implementations AdaBoostRegressor from sklearn.ensemble and MLPRegressor from
sklearn.neural_network. Both models were trained on historical data incorporating
residual demand and gas prices. We additionally considered augmenting the feature set
with coal and EUA prices; in practice, this increased overfitting and worsened predictive
performance, as reflected in higher RMSE. We therefore exclude these variables from the
benchmark specifications.
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3.3 Data description

We focus on the German electricity market using daily data from January 2016 to December
2023. All data used in this study are proprietary but can be obtained directly from
established market sources, which are listed below. To ensure clarity, we fix the observation
time at 12 each day. Preliminary checks indicate that using alternative hours produces
equivalent results, so this restriction does not affect conclusions regarding the structural
models’ performance. After excluding weekends, major public holidays,” and two identified
anomalies (one in 2018 and another in 2020), the final dataset consists of 1996 daily
observations. The key components of our dataset are as follows:

e Electricity prices: German spot prices from EPEX Spot;

o Gas prices: Day-ahead THE (Trading Hub Europe) data from ICIS Heren;

o Coal prices: API2 Rotterdam coal prices from ICE (Intercontinental Exchange);

e Carbon prices: December EUA contracts from ICE;

e Demand and renewable generation: Actual hourly demand, wind generation, and
solar generation from Volue.

Although forecast data are available and relevant—since market bids are based on forecasts—
we use actual production data for simplicity and consistency. Preliminary comparisons
indicate that using forecasted production yields similar predictive outcomes, supporting
our choice for this study.

For a detailed description of the data, refer to Table 3.4. Also note that there are 13
instances of negative spot prices but no negative values for residual demand.

Rt Gt St Ct EU At ét ét

mean 42613.33 36.16 78.06 1249 37.07 4277  25.10
std 13198.78 41.95 84.61 9.00 30.75 4581 17.84
min 3140.56  3.71 -79.74 435 3.93 7.04 6.51

25% 3389746 14.19 3384 6.61 7.88 16.19  12.73
50%  42945.35 19.16 46.40 9.62 25.11 22.27  15.83
75% 5113179 3740 84.85 13.85 68.66 51.71  40.72
max 7712097 307.88 702.33 49.61 100.34 324.32 75.28

Table 3.4: Summary statistics of daily data for the German electricity market, 2016-2023.

3.4 Predicting one year ahead

We train each of the 15 models on a single year of data and use them to predict the
following year. The corresponding RMSE values are shown in Table 3.5. The lowest RMSE
in each row is highlighted in green, and the next two lowest are marked in orange.

We comment on four aspects.

A. Remarkably, the performance of structural models is comparable to (if not better
than) the two chosen machine-learning models MM and ML, See, for example,

®Source of holidays: [9]
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Trained on Predicting ML  MML M$, MG ME MG, My, MPM§,  MC ME  M§, M§ MSC M

2016 2017 1009 983 839  7.68 1025 40.97 9.85  12.71 11.00 845 |[7.06 7.55 725 7.58  10.44
2017 2018 16.69 1244 1752 | 811 839 4848 17.07 13.38 13.73 2239 13.19 |8.34 1693 21.73 16.85
2018 2019 [835 | 9.5 1699 10.88 6.9  40.56 8.60  11.15 1245 23.90 17.71 1507 17.89 27.61 |7.74
2019 2020 9.34  14.64 729 899 572 3441 1073 1239 [7.10 958  7.59 1241 748 751 8.68
2020 2021 98.54 79.86 61.04 | 4348 5848 13045 103.87 [42.92 59.74 Y2 73.65 90.61 73 101.50
2021 2022 148.80 | 55.13  104.26 < 72.86 130.70 261.07 183.49 78.79 109.01 156.39 80.12 | 62.79 88.98 141.61 192.60
2022 2023 62.64 66.91 28.67 | 21.69 73.66 95.87 137.28 38.09 29.45 32.21 |[24.66 26.86 30.26 [25.80 | 126.78

Table 3.5: RMSE values. The symbols v; = 1,092.79, v, = 2,548,238,433.31, and ~3 = 181,158.35
are used in the table because the magnitudes are so large that they are uninformative.

Power Spot Price

100 -

Figure 3.1, which compares MM’ with Mfl when predicting 2018. The structural
model is much better at predicting spikes, which are an important stylized fact of
electricity prices. The machine-learning models are in top three only in two cases.
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Figure 3.1: The black line represents observed power spot prices at 12:00 in 2018, while the green
(orange) line represents predicted values for 2018 obtained from model M, (MMF), trained on
the 2017 dataset.

Specifically, when predicting 2019, M~ performs well; however, it is outperformed
by two of our structural models, M| and the simple M. Moreover, when predicting
2022, MM™ has the lowest RMSE, followed by M.

B. The structural models outperform the benchmark model MZ. Model M? simply

shifts the observed values by one day, leading to errors due to the volatile nature
of electricity prices. If prices were constant at noon every day, this model would be
error-free. However, due to volatility, structural models like M, generally perform
better, except for 2021, where M, had an RMSE marginally larger than M5,

C. Among the structural models, M, and M{,, both theory-driven, stand out when

predicting a year based on the previous year’s data. In earlier years, the coal-
driven model M| performed better, while in later years, the gas-driven model M,
performed best. Both models, which include the EUA price term, outperform their
counterparts without EUA (M$, and MS,).



98

Power Spot Price

700 ~ —— Observed
600 -
500 A
400 |
300 A

200

; E | | |
wol | VI TRAR .ru‘.h“,’w W/V"J I\‘\ I\ '{\ _,\L! | . \

Paper B

Model M$%, only outperforms M, when predicting 2022, primarily due to the
extreme gas price surges in 2021 and 2022, as M7, is more sensitive to fluctuations
in gas prices. This increased sensitivity arises because, unlike Mfl, which uses the
EUA-adjusted gas price Gy (i.e., Gy +0.189 EU A;), MS, uses the unadjusted gas price
directly as the fuel price. The inclusion of EUA prices in M effectively dampens
its sensitivity to gas price variations. Consequently, the larger the price jumps, the
higher the RMSE for M, as illustrated in Figure 3.2. It is also interesting to point

— MG_1.1
—— MG_2.2

b

A |
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Time

Figure 3.2: The black line represents observed power spot prices at 12:00 in 2022, while the green
(orange) line represents predicted values for 2022 obtained from model M, (Mg,), trained on the
2021 dataset.

out that more general models like M“ and M perform well only when market
dynamics remain stable. As they are prone to overfitting, they produce large errors
when predicting years in which market trends change, such as in 2021. In 2021
and 2022, gas prices experienced significant volatility and price increases, driven by
geopolitical tensions (the war in Ukraine), which disrupted global energy markets
and sharply increased European gas prices.

A final note concerns the literature-based models, specifically MQ% (the single-fuel
model with gas, renewables, and an exponential heat rate based on Carmona et al.
[4]) and Mj; (the model from Barlow [1], adapted to use residual demand instead of
demand). As expected, these simpler models are outperformed by their more general
counterparts.

3.5 Stability over time

Next, we evaluate the stability of the predictions across different training time spans.
Specifically, we analyze how prediction performance varies under these conditions. Again,
we refer to the RMSE table (see Table 3.6), which summarizes the results across the
different training ranges.

Among the top performing models M, ME,, M$,, and M{MFE, the most robust and

consistent performer is M{,. Structural models, in general, exhibit improved accuracy when
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Trained on Predicting M}t MML Mm§ ME ME MG, My, MPoM§,  MC MC¢ Mg, Mg MG M
2016 2017 10.09 9.83 839  7.68 1025 4097 985 1271 11.00 8.45 7.06 755 725 758 10.44
2017 2018 16.69 1244 17.52 [ 811 839 4848 17.07 13.38 13.73  22.39 13.19 834 1693 21.73 16.85

2016-2017 2018 17.80 1111 1567 816 839 4850 1949 13.38 1237 18.96 11.58 822 1035 16.97 19.12
2018 2019 [835 | 9.15 16.99 10.88 [ 6.19 4056 8.60 1115 1245  23.90 17.71 15.07 17.89 27.61 7.74

2016-2018 2019 9.63 1279 1267 10.38 757 4053 [ 7200 | 1115 1424 1238 14.90 15.08 1516 14.40 7.71
2019 2020 9.34  14.64 [7.29 | 899 572 3441 1073 1239 [7.10  9.58 7.59 1241 748 751 8.68

2016-2019 2020 841 1229 841 1075 753  34.80 949 1239 1277 | 7.78 31.32 16.13 1173 11.84 7.38
2020 2021 9854 79.86 61.04 | 4348 5848 13045 103.87 [42:92 59.74 1,092.79 254823843331 73.65 90.61 181,158.35 101.50

2016-2020 2021 93.68 | 3226 9295 23.59 5252 13125 10292 42.92 77.03 1,988.45 1,221.94 24.96 79.53 396.57 102.16

2018-2020 2021 93.22 | 37.00 89.28 2437 5548 13116 10021 42.92 71.81 24734  89.94 27.91 81.97 99.70 99.13

2019-2020 2021 97.88 | 37.58 83.45 | 36.04 57.15 130.76 101.85 [42.92  63.27 84.20 563.88 52.90 87.27 6,963,196,320.70 100.07
2021 2022 148.80 | 55.13 104.26  72.86 130.70 261.07 183.49 78.79 109.01 156.39  80.12 62.79 88.98 141.61 192.60

2016-2021 2022 141.95  63.53  92.69 | 63.99 135.02 261.05 224.30 7879 129.26 202.59  79.81 56.04 72.61 149.64 227.08

2018-2021 2022 149.97 | 52.69 9320 | 63.50 134.96 261.04 217.79 78.79 11842 198.56  80.06 54.74 78.72 147.61 221.79

2019-2021 2022 147.79  56.59 97.24 | 61.92 134.33 261.04 214.87 7879 110.20 183.26  78.33 52.70 84.15 131.63 219.12

2020-2021 2022 146.39 | 53.10 101.69 66.29 133.42 261.05 207.48 78.79 109.46 163.19  76.01 56.46  88.20 106.47 213.69
2022 2023 62.64 6691 28.67  21.69 73.66 95.87 137.28 38.09 29.45 3221 24.66 26.86  30.26 | 25.80 126.78

2016-2022 2023 26.88 33.72 31.28 | 21.31 55.68 9591 39.83 38.09 | 2221 2786 | 23.61 27.36  26.53 25.23 38.83

2018-2022 2023 27.30 3312 2938 | 21.52 57.54 9590 31.96 38.09 2423 @ 33.42 26.85 27.41 [ 2584 27.87 33.64

2019-2022 2023 28.18  34.87 28.89 | 21.66 59.80 9590 29.31 38.09 27.84 3375 | 26.14 27.40 | 24.86 26.97 32.76

2020-2022 2023 27.79  30.19 3161 2195 60.50 9592 5214 38.09 31.92 3373 | 22.39 28.14 27.35 2343 55.40

2021-2022 2023 2649  30.33  30.50 | 21.63  65.22 9591 7277 38.09 31.29 36.27 | 22.31 27.59 28.27 | 23.93 72.03

Table 3.6: RMSE values.

trained on longer time spans. This trend is clearly illustrated by ME,: when predicting
the year 2022, its RMSE decreases by 10 when trained on data from 2016-2021, compared
to using data from 2021 alone (see Figure 3.3). We also observe that the benchmark model
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Figure 3.3: The black line represents observed power spot prices at 12:00 in 2022, while the green
(orange) line represents predicted values for 2022 obtained from model M| trained on the 2019-2021
(2021) dataset.

M ; from Barlow [1] achieves the best performance in one scenario. Specifically, when
predicting the year 2019 using training data from 2016-2018, M; ; outperforms the other
models, although Mfl demonstrates a comparably strong performance. For comparison,
see Figure 3.4, which shows that M, captures spikes notably better.

Taken together, these findings confirm and strengthen the conclusions drawn in the
previous subsection: the structural models—particularly M, in the later years and M,
in earlier years—consistently deliver the most accurate and robust predictions. Moreover,
their predictive performance improves further when trained on extended historical datasets,
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Figure 3.4: The black line represents observed power spot prices at 12:00 in 2019, while the green
(orange) line represents predicted values for 2019 obtained from model MY, (M 1), trained on the

2016-2018 dataset.

underscoring the value of incorporating multiple years of data in model estimation.

Remark 3.1. We examine the residuals from model M{ under two training windows-2016-
2022 and 2016-2020 (See Figure 3.5). The residuals display some seasonality, and in the
2016-2022 window the residual variance appears to rise with fuel prices. Recall that in
2022 (and adjacent months) fuel prices spiked unusually, coinciding with the emergence
of new energy-market patterns. We do not pursue a detailed residual analysis here, as
the in-sample estimates appear reasonably robust to moderate heteroskedasticity (i.e.,

inhomogeneous variance).
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Figure 3.5: Residuals for M.
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4 Summary of Data Analysis Results

Our analysis demonstrates that the choice of model type and the incorporation of domain
knowledge are critical for accurately predicting electricity prices. Key observations include:

o When trained on at least two years of data, the theory-driven models M, and M,
consistently rank among the top three performers.

e In recent years, gas-driven models have achieved the best performance.

o Models with a large number of parameters, such as M¢, MY, and M require
caution. They are prone to overfitting and therefore struggle to adapt to changes in
price patterns - precisely the dynamics we aim to capture.

e Structural models perform comparably to, and in some cases slightly better than,
machine-learning models on this type of dataset, which is a noteworthy result.

« Historically, models without explicit fuel inputs, such as the Barlow [1] model, have
performed well. However, as the energy mix evolves (e.g., with increased renewable
supply), these models tend to underperform relative to more structured models like
ME,. Nonetheless, the significance of Barlow [1] lies in introducing the structural
modeling paradigm for electricity markets.

Among the structural models tested, the simple one-fuel model M, exhibits the
most robust overall performance and effectively captures key information about spot price
movements and market trends. Figure 4.1 illustrates the estimated heat rate function
for Mf;l, i.e., the estimated ¢q in S; = Gyq(R;). The plot indicates that using a purely
exponential or power function for the heat rate does not provide the best fit to the data.
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(a) Heat function for M) trained on 2021 (green) (b) Heat function for M} trained on 2022 (green)
vs. 2016-2021 (orange). vs. 2016-2022 (orange).

Figure 4.1: Estimated heat function for M, , trained on either a single year or multiple years. The
underlying power spot price data is scaled by the gas price to match the scale of the heat functions.

The sharp slope observed at the start of the graph may be explained by the remarks
in Example 2.6(C). Specifically, another fuel, perhaps lignite, could induce a jump in the
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theoretical heat rate function (as in Equation (2.10)). The estimated curve in Figure 4.1
can therefore be interpreted as a smoothed representation of that jump.

Appendix

4.1 Proof of Proposition 2

Proof. The result in Part (2) is a direct consequence of Part (1) by substituting f; = afo
into the formulas for b(&, f) in each of the cases in Part (1). Therefore, we need only prove
Part (1). Without loss of generality, we assume by (f1) < by(f2).

Since ¢; is assumed non-negative, strictly increasing, and continuous and f; > 0, it
is straightforward that for ¢ = 1,2, the fuel bid stack function & — b;(&, fi) = fiq:(€) is
strictly increasing and continuous from [0,&;] onto [b;(fi),bi(fi)], and hence an inverse
exists and is given by s — ¢; Y(s/fi). Note that for i = 1,2, the generalized inverse in
Equation (2.2) is

0 if p< b(fz)
bi('afi)_l(p) = qz'_l(p/fi) lfp € [ (fl)agl(fl)) (4'1)
& if p = bi(f;)

Let us first consider the case by (f1) < b1(f1) < by(f2) < ba(f2). Then

0 if p<b;(f1)
P EPETR bi(-, f1) " (p) if p € [by(f1),b1(f1))
bi(-, f1)" " (p) + ba2(-, f2) " (p) , £ p e [Bu(f1)by(f2)
& +ba(, f2) M (p) if p e [ba(fa) ba(f2)]-

As the fuel bid stack functions are increasing and continuous from [0, &;] onto [b;(fi), b:(f:)],
the function p — b;(-, f;) 71 (p) restricted to [b;(f;),b:(f;)] is strictly increasing and onto
[0,&;]. Tt follows from Proposition 1 that for £ € (0,&],

b(&, f) = sup{p e R:bi(:, f1) 7 (p) + bal-, f2) "' (p) < &}
:{bl@,fl) if €€ (0]

ba(§ — &y, fa) if €€ (€,€]

Thus, for £ € (0,&;] (which corresponds to b1 (&, f1) < by(f2)), fuel 1 is the price setter
while fuel 2 is not used, and for ¢ € (&, €] (corresponding to ba(€ — &y, f2) > b1(f1)), fuel
2 is the price setter and fuel 1 is fully used. These conclusions are consistent with the
information provided in Part (1) and Table 2.1.

To help with the proof in the next two cases, define

&in = bi( fi) H;(f5)) and  &io = bi(- fi) N (bi(f))  fori# j. (4.2)

If fuel 1 initially serves as the price setter, then &; 1 represents the quantity of fuel 1 used
when fuel 2 enters as a price setter. Similarly, if fuel j (where j = 1 or 2) exits as a price
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setter first, then &; o (where i is not j) indicates how much of fuel i is used at the point
when fuel j exits.
Now assume that b;(f1) < by(f2) < b1(f1) < ba(f2). By Equation (4.1),

0 if p <by(f1)
_ _ bi(-, f1) " (p) if p € [b1(f1), ba(f2))
. 1 bo (- 1 - -
Pl RIS ) s a0l e (o) Ba()
& +ba(, f2) 1 (p) if p € [b1(f1), b2(f2)]-

Restricted to [by(f1),ba(f2)], the function p — b1 (-, f1)~(p) + ba(-, f2) " (p) is continuous,

strictly increasing and onto [0, ¢], which means that the generalized inverse reduces to the
ordinary inverse, and hence by Proposition 1,

bi(&, f1) if £€ (0,&1,1]
b(E f) =S [ar ' (/f) + (/)] 7HE) i e (b1, + 0]
ba(§ — &5, f2) if £ € (& + &2,2,€].

In the first of these cases (corresponding to b (§, f1) < by(f2)), fuel 1 is the price setter
and fuel 2 is not used. In the second case, where none of the restrictions in the first four
rows of the table in Part (1) are satisfied, both fuels are price setters. In the third case
(corresponding to by (€ — &, f2) > b1(f1)), fuel 2 is the price setter while fuel 1 is fully used.
Hence, this second case of by (f1), b1(f1), by(f2) and ba(f2) aligns with the data presented
in Part (1) and Table 2.1.

Finally assume that by (f1) < by(f2) < ba2(f2) < b1(f1). By arguments as above, it
follows that

bi(&, f1) if £e (0,811]
bEf) = [ar (/f) + a5 (/)] 71 ) ifEe (&1,& + &gl
bi(€ —&a, f1) if &€ (& +&1,2,€]
As above, this case of b;(f1), bi1(f1), by(f2) and ba(f2) is also consistent with Part (1) and
Table 2.1. This covers all the cases and hence the desired result follows. O

4.2 Market development throughout the years

For completeness, Figure 4.2 presents the evolution of power spot prices and marginal costs
of gas and coal power plants at 12:00 for selected years. Under the competitive-market
assumption, a commonly used consensus formula for these costs is:

Gt + 0.184FEU At Ct + 0.34FEU At
G C
mcy = 0.5 and mcy = 38

All the prices are presented as EUR/MWh. Overall, the consensus-based marginal cost for
gas-fired plants tracks power-price fluctuations better than the corresponding coal-based
measure. Figure 4.3 shows the evolution of EUA certificate prices, also converted to
EUR/MWHh for comparability. The figure also overlays the day-ahead gas price (blue),
illustrating the importance of EUA prices.
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Figure 4.2: Marginal cost of coal (orange) and gas (green) powered plants together with spot power
price (black) development in the years 2018, 2020, and 2022.
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Figure 4.3: Development of the EUA certificate (black) and the German gas (THE) prices (green)
from 2015 to 2024.
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4.3 MAE Tables

The main measure of performance in our data analysis are the RMSE values for different
models and time horizons. However, here we present the MAE values, to show that they
yield similar results.

Trained on Predicting MM MML MS, MG MC, M§, My, MP  M§, MC MG M§, M§, MGC M
2016 2017 648 695 |55 | 542 724 3769 778 892 830 547 508 534 [B147 5.56 7.97
2017 2018 14.04 965 14.74 [6:38 618 4634 1435 916 1146 1810  10.95 647 1427 17.40 14.15
2018 2019 [6:64 1 722 1592 950 500 39.02 699  7.65 1137 20.73  16.35 1352 16.28 25.86 6.48
2019 2020 7.53 1172 [584 6.94 445 3139 837 877 535|749  6.02 961 601 6.03 7.01
2020 2021 63.04 50.77 2848 31.83 2032 10246 7042 [25:36 27.88 379.24 182,849459.04 5128 58.71 24,463.51 68.13
2021 2022 106.00 [43417 70.73 53041 89.80 228.66 145.02 5747 7195 113.77 6213 4775 6545 10640  156.13
2022 2023 5547 47.34 | 19.81 16.38 64.37 87.18 132.76 26.60 20.13 21.54 | 19.81 2257 26.25 21.22 114.94

Table 4.1: MAE values corresponding to Table 3.5.

Trained on Predicting MM MMM M, ME ME M§, My, MPoMG, MC M@ M§, Mg, MGEC M
2016 2017 648  6.95 |55 542 724 3769 7.78 892 830 547 [5.08 5.34 [5.14  5.56 7.97
2017 2018 14.04  9.65 14.74 [6.38 6.8  46.34 1435 9.6 1146 18.10  10.95 6.47 | 14.27 17.40 14.15

2016-2017 2018 1513 8.60 13.14 647 6.50 46.37 1658 9.16 10.08 1570 9.36 6.45 | 817 13.35 16.25
2018 2019 [6.64  7.22 1592 950 500 39.12 699  7.65 11.37 20.73 1635 1352 16.28 25.86 6.48

2016-2018 2019 853  11.56 11.75 9.05 594 39.10 560 = 7.65 13.33 11.65 1345 13.57 13.65 13.23 6.10
2019 2020 7.53 1172 [5.84  6.94 (445 3139 837 877 [535 749  6.02 9.61 6.01 6.03 7.01

2016-2019 2020 6.57  9.87  6.67 891 579 3174 737 877 1083 [6.29 2254 13.90 9.74  9.41 5.75
2020 2021 63.04 50.77 [ 2848 31.83 20.32 10246 70.42 [ 2536 27.88 379.24 182,849.450.04 51.28 58.71 24,463.51 68.13

2016-2020 2021 59.72 [23.08 60.00 (1481 27.29 103.30 68.64 25.36 45.10 547.81 254.13 17.30° 51.04 155.86 68.11

2018-2020 2021 58.82 | 24.82 5550 1524 27.79 10320 6520 25.36 3875 97.51  56.31 18.01 51.16 49.37 64.35

2019-2020 2021 62.72 | 23.65 50.24 2526 28.36 102.78 67.60 | 2536 29.67 50.82 133.18 33.98 5546 479,598,076.20 66.02
2021 2022 106.00 | 43.41 70.73 53.94 89.80 228.66 145.02 57.47 71.95 113.77 62.13 4775 | 65.45 106.40 156.13

2016-2021 2022 100.97 | 51.89 69.46 47.23 94.41 228.64 189.54 57.47 93.28 154.97 58.15 42.31 54.53 113.32 193.40

2018-2021 2022 107.52 | 42.55 68.18 47.02 94.46 228.64 18272 57.47 8225 151.02 58.99 41.33 5837 111.99 188.18

2019-2021 2022 104.23 4597 68.47 4596 93.81 228.63 179.70 57.47 73.70 136.68 58.55 39.84 61.43 100.54 185.65

2020-2021 2022 104.87 (4176  70.52 ' 49.22 92.71 228.64 17175 57.47 7292 119.21 59.53 4295 64.37 82.64 179.99
2022 2023 5547 47.34 [19.81 16.38 64.37 87.18 132.76 26.60 20.13 21.54 | 10.81 22.57 26.25 21.22 114.94

2016-2022 2023 [19.50 | 28.22 27.40 16.06 48.96 87.20 30.81  26.60 | 17.03 2045 19.76 22.99 22.44 21.52 28.89

2018-2022 2023 | 18.83  27.56 24.41 16.14 50.72 87.20 2351  26.60 17.98 2274 22.64 23.00 21.56 23.76 26.73

2019-2022 2023 21.00 30.08 22.01 16.22 52.70 87.20 20.92  26.60  19.30 22.07 22.03 22,99 [20.35 22.98 26.04

2020-2022 2023 20.17 26.13 22.53 16.36 52.31 87.22 46.14 26.60 21.36 23.19 | 18.20 23.74  23.10 [19.70 46.31

2021-2022 2023 (1822 27.25 2143 1616 57.35 87.21 68.34  26.60 2046 23.19 | 17.84 23.25 24.09 20.02 63.74

Table 4.2: MAE values corresponding to Table 3.6.
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