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Abstract

This thesis investigates two distinct topics in modern statistics: Gaussian approximation
theory in high dimensions and structural modelling of electricity markets.

The first research topic studies high-dimensional Gaussian limits and quantitative
bounds on the associated approximation error. In high-dimensional regimes, a central
challenge is obtaining error bounds that explicitly track the dependence on both the sample
size n and the dimension d, rather than treating d as fixed. Working within the Malliavin–
Stein framework, we derive bounds on distances between a d-dimensional random vector
whose components admit Wiener–Itô chaos expansions and a corresponding Gaussian
vector. These bounds are explicit in their dependence on d up to a factor reflecting possible
near-singularity of the covariance matrix of the Gaussian limit. Applications of our bounds
yield fully explicit pn, dq-dependent results in two settings: quantitative Breuer–Major
theorems for high-dimensional vectors of non-affine functionals of multivariate stationary
Gaussian sequences, and quantitative Gaussian approximation bounds for the central limit
theorem term arising in parameter estimation for stable VARppq processes.

The second research topic studies structural modelling of day-ahead electricity prices
in wholesale markets with high renewable infeed. We develop a structural model that
incorporates renewable generation into a multi-fuel bid-stack framework. We treat renew-
ables as priority dispatch and capture their effect through residual demand, effectively
adjusting the demand curve to account for renewable output. Under standard short-run
assumptions (price-inelastic demand and market equilibrium), we obtain a general pricing
representation and highlight two special cases: a single-fuel market and a multi-fuel setting
with proportional fuel prices, under which pricing reduces to a parsimonious multiplicative
form. Empirically, using German day-ahead data from 2016–2023, we estimate a library of
structural specifications within this framework and evaluate performance via rolling-origin
out-of-sample testing, benchmarking against standard machine-learning baselines and a
simple reduced-form model. A theory-consistent one-fuel specification driven by resid-
ual demand, gas prices, and carbon emissions allowance prices delivers the most robust
out-of-sample performance.
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Resumé

Denne afhandling handler om to problemer i moderne statistik: sandsynlighedsteoretisk
approksimationsteori i høje dimensioner og strukturel modellering, der balancerer prædiktiv
evne med gennemsigtighed og praktisk anvendelighed.

Det første problem undersøger højdimensionelle Gaussiske grænseværdier og kvantitative
begrænsninger på den tilhørende approksimationsfejl. I højdimensionelle systemer er det en
central udfordring at opnå approksimationsbegrænsninger, der eksplicit viser afhængigheden
af både stikprøvestørrelsen n og dimensionen d, i stedet for at betragte d som fast. Inden
for rammerne af Malliavin–Stein-metoden udleder vi begrænsninger på afstande mellem en
d-dimensionel stokastisk vektor, hvis komponenter har Wiener–Itô kaos-udviklinger, og en
tilsvarende Gaussisk vektor. Disse begrænsninger er eksplicitte i deres afhængighed af d,
bortset fra en faktor, der afspejler en eventuel næsten-singularitet af kovariansmatricen
for den Gaussiske grænseværdi. Anvendelserne giver, så vidt vi ved, nye resultater med
fuldt eksplicit pn, dq-afhængighed i to situationer. Disse inkluderer kvantitative Breuer–
Major-sætninger for højdimensionelle vektorer af ikke-affine funktionaler af multivariate
stationære Gaussiske sekvenser, samt kvantitative Gaussiske approksimationsbegrænsninger
for det centrale grænseværdisætnings-led, der opstår ved parameterestimering i stabile
VARppq-processer.

Det andet problem undersøger strukturel modellering af day-ahead elpriser i markeder
med høj andel af vedvarende energi. Vi udvikler en strukturel model, der inkorporerer
vedvarende energiproduktion i en ramme baseret på en udbudskurve med flere fossile
brændsler (multi-fuel bid-stack). Vi behandler vedvarende energi som prioriteret pro-
duktion og fanger dens effekt gennem residualefterspørgslen, hvilket effektivt justerer
efterspørgselskurven for at tage højde for produktionen fra vedvarende kilder. Under
standardantagelser (prisuelastisk efterspørgsel og markedsligevægt) udleder vi en generel
repræsentation for prisfastsættelsen og fremhæver to specialtilfælde: et marked med ét
brændsel og en multi-brændsels-setting med proportionale brændselspriser, hvor prisfastsæt-
telsen reduceres til en simpel multiplikativ form. Empirisk estimerer vi en sammenfatning
af strukturelle specifikationer inden for denne ramme ved brug af tyske day-ahead data fra
2016–2023. Vi evaluerer modellernes performance gennem rolling-origin out-of-sample tests
og benchmarker dem mod standard maskinlærings-baselines samt en simpel reduceret form
model. En teorikonsistent model baseret på ét brændsel, drevet af residualefterspørgsel,
gaspriser og priser på CO2-kvoter, leverer den mest robuste præstation out-of-sample.
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Introduction

This chapter lays the necessary groundwork for the two foundational papers, Paper A
and Paper B, that constitute this thesis. Given that these papers address distinct topics
and employ different methodologies, this introductory chapter is accordingly divided into
two dedicated parts: Section 1.1 and Section 1.2.

In Section 1.1, the research topic concerns limit theorems for high-dimensional random
vectors on Gaussian spaces. The main problem studied within this topic is how collections
of many random variables behave jointly as the dimension increases, and the results provide
tools for deriving quantitative approximation bounds. Paper A focuses on quantitative
bounds for high-dimensional Gaussian approximations, which are essential in understanding
the rates of convergence in high-dimensional central limit theorems.

Section 1.2 examines the modelling of wholesale electricity markets. It outlines the merit-
order principle and demonstrates how this mechanism gives rise to the structural models
that characterise day-ahead price formation. Paper B proposes and empirically assesses
a tractable structural framework for day-ahead electricity prices, combining theoretical
modelling with data-driven analysis to evaluate the model’s ability to explain observed
market dynamics.

1.1 High-Dimensional Gaussian Approximations

Central limit theorems (CLTs) are fundamental to probability theory. In its classical form,
the CLT asserts that a suitably normalised sum converges in distribution to a Gaussian
limit. Indeed, let pXiqiě1 be independent and identically distributed (i.i.d.) random
variables with mean zero and finite variance σ2, and define Sn “ n´1{2 řn

i“1Xi. Then the
CLT yields that Sn d

ÝÑ Z, where Z follows a Gaussian distribution with mean zero and
variance σ2, denoted Z „ N p0, σ2q. In other words, for sufficiently large n, the sum Sn
is approximately Gaussian, and the Gaussian variable Z serves as its Gaussian (normal)
approximation. This naturally leads to the following question:

Question 1. How accurate is this Gaussian approximation? More precisely, can we
quantify the error incurred by replacing Sn with its Gaussian approximation Z?

To answer Question 1, the standard approach is to adopt a distance dH between the two
probability distributions and establish a quantitative (upper) bound of the form

dH pSn, Zq :“ sup
hPH

|ErhpSnqs ´ ErhpZqs| ď fpnq, (1.1)

1



2 Introduction

where H is a rich class of test functions such that the above expectations are finite, E
denotes expectation, and pfpnqqně1 is a positive sequence, called the rate of convergence,
such that fpnq Ñ 0, as n Ñ 8. We refer to dH pSn, Zq as the Gaussian approximation
error in the distance dH , and to the inequalities of the form (1.1) as quantitative bounds
with rate function f . An example of such a distance dH on R is the Kolmogorov distance
dKol, for which H is the family of indicator functions of all half-lines p´8, xs, x P R. In
this case, one usually writes PpSn ď xq instead of Er1p´8,xspSnqs. A CLT equipped with
an explicit error bound dH ď fpnq is often called a quantitative CLT.

Establishing explicit convergence rates turns CLTs from qualitative asymptotic state-
ments into practically usable approximations. Indeed, in many applications one works with
a sequence of statistics pFnqně1 and a corresponding Gaussian approximation Z (typically
after suitable centring and scaling), and one wishes to control the approximation error
in a metric such as dH . A bound of the form dH pFn, Zq ď fpnq provides a practical
criterion for choosing n, which ensures that the Gaussian approximation error is below a
prescribed tolerance. For any n satisfying this criterion, practitioners may use the Gaussian
approximation Z and its explicit quantiles and tail probabilities, for instance to construct
confidence intervals and to set critical values for hypothesis tests.

A central benchmark for quantitative CLTs, is the seminal contribution of Berry [6]
and Esseen [20, 21], commonly referred to as the Berry–Esseen inequality. Consider the
normalised sum Sn and the limit Z defined above. Assuming a finite third moment
Er|X1|3s ă 8, the Berry–Esseen inequality yields for all n P N,

dKolpSn, Zq “ sup
xPR

|PpSn ď xq ´ PpZ ď xq| ď C
Er|X1|3s

?
n

, (1.2)

where C ą 0 is a universal constant. The result (1.2) shows that the convergence rate in
the CLT is of the order n´1{2, thus providing a direct answer to Question 1. Furthermore,
this convergence rate is considered optimal in the sense that symmetric Bernoulli random
variables pXkqkě1 (think fair coin tossing) achieve a lower bound with the same rate but
different constant, see [22]. Hence, we cannot expect any rate of convergence to be faster
than this optimal rate.

Foundational quantitative results date back to the 1940s and 1950s. The theory is well-
developed for both univariate and multivariate settings, provided the dimension remains
fixed. However, the recent emergence of high-dimensional data, in which the dimension d

of the considered random vector may grow as fast, or even faster than the sample size n,
has posed new challenges for classical probabilistic and statistical methods.

Two central difficulties arise. First, classical CLT results often assume independence or
weak dependence structures, whereas high-dimensional settings frequently exhibit complex
dependence patterns (as in neural networks). Second, in classical theory, the dimension d

was treated as a fixed constant and absorbed into the constant terms of convergence bounds.
In the high-dimensional setting, the critical challenge is to derive quantitative bounds
fpn, dq whose dependence on the dimension d is sufficiently mild so that fpn, dq Ñ 0 as
d, n Ñ 8, i.e.
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Question 2.
(1) Given sequence of d-dimensional random vectors pFnqně1 that satisfy a CLT when
d is fixed, can we derive convergence rates fpn, dq that ensure asymptotic normality
even when d grows with n? Furthermore, can the obtained bounds accommodate
nontrivial dependence structures?
(2) Specifically, can we derive quantitative bounds on the Gaussian approximation
error dH pF ,Zq for F P Rd and a Gaussian Z P Rd that make the dependence on the
dimension d explicit?

A solution to Question 2 requires fixing a distance dH and proving a quantitative bound
dH pSn,Zq ď fpn, dq with explicit dependence on d, while aiming to preserve close to
optimal dependence on the sample size n. Three distances that are often used in this context
are the hyper-rectangular dR, convex dC , and 1-Wasserstein dW distance, which differ in the
choice of test function class H . For the hyper-rectangular distance, H “ t1A : A P Ru,
where R is the set of d-dimensional hyper-rectangles in Rd. For the convex distance,
H “ t1A : A P C u, where C is the family of all convex subsets of Rd, and for the
Wasserstein distance H “ Lipp1q, where Lipp1q denotes the class of Lipschitz continuous
functions h : Rd Ñ R with Lipschitz constant at most 1, that is |hpxq ´ hpyq| ď |x´ y| for
all x, y P Rd. These distances are related. For instance, for random vectors F and Z, it is
known that dC pF ,Zq ď C

a

dWpF ,Zq, for a positive constant C, and since R Ă C , the
hyper-rectangular distance is always bounded above by the convex distance. However, in
many statistical problems, one often considers the hyper-rectangular distance. Examples of
such statistical problems include multiple hypothesis testing and simultaneous confidence
intervals for many parameters at once, where the sets of accepted or covered values naturally
have the shape of hyper-rectangles, see for example [11, 12] and references therein.

Addressing Question 2 constitutes a central theme in modern probability and high-
dimensional statistics. Similar difficulties appear in many modern statistical models, such
as nonlinear time series, functionals of Gaussian fields, and stochastic systems with strong
temporal or spatial dependence. In these settings, classical Fourier methods generally fail
to yield sharp, dimension-explicit error bounds. This need has given rise to the development
of general techniques for Gaussian approximations that accommodate dependence and
remain effective in high dimensions.

In what follows, we introduce two frameworks, Stein’s method, and its combination
with Malliavin calculus. We then present the main contributions of Paper A, which provide
three answers to Question 2: one to part (2), and two to part (1). More precisely, we
obtain general bounds on dH pF ,Zq for random vectors on Gaussian spaces in the three
distances mentioned above (hyper-rectangular, convex and 1-Wasserstein), which allow us
to derive concrete rates of convergence in the multivariate Breuer–Major theorem, and
subsequently, in parameter estimation for VARppq processes. To the best of our knowledge,
the applications presented have not appeared previously in the literature. After each
of those results, we discuss the different components that the obtained bounds consist
of, and the relations to literature. Finally, a remark: the results in Paper A are quite
technical, since the primary contribution lies in making all bounds explicit and tractable.
Consequently, several details are simplified in this presentation, and all such instances are
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clearly indicated. For the rest of this section, we use common notation X „ Ndpµ,Σq to
denote that X is a d-dimensional random vector following a Gaussian (normal) distribution
with mean vector µ and covariance matrix Σ. Usually, we will assume that X has values
in Rd, and that X is centered, meaning that the mean vector is the zero vector in Rd, i.e.
µ “ 0 P Rd.

Stein’s Method

The classical approach to Gaussian approximation relies on characteristic functions, ex-
emplified by the seminal work of Berry and Esseen. In the case of independent random
variables, the characteristic function of a sum factorises into a product of characteristic
functions, a multiplicative structure that makes the analysis tractable and leads to sharp
quantitative bounds. For dependent random variables, however, this structure breaks down,
and Fourier methods often yield sub-optimal rates or become difficult to apply.

A fundamental shift occurred in 1972 with Stein’s seminal work [49]. Stein observed
that a random variable Z follows the standard normal distribution N p0, 1q if and only if

Erf 1pZqs “ ErZfpZqs,

holds for all sufficiently regular test functions f . This characterisation implies that the
distance between the distributions of an arbitrary random variable F and a standard normal
random variable Z can be expressed through quantities of the form Erf 1pF q ´ FfpF qs.

More precisely, for a given test function h : R Ñ R, one considers the Stein equation

f 1pxq ´ xfpxq “ hpxq ´ ErhpZqs,

whose solution fh satisfies ErhpF qs ´ ErhpZqs “ Erf 1
hpF q ´ FfhpF qs. Comparing to (1.1),

obtaining quantitative bounds reduces to bounding

dH pF,Zq “ sup
hPH

|Erf 1
hpF q ´ FfhpF qs|.

For standard classes of test functions h, such as bounded, Lipschitz continuous, or smooth
functions, the solution fh exists and is unique within an appropriate function space, see [37,
Proposition 3.2.2].

These ideas admit a natural generalisation to the multivariate setting. A d-dimensional
random vector Z with values in Rd follows the Gaussian distribution Ndp0,Σq if and only
if

E
“

xZ,∇fpZqyRd

‰

“ E
“

tr
`

ΣHessfpZq
˘‰

, (1.3)

for all functions f P C2pRdq with bounded gradient and Hessian; see [37, Lemma 4.1.3].
Here Hessf denotes the Hessian matrix of second-order partial derivatives, and trpMq

denotes the trace of a matrix M P Rdˆd. In analogy with the univariate case, the
characterisation (1.3) leads to a multivariate Stein equation, whose solution fh exists for
a wide range of test function families H of interest. For a random vector F in Rd, the
Gaussian approximation error in the distributional distance dH can be written as

dH pF ,Zq “ sup
hPH

|ErtrpΣHessfhpF qq ´ xF ,∇fhpF qyRds|. (1.4)
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Thus, bounding the Gaussian approximation error dH pF ,Zq reduces to controlling the
right-hand side uniformly in h in (1.4).

A central object in quantitative bounds for dH pF ,Zq is the Stein kernel. For a centered
random vector F in Rd, a Stein kernel is a matrix-valued function τF : Rd Ñ Rdˆd, where
Er|τF

i,jpF q|s ă 8 for all i, j P t1, . . . , du, and such that

E
“

xF ,∇fpF qyRd

‰

“ E
“

tr
`

τF pF qHessfpF q
˘‰

, (1.5)

for all f : Rd Ñ R, f P C2 with bounded gradient and Hessian. The random matrix τF pF q

is often called the Stein matrix. Intuitively, τF pF q plays the role of a stochastic covariance
matrix. In particular, for Z „ Ndp0,Σq one can choose τ ZpZq ” Σ, and then (1.5) reduces
to the Gaussian characterisation (1.3).

Therefore, obtaining quantitative Gaussian approximation reduces to controlling the
size of the discrepancy between the random Stein matrix τ F pF q and the target covariance
matrix Σ. It is now known that, for general dependent random vectors admitting a Stein
kernel, high-dimensional Gaussian approximation can be bounded explicitly in terms of
these discrepancy terms. Indeed, Fang and Koike in [23, Thm 1.1] obtain the following
bound.

Theorem 1.1 (Fang–Koike, 2021). Let F be a centered d-dimensional random vector that
has a Stein kernel τF , and let Z „ Ndp0,Σq. Then there exists a positive constant that
depends on Σ such that

dRpF ,Zq ď CpΣq logpdqEr}Σ ´ τ F pF q}maxs, (1.6)

where }M}max “ max1ďi,jďd |Mij | denotes the max-norm for a matrix M P Rdˆd.

The term Er}Σ ´ τ F pF q}maxs is precisely a measurement of the discrepancy between
the Stein matrix τ F pF q and the covariance matrix Σ.

As for related literature, Stein’s method has proved highly successful for obtaining
dimension-explicit bounds in multivariate Gaussian approximation. A key advance was
made by Götze [24], who applied Stein’s method to sums of independent d-dimensional
random vectors. This was later refined by Bentkus [4, 5], who obtained a Berry–Esseen
bound of order d1{4n´1{2 in the convex distance. For this setting, this is the best currently
known dependence on the dimension d in convex distance, and it provides an example
where the rate still tends to zero even when d grows with n, thus answering Question 2. For
normalised sums of independent, centered d-dimensional random vectors with an additional
assumption on the boundedness of the random vectors, Chernozhukov, Chetverikov, and
Koike [13] obtain rates of order log3{2pdqn´1{2 logn in the hyper-rectangular distance,
which are optimal in n up to logarithmic factors and have a remarkable dimensional
dependence. Namely the bound scales as logpdq as d grows. All these results address sums
of independent random vectors and provide answers to Question 2 within their respective
frameworks. However, since data in practice are often dependent, it is also essential
to obtain corresponding bounds for the dependent random vectors. To overcome these
challenges in the dependent setting, one possible approach combines Stein’s method with
tools from Malliavin calculus.
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Malliavin–Stein Method

Although Stein’s method provides a powerful analytical framework for bounding distances,
the construction of a Stein kernel for dependent functionals often requires additional
mathematical structure. For functionals on Gaussian spaces, this can be achieved by
combining Stein’s method with Malliavin calculus.

Malliavin calculus was introduced by Paul Malliavin in 1976 in connection with a
concrete problem in PDE theory: to obtain a purely probabilistic proof of Hörmander’s
theorem on the smoothness of densities for hypoelliptic diffusions, without resorting to
classical PDE techniques. Malliavin’s answer was a calculus of variations on Wiener space,
providing a rigorous framework to differentiate random functionals (functions of Brownian
paths) by the means of the Malliavin derivative DF .

Historically, the domain of Malliavin calculus was density regularity theory. A pivotal
development in its use for limit theorems occurred in 2005 when Nualart and Peccati
established their celebrated Fourth Moment Theorem [45]: functionals in Wiener chaos
converge to a Gaussian random variable if and only if their fourth moment converges to
that of the Gaussian variable. This revealed that Malliavin calculus could be used for
distributional convergence, not just density smoothness. Nourdin and Peccati in [36] then
showed that combining Stein’s method with Malliavin calculus allows explicit construction
of Stein kernels for Gaussian functionals, that is, random variables which are functions
of underlying Gaussian random variables. The Malliavin derivative naturally produces a
canonical Stein kernel (via xDF,´DL´1F yH, see below), which captures the covariance
structure in the form needed for Stein’s method. Later, Nourdin, Peccati and Réveillac [38],
extended this to the multivariate setting.

For a comprehensive treatment of Malliavin–Stein method, Nourdin and Peccati’s
monograph [37] presents key results in Malliavin calculus, and proves a handful of classical
results: the Fourth Moment Theorem, the classical Berry–Esseen result (1.2), and the
Breuer–Major theorem in depth, to name a few. For further reading primarily on Malliavin
calculus, see monographs [43, 44]. In this section, we develop tools for deriving quantitative
bounds on the Gaussian approximation error and introduce, in a non-technical way, some
basic notions from Malliavin calculus.

Formally, let X “ tXphq : h P Hu be an isonormal Gaussian process over a real separable
Hilbert space H, that is, a centered Gaussian family with covariance ErXphqXpgqs “ xh, gyH.
For a positive integer q, let Hbq, and Hdq denote the q-fold tensor product and the q-
fold symmetric tensor product of H, respectively. Any square-integrable random variable
F P L2pΩq admits a Wiener–Itô chaos expansion

F “ ErF s `
ÿ

qě1
Iqpfqq, with fq P HdH, (1.7)

where Iq denotes the q-th multiple Wiener integral. Heuristically, the term Iqpfqq behaves
like a homogeneous polynomial of degree q in the underlying Gaussian coordinates. It
is obtained by integrating a kernel fq P Hdq against q increments of the Gaussian noise,
and thus represents the q-th order “noise component” of F . In this sense, Wiener chaos is
the orthogonal decomposition of the space of square-integrable random variables L2pΩq,
into subspaces of different noise orders, where the “noise component” of order q P N is
called the Wiener chaos of order q. A valid question is “To which random variables can
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we apply the Malliavin derivative operator?”, and unfortunately, the answer is not all
square-integrable random variables, namely F belonging to the domain D1,2 of Malliavin
derivative is a stronger condition, i.e. D1,2 Ă L2pΩq. For details see Section 4.1 or [37].
Malliavin calculus provides differential rules for such functionals as well as an integration
by parts formula involving the pseudo-inverse L´1 of the Ornstein–Uhlenbeck generator.

For a centered vector F “ pF1, . . . , Fdq with values in Rd, and Fi P D1,2 and a sufficiently
smooth test function f : Rd Ñ R, the Malliavin integration by parts identity yields

E
“

xF ,∇fpF qyRd

‰

“

d
ÿ

i,j“1
E
“

B2
ijfpF qxDFi,´DL

´1FjyH
‰

. (1.8)

The formula (1.8) is the fundamental result for the Malliavin–Stein method. Denote the
matrix MF pi, jq :“ xDFi,´DL

´1FjyH, for all i, j P t1, . . . , du. Comparing (1.8) with the
Stein kernel identity (1.5) and taking the conditional expectation with respect to the
σ-algebra generated by F , we obtain the promised explicit Stein kernel for the law of F :

τF
ij pF q “ ErxDFi,´DL

´1FjyH | F s “ ErMF pi, jq | F s, 1 ď i, j ď d. (1.9)

For a more detailed mathematical statement, see [40, Prop. 3.7]. In particular, in connection
to the bound (1.6), it can be shown that

Er}Σ ´ τF pF q}maxs ď Er}Σ ´MF }maxs.

This follows from conditional Jensen’s inequality and the tower property, see also proof of
Theorem 4.1 in Paper A.

Identity (1.9) shows that bounding the Gaussian approximation error dH pF ,Zq for
functionals on a Gaussian space reduces to controlling the fluctuations of MF around the
target covariance matrix Σ. Since τF pF q “ ErMF | F s, the same control also bounds
deviations of τF pF q from Σ. This principle underlies a large body of quantitative limit
theorems obtained via the Malliavin–Stein method. See, for instance (1.10) and (1.11).

Nourdin, Peccati and collaborators established the following two key quantitative
bounds: one in convex [42, Thm 2.1] and one in the 1-Wasserstein distance [38, Thm 3.5]
stated in Theorem 1.2, in (1.10) and (1.11) respectively.

Theorem 1.2 (Nourdin–Peccati–Yang, 2022 & Nourdin–Peccati–Réveillac, 2010 ). Fix
a centered random vector vector F “ pF1, . . . , Fdq in Rd with components in D1,2, and
Z „ Ndp0,Σq with Σ invertible. Then there exists a constant depending on Σ, such that

dC pF ,Zq ď CpΣqd41{24
b

Er}Σ ´MF }2
H.S.s, and (1.10)

dWpF ,Zq ď CpΣq
?
d
b

E
“

}Σ ´MF }2
H.S.

‰

, (1.11)

where }M}H.S. “
a

trpMM Jq denotes the Hilbert–Schmidt norm of a matrix M P Rdˆd.

We comment on the role of CpΣq in the discussion point (II) below Theorem 1.3. Note
that Er}Σ ´MF }2

H.S.s
1{2 measures the discrepancy between MF and Σ.

The bounds in Theorems 1.1 and 1.2, are explicit in the dimension d up to discrepancy
terms: Er}Σ ´ τ F pF q}maxs and Er}Σ ´MF }2

H.S.s, respectively. These terms quantify
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deviations from the Gaussian target covariance matrix Σ (via τF pF q in Theorem 1.1
and MF in Theorem 1.2). Consequently, they provide a dimension-explicit answer to
Question 2(2) up to the control of the discrepancy term. However, in many high-dimensional
settings, the discrepancy term hides additional dimensional dependence. Hence, obtaining
fully explicit and tractable rates requires further structure, which motivates the structural
assumption introduced in Theorem 1.3.

Dimensional Explicit Quantitative Bounds

This section presents the first of the contributions from Paper A, that provides an answer
to Question 2(2). The existing Malliavin–Stein bounds in the multivariate setting are
typically formulated in non-explicit form, (recall the discussions surrounding (1.6), (1.11)
and (1.10)), or are derived under the restriction that each component belongs to a fixed
Wiener chaos ( [42, Cor 1.3] and [23, Corollary 1.2]). Theorem 1.3 addresses this gap by
providing dimension-explicit quantitative bounds for random vectors F on a Gaussian
space, under appropriate regularity assumptions, in three distances: hyper-rectangular,
convex and 1-Wasserstein.

We begin by stating Theorem 1.3, and then discuss the main structural components of
the resulting bounds, namely their dependence on the dimension d and on the smallest
eigenvalue σ˚ of the covariance (or correlation) matrix of the Gaussian limit.

To present d-dependence for the hyper-rectangular distance, define a function

ψα,βpdq :“ log1{p2βq
` pdqek1 log1{p2βq

`
pdq, for all d P N, (1.12)

where log`pxq “ maxt| logpxq|, 1u for x P R, and where the parameters α P R and
β P r1{2, 1s control the growth rate. The constant k1 depends on β: specifically, k1 « 0.368
when β “ 1{2, and for β ą 1{2, the value k1 “ k1pα, βq is determined explicitly, see (1.4)
in Paper A.

The key observation is that for β P p1{2, 1s, the exponents satisfy 1{p2βq P r1{2, 1q,
and consequently ψα,β grows sub-polynomially in d, that is, ψα,βpdq ď dε for all ε ą 0.
In contrast, the critical case β “ 1{2 yields polynomial growth in d with order d0.368. In
Theorem 2.1 from Paper A, we obtain the following result.

Theorem 1.3. Fix a centered random vector F “ pF1, . . . , Fdq in Rd where Fi P D1,2 and
also admits a Wiener–Itô chaos expansion (1.7) for all i P t1, . . . , du. Let Z „ Ndp0,Σq

with matching covariance Σ “ CovpF q. Assume Σ is invertible, with the associated
correlation matrix Λ. Let σ˚pMq and σ˚pMq denote the minimal and respectively maximal
eigenvalue of a matrix M . Assume for γ, α P R and β P r1{2, 1s that

∥fi,p br fj,q∥Hbpp`q´2rq ď
γeαpeαq

pp!q!qβ
, for all i, j P t1, . . . , du, (1.13)

and all p, q, r natural numbers where p, q ě 1, not simultaneously 1, and 1 ď r ď mintp, qu´

1tp“qu. Additionally, if β “ 1{2, for (1.14) assume that α ă α0 « ´2.846, and for (1.15)
that α ă logp1{2q ´e1{p2eq « ´1.895. Then, there exists a finite constant Cθ ą 0, depending
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only on multivariate parameter θ “ pα, βq, such that

dRpF ,Zq ď Cθψα,βpdqγ log`pγq
log` pσ˚pΛqq

σ˚pΛq
, (1.14)

dC pF ,Zq ď Cθd
65{24γ

1
σ˚pΛq3{2 , and dWpF ,Zq ď Cθd

3{2γ
σ˚pΣq1{2

σ˚pΣq
. (1.15)

We begin with two technical comments: (i) the constant α0 is given explicitly in (1.3)
in Paper A, and (ii) in Paper A we present versions of the result (namely Theorem 4.1 and
Corollary 4.2) without the assumption that the covariance of the Gaussian vector equals
the covariance of F . Namely, the result holds for a general invertible Σ, which simply
adds an additional term to the bounds that accounts for the discrepancy between the two
matrices. We now turn to the two central aspects of this discussion:

(I) The three bounds in Theorem 1.3 exhibit different dependencies on the dimension d.
The hyper-rectangular distance bound (1.14) is unique among the three in its sensitivity
to the regularity parameters α and β (see (1.12)). Specifically, for β P p1{2, 1s, the rate
ψα,βpdq grows sub-polynomially in d, however for β “ 1{2 and α ă α0, the rate becomes
polynomial of order dk1 with k1 ď 0.368. Consequently, stronger regularity assumptions
on F directly improves the dimensional dependence of the hyper-rectangular bound.
Such behaviour is absent from both the convex and 1-Wasserstein bound. Importantly,
regardless of regularity, the hyper-rectangular bound achieves substantially better
dimension dependence than the convex and 1-Wasserstein bounds, which have fixed
polynomial rates of d65{24 and d3{2, respectively.
(II) The factor pσ˚pMqq´1 appears in all bounds for M P tΣ,Λu, and it diverges as
M approaches singularity. If σ˚pMq is bounded away from 0 by an absolute constant,
terms themselves reduce to a universal constant. The pσ˚pMqq´1 terms are precisely
the terms that appear in the bounds (1.6), (1.10), and (1.11) through CpΣq. Note,
however, that even under uniform control of σ˚pΣq, the bound in (1.11) also involves
the maximal eigenvalue σ˚pΣq. Consequently, the bound may still deteriorate with the
dimension through the overall scale of Σ, and controlling non-singularity alone does not
prevent dimension-dependent constants.

The hyper-rectangular bound (1.14), which accommodates general vectors F without
fixed chaos restriction, is novel to our knowledge. It builds upon work by Fang and Koike,
and generalises [23, Cor. 1.2], which required all components to belong to a Wiener chaos
of fixed order. The convex and 1-Wasserstein bounds (1.15) refine results [38, Thm 3.5]
and [42, Thm 2.1]. Under the assumption (1.13), we provide an explicit estimate of the
Stein kernel term, Er}Σ ´MF }2

H.S.s
1{2, which is the key to achieving dimension-explicit

dependence.
Having the explicit bounds from Theorem 1.3 allows us to prove an important motiva-

tional result, namely the Breuer–Major theorem.

Multivariate Quantitative Breuer–Major

In this section, we present a special case of our statements involving the multivariate
Breuer–Major theorem from Paper A, namely Theorem 2.3 and Corollary 2.4. The Breuer–
Major theorem is a fundamental result in Gaussian analysis, guaranteeing convergence
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to a Gaussian limit of random vectors Sn :“ n´1{2 řn
k“1 ΦpGkq, for a centered stationary

K-dimensional Gaussian sequence pGkqkPZ, and a nonlinear function Φ : RK Ñ Rd, under
appropriate assumptions. Unlike the standard Berry–Esseen result (1.2) for independent
random variables, Breuer–Major accommodates strong dependence through a Hermite rank
condition on the non-affine functional Φ, under an appropriate summability condition on
the covariance structure. This framework extends classical limit theorems to dependent
Gaussian data, making it fundamental for analysing non-affine functionals of time series
and other dependent structures.

The seminal work [7] by Breuer and Major is concerned with the qualitative statement
of this problem, i.e. they show weak convergence in the case when d “ 1 and K “ 1. Their
result is later extended to multivariate inputs by Arcones in [1] to cover functionals of the
form Φ : RK Ñ R, and further to vector-valued outputs Φ : RK Ñ Rd in the continuous
setting by Nualart and Tiva [46].

The quantitative bounds are well-established for the following three cases: (i) scalar-
valued functions with K “ 1 (e.g., [41, 47]), (ii) scalar-valued functions with K ě 1 in [39,
Thm 2.1], however their result is not explicit in K nor d, and (iii) Rd-valued functions with
K “ 1 (e.g., [38, 42]). To the best of our knowledge, multivariate extensions for general
maps Φ : RK Ñ Rd with explicit dependence on the input dimension K, output dimension
d and sample size n, are currently unknown, despite their importance for high-dimensional
inference where one needs quantitative control of Gaussian approximations rather than
purely qualitative CLTs. Corollary 1.4 provides such bounds, which give an answer to this
gap, and hence an answer to Question 2(1) for the class of nonlinear functionals considered
here.

Let pGkqkPZ be a centered i.i.d. stationary Gaussian sequence in RK with Gk “

pG
pjq

k q1ďjďK „ NKp0, IKq, and let Φ “ pφ1, . . . , φdq be such that the components φi
are square-integrable and have finite Hermite rank mi ě 2. Here, square-integrable
φi : RK Ñ R means Er|φipG1q|2s ă 8. Each such φi admits a Hermite expansion,
φipxq “

ř8
i“mi

φi,qpxq, where φi,qpxq is the projection of φi onto the space generated by
multivariate Hermite polynomials of total degree q, that is the q-th Wiener chaos. The
Hermite rank mi P N is the smallest q ě 1 such that φi,q ı 0, that is, all projections of
degrees 0, . . . ,mi ´ 1 vanish. Hence, having Hermite rank of at least 2, essentially means
that there are no constant or linear terms in the Hermite expansion of φi. in particular,
φipG1q is not a Gaussian random variable. For a detailed discussion of these notions, see
Section 4.1 in Paper A. For the described set-up, Paper A yields the following:

Corollary 1.4. Assume Σn :“ CovpSnq is invertible, and let Zn „ Ndp0,Σnq. Further-
more, assume that ErΦpGkqs “ 0 for all k P Z. Let c1 ě 0, α P R and β P r1{2, 1s, and
define the multivariate parameter θ “ pc1, α, βq. If β “ 1{2, for the hyper-rectangular
distance bound assume that α ă α0 ´ log`pKq{2 ă 0 and for the other two distances assume
that α ă ´1{p2eq ´ lnp2

?
Kq ă 0. Assume, that

Erφi,qpG1q2s1{2 ď
c1e

αq

pq!qβ´1{2 , for all q P N. (1.16)
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Finally, for positive constants k2 « 0.768 and c2 depending on θ, define

ζpd,Kq :“
#

log1{p2βq
` pdqec2K1{2β log1{p2βq

`
pdq, β P p1{2, 1s,

log`pdqdk2 , β “ 1{2.
(1.17)

Then, there exist positive constants CK,θ depending on K and θ, such that

dRpSn,Znq ď CK,θζpd,Kqn´1{2 log`pnq
log`pσ˚pΛqq

σ˚pΛq
,

dC pSn,Znq ď CK,θd
65{24n´1{2 1

σ˚pΛq3{2 , and

dWpSn,Znq ď CK,θd
3{2n´1{2σ

˚pΣq1{2

σ˚pΣq
.

(1.18)

First, note that in the boundary case of β “ 1{2, the factor α, describing the growth
of Hermite components of every φi, depends on the input dimension K. Specifically, as
the dimension K of the underlying process pGkqk P Z increases, the parameter α must
decrease for the result to hold, equivalently, φi, q must become more regular. The function
ζ, described in (1.17), grows sub-polynomially in d for β P p1{2, 1s, and polynomially in
the boundary case β “ 1{2. The order of the polynomial growth k2 « 0.768, which is less
than polynomial growths order 65{24 for the convex distance, and for 3{2 for 1-Wasserstein
distance in (1.18).

In Corollary 1.4, we treat the i.i.d. case of the multivariate Gaussian sequences. How-
ever, the results in Paper A hold for Gaussian sequences with a non-trivial covariance
structure. This makes it possible to consider long-range dependent Gaussian fields, which
are of interest in various applications, see [31, 17, 34, 2]. Taking K “ 1, a canonical
example of a long-range dependent sequence is fractional Gaussian noise. For our general
statements, see Theorem 2.3 for the full generality, and Corollary 2.4 for an application
under assumption (1.16) and a decaying covariance structure (such as that of fractional
Gaussian noise). As a sanity check, when we specialise to the case where pGkqkPZ is
fractional Gaussian noise with Hurst parameter H P p0, 1q, our bound in Corollary 2.4
recovers the existing n-rates for the 1-Wasserstein distance [38, Thm 4.1] and for the
convex [39, Ex. 2.6], up to a log`pnq factor in the case H “ 1{2.

The Breuer–Major theorem has been extensively studied from a theoretical perspec-
tive [8, 35, 33], and, as mentioned above, the same structure often arises in statistical
applications. In particular, stable vector autoregressive (VAR) models are among the cen-
tral tools for analysing multivariate time series in econometrics, finance, macroeconomics,
and many applied sciences [25, 32]. Parameter estimation of the coefficients in a stable
VAR model with Gaussian innovations has Hermite rank exactly 2, and fits naturally into
the Breuer–Major framework.

Parameter Estimation in Vector Autoregressive Processes

Multivariate time series in applications are often modelled using VAR processes, which
provide a flexible linear framework for describing how several variables influence each other
over time. In such models, each component today is expressed as a linear combination
of past values of all components, so past movements in one variable can feed into the
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future evolution of the others. For instance, one may model how today’s values of several
variables (such as time spent listening to upbeat music and a daily mood score) depend on
yesterday’s values of both variables, thereby capturing questions like whether increased
music listening today is associated with higher mood tomorrow or whether a low mood
leads to different listening patterns on the following day.

Standard inference for VAR models is often based on the asymptotic normality of
the multivariate ordinary least squares (OLS) estimator of the coefficient matrices under
stability and moment conditions, as described in classical time series textbooks (see [32]).
However, these results are typically qualitative: they state that normality holds in the
limit, but do not provide explicit bounds. For reliable confidence intervals and hypothesis
tests, one needs quantitative bounds on the asymptotic normality, and in Paper A we
derive explicit convergence rates for the CLT component of the OLS estimator. To our
knowledge, the rate of convergence in the asymptotic normality for parameter estimators
in VAR models (see (1.19)) is currently unknown. Below we explain what being the CLT
component of an OLS estimator means, and we present a simplified case of our Theorem 3.4
from Paper A, followed by a short discussion and relations to existing literature.

When proving asymptotic normality of a parameter estimator pθ (showing that its
distribution converges to a Gaussian law as the sample size tends to infinity (1.19)), a
particularly convenient situation is when the estimator can be expressed as a smooth
function of empirical averages. In such cases, one aims to establish

?
nppθ ´ θq

D
ÝÑ Ndp0,Σq, as n Ñ 8, (1.19)

for a positive definite matrix Σ. A common strategy is to rewrite
?
nppθ ´ θq “ NnSn,

where Nn
P
ÝÑ N by an appropriate law of large numbers (LLN) result, and where Sn

D
ÝÑ S

is for a Gaussian S, as n Ñ 8, usually by a CLT for suitably centered and scaled empirical
averages. Multivariate versions of Slutsky’s theorem then ensure that NnSn

D
ÝÑ NS as

n Ñ 8, so that
?
nppθ ´ θq is asymptotically normal with covariance matrix Σ “ CovpNSq.

Hence, the CLT component of an OLS estimator refers to Sn, which satisfies a CLT
Sn

D
ÝÑ S, where S is a Gaussian random vector. For a concrete illustration in the context

of the OLS estimator of the coefficient matrices in a stable VAR model with p lags (VARppq),
see [32, Sec. 3.2.2].

Consider a d-dimensional stable VARp1q process, that is

yk “ Ayk´1 ` uk, for k P Z, (1.20)

with coefficient matrix A P Rdˆd and the innovation process pukqkPZ such that uk „

Ndp0, Idq. Let Y :“ py1, . . . ,ynq for fixed n P N. Furthermore, let pA be the multivariate
least squares estimator of the coefficient matrix A, and pβ and β their vector forms
respectively. Denote by S

pβ
n the CLT component of pβ. Combining the above logic with the

framework of [32, Sec. 3.2.2], yields the following:

S
pβ
n “

1
?
n

pY b Idq
D
ÝÑ Nd2pp0,ΣY b Idq,
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where ΣY denotes the covariance matrix of Y , and b denotes the Kronecker product of two
matrices. Let }M}op “ sup}x}2“1 }Mx}2 denote the operator norm of a matrix M , where
} ¨ }2 denote the usual Euclidean norm. Corollary 2.4 from Paper A yields the following
result:

Corollary 1.5. Consider VARp1q-setting (1.20), described above. Let Z „ Nd2p0,ΣY bIdq,
with Λ denoting its correlation matrix.Assume }A}op ă 1, and denote

ApAq :“
#

p}A}op ´ }A}2
opq´1, if }A}op ă p

?
5 ´ 1q{2,

tp1 ´ }A}opqp1 ` }A}2
opqu´1, otherwise.

Then, there exists a universal constant C ą 0, such that

dRpS
pβ
n ,Zq ď C log2

`pdq log` log`pdq
log`pnq

?
n

log`pσ˚q

σ˚

ApAq3{2 log`pApAqq,

dC pS
pβ
n ,Zq ď Cd65{24n´1{2 1

σ˚pΛq3{2ApAq3{2, and

dWpS
pβ
n ,Zq ď Cd3n´1{2σ

˚pΣYq

σ˚pΣYq
ApAq3{2.

Why only consider the CLT component? The LLN part involves self-normalised random
matrices, and obtaining quantitative Berry–Esseen-type bounds for such self-normalised
terms in high-dimensional settings is difficult and an open problem. Recent progress was
achieved by Chang et al. [10], who study the Gaussian approximation of the coordinate-wise
maximum of high-dimensional self-normalized sums and derive an explicit Berry–Esseen
bound, for a problem-specific distance, that scales as log5{4pdqn´1{8, under suitable moment
conditions. Remark that this is suboptimal in n-dependence, as the optimal scaling would
be n´1{2. A full treatment of the self-normalisation problem is beyond the scope of Paper
A, as our primary goal here is to demonstrate how our methodology can be applied in a
high-dimensional time-series setting.

Related work on the error bounds for stable VARppq estimators exists in the univariate
case, however the high-dimensional case, is currently an open question: In the continuous-
time scalar setting, Kim and Park [28] obtain an optimal Berry–Esseen bound of order T´1{2

for the normalised drift estimator
?
T ppθ ´ θq in a one-dimensional Ornstein–Uhlenbeck

process (the continuous-time analogue of a stable VARp1q with Gaussian innovations).
Douissi et al. [19] derive optimal rates of order n´1{2 for suitably normalised parameter
estimation for a univariate ARp1q process (univariate VARp1q process). For the high-
dimensional continuous-time rates, Ciołek et al. [14] obtain oracle inequalities and error
bounds for Dantzig and Lasso estimators of the drift in a multivariate Ornstein–Uhlenbeck
process, under sparsity assumptions on the drift matrix, but do not study Berry–Esseen
type bounds for the estimator.

Closing Remarks

In Paper A we derive quantitative bounds for distances between a random vector whose
components admit a Wiener–Itô chaos expansion and a Gaussian random vector. The
resulting bounds are fully explicit in their dependence on the dimension of the random
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vectors, up to a multiplicative term that reflects the (possible) degeneracy of the covariance
matrix of the Gaussian limit; an analogous term is present in related work in the area.
Applying these bounds to two concrete settings (Breuer–Major type functionals and
parameter estimation in VARppq processes) yields, to our knowledge, new results that
are fully explicit in their dependence on the sample size n and the dimension d. We also
establish a version of Theorem 1.3 for the case where the components have a finite chaos
expansion. In this situation, for the hyper-rectangular distance, the dimension dependence
can be sharpened, and the corresponding bounds are strictly better than in the general
infinite-chaos case.

Our proofs combine techniques from Malliavin calculus and Stein’s method. The starting
point, for proving our general bounds are three inequalities [23, Thm 1.1], [42, Thm 2.1]
and [38, Thm 3.5] involving the hyper-rectangular, the convex and the 1-Wasserstein
distance, respectively. These three results provide general bounds via the use of Stein
kernels, which, in the setting of multiple Wiener–Itô integrals, get remarkably explicit. The
challenging part of the proofs is deconstructing these Stein kernels into more manageable
components: we leverage combinatorial ideas from [37, Lem. 6.2.1] combined with insights
from [30, Lem. A.1 and Prop. A.2] about sub-Gaussian random variables and [29, Lem. 2.2].
Furthermore, to establish convergence of the series arising in the proofs, the main ingredient
is Stirling’s inequality (4.18) used in combination with our structural assumption (1.13).

In the applications, the proofs reduce to estimating norms of kernel contractions arising
in the quantities that enter assumption (1.13), and then invoking our general bounds. In
the case of the OLS estimator of the coefficient matrices in a VARppq model, the first step
is to represent the relevant CLT component as a finite sum of multiple Wiener–Itô integrals
with explicit kernels, and to control the norms of the contractions of these kernels. In fact,
the CLT component in this setting fits into a Breuer–Major-type framework.

1.2 Day-Ahead Electricity Price Formation and Structural Modelling

This section summarises the market setting and modelling framework for Paper B, and
reviews how day-ahead electricity prices are formed in wholesale markets. Structural
models of electricity spot-price1 formation express prices as functions of observable market
drivers, most notably fuel costs, emissions allowance prices, and renewable availability.
Understanding how spot prices depend on these inputs matters for market participants
and policy-makers, not least because it underpins risk management and hedging in energy
markets. As electrification expands across households, transport, industry, and critical
infrastructure, short-term power prices can matter for a wider range of cost and operational
decisions. Modelling electricity prices is therefore a natural step towards quantifying price
risk and supporting robust trading and hedging decisions in modern power markets.

Unlike most commodities, electricity cannot be stored, it must be generated and
consumed almost in real time. System operators therefore require that supply and demand
are balanced continuously. This need for real-time balance is reflected in a set of markets
trading electricity for different delivery times. The central short-term market is typically
the day-ahead auction: participants submit bids and offers for delivery in each hour of the

1In this thesis, the term “spot price” refers to the day-ahead price. This usage follows common market
terminology.
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following day, and the market clears at the day-ahead spot price St for each delivery hour2

t. As delivery approaches, intraday markets allow participants to adjust their positions
as forecasts change (for example, wind and solar forecasts). In addition, longer-dated
forward markets (forwards, futures, and related derivatives) allow firms to hedge price risk
over horizons from weeks to years. Many additional products exist, but these three layers
capture the main timing structure.

A key development over the last decade has been the increasing share of renewable
generation in the electricity mix. Renewable generation differs from conventional thermal
generation: output from gas- or coal-fired plants is generally controllable up to capacity,
whereas output from wind and solar depends on weather-variables (e.g., wind speed) and is
therefore variable and less predictable. Since many renewables have low marginal operating
costs, they are typically offered into the market at low prices and are accepted whenever
available. This changes price formation through the merit-order mechanism: generation
is dispatched in order of increasing marginal cost, and the last accepted (marginal) unit
sets the day-ahead spot price. As renewable generation increases, the demand served by
conventional plants becomes more volatile, oscillating between periods of near-zero prices
(when renewable output is abundant) and periods of elevated prices (when renewable
output is limited and expensive conventional capacity is required).

In what follows, “renewables” denotes wind and solar generation, which dominate
German electricity supply and day-ahead price formation (the market analysed in Paper
B). Hydro, biomass, and other renewable technologies, while present, do not materially
affect short-run price dynamics in this setting.3

Price Setting via the Merit-Order

In liberalised wholesale day-ahead markets, generators submit supply offers and consumers
submit demand bids for each hour of the following day. These offers and bids are collected
in a day-ahead auction administered by a market operator, such as EPEX SPOT. Supply
offers are ordered from lowest to highest price to construct the aggregate supply curve (the
bid curve or bid stack), while demand bids are ordered from highest to lowest price to form
the demand curve. The intersection of these curves identifies the accepted quantity and
the corresponding market-clearing price for the hour.

In efficient markets, generators’ offers are assumed to reflect marginal costs. These
costs depend primarily on the fuel price, the unit’s efficiency (often summarised by its heat
rate), and the cost of emissions allowances. The price-setting fuel is the fuel used by the
marginal unit, i.e. the last unit required to meet demand.

At the hourly level, electricity demand is commonly treated as price-inelastic. Demand
responds weakly to hourly price changes within the relevant time scale, so structural
electricity price models typically assume demand as fixed and represent it by a vertical
demand curve. Under this approximation, short-run price formation is driven predominantly
by the supply side.

Wind and solar plants have very low marginal operating costs, so they typically appear
at the bottom of the bid stack and are accepted first when available. When renewable

215 minutes (as of 1 October 2025).
3The technological composition of renewable generation varies across electricity markets; findings here

reflect German conditions.



16 Introduction

output is higher, less conventional generation is needed to meet demand. The market
therefore stops earlier in the bid stack, the marginal accepted unit is cheaper, and the
clearing price is lower. This is the merit-order effect.

Figure 1.1 schematically illustrates the merit-order effect. The shaded blocks represent
the conventional bid stack ordered by marginal cost, and the dotted block represents
renewable generation.
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Figure 1.1: Merit-order effect (schematic). Conventional bids form an increasing supply curve (bid
stack). For fixed demand (vertical dashed line), the clearing price is set by the marginal accepted
unit. Higher renewable generation reduces the demand that must be served by conventional sources
(bottom panel), so the clearing point shifts to a lower marginal cost and the clearing price falls.

A convenient summary variable for this mechanism is residual demand, defined as
Rt :“ Dt ´Wt, where Dt denotes total demand and Wt denotes renewable generation in
hour t. Since renewables are typically dispatched first due to their low marginal costs,
residual demand is the quantity that must be covered by conventional generation. In
particular, higher renewable infeed reduces Rt, consistent with the shift in the clearing
point in Figure 1.1.
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Modelling Approaches in the Literature

The literature on electricity spot prices is commonly organised into three broad classes
(see, e.g., [18, 51]): fundamental, reduced-form, and structural models. The distinctions are
largely driven by the modelling objective. Fundamental models focus on physical realism,
reduced-form models focus on mathematical tractability, and structural models aim to stay
economically interpretable while still being usable in practice.

Fundamental models approximate the market-clearing mechanism by solving optimi-
sation problems subject to engineering constraints such as capacity limits, ramp-rate
constraints, start-up costs, and network restrictions. They are well suited for scenario
analysis and can capture substantial operational detail, but they are computationally
demanding and often require extensive re-specification as market design and generation
mixes evolve. As a result, obtaining a full price distribution typically requires solving the
optimisation problem many times, which can be computationally expensive, particularly for
risk management applications that require information about the tails of the distribution.

Reduced-form models specify the spot price directly as a stochastic process (e.g., mean-
reverting diffusion with jumps). Their analytical tractability has made them standard in
derivative pricing and risk management. However, economic drivers, such as fuel prices,
carbon prices, and renewable infeed, typically enter only indirectly (if at all), for instance
through time-varying parameters or regime-switching specifications. As a result, reduced-
form models often provide limited transparency for questions that are naturally expressed
in terms of fundamentals, such as the effect of a change in gas prices or renewable output
on the spot price.

Structural models, the focus of Paper B, bridge these approaches by explicitly deriving
the spot price St “ bpXtq from market equilibrium conditions, where Xt collects the
fundamental drivers, such as demand, fuel and emissions costs, and renewable availability.
Hence, there are two taks for obtaining a structural dynamic model for spot prices: (i)
choosing the function b, typically derived from market equilibrium conditions, and (ii)
modelling the dynamics of the driving variables Xt.

Early work by Barlow [3] derives spot-price dynamics from a deterministic supply curve
and stochastic demand, capturing stylised features like price spikes. Howison and Coulon
[26] and Carmona et al. [9] identify fuel prices Ft as key drivers of medium- to long-term
dynamics and propose multi-fuel bid-stack models St “ bpDt, Ftq based on merit-order
principle. Extensions by Pirrong and Jermakyan [48] and de Maere d’Aertrycke and Smeers
[16] develop two-factor models with demand and fuel costs (initially gas, later multiple
fuels) as main variables.

Further variants modify the demand component to reflect market design and renewable
integration: Wagner [50] model residual demand dynamics within a Barlow-type set-up, and
Coskun and Korn [15] employ a Jacobi process to capture bounded demand dynamics in
the German market. Several other approaches to structural electricity spot-price modelling
exist. For instance, Ziel and Steinert [52] provide a data-driven structural representation of
price formation by estimating supply and demand curves from auction bids and using their
market-clearing intersection to forecast day-ahead electricity prices. While this approach is
grounded in market equilibrium, it does not focus on the causal relationship between spot
prices and underlying fundamental drivers such as fuel costs or renewable infeed, which is
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a key distinction from the parametric structural models reviewed above.
To summarise, the structural literature has developed multi-fuel bid-stack models [9] and

residual-demand approaches [50] largely in parallel. Paper B has two primary contributions.
First, we extend multi-fuel bid stacks to incorporate renewables via residual demand
and characterise when multi-fuel pricing reduces to single-fuel forms (under efficiency
and proportional fuel prices). Second, using extensive rolling-origin testing on German
market data, we demonstrate that a theory-consistent one-fuel structural model using
gas prices, EUA prices, and residual demand as explanatory variables delivers the most
robust out-of-sample performance, matching or exceeding both multi-fuel variants and
machine-learning benchmarks for the considered dataset.

Paper B: Approach and Main Findings

The aim of Paper B is to build a structural and tractable model of day-ahead electricity
prices that remains easy to estimate and, importantly, easy to interpret. Instead of
maximizing predictive accuracy via highly flexible machine-learning models, we focus on a
parsimonious specification grounded in the price-setting logic of the market. The objective
is a model that practitioners can understand, stress-test, and use for scenario analysis.
Modelling assumptions. To obtain a tractable structural model based on the merit-order
mechanism, we adopt three standard approximations: (i) hourly demand is treated as
price-inelastic; (ii) offers are treated as marginal-cost-based; and (iii) renewables are treated
as having zero marginal cost and are therefore dispatched first. The resulting price is the
market-clearing price, the price at which accepted supply equals demand in the auction
(also called market equilibrium). Under these assumptions, the day-ahead outcome follows
merit-order dispatch, with the price set by the marginal accepted unit. These assumptions
simplify strategic behaviour, market power, and operational constraints inherent in real
markets.
Key Modelling Idea: the Market Bid Stack with Renewables. Building on the
bid-stack approach of Carmona et al. [9], we represent the conventional supply stack
through fuel-specific bid curves bi, for fuel i, and their aggregation into a market bid stack
b. We denote by bp¨, fq the conventional market bid stack, i.e. the supply curve constructed
from non-renewable offers only (the stack that would apply in the absence of renewables).
We interpret bipξ, fiq as the marginal cost of producing an additional unit when the fuel
price is fi and ξ units have already been dispatched for fuel i.

Renewable generation enters as near-zero marginal cost supply that is dispatched first.
As a consequence, renewables affect the clearing price mainly by reducing the demand that
must be met by conventional plants. Writing total demand as Dt and renewable generation
as Wt, the operative demand variable becomes residual demand Rt.

Formally, Paper B shows that under inelastic demand and market equilibrium, the
day-ahead price equals the conventional market bid stack evaluated at residual demand:

St “ bpRt, Ftq.

In other words, bpr, fq denotes the marginal cost at supply level r, given fuel prices
f “ pf1, . . . , fnq. Here renewables enter only through Rt; the function b itself describes
conventional supply.
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In the special case of a one-fuel market, this representation reduces to the multiplicative
form

St “ Ft qpRtq,

where qp¨q is the (fuel-specific) heat-rate function that captures how marginal efficiency
varies along the fuel-specific bid stack. More generally, when multiple fuels are present but
their prices move proportionally—for instance, coal and gas prices satisfying Ct “ αGt—the
same multiplicative structure persists:

St “ Gtq̃pRtq,

where q̃ is a heat-rate function determined by the marginal fuel mix. The full characterisa-
tion is given in Theorem 2.4 in Paper B.
Empirical Strategy. The theory provides the framework St “ bpRt, Ftq. We use out-of-
sample performance to select a robust specification within this framework. We therefore
estimate and compare 12 semi-parametric variants, differing in (i) which drivers are included
and (ii) the functional form used for the bid stack

We estimate parameters by ordinary least squares and model nonlinear components
using natural cubic splines (four internal knots placed at the 20%, 40%, 60%, and 80%
quantiles of the residual-demand distribution). This keeps the economic structure explicit
while allowing the data to inform the curvature of the stack. Natural cubic splines
are recommended by James et al. [27] as a convenient method for capturing nonlinear
relationships.

Model performance is evaluated using rolling-origin out-of-sample testing on German
day-ahead auction data from 2016–2023. We use the day-ahead price and fundamentals
for a fixed delivery hour (12:00), resulting in one observation per day (weekday sample;
n “ 1,996 after exclusions). For each training period, models are estimated on one or more
consecutive years and evaluated on the following year.

To benchmark the structural specifications, we also include a naïve benchmark St “

St´1, and simple off-the-shelf machine-learning baselines (including MLPRegressor and
AdaBoostRegressor) trained on the same fundamental feature set as the structural models.
Main Empirical Findings. Across evaluation windows, the strongest and most stable
performers are simple multiplicative specifications that combine residual demand with a
single fuel,

St “ Gt qpRtq and St “ Ct qpRtq,

where Gt and Ct denote carbon-adjusted gas and coal prices. Among these, the gas-based
model is the most robust overall, especially in the more recent part of the sample. More
general multi-fuel variants can fit in-sample well but tend to be less stable out of sample,
which is suggestive of overfitting when the sample size is limited.

Theorem 2.4 states that, under marginal-cost-based offers, the price takes a multiplica-
tive form in specific settings. In a one-fuel market, the clearing price can be written as
St “ FtqpRtq, i.e. a fuel-price term and a residual-demand term. In a multi-fuel market,
the same factorisation continues to hold when fuel prices move proportionally, so the
price can still be expressed using a single fuel-price index and a residual-demand function.
Hence, even when more than one fuel can be marginal, residual demand together with one
(possibly carbon-adjusted) fuel-price index can capture the main price-setting mechanism.
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A practical implication is that transparent, theory-guided models can match (and
in some folds exceed) the predictive accuracy of flexible machine-learning baselines on
this dataset, while remaining easier to interpret and to communicate in terms of residual
demand and marginal input costs.

Table 1.1 summarises the best-performing specifications, and Table 1.2 reports their
RMSE values across rolling-origin evaluation periods.

Model Formula

MG
1.1 St “ GtqpRtq

MG
2.2 St “ GtqpRtq

MC
1.1 St “ CtqpRtq

MML
1 MLPRegressor

Table 1.1: Structural models subli-
brary

Trained on Predicting MML
1 MC

1.1 MG
1.1 MG

2.2

2016-2017 2018 11.11 8.39 8.16 8.22
2016-2018 2019 12.79 7.57 10.38 15.08
2016-2019 2020 12.29 7.53 10.75 16.13
2016-2020 2021 32.26 52.52 23.59 24.96
2018-2020 2021 37.00 55.48 24.37 27.91
2019-2020 2021 37.58 57.15 36.04 52.90
2016-2021 2022 63.53 135.02 63.99 56.04
2018-2021 2022 52.69 134.96 63.50 54.74
2019-2021 2022 56.59 134.33 61.92 52.70
2020-2021 2022 53.10 133.42 66.29 56.46
2016-2022 2023 33.72 55.68 21.31 27.36
2018-2022 2023 33.12 57.54 21.52 27.41
2019-2022 2023 34.87 59.80 21.66 27.40
2020-2022 2023 30.19 60.50 21.95 28.14
2021-2022 2023 30.33 65.22 21.63 27.59

Table 1.2: RMSE values for selected models.

The Estimated Heat Rate Function. Figure 1.2 shows the estimated heat-rate function
q from the best-performing model St “ GtqpRtq. The estimate differs from common
parametric shapes (such as exponential or power-function). A plausible explanation for
the steep increase when the residual demand is low is the enrty of additional marginal
technologies (e.g., lignite), which introduce jumps in the theoretical supply stack; the spline
provides a smoothed approximation of these features. However, it is important to note that
the endpoints of the residual-demand range contain relatively few observations. Because
natural cubic splines impose linear behavior at the boundaries, the steep endpoint behavior
may partly reflect this constraint rather than underlying structure. Predictions at very low
and high residual demand should therefore be interpreted with caution.

(a) Single-year training (2021, green) vs. multi-
year training (2016–2021, orange)

(b) Single-year training (2022, green) vs. multi-
year training (2016–2022, orange).

Figure 1.2: Estimated function q from model (St “ GtqpRtq). The plotted curves correspond to
the implied ratio qpRtq “ St{Gt, shown for different training windows to assess stability.
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Quantitative Bounds for
High-Dimensional Random Vectors

on Gaussian Spaces
Andreas Basse-O’Connor, Lota Copić, David Kramer-Bang

Abstract
We derive explicit dimension-dependent bounds for multivariate Gaussian approxi-

mations of random vectors admitting Wiener–Itô chaos expansions, with a particular
focus on high-dimensional regimes. Our estimates control hyper-rectangular, convex and
1-Wasserstein distances via Malliavin–Stein approach and require only a natural contraction
condition on the kernels governing the Wiener–Itô expansion. The developed methodology
is applied to obtain a quantitative Breuer–Major theorem for vector-valued functions of
multivariate stationary Gaussian sequences, and finite-sample Gaussian approximation
bounds for the CLT component of parameter estimation for a stable VARppq.

1 Introduction

Quantitative central limit theorems (CLTs) lie at the core of probability theory and play
a central role in modern statistical inference. Classical results, such as the Berry–Esseen
theorem [7, 24], yield sharp error bounds for sums of independent random variables
(dependence on sample size n is n´1{2). However, modern statistical applications such
as deep neural networks (see [26, 8] and references therein), increasingly feature high-
dimensional dependent data [13, 18] and nonlinear functionals of stationary Gaussian
sequences [41], for which classical limit theorems require substantial extensions. For
such applications, understanding explicitly how approximation error depends on both the
dimension d and the sample size n has become essential.

For independent random vectors, Bentkus [5, 6] obtained the dimension-explicit Berry–
Esseen bounds with rates of order d1{4n´1{2 in convex distance. Subsequently, Cher-
nozhukov, Chetverikov, and Kato [16, 17] focused on the hyper-rectangular distance,
obtaining rates of order log7{6pdqn´1{6 for normalized sums of independent, centred d-
dimensional random vectors. While this dependence on d is logarithmic, the rate remains
suboptimal in the sample size. Under additional boundedness assumptions, Chernozhukov,
Chetverikov, and Koike [19] improved the rate to log3{2pdqn´1{2 logpnq, which is optimal
in n up to logarithmic factors. Fang and Koike [25] developed a general framework for the
hyper-rectangular distance and random vectors that admit Stein kernel. Specializing to
normalized sums of independent and identically distributed (i.i.d) random vectors with
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long-concave densities, they obtained a rate of order log4{3pdnqn´1{3. They further estab-
lished logarithmic dimension dependence for vectors belonging to a Wiener chaos of fixed
order, however the associated convergence rates in n remain suboptimal relative to the
result of Berry–Esseen[7, 24].

In contrast, for dependent data arising as functionals of Gaussian processes, the fusion of
Stein’s method [51, 15] with Malliavin calculus, introduced by Nourdin and Peccati [38] and
extended to the multivariate setting in [40], has led to a versatile framework for quantitative
Gaussian approximations for functionals of Gaussian processes. Unlike classical Berry–
Esseen theory, the Malliavin–Stein approach is well suited to analysing dependent structures
by exploiting Wiener chaos decompositions. Notably, the approach underlies the seminal
Fourth Moment Theorem [38, 47] and quantitative versions of the Breuer–Major CLT for
nonlinear functionals of Gaussian processes [9, 41].

Existing Malliavin–Stein bounds are usually either not fully explicit (see [44, Thm 1.2]
or [40, Thm 3.5]) or provided for a Wiener chaos of fixed order [44, Cor. 1.3], leaving a
gap: dimension-explicit quantitative bounds for infinite chaos expansions remain absent
from the literature.

A central motivating example for developing a dimension-explicit Malliavin–Stein
theory is the quantitative Breuer–Major theorem. While it has been generalised and
refined in various directions both quantitative [41, 43, 49], and qualitative [11, 12, 37, 35],
none of these works yield dimension-explicit, vector-valued bounds for general nonlinear
mappings Φ : RK Ñ Rd. The corresponding qualitative result in the continuous setting
has been established by Nualart and Tiva [48], yet, to the best of the authors’ knowledge,
a quantitative counterpart is still missing. One of the main contributions of this paper
is to fill this gap, providing multivariate Breuer–Major bounds with explicit rates in the
input dimension K, output dimension d, and the sample size n. The same structure,
namely partial sums of nonlinear functionals of a stationary Gaussian sequence with a given
Hermite rank, appears in many statistical applications, especially those involving long-range
dependent Gaussian inputs,including U-statistics and robust functionals [33, 22], sequential
change-point tests [21], empirical and related processes for long-memory data [36, 52], and
multivariate nonlinear functionals under long-range dependence [29, 2].

In this paper, we develop a framework for dimension-explicit quantitative Gaussian
approximation of high-dimensional vectors whose components admit (possibly) infinite
Wiener chaos expansions. Our results build upon the general Malliavin–Stein bounds
established for the hyper-rectangular, convex, and 1-Wasserstein distances in [25, Thm. 1.1],
[44, Thm. 1.2], and [40, Thm. 3.5], respectively. These three distances, which serve as
our primary measures of Gaussian approximation throughout the paper, are recalled in
Section 1.2.

The core technical component of our approach is a regularity condition on contraction
of the kernels associated with the random vector F (see 1.1), balancing exponential growth
and factorial decay:

||fi,pbrfj,q||Hbpp`q´2rq ď
γeαpp`qq

pp!q!qβ , for all i, j P t1, . . . , du, and appropriate r, p, q. (1.1)

In (1.1), the parameter β P r1{2, 1s controls the decay rate in the factorial term. When
β ą 1{2, the condition is automatically satisfied for any fixed α, whereas at the boundary
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β “ 1{2 we require α to be sufficiently negative, for explicit conditions, see Theorem 2.1.
Under (1.1), our main contributions are as follows.

(1) Theorem 2.1 provides a general quantitative normal approximation result applicable
to random vectors whose components admit Wiener–Itô chaos expansion. For hyper-
rectangular distance, the bound exhibits sub-polynomial growth in d when β ą 1{2, and
polynomial growth dk for k « 0.368 at threshold β “ 1{2. We also derive related bounds for
convex and Wasserstein distances with fixed polynomial rates d65{24 and d3{2 respectively.
Whenever the use of the hyper-rectangular metric is appropriate, it therefore provides
strictly sharper dimension dependence. The regularity parameters α and β affect only the
hyper-rectangular bound: higher regularity of the vector F yields faster convergence.A
detailed discussion of these effects is given in Remark 2.2 following Theorem 2.1.

(2) Theorem 2.3 and Corollary 2.4 establish the first, to our knowledge, dimension-explicit
quantitative version of the multivariate Breuer–Major theorem for nonlinear mappings
Φ : RK Ñ Rd. The resulting bounds are explicit in all relevant parameters: the input
dimension K, the output dimension d, and the sample size n.

(3) In Theorem 3.4, we establish explicit convergence rates for the CLT component of the
parameter estimator in a stable vector autoregressive process (VAR), with bounds explicit
in d, p and n.

We also present a version of Theorem 2.1, where the vector entries admit finite chaos
expansions in Theorem 3.1. In this case, for the hyper-rectangular distance, the dimension
dependence is strictly better, namely the bounds scale as plogpdqqq with d, where q is
the maximal chaos order. Specifically, Theorem 3.1 extends the recent work of Fang and
Koike [25, Cor. 1.2] to allow heterogeneous chaos orders. For Theorem 3.1 and Theorem 3.4,
there is no need for the assumption (1.1). Indeed, in the general case, Theorem 2.1,
there is an infinite sum that appears in the proof (see (4.11) and (4.12) below) and the
assumption (1.1) is needed to ensure the sum converges. As in Theorem 3.1 and Theorem 3.4
the components of the random vector in consideration have finite chaos expansion, the
sum equivalents to (4.11) and (4.12) are finite and hence there is no need for the extra
assumption.

1.1 Structure of the Paper

The paper is organised as follows. Subsection 1.2 introduces the notation and key objects
used throughout the paper. Section 2 presents our main quantitative bound (Theorem 2.1)
and its primary application: a multivariate quantitative Breuer–Major theorem for vector-
valued functionals (Theorem 2.3). Section 3 establishes a finite-analogue Theorem 3.1,
while Subsection 3.2 presents dimension-explicit convergence rates for the CLT component
of the multivariate least squares estimator in a stable VARppq model. Section 4 provides
the necessary technical background and develops a general framework (Theorem 4.1 and
Corollary 4.2) from which Theorem 2.1 is derived. This section also contains the proofs of
the remaining results. Auxiliary arguments of independent technical interest are deferred
to the Appendix.
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1.2 Preliminaries

We begin by fixing the notation and basic definitions used throughout the paper. Additional
background material is collected in Section 4.1. Denote N0 “ N Y t0u, and let N, Z and
R denote the sets of natural, whole and real numbers, respectively. Let pΩ,F ,Pq be a
probability space, let H be a real separable Hilbert space, and let X “ tXphq : h P Hu

denote an isonormal Gaussian process over H, i.e., a centred Gaussian family satisfying
ErXphqXpgqs “ xh, gyH for all h, g P H. Throughout this paper we assume F “ σpXq

and write L2pΩq for the space of square-integrable random variables on pΩ,F ,Pq. Every
random element is assumed to be defined on this probability space. For a random variable
X, we denote }X}2

L2 “ Er|X|2s.
A f : RK Ñ R belongs to L2pγK ,Rq, if Er|fpGq|2s ă 8. For φ P L2pγK ,Rq, its Hermite

rank m P N is defined as the smallest integer such that ErφpGqppGqs “ 0 fails to hold
for all polynomials p of degree ď m ´ 1. The Hermite rank plays a crucial role in the
Breuer–Major theorem, as it determines the minimal chaos order contributing to the limit.

The q-th Wiener chaos Hq associated with X is the closed linear subspace of L2pΩq

generated by tHqpXphqq : h P H, }h}H “ 1u, where Hq denotes the q-th Hermite polynomial
(see Section 4.1 for definition). By convention, H0 “ R. The spaces Hp and Hq are
orthogonal for p ‰ q, and they span the L2pΩq space, see [39, Thm 2.2.4].

Denote by Hdq the q-fold symmetric tensor product of H. For f P Hdq, the q-th multiple
Wiener–Itô integral of f with respect to X is denoted Iqpfq, with the convention I0pf0q “ c

for constants c P R. Every F P L2pΩq admits a unique Wiener–Itô chaos expansion

F “ ErF s `

8
ÿ

q“1
Iqpfqq, (1.2)

where fq P Hdq are uniquely determined by F and the series converges in L2pΩq; see [39,
Cor. 2.7.8]. Define the space of Malliavin-differentiable functions D1,2 :“ D1,2pΩq “ tF P

L2pΩq :
ř8
q“1 qq!}fq}2

Hbq ă 8u, see [39, Sec. 2.3 and 2.7]. For f P Hdp and g P Hdq with
p, q ě 1, the r-th contraction f br g P Hbpp`q´2rq is defined for r “ 0, 1, . . . , p ^ q, with
fb0 1g “ f b g denoting the ordinary tensor product. The symmetrisation of fbr g is
denoted f rbrg. See [39, App. B.4] for further details.

For random vectors F ,Z with values in Rd, we consider three probabilistic distances,
convex, dC , 1-Wasserstein, dW , and hyper-rectangular, dR:

dRpF ,Zq :“ sup
APR

ˇ

ˇPpF P Aq ´ PpZ P Aq
ˇ

ˇ, R :“
!

d
ą

i“1
pai, biq : ´8 ď ai ď bi ď 8

)

,

dC pF ,Zq :“ sup
APC

|PpF P Aq ´ PpZ P Aq|, C :“ tA Ă Rd : A convexu,

dWpF ,Zq :“ sup
hPLipp1q

|ErhpF qs ´ ErhpZqs|, Lipp1q :“ th : Rd Ñ R is 1-Lipschitzu.

We say that a function h is 1-Lipschitz if Lipp1q :“ th : Rd Ñ R is Lipschitz continuous
with constant ď 1u. In general it holds that: (i) dRpF ,Zq ď dC pF ,Zq, as the supremum
runs over all convex sets in Rd for dC case, compared to only hyper-rectangulars in Rd
for dR, and (ii) dC pF ,Zq ď K

a

dWpF ,Zq, for a positive universal constant K. See [44,
Eq. (3)].
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For x ě 0, let log`pxq “ | log x| _ 1. We write D
ÝÑ for convergence in distribution and

P- lim for convergence in probability. Vectors and matrices are denoted in boldface, e.g.
x P Rd and A P Rdˆd; matrix entries are written as Aij , and when the matrix carries
a subscript, such as Σu, we write entries as pΣuqij . The notation CovpF q refers to the
covariance matrix of a random vector F , while CovpFi, Fjq denotes the covariance between
its components Fi and Fj . For a matrix A P Rdˆd, we set σpAq “ max1ďjďd Ajj and
σpAq “ min1ďjďd Ajj , and denote by σ˚pAq and σ˚pAq its smallest and largest eigenvalues,
respectively. The Kronecker product is written as A b B (see [34, App. A.11]). For a
vector x, the Euclidean norm is }x}2. For a matrix A, the operator (spectral) norm
is }A}op “ sup}x}2“1 }Ax}2, the Hilbert–Schmidt norm is }A}2

H.S. “
řd
i,j“1 A2

ij , and the
maximum norm is }A}max “ max1ďi,jďd Aij .

Notation Z „ Ndpµ,Σq means that Z is a d-dimensional Gaussian random vector with
mean vector µ and covariance matrix Σ. Let W pxq denote the Lambert W-function, then
define constant α0 used in the main result, as follows

α0 :“ p1{2q logrW pe1{e´1q{p16e1`5{p2eqqs « ´2.846. (1.3)

We finish this subsection with a crucial function that describes d-dependence for
hyper-rectangular distance in Theorem 2.1. Fix β P r1{2, 1s and α P R. For d,K P N,
define

ψα,βpdq :“ log1{p2βq
` pdqek1 log1{p2βq

`
pdq, and (1.4)

ζpd,Kq :“
#

log1{p2βq
` pdqec2K1{p2βq log1{p2βq

`
pdq, β P p1{2, 1s,

log`pdqdk2p1 ´ υ1pKqq´1, β “ 1{2,
(1.5)

where υ1pKq is given explicitly in (2.7), and the constants k1, k2, c2 are given as follows:
k2 “ 16 expp2α0 ` 1 ` 9{p2eqq « 0.768, c2 “ expt2βe1{p2eqp25{2eα`1{2`2{eq1{βu, and

k1 “

#

16 exp
`

2α ` 1 ` 5
2e
˘

, β “ 1
2 ,

exp
␣

2βe1{p2eqp32eα`1{2`1{eq1{β
(

, β P p1{2, 1s,

Remark 1.1. (1) Growth of ψα,β. For β P p1{2, 1s and α P R, the function ψα,βpdq

is constant when d “ 1. For d ě 2 and any p ą 0, ε ą 0, there exists d0 such that
logp`pdq ď ψα,βpdq ď dε for all d ě d0. Thus, ψα,β grows sub-polynomially: faster
than any fixed power of logpdq, but slower than any fixed power of d. When β “ 1{2,
ψα,βpdq “ log`pdqdk1 grows polynomially with d.
(2) Growth of ζα,β. Fix K P N. If β P p1{2, 1s, then ζα,βpd,Kq has the same d–dependence
as ψα,βpdq up to a change in the constant multiplying log1{p2βq

` pdq in the exponent. When
β “ 1{2, ζα,β increases polynomially with d.

2 Main Results

The following theorem provides a quantitative Gaussian approximation for a d-dimensional
random vector F with components in D1,2. For clarity of exposition, we state the results in
this section under the assumption that CovpF q “ Σ, where Σ is the (invertible) covariance
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matrix of the Gaussian vector Z. This assumption is made purely for notational convenience:
all bounds remain valid for a general invertible matrix Σ, in which case an additional term
appears that explicitly quantifies the discrepancy between CovpF q and Σ. The general
analogue is available as Corollary 4.2.

Theorem 2.1. Fix d ě 1. Let F “ pF1, . . . , Fdq be a centred random vector in Rd, where
Fi “

ř8
p“1 Ippfi,pq, for fi,p P Hdp, i P t1, . . . du, such that Fi P D1,2. Assume Σ :“ CovpF q

is invertible, and let Z „ Ndp0,Σq, and let Λ :“ CorrpF q. Assume for γ, α P R and
β P r1{2, 1s, that

∥fj,p br fk,q∥Hbpp`q´2rq ď
γeαpeαq

pp!q!qβ
, for all j, k P t1, . . . , du, (2.1)

and all p, q, r P N, where pp, qq ‰ p1, 1q, and 1 ď r ď p^q´1tp“qu. Additionally, if β “ 1{2,
for (2.2) assume that α ă α0 « ´2.846, and for (2.3) that α ă logp1{2q ´ e1{p2eq « ´1.895.
Then there exists a finite constant Cθ ą 0, depending on multivariate parameter θ “ pα, βq

such that

dRpF ,Zq ď Cθψα,βpdqγ log`pγq
log` pσ˚pΛqq

σ˚pΛq
, (2.2)

dC pF ,Zq ď Cθd
65{24γ

1
σ˚pΛq3{2 , and dWpF ,Zq ď Cθd

3{2γ
σ˚pΣq

σ˚pΣq
. (2.3)

Remark 2.2. We draw some observations about Theorem 2.1:
(1) Dimensional dependence. The three bounds in Theorem 1.3 exhibit distinct
behaviours with respect to the dimension d. The hyper-rectangular distance bound (2.2)
is the only one whose rate depends on the regularity parameters α and β (see (1.4)).
When β P p1{2, 1s, the associated rate ψα,βpdq grows sub-polynomially in d, whereas at the
boundary value β “ 1{2 and for sufficiently negative α ă α0, it becomes polynomial of
order dk1 with k1 ď 0.368. Hence, higher regularity of the vector F directly improves the
dimension dependence of the hyper-rectangular bound. This sensitivity is absent from the
convex and 1-Wasserstein distances, whose bounds exhibit fixed polynomial dependence of
orders d65{24 and d3{2, respectively. Overall, whenever applicable, the hyper-rectangular
distance yields the sharpest dimension dependence among the three.
(2) Sample size dependence via γ. The parameter γ in the contraction bound (2.1)
captures all dependence on the sample size n in the CLT setting. For instance, in the case
of univariate independent random variables, the resulting bounds obtain the classical Berry–
Esseen rates as follows: for the hyper-rectangular distance, n´1{2 log`pnq, which is optimal
up to logarithmic factors, and for convex and 1-Wasserstein distance, the optimal rate
n´1{2. This reflects the expected trade-off, that is, the improved dimensional dependence
comes at the cost of weaker n-dependence in the hyper-rectangular distance.
(3) Role of σ˚. The bounds in Theorem 2.1 depend on σ˚pMq´1, for M P tΛ,Σu, the
smallest eigenvalue of M . If σ˚pMq is bounded away from 0 by an absolute constant,
σ˚pMq´1 reduces to a universal constant. The 1-Wasserstein bound in (2.3) also involves
the maximal eigenvalue σ˚pΣq. Consequently, the bound may still deteriorate with the
dimension through the overall scale of Σ, and controlling non-singularity alone does not
prevent dimension-dependent constants.
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(4) Contraction assumption. The explicit bounds (2.2)–(2.3) rely on the kernel contrac-
tion assumption (2.1), which yields dimension-dependent rates. More generally, Theorem 4.1
(stated below) shows that dRpF ,Zq, dC pF ,Zq and dWpF ,Zq are finite provided only that
the infinite sums Φpdq and Ψpdq (defined in (4.11) and (4.12)) are finite. The contraction
condition is a sufficient (but not necessary) way to ensure these sums converge uniformly
in d. This is stated in our general results, Theorem 4.1 and its Corollary 4.2 right below it.

2.1 Quantitative Multivariate Breuer–Major Theorem

The seminal work of Breuer and Major [9] established a qualitative CLT for functionals Φ :
R Ñ R of stationary Gaussian sequences, showing that for centred sequences pGkqkPZ with
correlation function ρ, n´1{2 řn

k“1 ΦpGkq
D
ÝÑ N p0, σ2q, as n Ñ 8, under the summability

assumption
ř

kPZ |ρpkq|m ă 8, where m denotes the Hermite rank of Φ. This result
was subsequently extended to multivariate inputs by Arcones [1], allowing functionals
Φ : RK Ñ R, and further to vector-valued outputs Φ : RK Ñ Rd in the continuous setting
by Nualart and Tiva [48].

Quantitative counterparts of the Breuer–Major theorem are now well understood
in several settings: (i) scalar-valued functionals with K “ 1 [43, 49], (ii) scalar-valued
functionals with general K ě 1 [41], although that result is not explicit in K or d, and
(iii) vector-valued functionals Φ : R Ñ Rd [40, 44]. To the best of our knowledge, no
quantitative bounds are currently available for general mappings Φ : RK Ñ Rd with explicit
dependence on the input dimension K, output dimension d, and sample size n, despite
the relevance of such results for high-dimensional inference, where quantitative control of
Gaussian approximation errors is essential.

The results in this section provide non-asymptotic, dimension-explicit bounds for the
multivariate Breuer–Major theorem, tracking the dependence on the sample size n, the
input dimension K, and the output dimension d. Throughout, let pGkqkPZ denote a
centred, stationary Gaussian sequence in RK with Gk „ NKp0, IKq for all k P Z. Consider
non-affine functions Φ “ pφ1, . . . , φdq : RK Ñ Rd, where each component φi P L2pγK ,RKq

admits the Hermite expansion φipxq “
ř8
i“mi

φi,qpxq, with Hermite rank mi ě 2 and terms
φi,qpxq stated explicitly in (4.2). We write m :“ min1ďiďdmi. The normalised partial
sums are defined by

Sn “ n´1{2
n
ÿ

k“1
ΦpGkq, (2.4)

and the results below provides explicit quantitative Gaussian approximation bounds for
the law of Sn, uniform in n, K, and d.

We next state Theorem 2.3, a general Breuer–Major result formulated in terms of
the covariance structure of the underlying Gaussian sequence. The theorem provides
non-asymptotic bounds that depend on the finiteness of the quantities ∆1pn, d,Kq and
∆2pn, d,Kq defined therein. Corollary 2.4 sharpens this result by imposing additional
structural assumptions (2.6) together with a polynomial decay condition on the covariances:
|ρpi,jqpkq| ď c|k|´a for some a ą 0. This yields fully explicit bounds, in the terms of the
dimensions d, K, and the sample size n.
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Theorem 2.3. Let K, d P N, and consider the stationary Gaussian sequence pGkqkPZ Ă RK ,
the function Φ “ pφ1, . . . , φdq : RK Ñ Rd, and the normalised partial sums Sn for n P N, as
in (2.4). Define covariance function ρpi,jqpℓq :“ ErG

piq
1 G

pjq

1`ℓs, where i, j P t1, . . . ,Ku, ℓ P Z,
and the maximal covariance ρpℓq :“ max1ďi,jďK |ρpi,jqpℓq|, for all ℓ P Z. Assume the
summability condition

ř

ℓPZ ρpℓqm ă 8, that ErΦpGkqs “ 0 for all k P Z, and that
Σn :“ CovpSnq is invertible, and Λn :“ CorrpSnq. Furthermore, let Zn „ Ndp0,Σnq.
Define, for p, q ě m and r P t1, . . . , p^ q ´ 1tp“quu,

γn,p,q,r :“
d

2
n

ÿ

kPZ
|ρpkq|m

ÿ

|t|ăn

|ρptq|r
ÿ

|s|ăn

|ρpsq|p^q´r. (2.5)

Also set, for p P N, appKq :“ ppp!q´1{2p4
?
eKqp max1ďjďd }φj,ppG1q}L2 . Finally, define

∆1pn, d,Kq :“
ÿ

p,qěm

appKqaqpKq logpp`qq{2´1 `2d2 ` epp`qq{2´2˘
p^q´1tp“qu

ÿ

r“1
γn,p,q,r, and

∆2pn, d,Kq :“
ÿ

p,qěm

?
pp2

?
Kqp`q

?
q

max
1ďi,jďd

}φj,ppG1q}L2}φi,qpG1q}L2

p^q´1tp“qu
ÿ

r“1
γn,p,q,r.

Then there exists a finite constant C ą 0 (independent of n, d,K), such that

dRpSn,Znq ď C log`pdq∆1pn, d,Kq log`

`

∆1pn, d,Kq
˘ log`pσ˚pΛnqq

σ˚pΛnq
,

dC pSn,Znq ď 402d65{24∆2pn, d,Kq
1

σ˚pΛnq3{2 , and

dWpSn,Znq ď d3{2∆2pn, d,Kq
σ˚pΣnq1{2

σ˚pΣnq
.

Theorem 2.3 is a general result and note that the quantity is not necessarily finite.
Indeed, there is no guarantee that the sums given in ∆1pn, d,Kq and ∆2pn, d,Kq are
finite. However, given the assumption (2.6), then ∆1pn, d,Kq and ∆2pn, d,Kq are finite
and together with an additional control on the covariance function ρ, we obtain an explicit
result presented in Corollary 2.4, below.

Corollary 2.4. In the setting as in Theorem 2.3, let α P R, c ą 0, and β P r1{2, 1s. If
β “ 1{2, for hyper-rectangular distance bound assume that α ă α0 ´ log`pKq{2 and for
the other two distances that α ă ´1{p2eq ´ lnp2

?
Kq. Assume that

Erφi,qpG1q2s1{2 ď
ceαq

pq!qβ´1{2 , for i P t1, . . . , du, and all q P N. (2.6)

Assume additionally that |ρpi,jqpkq| ď c1|k|a, for a ă ´1{m, k P Zzt0u, and c1 ą 0, and
denote the multivariate parameter θ “ pc, c1, α, βq. For constants k3, c3, c4, depending on
θ, define

Γa,mpnq :“

$

’

’

’

’

&

’

’

’

’

%

n´1{2, a ă ´1,
n´1{2 log`pnq, a “ ´1,
na{2, a P p´1,´1{pm´ 1qs,

npam`1q{2, a P p´1{pm´ 1q,´1{mq,
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υ1pKq “ 4
?
Ke1`α`3{p4eq`k3K

1
2β
, and υ2pKq :“

$

&

%

exp
´

c3K
1

2β´1
¯

, β P p1{2, 1s,

p1 ´ c4
?
Kq´2, β “ 1{2.

(2.7)

Recall, ζα,βpd,Kq, from (1.5). Then there exists a positive constant Cθ depending only on
θ, such that

dRpSn,Znq ď Cθζpd,Kqυ1pKq1{pβ´1{2q exp
ˆ

3
2υ1pKq1{pβ´1{2q

˙

Γa,mpnq log`pnq

ˆ plog` log`pnq1ta“´1u ` 1ta‰´1uq
log`pσ˚pΛnqq

σ˚pΛnq
,

dC pSn,Znq ď Cθd
65{24υ2pKqΓa,mpnq

1
σ˚pΛnq3{2 , and (2.8)

dWpSn,Znq ď Cθd
3{2υ2pKqΓa,mpnq

σ˚pΣnq1{2

σ˚pΣnq
. (2.9)

In the boundary case β “ 1{2, Assumption (2.6) imposes the dimension-dependent
restriction it holds that α ă α0 ´ log`pKq{2, which is decreasing in K. Thus, larger input
dimension K forces a smaller admissible α, i.e. tighter growth control of the Hermite
components φi,q for all i P t1, . . . , du, and all q P N (equivalently, stronger regularity
assumption on Φ).

At the same time, in the hyper-rectangular distance the quantitative bound deteriorates
with K through the explicit factor ζpd,Kq υ1pKq1{pβ´1{2q exptp3{2qυ1pKq1{pβ´1{2qu. Conse-
quently, increasing K allows Φ to depend on a richer Gaussian input but requires stronger
regularity and creates a larger constant, whereas smaller K yields a sharper bound and
permits weaker regularity. Recall that ζα,βpd,Kq, described in (1.5) grows sub-polynomially
in d for β P p1{2, 1s, and polynomially in the boundary case β “ 1{2. The order of the
polynomial growth k2 « 0.768, which is less than polynomial growths order 65{24 for the
convex distance, and for 3{2 for 1-Wasserstein distance in (1.18).

As a benchmark, consider the K “ 1 and let pGkqkPZ be fractional Gaussian noise,
Gk “ BH

k`1 ´BH
k , associated with fractional Brownian motion of Hurst index H P p0, 1q.

Then ρpkq “ CovpG0, Gkq „ Hp2H ´ 1qk2H´2 as k Ñ 8, so Corollary 2.4 applies with
a “ 2H ´ 2. Specialising (2.8)–(2.9) to this case yields the same n-rates as in [41, Ex. 2.6]
for the convex distance and as in [40, Thm. 4.1] for the 1–Wasserstein distance, up to an
additional factor log`pnq at the boundary H “ 1{2 (i.e. for standard Brownian increments).
Remark 2.5. Assume K “ 1. Every square integrable φ : R Ñ R admits a Hermite
expansion φpxq “

ř8
q“0 aqHqpxq{pq!q, where Hq denotes q-th Hermite polynomial and aq,

the so-called Hermite coefficients. For a small discussion on Hermite polynomials and
expansion, see Section 4.1. For K “ 1, Corollary 2.4 recovers that the condition (2.6)
corresponds to the usual assumption on the Hermite coefficients, as in work of [3]. Indeed,
when K “ 1, then (2.6) becomes

Erφi,qpG1q2s1{2 ď
eαq

pq!qβ´1{2 , where φi,qpxq “ ai,qHqpxq, for x P R.

Therefore from (4.46) it follows that Erφi,qpG1q2s1{2 “
?
q!|aq| which then yields that the

(2.6) for K “ 1 is equivalent to the conditions on the Hermite coefficients |aq| ď eαq{pq!qβ ,
as in [3, Thm 2.1].
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3 Related Results and Examples

In this section we provide a finite analogue of Theorem 2.1 and as its application we find a
rate of convergence of the CLT component in parameter estimation of VARppq.

3.1 Finite Chaos Expansion Case

The next result provides a dimension-dependent Gaussian approximation in the special
case where each component of F admits a finite Wiener chaos expansion. Unlike the
infinite-sum case treated in Theorem 2.1, the result below does not follow from the general
Theorem 4.1. Namely, proving the statement directly allows us to exploit the finiteness of
the chaos structure and thereby obtain strictly sharper dependence on the dimension d

for the hyper-rectangular distance. As before, we present the result under the simplifying
assumption CovpF q “ Σ, but as in Theorem 2.1, the conclusion remains valid for any
invertible target covariance matrix. In that general case, an additional correction term
appears in the bound, capturing the discrepancy between the two covariances.

Theorem 3.1. Fix integer d ě 1 as well as q1, . . . , qd ě 1. Let F “ pF1, . . . , Fdq be a
d-dimensional random vector with values in Rd, where Fi “

řqi
k“1 Ikpfi,kq, for fi,k P Hdk,

k P t1, . . . , qiu and i P t1, . . . du such that Fi P D1,2. Suppose also CovpF q “ Σ is invertible,
and let Z „ p0,Σq, and Λ :“ CorrpZq. Finally, define q :“ max1ďiďd qi and let

∆F :“ max
␣

∥fi,k br fj,ℓ∥Hbpk`ℓ´2rq : 1 ď r ď k ^ ℓ´ 1tk“ℓu, 2 ď k ď qi, 2 ď ℓ ď qj ,

1 ď i, j ď d
(

Then there exists a positive constant Cq, depending only on q, such that

dRpF ,Zq ď Cq logqpdq log` logpdq∆F log`p∆F q
log`pσ˚pΛqq

σ˚pΛq
,

dC pF ,Zq ď Cqd
65{24∆F

1
σ˚pΛq3{2 and dWpF ,Zq ď Cqd

3{2∆F
σ˚pΣq1{2

σ˚pΣq
.

(3.1)

Remark 3.2. (1) Dimensional dependence. The d-dependence in the hyper-rectangular
distance bound is improved, and simply given as logqpdq compared to the infinite-chaos-
expansion case. On the other hand, the dimensional dependence does not change for convex
and 1-Wasserstein distance.
(2) Comparison with Fang–Koike. In the case when all components of F have the
same chaos order, i.e. qi “ q for all i “ 1, . . . , d, Theorem 3.1 recovers the bound from [25,
Cor. 1.2] with an extra logarithmic factor log` log`pdq, which we believe should also be
present in [25, Cor. 1.2]. Theorem 3.1 thus extends [25, Cor. 1.2] in two directions: (i)
each component Fi may belong to a different fixed chaos order, and (ii) each component
may admit a finite chaos expansion.

There is a natural connection between contractions and fourth cumulants. For readers
preferring cumulant-based expressions, ∆F in (3.1) admits the alternative representation.
Let κ4p¨q denote the fourth cumulant defined as κ4pXq :“ ErX4s ´ 3pErX2sq2, for a centred
real-valued random variable X. The proof of the following statement is provided in
Section 4.3.
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Corollary 3.3. Assume the same setting as in Theorem 3.1, however define

∆F “ max
1ďiďd

max
1ďkďqi

pκ4pIkpfi,kqqq1{2 ` max
1ďi,jďd

max
1ďkďqi
1ďℓďqj

´

1tk‰ℓuErIkpfi,kq2sκ4pIℓpfj,ℓqq1{2
¯1{2

.

Then, there exists a positive constant Cq, depending only on q, such that (3.1) holds.

3.2 VAR(p) Estimation

Vector autoregressive (VAR) models form one of the central tools for analysing multivariate
time series in econometrics, finance, macroeconomics, and many applied sciences [27,
34]. They provide a flexible linear framework for capturing dynamic interactions among
multiple variables and underpin widely used procedures such as Impulse Response analysis,
forecasting, and Granger-Causality testing (see [34]). Accurate parameter estimation is
therefore crucial: without well-estimated coefficients, a VAR cannot faithfully represent the
underlying data-generating mechanism, and its forecasts and inference become unreliable.
Since inference in VAR models typically relies on the asymptotic normality of the parameter
estimators, establishing quantitative CLT rates is essential for assessing accuracy in finite
samples and in high-dimensional regimes. In particular, explicit error bounds are required
to construct reliable confidence intervals and hypothesis tests. In this section, we derive
explicit convergence rates for the CLT component of the OLS estimator (defined formally
below).

A stable VARppq is a process pykqkPZ Ď Rd defined by the following recursion

yk “ A1yk´1 ` ¨ ¨ ¨ ` Apyk´p ` uk for k P Z, and p ě 1, (3.2)

with coefficient matrices Ai P Rdˆd, for i P t1, . . . , pu and an innovation process pukqkPZ Ă

Rd. In this text, we assume that pukqkPZ is a Gaussian white noise, i.e. uk „ Ndp0,Σuq,
with Eruku

J

ks “ Σu, Eruks “ 0 and Erukuℓs “ 0 for k ‰ ℓ. Assume the covariance Σu

to be invertible and denote Σy :“ Ery0yJ
0 s P Rdˆd. Note that a stable VARppq process

is also stationary, see [34, Prop. 2.1] and for general theory on VARppq, see [34] or [27].
Stationarity implies that Covpykq “ Eryky

J

k s “ Σy for all k P Z.
Now, fix positive integers T and n, such that T ´ n ě p (i.e. assuring that we have

enough observations). Define yt “ py
p1q

t , . . . , y
pdq

t qJ P Rd to be a d-dimensional time series
available for t P t1, . . . , T u, generated by a stable VARppq. In other words (3.2) holds for
t P t1, . . . , T u. One of the central tasks in statistics is the estimation of the underlying
coefficient matrices B :“ pA1, . . . ,Apq P Rdˆdp, where the (multivariate) least squares
estimator pB is the most widely used method in such a multivariate setting.

Denote β :“ vecpBq P Rd2p and pβ :“ vecp pBq P Rd2p to be vector-forms of the matrix
of coefficients B and its estimator pB. Further, for n P N, denote the stacked p-lagged
vectors as Y t :“ pyt, . . . ,yt´p`1qJ P Rdp, for t “ t1, . . . , nu, and a matrix consisting of
the p-lagged vectors Y :“ pY1, . . . ,Ynq P Rdpˆn. Let ϖ :“ pu1, . . . ,unqJ P Rdn, denote
the stacked innovations. Note that ϖ has covariance matrix Σϖ “ In b Σu and denote
ΣY :“ ErY0YJ

0s “ CovpYkq to be the covariance matrix of matrix Yk for all k P Z.
Then [34, Eq. (3.2.9)] gives a useful representation of β and pβ, i.e. the vector form of the
coefficient matrix B and its estimator pB, as follows

pβ ´ β “

´

`

YYJ
˘´1 Y b Id

¯

ϖ. (3.3)
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It is well known that a least squares estimator pB is consistent, i.e. P- limTÑ8
pB “ B, and

that it satisfies a CLT. Indeed, [34, Prop. 3.1], yields that
?
nppβ ´ βq

D
ÝÑ Nd2p

`

0,Σ´1
Y b Σu

˘

, as n Ñ 8, (3.4)

where ΣY “ P- limnÑ8 n´1 řn
k“1 Yp`kYJ

p`k “ P- limnÑ8pYYJ{nq exists and is invertible.
The existence and invertibility of ΣY follow from Gaussianity of the innovations, namely,
for Gaussian white noise innovation process, VARppq is ergodic for second moments, see
for example [27, Prop. 10.2] together with [34, Def. 3.1] and discussion just below the
definition.

To the best of the author’s knowledge, the rate of convergence in (3.4) is currently
unknown, except for p “ 1 and d “ 1 see [30, 20, 23]. In the following section we show the
rate of convergence for the CLT part of (3.4). Multiplying (3.3) by

?
n and using standard

properties of Kronecker products, we obtain

?
nppβ ´ βq “

˜

ˆ

1
n

YYJ

˙´1
b Id

¸

1
?
n

pY b Idq ϖ “

˜

ˆ

1
n

YYJ

˙´1
b Id

¸

Sn, (3.5)

where Sn is defined as Sn :“ n´1{2 pY b Idq ϖ. Following the classical approach to proving
asymptotic normality, we separate in (3.5) the law of large numbers part pn´1YYJq´1

from the CLT part of Sn. Additionally, [34, Prop. C.2(4)] yields that
?
nppβ ´ βq has the

same asymptotic distribution as pΣ´1
Y b IdqSn and hence, [34, Lem. 3.1], yields that

Sn “ n´1{2pY b Idqϖ
D
ÝÑ Nd2pp0,ΣY b Σuq, as n Ñ 8. (3.6)

Using our methodology, specifically Theorem 3.1, we present the rate of convergence of (3.6)
in Theorem 3.4 below.

Theorem 3.4. Assume the stable VARppq-setting of (3.2). Let Sn “ n´1{2pY b Idqϖ

as in (3.5) and let Z „ Nd2pp0,ΣY b Σuq, and Λ :“ CorrpZq. For k P Z, define Gk :“
puk,Yk´1qJ P Rdpp`1q, for which Gk „ Ndpp`1qp0,ΣGq, where pΣGqi,j “ CovpGi

k,G
j
kq.

Further, let ΓGpℓq :“ CovpGk,Gk´ℓq for ℓ ą 0 and ΓGp0q :“ ΣG. Then, there exists a
universal constant C ą 0, such that

dRpSn,Zq ď C log2
`pd2pq log` log`pd2pq

log`pnq
?
n

log`pσ˚pΛqq

σ˚pΛq
}Σu}1{2

max

ˆ

´
8
ÿ

ℓ“0
}ΓGpℓq}max

¯3{2
log` }Σu}max log`

´
8
ÿ

ℓ“0
}ΓGpℓq}max

¯

, (3.7)

dC pSn,Zq ď Cpd2pq65{24n´1{2 1
σ˚pΛq3{2 }Σu}1{2

max

´
8
ÿ

ℓ“0
}ΓGpℓq}max

¯3{2
, and

dWpSn,Zq ď Cpd2pq3{2n´1{2σ
˚pΣY b Σuq1{2

σ˚pΣY b Σuq
}Σu}1{2

max

´
8
ÿ

ℓ“0
}ΓGpℓq}max

¯3{2
.

Remark 3.5. (1) Recall (3.3). The quantity
?
nppβ ´ βq, is a self-normalised statistic, and

obtaining quantitative rates for self-normalised statistics in high-dimensional settings, is
difficult and largely open. See, for example, the recent contributions for the special cases of
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scalar self-normalised dependent sums [28] and high-dimensional maxima of self-normalised
coordinates [14]. A full treatment of the self-normalisation problem is beyond the scope of
the present paper, as our primary goal here is to demonstrate how our methodology, in
particular, Theorem 3.1, can be applied in a high-dimensional time-series setting. Hence,
establishing a quantitative rate for the CLT component Sn of (3.7) provides a proof of
concept for our general results.
(2) Related work on the error bounds for stable VARppq estimators exists in the univariate
case, however the high-dimensional case, is currently an open question: In the continuous-
time scalar setting, Kim and Park [30] obtain optimal Berry–Esseen bound of order T´1{2 for
the normalised drift estimator

?
T ppθ´ θq in a one-dimensional Ornstein–Uhlenbeck process

(the continuous-time analogue of a stable VARp1q with Gaussian innovations). Douissi et
al. [23] derive optimal rates of order n´1{2 for suitably normalised parameter estimation
for univariate ARp1q process (univariate VARp1q process). For the high-dimensional
continuous-time rates, Ciołek et al. [20] obtain oracle inequalities and error bounds for
Dantzig and Lasso estimators of the drift in a multivariate Ornstein–Uhlenbeck process,
under sparsity assumptions on the drift matrix, but do not study Berry–Esseen type bounds
for the estimator.
Remark 3.6 (VARppq, p ą 1, presented as VARp1q). It is quite straightforward and
useful to represent a VARppq process, p ą 1, as a VARp1q process. For example, see [34,
Sec. 2.1.1 specifically Eq. (2.1.8)] or [27, Sec. 10.1]. Namely, for every k P Z let A P Rdpˆdp

and Uk P Rdp be given as follows

A :“

¨

˚

˚

˚

˚

˚

˝

A1 A2 . . . Ap´1 Ap

Id 0 . . . 0 0
0 Id . . . 0 0
...

... . . . ...
...

0 0 . . . Id 0

˛

‹

‹

‹

‹

‹

‚

, Uk :“

¨

˚

˚

˚

˚

˚

˝

uk
0
0
...
0

˛

‹

‹

‹

‹

‹

‚

.

Then, (3.2) can be written equivalently as

Yk “ AYk´1 ` Uk, (3.8)

which is exactly a dp-dimensional VARp1q process pYkq. Let J “ pId : 0 : ¨ ¨ ¨ : 0q P Rdˆdp,
then one can go between the two settings as follows: yk “ JYk and Σy “ JΣYJJ, where
ΣY :“ CovpYkq.
Remark 3.7. Let A P Rdpˆdp and ΣU P Rdpˆdp be as in Remark 3.6, and denote ΣU :“
CovpUkq “ DiagpΣu,0, . . . ,0q for k P Z. For each integer ℓ ě 0, Lemma 3.8 yields explicit
structure of ΓGpℓq and specifically,

}ΓGpℓq}max “ max
!

}AℓΣUJJ}max,
›

›

8
ÿ

i“0
Aℓ`iΣU pAiqJ

›

›

max

)

.

In general, if ρpAq ă 1, then the series
ř8
ℓ“0 }ΓGpℓq}max converges. Indeed, for any r with

ρpAq ă r ă 1 there exists a finite constant C ą 0 (depending on r and A) such that
}ΓGpℓq}max ď C 1rℓ for every ℓ ě 0, where one may take C 1 “ C}ΣU}op}J}op

`

1 ` p1 ´

r2q´1C
˘

. Consequently, as a geometric series converges for r ă 1,
ř

ℓě0 }ΓGpℓq}max ď

C 1
ř

ℓě0 r
ℓ ă 8 is finite, and so are the bounds in Theorem 3.4.
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Lemma 3.8. Assume the VARppq setting (3.2).
(1) If p “ 1, it holds for all ℓ ą 0, that

ΓGpℓq “

ˆ

0dˆd 0dˆd

Aℓ´1
1 Σu Aℓ

1Σy

˙

, where Σy “

8
ÿ

i“0
Ai

1ΣupAi
1qJ, and

ΓGp0q “ ΣG “

ˆ

Σu 0dˆd

0dˆd ΣY

˙

.

(2) If p P Nzt1u, then ΓGp0q “ ΣG P Rdpp`1qˆdpp`1q, and for all integers ℓ ą 0,

ΓGpℓq “

ˆ

0dˆd 0dˆdp

Aℓ´1ΣUJJ ΓYpℓq

˙

, where

ΓYpℓq “

8
ÿ

i“0
Aℓ`iΣU pAiqJ, and Aℓ´1ΣUJJ P Rdpˆd.

The strength of Lemma 3.8 is that it gives a representation of lag-process covariances
which is independent of the process yk. It is explicit gives, only in terms of the coefficient
matrices Ai, and the covariance matrix of the innovation process, ΣU .
Example 3.9. Assume p “ 1 and }A1}op ă 1. Let yk be a stable VARp1q process with i.i.d.
innovations, in other words, yk “ A1yk´1 ` uk, where Σu “ Id. Now, Lemma 3.8, yields
that }ΓGpℓq}max “ maxt}Aℓ´1

1 }max, }Aℓ
1
ř8
i“0 Ai

1pAi
1qJ}maxu. Hence we wish to give useful

bounds for these quantities. Note that for ℓ ą 0, }Aℓ´1
1 }max ď }Aℓ´1

1 }op, where we used
sub-multiplicativity of the operator norm. Furthermore, using the sub-multiplicativity and
-additivity of the operator norm, and the fact }B}max ď }B}op for all B P Rdˆd,

}Aℓ
1

8
ÿ

i“0
Ai

1ΣupAi
1qJ}max ď }A1}ℓop

8
ÿ

i“0
}A1}2i

op “ }A1}ℓop
`

1 ´ }A1}2
op
˘´1

.

As }A1}op ă 1, then }ΓGpℓq}max ď }A1}ℓ´1
op when }A1}op ă p

?
5 ´ 1q{2, and }ΓGpℓq}max ď

}A1}ℓop
`

1 ´ }A1}2
op
˘´1 otherwise, as γ ă 1 ´ γ2 when γ ă p

?
5 ´ 1q{2. Next, we calculate

8
ÿ

ℓ“0
}ΓGpℓq}max ď

8
ÿ

ℓ“0
}A1}ℓ´1

op ď
1

}A1}op ´ }A1}2
op
, and

8
ÿ

ℓ“0
}ΓGpℓq}max ď

8
ÿ

ℓ“0
}A1}ℓop

`

1 ´ }A1}2
op
˘´1

ď
1

p1 ´ }A1}opqp1 ` }A1}2
opq

,

and denote

ApA1q :“
#

p}A1}op ´ }A1}2
opq´1, if }A1}op ă p

?
5 ´ 1q{2,

tp1 ´ }A1}opqp1 ` }A1}2
opqu´1, otherwise.

Plugging this into the bound (3.7), yields that

dRpSn,Zq ď C log2
`pdq log` log`pdq

log`pnq
?
n

log`pσ˚pΛqq

σ˚pΛq
ApA1q3{2 log`pApA1qq,

dC pSn,Zq ď Cpdq65{24n´1{2 1
σ˚pΛq3{2ApA1q3{2, and

dWpSn,Zq ď Cpd2q3{2n´1{2σ
˚pΣYq1{2

σ˚pΣYq
ApA1q3{2.
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Example 3.9 is restricted to the VARp1q case (p “ 1) because the condition }A1}op ă 1
provides a convenient sufficient criterion for stability, even though the standard condition
only requires the spectral radius of A1 to be strictly less than 1. Moreover, as noted in [4,
Sec. 2.1], such an operator-norm condition is restrictive and does not generalise in a natural
way beyond VARp1q. Nevertheless, the example illustrates how the explicit structure of
ΓG in Lemma 3.8 leads to more transparent bounds than in the general case.

4 Background and Technical Results

This section collects the technical arguments used in the proofs of the results from Sections 2
and 3. In Subsection 4.1, we recall the Malliavin calculus and Stein–kernel tools needed
in the proofs (building on Section 1.2). Subsection 4.2 summarises the proof strategy. In
Subsection 4.3, we establish the general framework given by Theorem 4.1 and Corollary 4.2.
Theorem 2.1 is then obtained as a specialisation. The remaining subsections contain the
proofs of the remainder of the results: Theorems 2.1 and 3.1 in Subsections 4.4 and 4.6, the
quantitative Breuer–Major results in Subsection 2.1, and the VARppq estimation results in
Subsection 4.7.

4.1 Background

Recall from Section 1.2 that, log`pxq “ |logpxq| _ 1 for x P p0,8q. Note that for this
function it holds that for all x, y ą 0

log`pxyq “ | logpxyq| _ 1 “ | logpxq ` logpyq| _ 1 ď p| logpxq| ` | logpyq|q _ 1
ď log`pxq ` log`pyq ď 2 log`pxq log`pyq,

(4.1)

as log`pxq ě 1 for all x ą 0.
Let γ denote the standard Gaussian measure γ on R, given by γpdxq “ p2πq´1e´x2{2dx.

Accordingly, let Lppγ;Rdq be the set of measurable functions Φ : R Ñ Rd such that
Eγr|Φpxq|ps ă 8. For q P N0, the q-th Hermite polynomial Hq : R Ñ R is defined by
Hqpxq “ p´1qqex

2{2dqpe´x2{2q{pdxqq. For illustrative purposes, this yields that for x P R,
H0pxq “ 1, H1pxq “ x, H2pxq “ x2´1,... The family tpq!q´1{2Hq : q ě 0u is an orthonormal
basis of L2pγq. Hence, every φ P L2pγq, admits a Hermite expansion

φpxq “

8
ÿ

q“0

aq
q!Hqpxq, where aq “ ErφpZqHqpZqs, and Z „ N p0, 1q,

with
ř

qPN0
q!a2

q ă 8. The Hermite rank of φ is rankpφq :“ mintq ě 1 : aq ‰ 0u, with the
rankpφq “ 8 if φ is constant.

For the multivariate case, let γK be the standard Gaussian measure on RK and write
x “ px1, . . . , xKq. For a multi-index α “ pα1, . . . , αKq P NK0 , set |α| “

řK
j“1 αj , and

α! “
śK
j“1 αj !. Under γK , the multivariate Hermite polynomials factorise as

Hαpxq “

K
ź

j“1
Hαj pxjq.
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Then any φ P L2pγKq admits the expansion

φpxq “
ÿ

αPΛ
aαHαpxq, where aα “

1
α!E rφpGqHαpGqs , for G „ NKp0, IKq. (4.2)

If φ has Hermite rank m, this can be grouped by total degree

φpxq “

8
ÿ

q“m

φqpxq, where φqpxq “
ÿ

αPΛ:|α|“q

aα

K
ź

j“1
Hαj pxjq, x P RK . (4.3)

The Malliavin–Stein method provides a convenient framework to compare the law of
smooth functionals of a Gaussian field with a Gaussian law. We recall the basic objects
used throughout the paper; see [39, 45, 46] for background, and [39] for a detailed treatment
of the Malliavin–Stein method.

Let H be a real separable Hilbert space with inner product x¨, ¨yH and norm } ¨ }H. Let
X “ tXphq : h P Hu be an isonormal Gaussian process over H on pΩ,F ,Pq. For q P N0,
denote by Hq the Wiener–Itô chaos of order q, and set Pq :“

Àq
i“0 Hi.

The multiple Wiener–Itô integral Iq : Hdq Ñ Hq satisfies the isometry

ErIppfqIqpgqs “ 1tp“qu q! xf, gyHbq , p, q ě 1, f P Hdp, g P Hdq, (4.4)

and Hermite polynomials are related to multiple integrals by

HqpXphqq “ Iqph
bqq, h P H, }h}H “ 1.

Let S denote the class of smooth cylindrical random variables of the form F “

fpXph1q, . . . , Xphdqq, where hi P H, for all i P t1, . . . , du, and f P C8pRdq has partial
derivatives of polynomial growth. For F P S, the Malliavin derivative is defined as
DF “

řd
i“1 BifpXph1q, . . . , Xphdqqhi. The space D1,2 is the closure of S under

}F }2
1,2 :“ ErF 2s ` Er}DF }2

Hs,

and higher-order derivatives DkF P L2pΩ;Hbkq are defined iteratively, with Dk,2 the
corresponding completion. The chain rule holds: if F “ pF1, . . . , Fdq with Fi P D1,2 and
ϕ : Rd Ñ R is C1 with bounded partial derivatives, then DpϕpF qq “

řd
i“1 BiϕpF qDFi,see

[45, Prop. 1.2.3].
The divergence operator δ is the adjoint of D, it acts on elements u P L2pΩ;Hq in its

domain Dompδq, characterized by ErxDF, uyHs “ ErFδpuqs, for all F P D1,2. Moreover, for
f P Hdq, δqpfq “ Iqpfq, and Iqpfq P D8,2 with DIqpfq “ q Iq´1pfq.

Let F P L2pΩq with its Wiener–Itô chaos expansion (1.2). The Ornstein–Uhlenbeck
generator L and its pseudo-inverse L´1 are given by

LF “ ´

8
ÿ

q“1
qIqpfqq, and L´1F “ ´

8
ÿ

q“1

1
q
Iqpfqq, (4.5)

whenever
ř

qě1 q
2ErIqpfqq

2s ă 8. The pseudo-inverse L´1 is, however, defined for all
F P L2pΩq [39, Defs 2.8.7–2.8.10]. Let F P L2pΩq, then F P DompLq if and only if F P D1,2

and DF P Dompδq, in which case δDF “ ´LF [39, Prop. 2.8.8].
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A central objects in our proofs is the Stein kernel. A measurable dˆ d matrix-valued
function x ÞÑ τ F pxq “ pτ F

i,jpxqqi,jPt1,...,du on Rd is the Stein’s kernel for the law of F if
Er|τ F

i,jpF q|s ă 8 for any i, j P t1, . . . , du and

d
ÿ

j“1
ErBjfpF qFjs “

d
ÿ

i,j“1
ErBi,jfpF qτ F

i,jpF qs,

for all functions f : Rd Ñ R where f P C8 with bounded partial derivatives of all orders [42,
Def. 2.7]. Stein’s kernels often exist in the Malliavin calculus setting. Indeed, if F is a
centred random vector with Fk P D1,2 for k P t1, . . . , du, then [42, Prop. 3.7] implies that
F has a Stein’s kernel given by

τ F
i,jpxq “ Erx´DL´1Fi, DFjyH|F “ xs, for all i, j P t1, . . . , du, and x P Rd. (4.6)

Finally, we recall a useful notion, the sub-chaos property. For q P N and M ě 0, a
random variable Y is called sub-q-th chaos relative to scale M if Erexppp|Y |{Mq2{qqs ď 2,
and it is sub-q-th chaos relative to 0 if and only if Y “ 0 a.s. Moreover, for each q P N
there exists a constant Cq ą 0, depending only on q, such that every Y P Pq is sub-q-th
chaos relative to scale Cq}Y }2; see [32, Def. A.1 and Prop. A.1]. We also use the standard
tensor-product identity: if H1,H2 are Hilbert spaces with inner products x¨, ¨y1 and x¨, ¨y2,
then for f1, g1 P H1 and f2, g2 P H2,

xf1 b f2, g1 b g2y “ xf1, g1y1 xf2, g2y2. (4.7)

4.2 Methodology of Proofs

Our proofs are based on the Malliavin–Stein method, which yields non-asymptotic bounds
in probabilistic distances via explicit control of Stein kernels. For the Theorem 2.1, we start
from the general multivariate bounds of [25, Thm. 1.1], [44, Thm. 2.1], and [40, Thm. 3.5],
respectively. These are also presented below in (4.8), (4.9) and (4.10). In the setting of
Theorem 2.1, the objects of interest involve multiple Wiener–Itô integrals, for which Stein
kernels admit explicit representations, see [42, Prop. 3.7] and (4.6). We then reduce the
resulting kernel terms using the combinatorial ideas from [39, Lem. 6.2.1], combined with
insights from [32, Lem. A.1 and Prop. A.2] about sub-Gaussian random variables, [31,
Lem. 2.2]. Finally, Stirling’s inequality (4.18) is the main ingredient when showing the
summability of key series, namely (4.11) and (4.12).

For the quantitative Breuer–Major results and the parameter estimation problem in
stable VARppq models, the proofs reduces to (i) identifying the relevant multiple Wiener–Itô
integral structure, (ii) writing down the associated kernels explicitly, and (iii) calculating
the contraction norms arising from (2.1) and invoking Theorem 4.1 and Theorem 3.1,
respectively.

The main inequalities used in the proof of Theorem 2.1 are: (4.8), (4.9) and (4.10)
stated below. If F admits a Stein kernel τ F and Z „ Ndp0,Σq with σ˚ :“ σ˚pΣq ą 0,
then [25, Thm. 1.1] yields

dRpF ,Zq ď
C∆F log`pdq

σ˚

log`

ˆ

σ∆F

σσ˚

˙

, ∆F :“ E
„

max
1ďi,jďd

ˇ

ˇΣij ´ τ F
i,jpF q

ˇ

ˇ

ȷ

, (4.8)
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for all d ě 3, where σ and σ are both associated with Σ.
For a vector F “ pδpu1q, . . . , δpudqq in Rd of centred random variables such that

ui P Dompδq for i P t1, . . . , du, and for Z „ Ndp0,Σq assuming Σ is invertible, for
MF pi, jq :“ xDFi, ujyH, it holds that

dC pF ,Zq ď 402
´

}Σ´1}3{2
op ` 1

¯

d41{24
b

E
“

}MF ´ Σ}2
H.S.

‰

, and (4.9)

dWpF ,Zq ď
?
d}Σ´1}op}Σ}1{2

op

b

E
“

}MF ´ Σ}2
H.S.

‰

. (4.10)

For (4.9), see [44, Thm 1.2], and for (4.10) see [44, Sec. 1.3], or the statement in the original
paper [40, Thm 3.5].

4.3 General Main Theorem and Corollary

In this subsection, we present two generalisations of Theorem 2.1. Theorem 4.1 is our most
general result, and it generalises Theorem 2.1 in two directions: (i) it no longer requires
the covariance matrices of the target vector F and the Gaussian reference vector Z to
coincide, and (ii) as anticipated in Remark 2.2(4), there are no assumptions on contraction
bound, instead it is enough that the two sums below (4.11) and (4.12) are finite.

When the contraction bound (2.1) is imposed, the sums (4.11) and (4.12) are finite, and
Theorem 4.1 specialises to Corollary 4.2. This corollary still strictly extends Theorem 2.1,
since it continues to allow for non-matching covariance structures between F and Z.

For the rest of the section, fix integer d ě 1, and define the following

Φpdq :“
ÿ

p,qě1
pp,qq‰p1,1q

qp4
?
eqp`q logpp`qq{2´1p2d2 ` epp`qq{2´2qΞpp, q, dq, and (4.11)

Ψpdq :“
ÿ

p,qě1
pp,qq‰p1,1q

?
ppp!q!q1{2

?
q

2p`qΞpp, q, dq, (4.12)

where Ξpp, q, dq :“
řp^q´1tp“qu

r“1 max1ďi,jďd∥fi,p br fj,q∥Hbpp`q´2rq , for fi,p P Hdp defined
uniquely by Fi “

ř8
i“0 Ippfi,pq for all i “ 1, . . . , d, k P t1, . . . , du, and p P N.

Theorem 4.1. Fix integer d ě 1. Let F “ pF1, . . . , Fdq be a d-dimensional vector such
that Fi “

ř8
p“1 Ippfi,pq, for fi,p P Hdp, i P t1, . . . du. Assume Σ is invertible, and let

Z „ Ndp0,Σq, and Λ :“ CorrpZq. For Φpdq defined in (4.11), and Ψpdq in (4.12) define

∆F “ Φpdq ` max
1ďi,jďd

ˇ

ˇ

ˇ

ˇ

Λij ´
ErFiFjs

pΣiiΣjjq
1{2

ˇ

ˇ

ˇ

ˇ

.

Then, there exists a constant C ą 0 independent of d, such that

dRpF ,Zq ď C logpdq∆F log`p∆F q
log`pσ˚pΛqq

σ˚pΛq
,

dC pF ,Zq ď 402d41{24

¨

˝

g

f

f

e

d
ÿ

i,j“1

´

Λij ´
ErFiFjs

pΣiiΣjjq
1{2

¯2
` dΨpdq

˛

‚

1
σ˚pΛq3{2 , and

dWpF ,Zq ď
?
d p}Σ ´ CovpF q}H.S. ` dΨpdqq

σ˚pΣq1{2

σ˚pΣq
.
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The following corollary shows that under assumption (2.1), Φpdq and Ψpdq are finite,
and we get an explicit dependence on d.

Corollary 4.2. In the setting as in Theorem 4.1 , let γ, α P R and β P r1{2, 1s. Assume

∥fi,p br fj,q∥Hbpp`q´2rq ď
γeαpeαq

pp!q!qβ
for all i, j P t1, . . . , du, (4.13)

and all integers p, q and r, where p, q ě 1, not simultaneously 1, and 1 ď r ď p^ q´1tp“qu.
If β “ 1{2, for (4.15) assume additionally that α ă α0 (recall (1.3)), and for (4.16)
and (4.17) that α ă logp1{2q ´ e1{p2eq. Define

∆F “ γ
ek log1{2β

`
pdq

log`pdq
` max

1ďi,jďd

ˇ

ˇ

ˇ

ˇ

Λij ´
ErFiFjs

pΣiiΣjjq
1{2

ˇ

ˇ

ˇ

ˇ

. (4.14)

Then there exists a constant C ą 0 depending only on α and β, such that

dRpF ,Zq ď C logpdq
∆F

σ˚pΛq
log`

ˆ

∆F

σ˚pΛq

˙

, (4.15)

dC pF ,Zq ď 402d41{24

¨

˝

g

f

f

e

d
ÿ

i,j“1

´

Λij ´
ErFiFjs

pΣiiΣjjq
1{2

¯2
` dC

˛

‚

1
σ˚pΛq3{2 and (4.16)

dWpF ,Zq ď
?
d p}Σ ´ CovpF q}H.S. ` dCq

σ˚pΣq1{2

σ˚pΣq
. (4.17)

In order to prove these results, we present a couple of technical results. The first is
built on [39, Lem. 6.2.1].

Lemma 4.3. Let F “ Ippfq and G “ Iqpgq with f P Hdp and g P Hdq. Further, let
α “ ErFGs. Then it holds that

E
„

´

ErFGs ´
1
p

xDF,DGyH

¯2
ȷ

ď
qp!q!
p

22p`2q
bpp,qq
ÿ

r“1
∥f br g∥2

Hbpp`q´2rq ,

for p, q ě 1, where bpp, qq “ p^ q ´ 1tp“qu.

The following Lemma shows that [32, Prop. A.2] holds for q “ 1 as well.

Lemma 4.4. Fix integer q ě 1. For each k P t1, . . . ,mu, let Yk be a sub-q-th chaos random
variable relative to scale Mk ě 0. Then we have

E
”

max
1ďkďm

|Yk|

ı

ď

´

max
1ďkďm

Mk

¯

logq{2p2m` eq{2´1q.

And finally, a useful inequality used extensively throughout the proofs, that builds on
the repetitive application of the Stirling’s inequality [50, Eqs (1) and (2)]

?
2πn

´n

e

¯n
ă n! ă e1{12?

2πn
´n

e

¯n
, for all n ě 1. (4.18)
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Lemma 4.5. Let ϖ ą 1{2, and updq some positive function. Then it follows that

ÿ

qě0

updqq

pq!qϖ ď 22ϖ

˜

πe1{2

2

¸ϖ{2

eϖe
1{p2equpdq1{ϖ

.

Remark 4.6. Let F and Z be d-dimensional random vectors, with Σ, the covariance matrix
of Z. Note that dR is invariant under multiplication with a diagonal matrix, meaning

dRpF ,Zq “ dRpDF ,DZq,

for any strictly positive diagonal matrix D. Specifically, one can take the correlation
matrix Λ corresponding to Σ, as it is well known that Λ “ DΣD, for a diagonal matrix
with positive entries D. For Λ, we know that σpΛq “ σpΛq “ 1 and that the smallest
eigenvalue σ˚pΛq is certainly less than or equal to 1, as Λ is a correlation matrix.

Assume now that dRpF ,Zq ď fpF ,Zq, for a particular positive function f and let
D :“ tD P Rd : Di,i ą 0, and Di,j “ 0 for i ‰ j, i, j P t1, . . . , duu. As infimum is
preserved under soft inequalities, it then follows dRpF ,Zq “ infDPD dRpDF ,DZq ď

infDPD fpDF ,DZq, and specifically that dRpF ,Zq ď fpDF ,DZq.

Now we are ready to prove Theorem 4.1 and Corollary 4.2.

Proof of Theorem 4.1. We split the proof in three parts, one for each distance considered.
Part 1. We begin with hyper-rectangular distance. As F is centred with elements in D1,2,
by [42, Prop. 3.7] it has a Stein’s kernel given by

τ F
j,kpxq “ Erx´DL´1Fj , DFkyH | F “ xs, for all j, k P t1, . . . , du, and x P Rd.

Hence, [25, Thm 1.1] yields that for all d ě 3

dRpF ,Zq ď C
∆F

σ˚

logpdq log`

ˆ

σ∆F

σσ˚

˙

, where

∆F :“ E
”

max
1ďj,kďd

∣∣Σjk ´ τFj,kpF q
∣∣ı. (4.19)

If d “ 1 or d “ 2, then [3, Lem. 5.4] yields that

dRpF ,Zq ď C
∆F

σ˚ ^ 1 logpdq log`

ˆ

pσ ^ 1q∆F

pσ _ 1qpσ˚ ^ 1q

˙

.

Hence, the main goal of the rest of the proof is finding a good bound for ∆F . Begin by
plugging in τ F

j,kpF q into (4.19). Using Jensen’s inequality for conditional expectation, the
fact that maxi ErXi|Fs ď ErmaxiXi|Fs, and the law of total expectation yields

∆F : “ E
„

max
1ďj,kďd

|Σjk ´ Erx´DL´1Fj , DFkyH | F s|
ȷ

“ E
„

max
1ďj,kďd

|ErΣjk ´ x´DL´1Fj , DFkyH | F s|
ȷ

ď E
„

max
1ďj,kďd

Er|Σjk ´ x´DL´1Fj , DFkyH| | F s

ȷ

“ E
„

max
1ďj,kďd

|Σjk ´ x´DL´1Fj , DFkyH|
ȷ

.

(4.20)
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Continuing from the obtained bound, adding and subtracting ErFjFks, using triangle
inequality, the fact that max is sub-additive, we get

∆F : “ E
„

max
1ďj,kďd

|Σjk ´ x´DL´1Fj , DFkyH|
ȷ

ď max
1ďj,kďd

|Σjk ´ ErFjFks| ` E
„

max
1ďj,kďd

|ErFjFks ´ x´DL´1Fj , DFkyH|
ȷ

“ max
1ďj,kďd

|Σjk ´ ErFjFks| ` E
„

max
1ďj,kďd

|∆j,k|
ȷ

“ max
1ďj,kďd

|Σjk ´ ErFjFks| ` r∆F ,

(4.21)

where ∆j,k :“ ErFjFks ´ x´DL´1Fj , DFkyH, for j, k P t1, . . . , du and
r∆F :“ Er max

1ďj,kďd
|∆j,k|s. (4.22)

Hence, we want to bound r∆F . By (4.5), together with the linearity of the derivative
operator and the inner product, it follows that for all j, k P t1, . . . , du,

∆j,k “ ErFjFks ´

A

´DL´1
ÿ

pě1
Ippfj,pq, D

ÿ

qě1
Iqpfk,qq

E

H

“ ErFjFks ´

A

D
ÿ

pě1
p´1Ippfj,pq, D

ÿ

qě1
Iqpfk,qq

E

H

“
ÿ

pě1

ÿ

qě1

`

ErIppfj,pqIqpfk,qqs ´ p´1xDIppfj,pq, DIqpfk,qqyH
˘

“
ÿ

pě1

ÿ

qě1
αpj, k, p, qq,

where αpj, k, p, qq :“ ErIppfj,pqIqpfk,qqs´p´1xDIppfj,pq, DIqpfk,qqyH. Rewriting αpj, k, p, qq

with the use of [39, Prop. 2.7.4] and the product formula [39, Thm 2.7.10] one gets

αpj, k, p, qq “ ErIppfj,pqIqpfk,qqs ´ qxIp´1pfj,pq, Iq´1pfk,qqyH

“ ErIppfj,pqIqpfk,qqs ´ q
p^q
ÿ

r“1
pr ´ 1q!

ˆ

p´ 1
r ´ 1

˙ˆ

q ´ 1
r ´ 1

˙

Ip`q´2rpf rbrgq.

Note that when p “ q “ 1, we get

αpj, k, 1, 1q “ xfj,1, fk,1yH ´ I0pfj,1 b1 fk,1q “ 0.

Hence, we can assume that p and q are not simultaneously 1, as ∆j,k “
ř

p,qě1
pp,qq‰p1,1q

αpj, k, p, qq.

For all non-zero αpj, k, p, qq, it holds that αpj, k, p, qq P PϖpHq, and hence, according
to [32, Prop. A.1], αpj, k, p, qq is a sub-ϖ-chaos random variable relative to the scale
Mϖ||αpj, k, p, qq||2, where we know (from [3, Proof of Thm 5.1]) that Mϖ “ p4e{ϖqϖ{2.
Lemma 4.4 then yields that

E
„

max
1ďj,kďd

|αpj, k, p, qq|
ȷ

ď logϖ{2p2d2 ` eϖ{2q max
1ďj,kďd

Mϖ∥αpj, k, p, qq∥2. (4.23)

To bound max1ďj,kďd∥αpj, k, p, qq∥2 we use Lemma 4.3 for p, q P N, pp, qq ‰ p1, 1q, and the
sub-additivity of the square root, such that

max
1ďj,kďd

∥αpj, k, p, qq∥2 ď

ˆ

qp!q!
p

˙1{2
2p`qΞpp, q, dq with (4.24)
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Ξpp, q, dq “

bpp,qq
ÿ

r“1
max

1ďj,k,ďd
∥fj,p br fk,q∥Hbpp`q´2rq , where bpp, qq “ p^ q ´ 1tp“qu.

Plugging Mp`q´2 “ p4e{pp ` q ´ 2qqpp`q´2q{2 and (4.24) into (4.23), we get for p, q ě 1,
when pp, qq ‰ p1, 1q, that

E
„

max
1ďj,kďd

|αpj, k, p, qq|
ȷ

ď
1
4e

?
qp!q!
?
p

?
pqp4eqpp`qq{2

pp!q!q1{2 logpp`q´2q{2p2d2 ´ 1 ` e
p`q

2 ´2qΞpp, q, dq

ď
1
4eqp4e1{2qp`q logpp`q´2q{2p2d2 ´ 1 ` epp`qq{2´2qΞpp, q, dq,

where we used that pp`q´2qpp`q´2q{2 “ pp`q´2qpp´1q{2pp`q´2qpq´1q{2 ě ppp´1q{2qpq´1q{2

for p, q ě 1 and that p´pp´1q{2 “
?
pp´p{2 ď

?
ppp!q´1{2, as pp ě p!. Recall (4.21) and (4.22).

Then using the triangular inequality and sub-additivity of max, it follows that

r∆F “ E
„

max
1ďj,kďd

|∆j,k|
ȷ

“ E
„

max
1ďj,kďd

∣∣∣ ÿ

p,qě1
pp,qq‰p1,1q

αpj, k, p, qq

∣∣∣ȷ

ď E
„

max
1ďj,kďd

ÿ

p,qě1
pp,qq‰p1,1q

|αpj, k, p, qq|
ȷ

ď
ÿ

p,qě1
pp,qq‰p1,1q

E
„

max
1ďj,kďd

|αpj, kp, qq|
ȷ

ď
1
4e

ÿ

p,qě1
pp,qq‰p1,1q

qp4e1{2qp`q logpp`q´2q{2p2d2 ´ 1 ` epp`qq{2´2qΞpp, q, dq “: Φpdq.

Under the assumption that Φpdq is finite, it follows from (4.21) that ∆F ď cΦpdq `

max1ďj,kďd |Σjk ´ ErFjFks|. We can then conclude from (4.19) that there exist positive
constants C1 and C2 such that for d ě 3

dRpF ,Zq ď C1
∆F pF ,Σq

σ˚

logpdq log`

ˆ

σ∆F pF ,Σq

σσ˚

˙

, where

∆F pF ,Σq :“ Φpdq ` max
1ďj,kďd

|Σjk ´ ErFjFks|. (4.25)

On the other hand, for d P t1, 2u, one gets

dRpF ,Zq ď C2
∆F pF ,Σq

σ˚ ^ 1 logpdq log`

ˆ

pσ ^ 1q∆F pF ,Σq

pσ _ 1qpσ˚ ^ 1q

˙

.

We have shown that (for all d ě 1) dRpF ,Zq ď fpF ,Zq, for a specific positive f .
Choose D “ DiagpΣ´1

11 , . . . ,Σ
´1
dd q. Then, due to Remark 4.6, it follows that for correlation

matrix Λ “ DΛD it holds that

dRpF ,Zq ď fpDF ,DZq.

From (4.25) it is clear that we have to calculate ∆F pDF ,Λq. To that end, as Λjk “

pΣ1{2
jj Σ1{2

kk q´1Σjk, it holds that |Λjk ´ErpDF qjpDF qks| “ |Λjk ´

´

Σ1{2
jj Σ1{2

kk

¯´1
ErFjFks|,

which leads to

r∆F :“ ∆F pDF ,Λq “ Φpdq ` max
1ďj,kďd

ˇ

ˇ

ˇ

ˇ

Λjk ´
ErFjFks

pΣjjΣkkq1{2

ˇ

ˇ

ˇ

ˇ
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and to a more elegant statement of the above bounds, namely, for all d ě 1 we have shown
that

dRpF ,Zq “ dRpDF ,DZq ď C
r∆F

σ˚pΛq
logpdq log`

ˆ

r∆F

σ˚pΛq

˙

, where

r∆F “ Φpdq ` max
1ďj,kďd

ˇ

ˇ

ˇ

ˇ

Λjk ´
ErFjFks

pΣjjΣkkq1{2

ˇ

ˇ

ˇ

ˇ

.

Part 2. In order to prove the convex distance case, we utilise [44, Thm 1.2], also given
in (4.9), which is given for vector F with components of the form Fi “ δpuiq, such
that ui P Dompδq. In our case, we have that Fk “

ř

qě1 Iqpfk,qq for fk,q P Hdq and
all k P t1, . . . , du. As discussed in [44] one can always take uk “ ´DpL´1Fkq for all
k P t1, . . . , du, such that δpukq “ ´δpDL´1Fkq “ Fk, and hence (4.9) holds in our setting.

Now it remains to deal with
b

Er}MF ´ Σ}2
H.S.s. Recall from (4.9), that MF pi, jq “

xDFi, ujyH for i, j P t1, . . . , du. By the sub-additivity of the Hilbert-Schmidt and L2-norm
it follows that

b

Er}MF ´ Σ}2
H.S.s ď

a

Erp}MF ´ CovpF q}H.S. ` }CovpF q ´ Σ}H.S.q2s

“ }}MF ´ CovpF q}H.S. ` }CovpF q ´ Σ}H.S.}L2

ď

b

Er}MF ´ CovpF q}2
H.S.s ` }CovpF q ´ Σ}H.S..

Bounding the
řd
i,j“1 in the Hilbert-Schmidt norm in }MF ´ CovpF q}H.S. by the maximum

over i, j P t1, . . . , du and using the sub-additivity of the square root,one then obtains

b

Er}MF ´ Σ}2
H.S.s ď }CovpF q ´ Σ}H.S. `

ˆ

d2 max
1ďi,jďd

}CovpF qij ´MF pi, jq}2
2

˙1{2

ď }CovpF q ´ Σ}H.S. ` d max
1ďi,jďd

}CovpF qij ´MF pi, jq}2

The definition of MF and (4.5) now yield that

CovpF qij ´MF pi, jq “ ErFiFjs ´ xDFi,´DL
´1FjyH

“ ErFiFjs ´ xD
ÿ

pě1
Ippfi,pq, D

ÿ

qě1

1
q
Iqpfj,qqyH

“
ÿ

p,qě1

ˆ

ErIppfi,pqIqpfj,qqs ´
1
q

xDIppfi,pq, DIqpfj,qqyH

˙

“:
ÿ

p,qě1
ξpi, j, p, qq,

where it was also used that E
“
ř

pě1 Ippfi,pq
ř

qě1 Iqpfj,qq
‰

“
ř

p,qě1 E
“

Ippfi,pqIqpfj,qq
‰

by
linearity of the expectation. Now, as before, use Lemma 4.3 to obtain that

max
1ďi,jďd

}ξpi, j, p, qq}2 ď

?
qpp!q!q1{2

?
p

2p`q max
1ďi,jďd

bpp,qq
ÿ

r“1
}fi,p br fj,q}Hdpp`q´2rq ,

where bpp, qq “ p^ q´1tp“qu, and where we used sub-additivity of the square root. Hence,
as

b

Er}MF ´ Σ}2
H.S.s ď }CovpF q ´ Σ}H.S. ` d

ÿ

p,q

max
1ďi,jďd

}ξpi, j, p, qq}2,
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we have obtained exactly that
b

Er}MF ´ Σ}2
H.S.s ď }CovpF q ´ Σ}H.S. ` dΨpdq, (4.26)

where Ψpdq is defined in (4.12). Plugging (4.26) into (4.9), yields

dC pF ,Zq ď 402p}Σ´1}3{2
op ` 1qd41{24 p}CovpF q ´ Σ}H.S. ` dΨpdqq .

As convex distance is invariant under affine transformations, similar to Remark 4.6, for
Λ denoting correlation matrix related to Σ, D denoting a diagonal matrix that has
tΣ´1{2

ii : i P t1, . . . , duu on its diagonal, it holds that

dC pF ,Zq “ dC pDF ,DZq ď 402p}Λ´1}3{2
op ` 1qd41{24 p}CovpDF q ´ Λ}H.S. ` dΨpdqq

ď 402d41{24 p}CovpDF q ´ Λ}H.S. ` dΨpdqq

ˆ

1
σ˚pΛq

˙3{2
,

where we have used that }Λ´1}op “ σ˚pΛq´1, by the definition of the operator norm,
and that then there exists a constant c ě 1 such that c{pσ˚pΛqq3{2 ě 1 and therefore
c{pσ˚pΛqq3{2 ` 1 ď 2c{pσ˚pΛqq3{2.
Part 3. Finally, for 1-Wasserstein distance recall (4.10). To obtain the wanted result,

one has to bound Er}MF ´ Σ}2
H.S.s

1{2, hence the result follows immediately from (4.26):

dWpF ,Zq ď
?
d p}CovpF q ´ Σ}H.S. ` dΨpdqq }Σ´1}op}Σ}1{2

op

Similar observation as in Part 2., namely from the definition of the operator norm it follows
that }Σ´1}op “ σ˚pΣq´1, and }Σ}op “ σ˚pΣq. This concludes the proof.

Proof of Corollary 4.2. Begin by showing the claim for the hyper-rectangular distance (4.15).
And then for convex and 1-Wasserstein. Theorem 4.1 yields that

dRpF ,Zq ď C
∆F

σ˚pΛq
logpdq log`

ˆ

∆F

σ˚

˙

, where

∆F “ Φpdq ` max
1ďj,kďd

ˇ

ˇ

ˇ

ˇ

Λjk ´
ErFjFks

pΣjjΣkkq1{2

ˇ

ˇ

ˇ

ˇ

,

(4.27)

and where Φpdq is defined in (4.11), and C ą 0, independent of d. Hence we want to show
that Φpdq is finite under the Assumption (4.13). In fact we will show that
(1) If β P p1{2, 1s, then

Φpdq ď γ
c

logpdq
ek log1{2βpdq, (4.28)

for a positive constant c and k “ exp p2βe1{2ep25{2eα`1{2`1{eq1{βq.
(2) Assume β “ 1{2 then for α ă α0 it holds that

Φpdq ď γc
dk

logpdq
, (4.29)

for a positive constants c and k “ 16 expp2α ` 1 ` 5{p2eqq.
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Equations (4.28) and (4.29) yield for β P r1{2, 1s, that Φpdq ď γcek log1{2βpdq{log`pdq.
Hence, plugging this into the definition of ∆F in (4.27), we obtain the wanted result.

Let us begin by looking at Ξpp, q, dq “
řp^q´1tp“qu

r“1 max1ďj,k,ďd∥fj,p br fk,q∥Hbpp`q´2rq ,
for fk,p P Hdp for all k P t1, . . . , du and p P N. Under the assumptions on the contrac-
tions (4.13), it holds that

Ξpp, q, dq ď γpp^ q ´ 1tp“quq
eαpeαq

pp!q!qβ ď γp
eαpeαq

pp!q!qβ

and hence plugging into (4.11) we get

Φpdq ď γ
ÿ

p,qě1
pp,qq‰p1,1q

pq
p4e1{2`αqp`q

pp!q!qβ logpp`qq{2´1p2d2 ` epp`qq{2´2q. (4.30)

As 2d2 and epp`qq{2´1 are both greater or equal to 1, when d ě 1 and p` q ą 2, then due
to a` b ď 2ab for a, b ě 1 we have

logp2d2 ` epp`qq{2´2q ď logp4d2epp`qq{2´2q ď logpe2d2epp`qq{2´2q

“ 2 logpdq `
p` q

2 ,
(4.31)

where in the second to last inequality we used that 2 ă e and that log is an increasing
function.

In (4.30), the summands are positive, and hence we can include the case pp, qq “ p1, 1q

in the sum, as it makes it bigger. Then, plugging (4.31) into (4.30), one obtains that
Φpdq ď γΦ1pdq ` γΦ2, where

Φ1pdq :“
ÿ

p,qě1
pq

p4e1{2`αqp`q

pp!q!qβ p2 logpdqqpp`qq{2´1, and

Φ2 :“
ÿ

p,qě1
pq

p4e1{2`αqp`q

pp!q!qβ

ˆ

p` q

2

˙pp`qq{2´1
.

(4.32)

Note that rpp` qq{2spp`q´2q{2 grows much faster than r2 logpdqspp`q´2q{2, hence if Φ2
converges, so does Φ1pdq. Also remark that Φ1pdq depends on the dimension d, while Φ2
does not. For p, q ě 1 we have

p2 logpdqqpp`qq{2´1 “
2pp`qq{2

2 log`pdq
logp{2pdq logq{2pdq, and (4.33)

ˆ

p` q

2

˙pp`q´2q{2
ď ppp`q´2q{2 ` qpp`q´2q{2 “ pp{2pq{22 ` qp{2qq{2. (4.34)

Plug (4.33) and (4.34) into Φ1pdq and Φ2 given in (4.32). Due to the symmetry in p and q
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in obtained expressions, and the double sums in (4.32), one gets the following expressions

Φ1pdq “
1

2 log`pdq

˜

ÿ

pě1
p

p25{2e1{2`αqp

pp!qβ logp{2pdq

¸2

, and (4.35)

Φ2 “
ÿ

pě1

pp4e1{2`αqp

pp!qβ
ÿ

qě1

qp4e1{2`αqq

pq!qβ
´

pp{2pq{2 ` qp{2qq{2
¯

“ 2
ÿ

pě1

pp4e1{2`αqp

pp!qβ pp{2
ÿ

qě1

qp4e1{2`αqq

pq!qβ pq{2. (4.36)

Applying Stirling’s inequality (4.18) to bound pp in (4.36) with p!, i.e. pp ď pp!epq{
?

2πp,
we get

Φ2 ď
2

p2πq1{4

ÿ

pě1

p3{4p4e1`αqp

pp!qβ´1{2

ÿ

qě1

qp4e1{2`α?
pqq

pq!qβ . (4.37)

Next we want to prove equations (4.28) and (4.29).
Part 1. Assume that 1{2 ă β ď 1. First, focus on Φ1pdq. For α ą 0 it holds that

qα “
`

eα log q{q
˘q. Note that plog qq{q obtains maximum at q “ e with value 1{e, hence

qα “

´

eα log q{q
¯q

ď

´

eα{e
¯q
. (4.38)

By applying (4.38) with α “ 1 together with Lemma 4.5 for ϖ “ β, using that 2ϖ “ 2β ą 1,
and combining terms with identical powers, we obtain

Φ1pdq ď
γ

2 log`pdq

˜

ÿ

pě0

p25{2eα`1{2` 1
e log1{2pdqqp

pp!qβ

¸2

ď
γc2

log`pdq
ek1 log1{p2βqpdq, (4.39)

where c2 “ c2pβq “ 24β´1pπe1{3{2qβ and k1 “ k1pα, βq “ exp p2βe1{2ep25{2eα`1{2`1{eq1{βq.
It remains to check that Φ2, in (4.37) converges. Applying (4.38) with α “ 3{4 in the

sum over p and α “ 1 in the sum over q, together with Lemma 4.5 for ϖ “ β, we arrive at
the following expression. In doing so, we use that 2β P p1, 2s, which implies p1{p2βq ď p for
p ě 1, and that adding the term for p “ 0 increases the sum since all terms are positive:

Φ2 ď
2γ

p2πq1{4

ÿ

pě1

p4e1`α`3{p4eqqp

pp!qβ´1{2

ÿ

qě1

p4e1{2`1{e`αp1{2qq

pq!qβ ď c3γ
ÿ

pě1

p4e1`α`3{p4eqqp

pp!qβ´1{2 ek2p1{p2βq

ď c3γ
ÿ

pě1

p4e1`α`3{p4eq`k2qp

pp!qβ´1{2 “ c3γ
ÿ

pě0

p4e1`α`3{p4eq`k2qp

pp!qβ´1{2 ă 8, (4.40)

where c3 “ c3pβq “ 22β`5{4{π1{4pπe1{3{2qβ{2 and k2 “ exp pβe1{p2eqp4e1{2`1{e`αq1{βq. The
series in (4.40) converges since β ´ 1{2 ą 0. Indeed, the ratio test yields

ř

pě0 |ap| ă 8

when ap`1{ap Ñ 0 as p Ñ 8. As for
ř

pě0 ap with ap “ pAeBqppp!q´ε and ε ą 0, where
A “ 4 and B “ 1 ` α ` 3{p4eq ` k2, it holds that,

lim
pÑ8

ap`1
ap

“ lim
pÑ8

AeB

pp` 1qε
“ 0,

it implies the claimed finiteness in (4.40).
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Recall that k1 “ exp
`

2βe1{p2eqp25{2eα`1{2`1{eq1{β
˘

, where β P p1{2, 1s and α P R. Note
that k1 Ñ 1 as α Ñ ´8, which implies k1 ě 1. Consequently,

exp
`

k1 log1{p2βq d
˘

log` d
ě
elog1{2 d

logpdq
ą 1, d ą 1,

where the first inequality holds for d ě e (since 1{p2βq ě 1{2) and the second follows
because e

?
x ą x for all x ą 0. For 1 ă d ă e, the ratio is trivially large, and for d “ 1, it

equals 1. Thus, the ratio is bounded below by 1 for all d ě 1.
Combining (4.39) and (4.40), and using that exppk1 log1{p2βq

` pdqq{ log`pdq ě 1 for d ě 1,
we obtain that for β P p1{2, 1s and finite constants c4 and c5 :“ c2 ` c4,

Φpdq ď Φ1pdq ` Φ2 ď
γc2

log`pdq
ek1 log1{2βpdq ` γc4 ď γ

c5
log`pdq

ek1 log1{2βpdq,

which proves (4.28).
Part 2. Let β “ 1{2. Proceeding from (4.35) and (4.36), we first compute Φ1pdq to

extract the explicit dimension dependence, and then verify convergence of Φ2. As in Part
1., using (4.93) we calculate Φ1pdq in (4.35) as follows:

Φ1pdq ď
γ

2 log`pdq

˜

ÿ

pě0

p25{2eα`1{2`1{e log1{2pdqqp

pp!q1{2

¸2

ď
γc6

log`pdq
dk3 , (4.41)

where c6 “
?

2πe1{3 and k3 “ 24 expp2α ` 1 ` 5{p2eqq.
It remains to show that Φ2 in (4.36) converges. Calculate, using (4.93) in the second

sum of (4.36) as follows:

Φ2 ď
2γ

p2πq1{4

ÿ

pě1
p4e1`3{p4eq`αqp

ÿ

qě1

`

16e1`2{e`2αp
˘q{2

pq!q1{2

ď c7γ
ÿ

pě1
p4e1`3{p4eq`αqpe8e1`5{p2eq`2αp “ c7γ

ÿ

pě1
p4e1`3{p4eq`α`8e1`5{p2eq`2α

qp

ď c7γ
ÿ

pě0
p4e1`3{p4eq`α`8e1`5{p2eq`2α

qp, (4.42)

where c7 “ 23{4e1{12. Note that
ř

pě0 p4 expp1 ` 3{p4eq ` α ` 8e1`5{p2eq`2αqqp is a geo-
metric series and it converges if x :“ 4 expp1 ` 3{p4eq ` α ` 8e1`5{p2eq`2αq ă 1. To that
end, let d1 “ 4e1`3{p4eq and d2 “ 8e1`5{p2eq. Then (4.42) converges for those α such that
d1e

α exp pd2e
2αq ă 1. Hence we find α such that,

d2
1e

2αe2d2e2α
ă 1 ðñ 2d2e

2αe2d2e2α
ă

2d2
d2

1
“ e1{e´1.

Using the Lambert W-function we obtain that 2d2e
2α ă W pe1{e´1q and hence, α ă

1{2 logpW pe1{e´1q{p2d2qq « ´2.846. For such α, the sum
ř

pě0 x
p converges. Since dk3 ě

c log`pdq for all d ě 1 and some constant c “ cpk3q ą 0, we have for finite constants c8 ą 0
and c9 “ c2 ` c4 ą 0 that

Φpdq ď γc6
dk3

log`pdq
` γc8 ď γc9

dk3

log`pdq
, (4.43)
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which establishes (4.29).
Convex and 1-Wasserstein distance. Proving (4.16) and (4.17) proceeds by using

similar a toolbox to the proof for hyper-rectangular distance. Recall statements in Theo-
rem 4.1 for dC and dW : we have to ensure that Ψpdq, defined in (4.12), is finite under the
assumption (4.13). Apply assumption (4.13) to (4.12) to obtain

Ψpdq ď γ
ÿ

p,qě1
pp,qq‰p1,1q

?
pq
eαpp`qq2p`q

pp!q!qβ´1{2 ď γ
ÿ

p,qě1

?
pq
eαpp`qq2p`q

pp!q!qβ´1{2 “: γΨ, (4.44)

where we omitted the condition pp, qq ‰ p1, 1q in the summation since removing it adds a
positive term to the sum, thereby increasing the bound. To conclude the proof, it suffices
to show that Ψ ă 8. For the remainder of the proof, we split it into two cases, when
β P p1{2, 1s and when β “ 1{2.

Assume first that β “ 1{2. Applying (4.38) to (4.44) implies Ψ ă 8. Indeed, we
observe that

ÿ

p,qě1

?
pqeαpp`qq2p`q ď

ÿ

p,qě1
epp`qq{p2eqeαpp`qq2p`q “

˜

ÿ

pě1

`

2eα`1{p2eq
˘p

¸2

.

This expression is finite because the inner sum is a geometric series that converges provided
2eα`1{p2eq ă 1, or equivalently, α ă logp1{2q ´ 1{p2eq « ´0.877.

Assume β P p1{2, 1s and let ε :“ β ´ 1{2 ą 0. Then by ratio test, Ψ in (4.44) is finite.
Indeed

ÿ

p,qě1

epα`1{p2eqqpp`qq2p`q

pp!q!qε “

˜

ÿ

pě1

p2eα`1{p2eqqp

pp!qε

¸2

ă 8,

as for ap “ p2eα`1{p2eqqppp!q´ε, ap`1{ap Ñ 0 for p Ñ 8. This concludes the proof.

4.4 Proof of Theorem 2.1

Theorem 2.1 can be obtained from Corollary 4.2 as follows.

Proof of Theorem 2.1. Applying the additional assumption, that F and Z have the same
covariance matrix, to Corollary 4.2 yields the result. Indeed, using that Σjk “ ErFjFks, it
follows by definition of ∆F in (4.14), that

∆F “
γ

log`pdq
ek log1{2β

`
pdq. (4.45)

Then, for d ě 1, plugging (4.45) into (4.15), and using that log`pxyq “ log`pxq` log`pyq ď

2 log`pxq log`pyq for all x, y ą 0, one gets

dRpF ,Zq ď Cγ
exp

´

k log1{p2βqpdq

¯

logpdqσ˚

logpdq log`

ˆ

σ

σσ˚

˙

log`

¨

˝γ
exp

´

k log1{p2βqpdq

¯

logpdq

˛

‚

ď C1γ log`pγq
log`

´

σ
σσ˚

¯

σ˚

exp
´

k log1{p2βqpdq

¯´

k log1{p2βqpdq ´ log` logpdq

¯

ď C2γ log`pγq
log`

´

σ
σσ˚

¯

σ˚

exp
´

k log1{p2βqpdq

¯

log1{p2βqpdq,
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where C1 “ 4C and C2 “ kC1.
Convex and 1-Wasserstein distance. Under the assumption that Σij “ ErFiFjs for

all i, j P t1, . . . , du (i.e., the covariances of F and Z coincide), the result follows immediately
from (4.16) and (4.17), since the terms involving the difference of the covariance matrices
vanish.

4.5 Proof of Quantitative Breuer–Major

Proof of Theorem 2.3. Recall that

Sn “ pSin, . . . , S
d
nq :“ 1

?
n

n
ÿ

k“1
ΦpGkq “

1
?
n

n
ÿ

k“1
pφ1pGkq, . . . , φdpGkqq.

The idea is to write Spiq
n for all i P t1, . . . , du in a multiple integral form and then use

Theorem 4.1. Recall the multivariate Hermite expansion (4.2) for functions in L2pγK ,RKq.
Since Er|φipG1q|2s ă 8, the function φi admits a Hermite expansion. By (4.3), we can
write

Spiq
n “

1
?
n

n
ÿ

k“1
φipGkq “ n´1{2

n
ÿ

k“1

8
ÿ

q“mi

φi,qpGkq, where

φi,qpxq :“
ÿ

αPΛ:|α|“q

ai,α

K
ź

j“1
Hαpjqpxpjqq and ai,α :“ 1

α!E
«

φipG1q

K
ź

j“1
HαpjqpG

pjq

1 q

ff

,

with Λ “ tα “ pα1, . . . , αKq : αj P N0u, |α| “
řK
j“1 αj , and α! “

śK
j“1 αj !.

Recall, pGkqkPZ is a K-dimensional centred stationary Gaussian sequence. Therefore,
by [39, Rem. 2.1.5] there exists a separable Hilbert space H and an isonormal Gaussian
process tXphq : h P Hu such that Gk can be represented as Gk

D
“ pXpek,1q, . . . , Xpek,Kqq for

a sequence of vectors pek,ℓqkPZ,ℓPt1,...,Ku Ă H satisfying xek,ℓ, ek1,ℓ1yH “ CovpG
pℓq
k ,G

pℓ1q

k1 q “

ρpℓ,ℓ1qpk ´ k1q for all k, k1 P Z and ℓ, ℓ1 P t1, . . . ,Ku. Hence, using [39, Thm 2.7.7], it holds
that

K
ź

j“1
Hαj pG

pjq

k q
D
“

K
ź

j“1
Hαj pXpek,jqq “ Iq

ˆ

α!
q!

ÿ

σPSα
q

σpebαp1q

k,1 b ¨ ¨ ¨ b ebαpKq

k,K q

˙

,

where Sα
q denotes the q-permutations on the multiset t1, . . . , 1, . . . ,K, . . . ,Ku where j

appears with multiplicity αpjq for all j P t1, . . . ,Ku. Hence, due to linearity of the multiple
integrals,

φi,qpGkq “
ÿ

αPΛ:|α|“q

ai,αIq

ˆ

α!
q!

ÿ

σPSα
q

σpebαp1q

k,1 b ¨ ¨ ¨ b ebαpKq

k,K q

˙

“ Iq

ˆ

ÿ

αPΛ:|α|“q

ai,α
α!
q!

ÿ

σPSα
q

σpebαp1q

k,1 b ¨ ¨ ¨ b ebαpKq

k,K q

˙

.
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Thus, we obtain [41, Eq. (4.43)], for i P t1, . . . , du

Spiq
n “

1
?
n

n
ÿ

k“1

8
ÿ

q“mi

φi,qpGkq “

8
ÿ

q“mi

Iq

ˆ

1
?
n

n
ÿ

k“1

ÿ

αPΛ
|α|“q

ai,α
α!
q!

ÿ

σPSα
q

σpebαp1q

k,1 b ¨ ¨ ¨ b ebαpKq

k,K q

˙

“

8
ÿ

q“mi

Iqpfnpi, qqq, where fnpi, qq :“ 1
?
n

n
ÿ

k“1

ÿ

tPt1,...,Kuq

bi,tek,tp1q b ¨ ¨ ¨ b ek,tpqq ,

with fnpi, qq P Hdq, and where the coefficients bi,t “ pq!q´1aαptqpαptqq!, for αptq “
řq
ℓ“1p1ttpℓq“1u, . . . ,1ttpℓq“Kuq P NK0 . Let rKs denote the set t1, . . . ,Ku. Using the isometry

property of multiple integrals (4.4), and the fact that ρpi,jqp0q “ 1ti“ju for i, j P t1, . . . ,Ku,
one obtains

Erφi,qpG1q2s “ E
„

Iq

´

ÿ

tPrKsq

bi,te1,tp1q b ¨ ¨ ¨ b e1,tpqq

¯2
ȷ

“ q!
ÿ

s,tPrKsq

@

bi,te1,tp1q b ¨ ¨ ¨ b e1,spqq , bi,se1,sp1q b ¨ ¨ ¨ b e1,spqq

D

Hbq

“ q!
ÿ

s,tPrKsq

bi,tbi,s

q
ź

k“1
xe1,tpkq , e1,spkqyH “ q!

ÿ

tPrKsq

b2
i,t.

(4.46)

Hence it follows that ErφipG1q2s “
ř8
q“mi

q!
ř

tPt1,...,Kuq b2
i,t.

In order to use Theorem 4.1 for random vectors Sn and Zn, it remains to bound
∥fnpi, qq br fnpj, pq∥Hbpp`q´2rq for every i, j P t1, . . . , du, p, q P N not simultaneously 1, and
r P t1, . . . , p^ q ´ 1tp“quu. Some of the following steps are inspired by mainly [41, Sec. 4].
To that end, calculate

fnpi, qq br fnpj, pq “
1
n

ÿ

tPrKsq

ÿ

sPrKsp

bt,ibs,j

n
ÿ

k,ℓ“1

r
ź

z“1
xek,tpzq , eℓ,spzqyHek,tpr`1q b ¨ ¨ ¨ b eℓ,sppq

“
1
n

ÿ

tPrKsq

ÿ

sPrKsp

bt,ibs,j

n
ÿ

k,ℓ“1

r
ź

z“1
ρptpzq,spzqqpk ´ ℓqek,tpr`1q b ¨ ¨ ¨ b eℓ,sppq ,

and the Hbpp`q´2rq-norm of fnpi, qq br fnpj, pq, as follows:

∥fnpi, qq br fnpj, pq∥2
Hbpp`q´2rq “

1
n2

ÿ

t,t1PrKsq

ÿ

s,s1PrKsp

|bt,ibt1,ibs,jbs1,j |

ˆ

n
ÿ

k,l,k1,ℓ1“1

r
ź

z“1
ρptpzq,spzqqpk ´ ℓqρpt1pzq,s1pzqqpk1 ´ ℓ1q

ˆ

q
ź

m“r`1
ρptpmq,t1pmqqpk ´ k1q

p
ź

h“r`1
ρpsphq,s1phqqpℓ´ ℓ1q

ď
1
n2

ÿ

t,t1PrKsq

ÿ

s,s1PrKsp

|bt,ibt1,ibs,jbs1,j |

ˆ

n
ÿ

k,l,k1,ℓ1“1
|ρpk ´ ℓqrρpk1 ´ ℓ1qrρpk ´ k1qq´rρpℓ´ ℓ1qp´r|.

(4.47)
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Using Jensen’s inequality for finite sums and the convex function fpxq “ x2, together
with (4.46), it follows that

ÿ

tPrKsq

bt,i
ÿ

t1PrKsq

bt1,i “

ˆ

ÿ

tPrKsq

bt,i

˙2
“ K2q

ˆ

ř

tPrKsq bt,i

Kq

˙2
ď Kq

ÿ

tPrKsq

b2
t,i

“
Kq

q! Erφi,qpG1q2s.

Hence, we conclude that the first sum in (4.47) satisfies
ÿ

t,t1PrKsq

ÿ

s,s1PrKsp

|bt,ibt1,ibs,jbs1,j | ď
KqKp

p!q! Erφi,qpG1q2sErφj,ppG1q2s. (4.48)

For the second part of the (4.47), recall that r P t1, . . . , p^ q ´ 1tp“quu. As in [41, Proof
of 4.44], note that ρpk1 ´ ℓ1qrρpk ´ k1qq´r ď ρpk1 ´ ℓ1qq ` ρpk ´ k1qq. Hence,

n
ÿ

k,ℓ,k1,ℓ1“1
|ρpk ´ ℓqrρpℓ´ ℓ1qp´rpρpk1 ´ ℓ1qq ` ρpk ´ k1qqq|

ď

n
ÿ

k,ℓ,ℓ1“1

∣∣∣∣ρpk ´ ℓqrρpℓ´ ℓ1qp´r
´

n´ℓ1
ÿ

α“1´ℓ1

ρpαqq `

n´k
ÿ

α“1´k

ρpαqq
¯

∣∣∣∣
ď

n
ÿ

k,ℓ,ℓ1“1
|ρpk ´ ℓq|r|ρpℓ´ ℓ1q|p´r

´

ÿ

|α|ăn

|ρpαq|q `
ÿ

|α|ăn

|ρpαq|q
¯

ď 2
ÿ

|α|ăn

|ρpαq|q
n
ÿ

k,ℓ,ℓ1“1
|ρpk ´ ℓq|r|ρpℓ´ ℓ1q|p´r.

(4.49)

As q ě m and |ρpxq| ď 1, we use that |ρpαq|q ď |ρpαq|m to further obtain that
n
ÿ

k,ℓ,k1,ℓ1“1
|ρpk ´ ℓqrρpℓ´ ℓ1qp´rpρpk1 ´ ℓ1qq ` ρpk ´ k1qqq|

ď 2
ÿ

|α|ăn

|ρpαq|m
n
ÿ

ℓ“1

n´ℓ
ÿ

t“1´ℓ

|ρptq|r
n´ℓ
ÿ

s“1´ℓ

|ρpsq|p´r

ď 2n
ÿ

|α|ăn

|ρpαq|q
ÿ

|t|ăn

|ρptq|r
ÿ

|s|ăn

|ρpsq|p´r

ď 2n
ÿ

kPZ
|ρpkq|m

ÿ

|t|ăn

|ρptq|r
ÿ

|s|ăn

|ρpsq|p´r.

(4.50)

Recall that the starting point for the argument (4.49)-(4.50) is the inequality ρpk1 ´

ℓ1qrρpk ´ k1qq´r ď ρpk1 ´ ℓ1qq ` ρpk ´ k1qq, hence use the same arguments (4.49)-(4.50) for
ρpk ´ ℓqrρpℓ´ ℓ1qp´r ď ρpk ´ ℓqp ` ρpℓ´ ℓ1qp and obtain

n
ÿ

k,ℓ,k1,ℓ1“1
|ρpk ´ ℓqrρpℓ´ ℓ1qp´rpρpk1 ´ ℓ1qq ` ρpk ´ k1qqq|

ď 2n
ÿ

kPZ
|ρpkq|m

ÿ

|t|ăn

|ρptq|r
ÿ

|s|ăn

|ρpsq|q´r.
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Combining the two displays above, it follows that
n
ÿ

k,ℓ,k1,ℓ1“1
|ρpk ´ ℓqrρpℓ´ ℓ1qp´rpρpk1 ´ ℓ1qq ` ρpk ´ k1qqq|

ď 2n
ÿ

kPZ
|ρpkq|m

ÿ

|t|ăn

|ρptq|r
ÿ

|s|ăn

|ρpsq|p^q´r. (4.51)

Finally combining (4.51) with (4.48) we get that

∥fnpi, qq br fnpj, pq∥Hbpp`q´2rq ď
Kq{2Kp{2

?
p!q! }φi,qpG1q}L2}φj,ppG1q}L2γn,p,q,r, (4.52)

where
γn,p,q,r :“

d

2
n

ÿ

kPZ
|ρpkq|m

ÿ

|t|ăn

|ρptq|r
ÿ

|s|ăn

|ρpsq|p^q´r.

Using the inequality in (4.52), together with (4.11) and (4.12), implies

Ξpp, q, dq ď
Kq{2Kp{2

?
p!q! max

1ďi,jďd
}φi,qpG1q}L2}φj,ppG1q}L2

p^q´1tp“qu
ÿ

r“1
γn,p,q,r.

Hence, Theorem 4.1 gives that

dRpSn,Znq ď C logpdq∆1pn, d,Kq log`p∆1pn, d,Kqq
log`pσ˚q

σ˚

,

dC pSn,Znq ď 402
ˆ

1
σ˚

˙3{2
d65{24∆2pn, d,Kq, and

dWpSn,Znq ď }Σ´1}op}Σ}1{2
op d

3{2∆2pn, d,Kq,

where (4.11) and (4.12) give that

∆1pn, d,Kq :“
ÿ

p,qě1
pp,qq‰p1,1q

pq
p4

?
eKqp`q

?
p!q! logpp`qq{2´1p2d2 ` epp`qq{2´2q

ˆ max
1ďi,jďd

Erφi,qpG1q2s1{2Erφj,ppG1q2s1{2
p^q´1tp“qu

ÿ

r“1
γn,p,q,r, and

∆2pn, d,Kq :“
ÿ

p,qě1
pp,qq‰p1,1q

?
pp2

?
Kqp`q

?
q

max
1ďi,jďd

}φi,qpG1q}L2}φj,ppG1q}L2

p^q´1tp“qu
ÿ

r“1
γn,p,q,r.

Proof of Corollary 2.4. We begin by observations for the hyper-rectangular distance. Plug-
ging in the bound (2.6) into ∆1pn, d,Kq, we get

∆1pn, d,Kq ď
ÿ

p,qěm

pq
p4

?
eKqp`q

?
p!q! logpp`qq{2´1p2d2 ` e

p`q
2 ´2q

eαpp`qq

pp!q!qβ´1{2

p^q´1tp“qu
ÿ

r“1
γn,p,q,r

ď
ÿ

p,qěm

pq
p4e1{2`αqp`q

?
K
p`q

pp!q!qβ logpp`qq{2´1p2d2 ` e
p`q

2 ´2q

p^q´1tp“qu
ÿ

r“1
γn,p,q,r,
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where γn,p,q,r is defined in (2.5). Note that
ř

kPZ |k|am is finite since a ă ´1{m. Further-
more, in general, using that nb`1 ě 1 for n ě 1 it holds that

ÿ

|t|ăn

|t|b ď

$

’

’

&

’

’

%

ř

tPZ t
b ă C2, b ă ´1,

2
şn´1
1

1
tdt ď C3 logpnq, b “ ´1,

2 ` 2
şn´1
2 tbdt ď 2 ` 2nb`1´1

b`1 ď C4n
b`1, b ą ´1.

Combining these observations into γn,p,q,r one obtains

γ2
n,p,q,r “

2
n

ÿ

kPZ
|k|am

ÿ

|t|ăn

|t|ar
ÿ

|s|ăn

|s|app^q´rq

ď

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

C5n
´1, ar ă ´1, app^ q ´ rq ă ´1,

C6n
app^q´rq, ar ă ´1, app^ q ´ rq ą ´1,

C7n
ar, ar ą ´1, app^ q ´ rq ă ´1,

C8n
ap^q`1, ar ą ´1, app^ q ´ rq ą ´1,

C9n
´1{2 logpnq, one of the terms is “ ´1 and the other ă ´1,

C10n
aL{2 logpnq, one of the terms is “ ´1 and the other ą ´1,

for r P t1, . . . , p ^ q ´ 1tp“quu and 2 ď m ď p ^ q. In a more compact form, as a{2 ą

pam` 1q{2 when a P p´1,´1{pm´ 1qq , one gets

γn,p,q,r ď Γa,mpnq :“

$

’

’

’

’

&

’

’

’

’

%

C5n
´1{2, a ă ´1

C9n
´1{2 logpnq, a “ ´1

C6n
a{2, a P p´1,´1{pm´ 1qs

C8n
pam`1q{2, a P p´1{pm´ 1q,´1{mq.

Hence,
p^q´1tp“qu

ÿ

r“1
γn,p,q,r ď

p^q´1tp“qu
ÿ

r“1
Γa,mpnq “ pp^ qqΓa,mpnq. (4.53)

and therefore (4.53) yields that

∆1pn, d,Kq ď Γa,mpnq
ÿ

p,qěm

pp^ qqpq
p4e1{2`αqp`q

?
K
p`q

pp!q!qβ logpp`qq{2´1p2d2 ` epp`qq{2´2q.

(4.54)

The sum appearing in (4.54) is the same sum as in (4.30), with additional multiplicative
term pp^ qqK1{2pp`qq. Hence, we use exactly the same steps as in the proof of Corollary 4.2
to obtain the following: For β P p1{2, 1s, apply steps (4.30)-(4.40), from the proof of
Corollary 4.2 to obtain ∆1pn, d,Kq ď cΓa,mpnqp∆p1q

1 pd, kq ` ∆p2q

1 pKqq, where

∆p1q

1 pd, kq “ c1
ek1K1{p2βq log1{p2βqpdq

log`pdq
, and

∆p2qpKq “ c2
ÿ

pě0

p4
?
Ke1`α`3{p4eq`k2K1{p2βq

qp

pp!qβ´1{2 ,

(4.55)
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with explicit constants c1 “ 24β´1pπe1{3{2qβ, k1 “ exp p2βe1{2ep25{2eα`1{2`2{eq1{βq, c2 “

22β`5{4π´1{4pπe1{3{2qβ{2 and k2 “ exp pβe1{p2eqp4e1{2`1{e`αq1{βq.
However, compared to (4.40), it is not enough to show that ∆p2qpKq in(4.55) is finite,

we need a bound explicit in K. To that end, for x ą 0 and δ P p0, 1{2s, denote Spxq “
ř

pě0 appxq, where ap “ xppp!q´δ. Given that ap`1{ap “ xpp` 1q´δ, by the ratio test, Spxq

converges when p ` 1 ą x1{δ, and ap increases as p ` 1 grows toward p ` 1 ď x1{δ, and
decreases afterwards. Let M :“ rx1{δs, then maxpě0 ap is either aM or aM´1, depending if
the ration ap`1{ap crosses 1 before or after M . Hence it holds that

ř2M
p“0 ap ď p2M ` 1qaM .

For p ě 2M ,
ap`1
ap

“
x

pp` 1qδ
ď

M δ

p2Mqδ
“ 2´δ,

and therefore the tail is geometric
ÿ

pě2M
ap ď

a2M
1 ´ 2´δ

ď
aM

1 ´ 2´δ
.

Using 2M ` 1 ď 3p1 ` x1{δq, we obtain that

Spxq “

2M
ÿ

p“0
appxq`

8
ÿ

p“2M
appxq ď

ˆ

2M ` 1 `
1

1 ´ 2´δ

˙

aM ď

ˆ

3 `
1

1 ´ 2´δ

˙

p1`x1{δqaM .

As M δ ě x and exppδmq ď exppδ ` δx1{δq, using Stirling’s lower bound (4.18), we get that

aM “
xM

pM !qδ ď
1

p
?

2πqδ
eδM p

x

M δ
qM ď

eδ

p
?

2πqδ
eδx

1{δ
.

Finally, using 1 ` x ď ex for all x ě 0,

Spxq ď p3 `
1

1 ´ 2´δ
qp1 ` x1{δq

eδ

p
?

2πqδ
eδx

1{δ
ď p3 `

1
1 ´ 2´δ

q
eδ

p
?

2πqδ
epδ`1qx1{δ

.(4.56)

Define ψpKq “ 4K1{2e1`α`3{p4eq`k2K1{p2βq , and for δ “ β´1{2, and β P p1{2, 1s, using (4.55)
and (4.56) with Cδ :“ p3 ` p1 ´ 2´δq´1qeδp

?
2πq´δ we obtain

∆p2q

1 pKq ď c3 exp
´

pβ ` 1{2qψpKq1{pβ´1{2q
¯

,

where c3 “ c2Cβ´1{2, which finally yields that

∆1pn, d,Kq ď cΓa,mpnqpc1 ` c3q
ek1K1{p2βq log1{p2βqpdq

log`pdq
e3ψpKq1{pβ´1{2q{2. (4.57)

On the other hand, for β “ 1{2, applying (4.30)-(4.37) and (4.41)-(4.42) from the proof of
Corollary 4.2, yields that ∆1pn, d,Kq ď cΓa,mpnqp∆p1q

1 pd, kq ` ∆p2q

1 pKqq, where

∆p1q

1 pd, kq “
?

2πe1{12 dk3K

log`pdq
, and

∆p2q

1 pKq “ 4e1{12
ÿ

pě0

´

4
?
Ke1`α`3{p4eq`k4K

¯p
,

(4.58)
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where k3 “ 24 expp2α ` 1 ` 9{p2eqq and k4 “ 8 expp1 ` 2α ` 5{p2eqq. ∆p2q

1 pKq is a
geometric series that converges when x :“ 4

?
Ke1`α`3{p4eq`k4K ă 1, as x ą 0. Using

the steps (4.42)-(4.43) as in the proof of Corollary 4.2, one gets that the series ∆p2q

1 pKq

converges when α ă α0 ´ logpKq{2 , and that ∆p2q

1 pKq ď 4e1{12p1 ´ ψpKqq´1. Combining
α ă α0 ´ logpKq{2 with k3K, yields that k3K ă 24 expp2α0 ` 1 ` 9{p2eqq. Therefore,
together with (4.58), for k5 :“ 24 expp2α0 ` 1 ` 9{p2eqq « 0.768, it holds that

∆1pn, d,Kq ď c4Γa,mpnq
dk5

log`pdq

1
1 ´ ψpKq

, (4.59)

where c4 “ ce1{12p
?

2π ` 4q. Using Theorem 2.3, (4.57), and (4.59), together with (4.1),
we get for β P p1{2, 1s

dRpSn,Znq ď Cζpd,KqψpKq1{pβ´1{2qΓa,mpnq log`pnqplog`plog`pnqq1ta“´1u ` 1ta‰´1uq

ˆ
log`pσ˚pΛnqq

σ˚pΛnq
, where ζpd,Kq “ log1{p2βq

` pdqec2K1{p2βq log1{p2βq

`
pdq,

and for β “ 1{2, it follows similarly that

dRpSn,Znq ď C
log`pdqdk5

1 ´ ψpKq
Γa,mpnq log`pnqplog`plog`pnqq1ta“´1u ` 1ta‰´1uq

ˆ
log`pσ˚pΛnqq

σ˚pΛnq
.

For the convex and 1-Wasserstein distance, as p^ q ď q, using (4.38) to get ?
p ď ep{2e,

together with (4.53) and the assumption (2.6), yields that

∆2pn, d,Kq ď cΓa,mpnq
ÿ

p,qěm

pp^ qq

?
pqp2

?
Keαqp`q

pp!q!qβ´1{2 ď cΓa,mpnq
ÿ

p,qěm

?
pp2

?
Keαqp`q

pp!q!qβ´1{2

ď cΓa,mpnq

˜

ÿ

pěm

p2
?
Keα`1{p2eqqp

pp!qβ´1{2

¸2

Now, if β P p1{2, 1s, then (4.56) yields that
ÿ

pěm

p2
?
Keα`1{p2eqqp

pp!qβ´1{2 ď
ÿ

pě0

p2
?
Keα`1{p2eqqp

pp!qβ´1{2 ď c1e
c2K1{p2β´1q

,

for c1 “ p
?

2πq1{2´β and c2 “ pβ ´ 1{2q21{pβ´1{2q exp r1{p2eβ ´ eq ` α{pβ ´ 1{2q ` 1s.
Hence,

∆2pn, d,Kq ď c3Γa,mpnqec4K1{p2β´1q

,

where c3 “ cc2
1 and c4 “ 2c2. On the other hand, if β “ 1{2, then for α ă ´1{p2eq ´

lnp2
?
Kq,

ÿ

pě0
p2

?
Keα`1{p2eqqp “

1
1 ´ c5

?
K
, (4.60)

where c5 “ 2eα`1{p2eq, as (4.60) is just a geometric series. Hence, the proof is concluded
with

∆2pn, d,Kq ď c6Γa,mpnq
1

p1 ´ c5
?
Kq2 .
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4.6 Proof of Theorem 3.1.

The proof of the finite-analogue to Theorem 2.1 is simpler as there is no need to insure
summability of the bound. As it is sharper, it makes sense to present a separate proof.
The tools used in this proof are the same as in the Theorem 4.1.

Proof of Theorem 3.1. First, observe that if F belongs entirely to the first Wiener chaos
(i.e., qi “ 1 for all i P 1, . . . , d), then F is a centred Gaussian vector with covariance
matrix Σ. Indeed, we may write Fi “ I1pfi,1q for some fi,1 P H. By the linearity of the
mapping h ÞÑ I1phq, any linear combination

řd
i“1 aiFi “ I1p

řd
i“1 aifi,1q is a univariate

Gaussian random variable. Consequently, F „ Ndp0,Σq with entries Σi,j “ xfi,1, fj,1yH.
Since Z „ Ndp0,Σq by definition, we have F

d
“ Z, and thus dM pF ,Zq “ 0, where

M P tR,C ,Wu.
Therefore, for the remainder of the proof, assume that there exists an i P t1, . . . , du such

that qi ą 1. For d ě 3, (4.8) yields that dRpF ,Zq ď C∆F pσ˚q´1 logpdq log`tσ∆F pσσ˚q´1u,
where using (4.20)

∆F :“ E
„

max
1ďi,jďd

∣∣∣Σij ´ τ F
i,jpF q

∣∣∣ȷ ď E
„

max
1ďi,jďd

∣∣∣Σij ´ x´DL´1Fi, DFjyH
∣∣∣ȷ

“ E
„

max
1ďi,jďd

|∆i,j |
ȷ

,

(4.61)

with ∆i,j defined as

∆i,j :“ Σij ´ x´DL´1Fi, DFjyH “ ErFiFjs ´ x´DL´1Fi, DFjyH

“

qi
ÿ

k“1

qj
ÿ

ℓ“1

´

ErIkpfi,kqIℓpfj,ℓqs ´
@

´DL´1Ikpfi,kq, DIℓpfj,ℓq
D

H

¯

“

qi
ÿ

k“1

qj
ÿ

ℓ“1
bpi, j, k, ℓq,

(4.62)

where bpi, j, k, ℓq :“ ErIkpfi,kqIℓpfj,ℓqs´
@

´DL´1Ikpfi,kq, DIℓpfj,ℓq
D

H
for i, j P t1, . . . du. By

(4.5), ´L´1Ikpfi,kq “ k´1Ikpfi,kq for all i P t1, . . . , du and k P t1, . . . qiu, and hence

bpi, j, k, ℓq “ ErIkpfi,kqIℓpfj,ℓqs ´
1
k

xDIkpfi,kq, DIℓpfj,ℓqyH for i, j P t1, . . . du.

If d P t1, 2u, then we use [3, Lem. 5.4] to get

dRpF ,Zq ď C
∆F

σ˚

logpdq log`

ˆ

pσ _ 1q∆F

pσ ^ 1qpσ˚ _ 1q

˙

.

Note that when k “ ℓ “ 1, we have bpi, j, 1, 1q “ xfi,1, fj,1yH ´ I0pfi,1 b1 fj,1q “ 0 for all
i, j P t1, . . . , du. Furthermore, whenever qi “ qj “ 1, it follows that bpi, j, k, ℓq “ 0 for
1 ď k ď qi and 1 ď ℓ ă qj , and hence ∆i,j “ 0 since the only term in the definition (4.62)
of ∆i,j is bpi, j, 1, 1q “ 0.

Consequently, to bound Ermax1ďi,jďd |∆i,j |s, we only need to consider the case pqi, qjq ‰

p1, 1q. Define q :“ max1ďiďd qi; then q ą 1 by the above argument.
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The proof of [39, Lem. 6.2.1] yields that

xDIkpfi,kq, DIℓpfj,ℓqyH “ kℓ
k^ℓ
ÿ

r“1
pr ´ 1q!

ˆ

k ´ 1
r ´ 1

˙ˆ

ℓ´ 1
r ´ 1

˙

Ik`ℓ´2rpfi,kb̃rfj,ℓq,

which furthers implies that bpi, j, k, ℓq P Pk`ℓ´2. Therefore ∆i,j P Pqi`qj´2 for all i, j P

t1, . . . , du, and as qi ` qj ď 2q, we conclude that ∆i,j P P2q´2 for all i, j P t1, . . . , du. Then,
as q ą 1, [32, Prop. A1] yields that ∆i,j is a sub-(2q ´ 2)-th chaos random variable relative
to scale M2q´2∥∆i,j∥2, where one can take Mx “ p4e{xqx{2 as discussed in [3]. Lemma 4.4
then yields that

∆F “ E
„

max
1ďi,jďd

|∆i,j |
ȷ

ď max
1ďi,jďd

log
2q´2

2 p2d2 ´ 1 ` e
2q´2

2 ´1qM2q´2∥∆i,j∥2

“ logq´1p2d2 ´ 1 ` eq´2qM2q´2 max
1ďi,jďd

∥∆i,j∥2.
(4.63)

Next, using the definition of ∆i,j in (4.62) and the triangle inequality, and dropping the
constraint pk, ℓq ‰ p1, 1q (which merely adds a zero term), we obtain

∆F “ logq´1p2d2 ´ 1 ` eq´2qM2q´2 max
1ďi,jďd

qi
ÿ

k“1

qj
ÿ

ℓ“1
∥bpi, j, k, ℓq∥2. (4.64)

To bound }bpi, j, k, ℓq}2, for i, j P t1, . . . du, k P t1, . . . , qiu, ℓ P t1, . . . , qju, Lemma 4.3
together with the fact that k, ℓ ă q for all k and ℓ, imply that

∥bpi, j, k, ℓq∥2
2 “ ∥ErIkpfi,kqIℓpfj,ℓqs ´

@

´DL´1Ikpfi,kq, DIℓpfj,ℓq
D

H
∥2

2

ď
kℓ!k!
ℓ

22k`2ℓ
bpk,ℓq
ÿ

r“1
∥fi,k br fj,ℓ∥2

Hbpk`ℓ´2rq

ď
K2
q

ℓ
bpk, ℓq max

1ďrďbpk,ℓq
∥fi,k br fj,ℓ∥2

Hbpk`ℓ´2rq ,

where Kq :“ ?
qq!4q. As pa` bq1{2 ď a1{2 ` b1{2 and as bpk, ℓq ď ℓ, it follows that

∥∆i,j∥2 ď

qi
ÿ

k“1

qj
ÿ

ℓ“1
∥bpi, j, k, ℓq∥2ď

qi
ÿ

k“1

qj
ÿ

ℓ“1
Kq max

1ďrďbpk,ℓq
∥fi,k br fj,ℓ∥Hbpk`ℓ´2rq .

Let 1 ď R ď bpk, ℓq and K P t1, . . . , qiu and L P t1, . . . , qju be, such that

∥fi,K bR fj,L∥HbpK`L´2Rq “ max
1ďkďqi
1ďℓďqj

pk,ℓq‰p1,1q

max
1ďrďbpk,ℓq

∥fi,k br fj,ℓ∥Hbpk`ℓ´2rq .

Then we, obtain that

max
1ďi,jďd

∥∆i,j∥2 ď Kq max
1ďi,jďd

qi
ÿ

k“1

qj
ÿ

ℓ“1
pk,ℓq‰p1,1q

max
1ďrďbpk,ℓq

∥fi,k br fj,ℓ∥Hbpk`ℓ´2rq

ď q2Kq max
1ďi,jďd

∥fi,K bR fj,L∥HbpK`L´2Rq . (4.65)
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As ed2, eq´2 ´ 1 ě 1, using (4.1) it follows that

logp2d2 ` peq´2 ´ 1qq ď log`p2d2 ` peq´1qq ď 4 log`p2qpq ´ 1q log`pdq.

Hence for all q ě 2, there exists a constant rCq :“ 4 log`p2qpq ´ 1qdepending only on q,
such that

logq´1p2d2 ` peq´2 ´ 1qq ď rCq logq´1
` pdq. (4.66)

Thus, using (4.65), (4.63), together with Cq “ rCqM2q´2q
2Kq, yields

∆F ď Cq logq´1pdq max
1ďi,jďd

∥fi,K bR fj,L∥HbpK`J´2Rq “ Cq logq´1pdq∆F , (4.67)

where ∆F :“ max1ďi,jďd∥fi,K bR fj,L∥HbpK`J´2Rq .
Recall that q “ 1 implies that F is Gaussian and hence dRpF ,Zq “ 0. Using Remark 4.6

together with (4.67) and (4.61), yields

dRpF ,Zq ď C
Cq logq´1

` pdq∆F

σ˚pΛq
logpdq log`

ˆ

Cq logq´1
` pdq∆F

σ˚pΛq

˙

. (4.68)

Moreover, using (4.1) implies that

log`

ˆ

Cq logq´1
` pdq∆F

σ˚pΛq

˙

ď 8 log`pCqq log`plogq´1
` pdqq log`p∆F q log`pσ´2

˚ pΛqq

ď Kqp|logplog`pdqq| _ pq ´ 1q´1q log`p∆F q log`pσ˚pΛqq

ď Kq log`plog`pdqq log`p∆F q log`pσ˚pΛqq,

where Kq “ 16pq ´ 1qp|logCq| _ 1q. Let Cq :“ CKqCq, where C ą 0 is an universal
constant. Combining the obtained bound in the display above with (4.68), we get that

dRpF ,Zq ď Cq logqpdqp|log logpdq|_1q∆F p|log ∆F | _ 1q
|log σ˚pΛq| _ 1

σ˚pΛq
.

Using Cq “ rCqM2q´2q
2Kq ď 4log`p2qq5{2p8eqq, together with (4.1), there exists c ě 0,

such that

Cq ď c log`pqqq9{2p8eqq.

Convex and 1-Wasserstein distance. Recall (4.9) and (4.10). As in the proof of the
Theorem 4.1, take uk “ ´DpL´1Fkq for all k P t1, . . . , du, as then δpukq “ ´δpDL´1Fkq “

Fk. Hence, to conclude the proof, it suffices to bound
b

Er}MF ´ Σ}2
H.S.s, where MF pi, jq “

xDfi,´DL
´1FjyH.

Using the same steps as in the proof of Theorem 4.1 Part 2, it holds that
b

Er}MF ´ Σ}2
H.S.s ď

b

Er}Σ ´ CovpF q}2
H.S.s ` d max

1ďi,jďd
}CovpF qij ´MF pi, jq}2 (4.69)

Definition of MF and (4.5) yield

CovpF qij ´MF pi, jq “ ErFiFjs ´ xDFi,´DL
´1FjyH

“ ErFiFjs ´ xD
qi
ÿ

k“1
Ikpfi,kq, D

qj
ÿ

ℓ“1

1
ℓ
Iℓpfj,ℓqyH

“

qi
ÿ

k“1

qj
ÿ

ℓ“1

ˆ

ErIkpfi,kqIℓpfj,ℓqs ´
1
ℓ

xDIkpfi,kq, DIℓpfj,ℓqyH

˙

“ ∆i,j ,
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where ∆i,j is defined in (4.62). Since CovpF q “ CovpZq, we have Er}Σ ´ CovpF q}2
H.S.s “ 0,

so (4.69) reduces to
b

Er}MF ´ Σ}2
H.S.s ď dmax1ďi,jďd }∆i,j}2. Recalling the definition of

∆F in (4.67), the bound (4.65) implies max1ďj,kďd }∆j,k}2 ď q2Kq∆F . This completes the
proof, as

b

Er}MF ´ Σ}2
H.S.s ď

b

Er}Σ ´ CovpF q}2
H.S.s ` dq2Kq∆F .

proof of Corollary 3.3. The proof follows exactly as proof to Theorem 3.1 until (4.64).
Recall, our goal is to find

max
1ďi,jďd

}∆i,j}2 ď max
1ďi,jďd

qi
ÿ

k“1

qj
ÿ

ℓ“1
pk,ℓq‰p1,1q

}bpi, j, k, ℓq}2. (4.70)

Considering the variables bpi, j, k, ℓq “ ErIkpfi,kqIℓpfj,ℓqs ´
@

´DL´1Ikpfi,kq, DIℓpfj,ℓq
D

H
for

i, j P t1, . . . du, k P t1, . . . , qiu, ℓ P t1, . . . , qju, we use the proof of [39, Thm 6.2.2] to bounds
these. First, assume that k “ ℓ, then it follows directly from [39, Eq.(6.2.6)] that

∥bpi, j, k, ℓq∥2
2 “ ∥ErIkpfi,kqIℓpfj,ℓqs ´

@

´DL´1Ikpfi,kq, DIℓpfj,ℓq
D

H
∥2

2

ď

#

0, k “ ℓ “ 1,
1{2 tκ4pIkpfi,kqq ` κ4pIℓpfj,ℓqqu

ři
r“1

`2r
r

˘

, k “ ℓ ą 1.
(4.71)

Since i ď qk _ qℓ ď q, and binomial coefficients are positive, we see for i “ ℓ ą 1, that

1
2

i
ÿ

r“1

ˆ

2r
r

˙

ď
1
2

qk_qℓ
ÿ

r“1

ˆ

2r
r

˙

ď
1
2

q
ÿ

r“1

ˆ

2r
r

˙

“: Cq,

where Cq “ p1{2q
řq
r“1

`2r
r

˘

. If instead k ‰ ℓ, then [39, Eq. (6.2.7)] yields that

∥bpi, j, k, ℓq∥2
2 ď ErIkpfi,kq2sκ4pIℓpfj,ℓqq1{2 ` ErIℓpfj,ℓq

2sκ4pIkpfi,kqq1{2

`
1
2

k^ℓ´1
ÿ

r“1
pk ` ℓ´ 2rq!

#

ˆ

ℓ

r

˙2
κ4pIkpfi,kqq `

ˆ

k

r

˙2
κ4pIℓpfj,ℓqq

+

.

Moreover, since k, ℓ ă q and binomial coefficients are increasing in their upper index, we
have the bound

1
2

k^ℓ´1
ÿ

r“1
pk ` ℓ´ 2rq! max

#

ˆ

ℓ

r

˙2
,

ˆ

k

r

˙2
+

ď
1
2

q´1
ÿ

r“1
p2q ´ 2rq!

ˆ

q

r

˙2
“: Kq,

where Kq “ p1{2q
řq´1
r“1p2q ´ 2rq!

`

q
r

˘2 and thus obtain

∥bpi, j, k, ℓq∥2
2 ď ErIkpfi,kq2sκ4pIℓpfj,ℓqq1{2 ` ErIℓpfj,ℓq

2sκ4pIkpfi,kqq1{2

`Kq tκ4pIkpfi,kqq ` κ4pIℓpfj,ℓqqu .
(4.72)
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Combining the two cases, namely (4.71) and (4.72), with (4.70), it follows that

∥∆i,j∥2 ď

qi
ÿ

k“1

qℓ
ÿ

ℓ“1
∥bpi, j, k, ℓq∥2ď

qi
ÿ

k“1

qj
ÿ

ℓ“1
pk,ℓq‰p1,1q

"

rKq rκ4pIkpfi,kqq ` κ4pIℓpfj,ℓqqs

` 1tk‰ℓu

”

ErIkpfi,kq2sκ4pIℓpfj,ℓqq1{2 ` ErIℓpfj,ℓq
2sκ4pIkpfi,kqq1{2

ı

+1{2

,

where rKq “ maxtCq,Kqu. Next we want to estimate max1ďi,jďd∥∆i,j∥2. It follows that

κ4pIkpfi,kqq ` κ4pIℓpfj,ℓqq ď 2 max
1ďiďd

max
1ďkďqi

κ4pIkpfi,kqq

and

ErIkpfi,kq2sκ4pIℓpfj,ℓqq1{2 ` ErIℓpfj,ℓq
2sκ4pIkpfi,kqq1{2

ď max
1ďi,jďd

max
1ďkďqi
1ďℓďqk

´

ErIkpfi,kq2sκ4pIℓpfj,ℓqq1{2
¯

.

Thus, it follows that

max
1ďi,jďd

∥∆i,j∥2 ď max
1ďi,jďd

qi
ÿ

k“1

qj
ÿ

ℓ“1
pk,ℓq‰p1,1q

"

2 rKq max
1ďiďd

max
1ďkďqi

κ4pIkpfi,kqq

` 2 max
1ďi,jďd

max
1ďkďqi
1ďℓďqj

”

ErIkpfi,kq2sκ4pIℓpfj,ℓqq1{2
ı

1tk‰ℓu

+1{2

,

and as square root is sub-additive, and qi, qj ď q, it further follows that

max
1ďi,jďd

∥∆i,j∥2 ď max
1ďi,jďd

qiqj

"

p2 rKqq
1{2 max

1ďiďd
max

1ďkďqi

pκ4pIkpfi,kqqq1{2

`
?

2 max
1ďi,jďd

max
1ďkďqi
1ďℓďqℓ

”

ErIkpfi,kq2sκ4pIℓpfj,ℓqq1{2
ı1{2

1tk‰ℓu

*

ď q2 maxt
?

2, p2 rKqq
1{2u

"

max
1ďiďd

max
1ďkďqi

pκ4pIkpfi,kqqq1{2

` max
1ďi,jďd

max
1ďkďqi
1ďℓďqj

”

ErIkpfi,kq2sκ4pIℓpfjℓqq1{2
ı1{2

1tk‰ℓu

*

.

Let Kq :“ q2 maxt
?

2, p2 rKqq
1{2u, and combine the obtained bound on max1ďi,jďd∥∆i,j∥2

with (4.63) to obtain

∆F ď rCq logq´1pdq

"

max
1ďiďd

max
1ďkďqi

pκ4pIkpfi,kqqq1{2

` max
1ďi,jďd

max
1ďkďqi
1ďℓďqj

”

ErIkpfi,kq2sκ4pIℓpfj,ℓqq1{2
ı1{2

1tk‰ℓu

*

,
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where rCq is such that M2q´2Kq logq´1p2d2 ´ 1 ` eq´2q ď rCq logq´1pdq. For the existence
of such a constant rCq see (4.66). Define

∆F :“ max
1ďiďd

max
1ďkďqi

pκ4pIkpfi,kqqq1{2 ` max
1ďi,jďd

max
1ďkďqi
1ďℓďqj

”

ErIkpfi,kq2sκ4pIℓpfj,ℓqq1{2
ı1{2

1tk‰ℓu.

Hence ∆F ď rCq logq´1pdq∆F , and the remainder of the proof follows as in Theorem 3.1
(from (4.68) onwards). This completes the proof.

4.7 Proof of Theorem 3.4

In order to prove Theorem 3.4, we use the ensuing lemma, which is proven in Appendix A,
below.

Lemma 4.7. Let I :“ tpi, j, rq P N3 : 1 ď i, j ď d, 1 ď r ď pu. Define λ : I Ñ

t1, 2, 3, . . . , d2pu by λpi, j, rq “ pr ´ 1qd2 ` pj ´ 1qd` i. Then λ is a bijection.

Proof of Theorem 3.4. Begin with re-writing Fn as follows

Fn “ n´1{2pZ b Idqϖ “
1

?
n

n
ÿ

k“1

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

y
p1q

k´1uk
...

y
pdq

k´1uk
...

y
p1q

k´puk
...

y
pdq

k´puk

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

“
1

?
n

n
ÿ

k“1
Φ

¨

˚

˚

˚

˝

uk
yk´1

...
yk´p

˛

‹

‹

‹

‚

“: 1
?
n

n
ÿ

k“1
Φ pGkq .

(4.73)

Then Gk “ pG
paq

k q1ďaďdpp`1q is a Gaussian sequence due to (3.2), i.e.

Gk “

ˆ

uk
Zk´1

˙

„ Ndpp`1q p0,ΣGq , where ΣG :“
ˆ

Σu 0dˆdp

0dpˆd ΣZ

˙

, (4.74)

where, recall, Zk “ pyk,yk´1, . . . ,yk´p`1qJ P Rdp is the stacked vector of p-lags and ΣZ “

CovpZk,Zkq for k P Z is its covariance matrix. Next, denote ρpa,bqpk ´ ℓq :“ ErG
paq

k G
pbq
ℓ s

and note that ρpa,bqpk´ ℓq “ ρpb,aqpℓ´ kq for all a, b P t1, . . . , dpp` 1qu and k, ℓ P N. Recall
the definition of ΓG,

ΓGpℓq :“
#

CovpGk,Gk´ℓq “ pρpi,jqpℓqqi,jPt1,...,dpp`1qu, ℓ ą 0
ΓGp´ℓqJ, ℓ ă 0,

and ΓGp0q “ ΣG.

Define I :“ tpi, j, rq P N3 : 1 ď i, j ď d, 1 ď r ď pu, with exactly d2p distinct elements.
Next, by Lemma 4.7, the function λ : I Ñ t1, 2, 3, . . . , d2pu given by λpi, j, rq “ pr´ 1qd2 `

pj´1qd`i is a bijection. Therefore, to each triple pi, j, rq P I we can assign a unique element
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λpi, j, rq “ v P t1, . . . , d2pu, and the other way around. Hence, for Φ “ pϕ1, . . . , ϕd2pq, its
coordinates ϕv : R2d Ñ R for v P t1, . . . , d2pu are given as

ϕvpzq “ zpiqzprd`jq “ H1pzpiqqH1pzprd`jqq, i, j P t1, . . . , du, r P t1, . . . , pu (4.75)

for z P Rdpp`1q, and where there are unique i, j P t1, . . . , du and r P t1, . . . , pu such that
pi, j, rq “ λ´1pvq.Since ϕv has Hermite rank 2, we want to use Theorem 3.1. Hence, we
show how to represent Sn via multiple integrals, in order to apply Theorem 3.1. Recall from
(4.73), that Sn “ n´1{2 řn

k“1 Φ pGkq. As seen in the beginning of the proof of Theorem 2.3,
let H be a separable Hilbert space and X an isonormal process, such that G

piq
k

D
“ Xpek,iq

with the covariance structure xek,i, ek1,i1yH “ ρpi,i1qpk ´ k1q for i, i1 P t1, . . . dpp ` 1qu and
k, k1 P N, for for centred Gaussian sequence pGkqkPN from (4.74).

To study the structure of the components of Sn “ pSn,1, . . . , Sn,d2pq, fix v P t1, . . . , d2pu

and denote the corresponding pi, j, rq P I, according to Lemma 4.7. By (4.75), it holds that

Sn,v “
1

?
n

n
ÿ

k“1
G

piq
k G

prd`jq

k “
1

?
n

n
ÿ

k“1
H1pXpek,iqqH1pXpek,rd`jqq. (4.76)

Next, we show that Sn,v D
“ I2pfpn, vqq, for some appropriate kernel fpn, vq P Hd2. Due

to [39, Thm 2.7.7] (which also holds for H1 in our setting), (4.76) and [39, Thm 2.7.10], it
holds that

Sn,v
D
“

1
?
n

n
ÿ

k“1
I1pek,iqI1pek,rd`jq “

1
?
n

n
ÿ

k“1

1
ÿ

s“0
s!
ˆ

1
s

˙2
I2´2spek,irbsek,rd`jq.

Note, that
`1
s

˘

“ 1 for s “ 0, 1 and s! “ 1 for s “ 0, 1. Hence, by (4.74), it follows that

I0pek,irb1ek,rd`jq “ ek,irb1ek,rd`j “ xek,i, ek,rd`jyH “ ρpi,rd`jqp0q “ pΣGqi,rd`j “ 0,

since i P t1, . . . , du and rd` j P td` 1, . . . dpp` 1qu. Thus,

Sn,v
D
“ I2pfn,vq, with fn,v “

1
2
?
n

n
ÿ

k“1
pek,i b ek,rd`j ` ek,rd`j b ek,iq . (4.77)

For the remainder of the proof, take v and v1 from t1, . . . , d2pu and let i, j, i1, j1 P

t1, . . . , du and r, r1 P t1, . . . , pu be the corresponding elements form I, according to
Lemma 4.7. To apply Theorem 3.1 with q “ 2, we calculate }fn,v b1 fn,v1}2

Hb2 . Using linear-
ity of the contraction operator, together with (4.7) and that xek,i, ek1,i1yH “ ρpi,i1qpk ´ k1q

for i, i1 P t1, . . . dpp` 1qu and k, k1 P N, we get

fn,v b1 fn,v1 “
1

4n

n
ÿ

k,k1“1
pek,i b ek,rd`j ` ek,rd`j b ek,iq b1 pek1,i1 b ek1,r1d`j1 ` ek1,r1d`j1 b ek1,i1q

“
1

4n

n
ÿ

k,k1“1

´

ρprd`j,r1d`j1qpk ´ k1qek,i b ek1,i1 ` ρprd`j,i1qpk ´ k1qek,i b ek1,r1d`j1

` ρpi,r1d`j1qpk ´ k1qek,rd`j b ek1,i1 ` ρpi,i1qpk ´ k1qek,rd`j b ek1,r1d`j1

¯

.
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Expanding the definition of fn,v b1 fn,v1 yields a sum of 16 terms of the form

ρp¨,¨qpk ´ k1qρp¨,¨qpa´ a1qρp¨,¨qpk ´ aqρp¨,¨qpk1 ´ a1q, k, k1, a, a1 P t1, . . . , nu. (4.78)

This can be written compactly as,

}fn,v b1 fn,v1}2
Hb2

“
1

16n2

n
ÿ

k,k1,a,a1“1

ÿ

αmPR
mPt1,2,3,4u

ρα1pk ´ k1qρα2pa´ a1qρα3pk ´ aqρα4pk1 ´ a1q, (4.79)

where R “ tpu, vq : u, v P ti, i1, rd ` j, r1d ` j1uu. Recall that, i, j, i1, j1 P t1, . . . , du and
r, r1 P t1, . . . , pu. Now, Lemma 3.8 gives us an explicit from of covariances of the type
ρpu,vqpx, yq in (4.79). Indeed, for ΓZpℓq “

ř8
i“0 AiΣU pAJqi,

Rdpp`1qˆdpp`1q Q ΓGpℓq “

$

’

’

’

’

&

’

’

’

’

%

˜

0dˆd 0dˆdp

Aℓ´1ΣUJJ ΓZpℓq

¸

, ℓ ą 0,

ΣG “

˜

Σu 0dˆdp

0dpˆd Σy.

¸

ℓ “ 0.

This explicit structure of ΓG determines the terms of the form (4.78), as ρpu,vqpx´ yq is
an entry in ΓGpℓq, at with coordinates pu, vq where ℓ “ x´ y, and u, v P t1, . . . , dpp` 1qu.
By Lemma 3.8 and the symmetry ρpu,vqpℓq “ ρpv,uqp´ℓq, for ℓ P Z, we have the following
consequences of the block form of ΓGpℓq:

(i) ρpi,i1qpℓq “ 0 for ℓ ‰ 0, ρpi,i1qp0q “ pΣuqi,i1 , (4.80)
(ii) ρpi,r1d`j1qpℓq “ 0 for ℓ ě 0, (4.81)
(iii) ρprd`j,i1qpℓq “ 0 for ℓ ď 0. (4.82)

Moreover, for u, u1 P t1, . . . , du and all x, y P Z,

|ρpu,u1qpx´ yq| ď }Σu}max1tx“yu. (4.83)

Indeed, (4.80) holds because the upper-left dˆd block of ΓGpℓq is zero for ℓ ‰ 0 and equals
Σu at ℓ “ 0. Moreover, (4.81) follows since the upper-right block of ΓGpℓq is zero for all
ℓ ą 0, and at ℓ “ 0 it is also zero by the definition of ΣG. Finally, (4.82) follows from
(4.81) by symmetry: ρprd`j,i1qpℓq “ ρpi1,rd`jqp´ℓq.

Hence, we determine ρpu,vqpx ´ yq based on which part of ΓGpx ´ yq it is. In what
follows, we go through all 16 terms of the form (4.78) to bound (4.79).
Step 1. First, using (4.81), and the symmetry ρpu,vqpx´ yq “ ρpv,uqpy ´ xq, yields

ρprd`j,i1qpk ´ k1qρpi,r1d`j1qpa´ a1qρpr1d`j1,i1qpk1 ´ a1qρpi,rd`jqpk ´ aq “ 0, (4.84)
ρpi,r1d`j1qpk ´ k1qρprd`j,i1qpa´ a1qρprd`j,iqpk ´ aqρpi1,r1d`j1qpk1 ´ a1q “ 0. (4.85)

Indeed, in (4.84), ρprd`j,i1qpk ´ k1q ‰ 0, when k ą k1; ρpi,r1d`j1qpa ´ a1q ‰ 0, when a ă a1,
and ρpr1d`j1,i1qpk1 ´ a1q ‰ 0, when k1 ą a1. Hence, we have obtained that k ą k1 ą a1 ą a,
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specially that k ą a. However, when k ą a the final term, ρpi,rd`jqpk ´ aq “ 0. Hence the
whole expression (4.84) is zero. Same logic applies to (4.85).
Step 2. After eliminating the identically zero terms in Step 1, each remaining (non-trivial)
summand in the expansion of }fn,v b1 fn,v1}2

Hb2 is of the form

1
16n2

n
ÿ

k,k1,a,a1“1
ρβ1pk ´ k1qρβ2pa´ a1qρβ3pk ´ aqρβ4pk1 ´ a1q, βm P R, (4.86)

where R “ tpu, vq : u, v P ti, i1, rd` j, r1d` j1uu. Moreover, in each non-trivial term (4.86)
there is at least one factor ρpu,vqp¨q with u, v P ti, i1u (i.e., both indices in the Σu-block of
ΓG). Applying (4.83), this factor can be bounded by }Σu}max1t¨“0u, which collapses one
of the four products.

Concretely, if the Σu-block factor is ρpu,vqpa ´ a1q (with u, v P ti, i1u), then by (4.83)
we have

n
ÿ

a,a1“1
|ρpu,vqpa´ a1q|Xa,a1 ď }Σu}max

n
ÿ

a“1
Xa,a1 ,

and hence the corresponding term (4.86) is bounded by

}Σu}max
16n2

n
ÿ

k,k1,a“1

ˇ

ˇρβ1pk ´ k1qρβ3pk ´ aqρβ4pk1 ´ aq
ˇ

ˇ.

The same argument applies if the Σu-block factor is ρpu,vqpk ´ aq, ρpu,vqpk1 ´ a1q, or
ρpu,vqpk ´ k1q, collapsing the corresponding index.

Finally, by the symmetry ρpu,vqpℓq “ ρpv,uqp´ℓq for integer lags ℓ, we may rewrite
each remaining factor so that its argument lies in tk ´ k1, k ´ a, k1 ´ au, possibly after
swapping the ordered pair, which remains in R. Therefore, there exists a subset J 1 :“
Rzpti, i1u ˆ ti, i1uq Ă R, such that every non-trivial term is bounded by an expression of
the form

}Σu}max
16n2

n
ÿ

k,k1,a“1

ÿ

αmPJ 1

m“1,2,3

ρα1pk ´ k1qρα2pk ´ aqρα3pk1 ´ aq.

Summing over the remaining terms in (4.79), yields

}fn,v b1 fn,v1}2
Hb2 ď

1
16n2 }Σu}max

n
ÿ

k,k1,a“1

ÿ

αmPJ 1

mPt1,2,3u

ρα1pk ´ k1qρα2pk ´ aqρα3pk1 ´ aq,

where J 1 Ă R. Using substitutions t “ k ´ a and s “ k1 ´ a, one gets
n
ÿ

k,k1,a“1

ÿ

αmPJ 1

mPt1,2,3u

ρα1pk ´ k1qρα2pk ´ aqρα3pk1 ´ aq ď
ÿ

|t|ăn

ρα2ptq
ÿ

|s|ăn

n
ÿ

a1“1
ρα3psqρα1pt´ sq

ď n
ÿ

|t|ăn

ρα2ptqpρα3
n ˚ ρα1

n qptq “ n}ρα2
n pρα3

n ˚ ρα1
n q}ℓ1pZq ď n}ρα2

n }ℓ1pZq}ρ
α3
n ˚ ρα1

n }ℓ1pZq

ď n}ρα1
n }ℓ1pZq}ρ

α2
n }ℓ1pZq}ρ

α3
n }ℓ1pZq ď n

´

ÿ

|ℓ|ăn

}ΓGpℓq}max

¯3
,
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where }M}max “ max1ďi,jďd |Mi,j |, for a matrix M P Rdˆd and recalling that, for a sequence
s “ pskqkPZ and p ě 1, }s}pℓppZq

“
ř

kPZ |sk|p, and that ρpu,uq
n pkq “ |ρpu,vqpkq|1t|k|ănu. It was

also used that we can bound any of the covariances ραipℓq with the maximal entry of the
matrix ΓGpℓq. Hence we obtain

}fn,v b1 fn,v1}Hb2 ď

?
7

?
8n

}Σu}1{2
max

´

ÿ

|ℓ|ăn

}ΓGpℓq}max

¯3{2
. (4.87)

Next, we observe that CovpSnq “ CovpNq. Indeed, by (4.77) it follows that

ErSn,vSn,v1s “ ErI2pfpn, vqqI2pfpn, v1qqs “ 2xfpn, vq, fpn, v1qyHb2

“
1

2n

n
ÿ

k,k1“1

@

ek,i b ek,rd`j ` ek,rd`j b ek,i, ek1,i1 b ek1,r1d`j1 ` ek1,r1d`j1 b ek,i1
D

Hb2

“
1
n

n
ÿ

k,k1“1
xek,i, ek1,i1yHxek,rd`j , ek1,r1d`j1yH ` xek,i, ek1,r1d`j1yHxek,rd`j,ek1,i1 yH

“
1
n

n
ÿ

k,k1“1
ρpi,i1qpk ´ k1qρprd`j,r1d`j1qpk ´ k1q

`
1
n

n
ÿ

k,k1“1
ρpi,r1d`j1qpk ´ k1qρprd`j,i1qpk ´ k1q.

To evaluate the two sums, set ℓ :“ k ´ k1. Using (4.80), the first sum reduces to the
diagonal k “ k1:

1
n

n
ÿ

k,k1“1
ρpi,i1qpk ´ k1qρprd`j,r1d`j1qpk ´ k1q “

1
n

n
ÿ

k“1
ρpi,i1qp0qρprd`j,r1d`j1qp0q

“ pΣuqi,i1pΣY qrd`j,r1d`j1 .

For the second sum, for each pair pk, k1q with ℓ “ k´k1 we have: if ℓ ě 0 then ρpi,r1d`j1qpℓq “

0 by (4.81), while if ℓ ď 0 then ρprd`j,i1qpℓq “ 0 by (4.82). Hence the product is identically
zero for all k, k1 and

1
n

n
ÿ

k,k1“1
ρpi,r1d`j1qpk ´ k1qρprd`j,i1qpk ´ k1q “ 0.

Hence, we obtain that

ErSn,vSn,v1s “ pΣuqi,i1pΣY qrd`j,r1d`j1 “ pΣZ b Σuqv,v1 .

Indeed, note that for Kronecker product it holds that

pΣZqα,βpΣuqi,i1 “ pΣZ b Σuqpα´1qd`i,pβ´1qd`i1 ,

and in our case we have α “ rd` j and β “ r1d` j1, which substituting back yields that

pΣZqrd`j,r1d`j1pΣuqi,i1 “ pΣZ b Σuqpprd`jq´1qd`i,ppr1d`j1q´1qd`i1 “ pΣZ b Σuqv,v1 ,
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where we recall bijection λ from Lemma 4.7. All in all, we have obtained that CovpSnq “

CovpNq, and we can use Theorem 3.1 with q “ 2 together with (4.87) to get

dRpSn,Nq ď C log2pd2pq log` logpd2pq∆Sn log`p∆Snq
log` pσ˚q

σ˚

, (4.88)

dC pSn,Nq ď Cpd2pq65{24∆Sn

1
σ˚pΛq3{2 , and

dWpSn,Nq ď Cpd2pq3{2∆Sn

σ˚pΣq1{2

σ˚pΣq
.

where C, and ∆Sn :“
?

7p
?

8nq´1}Σu}
1{2
max

´

ř

|ℓ|ăn }ΓGpℓq}max

¯3{2
. Using (4.1), together

with (4.88), conclude the proof.

Proof of Lemma 3.8. Part 1. Let p “ 1. We start by considering the case ℓ “ 0, in which
case ΣG “ CovpGk,Gkq “ VarpGkq, and hence the desired form of ΣG follows from (4.74).
That Σy “

ř8
i“0 Ai

1ΣupAi
1qJ holds, follows directly from [34, Eq. (2.1.6)]. Next, assume

that ℓ ą 0. And observe the following 4 exhaustive cases.
Case 1.1. Assume that i, j P t1, . . . , du. Since pukqkPN is assumed to be white noise with
a non-singular covariance matrix, it follows that uk is uncorrelated across time, i.e.

pΓGpℓqqi,j “ CovpG
piq
k , G

pjq

k´ℓq “ Covpu
piq
k , u

pjq

k´ℓq “ 0.

Case 1.2. Assume that i, j P td` 1, . . . , 2du. Then, by [34, Eq. (2.1.6)],

pΓGpℓqqi,j “ Covpy
pi´dq

k´1 , y
pj´dq

k´1´ℓq “
`

Eryk´1yJ

k´1´ℓs
˘

i´d,j´d
“

´

AℓΣy

¯

i´d,j´d
.

Case 1.3. Assume that i P t1, . . . , du, j P td ` 1, . . . , 2du. Then, since ℓ ą 0, it follows
that

pΓGpℓqqi,j “ Covpu
piq
k , y

pj´dq

k´1´ℓq “ 0.

Case 1.4. Let i, j P t1, . . . , du, then pΓGpℓqqi`d,j “ Covpy
piq
k´1, u

pjq

k´ℓq. To find the form of
the covariance, it suffices to show that

Covpyk´1,uk´ℓq “ Aℓ´1
1 Σu. (4.89)

In order to prove (4.89), assume for induction ℓ “ 1. Then

Covpyk´1,uk´1q “ CovpA1yk´2 ` uk´1,uk´1q “ Covpuk´1,uk´1q “ Σu.

Next, we assume that (4.89) holds for some ℓ ą 1, and prove that it holds for ℓ` 1:

Covpyk´1,uk´ℓ´1q “ CovpA1yk´2 ` uk´1,uk´ℓ´1q “ A1Covpyk´2,uk´ℓ´1q.

Hence, by induction assumption, we can conclude (4.89), which concludes the proof:

Covpyk´1,uk´ℓ´1q “ A1Aℓ´1
1 Σu “ Aℓ

1Σu.

Part 2. Now assume p ą 1. First note that ΓY pℓq “
ř8
i“0 Aℓ`iΣU pAiqJ follows directly

from [34, Eq. (2.1.10)]. Let ℓ ą 0 and split into the following exhaustive cases. The proof
is in four steps, one for each sub-matrix of ΓGpℓq. Fix i, j P t1, . . . , du and r P t1, . . . , pu.
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Case 2.1. Consider entries in the top left part: pΓGpℓqqi,j “ 0, with the same arguments
as in Case 1.1.
Case 2.2. For the entries in the top right part: by the definition, it follows that
pΓGpℓqqi,j`rd “ Covpu

piq
k , y

pjq

k´ℓ´rq “ 0, as ℓ` r ą 0.
Case 2.3. For the entries in the bottom left part: Then pΓGpℓqqrd`j,i “ Covpy

piq
k´r, u

pjq

k´ℓq.
To find the form of the covariance, we start by showing that

CovpYk´1,Uk´ℓq “ Aℓ´1ΣU . (4.90)

Equation (4.90) can be shown using induction and the fact that Yk is a VARp1q process as
in (3.8). Indeed, for ℓ “ 1, we see directly

CovpYk´1,Uk´1q “ CovpAYk´2 ` Uk´1,Uk´1q “ CovpUk´1,Uk´1q “ ΣU .

Next, assume that (4.90) holds for ℓ ą 1, and that it holds for ℓ` 1, that

CovpYk´1,Uk´ℓ´1q “ CovpAYk´2 ` Uk´1,Uk´ℓ´1q “ ACovpYk´2,Uk´ℓ´1q.

Hence, by induction assumption, it follows that

CovpYk´1,Uk´ℓ´1q “ AAℓ´1ΣU “ AℓΣU ,

concluding (4.90).
Let ek :“ p0 : ¨ ¨ ¨ : Id : ¨ ¨ ¨ : 0q P Rdˆdp denote the matrix with the zero matrix in all

blocks except in the k-th block, in which is the identity matrix Id. Finally, by (4.90), it
follows that for all r P t0, . . . , p´ 1u

Covpyk´r,uk´ℓq “ Eryk´ru
J

k´ℓs “ ErerYk´1U J

k´ℓJ
Js “ erA

ℓ´1ΣUJJ.

Case 2.4. Finally, for the entries in the bottom right part, let a, b P t1 ` d, . . . , pp` 1qdu,
then

pΓGpℓqqa,b “ CovpY
pa´dq

k´1 , Y
pb´dq

k´1´ℓq “ pΓY pℓqqa´d,b´d,

where both a´ d, b´ d P t1, . . . , p` 1u.

Appendix

4.8 Appendix A: Proofs of auxiliary lemmas

This section is a collection of proofs for lemmas that are mentioned as small extensions of
already existing results and/or some technical result, that therefore do not contain new
ideas.

Proof of Lemma 4.3. From [39, Lem. 6.2.1] the following holds for some α P R. If p “ q,

E

«

ˆ

α ´
1
p

xDF,DGyH

˙2
ff

ď pα ´ ErFGsq2 ` p2
p´1
ÿ

r“1
pr ´ 1q!2

ˆ

p´ 1
r ´ 1

˙4
p2p´ 2rq!∥f br q∥2

Hbp2p´2rq .
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On the other hand if p ‰ q,

E

«

ˆ

α ´
1
p

xDF,DGyH

˙2
ff

ď α2 ` q2
p^q
ÿ

r“1
pr ´ 1q!2

ˆ

p´ 1
r ´ 1

˙2ˆq ´ 1
r ´ 1

˙2

ˆ pp` q ´ 2rq!∥f br g∥2
Hbpp`q´2rq .

To obtain this version of the statement, one stops at [39, Eq.(6.2.3)] and applies that for
r ď p, r ď q, and p, q ě 2 it holds that

∥f rbrg∥2
Hbp`q´2r ď ∥f br g∥2

Hbp`q´2r .

Now let α “ ErFGs in the above. For p ‰ q it holds that α “ ErFGs “ 0, as multiple
integrals of different order are orthogonal [39, Eq.(2.7.4)]. Then we can write the both
cases into one, with the help of bpp, qq :“ p^ q ´ 1tp“qu, as follows

E
„

pErFGs ´
1
p

xDF,DGyHq2
ȷ

ď q2
bpp,qq
ÿ

r“1
pr ´ 1q!2

ˆ

p´ 1
r ´ 1

˙2ˆq ´ 1
r ´ 1

˙2
pp` q ´ 2rq!∥f br g∥2

Hbpp`q´2rq . (4.91)

Next, observe that

q2pr ´ 1q!2
ˆ

p´ 1
r ´ 1

˙2ˆq ´ 1
r ´ 1

˙2
pp` q ´ 2rq! “

qp!q!
p

ˆ

p´ 1
r ´ 1

˙ˆ

q ´ 1
r ´ 1

˙ˆ

p` q ´ 2r
p´ r

˙

.

and that for some positive ai, bi, ci, di, where i P t1, . . . nu it holds that
n
ÿ

i“1
aibicidi ď

n
ÿ

i“1
ai

n
ÿ

i“1
bi

n
ÿ

i“1
ci

n
ÿ

i“1
di.

This follows simply by distribution property of sum and multiplication and the fact that
ai, bi, ci are positive. Further, we have the following well-know identities for binomial
coefficients

p
ÿ

r“1

ˆ

p

r

˙

“ 2p,
ˆ

n

r

˙

“

ˆ

n´ 1
r ´ 1

˙

`

ˆ

n´ 1
r

˙

and hence as binomial coefficients are positive it also holds that
ˆ

n´ 1
r ´ 1

˙

ď

ˆ

n

r

˙

.

Now combining these four arguments in (4.91), one gets the wanted bound as follows

E

«

ˆ

ErFGs
1
p

xDF,DGyH

˙2
ff

ď
qp!q!
p

p
ÿ

r“1

ˆ

p

r

˙ q
ÿ

r“1

ˆ

q

r

˙ bpp,qq
ÿ

r“1

ˆ

p` q ´ 2r
p´ r

˙ bpp,qq
ÿ

r“1
∥f br g∥2

Hbpp`q´2rq

ď
qp!q!
p

2p2q2p`q
bpp,qq
ÿ

r“1
∥f br g∥2

Hbpp`q´2rq “
qp!q!
p

22p`2q
bpp,qq
ÿ

r“1
∥f br g∥2

Hbpp`q´2rq .
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It was used that p^ q is less or equal to p and q, and again, by adding more coefficients,
as they are positive, we get something bigger. Substitution t “ p ´ r was used together
with the above binomial-tricks to obtain
bpp,qq
ÿ

r“1

ˆ

p` q ´ 2r
p´ r

˙

ď

bpp,qq
ÿ

r“1

pp` q ´ 2rq!
pp´ rq!pq ´ rq! ď

bpp,qq
ÿ

r“1

pp` q ´ 2qp´r

pp´ rq! ď

p`q
ÿ

t“0

pp` q ´ 2qt

t! ď 2p`q,

for p, q ě 1.

Proof of Lemma 4.4. First, assume that q ě 2. Then the claim follows from the [32,
Prop. A.2] for p “ 1. Hence it remains to show the case when q “ 1. To that end define
gpxq :“ log1{2p1 ` xq, x ě 0, and note that it is concave for all x ě 0. Then we can write,
as e|X| ´ 1 ě 0

Er|X|1{2s “ Erlog1{2pe|X| ´ 1 ` 1qs “ Ergpe|X| ´ 1qs ď gpEre|X| ´ 1s ` 0q

“ log1{2pEre|X|sq
(4.92)

where we used Jensen’s inequality for partially concave functions with c “ 0 (see [10, Lem
14.6]). Now we can use the same logic from the proof of [32, Prop. A.2]. Recall that Yk
being a sub-q-th chaos variable relative to scale Mk it means that

E

«

exp
˜

ˆ

|Yk|

Mk

˙2{q
¸ff

ď 2.

Set |X| “ max1ďkďmp|Yk|{Mkq2{q. Recall q “ 1. Then it follows from (4.92) that

E

»

–

˜

max
1ďkďm

ˆ

|Yk|

Mk

˙2{q
¸1{2

fi

fl ď log1{2

˜

E

«

exp
˜

max
1ďkďm

ˆ

|Yk|

Mk

˙2{q
¸ff¸

ď log1{2p2mq,

where we used that

E

«

exp
ˆ

max
1ďkďm

ˆ

|Yk|

Mk

˙2{q˙ȷ

“ E

«

max
1ďkďm

exp
˜

ˆ

|Yk|

Mk

˙2{q
¸ff

ď

m
ÿ

k“1
E

«

exp
˜

ˆ

|Yk|

Mk

˙2{q
¸ff

ď 2m.

To put it all together, write

E
„

max
1ďkďm

|Yk|

ȷ

“ E

«

ˆ

max
1ďkďm

|Yk|2
˙1{2

ff max
1ďkďm

Mk

ˆ

max
1ďkďm

M2
k

˙1{2

“ E

»

—

–

¨

˝

max
1ďkďm

|Yk|2

max
1ďkďm

M2
k

˛

‚

1{2
fi

ffi

fl

max
1ďkďm

Mk

ď E

»

–

˜

max
1ďkďm

ˆ

|Yk|

Mk

˙2
¸1{2

fi

fl max
1ďkďm

Mk ď log1{2p2mq max
1ďkďm

Mk

ď log1{2p2m` 1q max
1ďkďm

Mk,

and note that 1 “ eq{2´1 for q “ 1. Hence, we are done.
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Proof of Lemma 4.5. Using the fact that ℓp norms for sequences are decreasing, i.e. that
∥x∥b ď ∥x∥a for a ď 1 ď b, where ∥x∥p “ p

ř

kě0|xk|pq1{p for a “ 1 and b “ 2ϖ, one gets

ÿ

qě0

updqq

pq!qϖ “

¨

˝

ÿ

qě0

d

updq
q
ϖ

q!

2ϖ˛

‚

2ϖ
2ϖ

ď

¨

˝

ÿ

qě0

d

updq
q
ϖ

q!

˛

‚

2ϖ

ď 22ϖ

˜

πe
1
3

2

¸
ϖ
2

eϖe
1{p2equpdq1{ϖ

,

where in the last equation, we used two times Stirling’s inequality (4.18) as follows. Define
rupdq :“ updq1{ϖ. Then using (4.38) with α “ 1{4, to get that q1{4 ď pe1{p2eqqq{2, it follows

ÿ

qě0

rupdqq{2
?
q! ď

ÿ

qě0

prupdq{2qq{2

p2πqq1{4pq{p2eqqq{2e1{12
e1{12p2πqq1{4

p2πqq1{4

ď

˜

πe1{3

2

¸1{4
ÿ

qě2

q1{4prupdq{2qq{2

p2πpq{2qq1{4pq{p2eqqq{2e1{12

ď

˜

πe1{3

2

¸1{4
ÿ

qě0

prupdq{2e1{p2eqqq{2

pq{2qq!

ď

˜

πe1{3

2

¸1{4

ee
1{p2eq

rupdq{2
ˆ

erf
ˆ

rupdq

2 e1{p2eq

˙

` 1
˙

ď 2
˜

πe1{3

2

¸1{4

exp
ˆ

rupdq

2 e1{p2eq

˙

,

(4.93)

where in the display above, we used the identity
ř

qě0 x
q{2{pq{2q! “ experfp

?
xq ` 1q ď 2ex,

where erfpxq :“ 2π´1{2 şx
0 e

´t2dt ď 2, a special case of the Mittag-Leffler function.

Proof of Lemma 4.7. Indeed to see this, first note that the amount of elements in I is the
same as in t1, . . . , d2pu, i.e. |I| “ |t1, . . . , d2pu| “ d2p, hence it is enough to show that λ is
injection (or surjection). Assume that

pr ´ 1qd2 ` pj ´ 1qd` i “ pr1 ´ 1qd2 ` pj1 ´ 1qd` i1, (4.94)

where i, i1, j, j1 P t1, . . . , du, r, r1 P t1, . . . , pu, and reduce both sides modulo d. As pr´ 1qd2,
pr1 ´ 1qd2, pj ´ 1qd and pj1 ´ 1qd are divisible by d, we get i ” i1p mod dq. However,
since i, i1 P t1, . . . , du, this implies that i “ i1. Hence, subtracting i, dividing by d, (4.94)
becomes

pr ´ 1qd` j “ pr1 ´ 1qd` j1.

Again, reduce this equality modulo d, then as j, j1 P t1, . . . , du, it yields that j “ j1.
Substituting back, we get r “ r1. Hence the two triplets are equal, proving injectivity. By
finite cardinality, λ is therefore a bijection.
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Paper B

Fitting Structural Models to
Electricity Markets

Andreas Basse-O’Connor, Tor Bonde, Lota Copić and Jan Pedersen

Abstract
We develop a structural model for electricity spot prices that incorporates renewable

generation into the multi-fuel bid stack framework. We show that renewables can be
modeled by adjusting the demand curve to account for renewable generation - effectively
reducing the market to one with only conventional fuels. Under standard assumptions of
inelastic demand and market equilibrium, we derive a general pricing model highlighting
two special cases: a single conventional fuel and a proportional multi-fuel setting. Using
German market data, we evaluate several structural models within this framework and
benchmark their performance against machine-learning models and a simple reduced-form
model. Our findings show that a theory-driven one-fuel structural model, using gas prices,
EUA prices, and residual demand as driving variables delivers the most robust out-of-
sample performance. These results demonstrate the practical value of theoretical structural
models, highlighting their simplicity and interpretability.

1 Introduction

1.1 Background

The dependency between electricity spot prices and their driving factors is crucial for
decision-makers in the energy market, as it improves their ability to navigate uncertainties
and manage risks. A key approach and an essential first step in understanding these
uncertainties is to model the prices. This brings us to the rich family of electricity spot
price models. They can be broadly categorized into three types: fundamental models,
reduced-form models, and structural models. See Deschatre et al. [8] and Weron [22] for
surveys of these models.

Fundamental models incorporate detailed knowledge of all generation units, production
costs, and market constraints. These models typically yield electricity prices by solving a
complex optimization problem, which can lead to significant challenges in computational
complexity and difficulty adapting to changing market conditions. In addition, they are
limited in their ability to model uncertainty.

In contrast, reduced form models, often presented as stochastic differential equations,
are mathematically elegant but lack explicit causal relationships between prices and driving
factors. For example, one of the key factors are the fuel prices. Reduced-form models
either ignore fuel prices or include them as correlated processes, failing to capture the
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dependence structure between fuels and electricity prices, and it is exactly this dependence
that we are interested into. Furthermore, reduced form models often represent price spikes,
a feature inherent to energy prices, through jump processes or regime switches, providing
limited insight into the underlying causes of sudden price swings (as argued in Section 1 in
Carmona et al. [4]).

In between fundamental and reduced-form models, one finds structural models, which
blend elements of both approaches. In structural models, the electricity spot price St at
time t is given by a function of a vector of underlying state variables Xt at the same time,
such as fuel costs, demand, and the capacity of power plants. These variables are treated
as exogenous in the spot price equation: the model specifies how Xt affects St, but not any
feedback from prices to Xt.

There are two aspects to these models: one is obtaining the desired functional form,
typically using equilibrium analysis, and the other is modeling the dynamics of the state
variables Xt. Combining these two aspects yields a dynamic model for the electricity
spot price. This approach is convenient for understanding the relationship between spot
prices and their fundamental driving variables Xt, such as identifying correlations, and,
eventually, for pricing. For an extensive survey of structural models, see Carmona and
Coulon [3] and Deschatre et al. [8].

Numerous studies have advanced the development of structural models for electricity
pricing, with a central theme of capturing the supply-demand relationship. The seminal
work of Barlow [1] introduced a model in which electricity spot prices are derived using
a vertical demand curve and a supply curve represented as a power function of a simple
diffusion process. This approach effectively captures stylized features, such as price spikes,
without relying on jump processes. The vertical demand curve reflects the widely accepted
assumption of inelastic demand with respect to electricity prices, as discussed in Burger
et al. [2], Carmona et al. [4], Cartea and Villaplana [5], Howison and Coulon [12].

Building on Barlow’s foundation, Kanamura and Ōhashi [14] incorporated explicit
seasonality into the demand function, while Cartea and Villaplana [5] introduced the
capacity of the power plant as an additional driving variable. Burger et al. [2] addressed
short-term and long-term volatility by including components such as an adjusted load
function for prices and a residual process, which they described as the “psychology of the
market”. Their use of cubic splines to fit the supply curve closely aligns with the approach
used in this paper.

These earlier versions of structural models often consider demand and capacity as
short-term drivers. Extending this, Howison and Coulon [12], Carmona et al. [4], and Füss
et al. [10] introduced multi-fuel models, recognizing fuel prices as key drivers of medium-
to long-term dynamics. Additionally, Pirrong and Jermakyan [17] employed a simple
two-factor model using natural gas prices and demand, which de Maere d’Aertrycke and
Smeers [7] later expanded to include multiple fuel types. The fuel-inclusive models revolve
around modeling bid stack functions to capture the supply-demand relationship.

Our model builds on this framework, expanding it to incorporate renewable energy
through the concept of “residual demand”. Related to this, Wagner [21] extended Barlow’s
seminal work by modeling the dynamics of residual demand to account for renewable energy
sources. Similarly, Coskun and Korn [6] addressed increasing supply variability due to
renewables by using a Jacobi process to model demand in the German electricity market.
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1.2 Main Contributions

In this paper, we focus on the first key aspect of the structural models mentioned in
Subsection 1.1, namely the functional relationship between the spot price St and the
fundamental market factors: electricity demand Dt, fuel prices Ft used in conventional
generation, and renewable infeed Wt. These fundamental components (Dt, Ft, Wt) capture
the essential economic forces in price formation: demand reflects the load to be served,
fuel prices determine the marginal cost of conventional generation, and renewable infeed–
assumed to have zero marginal cost–displaces costlier supply from the merit order (see
Carmona et al. [4], Kirschen and Strbac [15], Stoft [20]). Under the standard assumptions
of price-inelastic demand and market equilibrium we derive a structural model in which
prices are expressed as St “ bpRt, Ftq, where Rt “ Dt ´Wt denotes the residual demand
and the function b is the market bid stack function without renewables, which is described
in full detail in Subsection 2.1. The resulting structural model, which is presented in
Theorem 2.4, extends the framework of Carmona et al. [4, Sec. 3] by incorporating both
renewable and conventional fuel sources.

Our primary objective is to evaluate the performance of various choices for b and the
driving variables pDt, Ft,Wtq (or equivalently pRt, Ftq). By testing models presented in
Theorem 2.4 on historical German data (for data details see Subsection 3.3), we conduct
in-sample fitting and assess their out-of-sample performance. Notably, our findings indicate
that models solely driven by gas price adjusted by the EUA price, and residual demand
exhibit a robust and strong out-of-sample performance. This underscores the significance
of considering specific factors in electricity prices effectively. More precisely, our results
reveal the following four points. Let Gt and Ct represent the prices of gas and coal at time
t, Rt represents the residual demand at time t, and Ct, Gt denote prices of coal and gas
respectively, adjusted for the price of EUAs. The functions u, v, and q are flexible and
general in nature.

• Models of the form St “ GtqpRtq and St “ CtqpRtq consistently rank among the top
performers, with St “ GtqpRtq showing the highest robustness. By Theorem 2.4,
these models reflect exactly electricity pricing in one-fuel efficient markets, or in
multi-fuel markets with proportional fuel prices. In other words, theory-driven models
are top performers.

• In recent years, gas-driven models exhibit the best out-of-sample performance.
• More general models, such as St “ vpCtqupGtqqpRtq or St “ upGtqqpRtq, are prone

to overfitting.
• Structural models perform comparably to, and sometimes better than, the machine-

learning benchmarks considered in this study, namely AdaBoostRegressor and.

While our focus is on modeling the structural relationship between electricity spot
prices and driving variables, the forecasting of electricity spot prices has been a subject
of extensive research. As summarized in reviews by Weron [22] and Petropoulos et al.
[16], drivers, such as (residual) demand, EUA, and fuel prices, have been identified as key
drivers of electricity spot prices. Our study is thus well aligned with these findings.

The paper is structured as follows. Section 2 introduces the fundamental mechanism
by which electricity spot prices are determined, with a focus on the merit order principle–a
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cornerstone of structural models. Building on this foundation, we propose a theoretical
framework that extends Carmona et al. [4] to include both renewable and conventional
generation. A number of prominent models in the literature can be obtained as special
cases. Section 3 presents our data analysis, including the methodology, data description,
and results. A summary of our main findings is provided in Section 4. Additional details
and a historical overview of price developments are included in Appendix.

2 Pricing of Electricity

This section lays the groundwork for a structural model of electricity prices. Our aim is to
formalize how key market fundamentals–demand, fuel costs, and renewable infeed–jointly
determine the day-ahead electricity price. We begin by describing the operational logic of
price formation in wholesale electricity markets, and then derive an electricity price model
based on the market bid stack function and the concept of residual demand. Specifically,
the market bid stack function is described in detail in Subsection 2.1, and the pricing
model is presented in Subsection 2.2.

In liberalized electricity markets, producers submit supply offers and consumers submit
demand bids for each hour of the following day. These bids are collected in a day-ahead
auction administered by a market operator. Supply bids are ordered from lowest to highest
to construct the aggregate supply curve (or bid curve), while demand bids are ordered
from highest to lowest to form the demand curve (or ask curve). The intersection of these
curves determines the market-clearing price and quantity for each hour, following the merit
order principle.

In efficient markets, producers’ bids are assumed to reflect their marginal costs. These
costs depend primarily on the fuel price, the power plant’s efficiency (measured by its
heat rate), and the cost of emissions. The heat rate indicates how much fuel is needed to
produce one unit of electricity and varies across plants, even within the same fuel type.
The fuel associated with the marginal unit–the last one needed to meet demand–is referred
to as the price-setting fuel.

By ordering marginal costs within a fuel type, we obtain a fuel bid curve. If all plants
using a given fuel had identical efficiencies, the curve would be flat. In practice, variation
in plant characteristics leads to an upward-sloping bid curve. Figure 2.1 illustrates stylized
bid curves for gas and coal in the German market.

2.1 The market bid stack function

We now formalize the preceding description into a mathematical model. Consider a market
in which companies generate electricity using one of n conventional fuels (such as gas or
coal) or renewable sources. Throughout this section, we make the following assumptions:

Assumption 2.1.

(1) Companies using conventional fuels submit bids based solely on their capacity and
fuel costs. In addition, they always submit positive bids.

(2) There are no production costs associated with electricity generated from renewable
sources (e.g., due to negligible fuel costs or priority dispatch). Accordingly, companies
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Figure 2.1: Empirical fuel bid curves for gas (orange) and coal (blue). The bid functions are
based on Equation (2.3), where the heat function qipξq (with i representing either gas or coal),
corresponds to the inverse efficiency of an electricity-producing company using fuel i at rank ξ.
Efficiency estimates were kindly provided by Danske Commodities. In Equation (2.3), we use as fi

the average fuel price per MWh at 12 pm in 2023, combined with the average emission certificate
price per MWh of produced electricity.

that generate electricity from renewable sources will submit a bid of zero if renewable
sources are available and will submit no bid if they are not.

(3) The merit order principle applies, meaning that bids are arranged from the least
expensive to the most expensive.

We can now define the market bid stack function:

pξ, f, wq ÞÑ bpξ, f, wq P r0,8q,

where bpξ, f, wq represents the marginal cost at supply level ξ given fuel prices f “

pf1, . . . , fnq P p0,8qn and renewable generation w P r0,8q. The supply level ξ is in the
interval p0, ξ ` ws, where ξ is the maximum capacity of the companies that produce
electricity using conventional fuels. By the merit order principle, ξ ÞÑ bpξ, f, wq P r0,8q is
non-decreasing for all f and w.

Denote by bpξ, fq the market bid stack function in the case where there is zero infeed
from the renewables, that is, bpξ, fq :“ bpξ, f, 0q. We call b the market bid stack function
without renewables. By Assumption 2.1(1) it holds that

bpξ, fq ą 0 for all f “ pf1, . . . , fnq P p0,8qn and ξ P p0, ξs.

Moreover, by Assumption 2.1(2) and Assumption 2.1(3),

bpξ, f, wq “

#

0 if ξ ď w

bpξ ´ w, fq if ξ ą w.
(2.1)
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The latter case in Equation (2.1) reflects the scenario where the total supply ξ is greater
than the renewable generation w. In other words, the remaining supply (ξ ´ w) denotes
the supply obtained using conventional fuels.

Although renewable sources, such as wind farms, contribute to certain “plants”, they
operate differently from conventional fuels and power plants. In our model, renewable
generation has zero marginal cost, whereas conventional generation has strictly positive
marginal cost. Consequently, due to the merit order principle (Assumption 2.1(3)) renew-
ables are prioritized to meet demand, which is reflected in the first case in Equation (2.1).
However, unlike conventional power plants that provide consistent and predictable output,
renewable energy production is variable. Conventional plants can operate at full capacity
when needed, but renewable plants, such as wind farms, are subject to fluctuations in
resource availability (e.g., wind speed).

Under the assumption that renewables have zero marginal cost, the key inputs are
renewable generation capacity w and the vector of conventional fuel prices f “ pf1, . . . , fnq,
as illustrated in Equation (2.1).

To further describe the market bid function, we introduce, as in Carmona et al. [4], fuel
bid stack functions bi : r0, ξis ˆ p0,8q Ñ p0,8q for fuels i “ 1, . . . , n, where ξi P p0,8q is
the total capacity of companies using fuel i. We interpret bipξ, fiq as the marginal cost of
producing an additional unit of electricity using fuel i when the fuel price is fi. The total
maximum capacity of conventional fuels is then ξ “

řn
i“1 ξi. Recall that bpξ, fq represents

the market bid stack in a market without renewables. This function is determined by
b1, . . . , bn as described in Proposition 1 in Carmona et al. [4] (see Proposition 1 below).
Formally, the bid stack function without renewables bpξ, fq is given by the supremum of
all possible prices p P R where the sum of generalized inverses bip ¨ , fiq

´1 evaluated at p is
less than the supply level ξ, for pξ, fq P r0, ξs ˆ p0,8qn.

For convenience, define

bipfiq :“ bip0, fiq and bipfiq :“ bipξi, fiq,

as the minimum and maximum values attained by the fuel bid curve for fuel i, respectively.
The following is an adaptation of Carmona et al. [4, Prop.1] to the current context.

Proposition 1. Carmona et al. [4, Prop. 1] Given the above assumptions, the market bid
stack function without renewables is given by

bpξ, fq “ min
i“1,...,n

bipfiq _ sup
#

p P R :
n
ÿ

i“1
bip¨, fiq

´1ppq ă ξ

+

, for pξ, fq P r0, ξs ˆ p0,8qn,

where we use the convention sup H “ ´8, and

bip¨, fiq
´1ppq :“ ξi ^ inf

␣

ξ P p0, ξis : bipξ, fiq ą p
(

(2.2)

is the generalized right-continuous inverse of the function ξ ÞÑ bipξ, fiq.

Remark 2.2. Assume the market is efficient, in which companies bid their marginal costs. In
this case, the fuel bid function fi ÞÑ bipξ, fiq is linear for each fuel i “ 1, . . . , n. Specifically,

bipξ, fiq “ fiqipξq, (2.3)
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where qipξq “ bipξ, 1q represents the heat rate of the companies utilizing fuel i. A lower value
of qipξq indicates a more efficient company at rank ξ, while a higher value corresponds to
less efficient companies. The linearity of bi was already stressed by Pirrong and Jermakyan
[17].

Given the importance of this linearity, we will revisit the argument here. First, consider
a specific fuel price, say 1. The fuel bid stack bipξ, 1q is obtained by ranking the bids from
cheapest to most expensive. By assumption, bipξ, 1q represents the marginal cost of a
company at rank ξ. If the fuel price changes to fi for some fi ą 0, the marginal cost of
this company would also change proportionally to fi ¨ bipξ, 1q. Since the ranking of bids
remains unchanged, the entire fuel bid stack with fuel price fi becomes ξ ÞÑ fi ¨ bipξ, 1q.
Thus, bipξ, fiq “ fi ¨ bipξ, 1q.

We now describe how the market bid stack function b (without renewables) is determined
by the fuel heat rates, using Proposition 1 and assuming Equation (2.3). For simplicity,
we consider the case n “ 2, which means that f is two-dimensional, with f “ pf1, f2q. Let
i “ 1, 2 and fix a supply level ξ P r0, ξs. We use the following terminology

fuel i is

$

’

’

&

’

’

%

not used (n.u.) if bpξ, fq ď bipfiq

a price setter (p.s.) if bpξ, fq P pbipfiq, bipfiqs

fully used (f.u.) if bpξ, fq ą bipfiq.

Proposition 2. Consider an efficient market with two conventional fuels, i.e. n “ 2.
That is, the fuel bid stack functions are given by Equation (2.3). Assume additionally that
qi : r0, ξis Ñ r0,8q is strictly increasing and continuous for i “ 1, 2. Then the following
holds:

(1) The market bid stack function without renewables for ξ P p0, ξs is as follows:

bpξ, fq Fuels When
f1q1pξq 1 is a p.s. and 2 is n.u. b1pξ, f1q ď b2pf2q

f2q2pξq 2 is a p.s. and 1 is n.u. b2pξ, f2q ď b1pf1q

f1q1pξ ´ ξ2q 1 is a p.s. and 2 is f.u. b1pξ ´ ξ2, f1q ą b2pf2q

f2q2pξ ´ ξ1q 2 is a p.s. and 1 is f.u. b2pξ ´ ξ1, f2q ą b1pf1q

rq´1
1 p¨{f1q ` q´1

2 p¨{f2qs´1pξq 1 is a p.s. and 2 is a p.s. otherwise.

(2) Assume that the two fuel prices are proportional, i.e. f1 “ αf2 for α ą 0. Then the
market bid stack function is given by:

bpξ, fq “ f2q̃pξq,

where

q̃pξq “

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

αq1pξq if fuel 1 is a p.s. and fuel 2 is n.u.
q2pξq if fuel 2 is a p.s. and fuel 1 is n.u.
αq1pξ ´ ξ2q if fuel 1 is a p.s. and fuel 2 is f.u.
q2pξ ´ ξ1q if fuel 2 is a p.s. and fuel 1 is f.u.
rq´1

1 p¨{αq ` q´1
2 p¨qs´1pξq if fuels 1 and 2 are both p.s.

(2.4)
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The proof of Proposition 2 is in 4.1.
Remark 2.3. Table 2.1 explicitly summarizes the market bid stack function without renew-
ables bpξ, fq, under different conditions.

Condition Range for ξ Fuels bpξ, fq

b1pf1q ď b2pf2q p0, ξ1s 1 is a p.s., 2 is n.u. b1pξ, f1q

pξ1, ξs 1 is f.u., 2 is a p.s. b2pξ ´ ξ1, f2q

p0, ξ1,1s 1 is a p.s., 2 is n.u. b1pξ, f1q

b1pf1q ď b2pf2q ď b1pf1q ď b2pf2q pξ1,1, ξ1 ` ξ2,2s 1 is a p.s., 2 is a p.s. rq´1
1 p¨{f1q ` q´1

2 p¨{f2qs´1pξq

pξ1 ` ξ2,2, ξs 1 is f.u., 2 is a p.s. b2pξ ´ ξ1, f2q

p0, ξ1,1s 1 is a p.s., 2 is n.u. b1pξ, f1q

b1pf1q ď b2pf2q ă b2pf2q ď b1pf1q pξ1,1, ξ2 ` ξ1,2s 1 is a p.s., 2 is a p.s. rq´1
1 p¨{f1q ` q´1

2 p¨{f2qs´1pξq

pξ2 ` ξ1,2, ξs 1 is a p.s., 2 is f.u. b1pξ ´ ξ2, f1q

Table 2.1: Assume b1pf1q ď b2pf2q. The table specifies the conditions under which each of the two
fuels acts as a price setter, is fully used, or is not used. Moreover, it specifies the market bid stack
function without renewables, bpξ, fq. Here, ξi,j are defined in (4.2).

Having described the market bid stack function without renewables ξ ÞÑ bpξ, fq in
terms of the bid stack functions, Equation (2.1) then allows us to derive the market bid
stack function with renewables.

2.2 A mathematical model for pricing of electricity

Let the vector of fuel prices at time t be denoted by Ft “ pF 1
t , . . . , F

n
t q, and let Wt represent

the amount of renewable energy produced at time t. To model electricity prices, we adopt
standard assumptions commonly used in the literature (e.g., Carmona et al. [4], Barlow
[1]). Specifically, we assume that the market is in equilibrium and that electricity demand
is inelastic.

The equilibrium assumption means that, at each time t, electricity supply equals
demand Dt. Inelasticity means that the quantity demanded remains constant regardless
of price. Under these assumptions, the electricity price is determined by the requirement
that supply–being a function of the price–matches the fixed demand at time t. Thus, the
electricity price corresponds to the inverse of the supply function evaluated at Dt.

In Subsection 2.1, we introduced the market bid stack function, which precisely describes
this inverse supply function at time t. Hence, under the equilibrium and demand inelasticity
assumptions, we obtain:

St “ bpDt, Ft,Wtq. (2.5)

Using Equation (2.1), this relation can be conveniently reformulated in terms of the market
bid stack function without renewables, bpξ, fq. Note that bpξ, fq is only defined for ξ ě 0;
however, we extend its definition by setting bpξ, fq “ 0 for ξ ď 0. This extension is
natural, as a negative value of ξ corresponds to negative residual demand, indicating that
renewable generation exceeds demand. In such cases, the spot price is zero, consistent with
Assumption 2.1(2), which states that renewables have zero marginal cost.

Combining Equations (2.1) and (2.5) yields Theorem 2.4(1). Parts (2) and (3) follow
directly from Proposition 2.
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Theorem 2.4. Consider a market with n conventional fuels and assume that the demand
for electricity is inelastic and that the market is in equilibrium. Then the following results
hold:

(1) The electricity price at time t is given by

St “ bpRt, Ftq, (2.6)

where b denotes the market bid stack function without renewables.
(2) Assume additionally that the market is efficient with a single conventional fuel with

price Ft “ F 1
t at time t, i.e. n “ 1. Then the electricity price at time t is

St “ Ftq1pRtq, (2.7)

where q1 denotes the heat rate.
(3) Consider the case with n “ 2 fuels, such as gas and coal, with fuel prices Ft “ pGt, Ctq

at time t, where Gt is the price of gas and Ct is the price of coal. Assume additionally
that Gt and Ct are proportional, that is, there is a constant α such that Ct “ αGt
for all t. Then the price of electricity is

St “ Gtq̃pRtq,

where q̃ is defined in Equation (2.4).

Remark 2.5. Note that all the mentioned variables, i.e. Ft, Wt, Dt and consequently
Rt and St may be considered random. For the purpose of this paper, as we focus on
the functional form, it is the same whether we consider the variables as deterministic or
stochastic.

Example 2.6. Let us now consider some important examples related to the models that
we will test on data.

(A) (Exponential fuel bid stack functions). Consider an efficient market with n “ 2 fuels,
such as gas and coal. We denote the fuel prices at time t by Ft “ pGt, Ctq, where
Gt is the price of gas and Ct is the price of coal. As described in Carmona et al. [4],
exponential bid stack functions enable the explicit determination of the electricity
price and e.g. allow for the derivation of explicit formulas for the price of derivative
assets. Let the fuel bid stack functions be given as

bipξ, fiq “ fi exppki `miξq for i “ g (gas) and i “ c (coal), (2.8)

which is a special case of Equation (2.3). Proposition 2(2) describes the structure of
the market bid stack function in this case – see also Carmona et al. [4, Corollary 1
and Table 1]. For example, in the case where both fuels are price setters, we have

St “ bpRt, Ftq “ pCtq
αcpGtq

αg exppβ ` γRtq, (2.9)

where the constants are αc “ mg{pmc `mgq, αg “ 1 ´αc, β “ pkcmg ` kgmcq{pmc `

mgq and γ “ pmcmgq{pmc`mgq. The explicit forms of St are obtained by plugging in
the bid stack functions given in Equation (2.8) into Theorem 2.4 and Proposition 2(1).
For example, Equation (2.9) is obtained by calculating the inverses in row 5 of the
table in Proposition 2(1).
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(B) (No conventional fuels with and without renewables). In his fundamental paper,
Barlow [1] proposes the following model

St “

$

&

%

´

a0´Dt
b0

¯1{α
when Dt ă a0 ´ ε0b0,

ε
1{α
0 when Dt ě a0 ´ ε0b0,

where a0 ą 0 is the maximal market supply, and ϵ0, b0 ą 0. As demand Dt approaches
the maximum supply, the price St is capped at ε1{α

0 , which is the maximal price
when α is negative. Wagner [21] models St as a function of residual demand, that
is St “ qpRtq for some function q. To model peak hours, he uses a function similar
to the one proposed by Barlow [1] with α “ ´1. He also proposes models for the
dynamics of renewable energy generation cf. also Grindel et al. [11].
Both Wagner [21] and Barlow [1] model the price of electricity, St, as a function
of demand or residual demand, which aligns with our approach. However, they
do not consider fuel inputs, meaning n “ 0 in their cases. In other words, these
are fundamental structural models where fuels are not incorporated explicitly. In
contrast, Theorem 2.4 focuses on scenarios where n ě 1, incorporating fuel effects
into the analysis.

(C) (Fuels separated in terms of prioritization). Consider n “ 2 fuels with prices Ft “

pF 1
t , F

2
t q. Let the fuel bid stack functions b1 and b2 be given as in Equation (2.3), where

q1 and q2 are strictly increasing and continuous. We also assume b1pF 1
t q ă b2pF 2

t q

for all t. This implies that fuel 1 is always prioritized over fuel 2 when applying the
merit order principle. For simplicity, assume that the fuel prices are proportional:
F 1
t “ αF 2

t for all t for some α ą 0. By Proposition 2(2) and Equation (2.6), the
electricity price is given by St “ F 2

t q̃pRtq, where q̃ is defined in Equation (2.4).
Explicitly, this formulation shows that

St “ F 2
t

“

αq1pRtq1tRtPp0,ξ1su
` q2pRt ´ ξ1q1

tRtPpξ1,ξsu

‰

. (2.10)

This setup demonstrates that applying a single-fuel model to a scenario involving
multiple fuels with clear prioritization can result in a discontinuous ’heat rate’ function,
ξ ÞÑ q̃pξq, at points where ξ reaches the maximum capacity of a fuel.

Remark 2.7. Note that Equation (2.9) is multiplicative in fuels Gt and Ct. This multiplica-
tive relationship depends on the choice of the fuel bid stack functions. For example, take
the bid stack functions to be bipξ, fq “ fξα, for some α ą 0 and i “ 1, 2. Then taking the
necessary inverses, as per row 5 of Proposition 2((1)), one obtains that when both fuels are
price setters, the price of electricity is given by St “ bpRt, Ftq “ pF 1

t ` F 2
t q´αRαt . Hence it

is not multiplicative in the given fuels Ft “ pF 1
t , F

2
t q.

3 Identification of Fundamental Variables and Functional
Form

In this section, we evaluate the predictive performance of structural models derived from
the theory in Section 2, using data from the German electricity market. We first describe
the candidate models (Subsection 3.1) and then present the estimation and evaluation
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methods and the data (Subsections 3.2 and 3.3). In Subsection 3.4, we assess out-of-sample
performance when each model is trained on one year of data and used to predict the
subsequent year. Subsection 3.5 extends the analysis to multi-year training. Our results
indicate that theory-driven, single-conventional-fuel models based on Theorem 2.4((2))
deliver the most robust predictive performance, especially under multi-year training.

Building on Theorem 2.4, we consider a model framework

St “ bpRt, Ftq,

where the spot price of electricity St is in R, Rt is the residual demand, and Ft is a
pd ´ 1q-dimensional vector consisting of d ´ 1 fuel prices and b : Rd Ñ R. Within this
framework, we specify 12 different models that differ in the choice of b and fuel variables
Ft to identify the specification that best fits the data.

We evaluate performance using a rolling-origin approach, where models are trained
on one or more consecutive past calendar years and used to predict the subsequent year.
Out-of-sample performance is assessed using RMSE and MAE.

3.1 Candidate models

In Germany, gas-fired power plants typically serve as the marginal fuel in the electricity
market. However, coal remains significant, particularly during periods of high demand.
Historically, coal-fired plants were used more than gas, but this is changing with the green
transition. We therefore consider models where the fuels used are gas and/or coal. Let Gt
and Ct represent the market prices of natural gas and coal per MWh at time t, respectively.
Additionally, let EUAt denote the market price of European Union Allowances (EUAs)
per ton at time t4.

To incorporate CO2 emissions, we define Gt and Ct as the fuel prices adjusted for EUA
costs, given by:

Gt “ Gt ` 0.189 ¨ EUAt, and Ct “ Ct ` 0.34 ¨ EUAt.

The coefficients 0.189 and 0.34 represent the estimated CO2 emissions (in tons per MWh)
for gas- and coal-fired power plants, respectively, averaged over time. As noted in Section
2, a substantial component of the marginal cost of conventional fossil fuel power plants
arises from the cost of EUA certificates. As illustrated in Figure 4.3, the prices of these
certificates have increased significantly in recent years. Given this, we aim to investigate
whether incorporating these fundamental variables enhances the accuracy of electricity
price predictions.

Let α be a parameter, and let q, u, and v be real-valued functions. The working models
are presented in Tables 3.2 and 3.3. Most of these models are theory-driven, following
Section 2: under the assumptions of equilibrium and market efficiency, most working
models describe electricity prices with one fuel or multiple fuels with proportional prices
(see Theorem 2.4). Table 3.1 indicates that proportionality between coal and gas prices is
a reasonable approximation.

4An EUA (European Union Allowance) is a tradable carbon asset issued to companies regulated under
the EU Emissions Trading System. It grants the right to emit one metric ton of CO2 equivalent, enabling
emissions reductions through a cap-and-trade mechanism.
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Year 2016 2017 2018 2019 2020 2021 2022 2023

CorrpGt, Ctq 0.8016 0.5702 0.4761 0.8012 0.8138 0.728 0.6203 0.883
CorrpGt, Ctq 0.8392 0.6435 0.8612 0.5579 0.7539 0.8715 0.6139 0.6737

Table 3.1: Empirical correlations for gas and coal prices

Model Formula

MG,C St “ vpCtqupGtqqpRtq

MG St “ upGtqqpRtq

MG
1.1 St “ GtqpRtq

MG
2.1 St “ Gαt qpRtq

MG
2.2 St “ GtqpRtq

MG
2.3 St “ Gt exppk `mRtq

MC St “ vpCtqqpRtq

MC
1.1 St “ CtqpRtq

MC
2.1 St “ Cαt qpRtq

MC
2.2 St “ CtqpRtq

M St “ qpRtq

M1.1 St “

´

a0´Rt
b0

¯1{α

MG,C

MG M MC

MG
1.1 MG

2.1 M1.1 MC
1.1 MC

2.1

MG
2.2 MC

2.2

MG
2.3

Table 3.2: Structural models library

Benchmark Machine learning

MB St “ St´1 MML
1 MLPRegressor

MML
2 AdaBoostRegressor

Table 3.3: The benchmark and the machine-learning models

We now take a closer look at the models in Table 3.2. Note that MG
2.3 corresponds

to a one-fuel exponential bid stack model with renewables cf. Example 2.6((A)) and
Equation (2.7), where the heat rate is an exponential function. A slight generalization,
where we use a general function q instead of an exponential one, leads to model MG

2.2.
Model MG

1.1 is another alteration, in which we use the net gas price Gt instead of the gas
price. In other words, models MG

1.1 and MG
2.2 are general one-fuel models in efficient markets

(cf. Equation (2.7)). Going a step further and using upGtq instead of Gt leads to MG.
Similarly, model MG,C is a generalisation of the 2-fuel exponential bid stack introduced in
Carmona et al. [4], with renewables added (see Equation (2.9) in Example 2.6, in the case
where both gas and coal are price setters). If we consider coal instead of gas, we obtain
the models MC

2.2, MC
1.1, and MC .

Furthermore, note that model M1.1 is the Barlow [1] model (see Example 2.6(B)).
Model M is a generalization of this model, where instead of a power function, we use a
general increasing function q.

Moreover, Table 3.3 presents three additional benchmark models used to assess the
predictive performance of the 12 models under consideration. The first is the naive
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benchmark St “ St´1, where tomorrow’s price is predicted to be equal to today’s. This
model relies on the lagged electricity price as an input, which is not included in any of the
other models, as our focus is on understanding electricity prices based on its fundamental
drivers and not the past electricity prices. Hence, this benchmark may have an informational
advantage.

In addition, we include two machine-learning models: AdaBoostRegressor and
MLPRegressor (see Scikit-learn [18], Scikit-learn [19]). These were selected using the
Python package LazyPredict, which identified them as the top two performers out of more
than 50 state-of-the-art machine-learning algorithms.

3.2 Estimating the parameters and measuring predictive performance

To estimate the parameters of the models in Table 3.2, we use ordinary least squares (OLS)
on the in-sample data. That is, we estimate b by minimizing RSS, the sum of squared
differences between observed and predicted values,

RSS “

n
ÿ

t“1
pSt ´ bpRt, Ftqq

2 ,

where n is the length of the in-sample period and pRt, Ft, Stq denote the in-sample obser-
vations.

For the functions q, u, and v, we fit natural cubic splines with 4 knots, with knot
locations chosen automatically at the 20%, 40%, 60%, and 80% quantiles. We do this to
obtain a flexible class of functions and to test whether an exponential function, as suggested
in Equation (2.8), or a power function, as in Example 2.6(B), fits the data. The use of
natural cubic splines is recommended by James et al. [13] as a convenient way of modeling
a nonlinear relationship and is also used in Burger et al. [2].

For performance metrics on out-of-sample data (one year), we use Root Mean Square
Error (RMSE) and Mean Absolute Error (MAE). Our discussion emphasizes RMSE. Results
for the alternative error metric are qualitatively similar and are reported in Appendix
Tables 4.1 and 4.2 in the Appendix. Specifically, the RMSE is defined as

RMSE “

g

f

f

e

1
m

n`m
ÿ

t“n`1
pSt ´pbpRt, Ftqq2,

where pb denotes the estimated function b trained on the in-sample data, and m is the
length of the out-of-sample period (one year).

Implementation details for the benchmark machine-learning models: We use the Python
implementations AdaBoostRegressor from sklearn.ensemble and MLPRegressor from
sklearn.neural_network. Both models were trained on historical data incorporating
residual demand and gas prices. We additionally considered augmenting the feature set
with coal and EUA prices; in practice, this increased overfitting and worsened predictive
performance, as reflected in higher RMSE. We therefore exclude these variables from the
benchmark specifications.
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3.3 Data description

We focus on the German electricity market using daily data from January 2016 to December
2023. All data used in this study are proprietary but can be obtained directly from
established market sources, which are listed below. To ensure clarity, we fix the observation
time at 12 each day. Preliminary checks indicate that using alternative hours produces
equivalent results, so this restriction does not affect conclusions regarding the structural
models’ performance. After excluding weekends, major public holidays,5 and two identified
anomalies (one in 2018 and another in 2020), the final dataset consists of 1996 daily
observations. The key components of our dataset are as follows:

• Electricity prices: German spot prices from EPEX Spot;
• Gas prices: Day-ahead THE (Trading Hub Europe) data from ICIS Heren;
• Coal prices: API2 Rotterdam coal prices from ICE (Intercontinental Exchange);
• Carbon prices: December EUA contracts from ICE;
• Demand and renewable generation: Actual hourly demand, wind generation, and

solar generation from Volue.

Although forecast data are available and relevant–since market bids are based on forecasts–
we use actual production data for simplicity and consistency. Preliminary comparisons
indicate that using forecasted production yields similar predictive outcomes, supporting
our choice for this study.

For a detailed description of the data, refer to Table 3.4. Also note that there are 13
instances of negative spot prices but no negative values for residual demand.

Rt Gt St Ct EUAt Gt Ct

mean 42613.33 36.16 78.06 12.49 37.07 42.77 25.10
std 13198.78 41.95 84.61 9.00 30.75 45.81 17.84
min 3140.56 3.71 -79.74 4.35 3.93 7.04 6.51
25% 33897.46 14.19 33.84 6.61 7.88 16.19 12.73
50% 42945.35 19.16 46.40 9.62 25.11 22.27 15.83
75% 51131.79 37.40 84.85 13.85 68.66 51.71 40.72
max 77120.97 307.88 702.33 49.61 100.34 324.32 75.28

Table 3.4: Summary statistics of daily data for the German electricity market, 2016-2023.

3.4 Predicting one year ahead

We train each of the 15 models on a single year of data and use them to predict the
following year. The corresponding RMSE values are shown in Table 3.5. The lowest RMSE
in each row is highlighted in green, and the next two lowest are marked in orange.

We comment on four aspects.

A. Remarkably, the performance of structural models is comparable to (if not better
than) the two chosen machine-learning models MML

1 and MML
2 . See, for example,

5Source of holidays: [9]
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Trained on Predicting MML
2 MML

1 MC
2.1 MG

1.1 MC
1.1 MG

2.3 M1.1 MB MC
2.2 MC MG MG

2.2 MG
2.1 MG,C M

2016 2017 10.09 9.83 8.39 7.68 10.25 40.97 9.85 12.71 11.00 8.45 7.06 7.55 7.25 7.58 10.44
2017 2018 16.69 12.44 17.52 8.11 8.39 48.48 17.07 13.38 13.73 22.39 13.19 8.34 16.93 21.73 16.85
2018 2019 8.35 9.15 16.99 10.88 6.19 40.56 8.60 11.15 12.45 23.90 17.71 15.07 17.89 27.61 7.74
2019 2020 9.34 14.64 7.29 8.99 5.72 34.41 10.73 12.39 7.10 9.58 7.59 12.41 7.48 7.51 8.68
2020 2021 98.54 79.86 61.04 43.48 58.48 130.45 103.87 42.92 59.74 γ1 γ2 73.65 90.61 γ3 101.50
2021 2022 148.80 55.13 104.26 72.86 130.70 261.07 183.49 78.79 109.01 156.39 80.12 62.79 88.98 141.61 192.60
2022 2023 62.64 66.91 28.67 21.69 73.66 95.87 137.28 38.09 29.45 32.21 24.66 26.86 30.26 25.80 126.78

Table 3.5: RMSE values. The symbols γ1 “ 1,092.79, γ2 “ 2,548,238,433.31, and γ3 “ 181,158.35
are used in the table because the magnitudes are so large that they are uninformative.

Figure 3.1, which compares MML
1 with MG

1.1 when predicting 2018. The structural
model is much better at predicting spikes, which are an important stylized fact of
electricity prices. The machine-learning models are in top three only in two cases.

Figure 3.1: The black line represents observed power spot prices at 12:00 in 2018, while the green
(orange) line represents predicted values for 2018 obtained from model MG

1.1 (MML
1 ), trained on

the 2017 dataset.

Specifically, when predicting 2019, MML
2 performs well; however, it is outperformed

by two of our structural models, MC
1.1 and the simple M . Moreover, when predicting

2022, MML
1 has the lowest RMSE, followed by MG

2.2.

B. The structural models outperform the benchmark model MB. Model MB simply
shifts the observed values by one day, leading to errors due to the volatile nature
of electricity prices. If prices were constant at noon every day, this model would be
error-free. However, due to volatility, structural models like MG

1.1 generally perform
better, except for 2021, where MG

1.1 had an RMSE marginally larger than MB.

C. Among the structural models, MG
1.1 and MC

1.1, both theory-driven, stand out when
predicting a year based on the previous year’s data. In earlier years, the coal-
driven model MC

1.1 performed better, while in later years, the gas-driven model MG
1.1

performed best. Both models, which include the EUA price term, outperform their
counterparts without EUA (MG

2.2 and MC
2.2).
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Model MG
2.2 only outperforms MG

1.1 when predicting 2022, primarily due to the
extreme gas price surges in 2021 and 2022, as MG

2.2 is more sensitive to fluctuations
in gas prices. This increased sensitivity arises because, unlike MG

1.1, which uses the
EUA-adjusted gas price Gt (i.e., Gt`0.189EUAt), MG

2.2 uses the unadjusted gas price
directly as the fuel price. The inclusion of EUA prices in MG

1.1 effectively dampens
its sensitivity to gas price variations. Consequently, the larger the price jumps, the
higher the RMSE for MG

1.1, as illustrated in Figure 3.2. It is also interesting to point

Figure 3.2: The black line represents observed power spot prices at 12:00 in 2022, while the green
(orange) line represents predicted values for 2022 obtained from model MG

1.1 (MG
2.2), trained on the

2021 dataset.

out that more general models like MG and MG,C perform well only when market
dynamics remain stable. As they are prone to overfitting, they produce large errors
when predicting years in which market trends change, such as in 2021. In 2021
and 2022, gas prices experienced significant volatility and price increases, driven by
geopolitical tensions (the war in Ukraine), which disrupted global energy markets
and sharply increased European gas prices.

D. A final note concerns the literature-based models, specifically MG
2.3 (the single-fuel

model with gas, renewables, and an exponential heat rate based on Carmona et al.
[4]) and M1.1 (the model from Barlow [1], adapted to use residual demand instead of
demand). As expected, these simpler models are outperformed by their more general
counterparts.

3.5 Stability over time

Next, we evaluate the stability of the predictions across different training time spans.
Specifically, we analyze how prediction performance varies under these conditions. Again,
we refer to the RMSE table (see Table 3.6), which summarizes the results across the
different training ranges.

Among the top performing models MG
1.1, MC

1.1, MG
2.2, and MML

1.1 , the most robust and
consistent performer is MG

1.1. Structural models, in general, exhibit improved accuracy when
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Trained on Predicting MML
2 MML

1 MC
2.1 MG

1.1 MC
1.1 MG

2.3 M1.1 MB MC
2.2 MC MG MG

2.2 MG
2.1 MG,C M

2016 2017 10.09 9.83 8.39 7.68 10.25 40.97 9.85 12.71 11.00 8.45 7.06 7.55 7.25 7.58 10.44
2017 2018 16.69 12.44 17.52 8.11 8.39 48.48 17.07 13.38 13.73 22.39 13.19 8.34 16.93 21.73 16.85

2016-2017 2018 17.80 11.11 15.67 8.16 8.39 48.50 19.49 13.38 12.37 18.96 11.58 8.22 10.35 16.97 19.12
2018 2019 8.35 9.15 16.99 10.88 6.19 40.56 8.60 11.15 12.45 23.90 17.71 15.07 17.89 27.61 7.74

2016-2018 2019 9.63 12.79 12.67 10.38 7.57 40.53 7.20 11.15 14.24 12.38 14.90 15.08 15.16 14.40 7.71
2019 2020 9.34 14.64 7.29 8.99 5.72 34.41 10.73 12.39 7.10 9.58 7.59 12.41 7.48 7.51 8.68

2016-2019 2020 8.41 12.29 8.41 10.75 7.53 34.80 9.49 12.39 12.77 7.78 31.32 16.13 11.73 11.84 7.38
2020 2021 98.54 79.86 61.04 43.48 58.48 130.45 103.87 42.92 59.74 1,092.79 2,548,238,433.31 73.65 90.61 181,158.35 101.50

2016-2020 2021 93.68 32.26 92.95 23.59 52.52 131.25 102.92 42.92 77.03 1,988.45 1,221.94 24.96 79.53 396.57 102.16
2018-2020 2021 93.22 37.00 89.28 24.37 55.48 131.16 100.21 42.92 71.81 247.34 89.94 27.91 81.97 99.70 99.13
2019-2020 2021 97.88 37.58 83.45 36.04 57.15 130.76 101.85 42.92 63.27 84.20 563.88 52.90 87.27 6,963,196,320.70 100.07

2021 2022 148.80 55.13 104.26 72.86 130.70 261.07 183.49 78.79 109.01 156.39 80.12 62.79 88.98 141.61 192.60
2016-2021 2022 141.95 63.53 92.69 63.99 135.02 261.05 224.30 78.79 129.26 202.59 79.81 56.04 72.61 149.64 227.08
2018-2021 2022 149.97 52.69 93.29 63.50 134.96 261.04 217.79 78.79 118.42 198.56 80.06 54.74 78.72 147.61 221.79
2019-2021 2022 147.79 56.59 97.24 61.92 134.33 261.04 214.87 78.79 110.20 183.26 78.33 52.70 84.15 131.63 219.12
2020-2021 2022 146.39 53.10 101.69 66.29 133.42 261.05 207.48 78.79 109.46 163.19 76.01 56.46 88.20 106.47 213.69

2022 2023 62.64 66.91 28.67 21.69 73.66 95.87 137.28 38.09 29.45 32.21 24.66 26.86 30.26 25.80 126.78
2016-2022 2023 26.88 33.72 31.28 21.31 55.68 95.91 39.83 38.09 22.21 27.86 23.61 27.36 26.53 25.23 38.83
2018-2022 2023 27.30 33.12 29.38 21.52 57.54 95.90 31.96 38.09 24.23 33.42 26.85 27.41 25.84 27.87 33.64
2019-2022 2023 28.18 34.87 28.89 21.66 59.80 95.90 29.31 38.09 27.84 33.75 26.14 27.40 24.86 26.97 32.76
2020-2022 2023 27.79 30.19 31.61 21.95 60.50 95.92 52.14 38.09 31.92 33.73 22.39 28.14 27.35 23.43 55.40
2021-2022 2023 26.49 30.33 30.50 21.63 65.22 95.91 72.77 38.09 31.29 36.27 22.31 27.59 28.27 23.93 72.03

Table 3.6: RMSE values.

trained on longer time spans. This trend is clearly illustrated by MG
1.1: when predicting

the year 2022, its RMSE decreases by 10 when trained on data from 2016-2021, compared
to using data from 2021 alone (see Figure 3.3). We also observe that the benchmark model

Figure 3.3: The black line represents observed power spot prices at 12:00 in 2022, while the green
(orange) line represents predicted values for 2022 obtained from model MG

1.1 trained on the 2019-2021
(2021) dataset.

M1.1 from Barlow [1] achieves the best performance in one scenario. Specifically, when
predicting the year 2019 using training data from 2016-2018, M1.1 outperforms the other
models, although MC

1.1 demonstrates a comparably strong performance. For comparison,
see Figure 3.4, which shows that MC

1.1 captures spikes notably better.
Taken together, these findings confirm and strengthen the conclusions drawn in the

previous subsection: the structural models—particularly MG
1.1 in the later years and MC

1.1
in earlier years—consistently deliver the most accurate and robust predictions. Moreover,
their predictive performance improves further when trained on extended historical datasets,
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Figure 3.4: The black line represents observed power spot prices at 12:00 in 2019, while the green
(orange) line represents predicted values for 2019 obtained from model MC

1.1 (M1.1), trained on the
2016–2018 dataset.

underscoring the value of incorporating multiple years of data in model estimation.
Remark 3.1. We examine the residuals from model MG

1.1 under two training windows–2016-
2022 and 2016-2020 (See Figure 3.5). The residuals display some seasonality, and in the
2016-2022 window the residual variance appears to rise with fuel prices. Recall that in
2022 (and adjacent months) fuel prices spiked unusually, coinciding with the emergence
of new energy-market patterns. We do not pursue a detailed residual analysis here, as
the in-sample estimates appear reasonably robust to moderate heteroskedasticity (i.e.,
inhomogeneous variance).

(a) Trained on 2016-2022. (b) Trained on 2016-2020.

Figure 3.5: Residuals for MG
1.1.
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4 Summary of Data Analysis Results

Our analysis demonstrates that the choice of model type and the incorporation of domain
knowledge are critical for accurately predicting electricity prices. Key observations include:

• When trained on at least two years of data, the theory-driven models MG
1.1 and MC

1.1
consistently rank among the top three performers.

• In recent years, gas-driven models have achieved the best performance.
• Models with a large number of parameters, such as MC , MG, and MG,C , require

caution. They are prone to overfitting and therefore struggle to adapt to changes in
price patterns - precisely the dynamics we aim to capture.

• Structural models perform comparably to, and in some cases slightly better than,
machine-learning models on this type of dataset, which is a noteworthy result.

• Historically, models without explicit fuel inputs, such as the Barlow [1] model, have
performed well. However, as the energy mix evolves (e.g., with increased renewable
supply), these models tend to underperform relative to more structured models like
MG

1.1. Nonetheless, the significance of Barlow [1] lies in introducing the structural
modeling paradigm for electricity markets.

Among the structural models tested, the simple one-fuel model MG
1.1 exhibits the

most robust overall performance and effectively captures key information about spot price
movements and market trends. Figure 4.1 illustrates the estimated heat rate function
for MG

1.1, i.e., the estimated q in St “ GtqpRtq. The plot indicates that using a purely
exponential or power function for the heat rate does not provide the best fit to the data.

(a) Heat function for MG
1.1 trained on 2021 (green)

vs. 2016-2021 (orange).
(b) Heat function for MG

1.1 trained on 2022 (green)
vs. 2016-2022 (orange).

Figure 4.1: Estimated heat function for MG
1.1, trained on either a single year or multiple years. The

underlying power spot price data is scaled by the gas price to match the scale of the heat functions.

The sharp slope observed at the start of the graph may be explained by the remarks
in Example 2.6(C). Specifically, another fuel, perhaps lignite, could induce a jump in the
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theoretical heat rate function (as in Equation (2.10)). The estimated curve in Figure 4.1
can therefore be interpreted as a smoothed representation of that jump.

Appendix

4.1 Proof of Proposition 2

Proof. The result in Part (2) is a direct consequence of Part (1) by substituting f1 “ αf2
into the formulas for bpξ, fq in each of the cases in Part (1). Therefore, we need only prove
Part (1). Without loss of generality, we assume b1pf1q ď b2pf2q.

Since qi is assumed non-negative, strictly increasing, and continuous and fi ą 0, it
is straightforward that for i “ 1, 2, the fuel bid stack function ξ ÞÑ bipξ, fiq “ fiqipξq is
strictly increasing and continuous from r0, ξis onto rbipfiq, bipfiqs, and hence an inverse
exists and is given by s ÞÑ q´1

i ps{fiq. Note that for i “ 1, 2, the generalized inverse in
Equation (2.2) is

bip¨, fiq
´1ppq “

$

’

’

&

’

’

%

0 if p ă bipfiq

q´1
i pp{fiq if p P rbipfiq, bipfiqq

ξi if p ě bipfiq

(4.1)

Let us first consider the case b1pf1q ă b1pf1q ď b2pf2q ă b2pf2q. Then

b1p¨, f1q´1ppq ` b2p¨, f2q´1ppq “

$

’

’

’

’

&

’

’

’

’

%

0 if p ă b1pf1q

b1p¨, f1q´1ppq if p P rb1pf1q, b1pf1qq

ξ1 if p P rb1pf1q, b2pf2qq

ξ1 ` b2p¨, f2q´1ppq if p P rb2pf2q, b2pf2qs.

As the fuel bid stack functions are increasing and continuous from r0, ξis onto rbipfiq, bipfiqs,
the function p ÞÑ bip¨, fiq

´1ppq restricted to rbipfiq, bipfiqs is strictly increasing and onto
r0, ξis. It follows from Proposition 1 that for ξ P p0, ξs,

bpξ, fq “ suptp P R : b1p¨, f1q´1ppq ` b2p¨, f2q´1ppq ă ξu

“

#

b1pξ, f1q if ξ P p0, ξ1s

b2pξ ´ ξ1, f2q if ξ P pξ1, ξs.

Thus, for ξ P p0, ξ1s (which corresponds to b1pξ, f1q ď b2pf2q), fuel 1 is the price setter
while fuel 2 is not used, and for ξ P pξ1, ξs (corresponding to b2pξ ´ ξ1, f2q ą b1pf1q), fuel
2 is the price setter and fuel 1 is fully used. These conclusions are consistent with the
information provided in Part (1) and Table 2.1.

To help with the proof in the next two cases, define

ξi,1 “ bip¨, fiq
´1pbjpfjqq and ξi,2 “ bip¨, fiq

´1pbjpfjqq for i ‰ j. (4.2)

If fuel 1 initially serves as the price setter, then ξ1,1 represents the quantity of fuel 1 used
when fuel 2 enters as a price setter. Similarly, if fuel j (where j “ 1 or 2) exits as a price
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setter first, then ξi,2 (where i is not j) indicates how much of fuel i is used at the point
when fuel j exits.

Now assume that b1pf1q ď b2pf2q ď b1pf1q ď b2pf2q. By Equation (4.1),

b1p¨, f1q´1ppq ` b2p¨, f2q´1ppq “

$

’

’

’

’

&

’

’

’

’

%

0 if p ă b1pf1q

b1p¨, f1q´1ppq if p P rb1pf1q, b2pf2qq

q´1
1 pp{f1q ` q´1

2 pp{f2q if p P rb2pf2q, b1pf1qq

ξ1 ` b2p¨, f2q´1ppq if p P rb1pf1q, b2pf2qs.

Restricted to rb1pf1q, b2pf2qs, the function p ÞÑ b1p¨, f1q´1ppq ` b2p¨, f2q´1ppq is continuous,
strictly increasing and onto r0, ξs, which means that the generalized inverse reduces to the
ordinary inverse, and hence by Proposition 1,

bpξ, fq “

$

’

’

&

’

’

%

b1pξ, f1q if ξ P p0, ξ1,1s

rq´1
1 p¨{f1q ` q´1

2 p¨{f2qs´1pξq if ξ P pξ1,1, ξ1 ` ξ2,2s

b2pξ ´ ξ1, f2q if ξ P pξ1 ` ξ2,2, ξs.

In the first of these cases (corresponding to b1pξ, f1q ď b2pf2q), fuel 1 is the price setter
and fuel 2 is not used. In the second case, where none of the restrictions in the first four
rows of the table in Part (1) are satisfied, both fuels are price setters. In the third case
(corresponding to b2pξ ´ ξ1, f2q ą b1pf1q), fuel 2 is the price setter while fuel 1 is fully used.
Hence, this second case of b1pf1q, b1pf1q, b2pf2q and b2pf2q aligns with the data presented
in Part (1) and Table 2.1.

Finally assume that b1pf1q ď b2pf2q ă b2pf2q ď b1pf1q. By arguments as above, it
follows that

bpξ, fq “

$

’

’

&

’

’

%

b1pξ, f1q if ξ P p0, ξ1,1s

rq´1
1 p¨{f1q ` q´1

2 p¨{f2qs´1pξq if ξ P pξ1,1, ξ2 ` ξ1,2s

b1pξ ´ ξ2, f1q if ξ P pξ2 ` ξ1,2, ξs.

As above, this case of b1pf1q, b1pf1q, b2pf2q and b2pf2q is also consistent with Part (1) and
Table 2.1. This covers all the cases and hence the desired result follows.

4.2 Market development throughout the years

For completeness, Figure 4.2 presents the evolution of power spot prices and marginal costs
of gas and coal power plants at 12:00 for selected years. Under the competitive-market
assumption, a commonly used consensus formula for these costs is:

mcGt “
Gt ` 0.184EUAt

0.5 and mcCt “
Ct ` 0.34EUAt

0.38 .

All the prices are presented as EUR/MWh. Overall, the consensus-based marginal cost for
gas-fired plants tracks power-price fluctuations better than the corresponding coal-based
measure. Figure 4.3 shows the evolution of EUA certificate prices, also converted to
EUR/MWh for comparability. The figure also overlays the day-ahead gas price (blue),
illustrating the importance of EUA prices.
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Figure 4.2: Marginal cost of coal (orange) and gas (green) powered plants together with spot power
price (black) development in the years 2018, 2020, and 2022.

Figure 4.3: Development of the EUA certificate (black) and the German gas (THE) prices (green)
from 2015 to 2024.
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4.3 MAE Tables

The main measure of performance in our data analysis are the RMSE values for different
models and time horizons. However, here we present the MAE values, to show that they
yield similar results.

Trained on Predicting MML
2 MML

1 MC
2.1 MG

1.1 MC
1.1 MG

2.3 M1.1 MB MC
2.2 MC MG MG

2.2 MG
2.1 MG,C M

2016 2017 6.48 6.95 5.15 5.42 7.24 37.69 7.78 8.92 8.30 5.47 5.08 5.34 5.14 5.56 7.97
2017 2018 14.04 9.65 14.74 6.38 6.18 46.34 14.35 9.16 11.46 18.10 10.95 6.47 14.27 17.40 14.15
2018 2019 6.64 7.22 15.92 9.50 5.00 39.12 6.99 7.65 11.37 20.73 16.35 13.52 16.28 25.86 6.48
2019 2020 7.53 11.72 5.84 6.94 4.45 31.39 8.37 8.77 5.35 7.49 6.02 9.61 6.01 6.03 7.01
2020 2021 63.04 50.77 28.48 31.83 29.32 102.46 70.42 25.36 27.88 379.24 182,849,459.04 51.28 58.71 24,463.51 68.13
2021 2022 106.00 43.41 70.73 53.94 89.80 228.66 145.02 57.47 71.95 113.77 62.13 47.75 65.45 106.40 156.13
2022 2023 55.47 47.34 19.81 16.38 64.37 87.18 132.76 26.60 20.13 21.54 19.81 22.57 26.25 21.22 114.94

Table 4.1: MAE values corresponding to Table 3.5.

Trained on Predicting MML
2 MML

1 MC
2.1 MG

1.1 MC
1.1 MG

2.3 M1.1 MB MC
2.2 MC MG MG

2.2 MG
2.1 MG,C M

2016 2017 6.48 6.95 5.15 5.42 7.24 37.69 7.78 8.92 8.30 5.47 5.08 5.34 5.14 5.56 7.97
2017 2018 14.04 9.65 14.74 6.38 6.18 46.34 14.35 9.16 11.46 18.10 10.95 6.47 14.27 17.40 14.15

2016-2017 2018 15.13 8.60 13.14 6.47 6.50 46.37 16.58 9.16 10.08 15.70 9.36 6.45 8.17 13.35 16.25
2018 2019 6.64 7.22 15.92 9.50 5.00 39.12 6.99 7.65 11.37 20.73 16.35 13.52 16.28 25.86 6.48

2016-2018 2019 8.53 11.56 11.75 9.05 5.94 39.10 5.60 7.65 13.33 11.65 13.45 13.57 13.65 13.23 6.10
2019 2020 7.53 11.72 5.84 6.94 4.45 31.39 8.37 8.77 5.35 7.49 6.02 9.61 6.01 6.03 7.01

2016-2019 2020 6.57 9.87 6.67 8.91 5.79 31.74 7.37 8.77 10.83 6.29 22.54 13.90 9.74 9.41 5.75
2020 2021 63.04 50.77 28.48 31.83 29.32 102.46 70.42 25.36 27.88 379.24 182,849,459.04 51.28 58.71 24,463.51 68.13

2016-2020 2021 59.72 23.08 60.00 14.81 27.29 103.30 68.64 25.36 45.10 547.81 254.13 17.30 51.04 155.86 68.11
2018-2020 2021 58.82 24.82 55.50 15.24 27.79 103.20 65.20 25.36 38.75 97.51 56.31 18.01 51.16 49.37 64.35
2019-2020 2021 62.72 23.65 50.24 25.26 28.36 102.78 67.60 25.36 29.67 50.82 133.18 33.98 55.46 479,598,076.20 66.02

2021 2022 106.00 43.41 70.73 53.94 89.80 228.66 145.02 57.47 71.95 113.77 62.13 47.75 65.45 106.40 156.13
2016-2021 2022 100.97 51.89 69.46 47.23 94.41 228.64 189.54 57.47 93.28 154.97 58.15 42.31 54.53 113.32 193.40
2018-2021 2022 107.52 42.55 68.18 47.02 94.46 228.64 182.72 57.47 82.25 151.02 58.99 41.33 58.37 111.99 188.18
2019-2021 2022 104.23 45.97 68.47 45.96 93.81 228.63 179.70 57.47 73.70 136.68 58.55 39.84 61.43 100.54 185.65
2020-2021 2022 104.87 41.76 70.52 49.22 92.71 228.64 171.75 57.47 72.92 119.21 59.53 42.95 64.37 82.64 179.99

2022 2023 55.47 47.34 19.81 16.38 64.37 87.18 132.76 26.60 20.13 21.54 19.81 22.57 26.25 21.22 114.94
2016-2022 2023 19.50 28.22 27.40 16.06 48.96 87.20 30.81 26.60 17.03 20.45 19.76 22.99 22.44 21.52 28.89
2018-2022 2023 18.83 27.56 24.41 16.14 50.72 87.20 23.51 26.60 17.98 22.74 22.64 23.00 21.56 23.76 26.73
2019-2022 2023 21.00 30.08 22.01 16.22 52.70 87.20 20.92 26.60 19.30 22.07 22.03 22.99 20.35 22.98 26.04
2020-2022 2023 20.17 26.13 22.53 16.36 52.31 87.22 46.14 26.60 21.36 23.19 18.29 23.74 23.10 19.70 46.31
2021-2022 2023 18.22 27.25 21.43 16.16 57.35 87.21 68.34 26.60 20.46 23.19 17.84 23.25 24.09 20.02 63.74

Table 4.2: MAE values corresponding to Table 3.6.
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