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THE CIRCLE TRANSFER AND K-THEORY

IB MADSEN AND CHRISTIAN SCHLICHTKRULL

1. INTRODUCTION

Let L be the canonical line bundle over CP*. The Thom spectrum CP%] =
Th(—L) and its associated infinite loop space Q°°(CP29) (that is, the 0’th space of
the associated Q-spectrum), has appeared in various geometric contexts in topol-
ogy. For example it plays a central role in connection with the trace invariant
determination of Waldhausen’s A(X), and conjecturally it is the group completion
of the classifying space of the stable mapping class group, cf. [19], [21].

The classifying space Q°°(XCP23) appears as the fiber of the dimension shifting
transfer map, so

trf

Q% (SCPY) — Q(ST ACPY ) = Q(0y(S”)

1s a homotopy fibration. The main point of this paper is to compare this fibration
at a given prime p to the homotopy fibration

Q(1-vy9) A
Utp) =y Uy — JUp) X Zp),

where ¥9 : BU — BU is the usual Adams operation.

The complex reflection map R : S' A CP{® — U extends via Bott periodicity
to a map Q(R) from Q(S* A CP?) to U. The unit of the ring spectrum J,) with
Q% (Jp)) = JUpy x Zpy gives a map ey from Q(o)(SO) to JU(p), which induces
Adams’ complex e-invariant on homotopy.

One might suspect that the diagram

Qs acpy) 2,

[ s
Q8% —— Uy

was homotopy commutative. However, in [16], Klein and Rognes point out that
the above diagram cannot possible be commutative. In this paper, we show firstly
that there are in fact infinite loop maps [ and ! making the diagram

Q®(ZCPY) —— Q(S'ACPY) —s Quy(S°)

(1.1) li l’ l”
Q(1-v?)

Utp) -
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2 IB MADSEN AND CHRISTIAN SCHLICHTKRULL

homotopy commutative, and secondly that the vertical maps have compatible split-
tings when localizing at an odd prime p, although not in the category of infinite
loop maps. Moreover, both [ and [ are rational homotopy equivalences. This gives

Theorem 1.1. For odd primes p there exists a decomposition
Q= (ECPH) ) = Uy x X,
with F*(X(p)) ®0Q=0.

In sections 2-5 below we survey work primarily due to J.C. Becker and R.E.
Schultz, M.C. Crabb and K. Knapp, but in a form that is convenient for our appli-
cations in Section 6 and 7. We have strived to make these sections self contained
and accessable to the inexperienced reader.

Many results in this paper are formulated in the stable homotopy category of
spectra, and the actual choice of a point set level category i1s not important; for
example the one in [3] will do. The paper is divided in the following sections.
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2. EQUIVARIANT TRANSFER MAPS

In this section GG will be a compact Lie group. A based G-space is a based space
with a (left) G-action that fixes the base-point, and a G-representation will mean
a finite dimensional real G-representation with a G-invariant inner metric. The
one-point compactification of a G-representation V is a based G-space denoted SV .

To a based G-space X, there is an associated G-equivariant infinite loop space

Qc(X) = colimMap(SY, SV A X),

where Map(—, —) means based maps, and the limit is over a complete set of G-
representation V. When G is the trivial group we just write Q(X); this is the usual
non-equivariant infinite loop-space associated with X.

Let Ad(G) denote the adjoint representation of (7, i.e. the representation on the
tangentspace T1G induced from conjugation.

Theorem 2.1 ([5],[18]). Let X be a based G-CW complex such that the action is
free away from the base-point. Then the natural transfer map

trfY - QD A X) B Qa(X)€,

15 a homotopy equivalence. O
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In our application in Section 5 of this result we shall need the construction of
trf¥, so we start by recalling it (in a slightly special case). Let K and M be (left)
smooth G-manifolds without boundary. We assume that K is compact, and that
we are given an equivariant embedding

i K — M.
The normal bundle N(§) = *T(M)/T(K) embeds as an invariant tubular neigh-
borhood of i(K):
JiN@#E = M,
and we can choose j so that the tangent map induces the identity on quotient

bundles:

TING)IK TG | TM)i(K)
T(K) T(i(K))
N (i) N (i),

where on the left we identify K with the zero section in N (7). The diagram ensures
that the isotopy class of j is uniquely determined by the embedding i, cf. [11, 6.2.6].

Let M€ be the one-point compactification of M, let Th(N (¢)) be the Thom-space
of N (i), and let

(2.1) t: M¢ = Th(N (i)

be the Pontrjagin-Thom map.

Suppose that K is a compact free G-manifold, and let B = K/G. The projection
p: K — B is a smooth fiber-bundle, and we have an exact sequence of G-vector-
bundles

0—>T"(K)—=T(K)—p'T(B) =0,
where TV (M) is the vector bundle of tangents along the fibers. The differential of
the action map ¢ — gz gives for each € K an isomorphism Ad(G) = TY(K), and
thus a trivialization Ad(G)g = TY(K). (Throughout the paper we write Vx for
the product bundle X x V' — X of a G-space X and a representation V).
For suitably V there is an embedding

(2.2) io=(p,q) : K > BxYV,
where p is the projection. The differential embeds each fiber of TV(K) in V, and

defines an embedding of bundles TV(K) — Vg, whose quotient Vg /TV(K) is the
normal bundle along the fibers. The inclusion

Vk =iy T(BxV)=p"T(B)® Vg, v~ (0,v),
passes to quotients and defines an isomorphism Vg /TY(K) = N(iy), and the in-
variant metric on V induces a canonical isomorphism
TY(K) @ N (i) = Vi.
We want a trivial normal bundle, and replace ¢y with the embedding
(2.3) iK% Ve 25 Ve e TY(K)/G,
where TY(K)/G is the quotient bundle over B, and jp is the inclusion in the zero

section of TV(K)/G. Then we get a canonical isomorphism

(2.4) N(i) =T (K)® N(i) = Vk,
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and the G-equivariant Pontrjagin-Thom map
t:(Ky Ag SAUDYASY 5 Ky ASY,

(@)

with trivial action on Ky Ag S44%) . By adjunction we get

(2.5) i Ky Ag 8249 5 Map(SY, Ky ASY)Y = Qa(K4)9,

and the equivalence trf® of Theorem 2.1 is the unique extension to an infinite loop
map, using the infinite loop space structure of Q¢ (K4 )%.

The homotopy class of ¢, and hence that of trfG, is independent of the choice of
io. Indeed, the composition of iy with the inclusion V' — V @ W does not affect ¢.

Thus two embeddings may be assumed related by an 1sotopy of the form
h:KxI—=BxIxV, h(x)=p),t ).

Using h as the input for the construction of ¢ in (2.5) (with K replaced by K x I)
gives the required homotopy.

Remark 2.2. The above construction generalizes to the case of a smooth manifold
with boundary M, and gives an equivalence

trf Y Q(SAUD A M/OM) S Qe(M/IM)C .

We need a few naturality properties of trf”, which we now discuss. Let H Cd
be a closed subgroup. Then there is a homotopy commutative diagram

G
trfgy

Q(SAUI NG K1) —2 Q(SAYUH) Ay K )
(26) ltrfG lter

Qa(Kp) —— Qm(Kp)™.
The lower horizontal map is the inclusion of the G fixed points of Qe(K ) into
its H fixed points composed with the obvious homotopy equivalence Qg (K1) ~

Qu(K;)¥. The upper horizontal map trfg is similar to the construction above:
One considers the bundle p : K/H — K/, and replaces i in (2.3) by the embedding

i KJH = (K x Ad(G)) @ Vi/q-

Its normal bundle is (K x g Ad(H)) ® Vi, g, and the Pontrjagin map induces trffl,
cf. [22].
The transfer trf“ is also natural in the variable K in the sense that given a
G-map f: K — L, the diagram
Q(SAUD) £g Ky) —L Q84U Ag Ly)

(27) ltrfG ltrfG
Qu(EQ)? "= QalLy)°

is homotopy commutative. Taken together, (2.6) and (2.7) shows that trf is a
natural transformation from the category C with objects consisting of pairs (K, G),
and morphisms (f,¢) : (K,G) — (L, H) given by a closed inclusion ¢ : H — &
together with a smooth H-map f: K — L.

Our application of the equivariant transfer will be for G = S*, where Ad(G) = R
with trivial G-action. The standard action of S* on S?"*! gives an equivalence

S QS ACP?) =5 Qi (525
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These transfers are compatible for varying n by (2.7), and one gets a map
(2.8) it QST ACP®) = Qan (ESL)S,

whose restriction to Q(S! ACPY}) is homotopic to trffl1 . In fact, the homotopy class

of trf" is uniquely determined by Anderson’s criteria for the vanishing of derived
limits, see [6]

3. THOM SPECTRA AND EQUIVARIANT FUNCTION SPACES

In this section and the next, we restrict attention to the circle group S, al-
though things work similarly for any compact Lie group G that admits free G-
representations. Let L denote the tautological line bundle over CP*°, and L, its
restriction to CP"; it is a subbundle of the product bundle CP" x C**! and we let
L% denote its orthogonal complement. The restriction of L+ to CP"~lis Lt @ C,
and we have induced maps of Thom spaces

(3.1) e: SPATh(LF_,) — Th(L}).

This defines the connective (i.e. (—1)-connected) spectrum Th(C — L) with 2n’th
space Th(L}); mo(Th(C — L)) = Z.

The connective Thom spectra Th(C* — kL) for k > 1 are defined similarly, and
we let Th(kL) = X (Th(kL)) for k > 0.

For a spectrum F, we let Q°(F) = colimQ"(F,). In using this definition we
implicitely assume that the structure maps S* A F,, — E, ;1 are cofibrations; this
will always be the case for the spectra we consider. The following is a well-known
consequence of Theorem 2.1.

Proposition 3.1. There are infinite loop space equivalences
Map(S®", Q1 (ESL))" ~ QX Th(—kL)
for k> 0.

Proof. For notational convenience we consider only the case & = 1; the proof for
k > 1 is completely analogous. We have

1

Map(S®, Qs (ES_ll_))S1 = colimMap(S®, Q51 (S(C")4))”
and
Q®°% Th(—L) = colimQ**(S* A Th(L}+_,)).
Let p : S(C*) — CP"~! be the projection. Pulling back the isomorphism
Lo i@ LE | = tpn—1 along p, we get

P (Li_1) ® C(ony 2 |C* [5(cn),

where | - | denotes trivial S'-action. In Map(S®, Qg1 (S(C")4)) the action on ST is
non-trivial, so we cannot use Theorem 2.1 directly. Instead, we get a sequence of
equivalences:
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1

Map(S%, Qg1 (S(C")4))®" = colimMap(S© A SV, 5(C" )4 ASY)S
2 colim Map(SC A 51T A SV S(C7 )4 ASICT A VYS!

~ colim Map(S® A 1€ A SV SC ATh(p*(L_,)) A SV

& colimMap(S'©" I A SV Th(p*(LE_,)) A SV)*

~ Q(Qs1 (Th(p™ (Li_1)))")

2 Q2(Q(s ATh(LE ),

where we in the last equivalence have used Theorem 2.1 on the free based S'-space
p*(LE_)), cf. Remark 2.2. The above equivalences are natural with respect to
inclusions S(C") — S(C"*1), and since

SYATh(Lyr_1) = Q(S* ATh(Lyx_)))
becomes highly connected with increasing n, we obtain the required equivalence of

colimits. O

Given a based S'-space Y, let I\Ez:p(S@n,Y) = Map((S®", %), (Y, %)), where
S C SC" denotes the fixedpoint set. This is an S'-subspace of Map(S@n,Y).
Define

Qél (Y) = colim Map(S<", v A §¢7)
and
QL (Y) = colimMap(5©", ¥ A 57,
where the superscript f indicates that the colimit is over the free representations C?

only. Notice that @gl V) — Qél (V) = @s5:(Y) are non-equivariant equivalences.

Lemma 3.2. There are S'-equivariant homotopy equivalences

(i) QL(ESLAY) S Qai(ESLAY)
(ii): QL (ESLAY) S QL (ESLAY)
(ii):  QL(ES}AY) 3 QL(Y)

Proof. (i) follows from the equivariant suspension theorem [15, 11.2.10], and (ii)
follows from the equivariant fibration sequence obtained by applying Map(—, ES_lI_ A
Y) to the cofibration sequence S° — 5" — 5" /50,

The map in (iii) is induced from the projection ES_lI_ AY = Y; we denote it
by 7. In order to prove that it is an equivalence, we exhibit an explicit homotopy
inverse. For fixed n let

Yn : Map(ST" Y AST") = Map(S©", 5(C7 )4 AY ASCT)
be given by

Yo (f)(v) = {(v/|v|,f(v))’ for v # 0, 00

*, for v = 0, o0,
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This is continuous since f(0) = f(o0) = co. Given m and n, the diagram

Map(SC", Y A STy 22 Map(SC",S(C)4 AY ASC)

l |

Map(SC™ v A ST I Map(SCTTT S(Crtm) L AY A ST

1s homotopy commutative via the homotopy
he(P) (0, 0) = (v, ) /(0 )], F(0), ).
Thus the maps 7, defines a unique homotopy class
(3.2) 71 Q5L (V) = QL(ES AY)T
It is clear that m oy = id. In order to examine v o m we let
¢: QL (ESLAY) = QL (ESL AESLAY)

be the direct limit of the maps

¢ : Map(S®", ESL AY A SY") = Map(ST", 5(C")4 A ESLAY ASYY,
given by
(v/|v], f(v)), forwv#0,00

, for v = 0, c0.

() (v) = {
The two projections py,ps : EST x ES! — ES! are S'-equivariantly homotopic,
and thus y o ™ = p1x 0 ¢ ~ pay 0 ¢ = id. O
The case k > 0 of the next Theorem is due to Becker and Schultz, [10].
Theorem 3.3. For k € Z,
colim Map(S%", S¢"")5" ~ QX Th(kL).
Furthermore, for k <0, M;p(S(Cn , S@n+k)51 = Map(S®", S(CnJrk)Sl.

Proof. The case k > 0 follows by letting ¥ = S in Lemma 3.2, and applying
Theorem 2.1 to the free S'-space ES_lI_ A ST TFor k < 0, Proposition 3.1 reduces
us to proving that

colim %(Scn_k , S(Cn)sl ~ Map(SC_k ;@ s1 (ES}F))SI .

Letting ¥ = S° in Lemma 3.2 and applying 1\/[ap(S(C_k,—)S1 gives the result. In
order to prove the second statement, it suffices to show that any S'-equivariant map
ST 5 ST sends the fixedpoint set S° to the basepoint when & < 0. This follows

from a standard argument using the mapping degree in S'-equivariant K-theory,
cf. [15, I1,5]. O
4. THE BECKER-SCHULTZ EQUIVALENCE F5' ~ Q(S' A CP)

We continue to consider free S1-representations C*. Since S(C™ 4 C™) = S(C™ )«
S(C™), we may form the colimit

F5" = colim Map(S(C"), S(C"))5",
upon taking joins with the identity.
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Theorem 4.1. There is a homotopy equivalence
A FST 5 Qe (ESL)S

This is really a theorem of Becker and Schultz, since upon using Theorem 2.1
it becomes the statement from [10]. We shall follow [24] in deducing Theorem 4.1
from the results in Section 3.

In order to define A it is convenient to introduce auxiliary spaces and maps as
follows. From Section 3 we have the space

le( 0)51 = colimMap(SCn,SCn)Sl,

with the colimit running over free representations. The fixed set of SC" is S°, and
1

we have the subspaces F(Sl;(oo) and F(%)(oo) of maps with £]S° =id and f]S° = ,
respectively. (Thus F(%;(oo) = @J;I(SO)).
Following [24], let

be the difference map given by

f(1=2t,z), for0<t<1/2,

(4.1) d(f,9)(t, ) = {g(Qt— 1,2), for1/2<t<1,

where we identify S¢" with the unreduced suspension L.S(C"?) = S° x S(C?), and
we use (1,%) € S° % S(C") as base point. Taking g = id we get homotopy inverse
maps

d(—id) d(—,id)

Fjy(00) = F{3)(00) ——5 F{}y(0),

S0 F(Sl)(oo) ~ F(%)(oo).
Proof of Theorem 4.1. The map A is the composite of three maps
1o, 1), 1 As 1

Here A; maps f : S(C") — S(C") to its unreduced suspention, Az = d(—,id), and
Az is the map 7 from (3.2) (with Y = 5?) followed by the inclusion Qél (ES}I_)S1 5
le(ES_lI_)Sl. Each of these maps are homotopy equivalences. For As this was
proved in Lemma 3.2, and for A5 this follows from the above discussion. For A; one
can use that the space 1\/[ap(1)(5(cn,S(Cn)S1 is equivalent to the space of bounded

self maps of S(C") x R and that this space in turn is homotopy equivalent to
Map(S(C), S(C”))Sl. Alternatively, see Corollary 1.7 of [24].
O
The projection ES! — # induces a map
(4.2) Qs:(ESL)Y = Qs (SY)°,

which is split injective in the homotopy category according to the tom-Dieck split-

ting ([15], Theorem I1.7.7):

Q51(5°)°" ~ Q(5°) x [[ @s:(ESL),

n>0



THE CIRCLE TRANSFER AND K-THEORY 9

where TI' is the weak product, and (4.2) corresponds to the inclusion of the com-
ponent indexed by n = 0. Let [1] € QSI(SO)Sl be the identity, and let

(4.3) C:1Qs:(8°)% = Qs (S5, z 1] —a.
Then, by the definition of A, we have

Corollary 4.2. The diagram

1 A 1
F? —— Qs1(ESL)?

l l

le(So)Sl ;) le(So)Sl

1s homotopy commutative. The horizontal maps are homotopy equivalences, and
the vertical maps are split up to homotopy. O

We next consider the multiplicative properties of A. The product on F5" s by
join of maps. To define a product on le(ES_lI_)Sl, let p: ES' x ES' — ES' be

an S'-equivariant homotopy inverse to the diagonal inclusion. Then
way M Qs1(ESL)S x Qa1 (ESL)S D Qsrysr (ESL A ESL)S %5
5 Qs (ESL)S

defines the required product; it is is homotopy associative and commutative, and
the map in (4.2) is multiplicative (as well as additive).

Proposition 4.3. The map A : 5t QSl(ES_ll_)S1 1s quadratic in the sense that
Az - y) ~ A@) + Aly) — p(A(2), Ay)

as maps FS' xSt le(ES_lI_)Sl.

Proof. Apply Corollary 4.2. O

We also have a product

i : QS ATP®) x Q(S* ACP) 5 Q(ST ACPE® A ST ACPS®)

trf

(4.5)
QS A TP,

where trf is the transfer associated with the diagonal inclusion A : ST — St x St
(or, more precisely, trf is obtained by functoriality from the morphism

(proj, A) : (S(V) x S(V),S* x S*) — (S(V), S1)
in the category C introduced i Section 2).
Lemma 4.4. The products p and ji correspond under the transfer equivalence
it QST ACPR) 3 Qon (BSL)S .

Proof. The smash product in (4.4) corresponds to the smash product in (4.5) since
transfer maps are compatible with products, cf. [22, Note 1.14] . The second map
in (4.4) corresponds to trf in (4.5) by naturality (2.6). O
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The diagram

1

St 2 QST ACPY)
| o
FS' 2 Qa(BSL)S

defines the homotopy equivalence from [10]. We note that the analogue of Propo-
sition 4.3 is satisfied for (A, j).

For applications in Section 5, we need an explicit expression for A. As above we
identify SC" with the unreduced suspension S ¥ S(C") with basepoint (1,%). As
target we identify S with the quotient D(C?)/S(C"). For definiteness, we choose
specific homeomorphisms

(4.6) SO % S(C™) = D(T™)/S(T), (L, ) — ta
(4.7) D(C™)/S(C") = S, v v/(1—|u)).
For f : S(C) — S(C") in F5",

A(f) = 8% % S(C") = S(C")4 A (D(C)/S(C))
is (up to homotopy) given by
(4.8) A x) = (2 te + (1= 1) f(=)).
Indeed, if f,g : S(C") — S(C"), then

d(M(f), Ailg)) : 8%+ S(C") = D(C")/S(C)
is given by

(I=2t)f(x), for0<t<1/2
(t2) = {(Qt “g(z), for1/2<t<1,

and this 1s clearly homotopic to the map
(t,x) = tg(x) + (1 =) f ().
This gives (4.8) when ¢ = id.

5. THE COMPLEX REFLECTION MAP

Given z € S and a complex line L C C**! let R(z, L) be the unitary transfor-
mation of C**! that multiplies by z on L and fixes the orthogonal complement L+
pointwise. Since R(1, L) = id, one obtains a map

R:S'ACP} - U(n+1).

Explicitely, if (v, w)y, = Y viw; denotes the usual Hermitian product on C**!
and we think of CP™ as S(C"*1)/S1, then

(5.1) Rz, [y))(x) =« + (z = 1){x,¥)¢ - ¥, r et
Passing to colimits gives

R: St AN CPY = colimU(n) = U,
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and we have a commutative diagram

SACPPE —— U

i o

St St

It follows that the adjoint
R:CPY = QU)
maps CP* to the 1-component Q1)(U). Let
B:BU x Z — Q(U)
be the Bott periodicity map, and B(yy the restriction to the 1-component.
Proposition 5.1. The composite
BjoR: CP™ — BU x {1}
classifies the canonical line bundle L over CP™ .

Proof. We consider the inclusions
U(2n) . U(2(n+1))
U(n) x U(n) Un+ 1) xU(n+1)

with union

A'—)Il@A@Il,

U(2n)
BU = _
LﬁJ U(n) x U(n)
We also have inclusions
ioopr e Ut o UQn) A Iy @ A,

T U)xUn) U(n) x U(n)’
and these define the map ¢ : CP> — BU, that classifies the canonical line bundle
L over CP* (or L — 1, if we think of BU as BU x {0}). We need an explicit
construction of the Bott map

By : BU — Q(SU) ~ Q(o)(U),

and follow H. Cartan and J. Moore, [12]: Given n > 1, let a, € Q(_py(U(2n)) be
the loop

an(0) = (exp(—i270) - I,) & I,.
Then B(gy is the colimit over n of the adjoints of
U(2n)
U(n) x U(n)
The statement in the proposition is equivalent to the commutativity (in the homo-
topy category) of the diagrams

i U(2n) Byo
U(n) x U(n) = Qo (Uen)

S |+

20 9y (U(2n))

(1/01) A — SU(@2n), (0,A) = an(0) - A-an(—0) - A™L.

cpn

CPr L QU+ 1))
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for all n. Here the component-shift +1 can be realized by taking pointwise mul-
tiplication in U(2n) with any fixed loop in Q1y(U(2n)). Given A € U(1 + n), we
have
Bo)(i[A]) () = Ln—1 ® (Ba(0) - A - Ba(=0) - A7),
where 8, € Q_1)(U(14 n)) is the loop
Bn(0) = (exp(—i270) - 1) & I.
On the other hand, if v denotes the first column in A, then
R(exp(i2n0), [v]) = A - B, (—0) - A™H
and the commutativity of (5.2) follows. O

Let JS' : U — F5" be the map that restricts a unitary transformation to the
unit sphere.

Proposition 5.2. The restriction of the transfer trf® o ST A CPy:

1
trf

SUACPY — Q(S' ACPY) 2 Qsi(ESL)S,

1s homotopic to the composition
Sl
Stacpye L vl P82 Qa(ESL)S

In preparation of the proof we have the following remark on the Pontrjagin-Thom
map considered in Section 2.

Remark 5.3. With notation of Section 2, let ¢ : K — M be a smooth G-invariant
embedding of a closed G-manifold K. A continuous map ¢ : M¢ — Th(N (7)) is
homotopic to the Pontrjagin-Thom map provided that

(i): The restriction of ¢ to i(K) is inverse to ¢, and ¢ preserves the complements:
#(M° — i(K)) C Th(N (i) — K.

(ii): ¢ is smooth in a neighborhood of i(K), and the differential induces an
isomorphism on quotient bundles, which is fiberwise diffeotopic to the identity:

TM)i(K) T®) T(NG)K
i

garey T(K)
Tg Tg
N(i) —— N().

For notational convenience, write V = C**1 and P(V) = S(V)/S!. The fiber
bundle p: S(V) — P(V), induces an exact sequence
0->T"S(V)=>TS(V) = p"TP(V) =0
as in Section 2. We may consider V as the real vectorspace R*11) equipped with
the complex structure J: V — V),
J(Ila Y1,y Tn+1, yn+1) == (_yla Liy---5 "Yn+1, xn+1)~
We have
TS(V)={(z,v) € S(V) x V|{zx,v) = 0}
with subbundle
T°S(V) ={(z,t-J(x)) € S(V) x V|t € R}.
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With this notation we get the trivialization
(5.3) Ad(SY ) pvy = TVS(V)/ST, ([e] t- ) = et - I ()],
where ¢ € R and (by abuse of notation), J = exp(in/2) is a basis for Ad(S*) C C.

Proof of Proposition 5.2. With V = C*t! as above, let f be the restriction of
Ao JS o Rto ST AP(V),

FiSYAP(V)y = Map,(SY,S(V)y ASYV)S

Using the expression (4.8) for A, f becomes a pointed map with adjoint

foSEAPV)E A (ST 5 S(V)) = S(V)4 A(D(V)/S(V))
given by
(5.4) fz ) te) = (ze + (1= 0)(z = 1)z, 9)c - ).
On the other hand, in constructing the transfer, we may use the obvious embed-
ding
i:S(V) = P(V)xV = (T"S(V)/S") & Ve,
and apply the Pontrjagin-Thom construction to get
t:((T°S(V)/S") @ Vpvy)© — Th(N(i)).

We identify S' and SAd(sT) by stereographic projection from the unit in S*, and
use (5.3) and the homeomorphisms in (4.6), to give an explicit identification of the
domain of f with the domain of ¢. Similarly, the trivialization in (2.4) identifies the
target of f with Th(N(¢)). With these identifications, the embedding ¢ corresponds
to

7:S(V) = S'APVIL A(SY+S(V)), xw (=1,[x],1/2,2),
and the zero section of N (i) becomes
§:S(V) = S(V)3 A(D(V)/S(V)), =+ (2,0).

We prove that f ~ ¢ by checking that f satisfies the conditions in Remark 5.3.

The first condition, the pull-back diagram

S(V) —— STAP(V)4 A (S° % S(V))

H s

SV) —= S(V)+ AD(V)/S(V),
follows from (5.4). For # € S(V), we have the monomorphism
V = Ti_3S" x Ty P(V) x Tryoyd x T, S(V)
given by
v (0,0 1,0, 40,2, 0 — (0, D)) I(&) + (v,2) - 2)),

where we take J as a basis for T{_l}Sl. This gives a trivialization Vg(y) = N(7),
compatible with the trivialization of N (¢) from (2.4). We now have a diagram

NE 2 NG

= =

Vsvy —— Vs,

~—
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and using the relationship between the Hermitian product ( , ), and the real inner
product { , ):
(v, wye = (v, w) + (v, I(w))- I, v,weV,

we see that the lower map is given by
(z,v) = (x,v+ (v, ) -z — (1/2){v, J(2)) - J(x)).
This is fiberwise diffeotopic to the identity via the diffeotopy
hi(z,v) = (z,v+t({v,z) - — (1/2){v, J(2)) - I(x))).

This verifies the second condition in Remark 5.3. O

6. DiaGraM 1.1

Let K denote the complex periodic K-theory spectrum, and write f{(E) =[E, K]
for a spectrum FE. For a based space X, we have K’(X) = IZ’(EOO(X)). Recall, that
L denotes the tautological line bundle over CP* | and L, the restriction to CP™.
The standard Thom classes Ap+ € I}(Th(L,J;)), cf. [7], are compatible under the
maps in (3.1) and Bott periodicity, so define

Aoz € K(Th(C — L)) = lim K (Th(L})),
and K(CP>) = K(Th(C— L)) by a — a - Ac_r.

The inclusion of a fiber into L1 induce a map from S?* to Th(LL) and in turn
a map from the sphere spectrum S

(6.1) i:S — Th(C—L).

The element Ag—y is an orientation class in the sense that *(Ag_r) € [:’(S) =7
is the multiplicative unit. Any other orientation class has the form (1 4+ ag) - Ac—1
with ag € K(CP®) = aZ[[z]), x = L — C.

The cofiber of the map ¢ in (6.1) is the spectrum Th(C) = ¥*(S? A CPg°), cf.
[17], [23], and we now compare the cofiber sequence

(6.2) S -4 Th(C — L) - Th(C) -% =5
to the standard p-local cofiber sequence from K-theory
(6.3) Jip) N Ky 1__@9) Ky — XJp-

Here g is a fixed natural number which defines a generator of the units (Z/p?)*
when p is odd, and g = 3 when p = 2. The operation ¥? in (6.3) is the Adams
operation ¥¢ on the 0’th space of K and equal to (1/¢™)¢?9 on the 2n’th space
Kpyan = BUpy X Z(p). The spectrum Ji,) has the structure of a ring spectrum; let
ej:S— Jip) be its unit. Then Do ey = eg is the unit of K, and ey is the unique
lift of ex . B

Consider now the following diagram in which ag € K,)(CP*) is given, and
B € Ky (CP*) is to be determined:

S —1 % Th(C-1L) —¥— Th(C) —2— xS
(6.4) lej l(1+o¢0)~>\¢_L L@Ac lzej

. 1-@9 . A
Jpy —— Kpy —— Kpy —— Y.
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Since (1 + «g) - Ag—rz is an orientation class, the left hand square homotopy
commutes, and since m_1(K,)) = 0, there is a unique element § € K,)(CP>)
making the ladder commutative.

Lemma 6.1. Write ag = xray, a; € K(CP>). The class # € K)(CP*) in (6.4)
1s given by
L9_2—|—2L9_3—|—~~~—|—(g—1)

p=- L9-1 L9224 ... 41

— (o1 — g9 (an)).

The proof of Lemma 6.1 is based upon the exponential homomorphism
PP K(X) = 1+ K (X) C Ky (X),
cf. [1]. On an n-dimensional complex vector bundle
p(E) - Ap = (1/9") - 47 (Ag),
and for a line bundle L,
(6.5) (L) = (1/g)- (14 L+ 1971,
Proof of Lemma 6.1. The map w in (6.3) induces a K,)(CP )-linear homomor-
phism N N
W™ Kp)(Th(C)) = Ky (Th(C - L)),
with
w'(Ac) =W (Ara-r)) = A-1(L) - Ac-r-
Here A_1(L) denotes the K-theoretic Euler class of L. On a line bundle, A_; (L) =
1-171,s0
(6.6) w (B Ac) = =Pz - Ac-1L.
On the other hand, an easy calculation using (6.5) shows that
(1= W) (1 +2a1) - Ao-1)
= (14 21— p(=L) - $7(1 + va1)) - M-t
L9=2 49193 4 ... -1
(1) ( + +o+ -1

L=l 4+ 719-24 ... 41
Comparing with (6.6) gives the expression for j.

+ay — 91/)9(@1)) “AC-L.

If we in Lemma 6.1 let ag = L — C, then § becomes the class
’ o Lo-1 4 Lo-24...41 ’

This element has an alternative description as follows. Let

p=p"—1:K(X)— K (X),

and define the operation Q?(5) by commutativity of the diagram
K(X) —2% K(S?AX)
lﬂZ(ﬁ) lﬁ
RKipy(X) —255 K (S A X).

(The isomorphism -Ag is the Bott periodicity operator that defines the structure
maps in the spectrum K).
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Proposition 6.2. The  corresponding to ag = L — C in Lemma 6.1 is f =
Q*(p)(L).

Proof. Let H be the canonical line bundle over CP' = S?, so that A\¢ = H — C.
Since p? is exponential,
i p(HL) - p9(1)
pL-A)=p(HL—-L)—1="—"F———.
(L Ac)= (L~ 1) e
Now H! — C=i(H — C) = iA¢, so
p/(HL) = (1/g)(HL)™ ' + -+ + HL + 1)
= (D) + (1 /gelly = DI+ o+ D),

and thus
. (- 4+ (g =299+ -+ L
L-Ac) = “Ac.
p( (C) Lg—1+Lg—2+,,,+1 C
The result follows by comparison with (6.7). O

The spectra in (6.2) are all connective, whereas the spectra in (6.3) are periodic
and thus has non-zero homotopy groups in negative dimensions. Let ku = K0, o0)
denote the (—1)-connected cover of K, and bu = K[2,00) its 1-connected cover.
Let also ju(,, = Jp[0,00). The diagram (6.4) then lifts to the p-local diagram of
connective spectra.

1 w 9
Sy — Th(C = L)) —— Th(C)p) —— TS,
(68) lSJ lL'Ac—L lﬂ2(ﬁ)(L)~>\¢ lEe]

4 D 1-09 A 4
Jupy — k() — bupy —— Yjup-

On the 0’th level of the associated €2 spectra, e is split surjective by the affirmed
Adams conjecture. This is far from being the case for the two middle arrows.
In fact they are not even rational equivalences. We shall remedy this fact by
rechoosing the middle maps. This requires that one decomposes K(;) into its so
called Adams components, cf. [4], [8]. There are idempotent operations F; on
Kpy(X) fori € Z/(p—1), so

with K ()

(6.9) Kfh (52 = {

(X) = EiK)(X). The coefficient groups are

Zpy forn=imod (p—1),

0 otherwise,

and one has the isomorphisms:

(i): 1—y9: KB (X) = K (X),  ifiZ0mod (p—1),

(i1): p: K([g]) (X) = K([g]) (X)), for X connected.
(The action of 1 —9 on IZ’(SZ”) is by multiplication with 1—g¢™, so (i) is immediate.
(i1) is more complicated and involves Bernoulli numbers, see [1] or [8]). Since 1 — ¥
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is an equivalence of Kl when i # 0mod (p— 1), (6.3) implies the cofibration
sequence

Dl [0 [0]

Ty 2 gl 1o gl A
(®) *(p) *(p) (#)>

and Al o By = A.
We now modify the middle arrows in (6.8) on the non-zero Adams components.

Let I € [Z’(p)(Th(C)) =6 [Z’([g)(Th(C)) have components

o~ 0 .
(6.10) iy — [P e Eo(L-Ao) for i =0,

(1 =99 o E;(L-A¢) fori#0.
Then [ is represented by the map
(6.11) S2ACPYE E28 BU Gy % Z(py == BUgpy X Zp,

where h acts by g on the 0’th Adams component, and by 1 — 9 on the other.
Notice that h induces a homotopy equivalence on BU(,) x {0}.

Similarly, let [ € [Z’(p) (Th(C-1L)) =6 [Z’([;]) (Th(C — L)) have components

(6.12) il = {EO(L “Ag-r) fori=0,

w*Ei(L-Ag) for i #£0.
On the spectrum level we pass to connective covers and get maps
1:Th(C) = bugyy,  1:Th(C— L) — kug.
Theorem 6.3. There is a commutative diagram of spectrum cofibration sequences

S —1 % Th(C—L) —— Th(C) —2— x5

(6.13) e |7 | B

: D 1-9 A :
JU(p) r kug) > bupy —— Tjug,),

and the vertical maps are rational equivalences.

Proof. The commutativity follows from the above remarks and Proposition 6.2.
Furthermore, the outer arrows are clearly rational equivalences, and it suffices to
check that the same holds for . The double desuspension

X7 : B®(CPY) — kugyy,
1s the unique extension of the space map
w L 2% (h)
CPY — BU(p) X Z(p) — BUgp) X Z(p).

Since Q%(h) is an H-map and a homotopy equivalence, a straightforward homology
calculation implies that ¥=2(l) is a rational equivalence. (It also follows from the
splitting considered in the next section). O
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7. THE SPLITTING THEOREM

The cofibration sequence (6.2) gives upon passage to infinite loop spaces a ho-
motopy fibration sequence

(7.1) Q% (S Th(—L)) <5 Q(S* ACP®) L5 Q(S57).
Proposition 7.1 ([17]). The map 8 in (7.1) is homotopic to the composition

1
trfs

irf - QST ACPR) ™ Qo (ESL)Y IS Qe (ESL) ~ Q(SY),
with trfS from Theorem 2.1.

Proof. This follows from Proposition 3.1 by applying Map(—, QSI(ES}I_))SI to the
equivariant cofibration sequence S_ll_ — 5% — S€ and using that

Map (S, Qg1 (ESL))S = Map(5°, Qg1 (ESL)) ~ Q(S°).
(In fact, one can derive the entire cofibration sequence (6.2) this way). O

Recall that QOO(E_lkU(p)) ~ Uy and QOO(E_lbU(p)) ~ U(p), and that the usual
complex image of J space is JU(p) X Zp) = Qoo(ju(p)). Then applying Q°° o £1
to (6.13) we get following diagram of infinite loop spaces.

trf

Q®(ZTh(-L)) —— Q(S*ACP®) ——  Q(5")

(7.2) li l, l
Q(1-99) A
Utp) — Utp) —— JUp) X Lp).
It follows from Proposition 5.1, that [ is the infinite loop map extension of

(7.3) stacre v, o,
with h defined in (6.11). Let s be the composite

st 3
(7.4) s: U I P52 Q(ST ACP),
with J5" the obvious inclusion that restricts a unitary transformation to the unit
sphere, and A the equivalence of Theorem 4.1.
Theorem 7.2. The composition l o s : Uy — Uy is a homotopy equivalence.

The next three lemmas provide the proof.

Lemma 7.3. The maps
[BU, BU] = Hom(H.(BU,Q), H.(BU,Q))
[U,U] = Hom(H,(U,Q), H(U,Q))
are injections. The same hold for the localized spaces BUpy and Uy .
Proof. The groups
[BU, BU] =Zlim K(BU (n))
[U,U] =lim K~ (U(n))

are torsion free (see e.g. [7, p.112, p.116]), and since the Chern character is ra-
tionally an isomorphism, elements of [BU, BU] and [U, U] are determined by their
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action on rational cohomology. Dually, such elements are then also determined by
their action on rational homology. O

Given amap f: X — E with F an infinite loop space, we write Q(f) : Q(X) —
E for the infinite loop map that restricts to f on X.

Lemma 7.4 ([13]). For any map f: St A CP{ — U, the composite map
65 Qs nepe) Sy
is an H-map, and simalarly of U 1is replaced by Uy .

Proof. Recall from Proposition 4.3 and the paragraphs following it that Q(St A
CP{°) has a product fi over which A becomes quadratic. Since Q(f) is additive,

$(x - y) ~ ¢(x) + (y) — Q(f) o A(A(x), A(y))-

In order to see that the term Q(f) o i(A(x), A(y)) vanish, we use the factorization
of fi from (4.5), i = trf oA. By definition, trf oQ(f) is an infinite loop map, and it
suffices to prove that the restriction to S$% A CP ANCP is null homotopic, which
is the case since K'(CP{® ACP{) =0. O
Lemma 7.5. Let f: U — U be an H-map. Then the composite map

(foR)

6 U =5 Q(s' ACpy) 2L,y

1s homotopic to f, and sitmilarly in the p-local situation.

Proof. According to Lemma 7.3, it suffices to prove that ¢ and f induce the same
map in rational homology. Tt is well known that H,.(U,Q) is an exterior algebra
generated by the image of

R* : H*(Sl ACP{?O’Q) — H*(U’Q)’

cf. [25]. Lemma 7.4, implies that f. and ¢. are algebra homomorphisms, so it
suffices to prove that the restrictions f o R and ¢ o R are homotopic. This is a
consequence of Proposition 5.2: The diagram

SYACPY —— S'ACPY
| [
U —— Q(S* ACPY)
i1s homotopy commutative. O

Proof of Proposition 7.2. Since §(h) is an H-map and a homotopy equivalence,
the statement in the proposition is a direct consequence of Lemma 7.5. O

The next result is a well-known reformulation of the main result of [2], given the
affirmed Adams conjecture.

Proposition 7.6. The map ey : Q(o)(SO)(p) — JU(py 1s split surjective provided p
15 odd.

Proof. The affirmed Adams conjecture 1s the statement that the sequence

BU(p) 1__¢>9 BU(p) — BSF(p)
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is null homotopic, see e.g. [9]. This implies the homotopy commutative diagram

Up —2 Uy —2=  BU, 25

[ L= H

Utp) > SFp) ? SEM/U@) > BUpy.

BU )
(7.5)

We compose oy with the map ¢ : SF — Q(o)(SO) from (4.3) to get
(7.6) a=Coar: JUpy = Quy(S”) -
The composite ey o «v is a homotopy equivalence, see e.g. [14], [20]. O
Lemma 7.7. With s and « being the maps defined in (7.4) and (7.6) respectively,
the diagram

Utp) —— Iy

0o trf
QUSTACPE) ) —— Qu)(S°)w)
1s homotopy commutative.

Proof. Consider the homotopy commutative diagram

1

UL p A, (st aCP)

H ! [

U —Ls SF —  Qu(s),
where the square follows from Corollary 4.2 upon composing with the inclusion
Q51 (S5 — Q(S?). O
Theorem 7.8. For odd primes p, the map
[: Q®YTh(—L)y — Ugp)
from (7.2) is split surjective up to homotopy.

Proof. From Lemma 7.7 we get the diagram

Q1-y?)
Utp) — Utp) — JUp

(7.7) l; l la

o o trf
Q ETh(—L)(p) R — Q(Sl/\CP+ )(p) —_— Q(o)(SO)(p)

In view of Theorem 7.2 and Proposition 7.6, this splits diagram (7.2), and in
particular [ o § is an equivalence. O

REFERENCES

[1] J.F. Adams, On the groups J(X)-II, Topology 3 (1965), pp. 137-171.

[2] J.F. Adams, On the groups J(X)-III, Topology 3 (1965), pp. 193-222.

[3] J.F. Adams, Stable homotopy and generalized homology, The University of Chicago Press,
1974.

[4] J.F. Adams, Lectures on generalized cohomology, in Lecture Notes in Mathematics 99,
Springer, Berlin-Heidelberg-New York, 1967.



(5]

THE CIRCLE TRANSFER AND K-THEORY 21

J.F. Adams, Prerequisites (on equivariant stable homotopy) for Carlsson’s lecture, in Alge-
braic Topology, Proc. Conf. Aarhus 1982, Lecture Notes in Mathematics, 1051, Springer,
Berlin-Heidelberg-New York, pp. 483-532.

D. Anderson, There are no phantom cohomology operations in K-theory, Pacific J. Math.
107 (2) (1983), pp. 297-306.

M.F. Atiyah, K-Theory, Benjamin, 1967.

M.F. Atiyah and D.O. Tall, Group representations, A-rings and the J-homomorphism, Topol-
ogy 8 (1969), pp. 253—297.

J.C. Becker and D.H. Gottlieb, The transfer map and fiber bundles, Topology 14 (1975), pp.
1-12.

[10] J.C. Becker and R.E. Schultz, Equivariant function spaces and stable homotopy theory I,

Comm. Math. Helv. 49 (1974), pp. 1-34.

[11] G.E. Bredon, Introduction to compact transformation groups, Academic Press, New York,

1972.

[12] H. Cartan, Séminaire H. Cartan, Paris, 1959-1960.
[13] M.C. Crabb, Z/2-homotopy theory, London Math. Soc. Lecture Note Series 44, Cambridge

University Press, Cambridge, 1980.

[14] M.C. Crabb and K. Knapp, Applications of Im(J)-theory, in “Handbook of Algebraic Topol-

ogy”, (M. James, ed.), North-Holland, Amsterdam, 1995.

[15] T. tom Dieck, Transformation Groups, Walter de Gruyter, 1987.
[16] J.R. Klein and J. Rognes, The fiber of the linearization map A(x) — K(Z), Topology 36,

No. 4 (1997), pp. 829-848.

[17] K. Knapp, Some applications of K-theory to framed bordism, Habilitationsschrift, Bonn,

1979.

[18] L.G. Lewis, J.P. May and M. Steinberger, Equivariant stable homotopy theory, Lecture Notes

in Mathematics 1213, Springer, Berlin-Heidelberg-New York, 1986.

[19] I. Madsen, Algebraic K-theory and traces, in “Current developments in Mathematics” (1995),

International Press, Boston, pp. 191-321.

[20] 1. Madsen and R.J. Milgram, The classifying spaces for surgery and cobordisms of manifolds,

Annals of Math. Studies, No. 92, Princeton University Press, 1979.

[21] 1. Madsen and U.Tillmann, The stable mapping class group, preprint, Aarhus University,

1999.

[22] B. Mann, E. Miller and H. Miller, S!-equivariant function spaces and characteristic classes,

Trans. Am. Math. Soc. 295 (1) (1986), pp. 233-256.

[23] D.C. Ravenel, The Segal conjecture for cyclic groups and its consequences, Am. J. Math. 106

(1984), pp. 415-446.

[24] R.E. Schultz, Equivariant function spaces and equivariant stable homotopy theory, in Trans-

formation Groups (Czes Kosniowski, ed.), London Math. Soc. Lecture Note Series 26 (1977),
pp. 169-189.

[25] N.E. Steenrod, Cohomology operations, Annals of Math. Studies, No. 50, Princeton University

Press, 1962.

MATEMATISK INSTITUT, AARHUS UNIVERSITET, DK-8000 AARHUS, DANMARK
E-mail address: imadsen@imf.au.dk

DEPARTMENT OF MATHEMATICS, STANFORD UNIVERSITY, STANFORD, CA 94305-2125, USA
E-mail address: krull@gauss.stanford.edu



