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LIFTINGS OF QUANTUM TILTING MODULES

HENNING HAAHR ANDERSEN !
GEORGES PAPADOPOULO 2

1. INTRODUCTION

Let k be an algebraically closed field of characteristic p > 0, G, a simple algebraic
group over k, and Bj (resp. Hg, Ng, NE_) a Borel subgroup (resp. a maximal torus
in B, the maximal unipotent subgroup of Bz, the maximal unipotent subgroup of
the opposite Borel subgroup relative to Hj). We denote by X, the correspond-
ing set of dominant integral weights. We call A-modules or Weyl modules (resp.
V-modules or induced modules) the family {A(M)}rex+ (resp. {V(N)}aex+) of
indecomposable rational representations of G satisfying the universal property
Homea, (AN, M) ~ MiVE (resp. Homg, (M,V())) ~ (M*)ivk ) for any rational
Gy-module M. Here MiVE denotes the space of Ng-invariants of weight A in M.

A well known theorem, due to Cline-Parshall-Scott-van der Kallen [CPSvdK]
and Donkin [D1], asserts that ExthE(A(/\),M) = 0 for all A € Xt if and only
if ExtiGE(A(/\),M) =0 for all A € X*T and all i > 1 if and only if M admits a
V-filtration (i.e. there exists a filtration 0 = FoM C 1M C --- C F, M = M, such
that each F; M/F;_1M is a V-module).

We prove in this note that we have a similar statement for modules with A-
filtration up to S-torsion (see 3.1, for the exact definition) over the corresponding
quantum group Uy, defined over Ay = Z[v,v™1], S being a multiplicative sub-
set of Ap. More precisely, under some mild assumptions on M, we obtain that
Ext'(Aa, (M), M) is S-torsion for all A € Xt if and only if Ext!(A4,()), M) is
S-torsion for all A € XT and all ¢ > 1 if and only if M has a V-filtration up to
S-torsion. The category of such modules with V-filtration up to S-torsion shares
some common properties with modules with V-filtration, e.g. stability under direct
summands and tensor products (see section 3).

These results can actually be extended to any Z[v, v~ !]-algebra. In particular, let
us consider the ring A = Z[v](, ,—1) of polynomials over Z localized at the maximal
ideal (p,v —1). Let & be a primitive (p®)*™ root of unity for some e € N and ¢, the
(p°)t™h cyclotomic polynomial. Denote by C, the field of complex numbers viewed
as a Z[v,v~1]-algebra by letting v act as £&. Between some appropriate categories
of representations of the quantum groups U4, Ug, and Uy, there exist functors as
follows:

{Ua —rep}
Fe./ N\ Fj
{Uc, —rep} {Ug —rep}
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2 LIFTINGS OF QUANTUM TILTING MODULES

and, furthermore, according to [APW], the corresponding category over Uy, is equiv-
alent to the category of rational Gg-modules. In [A], the first author proved that
indecomposable tilting modules over Ui (or equivalently over Giz) can be lifted to
indecomposable tilting modules over U,4. Recall that a tilting module, as defined
in [R],[D2], is a module with A-filtration and V-filtration. The image of an inde-
composable tilting module by Fg_ is again a tilting module, however, in general,
it is not anymore an indecomposable tilting module. Indeed, an indecomposable
tilting module in {Ug, — rep} cannot usually be lifted to an indecomposable tilting
module over Uy4. In section 4, we prove however, that an indecomposable tilting
module over Ug, can be lifted to an indecomposable “almost” tilting module over
U4, namely an indecomposable module with a A-filtration up to Ag — (¢¢)-torsion
and a V-iltration (or a V-filtration up to Ay — (¢¢)-torsion and a A-filtration).

ACKNOWLEDGEMENTS: The second author would like to express his grati-
tude to O. Mathieu who introduced him to the theory of tilting modules and for
many encouragements during the elaboration of this work. He would also like to

thank to C. Schlichtkrull, V. Ostrik and R. Rouquier for helpful discussions.

2. NOTATIONS AND PRELIMINARIES

(2.1) If R is a domain and S is a multiplicatively stable subset of R with 0 ¢ S
then an R-module M is said to be of S-torsion (or, an S-torsion module) if for any
m € M, there exists o € S such that «.m = 0. In other words, M is an S-torsion
module if and only if S™'M = 0.

For any short exact sequence 0 — A — B — (' — 0, we have that B is an
S-torsion module if and only if A and ' are S-torsion modules.

(2.2) Let Ay = Z[v,v™!] be the ring of Laurent polynomials over Z. Set also
A = Z[v](p,u—1), with p a prime number. Let k be the algebraic closure of the residue
field of A, i.e of Z/pZ. If e € N and £ is a primitive (p®)*™-root of unity, we denote
by C. the field of complex numbers C viewed as an Ag-algebra by specializing v to
&. Note that C. is the algebraic closure of Q[£] which in turn is the residue field
of Ag localized at (¢¢), the prime ideal in Ay generated by the (p°)™ cyclotomic
polynomial. Remark also that, when [ = p° for some ¢ € N, k and C, are both
A-algebras.

(2.3) Let (X,Y,<,>,...) be a root datum of finite type (I,.). To each such
datum we associate, as in [L1],[L2], a quantum group U4, defined over Ag. Simi-
larly, we denote by U;'(D, UE‘D, Uy, the subalgebras of Uy, corresponding respec-
tively to the positive, toroidal, negative part of the triangular decomposition of
Ua,. The subalgebra U;'{D (resp. U;D) is generated by elements {E;N)}ieijzl
(resp. {FZ'(N)}z’EI,N21)~ The subalgebra Uﬁu is commutative. It is generated by
the elements ([(iﬂ:l)iej and some polynomial functions of them, see [L1]. If K is
any Ag-algebra, then we define Ug, U;, Uy, Uz to be Ug, @4, K, U;'{D Qa, K,
Uﬁu @a, K, Uy, ®ua, KK, respectively. We will, however, use the notations Uc,,
Uge, Ug, when K = C.. By [APW, 3.7], we know that Uf is an associative al-
gebra whose representation theory is analogous to the one of Gf, the semi-simple
algebraic group defined on k with corresponding Cartan datum (7,.). The functors
Fg,, Fy, of the introduction are just: Fg, (J) = @4 Ce, F5(1) = @4 k.

(2.4) We consider the Coxeter group (W, S) associated to the Cartan datum
(I,.). (Here S should not be confused with the multiplicative subset considered
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above). Let wy be the longest element of W with respect to the set of generators
S. The subset X1 of the weight lattice X is defined to be

Xt ={ e X |(i,A) eNforallicl}.

The Weyl group W acts on X. For A € X, define \* = —wg(A).

(2.5) For any Ug-module M, define My = {m € M | um = xx(u)m for all u €
Ug-}. Here x denotes the character of Uf- determined by A, see [APW]. We say that
M is Up-diagonalizable if and only if M = Drcx Mx. Let Cx be the category of
Ug-integral modules of type 1. Objects in this category are modules M, which are
Ug-diagonalizable, U; and Ug-finite (i.e. for any m € M, E;N).m =0= FZ»(N).m
for all N > 0). If M is any Ug-module, we denote by FM the largest submodule
of M belonging to the category Ck .

(2.6) We define V-modules using an induction functor in the category Cx, namely
Vir(A) = FHomU;’Ug{(UK, A) for any A € X7T. Let also, Ag (X) = Vi (A*)*. These
modules are indecomposable modules in the category Cx. Their character is given
by the Weyl character formula. Furthermore, the module Ag(A) (resp. Vg (X))
satisfy the universal property that for any M € Cx, Home, (Ag(A), M) ~ Mg;
(resp. Home, (M, Vi (A\)) ~ (M5)Ux). Finally, we have ExtéK(AK(/\), Vr(p) =
0 for all A,p € Xt and all i > 0. These fact are proved in [APW], when K =
A, k,C.. When K is any Ag-algebra, the universal property of A, V-modules can
be obtained as in loc. cit. Moreover, Kempf’s vanishing theorem 1s proved in
general, i.e over Ag in [W], see also [Kal.

We say that a Ug-module has a A-filtration (resp. a V-filtration) if there exists
a filtration 0 = FoM C ... C F;, M = M such that F;M/F;_1M is isomorphic to
Ag(Aj) (resp. Vi(Aj)) for some A; € Xt. Using the standard resolution of K
in the category Cx defined as in [APW, 2.17], it follows as in [Ja, 11.4.9-13] that
ExtéK(AK(/\),VK(ﬂ)) =0 for all \,p € Xt and all i > 0. One also deduce (see
[APW]) that a module M € Cx which is K-free has a A-filtration if and only if
ExtéK(A(/\),M) =0forall Ae Xt.

3. FILTRATIONS UP TO S-TORSION

In all this section, K is any Ag-algebra and, unless otherwise stated, S is any
multiplicatively stable subset of K with 0 ¢ S.

Definition 3.1:

A Ug-module M is said to have a V-filtration (resp. A-filtration) up to S-torsion
if STYM has a V-filtration (resp. A-filtration).

Remark 3.2: These two definitions are dual to one another. In the following
we shall mostly be considering modules which have a V-filtration up to S-torsion
leaving it to the reader to formulate the straightforward dual statements.

Remark 3.3: Note that by our definition any S-torsion module is a module with
a V-filtration up to S-torsion.

Lemma 3.4:

Let R be any integral ring, A an R-algebra and S a multiplicative subset of R.
Suppose M 1s a A-module finitely generated over R with S-torsion. The modules
Exti (., M), Exti (M, ) and Tor*(_, M) are all S-torsion modules.

Proof: Consider a projective (resp. injective, projective) resolution and apply
the functor Homy (-, M) (resp. Homp(M, ), ~@x M) to it. All the terms of the
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resulting complex are S-torsion modules by the assumptions. Therefore we get the
result. O

Proposition 3.5:

Let M be a Ug-module in the category Cx which s finitely generated and free
over K. The following statements are equivalent:

i ) The module M has a V-filtration up to S-torsion.

i) ExtéK(AK(/\), M) is an S-torsion module for all i > 1 and all A € X,

iii) ExtéK(AK(/\), M) is an S-torsion module for all A € X™T.

Proof:

We have i) impliesii) by Lemma 3.4 and the vanishing of EajtéK (A (A), Vi (1)
for all ¢ > 1 and all A\, € XT. Obviously, ii) implies iii). To see that iii) implies
i) note that

STH Bt (Ax(A), M) = Bxte__, (As-1x(N),STIM).
Since M is free over K we have that S~' M is free over S~' K. The conclusion now
follows from the last sentence in 2.6.

Proposition 3.6:

Any direct summand of a module with V-filtration up to S-torsion is a module
with V-filtration up to S-torsion.

Proof: This is an immediate corollary of proposition 3.5. O

Proposition 3.7:

A tensor product of two modules which both have ¥ -filtrations up to S-torsion is
a module with V-filtration up to S-torsion.

Proof: Let My, Ms be two modules with V-filtrations up to S-torsion. The
proposition follows by observing that S™! (M; @k M2) ~ ST M) @g-15 S~ M5 and
using the fact (([M],[P]) that the tensor product of two modules with V-filtrations
has a V-filtration. O

Following 3.1, we introduce the following definition

Definition 3.8:

A tidting module up to S-torsion is a module which has both a ¥V -filtration up to
S-torsion and a A-filtration up to S-torsion.

We have the following immediate corollaries of propositions 3.6, 3.7:

Proposition 3.9:

A module 1s tilting up to S-torsion if and only if all its direct summands are
tilting up to S-torsion. O

Proposition 3.10:

A tensor product of tilting modules up to S-torsion is a tilting module up to
S-torsion. O

4. QUANTUM TILTING AND TILTING UP TO S-TORSION

From now on, let p be a prime number, £ a primitive (p¢)™-primitive root of
unity for some e € N. Recall our notation A = Z[v](, y—1). We denote by S, the
multiplicative set A — (¢¢) = {a € A| a & (¢¢)}. As usual, C. will be considered

as an A-module by specializing v to €.
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A Ug-tilting module can be lifted to a U4 tilting module [A]. In general, it is not
the case for a quantum tilting module T". However, we will prove that any quantum
tilting module can be lifted to a U4-tilting module up to Sc-torsion.

In particular, we will introduce lifts TV (resp. T*) which have A-filtrations
up to Se-torsion (resp. V-filtrations up to Se-torsion) and V-filtrations (resp. A-
filtrations).

Lemma 4.1:

Let M be a finitely generated A-module. Let (1, ...,(, be a minimal set of gen-
erators ordered in such a way that the images of (1,...,{q in M ®4 C, constitute a
basis of M @4 C.. The module M/ < (1, ..., a > is of S.-torsion.

Proof:

We have the short exact sequence

0 —<,onla>—M—M/<{,....,{g>— 0.

Since _®4 C, is a left exact functor, M/ < (1, ...,{4 > @4C. = 0, or equivalently,
M/ <y Ca> @4Q[6] = 0. Since Q[€] s the residue field of the local ring S 1A,
by Nakayama lemma, this is equivalent to say that M/ < (i, ..., 4 > ©®4S7 1A =0,
le. Se_lM/<C1,...,Cd >=0. O

Proposition 4.2:

If M is a Ua-module with V-filtration up to Sc-torsion (resp. A-filtration up to
Se-torsion) then, M ®4 C, is a Ug_-module with ¥V -filtration (resp. A-filtration).

Proof: By definition, we have S;'M has a V-filtration. Thus, M @4 C. =

SotM @g-1 4 Ce has a V-filtration. O
Corollary 4.3: Let M be a Uy4-tilting module up to Se-torsion then M @4 C, 1s

a Ug,-tdting module. (]
Theorem 4.4:

Let T, (A) be the indecomposable Ug,_ -tilting module with highest weight A. There
erists an indecomposable lift TXCG(/\), (resp. Ti@e(/\)) of Tr.(A) having a A-
filtration (resp. V-filtration) up to S.-torsion and a V-filtration (resp. A-filtration).

Proof: We build the module Tﬁ@e(/\) inductively. To begin with, set Xgq =
A4(A), and Ag = A, We build induétively some modules X; which are A-filtered
and such that ExtéA(AA(ﬂ), X;) is an Se-torsion module for all ¢ > A;, where the
sequence ()\;) is a strictly decreasing sequence of elements in X*.

Assume that we have built X;. Take A;;1 to be the largest element in X+ having
the property that ExtéA(AA(/\iH),Xi) ®a Ce is not zero. Let (i,...,(n,y, bea
minimal set of generators of the module ExtéA(AA(/\iH),Xi) ordered in such a
way that the image of (1, ...,(q,,, in EajtéA (Aa(Aig1), X;) @4 C. form a basis. Let
X;41 be the universal extension of AA(/\H_l)d“rl by X; associated to the element
CGd- ey

Using the long exact sequence associated to the short exact sequence
0 — Xi — Xip1 — Aa(Aip1) 4 — 0

we obtain that Ewtp (Aa(p), Xiy1) ~ Ewts, (Aa(p), Xi) for any g > Ay and
ExtéA(AA(/\iH)d“rl , Xi41) is isomorphic to the cokernel of the map

Home , (Aa (i) Au(Nip1)) — Bate, (Aa(Aigr) "+, Xi).
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This cokernel is by construction equal to EajtéA (Aa(Nip)¥+ X0/ < Gy e Cdig1 >
Thus, by Lemma 4.1, ExtéA(AA(/\iH), X;41) is of Se-torsion.

This construction terminates when we obtain a module X,,, which satisfies that
ExtéA(AA(ﬂ),Xi) is an S.-torsion module for all g > 0. By proposition 3.5, the
module X,, has a V-filtration up to Se-torsion. Furthermore, it 13 a A-filtered
module, free over A. By Corollary 4.3, X,, ®4 C. is a Ug,-tilting module. It has
the same character as T (A) by construction. Thus, it is a lift of Tg_ (A). We
denote it Tﬁ,ce(/\)'

We have now only left to prove that Tﬁ@e (A) is indecomposable. Let Tﬁ@e (A) =
My & My. We have Tg, (A) = (M1 ©@4 Co) & (M2 @4 C.). Since T, () is indecom-
posable, we have, say, Ms ®4 C. = 0. But since M5 is a summand of Tﬁ,Ce(/\) it is
a free A-module and we conclude Mo = 0. O

Remark 4.5: Tt follows from [A] that we have: Tﬁ,@o(/\) = A(A) and TX@D(/\) =
V(A). Thus, tilting modules over Uy are modules which are Tﬁy(cu—ﬁltered and
TX@D—ﬁltered. One could ask if it is true more generally that a U4-tilting module
is indeed Tﬁy(ce—ﬁltered and TX@e—ﬁltered.

Proposition 4.6: Let A € XT.

i) There is a natural injection from Tﬁ,Ce(/\) into TXCe(/\) whose cokernel is of
Se-torsion.

il) We have ch Tg, (A) = ch Tz (A) if and only if Tﬁ,Ce(/\) = TXCe(/\)‘

Proof: The natural homomorphism from A 4(A) to V 4(A) extends first to a ho-
momorphism from Tﬁ@e (A) to V4(A) (because EajtéA (Tﬁ,Ce N/AAN), Va(N) =
0) and then this lifts to a homomorphism ¢ : Tﬁ,Ce(/\) — TXCe(/\) (because
EajtéA (Tﬁy@e(/\),[(er(TX@e(/\) — V4(A)) = 0). By construction ¢ is an iso-
morphism on the A-weight space. Since by Theorem 4.4 we have Sngi@e(/\) ~
Tg-1 A(N) = STITY (A) we see that S7'¢ is an isomorphism and i) follows.

To prove ii) note first that if Tﬁ,Ce(/\) = TXCe(/\) then this module is A-
filtered and V-filtered. By unicity of the indecomposable tilting module of given
highest weight, we have Tﬁ,Ce(/\) = TXCe(/\) = T4(A), the lifting of the in-
decomposable tilting module 7% (A) as constructed in [A]. Therefore, we have:
ch To, (A) = ch Ti(A).

Conversely, suppose ch Tp_(A) = ch T;(A). Tt implies that in each step of the
construction of Tﬁ,Ce(/\) given in theorem 4.4, we have d; = n;. Thus

Bxts (Aa(Nig1) "+, X)) <CoyooyCavpn >

is actually zero. We therefore obtain a module Tﬁ,Ce(/\) which is both A-filtered
and V-filtered. Again, by unicity of indecomposable tilting module with given
highest, weight, we obtain: Tﬁ,Ce(/\) = TXCe(/\)' O

Remark 4.7 There is a natural injection from Tﬁ@e (A) into T4 (A). This is seen
by arguments analogous to those used in the proof of Proposition 4.6 i) (this time
one obtains a map which upon localization at S is a (split) injection).

Dually, there is a natural surjection from T4(A) into TXCe(/\)'

Remark 4.8 (Reformulation of [A, Conjecture 5.1]):
Let Cpz = {A € X1 | (A4 p, ho) < p?}. In [A], the first author conjectured that
for any A € Cp2, we have: ch Tg, (A) = ch T ()). By proposition 4.6, this conjecture
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is equivalent to say that the corresponding lifts from Theorem 4.4 correspond, i.e.,
Tﬁ@ (A) = TX@ (A).
3l 3yl
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