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ON THE STRUCTURE OF A SOFIC SHIFT SPACE
KLAUS THOMSEN

ABSTRACT. The structure of a sofic shift space is investigated, and Krieger’s em-
bedding theorem and Boyle’s factor theorem are generalized to a large class of
sofic shifts.

1. INTRODUCTION

In symbolic dynamics there are two celebrated results which give necessary and
sufficient conditions for an irreducible subshift of finite type (SF'T) to embed into or
factor onto an irreducible SFT with different entropy. They are known as Krieger’s
embedding theorem and Boyle’s factor theorem, respectively, and they are closely
related: Their proofs are similar, being based on a fundamental lemma of Krieger,
and they are both quite striking because they ensure that a certain trivial necessary
condition is also sufficient. Furthermore, the necessary and sufficient conditions have
to do with the periods of the periodic points in both cases; in Krieger’s theorem
the requirement is that the target shift must contain at least as many periodic
orbits of each period as the domain shift, and in Boyle’s theorem it is that the
target must contain an orbit whose period divides n, whenever the domain contains
an orbit of period n. When the target shift space is mixing, rather than merely
irreducible, Krieger’s theorem holds unchanged when the domain shift is no longer
a SFT - in fact, the domain can be an arbitrary shift space as long as the range is
a mixing SFT. Similarly, when the target is a mixing SFT the validity of Boyle’s
theorem extends far beyond the case where the domain is a SF'T. In particular, it
holds unchanged when the domain is an arbitrary sofic shift, as long as the target
is a mixing SFT, cf. [B]. However, Boyle demonstrated by examples that both
theorems fail quite dramatically when the target is allowed to be a mixing sofic
shift, even when the domain is a mixing SFT. It is the purpose of the present paper
to reveal and investigate the structure of a sofic shift space which is responsible for
this failure, and to obtain necessary and sufficient conditions for the existence of
embeddings and factor maps between irreducible sofic shifts of different entropies.
As we shall explain below we do not succeed completely in the latter, but we do make
substantial progress by proving results which cover and go beyond the cases where
the target is an arbitrary irreducible sofic shift and the domain is an irreducible
SE'T. Furthermore, we do have a good idea about what is lacking in order to cover
the general case.

The fundamental difference between SFTs and other shift spaces has to do with
synchronizing words. While a general shift space may not have any synchronizing
words, in a SFT all sufficiently long words are synchronizing. This is no longer the
case when the shift space is strictly sofic, but still there are many synchronizing
words and this fact is of central importance in the study of sofic shift spaces and
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2 KLAUS THOMSEN

their presentations. The presence but relative scarcity of synchronizing words gives
rise to a natural structure of layers in a sofic shift space which is absent in a SFT.
Specifically, when X is a sofic shift space with non-wandering part R(X), we can
consider the shift space

0X ={z € R(X) : x contains no words that are synchronizing for R(X)},

which we call the derived shift space of X. It turns out that the derived shift space is
again a sofic shift space, and we can therefore repeat the construction by considering
the derived shift space 92X of X. By continuing in this way we obtain a decreasing
sequence of subshifts inside a sofic shift:

XD0XDPXDPXD...

It turns out that the sequence terminates, i.e. there is an n € N such that 9" X # ()
while "X = (). We call n the depth of X. The derived shift spaces of X, and
hence also the depth of X, are conjugacy invariants of X and any natural number
n can occur as the depth of a mixing sofic shift space.

Even when X is mixing the derived shift spaces may not be irreducible, and we
are therefore forced to deal with reducible sofic shift spaces in our study of mixing
sofic shifts. This conclusion is not new; it was pointed out by Boyle and Krieger in
[BK]. In order to understand the nature of reducibility occuring in irreducible sofic
shift spaces, we generalize here the notion of irreducible components, which give rise
to the fundamental structure in a reducible SF'T, to make it more relevant for sofic
shifts. As with the derived shift spaces the point of departure for this is the set of
synchronizing words in the non-wandering part R(X) of X. Following Jonoska, [J2],
we introduce an equivalence relation between these words so that two synchronizing
words, x and y, which occur in R(X), are equivalent exactly when there are words
t,s in R(X) so that zsy and ytx are words in R(X). The set of equivalence classes
parametrize the collection of what we call the irreducible components, and for each
equivalence class the corresponding irreducible component is made up by the ele-
ments in R(X) in which there is a bound on the distance between occurrences of
words from the equivalence class. Each irreducible component is a subshift of X,
which may not be closed, but is the union of an increasing sequence of irreducible
SE'Ts. They are mutually disjoint, and they are disjoint from the derived shift space
0X of X. When X happens to be a SFT, the irreducible components are closed
in X, because all sufficiently long words are synchronizing, and they agree with
the usual irreducible components in this case. Unlike the SFT-case the irreducible
components, as defined above, do not contain all periodic points of a general sofic
shift space. But this is just because 0X contains periodic points, so to capture
more periodic points into irreducible components we add first the irreducible com-
ponents of X, then the irreducible components of X, and so on. It turns out
that each of the derived shift spaces of X only contribute a finite number of new
irreducible components and as a result the total number of irreducible components
we obtain is finite because the depth is finite. The new collection of irreducible
components, coming from all the layers in X, do contain all periodic points and
they are mutually disjoint, as they are in the SFT case. The fundamental difference
is that they may not be closed in X, but their closure is always an irreducible sofic
subshift of X. This structure of irreducible components is a conjugacy invariant for
the shift space, and it is a structure which is respected by any map between sofic
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shift spaces. Specifically, when X and Y are sofic shift spaces with irreducible com-
ponents X.,c € Cx, and Y., c € Cy, respectively, then any morphism ¢ : X — Y
induces a map ¢ : C'xy — Cy with the property that

¥ (Xe) €Yy (1.1)

for all ¢ € C'x. Hence the structure of irreducible components, as described above,
is fundamental to questions about the possibility of mapping one sofic shift space
into or onto another. Note that even when X and Y are both SFTs and Y is not
irreducible, this property of a morphism is still non-trivial, albeit wellknown. When
Y is both SFT and irreducible it is trivial even when X is strictly sofic.

The irreducible components impose a structure on the periodic orbits which must
also be respected by maps between sofic shift spaces. As pointed out by Boyle
the problem about embedding and factorization among sofic shift spaces has to do
with certain 'congruence conditions on allowed periodic block counts’, cf. p. 550
of [B]. These congruence conditions reflect how the periodic orbits relate to the
irreducible components. Although a periodic point is contained in one and only one
irreducible component, it can easily be contained in more than one of the closures of
the irreducible components, and this leads to a notion, which we call affiliation of a
periodic orbit to an irreducible component. Specifically, given a minimal cycle ¢ in
X, where ’cycle’ means a word with the property that ¢* is an element of X, we say
that the periodic point ¢*° is d-affiliated to an irreducible component X, when there
are words u, v occuring in X, both of which are synchronizing for R(X), such that
ug'v is a word in R(X) for all i € N. Here d can be any natural number. It turns
out that ¢* is 1-affiliated to X, if and only if there is an irreducible SFT in X which
contains ¢ and allows words from X, that are synchronizing for R(X). 1-affiliation
is closely related to the notion of receptive periodic points introduced by Boyle in
[B]. In fact, in an irreducible sofic shift space a periodic point is receptive if and
only if it is 1-affiliated to the unique irreducible component which is dense in X, and
which we call the top component in X. It turns out that the way the periodic points
affiliate to the irreducible components is a conjugacy invariant, and that arbitrary
maps between sofic shift spaces must respect this structure in a way which resembles
the way in which they must respect the periods. To make this precise, we say that
a periodic point x € Per X has affiliation number k to the irreducible component
X. when period(x) divides k and x is m—aﬂiliated to X.. It then turns out
that any morphism v : X — Y must respect the affiliation numbers of the periodic
points in the sense that

x has affiliation number £ to X,

Y
¥(z) has affiliation number & to Y

c)’

where X, — Yi(c) is the map of irreducible components induced by . In the
case where X and Y are SFTs this property of ¥ reduces to the obvious one, that
period (¢(z)) divides period(x). In general the property is much more complex and
subtle, and it explains why conditions on entropy and periods are not enough to
ensure the existence of maps between (mixing) sofic shift spaces. We will refer to
this property by saying that " preserves affiliation numbers’.
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The main results of the paper is that for a large class of mixing sofic shift spaces,
the condition that a morphism must preserve the affiliation numbers to top com-
ponents, gives rise to the appropriate substitutes for the conditions on periods in
Krieger’s embedding theorem and Boyle’s factor theorem. In order to formulate the
results so that they can be easily compared to the theorems of Krieger and Boyle,
we introduce the following notation. Let X and Y be irreducible sofic shift spaces,
with top components X, and Y., respectively. We write Per X < PerY when there
is a period-preserving injective map A : Per X — PerY from the periodic points
in X into the periodic points in Y such that A(z) is d-affiliated to X, when z is
d-affiliated to Y,. We write Per X \ Per Y when there is a map A : Per X — PerY
such that period(A(z)) divides period(x) and A(x) is %—afﬁliated to Y. when
x is d-affiliated to X,.. The main results can now be formulated as follows:

Theorem 1.1. Let X and Y be sofic shift spaces, X mixing with transparent affili-
ation pattern. If X embeds into Y, there is an irreducible component Y, in'Y such
that X CY,,

a) Per X — PerY,, and
b) h(X) <h (?c)

Conversely, if there is an irreducible component Y, in Y such that a) holds and
b)) h(X) <h(Y),

then X CY.CY.

Theorem 1.2. Let X and Y be sofic shift spaces, X irreducible with transparent
affiliation pattern and Y mixing. Assume that h(X) > h(Y'). Then Y is a factor of
X if and only if Per X X\, PerY.

We refrain here from giving the precise definition of what it means for an irre-
ducible sofic shift space to have transparent affiliation pattern. See Section 9. It
suffices to say that all mixing sofic shift spaces which are inclusive, as defined by
Boyle in [B], and all near Markov shifts, as defined by Boyle and Krieger in [BK],
have transparent affiliation pattern, and that there are many others; but that not
all mixing sofic shift spaces have this property. In fact, we give examples to show
that none of the two theorems above hold true when X is allowed to be a general
mixing sofic shift. The reason is that in the definition of <— and \, we consider only
the affiliation pattern of the periodic points to the top component. The counterex-
amples we exhibit show that sufficient conditions for the existence of embeddings
and factor maps between mixing sofic shift spaces must, in the general case, reflect
the affiliation pattern of the periodic points to more than one irreducible compo-
nent; presumably it will be necessary to consider all components in the general case.
Furthermore, the irreducible components may have a global periodicity structure,
i.e. be non-mixing, although the sofic shift as a whole s mixing, and this must also
be taken into account in the general case. Example 9.14 illustrates this point. Not
only will the right conditions be more complicated, but the proof of the sufficiency
of such conditions must be considerably more complicated than the proofs we give
here of Theorem 1.1 and Theorem 1.2. These proofs are mild elaborations of the
techniques developed by Krieger and Boyle.
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In none of the two theorems above can we relax the mixing condition by replacing
it with irreducibility. But if one of the involved shift spaces is a SFT we can obtain
versions of Theorem 1.1 and Theorem 1.2 in the irreducible case. Section 8 is devoted
to such results. In particular, we are able to give necessary and sufficient conditions
for an irreducible sofic shift space to be a factor of a given irreducible SF'T of larger
entropy.

The structure of derived subshifts and irreducible components is present and sig-
nifigant in a larger class of subshifts than the sofic subshifts; in fact, the notions are
meaningful as soon as there are synchronizing words. For this reason we develop a
substantial part of the theory for such subshifts, and illustrate the difference between
the sofic case and the more general case of synchronized systems through examples.

Acknowledgement. I am grateful to an anonymous referee for his or her thorough
and competent work which resulted in a series of helpful comments and important
corrections.

2. BASIC NOTATION AND TERMINOLOGY

Let A be a finite set, and let A% denote the set of bi-infinite sequences
r = (:L‘i)iez = ... T30 X _1Tpx1T ...,

where x; € A for all ©. When we equip A with its unique Hausdorff topology, we
can consider A% as a compact metric space in the product topology. An element
w = yys... Y € A* will be called a word of length k, and when x € A% we
say that w occurs in x, and write w C x, when w = x;1T;12... 2 for some
i € 7Z. Similarly, when w,u are words we write w C v when u = x125...1; and
W = T;Ti41Tito...x; for some ¢ < jin {1,2,...,k}. The length of a word w
will be denoted by |w|. The set of all words, including the empty word, will be
denoted by W(AZ). Words in W(AZ) can be concatenated in the obvious way:
When w = 129 ... 25, u = Y192 . . .y, are words, then wu = x1x5...TrY1Y2 . .. Yp i
also a word. To simplify notation we write w? instead of ww and more generally w"
for the word ww . .. w obtained from n concatenations of w with itself. In fact, when
the obvious ambiguity is irrelevant, we shall go even further and use self-explanatory
expressions such as w* for an element of A% constructed by repeating w infinitely
many times both to the right and to the left. When z = (x;);cz € A% and i < 7,
we denote the word @;x;y1 ... 21 by 2. Thus |z | = j —¢. The shift o acts
continuously on AZ in the standard way: o(z); = z;11. A subshift X is a shift-
invariant subset of AZ i.e. X C A% and o(X) = X. The set of words that occur in
X, ie. {weW(AL):w C x for some z € X}, will be denoted by W(X) and called
the language of X. The set of words in W(X) of length n will be denoted by W, (X).
A subshift X is a shift space when X is closed in A%. For any subshift X the closure
X of X in AZ is a shift space with the same language as X, i.e. W(X) = W(X).
The structure of the set of periodic points, Per X, of a subshift X is a central theme
in this paper. A period of a periodic point x € Per X is a natural number n € N
such that ¢"(x) = x. The minimal period of a periodic point z € Per X will be
denoted by period(z), and we set

Qn(X) = {z € Per X : period(z) = n},
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and ¢,(X) = #Q,(X). The period, period(X), of X is by definition the greatest
common divisor of {period(z) : = € Per X}. For each j € N, we set

Pi(X)=#{r € X : 0/ (z) = z}.

A cycle w in W(X) is a word w in W(X) such that w>® € X. A minimal cycle in
W(X) is a cycle w € W(X) such that |w| = period(w™). A subshift X is irreducible
when the following holds: For any pair w,v € W(X) there is a word a € W(X) such
that wav € W(X). X is mizing when there is an N, possibly depending on w, v, such
that for all n > N, there is a word a € W(X) of length n such that wav € W(X).
If there is such an N which works for all words, we call N a transition length for
X. Any shift space X can be described by the list F of words in W(AZ) which it
disallows in the sense that

X={ze A" au & FVij i<j}
A shift space is a shift of finite type, abbreviated SFT, when the list of forbidden
words, F, can be chosen to be finite. SF'Ts are often presented by graphs, either as

vertex shifts or edge shifts, cf. e.g. [LM]. Given a graph G we denote by X the
corresponding edge-shift. A word w € W(X) is synchronizing for X when

u,v € W(X), uw,wv e W(X) = wwv e W(X).

Note that when u,w € W(X),w C u, and w is synchronizing for X, then u is
also synchronizing for X. In a SF'T there is a M € N, which we call a step-length,
such that all allowed words of length M or more are synchronizing. In fact, the
SE'Ts are characterized as the shift spaces with this property, cf. Theorem 2.1.8 of
[LM]. Following [BH] we call an irreducible shift space with a synchronizing word a
synchronized system. An irreducible sofic shift space is an example of a synchronized
system. A sofic shift is often conveniently described by a labeled graph (G, L),
cf. [LM]. When X is an irreducible sofic shift space there is a canonical labeled
graph with certain minimality properties which presents X, and we shall refer to
the corresponding factor map X — X as the Fischer cover of X. See §3.3 of [LM].
A map X — Y between shift spaces will be called a morphism when it is continuous
and commutes with the shift. An embedding is then an injective morphism and a
factor map is a surjective morphism of shift spaces.

We refer to [LM] for any notion from the theory of shift spaces which we do not
explicitly define.

3. IRREDUCIBLE COMPONENTS IN SHIFT SPACES WITH SYNCHRONIZING WORDS

Let X be a shift space. Set R(X) = Per X. Let S(X) denote the set of syn-
chronizing words for R(X). For s,t € S(X) we write s ~ ¢ when there are words
z,y € W(R(X)) such that sxt,tys € W(R(X)). Then ~ is an equivalence relation
in S(X). Note that s ~ ¢ if and only if there is an x € R(X) such that s C z and
t Cx. When w € S(X), we let [w] denote its equivalence class in S(X)/ ~, and we
denote the set of equivalence classes, S(X)/ ~, by S(X).

Consider an element o € S(X). Let X(4,0) denote the set of elements x € R(X)
for which

sup (inf{j >i: Jw € a, w C ay(})

1EZ
is finite. We use here the convention that inf() = +o0. Thus X, consists of the
elements of R(X) with an upper bound on the gaps between occurrences of words



SOFIC SHIFTS 7

from a. X0 is clearly a subshift of R(X), but generally not closed. It is easily

seen that X,y is irreducible and that X, ) is a synchronized system. For any
synchronized system, Y, we define the synchronized entropy hsy,(Y") to be

hsyn(Y) = lim sup - ! log #{a € W,(Y): mam € W(Y)},

where m is an arbitrary synchronizing word in W(Y'). We use here the convention
that log0 = 0. If m’ is another synchronizing word in W(Y') we can find words
u,v € W(Y) such that m'um, mvm’ € W(Y). Since m and m’ are synchronizing we
find that mam € W(Y') = m/umamom’ € W(Y') and it follows that

#{a € W,(Y) : mam € W(Y)} < #{b € Woijusjo)r2im(Y) : m'bm’ € W(Y)}.

Hence

lim sup - log #{a e W,(Y): mam € W(Y)}
< lim sup log #{la e W, (Y): m'am’ e W(Y)},

proving that the definition of Ay, (Y) is independent of the choice of synchronizing
word m. Note that

{a e W, (Y): mam e W(Y)} ={a € W,(Y): (am)>* € Y}.

Thus #{a € W,(Y) : mam € W(Y)} < Py (Y) for all n, and hence hgy,(Y) <
limsup,, ., = log P,,(Y). It follows that

hsyn(Y) < R(Y), (3.1)

cf. Proposition 4.1.15 of [LM]. There are examples of synchronized systems Y for
which hgy,(Y) < h(Y), cf. Example 3.2 of [P].

Lemma 3.1. Let Y be an irreducible sofic shift space. Then hgy,(Y) = h(Y).

Proof. Consider the Fischer cover 7 : Yo — Y of Y, and consider a synchronizing
word m € W(Y). Since m is magic for m by (e.g.) Lemma 1.1 of [T], all elements
of #~1(m) have the same terminal vertex, say i. Let v € 7w 1(m). Since Yg is
irreducible there is a path v in G with initial vertex i such that uv € W(Yy). Then
m’ = m(uwv) is synchronizing for Y. Let L,, denote the set of loops in Y of length n
that start and end at 7. Since 7 is right-resolving,

m: L, —{aeW,(Y): m'am’ e W(Y)}

is injective. Hence

lim sup — log #L,
n—00 (3.2)
< limsup — log #{a e W,(Y) :m'am’ e W(Y)} = hgyn(Y).

n—0o0

It is well-known that limsup,_,., +log#L, = h(Ys), (cf. e.g. Exercise 4.5.14 of
[LM]). Since h(Ye) = h(Y), (3.2) tells us that h(Y") < hgy,(Y).
0J
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We now return to the general shift space X. We can associate to X(,,) an ir-
reducible labeled graph T, in the following way, cf. [FF], [LM],§13.5: For each
m € a, let F(m) = {z € W (X(o0)) : mz € W (X(a0))}. The vertices of I, con-
sist of {F(m) : m € a} and there is an edge labeled a from F(m) to F(m’) when
a € F(m) and F(ma) = F(m'). Ty is a cover of X(4,0) in the sense of [FF]. When
T denotes the adjacency matrix of 'y,

1
h(I'y) = limsup —log (T"),,
n

n

is independent of i, and we call it the Gurevic entropy of Ty, cf. [Gu,[P]. The
following result is a fusion of a result of Marcus, Proposition 3 of [M1], and an
unpublished result of Krieger.

Theorem 3.2. There is a sequence Ay1 C Ayo C Ans C ... of irreducible SFT's
i X such that

X(a,O) = U Aoz,na
n=1

and

lim h(Aqn) = sup{h(A) : A C X0 is an irreducible SFT}

n—oo

=h (Fa) - hsyn (X(oz,O))

1
n1—>nc}o n period (X(a,O)) 0g #{CL nperlod(X(ayo)) ( ( ,0)) mam ( ( ,O))}

for all m € a with the property that m*> € W (X(a,O))- When R(X) is mizing we can
choose the A, ,’s to be mizing.

For the proof of Theorem 3.2 we first define a graph for each n € N as follows:
The vertex-set is the set W,,(R(X)) of words in W(R(X)) of length n. There is an
oriented edge from b1by ...b, € W, (R(X)) to didy...d, € W,(R(X)) if and only if
babs ... b, = didy...d,—1 and there is a word w € « such that w C bybs...b,. Let
B, be the corresponding vertex shift, and note that there is an obvious embedding
B, — R(X) whose image is

{z € R(X) : 2}; ;4n—1[ contains an element of « for all i € Z}.

We identify B,, with its image in R(X). Clearly, | " Ban = X(a,0- Note that
Byn € Bant1- The B, ,’s need not be irreducible so we have to exchange them
with other SFTs that are. We shall need the following lemma.

Lemma 3.3. Let w,u € W(X(4,0) NS(X). Then [w] = [u] = a.

Proof. There is an n € N such that w,u € W(B,,). By definition of B,,, this
implies that there are words z,y € W(R(X)), and words a,b,c,d € a such that
w C azxb and u C cyd. Since b ~ ¢ there is a word v € W(R(X)) such that
bvec € W(R(X)). By using that b and ¢ are synchronizing for R(X) we find that
axbveyd € W(R(X)). We can therefore choose a subword z of azbvcyd, containing
v, such that wzu € W(R(X)). By symmetry there is also a word r € W(R(X))
such that urw € W(R(X)). Hence [w] = [u]. Since w C axb C azbvcyd and
u C cyd C azxbucyd, it follows that [w] = [u] = a. O
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Completing the proof of Theorem 3.2:

We claim that for each pair n,k € N, there is an m,, € N, m,, > k, and an irre-
ducible component V,, of B, ,, such that B, , C V,. To see this, choose a periodic
point g; in each of the irreducible components of B,, ,,. Since each irreducible compo-
nent of B, , is contained in an irreducible component of B, ,,, when m > n, it suffices
to find m,, > max{n, k} such that all the ¢; are in the same irreducible component
of By m,. To this end it suffices to consider a pair p, ¢ of periodic points in B, ,,
and find m > max{n, k} such that p and ¢ are in the same irreducible component of
Bi.m. Since p, q are periodic there are cycles ¢,d € W(R(X)) such that p = ¢>,q =
d>. Since p,q € By, ¢ and d* must be synchronizing for R(X), ie. ", d" €
S(X). By Lemma 3.3 there are words z,y € W(R(X)) such that ¢"zd",d"yc" €
W(R(X)) and [¢"] = [d"] = . Since ¢" and d™ are both synchronizing for R(X),
c®xd™>, d®yc>® € R(X). Now choose m > max{k,n|c| + n|d| + |z| + |y|} + 1. Since
every word of length m — 1 in ¢®zd> or d®yc™ contains either ¢” or d", both of
which are elements in a, we see that 7! = ¢®zd>® and r? = d®yc™ are both ele-
ments of B,,,. Note that limy_. dist(a*(r), 0(q)) = limy_._, dist(a*(r), O(p)) =
limy, o dist(c*(r2), O(p)) = limy_._ dist(c*(r2), O(q)) = 0, where O(p) and O(q)
are the orbits of p and ¢, respectively. It follows that p and ¢ must be in the same
irreducible component of B, ,,. We have now established the claim and can easily
complete the proof by inductively choosing m,, € N such that m,_; < m,,, and take
Aan to be the irreducible component of B, ,,,, containing B ., -

Assume that R(X) is mixing and consider w € «. There is then an N € N
and for each n > N a word a,, € W,(R(X)) such that wa,w € W(R(X)). Then
(wan)® € X(a,0) is a periodic point of period |w| 4 n. There are therefore periodic
points p, ¢ € X(q,0) Whose minimal periods are mutually prime. Since p,q € A
for all large enough k, it follows that A, ) is aperiodic and hence mixing for all
large enough k.

To prove the identities involving entropy, let ¢ > 0 and n € N be arbitrary. Set
t = sup{h(A) : A C X(a) is an irreducible SFT} € [0,00]. Let A C X(, ) be an
irreducible SFT such that

h(A) > min{t,n} —e. (3.3)
Since A C X(q,0), there is a word u € W(A) N a which is synchronizing for A. Since

A is irreducible,

h(A) = lim sup % log #{a € Wy(A) : (au)™ € A}, (3.4)

k—o0

cf. Lemma 3.1. In particular,
hsyn (X(a0)) = h(A). (3.5)
Combining (3.3) and (3.4) we deduce that there is a N € N so large that

T e € WA (@)% € 4} > minfn} 2 (6)

For any finite set of elements ay, as,...,a; € {a € Wy(A) : (au)>® € A},

o
(aruasuag . . . aru)™ € Bo Nyjul+1,
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because u is synchronizing for R(X). By construction there is an A,; such that
Bo nyju+1 € Aqy. It follows that

P onal (Aat) = (#{a € Wy (A) : (au)™ € A}
for all £ € N. Hence
1
h(Aa,) = limsup 5 log P; (Aay)

J—0o0

) 1
> llgis;}p m log Pyt kju) (Aay)
: k .
> llgis;}p B log #{a € Wx(A) : (au)™ € A}
1
= 1 A): < e A}
N o € VN s (@) € 4)

Combined with (3.6) this yields the conclusion that lim, . h (A,,) = t. From (3.5)
we deduce that ¢t < hgyy (X(a,O))-

Choose a path r in I', which is labeled u, and let v be the terminal vertex of r.
By definition of I',, any path whose label terminates with « must have v as terminal
vertex (i.e. u is ‘'magic’). Hence

#{a c Wy (X(a,O)) cuau € W (X(a70))} < Nk-HUIv
where N; is the number of loops of length ¢ in I', that are based at v. Since

#{a € Wi(4) : (au)>® € A} < #{a € Wy (X(a0) : uau € W (X(a0))} we can
combine this estimate with (3.3)-(3.5) to conclude that

_ 1
min{t,n} — e < hyy, (X(a,O)) < lim sup % log N.
k

Since lim supy, % log N, = h(I'y), we conclude that ¢ < hgy, (X(a,o)) < h(T,). Con-
sider a finite irreducible subgraph H C I',, containing r. Let Xy be the corresond-
ing SFT and let 7 : Xy — R(X) be the map obtained by reading the labels in
H. Since T, is right-resolving, h(Xg) = h(S), where S = 7 (Xy) C R(X).
Note that v € W(S) since H contains r. Since S is an irreducible sofic shift
space, (3.4) also holds for S, c¢f. Lemma 3.1. We can therefore repeat the ar-
gument from above to show that for any € > 0, there is an [ € N so large that
h(Ay;) > h(S) — 2e. Hence lim,,_,oc h (Aan) > h(S) = h(Xg), and we conclude
from [Gu] that lim, o b (Aan) > h(Ts).

We have now established the first three identities. To establish the last observe
that m> € A,,; and period (A4,,;) = period (X(a,())) for all [ large enough. It follows
that

#{CL = Wnperiod(X(mo)) (X(Oévo)) -mam € W (X(a,O))} % 0
for all n € N large enough. By using that m? ¢ W (X(a,O)) we find that
#{a €W, it period (X))l (K@) : mam € W (X(a0))}
> #{a € W, (X(a0)) : mam € W (X(o0)) }#{a € Wi(X(a0)) : mam € W (X(a0))}
for all n, k. It follows that

| 1 |
Mm n period (X(a,0)) log #{a € Wi period (X 0)) (X(@o) : mam € W (X(a0)}
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exists. This limit is clearly dominated by hgyy (X(a,O))- On the other hands it
dominates h (A,;) when period (A,,;) = period (X(a,o)) and m™ € A,,;. The last
identity follows from this. O

The subshifts X, ), € S(X), will be called the irreducible components at level
0 in X. They are mutually disjoint:

Lemma 3.4. Let Xy o) # X(a0) be two different irreducible components at level 0
in X. It follows that X0y N X0 = 0.

Proof. Assume that there is an element z in the intersection X, 0) N X(a70). Then
r € Ay, for some n, and hence x( , must contain an element w € o/. On the other
hand, because z € X4, there is an m € N and an element y € A, ., such that
Yo,u[ = T[o,n[- By definition of A, ,,, this implies that there are elements u,v € «
and words a,b € W(R(X)) such that uazy,bv € W(R(X)). Since w C xjg [, this
implies that w ~ u, i.e. o = «’. This contradicts that X o) # X(a,0)- O

Let Z7 C X be a subshift of X. It is easy to see that Z is the closure of an
irreducible component at level 0 in X if and only if Z is a maximal subshift of R(X)
with the following two properties:

a) Z is transitive in the sense that there is a point z € Z whose orbit is dense
in Z, and
b) W(Z) contains a word which is synchronizing for R(X).

Lemma 3.5. Let X be a synchronized system. Then there is exactly one element,
ag, i S(X), and X0 is dense in X.

Proof. Let w be a synchronizing word in W(X), and let a« € W(X) be arbitrary.
Since X is irreducible there are words by, by € W(X) such that wbiabyw € W(X).
By using that w is synchronizing it follows that (wbjabe)® € R(X). Hence a €
W(R(X)), and we conclude that X = R(X). Since R(X) is irreducible all elements
of S(X) are equivalent, i.e. S(X) contains exactly one element, oy = [w]. To see
that X(q,,0) is dense, note that the periodic element (wbyabs)™ is in X(4,,0). Since a
was an arbitrary word in X, we see that W(X(,,0)) = W(X).

By Lemma 3.5 there is exactly one irreducible component at level 0 in a synchro-
nized system, and we call it the top component. The first lemma in the following
subsection shows that it is the period of this component which determines whether
a synchronized system is mixing or not.

3.1. Global periodic structure in a synchronized system.

Lemma 3.6. Let X be a synchronizing system with top component X.. Then X is
mixing if and only if period (X.) = 1.

Proof. It X is mixing the A, ,’s of Theorem 3.2 can be taken to be mixing. As is
well-known this implies that period (A,,) = 1, cf. e.g. Proposition 4.5.10 (4) of
[LM]. Since A, C X, we conclude that period (X.) = 1.

Conversely, if period (X,) = 1, there is a finite set py, pa, ..., py of periodic points
in X, such that the greatest common divisor of period (p;) , period (ps), . . ., period (px)
is 1. Since {p1,p2,...,pn} C Ay, for all large enough I, we conclude that period (A,;) =
1, and hence that A, ; is mixing for all large [. Since W(X) = W (X,) = J, W (Aq,),
we deduce that X is mixing.

0
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Remark 3.7. In general, period (X,) is larger than period(X), even for irreducible
sofic shift spaces. As an example consider the irreducible sofic shift space Y presented
by the labeled graph

a

Ty

S

a

b

Here period(Y') = 1 since Y has a fixed point. But the period of the top component
in Y is 2, and Y is not mixing. Note that period (Y.) is the same as the period of
the graph in the Fischer cover of Y in this example. This is the case in general for
irreducible sofic shift spaces, cf. Lemma 6.21.

Given a shift space X we denote by X" the n’th power of X, cf. p. 14 in [LM].
The next lemma shows that under the passage to higher powers the structure of
irreducible components (at level 0) behaves in much the same way as for a SFT.

Lemma 3.8. Let X4y be an irreducible component at level 0 in the shift space X.
Letn € N, and set L = {[w] € S(X™) :w € aNW (R(X)™")}. Then #L < oo, #L
divides both n and period (X(a,O))7 and there is a partition

X(a,0) = |_| (Xn)(g,o) ) (3.7)
BeL

and a transitive permutation | of L such that o ((X")(B’O)) = (X") )0 for all
g e L.

Proof. Note first that S(X™) = S(X) N W(R(X)"). If u,v € S(X™) are equivalent
they are also equivalent in S(X), so there is a well-defined map d : S(X") —
S(X) such that djw] = [w] for w € S(X™). When v € S(X) there is a word
€ S(X)NW(R(X)™) = S(X™) such that u C 4. Since d[a] = [u], this shows that d
is surjective. Note that L = d~!(a). It is clear that (X") 5.0y € X(a) forall 5 € L.
Let € X(a,0). There is then a K such that ;1 x| € a for alli € Z. Set k = [%] +1
and note that (. nisne € S(X) NW(R(X)") = S(X™) for all i € Z. It follows that
r € (X") g, for some 8 € S(X"). Since d([Z(minitn(]) = o for all i, we conclude
that 8 € L. Hence X(a,0) = Upep, (X")(5,0)- By Lemma 3.4 this union is a partition.

Let v € (X")(50): 08 € L. Then w140k € W(R(X)") N for all large enough k €
N. Since [yp1,14nk] = [Z(1,1400m(] in S(X"), when 2,y € (X") 5, and k and m are large
enough, it follows that we can define I : L — L such that I(8) = lim_oo[2p 14nk(

when z € (X") ). Then o ((X")(&O)) C (X")p)0) for all B € L. Similarly, we

can define an inverse r of [ such that r(8) = limy—.oo[T(—1,14nk] When z € (X") 5.
Thus [ is a permutation of L, as asserted. To see that [ acts transitively on L,
consider two elements 3,7 € L. Let € (X")5 ,y € (X")(, ). By Theorem 3.2
there is an irreducible SFT A C X(,) containing both z and y. It follows that
there is word v € W(R(X)) and an element z € X(q,0) such that z, = z;,i < 0,
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7z = vt = 1,2,...,|v], and z; = yi—jo,7 > |v|. Then z € (X")(@O). To see this,
observe first that by (3.7) z € (X") ;) for some 6 € L. We can then choose M € N
so large that T pitam € B and Zpninitam € 0 for all 7 € Z. Since z; = x;,1 < 0,
this implies that 3 = 0, as asserted. Similarly, it follows that o/”l(z) € (X™) 5.0
since o!"l(2); = y; for all i > 1. Consequently, [I*/(3) = ~. Thus [ acts transitively
and #L divides n since {" = id. When x € Per X, ) there is a v € L such that
x € (X")(, 0 The identity oP**4)(z) = & implies first that (P4 (y) = ~, and
then that #L divides period(x).

0

Lemma 3.9. In the setting of Lemma 3.8, assume that n = period (X(a,O))' It
follows that #L = period (X(a,O))'

Proof. Let A1 € A,2 C ... be the irreducible SFTs of Theorem 3.2. We may
assume that period (A, ;) = period (X,) for all [ € N. (3.7) gives us a partition

Aot = | | (X™) (50N Aau (3.8)

BeL
for each [ € N. By construction there is a K € N such that

(Xn>(lg70) N Aa,l = {SL’ € Aa,l : [x[m,erKn[] = ﬁ in§ (Xn) Vie Z}

This shows that (X)) N Aas is closed for all § € L. Note that (X"); ) N Aay
is o"-invariant. On the other hand, since A,; is a SFT of period n, there is also a
partition

n—1
(Aat)" = |_| D;y,
i=0

where each D;; is a mixing SFT, and o (D;;) = D;;1; modulo n, cf. e.g. [LM]. It
follows that there is a partition {0,1,2,...,n — 1} = UgeTp such that (X")(@O) N
Aay = Ujer, Dy for all 3 € L. After a re-numbering we may assume that D;; C
D;jyq forallland alle=0,1,2,...,n—1. Then T} is [-independent, i.e. (X")(@O) N
Aoy = Ujer, Dy for all I € N. Now assume that #73 > 2 for some 3 € L. Pick
an [ € N. There are then elements j;,7jo € 73 such that j; # j» and periodic
points p € Dj,;,q € Dj,;. As in the proof of Theorem 3.2 we construct an element
rl e (X™) (3,0) such that r! is forward asymptotic to the orbit of ¢ and backward
asymptotic to the orbit of p - everything under the action of ¢”. Since (X”)(@O) =
Uken (X™) 5.0y N Aag, there is a k > I such that ' € (X")z0 N Agp, and we
conclude then that p and ¢ are contained in the same D, ;. Since D;, ; C D, ; and
Dj,1 € Dj, x, this is impossible. This contradiction shows that #75 = 1 for all (3,
proving that #L = n.

O

Lemma 3.10. Let X, ) be an irreducible component at level O in the shift space
X. Let (X(a,O))C be the top component of the synchronized system X,0). Then

X0 € (X)), -
Proof. The desired inclusion will follow from the definitions if we can show that
every word u € « is synchronizing for m. Let therefore x,y € W (m) and
assume that zu, uy € X(q,0). Since X(4,0) € R(X) and w is synchronizing for R(X),
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we conclude that zuy € W (R(X)). There is then a cycle p € W (R(X)) such
that zuy C p. Since u € a we conclude that p> € X, ). It follows that zuy €

W (X(0,0) = W (X(a0), and we conclude that u is synchronizing for X4, as
desired. ]

We remark that in general the inclusion in Lemma 3.10 is a strict inclusion.

Proposition 3.11. Let X, ) be an irreducible component at level 0 in the shift
space X. Set p = period (X(a,O))- It follows that there are closed subsets D;, i =
0,1,2,....p—1, mX such that

1) X(aO U, 0 Dz;

ii) o(D;) = Diy1 modulo p,
iii) o?|p, is mizing for alli=0,1,2,...,p—1,
iv) D; N D; has empty interior when i, j € {O, L,....,p—1} andi # j.
Proof. By Lemma 3.8 and Lemma 3.9 there is a partition

p—1

Xeo) = || (X .0 - (3.9)

i=0
where each (X?);, o is an irreducible component at level 0 of X”, such that

7 (X)0) = (X gry (3.10)
modulo p. Set D; = (X?) 4, o). Then i) and ii) clearly hold. To show that o” is mixing
on each D;, observe that it follows from (3.9) and (3.10) that period ((Xp)(ﬁi70)> = 1.

By Lemma 3.10 this implies that the period of the top component of (Xp)(ﬁi70) =D,
is also 1. This in turn implies that ¢”|p, is mixing by Lemma 3.6.

Should D; N D; have non-empty interior, it follows that |J,.y o™ (D; N D;) is
dense in D; since o® is topologically mixing on D;. But o (D; N D;) = D; N D;, so
we conclude that D; = D;ND;. By Lemma 3.4 this is only possible when ¢ = j mod
.

O
Corollary 3.12. Let X be a synchronized system with top component X.. Set
p = period (X,). There are closed subsets D; C X, i =0,1,2,...,p— 1, such that
) X =UL, D
ii) 0(D;) = D1 modulo p,
iii) o?|p, is mizing for alli=0,1,2,...,p—1,
iv) D; N D; has empty interior when i,j € {O, 1,...,p—1} and i # j.

Proof. This is a special case of Propostion 3.11. O

The subsets D;, 7 =0,1,...,p—1, of Corollary 3.12 will be called the cyclic cover
of X. The cyclic cover is unique in the following sense.

Lemma 3.13. Let Cy, C4,...,C,,_1 be closed subsets of the synchronized system X
such that

a) X =L, C,

b) o (C;) = Ci11 modulo m,

c) o™|¢, is mizing for all i, and
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Then m = p, where p is the period of the top component in X, and there is a natural
number j such that C; = D;y; modulo p for all i, where Dy, Dy, ..., D,y is the
cyclic cover of X.

Proof. Let i € {0,1,2,...,p—1}. Since 0P is mixing on D;, there is a point z € D;
whose orbit under o™ is dense in D;. It follows from a) that z € C; for some j, and
then from b) that D; C C;. By a similar argument, using c), we find that C; C Dy
for some i'. It follows from iv) of Lemma 3.12 that D; = D/, and hence that D; = C;.
It follows from d) that there is a bijection px : {0,1,...,p — 1} — {0,1,...,m — 1}
such that D; = Cy for all i € {0,1,...,m — 1}. In particular, m = p, and if
we choose j € {0,1,...,m — 1} such that D; = Cj, then ii) of Lemma 3.12 and
condition b) ensure that C; = D;;; modulo p for all ¢.

O

4. DEEPERLYING IRREDUCIBLE COMPONENTS

We set
X ={zeR(X): wCz=wd¢SX)},

and call it the derived shift space of X. Since 0X is a shift space we can continue,
and consider 9(0X) = 9>°X, 0(0*°X) = 93X, etc. Of course, it can happen that
these constructions give nothing interesting; it may be that there are no periodic
points in X, in which case 0X = () since R(X) = 0, or it can be that there are
no synchronizing words for R(X), in which case 0X = R(X). When X is a SFT,
0X = () because all sufficiently long words occuring in R(X) are synchronizing for
R(X). For convenience we set 3°X = X. We call X the k’th derived shift space
of X. We define the depth of X to be

Depth(X) = sup{k € N: 0F X # (}.

Thus a minimal shift space with infinitely many points as well as a SF'T have depth
0 - but for different reasons. We will show in Section 6 that sofic shift spaces
have finite depth, and that the depth of an irreducible sofic shift space can be
any natural number. In Example 4.8 we describe a synchronized system of infinite
depth. Examples 0.10 of [FF] gives examples of coded shift spaces which are not
synchronized, i.e. does not have any synchronizing words. Such shift spaces have
also infinite depth.

Example 4.1. The context free shift space is the subshift Z of {a,b, c}% obtained
by disallowing the words ab'c’a when i # j. It is easy to see that w € W(Z)
is synchronizing for Z if and only if a C w or ¢b C w. For any pair of words
w,u € W(Z) we can find (possibly empty) words s,t € W(Z) such that wsatu €
W(Z), proving that Z is irreducible. Similarly, for any w € W(Z) there are words
s,t € W(Z) such that aswta € W(Z). As a is synchronizing, w C (aswt)™, proving
that R(Z) = Per Z = Z. Tt follows that Z contains a single irreducible component
at level 0 and that 07 is a SFT whose non-wandering part consists of the fixed
points b> and ¢>. It follows that Depth(Z) = 1.

When X is a shift space of finite depth &, we call 0*X the floor of X. Note that
if 9*X is the floor of X, then R(9*X) is a (possibly empty) SFT.
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The irreducible components at level 0 of 9*X will be called the irreducible com-
ponents of X at level k. They will be denoted by X4 1), @ € S(O¥X).

Clearly, every irreducible component at level 0 of a shift space X is contained in
R(X)\0X. In general the irreducible components do not exhaust R(X)\0X, not
even when X is irreducible and sofic; unless X is a SF'T, a transitive point is not
contained in an irreducible component. However, the irreducible components do
contain all periodic points of X\0X:

Lemma 4.2. Every periodic point in X\0X is contained in a unique irreducible
component at level 0. If X has finite depth, every periodic point in X is contained
i a unique irreducible component at some level.

Proof. Let p € W(X) be a cycle such that p> ¢ 0X. There is then an N € N so large
that pV contains a word w which is synchronizing for R(X). Hence p™ € X, ([w],0)-
By Lemma 3.4, X([,],0) is the only irreducible component at level 0 that contains
p~.

If X is of finite depth and x € Per X, set k = min{j : x € 3’ X }. It follows from
the first part of the lemma that z is contained in a unique irreducible component at
level k. Since the levels, 37 X\&"*1 X, j =0,1,..., Depth(X), are mutually disjoint,
this irreducible component is also unique among all irreducible components. 0

Lemma 4.3. Let X4, X(5,0) be irreducible components at level 0 in X. Assume
that A C X is an irreducible SFT such that AN X0 # 0 and AN X o) # 0. It
follows that oo = 3.

Proof. Let x € X(a0) N A, 2" € X530y N A. There is then an element z € A which is
backward asymptotic to  and forward asymptotic to 2. By definition of X, ) and
X(3,0) there is an N € N such that x|;;, y| contains an element from « for all 7 € Z,
and such that IL‘I[“ N contains an element from ( for all 7 € Z. It follows that z both

contains words from « and 3, and this implies that o = [ since z € A C R(X). O

The next aim is to show that the derived shift spaces and their structure of
irreducible components is a conjugacy invariant for a shift space.

Lemma 4.4. Let X and Y be shift spaces. Let ¢ : X — Y be a conjugacy. There
1s then a natural number N so large that

veW(R(X)),p)eS(Y),|lv| >N =veS(X).

Proof. The proof is the same as the proof of Theorem 2.1.10 in [LM]: By choosing [ €
N large enough we can assume that both ¢ and ¢! have memory and anticipation
I. Then o o : Wy, (R(X)) — Wi (R(X)) is the map which picks out the central
letter in the word. Let v € W(R(X)) such that |v| > 4l and ¢(v) € S(Y). We claim
that v € S(X). To see this, let u,w € W(R(X)) such that uv,vw € W(R(X)).
Choose s,t € Wy (R(X)) such that suv,vwt € W(R(X)). Although we don’t know
that suvwt € W(X), we can make sense of ¢! o p(suvwt) since every (41 + 1)-block
in suvwt is in Wy, 1 (R(X)), and we find that ¢! o p(suvwt) = uvvw. Now @(suv) =
we(v) and p(vwt) = p(v)w’ for some v, w' € W(R(Y)). Since ¢(suv), p(vwt) €
W(R(Y)), we conclude that v'op(v)w’ € W(R(Y)) since p(v) € S(Y). But then
ww = p Hp(suvwt)) = o H(Wp()w') € W(R(X)), proving the claim. Hence
N = 4] works. 0
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Proposition 4.5. Let o : X — Y be a conjugacy of shift spaces. It follows that
0(0kFX) = OFY for all k =0,1,2,3,.... In particular, Depth X = DepthY".

Proof. Note first that ¢(R(X)) = R(Y). It follows from Lemma 4.4 that x € R(X)
contains a word which is synchronizing for R(X) if ¢(x) contains a word which
is synchronizing for R(Y). This means that ¢ '(R(Y)\0Y) C R(X)\0X. Thus
90X C 1 (dY). By symmetry 9Y C ¢ (9X), and we conclude that p(0X) = Y.
Proceed by induction. O

Proposition 4.6. Let X and Y be shift spaces and ¢ : X — Y a conjugacy. For
every irreducible component X, ) at level k in X, there is an irreducible component
Yy at level k in'Y such that ¢ (X(mk)) = Yigr)-

Proof. By Proposition 4.5 we may assume that £k = 0. Since ¢ (R(X)) = R(Y) we
can also assume that X = R(X) and Y = R(Y). Consider an irreducible component
Ys,0) at level 0 in Y. Assume that ¢ has anticipation and memory both equal to
I € N. Let y € Y(3). There is then an M € N such that y; ;1 € § for all ¢ € Z and
all n > M. It follows from Lemma 4.4 that there is an N € N, N > M, such that
O Y ji—titntit1 € S(X) for all ¢ € Z, when n > N. Consider an n > N. Since
there are only finitely many elements in W, 19,1(X), there must be two elements
wy, w_ € S(X) NWip211(X) and integers i_ < iy such that [© ™ (y)i—titnri1]] =
[w_] € S(X) for all i < i_ and [ (Y)ji—titnrir1] = [ws] € S(X) for all i > ..
Since ¢~ !(y) can be approximated arbitrarily well with periodic points, there is a
periodic element g € X such that cp_l(y)[if_l7i++n+l+1[ = Qli_—l,is+n+i+1- Thus g € X
is a periodic point containing a block of the form x_yz,, where y € W(X), z_,z, €
S(X) and [z_] = [w_] and [z4] = [w] in S(X). It follows that [wi] = [w_] in
S(X). Thus, for a given y € Y30 there is an irreducible component X, o) in
X such that ¢ *(y) € X(a,0. When y,y' € Y0, there is an irreducible SFT
A C Y30 containing both y and y’ by Theorem 3.2. Then ¢~ '(A) is an irreducible
SFT in X containing both ¢~!(y) and p~!(y'). It follows from Lemma 4.3 that
oy = a,. There is therefore an element o € S(X) such that ¢~ (Y(50)) € X(a0)-
By symmetry there is an element v € S(Y') such that ¢(X(,0) € Y{y,0. Since
Yiso) = ¢ Yis0)) C Yo, it follows from Lemma 3.4 that 5 = 6. Hence
¢ (X@0) = Y0 O

Example 4.7. We give an example of a synchronized system of depth 2, which con-
tains infinitely many irreducible components at level 1. Consider the synchronized
system presented by the following infinite labeled graph G.




18 KLAUS THOMSEN

The shift space, whose finite words in the alphabet {a, b, ¢, e} are those which label
a finite path in G, is a synchronized system. The derived shift space 0X consists
of the periodic points (a*c)® k = 1,2,..., and the fixed point a*. Except for the
fixed point, each of the perlodlc orblts form an irreducible component at level 1 in
X. Since 9*X = {a*}, we see that Depth X = 2.

Example 4.8. There are also synchronized systems of infinite depth such that all
the derived shift spaces, X, 0°X, 0*X, ..., are synchronized systems. To describe
a synchronized system in {a, b, c}# with this property, let 2, o, ... be a numbering
of the words in {a,b}? and set z; = cr;c € W ({a, b, C}Z) ,i=1,2,.... To describe
the system we have in mind, let

Zj

be short-hand for the oriented labeled graph
7:
|

/\

With this convention

SUENEA

ETC

is an infinite oriented graph labeled by the z;’s. The words in the alphabet
{a,b,c} which label the finite walks in this graph are the words of a shift space
X which is a synchronized system since the graph is irreducible and the words
21729, 20721, Z22i, Zi%9, Z1%i, 2i%1, 1 = 3,4, are synchronizing for X. It is easy to see that
an element of X contains a synchronizing word if and only if it contains one of these
words, i.e. if and only if it 'visits the top’. It follows therefore that the derived shift
space 0X of X is given, with the same convention, by the labeled graph
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Y
/\
ATARARN

ETC

This can be repeated indefinitely, so we see that 0" X is a non-empty synchronizing
shift space for all n € N.

5. AFFILIATION

Let X be a shift space. Let X, 1) be an irreducible component of X at level k.
We say that a periodic point z € X is d- aﬁ‘ilmted to X(a,x) when x € 0*X and there

are words w, u € « such that w (x[o,pemd( )[) u € S(OFX) for alli = 1,2, 3 . The
set of periodic points that are d-affiliated to X, ) will be denoted by X (@ k).

Lemma 5.1. Assume that v € Per X is d-affiliated to X (o). It follows that o7 (x)
is d-affiliated to X,y for all j € Z.

Proof. Set p = perlod( ). We may assume that 0 < j < p. There are words w,u € «
such that w (z [op[) u € S(0FX) for all i € N. Let ¢ € N and set w' = wajp [, v =

1 ap[t, and note both v/, w’ are in S(9*X). Since
; di d(i+1
w' (o7 (2)pppp)” v = w (2(0,) e S(9"X),
it suffices to show that v/, w’ € a. Choose b € W(R (9"X)) such that ubw € S(9*X).
By using that v and w are synchronizing for R (8’“)( ) we find that ( (:c[o,p[)d ub) €
Per 9% X . Since v/, w’ and u all occur in (w ( Op[)duZ)) we conclude w’ ~ v’ ~u
in S (8’“)( ) OJ

Let p be a minimal cycle in W(X), and X, ) an irreducible component in X at
level k. Thanks to Lemma 5.1 it makes sense to say that p is d-affiliated to X(q )
when p> is d-affiliated to X(q ).

Lemma 5.2. Letp be a minimal cycle in W(X), and X ) an irreducible component
in X at level k. Assume that p is 1-affiliated to X (o). Let A C %X be an irreducible
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SFT such that W(A) N« # 0. 1t follows that there is an irreducible SET B such
that AU {p*} C B C 9*X.

Proof. Let s,t be elements of o such that sp't € X for all i € N. Since X(ak 18
irreducible by Theorem 3.2, there is a word r € W(X (4 1)) such that trs € W(X ).
Then w = trs € W(X(a4) is a synchronizing word for *X such that wp'w €
W(9"X) for all i € N. Let w’ € aN'W(A). Since X4y is irreducible by Theorem
3.2 there are words z,y € W(X(q ) such that w'zw, wyw’ € W(X(o,r)). It follows
that

wpLwyw' ayw rwpwyw asw' zwp® . .. apw zwptt € W(0FX) (5.1)
for allm € N, all 41,149, ...,i,41 € Nand all aj, as, ..., a, € W(A), provided w'a;w’" €
W(A),i=1,2,...,n. Set u = wyw',v = w'zw. We can assume that p> ¢ A. There
is then an N so large that

zZ vp™, (5.2)
and

z ¢ p>u, (5.3)
when z € W(A) and |z| > N,

z ¢ arv, (5.4)
and

z € uay, (5.5)

when a; € W(A),z C p™ and |z| > N. Let n be a step-length of A. We may
assume that N > max{n, |p|, |w'|}. Set L = 6N + |v| + |p| + |u|]. We construct a
SFT By as follows. The states of By consist of the words of length L which occur in
a right-infinite stretch in A% of the form

avp™, (called Type 1)
where aw’ € W(A), or a left-infinite stretch of the form
p>ua, (called Type 2)

where w'a € W(A). A state, 125 ... 2, in By can follow another, 195 ...y, when
YoUs ...y, = T1xo...xr_1. Let A be the states of X and define an embedding
¢ : By — A” by
p((aia; ... i iez) = (ai)icz.

We claim that ¢(By) C *X. To prove this, let z € p(By) and i € Z. It suffices to
show that z;, | € W(0kX) for all n > iy. Any state of By either begins or ends with
a word of length at least 3N which is either in W(A), or is a subword of p>. We can
therefore choose j < ig such that zy; j sy € p™ or xpjjran] € W(A). Assume first
that xj; jy3n; € W(A). Set j1 = sup{n > j : xj, € W(A)}. If j1 = oo, we are done,
so assume that j; < oo. By definition of ¢(By) there is a state s of By such that
§ = X[j,—3N,j,—3n+L[- Note that s must be of type 1, because of (5.3) and because
s 'leaves” W(A) - recall that N is larger than a step-length of A. It follows that
s = ayvupl, for some word a;w’ € W(A) and some word pl, C p> with |l,| > 3N and
la1] > 2N > n. Hence x[; j,_3n+ 1| has the form agvpl, with apw’ € W(A), [, C p™
with |/,| > 3N. Set jo = sup{n > j1 = 3N + 1+ L : 2, = apvpl for some | C p>}.
If jo = oo we see from (5.1) that x; ; € W(0*X) for all j/ > j, and we are done.
If jo» < oo we continue as follows: By definition of ¢(By), there is a state s of By
such that s = x,_sn j,—snv4r[- Note that s must be of type 2 because of (5.4) and
because s ’leaves’ p™ - we use here that N > |p|. Consequently, s = I'pua, where
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I'Cp™ wae W(A) and |a| > 3N. Tt follows that z(; ;, 3n1r[ = aovpl,pua, where
plip € p> and w'a € W(A) with |a| > 3N. Note that pl! p must have the form p” for
some i1 € N, so that x[; j,_sn+r[ has the form agvp™ ua where agw’, w'a € W(A) with
la] > 3N, and 4; € N. In particular, we see from (5.1) that z}; ;,_sn+r] € W(F*X).
We can now proceed by induction to obtain an increasing sequence n; < ng < ... in
N such that [, € W(0*X) for all 4. This yields the desired conclusion. A similar
argument works in the case where z; j 3y € p™, so we conclude that w(By) C I’ X.
Note that By is irreducible because A is, and that A U {p>} C ¢(By). We can
therefore use B = ¢(By).

O

Lemma 5.3. Let p be a minimal cycle in W(X), and X 4 ) an irreducible component
in X at level k. Then p is 1-affiliated to X,k if and only if there is an irreducible
SFT B C 08X such that W(B)Na # 0 and p* € B.

Proof. Assume first that such a SF'T B exists. Let M € N be a step-length for B.
Let w € W(B) Na. Since B is irreducible we can find zg,y € W(B) such that
wropMyw € W(B). Since pM T € W(B), we see that wxep™iyw € W(B) for all
i € N. Thus wap'yw € W(B) for all i € N when we set # = zop™. Furthermore,
wz,yw € W(B) C W(R (0*X)), and both words are synchronizing for R (0¥X
since w is. Since B is irreducible we have automatically that [wz] = [yw] = [w] = «
in S(9*X).

For the converse, let A be any non-empty irreducible SE'T contained in X, 4), cf.
Theorem 3.2, and use Lemma 5.2. 0

In particular, it follows that Per X, ) € X ((;)k).

Lemma 5.4. (J .y x@

(e,k) € X(ak)-

Proof. When p is a minimal cycle in 0*X and w,u € « are such that wp¥u €
W(R(X)) for all i € N, choose first x € W(R(X)) such that uzw € W(R(X)).
Then (wpdiu:c) € X(ap for all @ € N, proving that p> € X(a k)- O

Lemma 5.5. Let X(o ) be an irreducible component at level k in the shift space
X. Let p € W(X) be a minimal cycle such that p> is d-affiliated to X ). Let
Xak) = Uger (X™) (a1 be the decomposition (3.7) corresponding to n = |p|d. It

follows that there is an v € L such that p? €¢ W (X|p|d) is 1-affiliated to (X‘p‘d) ()

Proof. Since p> is d-affiliated to X, ) there are words w;,w, € «a such that

wipPw, € S(0FX) for all i € N. Since [wy] = [w,] in S (0¥X) there are words

a,b € W(9*X) such that (wjawyb)™® € 9*X. Tt follows that (wjawsb)™ contains

words w] € S (0¥ XP14) i = 1,2, such that [w]] = [w;] = o in S(*X),i = 1,2, and
/ di, /

wipwy € (8’“X‘p‘d)) (5.6)

W (R
for all i € N. (We are here using that 6 (XPl4) = (9 X)‘p‘d ) Since [w}] = [wh] in
S (8¥X), there is a word y € W (R (0¥ X)) such that wiyw] € S (9"X). It follows
that (w)p why)™ € X(a k) because [w}] = [w)] = . By Lemma 3.8 there is any € L
such that (wiplwhy)> € (X7 () Hence [w]] = [wh] =~ by Lemma 3.3 applied

to 0¥ XPI4. Then (5.6) tells us that p¢ € W (XPI4) is 1-affiliated to (XPI7) (k)" O
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Proposition 5.6. Let ¢ : X — Y be a conjugacy of shift spaces, X x) an irreducible
component at level k in X, and Y(g ) the irreducible component at level k in'Y" such
that Yigr) = @ (XMC ), cf. Proposztzon 4.6. It follows that

v <X<(§)k>> =Yg

for all d € N.

Proof. Let p € W(X) be a minimal cycle d-affiliated to X, ). By Lemma 5.5
there is an irreducible compoment, (X |p|d) (o k)’ in the decomposition X x) =
|—|6€L (X‘p‘d)(@k) of Lemma 3.8 such that p> is 1-affiliated to (X|p|d)(a,7k). By
Lemma 5.2 there is an irreducible SFT A C oF (X |p|d) containing p> and a pe-
riodic point = € (X|p|d)(a,7k). Then ¢(A) C 9" (Y|p|d) by Proposition 4.5 and
o(x) € (Y|p|d) o0 for some irreducible component (Y|p|d) 5 from the decom-
position Yigx) = [gcp (Yleld) @0 of Lemma 3.8. It follows from Lemma 5.3 that
¢ (p™) is 1-affiliated to (YPI9) B k)
words uy, us € ' such that uiq%u, € W (R (8"“Y)) for all 7 € N. It follows that ¢

is d-affiliated to Y{s ). This shows that ¢ (X (( ) )> C Y((;L) By symmetry we must

In other words, when ¢ = ¢ (p>)g,p|, there are

have equality.
O

Lemma 5.7. Let X be a shift space, and X ) an irreducible component of X at
level k. It follows that there is a sequence Ay C Ay C A3 C ... of irreducible SFTs
in 0% X such that

1) W(A,) Na #0 for alln € N,
2) period (A )_penod(X( )for alln € N,

)
3) lim, oo h(A,) = hsyn (X(a,k));
1) Xigy = Per (UnZy An), and
5) X(a,k) CU 1 An CX(ak)

Proof. Let ay,as,as, ... be a numbering of the periodic points 1-affiliated to X, ).
For each 7, let p; be a minimal cycle such that p® = a;. For each 7 there are s;,t; € «
such that s;pt; € W (8’“X ) for all d € N. It follows from Theorem 3.2 that there is
a sequence C; C Cy € U3 C ... of irreducible SF'Ts in X, %) such that

a) lim,, oo A(Cy) = hgyn (X(a,o))7

b) Xar = U, Cn.
In the following we use the symbol < C,a > for the irreducible SFT obtained
as in the proof of Lemma 5.2 from an irreducible SFT C' C 9*X and a periodic
point @ € X which is 1-affiliated to C'. Since C, C (1, we can arrange that
< Cyh,a; > C < Cyhyq, a1 >. This requires only that the words r, w’, z and y occuring
in the construction of Lemma 5.2 are chosen to be the same in both cases. This
is clearly possible; as far as w’ is concerned we simply choose it from W(C}). By
the same reasoning we can arrange that << C,,a; >,as > C << C) 11,01 >, a9 >.
By repeating the construction we obtain an increasing sequence C] C C) C ... of
irreducible SFTs in 9*X such that C, U {aj,as,...,a,} C C! for all n. There is
an N € N such that the greatest common divisor of the periods of aq,as,...,ayx
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is period (X((;)k)) Set A; = Cly,;- Then 1) and 2) clearly hold and X((;)k) -

Per (2, A,). It follows from Lemma 5.3 that Per (| J7—, A,) C X((;)k), and hence

4) follows. It follows from Lemma 5.3 and Lemma 5.4 that A, C X), so that
h(Ay) = heyn(An) < hoyn (X(a7k)) for all n. Since h(A;) > h(C;), 3) follows from a).
Since |J,, C,, C U,, Ay, 5) follows from b).

O

Lemma 5.8. Let X be an irreducible sofic shift space with top component X.. Set
p = period (X,.). Then

1 1 1
h(X) = lim —log g, (X) = lim — log ¢y, (Xc(l)) = lim — log gn, (X,)

1 1 1
= lim —logP,, (X) = lim —logP,, (Xc(l)) = lim —log P, (X.).

Proof. The minimum of the numbers g, (X), g (Xé”) np (Xe)  Pop (X)),
P,, (Xé”) , Py (Xe) 18 qnp (X.) and the maximum is P,, (X). Since

1
h(X) > limsup - log P; (X)
i J
by Proposition 4.1.15 of [LM], it suffices therefore to show that lim inf,, nip log gnp (Xc) >
h(X). To this end let € > 0. It follows from Lemma 3.1 and Theorem 3.2 that there
is an irreducible SFT A C X, such that h(A) > h(X) — € and period(A) = p. Since
lim inf,, an log ¢np (X.) > liminf, nip log gnp (A) = lim,, oo an log gnp (A) = h(A), the
proof is complete. O

6. SOFIC SHIFT SPACES HAVE FINITE DEPTH

We shall prove that a sofic shift space has finite depth by ’pruning’ in the sub-
set construction for a right-resolving presentation. We begin by introducing some
convenient notation and terminology.

A factor map ¢ : X — Y, with X a non-wandering SFT, will be called component
reduced, when there is no irreducible component A C X such that Y = p(X\A).
If ¢ is not component reduced, we can delete irreducible components from X to
obtain a new non-wandering SFT X’ C X and a factor map ¢|y: : X’ — Y which
is component reduced. We will refer to ¢|x/ as a component reduction of .

Let (G, L) be a labeled graph. There is then a sofic shift space Y and a factor
map ¢ : Xg — Y obtained ’by reading the labels’, i.e. ¢ is a one-block map from
Xg onto Y. We say that ¢ : Xg — Y is a presentation of Y. In this setting
©(R(Xg)) = R(Y). The shift space R(X¢) is the edge shift defined by the subgraph
of G obtained by deleting all edges which go between different communicating classes
of states, cf. pp 118-119 of [LM]. We will denote this subgraph by R(G) so that
R(X¢) = Xp(e) and ¢ : R(X¢g) — R(Y) is then the presentation of R(Y") given by
(R(G), L|r()). We will say that G is non-wandering when G = R(G), and that the
presentation ¢ : Xg — Y given by (G, £) is non-wandering when G is.

A word w € W(Y) is said to be magic for ¢ when there is a j € {1,2,...,|w|}
and an edge e in G such that e; = e for all elements ejes...€p € ¢ '(w). We
shall mainly be working with right-resolving presentations and in this case one can
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always require that j = |w|. As is well-known and easily seen, a magic word for ¢
is synchronizing for Y.

To describe the subset construction, let (G, £) be a labeled graph and ¢ : Xg — Y
the presentation of Y given by it. We define a new graph G# whose vertex set is the
set 2V of subsets of the vertex set V of G. Let A be the alphabet of Y, i.e. the labels
of G. We draw an arrow labeled a € A from a subset F' € 2¥ to another F’ € 2V,
when

F'={xz €V : there is an edge labeled a from an element of F' to x}.

We denote this new labeled graph by (G#,E#). The corresponding presentation
0" : Xg# — Y of YV is right-resolving, and hence finite-to-one. For each k €
{1,2,-+- | #V} let Gk# denote the sub-graph of G* obtained by erasing all vertices
F € 2V for which #F # k, together with all arrows to or from such a vertex. We
assume now that the original presentation ¢ : Xg — Y is right-resolving. This has

the consequence that o# (Uk XG#) =Y in fact, ¥ (XG#> =Y. A cycle
k
F—-F—F— - —F —F (6.1)

in |J, G,fé defines a permutation u of the elements in F', determined by the condition
that for every x € F there are elements x1 € Fy,x9 € Fy,...,x, € F},, such that
there is a path © — 1 — 29 — - -+ — x, — p(z) in G with the same label as (6.1).
We will say that the cycle (6.1) is static when this permutation is trivial, and call
a subgraph H C |, Gk# hereditary when the following holds: When (6.1) is a cycle
in |J, G7 such that F' € H, then the whole cycle (6.1) is in H. Since every cycle in
U, Gk# can be prolonged to obtain a static cycle, it suffices to check this condition
for static cycles.
The preceding definitions are put to work in the proof of the following result.

Proposition 6.1. Let ¢ : Xg — Y be a right-resolving presentation of the sofic shift
space Y. For each k =0,1,2,..., there is a non-wandering and hereditary subgraph

H,.1 C Uj2k+1 G}# such that

Proof. We will prove this by induction in k. Note that H; = R (Uk Gk#> is a non-

wandering and hereditary subgraph of (J, G¥. Since R(Y) = ¢# (Xy,), this yields
the £ = 0 case of the proposition. To handle the induction step, let H; be a non-
wandering and hereditary subgraph of Uj>k Gk# such that R (ak_lY) = o (Xg,).
By removing redundant components from H, we may assume that ¢# : Xp, —
R (akle) is component reduced. For each vertex M in Hy, we let F (M) denote
the follower-set F (M) € 2%(Y) defined by Hy, cf. p. 78 of [LM]. Let Hj,, be the
subgraph of  J skt G;# obtained by removing all vertices except those F' for which
there are subsets Ny, Ny in F', both of which are vertices in Hy, and F (Ny) # F (Na).
Since Ny # Na, and both sets contain at least k elements, Hy ; C U541, G;%. To
see that M), is hereditary, let

F0—>F1—>F2—>"'—>F0 (62)
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be a static cycle in G}# for some j > k + 1, such that Fy € H;,,. Then F; =
{af,2h,--- 2%} CV, and there are paths

0 1 2 0
T, — T, — Xy — e — T, (6.3)

in G for all a = 1,2,...,4, all with the same label as (6.2). Since Fj is a vertex
in Hj, 41, there are subsets Ny, No C Fj, which are both vertices in Hy such that
F (Ny) # F (N3). The paths from (6.3) give us then paths

N1:N01HN11—>N21H~-~—>N01:N1,

6.4
NQZN(?HNEHN22H~-~—>N(?:N2 (6.4)

in ;> G}# with the same label as (6.2). Since Ny, Ny € Hj, both these paths
are in Hj because Hj, is hereditary. Since F (N7) # F (Ns), we conclude that
F (N} #£ F(N?) for all a = 0,1,2,..., because Hj, is right-resolving. It follows
that the path (6.2) proceeds in Hj,, and we conclude that Hj , is a hereditary
subgraph of Uj2k+1 G;#. Set Hy11 = R (H,’Hl), and note that Hy; is then a non-
wandering and hereditary subgraph of | ki1 G;%.

Let w € W (9"Y). There must then be two words in W(Xp,) labeled w which
terminate in vertices with different follower sets, since otherwise w would be magic
for the presentation of R (6"3’1}/) given by the follower-set graph of Hy, cf. p. 73 of
[LM]. But then w would be synchronizing for R (8’“*1)/), which is impossible since
we W (8’“Y). By taking the union of the vertices from G# occuring in the paths
defining these two words in W(Xp, ), both labeled w and terminating in vertices
with different follower sets, we obtain a word in Hj_, labeled w, and we conclude

therefore that W (9"Y) C W (cp#(XH;cH)). It follows that O*Y C ¥ (XHzQH)'
Since R (cp# (XHIQH)) = ¥ (XHk-H)’ it follows that

R(3"Y) C o* (Xp,,,) (6.5)

Let next w = p# (u), where u € W (XHk-H)' We claim that there are words wy, ws
in Xp,, both labeled w, which terminate in vertices, v; and v,, respectively, with
F (v1) # F (v2). To see this, note that there is a periodic word p € Xpg,,, such
that v C p. There must therefore be a static cycle (6.2) in Hy,; such that u is a
subword of the label of this cycle. If we construct the paths (6.4) as above, they
define two words in Xy, and the appropriate subwords of them will give words w,
and wy with the asserted property. Assume that F (vy) contains a word b which
is not in F (vy) (if no such word exists, we interchange the roles of w; and wy).
Since Hj is non-wandering the vertices of w; are contained in the same irreducible
component A of Hy. Since ¢ : Xy — R (8’“*1}/) is component reduced, ¢# (X 4)
is not contained in # (X Hy\ A). There is therefore a word x € W (X 4) such that
o (z) ¢ W (o# (Xmna)). Since A is irreducible, there is a word ag € W (X4)
such that zagw; € W (X,4). Since o is right-resolving, there is word a; € W(X )
with the property that the words in X4 labeled ©#(a;) terminate in vertices of A
with the same follower-set, cf. Proposition 3.3.16 of [LM]. Since A is irreducible
we may assume that a;ragw; € W (X4). Set a = ¢ (a17ag) and note that aw =
o (a1zaow) € W (R (0*1Y)). Since b € F(wy), wb € W (R(9*'Y)). We
claim that awb ¢ W (R (9"7'Y)). Indeed, if d € W (Xp,) is a word such that
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¢ (d) = awb, d must be a word in X4 since  C a. By the choice of a1, the |a;|'th
edge in d must terminate in a vertex with the same follower-set as the terminal
vertex of a;. Since ¢ is right-resolving it follows that the terminal vertex of the
j’th vertex in d must have the same follower-set as the terminal vertex of the j’'th
edge in ajrapw; when |ai| < j < |ajzagwy|. In particular, when j = |ajzagw|,
this implies that b must be in the follower-set of the terminal vertex of wy, since
©"(d) = awb. But this is not the case, and hence d can not exist. Consequently, w
can not be synchronizing for R (0*~'Y’). This proves that ¢# (Xp,,,) € 9*Y. Since
H,,.1 is non-wandering we have in fact that % (X H, +1) CR (6’“Y). Combined with
(6.5) this yields the desired identity. O

It follows straightforwardly from Proposition 6.1 that R(JY) is a sofic shift space
and that Y has finite depth, with Depth(Y) < max,ey #¢ '(y). But we want to
improve these conclusions a little, and in the process we will obtain an effective way
to find the derived shift space of a sofic shift space.

The following lemma follows actually from Proposition 9.5 a) in [J1], as we shall

explain in Remark 6.4 below. It also appears, in the irreducible case, as Lemma 1.1
of [T].
Lemma 6.2. Let Y be a sofic shift space and ¢ : X — R(Y') a presentation of R(Y)
given by the non-wandering labeled graph (G, L). Assume that ¢ is right-resolving,
follower-separated and component reduced. It follows that a word w € W(R(Y)) is
synchronizing for R(Y) if and only if it is magic for ¢.

Proof. The "if” part is well-known and easy. The ’only if” part follows from the same
reasoning as in the last part of the proof of Proposition 6.1. U

Lemma 6.3. Let Y be a sofic shift space. It follows that there is a non-wandering,
right-resolving, follower-separated and component reduced presentation p : Xg —

R(Y) of R(Y).

Proof. Start with a right-resolving presentation ¢ : X — Y, c¢f. Theorem 3.3.2 of
[LM]. Then ¢ (R (X)) = R(Y), and ¥|g(x) : R(X) — R(Y') remains right-resolving.
Then the presentation F'R(X) — R(Y') obtained by passing to the merged graph of
R(X) will be both right-resolving and follower-separated by Lemma 3.3.8 of [LM].
Furthermore, FFR(X) is a factor of R(X) and hence non-wandering. Finally, we pass
to a component reduction of FR(X) — R(Y), if necessary. O

Remark 6.4. In [J1], N. Jonoska calls a presentation of a sofic shift space synchro-
nizing when every vertex in the graph of the presentation is the terminal vertex of
a path whose label is a magic word. Some of the arguments used to prove Lemma
6.2 or Proposition 6.1 above show that a non-wandering, right-resolving, follower-
separated and component reduced presentation must be synchronizing in that sense.
Hence Lemma 6.3, combined with the above mentioned arguments, implies Theorem
6.12 of [J1]: Every non-wandering sofic shift admits a synchronizing right-resolving
presentation. In essense our proof of this is the same as Jonoska’s, but we avoid
the use of maximal FTR languages. Through this connection to Jonoska’s work
we conclude that the presentation ¢ of Lemma 6.3 is unique up to conjugacy, cf.
Theorem 5.5 of [J1]. We may therefore refer to it as the minimal right-resolving syn-
chronizing presentation of R(Y'). However, we will stick to the sligthly longer, but
more descriptive terminology which we have used so far. Note that the presentation
is simply the Fischer cover when Y is irreducible.
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Proposition 6.5. Let Y be a sofic shift space and ¢ : X¢ — R(Y) a non-wandering,
right-resolving, follower-separated and component reduced presentation of R(Y'). It
follows that

Y =¢* (Xap ).

Proof. D: Let x € o (X o#)- We must show that x does not contain a synchronizing
2

word for R(Y'). By Lemma 6.2 this is the same as a magic word for ¢. If x contains
a magic word m, there is an n such that u, = v, for all u,v € ¢~ !(z). This is

impossible because z € p* (X G;&).

C: Let z € R(Y)\p" (XG;#). We must show that z contains a synchronizing
word for R(Y) - or equivalently, by Lemma 6.2, a magic word for ¢. Let ¢ '(2) =
{vlv? ... v"}. Since z ¢ ¥ (XG§;> and ¢ is right-resolving, for each pair 7,j €

{1,2,...,n} there must be an N;; € N so large that v/, = vJ for all n > N,;.
Set N = max;; N;;. We claim that there is a £ > N such that uy = vy for all
u,v € @71(2[,,&;@[). Since this implies that z_j is magic for ¢, we will then be
done. So assume to reach a contradiction that for all k& > N there are elements
u¥, v* € X such that ufﬁhk[,vﬁk,k[ € o M (2—kx) and uf, # vk. By the pigeonhole
principle there is a sequence N < ky < ky < --- such that (uh,vl) = (uh, v%) for
all i. By passing to subsequences we may assume that {u*i} and {v*i} both converge,
say to u,v € Xg, respectively. Then u,v € ¢~ !(2) and vy # uy, contradicting the
choice of N. O

Theorem 6.6. Let Y be a sofic shift space. It follows that Y is a sofic shift space.

Proof. This is an immediate consequence of Lemma 6.3 and Proposition 6.5. U

It follows of course that all the derived shift spaces of Y are sofic shift spaces. To
estimate the depth of a sofic shift space we follow [FFJ] and let pm (¢) denote the
maximal number of pre-images under ¢ of a periodic point in Y, and refer to this
number as the periodic multiplicity of ¢. Since ¢ is right-resolving, pm (¢) is the
same as the the multiplicity of ¢, cf. Lemma 2.3 of [FFJ].

Theorem 6.7. Let Y be a sofic shift space, and ¢ : Xg — Y a right-resolving
presentation of Y. Then Depth(Y) < pm(yp) — 1.

Proof. Note that R (Gk#+1> = () when k+ 1 > pm(yp). It follows therefore from

Proposition 6.1 that R(0"Y) = () when k > pm(y). Since O*Y is a sofic shift space
by Theorem 6.6, this implies that 0*Y = () when k > pm(yp). O

Remark 6.8. There are cases where the inequality of Theorem 6.7 is an equality;
this is for example the case when ¢ is the standard presentation of the even shift.
However, in general the depth of a sofic shift space can be strictly smaller than the
minimum value of pm(p) — 1, where ¢ varies over all presentations of Y. To see this
consider the sofic shift space Y presented by the following labeled graph:
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Figure 1.

If v is any presentation of Y, there is an irreducible presentation vy of Y, obtained
from 1 by restriction to an irreducible component. Then pm(t)) > pm (). Note
that Y is an almost finite type shift since the graph in Figure 1 is also left-resolving,
and hence 1y must factor through the presentation given by the graph in Figure 1
according to [BKM]. Since the number of pre-images of a* for the latter presentation
is 3, we conclude that pm(¢)) —1 > 2. But it is easy to see that Depth(Y) = 1 since
dY consists of the fixed point a.

Remark 6.9. In a weak moment one might think that sofic shift spaces are char-
acterized by the property of having finite depth or a finite number of irreducible
components, at least among the synchronized systems. This is not the case; the
context free shift is a synchronized system which is not sofic, but has depth 1 and
only 3 irreducible components by Example 4.1.

Example 6.10. Proposition 6.5, Lemma 6.2 and Lemma 6.3 give a recipe for finding
the derived shift space of a sofic shift space Y: Consider a right-resolving presen-
tation of Y given by a labeled graph (G, £). The restriction to (R(G), L) is then
a non-wandering right-resolving presentation of R(Y'). Note that R(G) is then a
disjoint union of finitely many irreducible labeled graphs. Throw away as many as
possible of these, subject to the condition that the remaining graphs must still cover
R(Y). Finally, substitute each of the remaining graphs with their follower-set graph.
There is an algorithm for this, cf. pp 92-94 of [LM]. Let H be the resulting graph.
The associated presentation ¥ : Xy — R(Y) is then non-wandering, right-resolving,
follower-separated and component reduced. There is now an obvious algorithm for
finding Hi: Draw a graph whose vertices consist of two-elements sets {v1,v9} of ver-
tices from H, and draw an arrow labeled a € A from {vy,v2} to {v], v5} when there
are edges both labeled a, from vy to U;/L(l)7 and from vy to UL(Q) for some permutation

pof {1,2}. The result is HZ .
To illustrate the procedure consider the following labeled graph G which occurs
on p. 55 of [BK]:
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Figure 2. The graph G.

Let Y be the sofic shift space presented by G. The graph is clearly irreducible,
right-resolving (biresolving, in fact), and by inspection one sees easily that it is also
follower-separated. To determine the derived shift space dY, we can go directly to
the procedure described above to find G#. The result is

b

SN
)

Figure 3. The graph G#.

@

a

Although this graph does present JY it has a lot of redundancies, in the sense that
a substantially smaller subgraph already covers 0Y; namely the following subgraph
which is a component reduction of Gf .



30 KLAUS THOMSEN

(e

a
Figure 4. The graph H, presenting dY; a component reduction of G# .

Note that H is component reduced; the words aca and cbec are presented by a
unique irreducible component of H. To check that H is also a follower-separated
presentation of JY we can check each component separately, and this is easy. We
can therefore find %Y by constructing HQ# . Again the construction comes with
redundancies which are removed by a component reduction. After that the result is
the following graph which presents 9%Y".

b
c m
(K
¢ b
Figure 5. A presentation of 5?Y’; a component reduction of Hf .

The graph in Figure 5 is non-wandering, right-resolving, follower-separated and
component reduced, so we can apply Proposition 6.5 to find 9*Y", which turns out to
consist of the three fixed-points a®°, b> and ¢*. In particular, @*Y is a SFT. Hence
'Y =0 and 9Y is the floor of Y, i.e. DepthY = 3.

Proposition 6.11. Let Y be a sofic shift space. Then DepthY = 0 if and only if
R(Y) is a SFT.

Proof. If R(Y) is a SFT every sufficiently long word in R(Y") is synchronizing for
R(Y) and hence Y = (), i.e. DepthY = 0. Conversely, assume that Y = (). Then
{ye RY): wCy=w¢S(Y)}is empty, and a compactness argument shows that
there must be an N such that all words in W(R(Y)) of length > N is synchronizing.
It follows that R(Y") is a SF'T, c¢f. Theorem 2.1.8 of [LM]. O
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In particular, an irreducible sofic shift space is of finite type if and only if its depth
is zero. There are strictly sofic shift spaces Y with DepthY = 0. A simple example
is the sofic shift in Fig. 4 of [J1]. By Proposition 6.11 all such examples must be
wandering, i.e. PerY # Y.

Remark 6.12. We show that for alln = 1,2,3, ..., there is a mixing sofic shift space
Y with DepthY = n such that the floor 0"Y is as general as possible; namely an
arbitrary sofic shift space Z for which R(Z) is a SFT. For this purpose we prove
by induction that for each n = 0,1,2,... there is a right-resolving and follower-
separated labeled graph G,,, which is irreducible and aperiodic when n > 1, such that
the sofic shift Y,, presented by G, has depth n and 0"Y,, = Z. To start the induction
(n = 0), take G to be any right-resolving and follower-separated presentation of
Z. To handle the induction step, let GG, be a right-resolving and follower-separated
labeled graph G, such that the sofic shift Y;, presented by G,, = (V, &, £) has depth
n, and 0"Y,, = Z. We construct then G, as follows. The vertices of G, consist of
the disjoint union VUV of two copies of the vertex set V from G,,. Let vi,v, € VUV.
Draw an edge labeled a € A (= the alphabet of Y},) from v; to v9 when v; and vy
lie in the same copy of V and there is an edge labeled a from v; to vy in G,,. The
result is the disjoint union of G, with itself. We add 2(#V)? edges to this picture:
Add 2(#V)? new letters to A, say x,., and 4, ., v,w € V. For each pair of vertices,
v,w € VYUYV such that v is in the first copy of V and w is in the second, we draw an
edge labeled z,,, from v to w and an edge labeled y,, , from w to v. Let G,,1; be the
resulting labeled graph. It is easy to see that G,,; is irreducible, right-resolving and
follower-separated. To ensure that it is also aperiodic we add a loop at one vertex,
and label it by a letter we haven’t used before. (This is not necessary when n > 1.)
If Y, .1 is the sofic shift presented by G, 1, Proposition 6.5 tells us that 0Y,,.1 = Y.
Hence Depth (Y,;1) = Depth (Y,,)) + 1 = n+ 1 and 0""'Y,,; = 9"V, = Z.

Remark 6.13. The fact that the depth of a sofic shift space can be any natural
number can also be neatly illustrated by a series of irreducible (but not mixing)
sofic shift spaces considered by B. Marcus on page 369 of [M1] and in 2.2 a of [M2]
and called charge constrained shifts in [M1] and in Example 1.2.7 of [LM]: The
labeled graph,

1 1 1
/xm/\
wuw W

where there are n ones and n minus-ones, presents the subshift Yn of {1, —1}% with
the property that the sum of symbols in any block is bounded by n in absolute value.
It is easy to see that Y, = () and 9Y,, = Y,,_;. In particular, Depth (V) = n — 1.

Lemma 6.14. Let Y be a sofic shift space. Let v : Xg — R(Y') be a non-wandering,
right-resolving, follower-separated and component reduced presentation of R(Y'). For
every irreducible component Y, 0y at level 0 in'Y', there is a unique irreducible com-
ponent H of G such that o' (a) C W(Xy). This component, H, has the property
that (Y2 (XH) = X(a,O)-

Proof. Let u € a. Since u is magic for ¢ by Lemma 6.2, the words in ¢ ~!(u) must
terminate at the same vertex. Since G is non-wandering this implies that all paths
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in ¢'(u) run in the same irreducible component H of G. For any other element
v € « there is a word © € W(R(Y')) such that uzv € W(R(Y')). This implies that
the common terminal vertex for the paths in ¢~ !(v) must also be in H, proving
that o~ '(a) € W(Xp). Since every element z € X(,0) contains an element of «,
¢ '(z) € Xy, and we conclude that ¢ (Xpy) D X(40). Let z € X(40) be an element
with a dense orbit in X, ). Then z = ¢(y) for some y € Xy and it follows that the
orbit of z is also in p(Xp). Thus p(Xpg) = X(a0). In particular, ¢ (Xg) = ¢ (Xp,)
if H; C G is another irreducible component such that ¢=*(a) € W (Xy,). Since ¢
is component reduced we conclude that H = H;.

U

Remark 6.15. It follows from Lemma 6.14 that in a sofic shift space Y, a closed shift-
invariant subset is the closure of an irreducible component at level 0 if and only if it is
a maximal shift invariant subset of R(Y’) with a dense orbit. Furthermore, it follows
that every closed shift-invariant subset of R(Y") with a dense orbit is contained in
the closure of an irreducible component at level 0.

Proposition 6.16. Let Y, 1) be an irreducible component at level k in the sofic shift
space Y. It follows that Y, 1) s an irreducible sofic shift space.

Proof. Since OFY is a sofic shift space by Theorem 6.6, we may assume that k& = 0.
Then the conclusion follows from Lemma 6.14. 0

Remark 6.17. With the aid of Lemma 6.14 we can determine the irreducible com-
ponents in a sofic shift space. To illustrate this we return to the example from
Example 6.10. Besides the unique irreducible component at level 0 there are two
irreducible components at level 1 in Y, each a dense subshift of one of the com-
ponents in the graph of Figure 4. There are also two irreducible components at
level 2, corresponding to the two components of the graph in Figure 5, and finally
there are three components, all fixed points, on the floor at level 3. In principle one
could describe an increasing sequence of irreducible SFTs in the sofic shift spaces
presented by these graphs whose union is the corresponding irreducible component.
For one of them, the full 2-shift in Figure 5, this is particularly simple since it’s an
irreducible SF'T itself. However, this additional information will not be needed in
applications of the embedding and factor theorems which we prove in Section 8 and
Section 9, respectively, so we refrain from doing it.

Note that Lemma 6.14 establishes a bijective correspondance between the irre-
ducible components at level 0 in Y and the irreducible components in the non-

wandering, right-resolving, follower-separated and component reduced presentation
of R(Y).

Proposition 6.18. The number of components in a sofic shift space Y 1is finite.

Proof. Since the derived shift spaces of Y are all sofic by Theorem 6.6 and since Y
has finite depth by Theorem 6.7, it suffices to show that Y has only a finite number
of irreducible components at level 0. This follows from Lemma 6.3 and Lemma
6.14. ]

As shown by Example 4.7 there are non-sofic synchronized systems of finite depth
with infinitely many irreducible components.
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Lemma 6.19. Let Y be a sofic shift space and Yo ) an irreducible component at
level k in'Y', where k > 1. It follows that there is an irreducible component Y5 1)

at level k —1 i 'Y such that Yo r)y C Ygr-1)-

Proof. This follows from Lemma 6.14 since Y(, 1) is a closed shift-invariant subset of
0"1Y and has a dense orbit, cf. Remark 6.15. O

Remark 6.20. The inclusion structure of closures of the irreducible components of a
sofic shift space can be presented by a finite Bratteli-diagram, where the irreducible
components at level k are presented by dots and there is an edge between a dot at
level £ — 1 and a dot at level £ when the closure of the irreducible component at
level k is contained in the closure of the irreducible component at level £k — 1. For
the sofic shift space presented by Figure 2 above the result is the following graph.

[e] (©] (¢]

Figure 6. The inclusion pattern of the closures of the irreducible components in
the sofic shift space of Figure 2.

The following lemma makes it easy to find the periodic points in the top com-
ponent of an irreducible sofic shift space, and to determine the period of its cyclic
cover from the Fischer cover of the shift space.

Lemma 6.21. Let Y be an irreducible sofic shift space with top component Y., and
let ¢ : Yo — Y be its Fischer cover. Let z € PerY. Then z € Y, if and only if
#1=Y(2) = 1. Furthermore, period (Y,) = period (Yg).

Proof. 1f #4¢~(z) = 1, 2 ¢ 9Y by Proposition 6.5. Hence z € Y, by Lemma 4.2.
Conversely, when z € Y, it follows from the definition of Y. that #¢~1(z) = 1 since
a synchronizing word for Y is magic for ¢ by Lemma 6.2.

It follows from the preceding that period (Yy) divides period (Y.). Set py =
period (Y) and let y € Per Yq. Since Yy is irreducible there is a cycle ¢ € W (Yg)
such that ¢(q) € W (Y) is synchronizing for Y. Note that (Y5)™ is the disjoint
union of mixing SFTs. For some j € {0,1,2,...,po — 1}, 07 (¢*°) and y are con-
tained in the same of these components, say Z, of (Y)™. Then yo period(y)| € W(Z2)
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and (o7 (@) 0,2191 € W(Z), and since o is mixing on Z, there is an N € N and
for all n,m > N there are words a € W, (Y) and b € W,,,,,, (Ye) such that

Yio.period)(@ (07 (47)) g 315 Y0 perioat € W(Yer)-

Note that ((crj (qoo))[w‘q“) € W(Y) is synchronizing for Y because it contains
¥ (q), and that

(y[o,periodw)[a (07 (@) 10 141 b)

is a periodic point of period 2|q| + npy + mpy + period(y). It follows that M =
2|q|+2Np °+per1°d @) has the property that for all m > M there is a cycle 7, in Yg such
that ¢ (Tm) is synchronizing for Y and |r,,| = mpe. This implies that for all m > M,
Y, contains a periodic point of period mpg. If we choose m > M such that m is
relative prime to period (Y.), we conclude that period (Y,) divides py = period (Yg).

0

To finish this section we show that the derived shift spaces and the irreducible
components of an almost Markov sofic shift is again almost Markov, and that the
affiliation pattern of almost Markov shift spaces are easy to determine from the
appropriate covers.

Recall, [BK], that a shift space T is almost Markov when there is a SFT S and
a biclosing factor map ¢ : S — T. By work of Nasu, Kitchens, Boyle and Marcus,
there is then a left- and right-resolving presentation, i.e. a biresolving presentation,
of T, see [BKM]. An irreducible almost Markov shift space is often called an almost
finite type shift space. An irreducible sofic shift space is an almost finite type shift
space if and only if its Fischer cover is left-closing, cf. [N1]. It is this additional
property of the Fischer cover we exploit in the following.

Proposition 6.22. Let T be an almost Markov shift space. It follows that O*T is an
almost Markov shift space for all k. Furthermore, 0T = {x € R(T) : #¢o () > 2}
when ¢ : X — R(T) is a non-wandering, right-resolving, follower-separated and
component reduced presentation of R(T).

Proof. 1t suffices to prove this for £k = 1. Let ¢ : § — T be a biresolving presen-
tation of 7. Then ¢ : R(S) — R(T) is a biresolving presentation of R(T). Let
71,2, ..., 721, be the components of R(S) and note that each ¢ (Z;) is then an
irreducible almost Markov shift space. For each i, let ¢; : Xg, — ¢(Z;) be the
Fischer cover of ¢(Z;). Let G = G; UGy U - - - UG be the disjoint union, and define
Y1 Xg — R(T) by ¥|xs, = ¢i. By deletlng the redundant G;’s we may assume
that 1 is component reduced and hence follower-separated. It follows then from
Proposition 6.5 that 1% (X, G;&) = OT. Since 1; is left-closing by [N1], it follows first

that 1) is left-closing and then that ¢# : X Gt OT is left-closing. Since the latter
is also right-resolving, it is biclosing and we conclude that 9T is almost Markov, and

that 0T = {x € R(T) : #y ' (x) > 2}. O

Corollary 6.23. Let T' be an almost Markov shift space, and T. an irreducible
component in T. It follows that T, is almost of finite type.

Proof. By Proposition 6.22 we can assume that 7T, is at level 0. As in the proof of
Proposition 6.22 we find that R(7') is the union of a finite number, Ty, T, ..., T},
of subshifts almost of finite type, and that there is a non-wandering graph G with
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irreducible components G1, G, . .., Gy and a right-resolving, follower-separated and
component reduced presentation ¢ : X¢ — R(T) such that ¢ (X¢,) = T;,1 =
1,2,...,k. Tt follows then from Lemma 6.14 that T, = v (Xg,) = T; for some i.
Hence T, is almost of finite type. OJ

By Proposition 6.22, the derived shift space of an almost Markov shift 7" is exactly
what is denoted by fM(f) in [BK], i.e. the image in T of the multiplicity shift of
the biresolving presentation of T' of degree 1. In this way we may conclude from
Proposition 2.5 of [BK], that any almost Markov shift occurs as the derived shift
space of a mixing almost Markov shift. The identity between the derived shift space
and the image of the multiplicity shift for the canonical biresolving cover of an
irreducible almost Markov shift space T" does not persist when the constructions are
iterated; the second derived shift space is in general not the image in T" of what is
denoted by M in [BK] or the image of Mj, for that matter. The example analyzed
in Example 6.10 can serve as an illustration of this point. Furthermore, in general
the depth of T is not the same as the height of its canonical cover, as defined in

[BK].

Proposition 6.24. Assume that T is an almost finite type shift space, and let ¢ :
X¢g — R(T) be a non-wandering, right-resolving, follower-separated and component
reduced presentation of R(T). Let p € W(T') be a minimal cycle and let d € N. Let
T. be an irreducible component at level 0 in T, and let G. C G be the irreducible
component such that ¢='(c) C W (Xg,), ¢f. Lemma 6.14. Then p> € TP if and
only if o= (p™®) N Xg, contains an element whose minimal period divides |p|d.

Proof. Assume that p™ is d-affiliated to T.. There are then synchronizing words
wy,wy € c¢ such that wip¥w, € W(R(T)) for all i € N. Let vy be the terminal
vertex of any element in ¢ ~!(w;) and note that vy € X, by Lemma 6.14. Since w,
is magic for ¢ by Lemma 6.2, this vertex is the same for all elements of ¢~ (w,).
For fixed i the elements of o~ !(wip™w,) must have vy € Xg, as terminal vertex
of the |wq|'th edge, and all the subsequent edges must be the same. In this way
0~ (w1 p¥wy) determines a path 7; in X, of length d|p|i with initial vertex vy such
that o(r;) = p%. Note that the first |r;|]-vertices occuring in 7, are exactly r;,
because ¢ is right-resolving. Note also that ws must be in the follower-set of the
terminal vertex of r; for all 7. Since there are only finitely many vertices, there must
be 7, N € N such that the terminal vertex of r; is the same as that of r;; y. Write the
last Nd|p| edges of r;y v as ajas . . . ay, where |a;| = d|p| and p(a;) = p? for all j. We
claim that a; must be a cycle. So assume that a; is not a cycle. Then the terminal
vertex v of a; must be different from the terminal vertex w of ay. Furthermore, there
are paths, d, and d,, both labeled wy, with initial vertices v and w, respectively.
Then (asas...axa;)®d, and (ayas...ayn)>d,, are different left-infinite paths with
the same label. Since wy is magic for ¢, their terminal vertices must be the same.
This contradicts that ¢ : Xg, — ¢ (Xg,) is left-closing by [N1], and we conclude
that a; must be a cycle. Then a$° € X¢, is a d|p|-periodic element of ¢! (p™).
The converse holds for general sofic shifts by Lemma 7.7.
O

Example 6.25. In the mixing sofic shift space presented by the graph
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the fixed point a® is 1-affiliated to the top component, but there is no fixed point
in the subshift of the Fischer graph. Thus Proposition 6.24 fails in general.

7. AFFILIATION AND MORPHISMS BETWEEN SOFIC SHIFT SPACES

Lemma 7.1. Let ¢ : X — Y be an embedding of shift spaces. Assume that Y
has finite depth. For each irreducible component, X, ;), in X, there are a unique
Jo € {0,1,2,...,Depth(X)} and a unique irreducible component, Y, ;,y, inY at
level j, such that

a) ¢ (X)) C 0#Y, and

b) @ (X(a) N Yiay.jp) 7 0.
Y(a,.j,) has the property that

o <X((d).)) cy®
a,] - Qs Jp
for all d € N.

Proof. Since Y has finite depth all periodic points of Y belong to an irreducible
component by Lemma 4.2. Let j, be the least number in {0,1,2,...,Depth(Y)}
with the property that there is an irreducible component at level j, containing a
periodic point from ¢ (X(a,j)). Then ¢ (Per X(a,j)) C &#Y and hence

¢ (X(ag) €Y (7.1)

since 7¢Y is closed and X(a,j) = Per X(, ;) by Theorem 3.2. We claim that there is
only one irreducible component at level j, in ¥ which contains a periodic point from
Y (X(a,j))- Indeed, if Yg;,) and Y{g ;,) are irreducible components at level j, and
z,y € Per (X(,;) are such that ¢(z) € Y(g;,) and ¢(y) € Yz ., then Theorem
3.2 tells us that there is an irreducible SFT A C X(a,j) such that z,y € A. Since
(), p(y) € p(A) C &#Y by (7.1), we conclude first from Lemma 5.3 that ¢(y)
is 1-affiliated to Y(s,) and then from Lemma 5.4 that ¢(y) € Y(g;,). By Lemma
3.4 this is only possible if 3 = ', proving the claim. Let Y, ;,) be the irreducible
component at level j, which contains a periodic element from ¢ (X(mj))- To prove
that Y(a,,j,) is the only irreducible component in Y satisfying a) and b), assume that
Y(,r) also does. By applying Theorem 3.2 to both X(, ;) and Y, 1) we conclude from
b) that there are irreducible SFTs A C X(4), B C Y(4,x) such that p(A4)N B # 0.
Since p(A) N B is a SFT it must contain a periodic point and we conclude that

%, (Per X(QJ)) N Y(%k) 7£ . (7.2)

Hence k > j,. On the other hand, k& > j, is impossible since ¢ (X(a7j)) C 0*Y and
% (X(a,j)) N Ya,j,) 7# 0. Hence k = j,. As we have already shown that Y(, ;)
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is the only irreducible component at level j, which contains a periodic point from
¢ (X(aj)), we conclude from (7.2) that v = .

To see that ¢ <X((;?j)) - Y(Si,jw)’ let © € X((;?j). By definition of (o, j,) there

is a periodic point y € X(,,;) such that p(y) € Y{,, ;). By Lemma 5.7 there is an
irreducible SFT A C X, ;) such that z,y € A. Then ¢(z), p(y) € p(A) C &+ (Y),
and we conclude from Lemma 5.3 that ¢(z) is 1-affiliated to Y{,, ;). Consider finally
a minimal cycle in W (87 X) such that z = p>® € X ((;l?j), where d € N is arbitrary.
Let

X(aj) = |_| (X‘p‘d)(g,j)

BeL

be the decomposition (3.7) corresponding to n = [p|d. Then z € (X*I%) E}/)J') for
some v € L by Lemma 5.5. From the first part of the proof we deduce that p(z) €

(Y‘p‘d)(12 ., where (Y‘p‘d)(12 ~is the unique irreducible component in YPl4 at level
(Ye) (Y,3e)

Jo for which ¢ (Per (X pid) (o j)) N (Yrld) () # (. Let
’ e

Yia,jo) = |_| (Y|pld)(5',y¢>

/BleL/

be the decomposition (3.7) corresponding to n = |p|d. By definition of (c,,j,),
¢ (Per X (o)) N Yia,j,) # 0. There are therefore y € L and ' € L' such that

Ip|d |p|d . cpp s cps .
% (Per X (w)) N (Yp )( jo) # (). Since the shift induces a transitive action on L

by Lemma 3.8, we may assume, by changing ' if necessary, that u = . It follows

then that §° = +/, i.e. p(z) is l-affiliated to (Y|p|d)(6,j ) in VP4 where 5/ € L'
Je

Since period(¢(x)) = |p|, this means that there is a minimal cycle ¢ of lenght [p|

such that ¢(z) = ¢*° and there are words wy,ws € a, N'W (9¢YIPI?) such that

wigw, € W (7Y Pl?) for all i € N. It follows that ¢(z) € Y@

CEN N

OJ

It is notationally simpler to drop the explicit reference to the levels when handling

the irreducible components, as we have done occasionally already. Let us therefore

introduce the notation X, for an irreducible component at any level in the shift space

X. Then Lemma 7.1 tells us that the embedding ¢ induces a map ¢ — ¢(c) from

the irreducible components in X to the irreducible components in Y determined by
the conditions that

1) ¥ (70) - ch(c)v and
2) @ (Xe) NYo() # 0.
This map has the property that

o (X) Y

Cc

for all d € N and all c.

Lemma 7.2. Let X and Y be irreducible sofic shift spaces and ¢ : X — Y a
factor map. Let X. and Y, be the top components of X and Y, respectively. Let
x € Per X, period(x) = n, and period(¢(x)) = m. Then

dn
ze XY= o) € ch’”)
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Proof. Note first that if ¢ is a conjugacy rather than merely a factor map, we would
have that ¢ <Xc(d)> = Yc(,d) by Proposition 5.6. We may therefore use a recoding to

turn ¢ into a one-block map, and will therefore assume that this is the case. Let

then 7 : X¢ — X be the Fischer cover of X and set ¢ = pom. Let p € W(X)
be a minimal cycle of length n such that p>* =z € X9 There are then elements
w,u € c such that wp¥u € W(X) for all i € N. Choose w; € 7 }(w) and set
7 u) = {ui,us,...,ur}. Since u is magic for 7, all u;’s terminate at the same
vertex vy in G. Let v; be the initial vertex of wy, let ¢ € ¢ and choose a word
to € ~1(t). Since X is irreducible there are words a,,a_ € W(X¢) such that toa.,
terminates at v; and the initial vertex of a_ty is vy. Set 77 1(p) = {p1,p2, ..., pr}-
For each ¢ € N there is a string ji, jo, ..., jas € {1,2,...,M}andanl € {1,2,..., L}
such that

W1Pj 1Py « - - Pjg; Wi eWwW (Xg)
and 7 (w1pj,pj, - - - P, w) = wp™u. It follows that

toa,wlpjlph .. .pjdiulatho ew (Xg)
for all « € N. Hence

tip(a—w1)(p)“p(u)y(as )t = ¢ (toa_wip;,pj, - - - pastato) € W(Y).

nd
Since t(a_wy), p(u)(ay)t € ¢, this shows that ¢ (p™) € ch m). O

Lemma 7.3. Let Y. be an irreducible component in the sofic shift space Y. Let
(YC)O be the top component of the irreducible sofic shift space Y.. It follows that

Y = (V) for alld € N

Proof. Assume that Y, is at level j in Y, i.e. that Y, C 7Y\’ "Y. Let p e W (7(:)
be a minimal cycle such that p* is d-affiliated to Y.. (Recall that the assumption
that p e W (?c) is no restriction by Lemma 5.4.) It follows that there are words
wy,wy € ¢ such that wyp®w, € W (R (Y)) for all i € N. Let 7 : Xg — R(¥Y)
be a non-wandering, right-resolving, follower-separated and component reduced pre-
sentation of R(4’Y). Then Y, = 7 (Xp) for some irreducible component H C G
with the property that 7! (w;) € W (Xg),i = 1,2, ¢f. Lemma 6.14. Since w;
and w, are magic for 7 by Lemma 6.2, they are also magic for 7 : Xy — Y, and
hence synchronizing for Y,. To conclude that p>® € (Yc)éd), it suffices therefore
to show that wip¥wy, € W(Y,) for all i € N. To this end observe that there is
abe W(R(Y)) such that webw; € W (R(4Y)). This shows that for any i,
(w1 p%web)>® € W (R (07Y)). Since (w1pPwqb)> € Y. by definition of Y,, the desired
(d)
0

nizing words for Y,, say w; and wy, such that wip¥w, € W (Y,) for all i € N. Then

w; and w, are magic for 7 : Xz — Y, by Lemma 6.14 and since 7 is component
reduced there are words a,b € W (Y.) such that aw;,wsb € W (Y,) are magic words
for  and hence synchronizing for R (#Y’). It follows from Lemma 3.3 that aw; and
wqb are words in ¢, and since aw;p¥wyb € W (Y,) C W (R (#7Y)) for all i € N, we
conclude that p> € Y9, O

conclusion follows. Conversely, assume that p> € (?c) . There are then synchro-

It should be remarked that it is not generally the case that the top component
of Y. is Y,; the latter is always a subset of the former by Lemma 3.10, but not vice
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versa. The components at level 1 in the sofic shift space Y presented by Figure 2 can
serve to illustrate this: If Y. denotes the irreducible component of Y whose closure
is presented by the component on the right in Figure 4, then the fixed point a* is in
(7(:)0 since the letter a is obviously synchronizing for Y,. However, a® € 9?Y, and
is therefore not contained in any irreducible component at level 1. In particular, it
is not contained in Y,. By considering the irreducible component whose closure is
represented by the upper component in Figure 5, we see that this phenomenon can
occur even when Y, is a SFT.

Theorem 7.4. Let X and Y be sofic shift spaces, and b : X — 'Y a morphism of
shift spaces. It follows that there is a map X. — Yy from the set of irreducible
components in X to the set of irreducible components in Y, such that

period(z)d

ze X =) e ng(@). (7.3)

In particular, (70) C Yy(e)-

Proof. Let X, be an irreducible component in X. Then X, is an irreducible sofic
shift space by Proposition 6.16, and it follows that so is ¢ (76) Let (1/1 (Yc)) o be
its top component. By Lemma 7.1 there is a unique irreducible component Y. of
Y such that (Z) C Yy and (1/} (Z))o N Yy # 0. (7.3) follows by combining
Lemma 7.2, Lemma 7.3 and Lemma 7.1.

O

In terms of the affiliation numbers introduced in the introduction, (7.3) says that
an affiliation number for  to X, is also an affiliation number for 1 (z) to Y. For
all we know, it may be that Theorem 7.4 holds more generally, e.g. for arbitrary
shift spaces of finite depth.

We remark that it will follow from Corollary 7.9 below that there is a finite set F’
of natural numbers such that (7.3) holds for all d € N if and only if it holds for all
deF.

It is important to realize that the affiliation numbers of a periodic point to a
given irreducible component do not form a semi-group in N, unlike the periods of
the point. To illustrate this consider the mixing sofic shift space X presented by the
graph

The fixed point a* is d-affiliated to the top component in X exactly when d € 2N
or d € 3N. This follows from Proposition 6.24. Since period (a>) = 1, 2N U 3N
are the affiliation numbers of a* to the top component of X. They do not form
a semi-group. Nonetheless it is of course possible to talk about minimal affiliation
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numbers to an irreducible component. In this example it would be the numbers 2
and 3.

Remark 7.5. Theorem 7.4 gives a general explanation for the obstructions to the
existence of non-trivial morphisms between certain sofic shift spaces which were
observed in [B] (and in [LM]). To illustrate this we consider Example 3.1 in [B].
The sofic shift T' is presented by

b

/b\

£

As pointed out by Boyle there are no non-trivial morphisms to 7" from any irre-
ducible SF'T with a fixed point. This follows also from Theorem 7.4. In fact, let A be
an irreducible sofic shift space which has a fixed point 1-affiliated to the top compo-
nent. Thus A could for example be SF'T, the even shift, the shift of Figure 2 or any
inclusive sofic shift space, in the sense of [B], which has a fixed point. Theorem 7.4
tells us that any morphism 1 : A — T would have to choose one of the components
in T - the image of the top component in A under the map of components induced
by 1 - and map any periodic point in A to a periodic point in 7" which is d-affiliated
to this component for some d, since every periodic point in A is k-affiliated to the
top component in A for some k, by Lemma 7.8. Since the unique fixed point in T’
is not 1l-affiliated to the top component in 7', the map v can not choose the top
component. There is only one more component in 7', namely the fixed point >
which constitutes the floor of T" at level 1. It follows that ¢ must map A onto b>.

With a little more effort one can show that the fixed point > in T is only d-
affiliated to the top component in 7" when d is even, and that the conclusion extends
to all irreducible sofic shift spaces A with a fixed point which is d-affiliated to the
top component for some odd d.

Remark 7.6. Theorem 7.4 has also a bearing on the intrinsic multiplicity, m(Y"),
and the intrinsic periodic multiplicity, pm(Y’), of an irreducible sofic shift space Y
which were introduced and studied in [FFJ]. It follows namely from Theorem 7.4
that when Y, is the top component of Y,

#r ' (y) > minf{d e N : y € YV},

for every periodic point y € Per Y and every factor map m mapping an irreducible
SFT onto Y. In this way the affiliation pattern leads to a lower bound for m(Y)
and pm(Y’), which generally can not be improved.

Lemma 7.7. Let Y be a sofic shift space p : Xg — R(Y) a non-wandering, right-
resolving, follower-separated and component reduced presentation of R(Y'). Let p €
W(Y') be a minimal cycle and let d € N. Let Y0 be an irreducible component
at level 0 in'Y, and let H C G be the irreducible component such that go_l(a) -
W (Xg), ¢f. Lemma 6.14. If o= (p>) N Xy contains an element whose minimal

period divides |p|d, then p> € Y((j)o)-
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Proof. Let ¢ be a cycle in W(Xy) of length d|p| such that ¢(¢) = p?. Choose
a € W(Xy) such that p(a) € «, and let by,by € W(Xy) be words such that the
terminal vertex of ab; and the initial vertex of bya are both the initial vertex of ¢.
Then w; = ¢(ab;) and wy = @(bsa) are words in a such that wyp“w, = p(abig'bsa) €

W(R(Y)) for all i € N. Thus p* € Y} . O

Lemma 7.8. Let X (o) be an irreducible component at level k in the sofic shift space
X. Let K = pm(p) be the periodic multiplicity of p, where ¢ : X¢ — R (9*X) is a
non-wandering, right-resolving, follower-separated and component reduced presenta-
tion. It follows that

_ d K!
a) Per X(a,k) UdeN (ak Ud 1 ak‘ X((a,k‘))’ and
b) z € X((j?k) = dme{l,2,...,pm(p)}: m|d and x € X((Ill).

Proof. a) Note that [J,.n X C Per X(o ) by Lemma 5.4. Since U 1X((j)k)

(k)

X((fl?), it suffices to show that PeerLC Ud 1 ;lk Let p € X(a7k), Then
p = ¢(q) for some g € Per X;. By Lemma 7.7 this implies that p € X((i)k) where
= E:ﬁgi(p Since j < pm(y), the proof is complete.

b) Let g € W (8’“ ) be the minimal cycle such that x = ¢> and ¢ = x[g 4. Since

T € X(( there are words w,u € a such that wq®u € W( (8’“)()) for all 7 € N.

By using that w is magic for ¢ by Lemma 6.2, that ¢ is right-resolving and finally
that there are only finitely many vertices in G, it follows that there is a z € ¢~ ()
such that

VieN Ju; € o (u) 1 2 qaui € W (Xe). (7.4)
Note that period(z) = |¢|a for some a € {1,2,...,pm(p)}. It follows from (7.4) that
Vi€ N Ju; € o (u) 1 20, gmijui € W (Xg) (7.5)

where m is the greatest common divisor of a and d. It follows from (7.5) and Lemma
6.14 that there is a v € « such that vg™u € W (R (8*X)) for all ¢ € N, proving

(m)
that = € X(a,k)'

OJ

Corollary 7.9. Let X be an irreducible sofic shift space with top component X..
Let pm(yp) be the periodic multiplicity of the Fischer cover of X. For each d € N,

X = U X,

{1<m<pm(p): m|d}

Proof. This follows from b) of Lemma 7.8. O

8. WHEN ONE OF THE SHIFT SPACES IS AN IRREDUCIBLE SFT

In this section we present our results on embedding and factor maps between shift
spaces of unequal entropy when one of the involved spaces is an irreducible SFT.
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8.1. The global periodicity structure. The structure of the cyclic cover, and in
particular the fact that it need not be a partition, gives severe restrictions on which
SF'Ts a non-mixing synchronized system can map into. The basic obstruction of this
nature is described in the following proposition.

Proposition 8.1. Let X be a synchronized system which is not mizing, and let
Dy, Dy, ..., D, 1 the cyclic cover of X. Then the following are equivalent:

1) 3¢ € {2,3,...,p}, q|p such that

P_1q P_1
q q
U Dess | (U Dres | =0
J=0 J=0

when i,k € {0,1,...,q—1}, i # k.
2) There exists a non-mizing irreducible SET'Y such that X CY.
3) There exists a non-mizing irreducible SET'Y and a morphism X — Y.

Proof. 1) = 2): The dynamical system (szol qu,aq) is a shift space, i.e. it is
embedded into a full shift. This embedding extends to an embedding of X into an
irreducible SF'T of period ¢ in the obvious way.

2) = 3) is trivial.

3) = 1): Let Y be a non-mixing irreducible SFT and ¢ : X — Y a morphism.
Set ¢ = period(Y) and let Cy,CY,...,C,—1 be the cyclic cover of Y. The C;’s
are mutually disjoint since Y is a SFT. Since oP? acts transitively on each D,
there is for each ¢ a j such that ¢ (D;) C C;. It follows that there is a partition
KoUK U---UK,q0f{0,1,2,...,p— 1} such that

UDice (), j=01,.. ¢-1

1€K;

Since ¢ (C;) = Cj4+1 modulo ¢, o (D;) = D;41 modulo p, and v is shift commuting,
it follows that g|p. By renumbering the C;’s we can arrange that Dy C ¢~ (Cp).
Then

_m:{Hjmj:QL“wg—H

forall [ =0,1,2,...,9 — 1. In particular,

pP_1q P_1

q q

U Disa | (V| U Do | =0
j=0 7=0

since ¥~ (C;) N~ (C) = 0 when i # k. O

It follows from Proposition 8.1 that a non-mixing synchronized system, with the
property that each pair from the cyclic cover intersects non-trivially, does not admit
any morphism into any irreducible SF'T which is not mixing. This applies for exam-
ple to the irreducible sofic shift space in Remark 3.7. It is this obstruction which is
responsible for the failure of Krieger’'s embedding theorem when the target shift is
an irreducible SFT, but the domain only sofic. See Example 3.5 in [B] or Example
9.10 below for this obstruction in action, and Theorem 8.5 for the proof that it is
the only obstruction.
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Lemma 8.2. Let X and Y be synchronized systems with top components X. and
Y., respectively. Let m : X — Y be a factor map. It follows that p = period (Y.)
divides q = period (X.), and we can number the cyclic covers, Cy,Cy,...,Cp_q of Y
and Do, D, ...,D,1 of X, such that

7 (Dip) = C.. (8.1)

foralli=0,1,....p—1andallj=0,1,...,2 —1.

q
'p
Proof. Let first Cy, C1,...,Cp—1 and Dy, Dy, ..., D,_1 be an arbitrary numbering of
the cyclic covers of Y and X, respectively. Since oP? acts transitively on D; by iii)
of Corollary 3.12, there is a j € {0,1,2,...,p — 1} such that 7 (D;) C C;. In fact,
we claim that there is a surjective function p : {0,1,...,¢ — 1} — {0,1,...,p — 1}
such that

™ (Dl) g C,u(i) (82)
for all i € {0,1,...,q — 1}. Indeed, it can not happen that

when k # [. This is because Y = U?;é 7 (D;), so that at least one of the closed sets
7 (D;),j =0,1,...,¢—1, must have non-empty interior. Since o (7 (D;)) = 7 (Dit1)
modulo ¢, they must all have non-empty interior, and hence (8.3) is impossible by
the property iv) in Corollary 3.12 of a cyclic cover. We can therefore define p as
the map such that (8.2) holds. Then p is surjective because 7 is, and hence K; =
pwt({i}),i=0,1,...p — 1, is a partition of {0,1,...,q — 1}. Since o (C;) = Cy;,
mod p, it follows that # K; = # K for all i, and we conclude that ¢ = (#Ky) p. If we
re-number the C;’s such that 4(0) = 0, we find that K; = {i+jp: j=0,1,...,1-1}
foralli =0,1,...,p— 1. To see that (8.1) holds, observe that since 7 (D;+;,) C C;
has non-empty interior, and ¢?? is mixing on Cj, there is a point = € 7 (D;1j,)
whose orbit under 0?7 is dense in C;. If y € D, ;, is any pre-image of  under , the

oPi-orbit of y is a subset of D, ;, whose image under = is dense in C;. Hence (8.1)
holds. 0

Proposition 8.3. Let Y be a synchronized system, and X an irreducible SFT.
Let Cy,Ch,...,Cp_1 and Dy, Dy, ..., D4y be the cyclic covers of Y and X, respec-
twely. Then'Y is a factor of X if and only if p divides q and (Cy, oP) is a factor of

a_q
» 4P
( 0 Dj,, o )

Proof. The ’only if’ part follows from Lemma 8.2. The ’if’ part follows from a
standard argument based on the fact that the D;’s are mutually disjoint since X is
a SFT. O

8.2. When the target is an irreducible SFT.

Theorem 8.4. Let X and Y be irreducible shift spaces, X a synchronizing system
and Y a SFT. Assume that hgy,(X) > h(Y). Then'Y is a factor of X if and only
if the following hold:

i) When X contains a periodic point of minimal period n, there is an m € N
such that m|n and Y contains a periodic point of minimal period m.
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ii) When q = period(Y') and Dy, D1, ..., D,y is the cyclic cover of X, then q|p

and
P_1q P_1
U Divia | (V| U Drtga | =0
j=0 J=0

when i,k € {0,1,...,q—1}, i # k.

Proof. The necessity of condition i) is obvious and wellknown. The necessity of ii)
follows from the argument used to prove 3) = 1) in Proposition 8.1.
The proof of the sufficiency of the two conditions hinges on Boyle’s work in [B].
P

p_q
Given condition ii), it suffices to show that the dynamical system (U —o0 Djg crq> fac-

P
tors onto an irreducible component of Y. To this end note first that (U]‘?:O Djq,, oq)
is (conjugate to) a shift space, and that Theorem 3.2 implies that there is an increas-
L_q
ing sequence A; C Ay C A3 C ... of irreducible SFTs in < ;‘:0 Dijq. aq> such that

lim,, oo b (A;) = qhsy, (X). In particular, there is an n such that h (4,) > gh(Y).
It follows from condition i) that when n is the minimal period of a periodic point

p_j
in <U;‘Z=o Djq,, oq), there is an m such that m|n and m is the minimal period of a

periodic point in Y?. Then Theorem 3.3 of [B] lets us conclude that (U]Zol Dj,, 01 )

factors onto any irreducible component of Y.

Theorem 8.5. Let X and Y be irreducible shift spaces, X a synchronizing system
andY a SFT. Assume that h(Y) > h(X). Then X embeds into Y if and only if the
following hold:

i) go(X) < qn(Y) for all n € N.
ii) When q = period(Y') and Dy, D1, ..., D,y is the cyclic cover of X, then q|p

and
p_q P_q
U Dz+]q n U Dk+]q - @
=0 §=0

when i,k € {0,1,...,q— 1}, i # k.

Proof. The proof is the same as the previous one, except that one uses Krieger’s
embedding theorem instead of Theorem 3.3 of [B]. We leave the details to the
reader. O

8.3. When the domain is an irreducible SFT.

Theorem 8.6. Let X and Y be shift spaces, X an irreducible SFT and 'Y of finite
depth.
a) If X embeds into Y there is an irreducible component, Y., at some level in'Y,

such that X CY,, h(X) < Posyn (76) and ¢,(X) < qn <Yc(1)) for all n € N.

b) If there is an irreducible component, Y., at some level in'Y', such that h(X) <
Posyn (7(:) and ¢,(X) < qn (Yc(1)> for all n € N, then X embeds into Y. In fact,
X CY. in this case.
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Proof. a) X is its own top component, so if X C Y it follows from Lemma 7.1 and
Lemma 5.4 that there is an irreducible component Y. of Y such that X C Y, and

Per X C Y.V, Hence hX) < hgyn (?c) by Theorem 3.2, and ¢, (X) < ¢, (YC(I)) for
all n € N.

b) It follows from Lemmi 5.7 that there is an increasing sequence By C By
. of irreducible SFTs in Y, such that limy .o h (By) = hsyn (Yc), period (Bg)

period <Yc(1)) for all k, and V.Y = Per (U, Br). In particular, for some L € N,

1N

h(B;) > h(X) when [ > L. Note that ¢,(X) = 0, n ¢ Nperiod (Yc(l)>, since
(X)) < qn (Yc(l)) for all n. Since h(X) = limsup, +logg, (X) < h(B.)
4 log qnperiod(Yc(l)) (BL), there is an N € N so large that ¢, (X) <
¢n (Br) for all n > N. It follows that ¢, (X) < ¢, (B;) for all n > N, | > L. If
we choose [ large enough, ¢, (B)) = ¢, (Yé”) ,n < N. Then ¢,(X) < ¢, (B) for

all n € N and h(X) < h(B;). It follows then from Krieger’s embedding theorem,
Theorem 10.1.1 of [LM], that X embeds into B;. Hence X embeds into Y.

0

This result is the best we can hope to achieve about the embedding of an irre-
ducible SFT of lower entropy into a shift of finite depth or even a sofic shift, as long
as we do not know the necessary and sufficient conditions to have an embedding (i.e.
a conjugacy) when the two shifts have the same entropy. The problem of finding
such conditions seems to be open, even when both shift spaces are mixing SFTs.

Thanks to Proposition 8.3 the question of when a given irreducible sofic shift
space is a factor of an irreducible SFT of larger entropy has now been reduced to
the case when the sofic shift space is mixing. This case will be covered by Theorem
9.13 below. We include the result here, and start with the following lemma.

Lemma 8.7. Let Y be an irreducible sofic shift space with top componentY,. Every
affiliation number of a periodic point to Y. is divisible by the period of Y., i.e.

Qm <}/c<%)) #( = n € Nperiod (Y,).

Proof. Let ¢ : Yg — Y be the Fischer cover of Y. When @,, Yc<%) # (), it follows

as in the proof of Lemma 7.8 b) that there is a cycle p € W (Yg) of length |p| = m -,
where [|Z, and a synchronizing word u € S(Y') such that Vi € N Jw; € ¢~ '(u) :
piw; € W (Yg). All elements of ¢p~!(u) terminate at the same vertex in G, say v.
Let 7 be a path in G connecting v to the initial vertex of p. Then pv;r and p?vyr
are cycles in Yg whose labels are synchronizing for Y. It follows that ¢ ((pw;r)>)
and ¢ ((p*wyr)*>®) are in Y.. Thus period (Y.) divides both period ((pw;r)>) and
period ((p?wyr)™), and hence also |p*wqr| — |pwir| = |p|. Since |p| divides n, we
conclude that period (Y,) divides n. O

Theorem 8.8. Let X be an irreducible SFT and Y an irreducible sofic shift space
with top component Y.. Assume that h(X) > h(Y). Then'Y is a factor of X if and
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only if

WX)£0 = > g (Yc(ﬁ)) #0 (8.4)

for all n € N,

Proof. The ’only if’ part follows from Theorem 7.4. To prove the ’if’-part, let
Co,C1,...,Cpq and Dy, Dy, ..., D, be the cyclic covers of Y and X, respectively.
It follows from (8.4) and Lemma 8.7 that period (Y,) divides period(X), i.e. plq.
As pointed out in Proposition 8.3 it suffices now to show that (Cy,o”) is a factor

q_
of (U Dy, 0 ) Since (Cp, 0P) is a mixing sofic shift space, and (U]p 01 D;j,, o
is an 1rredu(31ble SFT We can apply the criterion arising from Theorem 9.13. Let x

be an element of UJ 0 D]p of minimal oP-period [. Since the cyclic cover of X is a
partition we conclude that the minimal o-period of x is Ip. It follows therefore from

ip
(8.4) that Q,, (3/@<M)) = () for some m € N dividing Ip. Let a be a cycle of length

i
m in W(Y') such that ™ € @, <Yc(’”)> There are then words w,v € S(Y') such
that
Ipi
wamv e W(Y)

for all i € N. Since w and v are equivalent in S(Y') there is a periodic point
g containing both w and v. It follows that we can prolong w and v to words
w',v" € S(YP) which are both contained in ¢ and satisfy that

wany € W(Y)
for all i € N. The minimal oP-period of a® is my = m which divides [. Thus

lem(m,p)
b=a m

is a minimal oP-cycle in W (Y?) such that
whmev € W (Y?)

for all i € N. Since w’ and v" are contained in the same periodic point, it follows that
a>® = b> is mio—afﬁliated to one of the p top components of Y?. Since o(C;) = Cyy1q
modulo p, we can combine Lemma 7.3 and Lemma 7.1 to conclude that for some
j€{0,1,...,p—1}, 07 (a™) is mio—afﬁliated to the top component of Cj. Since the
oP-period of a7 (a*) is my, we can now conclude from Theorem 9.13 that (Cy, o?) is
q

a factor of (szol Djy. ap>, as desired.

O

In words, condition (8.4) says that a minimal period of a periodic point in X must
be the affiliation number to the top component of a periodic point in Y.

By using Proposition 6.24 we can obtain an alternative proof of Theorem 8.8 in
case Y is almost of finite type. This goes as follows: If YV is almost of finite type
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and is a factor of the irreducible SF'T X, then there is a commuting diagram

X —Yq

AN

Y

of factor maps, where Yo — Y is the Fischer cover of Y. This follows from [BKM].
As a consequence, ¢,(X) # 0 = > . cn pny @ (Yo) # 0 which by Lemma 7.7

implies that Z{meN: min} dm (Y(%)> # 0. Conversely, if Per X \, Per Y, Proposition

6.24 shows that ¢,(X) # 0 = > 1, .cn. jny 9m (Yo) # 0, so Boyle’s result, Theorem
2.5 of [B], shows that Yy is a factor of X. Hence Y is a factor of X.

9. SOFIC SHIFT SPACES WITH TRANSPARENT AFFILIATION PATTERN

Definition 9.1. Let X and Y be synchronized systems with top components, X,
and Y,, respectively. We write Per X < PerY when there are injective maps A, :

Qn(X) — Qn(Y) such that
ze XY=\ (z) e YD
for all d.

Note that it follows from Lemma 7.1 that one synchronized system, X, can only
embed into a given shift space of finite depth, Y, when there is an irreducible
component Y, in Y with the property that X C Y, and Per X < PerY,. In this
section we identify a large class of mixing sofic shift spaces X for which the two
conditions are almost also sufficient, cf. Theorem 9.9.

Through the rest of this section X is an irreducible sofic shift space and 7 : Xg —
X its Fischer cover. Let z € Per X be a periodic point of X, and consider a point
r € X. A z-entry in x of length n is an interval zy; ;| in z such that j —i = n,
2y € 2z and xp_y Q z. Similarly, a z-ewit in x of length n is an interval xp; ; in =
such that j —i =n, z;;; C 2z and x| j4q g Z.

Definition 9.2. Let z € Per X. We say that z has marked entries when there
is a natural number N € N with the following property: When z € X and
is a z-entry in z of length 2N or more, there is a unique y € 7 !(z) such that
WisN—1 = Yirn—1 for all w = w;_Nw;_N41 ... WisN—1 € T ($[i—N,i+N[)-

We say that z has marked exits when there is a natural number N € N with the
following property: When x € X and x; ; is a z-exit in x of length 2N or more, there
is a unique y € 7 *(z) such that w;_y = y;_n for all w = w;_yw;_ny1... Wjtn_1 €
7t (2N )

When N € N satisfies both requirements in Definition 9.2 we will say that 2N is
a z-window.

Lemma 9.3. Let X be an irreducible sofic shift space and w : Xqg — X the Fischer
cover of X. A periodic point z € Per X has marked entries and exits if and only if
the following holds: When {z,}>> 1 C X is a sequence such that z, # z for alln € N
and lim,,_., z, = z, then

U 1 (z,) N (2)

neN
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contains only one point.

Proof. Assume first that z has marked entries and exits and consider a sequence
{zn}22, € X such that z, # z for all n € N and lim, .2, = 2. Let a,b €
U,en ™1 (20) N (2) and let I € N be larger than a z-window and also larger than
(M!+ 1) period(z), where M is the number of vertices in G. For each k > [ there
are 7,y € (U, en 71 (2,,) such that ap_gu = Tkl Okl = Ykr[ Since m(z) # z
and 7(y) # z, this implies that z; = y;,j7 > —k + [ because z has marked entries
and marked exits. It follows that aj_jyir = b—k4ik[- Since k > [ is arbitrary, we
conclude that a = .

The converse can be proved by contradiction: If z either fails to have marked
entries or marked exits, we can construct a sequence {z,}22, C X such that z, # z
for all n, lim, . 2, = z, and such that | J, .y 771(2,) contains at least two different
elements from 771(z2). O

Definition 9.4. Let X be an irreducible sofic shift space. We will say that X has
transparent affiliation pattern when all except finitely many periodic points in X are
1-affiliated to the top component and the remaining periodic points have marked
entries and marked exits.

It follows from Proposition 4.6, Lemma 9.3 and the uniqueness of the Fischer
cover, cf. [K2], [K3], that the property of having transparent affiliation pattern is
invariant under conjugacies.

In [BK] Boyle and Krieger introduced a class of irreducible sofic shift spaces and
called them near Markov. In our terminology an irreducible sofic shift space X is
near Markov when it is almost of finite type and its derived shift space, 0X, is a
finite set. We want to show that near Markov shifts have transparent affiliation
pattern.

Lemma 9.5. Assume that X is a near Markov shift. There is an N € N so large that
the following holds: When z € Per0X, v € X, and x; ;1 C 2, a1 € 2z, j—i > N,
then there is one and only one y € w(z) such that 7' (zp_ny) € {ayuy:a €
Wy (Xag)}-

Proof. Let m = max,epergx (V! + 1) period(z), where V' is the number of vertices
in the graph of the Fischer cover of X. As is well-known and easily seen, each
y € 7 !(z) is periodic and the elements of 77!(z) are fully separated in the sense
that v,y € 7 1(2), ys =y, = y =¥/, cf. Exercise 9.1.3 of [LM]. By using this, and
that 7 is right-resolving, it follows that when w = wyw, ... w; € W, (Xg), n(w) C 2z
and J > m, there is a unique y € 7~ !(2) such that wy, j; € y. This implies that

7 (aag) © U Aaimar s a € W (Xo)),
yer1(2)
when z € Per0X, v € X, and z};;; C 2z, j —4 > m. Since X is almost of finite type,
a result of Nasu, [N1], shows that 7 is also left-closing. As is well-known this implies
that there is a K € N such that when k > K, w = wjwy ... w, w' =wjw)... w;, €
Wi (Xe), m(w) =m(w'), wy =w, = w; =w,,Vi> K. Hence if N > max{m, K},

7 (wpenvg) © | Aoy a € Wy (Xe)}

yer—1(z)
when z € PerdX, z € X, and z; ;) C 2, j —i > N.
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Let y and y' be two different elements of 77!(z). We claim that there is an L € N
so large that

/ / /
W= W1 W_pga.. . Wy, W =w [ W_yo... w5 € W (Xg),

w-—q 7é Y—1, Wo = Yo, U}() = y(/)

4

m(w) # 7(w').
To prove this by contradiction, assume that no such L exists. By compactness this
gives us elements a,a’ € X¢ such that 7(a) = 7(d'),a; = y;,a; = y.,i > 0, while
a_1 # y_1. Since 7 is right-resolving and a; # al,i > 0, it follows that a; # a; for all
i € Z. It follows then from Proposition 6.5 that m(a) € 0X. Since 7(a) is forward
asymptotic to z, and 0X is finite, it follows that 7(a) must be equal to z. This is
impossible since a ¢ 771(2). Indeed, a is not even periodic.

Since 77! (0X) is finite there is an L € N such that (9.1) holds for all z € 90X

and all y,y’ € 771(2). Let N > max{m, K, L}. Then

7 (@iong) € {aygr o € Wy (Xo)}

for exactly one y € n7!(z), when z € PerdX, = € X, and x| C z, 21 €
z, j—1> N.

(9.1)

0

A similar argument proves the following.

Lemma 9.6. Assume that X is a near Markov shift. There is an N € N so large that
the following holds: When z € PerdX, x € X, and xj;;; C 2, x4 € 2, j—1 >
2N, then there is one and only one y € w=(z) such that 7" (z}; j1n() € {ayusn b :
a,be Wy (Xg)}

Proof. Left to the reader. O

The slight asymmetry between Lemma 9.5 and Lemma 9.6 arises because 7 is
right-resolving, but only left-closing.

Proposition 9.7. A near Markov shift space has transparent affiliation pattern.

Proof. Since X has depth at most one, all periodic points outside 0X are contained
in the top component and are therefore also 1-affiliated to the top component. By
Lemma 9.5 and Lemma 9.6 the remaining periodic points, all inside 0.X, have marked
entries and marked exits. O]

There are many other irreducible sofic shift spaces with transparent affiliation
pattern. For example an inclusive mixing sofic shift space, in the sense of [B], has
transparent affiliation pattern. This includes the examples constructed in Remark
6.12, at least when the graph (G in the construction is irreducible. Hence mixing
sofic shift spaces with transparent affiliation pattern can have arbitrarily large depth.
But a mixing sofic shift space can easily have transparent affiliation pattern without
being near Markov or have all periodic points 1-affiliated to the top component. The
sofic shift considered in Remark 7.5 is an example which is not even almost of finite
type. Other examples of irreducible sofic shift spaces with transparent affiliation
pattern, but not almost of finite type, occur in Example 9.10 and Example 9.14
below.
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9.1. A version of Krieger’s embedding theorem for sofic systems.

Lemma 9.8. Let m: X — X be the Fischer cover of the irreducible sofic shift space
X. There is then a number R € N with the following property: When p € W(X)
is a cycle and w,u € W(X) are two magic words for = such that wp'u € W(X) for
all i € N, then there are words w', v’ € W(X) of length no more than R such that
w'pu’ € W(X) for alli € N, and w',u’ are both magic for .

Proof. Since G is irreducible there is an L € N so large that every pair of vertices
in G can be connected by a path in G of length < L. Fix a word s € W (X¢) such
that 7(s) is magic for .

Choose w! € 771 (w) and set 7~ (u) = {ul,u?, ..., u™N}, 7= Yp) = {p1, P2, .- -, DM}
Since 7 is right-resolving N is not larger than the number, K, of vertices in G. Since
u is magic for 7, all u'’s terminate at the same vertex vy in G. For each i € N there
is a string 71, 72,...,7; € {1,2,...,M} and an [ € {1,2,..., N} such that

wlpjlij .. .pjiul € W(Xg).

There are word ax € W(X¢) with |ax| < L such that the terminal vertex of sa_ €
W (X¢) is the terminal vertex of w!, and the initial vertex of ays is vy. Set w' =
m(sa_). Since the u’’s are different and 7 is right-resolving, u # ué when i # j.
If ub # u]k! for all 4 # j, there are elements a < b in {0,1,2,..., K!} such that

u' =uj for all  =1,2,..., N. In this case, set
i — ué, 7=0,1,2,...a,
J 7 :
Ui (j—a)y J > G-

Then the words v!,v2,...,v" will have the same image under 7, all of them will
terminate at vy and the initial vertex of v* will be the same as that of u*. Note that
[v'| < |u’| —1 for all i. By repeating this process a finite number of times we obtain
words v, v?, ... v € W(Xg) such that |[vi| < (K + 1), 7(v%) = w(v!), v® has the
same initial vertex as u’ and terminal vertex vy, for all i. Set u/ = m(viays), and
note that |u/| < R, when R = L+ |s| + (K + 1)!. Since w'p'v/ € W(X) for all 4, the
proof is complete. O

Theorem 9.9. Let X and Y be sofic shift spaces, X mizing with transparent affilia-
tion pattern. Assume that there is an irreducible component Y, in'Y, at some level,
such that

1) h(X) <h(Ye), and
2) Per X < PerY,.
Then X embeds into Y, C Y.

Proof. 1t follows from assumption 2) that there is a shift-commuting embedding
A : Per X — PerY, such that \ (Xé‘”) - Yo(d) for all d € N, where X, and Y} denote

the top components of X and Y., respectively. By Lemma 5.7 there is an increasing
sequence of irreducible SFTs A; C A; C A3 C ... in Y, such that W (A4,,) contains a

synchronizing word for Y., period (A,,) = period <YE)(1)) for all n, PerJ, A, = Yo(l),
and lim,, ., h (A,) =h (76) From this sequence we choose an irreducible SFT Ay
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such that h(Ag) > h(X). We claim that there is an Ny € N such that

an (X" < a0 (Ax) (9.2)

when n > N;. To see this, note first that

lim sup log In (X( ) < lim sup log qn (X) < h(X) (9.3)

by Proposition 4.1.15 of [LM]. The existence of A implies that gy, <Xél)> < gy <Y0(1))
for all n € N, and hence that period (Yé”) divides period <X0(1)). Since X is
mixing, period (Xél)) = 1 by Lemma 3.6, and hence period (Yo(l)> = 1. Then

period(4,) = 1 and A, is mixing for each n. Since Y, is the closure of the union of the
Ays, it follows that Y, is itself mixing. Furthermore, h (Ag) = lim, o % log g, (Ak),
and in combination with (9.3) this implies (9.2). Let P be the periodic points of X
that are not 1-affiliated to Xj. Since P is finite by assumption there is an Ny > N;

such that Q,(X) = @, (Xé”) for all n > N,;. Thanks to (9.2) we can therefore
redefine \ on Un>N Q. (X) to arrange that A (Q,(X)) C Ak for all n > Ny. Since

PerJ, A, = Y ) and A (X ) - Y(l) we can increase /' to ensure that
A (x0<1>) C Per Ag. (9.4)

If Y, = A, for some k, we can finish the proof by appealing directly to Krieger’s
embedding theorem, cf. [K1] or Corollary 10.1.9 of [LM]. We can therefore assume
that A # Ay, for all k. Being sofic and mixing, Y, has a transition length. Let L
be a natural number which is both a common transition length for Y, and Ay, and
a step-length for Ax. Let d € W (Ag) be a word which is synchronizing for Y.. We
set D = 2L + |d|. Set Py = max{period(y) : y € 7! (P)}, and let P be larger than
both Py and larger than a z-window for all z € P.

Let R be the number from Lemma 9.8. Since h(Y,) > h(AK) =h(Axk UX(P))
there is an integer K’ > K and a word ug € W (Ag/) such that u2 € W (Ag), ug is
synchronizing for A and uy does not occur in W(Ax UA(P)). We can construct a
word u € W (Ag/) which ends and begins with uy and has no appearances of ug in
between. Since W(Ag) contains a synchronizing word for Y,, we can arrange that u
is synchronizing for Y,. Finally, we can also arrange that |u| — 3Jug| > 2(L+ R+ D).
Then u? € W (Ax) and u appears exactly twice in u?.

Since h (X) < h (Ag) thereis a M € Nso large that #W,, (X) < #W, oo}y (Ak)
for all n > M. We may assume that M > 2P + 2L + 3Ju|. Let ¢, : W, (X) —
#HWyor—u (Ag) and ¢, : W, (X) — #Wn 2r—2u| (Ax) be injective maps, n > M.
For each w € W, (X) choose words ay,, by, al,, b, € Wy (Y,) such that ua,c,(w)b,u €
W (Y.) and ual, ), (w)b,u € W (Yy).

For each z € Per X we choose a minimal cycle p, such that z = (p,)™. We choose
p. such that p, = p,» when z and 2’ are in the same orbit - this is crucial in order
to insure that the map we are constructing will commute with the shift. Assume
now that z € Xél). Then A(z) is 1-affiliated to Yy and A\(z) € Ag. Choose a ig € Z
such that zj, iotperiod(z)] = P We can choose words u,,v? € W (Ag) such that
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WA (2) g i 1 0 e W(Ag), d Cu,,d C Y and |u,| = 2L + |d|, |0°| = L + |d|. Set
Uy = AN2)[io,io+L[V and note that

uz)‘(z)[io-i-i period(z),i0+j period(z)[vz cW (AK) (95)

for all i < j in Z since L is a step-length for Ax. Note that |u,| = |v.| = D for all z,

and that u,, v, are synchronizing for Y,. By prolonging u, and v, we obtain words
uy (i) € W;(Ag) such that

U_ (Z))\(Z) [i0+k period(z),io+ period(z)[ U+ (J) eWwW (AK) (96)

for all k <l in Z and all 4, j > D. Furthermore, we can choose words ex € W, (Y,)
such that ue_u_(i),uy(i)esu € W (Y,). Then

ue_u— (Z))\(Z) [io+k period(z),io+ period(z)[ U+ (j)e+u S (ch> (97)

for all k < {in Z and all i,7 > D. Observe that we can choose u (i) and ey such
that they only depend on A(2);,i+z[ and i.
Let z € X. We are going to introduce 4 types of intervals which may occur in z:

1) The special long intervals,

2) the long marker intervals,

3) the moderate marker intervals, and
4) the remaining intervals.

The special long intervals. A maximal P-stretch in x is a (possibly infinite) interval
I C Z such that #1 > 2P +1, z}; ;) C z for some z € P when i,j € I and ¢ < j, and
such that no interval in  with these properties contains I properly. It follows from
Lemma 2.3 of [B] that z; C z for a unique z € P when I is a maximal P-stretch
in . By Lemma 2.3 of [B], different maximal P-stretches overlap in at most 2P
coordinates. Choose for each y € 7! (P) a minimal cycle ¢, € W (X¢) such that
y = (¢,)™. We choose ¢, such that ¢, = ¢, when y and ¢y are in the same orbit
- this is important in order to ensure that the map we are constructing commutes
with the shift. Let I be a maximal P-stretch in x, such that #I > 2P +2M + 1
and assume first that [ is finite, say I = [i,j[. Since P is larger than a z-window
for all z € P there is a unique y € 7! (P) such that Wii+Pj—P| = Yli+P,j—p] When

W = Wi pWi—p41 - .. Wit p_oWjpp_1 € T ' (x[ifP,jJrP[)- Set
ig = min{k > i+ M : ¢y = Yk ktperiod(y)[ }»
and note that ¢y is determined by z|;_p;p[ since P is larger than a z-window.
Similarly, set
Jo=max{k < j— M : ¢y = Yk ktperiod(y)[ }
and note that jo is determined by zj_p i pl. Then jo —ig > #I — 2P — 2M and

Jo—1io € period(y)N. The interval [ig, jo[ will be called a special long marker interval
provided jg — ig > T, where

T=2(L+R+D+M)+2Jul+6M.

When [ is right-infinite, i.e. I = [i, oo for some i € Z, we find that there is a unique
y € 71 (P) such that w; = y;,j > i+ P, when w = w;_pw;_py1 ... Wiyp_oWirp_1 €
71 (l‘[i_p7i+p[) . Set

Z.O - mln{k Z 1+ M : Cy = y[k,k-}—period(y)[}a
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and note that iy is determined by z;_p;;p[. The interval [ig, 00) is a right-infinite
special marker interval. Left-infinite special marker intervals are defined and con-
structed similarly. Note that different special marker intervals are at least a distance
M apart, and that it only requires inspection of x|;_r_an 47420 to decide if 7 is
contained in special long marker interval (finite or infinite).

Consider a special finite marker interval [ig, jo[, so that jo — i > 2(L+ R+ D +
M) + 2Ju| 4+ 6M by definition. Then j, jo| = 2[i,jo[ for a unique z € P by Lemma

3.2 of [B]. Tt follows from Lemma 7.7 that z is f)Zﬁngg—afﬁliated to X, and that A(z)

is iiﬁ%ﬁgg-aﬂﬂiated to Yy. There are therefore synchronizing words v,,u, € W (Y.)

such that

tt (A(2)fio—period(wyol) " V= = U= (A(2)fi o rperiod) = € W (V2)
for all £ € N. By Lemma 9.8 we can choose the lengths of u, and v, to be equal to
R. Set
io =min{i > o + |u| + R+ L: ¢y = Y itperiod(y)[}-
We can then find a word w € Wi s, _ju—r (Ye) such that vwu, € W (Y,). Note that
it <ido+ |u|+ R+ L+|cy| <ip+|ul+ R+ L+ P. Similarly we can set

.76 = max{j < jO —R—-L: Cy = y[jfperiod(y),j[}v

and find a word v € Wj,_;_r(Y.) such that v,ou € W(Y.). Note that jj >
Jo— R — L — P. We define ¢(x);,,jo[ to be the word

uwWuA(2)ip o V-0

This is a word in W (Y.) because v, and v, are synchronizing for Y, and i), —ig, jo—7jh €
|cyIN. Observe that we can choose u, and w such that they only depend on if — 49
and A(2)jig,io+period(y)» and v, and v such that they only depend on j, — j; and
A(2) jo—period(y).jol- Set
To=L+R+M+D,

and note that ©(2) i+ |u|+70.jo—1[ determines A(z) and hence z by Lemma 2.3 of [B],
since jo — Ty — (io + |u| + Tp) > 2P 4+ 1. We define ¢(2)i,00] and o()]—oojo[ in
a similar way when [iy, co[ and | — 00, jo| are right-infinite and left-infinite special
marker intervals, respectively. Finally, should Z be a special long marker interval,
x € P and we set p(z) = A(z).

Note that it requires only inspection of x(;_7_susi+7+3n to decide if ©(x); has been
defined (i.e. if 7 is contained in a special long marker interval) and to determine its
value if it has.

To define p(z); for 7 in the remaining part of Z we apply Krieger’s marker lemma
as in [B]. By Lemma 2.2 of [B] (Krieger’s marker lemma) there is a closed and open
set F' C X and k£ > 8M such that:

1) The sets 0*(F),0 < i < M, are disjont,
2) forany i € Z,if r € X and o'(x) ¢ U arejenr o’(F), then o;_p@i_pi1 .. Tisk
is a j-periodic word for some j < M,
3) when j < M, and a j-periodic word of length 2k + 1 occurs in some x in X,
then that word defines a j-periodic orbit which occurs in X.
Since F' is closed and open, there is a number |F| € N such that the condition
r € F only depends on x_ g p. For z € X the marker coordinates is the set
M(z) = {i € Z : o'(x) € F}. A finite marker interval is a maximal interval,
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[i,j[, in Z such that k ¢ M(x) for all i < k < j. A left-infinite marker interval
is a maximal interval of the form | — oo, j[, containing no marker coordinates, and
a right-infinite marker interval is a maximal interval of the form [i, oo[, such that
Ji, 00 contains no marker coordinates.

The long marker intervals. We say that a marker interval [ is long when #1 > T'.
When [i, j] is a long finite marker interval, 2) and 3) imply that there is a unique
periodic element z € X such that z; j; = 2}; j, cf. Lemma 2.3 of [B]. Note that since
k > 8M, it follows from 2) that every long marker interval is either contained in a
special long marker interval, in which case z € P, or else the long marker interval
has distance at least M to any special long marker interval, in which case z ¢ P.
Consider a long marker interval such that the corresponding periodic point 2 is not

in P. Then z € XO(I). Set
io =min{¢’ > i+ |u| + L+ D : Ty y4period(z)| = D=},
jo=max{j’ <j—L—D: T} period(z),j’| = Pz}
Note that jo — i € period(z)N. We set

o)1 = ue—u—(io — i — u| = L)A(2)jig joru+(J — Jo — L)e+.

Note that ¢()[i+1y+ul,j—1p[ determines A(2) and hence z by Lemma 2.3 of [B] since
jg—To— (i+To+ |u|) > 2M + 1. Left- or right-infinite long marker intervals are
handled similarly, and if Z is a long (non-special) marker interval we set p(z) = A(z).

Note that for any 7 € Z it only requires inspection of z|;_or_ || i+or4F|| to decide
if p(x); has been defined, and to determine its value if it has.

The moderate marker intervals. Now consider a marker interval [z, j[ of length
j —1 < T whose distance to a special marker interval is at least M. We set

90(1')[@',]'[ = UQg; ;Cj—i (x[i,j[) bﬂﬁ[z’,j['
Since ¢;_; is injective, ©(2)(it|uj+L,j—r[ determines zf; ji.
Note that for any ¢« € Z it still only requires inspection of xj_or_|p|itors|r| tO
decide if ¢(z); has been defined, and to determine its value if it has.
The remaining intervals. We have now defined ¢(x); for all i outside a union of

disjoint intervals - occuring at the ends of the special marker intervals - all of which
have a length between M and 27" + 2M. In such an interval [i, j) we set

o()p.50 = U2a;[i,j[c.l7'7i (x[id[) blz[i,j['
Since ¢_; is injective, x; ;[ is determined by ©()(i4 r42julj—L[-

Note that ¢(z) € Y. because u is synchronizing for Y,. By construction ¢ com-
mutes with the shift, and ¢ is continuous because ¢(x); is determined by xj;_g i1,
where S = 4T + 2M + |F.

Thanks to the careful choices, the position of the word u in ¢(x) give away the
intervals in x used to define p(x): An element of ¢(X) is made up by stretches
of words from W (Ax UAX(0X)), all of length larger than |u|, and these stretches
are only interrupted by stretches of the form aub or au®b, where max{|al,|b|} <
L+ D+ R. Tt follows that when y = ¢(z), then i € Z is a left end-point of one of
the intervals used in the definition if and only if y; i1y = u? or Yjii+lu)| = v and
YlieJul i+2Jul[ 2 u?. Having identified the position of the intervals, we can recover x:
If the interval [i, j[ begins with u? rather that u, it is one of the remaining intervals

and we can recover ry; ;i since ¢;_; is injective. If the interval begins with u, but
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not u?, and is of length < T', we can recover zj; ;i by using that ¢;_; is injective.
In the other intervals, beginning with u but not u2, and all of length more than 7T,
we simply use the middle piece [i + Ty + |u|,j — To[ to identify the periodic point
z of period < M responsable for the interval. This uses that A is injective, and
the procedure does not require that we know if the interval arises from a special or
non-special long marker interval. This shows that ¢ is injective. O

As pointed out above the sufficient conditions of Theorem 9.9 for having an em-
bedding X C Y are almost also necessary. Specifically, when such an embedding
exists there must be an irreducible component Y, of Y such that h(X) < h(Y.)
and Per X — PerY,. The discrepancy between the necessary and the sufficient
conditions is of the same nature as with Theorem 8.6. Because of the structure of
irreducible components in Y this discrepancy does not disappear by requiring the
embedding to be proper, as it does in the SF'T case.

Example 9.10. We show by example that Theorem 9.9 is not true if X is only
irreducible, rather than mixing. Let X be the strictly sofic shift space presented by
the labeled graph

b

and Y the irreducible SF'T given by the graph

Note that X has transparent affiliation pattern since the only periodic orbit out-
side the top component, i.e. the orbit (ab)*, has marked entries and exits. Fur-
thermore, h(X) < h(Y) and Per X — PerY. Nonetheless, X does not embed into

Y; in fact, it follows from Proposition 8.1 there are no morphisms from X into
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any non-mixing irreducible SF'T. In particular, there are no morphisms X — Y
at all. To see this, note that if X, is the top component in X, period (X.) = 2
by Lemma 6.21. Since period(Y) = 2, all we need to know in order to conclude
that Proposition 8.1 disallows any morphism X — Y is that the elements of the
cyclic cover of X has non-empty intersection. To this end observe that the words
be and cb are not equivalent as synchronizing words in X2, and that they therefore
represent the two different equivalence classes of synchronizing words in X?. Since
cd(ab)ked, cde(ab)*dcd, de(ab)**de and ded(ab)*cde are words in X2 for all k € N,
we conclude that the periodic orbit represented by (ab)*™ belongs to the closure of
both of the two different irreducible components at level 0 in X?, i.e. this periodic
point is in the intersection of the two elements of the cyclic cover of X.
The obstruction in this example is of the same nature as in Example 3.5 of [B].

Example 9.11. In this example we show that Theorem 9.9 does not hold for general
mixing sofic shift spaces, X and Y; not even when Y has transparent affiliation
pattern. Let K be a primitive graph which we consider as a labeled graph, labeled
by natural numbers, such that different edges have different labels. Consider then
the following two labeled graphs, H and G:

X y

= bQQGb

K

Thegraph H Thegraph G

In H the edge labeled x terminates at the vertex in K where the edge labeled y
starts. Let Y and X be the mixing sofic shift spaces presented by the labeled graphs
H and G, respectively. We choose K such that

1) qi(Xk) =1,

2) Qn(XK) > Qn(X)a n Z 2a

3) h(Xk) > h(X).
Then 0Y consists of the fixed point a®> which is 2-affiliated, but not 1-affiliated,
to the top component, Y., of Y. Since dY = {a*}, Y is an example of a mixing
sofic shift space which is near Markov. In particular, Y has transparent affiliation
pattern by Proposition 9.7. In X the derived shift space 0X is the full 2 shift.
All periodic points of X are either 1- or 2-affiliated to the top component X, of
X. Since all periodic points of Xy are elements of the top component in Y, it
follows from 2) that there is an injective map A, : @,(X) — @Q,(Y) such that
x € Xc(d) = \(2) € Yc(l) - Yc(d) for all d € N when n > 2. Note that X has only
the two fixed points a® and 0. b> is l-affiliated to the top-component X, of X
while a* is d-affiliated to X, exactly when d is even. The fixed point of Y arising
from the condition that ¢;(Xk) = 1 is 1-affiliated to Y. while the other fixed point,
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a*,in Y is d-affiliated to Y, exactly when d is even. It follows that Per X < PerY.
Nonetheless, X does not embed into Y. In fact, 0X, which is the only irreducible
component in X apart from the top component, does not embed into Y. To see this
observe that since 0X is an irreducible SF'T it can only embed into Y if Y has a
component with two fixed points 1-affiliated to it, cf. condition a) of Theorem 8.2.
But the two fixed points of Y are not both 1-affiliated to the same component of Y.
Note that it is still the necessary conditions arising from Theorem 7.4 which
prevent the embedding of X into Y in Example 9.11. The trouble seems to be that
the condition spelled out in Definition 9.1 only gives conditions on the affiliation
pattern of the periodic points to the top component, while Theorem 7.4 tells us that
the affilation pattern to all irreducible components must be respected in order to
have a morphism. Hence Example 9.11 does not exclude the possibility that all the
necessary conditions arising from Theorem 7.4 can give us conditions that are also
sufficient for the embedding of mixing sofic shift spaces of unequal entropies.

9.2. A version Boyle’s lower entropy factor theorem for sofic systems. We
now turn to the lower entropy factor theorem for mixing sofic shift spaces, when the
domain shift has transparent affiliation pattern.

Definition 9.12. Let X and Y be irreducible sofic shift spaces with top components
X. and Y, respectively. We write Per X \, Per Y when

N x@) 0= (m o (yf%”)) 40

der {meN: m|n} \deF
for every subset F' C N.

Observe that by Corollary 7.9 it suffices to check the condition of Definition 9.12
when F'is a subset of {1,2,... pm(p)}, where pm(yp) is the (periodic) multiplicity
of the Fischer cover of X. It follows from Lemma 7.2 that Y can only be a factor
of X when Per X \ PerY. When X and Y are irreducible SF'Ts, Per X = Per xM

and PerY = Per Yc(l), so in this case the meaning of Per X \, PerY is the same as
in [B] or [LM]. In particular, it follows from Boyle’s factor theorem, Theorem 2.5
of [B], that the condition Per X \ PerY is sufficient for X to factor onto Y, when
h(Y) < h(X) and X and Y are both irreducible SFTs. By Theorem 3.3 of [B] the
condition is also sufficient when h(Y) < h(X), X is a sofic shift space and YV is a
mixing inclusive sofic shift space. We extend here Boyle’s result to cover the case
when X is an irreducible sofic shift space with transparent affiliation pattern, and
Y is an arbitrary mixing sofic shift space.

Theorem 9.13. Let X andY be sofic shift spaces, Y mixing and X irreducible with
transparent affiliation pattern. Assume that h(X) > h(Y'). ThenY is a factor of X
if and only if Per X \, PerY.

Proof. As pointed out above, the condition that Per X \, PerY is necessary also
when h(X) = h(Y). We prove that it is sufficient when h(X) > h(Y).

Let Z be a mixing SFT and Z — Y a finite-to-one factor map. Let X, be
the top component of X and p = period (X,.) the period of X.. By Theorem 3.2
there is a sequence A; C Ay C A3z C ... of irreducible SFTs inside X, such that
period (4;) = p for all ¢, and lim, .. h(A,) = h(X). Choose D € N such that
h(Ap) > h(Y). Let Cy,Ch,...,Cp_1 be the irreducible components of (Ap)”, and
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consider Cj as a shift space under the action of o?. Then h (Cy) = ph (Ap) > h (ZP).
It follows that there is an N € N so large that ¢, (Co) > ¢, (Z7)+n foralln > N. By
repeated applications of Boyle’s 'blowing up’ lemma, cf. Lemma 2.1 of [B] or Lemma
10.3.2 of [LM], we can then construct a mixing SFT W, such that h(WW,) = h(Z?)
and ¢,(Co) > q.(Wp) for all n € N, and a factor map ¢ : Wy — Y?. By Krieger’s
embedding theorem, Wy is a subshift of Cy, i.e. Wy C Cy C XP. Set

W =WyUo (Wy)Ua? (Wo)U---UaPt ().

Then W is an irreducible subshift of Ap, i.e. W C Ap C X, and there is a factor
map ¢ : W — Y. It remains only to construct an extension 7 : X — Y of ¢. Thanks
to Proposition 5.6 and the fact that the property of having transparent affiliation
pattern is a conjugacy invariant, we can pass to a higher block presentation of X to
arrange that ¢ becomes a one-block map, and that 1 becomes a step-length for W.
When L is a transition length for Wy, L = pLy has the property that for all words
z,y € W (W) there is a word z € Wy (W) such that zzy € W (W). By increasing
Ly if necessary we may assume that L is also a transition length for Y. Choose a
word u € S(Y) such that u?> € W(Y), and let ug € o~ (u) N W(W). For each word
x € W(IW) we can then choose words a (£, ) € W, (W) such that

uoa(—, z)zxa(+, x)ug € W(W).

Let Y. be the top component of Y. Since Per X ™\, PerY, there is a shift-
commuting map A : Per X — PerY such that

€ Q, (X)) = Ax) € U Qm( c<%>). (9.8)

{meN: m|n}

Let z € X" and choose a minimal cycle p, € W(X) such that z = (p,)>. We
choose p, such that p, = p.» when z and 2’ are in the same orbit. Choose also i € Z
such that 2zj; ;4 period(z)| = P-. Let R be the number from Lemma 9.8, corresponding
to Y. It follows from (9.8) that there are words w. ), v € S(Y) of length R such

that w..; (A(z)[i7i+period(z)[)kv(m) € W(Y) for all £ € N. We can choose ., and
VU(z,) such that they only depend on A(z )[, i+period(2)[- For each £ > L we choose
also u/(z7i7k), vzz’i’k) € Wy (Y) such that uu( By U(z,0)s V(z,i)V (Z it €W (Y). Note that
u’(mk) and vzz’i’k) only depend on A(2),itperiod(z)] and k.

As in the proof Theorem 9.9 we let P be the periodic points of X that are not
l-affiliated to X,.. For each y € 7~ (P), choose a minimal cycle y € W (X¢) such
that y = (¢,)™. Make the choice such that ¢, = ¢,, when y and y’ are in the same

. . eriod
orbit. Let i € Z be such that yj; it period(y)] = ¢y Then z = w(y) is Eeno déy -affiliated

to X. by Lemma 7.7. It follows from (9.8) that there are words w(y ), vy, € S(Y)
such that

k
U(y,i) (A (ﬂ-(y))[i,i-l—period(y)[) U(y,i) € W(Y)

for all k € N. By Lemma 9.8 we can take |u,| = |v,| = R. Note that we can make the
choices such that u,; and v(,; only depend on A (7 (y ))[Z itperiod(y)[- Tor each k > L

we choose also u’(yﬂ.’k) (y in € Wy, (Y) such that uu( W), V)V (y S W (Y).
Note that u'(w.’k) and v(w’k only depend on A(7(y ))[Z,Hpemd(z)[ and k.

Set Py = max{period(y) : y € 71 (P)}. Let P be larger than both P, and larger
than a z-window for all z € P. Set T'= L+ R+ 2P + |ul.
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Let ¢ : W,,(X) — W,,(Y) be an arbitrary extension of ¢ : W,,(W) — W,,(Y).
For every word in w € W,,(X) we choose b ), b(— ) € Wr(Y) such that

ub(— )P (W)b(4wytt € Woior o (Y).

Let x € X. An interval I C Z will be called a W-stretch in x when xj; ;1 € W(W)
for all finite Z-intervals [i, 7[C I. Note that two different WW-stretches in x, both
maximal with respect to inclusion, must be disjoint because 1 is a step-length for
W. Consider a maximal W-stretch I in x such that #I > 4T. When I = [i, j| is
finite, set I’ = [i +T,j — T'[, and when I = [i,00[ or I =] — 00, j[, set I' = [i + T, 00|
and I =] — o0, j — T, respectively. When I = Z, set I’ = Z. The resulting intervals
will be called W -intervals.

Consider a W-interval I in x, of length #1 > 67. Assume first that [ is finite,
say I = [i,j[. Then

UQ—T[it |u|4+Loit2T]s T[j—2T,j—|u|—L[A+Uo € W(W),

where a; and a_ are shorthand for a(+, zjj_arj—|u/—r) and a(—, Tfqjul+L,i+27])s Te-
spectively, and we set

ﬂ-(x)[zﬁ[ = w(uoa—x[i+‘u|+[ﬂjf‘u|7L[a/+U/0).

If | — oo, j[ is a left-infinite W-interval, we set

7 ()] 00,3 = ¢ (F)00.j—ful-1(@+ o) -

If [i, 00] is a right-infinite W-interval, we set

7T<5L’)[z',oo[ =@ (anJ?[z‘HuHL,oo[) .

If | — 00, 00 is @ maximal W-stretch in W, we set w(x) = ¢(x).

Note that for a given i € Z, it requires only inspection of z(;_7r477[, to decide
whether or not 7(z); has been defined by the preceding recipe, and to determine its
value if it has.

A maximal P-stretch in x is a (possibly infinite) interval I C Z such that #1 >
2Py + 1, x4 € 2 for some z € P when 4,j € I and ¢ < j, and such that no interval
in x with these properties contains I properly. Since W C X, and no element of P
is 1-affiliated to X, we conclude that any overlap between a maximal P-stretch and
a maximal W-stretch is of length no more than Fy. It follows from Lemma 2.3 of
[B] that x; C z for a unique z € P when [ is a maximal P-stretch in =, and that
different maximal P stretches in x can not overlap in more than 2P+ 1 coordinates.

Every maximal P-stretch I in z, of length #1 > 2T, gives rise to a P-interval
by removing an interval of length 7" at all ends, in the same way as maximal W-
stretches gave rise to W-intervals. Consider a P-interval I of length > 67", and
assume first that I is finite, say I = [i,j[. Since T > P and P is larger than a z-
window for all z € P there is a unique y € 7! (P) such that wyypj—p[ = Yi+pj—p|

when w = Wi—27Wi—27+1 - - - Wiyor—2Wjtor—1 € ! (!E[z‘—zT,j+2T[)- Set
g = mln{k >+ T Cy = y[k,k:ereriod(y)[}a
and note that i is determined by x[;_o7i1or. Similarly, set

jO — max{k: S j +T1: Cy = y[k,k-{-period(y)[}a
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and note that jo is determined by x[_or j1or[. Then jo—io > #I — 4T and jo—io €
period(y)N. We set

T () i1 = Uy 0 0 —i— B ) Ywsi0) A2 00 [V 1,0) Ul i —jo— Rl U-
This is a word in W(Y') because wy;,) and v, j,) are synchronizing for Y.
When [ is a right-infinite P-interval, i.e. I = [i, 00] for some i € Z, we find that
there is a unique y € 7~ (P) such that w; = y;,j > i+ P, when

W = Wi—27W;—27+41 - - - Wit2T—2Wiyor—1 € o (x[i—ZT,i-i—QT[) .
Set
io = min{k > i+ T : ¢y = Yk k+period(y)[ }»
and note that iy is determined by 2 _o7 4277 We set

(%) 000 = Wlt{y i ig—i— R ful) U(wiio) A2 o o0l
Left-infinite P-intervals are handled similarly, and if Z is a P-interval we set 7(z) =
Az).

Note that it still only requires inspection of xj_7p 477 to decide if m(x); has been
defined (i.e. if 7 is contained in a P-interval or a W-interval) and to determine its
value if it has. Note also that two intervals which are different, and both either P-
or W-intervals, must have distance at least T

To define m(z); for ¢ in the remaining part of Z we apply Krieger’s marker lemma
as in [B]. There is a closed and open set F' C X and k > 107 such that:

1) The sets ¢'(F),0 < i < T, are disjont,
2) for any i € Z, if v € X and o'(x) ¢ U_p ;o0 0/ (F), then & 2 g1 .. Tigs
is a j-periodic block for some j < T, and
3) when j < T, and a j-periodic word of length 2k 4+ 1 occurs in some x in X,
then that word defines a j-periodic orbit which occurs in X.
Since F' is closed and open, there is a number |F'| € N such that the condition z € F'
only depends on _|p||p|. For # € X the marker coordinates are M(z) = {i € Z:
o'(x) € F}. A finite marker interval is a maximal interval, [¢, j[, in Z such that
k¢ M(x) for all i < k < j. A left-infinite marker interval is a maximal interval
of the form | — 0o, j[, containing no marker coordinates, and a right-infinite marker
interval is a maximal interval of the form [i, oo[, such that ]i, co[ contains no marker
coordinates. We say that a finite marker interval [z, j[ is long when j — i > 67 and
x i ¢ W(WUP). Note that since & > 107, it follows from 2) that all long marker
intervals have a distance to any W-interval or P-interval of length > 67 which is at
least T
When [i,j[ is a long finite marker interval, there is a unique periodic element

z € Xél), which is not in W, such that x ;| = 251, ¢f. Lemma 2.3 of [B]. We set
g = mln{k >+ T b = x[k,kereriod(z)[}

and
Jo=max{k <j =T :p. = Tk_period(z),k[ }-
Define
(@)1 = WUz 0,50 —i— R fuf) U(2,i0) A2 i 70 V(2o j—jo— et U 170) U-

When | — o0, j] is left-infinite, we set

()] —o0,il = A2 =000 [V(z10) Uz jorj—jo Rtul) s
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where jo = max{k < j—T : T{j jtperiod(z)] = P~} Right-infinite long marker intervals
are handled similarly, and should Z be a long marker interval we set m(z) = A(x).
For a given ¢ € N it requires still only knowledge of xj;_77_|p| 477+ F| to decide if
7(x); has been defined and determine its value if it has.
When [i, j] is a marker interval with j —i < 67, whose distance to any W-interval
or P-interval of length > 67" is more than 7', we set

(@) (5.5 = WD) P (it Ll g~ Ll ) D)
where w = l‘[iJrLHuLj,L,‘uH.
For a given 7 € N it requires still only knowledge of x|;_147_|F|it1474 || to decide
if m(z); has been defined and determine its value if it has.
We have now defined 7(x); for all ¢ outside a union of non-overlapping intervals
all of length between 7" and 77'. In such an interval, [i, j[, we set

(@) (5,41 = ub(+, W) P(Tfit Lt ju] j— L)) O(+, w)u
where w = l‘[iJrLHuLj,L,‘uH.

Since u is synchronizing for Y and u? € W(Y), there is an element 7(z) € Y with
the prescribed coordinates, and by construction 7 : X — Y is a morphism; shift com-
muting by design and continuous because 7(x); only depends on xj_147—|p| it147+|F|[-
7 extends ¢ by construction and is therefore surjective since ¢ is.

O

Theorem 9.13 fails if Y is only irreducible rather than mixing. Indeed, the near
Markov shift X of Example 9.10 does not factor onto ¥ when Y is only a period
two orbit, although Per X \, PerY in this case. The obstruction of Proposition 8.1
strikes in here and prevents the existence of any morphism X — Y.

Example 9.14. In this example we show that Theorem 9.13 is not true for general
mixing sofic shift spaces X. To see this consider the mixing sofic shift space X given
by the labeled graph:

Here A is an aperiodic graph, considered as a labeled graph with all edges labeled
by different natural numbers, and the edges labeled e and f can terminate and
initiate, respectively, at any vertex in A. A is chosen such that the edge shift X 4
is a mixing SFT without fixed points or period two orbits, with an entropy h(X4)
that exceeds the entropy of the sofic shift space Y we define below. Then 0X is
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the irreducible non-mixing strictly sofic shift space considered in Example 9.10. As
shown there, it follows from Proposition 8.1 that there are no morphisms from 90X
into any non-mixing SFT.

Let Y be the mixing sofic shift space given by the labeled graph:

Here B is an aperiodic graph, considered as a labeled graph with all edges labeled
by different natural numbers. B is chosen such that X g has no fixed points, no period
two orbits, but orbits of any minimal period n, when n > 3. Then Per X \ PerY
and h(X) > h(Y), but nonetheless, Y is not a factor of X. In fact, there is no
morphism 0X — Y what so ever. To see this note that all periodic points of 0.X are
1-affiliated to the top component of 0.X. If ¢ : 0X — Y is a morphism, Theorem 7.4
tells us that there is an irreducible component Y, in Y such that ¢ (9X) C Y, and
such that Y, contains either a fixed point which is 2-affiliated to Y or else a period 2
orbit which is 1-affiliated to Y,. Since Y contains no fixed points and only the period
two orbit containing (ab)*°, which constitutes the only irreducible component in Y’
besides the top component, we can exclude the first possibility, i.e. Y, must have a
period 2 orbit 1-affiliated to it. Since (ab)> is not 1l-affiliated to the top component
of Y, we conclude that ¢ must map 0X into the period two orbit containing (ab)>
As we saw above this is impossible because a period 2 orbit is a non-mixing SFT.
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