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ON COMPACTIFICATIONS OF THE STEINBERG ZERO-FIBER
THOMAS HAAHR LYNDERUP AND JESPER FUNCH THOMSEN

ABSTRACT. Let G be a connected semisimple linear algebraic group over an alge-
braically closed field k of positive characteristic and let X denote an equivariant
embedding of G. We define a distinguished Steinberg fiber N in G, called the zero-
fiber, and prove that the closure of N within X is normal and Cohen-Macaulay.
Furthermore, when X is smooth we prove that the closure of IV is a local complete
intersection.

1. INTRODUCTION

Let G be a connected semisimple linear algebraic group over an algebraically closed
field k of positive characteristic. The set of elements in G with semisimple part
within a fixed G-conjugacy class is called a Steinberg fiber. Examples of Steinberg
fibers include the unipotent variety and the conjugacy class of a regular semisimple
element. Lately there has been some interest in describing the closure of Steinberg
fibers within equivariant embeddings of the group G (see [He|, [H-T], [Spr], [T]).

In this paper we study the closure of a distinguished Steinberg fiber N called
the Steinberg zero-fiber (see Section 3 for the precise definition of N). We will
prove that the closure N of N within any equivariant embedding X of G will be
normal and Cohen-Macaulay. Moreover, when X is smooth we will prove that N is
a local complete intersection. These results will all be proved by Frobenius splitting
techniques. As a byproduct we find that N has a canonical Frobenius splitting and
hence the set of global sections of any G-linearized line bundle on N will admit a
good filtration.

The presentation in this paper is close to [T], but the setup is somehow opposite.
More precisely, in loc.cit. the group G was fixed to be of simply connected type
while the Steinberg fiber was arbitrary; in the present paper the Steinberg fiber is
fixed but the semisimple group G is of arbitrary type.

It is worth noticing (see [T]) that for a fixed equivariant embedding X of G the
boundary F — F of the closure of a Steinberg fiber F in G is independent of F.
This shows that the results obtained in this paper for the rather special Steinberg
zero-fiber will provide some knowledge about closures of Steinberg fibers in general.
E.g. the boundary F — F will always be Frobenius split (see Theorem 8.1). This
suggests, that the results in this paper may be generalized to arbitrary Steinberg
fibers. However, we give an example (see Example 8.2) showing that this is not
always the case.

2. NOTATION

Let GG denote a connected semisimple linear algebraic group over an algebraically
closed field k. The associated groups of simply connected and adjoint type will be
denoted by Gy and G,q respectively. Let T denote a maximal torus in G and let

B denote a Borel subgroup of G containing 7. The associated maximal torus and
1



2 THOMAS HAAHR LYNDERUP AND JESPER FUNCH THOMSEN

Borel subgroup in G,q (resp. Gg.) will be denoted by T,q and B,q (resp. Ty and
By.).

The set of roots associated to 71" is denoted by R. We define the set of positive
roots R* to be the nonzero T-weights of the Lie algebra of B. The set of simple
roots («;)ier will be indexed by I and will have cardinality [. To each simple root
a; we let s; denote the associated simple reflection in the Weyl group W defined by
T. The length of an element w in W is defined as the number of simple reflections
in a reduced expression of w. The unique element in W of maximal length will be
denoted by wy.

The weight lattice A(R) of the root system associated to G is identified with the
character group X*(Ty.) of Ty and contains the set of T-characters X*(7"). We
let Y, ¢ € I, be the set of simple coroots and let (,) denote the pairing between
coweights and weights in the root system R. A weight A is then dominant if (A, o))
for all ¢« € I. The fundamental dominant weight associated to «;, ¢ € I, will be
denote by w;.

For a dominant weight A € A(R) we let H(\) denote the dual Weyl Gg.-module
with heighest weight A, i.e. containing a B-semiinvariant element vy of weight \.
The Picard group of /B may be identified with the weight lattice A(R) and we
let £(\) denote the line bundle associated to A € A(R). The line bundle L(\) has
a unique Gg.-linearization so we may regard the set of global sections of L(\) as
a Gg-module. We assume that the notation is chosen such that the set of global
sections of L(A) is isomorphic to H(—wgA). For A, u € A(R) we denote by L(A, p)
the line bundle £(\) X L(u) on the variety ¢/B x G/B.

3. STEINBERG FIBERS

The set of elements g in G with semisimple part g, in a fixed G-conjugacy class
is called a Steinberg fiber. Any Steinberg fiber is a closed irreducible subset of G
of codimension [ (see [St, Thm.6.11]). Examples of Steinberg fibers include the
conjugacy classes of regular semisimple elements and the unipotent variety; i.e. the
set of elements with g, equal to the identity element e.

When G = G is simply connected the Steinberg fibers may also be described
as genuine fibers of a morphism Gy, — k'. Here the i-th coordinate map is given
by the Gg.-character of the representation H(w;). In this formulation the fiber Nj.
above (0,0,...,0) is called the Steinberg zero-fiber. When G is arbitrary we define
the Steinberg zero-fiber N of GG to be the image of Ny, under the natural morphism
7 Gee — G.

The structure of the Steinberg zero-fiber is very dependent on the characteristic
of k. In most cases N is just the conjugacy class of a regular semisimple element.
At the other extreme we can have that NV coincides with the unipotent variety of G.

Remark 3.1. In the following cases the Steinberg zero-fiber and the unipotent va-
riety of G coincide :
Type A,,: when n =p™ —1 (m € N) and p = char(k) >
Type C,,: when n = 2m —1 (m € N) and char(k) = 2.
Type D,,: when n = 2™ (m € N) and char(k) = 2.
Type Eg: when char(k) =
Type Eg: when char(k) = 31
Type Fy: when char(k) =
Type Gy: when char(k) =
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4. EQUIVARIANT EMBEDDINGS

An equivariant embedding of G is a normal G x G-variety containing a G x G-
invariant open dense subset isomorphic to G in such a way that the induced G x G-
action on G is by left and right translation.

4.1. The wonderful compactification. When G = G4 is of adjoint type there
exists a distinguished equivariant embedding X of G called the wonderful com-
pactification (see e.g. [DC-S]). The wonderful compactification of G is a smooth
projective variety with finitely many G x G-obits O indexed by the subsets J of the
simple roots I. We let X ; denote the closure of O; and assume that the index set is
chosen such that X, N X; = X~y forall J,J' C I. Then Y := X is the unique
closed orbit in X. It is known that Y is isomorphic to /B x /B as a G x G-variety.
To each dominant element A in the weight lattice A(R) we let

Pid : G — P(End(H(N))),

denote the G x G-equivariant morphism defined by letting p3i(e) be the element
in P(End(H()))) represented by the identity map on H(A). Then it is known (see
[DC-S]) that p3d extends to a morphism X — P(End(H(\))) which we also denote

by p3l.

Lemma 4.1. Let vy (resp. uy ) denote a nonzero B-stable element in H(\) (resp.
H(N\)*) of weight X (resp. —woX). Identify End(H(X)) with HA\) X H(X)*. Then the
restriction of p3d to' Y ~ G/B x G/B is given by

3 (9B, g'B) = (g,9") vy Kuf].

Proof. Tt suffices to prove that the only B x B-invariant element of the image of p3¢
is [vf Muf]. Solet x = [f] denote a B x B-invariant element of the image of pjd
represented by an element f € End(H(A)). Then f is B x B-semiinvariant and thus
when writing f as an element of H(\) X H(A)* it will be equal to vy X v for some
B-semiinvariant element v of H(X)*.

Let L denote the unique simple submodule of H(\) and let M denote the kernel
of the associated morphism H(A)* — L*. Assume that v is contained in M. Then
every G x G-translate of f is contained in the subset L X M consisting of nilpotent
endomorphisms. Now we apply [B-K, Lemma.6.1.4]. Tt follows that the closure C
of the T x T-orbit through p3d(e) will contain an element represented by a nilpotent
endomorphism. But clearly every element in C' will be represented by a semisimple
endomorphism of H(\). This is a contradiction.

As a consequence v is not contained in M and therefore its image in L* will be
a nonzero B-semiinvariant vector. As a consequence v must be a nonzero multiple
of uf. O

4.2. Toroidal embeddings. Now let GG be an arbitrary connected semisimple group.
An equivariant embedding X of G is called toroidal if the natural map m,q : G — Gaq
extends to a morphism X — X. In the present paper toroidal embeddings will play
a central role. This is due to the following fact (see [Rit, Prop.3])

Theorem 4.2. Let X be an arbitrary equivariant embedding of G. Then there exists
a smooth toroidal embedding X' of G and a birational projective morphism X' — X
extending the identity map on G.
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An important property of toroidal embeddings is that for each dominant weight
A there exists a G x G-equivariant morphism

pa s X — P(End(H())))

induced by p3d. When X is a complete toroidal embedding of G and Y is a closed
G x G-orbit in X we may describe the restricted mapping Y — P(End(H()\))) using
Lemma 4.1. Notice that Y maps surjectively to Y ~ &/B x G/ and that Y is a
quotient of G x G. Consequently Y maps bijectively onto Y and hence Y must be
G x G-equivariantly isomorphic to /B x G/B. Moreover

Lemma 4.3. Let X be a complete toroidal embedding of a connected semisimple
group G and let'Y be a closed G x G-orbit in X. Then Y 1is G x G-equivariantly
isomorphic to /B x G/B and

pA(9B,9'B) = (g,9") v} Ruf].
Consequently, the pull back of the ample generator O,(1) of the Picard group of
P(End(H(X))) to Y is isomorphic to L(A, —woA).

4.3. The dualizing sheaf of equivariant embeddings. Let X be a smooth equi-
variant embedding of G. As G is an affine variety the complement X — G of G is
of pure codimension 1 in X. Let Xy,..., X, denote the irreducible components of
X — (G which are then divisors in X. Let D;, i = 1,...,[, denote the closures of
the Bruhat cells Bwgys; B within X. Then also D; is a divisor in X. When X is the
wonderful compactification X of a group of adjoint type we will also denote X; and
D; by X; and D) respectively.

Proposition 4.4. [B-K, Prop.6.2.6] The canonical divisor of the smooth equivariant

embedding X is
Ky=-2) D;— ) X
i€l j=1
The line bundle £(D;) associated to the divisor D; is connected to the morphisms
px as explained by

Lemma 4.5. Assume that X is a toroidal embedding. Then there exists an isomor-
phism

L(Di) ~ p;, (0, (1)),
such that pf, (uf W vf ) is the canonical section of L(D;).

Proof. Consider first the case when X is the wonderful compactification of G.q4.

Consider the pull back s.q = (p24)*(uf B v ) of the global section uf X vf of
Oy, (1). Then the zero divisor (Saq)o of s.q is B x B-invariant. Thus there exist
nonnegative integers a, and b; , for r,j = 1,...,[, such that

l l
(Sad)g = Z a,«DT + Z ijj‘
r=1 7=1

If b; > 0 for some j then s,q vanishes on Y which by Lemma 4.1 is a contradiction.
Hence, (saa)0 = >.._, a,D,. Tt is known (see e.g. [B-K, Prop. 6.1.11]) that the
restriction of L(D;) to Y is isomorphic to L(w;, —wpw;), so using using Lemma 4.3
it follows that a; = 1 and a, = 0 for r # i. This proves the statement when X is
the wonderful compactification of G.q.
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Consider now an arbitrary toroidal equivariant embedding X of G. Let s :=
L, (uf v} ) be the pull back of the the global section uf, M v of O, (1). Then
the zero divisor (s)g of s is B x B-invariant and by the already proved case above
we conclude that

(S)Q = CDZ' + Z dej,
j=1

for certain nonnegative integers ¢ > 0 and d;, j = 1,...,n. Assume d; > 0 for some
j. Then s vanishes on a G x G-stable subset and as s is the pull back of s,q from
X to X, we conclude that s,q also vanishes on a G X GG-stable subset V. But then
Sadq vanishes on a closed G x G-orbit in the closure of V' which can only be Y. As
above this is a contradiction and we conclude that (s)y = ¢D;.

In order to prove that ¢ = 1 we may assume that G = Gg. is simply connected
and that X = G. In this case the statement is well known (cf. proof of 6.1.11 in
[B-K]). O

4.4. Sections of the dualizing sheaf. Let again X be a smooth equivariant em-
bedding of GG. For each i = 1,...,[, there exists a unique G4 X Gg.-linearization of
the line bundle £(D;). The set of global sections of L(D;) may then be regarded as
a Gy X Gge-module. We claim

Proposition 4.6. There exists a Gy X Gg.-equivariant morphism
Yi » H(w;)" X H(w;) — H° (X7L(Di>)a
such that ¥;(ug, W v} ) is the canonical section of L(D;).

Proof. When X is toroidal this follows by Lemma 4.5. For a general smooth em-
bedding X there exists by Zariski’s main theorem (cf. proof of Prop.6.2.6 [B-K]) an
open subset X’ of X such that X’ is a toroidal embedding of G and such that the
complement X — X’ has codimension > 2 in X. As the statement is invariant under
replacing X with X’ the result now follows. 0

4.4.1. The complete toroidal case. When X is a complete toroidal embedding of G
we may even give more structure to the map ; given in Proposition 4.6. To this
end, let Y denote a closed G x G-orbit in X and consider the restriction map

iy HO(X,L(DZ-)) — HO(Y, L(Di)‘y).
By Lemma 4.3 and Lemma 4.5 it follows that L(D;)y ~ L(w;, —wow;). Conse-
quently, there exists a Gg. X Gg-equivariant isomorphism
By Lemma 4.3 the composition of iy with ¢); is nonzero and hence we obtain a
commutative Gy, X Gg-equivariant diagram

H(w;)* 8 H(w;) —2 = H(X, £(D;))

| o

H(—wow;) ® H(w;) — H(Y, L(D;)y)

where the left vertical map is defined by some nonzero Gg.-equivariant map H(w;)* —
H(—wow;). Notice that by Frobenius reciprocity the map H(w;)* — H(—wow;) is
defined uniquely up to a nonzero constant.
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5. FROBENIUS SPLITTING

In this section we collect a number of facts from the theory of Frobenius splitting.
The presentation will be sketchy only stating the results which we will need. For a
more thorough, and closely related, presentation we refer to [T].

5.1. Frobenius splitting. Let X denote a scheme of finite type over an alge-
braically closed field k of characteristic p > 0. The absolute Frobenius morphism on
X is the morphism F': X — X of schemes, which is the identity on the set of points
and where the associated map of sheaves

F': 0y — F.Ox

is the p-th power map. We say that X is Frobenius split (or just F-split) if there
exists a morphism s € Homg, (F.Ox, Ox) such that the composition s o F* is the
identity map on Ox.

5.2. Stable Frobenius splittings along divisors. Let D denote an effective
Cartier divisor on X with associated line bundle Ox (D) and canonical section op.
We say that X is stably Frobenius split along D if there exists a positive integer e
and a morphism

s € Homg, (FfOx (D), 0x),

such that s(op) = 1. In this case we say that s is a stable Frobenius splitting of X
along D of degree e. Notice that X is Frobenius split exactly when there exists a
stable Frobenius splitting of X along the zero divisor D = 0.

Remark 5.1. Consider an element s € Home, (FfOx(D),Ox). Then the condition
s(op) =1 on s for it to define a stable Frobenius splitting of X, may be checked on
any open dense subset of X.

5.3. Subdivisors. Let D’ < D denote an effective Cartier subdivisor and let s be
a stable Frobenius splitting of X along D of degree e. The composition of s with
the map

Fy0x(D') — Fr0x(D),
defined by the canonical section of the divisor D — D’; is then a stable Frobenius
splitting of X along D’ of degree e. Applying this to the case D’ = 0 it follows that

if X is stably Frobenius split along any effective divisor D then X is also Frobenius
split.

5.4. Compatibly split subschemes. Let Y denote a closed subscheme of X with
sheaf of ideals Jy. When

s € HOHIOX (FfOX(D), Ox)
is a stable Frobenius splitting of X along D we say that s compatibly Frobenius splits

Y if the following conditions are satisfied

(1) The support of D does not contain any of the irreducible components of Y.
(2) s(Fe(dy ® Ox(D))) C Iy
When s compatibly Frobenius splits Y there exists an induced stable Frobenius
splitting of Y along D NY of degree e.
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Lemma 5.2. Let s denote a stable Frobenius splitting of X along D which com-
patibly Frobenius splits a closed subscheme Y of X. If D' < D then the induced
stable Frobenius splitting of X along D', defined in Section 5.3, compatibly Frobe-
nius splits Y.

Lemma 5.3. Let Dy and Do denote effective Cartier divisors. If sy (resp. $3) is
a stable Frobenius splitting of X along Dy (resp. Dy) of degree ey (resp. es) which
compatibly splits a closed subscheme Y of X, then there exists a stable Frobenius
splitting of X along D1 + Dy of degree e; 4+ eo which compatibly splits Y .

Lemma 5.4. Let s denote a stable Frobenius splitting of X along an effective divi-
sor D. Then

(1) If s compatibly Frobenius splits a closed subscheme Y of X then'Y is reduced
and each irreducible component of Y is also compatibly Frobenius split by s.
(2) Assume that s compatibly Frobenius splits closed subschemes Yy and Yy and
that the support of D does not contain any of the irreducible components of

the scheme theoretic intersection Y1 NYs. Then s compatibly Frobenius splits
Y1 NYs;.

The following statement relates stable Frobenius splitting along divisors to com-
patibly Frobenius splitting.

Lemma 5.5. Let D and D' denote effective Cartier divisors and let s denote a
stable Frobenius splitting of X along (p — 1)D + D’ of degree 1. Then there exists
a stable Frobenius splitting of X along D' of degree 1 which compatibly splits the
closed subscheme defined by D.

5.5. Cohomology and Frobenius splitting. The notion of Frobenius splitting is
particular useful in connection with proving higher cohomology vanishing for line

bundles. We will need

Lemma 5.6. Let s denote a stable Frobenius splitting of X along D of degree e and
let Y denote a closed compatibly Frobenius split subscheme of X. Then for every
line bundle L on X and every integer i there exists an inclusion

Hi(‘X?jY ®£’) - HZ(X7JY ®£Jpe ® OX(D))a

of abelian groups. In particular, when X is projective, L is globally generated and
D is ample then the group H'(X,Jy @ L) is zero fori > 0.

5.6. Push forward. Let f : X — X’ denote a proper morphism of schemes and
assume that the induced map Ox, — f,Ox is an isomorphism. Then every Frobenius
splitting of X induces, by application of the functor f,, a Frobenius splitting of X’.
Moreover, when Y is a compatibly Frobenius split subscheme of X then the induced
Frobenius splitting of X’ compatibly splits the scheme theoretic image f(Y) (see
[M-R, Prop.4]). We will need the following connected statement.

Lemma 5.7. Let [ : X — X' denote a morphism of projective schemes such that
Ox: — f.Ox is an isomorphism. LetY be a closed subscheme of X and denote
by Y’ the scheme theoretic image f(Y'). Assume that there exists a stable Frobenius
splitting of X along an ample divisor D which compatibly splits Y. Then f.Oy = Oy
and R f,Oy = 0 for i > 0.
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5.7. Frobenius splitting of smooth varieties. When X is a smooth variety there
exists a canonical O x-linear identification (see e.g. [B-K, §1.3.7])

F.wy ? ~ Homg, (F.Ox,Ox).

Hence, a Frobenius splitting of X may be identified with a global section of w;{p
with certain properties. A global section 7 of w}(_p which corresponds to a Frobenius
splitting up to a nonzero constant will be called a Frobenius splitting section.

Lemma 5.8. Let 7 be a Frobenius splitting section of a smooth variety X. Then
there exists a stable Frobenius splitting of X of degree 1 along the Cartier divisor
defined by 7. In particular, if T = 7*~% is a (p — 1)-th power of a global section 7 of
w;(l, then X is Frobenius split compatibly with the zero divisor of T.

5.8. Frobenius splitting of G/B. The flag variety X = /B is a smooth variety
with dualizing sheaf wy = L(—2p) where p is a dominant weight defined as half of
the sum of the positive roots. Let St := H((p — 1)p) denote the Steinberg module
of G4 and consider the multiplication map

mays St @ St — H(2(p — 1)p) ~ H(¢/5,we,?).

The Steinberg module St is an irreducible selfdual Gg.-module and hence there exists
a unique (up to nonzero scalars) nondegenerate Gg.-invariant bilinear form

Gc/p 1 St® St — k.
Then (see [L-T, Thm.2.3])
Theorem 5.9. Let t be an element in St ® St. Then ¢c/5(t) is a Frobenius splitting

section of G/B if and only if dpc/s(t) is nonzero.

6. F-SPLITTING OF SMOOTH EQUIVARIANT EMBEDDINGS

Let X denote a smooth equivariant embedding of G. Define S to be the G X G-

module
! ®(p-1)
(X) ( “ I H( wz)> .

By Proposition 4.6 there exists a Gg. X Gg.-equivariant morphism

byt S — H0<X,L((p— 1)21)2-)).

defined as the (p — 1)-th product of the 1;’s. Let o; denote the canonical section of
L(X;), for j =1,...,n, and define for s,t € S the section

Ux(s,t) = ¥x(s)Yx(t) H o !,

of the line bundle w;p on X. Notice that if X’ is an equivariant embedding of G
which moreover is an open subset of X, then the restriction of ¥x(s,t) to X' is equal
to Wx/(s,t). The main result Theorem 6.4 in this section describes when W x(s,t)
is a Frobenius splitting section of the smooth embedding X.
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6.1. F-splitting smooth complete toroidal embeddings. Consider a smooth
complete toroidal embedding X of G and choose a closed G x G-orbit Y in X.
By Lemma 4.3 we may identify Y with ¢/B x G/B and under this isomorphism the
restriction of L(D;) to Y corresponds to L(w;, —wow;). In particular, restricting to
Y induces a map

iy HO(X,L(2(0— 1) Z_l: D;)) = H(Y,w} ).

This leads to the following result which also explains the standard way of Frobenius
splitting X (cf. proof of Thm.6.2.7 [B-K])

Lemma 6.1. Let X denote a smooth complete toroidal embedding of G and let Y
denote a closed G x G-orbit in X. Let s and t be elements of S. Then Ux(s,t) is
a Frobenius splitting section of X if and only if the restriction of ¥x(s)x(t) toY
18 a Frobenius splitting section of Y.

In order to control the restriction of ¥x(s)Yx(t) to Y we use Section 4.4.1. It
follows that we have a commutative Gg. X Gg.-equivariant diagram with nonzero
maps

Yx

s H (X, L((p— 1) Xiy Dy))

n \Li*y

St 59 St —— HO(Y,wy ")

where St = H((p — 1)p) denotes the Steinberg module of Gg.. Using the Gg. X G-
invariant form ¢c/pxc/s on St XSt we may define a similar form on S by

p:S®S5 —k,

SRt QbG/BxG/B(n(S) ® 77(75))

Notice that S and the Gg. X Gg.-invariant form ¢ is defined without the help of X.
In particular, S and ¢ does not depend on X. Now by Lemma 6.1 and Theorem 5.9
we find

Proposition 6.2. Let the notation be as above and let s and t be elements of S.
Then W x(s,t) is a Frobenius splitting section of X if and only if ¢(s®@t) is nonzero.

6.2. Frobenius splitting GG. By restricting the statement of Proposition 6.2 to G
we find

Corollary 6.3. Let s and t be elements of S. Then
\IJG(S7 t) = ¢G(S)¢G(t)a
is a Frobenius splitting section of G if and only if ¢(s @ t) is nonzero.

Proof. Choose a smooth complete toroidal embedding X of G and consider VU x (s, t).
Remember that checking whether W (s, t) is a Frobenius splitting section of X may
be done on the open subset G (see Remark 5.1). Now apply Proposition 6.2. O
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6.3. Frobenius splitting smooth equivariant embeddings. We can now prove
that main result of this section.

Theorem 6.4. Let X denote an arbitrary smooth embedding of G and let s and t
be elements of S. Then Vx(s,t) is a Frobenius splitting section of X if and only if
(s ®t) is nonzero.

Proof. That Wx(s,t) is a Frobenius splitting section may be checked on the open
subset G. Now apply Corollary 6.3. U

In the following statement ¢;, i = 1, ..., denotes the identity map in End(H(w;)*) ~
H(w;)* ¥ H(w;). Notice that as an element of End(H(w;))* the element ¢; is just the
trace map on End(H(w;)). We also fix a nonzero weight vector u of H(w;)* of
weight —w;.

Corollary 6.5. The global section
l n

l
I CXG | CAO- T | G
=1

i—1 j=1
of wl™P is a Frobenius splitting section of X.

Proof. 1t suffices by Theorem 6.4 to prove that

l l
(@™ o @ Bul)™r )
i=1 i=1

l ®(p—1
i—1 b

is nonzero. The image of ) ) in St ) St coincides with a nonzero diag(G)-

invariant element va. Moreover, the image of the element ®§:1(u;i X o} )®P=Y in
St X St equals v_ X v, for some nonzero weight vectors vy, and v_ in St of weight
(p —1)p and —(p — 1)p respectively. Thus, we have to show that ¢e/sxe/s (UA ®
(v— Wwv,)) is nonzero. But by weight consideration this is clearly the case. O

7. CONSEQUENCES IN THE SMOOTH CASE

In this section we collect a number of consequences of the results in Section 6 and
the following Lemma 7.1. Notice that when f is a global section of a line bundle L
on a variety X, then we may regard f as an element in the local rings Ox , at points
x € X. This identification is unique up to units in Ox . Using this identification
we may now state

Lemma 7.1. Let X denote a smooth variety with dualizing sheaf wx and let Ly, . . .,
Ly denote a collection of line bundles on X such that @Y L; ~ wy'. Let fi,

it =1,...,N, denote a global section of L; and assume that vazl fffl, considered
as a global section of w;{p, 18 a Frobenius splitting section of X. Choose a sequence
1 <i1,...,1. < N of pairwise distinct integers. Then
(1) The sequence f;,, ..., fi, forms a reqular sequence in the local ring Ox , at a
point x contained in the common zero set of fi ..., fi..
(2) The common zero set of fi,, ..., fi. has pure codimension .

Proof. As all statements are local we may assume that X is affine and that wx and
Ly,..., Ly are all trivial. Hence, the elements fi,..., fy are just regular global
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functions on X. Moreover, by assumption there exists a function 7 : F.k[X]| — k[X]
such that 7(aP(f1--- fx)P~) = a for all global regular functions a € k[X].

Let « be a common zero of f;,..., f;, and assume that we have a relation of
the form Y7 _, a,f;, = 0 for certain elements a, in Ox .. In particular, the product
ai(fi--- fn)P~" is contained in the ideal (ff,..., f} ) of Ox, and hence

aj = T(a§(f1 : "fN)p_l) € (fnw--,fij_l)'
This proves (1). Now (2) follows as a direct consequence of (1). O

We can now prove the first of our main results

Corollary 7.2. Let X be a smooth equivariant embedding of G and let N denote
the closure of the Steinberg zero-fiber in X. Then

(1) N coincides with the scheme theoretic intersection of the zero sets of t;,
i=1,...,1. In particular, N is a local complete intersection.

(2) N is normal, Gorenstein and Cohen-Macaulay.

(3) The dualizing sheaf of N is isomorphic to the restriction of the line bundle

LN = Q(- zgzl(wo, 1).DZ — Z?:1 X]) to N

Proof. Consider the Frobenius splitting section of X defined in Corollary 6.5. By
Lemma 5.8 and Lemma 5.4 the scheme theoretic intersection C' of t;, i = 1,...,1, is
a reduced scheme. Moreover, by Lemma 7.1 each component of C' has codimension
[ and will intersect the open locus G (else, by Lemma 7.1, such a component would
have codimension > [ 4+ 1). We conclude that C'N G is dense in C and that C' is
a local complete intersection. But clearly (see remark above Corollary 6.5) C NG
coincides with the Steinberg zero-fiber NV, and thus C' must be equal to the closure
N. This proves (1).

To prove (2) it then suffices to show that N is regular in codimension 1. Let Z
denote a component of the singular locus of N. If Z N G # 0 then the codimension
of Z is > 2 as N is normal by [St, Thm.6.11]. So assume that Z is contained in
a boundary component X;. Now, by Lemma 5.8 the scheme theoretic intersection
NNnX ; is reduced. Hence, as X; is a Cartier divisor, every smooth point of NNnX j
is also a smooth point of N. In particular, Z is properly contained in a component
of NN X;. But the variety NNX ; has pure codimension 1 in N which ends the
proof of (2).

Statement (3) follows by (1) and the description of the dualizing sheaf of X in
Proposition 4.4. 0

7.1. Stable Frobenius splittings along divisors.

Proposition 7.3. Let X be a smooth equivariant embedding of G. Then there exists
a stable Frobenius splitting of X along the divisor

(v - 1>(ixj + icwo, 1)D;)

of degree 1 which compatibly Frobenius splits the closure N of the Steinberg zero-fiber.

Proof. Let 7 denote the Frobenius splitting section of Corollary 6.5. By Lemma
5.8, Lemma 5.5 and Lemma 4.6 we know that 7 defines a degree 1 stable Frobenius
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splitting of X along the divisor

(p—1) ( i X, + imo, 1)Di>,

which compatibly Frobenius splits the zero divisor of Hézl ¥;(t;). Now apply Lemma
5.4(2), Corollary 7.2 and Lemma 7.1. O

Corollary 7.4. Let X denote a projective smooth equivariant embedding of G. Then
there exists a stable Frobenius splitting of X along an ample divisor with support
X — G which compatibly Frobenius splits the subvariety N .

Proof. By Proposition 7.3 and Lemma 5.2 there exists a stable Frobenius splitting
of X along the divisor Z?:l X, which compatibly splits N. Applying Lemma 5.2
and Lemma 5.3 it suffices to show that there exist positive integers ¢; > 0 such that
> ¢;X; is ample. This follows from [B-T, Prop.4.1(2)]. O

j=1
This has the following implications for resolutions

Corollary 7.5. Let X be a projective equivariant embedding of G and let f : X' — X
be a projective resolution of X by a smooth projective equivariant G-embedding X'.
Denote by N' (resp. N ) the closure of the Steinberg zero-fiber within X' (resp. X ).
Then

(i) f.Ox = Ox and R'f.Ox =0 for i > 0. (cf. [Rit, pf. of Cor.2])

(ii) f.Ox = Oy and R f,Ox5 =0 fori > 0.

Proof. As X' is normal and f is birational it follows from Zariski’s main theorem
that f,Ox = Ox/. Hence, by Lemma 5.7 it suffices to prove that there exists a stable
Frobenius splitting of X along an ample divisor which compatibly Frobenius splits
N. Now apply Corollary 7.4. U

8. FROBENIUS SPLITTING N FOR GENERAL EMBEDDINGS

In this section X will denote an arbitrary equivariant embedding of G' and N will
denote the closure of the Steinberg zero-fiber in X.

Theorem 8.1. There exists a Frobenius splitting of X which simultaneously compat-
ibly splits the closed subvarieties N, (wo,1)D;, X;, fori=1,...,l and j =1,... n.

Proof. By Theorem 4.2 we may find a projective resolution f : X’ — X by a smooth
toroidal embedding X' of G. By Zariski’s Main Theorem, f,Ox: = Ox. Thus, by
[M-R, Prop.4] (cf. section 5.6) we can reduce to the case where X is smooth. Now
apply Corollary 6.5, Lemma 5.8, Lemma 5.4, Lemma 4.6 and Corollary 7.2 in the
given order. O

Example 8.2. Consider the group G = PSLy(k) over a field k of positive character-
istic different from 2. Then the wonderful compactification X of G may be identified
with the projectivization of the set of 2 x 2-matrices with entries in k. Denote the
homogeneous coordinates in X by a, b, ¢ and d. Then the closure U of the unipotent
variety U of G within X, is defined by the polynomial f = (a + d)? — 4(ad — bc).
Moreover, the boundary is defined by the polynomial g = (ad — bc). In particular,
the ideal generated by f and ¢ is not reduced and, as a consequence, the boundary
X — G and the closure U cannot be compatibly Frobenius split at the same time.
When £ has characteristic 2 the unipotent variety U coincides with the Steinberg



ON COMPACTIFICATIONS OF THE STEINBERG ZERO-FIBER 13

zero-fiber. In this case the polynomial defining U is given by f = a + d and we do
not see a similar problem.

Remark 8.3. W. van der Kallen and T. Springer has informed us that they have
proved Theorem 8.1 in case X is the wonderful compactification of a group of adjoint
type. Their proof proceeds by descending the Frobenius splitting results in [T] to the
wonderful compactification.

We can also prove a vanishing result for line bundles on N :
Proposition 8.4. Let X denote a projective equivariant G-embedding and let £
(resp. M) denote a globally generated line bundle on X (resp. N ). Then
H(X,L) =H(N,M)=0,1i>0.
Moreover, the restriction map
HO(X, L) — H(N, L),
1S surjective.

Proof. By Corollary 7.5 we may assume that X is smooth. Now apply Corollary 7.4
and the “in particular” part of Lemma 5.6. 0

8.1. Canonical Frobenius splittings of X. A Frobenius splitting s : F,0z — Oy
of a B-variety Z is a T-invariant Frobenius splitting such that the action of a root
subgroup of G associated to the simple root «;, is of the form

p—1
T, (C)s = Z s,
j=1

for certain morphisms s; : F,0z — Oz and all ¢ € k.

As a subset of X the closure N is invariant under the diagonal action of G. In

particular, N is invariant under diag(B) and we claim

Lemma 8.5. The variety N is canonical Frobenius split with respect to the action
of diag(B).
Proof. Tt suffices to prove that X has a diag(B)-canonical splitting which compatibly
splits N. Moreover, by Theorem 4.2 we may assume that X is smooth. By the
proof of Corollary 7.2 it then suffices to prove that the Frobenius splitting section
of Corollary 6.5 is canonical.

As ¢f(t;) and o, are diag(G)-invariant we may concentrate on the diag(7)-invariant
factors ¢} (u,, ® v ). The statement follows now as

To,(C).v) = v},

To,(C).uy, = u, +cu;j
for certain elements wu; ; € H(—w,w;)*. O
As a consequence we have (see [B-K, Thm.4.2.13])

Proposition 8.6. Let L denote a Gy.-linearized line bundle on N. Then the Gy.-
module H(N, L) admits a good filtration, i.e. there exists a filtration by Gy.-modules

0=M"CM'CM*C..-CHN,L),

such that HO(N, L) = U;M* and satisfying that the successive quotients MIT1/M7
are isomorphic to modules of the form H(\;) for certain dominant weights \;.



14 THOMAS HAAHR LYNDERUP AND JESPER FUNCH THOMSEN

9. GEOMETRIC PROPERTIES OF NN

Let X be an arbitrary equivariant G-embedding. When X is smooth we have
seen that N is normal and Cohen-Macaulay. In this section we will extend these
two properties to arbitrary equivariant embeddings.

The following result is due to G. Kempf although the version stated here is taken
from [B-P, §7] :

Lemma 9.1. Let f : Z/ — Z denote a proper map of algebraic schemes satisfying
that £,.0z ~ Oy and R\ f,0, =0 fori > 0. If Z' is Cohen-Macaulay with dualizing
sheaf wz and if R fuwz = 0 for i > 0, then Z is Cohen-Macaulay with dualizing
sheaf f.wz.

We will also need the following result due to V. Mehta and W. van der Kallen
(M-vdK, Thm.1.1]):

Lemma 9.2. Let [ : Z/ — Z denote a proper morphism of schemes and let V'
(resp. V') denote a closed subscheme of Z' (resp. Z). By Jy: we denote the sheaf of
ideals of V'. Fiz an integer i and assume

(1) [ v)ycv.

(2) R'f.Jy: vanishes outside V.

(3) V' is compatibly F-split in Z'.
Then Rif*:]vl =0.

We are ready to prove

Theorem 9.3. Let X denote an arbitrary equivariant G-embedding. Then the clo-
sure N of the Steinberg zero-fiber in X is normal and Cohen-Macaulay.

Proof. Any equivariant embedding has an open cover by open equivariant subsets
of projective equivariant embeddings (see e.g. proof of [B-K] Corollary 6.2.8). This
reduces the statement to the case where X is projective. Choose a projective reso-
lution f: X’ — X of X by a smooth equivariant embedding X’. By Corollary 7.5
we know that f,O0y5 = Oy and applying Corollary 7.2 this implies that N is normal.

In order to show that N is Cohen-Macaulay we apply the above Lemma 9.1 and
Lemma 9.2. By Corollary 7.5 it suffices to prove that R! f.wy: = 0, ¢ > 0, where wy
is the dualizing sheaf of N’. By Corollary 7.2 the dualizing sheaf wy, is isomorphic
to the restriction of L5 to N’. Let s’ denote the canonical section of the line
bundle L]’V} on X’ and let V' denote the intersection of N’ with the zero divisor
of 5. Combining Proposition 7.3 and Lemma 5.5 we find that N’ is Frobenius split
compatibly with the closed subscheme V’. Moreover, f : N’ — N is an isomorphism
above the open subset N and

FUN\N)C V.

Hence, by Lemma 9.2 we conclude R!f,Jy» = 0 for 4 > 0. But Jy~ is isomorphic to
the restriction of L5 to N'. O
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