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THE ERDOS-POSA PROPERTY
FOR MATROID CIRCUITS

JIM GEELEN AND KASPER KABELL

ABSTRACT. The number of disjoint co-circuits in a matroid is bounded by its rank.
There are, however, matroids with arbitrarily large rank that do not contain two
disjoint co-circuits; consider, for example, M(K,,) and Uy, 2,,. Also the bicircular
matroids B(K,,) have arbitrarily large rank and have no 3 disjoint co-circuits. We
prove that for each k& and n there exists a constant ¢ such that, if M is a matroid
with no U, 2n-, M (Ky,)-, or B(K,,)-minor, then either M has k disjoint co-circuits
orr(M) <c.

1. INTRODUCTION
We prove the following theorem.

Theorem 1.1. There exists a function v : N* — N such that, if M is a matroid with
no Ugoq-, M(K,)-, or B(K,)-minor and r(M) > ~v(k,a,n), then M has k disjoint
co-circuits.

Here M(K,) is the cycle matroid of K, and B(K,,) is the bicircular matroid of
K, (to be defined below).

A circuit-cover of a graph G is a set X C E(G) such that G — X has no circuits.
Thus the maximum number of (edge-) disjoint circuits in a graph is bounded by the
minimum size of a circuit cover. This bound is not tight (consider Kj), but Erdos
and Pésa in [3] proved that the maximum number of disjoint circuits is qualitatively
related to the minimum size of a circuit cover.

Erdos-Pésa Theorem 1.2. There is a function ¢ : N — N such that, if the size of
a minimal circuit-cover of G is at least c(k), then G has k disjoint circuits.

Let M be a matroid. A set X C E(M) intersects each circuit of M if and only if
E(M) — X is independent. So, a minimal circuit-cover of M is a basis of M*. The
Erdos-Pésa Theorem was generalized to matroids by Geelen, Gerards, and Whittle
[4] who proved:

Theorem 1.3. There exists a function ¢ : N> — N such that, if M is a matroid with
no Uy gi2- or M(K,)-minor and r(M) > c(k,q,n), then M has k disjoint co-circuits.

The result does not extend to all matroids. A matroid is round if it has no two
disjoint co-circuits. Equivalently, M is round if each co-circuit in M is a spanning
set of M.
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2 GEELEN AND KABELL

The matroid U, ,, where n > 2r — 1 is round. Also, for any positive integer n,
M(K,,) is a round matroid. Generally, for a graph G, a co-circuit of M(G) is a
minimal edge-cut of G. If GG is simple, then it is easily seen, that G has no two
disjoint edge-cuts if and only if G is complete.

Let G = (V, E) be a graph. Define a matroid B(G) on V U E where V is a basis
of B(G) and, for each edge e = uv of G, place e freely on the line spanned by {u,v}.
Now B(G) := B(G)\V is the bicircular matroid of G. A different characterization
of B(G) is the following, which gives rise to the name bicircular matroid. It is easily
verified (see [8, Prop. 12.1.6]).

Remark 1.4. Let G be a graph. C'is a circuit of B(G) if and only if G[C] is a
subdivision of one of the graphs below.

<0 C—=0 <=

The matroid B(K,,) is also round, which is easily verified. The bicircular matroid
B(K,,) is not round, but it has no three disjoint co-circuits (for n # 3).

Our main theorem, Theorem 1.1, is a generalization of Theorem 1.3 and is, in
some sense, best possible. Note that each of the classes

{M(K,) :n>1}, {B(K,) : n>1}, and {U,2, : a > 1}

have unbounded rank but they have a bounded number of disjoint co-circuits.
We follow the notation of Oxley [8], and the reader is assumed familiar with
standard matroid theory as described therein.

2. COVERING NUMBER

We shall work with dense matroids in the proof. This section develops tools for
measuring the size and density of a matroid.

A simple GF(q)-representable rank-r matroid can be realized as a restriction of
the projective geometry PG(r — 1,¢). Thus, it has at most qu_—_ll elements. Kung [5]
extended this bound to the class of matroids with no U, ,o-minor (the shortest line
not representable over GF(q)).

Theorem (Kung) 2.1. Let ¢ > 1 be an integer, and let M be a simple rank-r
matroid with no U, g4 o-minor. Then

qg—1

Projective geometries show, that the bound is sharp if ¢ is a prime-power. To
bound the size of rank-r matroids, it is necessary to restrict the length of lines, or
there can be arbitrarily many elements in a rank-2 matroid. As we shall be excluding
a uniform matroid of higher rank, we need a new measure of size, for an analogue
of Kung’s Theorem to hold.

Definition 2.2. Let a be a positive integer. An a-covering of a matroid M is a
collection (X7, ..., X,,) of subsets of E(M), with E(M) = UX; and ry(X;) < a for
all i. The size of the covering is m. The a-covering number of M, 7,(M) is the
minimum size of an a-covering of M. If r(M) = 0, then we define 7,(M) = 0.
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Note that for a matroid M, 7 (M) = |E(si(M))|, where si(M) denotes the simpli-
fication of M. If M has non-zero rank r(M) < a, then 7,(M) = 1. Our first lemma
bounds 7,(M) in the case r(M) = a + 1.

Lemma 2.3. Let b > a > 1. If M is a matroid of rank a + 1 with no Ugyq,-minor,

then
non < ("),

Proof. Let X C E(M) be maximal with M|X ~ U,y1;. Then I < b— 1. For an
z ¢ X, by the maximality of X, there exists Y C X with |Y| = a such that Y Uz
is dependent, and thus = € cly(Y).

It follows that (cly (Y)Y C X,|Y| = a) is an a-covering of M. It has size

() < (2H- O

Lemma 2.4. Let b > a > 1. If M is a matroid with no U,y p-restriction, then
b—1
a0 < (U7 ),

Proof. Let (X!,..., X*) be a minimal (a + 1)-covering of M. By Lemma 2.3 each
M| X" has an a-covering (X7, ..., X7, ) of size m; < (bgl). Combining these we get an
a-covering (Xi[j =1,...,m;,i=1,...,k) of M. Thus 7,(M) < Y m; < (bgl)k. O

The next result extends Kung’s Theorem. The bound we obtain is not sharp,
though.

Lemma 2.5. Letb > a > 1. If M s a matroid of rank r > a with no Uyyq-minor,

then
b—l r—a
(M) < .
al >_( - )

Proof. The proof is by induction on r. The case r = a is trivial since (E(M)) is an
a-covering of size 1.

Let » > a and assume that the result holds for rank r» — 1. Let z be a non-loop
element of M. Then r(M/x) =r — 1 and by induction 7,(M/z) < (bgl)r_l_a.

Let (Xi,...,X})) be a minimal a-covering of M/x, so 73/,(X;) < a for all 4. This
implies 73/ (X;Ux) < a+1, and so (X;Ux|i =1,...,k) is an (a+ 1)-covering of M.
We conclude 7,11(M) < 7,(M/x).

Finally, by Lemma 2.4 we have 7,(M) < (b;1)7a+1(M ) and combining inequalities

we get the desired result. O

Definition 2.6. Let a be a positive integer. The matroid M is called a-simple, if
M is simple and M has no Uy g-restriction for k =2,3,...,a.

Equivalently, M is a-simple if it is loop-less and has no Uy gi-restriction for
k = 1,2,3,...,a. This concept is just an abbreviation. We shall not define an
“a-simplification” operation, since for a > 2 it would not be well-defined up to
isomorphism. For a-simple matroids, the size is proportional to 7,:

Lemma 2.7. There exists an integer-valued function o(a) such that, if a > 1 and
M is a-simple, then |E(M)| < o(a)t,(M).
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2k —1
a(a):H(k_l).
k=2
Since M has no Uy gi-restriction for k = 2,...,a, Lemma 2.4 gives
2k — 1
Te—1 (M) < (k ) )Tk(M), k=2 ... a.

Putting these together, we get |E(M)| = 1(M) < o(a)1,(M). O

Proof. Define o by

We shall need one more specialized result, which is completely similar to the
previous Lemma.

Lemma 2.8. There exists an integer-valued function oy(a,b) such that, if b > a > 1
and M is loop-less and has no Uyp-restriction for k = 1,...,a, then |[E(M)| <
oa(a, b)ra(M).

Proof. Define o5 by

ag(a,b):(b—nﬁ(Zj).

k=2
Now use |E(M)| < (b—1)m (M) and apply Lemma 2.4. O

3. APPROACHING ROUNDNESS

The first step in the proof of the main theorem is to show, that a matroid of
large enough rank has either & disjoint co-circuits or a large minor which is “nearly
round”.

Definition 3.1. Let M be a matroid. The rank-deficiency of a set of elements
X C EM) is ry(X) = r(M) —ry(X). Denote by I'(M) the maximum rank-
deficiency among the co-circuits of M. For t € N we say that M is t-round if
(M) <t.

Notice that a matroid M is round if and only if I'(M) = 0, that is, M is O-round.
The condition of being t-round is easily seen to be preserved under contractions.

When we cannot obtain a t-round matroid, we shall sometimes work with the even
weaker property: I'(M) < +r(M).

Lemma 3.2. Let g : N — N be a non-decreasing function. There exists a function
fs : N — N such that for any k € N, if M is a matroid with r(M) > f,(k), then
either

(a) M has k disjoint co-circuits or
(b) M has a minor N = MY with r(N) > g(T'(N)).

Proof. Let g be given and define f; as follows: f;(0) = f,(1) =1 and

fo(k) = g(fo(k = 1)), k=2
The proof is by induction on k. If (M) > 1, then M has a co-circuit, so the result
holds for £ = 0,1. Now let k > 2 and (M) > f (k) = g(f,(k —1)).
If I'(M) > f,(k — 1), then pick a co-circuit C' of M with r,(C') = I'(M). Then
r(M/C) = ry(C) > f,(k—1). If M/C has the desired contraction minor, then
we are done. If not, then by induction M/C has k — 1 disjoint co-circuits. These,

together with C', give k disjoint co-circuits of M.
IfI'(M) < f,(k—1), then as g is non-decreasing, we have (M) > g(I'(M)). O



THE ERDOS-POSA PROPERTY FOR MATROID CIRCUITS 5

4. BUILDING DENSITY

The goal of this section is to prove, that a high-rank nearly round matroid with
no U,11, minor contains a dense minor.

Lemma 4.1. Let b > a > 1. Let M be a matroid with no Uay1-minor and let C
be a co-circuit of M of minimal size. If Cy,...,Cy are disjoint co-circuits of M\C
with |Cy| < --- < |Cy|, then |C;| > |C)| /(a(bgl)) fori=a,... k.
Proof. Let C and C; ..., Cj be given and let i € {a,...,k}.

C} is co-dependent in M\C\C;. So there exists a co-circuit C] C Cy of M\ (CUC,).

Now, (5 is co-dependent in M\C\(C; U C7). So there is a co-circuit C C Cy of
M\(CuUC;uC)).

Continuing in this fashion, for each j =2,...,a — 1 we pick a co-circuit C; C C;
of M\(CUC;UCTU---UC] ).

Denote by F' the set E(M) — (CUC;UC]U---UC!_,). Deleting a co-circuit of
a matroid drops its rank by 1, so we get ry,;(F) = a+ 1. Hence N = M/F has rank
r(N) = a+ 1. Since C is a co-circuit of N of minimal size, E(N) — C must be a
rank-a set of N of maximal size. We now have

IC] < |E(N)| < 7(N) [E(N) = C]
=T1.(N)|C;uCiU---UC,_]

-1
< (b )G|Cz'|
a

using Lemma 2.3. The result now follows. 0

Lemma 4.2. There exists an integer-valued function k(A a,b) such that the fol-
lowing holds: Let b > a > 1 and A € N. Let M be an a-simple matroid with no
Uatr,p-minor, satisfying I'(M) < ir(M). Let C' be a minimal sized co-circuit of M.
If M\C' has k(\, a,b) disjoint co-circuits, then 7,(M) > Ar(M).

Proof. Let a,b and A be given and define
b—1

a

k() a,b) :ﬁzza( )a(a)/\—i—a—l.

Let M and C be given and let C1,...,C, be disjoint co-circuits of M\C' of non-
decreasing size. Note that
|IC| > ry(C) >r(M)—=T(M) > r(M)/2.
By Lemma 2.7 and the above lemma we have
o(a)ra(M) = |E(M)|

> [Col + - +|Cul =2 (k—a+1)——5
2a

and the result follows. O

For a matroid M denote by ©(M) the maximum number of disjoint co-circuits in
M. So, M is round if and only if ©(M) = 1. The two parameters I'(M) and O(M)
are related by

O(M) <T(M)+1.
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This follows from the observation, that if C, ..., C) are disjoint co-circuits of M,
then r(M\(CLU---UCY)) < r(M)—k. Equality does not hold (consider U, 5). The
following result lists hereditary properties of the two parameters.

Lemma 4.3. Let M be a matroid and let X,Y C E(M). Then
(i) O(M/Y) <O(M) and T(M/Y) < T'(M).
(il) ©(M\X) > (M) and I'(M\X) > T'(M), if X is co-independent.
(iii) O(M\X) = O(M) and T(M\X) = T'(M), if for some number a € N, X is
minimal with respect to inclusion, such that M\ X is a-simple.

Proof. Every co-circuit C' of M/Y is a co-circuit of M. A short calculation shows
that ry, - (C) < 73,(C), so the first assertion of the lemma holds.

To prove the second and third assertions, it is enough to consider X = {z}, where
x is not a co-loop of M. If C is a co-circuit in M, then C' — x contains a co-circuit
in M\z. Thus O(M\z) > ©(M) and also ['(M\z) > I'(M).

We turn to the third assertion. Assume that x € W, where M|W =~ Uy o, for a
k € N. If C is a co-circuit of M\z, then C'= C’ — x for a co-circuit C’ of M, that
is either C' or C'U x is a co-circuit of M. We look at two cases:

o If CN(W —x) =1, then C is a co-circuit of M, since the complement of a
co-circuit is closed and z € cly (W — x).

o If CN(W —2x) # ), then we must have |[(W — x) — C| < k, since M|(W —z) ~
Uk 2k—1 and the complement of C' is closed. Hence, |C N (W —z)| > k.

Note that the second case can happen at most once in a collection of disjoint co-
circuits. So given a collection of disjoint co-circuits of M\z, by adding x to at most
one of them, we get a collection of disjoint co-circuits of M. Thus O(M) > ©(M\z).
Note also, that for a co-circuit C' of M\z, if C' U x is a co-circuit of M, then we
are in the second case, and ry;(C'Ux) = rypg(C). Thus I'(M) > I'(M\z). Finally,
since no co-circuit can contain a loop, deleting loops also preserves © and TI'. U

Lemma 4.4. There exists an integer-valued function §(\, a,b) such that the follow-
ing holds: Let b > a > 1 and A € N. If M is a matroid with no Uy p-minor,
such that T(M) < ir(M) and r(M) > 6(X\ a,b), then M has a minor N with
To(N) > Ar(N).

Proof. Let a,b and X be given and fixed, and let us define 6(\, a,b). First, we define
a sequence of functions g, : N — N. Let go(m) = 0, and for n > 1 define g,
recursively by

gn(m) = max(2m, d,,),

where §,, = 2(f,, ,(k(A,a,b))+1) € N.

Finally, let 6(\,a,b) = 6,,, where ny = 20(a)\. The functions o,k and f,, are
defined in previous lemmas. We first prove a partial result.

Claim. Let n > 0. If M is a matroid with no U,y p-minor, such that r(M) >
gn(T(M)), then either
o M has a minor N with 7,(N) > Ar(N) or
e there exists a sequence of matroids M = My, M, ..., M,, such that for i =
0,....,n—1, My, = M;\C;/Y;, where C; is a co-circuit of M; that spans
M;/Y;.
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We prove the claim by induction on n. The case n = 0 is trivial, so assume n > 1
and that the result holds for n — 1.

Let X C E(M) be minimal such that M\ X is a-simple. Pick a co-circuit Cyy of M
with |Cy — X| minimal. Note, that C'= Cy — X is a co-circuit of M\ X of minimal
size.

Choose a basis Z of M/Cy and let M’ = M/Z. Then Cj spans M’, and since
r(M) = go(I'(M)),

F(M) = rar(Cy) 2 r(M) = T(M) > Lr(M) > 16,

Now r(M"\Cy) = r(M')—1 > f,. ,(k(A, a,b)), so by Lemma 3.2 one of the following
holds:

(a) M'\Cy has k() a,b) disjoint co-circuits.

(b) M'\Cjy has a minor M; = M'\Cy/Y with r(M;) > gn,—1(I'(M})).

Assume first that (a) holds. Since M'\Cy = M\Cy/Z, by Lemma 4.3(i), M\Cy
has (A, a,b) disjoint co-circuits. We claim, that X — Cj is co-independent in M\ Cy.
If not, then there exists a co-circuit D € X U Cy of M with D N (X — Cy) # 0,
contradicting our choice of Cy. Now, by Lemma 4.3(ii),

O((M\X)\C) = O(M\(Co U X)) > O(M\Cy) > k() a,b).

The lemma also gives I'(M\X) < 3r(M\X). We can now apply Lemma 4.2 to
N = M\ X, and get the desired result.

Assume now that (b) holds. Letting Yo = Z U Y, we have M; = M\Cy/Ys and
Co spans M/Yy. Applying the induction hypothesis to M; now gives the claim.

Let M be given as in the lemma, and note that r(M) > ¢,(I'(M)), where n =
20(a)A. By the claim, either we are done or there is a sequence M = My, ..., M,,
such that for i =0,...,n—1, M;;; = M;\C;/Y;, where C; is a co-circuit of M; that
spans M;/Y;.

Let M' = M/(YoU---UY,_1). Notice, that for i =0,...,n — 1, C; is a spanning
co-circuit of M'\(CoU---UC;i_1). Thus ry(C;) = r — i, where r = r(M’). For all
i, choose a basis B; for M’'|C;, and define N = M'|(UB;). Then

We claim that N is a-simple. Suppose N|W o~ Ujo for a W C E(N) and k €
{1,2,3,...}. Then |[W N By| < k, as By is independent. So |[W N (E(N) — By)| > k,
and since E(N) — By is closed, W N By = ). Repeat this argument in N\ By to see,
that W N B; = 0 etc. We end up with W C B,,_;, a contradiction.
Finally, by Lemma 2.7,
o(a)7a(N) 2 |[E(N)| > 5 = o(@)xr(N),
and the result follows. O

5. ARRANGING CIRCUITS

We wish to identify some more concrete structure in a dense matroid. To do this,
we need to be able to disentangle some of the many low-rank sets in the matroid.

For a matroid M, we call sets Ay, ..., A, C E(M) skew if rp (U; A;) = D rar(Ai).
This is analogous to subspaces of a vector-space forming a direct sum. The first
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result of this section is a tool for finding sets in a matroid, that are close to being
skew.

We define a function gy, on collections of subsets of E(M) as follows. For sets
Ay, A, CE(M), let

par(Ar, o An) = (| Ay) - Z(TM(U Ap) = ru( Aj))
J i J J#i
= rar((J A7) =D gy pn (Ai — UiziAy)).
j i
This function can be thought of as a generalized connectivity function. For n = 2 |
par equals the connectivity function Ay (Aq, As) = rar(Aq) + 7y (Ag) —rar (A1 U As).
For n > 2 a recursive formula holds,

par(Avs o An) = A(Ar, AU - U Ay) + pinaga, (A, .o Ay).

The function py; measures in a way the rank of the “overlap” of the sets, though
this may not be an actual set in the matroid. Notice, that pp(Ag,..., A,) = 0 if
and only if Ay,..., A, are skew. More generally, if there is a set W C E(M) such
that Ay — W, ..., A, — W are skew in M /W, then pp(Ay,..., A,) < ry(W).

Lemma 5.1. There exists an integer-valued function oy (n,r,a,b) such that the fol-
lowing holds: Let b > a > 1, and let r and n be positive integers. If M 1is a
matroid with no Uay1p-minor, and F is a collection of rank-r subsets of E(M) with
ry(UxerX) > aq(n,r,a,b), then there exist Xq,..., X, € F satisfying

(a) Xi € cly(UjsXj) fori=1,...,n and

(b) pa( Xy, ..., X)) < (r—1)a.

Proof. For any positive integers n, ¢, k, we let R(n, ¢, k) denote the following Ramsey
number: The minimal R, such that if X is a set with | X| = R, then for any c-coloring
of [X]", X has a monochromatic subset of size k. Here [X]™ denotes the set of all
subsets of X of size n. By a monochromatic subset of X, we mean a subset ¥ C X
such that the sets in [Y]" all have the same color. This number exists by Ramsey’s
Theorem (see [9] or [1, 9.1.4]).

Let n,r,a,b be given and let us define oy (n, 7, a,b). First we define numbers s;, [;

fori=1,...,r. Let s, =0,l, =n,and fori =r — 1,r — 2,..., 1 define recursively:
b— 1\ U;
5i = Siy1 +liz1, w= , li=n -
a r—1
Let m = s1 + ;. So, we have 0 = s, < 5,1 < --- < 81 < m. Next, define numbers
ki, ..., kn as follows. Let k,, = m and define recursively:

]ﬂ,l:R(Z‘,T,ki), for i:m,m—l,...,Q.

Finally, let ay(n,r, a,b) = rk;.

In the following, for a set of subsets X C 2P(M) we use the shorthand notation
(X)) =1y (Uxex X).

Let M and F be given, with 7y (F) > ai(n,r,a,b) = rk;. We can choose sets
Yi,..., Y, € F,such that Y; ¢ clpy(Y1U---UY;_q). Let Fy = {Y1,...,Y), } and put
ag = 0,a; = r. We shall iteratively construct sequences:

Fio2F2 - DFn, a<a <ay<-:<apy,
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such that fori = 1,...,m, |F;| = k;, and if 7/ C F; with |F’| = i, then ry (F') = a;.
This clearly holds for F;. Let ¢ > 2, assume that F;_; and a;_; satisfy the above,
and let us find F; and a;.

Note, that ry(F') € {ai—1 +1,...,a,-1 + 7}, for F/ C F;_y with |F’'| = i. This
defines an r-coloring of [F;_1]°. Since |F;_1| = k;_1 = R(i,r, k;), there exists F; C
F;_1 such that, every set in [F;]" has the same rank, and we let a; be that number.

For i =1,...,m let b; = a; — a;_;. Notice that, by submodularity, this gives a
decreasing sequence (a;11 + a;—1 < a; + a;),

r=>b >by>--->b, >1
Hence, by definition of the pairs (s;,[;), there exists an r’ € {1,...,r}, such that
byp1 = =bey =1, where s =s,» and [ =1[,.

If v = r, then we get by = --- = b, = r. Thus, if we choose any n members
Xy,..., X, € F,, then they are skew and we are done.

Assume 7’ < r. Choose s sets Zy,...,Z; € F,, and let F' = U;_,Z;. Choose
another [ sets Xq,...,X; € F, —{Z1,...,Zs}. Since bgyq = bsyy =1/, the sets X7 —
F,...,X; — F are skew of rank ' in M/F. For i =1,...,l, choose an independent
set B; C X; of size r’, skew from F. Expand this set to a basis B; U B; of X, so
|Bi| =19 =1 —1".

Let M' = M/(U;B;) and B = U;B;. Then B; C clyy/(F), and thus ry(B) <
rae(F) < sr. Let (Wy,...,W,) be a minimal a-covering of M’|B. By Lemma 2.5,

we have
b . 1 Sr—a
u=rT1,(M'B) < ( ) = Uy.
a
For each B;, we can find a set of indices [; C {1,...,u} of size ry, such that
B; C Uje,W;. There are (T"O) < (r“_’";,) possible choices for I;, and | = n(;ﬁ";,)

By a majority argument, there must exist I C {1,...,u}, such that [; = I for all
i € J, where J C {1,...,l} has size n. By possibly re-ordering the X,'s and the
W,'s we can assume, that By,..., B, CWiU---UW,,.

Let W =W, U---UW,,. Then the sets X1 — W,..., X,, — W are skew in M/W.
It follows, that (X1 ..., X,) < ry(W) <arg < a(r — 1), and we are done. [

The next lemma shows how, by doing suitable contractions, a large collection
of nearly (but not completely) skew circuits, can yield a set of nearly skew trian-
gles containing a common element. The idea is to put points in the “overlap” by
contracting some of the circuits. The overlap can then be contracted to a point.

Lemma 5.2. There ezists an integer-valued function as(l,r,m) such that the follow-
ing holds: Let r > 2 and l,m be positive integers. If n > as(l,r,m) and Cy ...,C,
are rank-r circuits of a matroid M satisfying

(a) 1 <7y (U;Ch) —ry(U;uC)) < r for all i, and

(b) pap(Cy,...,Ch) <m,
then M has a minor N = M /Y with an element x € E(N) and triangles Dy, ..., D,
of N, such that

e x € D; for alli, and ry(U;D;) =1+ 1,
e Foralli, D; —x C C; for some j € {1,...,n}.
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Proof. Let | and m be fixed. For r > 2, define ay(l, r, m) recursively as follows
as(l,r,m) = 2" (g (r — 1) + 1),

G =1, g = as(l,r—1,r—=2), forr > 2.
To facilitate induction, the lemma is proved from the following weaker assumptions:

Let n > ag(l,r,m), and Cy ..., C, be circuits of M with 2 < ry(C;) < r. Assume
there is a set F C E(M), such that

(a) ]. S TM((U]'C]‘) U F) — TM((UJ#CJ) U F) < T’M<Cz) — 1 fO’I" CL” Z

(b> uM(Ola"anaF> S m.

These assumptions are indeed weaker, since the phrasing in the lemma is the case
F =0 and ry(C;) = r for all i. The proof is by induction on r. Let r = 2 or let
r > 2 and assume the result holds for r — 1.

Let ¢; = ry((U;C) U F) — ry((U;2C;) U F) for each i. We first do an easy
reduction. If not ¢; =1 for all 4, then for each i choose a set Y; C C; of size ¢; — 1,
which is skew from (U;,;C;) U F. We may then work with the circuits C; — Y; of
M/(Y1U---UY,) instead. So without loss of generality, ¢; = 1 for all 1.

Choose z; € C; — cly(U;j2C;) for each i, and let M = M/ {z,...,2,}. Letting
W = U;(C; — z;) we have

’I"M(W) = TM(UzCz) — ’T‘M({Zl, N ,Zn}) = [I,M(Cl, ey Cn7 F) S m.

Let B be a basis of M|W and choose a basis B; of M|(C; — #;) for each i. Now
expand B; to a basis B; U X; of M|W using elements of B. For all i we have
chosen X; C B among the 21Bl < 9m gubsets of B. Hence, there exists an Xg C B,
such that X; = Xy for ¢ € I, where |I| = n' > n/2™. Let M; = M/X, and put
r" = |B| —|Xo| + 1. Then ry,(C;) =+ for alli € I, and pp, (Cy : i€ 1) =1 — 1.
By possibly reordering the circuits, we can assume I = {1,...,n'}.

Pick an element of one circuit, z € Cyy —clyy, (Uj<,yC;) and let My = M /z. Define

Z:C1M2<Cn/—Z)QC1M2(Ci), for izl,...,n'—l,

so ra,(Z) = 1" — 1. Choose a non-loop element x € Z and elements y; € C; — Z for
i=1,...,n — 1. Since = € clp,(C;), C; Uz is connected, so there is a circuit C] of
{z,y;} CCICC;Ux, and ry,(CY) e{2,...,7}.

Notice that C] € cly, (Ujzi,j<nC}), since y; € Cj.

By another majority argument, there exists s € {2,...,r'}, such that r,, (C!) = s
for i € J, where |J| > (n' —1)/(r — 1) > g,. We now have two cases:

s =2: Since g, > qa = | we can choose J' C J with |J'| = 1. We are now done
with {Dy,...,D;} ={Cl:i € J'} and N = M,.

2 < s <1 :Let M3 = M,/z andlet C; = C/—x fori € J. Then C; is a rank-(s—1)
circuit of My, with C; C C;. Letting F' = Z — x we have,

par (Ci i € L F) <rpy,(F)y =7 —2<r—2.
As |J| > as(l,r — 1,7 — 2) we get by induction the desired minor. O

The following result is just a corollary to Lemmas 5.1 and 5.2, that we state for
easier reference.



THE ERDOS-POSA PROPERTY FOR MATROID CIRCUITS 11

Lemma 5.3. There exists an integer-valued function as(s,l,a,b) such that the fol-
lowing holds: Let b > a > 1 and let s,l be positive integers. If M is a matroid
with no Ugyqp-minor, and C is a set of circuits of M of rank at most a + 1, with
ra(UcecC) > as(s,l,a,b), then either:

(i) There exist s skew circuits Cy,...,Cs € C, or
(ii) M has a minor N = M/Y with an element v € E(N) and triangles Dy, ..., D,
of N, such that
e x €D foralli, and ry(U;D;) =1+ 1, and
e Foralli, D; —x C C for some C' € C.

Proof. Define as(s,l,a,b) = az by

a+1
az = Zal(nr,r,a,b), where n, = s+ as(l,r, (r — 1)a),
r=1

and let M, C be given. By a majority argument, there exists a number r €
{1,...,a+ 1} and C' C C, such that ry(C) = r for all C € ', and ry(UcecC) >
aq(n,r,a,b).
Now, by Lemma 5.1, there are C1, ..., C,, € C', where n = n, = s+as(l,r, (r—1)a),
satisfying
¢ = ru(U;C5) —ru (U Cy) > 1,

for all 4, and p(C,...,Cy,) < (r — 1)a.

Let I={i:¢;=r}and J={i:¢; <r}. If |I| > s, then case (i) holds, since the
C; with i € I are skew. Otherwise, |J| > as(l,7, (r — 1)a), and the C; with i € J
still satisfy

v (UjesC)) — ru(Ujes—15yCj) <.

Lemma 5.2 now gives case (ii) of the result. O

6. NESTS

By a long line in a matroid, we mean a rank-2 flat, that contains at least 3 rank-1
flats. So, a long line in a simple matroid is a rank-2 flat with at least 3 elements.
Also, a line is long if and only if it contains a triangle. We need a lot of long lines
to construct clique-like structures. We first aim to build an intermediate structure
called a nest.

Definition 6.1. A matroid M is a nest if M has a basis B = {by, ..., b,} such that,
for each pair of indices 4,5 € {1,...,n}, i < j, the set {b;,b;} spans a long line in
M/{b,...,bi—1}. The elements in B are called the joints of the nest M.

A clique M (K,) is a nest, which is easily checked, taking the set of edges incident
to a fixed vertex of K, as joints. The main result of this section is the following.

Lemma 6.2. There exists an integer-valued function v(n,t,a,b) such that the fol-
lowing holds: Let b > a > 1 and let n,t be positive integers. If M is a t-round
matroid with no Uay1 p-minor and r(M) > v(n,t,a,b), then M has a rank-n nest as
a minor.

We obtain a nest by finding one joint at a time using the next lemma.
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Lemma 6.3. There exists an integer-valued function vi(m,t,a,b) such that the fol-
lowing holds: Let b > a > 1 and m,t be positive integers. If M is a t-round matroid
with no Ugy1 p-minor, r(M) > vi(m,t,a,b) and B is a basis of M, then M has a
rank-m minor N, with a basis B C BN E(N) and an element by € B’, such that
{b1,d} spans a long line in N for each d € B' — b;.

Let us start by seeing how this result is used to prove Lemma 6.2.

Proof of Lemma 6.2. Let t be fixed. Let v(1,t,a,b) = 1 and for n > 2 define v
recursively by
v(n,t,a,b) =vi(v(n—1,t,a,b) + 1,t,a,b).
To facilitate induction, we prove the stronger statement:
If M is a t-round matroid with no Uyiqp-minor, r(M) > v(n,t,a,b) and B
is a basis of M, then M has a rank-n nest MY as a minor, with joints
contained in B.

The proof is by induction on n. For n = 1 the result is trivial, as any rank-1 matroid
is a nest. Let n > 2 and assume the result holds for n — 1. Let M and B be given
as above.

By Lemma 6.3, M has a minor N; of rank v(n—1,t,a,b)+ 1, with a basis B; C B
and by € By such that {b;,d} spans a long line in N; for d € B; —b;. We can assume
Nl = M/Y1

Let N{ = N;y/by. Since t-roundness is preserved under contractions, Nj is t-round.
Now r(Nj) = v(n—1,t,a,b) so by induction, N{ has a rank-(n—1) nest Ny = N;/Y;
as a minor, with joints B, C By — b;.

Now, let Y =Y, UY; and N = M/Y, so we have Ny = N/b;. Then N satisfies
the following

e by U By C B is a basis of N,
e For each d € By, {b1,d} spans a long line in N,
e N/by = N, is a nest with joints Bs.
Thus, N is a nest with joints b U Bs. [

We shall consider coverings of matroids by connected sets. A loop is a trivial
connected component of a matroid, that we wish to avoid counting. For a matroid
M denote by 75(M) the minimum size of an a-covering (X7, ..., X,,) of M\ {loops},
where X,...,X,, are connected sets. Clearly 75(M) > 7,(M). Note also, that a
loop-less rank-a matroid N has at most a connected components, so 75(N) < a.
Thus, we have in general for a matroid M:

To(M) < 18(M) < at,(M).
We need a technical lemma before we prove Lemma 6.3.
Lemma 6.4. Let b > a > 1. Let M be a matroid with no Ugy1p-minor, and let
e € E(M). Let F be the collection of all connected rank-(a+1) sets in M containing
e. If n=ry(UxerX), then

(M) — 7(M/e) < a? (b; 1)H 41

Proof. 1f e is a loop, then the result is trivially true, so let e be a non-loop element.
We may assume, in fact, that M is loop-less.
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Let (X, ..., X)) be a minimal a-covering of M /e\ {loops} by connected sets. We
shall construct an a-covering of M by connected sets. Consider the following cases:

(1) e ¢ cly(X;). Then Xj is connected already in M, and 7y (X;) = rage(X;) <
a.

(2) e € clpy(X;). In this case X; U e is connected in M, with rank r,/(X; Ue) =
rmse(Xi) +1 < a+ 1. Now either,
(2a) ry(X;Ue) <aor
(2b) ry(X;Ue) =a+ 1.

We can assume, after possibly reordering the sets, that Xi,..., X,, satisfy (2b),
and X1, ..., Xy satisfy (1) or (2a). For i = 1,...,m we have

b—1
Tg(M\(XiUe))SaTa(M|(XiUe))§a( )
a
The elements of M destroyed when forming M/e\ {loops} is the connected set
cly({e}). It is now clear, that we can get an a-covering of size s of M by con-
nected sets, where

b—1

a

TC(M)gsgma( )+(k—m)+1

b—1
Sma( )+7’§(M/e)+1.
a
If m = 0, we are done, so assume m > 1. Define M" = (M/e)|(U™,X;) and
note, that (Xj,..., X,,) is a minimal a-covering of M’ by connected sets. Hence, by
Lemma 2.5,
c / / b—1 " )
m=rT1y(M") <ar,(M') <a .
a
Also, r(M") = rpy (U (X;Ue)) —1 <n—1,since X;Ue € F fori=1,...,m. Now,
combining the inequalities gives the desired result. 0

Let M be a matroid, k € N and let B C E(M). We say that B k-dominates M,
if for any element © € E(M) there is a set W C B with (W) < k, such that
x € cly(W). A k-dominating set clearly has to be spanning.

It is easily verified, that k-domination is preserved under contractions in the
following sense: If B,Y C F(M) and B k-dominates M, then B — Y k-dominates
M/Y.

Proof of Lemma 6.3. Let m,t,a and b be given, and define the following constants,
ry =a3(m+1,m,a,b), l=m+ry, r3=0a3(21a,b),
N b _ 1 r3—a
A=a +1, 7 =max(2t,0(\ a,b)),
a

and let us define vy(m,t,a,b) = 11 = o(a) (bgl)mia. Let M and B be given. We
start with a quick observation:

Claim A. It is enough to find a minor N’ of M, with an element z € E(N') and
an m-set B' C BN E(N'), such that B"U z is independent in N' and {z,d} spans a
long line in N' for each d € B'.
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To see this, we may assume that B’ U z is a basis of N’ (otherwise, we restrict to
cly/(B'Uz)). Now choose by € B’ and an element y, such that {z, by, y} is a triangle
in N'. Let N = N'/y, and note, that z and b; are parallel in N. So {b;,d} spans a
long line in N for d € B' — d. Since B’ is a basis of N we are done.

Claim B. M has a t-round minor Ny with r(Ny) > r and B C E(Ny), such that
B (a+ 1)-dominates Nj.

Let N; be a minimal minor of M satisfying, that Ny is t-round and a-simple and
B C E(N;). Such a minor exists, since we can choose X C E(M) minimal, such
that M\X is a-simple, and as B is independent we can take X with X N B = (.
We then have I'(M\X) =T'(M) <.

To see that B (a + 1)-dominates Ny, let f € F(N;) — B. N;/f is t-round, as
Ny is t-round. Now (N;/f)|B cannot be a-simple: If it is, then we may choose
X C E(N;/f) — B minimal, such that N;/f\X is a-simple. But then N;/f\X is
t-round by Lemma 4.3, contradicting the minimality of N;. N is simple, so Ny /f
is loop-less. Since (N1/f)|B is not a-simple, there must be a W C B, with

(N1/ )W == Uy, o,

fora ke {l,...,a}. Then ry,(W U f) =k + 1, and we must have rn, (W) =k + 1.
If not, then Ny|W =~ Uy 9k, but N; is a-simple. Thus, f € cly, (W), and B (a + 1)-
dominates Nj.

By Lemma 2.7, we have

0(a)7a(N1) = [E(N)| = |B| = r(M) = 1,

and so, 7,(N7) > (bgl)n_a > 1. Clearly, r(N;) > a, so we can apply Lemma 2.5,
and get r(N7) > . This proves the claim.

Let N, be given. By definition of 7y, we have I'(N;) < ¢ < 1r(N;) and r(Ny) >
d(A,a,b). Lemma 4.4 gives a dense minor Ny of Ny with 7,(Ny) > Ar(Ny). We
may assume, that Ny = Ny /Y. Ny satisfies 75(Ny) > Ar(Nz). Let Yo C E(N,) be
maximal, with

Ta(N2/Y2) > Ar(Na/Y),
and let N3 = Ny/Y5. N3 must be loop-less, since Y5 is maximal. Pick an element
e € E(N3). Then,

TS(N3) — 75(N3/e) > Ar(N3) — A\r(N3/e) = A
Let F denote the collection of all connected rank-(a + 1) sets in N3 containing e,

and let n = 7y, (Uxer). By Lemma 6.4, we then have A\ < a? (bgl)n_a + 1, and by
definition of A, this yields n > rs.

Denote by C the collection of all circuits of N3 of rank at most a 4+ 1 containing
e. For each X € F and non-loop y € X — e, since X is connected, there exists a
circuit C' C X containing e and y, so C' € C. Hence, rn,(UcecC) > n.

Since n > r3 = a3(2,l,a,b) we can apply Lemma 5.3. As no two circuits in C
are skew, we get case (ii): There is a minor Ny = N3/Y3, with = € E(N,) and
triangles Dy, ..., D; of Ny, such that x € D; and ry,(U;D;) = [+ 1. Pick an element
h;ie D;—xfori=1...,1.

Let I = {i: h; € B}. If |I| > m, then we can choose an m-set B’ C {h; : h; € B}
and we are done by Claim A, taking N’ = N, and z = x. So, assume |I| < m. By
possibly re-ordering the D;, we may assume hq, ..., h,, ¢ B.
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By the remark preceding the proof, BN E(Ny) (a+1)-dominates Ny. So, for each
i€{1,...,r4}, h; is in the closure of a subset of B of rank at most a + 1. Choose
a circuit C; of Ny containing h;, with ry,(C;) < a+ 1 and C; C B U h;. Since
{h1, ..., h.} is independent, we have ry, (U;C;) > ry. Asry = ag(m+1,m,a,b) we
can apply Lemma 5.3 again, and we get one of two cases.

Consider case (i): There are s = m + 1 skew circuits among Cj...,C,, in Ny.
After possibly re-ordering we may assume C1,...,C; are skew. By omitting one
member of {C1, ..., s}, we can obtain that {z} is skew from the union of the rest.
We assume that C1,...,C,,, {x} are skew sets in Ny.

For i =1,...,m, pick an element b; € C; — h;, and let K; = C; — {h;,b;}. Define
N5 = Ny/(U;K;). Then h; and b; are parallel in N5. Letting B' = {by,...,b,,} we
are done by Claim A, with N’ = N5 and z = x.

Consider now case (ii): N, has a minor N5, with z € E(N;) and triangles
Di,...,D., in Ns, such that z € D} and ry,(U;D;) = m + 1. Also, for each 1,
D; — z C Cj for some j. Thus, D; — 2z C B U h; and we can pick an element
b; € (D —z)N B. Taking B" = {by,...,b,} and N’ = N;, we are again done by
Claim A. O

7. DowLING CLIQUES

The goal of this section is to extract from nests a general kind of clique. In [2],
Dowling introduced a class of combinatorial geometries (simple matroids). We use
a special case of his construction, that we shall call a Dowling clique.

Definition 7.1. A Dowling clique is a matroid M, with E(M) = BUX, where B =
{b1,...,b,} is a basis of M, and X = {e;; : 1 <i < j < n} satisfies that {b;,b;,e;;}
is a triangle, for all 7 < j. We call the elements in B the joints of M.

Notice, that Dowling cliques are Nests. We shall first go through yet another
intermediate structure on our way to obtaining cliques.

Definition 7.2. Let n > 1. A matroid M is an n-storm, if its ground set is the
disjoint union E(M) = FUC, U ---U C,,, where ry(F) = n and each C; is a
size-(n + 1) independent co-circuit of M, with F' C cly/(C;). We call the C; clouds
of M.

In an n-storm, the set F' must be closed, since it is an intersection of hyperplanes.
Note also, that Ci,...,C,, are skew in M/F, and hence that uy (C...,Cp) = n.
We shall first see that nests contain storms as restrictions.

Lemma 7.3. Let m and n be positive integers. If M is a nest of rank at least n+m,
then M has an n-storm N with m clouds as a minor.

Proof. Let M be a rank-r nest with joints B = {by,...,b,}, where r = n + m. For
each pair (4, j), 1 <i < j <r, pick an element e;;, such that {b;,b;, e;;} is a triangle
of M/{by,...,b;_1}. We need two observations:

(1) €1k, €2k; - - -, Ck—1k ¢ C1M<B — bk), for k = 2, Lo, T
(2) CIM({bl, e 7bi7 bk}) = ClM({elk, ey Eiky bk}), for 7 < k.

To see that (1) holds, let i, k be given, with 1 < < k. By definition of e;; we have
eir & cly({b1,...,0;}), but ey € clps({b1,...,b;,bx}). So the fundamental circuit of
eix in M with respect to the basis B, must contain by. Hence, ey, ¢ cly (B — by).
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We prove (2) by induction on i with k fixed. The case i = 1 is trivial, since
{b1, bk, €11} is a circuit in M. Suppose 1 < ¢ < k and (2) holds for i — 1. Again, by
definition of e;; we have e; & cly ({b1,...,bi—1,bx}), but ey € clps({b1,...,b;, b }).
Thus,

clar ({01, ... bi bk }) = clyr ({01, - .-, bz, by, €ar })
= cly({eir; - - -5 €1k, by €ir }),
where the induction hypothesis is used in the second step.

Let S = {by,...,b,} and F' = cly(5), and for each k = n + 1,...,r define
Ck = {elk, A bk}

Notice that by (1), Cx N F = @ for all k, and C, N C; = () for k # [. From
(2) we gather, that Cy is independent with F' C clp/(Cy) for all k. Define N =
M|(FUCyy1U---UC,). Tt is easily checked, that the Cy’s are co-circuits of N. [

For n = 2, the concept of an n-storm is similar to that of a “book”, used by Kung
in [6], and an analogue of one of his ideas is part of the proof of the following result.

Lemma 7.4. There exist integer-valued functions ¢1(n, a,b), ¢o(n, a,b) such that the
following holds: Let b > a > 1 and let n be a positive integer. If M is a ¢1(n,a,b)-
storm with ¢2(n,a,b) clouds, and M has no U,y p-minor, then M contains a rank-n
Dowling clique N as a minor.

Proof. Let n,a,b be given and let us define ¢; and ¢,. First, let | = na. For
r=1,....,a, let s, = aj(n,r,a,b) and let s = Y * | s,. Define a sequence of
numbers my, . .., mg recursively as follows: let m, = [, and

b—]_ S—a
mkzag(a,mk+1)( " ) +1, for k=s-—1,...,1,0.

Finally, let ¢1(n,a,b) = s and ¢o(n, a,b) = my.

Let M be an s-storm with m = mg clouds. Denote the clouds by Ci,...,C,, and
their elements C; = {ef, €}, ..., e’}

Define M’ = M/ {e},e2,...,en}. Sor(M') =s. Let Iy = {1,...,m}. We wish to
find a subcollection of the clouds, such that elements with the same index lie on a
uniform restriction of M’. We shall construct a sequence of subsets,

2L 221, where |I]=my,

such that for k = 1,...,s, M'|{el :i € I}} ~ U, m,, for some number r, €
{1,...,a}. Let k > 1, suppose I;_; has been defined and let us see how to find Ij.
Let W = {e} : i € I;_1} and suppose M'|W has no U, -restriction for r = 1, ... a.
Lemmas 2.8 and 2.5 then give

b _ 1 S—a
Mt — (W] < ora(a i) ra (MW < o—2<a,mk>( - ) |

contradicting our definition of my_;. So, take U C W such that M’|U is isomorphic
t0 Upy.m,» and let I, = {i : el € U}.

After possibly re-ordering the clouds in M, we may assume that I, = {1,...,1}.
Let then Ly, = {e},... e} for k=1,...,s,s0 M'|L; ~ U, ;. Now, by a majority
argument, there exist r € {1,...,a}, and asubset J C {1,...,s} with |J| > s,, such
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that r, = r, for all k € J. Define £ = {L; : k € J}. Since C; — ¢} is independent in
M’, we have
TM’(ULEEL) > |'C| = |‘]| > 8 = al(nv r,a, b)
We now apply Lemma 5.1 and get a subcollection £ C L of size n, such that
L & cly(Upep—r L), for each L € L. After possibly permuting the elements of
each cloud, we can assume £ = {Ly,...,L,}. Let D; = {e}, €', ... e} C C,.

By our arrangement of the L;’s, we can find a set B C U}_, L) independent in
M’ such that ryp(Ly U B) — ry(B) = 1, for each k € {1,...,n}, and the sets
Ly—B,...,L,— B are skew in M'/B.

Now Ly, ¢ clyy(B), and since M’| Ly, is rank-r uniform, we must have | Ly N clyy (B)|
<r—1. Define Ip C {1,...,l} by
Then B C Ujer, D; and |Ig| < n(r —1) < n(a —1) =1 —n. Notice, that for i ¢ I,
D; and B are skew in M'. We may assume, again after re-ordering the clouds, that
{1,...,n} C{1,...,1} — Ip. Let

My =M/{e}:iclp}/B.
Then, by construction, the elements in {e} : i = 1,...,n} are in parallel in M, /{e}, :
i=1,...,n}, foreach k =1,...,n.

Let py, = e}, for k =1,...,n, and define

M2 = M1/€g|(D1 U"'UDn—l U{p177pn})

Now, M is an n-storm with clouds Dy, ..., Dy,—1. It satisfies, foreach s =1,...,n—1,
and each k =1,...,n, that p; is on the line through ef and ej,.
We shall make {p1,...,p,} the joints of a Dowling clique. Let

12 n—1
N =M,/ {ej,e5,... ¢

y¥n—1/4 *
Then {p1,...,pn} is a basis for N. Let (i, j) be given with 1 <i < j <n. In N, €,

and p; are parallel, so e} € cly({ef,p;}) = cIv({pi,p;}), and the set {p;,p;,e}} is a
triangle in N. So, N has a rank-n Dowling clique restriction. 0

8. CLIQUES

We need Mader’s Theorem [7] to extract graphic cliques.

Mader’s Theorem 8.1. Let H be a graph. There exists A € N such that, if G is a
simple graph with no H-minor, then |E(G)| < X |V (G)].

An easy corollary is the following matroid version of the theorem. We take H to
be a complete graph, and write the contrapositive statement.

Corollary 8.2. There exists an integer-valued function 6(n) such that, if M is a
graphic and simple matroid with |E(M)| > 6(n)r(M), then M has an M (K,,)-minor.

Let M be a matroid and B a basis of M, and let X = E(M) — B. We call M a
Dowling matroid with joints B if each x € X is on a triangle with two elements of
B, and any two elements of B span at most one element of X (again, this is only
a special case of Dowling’s combinatorial geometries). By the associated graph of
(M, B) we mean the graph G on the vertex set B with edge set labeled by X, such
that x € X labels {b1, b} if = is on the line through b; and by in M.

We shall use the following lemma to recognize graphic matroids.
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Lemma 8.3. Let M be a Dowling matroid with joints B, X = E(M) — B. If
BNcly(X) =0, then M|X is graphic.

Proof. Let G be the associated graph of (M, B). We claim that M(G) = M|X. It
suffices to prove, that each circuit of M(G) is dependent in M|X, and that each
independent set of M (G) is independent in M |X.

Let C be a cycle of G with vertex set B’ and edge set X'. Clearly X’ C cly/(B’)
and by the assumption B’ Ncly (X') = ). Since B’ and X’ have equal size, X’ must
be dependent in M.

Let T be a forest in G. We prove by induction on |E(T")| that £(T) is independent
in M. Let e be a leaf edge in T and assume E(T') — e is independent in M. Let b
be a leaf of T" incident on e. Then E(T) —e C cly (B —b), but e ¢ cly (B —b), so
E(T) is independent in M. O

In a similar fashion, using Remark 1.4, the following lemma is easily proved.

Lemma 8.4. Let M be a Dowling matroid with joints B, X = E(M) — B. Let G
be the associated graph of (M, B). If for each cycle C in G, E(C) is independent in
M, then M|X = B(G) (in fact M = B(G)).

We are ready for the final step in the proof of the main theorem.

Lemma 8.5. There ezists an integer-valued function (n) such that, if M is a
Dowling clique with rank at least 1 (n), then M contains an M(K,)- or B(K,)-
MINOT.

Proof. Let n be given, and define 1(n) = nl, where | = 2mf(n) + 1 and m = 2"n!.
Let M be a Dowling clique and assume that r(M) = nl. Denote by B the joints of
M and let X = E(M) — B.

Partition B into n sets, By, ..., B, of equal size, |B;| = [. We shall contract each
B; to a point. Let M; = M|cly(B;). Choose Y; C E(M;)NX such that B; is a set of
parallel elements in M;/Y; (take the edges of a spanning tree in the associated graph
of (M;, B;)). Define M' = M/(YU---UY,) and pick a b, € B; fori =1,...,n. For
each pair i < j, define

Xij:{$6X3$€ClM(b,d)7 bGBi, dij}.

Note, that for each x € X;;, {b;,b;,x} is a triangle in M’. We consider two cases.

(1). m(M’'|X;;) > m, for all pairs i < j. Put B’ = {by,...,b,}. We shall choose
aset X' = {x;;: 1 <i<j<n}, where z;; € X;;, such that M'|(B" U X’) is the
Dowling clique B(K,). Let X’ C UX;; be maximal, such that | X' N X;;| < 1 for
all i < j, and the cycles in the associated graph of M'|(V’ U X') all have edge
sets independent in M’. We claim, that X’ N X;; # 0 for all i < j, and thus
M'|(V'UX') ~ B(K,) by Lemma 8.4.

Assume that X' N X;; = 0 for some i < j. Let G be the associated graph
of M'[(V'U X'). If Z C X' is the edge set of a path from b; to b, in G, then
ra (el (Z) N X;5) < 1. There can be at most m such Z, since a simple graph on n
vertices has no more than 2"n! = m cycles. Thus, we can pick z;; € X;; skew from
each such Z. So, the cycles created in the associated graph, when adding z;; to X’
all have edge sets independent in M’, contradicting the maximality of X'.

(2). (M| X;;) < m, for some pair i < j. As |X;;| = [?, there is a parallel class
P C X, of M', with |P| > I2/m. Now, since BNcly(P) =0, also BNecly(P) =0,
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and Lemma 8.3 gives, that M|P is graphic. And r(M|P) < |B; U B;| = 2l. We have
then
|E(M|P)| > I?/m > 120(n) > 0(n)r(M|P),
and by Corollary 8.2, we get an M (K,)-minor. O
Finally, we restate and prove Theorem 1.1.

Theorem 8.6. There exists an integer-valued function v(k,a,n) such that, if M is
a matroid with r(M) > ~(k,a,n), then either M has k disjoint co-circuits or M has
a minor isomorphic to U, o, M(K,,) or B(K,).

Proof. Let k,a,n be positive integers. If a = 1, then we let v(k,a,n) =k. If a > 2,
then we define the following numbers: Put ¢’ = a—1 and b = 2a. Let k = ¢(n) and
let my = ¢1(k,d’,b) and mg = ¢o(k,a’,b). Let r = n+ m and define g : N — N by
g(t) =v(r,t,d,b). Finally, v(k,a,n) = f,(k).

Let M be given with (M) > ~v(k,a,n). If a = 1, the result is trivial, since in a
matroid with no U; o-minor, every element is a loop or a co-loop.

If a > 2, then by Lemma 3.2, either M has k disjoint co-circuits or a minor N
with (V) > g(I'(N)). Assume the second case. Also, if N has a U, p-minor we
are done, so assume this is not the case. Applying Lemmas 6.2, 7.3, 7.4 and 8.5 in
succession, we obtain an M (K,)- or a B(K,)-minor of N. O
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