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AN INHOMOGENEOUS WAVE EQUATION AND NON-LINEAR
DIOPHANTINE APPROXIMATION

VICTOR BERESNEVICH, MAURICE DODSON, SIMON KRISTENSEN,
AND JASON LEVESLEY

ABSTRACT. A nonlinear Diophantine condition involving perfect squares and arising
from an inhomogeneous wave equation on the torus guarantees the existence of a
smooth solution. The exceptional set associated with the failure of the Diophantine
condition and hence of the existence of a smooth solution is studied. Both the
Lebesgue and Hausdorff measures of this set are obtained.

1. INTRODUCTION

Diophantine phenomena occur frequently in the theory of partial differential equa-
tions through the ‘notorious problem of small denominators’ [1, 20| which can com-
promise the convergence of solutions to the PDEs. The Diophantine phenomena in
question often take the form of a Diophantine inequality connected with near reso-
nances and it can be shown that the exceptional set of points where the inequality
fails to hold is small, typically of Lebesgue measure 0. Thus if this exceptional set
is ignored, the differential equations under consideration are guaranteed to have so-
lutions. This interplay between the solvability of certain class of PDEs and related
Diophantine conditions was exploited by Petronilho [18, 19] to establish a correspon-
dence between the global Gevrey solvability and global Gevrey hypoellipticity for a
class of sublaplacians on a torus with coefficients in the Gevrey class G*(T") and a
certain Diophantine inequality.

The ‘size’ of of these exceptional sets is therefore a question of real interest since
it is desirable to know that any obstacles to solvability are confined to as small a
set as possible. As stated above, these exceptional sets are typically of Lebesgue
measure zero and it is natural to use Hausdorff dimension and measure to obtain
more precise information about their structure. These metric type results have been
studied extensively for a variety of different PDEs. For example, Hausdorff dimension
results were obtained for KAM theory by Dodson, Préschel, Rynne and Vickers in 7]
and by Dodson and Vickers in [8], by Kristensen for the Schrédinger equation [14]
and by Dickinson, Gramchev and Yoshino for a class of hypoelliptic operators [11].

In this paper, the existence of a smooth solution of the inhomogeneous wave equa-
tion in n spatial dimensions and one temporal dimension (time ¢) on a torus is shown
to depend on a Diophantine condition, which is nonlinear for n > 1. Moreover, the
finer metrical structure of the associated exceptional set, where the solubility is prob-
lematic, is obtained. The Diophantine condition is essentially linear when n = 1
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and Novék [17] showed that the inhomogeneous wave equation was soluble except on
a set of measure zero, an account is in |2, §7.3]. The Hausdorff dimension of the
exceptional set associated with the Schrodinger equation for a particle moving on a
two-dimensional torus has been studied in [14]. The underlying Diophantine inequal-
ity is only partly nonlinear, in the sense that the Diophantine approximation is in
terms of distance from the integers. This allows the Hausdorff dimension to be deter-
mined using results from the metrical theory of linear Diophantine approximation [21].
By contrast the corresponding problem for the inhomogeneous wave equation is ‘fully’
nonlinear in the sense that the Diophantine inequality is in terms of the distance from
a nonlinear subset of Z, namely the perfect squares.

There has been considerable progress in the one dimensional metrical theory of
‘fully’” non-linear Diophantine approximation, where the numerator and denominator
of the rational approximants are restricted to non-linear subsets of the integers, such
as primes or sums of squares, which are of number theoretic interest, see |6, 5, 13|
for the Lebesgue measure theory and [3| for the complete metric theory. In higher
dimensions the theory is less developed. There are some partial results, see [22].
The results obtained below are, as far as we are aware, the first complete treatment
with respect to Lebesgue measure of an exceptional set arising from a fully nonlinear
Diophantine approximation problem. Furthermore, we obtain analogous results for
the more delicate notion of Hausdorff s-measure. The problem is described fully in §2
and the associated Diophantine problem derived. The two main results of the paper
are stated in §3, together with some consequences. The results are proved for n = 2
in §§4-5 and an outline for the proof of the n-dimensional case is given in §6.

2. THE SOLVABILITY OF THE WAVE EQUATION AND A RELATED DIOPHANTINE
PROBLEM

Let n € N, oy >0fori=1,...,n, 8> 0and f: R*™ — R be periodic in all
variables with period «; in the i’th variable and period ( in the n + 1’st. We denote
the n first variables by x4, ..., x, and the n+ 1’st by . Suppose furthermore that f is
a smooth function of any of the variables x;, ¢, i.e., f has continuous partial derivatives
of all orders. The inhomogeneous partial differential equation given by

0?u(x,t)
ot?
where the solution u is smooth and periodic with the same periods as f, describes an
n-dimensional wave. Here A denotes the usual Laplacian, i.e.,
" 0%u(zx,t)
oz

— Au(x,t) = f(x,t), x=(r1,...,2,) ER"t €R, (1)

Au(x,t) =

=1

The periodicity and smoothness conditions on f are well-known to be equivalent to
the condition that f has an expansion into a Fourier series

~ a; b

flx,t) Z favbexp< i [Z aix +ﬁ
(ab)ezn+1 i=1

where @ = (ay, ..., a,), such that the coefficients f,; decay faster than the reciprocal

of any polynomial in ay,...,a,,b as max{|ai|,...,|axs|,|b|} tends to infinity.
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Suppose for the moment that (1) has a solution u satisfying the periodicity and
smoothness conditions. Clearly, u must also have the following Fourier expansion

u(x,t) = Z Ug,p €XP <2m' [Z %xi + %t ) .

(a,b)ezn+1 i=1

Substituting this into (1) and comparing coefficients, we obtain

Ugp = ﬁ2 fa,b (2)
a,b — 2 2 .
Ay agg—? - b?
Now, since aj, ..., oy, 8 are fixed, and since fq; decays faster than the reciprocal of

any polynomial, for u to be smooth it suffices to verify that

n 52

E (1/12—2 — b2
- 0%
=1

> Cmax{|ai|,...,|a|} %,

)

for some C' > 0, w > 1 for all (a,b) € Z"™" with a # 0. It is easy to see that this
condition can only fail if for any w > 1 the inequality

n 2
> atly
; (0%

=1 ?
holds for infinitely many (a,b) € Z"™ with a # 0.

Note that the condition given in (3) is sufficient for the solvability of (1), but not

necessary. The Diophantine problem considered in this paper is a natural generalisa-
tion inequality (3).

< max{|a],...,|a,|}7" (3)

3. STATEMENT OF RESULTS

Throughout Zs, will denote the set of non-negative integer numbers and |A| the
Lebesgue measure of a set A C R". Given an n-tuple a € Z%,, define the height hq
of a by setting hg := max(|ay| ..., |a,|), that is h, is the highest coefficient of a in
absolute value.

Let ¢ : (0,00) — (0,00) be a function such that i)(h) — 0 as h — oo and define
the set W, (¢) to be

W,() :={x c[0,1]": |a? - x — V| < ¥(ha),

holds for infinitely many (a,b) € Z%l )

where a? := (a2,...,ad2).

»'n

The following statements constitute the main results of this paper.

Theorem 3.1. Let ¢ : (0,00) — (0,00) be monotonic. Then
07 ZZ’;I hn_2¢(h) < o0,

wawl=4 T
) Zh:l h= iﬁ(h) = 00.

Theorem 3.2. Let 1) : (0,00) — (0,00) be a monotonic. Given any positive s < n,
the s-dimensional Hausdorff measure H*(W, (¢)) of W, (¢) is given by

07 ZZ‘;I w(h)sf(nfl)h3n7272s < 00,

HE (W (9)) = no. T () DRI — o
) h=1 .

1
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Corollary 3.3. Let ¢ : (0,00) — (0,00) be a monotonic function with limy, ., ¥ (h) =
0. Define Ay € [0,00], the lower order of 1/1(2") at infinity, by setting

Ay = liminf 108 ¥Z)
r—o0 rlog2
If n —1< Ay < oo then
n+1
2+)\¢ '

In particular, if ¥(r) =r=" for some v >mn — 1 then

dim W, (¢) = (n—1) +

n+1
240

In terms of the wave equation, we can immediately derive the following corollary:

dimW,(r—r"")=(n-1)+

Corollary 3.4. Let aq,...,a,,3 > 0 and consider the partial differential equation
(1). Let §; = B*/a? fori=1,...,n. If f is smooth and periodic in xy,...,T,,t with

periods o, . .., oy, B respectively, then (1) is solvable with u smooth and periodic with
the same periods whenever (1, ...,0,) does not belong to

ﬂ Wy (r —r7"),

v>1

a null set of Hausdorff dimension n — 1.

4. PROOF OF THEOREM 3.1

We first prove the result for the case n = 2 as the argument is easiest to follow in
this dimension.

4.1. The case of convergence. For every triple (a,b,c) € Z?éo define the sets
gap(c) = {(z,y) € (0,17 : |a®x + 0%y — | < P(hap)},
Oap i= U Tap(C).

CGZZO

Without loss of generality we can assume that a + b > 0. It is easy to verify that

|7ap(c)] <

Given a pair (a,b) € Z%\ {0}, 0ap(c) # 0 implies that ¢ < hayp. It follows that
w<ha,b) w<ha,b)
loapl <Y S
CEL>q : 0g,p(c)F0 @, ’
Now assume that >~ ¢ (h) < co. Then,

Yy <Y Y MWeSumen @

h=1 (a,b)€Z2,\{0}; h=1 (a,b)eZ2,\{0};
ha,p=h ha,p=h

As the set Wy(v)) is exactly the set of points (x,y) in the unit square that fall into
infinitely many sets o,;, we can apply the Borel-Cantelli Lemma to (4) to conclude
that the set W5(1)) has zero Lebesgue measure.
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4.2. The case of divergence: auxiliary lemmas. It should be noted that the
main difficulty in proving Theorem 3.1 is in the case of divergence, to be considered
in sections 4.3 and 4.4. The line of investigation of this case will rely on the following
standard auxiliary measure theoretic statements.

Lemma 4.1. Let Q2 be an open subset of R™ and let |A| be the Lebesgue measure of
A. Let E be a Borel subset of R". Assume that there are constants ro,c > 0 such
that for any ball B of radius r(B) < ro in  we have

|[ENB|>c|B|.
Then E has full measure in 2, ie. |Q\ E| = 0.

Lemma 4.2. Let (Q, A, u) be a probability space and E,, be a sequence of jpi-measurable
sets such that Y>> u(E,) = co. Then

2
e o 1 (28, uE)
p(limsup E,) > limsup
n—00 Q—o0 thzlu(EsﬂEt)

Lemma 4.1 follows easily from Lebesgue’s density theorem. A proof of Lemma 4.2
can be found in [13, Lemma 2.3].

In our particular problem we will take E,, to be a subsequence of the sequence of sets
0ap- More precisely, we will estimate pairwise intersections of o, restricted to a fixed
ball B on average. The corresponding limsup set will be contained in W (1)) N B. On
applying Lemma 4.2, we will arrive at a lower bound of the form |Ws(¢) N B| > ¢| B
for some positive absolute constant. Lemma 4.1 will complete the proof.

Further, to avoid painful and unnecessary calculation we will restrict B to be a ball
lying inside Q = [e, 1]? for some arbitrarily small € > 0. The corresponding probability
measure p will be taken to be the normalized Lebesgue measure in €.

4.3. Estimates for the measure of 0,;, N B and their pairwise intersections.
Fix an arbitrary positive number ¢ < 1 and set @ = [¢,1]%. Take any ball B in R?
lying in €.

4.3.1. Restrictions on c. Assume that o,4(c) N B # 0. Then there is a point (z,y) €
B C [g,1]* satisfying |a*z + b*y — | < ¥(hap). If hayp is sufficiently large then
Y(hap) < €. Therefore, ¢ < e + a’x + b*y < 14 2h7,. Hence,

le| < 2hap -
On the other hand,
> a’r+ vy —h) >e(a®+b*) —e>e(h®—1).
Therefore,
le| > ehap/2

if hgp is sufficiently large. Therefore, for all (a,b) € Z%, with sufficiently large hqy,
and all positive ¢ with o,4(c) N B # () we have
€

5 ha,b < ’C’ < 2ha,b . (5)
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4.3.2. The number of different c¢. Define the line R, ;. := {(z,y) € R? : a’?z+b*y—c? =
0}. It is readily verified that o,4(c) N B # 0 is equivalent to R,p. N B # 0, except
possibly for 2 ‘extremal’ cases when o,;(c) N B # ) but the corresponding lines do
not hit the ball B but lie sufficiently close to B.

To evaluate the number of different ¢ such that o,(c) # 0 we will estimate the
number of lines R, . that hit the ball B and then add 2 to the upper estimate.

Let (o, yo) be the center of B and r be the radius of B. Any point (z,y) in B can
be written as

x=x9+0rcos¢, y=1yo+ Orsing, 0<f<1, 0<¢<2r. (6)

Clearly, Ry p. N B # 0 if and only if there is a choice of (z,y) subject to (6) if and
only if ¢ is in the interval

[ \/a%o + b2y — rva* + b, \/@23:0 + b2yo +rva*t + b4 | . (7)
The length of interval (7) is

apB = \/a%o +0?yo + rvat +b* — \/a%o + 0?yo — rviat + b
2rvat + b

B \/a2x0 + b2y +rvat + bt + \/anO + b2y — rvat + bi
Taking into account that ¢ < zg,yg < 1 and r < 1, it follows that

1 8
T hap < &b < —Thep.
2 €

Now, the number of possible values for ¢ lies between &,;, g and &, 5 + 3 and is
therefore =< r hg.

4.3.3. The measure of o, N B. Given a ¢, it is easily verified that |o,,(c) N B| <
Arip(hqap)/Vat + bt < drip(hap)/h2,, where 7 is the radius of B.

The number of possible values of ¢ such that o0,;(c) N B # () is bounded above by
Eap+3 < % 7 hp if heyp is sufficiently large. Therefore,

z/}(ha,b)
ha,b ’

10
|Gap N Bl < 4rp(hap) /b2, X — 1 hap = co| B
’ e

where ¢y = g—g and h,y is sufficiently large.

Let %B be the ball centred at the same point as B of radius /2. Then it is an
clementary geometric task to compute that |oq4(c) N Bl > ri(hap)/h7, whenever
oap(c) N %B # () and h,, is sufficiently large.

The number of possible values of ¢ such that o,(c) N 3B # () is bounded below by
Saptn = 1 7 hayp. Therefore,

1 Ry
7as 0B 2 1) 12, 1 o = a] BIE2),
a,b
where ¢; = 1-.
The upshot of the above is that
ha hy
CﬂB’MSM’a’me‘ScﬂB’M (8)

ha,b ha,b

for all sufficiently large h,p, where ¢, ¢y are absolute positive constants.
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4.3.4. Additional conditions on (a,b). Throughout the remainder of the proof of Theo-
rem 3.1 we will assume that the following conditions on (a,b) hold:

ged(a,b) =1, 9)
where gcd means the greatest common divisor, and
1/2<a/b<2. (10)

The above conditions sift out elements of the sequence of sets o,; which prevent us
from having sufficiently good estimates for the measures of pairwise intersections of
these sets. On the other hand, the remaining ‘thinned out’ part of the sequence o,
is still rich enough to ensure that the sum

D lousl (11)

diverges over this restricted sequence. Such a condition as that of Equation (11) is
necessary to apply Lemma 4.2. Indeed, to verify that (11) diverges over (a,b) € Z2,
satisfying (9) and (10) define N, to be the number of (a,b) satisfying (9) and (10)
with 2% < h,p, < 2871 Then in view of symmetry of the set of such (a,b) we get

Ne=2 > > =2 > (w@)-wlle/2),

2k<a<2k+1 b<a 2k<a<2k+1
ged(a,b)=1
1/2<a/b<2

where ¢ is the Euler function. It is well known that
3
> (o) = 5Q°+0(Qlog Q).
1<¢<Q
Then
6 ort1y2 k2 k 18 ok k
2, wlo)= (@) = (2 + 0k2") = — 2% + O(k2")

2k <q<2k+1

2 Y plla2)=4 > )

2k<aq<2kt1 2k—1< g <2k
12 k\2 k—1\2 k 9 2k k
= (@Y~ (7)) + O(hk2Y) = — 2+ O(h2").

and

It follows that

9 2k k
NkIFQ +O(/€2 )

Now the estimated sum is

S wnB=Y Y S ol

(a,b)eZ2,, k=0 2k<h<2k+l  (a,b)€Z2 ) :hgp=h

(9) and (10) are satisfied (9) and (10) are satisfied

S > oooen

k=0 2k<h<2h*1  (a,b)€ZL : hap=h
(9) and (10) are satisfied

=[B|) 2"(2") = |B| ) ¥(h) = co.
k=0 h=1
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Finally, note that the limsup set for the ‘thinned out’ sequence o, is contained in
the limsup set for the complete sequence o, which is Ws(1)). Therefore, it will be
sufficient to prove that the thinned out limsup set is of full Lebesgue measure in order
to ensure that Wy(v)) is also of full measure.

An immediate consequence of condition (9) is that for any two pairs (a, b) and (da’, V')
satisfying (9) the assumption (a,b) # (a’,0') implies that (a,b) and (a’,b") are not
collinear. Moreover, (a?,b?) and (a'?, ) are not collinear. Therefore we can assume
that the (smaller) angle between (a?,b?) and (a’?, ), which will be denoted by a =
a(a,b,a’,b'), is not zero. The analysis of the measures of intersections o, N oy N B
will rely on the behaviour of this angle and is given in the following sections.

4.3.5. The measure of intersections in the case of a large angle. We will assume that
(a,b) # (', V). Within this subsection we set h = h,, and b’ = hy . For simplicity
we will assume that & > h/. Now

Oab N Oar py NB= U O'a7bﬂ(7a/7b/(c’) N B. (12)

C’EZZO

For a fixed ¢’ the set 0,y (¢')NB is covered with a strip of length 27 (recall that r is the
radius of B) and width (k") /h"?. This strip is a piece of the ¥)(h’) /h">-neighbourhood
of the line
a'2x + b/2y o C/2 = 0. (13)

To estimate the measure in (12) we first estimate the measure of the intersection of
04 With such a strip.

The angle a = a(a, b, a’, V') introduced in the previous section is the (smaller) angle
between the line defined in (13) and the family of parallel lines

a’r 4+ by — ¢ = 0, where ¢ € Z,. (14)

Using (5) it is readily verified that the distance between two adjacent lines in the
family (14) is < h™%.

Let A and B be the intersection points of the line (13) and two neighbouring lines
in (14), say £1 and L,. The distance between A and B is the distance between £;
and L, divided by sina. In other words, the distance is < hsilna. Since the piece of
the line (13) of interest is of length at most 2r, there are at most

< rhsina+1

non-empty intersections o,(c) N 0w i (¢’) N B when ¢ runs over all integers.

As the set 0,(c)Now () is a parallelepiped with area < w,g? ) ”’,Ef;’) L,

of the above is that

the upshot

U(h) p(H) 1

h? h? sina
Further, since there are < rh’ values of ¢’ that need to be considered, we have that
U(h) () 1

h?  h? sina

~ g L) ) (1+ ! ) (15)

|oap Now ()N Bl < X (rhsina + 1).

|0ap Nowy N B| <K X (rhsina + 1)rh/

h h' rhsin a
L_ <1, or equivalently that

rhsina —

Assuming that

) 1
sina > vt (16)
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gives
h n
’Ua,b N Ta b N B| < ‘B’ %) % .
Finally, since there are < h integer vectors (a, b) with h,;, = h and < A’ integer vectors
(a', ') with hy py = k', summing the measures of intersections |0, N o4y N B| in the
case under consideration results in

H 2
Z |0ap Nowy N B| < |B| (Z ¢(h)) :

hap<H, hy y<H h=1
(a,b)#(a’,b") and (16) holds

(17)

4.3.6. The measure of intersections in the case of a small angle. In this section we

will deal with the case of
1
ma < —. 18
sina < — (18)
Again we will assume that (a,b) # (a’,b’) and given a matrix A, |A| will denote its
determinant and || A|| the absolute value of its determinant.

Since « is the angle between the vectors (a?,b?) and (a’?,b?) it follows that

, : a v a b a —b
R2h?sina =< Vat + b4Va't + V4 sina = H S22 ‘ =l 4 ¥ J Y ’ )
(19)
If B denotes the (smaller) angle between (a,b) and (a, —b) then by (10),
P a b || 2lab| 1
smf="57 |« —b ‘_ N

Hence, § > 7/6 and the angle between (da/,b') and at least one of the vectors (a,b)
and (a, —b) is at least 7/12. Without loss of generality we can assume that such an
angle is between (a, —b) and (a’,’). Then

5’ _b,b H > Va2 +2Va? + b2sinn /12> hh .
It now follows from (18) and (19) that
a b ;. B
1§‘ J b < hh smag?. (20)

This means that for every fixed a’, V', a there are at most < % possible values for b.
Indeed, |al/ — a’b] < R'r~!, that is |b — ab'/d'| < Wr~'/d' < r~!. Moreover, (20)
implies that

i . 21
sin o > Wiy ( )
To complete the analysis for this case we consider two specific subcases.
Subcase (i) — moderately small angle.
Assume for the moment that
1
ina > . 22
sina 2 - (22)

Using (15), (18) and (22) it follows that

ELh) djg’ﬂ) rh Slinoz <15l M¢(h/) "

|O'a7bﬂ0'a/7b/ﬂB| < |B| d} A
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Now the sum of intersections for this subcase can be estimated as follows,

H h—1
Z |0ap Nowy N Bl K ZZ Z Z |0ap N Ow iy N B
hoy<H, hy y<H h=1h'=1hys yy=h' he p=h
H h—1

SS9 I VI SIE LR

h=1 W=1hy y=h" hqp=h

On using the fact that for every fixed @', b, a there are at most < % possible values
for b, this is

<<ZZh’\B[ Y(h') < |B] ZZ (W) < |B] (Zw(h)) . (23)

Subcase (ii) — very small angle.
To complete the analysis of all possible values of « it remains to consider the case
when

1
. sina < e
en
s, é), < hh Sina<:—2. (24)
e v v 1 v ol
|0ap Nowy N B| < |B| T e < | B| T@/}(h ); (25)

Now we estimate the number of quadruples (a, b, a’, ') satisfying (9), (10), (24), 2~ <
hap < 2871 and 28 < hyy < 21 Given fixed a and ¥/, (24) means that o/, b can
only be chosen to satisfy |ab’ — a’b] < r~2. This means that there are < 72 possible
values for ¢t = a’b. In turn, for a fixed ¢ there are at most d(t) possible values for o’
and b, where d(t) is the number of divisors of ¢. It is well known, [16, Theorem 7.2],
that for any § > 0 there is a constant c¢; > 0 such that d(t) < cst® for all t. Taking
§ = 1/4 we get that the number of possible quadruples a, b, a’, b is < (2F 2¢)5/4p=2

Without loss of generality we assume that 1(h) < h~!. Then the sum of intersec-
tions for this subcase is estimated as follows

log Hl+1 [log H]+1
Z |0-a,bm0-a’,b’ ﬂB| = Z Z Z |0-a,bmo-a’,b’ ﬂB|
hop<H, hy <H = 2k <h, <2kt
2L <y <2ttt

[log H]+1
k ol\5/4,.—2
< ; ZyB| 2k )7« (2% 2)5/4y
1[logH]—I—l k
- k/4 k\obl/4 l
<Y o)
k=1 =1
1[logH]+1 k
- 23k/4 2k 23[/4 2[
<3 Y LM

%i iz—’f/‘*rl/‘* < 0.

k=1 I=1
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We are now in a position to complete the proof of Theorem 3.1 for the divergence
case.

4.4. Completion of the proof of Theorem 3.1. The upshot of the above compu-
tations is the following estimates:

Si(H)= > |oasNB|>|B| (Z WL))

(a,b)EZH
- 2
S-S sy o <ol (3 vn)
(a,0)EZy (/' V)EZY h=1
where Zy = {(a,b) € Z%,, (9) and (10) hold and h,j < H}. Therefore,

Si(H)?
Sy(H)

for all sufficiently large H. Since limsupy, , .. 04N B C Wy(1) N B, by Lemma 4.2

> |B]

\(Wa(y) N B| > |limsup o, N B| > |B].

ha’b*)()o

This holds for any ball B in §2 with the implied constant independent of B. Therefore,
by Lemma 4.1, W5(¢)) has full measure in 2 = [, 1]?. Since ¢ > 0 is arbitrary, Ws(1))
has full measure in [0, 1]?. This completes the proof of Theorem 3.1.

5. PROOF OF THEOREM 3.2

5.1. Hausdorff measures and dimension. In this section we give a very brief
introduction to the theory of Hausdorff measures and dimension. For further details
consult [15].

Let s be a positive real number. The Hausdorff s-measure will be denoted through-
out by H*® and is defined as follows. Suppose F is a non-empty subset of R*. Suppose
that p > 0. A p-cover of F is a countable collection {B;} of balls in R with radii
r; < p for each ¢ such that

Fcl/sB.

Define the function H; by

H;(F) = inf {er} ,

where the infimum is taken over all possible p-covers of F'. Then H*(F') of the set F'
is defined by

H(F) = lim H3(F) = supH (F) .

Let F' be an infinite set. The Hausdorff dimension of F' is the (unique) number
dim F' = inf{s > 0: H*(F) = 0} = sup{s > 0 : H*(F) = +oo}.

Note that H* is a multiple of the k-dimensional Lebesgue measure in R¥ when k € N.
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5.2. Proof of Theorem 3.2. The case of convergence. The proof of convergence
is straightforward. Recall from above that W5(1)) can be expressed as a limsup set of

the form o
W) =[] U Uoalo.
h=1(

1 (a,b)€Z?, cEZ
hap=h

Each 044(c) can be covered by a family C¢, of balls each of radius 1 (hqg)/h2 , where

2

#OC, < i
b sz(ha,b)'

By assumption ¥(h) — 0 as h — oo. Therefore, given any N € N, o (h)/h* < 1/N
for sufficiently large h. It follows that

b ’ hib ° —1,2
Hin(Wa(v) < ) (wgp) @b(h;b)ha,b«Z(%) W(h) " *h2hh

CL,b th

Therefore H*(Wa(¢)) = 0, as required.

5.3. Proof of Theorem 3.2. The case of divergence. To prove the divergence
case of Theorem 3.2 we appeal to a recent result of Beresnevich and Velani [4] in
which a mass transference principle for linear forms based on a ‘slicing’ technique is
established. The result allows one to transfer statements about the Lebesgue mea-
sure of general limsup sets occurring in Diophantine approximation to ones involving
Hausdorff measure. The ideas outlined below are specialised to suit the particular
Diophantine approximation problems posed in this paper and are therefore simplified
versions of those given in [4]. The general framework of [4] is far richer and allows one
to address Diophantine problems involving systems of linear forms, inhomogeneous
approximation and general measure functions in one consuming package.

Let R = (Ry)acs be a family of lines in R? indexed by an infinite countable set J.
For every o € J and 0 > 0 define the d—neighborhood A(R,,¢) of R, by

A(R,,0) = {x € R? : dist(x, R,) <} .
Next, let
T:J—->R :a—T(a) =17,
be a non-negative, real valued function on J. Further, assume that for every ¢ > 0

the set {« € J : T, > €} is finite. This condition implies that T, — 0 as « runs
through J. Now define the following ‘lim sup’ set,

AY) ={x € R?: & € A(R,, Y,) for infinitely many o € J} .

Theorem 5.1. Let R and Y as above be given. Let V be a line in R? and

())V N Ry # 0 foral acJ,

(11) sup,e;diam(V NA(R,, 1)) < o0
Let f and g : v — g(r) := v~ f(r) be dimension functions such that r=2f(r) is
monotonic and let Q be a ball in R?. Suppose for any ball B in

H*(BNA(g(Y))) = H*(B) .
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Then
H/(BNA(Y)) = H/(B) .

Now, let f:r — 7. As 1 < s < 2 it follows that r=2f(r) is monotonic and f and
g, defined as above, are both dimension functions. Further, let {2 be the unit square

0,1)2%, J = {(a,b,) € Z2y : hap = lal},
Riase) = {(a,y) € B2 : a%r + by = ¢}
and T(gpc) = w(ha7b)/h27b. Define sets Sy(¢)) and S4(v)) by
So(w) == A(T)A[0,1)* and  Sh(w) == A(g(Y)) N [0,1)"

Note that Sa(v) C Wa(w). Note also, that under the divergence assumptions of
Theorem 3.2, the same argument used for the divergence case of Theorem 3.1 can
easily be adapted to show that [S5(1)] = 1. To complete the proof of Theorem
3.2, it is sufficient to prove the divergence case for Sp(¢)). With this in mind, let
V= {(z1,72) € R? : 3y = 0}. It is straightforward to verify that conditions (i) and
(ii) of Theorem 5.1 hold in this case. From the divergence case of Theorem 3.1, it
follows that H?(S5(¢)) = 1 = H2([0,1)?). Therefore, H*(S2(¢))) = H*([0,1)?) = oo

and Theorem 3.2 is proved.

5.4. Proof of Corollary 3.3. By the definition of the lower order for any ¢ > 0 the

08 5Ty P
inequality Ay + 0 > : ig;’j) for infinitely many r. It follows that

Y(27) > (2™ for infinitely many 7. (26)
Take s = 1 + 5—>— — §. Then

2+)\1/) +4

¢<2r)s—1(2r)5—23 > (2T)—(Aw+6)(s—1)+5—28 _ (2r)—(/\¢+2+5)(s—1)+3 _ (2r>6()\¢+2+5) > 1

for infinitely many r. Therefore,

Z ¢(2T)8—1(27’)5—25 — 0.

r=1

Since v is monotonic, using a simple ‘condensation’ argument it is easy to verify that
oo
Z ¢(h)s_1h4_28 = 00.
h=1

Hence, by Theorem 3.2,
3

HS(W2(¢)) = and dim WQ(’[b) Z s=1+ 2_|_/\—¢_’_5 _

J.

Since § > 0 is arbitrary, we have dim Wa(¢)) > 1 + ﬁ

Again, by the definition of the lower order, for any ¢ > 0 the inequality A\, — ¢ <
log

T @ holds for all sufficiently large r. It follows that
og

P(27) < (27) 7T for all sufficiently large 7. (27)

Takes:1+2++¢_5—l—5. Then

w<2r)sfl(2r)5725 < (QT)*(M)*‘S)(S*DJ“E’*% — <2r)76(>\¢+276)
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for infinitely many r. Therefore,
Z¢(2T)s—1(2r)5—25 < 2(27’)—5()\1/,—&-2—5) < 00,
r=1 r=1

Since 1 is monotonic, using the ‘condensation’ argument it is easy to verify that

Zw slh4 23 < 00

Hence
3

H(Wa(y)) < oo and dimWy(v) <s=1+ 2+/\—¢—5 + 0.
Since 0 > 0 is arbitrary, we have dim Ws(¢)) < 1 + ﬁ Therefore, we have the
equality dim Wy () =1 + ﬁ
5.5. Proof of Corollary 3.4. As Wy(r + 177 ) C Wy(r = r77) for 7' > 7. It follows
by continuity of dim(-) that

dim (ﬂ Wo(r — r—’v)> = lim dim (Wy(r = r7")) = lim (1 43 ) =1

V—00 v—00
v>1

This establishes Corollary 3.4.

6. OUTLINE OF THE GENERAL CASE n > 3

The convergence case of Theorem 3.1 for n > 3 is almost immediate. For every
(n+1)-tuple (a,b) € Z", let

ga(0) = {z € [0,1]" : |a? - & — ?| < ¥(ha)}

and
Oq = U 0a(b)
beZ
where a? is the vector (a?,a3,...,a2). It is easy to see that each set o4(b) is a

neighbourhood of an (n — 1)-dimensional hyperplane of measure |o4(b)| < ¥(hg)/h2.
Fix an a € Z3, 04 # () implies that b < he. Note that the number of vectors a for
which hg = h is < h" 1. Now

> Y X el \<<Zh“w

h=1 a€Z? \{0}; bEL:
E,f‘l\,f Y a0
by assumption. It follows that |W,(v))| = 0 and we are done.
Assuming for a moment the validity of the divergence part of Theorem 3.1 when
n > 3. Establishing Theorem 3.2 is relatively straightforward.
In the convergence case we note that

v = U Ulea®nio,nm

and each o4 (b) can be covered by a family C? of balls each of radius v (hg)/h% such

that
1

#Cq < (hg/v(ha))"
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It is then a simple matter to amend the proof in the case when n = 2 for n > 3 and
deduce that H*(W,,(v)) = 0.

The divergence case of Theorem 3.2 can be proved with only minor modifications
of the proof for the case when n = 2. The main changes to be made to the general
framework of Theorem 5.1 are that R is now a countable family of (n—1)-dimensional
hyperplanes, & € R™, V is a linear subspace of R", f is a dimension function such
that »~" f(r) is monotonic and g : 7 — r~ (=Y f(r) is a dimension function.

Now, let f : 7 — r*, Q be the unit hypercube [0,1)", J := {(a,b) € Z%' : hy =
|aa [},

Riap = {zx €R":a® x ="}
and Y (qp) = 1(ha)/hZ. The rest of the argument is essentially the same as that given
above with 2 replaced by n and V := {x € R" : z,, = 0}.

It remains to establish the divergence part of Theorem 3.1 for the cases when n > 3.
As noted above, the family of lines that we considered in § 4 have now been replaced by
(n — 1)-dimensional hyperplanes, but the analysis again hinges on the angle between
the members of two non-parallel families of hyperplanes. It is relatively easy to see
that the restrictions that applied to ¢ in § 4.3.1 must also apply to b in the above
argument and further, that the number of such b must also be < rh,. This follows
from the fact that the geometry in the n-dimensional case can be reduced to the same
problem as that of the 2-dimensional case by projecting the ball B and the (n — 1)-
dimensional hyperplanes onto a 2-dimensional plane perpendicular to the family of
hyperplanes defined by the equations

a’?-xz—-0"=0
where b € Z. A simple geometric argument implies that

n— 1/J<h/a,)
oa(b) N B| < 1h—2
where 7 is the radius of B. As the number of possible b such that o4(b) N B # 0 is
< rhg 1t follows that
¥(ha) ¥ (ha)
h2 heg
and by an analogous argument to that in § 4.3.3 it can be shown that

Y(ha)
h

a

loa N Bl < r" he < |B|

loa N B| > |B|

where the constants implied by the < and > are absolute. Recall that conditions (9)
and (10) were imposed on a and b in the 2-dimensional cases. For the higher dimen-
sional cases the corresponding conditions become

ng(ala ag, ... 7an) =1 (28>

and
1/2§a1/a2§2, (29)
with the same consequences as in § 4.3.4, namely a sufficient quantity of vectors to
maintain divergence of our sum and non-collinearity of any two vectors satisfying (28).
As in the 2-dimensional case considered above, take any two vectors a and a’
with @ # a’, which must be linearly independent by (28). The upshot of linear
independence is that the angle between the normals to the two hyperplanes, and
therefore the hyperplanes themselves, is non-zero. Strictly speaking there are two
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angles, but we shall take the smaller of the two and call this a. The result of § 4.3.5
also holds in this case. It is a simple geometric argument to show that the volume
of the parallelepiped obtained by intersecting any two members of the two families is

now
n_zqu)(ha) 7vZ)(ha/>

he  hay

An analogous argument to that presented in § 4.3.5 with the restriction that sin o > #

yields the desired estimate for the sum of the measures of the intersections subject to

the above restriction on «a.

To complete the proof requires taking care of the cases when the angle « is such that
sina < 1/rh. Recall that in the 2-dimensional case, § 4.3.6, this naturally split into
two cases; that of a moderately small angle and a very small angle. It was shown in
the former case that the same estimate as that of the big angle case could be deduced
and in the latter, that the sum of the intersections over the class of vectors with very
small angle was in fact convergent and could therefore be disregarded. It is precisely
these conclusions that can be shown to hold in the general case and the divergence
part of Theorem 3.1 will follow in exactly the same manner as in the 2-dimensional
case.

The analysis in § 4.3.6 relied on a key observation that the angle o couldn’t get
too small. More precisely that sina > 1/hghe. This was a consequence of the
assumption that 1/2 < a;/as < 2. To establish this fact we used the standard result
from elementary geometry that |a x b| = |a||b|| sin 3| where (3 is the angle between a
and b. In higher dimensions the cross product X is replaced by the wedge product A

a; aj

where
a/ANb=
{ b; b;

Note without any loss of generality we can assume that the first two coordinates
give the biggest determinant by reordering if necessary and it is this observation,
coupled with the assumption that 1/2 < aj/ay < 2 that allows us to conclude that
sina > 1/hghg . The argument for the case when the angle is moderately small is
exactly the same as for the 2-dimensional case. This leaves only the case when
1

Tzhaha/ ’
As there is a free choice in all but the first two components of either of the vectors a and
a’ the number of pairs of vectors that we need to consider is h2 2R ?4#{ (a1, az, a}, a})}.
Using the estimate we deduced in § 4.3.6 it follows that the sum we are estimating is
convergent and can therefore be disregarded.

The final steps in proving the divergence part of Theorem 3.1 follow in exactly the
same manner as that of the 2-dimensional case.

There are only minor modifications needed to the proofs of Corollaries 3.3 and 3.4
to establish them in the general case and the details are left to the reader.
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<Lr

1§i<j§n}.

sina <

(30)

REFERENCES

[1] V. 1. Arnol’d. Small denominators and problems of stability of motion in classical and celestial
mechanics. Usp. Mat. Nauk. 18:91-192, 1963.



A WAVE EQUATION AND DIOPHANTINE APPROXIMATION 17

[2] V. L Bernik and M. M. Dodson: Metric Diophantine approximation on manifolds. Cambridge
University Press , Cambridge Tracts in Mathematics, No. 137, 1999.
[3] V. Beresnevich, H. Dickinson and S. Velani. Measure Theoretic Laws for limsup sets. Mem.
Amer. Math. Soc. 179(846), 2006.
[4] V. Beresnevich and S. Velani. Schmidt’s Theorem, Hausdorff Measure and Slicing. Pre-print
(20pp): arXiv:math.NT/0507369.
[5] I. Borosh A. S. and Fraenkel. A generalisation of Jarnik’s theorem. Indag. Mathem. 34:193-201,
1972.
[6] J. D. Bovey and M. M. Dodson. The Hausdorff dimension of systems of linear forms. Acta Arith.
45:337-358, 1986.
[7] M. M. Dodson, J. Péschel, B. P. Rynne and J. A. G. Vickers. Hausdorfl dimension of small
divisors for lower dimensional KAM-tori. Proc. Roy. Soc. Lond. A 439:359-371, 1987.
[8] M. M. Dodson and J. A. G. Vickers. Exceptional Sets in Kolmogorov-Arnol’d-Moser theory. J.
Phys. A 19:349-374, 1986.
[9] P. D’Ancona. Periodic solutions for a second order partial differential equation. Ann. Scuola
Norm. Sup. Pisa CI. Sci. (4) 19(4):493-506, 1992.
[10] L. de Simon. Sull’equazione delle onde con termine noto periodico. Rend. Ist. Mat. Univ. Trieste,
1:150-162, 19609.
[11] H. Dickinson, T. Gramchev and M. Yoshino. Perturbations of vector fields on tori: resonant
normal forms and Diophantine phenomena. Proc. Edinb. Math. Soc. (2), 45(3):731-759, 2002.
[12] T. Gramchev and M. Yoshino. WKB analysis to global solvability and hypoellipticity. Publ. Res.
Inst. Math. Sci., 31(3):443-464, 1995.
[13] G. Harman. Metric Number Theory, Ozford University Press (1998).
[14] S. Kristensen. Diophantine approximation and the solubility of the Schrédinger equation. Phys.
Lett. A, 314(1-2):15-18, 2003.
[15] P. Mattila. Geometry of sets and measures in Euclidean space. CUP, Cambridge studies in
advanced mathematics 44, 1995.
[16] M. B. Nathanson. Elementary Methods in Number Theory. Springer, Graduate Texts in Math-
ematics 195, 2000.
[17] B. Novak. Remark on periodic solutions of a linear wave equation in one dimension. Comm.
Math. Uni. Carolinae, 15:513-519, 1974.
[18] G. Petronilho. Global solvability and simultaneously approximable vectors. J. Differential Equa-
tions, 184(1):48-61, 2002.
[19] G. Petronilho. Global s-solvability, global s-hypoellipticity and Diophantine phenomena. Indag.
Math. (N.S.), 16(1):67-90, 2005.
[20] B. I. Ptashnik. Improper boundary problems for partial differential equations. Naukova Dumka,
1984.
[21] B. P. Rynne. The Hausdorff dimension of certain sets arising from Diophantine approximation
by restricted sequences of integer vectors. Acta Arith., 61(1):69-81, 1992.
[22] V. G. Sprindzuk. Metric theory of Diophantine approximations. John Wiley, 1979.



18 V. BERESNEVICH, M. M. DODSON;, S. KRISTENSEN, AND J. LEVESLEY

VICTOR BERESNEVICH, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF YORK, HESLINGTON,
York, YO10 5DD, UNITED KINGDOM
E-mail address: vb8@york.ac.uk

MAURICE DODSON, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF YORK, HESLINGTON,
York, YO10 5DD, UNITED KINGDOM
E-mail address: mmd1@york.ac.uk

SIMON KRISTENSEN, SCHOOL OF MATHEMATICS, UNIVERSITY OF EDINBURGH, JAMES CLERK
MAXWELL BUILDING, KING’S BUILDINGS, MAYFIELD ROAD, EDINBURGH, EH9 3JZ, UNITED
KinaDOM

Current address: Department of Mathematical Sciences, Faculty of Science, University of Aarhus,
Ny Munkegade, Building 530, DK-8000 Aarhus C, Denmark

E-mail address: sik@imf .au.dk

JASON LEVESLEY, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF YORK, HESLINGTON,
YORrK, YO10 5DD, UNITED KINGDOM
E-mail address: j1107@york.ac.uk



