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CLASSICAL SCATTERING AT LOW ENERGIES
J. DEREZINSKI AND E. SKIBSTED

ABSTRACT. For a class of negative slowly decaying potentials including the at-
tractive Coulombic one we study the classical scattering theory in the low-energy
regime. We construct a (continuous) family of classical orbits parametrized by ini-
tial position 2 € R?, final direction w € S¢~! of escape (to infinity) and the energy
A > 0, yielding a complete classification of the set of outgoing scattering orbits.
The construction is given in the outgoing part of phase-space (a similar construc-
tion may be done in the incoming part of phase-space). For fixed w € S%~! and
A > 0 the collection of constructed orbits constitutes a smooth manifold that we
show is Lagrangian. The family of those Lagrangians can be used to study the
quantum mechanical scattering theory in the low-energy regime for the class of
potentials considered here. We devote this study to a subsequent paper [DS].
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1. INTRODUCTION

In this paper we shall address a classical low-energy scattering problems for a two-
body system. In a subsequent paper [DS] we shall combine the results of this paper
and some of [FS] in a study of the quantum mechanical low-energy scattering theory
within the same class of potentials; this will include construction of wave operators,
corresponding generalized eigenfunctions and S—matrices and the establishment of

The authors are partially supported by MaPhySto — A Network in Mathematical Physics and
Stochastics, funded by The Danish National Research Foundation and by the Postdoctoral Training
Program HPRN-CT-2002-0277. The research of J.D. was also supported by the Polish grants
SPUB127 and 2 PO3A 027 25. Part of the research was done during a visit of both authors to the
Erwin Schrodinger Institute.
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2 J. DEREZINSKI AND E. SKIBSTED

regularity /asymptotics of these quantities at the threshold energy A = 0. A related
programme has been carried out for positive energies for a wide class of potentials,
see [IK1], [IK2], [Ya] and [RY]; for this case the study is based on a relatively simple
structure of a class of outgoing (or incoming) classical orbits used in the construction
of certain Fourier integral operators.

However there are severe difficulties if one tries to incorporate the low energy
regime A\ = 0 by this approach. Some of the difficulties already show up at the
classical level, and therefore one needs additional conditions on the potential from
the very outset of the analysis. In our opinion these “additional conditions” naturally
count the virial condition and spherical symmetry of the leading term of the potential
(both conditions to be imposed at infinity only).

To simplify the presentation let us in this introduction assume that the potential
takes the form (with z € R? for d > 2)

V() = =ylz[™" + O(l=[7"7), (1.1)

where p € (0,2) and v,e > 0. For derivatives, assume that 9°{V (z) + || #} =
O(|z|~#=<1A1). We look at the classical Hamiltonian h(z, &) = 12 + V(z).

With (1.1) one can prove the existence of the asymptotic normalized velocities for
any classical scattering orbit, i.e. a solution to Newton’s equation with |z(t)| — oo,

ot =& lim o))/ la(0)] (12

notice that this includes orbits with arbitrary energy A > 0. In particular we see
that there is a well-defined classical scattering theory for A = 0 (the quantities w*
are outgoing and incoming directions).

We look at the following mixed problem (restricted to outgoing and incoming

regions): Consider the momentum £ = v2Aw as depending on the two independent
variables A > 0 and w € S4! and solve

j(t) = =VV(y(t))

A= Lyt)? + V(y(t))
y(#1) ==

w = F 1m0 y(t)/|y(t)]

The bulk of the paper is devoted to solving (1.3) and deriving various regularity
properties. Given solutions to (1.3) we then construct phases ¢*(x,w,\) in terms
of the velocity fields

Vaod™ (z,w,A) = §(£1) = §(t = £1;2,w, \).

It turns out that the constructed phases ¢*(z,w,\) are jointly continuous but
lack smoothness in the A-variable at A = 0.

We give a complete classification of the set of scattering orbits: For any scattering
orbit z(t) with asymptotic velocities w® given by (1.2) and energy A > 0 there exists
a (large) Ty > 0 such that for all £t > T > T

z(t) =yt F T+ L;2(£T), 0™, N),
i(t) = Voo™ (2(t),w™, \).

A typical orbit z(t) for A = 0 is depicted below, see Example 4.3 for an elaboration.

(1.3)
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12 pn= 1.8

The paper is organized as follows: In Section 2 we impose conditions on the
potential. In the case we allow the potential to have a non-spherically symmetric
term we shall need certain regularity properties of the leading spherically symmetric
term. These properties are stated in Condition 2.2; they are fulfilled for the example
(1.1) discussed above.

In Section 3 we show the existence of the asymptotic normalized velocity in the
classical theory (only the +oo case is treated).

In Sections 4 and 6 we solve the mixed problem (1.3) (the +o0o case only), first
in the case of spherical symmetry and then in the more general non-spherically
symmetric case, and we derive smoothness properties of the solution. The first case
is treated by the implicit function theorem while our study of the second case is based
on a perturbation and Taylor expansion argument (similar to [Sk1, Sk2]) allowing us
to set up a fixed point problem. The material is technically somewhat complicated,
and to improve the presentation we devote Section 5 to some (abstract) preliminaries
for Section 6 related to the uncertainty principle lemma (Hardy inequality). The
basic issue of Section 5 is a limiting absorption principle at zero energy for a one-
dimensional vector-valued problem in which the time variable plays the role of a
configuration space variable!

We prove in Section 7 that the outgoing velocity field (z, F'(x)) from Definition
6.3 is Lagrangian, so that F' = V¢ for some phase function ¢. Then we fix ¢T = ¢
by specifying its value at a (local) point. We also explain how to define ¢~. These
constructions will be the outset for studying quantum mechanics in [DS]. Finally
we show that the family of orbits (1.3) yields a complete classification of the set of
scattering orbits.

2. CONDITIONS

We shall consider a classical Hamiltonian h = %52 +V on R? x R? where d > 2
and V satisfies Condition 2.1 and possibly Conditions 2.2 and 2.3 (all stated below).
We shall use the standard notation (z) = (1 + 2?)/? for x € R?.

Condition 2.1. The function V can be written as a sum of two real-valued smooth
functions, V' = Vj + V4, such that: For some p € (0,2) we have

(1) V4 is a negative function that only depends on the radial variable r = |z| in
the region r > 1 (that is Vi(x) = Vi(r) for r > 1). There exists ¢, > 0 such
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that
Vi(r) < —er 5 r > 1.
(2) For all v € (NU {0})¢ there exists C., > 0 such that
(@l ()] < O
(3) There exists € > 0 such that
rVi(r) < —(2—¢&)Vi(r); r > 1. (2.1)
(4) There exists €5 > 0 such that for all v € (NU {0} )¢
()t Vy(2)| < G,

We introduce the quantity

ir) = / o) Edpr > 1, (2.2)

which is the time of arrival at distance r from the origin for a purely outgoing
zero-energy orbit starting at » = 1 at time ¢ = 0 (assuming V5 = 0).

The following condition will be needed only in the case V5 # 0. We notice that
(2.1) and (2.3) tend to be somewhat strong conditions for ya2. On the other hand
Conditions 2.1 and 2.2 hold for all €5 > 0 for the particular example Vy(r) = —yr—*
(with € =, & =2 — p and some € < 1 — au), cf. Section 1.

Condition 2.2. Let V; be given as in Condition 2.1, and define o = 2. There

24
exists € > max(0,1 — a(u + 2€3)) such that
limsupr'V/(r)t(r)> < 4711 — &), (2.3)
limsup V) (r) t(r)? < 471(1 — &). (2.4)

Let us for convenience assume under Condition 2.1 that
€2 <4712 — p). (2.5)

Notice that under Condition 2.2, (2.5) is not in conflict with the condition € >
max(0, 1 — a(u + 2€)).
The following condition will be needed only in Subsection 7.2.

Condition 2.3. Let V;, V5 and € be given as in Conditions 2.1 and 2.2. Then

_ /
lim sup Vir)

s Tl(r) L:(T) < 2_1<1 + El). (26)

In the (typical) situation where Vi(r) is concave at infinity obviously the bounds
(2.4) and (2.6) are fulfilled.

We shall often use the notation x = rz with r = |z| and & = x/r for vectors
r € R4\ {0}. The notation F(s > €) denotes a smooth increasing function = 1 for
s> 3eand =0 for s < 3¢, F(- <€) :=1— F(- > ¢). Throughout the paper the
notation p refers to the number p appearing in Condition 2.1 and « := 2/(2 + p),
cf. Condition 2.2. The function g(r) := /2XA —2Vj(r) (for V} obeying Condition
2.1) will also be used extensively. This quantity represents the speed of any orbit
with energy A and located at distance r from the origin (assuming V5 = 0).
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3. ASYMPTOTIC NORMALIZED VELOCITY

We define a classical outgoing scattering orbit to be a solution to Newton’s equa-
tion Z(t) = —VV(x(t)) obeying |z(t)] — oo for t — +oo (we consider for conve-
nience here only the case of ¢ — 400). In this section we investigate various general
properties of scattering orbits. Note that all the conditions on the potentials used
in this section are implied by Condition 2.1.

The energy of the orbit is given by

A= 1i(t)” + V(x(t)).
We start with a well known consequence of the positivity of the virial.
Proposition 3.1. Suppose that for |z| > R
—2V(x) —xz-VV(x) > 0.
Then for any outgoing scattering orbit there exists T such that fort > T
z(t) - () > 20t —T)\, 2%(t) > 2\t —T)* + R>.

Proof. We have for |z(t)| > R

1d* , d .
sae® (t) = a(m(t) i(t) = 2X =2V (z(t)) — z(t) - VV(x(t))
> 2, (3.1)
If z(t) is a scattering orbit, we can find 7" such that $z*(T) > 0 and |2*(T)| > R*.
So (3.1) is satisfied for all ¢ > T', and the result follows from integration. 0J

The following proposition can be traced back to [Ge], see also [F'S, Theorem 4.7].
Proposition 3.2. Suppose that

2V(z)+ax-VV(z) < —clz|™, ¢>0, |z|>R (3.2)
Then for any outgoing scattering orbit for large enough time and some € > 0,
|lz(t)] > et (3.3)
Proof. For large enough T and ¢ > T we have |z(t)| > R. Then
1d? _
5@172@) =2\ =2V (x(t)) — x(t) - VV(z(t)) > clz(t)|™". (3.4)

We multiply (3.4) from both sides by $2?(¢) and, using p < 2, we obtain
d/d 5, \° d, o5 -
2L > e — (22(t
dt <dtI (t)) Z ey (@)

(40 2 e (0)"

By Proposition 3.1 we know that for large times $22(¢) > 0 is positive, and hence

dt
d , 2 1
—a(t) > <01 (22(t))

This implies for large enough time (3.3). O

S

This yields

(S

+ Co.
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The upper bound on the zero energy orbit (3.5) can be traced back to [Del, De2].

Proposition 3.3. Assume that V(z) = O(|x|™"). Then the outgoing scattering
orbits with X\ = 0 satisfy the bound

z(t) = O(t%). (3.5)
If in addition, for |z| > R, V(x) < —colz|™", ¢o > 0, then all outgoing scattering
orbits for large enough time satisfy the bound

#(t)] > et (3.6)
If also for (3.2) holds, then the orbits with X = 0 satisfy

@(t) = O(t* ). (3.7)
Proof. For zero energy orbits we have

Sle(n)] < [#(0)] < VIEVED)] < Cila(n)] 2

This implies (3.5) for large time.
Again, for zero energy orbits

|z(t)| = / =2V (x(t)) > 02I(t)_“/2, co > 0,

which together with (3.5) yields (3.6) for large time. For positive energy orbits we

clearly have |Z(t)| — v/2\, which also implies (3.6) for large time.
Finally, (3.3) and

=/ =2V (z(t)) = O(|z(t)|7*/?)

yield (3.7). O
For a given outgoing scattering orbit x(t) we define the asymptotic normalized
velocity to be

wh = lim w(t); w(t) ==z(t)/|z(t)), (3.8)

t—-+o0

provided that this limit exists. We also define

ot = lim &(t); &) = 2()/|2(0)],

t

provided that this limit exists.

Proposition 3.4. Suppose that
V*W(x)=0(z|™"™"), n=1,2,
V(z) < —colz|™, ¢ >0, |z|]>R,
( S _C|$|_M7 c> 07 |ZL’| Z R7
(

=O(|z|'7*72), € >0. (3.9)

2V(z)+x-VV(x
VV(z) — i3 VV(x

Then for any outgoing scattering orbit x(t) there exists w™ and O and they are
equal. Moreover,

w(t)=w"+ 0@t *?) =0(t) + Ot *2). (3.10)
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Proof. Let L;; = x;&; — x;a; be the ij'th component of the angular momentum.

Note that
ZL =2%? — (v-1)* = 222%°(1 — (w - @)?).
1<j
By (3.9),
d
dt = lz||VV(2) —ww- - VV(z)| = O(Jx|"2) = O(t—a(#+e2))’
and therefore,
Lij = O(t'=0)). (3.11)
We compute
4 ) = HO —wtwlt) ()
dt |z(t)]

Hence,

—Ww

2| - YOO
dt
L)
()]
Hence wt is well-defined, and the first estimate in (3.10) holds.
Now

da(t) VV(z(t)) —w(t) - VV(z(t))o(t)

= O(t172) ¢ L'(dt).

d |2 (t)]

_ W) YV () (w(t) —w(t) - @t)a()) + o1,

|2()]

The norm of the first term equals

w0) - VO] 1o
PR o)

da(t)
dt
Hence &% is well-defined, and the second estimate in (3.10) holds.
We have,

Hence

— O(t1702) € LY(dt).

1—(w(t)-w(t)” = x2é§?2(t) =O(t™).

Hence, |w* - oT| = 1.

By Proposition 3.1 (or [FS, (4.38)]), we have w(t) - ©(t) > 0, for large ¢. Hence,
wt - @T > 0. Therefore, wt = oT. O

Example 3.5. (Extension of an example in a preliminary version of the book [DG])
Consider the potential V' = r~#y(0 — clnr) specified in two dimensions using polar
coordinates. Here y € C*°(S!) is negative, x'(0) < 0 and ¢ > 0 (and p € (0,2)). A
computation shows that there is a classical scattering orbit with # = cIlnr if

X(0) = (el =y~ D e T X0 (3.12)

1—ap
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So in this case the asymptotic normalized velocity wt does not exist. This shows
the importance of the smallness condition of Condition 2.1 (4), viz. €3 > 0. We also
see from (3.12) that a weaker notion of smallness would not suffice neither: If x is
taken to be almost constant, say y &~ —1, which may be viewed as an example of
another type of perturbed radial potential, then there is still a solution to (3.12), in
fact one with ¢ = 0.

4. MIXED PROBLEM FOR RADIAL POTENTIALS
In this section we assume that the potential is radial and for » > 1,
OV (r)| < Cpr™™#, n=0,1,...;
V(ir)y< —cer ™, ¢>0; rV'(r)+2V(r) <0. (4.1)

Clearly, Condition 2.1 with Va(r) = 0 implies (4.1).
For radial potentials all orbits are confined to a plane. Let us first investigate the
two-dimensional problem. We will use polar coordinates (y1,y2) = (rcosf,rsinf).
The angular momentum L is a preserved quantity, at our disposal. We need to

solve the system

i

b=1Lr . (4.2)
=2\ — 2V (r) — L2r—2

We impose the conditions

4y =0, 1m o) —o. (4.3)

’I"(l) =T, dt oo

Our assumption implies that for any A > 0 and L € R, there exists at most one
Ttp = Ttp(A, L) > 1 that solves
2\ — 2V (ry,) — LPri? = 0.
Note that the function

(1,00) 57 — rg(r) =ry/2X — 2V (r) is increasing. (4.4)
Clearly, for any A > 0, L € R and 1 > r, > 1 the problem (4.2) subject to (4.3)

has a unique solution. This solution is a scattering orbit and it has turning point at
Tip. Writing 6 = 6(1) we obtain

%0 1
-6, = L/ 22X — 2V (r) — L*r~2) " 2dr. (4.5)

T1

The angle between the asymptotic direction and the turning point equals

o0 1
—O4p = L/ 2 (21 = 2V (r) — L*r~2)"2dr. (4.6)
Clearly, lim;—,_ 0(t) = 26;,.

Let 0, = 0.(X,r1) denote the largest allowed angle such that for |0;| < 6, there

exists a solution to Newton’s equation with energy A obeying the conditions (4.3)
as well as 6(1) = 6;.

Proposition 4.1. Introduce the constant

V(r)
C = .
ot V(1)

(4.7)
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Then 0, > m/2—arctan/C — 1. In particular, if V(r) is increasing, so that C =1,
then 0, > /2.

Proof. Let us write L = r1g(r1)x with k € [—1,1]. It follows from (4.4) that for any
such

2\ — 2V (r) — L*r72 > 0 for r > ry.

After a change of variable we may then write (4.5) as

i [T (A s

Note that

A—V(sr) _ g(sr)?
A=V(r) g(r1)?
Clearly the right hand side of (4.8) is an increasing function of x. Therefore, we
get the lower bound

1
> _ )\—V(srl) T2 o — -
1A Vsm) d >/ (201
[ (v 1) Tz [Teten)
= 7w/2—arctanVvVC — 1

cs M <

<C. (4.9)

N[ —=

ds

for the largest allowed angle. O
Example 4.2. For the purely Coulombic case V(r) = —yr~! one can compute the
orbit

~cos(bhy —0(1))
cos(6yp)

I

Ly ()t =1

where 6;,(\, L) = m — arctan \/2AL27y~2, (see [Ne, p. 126], for example). Therefore,
the allowed angle equals

O (A, 1) = m — arctan \/2)\(2)\7_27‘% + 2y~ 1ry). (4.10)
In particular, for A > 0 the allowed angle is at least 7/2 and for A = 0 it is 7.

Example 4.3. We look at scattering for the example V' (r) = —yr~* at energy A = 0.
The angle betweeen asymptotic direction and the turning point is independent of
the orbit and is equal to 6y, = ﬁ The fact that this angle is independent of the
orbit may be seen independently by invoking the scaling and rotational symmetry
of Newton’s equation; thus there is essentially only one scattering orbit at A = 0
(see the illustration in Section 1 for the case p = 1.8). The implicit equation for

this orbit is
2

1+ cos ((2 = p)(Bp — 0(1)))

4.1. Dependence of the angular momentum on data.

=r(t)* " (4.11)

Lemma 4.4. We fix kg € (0,1). Then for any L € R, A > 0 and ry > 1, satisfying

2

L
2 < rigg(r)*, (4.12)
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we have a unique outgoing scattering orbit with the conditions (4.3), the energy A
and angular momentum L. The initial angle is given by (4.5), and we have the
following estimates:

oy, ’L”QL = O (r' 7" 2mg(r) ™), mym > 0. (4.13)
Proof. Only (4.13) needs elaboration. For n > 1, we have
O'2N =2V (r) — L*/r*) = O(r ™) + O(L*r ™)
= O(r+7") + 0P (r)r ")
=O0(r"g(r)?).
The quantity 9%(2\ — 2V (r) — L?/r?)7P is a linear combination of terms of the
following form, where ny + - - - + ny = n,
2\ — 2V (r) — L*/r?) P~ F x g™ (2\ — 2V (r) — L? /r ) O (2N — 2V (r) — L?/1?)
=0 (g(r) ™ g(r)>r™m - g(r)?r™)
=0 (r*”g(r)ﬂp) .
Hence,
OMERA=2V(r) = L*/r*)P =0 (r"g(r)~*).
Using (4.4) and (4.9) we obtain that
m 01

2T = Om/ dTT’_2_2m(2/\ — 2V(7’) — L2/T2)_1/2_m

T1

— 00 g ).
For n > 1, 8” a7, ﬁ is a linear combination of terms of the form
I —k—2m— 1871 k<2>\ . QV(Tl) L2/r1)71/27m — O(T;n72mflg(rl)7172m)'
O

Lemma 4.5. Let 6y € (0,7/2—arctan/C — 1) where C' is given by (4.7). Then for
all my > 1, |61] < 0y and X > 0 we can find an outgoing scattering orbit satisfying
(4.3) with 6(1) = 6,. We have the following estimates:

Op0pL? = O (ri"g(r)?) . nym > 0; (4.14)
L
o ’””9 =0 (ri""g(r)), n,m>0. (4.15)

Proof. We can solve the equation (4.5) for L such that (4.12) is fulfilled for some
ko € (0,1). Treating L? as an independent variable, obviously

or ZELQ = O(Tf_2m_"g(r1)2_2m). (4.16)

use (4.13) and (4.16), and obtain
o 07507 = O(ry " *"g(r) ™). (4.17)

We apply 9 97 to
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Next we note

0,262 = / P20 = 2V (r) — L3 2)"2dr

T1

y / T 20 - 2V ()2 — 2V () — L)~ Edr

T1

> cory 2g(r1) 7%, for some ¢y > 0. (4.18)

We claim that the quantity ;" 93L* is a linear combination of terms of the form
1

OO0 - 02 (D1262) " = O (r2"g(r1)?), (4.19)

where n = n; +---+mn, and m +p = m; +--- +m, + 1, which obviously proves
(4.14). To see that indeed the terms are of the form given to the left of (4.19) we use
induction with respect to n 4+ m. The first step (justified by the implicit function
theorem and the chain rule) is

Opp L2 = (0267) 7,
Op L? = —0,,02(07207) "
The inductive step uses the following identities:
O (07, 9207) = O} Oy T 61(9126) ™,
Or, (01072 07) = O O30 — 071073 010,, 07 (91267) "
Finally we use (4.17) and (4.18) yielding the bound (4.19).

The quantity ;}Iag;% is a linear combination of terms of the form
1
0
ni Qm n, M k 1 —1—n _
@“189%1[/2 . aTlpag%pL28T18§2f — O(T1 1 9(7’1) 1)7

where n = ny +--- +n, + k and m = my + - - - + my; for the bound we use (4.13)
and (4.14). Thus
0

oy g%f =O(r;""g(r1)7). (4.20)
We note the inequality
—% > tg(r) (4.21)
Finally, the quantity 9 g%é is a linear combination of terms of the form
k+1
a:;a;gl% : --aflka;gk% (&) =0(r; "g(r1)),
where ny + -+ +ng = n and my + - - - + my = m; for the bound we use (4.20) and
(4.21). This proves (4.15). O

Finally, we consider orbits in an arbitrary dimension. We introduce for R > 1
and 0 >0

Iho (@) ={yeR! |y -w>(1-0)lyl, |y > R}; we 571,
Tho = {(y,w) €R'x Sy e T, (w)}.
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The mixed problem consists in finding a solution y(¢) to Newton’s equation subject

to mixed boundary conditions and an energy constraint given in terms of data
r €RY we 8% and X\ > 0:

j(t) = =VV(y(t)),

A=59(t)° +V(y(t)),

y(1) = =,

w = lim; o w(t); w(t) =y(t)/|y(t)].

Proposition 4.6. For all small enough o > 0 the problem (4.22) has a solution
y(t), t > 1, for all data (z,w) € T'{, and X\ > 0. Moreover this solution y(t) €

1,0
Ffa(w) for allt > 1, and given the latter invariance property it is unique and

001> = O (|ePlg(la])?). (4.23)

(4.22)

Proof. Note that (r1,sin®6;) = (|z[,1 — (w - 2)?). Therefore, 67 and r; = |z| are
smooth function of z and w with

0,070 = O(|a| ™M), 93y = O(J|'~1). (4.24)
In conjunction with (4.14) and the Faa di Bruno formula we obtain (4.23). O

Remarks 4.7. 1) The function L? is continuous in all variables at A = 0, however
as may readily be checked it is not smooth in A at this point. This function is
smooth for A > 0.

2) The derivatives in w and z of the function L? are also continuous in A at A = 0.
This follows by an abstract argument (the proof is very simple, see for example
[H6, proof of Lemma 7.7.2]): Suppose U is an open subset of R", and that
f:Ux[0,1] — R is smooth in z € U (for any fixed A € [0,1]) with |97 f| < Cj
uniformly on U x [0, 1], and suppose f is continuous in (2, \) € U x [0, 1]. Then
all z—derivatives are continuous in (2, A) € U x [0, 1].

4.2. Dependence of flow on data. Let us examine the dependence of the flow
on the boundary conditions. We start with the dependence of the two-dimensional

flow (0,7) = (6(¢),r(t)) on (ry,61).

Lemma 4.8. The orbits described in Lemma 4.5 obey

O Opr =0 (ri™"g(r)g(r)™") ;s n+m>1, (4.25)
8}?183%92 =0 (r{"r?g(r1)%9(r) %) ; n+m >0, (4.26)
00 =0 (1 Yg(r)glr) ) s ot m > 0. (127)

10

Proof. To prove (4.25) we note that the second equation of (4.2) is solved by

/ 2\ =2V (p) — L2p ™ 2)V2dp =t — 1. (4.28)

T1

We use induction wrt. n +m. We apply to (4.28) the derivative J 9;3. We obtain
1

that zero is a linear combination of terms of the following form:

Op O L2 - OO L2 5 1727000, (22 — 2V (1) — L2/rd) 578, (4.29)

T 703
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withng +---+np+ut+ov+1=nm+- - +my=m;
o 83%1“ QP QT e X QML - -87’?1’68%”“ L?

162 r1 762
x pm2Eugr (2N — 2V (1) — L2 /%) 2k, (4.30)

with ny+---+np+p1+-+p=nutv+l=0Lm+-+mp+q+--+q=m
and
n1 Qm nE M " — _1_
S R ></ p (2N =2V (p) — L*/p*) "2 Fdp, (4.31)
T1
withny +---4+ng=n, my+---+my =m.
Using (4.14) the terms (4.29) are estimated by

O (ri™g(r)™). (4.32)
The terms (4.30) are divided into the single term
O O (2A =2V (r) — L*/r?) 712 (4.33)
and the remaining ones, which by (4.4) and (4.14) can be estimated by
R T O (434
By the induction assumption, and using [ > 1 and (4.9), (4.34) is bounded by
Cri"g(r)g(r) ™. (4.35)

Using k > 1 and (4.9), the terms (4.31) are estimated by

Crg(ry)*FriE / p~*g(p) "1 dp < Cog(ri)?g(r) 22" / p2g(p)'dp

1 1

< Csg(r)g(r)>rm ™. (4.36)
Thus we obtain the estimate
|07 07 |g(r) ™ = O (g(r)g(r)2r™") (4.37)

from which (4.25) follows.
Next we would like to prove (4.26). We start from the identity

7 < 1
P eV - rey i (438)
This shows £ = O(r~'g(r)~'). Next we obtain that 9" 8;?% is a linear combination

of terms of the following form:

q1 q ni Qm 2 N M 2
OOy - OO X OO L2 - kO L

1762
x T7272k7ua}n}(2)\ o 2v<7,) . L2/T2)7%7k, (439)

with g+ +pi Ay =n, uto+l =1 mi o mp b g = m;
and
ni Qm ne QM > —2— _1_
OO LE - OO L / N — 2V (p) — L2/p?) Rdp,  (4.40)
withny +---4+ng=n, my+---+myp =m.
The term (4.39) is estimated by

ClT;n+l+2k74717172kg(r1)l+2kg(r)flfl72k S Cgrf”rflg(r)*l. (4.41)
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The term (4.40) is estimated by

Chry "R g ()2 g () TR < ot ()

Thus

Now by

(4.14) and (4.43) we obtain (4.26).
By

(4.15) and (4.43), we obtain (4.27).

We go back to the case of an arbitrary dimension.

Proposition 4.9. The orbits considered in Proposition 4.6 satisfy

8587 _ O(|y|) fOT’YZOa
v O (lz[*"Mg(lz))g(ly))™")  for |y = 1;

wn particular,
9203y = O(J|[yl).
Proof. We use the formula

sinf
T—T ww).

y=rcosw-+r

sin 6,

Now, 92377 cos fw is a linear combination of terms of the form

oM ORIy - O™ 0Py X 9T OT07 - - 9T O 0]

X OO "0 cos ) X 0%Pw.

r1 762 162

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

Likewise, 9207 20 (1 — 7 - w w) is a linear combination of terms of the form

WY rqsin by

L0y - OOy X OO0 - DT 6]

sin 0
ni Qmi .. 9na M2 30 V0 (5 _ 4.
X O 89% 0" 89% S X ONO(T — 3w w).
Note that
%w = 0(1),

O (& — & - ww) = O(|z|hoh.

(4.48)
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Moreover by Lemma 4.8,

0y Ogp'r = 01@1’ Lo . (4.51)
ry Mg(r)g(r)™, n+m > 1
O(1 =0
o cosg— QW matm (4.52)
! ri r2g(r)?g(r)™, na+me > 1
o e, SO 1ny — _
ar126922 sin 0 = g (r)g(r) T (4.53)
(For (4.53) we use the decomposition Ssii;l(i = %;{%?%Z )
Now, applying (4.24) and (4.49)—(4.53) to (4.47) and (4.48) yields (4.44). O
One may also estimate derivatives of y:
Proposition 4.10.
007 (y — V2:w) = O(|z| My gy ). (4.54)
In particular
00035 = O(Jz["g(ly]))- (4.55)
Proof. First we represent
y(t) — V2w = / VV (y)dt, (4.56)
t
Now 9297(y(t) — V2 w) is a linear combination of terms of the form
/ BN y(t) - - By (£ )V IV (y(¢) )t
~0 (|x|—” [, (457
|yl
which are O (|z|~My|~g(|y]) 7). O
We also notice the uniform bounds
lyl~g(lyl) < & 7t < O, (4.58)
Since |y|™! < |x|7! the second estimate of (4.58) may be generalized as
ly| ™ < Cla| 079 5 e [0, 1]. (4.59)

5. TIME-DEPENDENT LINEAR FORCE PROBLEM

We consider the following one-dimensional matrix-valued ODE

Z(t) —q(t)z(t) = 2(¢), t > 1, (5.1)
where ¢(t) € My(C) is self-adjoint for all t > 1, and as a function of ¢, ¢ is continuous
and bounded. Moreover we assume the following bound for some € > 0

(t—1)%q(t) > —47'(1 —€) for t > 1. (5.2)
The goal of this section is to study the initial value problem given by (5.1) and

the initial value condition z(1) = 0. As the reader will see the relevant tools come
from functional analysis.
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Throughout the section we fix any
re(—€/2,¢/2). (5.3

)

We introduce for any such r the following form on the domain D(Q,) = W,*(1, 00)

C L*(1,00) (W C W2 refer to standard Sobolev spaces, see for example [Da,
d

although we are here dealing with C%valued functions). Let p; = —ig-

Qr(,0) = (P, o) + (W, {q(t) = r*t 7 +ir(pt ™"+ 'p) ko). (54)

Formally this is the form of the operator H, = t"Ht™", where H is the Schrodinger
operator H = p? + ¢(t) with Dirichlet boundary condition at ¢ = 1. To justify this
we invoke [RS, Theorem VIII.16] and the Hardy inequality [Da, Lemma 5.3.1]. Due
to this inequality and (5.2) there exists 6 = d(e, ) > 0 such that

ReQ,(¢) = Re Qr(¢,¢) > (¢, {p} + (t — 1)7*}¢). (5:5)

Whence, in the terminology of [RS] the form @, is strictly m—accretive. There is an
associated operator H, for which the open left half-plane C_ = {¢ € C|Re( < 0} is
a subset of the resolvent set, cf. [RS, Lemma after Theorem VIII.16].

Lemma 5.1. The B(L?*(1,00))-valued functions
B,(¢) = (t—= 1)~ (H, =)t = 1)~

and
p(H, = )7t = 1) (5.6)
are uniformly bounded on C_.

Proof. Applying (5.5) to ¢ = (H, — {)"'(t — o)~ f where ¢ < 1 and f € L*(1,00)
yields (by the Cauchy Schwarz inequality)

It — o) (Hy = Q)7 t— o) fll < a7l (5.7)
Letting 0 — 1 using the Lebesgue convergence theorems we conclude that (H, —
O Mt—1)"feD((t—1)"") for all f € D((t—1)"") and that (5.7) with 0 = 1
holds for such f’s.

As for bounding (5.6) we combine (5.5) and (5.7) to obtain uniform boundedness
of ps(H, — ()" (t —o)~!. Again we let 0 — 1. O

Lemma 5.2. There exists the weak limit

B, (0) =w — C—>01,11¥£§<0 B.(Q).
Proof. Let f € L?(1,00). For any sequence ¢, — 0 with Re(,, < 0, B,.((,,)f — g for
some g and some subsequence (,, , ¢.f. Lemma 5.1 and [Yo, Theorem V.2.1]. Writing
g = B,(0)f it remains to show that for any f € D((t — 1)~'), ¢ is independent of
choice of sequences. So suppose that for such f, B, (C1n)f — g1 and B,.(Con) f — 9o
We need to show that ¢ := g; —go = 0. We readily obtain that for all ¢ € C'2°(1, 00)

(t — 1) H_,0) =0 (5.5)
Using this we can show that indeed v = 0 by the following approximation argument.
Pick a real-valued xy € C*°[1, 00) such that x(t) = 1 for t < 2 and x(¢) = 0 for t > 3,
and let x,(t) = x(t/n); n € N. We introduce ¥(t) = (t — 1)1(¢) and ¢, = x, V. By
elliptic regularity we obtain from (5.8) that W(¢) is smooth up to (and including)
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1. Since ¢ € L*(1,00) we must have ¥(1) = 0, in particular ,, € D(Q,). Using
8) with this input we compute

Qr () = I, 2 11* (5.9)
Since (t — 1)x,,(t) = (t — 1)X/(t/n)/n is uniformly bounded, the Lebesgue dom-

inated convergence theorem yields that the right hand side of (5.9) vanishes as
n — 0o. Whence by (5.5)

13
(5

]l = Jim [l = 0.

Lemma 5.3. For all ( € C_

(H, = Q7' =t"(H -t
Proof. We shall only consider the case » > 0 (the case r < 0 may be treated
similarly). It suffices to show that

T (H, -7 = (H - (5.10)
Clearly t"(H, — ¢)"'f € D(Qy) for any f € L*(1,00). For all ¢ € C>(1,00) we

compute
Qold,t ™ (Hr =7 f) = (@, t T H(H, = )7 f). (5.11)
Since C°(1,00) is a core for Qy we deduce that (5.11) is valid for all ¢ € D(Qy).
Whence
Htir<Hr - C)ilf = tirHr(Hr - C)ilfa
from which we readily obtain (5.10). O

Using Lemma 5.3 we can show strong convergence of T,(¢) := t Y(H, — )1t~ 1.
Notice that by Lemma 5.2 there exists

¢—0,Re(<0
and that by Lemma 5.3, T,.(0) = t"T,(0)t".

Lemma 5.4.

L) =s— _lim _ T.(0). (5.12)
Proof. Pick § € (0,¢/2 —|r]). We claim that for all f € D(t9)
TQ)f = 10 Tas( O f — 10T 5(0)1°F. (5.13)

Since t~°t~1(H, + 1)t is compact the (norm-) convergence (5.13) follows from
the first resolvent equation and weak convergence. Since t=°T,,;(0)t° = T,(0) this
proves (5.12). O]

Remark 5.5. Using the uniform boundedness of the family (5.6) and Lemma 5.2
one may show that there exists the weak limit

W= Jim R.(Q); Be(Q) =p(H, =7

Assuming in addition to the given conditions on ¢ that ¢q(t) is bounded, one
may show using the proof of Lemma 5.4 that there exists the strong limit, s —

lim¢_0, e c<0 By (C).
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We introduce for s € R the weighted spaces
Z_o=1%(1,00) = t*L*(1,0); (5.14)

here L? refers to the space of C%valued square integrable functions.

£

Lemma 5.6. Suppose s < 1+ §, where € > 0 is given as in (5.2). Suppose z €
L2 (1,00) satisfies the homogeneous analogue of (5.1) in D'(1,00) (i.e. we assume
that the right hand side vanishes and that the equation holds in distributional sense),
and z(1) = 0. Then z = 0.

Proof. We consider for any z € D(1, 00)

. . =1z
0_4H01,1}I{I§<<0<(H () 'z,Hz).

By Lemmas 5.3 and 5.4 we may compute the limit as to obtain
0= (H 'z Hz)

with H'Z := t7"T,(0)t'*"Z provided |r| < €/2. For a later application we need
r > s — 1 which by assumption is feasible.

The idea is to integrate by parts in the expression to the right. First we notice
that p,H 'z € L2, c.f. Remark 5.5. Next we claim that

pz €LY, (5.15)

For that we introduce for n € N the multiplication operator F,(t) = F(t/n < 1),
and consider the expression

(pez, By (D)% p2) + (2, q(t) F ()12 *2). (5.16)

Up to a term that can be bounded uniformly in n (using the assumption that
z € L2,) this expression is equal to Re (Hz, F,(¢)t*72*z). Whence (5.15) follows
from (5.16) and the monotone convergence theorem.

Now integration by parts yields (this is a version of Green’s identity)

0= [— Az %z + {%H—lé} : z} (),
Obviously the last term to the right is equal to (2, z). We claim that the first term
vanishes. The lower boundary term (at ¢ = 1) vanishes. The upper limit should
be interpreted as a limit along a suitable sequence t,, — oco. Specifically, since the
form is [tf(¢)]3° with f integrable (here we use (5.15)) indeed t,,f(t,,) — 0 along
such sequence.
We conclude that

0= (Z2),
and since this holds for all Z € D(1, 00) the proof is complete.
0J
Corollary 5.7. Suppose z € L3, .(1,00) where r > —% with € > 0 given as in

e L7 (1,00) satisfying the

(5.2). Then there exists a uniquely determined z € U,_,, <
2

equation (5.1) in D'(1,00) and z(1) = 0.

Proof. For the existence part we may assume that r < §. Take z = —t'~"T,.(0)¢t' " Z.
The uniqueness part follows immediately from Lemma 5.6. O
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6. MIXED PROBLEM IN THE CASE V5 # 0

In the section we impose Conditions 2.1 and 2.2. We shall find an analogue of
Proposition 4.6.

6.1. Solving a fixed point problem. We are interested in solving (4.22) for
(z,w) € Tg, where R > 1 is large and o > 0 is small. For that we write the
solution as y = z + y;, where y;(t) is the solution constructed in Section 4 (with
Vo = V3 = 0). We shall derive a fixed point problem for the “perturbation” z. By
Newton’s equation

= =VV(z+y)+VVily) = =V Vi(y)z + R(2); (6.1)
R(z) = — /O (1= VWi (12 + y1){z 2}l — VVa(z + 31).

The Hessian in the first term on the right hand side of (6.1) is given by

VVi(yr) = V() Py (1) + |y~ Vi () Pr (), (6.2)

where Pj(y1) = |y1]~2|y1) (y1] projects onto the span of y1, and P (y1) = I — Py(t).

Using Condition 2.2, (4.28) and the representation (6.2) we see that ¢(t) :=
—V?2Vi(y;) satisfies the condition (5.2) with ¢ = €. The equation (6.1) has the
form of (5.1)

Z—qz=2:=TR(z2). (6.3)

We shall solve (6.3) using Banach’s fixed point theorem. In this section the nota-
tion Z_, = L2 (1,00) refers to weighted L?-spaces of R%-valued square integrable
functions, cf. (5.14).

We will choose s of the form

s=a+i—c¢ (6.4)

where € > 0 satisfies
la—1—¢ <%, (6.5)
€ < aeg. (6.6)

By taking ¢ < ey sufficiently close to aeq, indeed (6.5) and (6.6) are fulfilled
(here we use (2.5)).
We shall prove the following result.

Proposition 6.1. Suppose Conditions 2.1 and 2.2. Fix € > 0 sufficiently close to
aey (but smaller). Then there exist Ry > 1 and o9 > 0 such that for all R > Ry and
for all positive o < oq the problem (4.22) is solved by some function y(t) = z(t) +
yi(t), t > 1, for all data (z,w) € T}, and X > 0. The function z(t) is constructed
as a fized point of (6.7) stated below. Moreover this solution y(t) € I'y, ,(w) for all
large enough t > 1.

Proof. We shall use the operator T,.(0) from Lemma 5.4 with r =1 — s and s given
by (6.4). Notice that then (5.3) is fulfilled upon replacing ¢ — €; due to (6.5).
Consider the following fixed point problem for z € Z_

z="P(2), (6.7)

where

P(z) = —t*T,.(0)t* *R(2); R(2) = x1x2R(2). (6.8)
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Here ; are auxiliary operators introduced in a first step; once the fixed point is
constructed they can be removed. They are given in terms of z € Z_¢ by x; =
F(|z]/ly1] < 2) and x2 = F(|z]/t*¢ < 2), respectively.

We claim that the map P is a contraction on Z_g for all (z,w) € FEU with o > 0
small and R large, yielding by Banach’s fixed point theorem a solution to (6.7).

We start by verifying that indeed P : Z_, — Z_,.

We may bound the vector R(z) in (6.8) as

R(2)(t) = o(t—a“w)—?f) n o(t-a<l+ﬂ+@>>, (6.9)

using the second estimate of (4.58) and the support properties of the y;’s.

Since T,.(0) is bounded on L?(1,00) we obtain from (6.9) and (6.6) that ¢7,.(0) x
> R(2) € Z_,.

As for the contraction property let z1, 20 € Z_, be given. Straightforward estima-
tions using (4.59) and (6.6) show

[P(21) — P(22)||—s < Clz| |21 — 22]|=s < &l21 — 22 - (6.10)

Here we have taken § > 0 small; see (6.11) and (6.13) stated below for a similar
application of (4.59). Clearly Clz|~° < CR™® < 1 if R is large enough.

Finally we show that the factors x;’s in (6.7) and (6.8) can be removed for the
constructed fixed point, say z = z_s € Z_,. First we notice the bound

Izll—s < 2P (2 = 0)]|—s = 2T (0)**VVa(y1 ()| s
< Cslz|™® < CsR™?, (6.11)

obtained using the contraction property (6.10), (6.6) and (4.59). We shall need a
pointwise Sobolev type of bound. Let w(t) = d/dt{t'7?*|2(¢)|*}. By elementary
estimations and by using (6.11) and Remark 5.5 (notice that in conjunction with
the fixed point equation the uniform bound of Remark 5.5 yields a weighted bound
of the time-derivative of z) we may show that

/1 lw(t)|dt < 1 for R large enough.

From this estimate we get (by integrating to infinity)
2(t)| < 37 t> 1. (6.12)
Combining (6.12) with the bound
t7% | > x|/ > cRY* > 2, (6.13)

we conclude that indeed x1 = F(|z|/|y1]| < 2) =1 and xo = F(|z[/t*¢ < 2) =1 for
all sufficiently large R’s. Consequently those factors x;’s can be removed.
Obviously z(1) = 0 and the problem (4.22) is solved by y(t) = z(t) + 1 (¢). O

Remarks 6.2. 1) The above analysis yields the following uniform bound of the
fixed point (with € as above)

[2(t)] < Csla| =177,

valid for some § = d(e) > 0.
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2) For positive energies there is a simpler procedure, cf. [DG, proof of Theorem
1.5.1]. This leads to the improved decay in time

y(t) — (t — DV2 w — 2 = O(t%); § > max(1 — p,0), (6.14)

with the bounding constant being locally uniform in (w,\) € S x (0, 00).
Obviously (6.14) is not uniform in A\. Compared to the procedure for positive
energies the present one is based on an additional Taylor expansion. In this way
we circumvent a problem related to the fact that the quantity [ V2V (y)|dt
is finite only for A > 0 (causing a difficulty for the contraction property at
A=0).

3) Although it is not stated in Proposition 6.1 that I';;  (w) is invariant under the
forward flow this is indeed true; see Lemma 6.4 stated below. Notice that it
follows from Proposition 4.6 that I’Eg(cu) is invariant in the case V5 = 0.

4) We have not proved that the solution to the problem (4.22) is unique in the
sense used in Proposition 4.6 in the case V5 = 0.

Definition 6.3. Under the conditions of Proposition 6.1 we define a vector field F'
on FEO (W) by
F(x) =9t =1z,w\); (6.15)
here y refers to the solution of (4.22) given in Proposition 6.1.
Lemma 6.4. Let y = y(t) = y(t;x,w, \) be the solution of Proposition 6.1. Then
y € Iy, (w) forallt > 1.
Let Fy be given as in Definition 6.3 in the case Vo = 0, and let € be given as in
Proposition 6.1. Then for all positive € < € and €, < €,
F(z) — Fi(z) = O(Jz|™*7%); ¢:= min(/a, ). (6.16)

In particular for constants C, ¢ > 0 mdependent of x, w and A

‘\F@; m y\ Clal™, (6.17)
and
y?% #21-C(1-&-w) = Cla|™, (6.184)
é% E<l—c(l—d-w)+Cla| ™, (6.18b)
\Jigi; w>1=C(1--w) = Claf ™ (6.18¢)

Proof. Let y; = y;1(t) signify the solution in the case Vo = 0. From (4.56) and
Taylor’s formula we obtain

y(t) — i (t) = /too { /01 V2Vi(lz + ) =dl + VVQ(y)} ds. (6.19)

To bound the contribution from the first term on the right hand side we use (4.58)
and (6.12), and estimate with § =271 —a + ¢€') for € < ¢

/ / VAVi(lz + 1)z dids = / O (Jys|72EF1) s~ (=l gomeqs
= O(lya ()| #/>=/). (6.20)
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The contribution from the second term on the right hand side is estimated simi-
larly

/ VVa(y) ds = [y (t)| /2 / O(Jya| #2272 ds
t t

= O(|y(t)|7/*7=). (6.21)
We conclude

9(t) = 51(t) = O(Jya ()| 7*79) = [ (B O (|| ™). (6.22)

We obtain (6.16) by taking ¢ = 1 in (6.22). Clearly (6.17) follows from (6.16).
Moreover (6.18a) and (6.18b) in turn follow from (6.17) and Section 4 (possibly
after diminishing o), while (6.18¢) readily follows from (6.18a) (for a new constant).
Notice for (6.18a) and (6.18b) in the case Vo = 0 that 1 — ‘Iligg' - =1— cosiy
and 1 — 2 -w = 1 —cosf;. Whence the statements are equivalent to the bounds
ch; < 1 < C6; which may be derived from the following formula (representing

K = —sin)
0= ([ i) o

Finally we obtain from (6.17), (6.22) and the above considerations (for the case
Vo = 0) that y(t) € Ty ,(w) for all £ > 1 given that z = y(1) € T} ,(w).

O

We shall show in Section 7 that F' is a smooth gradient field. The following result,
the proof of which is somewhat complicated since we have not proved uniqueness,
cf. Remarks 6.2 4), will be useful.

Lemma 6.5. Let y = y(t) = y(t;x,w, \) be the solution of Proposition 6.1. Then
y(t) = F(y(t)) for allt > 1.

Proof. Let us omit w, A in the notation, and consider the following equivalent state-
ment, say p(7T),

y(t+t—1;2) =y(t;y(t;x)) for all ¢ > 1 and all t € [1,T]. (6.24)

Here T' > 1 is arbitrary.
Obviously p(1) is true. Let us prove that p(7') is true for a 7" > 1 that may be
chosen to be independent of x: We consider

2() =yl +t-1L2) —pi(syt )
for ¢ € (1,T]. We claim that (with s given by (6.4))

zZeZ g, (6.25)
2] < |y (5 y(E @), (6.26)
5] < 1o, (6.27)

Notice that by using (6.25)—(6.27), the fact that 2(1) = 0, Lemma 5.6 and the
uniqueness property for contractions we obtain that Z(t) = z(¢; y(¢; «)) and therefore
indeed (6.24) (for suitably small 7'—1 > 0). Here Lemma 5.6 is applied to the vector
Z—P(2).
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We estimate

Z@)] < |y(t +1—1;2) — y(t; 2))| (6.28)
+ [Z(t;x)\ + i (t2) — 1 (L y(t @),
y(t+T—1;2) — y(ti2)] < / (s + ta)lds = O(10), (6.29)
and
yi(t; o) — iyt ) = /0 (Voy) (5 Uz —y(t2)) +y(t52)) - (2 =yt 2))dl
=0 (g9(ln])™") = O@™"), (6.30)
of. (4.44).

We obtain (6.25) from (6.28)—(6.30).
As for (6.26) we may use the estimates
91 (& y(& )| = [y (& 2)| = [ (& y (6 ) — 91 o)l (6.31)
2t 2)] < gln(ts )], (6.32)
and the previous estimates. (Here the smallness of T'— 1 > 0 comes in.) The proof
of (6.27) is similar.

Now to show (6.24) in the general case, suppose p(7) for some 7" > 1: Then for
At > 0 small (in agreement with the previous step) we have, with ¢ = T + At,

yt+t—Lizx)=y((t+ Lt)+ T — 1;2)
=y(t + At y(T; v) = y(t; y(AL+ 1, y(T; x)))

=yt y(t; 2)).
Here we used p(T") as well as the previous step with = replaced by y(7'; x). Whence
we have shown p(7”) for a 7" > T', and therefore (6.24) for all 7' > 1. O

6.2. Smoothness properties of solution y. We shall compute and estimate
derivatives with respect to initial position z and final direction w of the constructed
solution y = z + y; and of the vector field F' given in Definition 6.3. We studied the
derivatives of y = y; in Subsection 4.2. It is well-known that under general condi-
tions a solution to a fixed point equation depending on parameters will be smooth
in these variables, see for instance [Ir, Appendix CJ.
From the fixed point equation (6.7) one may derive (for example) the representa-
tion
Opz = (I —V,P)'0,P. (6.33)
Notice here the bound
IV-Plsz ) < L, (6.34)

cf. (6.10) (with s given by (6.4)). To deal with higher order derivatives we need a
more elaborate analysis.

Motivated by (6.12) we introduce the following modification of the spaces Z_, of
(5.14). Let Z"3f be the space of R%valued continuous functions Z on [1, 00) obeying
o

IIZ] =supt ?|Z(t)| < oc.
t>1

We shall first estimate various derivatives of the contraction P on Z_,.
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Lemma 6.6. For all multiindices § and v, k € NU{0} and zy,...,2, € ZWiNnZ_,

1050702 P {2, - 2wl —s < Cogulal ™Ml - Nzl (6.35)
1§050205P {2,y 2k lies < Coqalal ™Mzl -« [l 75 (6.36)

Proof. We start by verifying (6.35) for k = 0, 6 = 0 and |y| = 1. So we need
to trace the z—dependence of P as defined by (6.8). There is a contribution from
differentiating the factor 7,(0) and another from differentiating the factor R(z).
Using Lemma 5.4 we may use the formal computation

0. T,(0) = =T (0)t(82q)tT;(0); (6.37)

here
02q = —V°Vi(y1)0utn-
Using (4.58), (4.45) and (6.38) we derive t(0,q)t = O(|z|~"). Whence 9,T,.(0
O(Jz|71). As for the z—dependence from the factor R(z) we may combine (4.45) an
the arguments for (6.9) to pick up an extra factor ||~ in the estimation of 9, R
Higher derivatives are treated similarly.
As for (6.36) we use Remark 5.5 and the same estimates as before.

A

6.38)
):
(2

)

O
Lemma 6.7. For all multiindices 6 and ~y
10207 2)|—s = O (|| ™), (6.392)
10:050 z]|1—s = O (||, (6.39b)
00072125 = O (| 1) . (6.39¢)

Proof. We notice that (6.39a)-(6.39¢) in the case || + |y| = 0 follow from (6.11),
(6.12) and the arguments for (6.12).

By the same reasoning (the Sobolev bound) if (6.39a) and (6.39b) are known for
10| + |v| < n for some n € N, then also (6.39¢) for |§] + |y| < n is valid.

So suppose we know (6.39a)—(6.39¢) for all multiindices § and v with [§] + || <
n — 1 for some n € N, then we only need to verify the bounds (6.39a) and (6.39b)
for |6 + |y| < n. For this we fix multiindices § and v with |[0] 4+ |y| = n — 1 and
look at the representation of ¥ = 9°9)z obtained from differentiating (6.7) (a Faa
di Bruno formula)

5= (0.P){5} +0°01P (6.40)
- Z €8/ 615008k Y V1o Vi (82’6;'857?){8218;12, S ’afzka;kz}v

where summation is over K > 1,0+ 6 + -+ 6 = 6,7+ + -+ 7 = 7 and
n—1>k+|5|+|y| > 2. The meaning of (6.40) if n = 1 is (6.7), while for n = 2
the third term to the right should be omitted. Now we may compute 0z (meaning
either 9% % or 9’ %) by differentiating (6.40). The result is, cf. (6.33),
0z = (0,P){0z} + 2,

where Z may be treated using (6.35) and the induction hypothesis. So (again) we
may invoke (6.34). This yields (6.39a) (as well as the representation (6.40)) for
0] + 7| = n.

It remains to prove (6.39b) in the inductive argument. For that we use the proven
formula (6.40) for |0] + |y] = n. We proceed somewhat similarly applying now t0d,
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to both sides of this formula with Z now given in terms of indices with |0] 4 |y| = n.
This leads to

0,2 = tL0.P{2} + 10,z
The first term to the right may be treated using Remark 5.5; it is estimated as
[t 50-PL2H s < ClIZ]|-,

cf. (6.10). The second term may be treated using (6.36) and the induction hypoth-
esis (specifically only (6.39¢c)). The estimate (6.39b) follows. O

Proposition 6.8. With F' being the vector field in Definition 6.3 there are uniform
bounds valid for all multiindices 6 and ~

DOLF (x) = (x) ™70 (g(|])) , (6.41)
0L (F(x) = Fi(x)) = (2)~ MO (g(|=]); (6.42)
here Fy is given as F' for the case Vo =0, and € > 0 is given as in Lemma 6.4.

Proof. As for (6.41) we shall use the same scheme as for proving (4.54). First we
notice the following consequence of (6.39¢).

0207 2(8)] < Coalyn (B)] 711, (6.43)
By (4.45)

02075 (D] < Coglya ()] [~ (6.44)
The combination of (6.43) and (6.44) is

0207y(8)] < Conlyn ()] |71, (6.45)

As in the proof of (4.54), we represent
O F =09t =1)=0.V2\w +/ OVV (y)0.ydt, (6.46)
1

from which we may derive a Faa di Bruno formula (by repeated differentiation) to
which (6.45) applies. The argument for the case 6 = 0 and |y| = 1 is similar to
(4.57):

By combining (6.45) and (6.46) we obtain

axy(t:m,w,A):/ VQV(y)O<M>dt
1

E
= 0(ja" () = () 0(g(la]). (6.47)

which obviously is a particular case of (6.41). The general case is similar.

As for (6.42) we need a more refined argument than (6.47); this is now based on
(6.19). We need to differentiate and estimate the expressions to the left in (6.20)
and (6.21). The estimation of the differentiated expressions is done by using (6.39¢)
and (6.44) in a similar manner as done in the proof of Lemma 6.4; details are
omitted. O

Lemma 6.9. The vector field F = F(x,w,\) as well as all derivatives 9’07 F are
jointly continuous in the variables (v,w) € 'y . and X > 0.
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Proof. Since in fact F(z,w, ) is smooth in (z,w) € T';, , and XA > 0, cf. Remarks
4.7 1), only continuity at A = 0 is non-trivial. Due to Remarks 4.7 2) and Proposition
6.8 it suffices to show that

F(z,w,\) = F(z,w,0) for A — 0. (6.48)
For that we first notice that
y1(t;x,w,\) — yi(t; z,w,0) for A — 0. (6.49)

This may be seen by combining Remarks 4.7 1) and a standard continuity statement
of a flow in terms of variation of the initial values and the vector field, see for example
[BR, Theorem 3 page 177].

Since P = P((,\) € Z_; is jointly continuous in A > 0 and { € Z_; (as may
readily be checked) and there is a uniform contraction constant, a general principle
for contractions, cf. [Ir, Appendix C], yields continuity for the fixed points; viz.

2\ — 20 = Zr—o In Z_. (6.50)

Next we represent, cf. (6.19),
F(z,w,\) — F(z,w,0) = / (VV(yx) — VV(yo))dt.
1

The norm of the integrand to the right is estimated uniformly by Ct=*(*+#)  Com-
bining this fact, (6.49), (6.50) and [Ru, Theorems 1.34, 3.12] we conclude (6.48). [

We end this section by stating a somewhat similar approximation result needed
in the next section; clearly there are results for higher derivatives as in Lemma 6.9
but they will not be needed. Let V5, (x) = F(|z|/n < 1)Va(z) for n € N, and let
Zny Yn, Pn and [, be the quantities defined upon replacing V5 by V5, in previous
constructions.

Lemma 6.10. The vector field F,, = F,(x,w,\) is defined on the same domain as
F (possibly after a slight shrinking), and pointwisely

0. F, — 0, F forn — oo.

Proof. Clearly for all multiindices «y, the function (z)#+<+Mg1V; , (7) is bounded
uniformly in n. Using this property one may check the first statement as well as the

existence of uniform bounds on the quantities sup, (x)1"!|072,||_s and sup, g(z)~" x
(z)P|07F,(z)|. Whence it suffices to show that
F.(x) — F(z) for n — oo, (6.51)

cf. Remarks 4.7 2).

Since P,(¢) € Z_; is jointly continuous in n € N and { € Z_; (more precisely
1P (Cn) — P(C)]|—s — 0 for any sequence ¢, — ¢ in Z_,) we have continuity for the
fixed points; viz. z, — z in Z_,.

We represent

F,—F = /100 (VVi(yn) — VV (y))dt.

As in the proof of Lemma 6.9 we have a uniform bound and pointwise convergence

(along subsequences) for the integrand; we can argue as before and conclude (6.51).
0
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7. SOLUTION TO EIKONAL EQUATION

In this section we shall see that the vector field F' of Definition 6.3 can be written
as F(z) = V¢(x) for some smooth function ¢. We impose Conditions 2.1 and
2.2, however if V5, = 0 Condition 2.1 suffices; in that case F' is given by the same
definition.

Definition 7.1. Under the conditions of Proposition 6.1 (or Proposition 4.6) we
introduce for (z,w) € ', , and A >0

o(z) = ¢p(z,w, ) = (v — Row) - /01 F(l(z — Ryw) + Row)dl + V2AR,.

It follows from Lemma 6.9 that ¢ = ¢(z,w, \) as well as all derivatives 9297¢ are
jointly continuous in the variables (z,w) € I'fy , and A > 0. We shall show that
(x

the image of the map I'y, , (w) 3z —
function ¢ is an antiderivative of F'.

, F(z) is Lagrangian, so that indeed this

Proposition 7.2. Under the conditions of Definition 7.1
F(z) = Vao(z),
and ¢ solves the eikonal equation

3(Ved)* + V(@) = X w € Tf (@) (7.1)

Ro,00

Proof. Let us denote by 6; = (y, F'(y)) the Hamiltonian orbit located at time t = 1
at the point (z, F'(x)), cf. Lemma 6.5. Viewing 6; = 6,(x) as a function of = we
shall show that

010 =0, (7.2)
where here 0 = > d§; A dz; is the canonical two-form. For that we invoke the
continuity property in the dependence through the term V5 as specified in Lemma
6.10. We obtain that 6jo = lim,, .., 67,0 (using obvious notation), and henceforth
we may assume that V5 is compactly supported.

Next, since 0jo = 6o for all t > 1 it suffices to show that the strong limit

tlim 0io = 0. (7.3)

We pick ¢ > 1 so large that the first coordinate, say T, of 6;(x) is outside the support
of V4 (and similarly for all later times). Considering z = Z(z) as a function of x we
may write 050 = 2°0,_7,1(Z)*o, cf. (6.24), and compute
9t_g+1(f)*0 = Z ajly . (F/ — F/tr>ajky d.f'k N di’l
k<l

Here F” signifies the derivative of F' at y, and “tr” is used for the transposed operator.
Now, using (4.44) and (6.41) we get

e o (902N (el
Oy (F = )0, = OlgluDly! )O(guynz) O(|y|g<|y|>)'

The right hand side — 0, and therefore (7.3) follows. O

Remarks 7.3. 1) For A > 0 the constructed phase function essentially coincides
with the Isozaki Kitada (outgoing) phase function, ¢(x,§), £ = V2w, cf.
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[IK1, Definition 2.3] or [DG, Proposition 2.8.2]. In particular, cf. the method
of proof of Proposition 6.8, there are bounds

LDz, w,\) — V2Ar - w} = O(|x|*=) for |z| — oo; (7.4)
d > max(1 — p,0).

However these bounds are not uniform in A as opposed to (6.41). (We paid in
(6.41) the price of weaker pointwise decay.)

2) We constructed the phase by integrating the vector field . In [IK1] and [DG]
it is constructed by a different procedure. Since it is assumed there that A
keeps away from 0 one would need additional elaboration to include A = 0 by
that procedure. Our arguments are related to [He, p. 16] and [HS, proof of
Theorem 2.1].

3) We may integrate from RoZ to x along the line segment joining the two points
plus in addition on the (small) arc joining Ryw and RoZ on a great circle of
radius Ry. This gives the following represention in the case V5 = 0

Oz, w, ) = d(r, T - w, \) + do(Z,w, A); (7.5)
1
b= r/ g(lr)\/1 — k2(lr, 62) dl.
Ro/?"

7.1. Constructions in incoming region. We introduce for R > 1 and o > 0
Trow) ={y€R'|y-w < (o= 1yl, Iyl = R}; we 57,
Ipe=1{(y,w) € RY x STy € [go(w)}

Mimicking the previous procedure, starting from the mixed problem

i(t) = =VV(y(t))

A= 39(t)? + Va(y(t)

y(=1) ==

w = —lim;_w(t); w(t) =y(t)/|y()]
cf. (4.22), we may similarly construct a solution ¢~ (z,w, A) to the eikonal equation

in some I'y (w). In fact denoting by ¢*(z,w, ) the solution from Definition 7.1
this amounts to taking

gb_(x,w,/\) = —Q5+(ZE, _wv)‘>; rely

Ro,00

, (7.6)

(w)=T% _ (—w). (7.7)

Ro,00

7.2. Classification of scattering orbits. The scattering orbits may be character-
ized in terms of the solutions to (4.22) and (7.6) as follows.

Proposition 7.4. Suppose Conditions 2.1-2.53. For any scattering orbit x(t) with
asymptotic velocities w* given by (1.2) and energy A\ > 0 there exists a (large) Ty > 0
such that for all +t > T > T

v(t) =yt FT + 1;2(£T),w, \), (7.8)
() = Voo™ (x(t),w™, A). (7.9)
Proof. 1t suffices to look at the case ¢ — +o00. The proof of (7.8) is somewhat similar
to the proof of Lemma 6.5. We introduce
) =ax(t—1+T) =y (t;2(T),w", N).
It needs to be shown that Z(t) = z(¢t; x(T),w™, \); t > 1.
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Clearly 2(1) = 0. We omit the notation w™ and A. As in the proof of Lemma 6.5
it suffices to show (6.25)—(6.27) (with y;(-) = y1(-;2(T")) used to the right in (6.26)).
By Newton’s equation

1
gz_/av%ﬂ&+yﬁﬁhﬂ—V%@+yﬂ
0

Writing ¢ = — fol V2V (IZ + y1)dl and R = —VV,(Z + y;) the form is

Z=qZz+ R,
or equivalently
(p; +q)2 = —R. (7.10)
By (3.3) we may estimate R as follows in terms of any non-negative K < 1+ p+ €z
IR(t)| < Ct=oltntea=n) 0 (T)| 7%, (7.11)

As for the matrix ¢ we claim that indeed it satisfies the condition (5.2) with ¢ = €
provided 7" > 0 is large enough. (Notice that the particular case | = 0 was used in
Section 6.) To see this it suffices to show that for any § > 0 there exists 7" > 0 large
enough such that

t—1< (L4 0)E(I2(t) + n(D)]) (7.12)
uniformly in ¢ > 1 and [ € [0, 1], ¢f. Condition 2.2. Define 6 = 6(t) € [0,7/2] by
the relation cos @ = z(t) - y1(t)/(|z(t)| |y1(t)|) (abusing here and henceforth notation
z(t—1+T)— z(t)). We may estimate

[l(t) + (1= Dy (8)] = cos(6()/2) min([z(#)], |y (2)]),
and use this bound to the upper limit in the integral. Since 6(t) — 0 for T — oo
uniformly in ¢t > 1 we are left with estimating

t—1< (1401 —&)|z(t)]) (7.13)
for a sufficiently small k > 0. Notice that we need this also for the particular choice
x(t) = y1(t).

Now since (7.13) is valid for ¢t = 1 it suffices to show that the derivative
t _
(1+0)(1 — k) |i§t;\ () (= 2V((1 = m)|z(®)])) T2 > 1 (7.14)
Using Proposition 3.4 and elementary estimates we may see that uniformly in ¢t > 1
x(t) @)

oo e ()] JE )]
lim [a(0)] (= 2V (le(1)))
Tim (= 2Vi(le(0)) "> (~ 2V ((1 = mla()) 2= 1.

From this we obtain (7.14), and hence (7.13) and the above assertion for the matrix ¢.
If A\ > 0 the condition (5.2) holds for the matrix ¢ for any € € (0,1) (provided
T > 0 is sufficiently large).
Next we claim that (7.10) is “solved” by

2= +9)7'R, (7.15)

in agreement with the theory of Section 5. To see this we distinguish between the
cases A = 0 and A > 0. Suppose first that A = 0. The right hand of (7.15) belongs

125
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to L?(1,00) for some § < 1+ < due to (7.11) (this is similar to the argument
following (6.9), in fact it holds with § = s). We claim that also

z € L?,(1,00) for some § < 1+ <. (7.16)
To show (7.16) we shall use (3.10) and the fact that
€1>1— oz(,u + 262) (717)

as follows: Abbreviate w™ = w and decompose
Z=(r—z ww)—(h -y -ww)+ 2 ww. (7.18)

The first two terms to the right are of the form O(t*~*%), cf. (3.10) and (3.5).
By (7.17) the function ¢t*~* € L% for some § < 1+ $-.
As for the third term to the right in (7.18) we write
L . JI . ?)1 . . ok
z=il= =l = (|2 = [§i1[Jw + O(E™*27%%),
] 4]
cf. (3.7).

We estimate

[ = V/=2Vi(Jz]) + Ot~ 2 7>).

Combining this with the equation |¢1| = y/—2Vi(|y1]) and the estimate
lz 4+ (1= Dy _
=w+ O(t™*?),
R

we conclude that
| = [gh] = G2 - w+ Ot 5 ),
where
- bV + )

i= 9
0o V=2Vi(lz + 1)

d
GE W= 3wt o),

It follows that

which in turn yields
Z-w= /t ef;th,O(s_o‘%_o‘Q) ds. (7.19)
Using Condition 2.3 and (7.12) 1vve get
G(t) < k/(t —1) for some k£ < 271 (1 + &), (7.20)

uniformly in ¢ > 1.

We insert (7.20) into the right hand side of (7.19). Invoking (7.17) we get Z - w =
O(t"); in particular Z -w € L2 (1, 00) for some § < 14  and (7.16) is proven.

Finally by combining Lemma 5.6, the fact that (1) = 0, (7.10), (7.16) and the
statement following (7.15) we conlude that indeed (7.15) holds in the case A = 0.

The case A > 0 may be treated similarly although the estimates are simpler in
this case. Now it is enough to verify that both sides of (7.15) belong to L% ; for some
§ < 3/2. The right hand of (7.15) satisfies this by the same argument as for A = 0.
As for the left hand of (7.15) the arguments above lead to

F—Z ww=0(t"2), (7.21)
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and to the represention
t
S / oJ 19 O (5=0e2) s, (7.22)
1

In combination (7.21) and (7.22) lead to zZ = O(¢'7*%). Consequently indeed
Z € L for some 5 < 3/2 in the case A\ > 0, and we may conclude (7.15) as before.

Using (7.11), (7.15) and the theory of Section 5 one may now verify (6.25)—(6.27)
(with the same s) for T > 0 sufficently big, yielding (7.8) (by the arguments of the
proof of Lemma 6.5). The arguments are similar to the proof of Proposition 6.1.
(Notice for (6.26) that the estimate (3.3) with z(¢) — v1(¢; 2(7T")) holds uniformly in
all large T > 0.)

Clearly (7.9) follows from (7.8) and Lemma 6.5. O
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