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Abstract In this paper we give necessary and sufficient conditions for iden-
tifiability of parameters in animal and sire models of Gaussian traits, for binary
and ordered categorical threshold characters, for traits following a Poisson mixed
model and in frailty models for survival data. For survival data we consider
Weibull and Cox log normal frailty models with time-independent covariates.
Furthermore, we consider Cox frailty models with time-independent covariates,
extended with either an extra random effect, time-dependent covariates with
associated fixed effects, or time-dependent covariates with associated random
effects. We show that sire models are consistent with the additive genetic in-
finitesimal model if and only if a normally distributed error term is included and
the sire variance is less than one third of the variance of the normally distributed
error term.
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1 Introduction

The purpose of animal breeding is to select the best animals to breed from.
Animals are selected based on their estimated (predicted) breeding potential
with the objective of increasing the mean genetic value - of the trait being
selected for - in future generations. For normally distributed traits (e.g. milk,
fat or protein yield in cattle) then the theory is well established. This is not the
case for some other traits, for example traits following Poisson mixed models
(e.g. litter size in pigs) or survival traits (e.g. longevity, that is length of life,
measured from birth (or another starting date) until culling). A lot of countries
are selecting for, or are going to select bulls based on their breeding potential
for longevity, based on a so-called ’sire’ models for survival data. However,
in this paper we prove that these models are inconsistent with (postulated)
assumptions of the additive genetic infinitesimal model. Furthermore we define
sire models for survival data, which are consistent with the additive genetic
infinitesimal model.

The additive genetic value of an animal is a measure of the breeding po-
tential of the animal, and the name ’animal model’ refer to models including
additive genetic values for all animals in the data. If data consist of groups
of halfsibs, where a group is determined by a common sire (father), then it is
computationally much easier to use a sire model equivalent to the animal model.
Sometimes a sire model is used in order to handle larger data sets (often millions
of records), at the expense of ignoring part of the relationships between animals
(part of the correlations between random effects associated with additive genetic
values). In the (simplest) sire model it is implicitly assumed that all offspring
have different dams (mothers), and it is assumed that all of the sires and dams
are unrelated (additive genetic values of all the sires and dams are mutually
independent).

The log normal frailty model where the logarithm of individual frailties are
normally distributed is attractive from a genetic point of view. This is because,
by assumptions of the additive genetic infinitesimal model, then it can be argued
by the central limit theorem that the random effects associated with additive
genetic values of animals follow a multivariate normal distribution, with common
mean and variance covariance matrix Ao?, where A is a known matrix. In
the (simplest) animal mixed model (Korsgaard et al., 1998) for survival data,
it is assumed that the hazard function of animal i, conditional on log frailty,
a; + e;, is given by A; (tla; +€;) = Ao (t) exp{z;8 + a; + €;}, where z; is the
design vector associated with fixed effects of animal i, (a;),_, , is a vector
of random additive genetic values and (ei)izl,---,n is a vector of independent
and normally distributed residuals in log frailty (independent of the vector of
additive genetic values). Ducrocq and Casella (1996) considered Weibull animal
frailty models for survival data without the residual term in log frailty, the same
did Gauderman and Thomas (1994), the latter using the name polygenic effect
for the additive genetic value.

In the (simplest) sire frailty models for survival data described in this paper,
it is assumed that the hazard function of animal i, conditional on log frailty,



Sq(i) T €i, is given by A; (t|sg(i) + ei) = Ao (t) exp {x,ﬁ + 8q(i) + ei}, where g (7)
is the sire of animal i. In animal breeding a sire often has large progeny groups
and s,(;) is a random effect common to all progeny of that sire, in the simplest
sire models then the random vector of sire effects, s, is normally distributed with
s ~ Ng (0,Igo?). The initial model for routine breeding value evaluation for
longevity of dairy cows implemented in France was a (complicated) Weibull ’sire’
frailty model (Ducrocq and So6lkner, 1998) without the error term in log frailty -
this model is inconsistent with assumptions of the additive genetic infinitesimal
model.

In Gaussian linear mixed models it is well known that for the sire model to
be consistent with assumptions of the additive genetic infinitesimal model, then
the sire variance, o2, must be less than one third of the variance of the normally
distributed error term. Among geneticists/animal breeders it has been discussed
whether it makes sense to include an error term in log frailty. This is indicated
by different papers concerning the definition of heritability of survival traits (e.g.
Ducrocq (1999), Korsgaard et al. (1999, 2000) and Yazdi et al. (2000)). In this
paper we prove that it makes sense to include the error term in log frailty
- the error variance can be identified - and we prove that the error term is
absolutely necessary in sire models for these to be consistent with assumptions
of the additive genetic infinitesimal model. In this paper we are concerned
in general - for models frequently used in animal breeding - with conditions
under which sire models are consistent with assumptions of the additive genetic
infinitesimal model. All of the models we consider are mixed models, where the
joint distribution of mixing distributions (or the joint distribution of log mixing
distributions) is multivariate normal, namely models for threshold characters,
Poisson mixed models and survival models. First, and for each of the models,
we give necessary and sufficient conditions for identifiability of parameters in
animal and sire models.

The structure of the paper is as follows: In section 2, a summary is given
of the genetic theory required in this paper. Next follows, in section 3, a sum-
mary of results on identifiability of parameters in Gaussian animal and sire
models; and for parameterised (parameters identifiable) sire models the con-
dition is given for existence of an equivalent animal model. In section 4, 5
and 6 we consider identifiability of parameters in animal and sire models of
threshold characters, traits following Poisson mixed models and for survival
traits, respectively. In the same series of models we give the condition under
which the sire model is consistent with the animal model (i.e. with assump-
tions of the additive genetic infinitesimal model). For threshold characters we
consider separately binary threshold characters and ordered categorical traits
with three or more categories. For survival models we consider Weibull and
Cox log normal frailty models. For Weibull frailty models only models with
time-independent covariates are considered. For Cox frailty models we consider
models with i) time-independent covariates, ii) an extra random effect, iii) time-
dependent (piecewise constant) covariates with associated fixed effects and iv)
time-dependent (piecewise constant) covariates with associated random effects.
In ii), iii) and iv) time-independent covariates may also be included. The paper



ends with a discussion and conclusion.

2 Genetic theory and notation

In this paper, we will work under the assumptions of a genetic model of i)
a large (strictly infinite) random mating population in Hardy Weinberg and
linkage equilibrium; i.e. no selection, migration, mutation or inbreeding; and ii)
traits of concern are controlled by a large (strictly infinite) number of additive
loci, i.e. changes of gene frequency is of no concern and under the assumption of
no dominance or epistatic effects. These assumptions are given as basis of much
of the methodology used in animal breeding (e.g. Kennedy, 1995) and will be
used here as well. By assumptions of the additive genetic infinitesimal model,
then it can be argued by the central limit theorem that the random effects
associated with additive genetic values of animals follow a multivariate normal
distribution (e.g. Bulmer, 1980), with common mean and variance covariance
matrix AoZ, where A is a known matrix, namely the numerator relationship
matrix. The ij'th off-diagonal element of A is the numerator of Wright’s (1922)
coefficient of relationship between animals ¢ and j and the i'th diagonal element
is 14 f;, where f; is Wright’s (1922) coefficient of inbreeding for animal i (Quass,
1976). In this paper, we work under the assumption of no inbreeding; i.e. f; =0
for all i.

Example 1 Consider three half sibs, C1, C2 and C3, with a common father
and three different mothers. It is implicitly assumed that the father and the
three different mothers are mutually unrelated. In this example the matriz A
(associated with C1, C2 and C3) is:

A=

EN N
Bl =
s [ [

Without inbreeding then A is a correlation matriz. The correlation between
additive genetic values of any two halfsibs is i, reflecting the fact that (on
average) they share one quarter of their genes.

Notation 2 Usually Y; is used as notation for a random variable and y; as
notation for a specific value of that random variable. In this paper we will some-
times use e.g. a; (e;) for a random variable and sometimes for a specific value
of the random variable. The interpretation should be clear from the context.

3 Linear mixed model

3.1 Animal model

For normally distributed traits (e.g. milk, fat or protein yield in cattle) then
the animal model used for genetic evaluations could be given by



Yi=zif+a;+e

fori=1,...,n, with a ~ N, (O,Aag) and e ~ N, (O,Inag); furthermore a and
e are assumed to be independent. In this model we know that the parameters
(ﬂ,ag,ag), where 0 < 02,02 < oo, are identifiable if and only if the design
matrix X (with rows z;) has full column rank, and at least one A;;, for i # j
satisfy 0 < A;; (at least two different animals are related, i.e. the additive

genetic values of these two animals are correlated).

3.2 Sire model

Next consider the sire model given by
Y =z + Sg(i) T € (1)

for i = 1,..,n and with g (i) € {1,...,G}, where s ~ N (0,Igo?) and & ~
N, (0, Inag); furthermore s and € are assumed to be independent. For all sire
models considered in this paper, we will assume the following: For all j €
{1,...,G} there exist at least one animal i € {1,...,n} with ¢ (i) = j. In this

2 02 < o0, are

model we know that the parameters (5, 02,02), where 0 < 02,02

identifiable if and only if the design matrix X (with rows ;) has full column
rank and G < n (i.e. at least one sire has more than one offspring).

3.3 Equivalence of sire and animal models

We also know that for a parameterised (parameters identifiable) sire model given
by (1) there exists an equivalent animal model (where A is a block diagonal
matrix. Each block of A relates to animals of a given sire, and has diagonal
elements equal to 1, and off diagonal elements equal to 1/4) if and only if:

o? < +02. The equivalent animal model is determined by 8 = 8, (02 +02) =
(02 + 02) and o2 = 402.

4 Threshold models

4.1 Binary trait
4.1.1 Animal model

Now consider the animal model, for a binary threshold character given by

_ lifUi>7'
Yi_{OifUigT 2)

where U; = z;8+a;+e;, fori =1,...,n; a ~ N, (0,A¢?) and e ~ N, (0,I,02);
a and e are assumed to be independent. Let X denote the design matrix as-
sociated with fixed effects on the underlying scale, the U-scale (or the liability



scale). For reasons of identifiability and provided that the vector of ones, 1,
belongs to span of the columns of X, then without loss of generality we can
assume that 7 = 0 and 02 + 02 = 1 (or instead of a restriction on o2 + 0> we
could have put a restriction on only o2 or o2).

Theorem 3 In the model specified by (2) (and with above mentioned restric-
tions imposed), the parameters (ﬁ,ag), where 0 < 02 < 1, are identifiable if and
only if

A1) The design matriz X (with rows x;) has full rank.

A2) At least one A;j, fori # j, satisfy 0 < A;;. Le. the matrizc M has rank
2, where M is the n? x 2 dimensional matriz with entries Mgy e, 69 =1,..,n
and k = ].,2,' M(i,j),l = AZJ and M(z,])? =1 {Z = ]}

Proof: Conditions A1 and A2 are sufficient for identification of parameters
(B,02): From P (Y; = 1) = ® (z;0), it follows, that condition A1 is sufficient for
identification of 3. Next let n; = a; +e€;; having identified 3, then for two related
animals, 7 # j, consider the joint probability P (Y; =0,Y; =0) as a function
of o2. Notice that P(Y; =0,Y; =0) = f__;iBP(nj < —z;Bn) ¢ (mi) dis =

. 2
f:;lﬁ e (%) @ (n:) dn; (because 1;|n; ~ N (Agoani, 1 — A30,)).

If ;8 > 0 and ;8 > A;jx;0, then the joint probability P (Y; =0,Y; = 0)
is a strictly increasing function of o2. Similarly, by interchanging the roles
of i and j, then P(Y; =0,Y; =0) is a strictly increasing function of o2 for
Cl?zﬂ Z 0 and .Tjﬂ Z A”mzﬂ If .Tjﬂ S 0 and Zlﬁjﬂ S Ai]’miﬂ, then the joint
probability P(Y; =1,Y; =1) = fix;jﬁ o (%) @ (nj)dn; is a strictly
increasing function of 2. And by symmetry, then P (Y; =1,Y; = 1) is also a
strictly increasing function of o2, for z;4 < 0 and z;8 < A;jz;.

Conditions A1 and A2 are necessary for identification of parameters (ﬁ, 02) :
Assume that condition A1 is not fulfilled, then there exist a vector a # (0, ..., 0)
with z;a = 0 for all 4. This implies that (at least) two different sets of param-
eters, (ﬁ,ag) and (ﬁ + a,ag), give equivalent models; i.e. nonidentifiability of
parameters. Next, assume that condition A2 is not fulfilled, then A;; = 0 for
all i # j. Next take 02 # o2, with 0 < 02 < 1. It follows that (at least) two
different sets of parameter, (3,02) and (8,02), give equivalent models. Q.E.D.

4.1.2 Sire model
Next consider the sire model, for a binary threshold character, given by

~ 1’Lfl71>?
Y= ~ 3
{OifUigr ®)

where U; = mi§+ Sq(iy + €i, for i = 1,...,n and with g (i) € {1,..,G}; s ~
Ng (0, Igaf), e~ N, (O,Inag); furthermore s and € are assumed to be inde-
pendent. Again, for reasons of identifiability and provided that the vector of



ones, 1, belongs to span of the columns of X, then without loss of generality we
can assume that 7 = 0 and o2 4+ 02 = 1 (or instead of a restriction on o2 + o2
we could have put a restriction on only o2 or o2).

Theorem 4 In the model specified by (3) (and with above mentioned restric-
tions imposed), the parameters (3, a?), where 0 < o2 < 1, are identifiable if

and only if
A1) The design matriz X (with rows x;) has full rank.
A2) G < n (at least one sire has more than one offspring), i.e. the matriz
M has rank 2, where M is the n? x 2 dimensional matriz with entries M jy ks
i,j=1,.. nandk-l,?,M(Hl—l{g() g(j)} and M ;o = 1{i = j}.

Proof: The proof is similar to the proof of Theorem 3.

4.1.3 Equivalence of sire and animal models

We have the following result concerning conditions under which the sire model
is consistent with the animal model:

Theorem 5 For a parameterised sire model, for a binary threshold character
specified by (3) (and with above mentioned restrictions imposed), there exists
an equivalent parameterised animal model (with above mentioned restrictions
imposed and with A a block diagonal matriz given exactly as for the linear
mized model) - if and only if: 02 < 302 (i.e. 02 < 7).

The equivalent animal model is determined by § = E and 02 = 402.

Proof: Existence of an equivalent animal model implies o2 < i: Now assume
that an equivalent animal model exists. From P (Y; =1) = P ()N/, = 1) it follows

that 8 = E Furthermore, if ;3 > 0 and x;8 > A;;jx; 3, then for two halfsibs, 4
and j, we consider P (Y; =0,Y; =0) = (Nizo,ffj:O),le

—rif =8 — qoan; il (w8 — o .
/ o | —B—ioum ‘P(ni)dni:/ @ (’17277 o (m;) dij;
= W= @) o\ Ve
1.2

The left side is a strictly increasing function of 70, and the right side is the

same function of o2. This implies that 02 = 02, and further that o2 < . (We
consider either P (V; = 0,Y; = 0) = (Ni = 0,}7]. = 0) or P(Y;=1,Y;=1) =

P (Yl = I,Yj = 1) depending on the position of (z;3,z;3), and according to
the proof of Theorem 3).

o2 <t implies ezistence of an animal model equivalent to the sire model:
Let 3 =0 and 02 =402, then (z;8 +a; +e;),_, , and

(miﬁ + Sg(s) + ei) ' are identically and normally distributed and therefore

i=1,...,n

also (Y;),_,; , and (EN/Z) are identically distributed. Q.E.D.
i=1,.n

IEREE)



4.2 Categorical trait with more than two categories
4.2.1 Animal model

The animal model, for an ordered categorical threshold character with K > 3
categories, is given by

1 if —o0o <U; <1y
2 if mn <U;<m
Y = : (4)
K-1if 715 2<U;<7K 1
K Zf TKk_1 < U; < >

where —00 < < <+ < Tg_1 <00, U; =x;8+a;+e;, fori=1,....n and
a~ N, (0,A02), e ~ N, (0,I,0?), a and e are assumed to be independent.
Let X denote the design matrix associated with fixed effects on the underlying
scale, the U-scale (or the liability scale). Then again, as for binary traits, for
reasons of identifiability and provided that the vector of ones, 1, belongs to span
of the columns of X, then without loss of generality we can assume that 7, =0
and 02 + 02 = 1 (or instead of a restriction on 02 + ¢2 we could have put a
restriction on only o2 or ¢ or one of the thresholds, 7s, ..., Tk —1)-

Theorem 6 In the model specified by (4) (and with above mentioned restric-
tions imposed), the parameters (ﬂ,TQ,...,TK_l,O'Z), where 0 < 02 < 1, are
identifiable if and only if

A1) The design matriz X (with rows x;) has full rank.

A2) At least one Ay, for i # j, satisfy 0 < Ajj.

Proof: Conditions A1 and A2 are sufficient for identification of parameters
(B,Tg, oy TK 1, 02): From P (Y; > 2) = ® (z;0), it follows, that condition A1l is
sufficient for identification of 3. Having identified 3, then 7, k = 2, ..., K —1 can
be identified from P (Y; = k) = ® (17, — x;8) — ® (7%—1 — 2;8). Identifiability
of o2 is established by considering joint probabilities P (¥; =1,Y; = 1) and
P (Y; > 1,Y; > 1) for two related animals i # j (see proof of Theorem 3).

Conditions A1 and A2 are necessary for identification of parameters (3, 2,
vy TK_1, 02): Straightforward from the proof of Theorem 3. Q.E.D.

4.2.2 Sire model
The sire model, for an ordered categorical threshold character, with K > 3
categories, is given by

1 if —o0 < U; <7

2 if T <U; <%

=
I
c

K—-1if 7Tg_o< ﬁl < Tk_1
K Zf Tk-1 < U; < o0



where —co <73 < Tp < -+ <Tg-1 <00, Ui =z + 845 +€,fori=1,...n,
g(i) € {1,...,G} and s ~ Ng (0,1502), € ~ N, (0,1,02); furthermore s and &
are assumed to be independent. Again, for reasons of identifiability and provided
that the vector of ones, 1, belongs to span of the columns of X, then without
loss of generality we can assume that 71 = 0 and 02 + 02 = 1 (or instead of a
restriction on o2 + 02 we could have put a restriction on only ¢ or o2 or one
of the thresholds, 75, ..., Tk —1)-

Theorem 7 In the model specified by (5) (and with above mentioned restric-
tions imposed), the parameters (5, ?2,...,7'1(,1,02) where 0 < 02 < 1, are

identifiable if and only if
A1) The design matriz X (with rows x;) has full rank.
A2) G < n.

Proof: The proof is similar to the proof of Theorem 6.

4.2.3 Equivalence of sire and animal model

We have the following result concerning conditions under which the sire model
is consistent with the animal model:

Theorem 8 For a parameterised sire model for an ordered categorical trait
with more than two categories, specified by (5), (and with above mentioned re-
strictions imposed), there exists an equivalent parameterised animal model (with
above mentioned restrictions imposed and with A a block diagonal matriz given
exactly as for the linear mized model) - if and only if: 02 < %a-e% (i.e. 02 < %)

The equivalent animal model is determined by 8 = B, 02 = 402 and (s, ...,
TKfl):(:FZf ey ?Kfl)-

Proof: Ezistence of an equivalent animal model implies o2 < %: Now as-

sume that an equivalent animal model exists. From P(Y; =1) = P (XNQ = 1)

it follows that 8 = B And from P(Y;=k) = P (EN/Z = k) we obtain 7, =
Ty, for k = 2,..., K — 1. Next, proceeding as for binary traits (now consid-
ering either P(Y; =1,Y; =1) = P(?Z = 1,)7]- = 1) or P(Y;>1,Y;>1) =
P (37@ >1,Y; > 1) depending on the position of (z;3, z;3)) we obtain 102 = ¢2.
This implies 02 < i.

02 < i implies existence of an animal model equivalent to the sire model:
Let 3 = 3 and 02 = 402, then (z;8 + a; + ;)

i—1,..n and

(:rzg + Sg(s) + ’éi) are identically and normally distributed. Therefore,

i=1,...,n

with (72, ..., Tk—1) = (T2, ..., Tk—1), then also (¥3),_; , and (}NQ) are
i=1,...,n

identically distributed. Q.E.D.

yerey



5 Poisson mixed model

Both of the animal and sire models for traits following a Poisson mixed model
are special cases of the multivariate Poisson - log normal distribution described
by Aitchinson and Ho (1989).

5.1 Animal model

The Poisson animal model will be defined by Y;|n; ~ Po()\;), where \; = exp (n;)
with n; given by
ni =log(\i)) = 2B +a; +e; (6)

for i = 1,...,n, where a ~ N, (0,Ac¢?) and e ~ N, (0,I,02), furthermore a
and e are assumed to be independent, and conditional on n (the vector of n}s)
then all of the Y}'s are assumed to be independent. In the Poisson animal model
the conditional mean and variance of Y; given n; are given by

E (Yi|n:) = Var (Yin:) = \i = exp (n;)

The expected values of Y;, Y; (Y; — 1) and Y;Y; (for ¢ # j) are given by

1
E(Y;)) = exp {wiﬂ + 3 (02 + 03)} (7)
EY;(Y;-1) = exp{2z8+2(c.+02)}
EYY;) = expl{ziB+z;B8+ (02 +02) + Ajjol}
Theorem 9 In the Poisson animal model specified by (6), the parameters (3,
02, 02), where 0 < 02,02 < 0o, are identifiable if and only if

A1) The design matriz X (with rows x;) has full rank.

A2) At least one Ay, for i # j, satisfy 0 < Ajj.

Proof: From (7) it follows that for 0 < 02,02 < oo, then the parameters
(B,02,02) are identifiable if conditions A1l and A2 are satisfied. If condition
A1l is relaxed, then there exist a vector a # (0, ...,0) with z;a = 0 for all i.
This implies that (at least) two different sets of parameters, (ﬁ,ag,ag) and

(ﬁ +a,02, 03), give equivalent models; i.e. nonidentifiability of parameters. If

condition A2 is relaxed, then A4;; = 0 for all i # j, and then we can take o=
# 02, with 02402 = 02+ 02. It follows that the two different sets of parameters,
(B,02,02) and (B,02,02), give equivalent models. Q.E.D.

a’ e

5.2 Sire model

The Poisson sire model will be defined by ﬁm ~ Po (X,), where X, = exp (7;)
with 7; given by
1; = log (Az) =zl +540) + € (8)

10



fori=1,..,n,g(i) € {1,..,G}, where s ~ N (0,1502) and € ~ N,, (0,1,,02),
furthermore s and € are assumed to be independent, and conditional on 7 (the
vector of 7j,s) then all of the Y/s are assumed to be independent. In the Poisson
sire model the conditional mean and variance of Y; given 7; are given by

E ()7,»|77i) =Var (f’ilﬁi) = X = exp ()

The expected values of Y;, Y; (37@ - 1) and 17117] (for i # j) are given by

B(7) = oo{nd+glieon)
E(}Z(}Nﬁ—l)) = exp{Qmi5+2(U§+0§)}
E(Vi;) = exp{wf+o;5+ (o2 +02) +02}

Theorem 10 In the Poisson sire model specified by (8), the parameters (ﬁ, o2,
02), where 0 < 02,02 < 00, are identifiable if and only if

A1) The design matriz X (with rows x;) has full rank.

A2) G <n.

Proof: The proof is similar to the one given for identifiability of parameters
in the Poisson animal model.

5.3 Equivalence of sire and animal model
For the model specified by: 17;|77, ~ Po (Xl), where Xz = exp (7;) with 7;

given by 7; = log (Xl) = 2,08 + (i), for i = 1,...,n, g(i) € {1,...,G}; s ~

N¢ (0,Igo?) with o2 > 0, there does not exist an equivalent animal model.
Or identically, the model (8) without an error term in 7; is not consistent with

assumptions of the additive genetic infinitesimal model. This follows from:

Theorem 11 For a parameterised Poisson sire model given by (8), there exists
an equivalent parameterised Poisson animal model (with A a block diagonal
matriz given exactly as for the linear mized model) - if and only if: 02 < %0’%.
The equivalent animal model is determined by 8 = 5, 02 +02 =o? +0-e2~ and
o2 =402
1.2

Proof: Egistence of an equivalent animal model implies o2 < 305 Now

assume that an equivalent animal model exists. Then E (Y;) = E (ffl)
EY;(Y;-1)=E (}7; ()7, — 1)) and E(Y;Y;) = E ()7,)7]) These equations

can only be solved if o2 < £o2.
02 < %0’% implies existence of an animal model equivalent to the sire model:

Let 3 = 3, 02 = 402 and 02 + 02 = 02 4 02, then (z;8+ a; + €;) and

i=1,...,n

11



i=1,...,n

(:rzg + 8g(s) + ’éi) are identically and normally distributed, and therefore

also (Y;),_, , and ()7,) are identically distributed. Q.E.D.
i1

I3
N )

6 Survival models

6.1 Weibull frailty model
6.1.1 Animal model

Now consider the Weibull, log normal animal frailty model, for survival times
(T%);=1,...n» Where the hazard function for 7}, conditional on 7;, is given by

Ai (t[m:i) = Ao (t) exp {z:3 + ;i } 9)

where o (t) = py (7t)*™", and where n; = a; + €; with a ~ N, (0,A02) and
e ~ N, (0,I,02); a and e are assumed to be independent, and conditional on
n (the vector of n}s), then all of the T]s are assumed to be independent. The
model is a log linear model for T; (see Appendix) given by

1 1 1 1
Vi =log(Ti) = —log(7) — —wiB — —a; — —€; + —&;
p p p p

where ¢; follows an extreme value distribution, with E (g;) = —vyg, where vg
is Euler’s constant, and Var (¢;) = 72/6; all of the ¢ls are independent and
independent of a and e. The expected value and the variance of Y;, the expected
value of (Y; — E (Y;))® and the covariance between Y; and Y; (for i # j) are given
by

1 1
E(Y;) = —log(y)— 28—~
(Y3) g(7) ’ ,E
Var(Y;) = 1 02+02+7r—2 (10)
(2 - p2 a e 6
1
3
B((i-EE)) = o)
1
Cov(Y;,Y;) = EAijai

where 1 (+) is the digamma function.

Theorem 12 In the Weibull log normal animal frailty model specified by (9),
the parameters (p,fy,ﬂ,ag,az), where 0 < 02,02 < oo, are identifiable if and
only if the following conditions are satisfied:

A1) The n? x p dimensional matriz C = (x; — Tj); j=1....n (with rows
(i — ;) has full column rank.

A2) At least one A;j, for i # j, satisfy 0 < A;;. Le. the matrix M has rank
2, where M is the n? x 2 dimensional matriz with entries Mgy e, 47 =1,..,n

and k‘ = 1,2,‘ M(i,j),l = Aij and M(i,j)Z =1 {Z = ]}

12



Remark 13 Condition A1, namely that C has full rank is equivalent to:
(X, 1,x1) has full rank, where (X,1,,%x1) is the design matriz X (with rows x;)
supplied with a column of ones.

Proof: Conditions A1 and A2 are sufficient for identification of parame-
ters: From (10) it follows, under conditions Al and A2, that the parameters
(p,'y,ﬁ,a2 02) are identifiable.

Conditions A1 and A2 are necessary for identification of parameters:

Condition A1: Assume that condition A1 is not fulfilled, then there exists a
vector a = (o, ...,ap) # (0, ...,0) with (z; —2;)a =0for i,j =1,...,n, so that
(for fixed j):

Xi (tm) = py ()" exp {ziB + n;}
= py(y)" " exp{—zja}exp{z; (B +a) +n;}

This implies that (at least) two different sets of parameters, (p,v, 3,02,02) and
(p,yexp {—%xja} ,(B+a),0? 02) give equivalent models, i.e. nonidentifia-

bility of parameters.
Condition A2: Now assume that rank(M) =1, then A;; = 1{i = j}. Next

take (02,02) # (02,02), with 02 4+ 02 = 02 + ¢2. It follows that (at least) two

different sets of parameters, (p,v,3,02,02) and (p,7, 3,02,02), give equivalent
models. Q.E.D.

6.1.2 Sire model

Next consider the Weibull, log normal sire frailty model for survival times
(ﬁ) , where the hazard function for YN’i, conditional on 7; is given by
i=1 n

yeeny

X (#fi) = Yo (1) exp { i + 77 | (11)

where Ao (t) = p7 (3t)7"", and where 7; = s, + &, g (i) € {1,..,G}, with
s ~ Ng (0,Igo?) and € ~ N, (0,1,02); s and € are assumed to be independent,
and conditional on 77, then all of the YN’l' s are assumed to be independent. This
model is a log linear model for T, given by

Y; = log (Tz) =—log () — f—lvwzg— f_lvsg(i) - Tlvgi + ,—lfi
p p p p

where €; follows an extreme value distribution; all of the &}s are independent
and independent of s and €. The expected value and the variance of Y;, the

~ ~\\3 ~ ~
expected value of (Yl —F (Y,)) and the covariance between Y; and Y; (for

13



i # j) are given by

- 1 -~ 1
E(V) = —log( —zwif— =7
p p
1 2
Var(Y,) = pg<ag+a-;%+€>
3 1
— 52
(o)) - B
Con(7Ty) = =0t

Theorem 14 In the Weibull, log normal sire frailty model specified by (11), the

parameters (p,’y ﬂ,as,a~), where 0 < o2 0’~ < o0, are identifiable if and only
if

A1) The n? x p dimensional matriz C = (x; — Tj); iz, n (with rows
(®; — x;)) has full rank.

A2) G < n (at least one sire has more than one offspring), i.e. the matriz

M has rank 2, where M is the n? x 2 dimensional matriz with entries M jy ks
i,j=1,.. nandk-l,?,M(ul—l{g() g(j)} and M ;- = 1{i = j}.

Proof: The proof is similar to the one given for identifiability of parameters
in the Weibull, log normal animal frailty model.

6.1.3 Equivalence of sire and animal models

For the model specified by \; (t]m:) = Mo (t)exp {:Uﬁ-% ﬁi} fori = 1,...,n,

where Ao (t) = 57 (3t)’", and where 7; = Sq0i), 9 (1) € {1,...,G}, with s ~
Ne¢ (0,Igo?), there does not exist an equivalent animal model. Or identically
the ’sire’ model without an error term in log frailty is not consistent with as-
sumptions of the additive genetic infinitesimal model. This follows from:

Theorem 15 For a parameterised Weibull, log normal sire frailty model given
by (11), there exists an equivalent parameterised animal model (with A a block

diagonal matriz given exactly as for the linear mized model) - if and only if:

2 1.2
os < 30%.

The equivalent animal model is determined by p = p, v = 7, B = 5,
(02 +02%) = (02 4+ 02) and 02 = 402.

Proof: Egistence of an equivalent animal model implies o2 < %U%: Now as-
sume that an equivalent animal model exists. Then E (Y;) = E (17@), Var (Y;) =

Var (fz-) B(vi-E0)) =B ((ﬁ- w, (ﬁ-))3) and Cou(Yi, V) =

Cov(Y; Y;). These equations can only be solved if 02 < 10Z.

14



o2 < %0’-6% implies existence of an animal model equivalent to the Weibull,
log normal sire frailty model: Let p = p, v = 5, 8 = 3, 02 = 402 and
(02 +02) = (02 + 02), then (a; +ei);_y , and (sy; +&),_, , are iden-
tically and normally distributed and furthermore (Y;),_, . and (EN/Z)

are identically distributed. Q.E.D.

n

i=1,...,n

6.2 Cox frailty model
6.2.1 Animal model

Consider the Cox, log normal animal frailty model for survival times (7}),_,
where the hazard function for T}, conditional on ;, is given by

Ai (tmi) = Ao (t) exp {z:B + ni} (12)

where 7; = a; + €;, with a ~ N, (0,Ac¢?) and e ~ N, (0,I,02); a and e
are assumed to be independent, and conditional on 7, then all of the T/s are
assumed to be independent. The baseline hazard, Ao : [0,00) — [0,00) is
assumed to satisfy Ag (¢) < oo for all t € [0, 00), with lim;_, o Ag () = 0o, where
Ao () = fot Ao (s)ds is the integrated baseline hazard function. Besides this,
Ao () is completely arbitrary.

yeeey2?

Theorem 16 In the model specified by (12), the parameters (AO (),B8,02, Ug),
where 0 < 02,02 < oo, are identifiable if and only if the following conditions
are satisfied:

A1) The n® x p dimensional matriz C = (z; — Tj); jm1...n (with rows
(®; — x;)) has full rank.

A2) At least one A;j, for i # j satisfy 0 < A;j. Le. the matriz M has rank
2, where M is the n? x 2 dimensional matriz with entries Mgy e, 65 =1,..,n

and k = ].,2,' M(i,j),l = AZJ and M(z,])? =1 {Z = ]}

Proof: The Theorem is proved for rank (C) > 1 and rank (C) = 0, sepa-
rately. First for rank (C) > 1:

Conditions A1 and A2 are sufficient for identification of the parameters
(Ag ), B, 02,03): The proof is by constructive identification, and inspired by
Kortram et al. (1995). In the model specified by (12), we have that the inte-
grated hazard function of animal 4, conditional on n;, is A; (¢t|n;) =
exp {z; + n;} Ao (t); the conditional survival function of T}, given #;, is
S; (tln;) = exp {—A; (t|n;)} and the marginal survival function of Tj is

S0 = [ i) ) = Blewp (= exp i+ i} Ao ()
= Len (exp {z;B} Ao (1))

where p (-) is the density of ;, and Len: is the Laplace transform of exp {n;}. For
2 _

notational convenience we let L = Len; and notice that L only depends on o =

15



02 + 2. Remember that L : [0,00) — (0,1] is a strictly decreasing function
with L (0) =1 (and L™ : (0,1 ] — [0, 00) is a strictly decreasing function with
L=1 (1) = 0), and note that the right first and second order derivatives L' (0)
and L" (0) exists with L' (0) = —exp {3072} and L" (0) = exp {207 }.

Identifiability of 3: Using a first order Taylor series expansion of L (+) around
zero, it follows that

1-8i(t) = 1—L(exp{zif}Ao(t))
—L’ (0) exp {@iB} Ao (t) + o (exp {ziB} Ao ()
exp {

} exp {zi8} Ao (t) + 0 (Ao (1))

1
27n
so that
1-8;(t)  exp{z:f}
1-S5;(t)  exp{z;F}
where inf {u : Ag (u) > 0} = inf {u : Si, (u) < 1} for k = 1,...,n. It follows that

condition A1l is sufficient for identification of 3.
Intermediate step that leads to identification of exp { 3 2} L~ : Now let

S be a generalised inverse of S;, i.e. S;(S;'(z)) =z for v € (0 1], then
Ayt i ]0,00) — [0,00) defined by Ayt (t) = S; ! (L (exp {z;8} t)) for t € [0,00)
is a generalised inverse of Ag (+), because
Ao (MG (1) Ao (S771 (L (exp {ziB} t)))
= exp{—w:B} L™ (L (exp {z:B} Ao (S; " (L (exp {zif} 1)))))
= exp{—z;B} L™ (S (S;! (L (exp{wifB} 1))))
=t

=exp {(z; — x;) B} for ¢t | inf {u : Ao (u) > 0}

and S; ' (z) = A" (exp {—z;8} L™! (z)) is a generalised inverse of S; (-). Hav-
ing identified 3, then we consider S;S; ! for two animals i and j with
exp {(z; —z;) 8} > 1. Let ¢ = exp {(z; — z;) 8}, it follows that

Si (S{1 (CU)) (exp {z:8} Ao ( (exp{ z;B} L™ Yz )))) =L (c_lL_1 (:n))

and (SiS]Tl)n (z) = L (¢™"L7" (z)) where (SiS]Tl)n (z) is the n-fold composi-
tion of SiSj*l. Using a first order Taylor series expansion of L () around zero,
it follows that

- (SiSj_l)n (r) = 1-1L (c*”[f1 (z))

I

@D

o]
il

5 ——
cr' N =
S
Sw
—

0\

S
~
~—~
+
Q
—~
SN—
c
=

S

n

and therefore (dividing by ¢~

exp{; 37} L7\ (z) = lim ¢ (1 — (Si5;71)" (m))



for z € (0,1]. So now the product exp {1 2} L1 is identiﬁed Note: Here

rank(C) > 1is used in order to identify exp {$07 } L - otherwise we could
not find two animals, i and j, with exp {(z; — z;) 8} > 1
Identifiability of 02 and L: Differentiating exp{ }L ) twice w.r.t.

x gives exp {$02} (H), which evaluated for = = 1 gives exp {02 }.

Hereby exp {0127} is identified and therefore also the Laplace transform L, which

only depends on o7.

Identifiability of Ao (): This follows because Ag (t) = exp {—x;3} L= (S; (t)).

Identifiability of o2 and o?: With Ag (t) known, then the model specified in
(12) is equivalent to a linear model for Y; = log (Ao (T3)) (see Appendix). The
model for Y; is given by

Y: =log (Ao (T})) = —xi8 — a; —e; + &5

where ¢; follows an extreme value distribution; all of the €}s are independent
and independent of a and e. Thus, under assumption A2, 02 and o2 can be
identified.

Conditions Al and A2 are necessary for identification of the parameters
(Ao (), B, 0%, 02):

Condition A1: Assume that condition A1 is not fulfilled, then (using Remark
13) there exists a vector (a,7y) = (a1, ..., ap,7) # (0,...,0) with z;a + v = 0 for
i =1,...,n, so that

o (t)exp{z:B +ni}
o (t)exp{y}exp{z; (B + a)+mn;}

Ai (t]n:) A
= A\

This implies that (at least) two different sets of parameters, (Ag (+) ,3,02,02)
and (Ao () exp{~}, (B + @),02,02) give equivalent models, i.e. nonidentifiabil-
ity of parameters.

Condition A2: Now assume that rank(M) = 1, then A;; =1{i =j}. Next
take (02,02) # (02,02), with 02 + 02 = 02 + o2. It follows that (at least)
two different sets of parameters, ( o(4), ﬁ,aa,ae) and ( 0(),B,02,0 e) give
equivalent models.

Second for rank (C) = 0:

Condition A2 is sufficient for identification of parameters (AO (-),02 02)
The proof is by contradiction Assume that two different sets of parameters
(Ag (),02 02) # (Ao (1),02,02) lead to equivalent models. Then S;(t) =

) a’ €

L (A (t)) = L (Ao (t)), where L (L) is the Laplace transform of exp {n;}
(exp {7;}). This implies Ao (t) = 'L (Ao (t)). Note that L (L) only depends
on o (02). Next, for i # j, we have S; ; (s,t) = S; j (s,t), where

Sij(s,t) = Lexp{m},exp{ﬂj} (Ao (s), A0 (1))

17



and

Sig (5:t) = Lew{@}@m{ﬁj} (KO (s), Ao (t))
Lesomyexotn,} (Lo (), 7 LA (1))

Differentiation of both expressions for S; ; (t,t) twice with respect to Ag (),
equating and evaluating for Ag (t) = 0 gives

2exp {207} + 2exp {0} + Ajjo, } (13)
= 2exp {0'727 + Aija%} + 2exp {20;‘;}

and differentiation of both expressions for S; ; (¢,t) three times with respect to
Ao (t), equating and evaluating for Ag (t) = 0 gives

9 )
—2exp{2 } —6exp{§a727 +2Ai]-o§} (14)
_ 3 A 3 A
= —6exp 2077+U +2 ”a— + 6exp 2077+U + ”g_
) 9
—6 exp {50727 + Aija%} — 2exp {50127}
From the equations in (13) and (14) it follows that o2 = o, 02 = 0, and

further that Ag (-) = Ag (), which gives a contradiction.
2

Condition A2 is necessary for identification of parameters (Ag () :%:Ue)

Necessity of condition A2 is established (with obvious modifications) as for
rank (C) > 1. Q.E.D.

6.2.2 Sire model

Consider the Cox, log normal sire frailty model for survival times (i) ,
i=1,...,n

where the hazard function for Ti, conditional on 7;, is given by
X (tfi) = Xo (1) exp {wsB + 77 | (15)

fori =1,...,n; where n; = s,(;)+€i, with s ~ Ng (0 Io? ) ande ~ N, (0 Ina~);
s and e are assumed to be independent, and conditional on 7, then all of the
T!s are assumed to be  independent. The baseline hazard, Xo : [0,00) — [0, 0)
is assumed to satlsfy Ao (t) < oo for all t € [0,00), with limy_, Ao (£) = 00,

where Ao fo )\0 ) ds is the integrated baseline hazard function. Besides

this, Ao (+) is completely arbitrary.

Theorem 17 In the Cozx, log normal sire frailty model, the parameters (/NXO (),
B, o2, %), where 0 < af,a—e% < 00, are identifiable if and only if the following
conditions are satisfied:

18



A1) The n? x p dimensional matriz C = (x; — Tj); i=1....n (with rows
(i — ;) has full rank.
A2) G < n (at least one sire has more than one offspring), i.e. the matriz

M has rank 2, where M is the n? x 2 dimensional matriz with entries M jy ks
i,j=1,.. nandk-l,?,M(ul—l{g() g(j)} and M ;- = 1{i = j}.

Proof: The proof is similar to the proof of Theorem 16.

6.2.3 Equivalence of sire and animal models

Next we have the following result concerning conditions under which the Cox log
normal sire frailty model is consistent with assumptions of the additive genetic
infinitesimal model.

Theorem 18 For a parameterised Coz, log normal sire frailty model given by
(15), there exists an equivalent parameterised animal model (with A a block
diagonal matriz given exactly as for the linear mized model) - if and only if:
o < 2ol

The equivalent animal model is determined by 8 = 3, 0% + 0% = o2 + 02,
02 =402 and Ao (1) = Ao ().

Proof: The Theorem is proved for rank (C) > 1 and rank (C) = 0, sepa-
rately. First for rank (C) > 1:

Existence of an equivalent animal model implies o2 < %a-e%: In the sire model
S; (t|7:) = exp {—/N\i (t|ﬁz)} and in the equivalent animal model S; (t|n;) =
exp {—A; (t|n;)}. Let L = L. and L = Len (and remember that L only

depends on 0% = o7 + 02, and L only on 0, = o7, + 07), then

Si()=L (exp {xiﬁ} Ao (t)) = L (exp {z:8} Ao (t)) = S; (¢)

and we want to show that this implies 02 < %0’%«. First relationships between pa-

rameters ( 0(-), 8,02 03) of the sire model and parameters (Aq (+), 3,02, 0?)

of the animal model are established:

ﬁ:g: From
1-5;(t) ~ . =
1—7[5‘]-@) — exp{(mi —a:j)ﬂ} fortJ,lnf{u 0 Sk (u) < 1}
and 1— 8.t
1__75;((75)) — exp {(z; — x;) B} for ¢t | inf{w: Sy (u) <1}

it follows that 8 = ﬁ, because Sy, (u) =Sk (u) for k=1,...,n
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» = o2 Consider two animals, i and j, with ¢ = exp {(z; — 2;) 8} =

exp q (z; — x;) E} > 1, then we have

a

lim ¢ (1- (§i§;1)" (7)) = exp {%ag} L' ()

n—oo

and

lim ¢ (1 — (857" (a:)) = exp {%(7727} L™ (z)

n—oo
and because c” (1 - (515;1)" (m)) =" (1 — (SiS{l)n (m)), this implies that
02=0¢2and L =L.

n 7 ' _ B B
Ao (1) = Ao (+): Tt follows, because 8 = 3, L = L and S; = S;, that

Ao(t) = exp{—zB} L (Si (1))
= exp {_ng} L~ ('§z (t)) = Ao (t)

02 =402 With Ag (1) = Ag (-) and B = 3, then Y; and Y; are identically dis-
tributed, where )7, =log (7\0 (Tl)) = —z;—s4(; —€;i+E&; and Y; = log (Ao (T3))

= —z;8 — a; — e; + ;. This implies:

Var (}Nﬁ) = o2+oz+ T (16)

and for two halfsibs, 7 and j:

Cov (EN/Z,XN/]) = o? (17)
1
= Cov(Y,Y)) = Ajjo. = 102
Given parameters (02, a-e%) of the sire model, then the equations (in parameters

o2 and ¢?2) given by (16) and (17), can only be solved if 62 < o2

o2 < %0’% implies existence of an animal model equivalent to the Cox,
log normal sire frailty model: Let Ao () = Ao (), B = E, 02 = 40? and
(02 +02) = (07 +02), then (ai +ei)i_y _, and (sg(5) +&),_,  are iden-

tically and normally distributed and furthermore (73),_, , and (ﬁ)
i=1,..,n

are identically distributed.
Second for rank (C) = 0:

In the sire model S; (t) = L (/N\O (t)) and in the equivalent animal model
S; (t) = L (Ag (t)), it follows that Ag (t) = L™ L (Ag (t)). Differentiating

N——

Si,j (¢,8) = Lexp{i: }.exp{7i;} (7\0 (t), Ao (t))
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and

Sivj (tv t) = Lexp{ni},eXp{nj} (AO (t) Ao (t)) (: Si,j (t) t))
twice with respect to Ag (¢), equating and evaluating for Ag (t) = 0; and by
differentiating S; ; (¢,t) and S; ; (¢,t) three times with respect to Ag (), equating
and evaluating for Ag (t) = 0, then we obtain a set of equations - the result
follows by reasoning from these equations. Q.E.D.

6.3 Cox frailty model - extra random effect
6.3.1 Animal model

Next consider the Cox, log normal animal frailty model for survival times
(Ti)i:17___7n, where the hazard function for T}, conditional on w; and n; is
given by

Xi (tlugsy smi) = Ao () exp {@iB + wiy +mi} (18)

for 1(i) € {1,...,q}. Ao (t), m;, a and e are as before and u ~ N, (0,I,02).
Furthermore u, a and e are assumed to be independent, and conditional on
(Ul(i) + ni)i:l,...,n’ then all of the T)s are assumed to be independent.
Theorem 19 In the model specified by (18), the parameters (Ao (+), 8, 02, 02,
02), where 0 < 02,02,02 < oo, are identifiable if and only if the following
conditions are satisfied:

A1) The n? x p dimensional matriz C = (x; — Tj); i=1....n (with rows
(i — ;) has full rank.

A2) The matriz M has rank 3, where M is the n? x 3 dimensional matriz
with entries M jy 5, i,j = 1,...,n and k = 1,2,3; M ;1 = 1{l(i) =1(j)},
M(L]')y? = Aij and M(i,j),3 =1 {’L = ]}

Proof: The Theorem is proved for rank (C) > 1 and rank (C) = 0, sepa-
rately. First for rank (C) > 1:

Conditions A1 and A2 are sufficient for identification of the parameters
(Ao (-),B,02,02,02): In the model specified by (18), we have that S;(t) =
Lexp{ul(i) facter) (exp {x; 0} Ao (t)), where Lexp{ul(i) Faiter)” the Laplace trans-
form of exp {w;(;y + a; + e;}, only depends on o2 + 02 + 2. It follows that 3,
02+ 02+ 0% and Ao (-) can be identified using exactly the same idea as for Cox
frailty models (without an extra random effect). With Ag () known, then the
model specified in (18) is equivalent to a linear model for Y; = log (Ao (T3)).
The model for Y; is given by

Vi =log (Ao (T3)) = —wiff —wiy —ai — e+

where ¢; follows an extreme value distribution; all of the &}s are independent
and independent of u, a and e. Thus, under assumption A2, it follows that o2,
02 and o2 can be identified.

Conditions A1 and A2 are necessary for identification of the parameters

(AO () 7ﬂ70-12ua-¢2170-g):
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Condition A1: For Cox frailty models, specified by (18), necessity of con-
dition A1 can be established proceeding as for Cox frailty models without an
extra random effect.

Conditions A2: Assume that rank(M) < 3, then there exist a vector
(a1, a9, as) # (0,0,0) such that

1{1(@) =1(j)}ar + Ajjas +1{i =j}az3 =0Vi,j

Next define (a%, o2, a%) = (03, o2, ag) +% (a1, a9, as), where the constant k # 0
is chosen so that o2 > 0, 62 > 0 and o2 > 0, and consider the model specified
by:

Ai (T ,7;) = Ao () exp {ziB + Wy + 75} (19)
for i = 1,...,n, where @ ~ N, (0,1,02), 7; = @; + € with a ~ N, (0,Ac2) and
e~ N, (O,Inag); 1, a and € are assumed to be independent. Equivalence of
the models specified by (18) and (19), follows from

Cov (ul(i) +ni,ul(j) +77j)
= 1{I(i) =1())}os + Ao + 1{i = j} o7
= 1{I(i) =1())} ol + Ayoo +1{i = j} o

1 . . . .
+E (I{1(@) =1(j)} a1 + Asjas + 1{i = j} a3)
= CO’U (ul(i) +ﬁi,ﬂl(j) +ﬁj) \V/Z,]

Second for rank (C) = 0:

Condition A2 is sufficient for identification of the parameters (Ao (+), o

2
2 02). v

o5, 03): The proof is by contradiction and proceed as for Cox frailty mod-
els (without the extra random effect): Assume that two different sets of pa-
rameters (Ao (-),02,02,02) # (Ao (-),02,0%,02) lead to equivalent models.

Then S; (t) = L (Ao (t)) = L (Ao (t)), where L (L) is the Laplace transform of
exp {ul(i) +a; + ei} (exp {Hl(i) +a; + Ei}). This implies A (t) = 'L (Ao (2)).
Note that L (L) only depends on 02 + 02 + 02 (02 + 02+ 02). Next for i # j
consider

Si’j (S’ t) - LeXD{Uz(i)-i-ai—i-ei},exp{ul(j)+aj+ej} (AO (8) Ao (t))

LeXP{El(i)“FEiJ”Ei}yexp{ﬂl(j)+ﬁj+g]‘} (AO (5) 7A0 (t))

Differentiation of both expressions for S;; (t,t) twice with respect to Ag (),
equating and evaluating for Ag (t) = 0; and differentiation of both expressions
for S; ; (t,t) three times with respect to Ao (¢), equating and evaluating for
Ao (t) = 0 gives a set of equations From these equations, and under condition
A2, it follows that 02 = 02, 02 = 02, 02 = 02 and further that Ag (-) = Ag (*),
which gives a contradiction.

Condition A2 is necessary for identification of parameters (Ao (-),02,02,02):
Necessity of condition A2 is established (with obvious modifications) as for
rank (C) > 1. Q.E.D.
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Example 20 Consider three animals, 1,2 and 3. 1 and 2 are halfsibs and 3 is
unrelated to 1 and 2. In this case (02,02,02) can be identified if M is equal to

uw? a’ e
either

or

HO R OF,OROH
—_ O O O HRE OR- =
HO OO, OOOH
— O OOOF
—_ O O O AR ORI
—_ OO OO = OO O

(The rows corresponds to (i,7) equal to (1,1), (1,2), (1,3), (2,1), (2,2), (2,3),
(3,1), (3,2) and (3, 3) respectively). In both cases the two half sibs, 1 and 2, are
in different herds (if u is a vector of herd effects), and animal 3 is in the same
herd as either animal 1 or 2.

6.3.2 Sire model

Consider the Cox, log normal sire frailty model for survival times (i)

i=1,...,n

where the hazard function for ﬁ», conditional on ;) and 7; is given by
Xi (tliyy ) = Xo (£) exp {ﬂfz§+ Uy + ﬁi} (20)

for 1 (i) € {1,...,q}. Xo (1), 71;, § and @ are as before (as for Cox, log normal sire
frailty models specified by (15)) and @ ~ N, (0,I,02). Furthermore 1, s and €
are assumed to be independent, and conditional on (ﬂl(i) + ﬁi)izl _,» then all

of the i’ s are assumed to be independent.
Theorem 21 In the model specified by (20), the parameters (/~\g (), E, 02, 02,
02), where 0 < 02,02,0% < oo, are identifiable if and only if the following
conditions are satisfied:

A1) The n? x p dimensional matriz C = (x; — Tj); i1, n (with rows
(®; — x;)) has full rank.

A2) The matriz M has rank 3, where M is the n? x 3 dimensional matriz
with entries M jy , i,j = 1,...,n and k = 1,2,3; M ;1 = 1{l(i) =1(j)},
M 5,2 =1{9(@) =g ()} and M ;)5 = 1{i = j}.

Proof: The proof is similar to the proof of Theorem 19.

6.3.3 Equivalence of sire and animal models

Next we have the following result concerning conditions under which the Cox log
normal sire frailty model is consistent with assumptions of the additive genetic
infinitesimal model.
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Theorem 22 For a parameterised Coz, log normal sire frailty model given by
(20), there exists an equivalent parameterised animal model (with A a block
diagonal matriz given exactly as for the linear mized model) - if and only if:
ol < 2ol

The equivalent animal model is determined by 8 = f3, 02 + 02 + 0% = o2+

02 + 02, 02 =02, 02 = 402 and Ao () = Ao ().

Proof: Having in mind the proofs of Theorem 19 and Theorem 18, then the
proof is straightforward. Q.E.D.

6.4 Time-dependent covariates - fixed effects
6.4.1 Animal model

Now consider the Cox, log normal animal frailty model with time-dependent
covariates. The effects associated with the time-dependent covariates are as-
sumed to be fixed, and the time-dependent covariates to be left continuous and
piecewise constant. The hazard function for survival time T; is, conditional on
random effect 7;, given by

Ai (t[m:i) = Ao (t) exp {zi B + iz (1) v +mi } (21)

for i = 1,...,n; where Ag (), the baseline hazard function, and n; = a; + e; are
given as before, and conditional on n, then all of the T}s are assumed to be
independent. The dimension of 3 is p and the dimension of v is q. We will
assume that ¢ > 1, otherwise the model is dealt with earlier.

Notation 23 We introduce the following partitioning of Ry defined by jumps
in the covariate processes (T2 (*));—; - R+ = Uffozl (Img»Tme), with 1 <
Py < oo; the subsets are disjoint (but not necessarily ordered in the sense that
Time = lmg+1 for mg =1,..., Py —1). Next we consider the set of those intervals
(in the above mentioned partitioning of Ry ) with S; (lym,) — Si (rm,) > 0. If
Si (lme) — Si (rmy) > 0 for some i € {1,...,n} then S; (I;m,) — Si (rmy) > 0 for
allie{l,...,n}. Welet

Uﬁzl (Unsmm] = {(mg s Tmo]smo =1, ooy Po 0 S; (ling) — Si (Pmy) > 0}
where 1 < P < F.

Theorem 24 In the model specified by (21), the parameters (AO (),B8,7,02, Ug),
where 0 < 02,02 < oo, are identifiable if and only if the following conditions
are satisfied:

A1) The matriz C with rows

(i1 — 21, iz (rm) — xj2 (*m)) ,

i,j=1,...,n, m=1,..., P, has full rank.

A2) The matriz M has rank 2, where M is the n? x 2 dimensional matriz
with entries M jy r, i,§ = 1,..,n and k = 1,2; M 1 = Aij and M j)2 =
1{i=j}.
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Proof: Conditions A1 and A2 are sufficient for identification of the param-
eters (Ao (-),8,7,02,02): In the model specified by (21), we have

Ai (t]:) = exp {2 B + i) / Mo (5) exp {ziz (5) v} ds,
Si (t|n:) = exp {—A; (t|n;)} and

Si(t) =L (eXP {za B} /Ot Ao () exp {ziz (s) v} dS)

where L = Len; is the Laplace transform of exp {#;}. Therefore, for t € (I, 7],
the conditional survival function of T; given the random effect, n;, and T; > [,,,
is:

Si (tni, Ti > Im) = exp {—exp {1 B+ wio (rm) v + i} (Ao (£) — Ao (In))}

m = 1,...,P. The conditional survival function of 7; given T; > [,,, is for
t € (b, rm]:

Si (t|TZ > lm)

/_00 Si (tni, T > 1) p (ms) dn; (22)
= L(exp{zaf + zi2 (rm) v} (Ao (t) — Ao (Im)))

Identifiability of (B,7): For t € (I, rm] (all of the covariate processes of
the different animals are constant in this interval), we find, using a first order
Taylor series expansion of L (-) around zero, that

1-5; (t|Ti > lm)
= 1-L(exp{zafB +ziz (rm)7} (Ao (t) — Ao (In)))
= —L'(0)exp{za B+ iz (rm) v} (Ao (t) — Ao (In))
+o(exp {zi B+ Tiz (rm) v} (Ao (£) — Ao (Im)))
= exp {%O’%} exp {z;1 8 + iz (tin) v} (Ao (£) — Ao (Im))
+o0((Ao (1) — Ao (Im)))
so that

iigglii% = exp{(@n @) B+ @iz (rm) = j2 (rm) 7}

fort | inf{u:Ao(t) — Ao (lm) > 0}

where inf {u : Ag (t) — Ao (I,) > 0} = inf {w : S; (u|T}, > 1) <1} for k=1, ...,
n. Under assumption Al, it follows that (43,) is identified.

Intermediate step that leads to identification of exp {%0727} L= (z): For no-
tational convenience and for ¢ € [I,,, 00), we let SI"™ (¢t) = S; (¢|T; > ;). Having
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identified (3, 7), then we consider an interval (,,,7,,], where for two animals, i
and j, we have

¢ =exp{(zj1 —za) B+ (zj2 (rm) — iz (rm)) 7} > 1
For z € (87 (rp), S™ (L)) = (ST (ry), 1] we let (S7) " () be a generalised
inverse of S™ (t). Now define Af* (t) = Ao (t) — Ao (L), then for t € (I, 7m] We
have
Si* (t) = L (exp{zir B + miz (rm) v} Ag" (1))

and (A7) " (¢) defined by (S™) ™" (L (exp {zs1 8 + iz (rm) ¥} 1)) is a generalised
inverse of A" (+) for t € [0,exp{— (18 + @iz (rm) )} L~'S™ (1)) and
(S (@) = (Ag) " (exp {—{za B+ zi2 ()7} } L7 (2)). Next, for = €
(ST (rm) , 1], consider 1= (S (57) ') () = 1= (¢™"L (x)) and identify
exp {%0’727} L1 (z) (using exactly the same procedure as for Cox frailty models).

Identifiability of 0'727 and L: Differentiating exp {%0‘727} L1 (z) twice w.r.t.
z and evaluating for z = 1 gives exp {07 }. Hereby exp {07} is identified and
therefore also L, which only depends on 0727.

Identifiability of Ao (t) — Ao (L) for t € (Lm,rm], m = 1,...,P: For t €
(I, 7m], it follows from (22) that

Ao (8) = Ao (Im) = exp {— [z B + i (rm) Y]} L™ (ST (1)) -

Identifiability of o2 and o?: With Ag (t) and v known, then the model
specified in (21) is equivalent to a linear model for Y; = log (h; (T;)) (on the
log h; (-)-scale), where h; (t) = fot Ao (8) exp {z2 (s) v} ds. Note that the scale is
specific for each animal (or for groups of animals with the same time-dependent
covariates). The model for Y; is given by

Vi =log (hi (T3)) = —zafB —a; —e; +¢&;

where ¢; follows an extreme value distribution; all of the &}s are independent
and independent of a and e. Thus, under assumption A2, 02 and o2 can be
identified.

Conditions A1 and A2 are necessary for identification of the parameters
(Ao (), B,7,02,02): Condition A1: Assume that condition Al is not fulfilled,
then there exist a vector (aj,ay) = (a1, .-, Q1p, @21, ..., a24) # (0,...,0) with
(i —zj1) a1 + (Ti2 (rm) —2j2 (rm)) e =0 foralli,j =1,..,n,m=1,.., P,
so that for fixed j:

X (tn) = o) exp{zinB+ min (t)y + i}
Ao (t)exp {—zji01 — zjs (1) a2}
xexp{zi (B + a1) + iz (t) (7 + a2) + 1}

This implies that (at least) two different sets of parameters, (Aq (+),3,7,02,02)
and (Ko (), (B+a1),(y+as) ,03,03), with

Ao (1) = /0 Ao (s)exp{—zjia1 — zj2 (s) an} ds
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give equivalent models, i.e. nonidentifiability of parameters.
Condition A2: Necessity of condition A2 can be established proceeding as
for Cox frailty models. Q.E.D.

6.4.2 Sire model

In the Cox log normal sire frailty model with time-dependent covariates - with
associated fixed effects, the hazard function of survival time Tj is, conditional
on random effect, 7;, given by

X (Ui) = Yo () exp {zia B + w2 (17 + 70 | (23)

fori=1,...,n. o (-), the baseline hazard function and 7); = s4(;) + €; are given
as described earlier, and conditional on 7, then all of the T}s are assumed to be
independent. The dimension of 3 is p and the dimension of 7 is gq.

Theorem 25 In the model specified by (23), the parameters (JNXO (), E, 5, 02,
02), where 0 < 02,02 < oo, are identifiable if and only if the following conditions
are satisfied:

A1) The matriz C with rows

(i1 — 21, iz (rm) — 22 (rm)) ,

i,j=1,...,n, m=1,.... P, has full rank.
A2) The matriz M has rank 2, where M is the n? x 2 dimensional matriz
with entries M jy 1, i,j = 1,..,n and k = 1,2; M; jy1 = 1{g (i) = g (j)} and

M(i,j),2 =1{i=j}.

Proof: The proof is similar to the proof of Theorem 24.

6.4.3 Equivalence of sire and animal models

Furthermore, we have the following result about equivalence of sire and animal
models:

Theorem 26 For a parameterised Coz, log normal sire frailty model given by
(23), there exists an equivalent parameterised animal model (with A a block
diagonal matriz given exactly as for the linear mized model) - if and only if:
ol < $ol.

The equivalent animal model is determined by [ = E, v =7, 0240 =
02402 02 =402 and Ay () = Ao (+).

Proof: Having in mind the proof of identifiability of parameters in the Cox
log normal animal frailty model, with time-dependent covariates (with associ-
ated fixed effects) (Theorem 24) and the proof of Theorem 18, then the proof
of this Theorem is straightforward.
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6.5 Time-dependent covariates - random effects
6.5.1 Animal model

Now consider the Cox log normal animal frailty model with time-dependent
covariates. This time the effects, u, associated with the time-dependent covari-
ates are assumed to be random. The hazard function for survival time T; is,
conditional on random effects, u and n;, given by

i (ta,mi) = Ao () exp {wif3 + zi (t) w + 1, } (24)

i =1,...,n; where g (t) is the baseline hazard function, and u ~ N, (0,I,02);
a and e are given as before. Furthermore u, a and e are assumed to be indepen-
dent, and conditional on 7, then all of the T}s are assumed to be independent.
The time-dependent covariate, z; (t), is assumed to be left continuous and piece-
wise constant, and is, for ¢ € [0,00), assumed to be a vector with exactly one
element z;r (t) = 1, and 2z (t) = 0 for [ #1’. In this model

A; (tlu,m;) = exp{z;8+ n;} /0 Ao (s)exp{z; (s)u} ds

and

si= | O:O / 0; / Z exp {=A; (t]w, 1)} p (w) p () dudn

Notation 27 This time we consider disjoint subsets of Ry defined and indexed
ezxactly as in the previous section, except that now the partitioning is defined by
Jjumps in the covariate processes (2 (*));—; .-
Theorem 28 In the model specified by (24), the parameters (Ao (+), B8, 02, 02,
02), where 0 < 02,0202 < oo, are identifiable if and only if the following
conditions are satisfied:

A1) The n? x p dimensional matriz C = (x; — Tj); i=1....n (with rows
(; — ;) has full rank.

A2) The matriz M with rows (2; (rm,) 2j (rms)’ s Aij, 1{i = j}), mi,ms =
1,..,P,i,7=1,...,n, has rank 3.

Proof: The Theorem is proved for rank (C) > 1 and rank (C) = 0, sepa-
rately. First for rank (C) > 1:

Conditions A1 and A2 are sufficient for identification of the parameters
(Ao (-),B,02,02,02): In the model specified by (24), we have for t € (Ip, rm]:

P
Ai(tlam) = exp{wB+n} Y, exp{zi(rm,)u} (Ao (rm,) — Ag (Im,))
m1:1
m1:rm <t

+exp {z;B +n;} exp {z; (rm) u} (Ao (t) — Ao (Im))

and

Si (t|ll,’f]i, Ti > lm) = exp {— exp {xlﬂ + z; (’I”m) u+ 771'} (AO (t) — AO (lm))}
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so that

Si (t|Ti > lm) = LeXp{zz'(rm)u+m} (exp {xlﬂ} (AO (t) — Ao (lm)))

For notational convenience we let L = Leyxpiz;(r,,)u+n;} and notice that L only

depends on o}, + o7. Furthermore, we let 7" (t) = S; (t|T; > Im).
Identifiability of B: For t € (L, rn] we find, (because exp {z; (rpy) u+n;},

i = 1,...,n are identically distributed and using exactly the same procedure as

in the proof of Theorem 24) that

1-5"() | exp{ziB}
1—Sm () exp{z;5)

for t | inf{u: A (u) — Ao (I;n) > 0}, where inf{u: Ag(u) — Ao (I;n) >0} =
inf {w: SJ* (u) < 1} for k =1, ...,n. Under assumption Al, it follows (as before)
that [ is identifiable.

Identifiability of o}, 4+ o7, L and Ag (t) — Ao (I) for t € (ly,rm], m =
1,...,P: Next it follows that exp {§ (07 +02)} L™" (z) can be identified for
z € (S (rm),1]. Differentiating exp {5 (o3 +07) } L' (z) twice w.r.t.  and
evaluating for 2 = 1 gives exp {5 (03 + 02) }. Hereby o2 + o7 is identified and
therefore also L, which only depends on o7 +-07. It follows that Ao (t)=Ao (1) =
exp {—z;B} L™ (S (t)) for t € (L, 7).

Identifiability of o2, 0> and o2: The joint survival function of (73, T;) con-
ditional on (u,m;,n;) and on (T; > Uy, ,Tj > ln,) is for (s,t) € (Imy,Tmi] X
(I, Tms] given by

= exp {(zi — ;) B}

Si,j (87 t|11777i,77j, Tz > lm1 ) Tj > lm2)
= exp{—exp{ziB+ zi (rm;) u+ni} (Ao (5) — Ao (Im,))}
x exp{—exp{z;B+ z;j (Tm,) u+n;} (Ao (t) — Ao (Im)) }
It follows that

Si,j (Svt|Ti > lm17Tj > lmz)
= L(exp{ziB} (Ao (s) — Ao (Im,)) s exp{z;8} (Ao (£) — Ao (Imy)))

where L is the bivariate Laplace transform of
(exp {2 (rm,) utni}, exp {z; (rm,) utn;})

Let 5 = exp {z;8} (Ao (s) — Ao (I, )) and t:: exp {z; 8} (Ao (t): Ao (Ims))-
By differentiation of L (§,Z) with respect to s, t and both of 5 and ¢, evaluating
for (’sv,f) = (0,0), and using that

82L~(0,0)
% = exp {Cov (2; (rm, ) utni, 2j (rm,) utn;)}

s ot
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then we get
9%L(0,0)
otos ! .

W = exp {2; (rm,) 2j (Tmy) 02 + Agjor + 1{i = j} o2}

Lt dhi
It follows that (02,02,02) are identifiable, provided that assumption A2 is
satisfied.

Conditions A1 and A2 are necessary for identification of the parameters

( ( ) ﬂa Uuﬂ a7 g)
Condition A1: Necessity of condition A1l can be established proceeding as

for Cox frailty models specified by (12).
Condition A2: Assume that rank(M) < 3, then there exist a vector
(a1, a2, a3) # (0,0,0) such that

(zi (Pmy) 25 (rmz)') ar + Ajjas +1{i=j}laz =0

fori,j =1,....,n, my,ms = 1,..., P. Next define (a%,ag,ag) ( 02,0 ) +

+ (o1, a2, a3), where the constant & # 0 is chosen so that o2 > 0, % > 0 and
02 > 0, and consider the model specified by:

Xz’ (t|ﬁ,ﬁi) =X (t) exp {xlﬁ + z; (t) u+ ﬁl} (25)

fori =1,...,n, whereu ~ N, (0, Iqa%), n; = a; + € witha~ N, (O,Aa%) and
e~ N, (O,Inag); u, a and € are assumed to be independent. Equivalence of
the models specified by (24) and (25), follows from

Cov (z; (t)u+ s, 2; (t) u +nj)
= 2z (t)z (1) of + Aijos + 1{i = j}o;
= 2z (t)z () op + Ajjo; + 1{i = j}o;

1 . .
7 (2 (1) 2 (1) 01 + Ajan +1{i = j} as)
= Cov(z () U+7;,2 () U+7;) Vi, j

- and a contradiction is established.
Second for rank (C) = 0:
Condition A2 is sufficient for identification of the parameters (Ao (+), 02, 02,
02): The proof is by contradiction Assume that two different sets of parameters
(Ao (),02,02,02) # (Ao (+), 0%, 02,02) lead to equivalent models. Then, for

? u’ a’ (& ? U’ a’ 6

£€ (sl S () = L (R (8) — Ao (1) = I (Ro (#) — Ko (1)), where L (T)
is the Laplace transform of exp {z; (r,,,) u+ a; + €;} (exp {z; (rm) W+ a; + €;}).
This implies Ko (¢) — Ao (Im) = Z”L(AO( t) — Ao (Im)) for ¢ € (I, rm]. Note
that L (L) only depends on 02 + 02 + 02 (02 + 02+ 02). Next for i # j and
for s,t € (I, rm] consider

Si,j (S,t|Ti > lm,Tj > lm)
Lexp{zi(rm)u+ai+ei},exp{zj(rm)u+aj+ej} (AO (3) - AO (lm) 7A0 (t) - A0 (lm))
= Lexp{zi(rm)ﬁ+ﬁi+éi},exp{2j (rm)u+a;+€;} (AO (3) - A0 (lm) :AO (t) - A0 (lm))

30



Differentiation of both expressions for S; ; (t,t|T; > I, Tj > l;,) twice with re-
spect to Ag (t) — Ao (Im), equating and evaluating for Ag (¢) — Ao (I,,) = 0; and
differentiation of both expressions for S; ; (¢,t|T; > 1y, T; > l,) three times with
respect to Ag (t) — Ao (I ), equating and evaluating for Ag (t) — Ao (I,,) = 0 we
obtain a set of equations. Solving these equations, then we obtain, under condi-
tion A2, that 02 = 02, 02 = 02, 02 = 02 and further that Ay (-) = Ag (*). And
a contradiction is established.

Condition A2 is necessary for identification of parameters (AO (-),02,02, Ug):

Necessity of condition A2 is established (with obvious modifications) as for
rank (C) > 1. Q.E.D.

Example 29 Consider 2 animals, 1 and 2, that are halfsibs. Animal 2 is born
one year later than animal 1 and time is measured in days. Both animals are
in the same herd. Besides time-independent fized effects, the model has a time-
dependent covariate with associated random effects (e.g. a period-effect), with
z1 (t) and 2z (t) given by

B (1,0) fort e (0,730]
2 (t) = { (0,1) fort € (730, 0]

and
B (1,0) fort € (0,365]
2 (t) = { (0,1) for t € (365,00]

respectively. We will assume that Ao (-) is strictly increasing. Letl, =0, r; =
lo = 365, ro =13 = 730 and r3 = 0o, then P = 3 and the matrix M in Theorem
28 is then (9 x 4) x 3 dimensional matriz given by

Mll
M12
M13
M21
M=| M
M23
M31
M32
M33
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where

11 1 11 1
1 Lo 0 Lo
11 _  ax33 12 _
M—M—lgo’M_1§0’
111 0 1 1
0 1 1 11 1
0+ 0 1 Lo
13 _ a3l 21
M_M_0§O’M_o§0’
0 1 1 0 1 1
111 0 1 1 0 1 1
22 _ 0%0 23 Oio 32_1%0
MZ = 1ot |'M 1%0“”‘“\4_0%0
111 11 1 11 1

6.5.2 Sire model

In the Cox log normal sire frailty model with time-dependent covariates - with
associated random effects, 1, the hazard function for survival time Tj is, condi-
tional on 1 and 7; given by

Xt 7) = Xo () exp {aiB + 2 ()6 + 77 | (26)

for i = 1,...,n; where o (t), the baseline hazard function, and 7; = s4¢;) + €;
are given as described earlier; u ~ N, (O,Iqa%). Furthermore 1, s and € are
assumed to be independent, and conditional on (1,7), then all of the T/s are
assumed to be independent. The time-dependent covariate, z; (), is given as
described in section 6.5.1.

Theorem 30 In the model specified by (26), the parameters (/NXO (), B, o, o2

u’ s
2 2

02), where 0 < 62,02,02 < oo, are identifiable if and only if the following

conditions are satisfied:

A1) The n? x p dimensional matriz C = (x; — Tj); i=1....n (with rows
(i — ;) has full rank.

A2) The matriz M with rows

(i (rma) 25 (rm)" 1{g () = g ()}, 1 {i = 5}) ,
my,me=1,..., P, i,j=1,...,n, has rank 3.

Proof: The proof is similar to the proof of Theorem 28.

6.5.3 Equivalence of sire and animal models

Furthermore we have the following result about equivalence of sire and animal
models:
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Theorem 31 For a parameterised Coz, log normal sire frailty model given by
(26), there exists an equivalent animal model (with A a block diagonal matriz
given ezactly as for the linear mized model) - if and only if: 02 < %53.

The equivalent animal model is determined by 8 = 3, 02 + 02 + 02 = 0% +
02402, 02 =02, 02 =402 and Ao (-) = Ao ().

Proof: Having in mind the proof of identifiability of parameters in the Cox
log normal animal frailty model, with time-dependent covariates (with associ-
ated random effects) (Theorem 28) and the proof of Theorem 22, then the proof
of this Theorem is straightforward.

7 Discussion and conclusion

In a series of models, namely the Gaussian mixed linear model, models for
binary and ordered categorical traits using a threshold model, Poisson mixed
models and survival models - necessary and sufficient conditions for identifia-
bility of parameters has been established in sire and in animal models. All of
the models considered are mixed models, where the mixture distribution (or
the logarithm of the mixture distribution) is the normal distribution. Only
in Gaussian mixed linear models, we have observations on the normally dis-
tributed scale. For binary and ordered categorical traits using a threshold
model, the observed value is uniquely determined by a grouping on the nor-
mally distributed scale, the liability scale. In Poisson mixed models we have
conditional on the outcome of the normally distributed random variable, ob-
servations from a Poisson distribution. In survival models, and conditional on
random effects, then log (A; (T;|random effects)) follows an extreme value dis-
tribution with mean —yg and variance 72/6. In the same series of models, it
has been established that sire models without an error term at the normally
distributed level of the model, are inconsistent with assumptions of the additive
genetic infinitesimal model. Under the assumption that the normally distributed
sire and error effects are independent, then o2 must be less than one third of
the variance of the normally distributed error term - for the model to be equiva-
lent to an animal model (with the normally distributed animal and error effects
independent).

Having obtained these results, then it is relatively easy to see that the results
generalise to e.g. sire-dam models and sire-maternal grandsire models, or other
models, where only a part of the additive genetic variance is accounted for by the
random effects included. Of course the condition for existence of an equivalent
animal model is a bit different.

In the sire models considered, it was assumed that sires were unrelated,
this assumption can be relaxed with the consequence that the A-matrix in the
equivalent animal model has another structure.

In the discussion Foulley and Im (1993) suggested to include an error term in
models for traits following a Poisson sire model (without a normally distributed
error term) in order to fit the fraction (3/4) of the genetic variance that is not
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explicitly accounted for in the model. Ducrocq and Casella (1996) noted that
the sire model for survival data (without a normally distributed error term in log
frailty) does not account for the overdispersion implicitly created by the effect
representing three quarters of the total additive genetic variance. Nevertheless,
in practice sire models for survival data without the error term in log frailty,
have been frequently used - in the belief that they somehow were consistent
with assumptions of the additive genetic infinitesimal model.

Elbers and Ridder (1982) showed identifiability of the regression function,
the integrated baseline hazard, and the mixing distribution of individual frailties
in frailty models with non constant regression functions. They worked under the
assumption of mean one of frailty and a differentiable non constant regression
function and the proof was by contradiction. Without parametric assumptions
on the mixing distribution, nor on the integrated baseline hazard, then Kortram
et al. (1995) were able to recover, by constructive identification, the regression
function, the integrated baseline hazard and the distribution of the individual
frailty term from the observed survival distribution. The assumption of a dif-
ferentiable regression function was relaxed, but still the regression function was
assumed to be non constant, and individual frailties were assumed to have mean
one. In this paper, we have assumed multivariate normality of log individual
frailties, frailties are correlated and log frailties have mean zero - we do not need
the assumption on non constant regression functions.
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9 Appendix

Let T; be the random variable representing survival time of animal i. In the
frailty model, it is assumed that conditional on log frailty, V; = v;, (or frailty)
the hazard function of animal 7, is given by

Ai (t[vi) = Ao () exp {23 + vi} (27)

where Ao (t) is a common baseline hazard function, z; is a vector of time-
independent covariates of animal i, and B is the corresponding vector of re-
gression parameters. Furthermore, conditional on (V;),_, ,, then all of the
T/s are assumed to be independent. In the model specified by (27), the condi-
tional integrated hazard function is

A (t|v;) = Ao (t) exp {z(5 + v;}
and the conditional survival function is

S; (t|’l}i) = exp {_Az (t|vz)}
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Because S; (T;|vi) = exp {—A; (T;|v;)} is uniformly distributed on the interval
(0;1), the transformed random variable, Y; = A; (T;|V;), conditional on V; = v;,
is exponentially distributed with parameter 1. In turn, &;, the logarithm of Y7,
given by

ei = log (V) = log (A; (Ti|V7)) = log (Ao (T3)) + 238 + V; (28)

conditional on V; = v;, follows an extreme value distribution. By rearranging
terms in (28) it follows, that the model in (28), is equivalent to a linear model
on the log (A (+)) scale:

log (Ao (T3)) = —if = Vi + &

The unconditional mean and variance of log (A (73)) are —z;3—FE (V;) —yg and
Var(V;) + %2, respectively, where g is Euler’s constant.
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